©~Copyright 2026

Tony Zeng



Problems in Discrete and Continuous Geometry

Tony Zeng

A dissertation
submitted in partial fulfillment of the

requirements for the degree of
Doctor of Philosophy

University of Washington

2026

Reading Committee:
Stefan Steinerberger, Chair
Ricky Liu

Rekha Thomas

Program Authorized to Offer Degree:

Mathematics



University of Washington

Abstract

Problems in Discrete and Continuous Geometry

Tony Zeng

Chair of the Supervisory Committee:
Stefan Steinerberger

Department of Mathematics

This dissertation summarizes our work in various problems that are inherently geometric or
geometrically motivated. The unifying theme of these problems is that they are easily stated
but rife with sizable mathematical complications tied to various different areas. In Chapter
1, we consider the decomposition of graphs into a union of regular graphs. Chapter 2 explores
variants of a dynamical system that stabilizes into a set of concentric circles. In Chapter
3, we study the geometry of certain matrices and how it acts on the {£1}" cube. Chapter
4 serves as a collection of smaller scale projects that consist of investigating the Hausdorff
dimension of a one-parameter family of iterated function systems and the similarity of curves
to their evolutes and evolutoids. In Chapter 5, we explore the combinatorial game Juniper
Green and its connection to the Gallai-Edmonds Decomposition. We conclude in Chapter 6

with a numerical evidence for a conjecture that a stellated tetrahedron is not Rupert.
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Summary

A fox knows many things, but a hedgehog knows one big thing. (Archilochus)

It is common for those pursuing academia in mathematics to focus their attentions in a
specific narrow direction. The breadth and depth of our subject makes it difficult, though
not impossible, to become an expert in multiple subfields. I have found that I am motivated
not by any particular area of mathematics, but rather by specific problems independent of
the subject area. Consequently, my experience has been a broad rather than deep foray into
research. This thesis, in a reflection of my nature and interests, includes a number of distinct
problems, and they cannot be unified under the umbrella of any one single field. They do,

however, share the fundamental property of being geometrically inspired and motivated.

Chapter 1 discusses a notion of graph boundary that is, to the best of our knowledge, novel.
Note that when we refer to the boundary of a graph, we do not mean the boundary of a
subset of the vertex set, which is well established. Rather, we are interested in almost viewing
a graph as a topological space and considering whether there is an analogous definition of a
boundary. Others have discussed this, and a number of other definitions do exist [30, 25].
These definitions, however, require global knowledge of the graph. We provide an entirely
local definition of graph boundary which is fast to compute and has connections to the

computation of graph edit distance and regularity.

The early half of Chapter 2 explores the properties of a particular dynamical system whose
trajectories seem to always converge to concentric circles. We show that if a trajectory stays

in a set of concentric circles for sufficiently long, the orbit remains in that set of concentric



circles. We also explore a notion called ambiguity, which measures how close the system is
to being undefined, in a sense. Regions of positive ambiguity in the parameter space of this
dynamical system correspond to certain equivalence classes of trajectories. These regions we

show are the finite union of finite intersections of circles and half spaces.

The later half of Chapter 2 and Chapter 3 cover work done in collaboration with un-
dergraduate students through the math department’s Washington Experimental Math Lab
(WXML) program. Variants of the dynamical system in Chapter 2 are explored with
connections to the Farey sequence and we show a certain kind of Gaussian convergence in
a randomized setting. Motivated by fair statistical tests producing false positive results,

Chapter 3 studies extreme behaviors of a certain class of matrices on all {£1}" vectors.

In Chapter 4, we discuss several projects that are either smaller in scale or did not result
in papers for various reasons. They were, however, significant in our studies and worthy of
inclusion. We explore the evolute and its seemingly forgotten cousin, the evolutoid. Studied
since antiquity by Apollonius, there a number of curves that are similar to their evolutes.
These curves are the members of the cycloid family and the logarithmic spiral. One can
observe that the evolutoids of these curves are also similar. We provide a sufficient condition
for which one of these similarities implies the other and find other curves with these proper-
ties. This work was independent, but we later discovered that our results are not novel[55].
Then, we move on to a particular one-parameter family of iterated function systems inspired
by a particular variant of the Chaos Game. In a subset of the parameter space, we are able
to apply the Open Set Condition to show that the Hausdorff dimensions of the attractors
are constant over this subset. Outside this subset, however, we suspect that the Open Set
Condition does not hold and in fact the family of iterated function systems may suffer from

overlap.

Chapter 5 describes our study of a particular combinatorial game popularized by Ian Stew-
art known as Juniper Green [35]. It is known that for all large n, the first player has a

forced win. We considered extending the game to the Gaussian Integers and concluded that



a similar statement should still hold. We then discovered that the original game has some
interesting properties, which are, as far as we are aware, unexplored. While most work in
combinatorial games simply concerns which player has a forced win, because the move set
of Juniper Green is [n], we are interested in which opening moves allow the first player to
win and how many such moves there are. This set and quantity evolve in interesting ways
with respect to n, but a concise statement describing this behavior yet evades us. We do,
however, show that the set of winning moves corresponds to part of the Gallai-Edmonds

Decomposition.

Finally, Chapter 6 explores the Rupert property of convex polyhedra, a topic which gained
a significant amount of attention in late 2025 when a preprint [31] came out claiming to
disprove the longstanding conjecture that all convex polyhedra are Rupert. The polyhedron
constructed by Steininger and Yurkevich has nice properties but 90 vertices and thus rather
complicated. We propose an 8 vertex polyhedron as a candidate and provide some numerical

evidence that eliminates most pairs of orientations from yielding a valid Rupert passage.
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Chapter 1

GRAPHS

1.1 Introduction and Results

One might ask the simple question of what the “boundary” of a particular graph is. At first
glance, this question may seem a bit strange. Often, the notion of an object’s boundary
requires the object to live within some ambient space. A graph, however, has no such thing.
Indeed, for a given graph G, GNGY is completely meaningless. That said, when we are in an
enclosed room with no windows, we do not require an understanding of the outside universe

to recognize the boundary of the room.

To do so, we will adopt the notation used by Steinerberger in [30]. One notion of boundary

devised by Chartrand et al. in [25] is defined as
(0G) :=={ueV|IeV VY (uw) e E:duw)<du,v)}.

This definition has a couple of properties which we find undesirable. First, on some rather
tame graphs, this boundary would conflict with human intuition. One can check that for
G the grid graph, (0G)* consists of the four corner vertices, whereas we would prefer the
boundary to also include the edge vertices. We remark that this is an entirely subjective
and aesthetic judgment, though we think a reasonable one. Second, this definition is global.
In order to check if any particular vertex u is in the boundary, one must a priori check the
above condition on all v € V. Being in the boundary of a space should be a local condition

that can be verified simply by inspecting the neighborhood.



Another notion of boundary defined by Steinerberger in [30)] is
1
0G=queV|eV: doz(a) ( E);Ed(w,v) <d(u,v) p,

an adjustment of (0G)* via averaging distances to v over the neighborhood of u. This
definition improves over the Chartrand-Erwin-Johns-Zhang boundary in that G for the
grid graph is indeed the set of all edge and corner vertices. Unfortunately, this definition is

again global. We would like an alternative definition to address both of these issues.

Figure 1.1: The boundaries (0G)* (left) and G (right) of a particular grid graph G.

To do so, we draw on some intuition for (nice) subsets of R”. For a point x in the interior of
some set S C R", e-balls centered on x have “full volume” for sufficiently small . For y on
the boundary of S, e-balls centered on y will not have “full volume” regardless of how small
¢ is. In order to relate this idea to graphs, we consider the cardinalities of neighborhoods
as analogous to the volumes of e-balls in order to attempt to define a notion of boundary.
In some sense, this was unsuccessful, as our proposed definition does not satisfy any kind of
isoperimetric inequality. In other ways, it does provide a satisfying notion of boundary and

has interesting properties relating to degree and regularity.

The above “drawbacks” of (0G)* and OG have been presented merely as motivations for the
main definition of this chapter. There are other properties of those definitions that make
them better candidates for a graph boundary than ours. For more details, we refer the reader

to their original manuscripts.



1.1.1  Graph decompositions

If G = (V, F) is a graph obtained by taking some disjoint regular graphs (possibly of different
degrees) with many vertices, adding a few edges to connect these components, and then
possibly removing a few edges, G is still ‘approximately’ regular in the sense that most

vertices v € V have the same degree as all their neighbors v € N(v) (see Figure 1.2).

Figure 1.2: A 2-regular and 3-regular graph connected by an edge (in purple). Deleting this
edge yields a union of regular graphs. The graph has 5 irregular vertices (shown in green).
Later diagrams will color irregular vertices in green, deleted edges in red, and added edges
in blue. We will study whether having a small number of irregular vertices is indicative of

G being close to a union of regular graphs.

We define a vertex v € V' to be an irregular vertex if it has a neighbor w with deg(w) >
deg(v). As an additional piece of terminology, we will speak of modifying an edge which
will mean that we add or remove an edge. Throughout the paper, all our graphs are simple,
i.e. we do not consider multiple edges between the same pair of vertices. If we start with
a regular graph and modify some edges, that is add or remove some edges, the number of
irregular vertices that arise in the modified graph can be bounded from above by the number

of modifications.

Fact. Let G = (V, E) be a d-regular graph. Let G' be G after adding or removing k edges.

G’ has at most 2dk irreqular vertices.

We emphasize that the bound is completely independent of the actual size of the graph

|V|. This is not too surprising: adding or removing edges has a local effect on the degrees



of vertices and their neighbors. We are interested in understanding whether some kind of

converse statement is true.

Question. Suppose G = (V, E) is a graph with a small number of irregular
vertices. Can G, by adding or removing a few edges, be turned into a disjoint

union of regular graphs?

We show that results of this type indeed exist: a small number of irregular vertices is
indicative of G being close (up to adding or deleting a few edges) to a disjoint union of

regular graphs (possibly of different degrees).

IS I

Figure 1.3: A family of graphs G with maximal degree 3 and 5 irregular vertices (green).

Can it be decomposed into a union of regular graphs by adding or deleting few edges? Can

this be done in a number of edits independent of |V|?

To make things precise, we will introduce a metric d(G, H) on graphs. In our setting, each
graph G is uniquely determined by its adjacency matrix A € R™*" where A;; = 1if (i,j) € £
and A;; = 0 otherwise. We use adjacency matrices to induce a natural metric on graphs: if
G and H are two graphs on n vertices, we could wonder in how many places their adjacency

matrices Ay, Ay differ. We never care about the actual labeling of the vertices, so the natural
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definition is thus up to a permutation 7 of the entries of the matrix, and therefore

d(G, 713;}911 Z:l (A — (A(H))n(i).m(5)]
’-]
1 .
= 5 min [A(G) ~ PA(H) P/ |
where Py is the permutation matrix associated to 7 and || - || denotes the Frobenius norm,

l.e.
1AIF =)~ A7,
,J

Notice that ||A(G) — A(H)||% counts the number of “edge disagreements” between G and
H. More precisely, assuming G, H share the same vertex set, ||A(G) — A(H)||% counts the
number of pairs of vertices vy, vo such that (vy, vs) is an edge in G but not in H or vice versa.

One can think about this expression as providing instructions for deleting or adding edges

X W

Figure 1.4: The standard embedding of K33 in the plane (left) can be seen as equivalent to

to get from G to H.

an unusual embedding (middle), which allows for a nice argument that d(K33,Cs) = 3.

It is easy to see that this induces a metric on the graphs on n vertices. As an example,
d(P,,C,) =1, where P, denotes the path graph on n vertices and C,, denote the cycle graph
on n vertices. Notice that though P, and C,, are close in this metric, they are very different
graphs. As another example, consider K33 and Cg. Since K33 has 9 edges and Cy has 6
edges, they must be at least 3 apart in this metric. It turns out that they are exactly a
distance of 3 apart. The standard drawing of K33 makes this not so clear, but K33 can
actually be visualized as C with edges added between antipodal vertices, which we show in

Figure 1.4. With this metric, we can now illustrate the spirit of our main result in a very
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simple special case.

Proposition 1. Let G be a graph with mazimal degree A = max,cy deg(v) = 3. If G has
k wrregular vertices, then there exists a graph H that is the union of regqular graphs which

satisfies

d(G, H) < 4k + 10.

It is immediately clear that this result is optimal up to constants, as there must be some
modification affecting each irregular vertex. It is also clear that, in general, these constants
are going to depend on the maximal degree, which is necessary since the maximal degree

controls how many neighboring vertices can be affected by modifying an edge.

Figure 1.5: Proposition 1 applied to the example from Figure 1.3. Adding the blue edges and
deleting the red edges shows that there exists a union of regular graphs H with d(G, H) = 13.

We note that the distance is independent of the number of vertices |V|.

1.1.2 Main Result

Our main results states, informally, that if a graph G has few irregular vertices and a sufficient

number of vertices of small degrees then there is a graph H that is the union of regular graphs

that is close to G.

Theorem. Suppose we have a graph G = (V, E) whose vertices have mazximal degree A. If G
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has k irregular vertices and at least 2d+ d* + d> + k - (A!) vertices of degree d for 3 < d < A,

then there exists a union of reqular graphs H satisfying

d(G,H) < 4(A+1)!- k+ 5A%

Remarks.

1. The statement does not in any way depend on the total number of vertices |V|, as all

conditions and conclusions only depend on A and k.

2. Simple examples show that the best one can hope for is a linear estimate in k£ and in
this sense our result is optimal. However, how the constants depend on A is surely
suboptimal. It is easy to see that in the statement d(G, H) < Ak + B, one needs the
constant A to grow at least linearly in A. It is not clear to us what one might hope to

expect.

3. It is an interesting question whether the assumption of having sufficiently many (de-
pending on A and k) vertices of ‘intermediate’ degree, or some variant of it, is necessary

or could be weakened.

4. A related question is whether there are any good heuristics to produce H. Following
the proof strategy that will be used to establish Proposition 1 and applying it to the
example in Figure 1.3 leads to the outcome illustrated in Figure 1.5. However, in that

special case, a much closer graph (shown in Figure 1.6) exists.

1.1.8 Related results.

We are not aware of any directly related results. One can show that the metric d on graphs
used above is equivalent to graph edit distance, which has been studied in applications such
as pattern recognition, unsupervised neural networks, and similarity of seriated graphs. We
refer to the survey [38]. Bunke describes a notion of graph edit distance whose computation

is equivalent to the maximum common subgraph problem [23]. It has been shown that
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graph edit distance computation itself is NP-hard [96] though some work has been done
toward approximations and exact computations [27, 68, 73, 75]. One way of describing our
problem is to view graphs as almost component-wise regular but for a few misplaced edges.
In this sense, a component-wise regular graph H close to G can be viewed as an edited
decomposition of GG into regular components. Graph decompositions typically refer to edge
or vertex decompositions, possibly into regular or irregular structures [1, 5, 11, 21, 65, 71].
A key difference between these works and ours is that we are allowed to add or delete a small

number of edges.

------------------------- —o— - —0—o—9
l—o—o— :
c s ————————0— ——eo—o
1
1
I
.. 1
1
1
1
> e @ &
1
1

Figure 1.6: Another example of a graph H, a union of regular graphs, this time with

d(G, H) = 6, where G is the example from Figure 1.3.

1.2 Proof of Proposition 1

1.2.1 Preparatory Results.

Our proofs use the following terminology and structure. Given a graph G, one can obtain a
graph H by making a sequence of k edge addition or deletions on GG. Then it must be that
d(G, H) < k, as we can iteratively apply triangle inequality. When counting edge additions
or deletions, we use the word ‘edits’. We address Proposition 1 by considering maximal

degree 3 graphs in 3 steps.

e Graphs with at most two degree 2 vertices and no degree 1 vertices.
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e Graphs with arbitrarily many degree 2 vertices and no degree 1 vertices.
e Graphs with arbitrarily many degree 2 and degree 1 vertices.

Lemma 1. Suppose we have an almost reqular graph G where at most 2 vertices have degree
2, and all other vertices have degree 3. Then there exists a union of reqular graphs H such

that d(G, H) < 5.

Proof. If we have no degree 2 vertices, there is nothing to do. If we have a single degree
2 vertex, delete its 2 edges, thereby reducing to the case with two degree 2 vertices, as the
disconnected vertex now forms a O-regular component. This deletion costs 2 edits. Now
suppose G has 2 vertices vy, vs of degree 2. If they are not connected, add an edge between
them, and we have arrived at a component-wise regular graph a distance of at most 3 (1
edge addition and possibly 2 edge deletions) away from G. Otherwise, the idea will be to
delete a sufficiently far away edge (uy,us) and add edges (u1,v1) and (ug,v2). Suppose we
have 2m degree 3 vertices. Compute that G has (2m -3+ 2-2)/2 = 3m + 2 edges. We may
ignore m = 1 since the only such graph (sometimes called the diamond graph) falls under the
previous case. Let ui, us be the respective higher degree neighbors of vy, vo. If we enumerate
the edges incident to these labeled vertices, we have (v, vs), (u1,v1), (u2,v2), and at most
four other edges incident to u; and us. Since we need only consider m > 2, G has at least 8
edges. In particular, there exists an edge in GG not incident to any of the previously labeled
vertices. Let this edge be (wy,wy). Delete it and add edges (v, w) and (vq, wy). Since vy, vg
were the only vertices of degree 2, this yields a 3-regular graph, costing 3 edits. In total, we

have spent at most 5 edits. U

Lemma 2. Suppose we have an almost reqular graph G with no vertices of degree greater
than 3, at least 2 vertices of degree 3, at least 1 vertex of degree 2, and k irregular vertices.

Then there ezists a union of reqular graphs H such that d(G, H) < 3k + 5.

Proof. Let U be the set of irregular vertices that have a degree 2 neighbor which is not an
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irregular vertex. We claim that members of U come in pairs in the following way. Take
u € U, with v its degree 2 neighbor. Consider the simple path starting from u, going to v,
and terminating when we reach another irregular vertex «’. This termination condition must
occur since G is finite, we have no degree 1 vertices, and we must encounter an irregular

vertex before a degree 3 vertex.
° °
(a) A graph G with only degree 2 and 3 vertices.

(b) Peeling away the purely degree 2 pieces of G.

Figure 1.7: Addressing degree 2 irregular vertices with a non-irregular degree 2 neighbor in

the manner described in the proof of Lemma 2.

Let v be the degree 2 neighbor of ' (noting v = v is possible). Delete edges (u,v) and
(u',0"), and add edge (u,w’). This converts u,u into (neighboring) irregular vertices, and
leaves u/, v’ as either an isolated vertex or a path component. Connect v',v with an edge if
the path component contains more than 2 vertices (see Figure 1.7). This entire procedure
costs at most 4k/2 = 2k edits. Notice that the degree 3 neighbors of u,u are unaffected,;
in particular, we have introduced no new irregular vertices. Now, the only degree 2 vertices
remaining are irregular vertices. Observe that we cannot have 3 irregular vertices all adjacent
to each other. This is because such a structure would need to be an isolated K3 which violates
the fact that they need to be irregular vertices. Therefore, so long as we have at least 3
irregular vertices remaining, there always exists a pair of vertices between which we can

add an edge. This allows us to use at most k/2 edits to leave us with either 1 or 2 irregular
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vertices remaining. We may then apply Lemma 1 on the component containing the remaining
irregular vertices (this is important so as not to introduce new irregular vertices), leaving us
with a component-wise regular graph. In total, we use no more than 2k + k/2+5 < 3k +5
edits. 0

We note that the ideas here make use of a concept sometimes called an edge swap [71].
Formally, suppose G = (V, E') has vertices uy, ug, vy, v9 such that (uq,us), (v,v2) € E and G
does not have any of the 4 edges (u;,v;). Then an edge swap at uy, ug, v1,v2 is the deletion
of the edges (u1,us), (v1,v2) and the addition of the edges (uy,v1), (ug, v2) (see Figure 1.8).

Notice that in a regular graph, an edge swap does not change the degree of any vertex.

[ pESS

(a) A 2-regular graph. ) The result of an edge swap.

Figure 1.8: An edge swap in a 2-regular graph.

1.2.2  Proof of Proposition 1

Proof. G has at most k; < k irregular vertices of degree 1. Arbitrarily pair up 2|k;/2]| of
them and add an edge within each pair. This is possible since degree 1 irregular vertices
cannot be neighbors. If k; is even, we are done. Otherwise, we have one more degree 1
irregular vertex u, and there exists another vertex v of odd degree (strictly greater than 1).
Delete an edge (v, w) (where w # u if (v, u) exists), and add the edge (u,w). This procedure
of addressing degree 1 irregular vertices requires at most k/2 + 2 edits. The neighbors of
the first 2| k/2] vertices we considered all had degree at least 2, so if any were not irregular
vertices, they certainly do not become irregular vertices. Only vertex v might become a new
irregular vertex since its degree decrements by 1. Consequently, our new graph has at most

k 4+ 1 irregular vertices. Consider the union of components that do not contain any degree 1
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vertices. By Lemma 2, we need 3(k + 1) 4+ 5 edits to reach a component-wise regular graph.

In total, we have used no more than (k/2 + 2) + 3(k+ 1) +5 < 4k + 10 edits. O

In some cases, while Proposition 1 gives something not far from optimal, it seems to miss the
truth. Consider (see Fig. 1.9) the graph on 2n vertices consisting of two n-cycles connected
by a single edge, for large n. Our procedure will give 10 edits, resulting in two (n — 3)-cycles,
and a 6-vertex 3-regular component. This completely misses the obvious (and much more
elegant) choice of simply deleting the single edge connecting the 2 cycles to yield two disjoint
n-cycles. This makes some sense, as this graph is almost regular in the sense that it is almost

2-regular, while Proposition 1 is designed to handle almost 3-regular graphs.

OO

a) Two cycles connected by an edge.

(b) Edits according to the proof of (c) Delete the single red dashed edge.

Proposition 1.

Figure 1.9: Two component-wise regular graphs close to a given graph.

One cannot easily amend the algorithm to this example, as the edge we would like to delete is
not incident to an irregular vertex. What this seems to suggest is that our notion of irregular
is incomplete. It does not seem to be able to nicely detect whether certain parts of a graph
are ‘essentially’ degree 2 or ‘essentially’ degree 3. It might be necessary to consider vertices

with neighbors of lower degree as well.
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One interesting feature of this proof is that it very nearly does not depend on the non-
irregular vertices being degree 3. In fact, the only place we use that is in the application of
Lemma 1, when we show that there exists a sufficiently distant edge we can delete. Morally
speaking, having vertices of arbitrary degree should not affect the existence of a sufficiently
distant edge for us to delete. We use this idea to generalize to graphs of arbitrary maximal

degree.
1.3 Proof of Main Result

The proof of Proposition 1 uses the idea of cutting away all portions of the graph that are
component-wise 2-regular to split the graph into a component-wise 3-regular and component-
wise 2-regular portion. This makes analysis more straightforward, and we generalize this

approach for our main result.

1.3.1 Preparatory Statements.

First, we take G and “cut away” the regions of the graph that have maximal degree strictly

less than A (see Figure 1.10), which we formalize in the following lemma.

Lemma 3. Suppose we have a graph G = (V, E) whose vertices have mazimal degree A. If
G has k irregular vertices, there exists a union of two disjoint graphs H = G_ U Ga such

that the following are true.
1. All vertices of Ga with degree less than A are irreqular vertices.
2. G has at most k irreqular vertices.
3. All vertices of G_ have degree strictly less than A.
4. G_ has at most k(A — 1) irregular vertices.

5. d(G,H) < k(A —2).

Proof. Let Vi C V denote the set of all irregular vertices in G adjacent to a vertex with
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degree A. Delete all edges of the form (u,v) where u ¢ Vj, degu < A, and v € V. Consider
the subgraph G of the resulting graph containing all vertices of maximum degree and their
neighbors. Any vertex of degree less than A in G must be an irregular vertex adjacent to
a vertex of maximum degree. Let V; denote the set of such vertices in Ga. For any edge
(v1,v) with vy € Vi, we then must have that degv = A or v € V;. All irregular vertices in
Ga were irregular vertices in our original graph G, so Ga has at most k irregular vertices.
Let subgraph GG_ contain all other vertices. By construction, there are no edges between Ga
and G_. Our edge deletions introduce at most k(A — 2) new irregular vertices, so G_ has
no more than k(A — 1) irregular vertices. By construction, G_ has no vertex with degree
A. All deletions occur only on edges incident to an original irregular vertex (though not to

a vertex of maximum degree), so we have used at most k(A — 2) edits. O

(a) A graph G with A = 3.

(b) A graph G’ obtained from G via Lemma 3.

Figure 1.10: An illustration of Lemma 3 in the A = 3 case.

We remark that Ga satisfies the assumptions of the following proposition.

Proposition 2. Suppose we have a graph G = (V, E) whose vertices have mazimal degree
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A. Further suppose that any vertex of degree strictly less than A is an irreqular vertexr and
that G has k irreqular vertices. Then if G has at least 2A + A? + A3 vertices, there exists an
almost regular graph H whose vertices all have degree A or A — 1 such that d(G, H) < 3kA.

Proof. Observe that we cannot have A irregular vertices all mutually adjacent to each other.
This means we can always add edges between irregular vertices until we have at most A — 1
irregular vertices in the entire graph, all of which are mutually adjacent. There are two

things to note about this statement.

o If we start with £ > A — 1 irregular vertices, much like in the proof of Lemma 2, this
procedure of adding edges between irregular vertices necessarily turns some irregular

vertices into degree A vertices.
e The remaining irregular vertices may have any degree d < A.
The added edges cost at most kA edits.

We proceed as follows. Define

Vi = ( U N<v0>> \ Vo, and V5= ( U N<v1>) \ (U ).

vo€Vo viEV]

Notice that
Vol =ko <A =1, V[ <h(A—-1)<(A=1)% V5| Sko(A—1)* < (A-1)°

Edges with vertex in these sets could be too close to the irregular vertices. Any edge of G
with at least 1 vertex not in Vj, V4, or V5, however, is guaranteed to have both its vertices
not adjacent to any irregular vertex. To count such edges, we first enumerate the vertices of

G not in Vp, Vi, or V5. By assumption,

V]| > 2A + A* + A%
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SO
V| — ([Vo| + [Vi] + [Va]) > 2A + A2+ A% — kg — (A —1)* — (A —1)?
> 2A — ko > ky.

Therefore, there must exist at least kgA/2 edges with at least 1 vertex not in Vg, Vi, V5. Let
Ey denote this set of edges. For each irregular vertex v with degree d strictly less than A —1,
let I = [(A—1—4d)/2]. Delete [ sufficiently distant edges u; = (ugl),u?)) € Ey and add
edges (v,ugl)) and (v,ul(-z)), which costs 3/ edits (see Figure 1.11). In total, this costs no
more than kg - 3A/2 edits. Notice that this is possible since [ < A/2, and we ensured that
|Eo| > koA/2. Following this, every irregular vertex will have become a degree A vertex

or a degree A — 1 irregular vertex. None of the originally degree A vertices have had their

degrees modified. Enumerating all our edits yields kA + 3kA /2 < 3kA. O

—__ 1] 11X

(a) A graph G satisfying the assumptions of Proposition 2.

111X

(b) Almost regular graph H obtained from G as described by the proof of Proposition 2.

Figure 1.11: An illustration of Proposition 2 for a graph with maximal degree A = 3.

