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Quasi-sparsity Based Origin-Destination Demand Estimation
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Xuegang (Jeff) Ban
Department of Civil and Environmental Engineering

A good knowledge of the Origin-Destination (OD) demand matrix has been always important
in various transportation applications, including simulation studies, transportation planning,
traffic operations and control, and etc. For a large real network, the OD demand matrix may
have certain quasi-sparsity property, i.e., the majority of the OD pairs have small demands
while only a small portion of OD pairs have large demands. Inspired by Compressed Sensing
technique, this dissertation proposes a Quasi-Sparsity Origin-Destination (QSOD) framework
to explore such quasi-sparsity property of large-scale OD demand matrices. Three QSOD
models (the fixed-mapping QSOD model, the bi-level QSOD model, and the distributionally
robust QSOD model) are established under such QSOD framework. The results theoretically
and numerically demonstrate that under certain conditions the estimated OD demands will
share the same quasi-sparsity with the prior OD demands, and the estimated demands of
most OD pairs (of a large-size network) will be equal to their prior values or zeros (or a
very small value). Such findings provide important practical insights for OD estimation: one
may only require the prior OD demands can capture the relative magnitude of the true OD
demands of the network, which makes it much easier to prepare prior OD matrix in practice.
The comparison between QSOD models and other existing OS estimation studies, and the
integration of multi-sourced data for OD estimation under the QSOD framework are also

discussed in this study.
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Chapter 1
INTRODUCTION

1.1 Motivation

Origin-Destination (OD) demands of a city or a region are essential inputs to many trans-
portation related applications, including transportation planning, traffic operations and con-
trol, traffic simulation studies, new mobility services, and so on. For a real-world transporta-
tion network, it is extremely difficult, if not impossible, to directly observe or collect the
“true” OD demands, while certain datasets (e.g., travel surveys, traffic volumes, or emerging
transportation “big” data) can provide a partial picture (i.e., “sample”) of the OD demands
of the network. Traditionally, OD demand matrices (a matrix with its element in the i-th
row and the j-th column representing the travel demand from zone ¢ to zone j, see Figure
1.1) have been directly estimated using travel survey data [76, 78, 104, 114], or estimated
indirectly from traffic surveillance data, such as traffic volumes [109, 18, 120, 37, 20, 127].
The former has been widely used by transportation planning agencies to produce estimated
OD matrices for a region [31, 29, 30]. The latter, i.e., OD demand estimation models, often
use the estimated OD by planning agencies (as the prior OD) to further improve it by using
additional traffic data. Both types of models have been extensively investigated over the
past several decades, for which (indirect) OD estimation still remains an active research area
in transportation and is also the focus of this thesis.

Two features of the OD demands on a real-world transportation network are crucial for
OD demand estimation models. The first is that for a real urban or regional network, the
number of OD pairs is usually much larger than the number of links (or nodes). For example,
the King County network (the area that includes the City of Seattle in the State of Washing-
ton, USA) has about 15,000 nodes, 40,000 links, and nearly 500,000 OD pairs. When only
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Figure 1.1: Demonstration of TAZ, travel demand between zones, and OD demand matrix

link-based information (e.g., link volume data) is used for OD demand reconstruction, the
number of unknowns (the same as the number of OD pairs) will be much greater than the
number of inputs (related to the available data points, i.e., the number of links), making the
estimation problem “under-determined” [32, 82]. Second, given such large number of OD
pairs in the network, most of them have very small demands in reality. This is intuitively
understandable: the actual travels between many OD pairs in real world, especially those
that are far away from or not very attractive to each other, can be quite small. This can

be partially verified using estimated real-world OD demand matrices and observed trans-



portation big data. For example, the King County OD matrix produced by the Puget Sound
Regional Council (PSRC) has nearly 85% of the OD pairs with fewer than 2 trips per day
while those trips contribute to about 15% of the total demands. These small yet nonzero OD
demands are called insignificant OD demands in this thesis and a demand matrix with most
OD pairs having insignificant demands is called a quasi-sparse demand matrix. Formal def-
inition of quasi-sparsity is given in Section 3.1. Note that such insignificant travel demands,
albeit small, cannot be ignored (i.e., treated as zero) since they represent real travel needs
of a “minority” of the population and should be respected and considered in transportation
applications.

The “under-determined” (also called “ill-posedness”) issue of the OD estimation problem
has long been recognized in the OD estimation literature. One way to address this issue
is to incorporate a prior OD demand matrix to make the OD estimation problem well-
posed, including those using prior OD demands of a full set of OD pairs in the network
[18, 19, 120], and those only using part of the prior OD demands, e.g., studies exploring
the OD observability issue [21, 22, 121]. Indeed, as such prior OD demands are readily
available for many cities or regions (i.e., the estimated OD demands from planning agencies),
incorporating them into OD estimation to further improve them makes a lot of sense. An
implicit assumption of those OD estimation models is that the prior OD is reasonably “close”
(accurate) to the true OD demand, which however was never defined rigorously and may not
be easily verified in practice. Another way to address the under-determined issues is, under
the assumption that the true OD demand is sparse, to explore the sparsity of an OD demand
matrix (actually modeled as a vector) [97]. In fact, the sparsity-based OD estimation models
have been recently investigated, which usually apply the compressed sensing technique [38]
to recover the sparse OD; see detailed reviews in Chapter 2. Noteworthy is that some
sparsity-based OD demand models [77] also incorporated the prior OD demands to improve
estimation results.

The quasi-sparsity feature of OD demands however has not been widely recognized or

explored in the OD estimation literature. This study concerns about the OD estimation



problem when the OD demands present the quasi-sparsity property rather than the spar-
sity property, i.e., most OD pairs have small demands which are not exactly zero. In this
case, sparsity-based OD estimation models cannot directly apply and techniques to explore
sparsity, such as compressed sensing, cannot be used either. This study proposes to use the
prior OD demand as the bridge to connect quasi-sparsity and sparsity. That is, to explore
the quasi-sparsity property for OD estimation, we can study the sparsity of the deviation
between the estimated OD demand and the prior OD demand. To illustrate, let d denote
the estimated OD demand of a network, d° the prior OD demand (e.g., estimated by trans-
portation planning agencies), and d = d° + 7, with 1 the deviation between the two. As
mentioned above, under the quasi-sparsity property of OD demands, it is generally not true
that either d or d° is sparse. We can instead study the sparsity of n to help explore the
quasi-sparsity of OD demands, leading to the quasi-sparsity based OD (QSOD) estimation
models. Such conversion also enables us to take advantage of both the prior OD information
and the powerful compressed sensing technique, leading to superb performance of QSOD as
shown later in this thesis.

Another important aspect of OD estimation studies lies in its stochaticity, due to, e.g,
the possible (day to day) variability of demands and/or observations of traffic. Stochastic
modeling in OD estimation has been extensively studied, which has attracted more attention
recently due to the increasing data availability. For example, given multi-day network-level
observed link flow data, one can estimate the mean and covariance of OD demands given
certain probabilistic assumptions [71, 102]. A more detailed review of existing stochastic OD
estimation models is presented in the next chapter. We can see that most existing stochastic
models impose certain assumptions on the distributions of observed data or OD estimates.
Those assumptions sometimes can be too restrictive or difficult to measure or estimate in
practice. Furthermore, if such assumptions are not satisfied, the resulting OD estimates can
be degraded significantly and may not be properly used in real applications.

Inspired by the stochastic characteristics of OD estimation problems as well as changing

data availability, in this thesis, we also explore QSOD models under the Distributionally



Robust Optimization (DRO) framework, denoted as distributionally robust QSOD (DR-
QSOD) models. DRO is a modeling framework, where the objective is to find a decision
x that minimizes the expected cost under the most adversarial probability distribution,
i.e., minyey maxpep Ep[f (X, £)], where the distribution P of the random parameter £ is not
precisely known but assumed to belong to an ambiguity set D. Unlike stochastic models,
DRO models do not assume a given distribution for the input data or estimates, but take
data variability into consideration for a set of distributions such that the estimate will be
robust to distributional uncertainty of data. Table 1.1 presents the comparison between
the proposed DR-QSOD model and existing stochastic OD estimation models. The key
difference lies in whether we need to put strong assumptions on the data (e.g. link flows)
and OD estimates. Besides, the outputs of the two categories of models may vary, as the DR-
QSOD model gives the overall estimated OD demands and realized day-to-day OD demands
based on daily variations, while stochastic OD models usually gives the mean (and variance)
of the distrbution of OD estimates. Therefore, DR-QSOD and stochastic OD models can be
regarded as two alternative modeling methods for OD estimation under stochasticity. Which
modeling method to use in practice depends on the data availability and the purpose of the

application, e.g., what kinds of results one may expect.

1.2 Objectives and Contributions

In order to fill the above identified gaps for large-scale OD demand estimation, this disser-

tation research aims to achieve the following objectives:

e formally define the quasi-sparsity property of large-scale OD demand, develop the
QSOD framework, and based the previous two to explore the OD quasi-sparsity con-

sistency as well as QSOD solution property for QSOD models.

e aware of the increasing availability and variations of observed data, leverage the distri-
butionally robust optimization framework to consider the data stochasticity of QSOD

models.



Table 1.1: Comparison between DR-QSOD and stochastic OD models

Attributes DR-QSOD Stochastic OD models

Assumption OD demand matrix is quasi- Either input data or output OD

sparse, and distribution parame- estimate, or both follow certain

ters follow an ambiguity set probability distributions [1, 51,
52, 53, 62, 85
Input Prior OD demands, day-to-day Prior OD demands, day-to-day
link flows link flows [51, 52, 53, 62|, rout-
ing data [85]

Output Overall OD demands and daily Only mean [51, 52, 53, 62| or
OD demands mean and variance of OD demand

estimates [71, 85, 102, 122]

Solution Quasi-sparsity Not keeping quasi-sparsity

property

e compare the QSOD models with other existing OD estimation models, summarize the
findings in exploring OD quasi-sparsity property, and provide useful recommendations

and practical insights for real OD estimation applications.

This first objective establishes the basics for the entire QSOD framework. The insignifi-
cant OD pair and OD quasi-sparsity are first defined, followed by the development of three
QSOD models: 1) fixed-mapping QSOD model (Chapter 4), 2) bi-level QSOD model (Chap-
ter 5), and 3) DR-QSOD model (Chapter 7). The OD quasi-sparsity consistency (between
estimated OD demands and prior OD demands), and the solution property of fixed-mapping
and bi-level QSOD models will be discussed in details. These discussions provide practical
insights for real OD estimation: one just needs to prepare a prior OD demand matrix that

shares the same quasi-sparsity with (rather than very close to) true OD demand matrix (see



Remark 1).

The second objective aims to equip the QSOD framework with the capability to consider
stochastic features of data and integrate multiple data sources. The DR-QSOD model is
mainly used to take into account the stochastic features and robustness given multiple-day
observed data. Using multi-day link flow data as an example, this study demonstrates how
to leverage distributionally robust optimization context to integrate real data in QSOD
framework, considering the data variability and uncertainty at the same time.

The third objective will first compare the QSOD models with existing deterministic OD
estimation models (e.g. OD estimation based on generalized least squared [120], and strict
sparsity assumption [77]), in terms of OD quasi-sparsity consistency, OD estimation errors,
and computational efficiency. Regarding the stochastic scenario, this study will further
compare DR-QSOD model with its counterparts, deterministic model and stochastic QSOD
models. More important is to summarize the main findings during the explorations for
QSOD models, and offer practical insights to OD estimation stakeholders for their future
applications

The main contributions of this dissertation are summarized as four folds:

e [t defines the insignificant OD pairs, quasi-sparsity concept of an OD demand matrix
and proposes the QSOD estimation framework, which also theoretically and numer-
ically demonstrates that the QSOD framework can maintain the OD quasi-sparsity
consistency between the prior OD matrix and the estimated OD matrix for both fixed-
mapping case and the bi-level case under certain conditions. Besides, the discussions
for the sparsity property of the proposed QSOD models (e.g., the solution sparsity and
connection with the prior OD demands) provides deeper understanding of the QSOD

models as well as the use of the Li-norm (i.e., compressed sensing).

e By comparing with existing OD estimation models, in particular Generalized Least
Squared model (GLS) and Sparsity-based OD (SOD) model, it reveals the advantages
of the QSOD model in solution quality and computational efficiency. The QSOD
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model outperforms other models in maintaining OD quasi-sparsity consistency as well
as keeping relatively low estimation errors. In addition, solving the QSOD model is
much less demanding than OD estimation models using the squared-deviations, e.g.,
GLS and SOD. With the Li-norm used in the objective function, the QSOD model is
essentially a linear program (LP) (the fixed-mapping case) or a linear bi-level program
with linear equilibrium constraints (the bi-level case), either of which is much easier to

solve computationally compared with existing OD estimation models (e.g. GLS).

e In the stochastic scenario, the proposed DR-QSOD model cannot only include the
stochastic features of observed data but also keep robust to the variations in data
incorporated in OD estimation problem. By properly defining the uncertainty set of
observed data and reformulating the DR-QSOD model, this study converts the original
DR-~-QSOD model into a tractable form and proposes certain algorithm to solve it.
As one of the few earliest studies that employed distributionally robust optimization
in OD estimation problem, this study demonstrates the possibility to consider both
stochasticity and robustness at the same time in estimating OD demands. The sample
case (i.e. considering stochastic features in link flows) shown in the current study can
be further extended to the uncertainties of other data sources (e.g. travel time data)

or conditions (e.g. traffic assignment rules).

e Under the concept of OD quasi-sparsity, the QSOD model only requires that the prior
OD demands are representative (i.e., capturing the magnitude of the true OD de-
mands), not necessarily close to, the true OD demands. This helps prepare the prior
OD demands when applying the compressed sensing technique to OD estimation prob-

lems in practice.