Proposition 3. Suppose we have an almost reqular graph G = (V, E) whose vertices have
degree A or A — 1 and that G has k vertices of degree A — 1, all of which are irregular
vertices. Then if G has at least A + A% + A3 + 2 wvertices, there exists a component-wise

reqular graph H such that d(G, H) < k + 4A.

Proof. The opening of this proof will follow similarly to the beginning of the proof of Propo-
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sition 2. Observe that we cannot have A vertices of degree A — 1 all adjacent to each other.
This is because we would have an isolated Ka in GG, which would violate these degree A — 1
vertices being irregular vertices. Therefore, if we have at least A irregular vertices, there
always exists a pair of irregular vertices between which we can add an edge. This allows us
to use at most k/2 edits to connect pairs of irregular vertices such that we are left with at

most A — 1 mutually adjacent irregular vertices in the entire graph.

Let ky < A — 1 denote the number of remaining irregular vertices. Once again, the idea is
to delete sufficiently far away edges and connect the irregular vertices to the vertices of the
just deleted edges. We need to check that G has sufficiently far away edges. Let Vj denote
all irregular vertices. Let V) denote the neighbors of Vj, excluding elements of V; itself. Let

V5 denote the neighbors of V; (excluding elements of both V; and V}). Notice that
Vol =ko SA—1, [ <ko(A—1)<(A=1)% [Vof Sko(A—1)" < (A-1)°

Edges incident to these sets could be too close to the irregular vertices. Any edge of G
with at least 1 vertex not in Vy, Vi, V5, however, is guaranteed to have both its vertices not
adjacent to any irregular vertex. We would like G to have at least kq/2 sufficiently far edges.
If G has z additional vertices, there are at least Az/2 additional edges. Setting x = 2 is

sufficient.

Therefore, if G has at least A + A% + A3 +2 > ko + ko(A — 1) + ko(A — 1)% + 2 vertices,
we may proceed with the following procedure. Arbitrarily pair up irregular vertices. For
each pair uy, us, delete a sufficiently far edge (v1,v2). Add edges (u1,v1) and (ug,vy). This
costs at most 3(A — 1)/2 > 3k /2 edits. If kg is even, we are done. Otherwise, we have one
remaining irregular vertex (which also implies that A is odd). Delete all edges incident to
this remaining irregular vertex (costing A edits), leaving it as a O-regular component. Then
G is left with A — 1 irregular vertices of degree A — 1. This allows us to go back, and repeat

this previously described procedure once, costing at most 3(A — 1)/2 edits.

In total, we have used no more than k + 4A edits. O
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1.3.2  Proof of the Main Result

Proof. We proceed by induction. As a base case, recall from Proposition 1 that any graph

with maximal degree 3 is at most 4k + 10 edits from a component-wise regular graph.

Apply Lemma 3, costing k(A — 2) edits. This yields Ga, a graph with maximal degree A
such that all vertices with degree strictly less than A are irregular vertices, and G_, a graph
with maximal degree strictly less than A. Since Ga has at most k irregular vertices and
has at least 2A + A% + A3 vertices (by assumption), by Proposition 2, it costs at most 3kA
edits to obtain an almost regular graph with all vertices of degree A, A — 1. Note that the
only degree A — 1 vertices that arise in this manner must come from one of the k irregular
vertices of Ga. Then by Proposition 3, we need at most k£ + 4A additional edits to obtain a
A-regular graph.

It remains to address G_. Lemma 3 causes G_ to have at most k(A — 1) irregular vertices.
By assumption, G_ has at least 2d + d* + d® + kA! — k(A — 2) vertices of each degree d < A,
where the subtraction term arises from Lemma 3 reducing the degrees of at most k(A — 2)
vertices. Let K = k(A —1),d_=d—1,and A_ = A — 1. G_ has maximal degree A_ and
at most K irregular vertices. Then notice that for all d < A,
2d + d* + d® + kA — k(A —2) >2d_ +d* +d® + k(A — (A -2))
>2d_+d> +d° + k(A - (A-1))
=2d_ +d*+d® +EA-1) (A1)
=2d_+d> +d® + K(AL)!
which shows that G_ itself satisfies our hypothesis. We have so far used k(A — 1) edits to
form Ga,G_ and 3kA + k + 4A edits to address Ga. Summing these yields

k(A —1)+3kA + k 4+ 4A = 4kA + 4A.

By induction, we apply the same argument to G_. Since we have an explicit relation between

the maximal degrees of G and G_ and between the number of irregular vertices of G and
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G_, we may compute that this entire procedure requires

A—4
4k+10+z<( — ) 4kH — ) +4(A ))

A—4
g4k+1o+24m!+4Ag4k+10+4m.A!+4A2
1=0

= (4+4A - A Kk + (10 + 4A%)
edits. Since A > 4, we may bound this by 4(A + 1)! - k + 5A2. O

The assumption of Theorem 1.1.2 requires that our input graphs have enough vertices of all
degrees less than or equal to A. This condition arises from guaranteeing that there exist
sufficiently many distant edges to delete for Propositions 2 and 3, but it is difficult to gauge

how necessary this condition is.
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Chapter 2

DYNAMICAL SYSTEMS

2.1 Introduction and Results

Consider approximating z € R via the following method. Let 1 = 1, and define

Cn
Tp = Tp_1+ —,
n

where

1 Ty <X

Cp =
-1 z,>x

This is simply greedily approximating x by greedily assigning signs to the terms of the
harmonic series. Some work has been done regarding convergence rates of this sequence. In
fact, our original interest was sparked by a beautiful result of Bettin-Molteni-Sanna [17] who

prove, among many other things, the following: pick some x € R, let ; = 1 and

xn,l—i—% ifz, <z
Ty =

Tyl — % if a, > x.
This corresponds to taking the standard harmonic series Y 1/n and inserting signs in a
greedy way to get as close as possible to z. It is easy to see that |z, — x| < 2/n for n
sufficiently large. Bettin-Molteni-Sanna [17] show the existence of subsequence that converge
much faster, even faster than a polynomial rate in n, for generic x. We discovered our system

by looking at hypothetical two-dimensional analogues of this result.

A number of (vaguely) related results come from the abstract theory of rearrangements of

series in Banach spaces (see Kadets-Kadets [51]), for example the results of Calabi-Dvoretzky
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[24] or Dvoretzky-Hanani [31]. After completion of the project we learned that our results
can be thought of as results in the area concerned with the dynamics of piecewise isometries
(see Figure 2.1). Its setting is as follows: given a subset X C R? and a finite partition
X=PUPU...P,,amap T : X — X is a piecewise isometry if is restriction to P; is an

isometry for all 1 <17 <.

s

) A Y
=

f(z,y) = (z —sgn(z),y) g = rotation by « around origin

Figure 2.1: go f is a piecewise isometric map whose orbits, suitably rotated, correspond to

orbits of our procedure.

Many of the fundamental results in the area have been pioneered by Arek Goetz, starting with

his PhD thesis [15] and the subsequent work [10, 11, 12, 13] as well as Ashwin-Goetz [9, 10],
Ashwin-Goetz-Peres-Rodrigues [1 1], Boshernitzan-Goetz [19], Cheung-Goetz-Qyas [28] and
Goetz-Quas [11]. There have been many subsequent developments and applications, we refer
to Bruin-Deane [20], Deane [29], Park et al [70], Smith et al [78] and Sturman [90].

A natural question is whether one can extend this to a two-dimensional analog. We attempt

this generalization by fixing some z_; € C and defining

2Tian — 2mian

+ —
Z, = Zp—1TE€ y %y = Zn—1—€ ,
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where a, is some sequence. Then our true sequence is given by

N
S+

20 | <z,
Zp =
Zn | <z

3

Intuitively, we can say that a, is the driving sequence for z,. Indeed, the choice of a, very

much determines how z, behaves.

Figure 2.2: The first 1000 (left), 5000 (middle) and 10000 (right) terms for z_; = 0.0001 + 5:
and a = 1.0415/v/272. The sign pattern is periodic with period 222.

At first glance, our definition can be thought of as a piecewise isometric map with respect to
half-spaces, defined by e?™" that rotate. By introducing an additional rotation, we obtain
a piecewise isometric map (see Fig. 2.1) that is given as the composition of a translation on

two half-spaces and a global rotation. Its iterates v, when rotated by e?™ne

, correspond to
iterates x,, of our procedure. This type of piecewise isometric map seems to not have been
studied before and it stands to reason that our greedy sign choice perspective may arguable
be easier to work with. Moreover, it appears that our main results (Theorem 2 and Theorem
3) appear to be new within the context of the dynamics of piecewise isometric maps. We
explore z, when a, = an, for some irrational o. We make this choice for two reasons. First,
if o were rational, €*™ would be periodic and empirically lead to uninteresting sequences

Zn. Second, this sequence is the natural choice for a sequence whose fractional part is

equidistributed on (0,1). Later, we will consider other sequences.
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2.1.1 Introduction

Let z_; € C and let a > 0 be an irrational number. We define a sequence of complex

oo
n=0

numbers (2,)%, by setting, for n > 0,

Zp = 2t eFTOn (2.1)

where the sign is chosen so as to minimize the absolute value. If both choices of sign lead to
a complex number with the same absolute value, i.e. |z, 1 + €*™"| = |z, ; — e?™"| then
we say the sequence is only defined up to z, 1 (this is of minor importance as it happens
very rarely). We were motivated by the remarkably intricate complicated behavior that this
dynamical system is able to exhibit. Examples are shown throughout starting with Fig. 2.2

and Fig. 2.3.

Figure 2.3: The system with initial value z_; = 2.0176 + 4.8585¢ and o = 0.00702367. The
pictures show the terms z, for 2000 < n < 3000 (left), 2000 < n < 4000 (middle) and
2000 < n < 5000 (right). The sequence of signs is periodic with period 51.

Numerical examples suggest that ‘most’ initial values z_; and ‘most’ values of « lead to a
sequence (z,)52, all of whose elements are eventually trapped in a single circle (by which we
mean that all elements of the sequence z, for n > N are contained in a circle), see Fig. 2.5
or Fig. 2.6. However, exceptions are not infrequent (especially when « is close to 0,1/2 or

1): most of the examples shown in the various Figures were discovered by looking at many
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random choices for o and z_;.

—_—

=

—
—
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Figure 2.4: The system with initial value z2_; = 1 —i and a = v/2/3. The pictures show the

terms z, for 100 < n < 2000 (left), 100 < n < 5000 (middle), and 100 < n < 8000 (right).

The sequence of + signs is periodic with period 14.

2.1.2 Periodic signs implies concentric circles.

We start with a basic observation: when looking at the dynamical system for ‘generic’
initial values, the sequence of signs +1 that are chosen appears to become periodic. A
periodic choice of signs corresponds to a simple geometric pattern: the sequence is ultimately

contained in a union of finitely many concentric circles (see, for example, Fig. 2.4).

Theorem 1. If the sequence of signs is eventually periodic with period p, eventually all

elements of the sequence are contained in a union of at most p concentric circles.

The inequality is necessary: it is fairly common to see signs with period 2 (+1 and —1
alternating) where the associated sequence is contained in a single circle. It is not clear
to us how the period of the signs is connected to the number of circles beyond the one-
sided inequality: Fig. 2.4 shows an example where signs are periodic with period 14 but all

elements are ultimately contained in only 4 concentric circles.
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2.1.83 Long-time behavior: a single circle.

One natural question is whether the figures shown throughout the paper are (a) numerically
accurate and (b) reflect the overall long-time behavior. Two instructive examples are given
in Fig. 2.5: one observes rather intricate behavior for the first few elements of the sequence
after which the sequence suddenly becomes very simple and all subsequent elements are

contained in a single circle.

o
el TR L

™
A
p—_— .
.
s,

Figure 2.5: Left: system with z_; = 2 4 57 and o = 1.10541/2/(27). Right: system with
z_y = 5e2m000883 and o = \/7/(2). Both sequences are quite intricate before settling down

in a single circle.

This raises a natural question: when observing more complicated behavior as in Fig. 2.2 and
Fig. 2.3, are we guaranteed that they remain at that level of complexity? Maybe everything
always ends up in a single circle (after possibly millions and millions of terms)? Before

explaining our main results, we introduce a useful concept: the ambiguity sequence. Given

[e.9]

* , the associated ambiguity sequence (a,)S%, is the sequence of real

such a sequence (z,)

numbers

a, = ||2n—1 + 627rina| o |Zn—1 . e27rina|| )
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One can think of (a,)5, as a measure of ambiguity that quantifies the difference between
the two choices of sign: if a, is large, then one sign very clearly leads to a complex number
with smaller norm. If a, is small, the difference is less pronounced. One could also think
of very small values of a,, as a possible sign of danger: higher numerical accuracy may be
required. By assumption, we always have a,, > 0 since z, is not defined if both choices of
sign lead to a complex number with the same absolute value. We can now state the first half

of our main result. Informally, it will end up saying

if one observes a sequence always choosing the same sign for a while and if the
levels of ambiguity a,, never get too small, then the sign sequence will be periodic

for all time.

This informal statement is in need of some additional precision. We first state the result
for a special case where the signs end up being constant: in that case, all the contributing
components can be made explicit. The general periodic case (Theorem 3) will be based on

Theorem 2 and uses very similar ideas.

Theorem 2 (Single circle). Let o > 0 be irrational. Then, using (pe/qe)7, to denote the
convergents, the following holds: if, for some k,{ € N all the signs for k < n < k+ q; are

the same and if

) 4 20
min a, > (47+ —7—F | —,
k<n<k-+qs |e2miac — 1| ) qy

then the sign is constant for all n > k.
Remarks.

1. Theorem 1 then implies that, in that case, all sufficient large elements of the sequence

are contained in a single circle.

2. k and ¢ are arbitrary parameters. k allows for different starting indices, ¢ can be seen
as a measure of the scale. A larger scale requires a weaker inequality to be true for a

longer time.



32

3. Generically, if the sequence ends up choosing the same sign, the ambiguity sequence is
bounded away from 0. This means that, generically, Theorem 2 will eventually be able

to certify periodicity (see the proof for details).

20f ... -

Far \ * . ‘ -:' :. ~:'
( A o 100 L

50 100 150 200 250 300

Kl

Figure 2.6: Left: system with z_; = —1/2 —4 and a = 1/v/6. Right: the value of a,, along

the evolution of the system

We quickly illustrate Theorem 2 for a concrete example (see Fig. 2.6): we start with z_; =
—1/2—iand a =1/ v/6 and observe that the sequence initially jumps around before, around
the 60th term, starting to always choose the sign +1 and ending up in a circle. Computing

the convergents p;/q, for a = 1/1/6, the sequence of denominators ¢, is given by
1,2,5,22,49, 218,485, 2158,4801, 21362, . ..

Picking g9 = 4801, an explicit computation shows that

4 20
4 , = 0.0796.. ..
( T e 1\) 4801

Simultaneously, we observe, numerically, that a,, > 0.12 for all 100 < n < 100 + 4801.

Theorem 2 applies and guarantees that the sequence will always keep choosing the sign +1
and remain in a single cycle. There is a little bit of flexibility in how to choose k£ and q,:
the sequence of ambiguities satisfies a,, > 0.1 for all n > 100. The appearance of convergent
fractions (pe/qe)72, is related to the assumption of « being irrational: if « is irrational but

2mina

extremely close to a rational number p/q, then e will be extremely close to a ¢g—periodic
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sequence over extremely large periods of time. This is captured by the growth of ¢,. For
example, if @ = 10/17 +1077v/2 then the sequence of ¢, is 1,2,5,17,415944, . .. which shows

that the ambiguity may need to be checked for a large number of consecutive terms.

2.1.4 Long-time behavior: general periodicity.

Arguably the most interesting case is not covered by Theorem 2: examples where the se-
quence exhibits an interesting periodic pattern as seen in Figure 2.2 and Figure 2.3. We
can now state our main result: if one observes periodic signs for a sufficiently long period of

time, then the signs remain periodic for all time.
Theorem 3. Let a > 0 be irrational. There ezists an (explicit) function
g:(0,1)x N—-N
depending on « and z_y such that for all n € (0,1) the following holds: if
1. the sequence of signs is p—periodic for k < n <k + g(n,p) and
2. the ambiguily sequence is not too small in that range

: 2mina 2mina
min  ||z,-1 + € | — |zn-1 — € | >,
k<n<k+g(n,p)

then the sequence of signs is p—periodic for all n > k.
Remarks.

1. Theorem 3 can be summarized as: if one observes periodic signs for a while and does
not run into issues of numerical accuracy, the sequence of signs is going to be periodic

for all time.

2. Asin Theorem 2, the result is nearly sharp in the sense that for ‘generic’ examples with
periodic signs the ambiguity sequence remains bounded away from 0 and Theorem 3

applies for a suitable choice of k£ and 7.

3. The function g(n, p) could be made explicit in terms of p and a: as in Theorem 2, the
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convergents coming from the continued fraction expansion play a role in how quickly

g(n,p) tends to infinity as n — 0% (see proof).

2.1.5 Stability and Symmetries

We start by describing an important notion of stability: if we have a sequence starting z_;
and the minimal ambiguity is uniformly bounded away from 0, then changing z_; a little

does not substantially change the behavior of the sequence.

Proposition 4. Let o > 0 and z_, € C. Replacing z_1 by z_1 + w with

1 1 , |
lw| < = inf @, = = inf ||z, + 7™ — | 2rina|
n>0

Zn — €
2 n>0 2 "

shifts the entire sequence by w, i.e. z,, = z, +w for alln > 0.

Proposition 4 naturally suggests that the minimal ambiguity along a sequence should be a
natural way to classify the behavior of sequences according to their starting value z_;: if the
minimal ambiguity is large, then nearby starting values are going to behave very much like
the sequence arising from z_; does. Small values of the minimal ambiguity suggest that a
small change in the initial value z_; can lead to very different dynamical behavior. Plotting
the ambiguity function

mne| — |

2mina | ‘

2,1—>ianzn+e Zp — €
n>0

shows the most surprising pictures (see Figure 2.7 and Figure 2.8). The dependency of
inf,, >0 @, on z_; seems to be highly nontrivial.
Fig. 2.7 suggests the presence of symmetries: we note three such symmetries.
Proposition 5. Let z, be given by 0 < o < 1 and z_1, with sign sequence &,.
1. The sequence arising from 1 — a is (Z,), with signs &,.

2. The sequence arising from o = 0.5 (mod 1) is (z,) with signs &, - (—1)".

3. The sequence arising from —z_q is —z,, with signs —e,,.
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While not appearing to be self-similar in the way classical fractals are, Fig. 2.8 shows that
several layers of self-similarity are possible. Fig. 2.7 appears to feature balls (as well as balls
cut by lines). Balls show up naturally as part of the dynamical system: there are two disks

with radius 1/2 whose interior, when used as initial values, lead to a sequence with constant

10
0.5

08 0.8
0.0

06 —05 0.6
-1.0

04 0.4
—2.0

02 0.2
-30

-10 -05 00 05 1.0 15 20 25 30

0.8 0.40

07 -11 0.35

0.6 0.30

o5 ~12 025

0.4 0.20
-13

03 015

0.2 010
~14

01 0.05
-15

Figure 2.7: With a = v/2, (square roots of) minimum ambiguities of the first one thousand

signs.

terms of sequences plotted against z_;.

Proposition 6. Let a € (0,1). If

1
1 — eQﬂ'ia

1

<
27

Z_1 —

then the arising sequence always picks sign —1 (and ends up in a circle). Likewise, if

|21 — 1/(e*™ —1)| < 1/2, the sequence always pick sign +1.
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These two disks (which are clearly visible in Fig. 2.7 and Fig. 2.8) naturally have to be
disjoint; this is reflected in the identity

1

1
VOC%N Remza

Other disks in the figures seem to appear for similar reasons: characterizing them all seems

to be non-trivial and potentially an interesting area for further research.

0.30

‘72 o 15 1.0 -0.5 0.0 0.5 1.0 15 2.0 —0.20 -0.15 -0.10 -0.05 0.00 0.05 0.10 0.15 0.20

0.200

020 0195
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0.185

0.180

0.175

0.170

0.165

0.12 0.160
—0.04 -0.03 —0.02 -0.01 0.00 0.01 0.02 0.03 004 —0.020-0.015-0.010-0.0050.000 0.005 0.010 0.015 0.020

Figure 2.8: With o = 0.5 + v/3/300, (square roots of) minimum ambiguities of the first ten

thousand terms plotted against z_;.

The next natural question is whether the non-circular mysterious shapes in Fig. 2.7 and Fig.

2.8 can be explained and this will be covered by the next result.

Theorem 4. Let o be irrational and let z_y; € C lead to a sequence whose sign pattern is

eventually periodic. The set of initial values that eventually exhibit the same (periodic) sign
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pattern is contained in a finite union of a finite intersection of disks and half spaces.

The proof shows slightly more: the interior of such regions is given by an intersection of
(open) disks and half spaces. If we use z_y — inf,q ||z, + €| — |z, — €2™|| to partition
C into regions with similar dynamical behavior (separated by the zeros of that function) and
if every sequence is eventually periodic, then Theorem 4 would have some more implications:

the plane would be tiled by intersections of disks and half spaces (up to a set of measure 0).

2.1.6  Open problems

While we have a relatively good understanding of the case where one observes periodic sign

patterns, the inverse problem is completely open.
Problem. Is the sign pattern always eventually periodic?

We do not know how difficult that problem is. For fixed «, Proposition 4 shows that the set
of initial values z_; that lead to periodic orbits tend to have a certain ‘openness’ condition in
terms of the ambiguity sequence: this might be an indication that hypothetical non-periodic
orbits, if they exist at all, must be rare. A second natural question concerns the length of

periods.

Long periods. If a sequence eventually stabilizes into a periodic choice of signs,

how long can this period be depending on «?

It seems that sequences can have arbitrarily long periods. A nice example is a sequence with

period 874 given by
a = 0.5010866 and z_1 = 0.747467 4 0.4452711

whose associated ambiguity sequence is bounded below by 6 - 107¢. The example is shown
in Fig. 2.9. Moreover, it appears as if having a large period requires & mod 1 to be close to

0,1/2,1 and one might be tempted to ask whether, for some universal ¢ > 0, an inequality
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along the lines of

c
length of period < ——
12|
might be true (where ||z| = inf,cz |z — n| is the distance to the nearest integer). It is not
clear to us how difficult to this question is. It would be interesting to see whether there is
a way to construct sequences with arbitrarily large periods: we observe, as a consequence of

the symmetries, the following period-doubling trick.

Figure 2.9: A sequence with period 874 (first million terms, only every 20th term displayed).

Proposition 7. Let (z,) given by o and z_y. If the sign sequence e, is p-periodic with p

odd, the sequence with initial point z_; and o + 0.5 (mod 1) is 2p-periodic.

The largest period we are currently aware of is a sequence with period 2258 given by a =

0.50015827 and initial value
z_1 = 0.5761982862055985 + 0.9356408428886818:.

However, we have no reason to believe that this is in any way extremal; it appears that, by

choosing « close to 1/2, arbitrarily large periods are possible. Another innocent question is
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as follows.

Which numbers are periods? Which numbers can arise as periods of the

dynamical system for some o and z_17?

It appears, judging purely from empirical observations, as if not all integers can arise as a
period. For example, we have observed empirically that periods are not divisible by 4. Is

this always the case?
2.2 Proofs

2.2.1 Proof of Theorem 1

Proof. Introducing the sign sequence (g,,)5°,, we have for all n > N that

n
Zn = 2N + g 5]-627”“].
j=N+1

Assume the sign sequence is periodic with period p, then, for all £ € N,

k+£fp k+p
Z 5]‘627”]06 _ Z <,:‘j_"_erZTrz(j—f—ﬁp)a
j=k+(e—1)p+1 j=k+1
k+p k+p
_ Z e p2mija 2mitpa _ 2mitap Z ; 2rijo
j=k+1 j=k+1

This last sum is independent of ¢: it only depends on the period p and the starting point &

(this observation will occur repeatedly in subsequent proofs). Abbreviating

k+p

=) e, (2:2)

j=k+1
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we deduce that for £k > N and ¢ > 0,

k+£p £—1 k+(s+1)p
Zhrtp = 2k + Z 8] 27T’Lj()é = 2 + Z Z 27rzga
Jj=k+1 s=0 j=k+sp+1
-1 eQmocpZ 1
= 2kt Gk ZBQMOCPS =z + I amiap — 1
. qu e2m’ap€
B { - —_J My —

For ¢ € N, this subsequence of points lies on a circle with center

_ dk
Ck = 2k — e2miap _ 1°
Repeating the above argument for k € {N,..., N + p — 1} shows that all z, for n > N lie
on one of p circles. It remains to prove that these circles have a common center. By using

the definition of the sequence and iterating the recursion (2.2)

c = 2piq1 — L 2

2mio(k+p+1 2miap(k+1
_ omia(k+1) kT Ekipr1€ (kFpHD) — g,y e2miop(kbtl)
= Zr + Ek+1€ — i

eimap 1
— qr — .
-~k 2miap _ ] - Yk
Therefore all the circles share the same center. O

2.2.2 A Sampling Lemma

The purpose of this section is to prove a Lemma that will be useful in the proof. We were
unable to find the Lemma in the literature but all its ingredients are standard and it is
presumably fair to say that the Lemma is well-known ‘in spirit’. We recall that if a is
an irrational number, then it has an infinite continued fraction expansion: truncating this

expansion leads to a rational number p,/q, that is very close to a.

Lemma 4. Suppose « is an irrational real with convergents (pe/qe)i2,. If

f:{zeC:|z|=1} =R
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is Lipschitz-continuous with Lipschitz constant L > 0 and k,¢ € N is such that

20L
min  f(e > 20L

27rina)
k<n<k-+q Qv

, (2.3)

then

: 2mit
Orgtlglf(e ) > 0.
Conversely, if ming<i<; f(€2™) > 0, then there exists £y € N such that (2.3) holds for all

k>0 and all 0 > ¥.

Proof. We first show that it suffices to prove the statement for £ = 0. For arbitrary k > 0,

we can define g : {z € C: |z] =1} — R via

g(2) = f(e*™"z)
which corresponds to a rotation and does not change the Lipschitz constant. Then

: 2mina __ : 2mina
v, ST = i, o)

and we see that one implies the other. We will now argue that na, when interpreted modulo

1, is rather close to a set of equispaced points provided n is chosen at the correct scale

(suggested by the denominators of the convergents). The crucial ingredient is (see [22]) the
inequality
1
‘ N ]2 S _2.
qe qy
Therefore, for all 1 < n < ¢, we have
1
no — b < % < —.
Qe qy qe
Since p, and ¢, are always coprime (see [22]), we have
n n
{&modl:lgng(y}:{—:Ogngqg—l}.
qe qe

Let now 0 <t <1 be arbitrary. Then there exists 1 < n < ¢ such that

1
‘(@ mod 1>—t'§—.
qe Qr
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We deduce that |(na mod 1) —t| < 3/¢, and

2m - 3 19
< —.

Qe 7

|(2mna mod 27) — 27t| <
Using Lipschitz-continuity, we have

f(627rit) Z f(627rin04) — L |27‘["[’LO( — 27Tt|

20L 1
dk qk 03

The second part of the statement is easy: f, if positive, is a continuous function on a compact
interval and thus bounded from below by a positive constant: the sequence g, is unbounded

and the conclusion follows. O

2.2.3 Proof of Theorem 2

Proof. We assume «, z_; are fixed. We also suppose that, starting at z;, the chosen signs
are constant for a large number of iterations (we assume at least until zy where N > k)
and that without loss of generality, the sign that ends up being chosen is always + (the case

where the sign is always — is completely analogous). Then, for k <n < N

n 2mia(n+1) _ 2mi(k+1)a
2mijo € €
Zn = 2 + e =z +
Jj=k+1

e27ria —1

Introducing the map hy, : St — C
P e27rz'(k+1)oc

hk(z) =2kt eQm’a -1

we have, for k <n < N,

2p = hy (27D, (2.4)

We would like to guarantee that, for all n > k,

2mic(n+1)

Zn+62wia(n+1)| <

|zn—e

since that would then enforce that the sign chosen at each point is always +. Using (2.4),
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this is equivalent to

’hk(eQﬂ'ia(n+l)> + eQwia(n+1)| < ’hk(EZﬂ'ia(nJrl)) . e27rioz(n+1) )
This inequality would be implied by the truth of the inequality
Viz| =1 |hi(2) + 2| < |he(2) — 2] .

Every time we pick another element of the sequence, we certify the truth of that inequality

2mio(n+1

at another point on S'. Moreover, the sequence e ) is dense in S*. We apply Lemma

4 to to the function
f<€27rit) — |hk(€2m’t> o 627rit| o ‘hk(e%rit) + eQm't‘ )

Strict positivity of f would guarantee stability of the sign choice for all time. Observing that

d ) d eZm‘t 2
_hk(€2mt) —_ | = : — : T
dt dt e2m™ia _ 1 ’627”04 _ 1‘
we note that f is Lipschitz continuous with Lipschitz constant satisfying
47
L <A4m+ ———.
— |627r7,oz _ ]_|

At this point, we can invoke Lemma 4. The desired stability is implied by the existence of

a convergent py/qx such that

. 20 4
min  f(e*™"Y) > — (47T + —W)

1<n<gp Tk |e27ri0c _ 1|

which is the desired statement. O
Remark. The truth of the inequality

Vizl =1 |hi(2) + 2| < |he(2) — 2|

is necessary but not sufficient for the sign choice to be stable. However, it is almost necessary
in a way that renders Theorem 1 applicable for virtually all choices of initial data. We will

now explain this in greater detail. First, suppose that there exists |z,| = 1 such that the
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inequality strictly fails
|7 (20) + 2] > |he(z) — 2]
then there exists an entire open interval J C S' C C containing z, for which the inequality

fails. Since e2mien

is dense on S!, at some point in the future we are bound to encounter an
index n where one would end up choosing the — sign. In that case, the statement we are

trying to prove is actually false. This means that the only remaining case is
Vigl =1 [he(2) + 2] < [hn(2) — 2]

with equality for some z,. This case is subtle because the relevant question is then whether
an equation of the type z, = €*™" has a solution in n € N: if it does, then there exists a
point at which the sequence becomes undefined. If not, then the + sign is stable. However,
distinguishing between the case of strict inequality and strict failure from a finite number of
samples is impossible. In summary, we expect Theorem 1 to be applicable in all practically

arising cases.
Remark. We also note that the inequality
Viz| =1 |hi(2) + 2| < |he(2) — 2|

is the type of statement that is frequently used in complex analysis to deduce that two
functions have the same number of roots inside the unit disk (via Rouché’s theorem). It is

not clear to us whether this is a coincidence.

2.2.4  Proof of Theorem 3

Proof. The main idea behind the proof is to show that the periodic setting can be reduced
to the setting of Theorem 2 by arguing along a subsequence. Let us again assume that o > 0
is a given irrational number. We assume that, starting at z;, the arising sequence of signs

is p—periodic where p € N at least in the range £ < n < N where N is large. Then, for
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k <n < N we have

n
n = 2k + Z eje%’jo‘,
j=k+1
where €; € {—1,1} and the sequence of signs (g;);en is p—periodic for k¥ < 5 < N. This

implies, just as in the proof of Theorem 1, that

k+Cp k+p
§ : 2m]o¢ _ 2 : Ejttp 627” (j+4p)
j=k+({—1)p+1 j=k+1
k+p k+p
— E €j627rwa62m€pa — 627rz€ozp E €j€27r1joz‘
j=k+1 j=k+1

Observe that this last sum is independent of ¢: it only depends on the period p and the
starting point k. Abbreviating

k+p
_ Z omija
q= é\je )
j=k+1
we deduce
k-+Ep -1 k+(s+1)p
o2 o2
Zhortp = 2k T E gje T — o 4 E E mija (2.5)
j=k+1 s=0 j=k+sp+1
2miapl
‘ e —1
. 2miaps __
_Zk+qze =2t 4 2miap _ 1"
— e
By definition of the sign sequence (£,,)%°,,
2mi(k+0p+1)a

Zkitpt1l = Zkttp T Ektepri1€

which implies (since that sign has been chosen so as to minimize the absolute value)

2mi(k-+ep+1)a 2ri(ktpt1)a) (2.6)

|Zk+€p + Ektept1€ | < ’Zka — Egtept1€

The next step consists of observing that eg 41 is independent of p (by p-periodicity for

small indices). Thus

_ 2mi(k+1)a
€ = Ektep+1€ (k+1)
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is independent of ¢ as long as k < k+ ¢p+ 1 < N. Plugging (2.5) into (2.6), we observe
that, aslongas k < k+/{p+1< N,

627riap€ -1 2miapl 1

. e .
27l 27l
2 +q e <ot g g — et

It would be nice if that inequality were true for all ¢ sufficiently large and, much like in the
proof of Theorem 2, we see that this would be implied by the truth of the inequality
et —1 it

2k + q—e%mp T —ce

eit -1 i
2+ g +ce
627rzo¢p _

teR
Vite 1

<

Applying the Sampling Lemma now, just as in the proof of Theorem 2, shows that if one
observes strict (quantitative) inequality for a sufficiently long time, we can deduce the truth
of the inequality. The choice of the subsequence was completely arbitrary and thus, by

repeating the argument p — 1 more times, we get the desired description. [l

2.2.5 Proof of Proposition /
Proof. Note that if 2/, = z, + w with |w| < m/2, then, by the triangle inequality,

2 + an| — || < |z +w + an] < |20+ an| + W),
as well as

Zn — p| — W] < |z +w — an| < |z — an| + |w].
Therefore,

|20 + an| — |20 — an] —m < |z + W+ ay| — |20 + W — ay)|
< zn + an| = |2n — @y +m.

Put another way, |z, + w + a,| — |z, + w — a,| is not more than m away from |z, + a,| —
|2n — ay,|. Since |z, + a,| — |z, — a,| is at least m in magnitude, it must be the same sign

as |zn + w + a,| — |2, + w — ay|, which means that 2], = 2,11 + w. We assume that

2! | = z_1 + w, so by induction, we have the desired result. 0
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2.2.6  Proof of Proposition 5

Proof. Note that

eQﬂi(l—ao)n — 627rin . G—Qﬂiozon — e2miaon

Since both the initial point and the additive sequence e?™(!=0)" are entirely conjugated, and
the Euclidean norm is unaffected by conjugation, the new sign sequence must be identical to
the original. Therefore, the resulting sequence must also be entirely conjugated. Note that
2ri(aok05)n _ G2riaon | oEmin _ 2micon (10,

(& =e

2mi(a005)n g only different

Since the initial point is unchanged and the additive sequence e
by a sign, at each step of the sequence, the same two choices are presented, giving the same
values of z,. In particular, because the additive sequence alternates in sign from the original,
the new sign sequence must also alternate in sign relative to the original. If |z 4+ w| < |z —w|,

then of course | — 2 — w| < | — z + w|. Then by induction we obtain the third statement

immediately. U

2.2.7 Proof of Proposition 6

The proof of Proposition 6 will make use of a simple Lemma that will also be used in the

proof of Theorem 4. We present it separately.
Lemma 5. Let A, B,C € C with C' # 0. The set of complexr numbers z_, with the property
that for all |z| =1
|21+ A—2B—-Cz| <|z_1+A— 2B
is an open ball of radius —|C|/2 — Re BC/|C| centered at —A.

Proof. For z,y € C, the inequality |x + y| < |z| implies, after squaring and using that

2|2 = 2z, that

We apply this inequality with z = 2 1 + A — 2B and y = —C'z Since y = —C'z and |z| = 1,
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we have —|y|?/2 = —|C|?/2. This inequality can be written as

Re [(-1 + A - 2B)(~0%)] < — 11
Using (—z)(—%) = 1, this is
Re [(z_1+4)(—C2)] < —ﬁ —Re BC

This inequality needs to hold for all |z| = 1, thus this is equivalent to
S |IC 2 _
max Re [(z_1 4+ A)(—C2)] < — 5 = Re BC

[2=1
We note that since z ranges over all complex numbers on the unit circle, so does —z. We

now argue that for any complex w = |w|e*, one has

max Re [we”] = max Re [|wle’®e”] = |uw].
0<t<2m 0<t<2m

Thus the inequality turns into

2
2.1+ Al |C] < —%—Re BC

or, equivalently,

Cl c
|21+ Al < — ) — Re B|C’|'

U

Proof. We start with the case where all the signs are —1, the other case will be very similar.

Suppose z_; € C and the sequence always chooses the sign —1. Then

n .
e2mia (n+1) _ 1

_ o 2miak _
“n = -1 § :e = %1 e2mia _ |

k=0

Since the sign is always —1, for all n > —1

|Zn . e27rio¢(n—|—1)| < |Zn + e27rio¢(n+1)|‘

Plugging in the formula for z,, we deduce A,, < B,, where

1 : 1
Ay = |z + 5 — el <—1 + 1) ‘

eQm’oz —-1 6271'2'04 _
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and

B, =

1 2mic(n+1) 1
Z_1+627ri04_1_e 627rioz_]__1
« is irrational and e?™*" is dense. By density, the truth of A, < B, for all n > N requires,

for all |z| = 1, the inequality C' < D where
1 1
Z_1+627rio¢_1_z 627r72a_1_1 — 2z

+ ! L 1
Z-1 eZTria -1 < 627Tia -1

Appealing to the Lemma, the set of z_; for which this holds is a disk of radius —Re(1/(e*™*—

C:

D =

1) with center 1/(1 — e*"). This real part can be computed via

1 1
Re ——— =R
©1_ ezmia “1—cos (2ra) — isin (27a)
R 1 —cos (2ma) +isin (2ma) 1
= e = —
2 — 2cos (2ma)) 2

This is the desired claim. Let us now suppose the sign is always +1. The argument is

virtually identical and after repeating the same computation with flipped signs, we arrive at
1 ' 1
< Z

Z_1— _2.

e27m'a -1

2.2.8  Proof of Proposition 7

Proof. By Proposition 5 (b), we know that our sign sequence is given by ¢, - (—1)". Since

n :

e, 1s p-periodic and (—1)" is 2-periodic, we certainly have that the period of ¢, - (=1)" is a

factor of 2p. In particular,
En - (=1)" = enyap - (=1)"F
for all n. Notice that period is not a factor of 2 or p, as

1)n+2

En - (_1)71 = En42 (_ = Ep = Ep42
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cannot be true for all n, and
en (=1)" =iy - (1) = (-1)" = (1"

is a contradiction. Thus, we see that our period is indeed 2p. [l

2.2.9 Proof of Theorem 4

Proof. Suppose the sequence (z,) has signs that are p—periodic starting at index z;. Then,

recalling the proof of Theorem 3 and with the choice of

k+p

_ 2: omija
q= 5j€ )

j=k+1
we have, for all £ € N, that the subsequence zj4y, is given by

-1

i e27riap€ -1
ety = 2 H 4T = a0
s=0
By definition of the signs ¢, € {—1,1}
Znal = Zn + <C:n+1€2ﬂ'i(n+l)a
we have
2mi(k+Lp+1)a

Zktlp+1 = Zhttp T Ektp+1€

Since the signs are chosen so as to minimize the absolute value

2mi(k+0p+1 2mi(k+lp+1)a |

(7
Zkttp + Ekrepri1€ ) | < ’Zk—i-fp — Ek+lp+1€

Again, as in the proof of Theorem 3, we recall that ;141 is independent of ¢ because the

signs are, by assumption p—periodic and that thus

€= Ek+gp+1€2m(k+l)a is independent of £.

Hence, for all ¢ and with that choice of ¢,

627riap£ -1 e27riozp€ -1

2mwilpa . 2milpa
2, + Uiy — 1 + ce < e . (2.7)

2k + q 627rio¢p —-1
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2miapl

Since « is irrational, so is ap which forces e to be dense as a sequence of ¢ and we can

thus deduce that
et —1

it
VteR Zk—l—qm—l—se

it 1 )
2+ e — | (2.8)

< :
627rwzp —1

This is exactly the type of inequality covered by Lemma 2 and we deduce that z; is contained

in a ball centered around some point y, and with a certain radius r

2k € B(yk, k)

The very same argument can now be carried out for zx,; for which we deduce that z;,, €
B(Yk+1,rr+1) and so on. After we have completed one period and arrive at zj.,, we stop
getting any new information: one could run the argument for zj, and one would arrive at
Zktp € B(Yktp, ritp) but one could alternatively just rerun the argument for z, and force
¢ > 2. By periodicity, one would arrive at Equation (2.7) with an additional restriction on
the choice of ¢. However, since Equation (2.7) is implied by Equation (2.8), the restriction

does not play any further role. We are therefore interested in the set
{z1€C:VE<n<k+p—1:2,€ BWYn,1a)}.

At this point, we argue backwards: suppose X C C and z, € X. What does this tell us
about z,_;? We always have z, = z,_1 & 2™ For a given point w € C, the regions of z
for which |z +w| < |z —w| and |z + w| > |z — w| are two half-spaces Hy and Hs and the
region where |z +w| = |z — w| is a line going through the origin and separating the two half
spaces. Thus, the relevant ‘pre-image’, meaning the set of z, ; which, under the procedure,

would be mapped to z, is given by

{zeH z+tweX}U{z€eHy:z—we X},

where w = e?7ian

, and Hy, Hy are defined with respect to this w. This can also be written as
(HiN (X —w))U(Ha N (X 4+ w)). If X can be written as a finite union of finite intersections
of disks and half-spaces, then the same is true for X — w (by translation invariance) and

the same is true for H; N (X — w) which is just one more intersection with a half space.
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The same argument applies to Hy N (X + w). Taking then an additional intersection with
B(Yn—1,7m-1) does not change the desired property either and we can induct backwards to

Z_1- O

In joint work with Francois Clément and undergraduate students through WXML, we study
z, as defined in 2.1 when a,, takes on other sequences. The key feature of a, we would like
to preserve is that its fractional part is equidistributed on (0,1). An obvious, if uninspired,
choice is of course to choose a, to be sampled from (0, 1) uniformly at random. In fact,
choosing a direction at random in this manner yields a generalization to R™ by sampling
uniformly at random from S"~!. More interesting choices for a,, (still in the 2-dimensional
case) are the Farey and van der Corput sequence, both of which are equidistributed on (0, 1).

These have rich and interesting properties that yield interesting sequences z, in our setting.
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2.3 Introduction and Results

2.8.1 Introduction

We now considering the natural and interesting generalization. Given z € R? and a sequence

of vectors vy, vy, - - - € R, suppose we consider
Tp_1 + Up it ||zp_1 4+ onl] < [|Tno1 — val|
Ty =
Tp—1 — Up 1f H'xnfl - UnH < Hxnfl + UHH

What can we expect? It is clear, a priori, that one might expect a general trend towards the

origin. It is not clear whether one would expect much more than that.

Figure 2.10: Left: starting in 0.0001 + 5i with a = 1.0415v/2 and v, = ¢*". Right: using

cn 2
the vector v,, = "

This is already highly nontrivial in the two-dimensional case. Restricting ourselves to vectors
(complex numbers) of unit length one could consider sequences (a,)°; and then set v, =
e?™an  Fig. 2.11 shows three such examples. The first one comes from concatenating the

Farey fractions which results in

1 112 1112
~.1,0,=,-,2,1,0,~, -, =, =
27773727377777

The other two examples are derived from the van der Corput sequence which is defined as

3
0,1,0 -, 1,0
y Ly Yy 40

PRI

N | —

Y

ot Do

111
7574737
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follows: to compute x,, € [0, 1], write n in base b, reflect its digits around the comma and

turn it back into a real number. The van der Corput sequence in base 2 begins

1131537

274748888
Three arising dynamical systems are shown in Figure 2.11. We will be able to say some
things about the van der Corput system, see §2.3.3, but we do not have any rigorous results

of any type for the Farey system.

Figure 2.11: Using the Farey sequences (left), the van der Corput sequence in base 3 (middle)
and in base 8 (right).

2.3.2 The random case

It is a natural assumption that for ‘many’ choices of vectors, the arising dynamical system
will not have any type of structure: it will be ‘random’. This leads to a natural question:
what do we observe when the sequence is truly random? To motivate the question, we

consider the two sequences

27in/2n2 2miv/2n3

Zp = Zp—1 Lt e and Zp = Zp—1 Lt e

When drawing a great many points, it is difficult to see a difference, they each approximately
fill out a disk. When keeping track of the distance to the origin, however, a difference seems

to reveal itself (see Fig. 2.12).

As it turns out, the distribution for +e2mV27% coincides with what one gets if one replaces
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+2miv2n? by £e™" where X,, is chosen uniformly at random with respect to [0,27]. The
distribution of v/2n® mod 27 is sufficiently ‘random’ to emulate the random case while, in
contrast, the sequence v/2n? mod 2r is not. Formally, we define the random sequence by
zo € R? and

Tp_1 + Uy it ||en—1 4 vnl| < ||Tn_1 — vnl|
Ty =

Tp_1 — Uy it ||wn—1 — vnl| < ||Tn—1 + vnll,
where v,, is chosen uniformly at random from S%!. We are interested in the asymptotic
density of x,. By decoupling into radial and angular part, it is clear that if we prove
sufficiently strong upper bounds on ||z,||, then the distribution is going to be radial (the

angular part can be considered to be a random walk on S?71), it thus suffices to understand

[zall-

0.0 0.5 1.0 1.5 00 05 10 15 20 25

Figure 2.12: Distribution of distances from the origins for the first million terms of +¢2miv2n?

(left) and +e®™V2"" (right).

Theorem 5. Suppose v, is chosen uniformly at random from S*'. For each dimension
d > 2, for any starting point x1, the random variable ||x,| has a unique, invariant measure

ma on [0,00]. This invariant measure w4 has expectation

/Oooafdﬂd( )_‘grrd; \[\/'+

which is asymptotically (\/7/8 + o(1)) - Vd. The invariant measure T4 has faster than
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Gaussian decay: for every a > 0
/ e drrg(z) < 0.
0

Remarks. Several remarks are in order.

1. This result can be seen as yet another illustration of the concentration of measure
phenomenon [58]. When we are in z,, # 0, then most random vectors v are actually
going to be ‘nearly’ orthogonal to —x,, and thus z, + v is going to be typically further
away from the origin than x,, as long as ||z, || is small. Once ||z, || is large, even a small
inner product can usually be used to decrease the norm. This process self-stabilizes

around ||z, || ~ cqv/d and this is where ||z, || ends up spending most of its time.

Figure 2.13: Distribution of distances to the origin for d = 3, 4.

2. We may think of the process as a random walk on [0,00]. The main difficulties are
that it’s not infinitesimally generated, it jumps, and that the jumps are of bounded
size. We will prove that it is an aperiodic, recurrent Harris chain; the decay estimate

is achieved by the construction of a suitable Lyapunov function.

3. The Lyapunov function implies that m; decays quite quickly once one exceeds the
expectation; one could build a similar Lyapunov function to show that it also decays
quite quickly for values smaller than the expectation. We have not pursued this line of

research because something stronger is true: none of the distributions 7, are Gaussian,
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however, it appears that, even in relatively low dimensions, one has

—(z—Emq)?

VT

In particular, it appears as if the limiting distribution has a variance that is (asymp-

e
Tq ~

totically) constant. It would be interesting to make this precise.

2.8.8 Deterministic Constructions.

We will now move towards the deterministic setting. Steinerberger-Zeng [32] showed a re-
markably degree of regularity arising from the choice of vectors v, = exp(2mian) with «
irrational. The sequence na mod 1 is also known as the Kronecker sequence and is one of
the best known examples of a sequence with a very regular distribution [69]. This moti-
vated us to consider the canonical example of such a sequence (a,,)nen: the van der Corput
sequence. This classical sequence has been extensively studied since its introduction by Jo-
hannes van der Corput [92] in the 1930s. It is traditionally defined in base 2, but can be

defined in any base b in the following way. Given an integer n, write
¢
n= Z arpb®  where the ‘digits’ satisy aj, € {0,...,b—1}.
k=0
The n-th point Vy(n) of the base b van der Corput sequence is defined as
¢

Vi(n) := Z apb L.

k=0

This is easiest to understand with an example. We already saw the first few terms of van

der Corput sequence in base 2 above

2747478888
More generally, we see that ag = 0, a; = 1/b and a, = 1/b*. As above, we now consider the

sequence

21 + e2mi Vy(n) if ‘anl 4 e27erb(n)| < |Zn71 _ e?szb(n)|
Zn =

Zno1 — 627riVb(n) if |Zn—1 + eQﬂ'iV;,(n)' > |Zn—1 _ e?ﬂ'iVb(n)|
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We start by showing that if we start anywhere in the plane and use the van der Corput
sequence in base 2, then one reaches a fixed neighborhood of the origin in a number of steps

proportional to the original distance from the origin.

Theorem 6. Let b =2 and z_; € R. If the sequence is not indeterminate by then, it takes
at most O(|z]) steps of the sequence to reach B(0,v/2).

15

10

05

0.0

-0.5

-1.0 T T T T
-1.0 -0.5 0.0 0.5 10 15

Figure 2.14: The sequence associated to base 2 for z_; € B(0,1)\{(0,0)}. In red, the origin
and B(0,1). z_; is in black, and all other distinct points in the sequence are in blue. All

points are in the semi-circle defined by the green line.

While similar results with varying ball sizes could be obtained for different b, we limit our
proofs to base 2 and some insights into the base 3 case. We call periodic starts initial positions
2_1 € R? such that zp,_; = z_; for any k € N and the sign choice at all steps is always the
same. We also show that no even b other than b = 2 has periodic starts, while all odd b and

b = 2 have such periodic starts.

Theorem 7. Let b = 2. Any initial value in B(0,1)\{(0,0)} is a periodic start. When z,

enters the unit ball and n is odd, then subsequent elements of the sequence are contained in
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a point and a semicircle centered on that point of radius 1.

As the base b increases, things become more complicated. When b is even, we can prove
that no periodic starts exist. In that sense, the case b = 2 is special. If b > 5 is odd, then

periodic starts always exist and we can identify two regions that yield periodic starts.
Theorem 8. Let b > 4. Then, considering (a,)neny = Vip(n),
1. if b is even, no periodic starts exist.

2. if b is odd, the periodic starts form two open triangles.

0s

00

-0.3

-1.0 0.5 0.0 05 10 -2 -1 o 1 2 -3 -2 -1 o 1 2 3

Figure 2.15: The polygons corresponding to the first (dark green) and 100** (light green) set
of b points of the sequence associated with base b van der Corput, for b = 3, 10 and 17 (left to
right), with a fixed z—1 at the center of the orange circles. 200000 points are computed. The
blue arcs correspond to all the points of the sequence, while the orange circles correspond to

the different distances from z_; for these points, as described in the proof of Theorem 9.

Empirically, periodic starts also exist when b = 3 but that argument would require additional
work. We conclude by showing that periodic starts lead to relatively uninteresting sequences:

they trace out a regular polygon in a periodic manner, partially rotated around z_;.

Theorem 9. Let b > 2. For any periodic start z_; € R?, the arising sequence forms rotated

copies of a reqular b—sided polygon.
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In the even b case, this characterization holds for a certain number of steps in the sequence

that depends on z_4, given in Proposition 9.

Figure 2.16: Left: v, = exp(2mi||v/3n]|). Right: v, = exp(2mi||v/10n|).

2.3.4  More open problems.

Needless to say, the results presented up to now contain their fair number of associated
problems. However, there are more. Indeed, it is worth noting that these types of greedy

sequences

Tp—1 + Un it ||en—1 4 vnll < |1 — vnl|
Ty =

Tn1 = Un it Jan = vall < [len + vl
appear to give rise to the most peculiar patterns. An example, starting in 2o = (0.01,0.01)
and using the sequence of vectors v,, = exp(2mi|v/3n||) with || - || denoting the distance to
the nearest integer gives rise to points in a strange shape shown in Figure 2.16 (left). Taking
v, = exp(2mi|[v/10n||) gives rise to the shape shown in Figure 2.16 (right), both remain

unexplained.

All of these examples are two-dimensional with a sequence of vectors (v,)52; that has unit
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norm. We conclude by giving two examples that do not follow these constraints. First,
we consider the sequence of vectors v, = /nexp(2miv/2n) when starting in vy = (0,0.1).
The second example takes place in three dimensions with v, = (cosn,sinn,cos+/n) and
vo = (0,0,0.1). We believe that these examples are indicative of a surprising richness and

versatility of dynamical systems of this type, many open problems remain.

Figure 2.17: Left: v, = v/nexp(2miv/2n). Right: v, = (cosn, sinn, cos \/n).

2.4 Proof of Theorem 5

2.4.1 A stochastic representation

The purpose of this section is to give a slightly different way of phrasing the process. We

can assume, using invariance under rotations, that
Zn = (||x]|,0,0,0,...)

and that x,,, = z, £ v where v = (vy,...,v4) is chosen uniformly at random from S9-1.

Then

z, £v = (|z,],0,0,...,0) £ (v1,v2,03,...,04)
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and
||, £ U||2 = (||z,|| £ U1)2 + vg + .4 Ufl.

In this representation, it is clear that we will choose the sign so that

‘|$n+1l|2 = (”InH — |U1|)2 + Ug 4+ U;

= [lzall* =2 Jon| - flzall + 1.

A classic way to sample uniformly at random from S¢! is to pick d independent N(0, 1)
Gaussians (71, ..., 74) and then to normalize that vector. The first coordinate is distributed
like

gi! gi!

(F+3+- 9D (R +a(d = D))
where y?(d — 1) is a chi-squared random variable of degree d — 1. We may thus equivalently

rewrite the process as

! v
[@na]| = (Hi”n”2 -2 (72 + \2(d — 1))1/2 Nl +1

which is a useful way of rewriting things.
2.4.2  Existence of a limiting measure.

Proof. Here we make use of the Harris chain framework [15]. We fix the dimension d. A
Markov chain on €2 = [0,00) with a stochastic transition kernel is called a Harris chain if

there exists a set A C 2, a constant € > 0 and a probability measure p(€2) = 1 such that
1. the hitting time 74 = inf {n > 0: X,, € A} is finite almost surely

P(14 < o0lzg =12) =1 for all x € Q.