1.3 Dissertation Outline

We organize the remaining of this dissertation as follow. In Chapter 2, we conduct a com-

prehensive literature review regarding OD estimation and its current progress, including
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traditional OD estimation methods (Section 2.1), OD estimation concerning sparsity (Sec-
tion 2.2), stochastic and distributionally robust optimization in OD estimation (Section 2.3).
Then in Chapter 3, we give a formal definition for significant OD pairs, quasi-sparsity prop-
erty of OD demand matrices, and also present the general formulation for the QSOD mod-
eling framework. We then discuss the fixed-mapping QSOD models in detail, including OD
quasi-sparsity consistency and solution sparsity property in Chapter 4. Similarly, in Chapter
5, we deep dive the bi-level QSOD model and its property, based on the knowledge of the
fixed-mapping QSOD model. Extensive numerical examples are demonstrated in Chapter 6
to show the performance of fixed-mapping and bi-level QSOD model and their comparison
with traditional OD estimation methods, including GLS methods and Sparsity-based OD
estimation method. In Chapter 7, the formulation of DR-QSOD model is discussed based on
the concept of distributionally robust optimization and quasi-sparsity. In addition, the refor-
mulation and solution algorithm for the complex DR-QSOD model is illustrated as well. In
Chapter 8, we present the numerical tests for the DR-QSOD model, including its comparison
with its stochastic and deterministic counter part. In Chapter 9, we discuss the practical
insights and considerations for real-world implementation. Finally, Chapter 10 concludes the

dissertation and point out the future work.
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Chapter 2
LITERATURE REVIEW

OD estimation problem has been extensively studied for past decades due to its im-
portance in academic research and engineering applications in real-world. In this chapter,
we first present a review for traditional OD estimation studies in Section 2.1. Then based
on the observation of OD quasi-sparsity, we look into an important technique to address
under-determined problem, compressed sensing, and its applications in sparsity-based OD
estimation studies in Section 2.2. In Section 2.3, we revisit stochastic OD estimation stud-
ies, introduce the concept of distributionally robust optimization and discuss various ways

to deal with data/variable uncertainty in OD estimation literature.
2.1 OD Estimation Methods

OD estimation, i.e. using newly acquired field data (e.g. link traffic flows) to update (or
adjust) an old/sampled OD demand matrix, has attracted much attention over the past
decades. Traditionally, OD matrices were directly obtained from large-scale sampled surveys
(e.g. roadside surveys, household travel surveys) conducted every ten to twenty years. Such
approach is often costly in time and budgets. In addition, its output, i.e the OD demand
matrix for a region or city, usually becomes outdated by the time when the data was collected
and processed [12], hence may not properly reflect the most recent patterns of travel demands.
In the era of Information Technologies, with more surveillance devices deployed into the
network, using the newest acquired field data, e.g. link traffic counts, for OD demand
estimation becomes possible. The existing OD estimation models can be categorized into
two classes: static and dynamic OD estimation, based on whether they are time independent

or not. The static models assume the traffic flows are time-independent and an average OD
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demand is determined for long-term planning purposes. The dynamic models, on the other
hand, assume flows may vary with time, whose results are primarily used for short-term
strategies, including route guidance, traffic control, and etc [12]. Although the dynamic
OD estimation problems are attracting more attention recently, the static OD estimation
problem still merit further exploration due to its importance in theoretical and practical
applications. In this section, the majority of past studies reviewed here will be static OD
estimation methods, which is also aligned with proposed QSOD models.

As one of the earliest studies in using link counts for OD estimation, Van Zuylen and
Willumsen [109] assumed the averaged link counts follow a Poisson distribution, and then
used the Entropy Maximization (EM) principle to find a most likely OD matrix that has the
greatest number of micro-states W{d,} as well as satisfies the link flow constraints. The
number of micro-states is defined in (2.1), where T'N denotes the total demands of the OD
matrix, d,, denoted the demand of OD pair w where w belongs to OD pair set W. However,
such EM-based models have the disadvantage of not considering the uncertainties in traffic

counts and prior matrix which can be erroneous when traffic counts are not accurate [12].

TN!
IL, dw!

Later on, a group of quadratic optimization models for OD estimation were proposed,

W{d,} = (2.1)

which share the similar formulation as (2.2)

; IVlg}im " f(d,v) = (d—d°)'U(d—d°) + (v — ")V (v—1?)
eR ,2VER (22)

s.t. (d,v) € F = {(d,v) | ¥(d) =v, d>0,v>0}

where U and V' can be interpreted as the weights for OD demand errors and link flow errors,
respectively; d and v (d° and v°) are the estimates (prior values) for OD demands and link
flows, respectively; W(-) represents the traffic assignment rule that assigns OD demands d to
link flows v. These studies include but do not limit to, MVN Bayesian inference by [72][51],
Aitken generalized least squared (GLS) model by [18] GLS model under user equilibrium
(UE) [120][119], GLS model under stochastic user equilibrium (SUE), etc.
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Also by assuming the elements of observed sampled OD matrix follows independent
Poisson distribution with unknown means, [105] proposed a Maximum Likelihood method to
estimate these means, yielding an estimation of the “true” origin-destination matrix which
is consistent with the observed link volumes. The maximum likelihood (ML) function can
be further re-written as (2.3), where d,, and d2, denote the estimated and sampled (or prior)
demand for OD pair w; p,, is the sampling factor for OD pair w. In this study, a special
case where the total demands generated from (and attracted by) each OD pair are assumed
known, was also investigated. This further extends the usage of such ML-based models.

min f(d, d’) = min > (puwdy — d)log d,) (2.3)
wew

Recently, [23] proposed a hierarchical optimization framework to estimate travel demands
using Gamma random variables in a Bayesian context. Three sub-problems are considered
at the same time: 1) a Wardrop minimum variance (WMYV) assignment model, which is
used to derive the route choice probabilities, (2) a least squares problem, used to obtain the
OD sample data, and (3) a maximum likelihood problem to estimate the posterior modes.
This study did not only use Bayesian methods in estimating OD demand but also include
the UE constraints under the congested conditions. With a new Wardrop-minimum variance
optimization problem embedded in the entire framework, this method allows to obtain unique
link flows disaggregated by OD pairs when conducting OD estimation. Besides, its use of
Gamma distribution and its corresponding conjugate priors also helps the establishment of

Bayesian models.
2.2 Compressed Sensing and Sparsity-based OD Estimation

There are a handful of recent studies that explored OD sparsity for OD estimation [97, 77,
115], which we refer to as sparsity-based OD estimation models in this dissertation. All
of these models applied compressed sensing that is designed to find sparse solutions of an
under-determined linear system where unknowns are much more than the inputs [38, 16].

Compressed sensing often comes with solving the under-determined system A -x = b, where
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AeR™" e R" beR™ and m < n. If z is the coefficient of the signal or image in
a known basis which happens to sparsely represent the signal or image, it can be recovered
by solving the Ly optimization problem min, ||z||o, s.t. A -2 = b [39]. The solution of the
problem can be well approximated by (and sometimes equivalent to) the solution of the L,
optimization problem min, ||z||{, s.t. A-z = b, e.g., by the method of Basic Pursuit [27].
The use of L;-minimization in solving such under-determined equation guarantees that the
solution z* is sparse enough, which also leads to various applications in many other fields.
However, its applications in transportation area started to attract attention only recently.
The early studies employing compressed sensing focused on inferring the OD flow anoma-
lies [24] or reconstructing the anomalous components in OD demands [75]. Later on, com-
pressed sensing was applied into the path flow or OD flow estimation [97][77][115]. [97]
proposed the Compressed Origin-Destination Estimation (CODE) model to estimate OD
demands and their path allocations, based on link flow data. Their work relied on the fact
that for a given OD pair in a urban network, there are many alternative paths while only
a small fraction of paths may carry traffic flow due to the preferences of travelers on travel
times, trip lengths, number of turns, etc. CODE assumed the path set is sparse and recovered
the path flow by applying compressed sensing and using the L;-norm minimization, under
three scenarios of variants (noise-less, noisy, and weighted). As one of the first few studies
directly employing compressed sensing idea in OD estimation problem, CODE showed great
capability in dealing with the under-determined issue and reconstructing sparse path flows.
However, limitations do exist for this model. First, the OD recovery process that only relied
on the link flows did not make full use of prior information (e.g., prior OD demands) such
that the corresponding estimation results might not be accurate if the observed link flows are
biased or with large noise. Second, CODE only showed the sparsity property under the fixed-
mapping traffic assignment, which may not directly apply in practice. The fixed-mapping
can be replaced by the UE traffic assignment [113], to better capture the relation between
OD demands and link flows, which however will lead to a more complex bi-level formulation;

see Chapter 5 for more detailed discussions.
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Following CODE, [77] explored fine-grained OD estimation with automated zoning and
sparsity regularisation. They first proposed an algorithm to automatically design traffic
analysis zones, based on which to establish the OD estimation problem. In order to address
the “ill-posedness” issue of large scale OD estimation problems, they assumed the sparsity of
the OD demand matrix then added an L;-regularizer (with hyper-parameter \) into the GLS
model objective [19, 120]. The resulting estimator hence owned different levels of sparsity
per changing of hyper-parameter \. However, the imposed assumption on the sparsity of the
OD demand matrix can be too restrictive in practice: many OD pairs may have insignificant
(i.e. small) but nonzero OD demands. Recently, also inspired by Compressed Sensing, [115]
proposed a sparse OD matrix estimation method to address the under-determined issue of OD
estimation by accounting for the demand volatility and link flow correlations. An objective
function similar to [77] was used in the study. They considered the link flow correlations
by incorporating non-diagonal weighting matrix for link flow deviation in the objective. A
novel strategic UE model (I-STRUE) was also used to address the traffic demand assignment
problem. The L;-regularizer of the estimated OD demand was introduced to maintain the OD
matrix sparsity while how to determine the weight for L;-regularizer is still an issue, similar
to [77]. In addition to the applications in OD estimation on road networks, compressed
sensing was also used to estimate the sparse OD demands on transit routes recently. [60]
estimated the transit OD demands using compressed sensing by incorporating automatic
passenger count (APC) data on a single transit trip. Similarly, an Lj-regularizer of transit
OD demands was considered in the model with subject to the APC constraints, which forced
the solution to be sparse. However, there is still a weighting term for L;-regularizer to be
further determined.

To summarize, existing studies that directly used compressed sensing assumed demands
from most OD pairs or path flows are strictly zero, which however may not be the case in
practice (except the one for estimating transit OD demands in [60]). In addition, although
all of these works applied the compressed sensing method in guaranteeing a sparse solution,

few of them ever investigated theoretically how sparse the solution was and how the char-
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acteristics of prior information (e.g. prior OD demands and observed link flows) impacted
the solution property under the OD estimation scenario. This dissertation aims to fill these

gaps by exploring the quasi-sparsity feature of OD demands for OD estimation.
2.3 OD Estimation with Uncertainty

In the era of information technology, the increasing data availability provides great oppor-
tunities to account for the OD estimation with uncertainty, either in the estimate itself, or
in the input data, or both. In this section, we start with reviewing an important category of
studies considering the uncertainty - stochastic OD estimation. Then we introduce the lit-
erature on distributionally robust optimization (DRO) approach that we used in this study,

and give a detailed comparison between stochastic optimization (SO) and DRO.

2.8.1 Stochastic OD estimation

The early studies of stochastic OD estimation generally assumed OD demands follow mu-
tually independent Poisson distribution and used day-to-day link flow data as the input
to estimate OD demands. For example, [51] proposed a Maximum Likelihood Estimation
(MLE) method and a Bayesian inference method [52] for OD estimation. Following the same
assumption, [53] continued to employ a Poisson model to conduct OD estimation, where
the first- and second-order statistical property of link flows were used. [62] also applied
Bayesian inference for a transportation network to estimate the population means of traffic
flows, reconstruct traffic flows, and predict future traffic flows, through the Expectation-
Maximization (EM) algorithm. [85] proposed an MLE method to estimate OD demands
using link counts and sporadic routing data. In addition to assuming independent Poisson
distributions for OD demands, the study further assumed a normal distribution for the link
counts and a binomial probability for the monitored vehicle routing counts. [1] proposed a
maximum probability model to estimate the OD demand matrix in the network, where the
observed traffic counts of links and the target OD demands are independent discrete random

variables with known probabilities. [123] proposed a model to estimate the mean value of
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OD demands as well as improve network identifiability using multi-day observation sets.

It is well recognized that the OD demands within the same period of a day fluctuate
from day to day, due to daily variations in activity patterns [28]. The daily fluctuations
of OD demand also lead to significant impacts to traffic system performance, urban traffic
management, route choice of travelers, and etc [71, 102]. By considering the variations of OD
demands, many recent studies started to consider transportation network reliability and un-
certainty issues [102]. For instance, by assuming OD demands follow mutually independent
normal distributions, [25] evaluated travelers’ risk-taking behaviors under travel demand un-
certainties. [28] developed a stochastic modeling framework to estimate network travel time
reliability with mutually independent Poisson distributions of OD demands. [101] proposed
a reliability-based user equilibrium model under the assumptions that OD demands and path
flows are mutually independently normal distributions. [81] explored an internally-consistent
network equilibrium model, which considered two potential sources of flow variability: daily
variation in route choice and daily variation in OD demands. In the study, OD demands were
assumed to follow multiple distributions, including Binomial, Poisson, Beta-binomial, and
negative binomial distribution. To summarize, the above-mentioned studies demonstrate the
need to capture the variability of OD demands rather than a single point estimator, which
lets the stochastic OD estimation draw an increasing amount of attention.

It is noted that the majority of stochastic OD estimation studies discussed above only
concerned about the means of OD demands. Because of the increasing data quality and
quantity as well as the needs in other applications, e.g. stochastic network equilibrium, how
to better capture the probability distribution, i.e. estimating the means and covariance of
OD demands, start to attract much more attention recently. For instance, by assuming mul-
tivariate normal (MVN) distributions for OD demands, [102] used a weighted least squared
method to estimate the means and covariance of travel demands. [71] proposed a theoreti-
cal framework for estimating the means and variance-covariance matrix of OD demand by
considering the day-to-day variation induced by travelers’ independent route choices. The

probability distributions of link /path flow and their travel cost were also estimated where the
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variance comes from three sources: O-D demand, route choice, and unknown errors. [122]
proposed a Generalized Method of Moment (GMM)-based framework to infer the probability
density function (pdf) of OD demand variables. Instead of just providing point estimates,
their study revealed large sample statistical properties of the proposed estimator, which
served as a theoretical foundation for assessing estimation quality, constructing confidence
region, and testing model adequacy. The studies reviewed above give us a glimpse of stochas-
tic OD estimation methods, which however are far from exclusive or comprehensive. For a
more comprehensive review of such studies, one can refer to other recent studies [102, 71, 122].

To summarize, stochastic OD estimation methods consider stochasticity in data and/or
modeling components of the OD estimation problem. In order to mathematically formulate
and solve those models, it is common to impose certain statistical assumptions about the
distributions on either the estimates, input data, or both. However, there might be issues
when implementing those methods in practice. For example, the distributions of estimates
or data may be hard to derive or estimate. Data are often used to estimate the distributions.
But if the data is incomplete or limited, it is hard or impossible to rely on those data
to construct such distributions. If the assumptions on distributions are not satisfied in
real applications, the resulting OD estimates from such models may not be accurate or
reliable. What’s more, most stochastic OD estimation models can only produce an estimate
representing the overall demands. Estimating the daily OD demands corresponding to the

observed daily data seems difficult for many of those models.

2.3.2  Distributionally robust optimization

DRO is a framework that addresses scenarios involving parameter uncertainty, where the
probability distribution for the parameter is unknown. The concept of DRO was first intro-
duced in the 1950s [98] when it was employed to determine the order quantity in a newsvendor
problem, with the goal of maximizing the worst-case expected profit. While DRO gained
some initial attention during that time, it truly gained prominence in the 2010s when re-

searchers developed various methods for constructing ambiguity sets for uncertain data and
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derived tractable formulations for DRO [34, 48, 116]. Since then, DRO has seen a surge
in research and applications, with growing interest and exploration of its potential across
multiple fields.

Before delving further into the unique properties of DRO, it is beneficial to revisit the
general formulation of stochastic optimization (SO). Problem (2.4) presents the formulation
for SO, where x represents the decision variable, X denotes the feasible region for the decision
variable, and ¢ is a random variable defined on a probability space (£2,0(2),P). Here, Q is
the sample space of £, o(£2) denotes the o-algebra of the sample space, and P represents the
probability distribution of £. The objective of the SO problem is to minimize the expected
value of the function f(x, §) over the feasible set X'. A common prerequisite for SO is that the
probability distribution P is known or easily estimable from available data. The formulation
of single-stage DRO, as depicted in (2.5), exhibits a certain level of similarity with SO. It
aims to optimize the worst-case function suppepFpf(x,€) over x € X. In this context, the
term “worst” indicates the supremum function, representing the most unfavorable outcome

among all possible probability distributions in the ambiguity set D.