2. For any x € A and any C C €2, we have

P (:an € C’!xn € A) > ep(C).
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We choose
A= Vi),

The first step is to prove that when starting in x, the expected hitting time 7,4 is finite.
We first argue that if 0 < ||z,|| < v/d, then there is a positive probability to hit A in the
next 2d steps. If we do not hit A, then either 0 < ||z, 124]| < V/d in which case we can run
the argument again or ||, oq4]| > V/d + 1/2. We will then show, by means of a separate
argument, that if ||z, || > v/d 4+ 1/2, then there is drift back to the origin that leads us back
to the regime |z,,x|| < v/d. Let us first assume that 0 < ||z, || < v/d. We make use of the

explicit representation

| v
ol = (el = 2+ Bl +1)

For each point 0 < ||z,,|| < v/d there is a nonzero probability that the next ~ 2d steps have
71| < 1/100 and |x?(d — 1) — d| < v/d which leads to growth of the sequence. Note that

)1/2

sl < (2l + 1) < flzall +

2|2l
This means that if we take ~ 2d steps, we will surpass v/d. Moreover, when ||z,|| ~ v/d,
the jumps are of size < d~'/2 < 1/2 and we are sure to hit A. Let us now assume that

||| > v/d +1/2. Tt is clear from the representation and the argument above that then

1
—-1< < —_
ol =1 < e < el +

We argue that the process is much more likely to decrease. One has

71
[@nga]]? = ||lzall* = —2- !

(77 + x3(d —1))V/2

1]
<-2. Vd+1.
T (A=) Vit

Thus, conditioning on ||z, > v/d, we have

|71|\/6_Z
(7 +x3(d —1))v/2

E [lnn P — a2 <1-2-E
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In large dimensions, we can use that x*(d — 1) = d + O(v/d) to deduce that

”Yl’\/a _ 2 1
(73— 1))1/2] SERTUEE

which implies negative drift back to the origin. In small dimensions, one can replace ||z,|| >

vV |[|Tn|| > and obtain the same estimate with rairly crude bounds on the
Vd b 10000v/d and obtain th i ith fairly crude bound h
x*(d — 1) distribution. (Here, 10000 is a concrete number that will work, in practice one

could also choose this number depending on the dimension).

As for the second part of the construction, we use a standard approach in the area and let

p be a multiple of the Lebesgue measure localized to an interval

P =1ya1jscocya - dde.

The representation

71l v
[Znia]| = (H%HQ —2: (2 + x2(d — 1))1/2 Nzl +1

shows that ||z,1]| can be anywhere in [||z,|| — 1, \/||z,||* + 1] and it does so with a density

that is uniformly bounded away from 0 in any strict subinterval.

This shows that if v/d < ||z,,|| < v/d+1/2, then the likelihood of ||z, 1| being somewhere in
[\/3 —1/4, \/c_l] is bounded away from 0 with positive probability. This shows that the process
is a recurrent Harris chain. It is easy to see from the definition that it is aperiodic. The
Harris chain is recurrent and thus, see [66, Theorem 10.0.1], it has a unique (up to multiples)

invariant measure. Moreover, the argument also shows that it is positively recurrent. 0

2.4.8 A Lyapunov Lemma.

The purpose of this section is to establish a simple inequality for a Lyapunov function. We
will then use it in the subsequent section to establish existence of all moments and fast decay

of Td.
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Lemma 6. Let a > 0. Then, for some ¢, > 0 depending only on the dimension

/
E [eauxmu?] < _CG el
20|z ||
Proof. We use
femaall? = ol = 2 2 4 1.

(7% +x3(d = 1))Y/2
Rewriting this equality, we get

allznyll? 7l
E [e [E ] —F {exp (CVHZEnHQ — 2 - TR |zl + a)]

e 11|
= eollml® g {exp <—204H$"” (24 2(d - 1))1/2)] '

We will try to bound this rather precisely by thinking of

”Yl|
GF (= 1)

as the absolute value of a coordinate of a randomly chosen point on the sphere. To find

the probability density of X, we let Aq4(r) = a4r? denote the surface area of a d-sphere with

radius r, where a4 € R is a dimension-dependent constant. Firstly,

Ad<1) = / Ad,l(sin 9)619 = / Ag—1 sindil 0do
0 0

Due to the fact there’s an absolute value, we integrate solely on the top cap of the sphere,

hence from arccos x to 7/2.

> AL (sin0)db 3 ind=2 9dp
Pd(X S x) — arccosx d 2<Sln ) — farccosmsnl

12 Ay_o(sin 0)do [z sin"? 0o
NE 3 3

= % /2 sin?2 0df = cd/2 sin?2 0de.
™ T arccos r arccos

Thus,
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Therefore, for any parameter ¢ > 0 and d > 3, we have

¢ [eXp (_t(%2 + X2|Zfll|— 1))1/2)} - /01 ¢ pala)d

In the d = 2 case, for any parameter t, we have that

’ [eXp <_t(7% + x2|261i|— 1))1/2)] - /o1 ¢ pala)da

If t > 1, this integral is less than 2/t and we get the desired result up to the replacement
of ¢4 by some other dimension-dependent constant ¢;,. For ¢ < 1, the crude bound e ™ <1

gives that the integral is less than 2/t. Thus

71l )] ¢y
E [exp <—20z Tnll - < —.
| ol G e@—07) | = 20

2.4.4 Boundedness of Exponential Moments

We make use of the following lemma from Meyn-Tweedie [66]. We state it as it appears in

[66], they use the abbreviations

PV (z) = / V(y)P(z,dy)  and  w(f) = / f(a)m(dr) = Ex[f(X)].
Q 0
With this notation, the statement reads as follows.

Lemma 7 (Theorem 14.3.7 [66]). Suppose that a Markov chain ® is positive recurrent with
inwvariant probability m, and suppose that V', f and s are non-negative, finite-valued functions

on X such that
PV (z) <V(x)— f(z)+ s(x)
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for every x € X. Then w(f) < m(s).

In our case, as in the previous proof, ® is the Markov chain given by the ||z,||, with x,

defined just before Theorem 5. We will now use this to prove that for every o > 0
/ e dy(z) < 0.
0

Proof. We choose V(z) = €. The lemma in the previous section shows that for all =
sufficiently large there exists a ¢/, (depending only on the dimension) such that

o/
e“cy

PV (z) <

- 2ax

-V(x).

This estimate is not particularly good when 0 < x < 1 in which case, we can always use
that z,, <2 implies that z,41 < 3 and thus v <2 = PV(z) < C. Let z = e*¢;/a. Then,
for x > z, we have PV (z) < V(x)/2. Thus, after possibly increasing the constant ¢, there

exists a constant ¢/, depending only on the dimension such that

PV( )<L€g V(x)
v ~ 2amax{z,1} v

This means that

~ V(z) e*cl

Loss and s(x)

2amax{z, 1} Vi@)laz:

are valid choices to ensure
PV(x) <V(x) - f(z) + s(z)
for all z > 0. The lemma implies that
1

ma(f) =3 /°° V(x)drq(x) < /OZ ﬁcﬁ'{;x’l}v@)dm(@ < .

/ eax2d7rd(:v):/ eax2d7rd(:v)+/ e drry(x)
0 0 z

and the first integral is < ¢** < 0o and the second integral is finite and we have the desired

However,

result. O
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2.4.5 Computing the mean (informally).

The decay estimate from the preceding section implies that the second moment exists. We
can use this to determine the mean exactly. We first give an informal estimate. Using

|’71‘
(F +x2(d ~ D)7

lns1ll? = llnll* — 2 ]l +1

and iterating this recursion, we deduce

k-1

2 2 |)1|
n+ n =k - 2. : ni|-
HI k” ||.%‘ H i ’71 X 1))1/2 H(L’ ||

Taking an average, we have

k—
lnsakl* = llnll* 1 |71|

k - E 71 +X 1))1/2

nll-

Since the second moment exists, we can take an expectation on both sides and let £k — oo

to deduce that

] }
(7% +x3(d —1))1/2
which suggests that the first moment is

wa“”:(Ekﬁ+wi§an4)q'

This formula can also be used to deduce the asymptotic behavior: as d increases, we get

E [[|zn]]

Ozl—]E{Q-

tight concentration of the y?—random variable x*(d — 1) ~ d & Vd suggesting

EL%+;$LWW}”EHEWZ%W€

which suggests that, as d — oo,

Mmms%%hdﬂ»

This is indeed the case, and we will later determine the mean exactly.

2.4.6  Another stochastic representation

As is perhaps unsurprising, we could also try to formulate many of these arguments using

an explicit representation of the transition kernel.
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Lemma 8. The stationary distribution 7 satisfies

U Pa(, y) (z)dx ifo<y<1
") = fy+12 — y)r(x)de  ify>1

where Py is the transition kernel in d dimensions:
(‘2—1) - 2?2 —y? 41 2\ 7
VT (5 2z '

Proof. By definition of stationarity, m must satisfy

n(y) = / " Pu gy (a)de.

—00

Pd('r7y) =

SHENS

As a brief note on bounds of integration, if 0 < y < 1 then we can either step down to it
from y + 1 or step through the origin from 1 — y, and if ¥y > 1 then we can again either
step down to it from y + 1 or step up to it from \/gﬂi—l Recall that we can interpret
Py(Y < y|X = x) geometrically as the surface area ratio of a spherical cap to a hemisphere

(in d — 1 dimensions). The angle defining this cap is given by the law of cosines to be

2 .2 1
0(z,y) = arccos (&) :

2x

Using the same construction as we did for Lemma 1, we have
0(z,y)
Py(Y <y|X =2) = cd/ sin®2 0do.
0

This giVGS
P (ZB ) =—P (Y < ’X = LL') =C sind 2 6‘(.1' )—9(1‘ )
d\,Y ly d Sy d » Y 93/ » Y

2 .2 2 %
sinf(x,y) = (1 - ($2—3;+1) ) :
0 Y 22— 2+ 1\?\
i _Jd (2 —J T
2 e =" ( ("

where

N|=
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Combining this all together, we obtain

d—3

22 -2+ 1\?) °
o= (1~ (2541

Remark. There is one particularly nice special case: when d = 3, the transition kernel is

4

Yy
Pg(l',y) = E

and the invariant measure satisfies, for y > 1,

y+1 y
ml) = [ Im(e)ds
y2_1 X
This can be rewritten as the curious identity

y+1
Vy>1 m3(y) = / Ws(x)dm.

Yy y2—1 X

It is a natural question whether this identity could be used to derive more precise results

when d = 3.

2.4.7 Computing the mean (formally).

As we did with our previous mean calculation, we begin by setting up

]
(7% +x3(d = 1))'/?

i ll® = ll2all* =2 -l + 1.

Taking the expectation we get
Ell|zn+11%] = Elllzall”] — 2E[X]E[||z, ] + 1

where X is shown in the proof for Lemma 1 to satisfy

a—3

pa(z) = ca(l —2?)2
Letting n — o0, since we have stationarity and finite second moments, we can write

Elllznll] = SR
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We have
BX = [ o) Far =9 [0S =9
e A 2d—1
Thus, reinserting the previous expression for ¢4, we obtain
2r (4
E[X] = ()

Va(d = DI

Putting this all together and using I'(z + 1) = z['(x

Ellel] = Yo

2.5 Van der Corput: base 2

For this section, (a,)nen corresponds to the base 2 van der Corput sequence.

2.5.1 Understanding the different regimes

This subsection focuses on proving a set of results that we require for the proof of Theorem 6.
These results will be slightly more general than necessary to prove Theorem 6, in particular
Lemma 9, but provide a complete picture of the behavior of the sequence. We point out to
the reader that while the van der Corput sequence is defined from 0 onwards, our process
begins in z_;. As such, there is an offset of 1 in all the modulo conditions: the first step
from z_; to zy uses V5(0). We begin by showing that every 2 points, the norm cannot have

increased.

Proposition 8. For all z_; € R?, for all n € N, either the sequence is indeterminate or

|2on—1| = |22n11], with equality if and only if 20,1 = 2op11-

Proof. Consider any starting position z_; € R and n € N. By definition of the van der
Corput sequence, Vo(2n) = Va(2n 4+ 1) — 1/2. 29,1, 22, and 29,1 are aligned, and the two
possible choices for + and — in 29, are exactly 25,1 and its symmetric relative to zy,. If the
symmetric has strictly smaller norm, it is chosen as z9,,1. If it has equal norm, the sequence

is no longer determined. If it has strictly higher norm, then z9,,7 = 29, 1. These three cases
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prove the desired result. O

To obtain a guarantee on the decrease of the norm, we need to study more than 2 consecutive
steps. The following lemmas study blocks of 4 or 8 steps to cover all possible cases. This

relies on the following observation: for & = 0 modulo ¥/, V,(k + &~1) — V,(k) = 1/b7.

Lemma 9. Let k = —1 modulo 4. Then if z exists and |z;| < V2, we have at least one of

the following:
1. zi = Zky2

2. Zkt2 = Zkta-

Proof. Let k = —1 modulo 4. By the definition of the van der Corput sequence, we know
Vio(k+1) = Vy(k)+1/2, Ve(k+3) = Vp(k+2)+1/2 and V,(k+2) = Vy(k) +1/4. In other
words, the first two steps will be along the same line D7, and the next two steps along the line
Dy orthogonal to D; and intersecting it in zxyo. We will prove the result by contradiction.
If 2, # zpyo and zgio # 2Zkia, then |zp 4| < |zkro| < |zx| by Proposition 8. Since none of z,
Zpa+o and z,y4 are equal to each other, the steps in each pair of steps were done in the same
direction. We have |zx12 — 2x| = 2 and 2544 — 24| = 2 and the three points 2y, zx12 and
Zhys form a triangle with 2 12xr22r = 7/2 modulo 7. We therefore have |zj 4 — 2| = 2v/2

and, by hypothesis, |z,| < v/2. This gives |zz44] > V2 > |2/, a contradiction. O

Lemma 10. Let k = —1 modulo 4. Suppose that zj ezists and that |zx| = r > 1. If

2k = Zpao2, then

|Zk| - |Zk+4| >1r— \/ﬂ + 4 _4m.
Furthermore, if /2 < |zi| < 2, then 2, # 214 and |zp14] < V2.

Proof. Let k = —1 modulo 4 such that |zx| = 7 > 1 and 2, = zg.o. Firstly, we suppose
without loss of generality that zj is given by (r,0). We are only trying to determine distances,

and these are invariant by rotation. As illustrated in Figure 2.18, if 2,5 = 2, this means
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that the intersections between the circle C, of radius 2 centered in z; and the line D defined
by the step with Vo(k + 1) are outside the circle C, of radius r centered in the origin. We
also know that the direction Dy of the next two steps is orthogonal to D;. We will now

determine the worst norm possible for z;4.

N
y
i

Figure 2.18: Given a failed step in the double cone (5, the next step has to be in the arc
CA.

Let a be the angle between the vertical line y = r and the line passing through z; and
the upper intersection of C, and C,. The directions that would lead to zp = 2,0 are in
the “double” cone C5 of angle 2a with summit z;. The possible next steps are formed by
the circle arc C'A defined by the intersection between C', and the lines orthogonal to those
contained in Cy. We first determine «v. Let (x,y) be the upper intersection of C, and C,. We
have 22 +y* = r? and (z—7)?+y? = 4. Solving this givesusx = r—2/r and y = 2\/1—71/7’2.
We then obtain sin(a) = 1/r. The point p on C'A furthest from the origin O is such that
O/z?p = «a. Its y-coordinate p, is such that sin(a) = p,/2 = 1/r. As such, p, = 2/r. Its
x-coordinate is r — 2\/1—71/7“2 . We can now determine the distance d to the origin,

d:\/r2+4—4\/7“2—1.

Among all the points on the arc C'A, this is the furthest away from the origin, as C'A is sym-

metric relative to the z-axis. Finally, we obtain that |z — [251a] > r — V12 +4 — 412 — 1,
which is the first part of the desired result. We now suppose that v/2 < |z < 2. Since
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2k = Zk4yo, the origin has to be in a band of width 1 orthogonal to the direction D; imposed
by Vao(k + 1). Let Dy be the direction of this band. Since & = —1 modulo 4, the next two
steps of the process are along this direction Ds. If 2.4 = z, then the origin must be strictly
inside a square of side 1 with one corner equal to z;. This would mean |z;,| < v/2, a contra-
diction. As such, zpy4 # 2. In this case, since |z;| < 2, the origin has to be in a rectangle
R of side [z, zx14] of length 2 and whose adjacent side is of length 1. Since |z| > V2, we
also know that it will be strictly inside the square Sy of size 1 that forms half of R and has

244 as a summit. We conclude |z 14| < V2. O

Lemma 11. Let k = —1 modulo 8. If z exists and zg, zrio and zxyq are all distinct, then

12k — |2ess] > 2(v2 — 1) if |2e] > 2, and |zr4s] < 1+ (V2 — 1)? otherwise.

Figure 2.19: The possible positions of zx,5 and z;,4 are in red and green, and we could have
Zk+6 = Zk+a. In yellow, the cone C' where the origin could be based on the first 4 steps. The

non-dashed edges indicate the sides where the region is infinite.

Proof. Let k = —1 modulo 8, such that zj, zx42 and 2,4 are all distinct. By contrapositive
of Lemma 9, we have |z;| > v/2. The reasoning used in the proof of Lemma 9 relative to
the positioning of zx, zxio and zp.4 still holds: they form a triangle with right-angle for
ZnraZir2zr. Furthermore, the region where the origin can be is a cone C' with summit in

the middle of [z, zx14] and with sides parallel to, and with same directions as, (zx, zx12)
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and (242, 2x+4). An illustration is provided in Figure 2.19. We now use the van der Corput
sequence’s definition: if £ = —1 modulo 8, Vy(k + 5) = Vy(k) + 1/8. There are now two
possibilities, depending on whether or not zx, 2x14, 2x1+5 and zxy¢ are aligned. We will treat
the aligned case in detail, the other works in a very similar way. Let D be that line. By
Proposition 8, |zx16| < |zk44], with equality iff the two points are equal.

We distinguish three cases. If 2,6 = zri4, then the origin is in an open band of width 1
orthogonal to (zx.4, 2zx) where one of the two side-edges passes through z,4. We also had
previously that the origin is in the cone C. The point in this convex set that minimizes
|zk| — |zk+6] 18 on [2k, zx16], and by construction is at distance 1 of z,6. We also know that

|Zkt6 — 21| = V/8. For this point we have |z;| — |2p46] = 2(vV2 — 1).

In the second case, zpi¢ is on (244, 2] but not between z; and z,,4. The acceptable region
for the origin is the intersection of C' and the halfplane defined by the bisector of [zx16, 2k14]-
Since |24 — 21| = V/8 and 2, is to the right of 2,44 on D, we have that |z;| — |2x46| > 1. In
the final case, 216 is on D and between z; and z;.4. The possible positions for the origin
are all in the triangle formed by the top of the cone C', cut off at the halfplane orthogonal to
D and at distance 1 to z,4. We necessarily have |z;| < 2. We now need to find the smallest

|zk| — |2zk+6| possible. If the origin is on one of the outer edges of the cone,

|zk| = \/2—|—2\/§a—|—2a2

and

|zk16| = \/6 —4V242(2 — V2)a + 242,
for a € [0,4/2 — 1). The minimal |z;| — |2x16| is obtained for a = v/2 — 1 as the derivative is
always negative on [0,2 — v/2]. This corresponds to |z < 1+ (v/2 —1)? < /2. Since this
third case can only happen if |z;| < 2, we get the desired result in this case too. Grouping
all three cases together, we obtain that |z;| — |24 > 2(vV2 — 1) if |2] > 2 when k = —1
modulo 8, and |zp46| < 1+ (V2 — 1)? if |2;] < 2. Proposition 8 gives the desired result in
the aligned case. When they are not aligned, if 2z;,4 = zxi¢, then zi, zxi4, 2p7 and zxys

are aligned and we use the reasoning above. If zy.4 # 2p.6, the origin has to be in cones
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pointing away from the origin that are much closer to the line containing z;,4 and zx,¢. We
omit the calculation details here, they represent a better situation than that proved in the

next lemma. O

Lemma 12. Let k = —1 modulo 8. If z exists, zxio # 2k, and zgi4 = 212, then:
1. If |21] < 2 then |24 < V2.
2. If 2 < |z < V5 then |zppa| < 1/8(1 —/3/2).

3. If |zx| > V5 then |z > |2p4a| + V5 — 1.

Figure 2.20: Without loss of generality, one of two acceptable regions for the origin after
4 steps. The other is its symmetric relative to (2, 2zk+2). The origin has to be in B, and

depending on |zi|, it is in one of the three regions defined by the red arcs.

Proof. Let k = —1 modulo 8. We suppose that we have zp 0 # 2z and zpio = zpi4. Since
k =1 modulo 8, the third and fourth steps are on a line orthogonal to the one the first two
steps are on, and they intersect in z;,o. Since we are back in zp,o after the fourth step, this
implies that the origin is in a band B of width 1, and one of its sides is defined by (zy, zx12).
Firstly, if |z| < 2, and zx,9 # 2k, then |zx| > 1. We also have that the origin is in a square
of side 1, Sy, and one of the corners of the square is zx, 2, see Figure 2.20 (whether we are to
the left or right of (2, zx42) corresponds exactly to the side 2443 is on). As such |zx4] < V2.
If 2 < |z] < /5, then the origin has to be within (B(zx, v/5)\B(2,2)) N B. The point

furthest away from 2. in that case is on the outer edge of S;. We clearly have |z, 4| < V2,
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but this can be further improved by considering this point when |z;| = 2. In this case, we
have

2heal = /81— V3/2).
The intersection point between the circle C(zg, |zx|) and B will only be closer to zpy4 for

higher norms of zj.

Finally, if |z| > v/5, the origin will still be in B but all we can guarantee is that, when
splitting the band in 2 with the orthogonal line to B passing through zj.4, it is not in the
same part as z;. For a given distance |zi|, the furthest point from z,4 is once again the
intersection of the circle C(zy, |2x|) and one of the outer boundary of B. In this case, we

obtain

2kl = 4+ 22 — 4T+ 2P
The value |z;| — |2x14| is strictly increasing in |z|, and is minimized for || = v/5. This
corresponds exactly to |zx14| = 1 (and 243 is equal to the origin, as such we require |z| >

v/5). This gives us the desired result, and concludes the proof. Ul

2.5.2  Proof of Theorem 6

Let z_; € R. Firstly, we set aside the indeterminate case over which we have no control.
Suppose that (z,) is defined at least for 8/z_1|/(2(v/2 — 1)) steps. We will show that for any
k = —1 modulo 8, |2 > |zrts| +2(v/2 —1). For such a k, we first consider the case |z| > 2.

There are three possibilities:

o If z; = 24, then by Lemma 10, || — |zepa| > 7 — V2 +4— 42 — 1 > 2(v/2 — 1)

since r > 2.

o If 2, # 2440 and 2py9 = 244 then, by Lemma 12, if |z] < v/5 then |z6| < v/2 and
|zki6] < |26 — (V/5 — 1) otherwise.

o If 2, 2449 and 2,44 are all distinct then Lemma 9 directly states |2;| > |zpps| +2(v/2—1).

Using Proposition 8, we have that |zx,4| and |zx.6| are greater than or equal to |zxig|. As
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such, while |z;,| > 2, we have the guarantee that |z;| > |zr1s| +2(v/2 — 1). It therefore takes
at most 8(|z_1| — 2) steps to reach the ball of radius 2. With the special cases for |z| < 2
from Lemmas 9, 10 and 12, it takes exactly one more block of 8 steps to reach B(0,v/2),

proving the desired result.

2.5.83 Periodicity

Proof of Theorem 7. We want to show that, for n odd and 2, € B(0,1), z,49; = 2, and
Zn+2;+1 18 on a half-circle centered in z, of radius 1. This half circle is exactly that contained
in the halfplane defined by the line orthogonal to ((0,0), z,) and that contains the origin.
We will show this result holds once z, for n odd is in B(0,1) and this will directly prove
the first statement on B(0,1)\{(0,0)}. We first prove that the result is true for the first two

steps, i.e. 7 = 0 for the first even and odd point after z,.

(n+1)

Even case. We have that z,,, = z, £ 2™ V2 . By definition, z,,; is on the circle C,, of

radius 1 centered in z,, and is on the line D,, defined by z, 4+ ze?™ V2(*+1)

There are exactly
two such points since D,, contains the center of C),. In the first case, if D, is orthogonal to
((0,0), 2z,,), both points have same norm. The sequence is indeterminate and stops. If not,
one of the two elements has norm strictly smaller than the other and is selected. Since any

D,, such that the sequence is properly defined cannot be equal to ((0,0),2,)*, the element

with smaller norm is in the desired halfplane.

Odd case. By definition, 2,9 = 2,4 1+e?™ V2("*2)_ Since n is even, Vy(n+2) = 1/2+Vy(n+1).
This gives us 2z 9 = znyq £ 2™ V2 HDF2) — o 4 e2miVa(ntl) - is therefore on a circle
of radius 1 centered on z,,; and on D, since z,.; is on it. There are two such points
separated by a distance of 2, one of which is z,. Since only one of the two can have norm

smaller than 1, it will necessarily be selected as z,.2. By hypothesis, |z,| < 1, therefore

Zn+2 = Zn-

By induction, this can be generalized to any j € N. O
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This theorem proves two different elements: firstly any z_; € B(0,1) is a periodic start
position in base 2. Secondly, once we have an odd-numbered z;, € B(0,1) then it will act as
a periodic start position for the rest of the sequence. Gaps in the semi-circle then correspond
exactly to previously taken directions since no two points of the van der Corput sequence

are equal.

2.5.4 The uncertain regime: 1 to V2

Theorem 7 shows that once an odd point is in B(0,1), we have a perfect understanding of
the future points. Theorem 6 also allows us to understand the behavior of the sequence
as long as |z,| > v/2. However, apart from the limited information given by Lemma 9,
none of the results presented so far give information on what can happen between 1 and
V2. Studying bigger blocks of consecutive steps could improve the different lemmas shown
previously. However, the following proposition shows that it is impossible to guarantee that

we will reach B(0,1) for any finite number of steps n.

Proposition 9. For any n € N, there exist conver sets of starting positions in the set
B(0,a,)\B(0,1) such that z_y = z9,—1, where o, > 1 is some constant depending on n such

that lim,,_yoo 0v, = 1.

Proof. Let n € N and let k = |logy(n)|. When considering the first 28*! elements of

27k=1 " Given a point

the sequence, the smallest difference between any two elements is
2, ¢ B(0,v/2), we have 2, # 2,1 if and only if C(2,2), the circle centered in 2, of radius
2, has a non-empty intersection with B(0, |zx|). When |z;| = 1, this intersection is a single
point. As |z| increases, the circle arc forming C(zx,2) N B(0, |zx|) grows. We now need to
find positions for which this circle arc corresponds to an angle of less than 2727%~1 in z,.
Without loss of generality, we suppose that z; is on the z-axis (starting there is obviously

incorrect as it would improve in the first two steps). The edge of the circle arc, z, and

the origin form a triangle with known distances. Using the law of cosines, we have that
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a/2 = arccos((3 +r?)/(4r)) and we want o < 2727571, In the case of equality, this gives us
3+ 1% —4cos(m2 " Hr = 0.