SO :infEpf(x,€)

(2.4)
st. xeX
DRO : inf sup Epf(x,§)
X PeD (2.5)

st.xe X
The key difference between SO and DRO lies in how much probability information of
variable £ we have and the way we treat its uncertainties. Different from SO that predefines
the probability distribution P, DRO (2.5) assumes the probability distribution P falls into the
set D, where D is a predefined ambiguity set that is assumed to include the true probability
distribution of £. Even both models need to take the expectation over £ in the objective,
DRO relaxes the assumption from a single fixed probability distribution P to a family of

probability distributions P € D, which has very important implication in practice. This is
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because the exact distribution P in SO is often hard to obtain or estimate with empirical
data [100], especially when data is not complete or sufficient. In these cases, however, the
ambiguity set D may be estimated more easily. Various types of ambiguity sets D have been
extensively studied in previous DRO research. One commonly used type of ambiguity set is
the moment-based confidence set [35, 128, 49]. These sets can be easily constructed using
first or second moment information of the data. Another class of ambiguity sets is based on
distance measures, such as ¢ divergences [55, 11] and the Wasserstein metric [43, 125], which
centers around a finite-support nominal distribution constructed from data samples. In this
dissertation, we use the moment-based confidence set to build the ambiguity set.

In essence, SO and DRO are two alternative modeling approaches for addressing stochas-
ticity or uncertainty inherent in data or models. Each approach has its strengths and limi-
tations, making it more suitable for certain situations while less effective for others. In this
dissertation, we further provide a comprehensive comparison of these two approaches in the
numerical section.

The DRO framework has found numerous applications in various areas such as power
system reliability [3, 126], supply chain optimization [65, 117], and chemical engineering [100],
among others. For a more recent survey on this topic, readers may refer to [89]. However,
as far as we know, it has not yet been employed in OD estimation problems, while the
flexibility of the DRO approach in handling uncertainty makes it a promising alternative to
SO-based methods for OD estimation. In practice, obtaining exact and accurate distributions
of uncertain parameters, such as traffic link flows in OD estimation, can be extremely difficult
or even impossible. Instead, we may only have prior or partial information, which allows us
to establish an appropriate ambiguity set relatively easily. The distinction between how DRO
and SO handle uncertainty in OD estimation is illustrated in Figure 2.1. As depicted in the
figure, SO requires a predetermined distribution of uncertain parameters in OD estimation,
while DRO provides more flexibility by allowing the distribution of uncertain parameters
to vary ambiguously within a predefined set. In Chapter 7, we will demonstrate how to

construct a two-stage DR-QSOD model that considers the uncertainty in link flow data and
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explain how to efficiently solve it.

Stochastic Optimization Distributonally Robust Optimization

Uncertain parameter £ in OD
E~P
Pe

Uncertain parameter £ in OD
E~P

Figure 2.1: Graphic illustration of stochastic optimization and distributionally robust opti-

mization.
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Chapter 3
METHODOLOGICAL FRAMEWORK

A transportation network consists of a set of nodes N, a set of directed links A, and a set
of OD pairs W C N x N. |A| and |W| denote the cardinalities of set A and W, respectively.
We use R", R}, R" | to denote the real n-dimensional space, its nonnegative orthant, and its
strictly positive orthant, respectively.

In the following, we first present the mathematical definitions of the quasi-sparsity prop-
erty, and then provide some observations/data to illustrate this property of OD demands
on large-size transportation networks. We conclude this chapter by presenting the overall

QSOD modeling framework of the dissertation.

3.1 Quasi-sparse OD Demand Matrix

Denote €y, a, and  as three non-negative, user-specified thresholds. Two quasi-sparsity
related definitions about an OD demand matrix, denoted as d, are given as follows. Note
that although we follow the convention to call d an OD matrix, it is actually modeled as a
vector hereafter in this study.

Definition 1 (An insignificant OD pair) An insignificant OD pair is an OD pair with
small (i.e., insignificant) travel demand. Denote w; an insignificant OD pair if 0 < d,,, < ¢
(e.g., €0 = 5), where d,, is the demand of OD pair w;.

Definition 2 (A quasi-sparse OD demand matriz) Denote Wi the set of all insignificant
OD pairs of W, i.e., W) = {w € W|0 < d, < ¢}. Then an OD demand matrix is quasi-

sparse if both of the following conditions hold:

e Condition 1 (Dominance in terms of the total number of insignificant OD pairs):

|[W1| > a|W|, where o € (0.5,1) is a user-specified large ratio, e.g. 85%, representing
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the quasi-sparsity level of the network. It indicates that the insignificant OD pairs in
the OD matrix take an overwhelming portion (in terms of the number) over all the OD

pairs.

e Condition 2 (Insignificance in terms of the total travel demands of insignificant OD
pairs): The total OD demands of insignificant OD pairs account for a relatively
small portion of the total OD demands in the network. This can be expressed as:
> wrew, Gy < B ew dw, where 3 is a user-specified small threshold (e.g., 8 = 0 ~
15%).

The quasi-sparsity property defined here is similar to sparsity (where most OD pairs are
assumed to have exactly zero demands). Concept-wise, quasi-sparsity is more general than
sparsity. This can be easily seen: a sparse matrix is a special case of a quasi-sparse matrix
with ¢g = 0, 8 = 0, and the quasi-sparsity level in Condition 1 reduces to the sparsity level of
the (now sparse) matrix. Further, the QSOD models presented later in this dissertation apply
the same compressed sensing technique developed specifically for exploring sparsity, by using
the prior OD as the bridge. Therefore, the quasi-sparsity property here can be considered as
an alternative way to define and model “sparsity” when OD demand estimation is concerned.

For a given transportation network, this research concerns about three OD demand ma-
trices: the ground-truth OD matrix (d), the prior OD matrix (d°), and the estimated OD
matrix (cZ or d*) by the proposed models. The above definitions can be applied to any of the
three types of OD matrices, which also provide measures to quantify an OD matrix in terms
of their quasi-sparsity. The QSOD models presented in Chapter 4 and Chapter 5 can help
answer the quasi-sparsity consistency question, i.e., under what conditions the same quasi-
sparsity property will hold for the prior OD matrix and the estimated OD matrix under
the same thresholds (¢, «v, B) and same W;. To help draw insights regarding the true OD
matrix, we make the following definition to connect the true and prior OD demand matrices.

Definition 3 (Representative prior OD demand matriz) Assume the quasi-sparsity prop-
erty holds for the true OD demand matrix, defined by threshold parameters (¢g, cv, ) and the
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set of insignificant OD pairs W;. The prior OD demand matrix is representative of the true
OD matrix (in terms capturing the magnitude of OD demands) if the above quasi-sparsity
property also holds for the prior OD demand matrix on the same thresholds (e, «, 5) and
the same insignificant OD pair set Wj.

Note that the “ground truth” OD demand is normally not available, especially for real-
world large scale networks. The above definition provides qualifications of the prior OD when
used in the QSOD models, which also helps draw connections between the estimated OD
and the true OD. We thus assume the prior OD is representative in this dissertation unless
noted otherwise. However, even the prior OD is not representative, we show that the fixed-
mapping and bi-level QSOD models can still produce similar or better results compared with
existing OD estimation methods; see Table 6.10 in Section 6.3.2 and the discussion therein.
Also note that similar assumptions, typically in the form of “the prior OD is reasonably close
to the ground-truth OD”, are often imposed explicitly or implicitly in the literature when
prior OD is used for OD estimation. However, definitions or qualifications like Definition 3
above for the prior OD have rarely been proposed in the past. In this sense, not only does
Definition 3 actually relax previous assumptions imposed on the prior OD, it also provides
more clear (also more practical) guidance regarding how to prepare the prior OD. See more

discussions on this in Section 6.3.2.
3.2 Illustration of the Quasi-sparsity Property of OD Demands

Intuitively, the OD demand matrix of a large-size transportation network is generally quasi-
sparse: the demands between most OD pairs (those that are far away or not attractive to
each other) are small. Nevertheless, the true OD demand matrices of real-world large-size
networks are never directly available, making it extremely difficult, if not possible, to directly
verify the above statement. However, we may obtain some reasonable (and partial) validation
of this via two ways: the estimated OD demand matrices of real-world networks by planning
agencies and some observations from transportation big data that reflect the OD demands of

a large network. Table 3.1 shows some quasi-sparsity related statistics of several estimated
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OD demand matrices by local Metropolitan Planning Organizations (MPOs) [106, 31] and
generated using app-based transportation big data [5]. Using ¢y = 2.0 as the threshold
(ep = 1.0 for the Chicago regional network as it has relatively small demands), the four
matrices present quasi-sparsity (Definition 1 and Definition 2): the majority of OD pairs are
insignificant OD pairs (e.g., « = 0.9) and they only contribute a small portion of total OD
demands (e.g., § = 0.15).

Table 3.1: Examples of OD demands with quasi-sparsity property

Network No. of zones | % of insig-OD pairs | % of insig-OD demands
Philadelphia 1525 96.2% 11.4%

Chicago-regional 1790 93.3% (€0 = 1) 15.27%

Puget Sound Region (PSRC) 3700 92.64% 14.29%

Puget Sound Region (App-based data) | 3700 95.21% 7.29%

The last two rows in Table 3.1 are the estimated demand matrices for the Puget Sound
region. We can further check whether the insignificant (or significant) OD pairs of the two
demand matrices are the same. For this, we can compute the FI-score (see its definition
in Appendix C) in terms of the insignificant OD pairs (i.e., ;) between the two demand
matrices. Results show that the F'l-score is 0.966, indicating that not only do the demand
matrices from the two data sources present quasi-sparsity, this property is defined almost
on an identical set of insignificant OD pairs. This very high F'l-score is particularly telling:
the two demand matrices were produced by different methods on completely different data
sources (survey data vs. app-based data); the absolute values and even scales (e.g., maxi-
mum values of the demands) of the two matrices are drastically different (their correlation
coefficient is only about 0.4). However, both present the quasi-sparsity property on almost
the same set of parameters and W;. This finding thus leads us to reasonably suspect that

the quasi-sparsity property likely exists in real-world large-scale transportation networks,
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Figure 3.1: OD quasi-sparsity of two data sources (App-based data vs. PSRC OD demands)

[5]

although we could only show this for the Puget Sound region and future research should
certainly investigate the finding for more regions. Therefore, it is both scientifically inter-
esting and practically important to formally define and study the concept of quasi-sparsity
and explore OD estimation problems with this property.

In addition, it is worthwhile to point out investigating “OD quasi-sparsity” rather than
“OD sparsity” is more practically important and reasonable in OD estimation studies. First,
according to the four examples in Table 3.1, we observe the real large-scale OD demand ma-
trices do show quasi-sparsity rather than pure sparsity, i.e. the majority of those insignificant

OD pairs own small but non-zero demands. This further indicates that OD quasi-sparsity
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widely exists in real world scenarios. Second, considering those small but non-zero demands
might be generated by the minority groups of population (in terms of annual income, race,
education level, home locations), it is even more valuable to retain and pay attention to
those insignificant demands in pursuit of transportation equity. What’s more, not only do
the overall OD demands of all transportation modes demonstrate quasi-sparsity property, it
is noticed that travel demands in public transportation mode, e.g. subway, public transit,
also show such quasi-sparsity property.

We conclude this section by visualizing the quasi-sparsity of the two demand matrices
in Figure 3.1. It can be seen that, although the absolute values of the two demands are
very different, the demands produced using app-based data (left sub-figure) shares a similar
pattern with the PSRC-estimated OD demands (right sub-figure): the majority of traffic
analysis zones (TAZ) generates very small number of trips per day while only a small portion

of TAZs have significant OD demands.

3.3 Overview of QSOD Modeling Framework

Having formally defined the quasi-sparsity property of OD demand matrices and illustrated
the quasi-sparsity observation from the real-world data, we now discuss the QSOD modeling
framework in this section. Figure 3.2 below presents a diagram of the QSOD framework. The
QSOD modeling framework is inspired by wildly-existing quasi-sparsity property of large-
scale OD matrices, and the increasing availability of transportation data. This framework
consists of three quasi-sparsity OD models: the fixed-mapping QSOD model, the bi-level
QSOD model, and the distirbutionally robust QSOD model, which correspond to the dis-
cussions in Chapter 4, Chapter 5, and Chapter 7, respectively. The three QSOD models
share strong connections because of assumptions and compressed sensing technique, but also
inherent differences due to underlying structures and application scenarios.

First, based on the assumptions of prior OD representativeness and fixed-mapping traffic
assignment, the fixed-mapping QSOD model lays out the foundation for the QSOD mod-

eling framework. Many extended explorations on the other two models are relying on the
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Figure 3.2: QSOD modeling framework

discussions of the fixed-mapping QSOD model. Second, if one replace the pre-defined fixed-
mapping traffic assignment with the widely-adopted user-equilibrium traffic assignment, the
model becomes the bi-level QSOD model. With a more complex traffic assignment rule, the
bi-level QSOD model can mimic a more real OD estimation modeling scenario, therefore
could be more suitable for real use case. Both the fixed-mapping QSOD model and bi-level
QSOD model belong to the deterministic model category. Third, if one needs to consider
data variations and its distributional uncertainty, the QSOD model framework yields to the
DR-QSOD model, where the uncertain distributions of input data are dealt with distritbuion-
ally robust optimization. With DRO incorporated, the QSOD framework gets enriched in
considering data uncertainty and stochasticity at the same time. Again, the three models are

closely connected with each other. The fixed-mapping can be regarded as a special case of
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the bi-level QSOD model where the traffic assignment is fixed; see Chapter 4 for more infor-
mation. The fixed-mapping QSOD model can be derived from the DR-QSOD model if one
sets a proper weighting parameter A for the DR-QSOD model; see Chapter 7 for more dis-
cussions on this. Based on this framework, this dissertation will investigate some properties
of the QSOD models, and explore the practical insights behind these properties, including
quasi-sparsity consistency, QSOD model solution sparsity property, OD representativeness,

data uncertainty and stochasticity, multi-sourced data integration, and so on.
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Chapter 4

FIXED-MAPPING QUASI-SPARSITY OD ESTIMATION
MODEL

4.1 DModel Formulation

Many existing OD estimation models share the similar generic form as follows [72, 18, 120,

51, 121]:

min f(d,v) = gi(d,d) + ga(v,2°)
deRIW I veRIAl (4.1)

s.t. (d,v) € F = {(d,v) | ¥(d) =v, d>0,v>0},

where g;: R™! — R and g¢5: R — R are two general functions with proper weights,
d € RWl and v € R4 are the estimates of OD demands and link flows; d° € RI"I and
v? € RMI are the prior OD demands and observed link flows; and ¥(-) denotes the link
flow/OD demand mapping, which may be fixed [18, 19, 121] or follows the user equilibrium
(UE) condition [120, 119].