This has two real roots for k£ > 1, both of which are above 1. The smallest of the two is the

desired solution. We have

4cos(m27F71) — /16 cos? (72 k1) — 12
ap = :
2

Any point on [0, z;] within that distance of the origin will be such that z_; = z9; 1 for i < n.
With a small rotation around the origin to guarantee that none of the first n pairs of steps

will improve on |z_4|, this proves the desired result. O

The precise regions are larger than simply a line, and their number depends on log(n). We
leave their computation to an interested reader. This result suffices to show that there cannot
be a guaranteed improvement for the norm of |z;| within a fixed number of steps, regardless

of that number. This concludes our analysis of the base 2 case.
2.6 Higher bases

2.6.1 General behavior: a discussion

Before proving Theorem 8, we give some quick elements to explain the behavior of the
sequence in higher dimensions. There are two main differences with base 2. The first is that
we no longer have an equivalent to Proposition 8: we cannot guarantee that every j steps
we have a strictly decreasing norm, for some well-chosen value of 7. With a similar case
decomposition as in Lemmas 9, 10 and 12, one can show that in base 3 we can lower-bound
|2k — |2k43] by a constant for k = —1 modulo 3 as long as |z;| > v/1.5 + ¢ where ¢ is a small
constant. The /1.5, improving on the v/2 in base 2, corresponds to the maximum distance
between the origin and zj, while being equidistant to z;,3. This improvement is a side effect
of the second difference: we have access to more information on consecutive steps, and we

do not have consecutive colinear steps. To obtain v/1.5 as the threshold where we can no
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longer guarantee improvement, it suffices to consider all the possible choices in 3 consecutive
steps, whereas 22 were necessary in the base 2 case to get v/2 (and even 23 to obtain precise
values). As such, z, and z,3 cannot be too far away from each other, and in particular
the origin has to be closer to 2,3 if it is outside of a small ball centered on z;. For the
four different cases to consider here, the maximum distance |zx| such that z, and z,3 are
equidistant to the origin is respectively 1, 2/ V3 and v/1.5. The size of the ball should be
seen as a balance between the angle of consecutive steps and the information their greater
number provides. As b increases, Theorem 8 shows that the minimal size of the ball we are
guaranteed to reach also increases. We do not present calculations for higher bases here, as

they provide relatively little information while requiring a case distinction of 2°~! cases.

2.6.2 The polygonal structure

Base 2 presents a specific behavior as the regular polygon defined by 2 points, if one accepts
it as such, is simply a line. For higher bases, we will show that the repeating pattern formed
by b consecutive steps forms a regular b-sided polygon, which we will abbreviate to b-gon.
We begin by giving a characterization of all periodic starts for b > 2. Our results will be
shown with the hypothesis that the steps are associated with “-” signs. By central symmetry
of the sequential construction, any valid z_; obtained for a periodic start with “-” will be

associated to —z_1, a valid periodic start for “+”.

Proof of Theorem 9. Without loss of generality, suppose that the periodic sequence z, is
associated with — signs. Let n = j modulo b. Firstly, if j = —1, then 2, = z_; by definition
of a periodic start and they are indeed on the circle of radius 0. We now suppose j # —1,

and let by be the closest multiple of b smaller than n. Using the periodicity of the sequence,
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we have

Zng = Zn—12 — cos(2m \b/'(n))

J
= Zbp—12 — Z cos(2m \b/(bo +1))

1=0

j

=2 14— Z cos(2m \b/(bo) + 2im/b)
=0

B _ sin(jm/b)

=2 14 sin(7 /D) cos(2m \bf(bo) + jm/b).

Similarly, we can obtain for the y-coordinate

sin(jm/b)

Zny = Z-1y — sin(7/b) sin(27 \b/(bo) + g /b).

This gives us

|Zn - Z—1| = \/(Zn,w - Z—I,I)Q + (zn,y - Z—Ly)2

— %\/COS(ZW%U)O) + jm/b)? + sin(27 V4 (bo) + j/b)?
_ sin(jm/b)
sin(7/b)
We obtain the first part of the desired result. Furthermore, for £ = —1 modulo b and

0<j<b-1,Vy(k+j) = Vu(j)+Vs(k) and, for j > 0, Vi (k+j+1)—Vy(k+7) = 1/b. Since we
are supposing that all signs are picked to be “-” | the b steps associated to Vy(k), ..., Vy(k+0b)
are exactly the same as V,(0), ..., Vy(b) with an extra V,(k) rotation. This rotation is the
same for all of the steps, therefore both sequences of steps describe the same polygonal shape.
The second relation imposes that the angle between two consecutive steps is exactly 27 /b
for each of the b — 1 steps after the first one. We therefore have that zp = 2.4, that each
side length is 1, and that each other angle of the b-sided polygon is 27/b. Each sequence of
b steps starting in zj, for K = —1 mod b must be a b-gon. Finally, the angle between (z_1, 29)

and (2, zk+1) is Vp(k), this concludes the proof. O

Each b-gon corresponding to b consecutive steps will be a rotated copy of the b-gon formed by
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the points (z_1,...,2_1), with a fixed point in z_;. For each copy, the angle of that rotation
is given by the first element of the van der Corput sequence in that block of b elements:
the Vy(bj — 1) for all j determine the rotations. Since these values are all in [0,1/b), the
maximum rotation possible is of angle 27 /b. Figure 2.21 shows these arcs and the circles
they lie on. For a rotation of angle o, we will write P, for the associated polygon. For such
an infinite sequence to be valid with our construction methods, it requires that the norm
associated with z, —e?™"»("*1) is smaller than that of z, 4+ e2™"»("*1) for all n (the role of the
signs could be reversed, we study this case without loss of generality). This means that the

scalar product of (z,, (0,0)) and (z,, z,41) is strictly positive. At each point in the sequence,

185 "‘""'_'_'_1_-_-_-_-_._._1—_

1B8.0
175

7.0

165

-2.0

—2‘.0 —].I.S —].I.D —C;.S DIG DIS 1‘0 1‘5 2‘0 -25 —2‘.0 —].I.S —].I.D —(.';.5 0.0

Figure 2.21: On the left, the first 200 000 points of the base 8 Van der Corput sequence
with periodic start, with supporting circles. The first and 102"¢ polygons are drawn. The
arcs correspond exactly to those of Figure 2.11. On the right, the zoomed in points in first,

second and third position of the 117-gon for the base 117 van der Corput sequence, again

for 200 000 points.

(0,0) must be in the open halfplane containing all the z such that the scalar product of
(zn, ) and (2, z,41) is strictly positive to keep the polygonal structure. In other words, we

are considering the halfplane defined by the orthogonal line to the next side of the b-gon that
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passes through z,. For each b-gon, we are interested in the intersection of these halfplanes,
that forms another b-gon for any regular b-gon (smaller for b > 5, equal for b = 4 and greater
for b = 3). The origin must be inside this smaller b-gon, for all possible rotations. For a

polygon P, we will denote P; its inner polygon obtained this way.

Lemma 13. The intersection of Py; and P, 1s a triangle.

Proof. We will show that the intersection of Fy; and Py, is exactly a triangle formed by
the leftmost submit of P, cutoff by a vertical edge. We will call pieg; this summit. Since
this structure is invariant by translation, we will consider that z_; , = 0. By construction,
we know that the rightmost side of ; lies on @ = 0. We also have that P, is a copy
of Fy; translated by 1 to the right. Finally, we also know that the inner polygon’s axis of
symmetry is horizontal as the rightmost side is vertical. As such, it suffices to show that
exactly one summit of P/, has its x-coordinate strictly negative and that its adjacent
edges both intersect the vertical edge of Fy;. The center ¢; of %, is on the y = 0 line by

symmetry. We can compute its distance from the right vertical edge, it is given by

_ sec(m/2 — 27 /b) — tan(w/2 — 27/b)
v 2 tan (7 /b) '

This is equal to
(1 — cos(2m/b)) cos(m/b)

~ = ) sin(rr/0) sin(2r /b)
Expressing all the terms as functions of sin(7/b) and cos(w/b) gives us ¢;, = —1/2. Trans-

lated by 1 to the right, the center of the circumscribed circle of Py, is in 1/2, as such the

z-coordinate of pg is

1 sec(m/2 —2m/b) — tan(mw/2 — 27 /b)
2 2sin(7/b)

This can be reformulated to

1 sin(w/b) 1 1

2 sin(2r/b) 2 2cos(w/b)’
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This is strictly negative for all integers b > 5. The z-coordinate of the adjacent summits is

given by
1 cos(2m/b) 1 cos(m/b) sin?(7/b)

2 2cos(m/b) 2 2 2 cos(m/b)’
which is positive for b > 5.

Since Py, is a convex b-gon, we have that Py, has a single summit with negative z-
coordinate. Since this summit is aligned with the centers of the circumscribed circles of Fy ;
and Parp; and is a translation of the leftmost summit of Py ;, pieg is in Fy;. It remains to
show that its adjacent edges intersect the vertical edge of Fp;. Without loss of generality,
we suppose that z_; , is such that the axis of symmetry of 4 ; is on y = 0, i.e. y = 0 bisects
the vertical edge of ;. The upper summit u of this vertical edge has for y-coordinate
u, = (sec(m/2 —2m/b) —tan(mw/2 — 27 /b)) /2, half the side length of I ;. Similarly, the lower
vertex has for y-coordinate the opposite of that value. We know the angles of Py, as such
the intersection of the top edge adjacent pies, has y-coordinate equal to —pje st . tan(m/2—m/b).

This is equal to

1 1 cos(m/b)
2 2cos(m/b) ) sin(m/b)’
We want this to be less than u,. After reformulating, we want

cos(m/b) —1  cos(2m/b) — 1

dsin(a/b) | smr)

This is clearly true for b > 5 since both cosines are strictly smaller than 1 and the sines
are positive. The upper edge adjacent to prg therefore intersects the vertical edge of F ;.
By symmetry, we obtain that the lower edge from p also intersects this vertical edge. We
therefore have that Fy; N Parjp is a triangular region with pie as one of the summits, and

the two other summits are determined above. U

Proposition 10. The intersection of all rotated inner b-gons P, ; for a € [0,27/b) is exactly

the intersection of Fy,; and Porjp;.
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We note that while there is no polygon with exactly a rotation of angle 27/b, there is a
sequence of polygons whose limit is this rotated polygon. Since we consider only the interior

of each polygon as the acceptable region for the origin, this has no impact on our result.

Z-1

Figure 2.22: For b = 5, Fy; in red and P,/ in blue, with their associated inner pentagons.

The leftmost vertex of the inner blue pentagon is pief;.

Proof. We consider Fy; and P ; the inner polygons of Py and P . We first note that P
is exactly a copy of Fp, translated to the right by 1. We separate in two cases depending on
the parity of b. Firstly, we consider an even b. In this case, there are exactly two horizontal
sides of Fy: [2-1,20] and [zp/2-1, 2p/2]. We also have z_1, = 22, and zpp = 2bj2-1,-
The normals associated with z_; and z,5_; are vertical and the intersection of the desired
halfplanes forms a vertical band By = {(x,¥) : zp2-10 < * < 214} Parsp is the symmetric
of Py with respect to the axis x = z_;,. It also has two horizontal segments, [z(, z_1] and
[Zb/g, 2 /2_1], where z; is the symmetric of z; with respect to the axis given above. For Py,
its intersection polygon is contained in the band By = {(7,y) : z_1, <z < 2, }. We obtain

PoiN Porppi = (). This implies that the intersection of all the rotated polygons is also empty.

We now turn to the odd b case, where the intersection is not empty. We need to show that
for any a € [0,27/b), (Po; N Parspi) C Pay. For all of these polygons, the translation of the
global polygon naturally leads to a translation of this center for P,.,. The length of each

side of an inner polygon is given by sec(§ — 27”) — tan(§ — %’r) As illustrated in Figure 2.23

and shown in Lemma 13, the intersection between the two translated inner polygons F; and
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Por i is non-empty.

Let ¢ be a point in Py; N Py ;. Let A be the arc of angle —27/b centered in z_; and with
rightmost extremity in c. Since ¢ € P, the leftmost extremity of that arc, d, is also in

Py ;. Observe that ¢ and d can be written

2 2
c= <x_1 + 7 cos(0 + %), y_1 + rsin(6 + %))

and
d=(x_y +1rcos(d),y_1 + rsin(d)).
Where 7 := |c — z_4|. Let 0 < § < 27” be the angle of rotation of Pz with respect to z_;

(with the extremal case § = 27” corresponding to Pg = P s). Consider

27

b

cg = (x_1 + rcos(f + 2

+ ), y—1 + rsin(f + 2 + ﬁ))

and

dg = (x_1 +rcos(d + ), y_1 + rsin(d + 5)).

Figure 2.23: The intersection of the two inner polygons in the case of b = 5.

We have that ¢ lies on the arc between dg and cg about z_; (with ¢ = dg for § = 2%). If
we suppose that the arc A lies within Fp;, then the dg to cs arc lies within Pg;. Since ¢

lies within the second arc, we have that ¢ € Pg;. It remains to show that the arc A is in
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Fy.;- We will do this in two steps, first showing that the outermost arc does not intersect the
outer edges apart from at its endpoints. This furthest arc A, corresponds to the lowest
intersection point between the circumscribed circle of F; and Ps.j;, and is at distance
K =sec(m/2 —2m/b) from z_;. We now show that the intersection of Ay.x and Fp; forms a

single arc.

As illustrated in Figure 2.24, let s; be the segment between the two intersection points of
Apmax and the circumscribed circle of Fp;. Note that it is orthogonal to the left edge of the
inner polygon it intersects. Let s, be the parallel segment passing through the lower summit
of the side of Fy; that Ay, intersects. The maximum distance between s; and Ayay is

reached in the middle of that segment, and is strictly smaller than

sec(m/2 — 2w /b) — tan(m/2 — 27T/b).
2

The distance between s; and sy is equal to

sec(m/2 — 27 /b) — tan(w/2 — 27/b)
5 :

Anax 18 therefore always contained between s; and s,. There are therefore only two sides of
Py, that can intersect Anax, exactly those intersected by s; and s;. We need to verify that
each can be intersected only once by the arc. Both of these sides have one point inside the
circle of radius K centered in z_; and one outside. As such, there can be only one intersection
point with each side. The intersection of Ay,.x and F; therefore forms a single arc and since
both extremal points of Ayax, d and ¢, are in Fy;, we conclude that A,.x € Fy,;. For any
other arc A,, since ¢, and d, are in F,; and s; is orthogonal to the left side of Fp;, its
orthogonal projection onto the line on which lies s; is in s;. A, is an arc between d, and
¢q for a circle centered in z_j, as such it must lie on the same side of (¢,,d,) as Apax. This
implies that A, is in the convex region defined by the arc Ap.x, Co, do and the endpoints of

s1. All of these elements are in Fp;, which is itself a convex region. We therefore have that

A, C Py;. This concludes the proof. ]
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2.6.3 Proof of Theorem 8

Proof. We first treat the much easier even b case. As Proposition 10 shows, the intersection
of the acceptable bands is empty, B; N By = (). However, we must have (0,0) € By and
(0,0) € By, we have a contradiction. It is therefore impossible for both these b-gons to
appear. We do not have exactly P, in our set of rotated polygons, but only a sequence of

polygons converging to Pars.

Figure 2.24: Base 5: in green s; and in blue s,, the two segments that we use to bound the

red arc in Py ;.

For any p in Py ;, there will exist > 0, such that the polygon Ps./,_s does not contain p in
its inner intersection polygon. As such there is no valid position for (0, 0) to obtain a periodic
start. We now consider b odd. Using Lemma 13, we know that the intersection of F; and
Porp,i is a triangle which we characterized in the proof of Lemma 13. By Proposition 10,
we know that the intersection of all the rotated polygons is exactly Fy; N Py . Given that
the (open) inner polygons correspond to the acceptable regions for the origin, z_; must be
such that the origin is contained in the interior of Fy; M Par/p;. This corresponds to a first
triangular region 77 with z_; > 0 coordinate-wise. Our construction corresponded to a first

step to the left. In other words, all the sign choices during the construction of the sequence

W W

choices is the

were “-”. As mentioned previously, any sequence starting in z_; with only
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symmetric with respect to the origin of a sequence starting in —z_; with only “4” signs.
A second triangular region T = {(—xz,—y) : (z,y) € T1} is exactly all the valid periodic

starting positions for “4” signs. O

Figure 2.25: In red P, and in blue P,. In respectively yellow and green are By and Bs, which

do not intersect as they are open.

An example of these regions for b = 5 is provided in Figure 2.26. The only base not covered
by Theorems 7 and 8 is base 3. The big difference with other higher bases is that the
intersection of the halfplanes forms a triangle which contains the initial triangle, rather than
contained in. A similar approach could be taken, but Proposition 10 is no longer verified.
As such, the intersection of the larger valid triangles would need to be done over the rotation
of all triangles. The edge of the valid region would then correspond to the union of three
identical curves. One of these corresponds to the convex hull of the rotation of angle 27/3
around z_; of the line passing through z; such that the angle between (zp, z_;) and this line
(considered with positive slope) is 7/6. A further case distinction would then need to be
done depending on the sign of z_; , and z_; ,. We do not provide a formal proof of the region

of periodic starts, only an illustration in Figure 2.26.

2.6.4 A limit of the characterization

Finally, even though there are no infinite periodic sequences for even b, it is possible to find

periodic sequences of length greater than n, for any n € N. Proposition 11 characterizes the
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length of the sequence (z,),en given a starting position close to the best possible choice.

Proposition 11. Let b be a positive even integer. For e > 0, if z_; = (e, %), where M is
the height of a reqular b-gon, then the b-gon rotation stops at the k-th cycle, where k is the
first integer that satisfies 2w V,(kb) = arctan(M/(2¢)) — w/2 + 27 /b.

100 100

0.48 048
075 075
0.42 042

050 0.50

0.25 025

000 000
-0.25
-0.50 012 050 012
-0.75 0.06 -0.75 0.06

-1.00
-1.00 -0.75 -050 -025 000 025 050 075 100

-0.25

0.00 -1.0

0
-1.00 -0.75 -050 -025 000 025 050 075 100

Figure 2.26: Left: base 3, right: base 5. In purple, regions of [—1,1]*> where the starting
position leads to a distance of less than 10™* between z_; and z149. Other values set to 1 /2

for simplicity.

Before we prove this proposition, we first verify that this inequality indeed has a solution.

M

In our case, since M and ¢ are positive, we have arctan(z;) € (0, 5). This gives us

arctan(M/(2¢)) — m/2 + 27 /b < 27 /b.
Since {Vy(kb) : k € N} is uniformly distributed in [0,1/b), there exists a k that satisfies

the inequality. Figure 2.27 provides an illustration of this behavior. Now let us prove the

proposition.

Proof of Proposition 11. In an even b-gon, the halfplane orthogonal to (z;, z;41) passing
through z; also passes through z;,4/» for any ¢, where numbering is done modulo b. As

such the halfplane associated with the b/2 4 1-th step passing through 2,21 also passes
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through z_;. When considering a maximal rotation 27 /b, this halfplane is the one that
will not contain (0,0), as shown in the proof of Theorem 8. We therefore need to find the
smallest angle defined by V,(kb) for some k& € N such that the line (z/2-1,2-1) crosses
the y = 0 axis below 0. The intersection between this line and y = 0 is a decreasing
function for 6 € [0,27/b). For the k-th polygon, the angle between (2_1,2,/2-1) and the
horizontal line in z_; is § + 7/2 — 27 /b, where § = 27w Vy(kb). From this, (2_1, 2p/2-1) in-
tersects © = 0 in (0,0) exactly when tan(f + 7/2 — 27w /b) = M/(2¢). This corresponds to
27 Vy(kb) = arctan(M/(2¢)) — w/2 + 2w /b. For any angle greater than this one, the origin
will be not be in the acceptable halfplane obtained in the (b/2 — 1)-th summit of the rotated

polygon, and the periodicity will end. 0

szl

Figure 2.27: Example where the periodic rotations stop in base 8.

Once again, by central symmetry, an identical result can be obtained for z_y = (—¢, —M/2).
There is an algorithmic way to find the smallest kb such that the inequality above holds. If
we write kb in base b, then it is of the form kb = dpdy_q - - - d,0, where the last digit is 0.
Then V;(kb) is equal to

Vikb) = 2+ 55 ok S

9 d1 dL—l dL
b

Finding the first d; < b—1 then gives us the first polygon which will not be completed. There
will be at most, in b-ary notation, (d; +1)d;_; ..., d;0 z; following the polygonal structure.
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Chapter 3

BAD SCIENCE MATRICES

3.1 Introduction

The bad science matrix problem [81] is concerned with understanding, for matrices A € R™*"
whose rows are normalized to have ¢2-length 1, the size of the quantity
B(A) = 5o 3 sl
ze{1,1}"
While originally only defined for square matrices in [31], its definition naturally makes sense
for A € R™*" where one measures the co—norm of the 2" vertices of the cube which are
mapped to 2" vertices in R™. The problem is interesting for a variety of different reasons.

We list four.

3.1.1 Bad Science.

The name is derived from the following thought experiment: we are given a sequence of coin
tosses x € {—1,1}" and are trying to understand whether they come from a fair coin or not.
One natural way of testing is to fix a vector a; € R”, normalized to ||a;||2 = 1, and consider
the size of the inner product (a;,z): Hoeffding’s inequality guarantees that if, the coin is
fair, then the inner product should be small. Similar reasoning suggests that we could take
two vectors ||ai]|s = 1 = ||az||2 and consider both inner products: they should both be small
and if one of them is large, that is probably indicative of the coin not being fair. We may
also think of this case as two statistical tests being run. Note that, since we do not make
any assumptions about a; and as, these tests need not be independent. The question now

is whether it is possible to construct n vectors aq,...,a, corresponding to n fair statistical
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tests such that, for a typical sequence of random coin tosses z € {—1,1}", at least one of the
statistical tests will typically end up with a large result even though the coin is fair. This
motivates the name (‘bad science matrix problem’): the bad scientist is running a battery

of (fair) tests to find an abnormal result even though the coins are not abnormal.

3.1.2  Rotating the cube.

Since the rows are normalized to have length 1, we deduce that the Frobenius norm of the

matrix is

IAllz =) A% =n.

ij=1
The Frobenius norm is simultaneously the sum of the squares of the singular values of the

matrix and therefore
n

n=> ai(A).
i=1
Geometrically, this means that the matrix cannot be too expansive. A very simple example

of matrices with this property is the identity matrix Id,, or, more generally, orthogonal
matrices ) € R™*". Given such a matrix A, we could now ask where it ends up sending the

unit cube {—1,1}"

A{-1,1}" = {Zn:ﬁicz' rei € {1, 1}} a

where c¢q, ..., ¢, € R" are the columns of the matrix A. Using a4, ..., a, € R" to denote the
rows of the matrix A, we then have

S SR T DD SIS DE S N
i=1

ze{-1,1}" ze{-1,1}" =1 ze{-1,1}"
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For any arbitrary vector y € R", we have

= Y e =Ela) <Zyzxz)

ze{-1,1}"

Z yiiji$j]

i,j=1

= Z viy;Elxiz;] = Zyz "‘ Z yiy; Elzi xﬂ

17.721 1 Z;’é]

=> v =1yl
i=1

and therefore

1 2 2
on > lAz)3 = [lAIF = n.
ze{l,1}"
One way of interpreting the results is that the normalization on the rows shows that A

rotates the vertices of the cube to points whose average ¢?-norm remains fixed. The question
is now: can these points have the property that the typical largest entry of such a vertex

ends up being significantly larger than the average?

3.1.3 The Komlés conjecture.

Another motivation is given by the Komlds conjecture. It is known (see Banaszczyk [12])
that there exists a constant C' > 0 such that for all matrices A € R"*" whose rows are of

size < 1 in £2, there always exists a sign vector € € {—1,1}" such that

| Ag|lee < C'y/logn.

The open question is whether the y/logn term is necessary or whether the result remains
true with a universal constant C. It is known that if this were true, the constant C' cannot
be too small: Kunisky [56] has proven that for each n > 0 there exists a matrix A € R™*"
so that

Vee{-1,1}" Al >14+V2—1.
The bad science matrix problem is somewhat dual: one can think of the Komlds problem

as the problems of balancing the columns of a matrix to ensure that the final sum is in a
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small />*°—box centered at the origin. Our problem is less a vector balancing problem and
more of a ‘functional-balancing’ question: we have n functionals (a;, -) whose operator norm
is 1 and ask whether they can be arranged so that a typical random +1 is outside a large
(>°—box. To further underscore the similarity, an idea of Kunisky [76] shown to be useful in

the setting of the Komlds problem, will also be useful in the setting of bad science matrices.

3.1.4 Extremizers.

One final possible motivation why this functional may be of intrinsic interest are the results:

extremal matrices appear to have an interesting structure. We illustrate this with an example

taken from [31]: the currently best known example for n = 5 is the matrix
2 2 0 0 2
-2 2 0 2 0
1
A=——2| -2 0 0 -2 2
2V3
0 -v3 V3 V3 V3

This shows that

Moreover, the way this matrix acts on the 25 = 32 vertices of the hypercube {—1, 1}5 is
interesting: 8 of the 32 vertices are sent to vectors with maximal entry 2 (in absolute value)
and the remaining 24 vertices are sent to vertices with maximal coordinate V3 (in absolute
value). We do not know whether this matrix is indeed optimal. Indeed, even for relatively
small dimensions, like n = 3 or n = 4, rigorously proving that a certain candidate matrix is

indeed extremal appears to be a highly nontrivial problem.
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3.1.5 Known results.

Relatively little is known for the bad science matrix problem. Steinerberger proved that, as

n — oo, the ‘worst’ matrix scales as

B(A) = (1+0(1)) - \/2logn.
The upper bound follows relatively quickly from Hoeffding’s inequality and the union bound.
As for the lower bound, it is shown that a random matrix with entries +1/4/n very nearly
saturates the upper bound. The proof is completely non-constructive and does not yield
a single example of a truly ‘bad’ bad science matrix. Moreover, some basic numerical ex-
periments suggest that the extremal matrices (at least in low dimensions, say, n < 8) are
quite different from random +1/4/n matrices and have interesting behavior: in particular,
their entries were noted to be exclusively algebraic numbers like V3or3 / v/29. We also note
that the bad science matrix problem appears to admit many extremal matrices: there is
an obvious symmetry in permuting rows and columns but it appears that there is a great
degree of non-uniqueness. Finally, nothing is known about the more general bad science

matrix problem for rectangular matrices.
3.2 Main Results

3.2.1 Structure Theorem and Consequences.

Our first main result is a theorem about the structure of extremal matrices. The result
proves a strong one-to-one correspondence between the i row of an extremal matrix and
the vertices of the hypercube {—1,1}" that are being mapped by the matrix to a point whose

coordinates attain their maximum absolute value in the i*" coordinate.

-
Theorem 10 (Structure Theorem). Let A = [al e am] be an m X n matriz marimizing
the value of B(A) among all such matrices with rows normalized in (. Introducing the set

W of vertices of the hypercube that are being mapped to a vector whose largest entry is in
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the i coordinate,

W, ={ze{-1,1}" | ||Az|, =a 2},

then the i™ row of A is given by

ZIEGWZ' Z

a4 = Te—e———.
L w2

This structure theorem has a number of immediate consequences. The first consequence
is something that was already observed (without proof) in [31]: entries of extremal entries
appear to be either rational numbers or square roots of rational number (indeed, this was
essentially in the construction of extremal candidates in [31]). This is indeed the case and

follows easily from the Structure Theorem.
Corollary. The entries of an optimal bad science matriz are square roots of rational numbers.

We observe that Theorem 10 gives us something much stronger, it shows that extremal
entries are really rescaled vectors which themselves are merely the sum of all vertices of a
subset of the hypercube. We will use this structural restriction to solve the bad science
matrix problem in dimensions n < 4.

Corollary (Cases n < 4). If A € R™™ has normalized rows, then

(

V2 when n = 2,
1
on Z [Az][e < S (V2 +/3)/2 when n = 3,
ze{l,1}m
V3 when n = 4.

\

These bounds are attained by the matrices

1 -1 -1
, and

S &
&I

Sl
— =
I
[y
= sl
Sl Sl Sl
&l -
—_
I
—_
—_

Sl

o o o o

Our proof of Corollary 2 makes extensive use of the computer: the structure theorem can
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be used to deduce that extremal matrices have to be of a very specific form. One can then,
for small values of n, explicitly analyze matrices of that size. Thus, in some sense, our proof
of Corollary 2 is based on explicit enumeration. However, this scales rather badly in n and
even the case n = 5 appears to be firmly out of reach. It is rather remarkable that we do
not currently have a simple way of establishing extremality for small n. We conclude with a

very simple observation.
Corollary. The number of extremal n x n matrices is at most 272" .

This can be seen very easily: the number of subsets of {—1,1}" is < 22" which shows that
there are at most this many possibilities for each row. There are n rows and the inequality
follows. Since there is always at least one extremal matrix (by compactness), permutation of
rows and columns shows that the number of extremal matrices is at least > n! and probably
much larger. It could be interesting if this number could be further narrowed down but this

appears to be a difficult problem.

3.2.2  Construction 1: Lifting Construction.

A natural question is whether it is possible to explicitly construct examples of matrices A
for which 5(A) is large. In what follows, we present a number of different approaches to this
question. The first observation is that from one good example, one can obtain larger good
examples: this is somewhat similar to Sylvester’s construction of Hadamard matrices and

uses a classic lifting trick.

Theorem 11. For any A € R™"™ with rows normalized to length 1, the matrix

B= S BlA)- A dun satisfies  B(B) = +/F(A)? + 1.
BAP+11B(A)- A —Tdusn

In particular, starting with the optimal 2 x 2 matrix A, and applying Theorem 11 repeatedly,

we arrive at an explicit infinite family of matrices (Agk o )52
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Corollary. We have
B(Agrsar) = VE+ 1= +/logy(n) + 1.

We note that, in particular,
B(Azxa) = \/57 B(Ayxa) = \/§7 and B(Agxs) = 2

which matches the currently best known constructions in these dimensions (see [31]). More-
over, by Corollary 2 above, we know that the 2 x 2 and 4 x 4 constructions are optimal. It
stands to reason that the so arising 8 x 8 matrix is also optimal but this remains open. Since
V2logn/\/log,n = /2log2 ~ 1.177, this construction is a factor of approximately 1.177
away from optimal. The family of matrices matches a construction given by Steinerberger
[81] which is itself based on a construction used by Kunisky [50] for the Komlés problem.
We note that the construction is limited to n x n matrices where n = 2F is a power of 2.

The next two constructions do not suffer from this drawback.

ll 1 1 —1 0

[ ]
1 -1 1 0
.% \“. 1 1 =10
%f *{\‘ 1 1 1 0
° ° ° ° L .

Figure 3.1: An unsatisfiable tree and the corresponding matrix

3.2.8  Construction 2: Unsatisfiable Trees.

A more general construction can be given using highly balanced binary trees. We quickly

recall their definition.

Definition 1 (Highly balanced binary trees). For a fized integer n > 1, fill up a binary tree

with vertices from left to right until one has n leaves, and finally add an edge that points into
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the root.

We label the edges of such a highly balanced binary tree in the following way: edges that
point left have label —1, edges that point right have label 1, and the edge that points to the
root has label 1. From here, for a leaf v, walk along the unique path from the root to v.
Then the edge labels of this path becomes a row of the matrix this method generates, where
if the length of the path is less than n, we make the rest of the entries 0. The case n = 4
is illustrated in Fig. 1. One of our main results is a precise analysis of this construction:
as it turns out, the construction performs exactly as well as the Hadamard-style tensor

construction when n is a power of 2.

Theorem 12. Let A € R™™ be the matriz whose rows correspond to the n prefizes in the
binary tree described above. This construction yields

B(A) = (24/Tlogy (m) + 1] — /[log, n] +2)

n

+ Sogyn] (\/Uog2 n| +2—+/|logyn] + 1)

When n = 2% is itself a power of 2, the matrices derived from this method satisfy 8(Agkxor) =
V' k 4+ 1 which matches Corollary 3.2.2. However, the construction is more versatile and gives

good examples of n x n matrices where n is not a power of 2.

3.2.4  Wide Matrices

So far, our focus has been on n x n matrices, however, there is no particular reason for doing

so. We give two solutions for the 1 x n case.

Theorem 13. For any vector a € R™, we have
1
on > a2 < alla.

ze{-1,1}"

FEquality is attained when a = (1,0,...,0).

Theorem 13 follows from the sharp Khintchine inequality [16]. There is also an elementary
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proof using only Jensen’s inequality. After solving the 1 x n case, one would try the 2 x n
case next. This case appears to already be remarkably challenging and gives rise to some
amusing problems. We believe to have identified the correct answer but were unable to prove

this rigorously.

Conjecture 1. An optimal 2 X n matriz is given by

1|11 0 - 0
A=—
V201 10 -~ 0
The structure theorem immediately suggests the connection to set partitions. While inves-

tigating this connection, we came across a question that we were able to resolve and which

appears to be of intrinsic interest.

Theorem 14. For any A C {—1,1}" we have

d o

€A

< 277,71

2

with equality if we choose A to be the set of all vectors whose i—th coordinate is fized to be

either 1 or —1.

3.2.5 P variants.

The /> norm leads to fascinating extremizers but is otherwise difficult to deal with. A
natural question is whether and in what way things change if we investigate the problem for
other p. As it turns out, the natural other cases p = 1 and p = 2 are not quite as interesting

and can be completely resolved.

Theorem 15 (p =1 and p = 2). We have

1
max — E |Az||, =n
AeRnxn 21

ze{-1,1}"
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with equality being attained at the identity matriz. Moreover,

1

i Azl =

nax o > [ Azlly=+vn
ze{-1,1}"

with equality if A is an isometry. For 2 < p < oo, we have, for some universal constant

c >0, that

<c- .ni/p.
max Azl <crvpen
ze{-1,1}"

We note that the intermediate range 2 < p < oo remains open but Theorem 15 gives an

upper bound for the order of growth.
3.3 Proofs

3.3.1 Proof of the Structure Theorem (Theorem 10)

Proof. Define W; to be the set of © € {£1}" so that 7 is the smallest index with absolute
largest coordinate in Az. By construction, we see that the W, are closed under z — —ux,
that they are disjoint, and hence partition {£1}". Thus we can write:
BA) = D Az, Z > lalal
ce{+1}" i=1 zeW;

Now take U; = {z € W; | |alz| = al'z} to be the positive half of W;. For each z € W; with
al'r =0, U; will include both x and —x, but we will eventually want U; to be antipodal. So
in this case keep only one of x and —x. Then we have that:

Z la] x| = 2 Z a; .

zeW; zeU;
The idea is to now optimize each of the sums ZIGUZ, a; z separately, since we have removed
the independence among the rows from the objective function. One has

2 Z(ai,x> =2 <az~, Z x>

zeU; xeU;
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By the Cauchy-Schwarz inequality,

< 3 > < Jal
zeU;

since each of A’s rows have norm 1. Now, if A does not have equality for all of the above

> -

zeU;

d

zeU;

inequalities, then we could replace A’s rows with

ZJJEUi Z
|| ZxEUi ‘TH

to make the objective function strictly larger. But A is optimal, so we see that a; is a positive
multiple of the above vector, again by Cauchy-Schwarz. Since a has unit norm, we conclude
that

ZxGUi 4
[pymrd

completing the proof. O

ai:i

Notice that since each of the x € U; are vectors on the hypercube, namely have every

|

coordinate of &1, >, @ is a vector with integer coordinates. Thus we see that HerUi

is a square root of an integer, and hence every entry of a; is a square root of a rational

number.

3.3.2  Proof of Corollary 2

Proof. This argument uses a computer search to check all possible candidate matrices. The-
orem 10 implies each row a; of an optimal matrix A is a normalized sum of vectors contained
in some subset V' C {—1,1}", i.e.

er\/ z

U e el

We can now check all possible matrices formed by combining rows of this form. Note,
however, that this exhaustive search becomes prohibitive very quickly. Indeed, there are 22"
possible subsets of {—1,1}", and must consider all possible n—tuples of rows of this form.

Naively, this yields (22")" = 272" matrices to check. For n = 3 the search space is of size
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224 x5 1.7 x 107, and for n = 4 we have 2% ~ 1.8 x 10" possibilities. We exploit the following

symmetries.
(i) The $8 value of a matrix is invariant under permutations over rows.
(ii) An optimal matrix may not have duplicate rows.
(iii) An optimal matrix doesn’t have zero rows.
(iv) The f value of a matrix is invariant under row-wise sign flips

Observations (i) and (ii) allow us to consider row combinations instead, yielding (Zj:) ma-
trices to check. By observation (iii), we further reduce the search space by deleting the zero
rows (for instance the full subset V' = {—1,1}" yields such a row) and by observation (iv)
we eliminate duplicate rows equal up to a sign flip (for instance, we keep only one of the
rows arising from the subsets V; = {1} x {-1,1}"! and V5 = {1} x {-1,1}""!). For
the n = 3 case, we start with 22° — 256 rows, 238 of which are non-zero. Furthermore,
since there may be multiple subsets V' leading to the same row, we eliminate redundant

ones, yielding 50 unique rows. Finally, removing redundant rows up to a sign-change reduces

25

the search space to 25 final rows. This leaves (3

) = 2300 candidate matrices, which can
be easily computed. The n = 4 case is approached in the same manner. Performing the
same reductions as before, we go from 22" = 65536 rows to 680 candidate rows, yielding
(620) = 8830510430 matrices to check. These can be checked in a rather long but attainable
amount of time. For context, a naive sequential search took 72 hours to complete but we
suspect it could be vastly parallelized to reduce the runtime. However, the n = 5 case is
prohibitively expensive, since the initial rows 22° ~ 4.3 x 10° cannot even be loaded into
memory. Similarly, the rectangular bad science problem of dimensions 2 x 3, 2 x 4 and 3 x 4
can be checked, with search spaces of size (225) = 300, (630) = 230860 and (620) = 52174360,
respectively. The first two cases took less than a minute to run, but the 3 x 4 took one hour

on Google Colab. The Jupyter Notebooks containing the row reductions and the exhaustive

search, with step-by-step comments, can be found in the Github repository [0]. O
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3.8.8  Proof of Theorem 11

Proof. Fix
B(A)
plA)? +1
and let = [z1 xo] € {—1,1}*", with z; € {—1,1}" and z, € {—1,1}". Then, Bz can be

’)/:

written as
vAz, + /1 — 722,
YAT — /1 =721

Note that coordinate j of Bx has the form

(Ba) ,ijxl + /1 —%(22); if 1<j<ng
ill'j:

Ya] o1 — /1 =72 (22)jne i g < j < 2ng

We now note that each term of the form ~ - a;xl contributes to two different coordinates

Bzx =

of Bx: it does once to coordinate j, with the term being added to /1 — 72(x2);, and again
to coordinate j + ng, with the term being subtracted /1 —y2(x2);. Now, we may bound
the absolute value of the coordinates of Bx in a straightforward manner. Letting the index

1 <i < ng be the one for which ||Az1||,, = |a; 21| holds, for 1 < j < ng we have

|(Bx);| < max{|ya] z1 + /1 = 7%(x2);], [ya] 1 — /1 = ~2(22);]}
<Alaja |+ /1T -2
<Ala) o]+ V1= =y [[Azy ||, + V1 =2

and equally for the second half of the coordinates |(Bx);in,|. Thus

[1Bzf o <7 llAz1 ]l + V1 =72

The important observation comes from noting that if aijl and /1 —y2(x3); agree in sign,
then coordinate j will be larger in absolute value than coordinate j+ng, and vice-versa if aijl

and /1 — 72(z,); disagree in sign. With this in mind, we see that one of the choices j =i or
j = i+mngp (the one in which the terms va, z; and \/1 — v2(x5); or va, 1 and —+/1 — 2(z2);
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agree in sign) achieves equality in each step, yielding ||Bz||, = v |4z, + /1 =72 It
is easy to see that summing over all possible z = {—1,1}?" translates this result to the

setting:

1 1
- ¥ -l X alanlsviTE
ze{—1,1}2k z1,02€{£1}"0

=7B(A) +v1—-172

Plugging in v = B(A)/+/B?(A) 4+ 1, we obtain
1 B2(A
BB) = e L
VBA2Z+1  /B(A)2+1
Finally, we note that if A has normalized rows then B does too, since 42 + 1 —~% = 1. This

B(A)2 + 1.

completes the proof. O

Figure 3.2: Example of binary tree with five leaves.

3.3.4  Proof of Theorem 12

Definition 2. We define A as a set of square matrices which we construct from building a
binary tree which is highly balanced as in Definition 1. Every row in the matrixz corresponds
to some leaf in the tree, and every column in the matrix corresponds to a level of the binary

tree. Given this binary tree we yield the corresponding matriz in the following way:
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o We let the first column be the all 1’s column

o For every path from the root to the leaves: we correspond A;; to the leaf with index
i € [n] at the j’th vertex in the path from the root. If this vertex represents the left
child of its parent vertex, we let this entry be —1, otherwise we let this entry be +1.

Entries that do not correspond to vertices in this tree correspond to 0’s in the matrix.

We construct the corresponding matrix by mapping every leaf to the row with the same
index and the index of every column corresponding to the level in the tree. For example,
to construct row 3, we examine the root-to-leaf path of the leaf labeled with 3 which is
{+1,—1,+1}. We set the first 3 entries of the row to match this prefix and set the rest of
the entries of the row to 0. We repeat this process for the rest of the rows in this binary tree

and before normalization, the corresponding matrix would look as follows:

+1 -1 —1 -1
+1 -1 -1 +1
As= |41 -1 +1 0
+1 +1 -1 0

o o o o o

+1 +1 +1 O

We would then normalize the rows of this matrix to discuss its § value. We now use these

matrices to prove Theorem 12.

Proof of Theorem 12. Suppose 28 < n < 2! (deferring the case when n = 2* to Corol-
lary 3.2.2), i.e. k = [logy(n)]. Note that all rows of A are of the form {+1}**! followed
by n — k — 1 zeros or {£1}**2 followed by n — k — 2 zeros. We leverage the fact that if
laF x| = ||Az||« for z in the cube, then z = 4a; entry-wise except for the zero entries of a;.
This is because if we let a be obtained by truncating the zeros off of a;, Cauchy-Schwarz
tells us that maxyz|—1 |a’ Z| is obtained at & = £a. Therefore, for any x € {—1,1}", [[Az|«
is vk +1 or vk + 2, corresponding to the length of the matched prefix. The number of

possible vectors x which agree (in the aforementioned manner) with a; is given by either
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2n=k=1.9 or 2"=*=2.2 (two choices for each zero entry, and one last doubling to account for

negation). Then, we have that
1
BlA) = o - [ k412" —n) 277" +VE+2- (2n — 281 . 2n ok
+1_

Y/ PN/ N

okt

(2\/k+1—\/k;+2>+? (\/k+2—\/k+1)

2k:+1

Replacing k as |log,(n)] recovers the desired expression. O

3.3.5  Proof of Theorem 13

Proof. We can and will assume without loss of generality that ||al|,2 = 1. First recall that

fla)=5; S a7l

ze{-1,1}"
Let x be a random vector whose entries are +1 with equal probability. Then by definition

we have that 8(a) = E[|a"z|]. It remains to prove E[|a'z|] < 1. We start by showing that
E[zz"] = Id, x,. Notice that

0 otherwise.

Now by Jensen’s inequality,

Ella"z|] = E [\/(CLT] < VE[aTzzTa] = \/a ElzzT]a

ala=1

since ||a|l, = 1. This completes the proof. O

3.3.6  Proof of Theorem 1}

We first start with a simple Lemma.
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Lemma 14. The set A C {—1,1}" mazimizing

Za

has cardinality #A = 2"~1 and does not contain any antipodal points.

A—

2

Proof. For the sake of contradiction, assume the optimal set A contains a set of antipodal
points a,—a € A. Then, A = U U {—a,a} for some set U C {—1,1}". We now consider the
term HZueUUHZ‘ By switching a with —a if necessary, we may without loss of generality
assume that (3 ., u,a) > 0. Then, by adding the strictly positive term |a||* and the
nonnegative term 2 <Zu€U u, a>, we obtain the strict inequality

2

9 2
Zu < Zu +2<Zu,a>+\|a|!2: Z u
uelU uelU uelU ueUU{a}
Finally, we note that queA uH2 = HZueU uH2 since a and —a cancel out in the sum. This

shows the set A is not optimal, a contradiction. Having established this, it is easy to see that
#A = 2" Indeed, for an optimal set A, if #A > 2"~! the pigeonhole principle ensures two
antipodal points, a contradiction. If #4 < 2"~!, we may apply the pigeonhole principle to
the complement set {—1,1}"\ A4 of size 2" — #A > 2" — 2"~ > 2"=1 which shares the same

objective value as A, to determine it is non-optimal. 0

Proof of Theorem 14. Lemma 7 shows that it suffices to consider sets A of size 2"~! with no
pair of antipodal points (if @ € A then —a ¢ A). Working under such assumptions, we let
u =) ,c40, expand the square of the norm, and use the linearity of the inner product:

> a 2: dalb=>)" (Za)Tb:ZuTb.

acA a,beA beA acA beA

Next, we bound each term by its absolute value and add all the antipodal points into the
sum, dividing the total expression by 2 to maintain equality:

St STl = 5 3 [uTo|.

beA beA be{+1}n
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We furthermore assume that u # 0 since this case is trivially suboptimal. Thus, we normalize
u by multiplying and dividing by ||u||,

1
DNLEEDY

be{£1}n be{£1}"

.
Uy
i

Since we have a normalized vector and sum over all possible hypercube vectors, we may
apply Theorem 13 to obtain

5

be{x1}"

w Tl .
— hl < == )
Jul ‘— y 2 b

be{£1}"
for all 1 < i < n, where e¢; € R" is the ith standard unit vector. Since |¢/b| = 1 for all
b e {—1,1}", the right hand side is simply
Il o el e 1
5 be{%;}n e b = 75 2 = Jlufj 2.
It now suffices to divide both sides by [Ju|| = ||>",c4 a|| to obtain the upper bound

D a

a€A

< 2n—1

Finally, we determine the optimal sets by asking when equality is achieved. By Theorem
15, we note that the inequalities become equalities if and only if u/ ||u|| = e;. We see that
A=A, ={ae{-1,1}": a; = 1} satisfies

ZaeAa
[Xacaall

and the proof is complete. O

= €4,

3.3.7 Proof of Theorem 15
Proof. For 1 < p < oo and n € N, we abbreviate

1
Bup= max -— > [Az||, = max JE[HA;CHP]

AcRnXxn 2” AcRnXn
ze{-1,1}"

We also note that [|Allz = />, ; A7; = /n since A has normalized rows.
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The case p = 1: Taking a; to be the ith row of A, we have that,
1 1 T - T
LS =t Y S jalel = B [ale] <n
wef{—1,1}7 we{+1}" i=1 i=1
since E[|lal'z|] < 1 when x is a vector with £1 random entries with equal probability, and
la;| = 1 by Theorem 13 (the 1 x n case). The identity matrix achieves this, since ||z||, = n

for every z € {£1}".

The case p = 2: Again by Jensen’s inequality, we have that

E[|Az,] = E [\/xTATAx] < VExTAT A,

Then, since if b € R then we can treat b as a 1 x 1 matrix and have b = Tr(b), yielding

VE[zTATAz] = \/E[Tr(zT AT Az)]

= VE[Tr(AT AzzT)] (since Tr(ABC) = Tr(CAB))
= /Tr(ATAE[zzT]) (linearity of expectation)
= /Tr(ATA) = /Tr(AAT) (since Elza'] = I)

The entry of AAT at position (i,1) is just a, a; = >, Aj; if a; is the ith row of A. The sum

of all these is then seen to be >, i A?j = n as we showed above. This shows that,

Efl|Az],] < v/n

Now we shall show that if A is orthogonal then the above becomes an equality. Recall
that Jensen’s inequality becomes an equality if the random variable is constant. When A
is orthogonal, we have that ||Az||> = 2T ATAz = 272 = n. Thus in this case 21 AT Az is

constant and the above becomes an equality.

The case when 2 < p < oco. By Khintchine’s inequality [16], if p > 2 we have that:
op/2 p+1
Ela"zP < =T [ ——= ) < 2?/%(p/2)!
|am|_ﬁ<2)_ (p/2)
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Thus, by Jensen’s inequality and Stirling’s approximation,

n 1/p
E [||A$||p} < (Z]E$|a:x|) < (n- 2p/2(p/2)!)1/p

(p/2)1/2+1/p

1/p 11/p 1/p
< Cn'P(p/2)IP < Cn 1

< Onl/p(e/g)1/Iopl/ppl/2
< Cp1/2n1/p

For some constant C' independent of p (The constant changed 3 times in 1 line). This shows
that 3,, < C\/p- n'/?. However, due to the factor of /D, the bounds deteriorate for small

n as p increases. O
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Chapter 4

PARERGA AND PARALIPOMENA

4.1 Fractals

4.1.1  Introduction

The Chaos Game is an algorithm that is commonly used to render fractals. One particular
instance can be described as follows. Given a polygon () and some initial point p, iteratively
select a vertex of () (chosen randomly) and move p to the midpoint of its current position
and the selected vertex. The trajectory of p tends toward a particular set, which can be a
fractal. Explicitly, let f;(x) = %(x + p;i), where p; € R? and i € I for some finite index set
I. Famously, when the p; are 3 non-collinear points, the attractor of the Chaos Game is the

famous Sierpinski Triangle.

Figure 4.1: The Chaos Game on four polygons.
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Practical implementations of the Chaos Game typically use the following algorithm.
e Fix some arbitrary point ¢y € R2.
e Compute ¢;+1 = f(q;), where f is chosen uniformly at random from {f; : i € I'}.

Note that if gy is chosen to be in the attractor of the IFS, then the entire sequence g; is
guaranteed to be in the attractor of the IFS. Alternatively, let J € I*, ie. J = (jy,... Il
where each j; € I. Let

fJ:fjl O...iju‘.
Then one can also implement the Chaos Game as computing the set of points f;(qg) for all

J € I*. The validity of theory behind these approaches is discussed in [13].

Various extensions of the Chaos Game have been explored. One major variant involves
changing the jump factor, i.e. taking f;(x) = (1 — a)x + ap;, for @ € (0,1) not necessarily
equal to % Depending on |I|, there exists a notion of optimal «, as computed by [1]. This
optimality is related to iterated function systems and the Open Set Condition, which we
discuss later. In particular, the optimal o computed in [1], is the largest value of a allowing

the open set condition to apply when viewing the chaos game as an iterated function system.

Figure 4.2: A restriction of the Chaos Game on eight polygons.

Another variant adjusts the above algorithm in the following way.
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e Fix some arbitrary point gy € R2.

e Compute ¢;11 = f(q;), where f is chosen randomly from {f; : i € I} according to some

probability distribution D; on {f; : i € I}.

For the rest of this section, we consider this variant where D; puts equal mass on f;_1, f;, fit1
(we take this addition modulo n), and zero mass elsewhere. We can alternatively describe
this variant in similar language to our initial description of the Chaos Game. Whatever
vertex was previously chosen, the next jump must be toward that same vertex or one of
its neighbors. We will show that these fractals can be understood both as the attractors of
graph-directed iterated function systems and the union of attractors of a particular iterated

function system.

4.1.2  Iterated Function Systems

Recall that an iterated function system (IFS) is a set of contraction mappings on R"™. This

definition is of interest due to Hutchinson[50].

Theorem (Hutchinson). Let {f;}ic; be an IFS. There exists a unique non-empty compact
set S, known as the attractor of the IFS, satisfying
S=J£(9).
iel
Moreover, Moran provides a powerful tool known as the Open Set Condition (OSC) to

compute the Hausdorff dimension of these attractors [67].

Theorem (Moran). Given an IFS {fi;}ie; with attractor S, if there exists an open set V
such that

U fi(V)=Vv
i€l
and all f;(V') are disjoint, then the Hausdorff dimension of S is equal to its similarity di-

MENSION.
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The Chaos Game is an IF'S as defined in the introduction, and we show several examples of

attractors (using a = 1/2) of the Chaos Game in Figure 4.1.

A generalization of the IFS is the graph directed IFS, which is a directed graph G = (V, E)
(with loops permissible), where to each e € E we equip a contraction f.. Similar to the
relationship between the definition of the IFS and Hutchinson’s theorem, this definition is

interesting because of the following fact due to [33, 64].

g1

g3

Figure 4.3: A graph G,, with n = 4.

Theorem. Let G = (V, E) with contractions { f.}eccr be a graph directed IF'S, where |V | = n.

Then there ezists a unique collection of non-empty compact sets {S,}pey such that

So=UJ U fom(s

vev (v,w)eE

We call S =, Sy the attractor of the graph directed IFS.

vev

Notice that the variant of the Chaos Game we discussed is an instance of a graph directed
IFS, though this is less clear. Let G,, denote the graph on {0,...,n— 1} with edges between
any 7,j such that |: — j| < 1, where this subtraction is taken modulo n. To edge (i,7),

associate the map

1

(@ +pi).

gi(x) = 5
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This may feel slightly backwards; one might expect the edge (7, ) to be associated to the
map g;, since the edge is from ¢ to j. It is necessary in this instance to define our graph
directed IF'S this way to be consistent with the definition of the attractor S,. The alternative

would yield a completely different fractal.

)
> P

Figure 4.4: Attractors of the IFS with selected S values.

We show several examples of attractors of this variant of the Chaos Game in Figure 4.2.
Visually, the attractors shown in Figure 4.2 exhibit some similarities, especially in the second
row. They look so alike, in fact, that one might reasonably ask if there is some continuous

deformation between these discrete instances. Consider the IFS given by

fi(z) = %(Téx—l—el),

for i € {—1,0,1}, where e; = (1,0), and T denotes counterclockwise rotation about the
origin by angle 5. We claim that unions of the attractors of this IFS yield the attractors of
this graph directed IFS (see Figure 4.4).

4.1.8  Hausdorff Dimension

Proposition 12. For g € [n/2,27/3], the attractor S of the above IFS has Hausdorff di-

mension loga(3).