Inspired by (4.1), our proposed deterministic QSOD model has the form as shown below
in (4.2), in which the general functions are defined as the L;-norm (denoted as || - ||1) of the
the differences between estimates and prior (or observed) information. Here the weighing
parameters among various OD demand/link flow deviations are set to one for the QSOD
models, which are different from existing OD estimation models. More detailed discussions

on this will be given in Chapter 6.

min fld,v) = |ld—d°||y + |lv = °|)y
deRIW| ycRIAl (4.2)

s.t. (d,v) € F = {(d,v) | ¥(d) =v, d>0,v0>0}.
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Model (4.2) itself is a bi-level structure if ¥ is the UE mapping. We call this QSOD
model the “bi-level QSOD” model. Assuming the true OD demands are known, one can
derive the mapping between the OD demands and the link flows (by simply solving the UE
problem under the true OD demands), denoted as Q e RMXIWI For analysis purpose, one
may replace ¥ with @, leading to linear constraints in (4.2) (i.e. Q-d=wv, d>00v> 0).
We call this QSOD model the “fixed-mapping QSOD” model. In practice, Q) cannot be
obtained in advance (because the true OD demands are not available) and thus the fixed-
mapping QSOD model may not be applied directly. However, it is often helpful to conduct
mathematical analysis of the fixed-mapping QSOD model to shed useful insights on the bi-
level QSOD model [121]. In this dissertation, for the deterministic case, we will first explore
the fixed-mapping QSOD model in Chapter 4, and then discuss the bi-level QSOD model
with a slight modification, in Chapter 5.

Note that the equality constraints in (4.2) reflects the exact UE condition (if ¥ is the
UE mapping) or its fixed-mapping version (if U is pre-calculated using the true OD), which
are also the mostly widely used by the existing (optimization-based) OD estimation models.
There is an alternative way to model this constraint as ||V (d) —v||; < §, with § denoting cer-
tain tolerance. [97] proposed and applied this inequality constraint in the CODE model. The
inequality constraint can actually help the quasi-sparsity consistency conditions in Theorem
4.1 in Section 4.2 as intuitively it “enlarges” the constraint set F' (S in Theorem 4.1) and
thus reduces the value of r1, making the two conditions in Theorem 4.1 easier to hold. In the
QSOD models in this dissertation, we adopt the exact UE or fixed-mapping formulation as
shown in (4.2) to (i) simplify the model and discussion as selecting a proper value of ¢ adds
another layer of complexity to the QSOD models; (ii) be consistent with the current OD
estimation literature; (iii) conduct theoretical investigations of the resulting QSOD models
especially the bi-level QSOD model (the inequality constraints likely make the underlying
UE more of the bounded rational UE (BRUE) type [73, 36], which is much harder to study
mathematically and solve numerically). We omit more detailed discussions and numerical

results of QSOD models constructed using the inequality constraints.
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We first assume a fixed mapping between d and v, expressed as Q -d=wv,d >0,v>0,
where Q is the fixed-mapping matrix reflecting the relation between OD demands and link
flows. Note that Q > 0 always holds based on its physical meaning, so the constraint v > 0
is in fact redundant; we keep it in the formulation to be consistent with the general models in
which the constraint v > 0 may not be automatically satisfied. Then the QSOD framework
(4.2) can be specified as the fixed-mapping QSOD model (4.3), where S denotes the feasible

set

min fld,v) = [ld =l + [lo = °[|x
deRIWI veRIAl (4.3)

st. (d,v) € S ={(d,v)|Q-d=wv,d>00v>0}

N

Due to (4.3), @ - d = v holds between the estimated OD demand d and the estimated link
flow v. Since Q is generated by the true demand, this equation also holds between the true
OD demand and the true link flow. However, the equation does not apply to the initial OD
demand d° and the observed link flow v°, i.e., Q -d° = v° does not hold in general. We next
discuss the OD quasi-sparsity consistency and the solution sparsity of the fixed-mapping

QSOD model. In addition, we list the notation used in Chapter 4-6 in Table 4.1.

Table 4.1: List of notation (deterministic QSOD models)

Notation Meaning

|14 set of all OD pairs

A set of all links

R set of all routes

Wi set of insignificant OD pairs

d, d° estimated OD demands, prior OD demands, respectively
v, V¥ estimated link flows, observed link flows, respectively

Continued on next page
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Table 4.1: List of notation (deterministic QSOD models) (Continued)

Notation Meaning

(ci, 0) optimal solution for the fixed-mapping QSOD model

(d*,v*) local solution for the bi-level QSOD model

(€0, v, B) three user-specified thresholds

v general function describing the link flow/OD demand mapping

Q fixed mapping matrix between d and v

K set of OD demand matrices that satisfy the OD quasi-sparsity property

F general feasible set of QSOD models

S feasible set of the fixed-mapping QSOD model

wq index for insignificant OD pairs

w, a index for any OD pair, link, respectively

r the L; distance from d° to the boundary of K

o the L; distance from (d°,v%) to S (or S*)

Ta the L, distance from d° to d (or d*)

B,.(d%) the L, ball centered around d° with radius r

e; unit vector

Ug, Uy auxiliary variables

W set of OD pairs for which the prior OD demand is zero

c(v) link cost function

G(d) the set of feasible link flows under UE conditions given d
vector of route flows

A OD-route incidence matrix

Continued on next page
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Table 4.1: List of notation (deterministic QSOD models) (Continued)

Notation Meaning

A link-route incidence matrix

Q* Jacobian matrix of UE mapping function ¥ at d*

Npg(d*,v*) normal cone to the set F' at (d*,v*)

Tp(d*,v*) tangent cone to the set F' at (d*,v*)

S** the approximated feasible set for the bi-level QSOD model

t parameter for prox-linear method

€1, €2 maximum relative error for prior OD demands and observed link flows
respectively

€ lower bound for OD demands in the bi-level QSOD model

4.2 OD Quasi-sparsity Consistency of the Fixed-mapping QSOD Model

The use of the Li-norm, i.e., the compressed sensing technique, in the objective of the fixed-
mapping QSOD model (4.3), will lead to the sparsity of the deviations between the estimated
OD demands and the prior OD demands (and the sparsity of the deviations between the
estimated link flows and observed link flows). Then one may wonder, whether and under
what conditions, the estimated OD will “inherit” the same quasi-sparsity as the prior OD.
An affirmative answer to the question implies that if the prior OD demand matrix is repre-
sentative of the true OD demand matrix, the estimated OD matrix will correctly capture the
quasi-sparsity of the true OD demand matrix. The OD quasi-sparsity consistency studied in
this section aims to answer this question.

First we express the OD quasi-sparsity consistency in a formal way. Recall that W is
the insignificant OD pair set of the prior OD demand matrix, based on given thresholds
(€0, 0, B), 1.e., [Wi| > a|W|. Then let K be the set of OD demand matrices that satisfy the
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quasi-sparsity property for the given W, namely,
K={d|d,<e, weWy; Y dy<B dy} (4.4)
weWq weW
We do not include the constraint d > 0 in the definition of K, because all OD demand
matrices considered in this dissertation are required to be nonnegative, and the quasi-sparsity
property is characterized by the constraints in (4.4).

Let ((i,@) be an optimal solution to (4.3). Mathematically, the OD quasi-sparsity con-
sistency question is: if the prior OD matrix d° belong to K, will the estimated OD matrix
d also belong to K? To better understand the question visually, we graphically express the
question in Figure 4.1, and give some definitions as follows.

Suppose d° € K; let r; be the L; distance from d° to the boundary of K, that is,
r1 = max{r|B,(d") c K}, (4.5)

where B,.(d°) = {pl||[p — d°||1 < r} is the L; ball centered around d° with radius r. Let r, be
the L; distance from (d°,v°) to the set S in (4.3), that is,

ro= min_||d—d[ls + [lo = °fly = [ld = d°[ls + [[& = "1, (4.6)
(dw)es

where the second equality holds because (d,9) is an optimal solution of (4.3). Then, let 7y

be the L; distance from d° to d:
iy = ||d — d°|,. (4.7)

See Figure 4.1 for an illustration of the definitions of 7,79, 79. Based on these definitions,

we have the following OD quasi-sparsity result.

Theorem 4.1. Let (CZ, ©) be an optimal solution to (4.3). Suppose prior OD demands d°
belong to K, the OD pair set with quasi-sparsity. If 7o < 11, then the estimated OD demands
d also belong to K.

Proof. The definition of ry in (4.5) implies B,,(d°) C K. The condition 75 < r; then implies
de B, (d C K. O
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Contour of constant L,
distance from the point (d°, v°)

~T™7 Point (d°, v°) S

Point (d°, 0)

.

QSOD optimal solution (d, 19)

v

Figure 4.1: Graphic illustration for OD quasi-sparsity consistency

The values ry and 7y can be readily obtained after (4.3) is solved; clearly, ry > 75, so
7o < r1 holds whenever ry < ry holds. To apply Theorem 4.1 without solving (4.3), we can
calculate an upper bound of 79, see Appendix A.

The value r; can be computed using a formula (4.8) from [107, Corollary 2.1]. Write the
set K in (4.4) in the form K = {z|A*z < b}, with A* € R™IWI and b € R™ given by

a0 ayw by
A= | ¢ - : and b=

Am1 - G| bm
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We assume without loss of generality that each row of A contains some nonzero entries. For

the given point d° € K, the L; distance from d° to the boundary of K is

r = min M) — min ( (b — (A" ) (4.8)

min
1<i<|W| <1<k<m, ari 0 || maxi<i<|w| | k|

Remark 4.1. Theorem 4.1 has important implications to OD estimation and merits further
discussions. First, it states that as long as the prior OD demand satisfies the OD quasi-
sparsity property, under the stated conditions, the estimated OD demand will satisfy the
same quasi-sparsity property, defined on the same set of insignificant OD pairs and by the
same threshold parameters. As a result, if the prior OD is representative, the estimated OD
matrix will have the same quasi-sparsity property as the true (and prior) OD matrix under
Theorem 4.1. Since the quasi-sparsity property here only concerns about the magnitude of
the OD demands and not the actual values, as long as the prior OD matrix can correctly
capture the magnitude of the true OD matrix, the estimated OD matrix will also correctly
capture the magnitude. This implies that the QSOD model here prefers that the prior
OD matrix is “representative” of, but not necessarily “close” to, the true OD demands.
Furthermore, numerical experiments in Chapter 6 show that when the estimated OD matrix
satisfies the same quasi-sparsity property as the prior (and true) OD matrix, the estimation
error is also reasonably small. Therefore when preparing for the prior OD demand matrix in
practice, one should focus more on the representativeness of the prior OD demands, which

is expected to be less restrictive than requiring the prior OD is close to the true OD .
4.3 Solution Sparsity of the Fixed-mapping QSOD model

In this section we consider the solution sparsity of (4.3). We are interested in how the use of
Li-norm leads to a sparse deviation between the solution of (4.3) and the prior OD demand
d’ and the observed link flow v°, and what type of sparsity is presented in the solution to
(4.3). Theorem 4.2 below provides insights related to these questions.

The proof of Theorem 4.2 uses Lemma 4.1 below, which gives a solution sparsity result

for an extreme point of the set of optimal solutions to the problem that minimizes the L



39

distance from a given point to a nonempty polyhedral convex set. By definition, an extreme
point of a polyhedral convex set is a point in this set that is not a convex combination of
two other points in this set different from the point itself; see [13] and [94]. The proof of this
lemma is in [67].

Lemma 4.1. Let M € R™", N € R¥>*" 20 ¢ R", b € R™ and h € R* be fived. Suppose the

following problem has at least one feasible solution:
min ||z —2°|; st Maxz=b Nx>h. (4.9)

Then, the set of optimal solutions to (4.9) is a nonempty, bounded polyhedral convex set that
has at least one extreme point. Let x* be an extreme point of the set of optimal solutions to

(4.9), and define the following index sets,

E:{Z:177k|(Nx)Z:hz}v JP:{j:17"'7n|xj>‘T?}v

Jz={j=1,n|z;=al}, JIx={j=1-,n|z}<al}
we have
M. M.
Rank |~ 77 | 40, =n, (4.10)
Ng.j» Ny

where M. 5, and M. ;. are submatrices of M containing columns with indices in Jp and Jy
respectively, and Ng j, and Ng j, are submatrices of N containing rows with indices in E

and columns with indices in Jp and Jy respectively.

Theorem 4.2 states that the set of optimal solutions of (4.3) has at least one extreme
point, and that any extreme point (CZ, 0) satisfying a solution sparsity results in (4.12). The
set Wy there contains indices w € W for which ciw = 0. The sets Wp, W5, and Wy are
defined based on the relation between d and d°, and they are mutually exclusive and form a
partition of W. Because d° > 0, we have W, N Wp = 0. The subsets of the link set A are

defined in a similar way based on ©. The proof of Theorem 4.2 is given in [111].

Theorem 4.2. The set of optimal solutions of (4.3) is a nonempty, bounded polyhedral

conver set that has at least one extreme point. Let (d,f)) be an extreme point of the set of
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optimal solutions of (4.3), and define the following index sets

~

W():{UJGW: dw:0}7

A

Wp={weW: d,—d’ >0}, Ap={acA: 9, —v) >0},

) (4.11)
Wy={weW: d,—d) =0}, Az={a€A: 5,—0 =0},
Wy={weW: d,—d’ <0}, Ayv={aecA: i,—0° <0}
Then,
(WoUWz| +|Az| > |W]. (4.12)

The above result is particularly interesting for large-size networks where |W| >> |A|
normally holds. In those situations, |Az| is much smaller than |WoUWy|, and (4.12) implies
|(Wo U Wy| ~ |W|, that is, |Wy U Wy| is “approximately equal to” |W|. This indicates
that the solution of the fixed-mapping QSOD model (4.3) has the following property when
|[W| >> |A|: for most OD pairs, the estimated OD demands are either zero or the same as
the prior OD demands. The QSOD solution thus reflects both the sparsity feature (in terms
of zero demand) and the use of the prior OD (in terms of OD entries identical to the prior
OD), which adds to the current OD estimation literature when compared with SOD models.
This theorem also provides the theoretical explanation why the fixed-mapping QSOD model
helps maintain the OD quasi-sparsity consistency; see Remark 5.2 in Chapter 5. Note that
Theorem 4.2 does not imply that the prior OD and the estimated OD are almost identical.
This is because, similar to the results of SOD models, the OD entries that are not zero or
equal to the prior OD (analogous to the non-zero entries in the demand matrix produced
by SOD models), although very small in terms of their numbers (roughly the size of the
number of links in the network) as shown in (4.12), represent a significant portion of the
total demands of the network. Therefore we expect that the estimated OD is different from

(and improves) the prior OD, as illustrated, e.g., in Table 6.3 in Chapter 6. Finally, define
We={wew: d =0}, (4.13)

as the set of OD pairs for which the prior OD demand is zero. The following corollary of

Theorem 4.2 gives a relation between the cardinalities of Wy and W, that is, between the
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number of zero elements in the estimated demand matrix and the number of zero elements

in the prior OD demand matrix.