The proof is essentially elementary geometry, and we provide a sketch below.
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Proof Sketch. Consider the convex quadrilateral P with vertices given by

{(0,0), fi(e1), €1, f-1(er)},

and let V' be its interior. Let V; and P; denote f;(V') and f;(P), respectively. Note that
the V; are disjoint if and only if T3V (for i € {—1,0,1}) are disjoint. One can check that
the angle between e; and fi(e) is g Therefore, V' is contained in a sector with angle 3, in

particular

VcS:= {(rcos(@),rsin(@)) : —g <f< g}

So long as 0 < 8 < 7, certainly T g,S are disjoint, so the V; must also be disjoint. Consider

the convex hull of all V;. One can check that this polygon is contained in V. Therefore, we
see that V' satisfies the Open Set Condition. We conclude that for § € [r/2,27/3], S has

Hausdorff dimension log,(3). O

»>>>P

Figure 4.5: The set V' as described in the proof of Proposition 12 for g =

2 1llm 57
3

NI

18779

For 5 < 7/2, this construction does not satisfy the Open Set Condition. We suspect that
there does not exist an open set satisfying the OSC, but this is of course difficult to verify.
Numerics and direct inspection of various f; suggest that some values of § may yield IFSs
that exhibit exact overlap. If these § correspond to contractions with algebraic coefficients,

then Hochman showed that there must be dimension drop in these cases [19].
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4.2 Evolutes

In 2018, Pat Devlin introduced! to us the notion of an evolute by asking the question of
what happens in the limit to the intersection of the normals of a curve. At first thought,
one might assume that these limits do not exist, as the normals of a line never intersect
at all. This, however, is very clearly not the case for a circle, as indeed all normals of a
circle intersect at its center. One can check then that the evolute is the locus of a curve’s
centers of curvature. This motivation of defining the evolute as the limits of intersections
of normals (i.e. envelope of normals) leads to the natural question of what happens if we
instead use rotated normals. Certainly a 7/2 rotation should intuitively recover the original
curve, while a 0 rotation of course yields the evolute itself. Would continuously varying
this angle parameter then produce a homotopy from a curve to its evolute? This idea was
explored several hundred years ago, and the resulting curves are known as evolutoids, which
are well-defined so long as the original curve has a curvature with constant sign. Evolutoids
seem to have been largely forgotten, as many resources defining the evolute do not reference

the evolutoid.

Figure 4.6: Curve « with osculating circle (left) and evolute (right).

!By introduced, we mean during a discussion over lunch in a Yale dining hall with some other under-
graduate students.
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4.2.1 Introduction
Evolutes.

The evolute E of a curve 7 is the locus of the centers of curvature of v. One may imagine
(see Fig 1.) the ‘best-fitting’ circle, also known as the osculating circle, touching the curve
in a point: the center of this circle is then part of the evolute of the curve v and the union

of all these points for form the evolute of the curve.

This definition requires that the osculating circle be well defined: we require that the curve
is at least C? and that the curvature does not vanish. If these conditions are satisfied, then
the evolute is easily computed as follows: given a curve ~y(t) = (x(t),y(t)), the local normal
direction can be found easily from rotating the tangent vector ~/(¢), and the scale of the
osculating circle is given by the inverse curvature, which is explicitly given by

K(t) = (22 + 2)3/2"

Evolutes are classical objects already discussed by Apollonius in 200 BC. We will not sum-

marize all their properties here and instead refer to [2, 57, 63, 89].

Figure 4.7: Construction of the evolute (left) and evolutoid (right).
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FEvolutoids.

We were motivated by a very particular way of defining evolutes that is illustrated in Figure
2: take two nearby points, compute the normal lines and see where they meet. As the two

points get closer and closer, in the limit, that meeting point is on the evolute.

One could now wonder what happens if we perform the exact same operation but tilt the
two normal lines by a degrees counterclockwise. They will naturally meet elsewhere, and
one could wonder whether the union of these points has any nice properties. When o = 0,
this is the original point on the evolute, and when oo = 7/2, it turns out that we recover the

original point on the curve.

We now provide the formal definition of this object: for a twice-differentiable curve ~, let
L., denote the line normal to v passing through «(t) and L, denote the line through ~(t)

formed by rotating L., counterclockwise by angle . Define

Ea (t) = lim ](Lz,ta L:,to)a

to—t

E(t » v(to)

Ea (tO)

(a) An ellipse v and its evolute E. (b) An ellipse v and an evolutoid E,,.

Figure 4.8: An ellipse, its evolute, and its evolutoid with @ = 0.8. The plotted points
(to = 0) show that despite a bijection between cusps and points of extremal curvature, the

parametrization of the evolutoid induced by v does not respect this bijection.
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where [(Ly, Ls) denotes the intersection point of lines Ly, Ly. We call E,(t) the evolutoid
of v with parameter a. We remark that this definition of the evolutoid is essentially a more
verbose way of simply stating that the evolutoid is the envelope of the a-rotated normals
of v (see [39]). This notion is very old and has a complicated history which we summarize
in §1.3. There exist several known classical examples of curves whose evolutes are similar
to themselves [57, (3], i.e. curves v such that Im(y) = T (Im(E)), where 7" is a map which
sends x — pUx+b, for p € R, U € O(2), and b € R?. More concisely, these curves are similar
to their evolutes. The classical examples are the cycloid, the epicycloid, the hypocycloid,
and the logarithmic spiral (and these are shown in Fig. 4). The circle could be included in
this list for trivial reasons. Remarkably, these curves also have the property that they are

similar to all of their evolutoids.

-
- -~

(a) Cycloid (o = 0.2157). (b) Epicycloid (o = 0.11).
(c) Hypocycloid (o = 0.257). (d) Logarithmic spiral (o = 0.257).

Figure 4.9: Theorem illustrated: all evolutoids (one shown in solid) of curves (dashed) are

similar to the original curve.
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Our main result states that this property hold in general.

Theorem (Main Result). Suppose v is a piecewise smooth periodic closed curve whose evo-

lute E is similar to v itself. Then each evolutoid E, is also similar to .

It has already been discussed in the 1920s that there exist infinitely many families of such
curves [31]; however, explicit descriptions of these curves is tricky, as they require integrating
the local inverse of a non-injective function. Since this task has become a lot easier with the
advent of computers, we can characterize such curves, numerically approximate them and

their evolutoids and show some examples, this is done in §3.

Related results.

The history of the evolutoid is complicated. The evolute was known since Apollonius, and it
took almost two thousand years for the key idea of normals to be extended by Réaumur to
rotated normals. Hamann [17] studied evolutes and evolutoids of ovals (C?-smooth strictly
convex curves). Yoshida and Saito [95] showed that the evolute of a log-aesthetic curve
with parameter « is another log-aesthetic curve with parameter —1/(« — 2). Note that this
implies that the logarithmic spiral (which is log-aesthetic with parameter 1) is the unique
log-aesthetic curve that is similar to its evolute. Izumiya and Takeuchi [51] studied evolutoids
and their relations to pedaloids (a similar generalization of pedal curves) in the context of
frontals. In particular, they establish a certain identity between evolutoids and pedaloids.
Reznik, Garcia, and Stachel [72] investigated area (and signed area) invariances of a number
of different curves including the evolute and evolutoid of the ellipse. Giblin and Warder [39]
also studied evolutoids with a particular focus on cusps and wavefronts. Zwierzynski [97]
studied sets of singularities/cusps of all evolutoids of a given curve. Similarly, Cambraia
and Lemos considered the evolution and appearance of singularities as the angle parameter
of the evolutoid changes. Apostol and Mnatsakanian [¢] explored the analogous object of
generalizing involutes, which they called tanvolutes. In fact, they showed that a curve is the

a-evolutoid of any of its a-tanvolutes. We would have expected the word “involutoid” to
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appear somewhere. It turns out the word does seem to exist in the context of gear design
[30] and as a generalization of tanvolutes to Legendrian curves [60]. Aguilar-Arteaga et 1. [3]

focus particularly on certain properties of convex curve evolutoids, including Steiner points.

4.2.2  Proofs of the Results
The circle, part I

We begin by introducing a parametrization of the evolutoid. This can be done in multiple
ways, e.g. solving a system of Serret-Frenet equations, as in [39]. Our method is very
elementary and uses the description in §1.2 as well as the fact that smooth curves with non-
vanishing curvature are locally circular. Indeed, our approach will be to study the circle and
understand its evolute entirely (Lemma 1 and Corollary 1), and then treat generic curves as

approximately circular to explicitly describe their evolutoids.

Lemma 15. Let v(t) = (cost,sint). Then E,(0) = 5 - (1 — cos(2a), — sin(2a)).

Proof. Now and henceforth, we will use the abbreviation

_ |cos(a) —sin(a)

" sin(a)  cos(a)

to denote rotation matrices. Recall that the evolute of a circle is simply its center, so E(t) =
(0,0). Then we can compute E,(0). Parameterize the line which is an « counterclockwise

rotation to the normal of v at ¢ = 0 by
L'CyY,O(S) - (170) + Ta ’ (_170) -5,
and similarly for ¢ = ¢ by
LS _(s) = (cose,sing) + Ty - (—cose, —sing) - s,

where T, denotes counterclockwise rotation by « (see Figure 4.10). One can compute that
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the intersection of these two lines is
sin(a) - (sin(«) + cos(a) tan(e/2), — cos(a) + sin(«) tan(e/2)) ,
and therefore, sending € — 0, we have that

E,(0) = (sin*(a), — cos(a) sin(a)) = = - (1 — cos(2a), — sin(2a)) .

Figure 4.10: Lines LS, and L7, in the proof of Lemma 15.

Note that as « varies from 0 to m, E,(0) travels around a circle of radius 0.5 centered at

(0.5,0). In other words,

E,(0) = (1,0) — (0.5,0) — T54(0.5,0) = 7(0) + %N’(O) + %TZQN(O),

where N denotes the unit normal vector to ~ pointing toward the center of curvature and s

denotes its curvature.

The circle, part 11

Given the behavior of a particular point on the evolutoid of the unit circle, rotational sym-
metry gives us the full picture of the unit circle. In particular, with respect to «, any point

of the evolutoid of the unit circle traces out a circle of radius %

Corollary. If v(t) = (cost,sint), let N denote the unit normal vector to ~ pointing toward



the center of curvature. Then
J 1 =
Ea(t> = ’}/(t) + §N(t) + §T2aN(t)

= sin(a) - (sin(a +t), — cos(a + 1)) .

(a) a =0.57 (c) a=0.187
(d) a=0.117 (e) a =0.057 (f) « =0.0m
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Figure 4.11: A nephroid (gray, dashed), i.e. an epicycloid with R = 2,7 = 1, along with its

evolutoids (black).

Proof. By rotational symmetry, the behavior of E,(t) can be obtained by simply rotating

E,(0) by t, i.e.
E.(t) = %Tt (1 — cos(2ar), —sin(2a)) .
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Expanding the rotation gives

E.(t) = % (cos(t) — cos(2ae — t), sin(t) — sin(2a — t))
= (cos(t), sin(t) — %(cos(t), sin(t)) — %(COS(QO& —t),sin(2a — t))
=900 + 3N + 3TN 1)
This can also be written as sin(«a) - (sin(a + t), — cos(a + 1)) . O
(a) a = 0.57 (b) & =0.357 (¢) . =0.257
(d) o =0.167 (e) a=10.087 (f) « =0.0m

Figure 4.12: A deltoid (gray, dashed), i.e. a hypocycloid with R = 3, r = 1, along with its
evolutoids (black).

While the final expression using only trigonometric functions, ¢, and « is perhaps most direct,

the previous expression using v and N turns out to be more useful. For a generic circle ~
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with radius r, we would have

— —

Boalt) = 4(t) + 17+ =N(#) + - ~ToaN(t)

2 2

IN(t) 1. N(1)
=y({t)+>—2 + =T

7()jL2 K 27

where £ denotes the curvature of 4 (which in the case of a circle, is of course constant).

Notice that for e = 0, this recovers one definition of the evolute, which can be written as

FEvolutoids trace out circles.

We are now able to describe how the evolutoid behaves for any curve. The evolutoid of ~
with a = 0 is, by definition, the evolute of v. Intuitively, the evolutoid of v with a@ = 7/2
should recover the curve v itself. Then one could conjecture that as a varies continuously,
the evolutoid describes a continuous deformation from 7 to its evolute. In fact, this is
exactly what happens, so long as v does not have vanishing second derivative. Moreover,

the pointwise behavior of the evolutoid is remarkably simple.

Proposition 13. Suppose v is a curve with finite non-zero curvature. Then for any t in the
domain of v, the trajectory of E, is the unique circle tangent to v at t and passes through
E(t).

Eo(t) = sin(a) - Ty—r 2 - Y(t) + cos(a) - T, - E(t). (4.1)

Despite having a simple pointwise behavior, the global behavior of the evolutoid can be
unintuitive. The evolute often produces cusps even when the original curve 7 is smooth.
These cusps arise directly from points of locally extremal curvature. In particular, if ()
is a local minimum or maximum in curvature, then E(ty) is a cusp (CITE). The evolutoid
also produces cusps, but while they might still correspond to points of extremal curvature,

it is not true that F,(to) is a cusp.
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Proof of Proposition 13. Because the osculating circle of 7 is a second order approximation,

we treat v as locally circular. Therefore,

Balt) = 37(0)+ 3700+ 3 o = 5T+ 5Tt () + 5Ty )

= D)+ (%W g N@) - g0+ GTM@ ' %T%) |

which is just 3 [y(t) — Toay(t) + E(t) + T2 E(t)] . One can check that for a € [0, 7], using I

denotes the identity map from R? to itself,
Iy = Ty = 2sin(a) - To—rj2, and I+ Too = 2cos(a) - T,
Thus, we see that

Eo(t) = sin(a) - To—rs2 - y(t) + cos(a) - T, - E(t).

v(to)

Figure 4.13: An example of Proposition 13: the curve =, its osculating circle, and the a-

trajectory of E,(ty) (dashed).

This expression of the evolutoid allow us to immediately see that for special values of «, F,

recovers the original curve and its evolute. In particular, for &« = 0 or a = 7, E,(t) = E(t),
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and for a = 7/2, E,(t) = ~(t). Moreover, so long as 7 has finite non-zero curvature, £,
provides a continuous deformation from v to its evolute. Moreover, if v has finite non-zero

curvature, then H(t, ) = Erq,/2(t) is a homotopy between v and E.

Intrinsic Equations

Up to this point, our study of evolutoids has dealt directly with coordinates. One could
attempt to prove the theorem in coordinates, but this is, at best, impractical and tedious.
Instead, we can look at intrinsic properties of a curve, i.e. quantities including curvature, arc
length, and tangential angle. From this point on, for some curve v, we use R to denote the
radius of curvature, ¢ for the tangential angle, s for arc length, x for curvature, and k for
signed curvature, all of which are parametrized by ¢, the parameter of . Equations which
relate these properties of a curve are called intrinsic or natural and are “coordinate-free”, so

to speak. One such equation relates curvature and arc length, i.e. kK = f(s). It is discussed

in [7, 89] that this relation allows one to express
¥ ¥
x = sgn(k) / Rcos(p)dy and y = sgn(k) / Rsin(p)de, (4.2)
%o o
with ¢ :/ kdv, (4.3)

uo
which [7] calls ‘The Fundamental Theorem of Plane Curves’, as this implies that any two

curves with the same curvature with respect to arc length are the same up to a Euclidean
transformation. This can be directly read from the above equations, changing the constants
of integration in Equation 4.2 gives a translation, and changing the constant of integration
in Equation 4.3 gives a rotation. Note that the expressions in Equation 4.2 differ slightly
from those found in [89] as their use of the symbols &, R differs from ours in that they allow
K, R to be negative. In particular, our symbol k is their . Incorporating a factor of sgn(k)
accounts for this difference. Intuitively, the quantity sgn(k) simply captures whether a curve

is turning counterclockwise (positive) or clockwise (negative).

One can verify that if 77 has an intrinsic equation given by k = f(s), and -, has intrinsic
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equation K = af(s), then v, and 7 are similar curves. In English, this means that a curve
is uniquely determined up to Euclidean transformation once its curvature (with respect to
some parametrization) is fixed. Similarly, the same statement holds if we instead use an
intrinsic equation of the form R = f(y), as R = k™!, and we parametrize R (locally) with

tangential angle. This fact allows us to check for similarity between two curves.

Rewriting the evolute

With the previously established notation, the definition of the evolute can be expressed as

—

E(t) =~(t) + R(t) - N(1),

where N(t) denotes the unit vector pointing from y(¢) to the center of the osculating circle
to  at t. If we use T(t) to denote the unit tangent vector to v, then

. t . —si t .

T(t) = (Cf)sw( ))) and N(t) = i( sin(( )>> = 4T, T,

sin(v(t)) cos(¢(t))

where the + depends on the signed curvature of . Note that
dT (s 4
di cos(1))

and therefore,

drT - - -
a0 sgn(k)N = N = sgn(k)T, 2T (4.4)
which in turn means that
AN T . . B
W sgn(kz)T,rp@ = sgn(k)T5 )2 <sgn(k)N> =T /oN = —sgn(k)T. (4.5)
This allows us to express the evolute entirely in terms of intrinsic parameters, i.e.
— sin(1))
E= R- k) - 4.6
v Reseth) - (o) (1.6

A Curvature Lemma.

The following lemma is, as far as we are aware, new, but is derived from the well known

statement that the arc length of the evolute between two points equals the difference between
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the radii of curvature at those two points. Proofs of this fact can be found in [62, 77, 88].
One version of this lemma appears in [61] with no discussion or proof, so we provide one

here.

=
~

Figure 4.14: A visualization of Equation 4.1. T and N for a curve with negative signed

curvature (left) and a curve with positive signed curvature (right).

Lemma 16. Let v be a piecewise smooth curve with evolute E. Then the radius of curvature

Rg of the evolute can be written as

S

Proof. Recall that R = j—¢

= j_{z -sgn(k). Then from Equation 4.6,

)

Then so long as the curvature of 7 does not vanish, we can compute
dE.dy dR — sin(v) —cos(v)) dy
w0 () s (20O

dR —sin(v) dy dR (—sin(¢)

= -sgn(k) - ( cos(1) > T-R-sgn(k)- 75 j:E- ( cos (1)) ),

and in particular, | ’ “fj—}: . Then we can write the arc length of E as

dE *1d
SE I/ ds —/ 1
S0 S0

—\d
ds S %

E:7+R-sgn(k:)-(

=T+
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and so long as R does not change sign from sq to sq,

Rl—Ro ﬂj>0 dR
= ’ = (R — Ro) - sgn (E)
Ry — R, %<0

with respect to some fixed initial point where ~ has curvature Ry. Therefore, we conclude
that
ds E

_|dr dR
| [ e (%)

where we note that dR/diy and dR/ds have the same sign iff 7 has positive signed curvature.

Rp =

Y

Thus, we see that

Rp

_dR dR
= W sgn

%) sgn(k),

......

(a) a=0.5m

(b) a = 0.3057

(c) a =0.2157

...........

(d) o = 0.1357

(e) a = 0.0657

(f) « =0.0m

Figure 4.15: A cycloid (gray, dashed) and its evolutoids (black).
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FEvolutoid angle shift

The following lemma can be viewed as immediately following the definition of the evolutoid

as an envelope, but we provide a proof of this fact based on Proposition 13.

Lemma 17. If the tangent line to v at v(t) forms an angle of ¥ with the x-axis, then the

™

tangent line to E, at E,(t) forms an angle of ¢ +a — 5 with the x-axis.

Proof. Suppose that v is parametrized by its arc length, i.e. we can replace ¢ with s. Then

as we saw in the proof of Lemma 16,

£ 2(21)

Then since

we have

dcia =T, [sin(a) : T_ﬁ/gfl—z + cos(a) - sgn(k) - Cfl—]j' (_C(S)ls?g/)}))} -

Remembering that fl—z = (Z?j((g))) give us that
dE, , — sin(v)) dR [—sin(¢)
=T, . . k). — . :
i =7 [ (o) o000 G- (o
and combining terms appropriately yields
dE, . dR d
o= <sm(a) + cos(a) - sgn(k) - E) Ta_ﬂ/zd—z.
Since Z—Z is the unit tangent vector of v, and % is a tangent vector of E,, we are done. [J

Proof of Theorem

Before we prove the Theorem, we establish one last fact. Equation 4.2 above implies

dr dy )
- sgn(k)Rcos(v), and " sgn(k)Rsin(v).
In other words,
dy -



136

Note that this looks similar to the classical statement R = |ds/di|, with a key difference of v
instead of s. There is, in fact, no contradiction here, as again we take all intrinsic quantities

to be parametrized by some consistent parameter.

— a = 0.5007
— a = 0.3007
—a = 0.2457
—a=0.1757
— a = 0.1647
—a = 0.1507
—a = 0.1007
— a = 0.0007

Figure 4.16: A logarithmic spiral (in red) along with its evolutoids (shades between red and
blue).

Proof of Theorem. We would like to show that R,(t), the radius of curvature of E,, is a
constant multiple of R(t). To be precise, R(t) denotes the radius of curvature of v at ¢
according to some parametrization of v, and R, (t) refers to the radius of curvature of E, at
t according to the parametrization induced by =, i.e. Equation 4.1. Using Proposition 13,

we write the evolutoid as
E, =T, [sin(a) - T_27 + cos(a) - E] .
=T, [sin(oz) T )97 4 cos(a) - <7 +R- ]V)} :

Because of Equation 4.7, we will take the derivative % to extract R,. Recall that v, =
Y + a — 5. Then taking a derivative with respect to ¢, is the same as taking a derivative

with respect to v, so
dE, dE,
dipo — dyp

ST 4 cos(a) - @} .

dvp
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Isolating the evolute derivative, we have

dE dy dR - AN
— = _’7 _R N+ R - —
dip - dip - dyp dip
which, using Equations 4.5 and 4.7 for derivatives of ~, N with respect to ¢, gives
dE - dR - - dR -
— = EYR-T+ — - N — EYR-T =—"-N.
Plugging this back in and using Equation 4.7 once more gives
E - ~
Z@L‘ =T, {sgn(k)R sin(a) - T_ /T + cos(a) - Z—i : N] :
Applying Equation 4.4 and grouping everything together, we have
dE - d ~
=T lsgn(k;)Rsin(oz) T T+ cos(a)d—fz - N]
. = dR -
=T, |sgn(k)Rsin(a) - N - (—sgn(k)) + cos(oz)@ - N
= (—Rsin(a) + Z—f; : Cos(a)) TN
Therefore, by Equation 4.7, we have that
dFE,

—Rsin(a) + j—f; - cos(a)

R ~|

dYa

Since v and F are similar, if R can be written as a function of tangential angle v, with
R = f(v), then Rg = af(y) + (), where a (constant) is the ratio of similitude, and [
(constant) is a shift. Franklin [34] and Light [61] already discussed this and suggested that
f must be of the form

f) =3 Cyem®.
J
with m; = ae™® to ensure the differential equation in the statement of Lemma 16 holds.

We formalize this line of reasoning as follows. If R is a function of ¢, we can use Lemma 16

to see that
dR B

dR
o0 = 1) = Re s () -sen(h) = £ (6 + ).
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Therefore, we are interested in solving the delayed differential equation

f'W) =+xaf(+B), (4.8)

where the sign depends on the sign of dR/ds. Since f is periodic, write

F) =) ae™ = f'() =) ilae™.

lez lez
Then
Z ilae™ = +aq Z a; VP = 44 Z a;eBel
lez leZ leZ
implies that either a; = 0 or il = d-ae™®. In the latter case, we see that |a| = |I| and 3 is a

rational multiple of 7, which enforces that
f() = ze"™ 4+ ze "% = C cos(ay),

for some constant C'. We see that the presence of sign terms in the equation of Lemma 16

serves to correct the sign issue of f which we see above. Then we have
R, = | — Ccos(ay)sin(a)) — aC'sin(ar)) cos(a)|,

which by phasor addition is also of the form D cos(ai) + 6), for some constants D, 6. Thus,

we see that R, is, up to an argument shift, a constant multiple of R. U

4.2.3 New FExamples

This leads naturally to the question of which curves have evolutes similar to themselves. One
might be tempted to believe that this is a very rare property — which is, in some sense, true.
However, already more than a hundred years ago Franklin [34] and Light [61] showed with
an ansatz that one could use this machinery to produce new examples. Their investigation is
purely theoretical as they neglected to actually produce examples. The procedure to generate

new examples is straightforward. Observe that the function

f(W) = Ce™ cos(yv), (4.9)
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for real constants C, z, y, solves the delayed differential equation discussed in the proof of the
theorem (with appropriate constants a, §). Integrate Equation 4.2 with R = f. We show in
Figure 4.17 some examples of new curves which satisfy the condition that they are similar

to their respective evolutes as well as their evolutoids.

(a) 2=0.184,y =1 (b) x =0.184, y = 0.75

Cc)x =U. 5 = 1. xr = 0. , = ].
(c) = 0.184, y = 1.44 (d) & = 0.184, y = 1.75

Figure 4.17: New curves whose evolutes and evolutoids are similar. Original curves in red,

evolute in blue, and evolutoids in black. Parameters provided for Equation 4.9

4.2.4  Concluding Remarks

We discovered recently that many of the ideas discussed in this chapter have been explored in
[55], but our work was done independently. Their perspective, however, is slightly different.

In particular, they do not seem to address the relationship between a curve being similar
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to its evolute and being similar to its evolutoids. Instead, they directly characterize the
condition that a curve is similar to its evolute or evolutoids without relating the two. We
would have liked to prove the general statement that a curve which is similar to its evolute is
also similar to all its evolutoids. Doing so requires characterizing all solutions to the delayed
differential equation 4.8 which is nontrivial. Instead, we restricted our attention to curves
that had periodic curvature in order to be able to use the Fourier series expansion which is
used by Franklin [34] as an ansatz. The ideas used [55] would likely be able to extend our

result to other cases.
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Chapter 5

JUNIPER GREEN

5.1 Introduction

5.1.1 History.

Juniper Green is a simple combinatorial game that was originally invented by Rob Porteous
to teach children about multiplication and division (Juniper Green is the name of the school
where Porteous taught). Porteous explained it to his father, the mathematician Ian Porteous,
who in turn explained it to Ian Stewart, who then popularized it in a 1997 article [85] in
Scientific American and further described in his 2010 book [37]. The history may be more
complicated, Paul Blatz [$0] recalls that the game was discussed in a number theory course
given at Princeton University by Eugene Wigner in the late 1930s. The game has since also

been discussed in the pedagogical literature [18, 79, 91].

5.1.2  Rules.
The game involves two players and is played on [n] = {1,2,...,n} subject to the following
rules.

1. Players take turns selecting numbers from [n] such that each selected number must be

a factor or multiple of the previously selected number.
2. Once a number has been used, it cannot be selected again.
3. A player loses if they have no legal moves.

One can check that the first player has a straightforward winning strategy by picking a
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prime p greater than n/2. This forces a response of 1, allowing player one to end the game
by picking a second prime ¢ also greater than n/2. This requires only the existence of at
least 2 distinct primes p,q € (n/2,n). For sufficiently large n, this is guaranteed to be the

case. Because of this “boring” strategy, it is standard to introduce the additional rule.

(4) The first move must be even'.

Figure 5.1: An induced subgraph of the divisibility graph for n = 100 on the vertices relevant

to a particular winning strategy.

Stewart described this game in [35, 87] and for n = 100, describes how the first player can
win with 58 or 62 as the opening move. A complete description of the possible sequence of
moves in that case is shown in Figure 5.1. It is unclear whether this particular strategy for

n = 100 can generalize. Stewart’s article finishes with the following question.

What about [...] completely general n? Can anyone find patterns? Or solve the
whole thing? (Tan Stewart [35])

5.1.8 Lemoine’s Theorem
Stewart’s question was completely answered by Julien Lemoine in a 2022 paper.

Theorem (Lemoine [59]). For any n > 120, the first player has a winning strategy.

The argument relies on the fact that there always exist 3 primes in [n/4,n/3] for n sufficiently

large, a similar strategy for the first player can be generalized for arbitrarily large n, leaving

!One might reasonably ask why this modification is not to instead restrict the first move to a composite.
We asked ourselves the same thing and have no satisfying answer.
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only finitely many cases to directly analyze. Lemoine furthermore directly analyzes the
finitely many remaining cases in n < 120 and tabulates which player can force a win by an

exhaustive analysis.

Figure 5.2: The divisibility graph on [n] for n = 100, where the vertices are arranged in a
circle. In particular, vertex i is placed at (cos(27i/n),sin(2wi/n)) € R% The curves that

appear as envelopes of these edges are epicycloids.

5.2 Result

We were motivated by Stewart’s question whether more can be said: is it possible to under-
stand the structure of winning moves for each n? In this sense, we refer to Juniper Green
as the game subject to rules (1) — (3) and not (4) with the understanding that starting with
a large prime number is a winning move for player one (which was the reason for rule (4)
in the first place). Our main result can be informally summarized by saying that winning
moves in Juniper Green correspond to a specific set in the Gallai-Edmonds decomposition
of the divisibility graph on [n] (see Figure 5.2). We recall that the divisibility graph, which
we denote G, is the undirected graph with vertices V' = {1,2,...,n}, where an edge exists

between 4, j when ij.
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5.2.1 The Gallai-Edmonds decomposition

We first describe the main ingredient which was discovered, independently, by Tibor Gallai
[36, 37] and Jack Edmonds [32]. Given a graph G = (V, E), the Gallai-Edmonds decompo-

sition is a partition of the vertex set into three disjoint sets
V =D(G)UAG)UC(G),

as follows: a vertex is said to either be essential (if it is covered by every maximum matching

in G) or inessential. The decomposition is now as follows:
1. D(G) CV consists of all inessential vertices.
2. A(G) C V contains all essential vertices with an inessential neighbor.

3. C(G) C V contains all remaining essential vertices.

Figure 5.3: The Gallai-Edmonds Decomposition of G with 1 (1 € A(Gy6)) omitted to

reduce clutter. For n sufficiently large, 1 will always be a member of A(G,,).

5.2.2 Main Result.
We can now state our main result.

Theorem (Main Result). The winning moves for player one in Juniper Green on [n] are

precisely the vertices in D(G,,) of the Gallai-Edmonds decomposition of G,,.

The result follows from Berge’s Theorem [15, 16], see §3 for the details and a proof. As is

often the case, it is difficult to answer a question without raising a new question; here, the
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new question evidently becomes

What can be said about the Gallai-Edmonds decomposition of the divisibility
graph on [n]?

As shown in Figure 5.4, it appears nontrivial to say very much at all. The result of Lemoine
implies that |D(G,) N2N| > 1 once n > 120. Computations using the blossom algorithm
[53] to construct the decomposition suggest a most curious picture. It appears as if |A(G,,)|
is constantly small while |C(G),)| and |D(G,,)| seem to dramatically alternate in size: these
transitions seem to occur whenever n has many small prime factors (making it a particularly
centrally vertex in the divisibility graph). This makes intuitive sense as illustrated with the
following example. G191 does not differ much from G, as only one new vertex and one new
edge are added; however, GG1qg differs very much from Ggg, as from 99 to 100 adds many edges
to the new vertex. That said, it remains unclear how one can make this precise. From Figure
5.5, there are a number of observations that can be made. It appears that the majority of
the elements of A(G,,) are less than n/3, and there are no members of A(G,,) between n/3
and n/2. The interval [n/2,2n/3] seems to have the highest density of elements of D(G,,).
Vertical bands that seem to correspond to primes appear to belong either to D(G,,) or C(G,,)
depending on n. Horizontal bands seem to indicate some kind of persistence a particular
number has in terms of which part of the Gallai-Edmonds Decomposition it belongs to. It
is easy to make further guesses, but it seems difficult to prove anything along these lines

rigorously.

5.3 Proof of the Main Result

Juniper Green is a specific instance of the ‘snake in the box’ game on an undirected graph
as described in [16]. Snake in the box is a two player combinatorial game subject to the

following rules.

1. Players take turns selecting vertices of a graph G such that each selected vertex must

be a neighbor of the previous vertex.
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2. Once a vertex has been used, it cannot be selected again.
3. A player loses if they have no legal moves.

Notice that indeed, the above rules are entirely analogous to the rules described in §1. We
can therefore understand Juniper Green as snake in the box played on the graph with vertex
set [n] and edge set {(7,7) : i|j}. In other words, Juniper Green is snake in the box played
on the divisibility graph G,,.

Recall that a matching of a graph is a set of edges, no two of which share an edge. A
maximum matching is simply a maximum cardinality matching. Note that this is not to
be confused with a maximal matching, which is a matching M such that M U {e} is not a
matching for all e € F'\ M. Using maximum matchings, Berge provides a necessary and

sufficient condition for the first player to have a winning strategy for snake in the box.

Theorem (Berge, [10]). For snake in the box on a graph G, the first player has a winning

strategy if and only if a mazimum matching of G does not cover every vertex.

10 1.0 10
0.8 ‘6 . 0.8 0.8 1 s""' , .
061} e JENYY 0.6! s
041 041 041
0.2-M o.z-% 0.2, srtihammpuady e i
- ~

0.01- 0.0 0.01-

0 5000 10000 0 5000 10000 0 5000 10000

|D(G)|/n |A(GR)|/n |C(Gy)|/n

Figure 5.4: Proportions of D(G,,), A(G,), and C(G,,).

The proof of this theorem is quite elegant, using Berge’s alternating chain lemma. The proof
is important for our purposes as it provides as a corollary an exact set of moves the first

player can make to force a win.

Lemma 18 (Alternating Chain Lemma). A matching M of a graph G is a maximum match-
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ing if and only if there are no two vertices uncovered by M that are connected by an alternating

chain, i.e. a chain whose edges alternate between belonging to M and E(G)\ M.

Interestingly, the alternating chain lemma is sometimes called the alternating chain theo-
rem or Berge’s theorem (not to be confused with the above theorem). Its proof is slightly
more involved, so for the interested reader, we refer to [16]. We now give Berge’s proof

characterizing which player wins snake in the box.

2501

200

150

100

501

0 50 100 150 200 250

Figure 5.5: The elements of [n] plotted against n colored by whether they belong to D(G,,)
(red), A(G) (yellow), or C(G,,) (blue). The black lines plotted are n/3, n/2, and 2n/3.

Proof of Theorem. Let M be a maximum matching of G. If M does not cover a vertex vy,
the first player can select v;. The second player’s response must be covered by some edge
e = (vy,v3) € M, as otherwise, M’ = M U e would yield a larger matching. Suppose the
second player chooses vy. The first player now can choose the other vertex of e, namely vs.
From this point forward, the second player may not select a vertex uncovered by M, as this
would violate the alternating chain lemma. Since the first player opened with a vertex not
covered by M, the second player must always select a vertex u covered by ¢/ € M such that

if ¢ = (u,u’), v has not yet been selected. This means that regardless of what the second
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player chooses, the first player will have an available move. Therefore, the first player cannot

lose, i.e. player one wins.

—o —eo
I ! | I
Vg | | V3 U2 | |
Ry i O
P X P
(%K N ‘ | V1@ e
N | S.
| | US : |
I ! I !
I ! | !
*—9O *—

Figure 5.6: If M is a maximum matching of G and e € M, then any neighbor u of vz must
also be covered by some edge of M, as otherwise, replacing e with (vy,v9) and (v3,u) would

yield a matching with higher cardinality.

If M covers every vertex of G, the second player has the following winning strategy. The
first player chooses some vertex u, allowing the second player to respond with v, where
(u,v) € M. Since every vertex of G is covered by some edge of M, we see that the first
player will always select some vertex u' such that if ¢/ = (u/,v") € M covers v/, v’ is available

for the second player to choose.

Figure 5.7: Whatever the first player selects, the second player can always respond by

following the edges of a maximum matching M.

Therefore, the second player always has an available move by following M, so they cannot

lose, i.e. player two wins. 0
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Berge’s proof gives us all the relevant tools to prove our result.

Proof of Main Result. Berge’s proof tells us that the set of opening moves that the first
player can take and win is precisely the set of inessential vertices, those elements v € V' such
that there exists a maximum matching M that does not cover v. Thus, since Juniper Green

is snake in the box on G,,, we conclude that the set of winning openings for the first player

is D(G,,). O



150

Chapter 6

RUPERT

6.1 Introduction

6.1.1 Introduction

According to John Wallis [94], Prince Rupert of the Rhine, whom Wallis calls vir magno
ingenio € sagacitate [a man of great ingenuity and sagacity| posed the question (and wagered
in favor of its answer being the affirmative) of whether a cube can “pass through itself”, i.e.
whether hole can be drilled into a cube such that an identical cube can be passed through

that hole.

Figure 6.1: An illustration that the cube is Rupert.

Rupert’s question was answered in the affirmative by Wallis himself, who showed that the
flat projection of the cube into a square can fit inside the regular hexagonal projection of the
cube along its space diagonal (see Figure 6.1). In fact, Wallis’s construction allows a cube
with side length v/6 — v/2 ~ 1.03 to pass through a hole drilled through a unit cube. Later,
Peter Nieuwland (1764 — 1794) showed that an by using a slightly different projection, the
same is true of a cube with side length v/18/4 = 1.06 and that this improvement is opti-
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mal. Nieuwland himself never published this; it was published posthumously by Nieuwland’s

advisor in [93].

To make all of this precise, we introduce the following notation. We use P to denote a
polyhedron which refers to the convex hull of a finite set of points in R? in convex position.
Moreover, let P° denote the interior of P. Let P : R* — R? denote the projection which
drops the x coordinate. Then Prince Rupert asked, do there exist Ry, Ry € SO(3) and t € R?
such that
Po Ri(Pc)+tC PoRy(P2),

where Po is the set of vertices of the cube. Note that the use of of the interior on the
right side of the containment is important, as otherwise, we could trivially choose R; = Rs.
We say that a polyhedron P has the Rupert property (or is Rupert) if it satisfies the above
condition, and that the orientations R, Ry are a Rupert passage for P. Moreover, one can
measure “‘how Rupert” a polyhedron P is by testing what the largest scaling sP is, that
can still pass through P. This notion is known as the Nieuwland number or Nieuwland

constant (see [35, 84]) and is defined more precisely as the largest s € R such that there

exists Ry, Ry € SO(3) and ¢ € R? for which
PoRy(sP)+tC PoRy(P°)

holds. For instance, as discussed above, Nieuwland showed that the Nieuwland number of

the cube is v/18/4.

6.1.2 State of the Art

Currently, it is known that all 5 Platonic solids, 11 out of 13 Catalan solids, and 87 of the
92 Johnson solids have the Rupert property. Note that proving that a polyhedron is Rupert
is a far easier task than showing that it is not. For the former, one need only exhibit two
projections and verify containment, while for the latter, it is not immediately clear how one

might even begin. The fact that so many nice solids (as well as other polyhedra) have the
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Rupert property led to the following conjecture.
Conjecture (Jerrard-Wetzel-Yuan [52]). All convex polyhedra are Rupert.

Jerrard, Wetzel, and Yuan [52] state their conjecture “with a certain hesitancy”. This caution
seems to have been appropriate, as recently, Steininger and Yurkevich [$1], constructed a

convex polyhedron that cannot pass through itself.

Figure 6.2: The Noperthedron of Steininger and Yurkevich.

Theorem (Steininger-Yurkevich [31]). The Noperthedron is not Rupert.

Their proof is extremely computational and relies on a cleverly constructed polyhedron
(shown in Figure 6.2) with 90 vertices and 27 /15 rotational symmetry, allowing them to re-
duce the size of their parameter space. In particular, their polyhedron is centrally symmetric,
meaning that for every vertex v of the polyhedron, —uv is also a vertex. This condition effec-
tively allows the removal of ¢ in the above containment condition. Intuitively, the existence
of the Noperthedron as a counterexample would suggest that there should exist many other
potential non-Rupert polyhedra. Steininger and Yurkevich made the following conjecture

[83] which, to the best of our knowledge, remains open.

Conjecture (Steininger-Yurkevich). The rhombicosidodecahedron is not Rupert.
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The rhombicosidodecahedron is an Archimedean solid with 62 faces (20 triangles, 30 squares,
and 12 pentagons), 60 vertices, and 120 edges. Our main motivation was that there should
surely exist simpler counterexamples, i.e. polyhedra that are not Rupert and have many

fewer vertices and a simpler face structure, leading us to ask the following.

Question. What is the ‘simplest’ polyhedron that is not Rupert?

(A4'4 2
DA A

Figure 6.3: The stellated tetrahedron Pyy 9. Faces with similar colors share the same base

tetrahedral face prior to stellation. We conjecture this convex polyhedron to not be Rupert.

6.1.3 The Stellated Tetrahedron

The Triakis Tetrahedron is a polyhedron with 8 vertices, 18 edges, and 12 faces. It can be
obtained by starting with a regular tetrahedron and then adding an additional point for each
of the 4 faces; this point has the property that its orthogonal projection onto face is exactly
the centroid of the triangle (this process is known as ‘stellation’). We stellate each face of
a regular tetrahedron such that the resulting polyhedron has constant dihedral angle, i.e.
the angle between any two adjacent faces is constant. Fredriksson showed in [35] that the
Triakis Tetrahedron is Rupert with a lower bound for its Nieuwland number to be roughly

1 +4 x 107%. The techniques used by Fredriksson likely ensure that this is not far off from
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the true Nieuwland number. This value is remarkably low which led us to consider similar

polyhedra as potential non-Rupert candidates.

We consider the stellated tetrahedron P, with vertices

po = (1,1,1), q = (—a,—a, —a),
p=(1,—-1,-1), ¢ = (—a,a,a),
P2 =(—1,1,-1), ¢ = (a, —a,a),
ps=(—1,—-1,1), g3 = (a,a,—a).

Edges are between all p;,p; and p;,¢; for i # j, and a € (0.5,0.57). Note that a = 0.6
corresponds to the Triakis tetrahedron. An algorithm implemented by Fredriksson [35] is
capable of quickly verifying the Rupert property for many polyhedra, including several that
were previously not known to be Rupert. For stellated tetrahedra with a € (0.5,0.57),
however, the code is unable to find a Rupert passage (see Figure 6.4). Scott, in [70], provides
a sufficient condition for a polyhedron to be locally Rupert, which these stellated tetrahedra

do not satisfy. We conjecture that these stellated tetrahedra are not Rupert.
Conjecture. The stellated tetrahedron Py a0 is not Rupert.

The choice of a = 11/20 is, admittedly, somewhat arbitrary. It is a nice enough rational
number in the interval (0.5,0.57) which is convenient to type as input into a computer
program. In support of this conjecture, we provide numerical evidence that the majority of

pairs of orientation do not yield a Rupert passage.

The space of all pairs of orientations, that is SO(3) x SO(3), is a 6-dimensional manifold.
Since we can encode an element of SO(3) using three angles a, 0, ¢, we can define a parameter
space Ay as a 6-dimensional space, i.e. [0,27]® over which to search for Rupert passages. We
discuss in §3 how Ag can be reduced to A = [0, 27]? x [0, 7] % [0, 7/2]?. If we use the product

measure on A, we can formulate the following statement.

Theorem. There is no Rupert passage for Piq/20 in 88% of A.
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Additional computational efforts may suffice to do increase the number and establish the
result for (100 — )% for any ¢ > 0. However, we lack a satisfactory local theory ensuring
that ‘infinitesimal rotations’ cannot create a valid Rupert passage, i.e. we cannot check that
P11/20 1s not locally Rupert. It is not clear to us whether Py /99, a polyhedron on 8 vertices, is
the simplest example of a convex polyhedron that is not Rupert (if indeed it is not Rupert);

however, it is a reasonable candidate.

1.09-
1.06
1.03- K
00000000 ..

1.00 4 ®ococce “ou-uoumu-nn“".

0.97 4

0.4 0.6 0.8 1

Figure 6.4: Numerical Nieuwland numbers for P, plotted against a computed using the

techniques of [35].

6.1.4 Main Result

6.2 Lemmas

Note that throughout this section, we refer to P, instead of Piy/90 as the statements and

results are not specific to a particular value of a.

6.2.1 The Polygon Setting

Given two orientations R;, Ry of P,, we would like to check whether R{P, can “fit inside”
RyP,. Moreover, if R;P, “cannot fit inside” RyP,, we would hope to say that R|P, also
“cannot fit inside” RLP, for orientations R|, R, that are “close” to Ry, Ry respectively. We

now establish the necessary machinery to make all of this precise. Let P, be convex
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polygons in R? with vertices {p; }icin], {¢;}jepm) (ordered counterclockwise) respectively. Like
in the polyhedron setting, when we say polygon, we refer to the convex hull of a finite set of

points in convex position in the plane. Let {n;} denote the outward facing normals of @, i.e.

ni = Reo(¢i — qigr).
Then x € Q if and only if (n;,z) < b; for all 4, where b; = (n;,¢;). Let s € R and t € R?
and consider the set of inequalities
(nj, spi +1) < by, (6.1)
for all i € [n],j € [m]. Geometrically, values of s,¢ that satisfy this system of inequalities
correspond to a scaling of P that can be translated to fit inside @), i.e.
sP+tCqQ°. (6.2)

We say that P fits inside Q or Q contains P if there exists t € R? and s > 1 satisfying 6.2.
If s* is the largest possible value of s, we say that P fits inside Q) up to scale s*. Note that
this relation is transitive, i.e. for polygons A, B, C' if A fits inside B and B fits inside C,
then A fits inside C. We remark that others use similar language to allow rotating P at the
price of a more complicated verification [20]. In our setting, we drop this rotation in favor

of a simpler condition due to the relative simplicity of our polyhedron.

N N
// N // N
’ AN ’ AN
Sosp S p
N 7 14 N 7 4
N s N s
N ’ N s
N ’ N ’
N

Figure 6.5: P does not fit inside @, but P’ does fit inside Q.

For a convex polygons P, we say that a J-perturbation of P is any polygon P’ such that

llpi — pi|| < 6 for all i. Then we have the following lemma.
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Lemma 19. For convex polygons P,Q, let P’ be a polygon that is contained by all &;-
perturbations of P and QO be a polygon that contains all 6o-perturbations of Q. Let s* be the

optimal solution to the linear program with objective function s and constraints
<nj7 Sp; + t> < <nj7 q;')’

for all i € [n],j € [m]. If s* < 1, then no 0y-perturbation of P can fit inside any Os-

perturbation of Q.

Proof. If s* < 1, then P’ does not fit inside Q'. Let P be a di-perturbation of P and @ be a
do-perturbation of ). Then since P’ fits inside P and @ fits inside @', we immediately have
that P cannot fit inside @ O

6.2.2 The Polyhedron Setting

We encode our orientations in the following way. Let My, be the rotation matrix given by

—sinf cosf 0
M9’¢ —
—cosflcos¢p —sinfcos¢ sin¢

r sing 0 cos¢ cosf sinf 0
010

= 0 1 0 —sinf cosf 0],
0 01

- —cos¢ 0 sing 0 0 1

and let R, denote counterclockwise rotation by « in the plane. Then a polyhedron P is
Rupert if and only if there exist angles «, 0, ¢, o/, 0, ¢’ such that P = R, o My 4P, fits inside
Q) = Ry o My »P,. Notice that we can always assume o = 0, since we can rotate P by —a’.
This allows us to encode SO(3) x SO(3) as a 5-dimensional rectangular prism, i.e. [0,27]°.
If we have that P = R, o My 4P, fits inside @ = My »P,, we say that («,0,¢,6,¢') is a
Rupert passage.

Lemma 20 (Steininger-Yurkevich). Fore > 0, if |a — /|, 10 — 0’|, |¢p — ¢'| < e, then

||M97¢ — M9/7¢/|| S \/56, and ||RaM9,¢ — RwMgwy” S \/35.
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For P = R, o My 4P,, we say that P" = R, o My » is an e-angle perturbation of P if
la — /|, |0 — €|,|¢p — ¢'| < e. Then with these two lemmas, we obtain as a corollary the

following.

Figure 6.6: The construction of polygons P’ (left) and @’ (right) as in the Corollary.

Corollary. Let P = R,0My 4P, and QQ = My »P,. Let P' be a polygon that is contained by
all e-angle perturbations of P and Q' be a polygon that is contained by all e-angle perturbations
of Q and suppose P’ fits inside Q' up to scale s. If s < 1, then there is no Rupert passage

for any e-angle perturbations of P, Q).

So long as we have a way of constructing such P’ and @', this allows us a way of verifying
that there is no Rupert passage within a full £ side-length cube in our 5-dimensional pa-
rameter space. One can do so using tangent lines to circles whose radii are the perturbation

parameter, as in Figure 6.6.

6.2.3 Symmetries

In practice, [0,27]° is rather large, since the cubes we end up computing have small side
length, in particular order 10~! or smaller. Because the stellated tetrahedron exhibits tetra-
hedral symmetry, there are a number of symmetries that can reduce our parameter space

and computation time.



159

Lemma 21. My /2 4Ps = —MpgyPo = Ry o MyyP,.

Proof. Compute

—cosfcosp —sinfcos¢ sing

—sin6 cos b
Mp 4(b) =

—b, sin 0 + b, cos 0
cos ¢(—b, cos§ — b, sin ) + b, sin ¢

—cos 6 —sinf
Mpir2,6(c) =

and

sinfcos¢p —cosfcosg sing

—cg cost) — ¢, sind

cos P(c, sinf — ¢, cos @) + ¢, sin ¢
Then if ¢, = —b,, ¢, = by, and ¢, = b;, we have that My 4(b) = Mp,~/24(c). In particular,

one can check that

My s(po) = —Mpir/2,6(P1), My s(q0) = —Mosr2,6(01),
My ,o(p1) = —Mpir/2,6(D3), My o(q1) = —Moin)2,6(q3),
Mo, s(p2) = —Mpyr/2,6(po), Mo, s(q2) = —Mo1r/2.6(q0),
Mo (p3) = —Mpir2,6(p2), Mo.4(q3) = —Mpir/2.6(q2).

U

Let 6 = 6 (mod 7/2) and 0 =0 (mod 7/2). Checking whether P = R, o My 4P, fits in
Q) = My 4P, or vice versa is equivalent to checking whether P, fits in @), or vice versa,
where P» = Rqyp0 M, 5.6 Pa and Q2 = Mp o for some angle § € {0,7}. Consequently, we
may restrict both 6 parameters to the interval [0, /2], thereby reducing our parameter space

to [0, 27 x [0, 7/2]2.
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Lemma 22. My 4P, = U o My 4P,, where U denotes reflection across the x-axis in the

plane.

Proof. Compute

—sin 6 —cosf 0
M0,¢+7r =
cosfcos¢ sinfcos¢p —sing
1 0 —sin 6 cos 0
= [¢) =Uo M97¢.
0 —1 —cosfcos¢p —sinfcosg sing

0

Let ¢ = ¢ (mod 7) and ¢/ = ¢ (mod 7). If both ¢, ¢ > =, then checking whether P =
R, o My 4P, fits in Q = My 4 or vice versa is equivalent to checking the same for P, Qs,
where P, = R, o M, 5Pa and @)y = My 5 Therefore, we need not have both ¢, ¢’ range
over the entirety of [0,27]. In particular, we can restrict ¢ to [0, 7], thereby reducing our

parameter space again by an additional factor of 2, yielding a parameter space of A =

0, 27]% x [0, 7] x [0, 7/2]%.
6.3 Computational Approach

6.3.1 Implementation Details

There are a number of technical details that require discussion. First, computing s* such that
P fits in @ up to scale s* is achieved by an LP solver. We use fitScale to denote a method
that takes two polygons P and () and returns s*. This is a fundamental computation that is
used many times when implementing the Corollary. To do so, we implement the subroutine
Check (see Algorithm 1), which takes as input a 5-tuple («,6,¢,60’,¢") and a threshold b
and returns a value € such that no Rupert passage is possible within the ¢ side-length box

centered on (o, 0,¢,0,¢).

This is achieved by starting with a large initial perturbation value 0, which will result in P’
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Algorithm 1 Check

P < Ry 0 My ¢Pr1/20

Q < My gP11/20

sp < fitScale(P, Q)

sg ¢ fitScale(Q, P)

if max(sp,sg) > 1 then

return INVALID

end if

9+ 0.25

while § > b do
P_ < buffer(P, —/50)
Q4 « buffer(Q,/20)
P, « buffer(P,/56)
Q_ + buffer(Q, —v/20)
0+ 0.86
s_ < fitScale(P_, Q)
Sy < fitScale(P,,Q-)
if max(s_,s;) <1 then

return 29

end if

end while

return 0
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and Q' polygons that are too disparate in size allowing on to fit into the other. We then
iteratively reduce ¢ until P’ and )’ cannot fit into each other or until ¢ is below our threshold
b. Note that the pairs (P_, Q) and (Py,Q_) play the roles P’ and @ in the Corollary. We
need two checks here to ensure that there is no containment in either direction. The buffer
method computes buffer polygons as illustrated in Figure 6.6 using the shapely Python
package. With Check described, we are now equipped to implement our main algorithm,

whose aim is illustrated in Figure 6.7 and pseudocode in Algorithm 2.

Algorithm 2 Orthtree Search
L+ {Cl,...7032}

S+ {}
while |L| > 0 do
Pop cube C' from L

w < side length of C'
if C has side length less than € then
S <« Join(S,{C?})
else
€ < Check(C)
if ¢ < w then
{C1,...,Cly} < 8plit(C)
L < Join(L,{C1,...,C%})
end if
end if
end while

return S

Our parameter space A can be decomposed into 32 cubes. Initialize a queue L with these

32 cubes {C4,...,Cs}. We maintain a list S of boxes with side length less than b. For each
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cube we apply Check to see if we can rule out any Rupert passages in the entire cube. If we
can, we move on to the next cube. If we cannot, subdivide the cube into smaller cubes and
append them to our queue. What this effectively does is partition our space in the manner
of an orthtree, the arbitrary dimension generalization of quadtrees and octrees. This will
rule out the regions of our parameter space that are sufficiently far from the 3-dimensional
diagonal submanifold of SO(3) x SO(3). Here, Join appends queues or sets together, and
Split takes as input a cube C' and returns the 32 cubes obtained by splitting C' in half along

each coordinate direction. Running our algorithm yields our main result.

Figure 6.7: A 2-dimensional illustration of the algorithm.

6.3.2 Discussion

With some mild parallelization and a value of w = 0.08 (yielding cubes of side length
7/64 ~ 0.049 in S), our algorithm ran in roughly two days. Reducing w would greatly
increase increase this runtime, due to the exponential factor of 32 whenever Split is called.
This would also increase the amount of A ruled to have no Rupert passages, though it is
not clear by how much, as we have verified that some Check does struggle with some pairs
of orientations even if they yield very different projections. This is likely due to the fact

that the polygon constructions for the Corollary are too aggressive. However, even with
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unlimited computational power, our techniques would be insufficient to show that Py /99 is
not Rupert as we lack a way to show that Pyy/99 is not locally Rupert. That is to say, we
do not have a result of the form for all Ry € SO(3), there is no Rupert passage Ry, Ry for
any orientation Ry that is e-close to Ry. Such a statement exists in [$4] as their polyhedron
has a particular nice structure, and perhaps most importantly, is centrally symmetric. This
allows them to removing the translation term in the containment condition 6.2, which greatly
simplifies local analysis. We do not have a local theorem that accounts for the translation

term. Nevertheless, we conjecture that this stellated tetrahedron is not Rupert.
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