Corollary 4.1. Let (CZ, 0) be an extreme point to the set of optimal solutions to (4.3), and
define index sets as in (4.11) and W¢ as in (4.13). Then,

[Wo| = [W5| — [ Azl. (4.14)

Proof. Because Wy U Wy is the union of the two disjoint sets Wy and Wy \ Wy, and ng is
disjoint from Wy \ Wy, (4.14) follows from (4.12). O

Again, for OD estimation on a large network in which |W| >> |A|, we can ignore the
cardinalities of Az in (4.14) to obtain |Wy| = |W¢|, where > stands for “approximately
greater than”. This implies that the estimated OD flow d have the similar sparsity level as

the prior OD demand d°.
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Chapter 5
BI-LEVEL QUASI-SPARSITY OD ESTIMATION MODEL

We analyze the bi-level QSOD model in this chapter, where the upper-level problem tries
to minimize the sum of deviations (in terms of L;-norm) between the estimates and their
prior values (or observed values), while the lower-level problem presents a user equilibrium
assignment between the OD demands and corresponding link flows. Derived from the QSOD
framework (4.2), the bi-level QSOD model has the following formulation:

min fld,v) = |ld = d°lly + |lv — °|)y
deRIW | peRIAl (5.1)

s.t. (d,v) € F={(d,v) | ¥(d)=v, d>¢v >0},

where W(d) is the user-equilibrium link flow under the OD demand d, and € is a (very)
small positive value representing the lower bound of d, which will be discussed next. More

specifically, ¥(d) is the solution to the following traffic user equilibrium problem:
veG(d) and (c(v),v —v) >0 foreach o € G(d). (5.2)

Here ¢(-) : R'f' — RMIis the link cost function, and G(d) is the set of feasible link flows
under d:

G(d) = {UER|A| | for somqule‘, qud,AQZU}a (5.3)

where A and A are the OD-route incidence matrix and the link-route incidence matrix
respectively, and ¢ denotes the route flow vector (recall that R is the set of all routes). We

make the following assumption to ensure that ¥ is a well-defined single valued function.

Assumption 5.1. The link cost function c is continuous on ]R‘f‘, and is strictly monotone

on R‘fl in the sense that (c(v) — ¢(v'),v — ') > 0 for any v, v’ € ]R'f' with v # 0.
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As shown in [103], Assumption 5.1 guarantees that the problem (5.2) has a unique solution
in R‘f‘ for each d € RL‘:V‘, and therefore guarantees that W(d) is well defined for each d € RL‘:V‘.
The user equilibrium condition can be expressed as a few formulations, such as the non-linear
optimization problem [10], the nonlinear complementarity problem [4, 6], and the variational
inequality (VI) formulation [33, 46]. In this dissertation, we employ its variational inequality
form. Note that the definition of W(d) here guarantees that v = ¥(d) > 0 for any d > 0, so
the constraint v > 0 in (5.1) is in fact redundant. We keep this constraint in the formulation
to make it convenient for comparison with its first-order approximation.

Note that in (5.1) we require d to be lower-bounded by a small value € (e.g., ¢ = 107 or
e = 107%). In sensitivity analysis for traffic user equilibrium problems it is common to assume
d > 0 to compute the Jacobian matrix of U at a given point d because ¥ is not defined for
d with negative entries and is therefore not differentiable at any d with zero entries. The
influence of a small value € to the solution of (5.1) is very small in real applications, especially
for large networks. For example, the downtown Seattle network discussed in Chapter 6 has
over 10,000 OD pairs and more than 580,000 total trips and we use € = 107°.

In the remainder of the chapter, we start with the reformulation of the bi-level QSOD
model. Then we leverage the findings for the fixed-mapping QSOD model (Chapter 4) to
investigate the OD quasi-sparsity consistency and solution sparsity of the bi-level QSOD

model.
5.1 Reformulation of the Bi-level QSOD Model

Bi-level problems or mathematical programs with equilibrium constraints (MPEC) have been
studied extensively in the fields of transportation [118] and mathematical optimization [69].
In this section we give the relation between a local solution to the bi-level QSOD model (5.1)
and an optimal solution to a first-order approximation of (5.1) at a point (d*,v*) satisfying

the following assumption.
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Assumption 5.2. Let (d*,v*) € RWHAl belong to F in (5.1), and define index sets

Wr={weW:d,=¢ and Aj={acA: v =0} (5.4)

Suppose that there exists an open neighborhood O of d* in ]RLK/F| such that the function W is

continuously differentiable on O, with the Jacobian matrix of ¥ at d* given by
Q" =VU(d). (5.5)
The following problem is a first-order approximation of (5.1) at (d*,v*):

min  f(d,v) = |ld— ), + o — o]l
’ (5.6)
st (d,v) € S ={(dv) |Q(d—d*) +v* =v; d>¢, v>0}.

The matrix @Q* from (5.5) has a special property that the rows in Q* corresponding to
links a € Af are entirely zero. This is a consequence of the facts that (¥(d)), > 0 for
any nonnegative d € RWI (¥(d*)), = 0, and ¥ is differentiable at d*. More discussions
about Assumption 5.2 are presented in Appendix B, where we give a condition under which
it holds and a formula from [66] to compute the Jacobian matrix @* in (5.5). Note that,
different from the traffic assignment matrix Q defined in (4.3), the matrix * may contain
some negative entries, see, e.g., [45] for a related discussion. The matrix Q* computed for
the second example in [66] also contains negative entries.

Part (1) of Theorem 5.1 gives a necessary condition for a point (d*, v*) satisfying Assump-
tion 5.2 to be a local solution to (5.1), and part (2) of it gives a sufficient condition for it to
be a strict local solution to (5.1). Both conditions are based on the first-order approximation
problem (5.6). The point (d*,v*) is said to be a local solution to (5.1) if f(d*,v*) < f(d,v)
for any (d,v) in a neighborhood of (d*,v*) in F', and it is said to be a strict local solution to
(5.1) if f(d*,v*) < f(d,v) for any (d,v) # (d*,v*) in a neighborhood of (d*,v*) in F', see [83,
Chapter 12]. In the proof we use the fact that f is a piecewise affine function, meaning that

it is continuous and takes values from finitely many affine functions of (d,v) on RIWI*l4l,
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As a result, f is B-differentiable at the given point (d*,v*), which means that there exists a

positively homogenuous function D f(d*,v*) from RWIl4l to R, such that
f(d +d,v" +v) = f(d*,0%) = Df(d", v")(d, v) = of[[(d, v)]]).

The requirement that D f(d*, v*) is positively homogenuous means that D f(d*, v*)(rd, Tv) =
7D f(d*,v*)(d,v) for any 7 > 0 and (d,v) € RIWIFI4l B-differentiabilty is a generalization
of differentiabiliy and is introduced in [91]; the quantity D f(d*,v*)(d,v)) is called the B-
derivative of f at (d*,v*) for the direction (d,v), which is also the directional derivative of f
at (d*,v*) for (d,v). See [92, 44, 99] for detailed discussions about piecewise affine functions

and B-differentiable functions. Readers can refer to [111] for the proof of Theorem 5.1.

Theorem 5.1. For any point (d*,v*) € RWIHAL satisfying Assumption 5.2, the following

statements hold.
(1) If (d*,v*) is a local solution to (5.1), then (d*,v*) is an optimal solution to (5.6).

(2) If (d*,v*) is the unique optimal solution to (5.6), then (d*,v*) is a strict local solution
to (5.1).

Theorem 5.1 enables us to analyze properties of local solutions to the bi-level QSOD
model (5.1) using similar methods for the fixed-mapping QSOD model in Chapter 4, by

considering the corresponding formulation (5.6) based on these local solutions.
5.2 OD Quasi-sparsity Consistency of the Bi-level QSOD Model

In this section we give a condition for a local solution to (5.1) to belong to the set K defined

in (4.4) given that d° belongs to K, see Theorem 5.2 below.

Theorem 5.2. Let (d*,v*) be a local solution of (5.1) that satisfies Assumption 5.2. Suppose
prior OD demands d° belong to K, the OD pair set with quasi-sparsity. Let ri be as defined
in (4.5), ry be the optimal value of (5.6), and 7o = ||d* — d°||1. Then 7o < ro. Moreover, if

79 < 11, then the estimated OD demands d* also belong to K.



46

Proof. By Theorem 5.1, (d*,v*) is an optimal solution to (5.6). Thus, ry = ||d* — d°||; +
|v* — v9||1, which implies 7y < ry. Moreover, if 75 < 71, then d* belongs to the closed ball

around d° with radius r;, and therefore belongs to K by the definition of r;. m

The reason why we define 5 as the optimal value of (5.6) instead of (5.1) is that we
do not know whether (d*,v*) is a global solution to (5.1). If (d*,v*) is a global solution to
(5.1), then the optimal value of (5.1) is also rq; otherwise, the optimal value of (5.1) may be

smaller than rs.
5.3 Solution Sparsity of the Bi-level QSOD Model

In this section, we apply Lemma 4.1 and Theorem 5.1 to obtain a solution sparsity result
for (5.1). We refer the readers to [111] for the proof of the theorem. In the proof we use the
fact that rows in the matrix )* defined in Assumption 5.2 corresponding to links a € Ajj are

Z€ero.

Theorem 5.3. Suppose (d*,v*) € RWIFAl satisfies Assumption 5.2 and is the unique optimal
solution to (5.6). Define the index sets W* and A§ as in (5.4), and define

Wi={weW: d —d) >0}, Ap={acA: vi—12)>0},
Wy={weW: d —d’ =0}, Ay={acA: vi—-2"=0}, (5.7)
Wy={weW: d, —d <0}, Ay={acA: v - <0}

Then, (d*,v*) is a strict local solution to (5.1), and satisfies
WEUWZ| + A%\ A > [W]. (5.8)

Again, based on the fact that |W| >> |A] in a typical large-size traffic network, we can
conclude from the above theorem that |W>* U Wj| ~ |W|. This means that the estimated
OD demand from the bi-level problem (5.1) for a majority of OD pairs is either equal to the
small value € or equal to the prior OD demand of that OD pair, when the number of OD

pairs is much greater than the number of links. We also have the following two remarks.
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Remark 5.1. The above results show that, under the stated assumptions and conditions,
the solution of the bi-level QSOD model has very similar properties as those of the fixed-
mapping QSOD model, when compared with the prior OD demands. In particular, when
applying the bi-level QSOD model to OD estimation that assumes the prior demand matrix
is quasi-sparse, the estimated OD demand matrix (i.e., the solution of the bi-level QSOD

model) is also quasi-sparse.

Remark 5.2. Theorem 4.2 and Theorem 5.3 have important practical implications. They
indicate that the QSOD models (either the fixed-mapping case or the bi-level case) can
produce an estimated OD matrix with demands for some OD pairs (most OD pairs for
large-size networks, i.e., |IW| >> |A|) either the same as the prior OD demands or zero (or
very close to zero for the bi-level QSOD model). Since we can reasonably assume that most
OD pairs with zero (or very close to zero) estimated demand are also insignificant OD pairs
in the prior OD matrix, this implies that those OD pairs in the estimated OD matrix will
continue to be insignificant as in the prior OD matrix. As a result, the two theorems attest
that most OD pairs in the estimated OD matrix will remain significant or insignificant as
in the prior OD matrix. This is true even the conditions in Theorem 4.1 or Theorem 5.2 do
not hold (thus quasi-sparsity consistency does not hold strictly). It provides the theoretical
explanation why the QSOD models have superb performance of maintaining quasi-sparsity
consistency (i.e., higher accuracy and F1-score values as shown in Chapter 6 below) compared

with other OD estimation models.
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5.4 Algorithm for the Bi-level QSOD Model

Solving the QSOD model (4.3) for the fixed-mapping case is straightforward, as one only
needs to solve the equivalent linear program below,
dgldl,ll}u Z (ud>w + Z(uv)a
weW acA
U/dzd_doa UdZdO—dy

UUZQd—UO, UUZUO—Qd,

where ug € RWl and u, € R4 are auxiliary variables. In any optimal solution to (5.9), the
relations (ug)y = |dw — d%| and (1), = |(Qd)q — 0] hold element-wise.

The bi-level QSOD model, however, is much more challenging to solve as the lower-level
problem in (5.1) contains complementarity conditions hence the mapping function W(d) is
usually hard to differentiate. In this section, we discuss the algorithm to solve the bi-level
(UE) QSOD model for relatively large-size problems, which usually include a large number
of variables.

We first reformulate (5.1) as follows:
min ld — s + [¥(d) = 0. (5.10)

The non-linearity and non-convexity of W(d) bring the difficulty for the optimization of
(5.10). Here we apply the prox-linear method (Algorithm 1), which was investigated recently
for composite optimization problems [17, 61, 40, 41].

In each iteration, the algorithm approximates W(d) at dj, by its linearization W(dy) +
VU (dy)(d—dy), where ¥(dy) is the user-equilibrium link flows given OD demands dy, VW (dy)
represents the Jacobian matrix of W(-) at di. For the calculation of VW(dy), we refer to the
work by [66]. Detailed discussions can be found in Appendix B.

As each iteration in Algorithm 1 requires to solve a new large-scale optimization problem,
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Algorithm 1 Prox-linear method

Initialize: A starting point dy € Rm and a real ¢t > 0.
Step k: (k> 0) Compute

. 1
i1 = argmin||d — @l + 10 (dy) + VE(de)(d = di) ="l + lld = dill; - (5.11)
>e
Stop: when ||dgi1 — dil|l2 < € - ||dk||2 or & > maximum allowed iterations

we further make some reformulations to help efficiently solve (5.11). Let
A, = VU(dy), (5.12)
b, = VU (dp)dy, +0° — U(dy). (5.13)

Problem (5.11) is then re-written as:
1
: _ _ 0 g g2

tin |4 = bl + 14— @ + 52— (5.14)

For the selection of ¢, we need to make sure 1/t > ||Ag|l1. Let s; = Apd — by and

so = d — d° We split s; and s, into their nonnegative and nonpositive parts. That is,

+

s; = sf —s] and sy = s§ — s, where s = max{s;,0}, s; = max{—s;,0}, s; = max{sy,0},

s, = max{—s2,0}. We can reformulate (5.14) into the following quadratic programming

problem:

1
min ~ 17s] +17s] + 17 +17s; + 2_t||d — di||3

d,s'f,sl_,s2 89
s.t. S;r — S; = Akd - bk
sy —s; =d—d
+ o= o o
d>e€s7,5,5 ,55 > 0.

Problem (5.15) can be written in the following standard form
1
min §xTQx +clz

st. Ar=0b, z>0.

(5.15)

(5.16)
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with = (d, 5], 57, 55,55 ) € RIVIFAA where d > e,

Hyw 0
Q=" ", CZ[—%dk 111 1] (5.17)
0 0
and
Ay ~Iq Iq O 0 b
A= | A C b=, (5.18)
Iw 0 0 —Tw Lw d’

So far, each iteration of Algorithm 1 requires to solve no more than a quadratic pro-
gramming problem. We can apply standard interior point method to solve this problem to a
certain accuracy. However for large-scale problems, applying interior point method may face
the issue of slow convergence. Here we use the Alternating Direction Method of Multipliers
(ADMM) [15] to solve (5.15) in each iteration of the prox-linear algorithm for the downtown
Seattle example. Because of the complexity of the bi-level model, we could not prove the
convergence of the prox-linear algorithm; instead some convergence performance plots are

shown numerically in Section 6.2.
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Chapter 6
NUMERICAL EXPERIMENTS OF QSOD MODELS

To test the proposed fixed-mapping and bi-level QSOD models and validate the theoreti-
cal results, two testing networks are used in this chapter. The first one is a small network (5
nodes and 16 links) and the second one is a real (and larger) network in downtown Seattle.
We show how the OD quasi-sparsity consistency is kept by the QSOD models, and the prop-
erties of the QSOD solutions that are consistent with the theoretical findings in the last two
chapters. Detailed comparisons between QSOD and existing OD estimation methods (e.g.,

GLS in [120] and the SOD estimation model in [77]) are presented in Section 6.3.

6.1 A Small Network

The small network (depicted in Figure 6.1) contains 5 nodes and 16 directed links, where each
node can generate and receive travel demands, resulting in 20 OD pairs (we only consider
demands between different nodes). Table 6.1 gives the link specification of the network.
To test the QSOD models, we assume the true OD matrix is known (shown in Table 6.2),
which simulates the quasi-sparsity property of the OD matrix. The set of the significant OD
pairs is W\ Wy = {(2,4),(2,5),(3,5)}, where W is the insignificant OD pair set (assuming
€0 = 5, = 85%, f = 15% in the definitions in Section 3.1).

Given the true OD demands and link specification, the travel demands can be assigned to
links based on the Wardrop’s UE principle [113]. The link cost function follows the Bureau
of Public Roads (BPR) type formula [84]:

Va

ca(Vq) = FFT, x {1+ (00)4}. (6.1)

where ¢,(v,) denotes the travel time (cost) for link a given link flow v,, F/F'T, is the free flow

time (cost) for link a, and C? is the capacity of link a, as shown in Table 6.1. To obtain the
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Figure 6.1: A five node network

Table 6.1: Link specification

Link | (1,

FFT, |8 b} 8 5 12 14 12 14
C% 11200 | 1000 | 1000 | 1200 | 600 800 600 800

a

prior OD matrix and observed link flows, we add random errors to the true OD demand (d)

and link flow (v) as follows:

d=dx(1+A4)) (6.2)

v’ =0 x (14 Ay) (6.3)
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Table 6.2: True OD demands

OD nodes |1 (D) 2 3 4 5

1 (0) 1 4 2 2

2 1 4 1500 1600
3 3 4 1 1600
4 2 1 1 )

) 4 3 2 2

where Ay ~ uniform(—ey,€) and Ay ~ uniform(—eq, €z). Element-wise, the error (as
measured to be proportional to the true OD) of the prior OD demand matrix has an upper
bound of ¢;, compared with the true OD demand matrix. Similarly, €5 is the upper bound of
the error term for observed link flows. In most of the numerical experiments in this section,

we set €; and € in the range of (0, 1), except some in Section 6.3.

6.1.1 OD quasi-sparsity consistency

To demonstrate how the OD quasi-sparsity consistency is maintained by the QSOD models,
we first show the results of solving the fixed-mapping and bi-level QSOD models, and then
discuss the OD quasi-sparsity consistency theorems for the models.

In order to solve the fixed-mapping QSOD model (4.3), given the true OD matrix and
link specification, the first step is to establish the mapping matrix Q between link flows and
OD demands under the UE condition. As pointed out in the literature [8, 9, 68|, for traffic
assignment problems with BPR-type link cost functions, link flows are uniquely determined
while route flows may not be unique. Here we apply the Origin-Based Algorithm [9] to
solve the possible route flows under the UE condition and further build the link/OD demand
proportional matrix Q Then the fixed-mapping QSOD model can be solved by any LP
solver, through proper reformulation such as (5.9). For the bi-level QSOD model, as the
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dimension of the problem is quite small for this network (20 OD pairs and 16 links), it does
not require the use of the prox-linear method in Section 5.4. We can formulate the UE
constraints into a link-node nonlinear complimentary problem [7, 6], which can be solved
using the MPEC solver in GAMS [6]. We also use € = 107° for the bi-level QSOD model.

Assuming €; = 0.2, e5 = 0.02 (at most 20% and 2% errors are introduced to obtain prior
OD demands and observed link flows, respectively), Table 6.3 shows the results of solving the
fixed-mapping and bi-level QSOD models. It is observed that the estimated OD demands
have a much lower Root Mean Squared Error (RMSE, see its definition in Appendix C)
than the prior OD demands (the RMSE of OD estimates from the fixed-mapping and bi-
level QSOD models reduce by 51.12% and 36.20% respectively, compared with prior OD
demands), showing QSOD’s capability to improve OD demand quality. Furthermore, the
estimated OD demands for both fixed-mapping and bi-level QSOD models satisfy the quasi-
sparsity property based on the same W) (when ey = 5): all OD pairs in the estimated demand
matrix remain insignificant/significant as they do in the true/prior OD demand matrices,
implying the quasi-sparsity property of the OD demand is maintained by the two QSOD
models.

We then check the OD quasi-sparsity consistency conditions for the fixed-mapping case
and bi-level case. Table 6.4 presents six random trials conducted based on the small network.
The first three trials are for the fixed-mapping case, showing respectively that 1) conditions
in Theorem 4.1 do not satisfy, quasi-sparsity consistency still holds, 2) conditions in Theorem
4.1 satisfy, quasi-sparsity consistency holds, and 3) conditions in Theorem 4.1 do not satisfy,
quasi-sparsity consistency does not hold either. Similar to the fixed-mapping case, Trial 4 -
Trial 6 are to validate the quasi-sparsity consistency theorem (Theorem 5.2) for the bi-level
QSOD model. Various levels of errors were introduced into the prior OD demands and links
flows for the six trials. They show that Theorem 4.1 and Theorem 5.2 are the sufficient
conditions for OD quasi-sparsity consistency, which means once the required conditions are
satisfied, the derived estimated OD demands will keep the same quasi-sparsity feature as the

prior OD demands. On the other hand, the quasi-sparsity consistency may still hold even
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Table 6.3: Comparison between OD true values, priors, and estimates (small network)

O-D True Prior Estimated Estimated
demands demands demands demands
d d° (fixed-mapping)  (bi-level)
1-2 1 1.260 0.768 1.260
1-3 4 5.000 5.000 5.000
1-4 2 1.872 1.872 1.872
1-5 2 1.525 1.525 1.525
2-1 1 1.231 1.231 1.231
2-3 4 3.432 3.432 3.432
2-4 1500 1194.807 1464.500 1300.802
2-5 1600 1831.703 1831.703 1831.703
3-1 3 3.600 0 3.600
3-2 4 3.995 3.995 3.995
3-4 1 1.199 1.199 1.199
3-5 1600 1890.221 1615.623 1574.862
4-1 2 1.735 1.735 0.00001
4-2 1 0.686 0.686 0.00001
4-3 1 0.557 0.557 0.00001
4-5 5 5.000 5.000 0.00001
5-1 4 4.175 4.175 4.175
5-2 3 3.577 3.577 0.00001
5-3 2 2.043 1.336 2.043
5-4 2 2.105 2.029 2.105
RMSE 107.48 52.54 68.57
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those conditions do not hold. We conduct 20 more testing cases by randomly generating
€1 and €y, which further confirms the above findings. In particular, the results show that if
€1 < 0.5,e5 < 0.5, the quasi-sparsity consistency holds for most cases. Details are omitted

here to save space.

Table 6.4: Results for quasi-sparsity consistency (small network)

Trial Model 1 To To ro<r (orfy<r) d®eK deK (ord eK)
1 Fixed-mapping 0.954 147.391 4.332 No Yes Yes
2 Fixed-mapping 0.996  0.930 0.882 Yes Yes Yes
3 Fixed-mapping 0.025 116.232 110.271 No Yes No
4 Bi-level 0.984 12457  7.292 No Yes Yes
D Bi-level 0.700  0.723 0.314 Yes Yes Yes
6 Bi-level 0.775 176.572  28.894 No Yes No

6.1.2 QSOD solution sparsity

The QSOD solution sparsity in this dissertation focuses on how the prior information (e.g.,
prior ODs and observed link flows) will affect the estimated OD demands. Specifically,
according to Theorem 4.2, Theorem 5.3 and their corollaries, the estimated OD demands
from QSOD models will be mostly equal to either the prior OD demands or zero (or the
small value € for the bi-level QSOD model).

Revisiting Table 6.3, for the fixed-mapping case, among the 20 OD pairs of the network, 14
OD pairs have the estimated demands exactly equal to the prior OD demands (including 13
insignificant OD pairs and 1 significant OD pair). For the bi-level case, 13 OD pairs, including
12 insignificant OD pairs and one significant OD pair, have the estimated demands equal to
the prior OD demands. Such results demonstrate that the proposed QSOD framework can

capture the sparse deviation between the estimated demand and prior demand, which can
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ascribe to the use of the L{-norm.

In addition, the number of OD pairs with estimated demands equal to prior OD demands
or zeros (or the small value € for the bi-level QSOD model), and the number of links with
estimated flows equal to observed link flows or zeros are counted for the example in Table
6.3. The result is shown in Table 6.5. It shows that |Wy U Wx| 4+ |Az| > |W| holds for
the fixed-mapping case and |W* U W;| + | A% \ Aj| > |W] holds for the bi-level case, which
validate Theorem 4.2 and Theorem 5.3. We also tested 20 more cases for the small network
by assigning different random ¢y, €5 values. The results further confirm these two theorems

about QSOD solution sparsity. Detailed results are omitted here for brevity.

Table 6.5: Results for QSOD solution sparsity (small network)

QSOD scenario (WoUWg| or |WxUWZ| |Az| or |AL\ A5 |[W]

Fixed-mapping case 13 7 20
Bi-level case 18 11 20

6.2 Downtown Seattle Network

The larger size road network studied here is the downtown Seattle network (depicted in
Figure 6.2). This network consists of 927 directed links, 413 nodes, and 10,948 OD pairs,
covering the downtown area of Seattle in the State of Washington of the U.S. The link cost
function follows the same formula as in (6.1), and the free flow time of a link is calculated by
the link length and speed limit. It may not be considered as a “large” network in practice,
which is however used here to test the proposed QSOD models on a more general and larger
network (compared with the five-node network in the previous subsection). For this, the OD
demand matrix provided by PSRC is modified so that it can mimic the OD quasi-sparsity
property of the entire King County region. The modified OD demand matrix satisfies the
quasi-sparsity feature defined in Section 2 (¢ = 2, = 85%,5 = 15%): a large portion



58

(87.9%) of OD pairs own small demands (ey = 2) and they contribute to a relatively small
portion (10.6%) of the total OD demands of the network. This modified OD matrix is treated

as the “true” OD demand matrix for numerical experiments in this section.

" PIONEER SQUARE

Figure 6.2: Downtown Seattle network

6.2.1 OD quasi-sparsity consistency

As this network example contains more than 10,000 OD pairs, it is not practical to show
the estimated demand of each OD pair like the small network example in Table 6.3. Instead
two more metrics (in addition to RMSE) are employed to evaluate the OD quasi-sparsity
consistency for this network. The first is F'I-score, see [88], which evaluates the performance
of OD estimation models in maintaining the quasi-sparsity property of the true OD demand
matrix. The second is the accuracy that describes the ratio of OD pairs in the estimated OD

matrix that can keep the same significant/insignificant property as in the true OD matrix.
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Detailed definitions of the two metrics are provided in Appendix C. For either of them, the
performance of the model becomes better as the metric is getting closer to 1.

Similar to the small network example, the fixed-mapping QSOD model for this larger net-
work can still be solved as an LP, after the mapping matrix Q is constructed by solving the
UE problem. On the other hand, solving the bi-level QSOD model is quite challenging be-
cause of the large dimension of the problem. The downtown Seattle network actually presents
a large-scale problem for bi-level models, as each iteration of the Prox-linear algorithm (i.e.,
Algorithm 1) involves almost 35,000 variables and 12,000 constraints. Algorithm 1 can only
solve the bi-level QSOD model to certain level of accuracy. Figure 6.3 illustrates the con-
vergence performance of the algorithm. Figure 6.3a shows the relative difference (in terms
of Ly-norm) between the estimated OD demands for two consecutive iterations. Figure 6.3b
demonstrates the trend of QSOD model objective value vs. iterations. Both figures indicate
that this algorithm starts to converge after 600 iterations. After running 600 iterations of
the prox-linear algorithm, we obtain an approximate solution of the bi-level QSOD model on
the downtown Seattle network. The solution keeps 10,754 OD pairs insignificant /significant
as they do in the prior ODs, which yields an accuracy of 98.23%.

le—4 led
2.5 A
3.6 1
2.0 A
[
=
‘:; . S 3.5
L3 1.5 g
iF g
= 5 3.4
1.0 ©
331
0.5 1
(I] 1(‘)0 2(‘)0 360 4(‘)0 560 660 (I) 1(‘)0 Z(I)O 3(I)0 4(’)0 560 6(I)0
Iteration Iteration
(a) Relative La-norm of (dyy1 —dy) vs. iterations (b) Objective value vs. iterations

Figure 6.3: Convergence pattern for solving bi-level QSOD model (large network)
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We next analyze how the QSOD model retains the OD quasi-sparsity property of the
estimated OD demand matrix (compared with the true/prior OD demand matrix) with var-
ious levels of errors introduced to construct the prior OD matrix (the errors in observed link
flows €y are fixed as 0.05). Table 6.6 indicates that as more errors introduced, the estimated
OD matrix will have more OD pairs losing their insignificance /significance property (i.e. be-
coming significant from insignificant, or vice versa) as indicated by the decreasing accuracy
and F1l-score values.

When €¢; = 0.3, among the 10,948 total OD pairs, 10,635 OD pairs from fixed-mapping
QSOD model and 10,269 OD pairs from bi-level QSOD model keep significant /insignificant
as they do in the true OD matrix. This implies the potential of QSOD to keep the quasi-
sparsity property of OD demand estimation. Besides, conditions are also checked to validate
Theorem 4.1 and Theorem 5.2. Results show that neither r9 < r{ nor 79 < 7; holds.
Admittedly, the OD quasi-sparsity consistency conditions do not hold exactly (i.e., F-1 score
is less than 1) for this larger network. The high values of F1-score and accuracy however do
imply that the quasi-sparsity feature of the OD demand matrix is still largely maintained.

This confirms the theoretical findings in Theorems 4.2 and 5.3, and the discussions therein.

Table 6.6: Results for OD quasi-sparsity consistency (large network example)

Fixed-mapping Bi-level
Trial Error (¢,) RMSE Accuracy Fl-score RMSE Accuracy Fl-score
1 0.1 3.9438  0.9783 0.9875 1.1793  0.9436 0.9669
2 0.2 6.0051  0.9737 0.9849 1.2520  0.9413 0.9656

3 0.3 7.8925 09714 0.9836 1.3045  0.9380 0.9636
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6.2.2 QSOD solution sparsity

The results of QSOD solution sparsity for all the trials in Table 6.6 are investigated. To
illustrate, Table 6.7 shows the results for Trial 1. For the fixed-mapping case, it can be seen
that Theorem 4.2 has been validated, as [WoUWz| +|Az| > |W|. In addition, for this larger
size example, we notice that |Wy U Wy| ~ |W| since |W| >> |A|, which is also consistent
with the discussion after Theorem 4.2. For the bi-level case, as noted earlier, the obtained

solution is just an approximate solution, which still shows the trend in obtaining a number

of W U W3| fairly close (about 70%) to |W].

Table 6.7: Results for QSOD solution sparsity (large network example)

QSOD scenario (WoUWgz| or |WXUWZ| |Az| or |A5\ Af]  |W]
Fixed-mapping case 10550 443 10948
Bi-level case 7596 291 10948

While considering Corollary 4.1, the inequality (4.14) (|Wy| > |[W¢| —|Az|) can be easily
validated, as in the prior OD demands |[W¢| = 0, so the left hand side is always not less than
the right hand side. We also manually let some insignificant OD demands be zero, or even
all insignificant OD demands as zero (i.e., the OD demand matrix becomes sparse). Results
validate Corollary 4.1 as well. For example, when 3000 insignificant OD demands in prior
ODs are set as zero, the number of OD pairs with zero demand in the estimated OD demand
matrix is 3064. We then have 3064 > 3000 — 919. This indicates the number of zeros in the
estimated OD demand matrix is always lower-bounded by the number of zeros in the prior

OD demand matrix negating the number of links with flows equal to prior values.

6.3 Comparisons with Existing OD Estimation Methods

To further test the performance of the proposed QSOD models, we compare the model results

with those of two existing OD estimation methods: the GLS model in [120] and the SOD
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estimation model in [77].
Both GLS and SOD involve some weighing matrices in the objective functions. For

example, the GLS model in [120] has the form as:

min f(d,v) = (d—d)'U(d—d° + (v—20")"'V o -1
deRIV | veRIAl (6.4)

s.t. (d,v) € F = {(d,v) | ¥(d) =v, d>0,v>0}

where U and V stand for the variance-covariance matrix of OD demand errors and link
flow errors, respectively. Usually when assuming no correlations between the errors of OD
demands of any two OD pairs or link flows, the two matrices become diagonal matrices.
Notice that in practice, neither U nor V could be obtained or estimated easily. Here to
make it comparable with the QSOD model, we first assume them to be identity matrices
with proper dimension, which reduces to an Ordinary Least Squared (OLS) model, then
demonstrate the results when proper weighing matrices are implemented (GLS). In addition,
as the results for SOD (with proper hyper-parameter A for the L;-regularizer) are very close
to those for GLS (the differences are within 0.01% for all metrics for the testing cases we
have conducted), we omit the results of SOD for brevity. The small difference between the
two can be intuitively understood since GLS is a special case of SOD when the coefficient A

for the L;-regularizer of OD demands in the objective function is zero [77].

6.3.1 Result comparison between QSOD and OLS/GLS.

Table 6.8 compares the estimation results on the small network for three models: QSOD,
OLS (unweighted GLS) and GLS. Using ¢y = 5, the “ground truth” OD demands (d) are
added 50% errors to generate the prior OD demands (d°). In order to make sure prior ODs
share the same quasi-sparsity property with true ODs, the demands of those insignificant
OD pairs in d° are capped at 5.

For the OLS model, the weighing matrix U and V' in (6.4) are assumed as diagonal ma-
trices with all ones on their diagonals. Although such treatment imposes strong assumptions

on the models where errors of different OD demands/link flows are uncorrelated and equal,
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we test it to help understand how Li-norm (used in QSOD) and Ls-norm (used in OLS and
GLS) work differently in estimating OD demands. For the GLS model, we follow a similar
weighing method in [120], but use the prior OD demands (and observed link flows) rather
than “ground truth” OD demands (and true link flows) to calculate the diagonal of matrix
of U (and V).

In the fixed-mapping case, all three models maintain the OD quasi-sparsity, and QSOD
and GLS result in much better RMSE than OLS. In particular, since the prior demands of
significant OD pairs (e.g., 2-4, 2-5, and 3-5) deviate a lot from their true values, the OLS
model sacrifices the demands of insignificant pairs to match the prior demands of significant
ones, leading to a larger RMSE.

In the bi-level case, the RMSE for the three models are comparable but OLS and GLS can-
not maintain the OD quasi-sparsity consistency as QSOD. For example, in the GLS model,
many insignificant OD demands are zeros and three of them (i.e. the demands for OD pairs
3-1, 3-4, and 4-5) become significant while QSOD can keep the insignificance/significance
for all OD pairs. This means QSOD models guarantee the estimated OD demand has at
least the same magnitude as its true/prior value while keeping the estimation error (RMSE)
relatively small. The Lo-norm based models (e.g. GLS), although with slightly lower RMSE,
may greatly change the magnitude of the demands of some OD pairs (e.g. the demand for
OD pair 4-5 changes from 5 to 207.99 in the bi-level GLS model), which may not be desirable.
Also noteworthy is that the computational time of the bi-level QSOD model (on a server
with 8-core CPU and 32 GB memory) is much smaller than that of the bi-level GLS/OLS
model, implying that solving the bi-level QSOD model is computationally less demanding.
We tested 20 more cases and similar results can be found. Details are omitted here.

The use of weighing matrices in GLS is intuitive. According to [120], in the GLS model,
the weights for OD demand deviation and link flow deviation should be m and m
respectively. That is, once certain OD demand (or link flow) has relatively larger values or
errors, the weight (m) makes sure the corresponding deviation has a smaller weight in

the objective function. When minimizing the objective, such OD demand will be “forced”
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less to be close to the prior data, while those with smaller values or errors (i.e., with larger
weights) will be “forced” more to be close to the prior data. This is a standard way to improve
the robustness of the estimation model (i.e., less sensitive to outliers in prior data). We have
observed that GLS, by adding proper weights, can help produce better estimation results
than OLS. For the QSOD models, they can produce good OD estimation results (comparable
RSME and much better Fl-score) even without any weighing terms. Also noteworthy is that
with proper weights, the fixed-mapping GLS has similar performance with fixed-mapping
QSOD in terms of RMSE and F1l-score. One may explain this similarity via the closeness of
the solutions of the two models. More discussions can be found in Appendix D.

We have also conducted numerical tests using the downtown Seattle network, which are
only done for the fixed-mapping case, as currently the bi-level GLS model cannot be solved
for this network due to its large dimension. This further illustrates that computationally the
bi-level QSOD model is much easier to solve than the bi-level GLS model. The results for
the downtown Seattle network are quite similar to those for the small network. For example,
when 30% errors are introduced into the prior OD demands, the results produced by QSOD,
OLS, and GLS have the RMSE of 5.594, 8.328, and 2.140, respectively. The F1-scores of
QSOD and GLS are very close to each other (QSOD: 0.9861, GLS: 0.998), and the F1-score
of OLS (0.8525) is much lower than the other two. The dramatic difference of the F1-scores
between GLS and OLS indicates that setting “proper weights” for GLS is critical. However

this may not be done easily in practice; see discussions in the next subsection.

6.3.2 Discussions

Based on the results shown above, the proposed QSOD models can produce comparatively
small RMSEs as GLS or SOD, but have the similar (fixed-mapping QSOD) or much better
(bi-level QSOD) ability in keeping OD quasi-sparsity consistency. Besides, the QSOD models
also share other advantages over GLS (or SOD), as discussed below.

First, the QSOD models do not require proper weights in the objective function. Setting

up the proper weighing matrices U and V' in GLS not only requires extra work, which also
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may not be readily obtained or estimated in practice. On the other hand, if the weighing
matrices are not set properly, the estimation result of GLS may deteriorate substantially, as
shown in the last subsection when compared with the results of OLS. Figure 6.4a and Figure
6.4b further demonstrate how the error terms in weighing matrices affect the OD estimation
results of the GLS model. In this example, at most 50% and 40% errors were added to
generate prior OD demands and observed link flows respectively, i.e., e, = 0.5,e5 = 0.4.
Then in the GLS model, the weights for OD demand deviation and link flow deviation
should be

i do*gﬁ)Q and (UO*B 7 respectively. However, in practice, the error terms (i.e., 0.5

and 0.4) cannot be known in advance. Here we test when the errors are not properly set (i.e.
€ in m deviates from 0.5, €5 in m deviates from 0.4), how the model performance
changes. Figure 6.4a (RMSE surface plot) indicates that the weighing scheme based on the
true error terms (marked as the red point symbol) can lead to OD estimates with almost the
smallest OD demand or link flow errors. However, deviations in the error terms can result
in much worse results (i.e., much larger RMSE). Figure 6.4b (F1-score surface plot) shows
that improper weights can easily degrade the OD quasi-sparsity consistency as well (F1-score
decreases from 0.97 to 0.90). As the error terms (€7, €5) cannot be easily obtained in advance,
how to properly set the weighing matrices in GLS remains a challenge. The QSOD model,
however, does not require the use of such weighing matrices.

Second, the QSOD model is more robust to outliers in prior data and works well even
the prior OD d° is not representative. As pointed out in the literature [80, 42, 108, 96], the
Lo-norm based regression is much more sensitive to outliers than the L;-norm regression.
Such weakness of the GLS model also shows in the OD estimation problem. Table 6.9
gives an example where outliers exist in prior OD demand. In this example, at most 50%
errors were added to generate prior OD demands, except OD pair 2-4, 2-5, and 3-5 where
the priors are only 10% of their true values (i.e., they are the “outliers”). This treatment
tries to simulate the case where outliers exist in prior information. We can see that QSOD
outperforms GLS in this case. In the bi-level case, in particular, GLS fails to keep the OD

quasi-sparsity consistency (with the Fij-score only about 0.7), and its estimated OD matrix
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Figure 6.4: RMSE and F1-score of the GLS model vs. errors used in the weighting matrices

is very likely to deviate from the true OD matrix due to the outliers in prior OD demands.
On the other hand, QSOD shows its robustness to the outliers in prior data. We also test
when the prior OD is not representative, how the estimated OD demands from QSOD and
GLS perform. We randomly set eight (out of 17) insignificant OD pairs as significant for
prior ODs by amplifying their demands (thus the prior OD is not representative of the true
OD anymore), and repeat this test for 20 times. Table 6.10 indicates that when prior ODs
are not representative, the QSOD models can mostly show similar or better performance
in reducing RMSE and keeping OD quasi-sparsity consistency than GLS. In particular, the
QSOD model outperforms GLS in 16 (out of 20) trials in terms of F1 score, demonstrating
its capability in keeping quasi-sparsity consistency, even when the prior OD demand is not
representative.

Third, solving QSOD models is computationally less demanding than solving the GLS
and SOD models, especially for the bi-level case. The fixed-mapping QSOD (4.3) can be
converted into an LP and readily solved by standard LP solution algorithms such as the

Simplex method. However, the fixed-mapping GLS (or SOD) model is a quadratic program,
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which in theory is harder to solve than an LP. More noticeable is the advantage of the bi-
level QSOD model in computation efficiency. Such a model can be converted into an LP
with linear equilibrium constraints, which is much less complex than the bi-level GLS model.
The computational time shown in Table 6.8 confirms that the bi-level QSOD model requires
much less time (0.673 vs. 1.522 seconds) to solve compared with the bi-level GLS model for
the small network. For the larger downtown Seattle network, the bi-level GLS model cannot
run properly due to memory and other computational issues, while the bi-level QSOD model
can produce (approximate) optimal solutions.

Fourth, compared with the SOD model, QSOD models are hyperparameter-free, which
means they do not require a hyperparameter tuning step to obtain a better solution. When
conducting the numerical experiments, implementing the hyper-parameter tuning for the
SOD model may require more efforts compared with implementing the QSOD model. Such
a tuning process is not cost-effective either in real applications, since each time a new network
(or any new data input to an existing network) is used, a new round of hyperparameter tuning
will be needed.

Lastly, we briefly comment on the challenges of applying the proposed QSOD models
to practical OD estimation applications. These challenges may also apply to other types of
optimization-based OD estimation models, such as GLS models and SOD models (prior OD
may not be used). For the fixed-mapping QSOD model, Q needs to be computed using true
OD demand that is unavailable for practical applications. For the bi-level QSOD model, the
bi-level model is generally hard to solve on large scale problems since the UE mapping itself
changes during the optimization process. Both issues may be resolved by using a reasonably
estimated prior OD d°: an estimate to Q or the UE mapping can be produced(denoted as
Q) using d°, solve the fixed-mapping or bi-level QSOD model using @ to obtain a solution
d, use d to generate an updated estimate of (), and repeat the process of updating d and
. This is practically doable as such prior OD is often available for practical applications
(i.e., by planning agencies). However, it often difficult to prove that such a process can lead

to convergent results, leaving it largely a heuristic method. The practicability of using the
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prior OD d° also merits further discussions. It may be considered as both a limitation and an
advantage: a limitation because we need d° to be reasonably estimated (ideally representative
for QSOD models or close to the true OD for GLS models) and an advantage because there
are indeed practically estimated d° by planning agencies which should be leveraged. In fact,
most optimization-based OD estimation models (the only exception we are aware of is the
CODE model in [97]) apply d° as the input, aiming to improve it using additional data
sources. Therefore, the use of d° in QSOD models (and other models too) is not impractical,
as long as it is (ideally) representative of the true OD demand. In case a reasonably estimated
d° is not available (ensuring representativeness of d° is not trivial as discussed in the next
section), one may exercise the similar heuristic idea shown above for Q, i.e., starting with

some best initial d° and iteratively solving QSOD to obtain improved estimates.
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Table 6.8: Comparison between OD true values, priors, and estimates for three models

Fixed-mapping Bi-level
O-D d d° QSOD  OLS GLS QSOD OLS GLS
1-2 1 1.5 1.5 1.13 1.36 1.5 0.861 0
1-3 4 5 5 4.623 3.67 4.777 2.27 0
1-4 2 3 3 0 3.10 3 0 0
1-5 2 3 1.86 0 2.96 3 0 0
2-1 1 1.5 0 0 1.49 1.5 0 0
2-3 4 5 5 0 4.44 0.00001 0 0
2-4 1500 2250 1503.80 1747.43 1501.82  2250.00  1856.72  1713.69
2-5 1600 2400 1596.81  2004.91 1596.33 1810.80  2049.55  2086.07
3-1 3 4.5 4.5 0 4.58 4.5 0 16.02
3-2 4 5 5 4.503 4.01 5 4.503 5
3-4 1 1.5 1.903 0 1.37 1.5 0 7.93
3-5 1600 2400 1603.75 1836.94 1603.26 1151.28  2069.57  1001.68
4-1 2 3 3 2.69 1.85 3 4.01 3.33
4-2 1 1.5 0.50 0.82 1.07 1.5 7.42 2.74
4-3 1 1.5 1.5 0.81 1.09 1.5 3.99 1.5
4-5 5 5 4.98 4.99 4.98 5 12.71 207.99
5-1 4 5 5 4.32 4.20 0.285 0 0
5-2 3 4.5 3.02 3.45 2.59 0.00001 0 0
5-3 2 3 1 1.94 1.94 0.00001 0 0
5-4 2 3 3 2.51 2.51 2 0 0
RMSE 1.605 118.606  1.287 200.926  165.835  184.582
F1-score 1 1 1 1 0.889 0.757
Computational time (seconds) 0.1926 ~ 0.1777  0.1757  0.689 4.803 1.522
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Table 6.9: Comparison between OD true values, priors, and estimates for QSOD and GLS

(with outliers)

Fixed-mapping Bi-level
O-D d d° QSOD GLS QSOD GLS
1-2 1 0.59 0.59 0.57 0.59 2.00
1-3 4 2.51 4.70 4.46 4 6.00
1-4 2 1.17 1.17 1.22 2 0
1-5 2 1.74 1.74 1.81 2 0
2-1 1 1.40 1.40 1.43 1 3.27
2-3 4 3.81 3.81 4.52 3.44 0
2-4 1500 150 1506.68  1499.424 1878.32 1783.23
2-5 1600 160 1596.81 1584.94 1600 2071.29
3-1 3 4.03 4.03 4.558 3 18.77
3-2 4 2.12 4.01 4.01 2.16 4.01
3-4 1 1.05 1.05 1.19 1 4.39
3-5 1600 160 1603.93  1595.99 1600 1002.40
4-1 2 2.72 1.93 2.39 2.60 0
4-2 1 1.08 1.08 0.95 1.08 3.01
4-3 1 0.58 0.58 0.68 0.58 0
4-5 D 2.70 4.98 4.98 ) 118.73
o-1 4 3.38 4.37 3.65 2.58 9.02
5-2 3 4.39 3.35 3.51 3 0
5-3 2 1.30 1.30 1.87 1.30 0
5-4 2 1.13 2.01 2.01 1.13 2.01
RMSE 1.921 3.3521 84.596 183.403
Fl-score 1 1 1 0.703
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Table 6.10: Comparison between QSOD and GLS when prior ODs are not representative
(Fixed-mapping)

Model QSOD GLS
Trial RMSE Fl-score RMSE F1l-score
1 19.728 0.828 34.537 0.786
2 12.309 0.867 40.282 0.828
3 11.946 0.867 16.825 0.867
4 16.988 0.867 38.419 0.938
5 15.697 0.867 14.431 0.903
6 19.064 0.903 16.857 0.828
7 15.681 0.903 14.486 0.828
8 12.297 0.903 40.282 0.867
9 16.473 0.903 39.666 0.828
10 12.324 0.828 40.283 0.786
11 14.841 0.903 18.513 0.903
12 16.504 0.903 16.453 0.903
13 14.802 0.903 30.253 0.903
14 19.123 0.903 19.005 0.867
15 17.121 0.867 15.295 0.903
16 17.025 0.867 38.822 0.828
17 16.217 0.903 15.549 0.903
18 16.345 0.903 13.002 0.903
19 15.898 0.903 32.273 0.828
20 14.093 0.903 17.543 0.938

Mean 15.724 0.885 25.639 0.867
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Chapter 7
DISTRIBUTIONALLY ROBUST QSOD ESTIMATION MODEL

Having explored the deterministic QSOD models in Chapter 4-6, in this chapter, we
investigate the QSOD framework from a stochastic perspective. The focus of this study is
the (static) OD demand estimation problem, i.e. given prior OD demands and observed data
within a period, e.g. link traffic flows, how to estimate a more accurate static representation
of OD demands, including an “averaged” demand and the daily demand that corresponds to
the daily observed data. For OD estimation, stochasticity may come from three sources. First
is the stochasticity of the physical system, i.e., the transportation network, which is naturally
stochastic due to various randomness related to physical systems (such as incidents) and
human behaviors (such as choices of routes, modes, etc.). Second, because of the stochastic
nature of the physical system, the collected and available data (e.g., day by day link flows)
are also random to reflect the stochasticity of the physical system. The third is the stochastic
structure of the modeling methods that can capture the stocahsticity of the physical systems
and the available data (e.g., the stochastic optimization model in the literature or the DRO
model employed in this chapter). In this sense, SO and DRO are two alternative modeling
methods to model and estimate stochastic OD demands. They both apply to similar but
distinct scenarios, depending on how accurate knowledge we have about the distribution

information of the input data or OD demands. Next, we start with some DRO basics to

build the DR-QSOD model.
7.1 DModel Formulation

Differing from SO models where certain distributions are assumed for OD estimates or/and

observed data, DRO framework allows the distributions of OD estimates or/and observed
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data to run within an ambiguity set. Under the DRO framework, we introduce two sets of
decision variables d and ¢ in this thesis to stand for the OD demands in different modeling
stages. Variable d (“here-and-now” decision) represents the “nominal” (or “averaged”) OD
demands, which is a “representative” OD demand taking into account the stochasticity and
robustness of observed data at the same time. It reflects the general patterns of the OD
demands of the entire network. On the other hand, variable ¢ (“wait-and-see” decision),
which will be solved after obtaining the value of d, stands for the OD demand corresponding
to the observed link flow data on each day. The use of a two-stage model rather than a
single-stage model (2.5) in this case is natural, as we not only expect an overall OD demand
to account for the prior OD demands and the data distributional uncertainty, but also give
an OD estimate corresponding to the traffic link flows on each individual day. In addition,
since the DRO model does not require a probability assumption on the observed data, it is
generally easier to use in practice. We give the notation of the DR-QSOD model (mainly for
Chapter 7 and Chapter 8) in Table 7.1.

Table 7.1: List of notation (DR-QSOD model)

Notation Meaning

d “here-and-now” decision for the OD demands

t “wait-and-see” decision for the OD demands

A weighting parameter in DR-QSOD

21,29, 23 auxiliary variables

& daily network-level traffic link flow

A dimension indices set for daily network-level traffic link flow
w dimension indices set for OD demands

d° prior OD demand

Continued on next page
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Table 7.1: List of notation (DR-QSOD model) (Continued)

Notation Meaning

P probability distribution of &

D ambiguity set for P

Q fixed-mapping matrix between OD demands and link flows
i mean value of observed link flow

S,A* B,C,E, F,G pre-specified coefficient matrices

a,b,c.e, f, g pre-specified coefficient vectors

Q support of &

M (Q) set of all probability distributions on a o-algebra of €2
Emin predefined lower bound on &

Emaz predefined upper bound on &

Y first-stage decision variable of two-stage DRO

x second-stage decision variable of two-stage DRO
Qy, &) second-stage objective

v, B dual variables in dual formulation of two-stage DRO
¢,n, o dual variables in dual formulation of Q(y,§)

v true link flows

d “true” OD demands

€0 threshold for insignificant OD demand

€1 relative error in prior OD demands

€9 relative error in observed link flows

Now we formally establish the two-stage distributionally robust quasi-sparsity OD esti-
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mation model as follow:

min %Hd — d°||1 + sup Ep[Q(d, &)]
PeD (7.1)

st. d>0,

where d° € RW! represents the prior OD demands, which is usually provided by local plan-
ning agencies; ¢ € Rl stands for the daily network-level traffic link flow, which can be
collected by widely-deployed detectors; and Q(d, &) equals to the optimal value of the fol-

lowing problem:

min [t = ds +[1Q £ — €]l
(7.2)
st. t>0,

where Q € RIAXIWI represents the fixed-mapping matrix between OD demands and link
flows. Here Q(d, §) can be regarded as the optimal value of sum of the L;-deviations between
estimates and their prior or observed values, given d and &. Further, if d = d°, then Q(d, )
will be the same as the deterministic fixed-mapping QSOD model in Chapter 4. X in (7.1) is
a parameter that needs to be tuned, which can be interpreted as how reliable the prior OD
demand d° is. If X is small, the term ||d — d°||; will have a larger weight, which means the
model will penalize more on this deviation so that the first-stage decision variable d will be
forced more to be close to d°.

Since there often exist daily variations within traffic flow, it is generally hard to obtain
an accurate distribution of the daily network-level traffic link flow &. Therefore, in this
dissertation, we treat £ as a random parameter with distributional uncertainty. We let P be
the probability distribution of the link flow £, and D be the ambiguity set of P defined in
(7.3).

D:={Pc M (Q): Ep[S¢] < 1}, (7.3)
where fi stands for the mean value of observed link flows, S represents the pre-specified

coefficient matrix (S is set as an identity matrix in this study). That is, the ambiguity set
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is defined based on the first moment of the distribution. M™(Q) here stands for the set of
all probability distributions on a o-algebra of €2, and €2 is the support of £ defined below:

Q:={eeRA . <ev<er  Vae A}, (7.4)

mwn max?

where &in and &a, are predefined lower and upper bounds of &.

Notice that the ambiguity set D basically defines a family of probability P, and all possible
probability distributions of ¢ are restricted by the first-moment constraint Ep[S¢] < i
Certainly there might exist other ways to define the ambiguity, which can be explored in
future research. The term “ambiguity” further indicates that we only know part, rather than
all, of probability information regarding &, therefore the modeling process of DRO will be
less restrict than the typical stochastic optimization.

Similar to the deterministic QSOD model in Chapter 4, we use the L;-norm in the
objectives of (7.1) and (7.2). The use of L;-norm does not only help keep the quasi-sparsity
property of OD demand matrices, but also make the model easier to solve. Denote o and w
as any link and OD pair in the set of A and W, respectively. To make the model structure
more clear, we introduce auxiliary variables z; € RWI, z, € RIW!I and z3 € Rl to replace the
Ly-norm in (7.1) and (7.2), and transform the two-stage DR-QSOD model into the following

form:

min % Z 21+ sup Ep[Q(d, 21, )]

d,z1 wel PeD
st. d”>0, YweW, (7.5)
A zd" = (d)", YweW,

20 > —d¥ + (d°)”, Yw e W,
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where

Q(d,zl,f):tfg%rzlg 0- th—l—l- Zzg’%—l-z,z?

weW weW aEA

st. t* >0 YweW,
zy >t" —d¥, YweW, (7.6)
zy > —t"+dY, YweW,
25 > [QU* =&, Va € A4,
28> —[QH* + £, Va € A

The two problems above can be further expressed in a compact form:

min @’y + sup EpQ(y, €)]

Y Fep (7.7)
st. A'y <b,
where
Q(y, &) =minc’z
st. Bx+Cy >e,
v (7.8)
Ex+ F¢> f,
Gr > g,
where y = [d, 21]" represents the first-stage decision variables, x = [t, 2, 23]7 represents
-1 0
-I 10 I 0
the second-stage decision variables, A* = | I —I|, B = , C = ,
I IO -1 0
- —I
-Q 01 I
P L F = ,G:hooquogﬂb:mdo—ch:
O 01 1

0 1 17, e=0, f=0,g=0, where I, 0, and 1 stand for the identity matrices, all-zero
matrices/vectors, and all-one vectors with proper dimensions, respectively.
Note that problem (7.7) and (7.8) are in the classical form of a two-stage DRO model: the

first-stage problem tries to minimize the sum of @’y and the worst-case expectation of Q(y, €)
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over all possible probability distributions IP; the second-stage problem aims to minimize ¢’z

given y and the realization of ¢, i.e. &, the link flow for day ¢. The key difference between
the two-stage model and single-stage DRO model (2.5) is that the second-stage problem can
yield to an estimate corresponding to each realized input data &;, which makes it possible to
give a daily OD demand as the change of daily link flows.

Besides, there exist certain connections between the two-stage DR-QSOD model with the
deterministic QSOD model and stochastic models. First, the two-stage DR-QSOD model
is more general than the fixed-mapping QSOD model in Chapter 4. If we set a relatively
small value for X in (7.1), the first decision variable d will equal to its prior value d° because
of the large weight for ||d — d°||;. In this case, the second-stage problem is exactly the
same as the fixed-mapping QSOD model: given a single point link flow data, the second-
stage model output an OD demand estimate. Second, DR-QSOD model is statistically
more flexible than the stochastic OD estimation models. Unlike stochastic models generally
require strong assumptions on estimates or data, DR-QSOD model works well for the case
where the stochastical information of data is not complete. For example, if there is only very
limited of data or lots of required data is unobserved, DR-QSOD model will work better
comparing with stochastic models, as an exact distribution information regarding the data

is not required in the DR-QSOD framework.

7.2 Solution Algorithm

7.2.1 Tractable reformulation

Equation (7.7)-(7.8) discussed above present a clear two-stage DRO framework, which how-
ever is challenging to solve in practice. First of all, the probability P is not known or
pre-defined, which makes the first-stage problem (7.7) not tractable. Second, the two-stage
framework itself is generally more difficult to solve compared with the single-stage frame-
work. In this section, we discuss the method to solve the above two-stage DR-QSOD model.

First of all, we try to convert the two-stage DRO problem into a tractable min-max problem,
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as discussed in Theorem 7.1.

Theorem 7.1. The two-stage DRO model (7.7)-(7.8) is equivalent to the following (tractable)

min-maz problem (7.9).

min a’y+ i’ 7+ max(Q(y, ) — 7 S€)
y,7>0 £eq

(7.9)
sit. A'y <b.

Proof. Note that the second part of the objective of (7.7) requires to solve the worst-case

expectation suppep Ep[Q(y, £)] under the ambiguity set D, and Q(y, £) itself is an optimiza-

tion problem. First we rewrite suppcp Ep[Q(y, )] as the following optimization problem,

according to the property and definition of probability distribution and expectation.

sup E:Q(y.€)) = max | Q(y.€)P(de)

PeD

s.t. /Q SEP(dE) < (7.10)

/Q P(d¢) = 1

Then by using the standard duality theory, we can write the dual problem of (7.10) as follow:

LT
min g7+
7200 (7.11)

st. TISE+ B> Q(y,€),VE€Q

where 7 and (3 are dual variables associated with the two constraints in (7.10) respectively.

Substituting supp.p Ep[Q(y, £)] with (7.11), we can rewrite (7.7) as follows:

. _T . _T

min ay+g%%(u 7+ B)

st. Ay <b (7.12)
TISE+ B> Qy,€),YE € Q

Now the objective of (7.12) is a min-min problem, so we write it as the following optimization
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problem,

. _T _T
,in_ (@y+p 17+p5)

st. Ay <b (7.13)
TISE+ B> Q(y,€),VE € Q.

As the constraint 8 > Q(y, &) — 77.S¢ must be satisfied for V¢ € Q, we further write the
above problem (7.13) as (7.9). Therefore, the two-stage model is equivalent to the min-max

problem. O

7.2.2  Benders decomposition

In this section, we will apply Benders Decomposition (BD) [126] to solve the problem in
(7.9). Firstly, we rewrite (7.9) as follow:

. _T _T
[ min (a"y+p 7+ p5)

st. A'y<b (7.14)
B> Q(y,€) — "8, VE € Q.

Notice that as £ in the second constraint of (7.14) is a continuous parameter and has to fall
into the support of €2, it is unwise or impossible to enumerate all values of ¢ to construct
the realized constraints. However we can employ BD method to solve the problem. Given a
realization of £, say ¢, we call the constraint 8 > Q(y, &) —77.S¢ as a Benders cut pertaining
to &’. The BD method will start to optimize the problem with some relaxed Benders cuts, and
then iteratively add more Benders cuts till the stopping criterion is satisfied. We demonstrate

the BD framework as follow:

1. Initialization: lower bound LB := —oo, upper bound U B := oo, tolerance ¢, iteration

limit L, set of Benders’ cuts CUT = &.

2. Forl=1,---, L, repeat the steps:
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(a) Solve the master problem

. _T _T
min a'y+p T+0
y,72>0,8 (715)

st. A'y<b
with the current set of Benders’ cuts in CUT as additional constraints. Record

optimal solutions (3!, 7!, 8), and set LB equal to the optimal value.

(b) Solve the separation problem

gleag{Q(yl,f) — ()" 5S¢} (7.16)
Record optimal solution ¢ and the optimal value V', ans set UB equal to LB —
B+ Vi
(c) If UB — LB|/LB < € or ' > V!, then RETURN and output %' as an optimal
solution; otherwise, go the the next step.

d) Add a Benders’ cut 8 > Q(y, &) — 7S¢ into set CUT.
(

In Step 2(b), Q(y!, €) itself is a minimization linear program. In order to solve the max-min

problem (7.16) we consider the dual problem of Q(y, &) as follow:
Q(y,€) =max (e —Cy)'C+(f - FOn+g"0
st. BTC+ETn+GT6 <, (7.17)
¢,n,6>0
where the dual variables ¢, 1, and § correspond to the three constraints in (7.8), respectively.

As Q(y, &) has been converted into its dual form in terms of a maximization problem, we

can plug (7.17) into (7.16), and recast the separation problem as:

G CY)Y'C+(f=F ™+ g"0 — ()" S¢

t. BY'C+E"™+G' <
s C+E"n+ <eg, (7.18)

C7n75207

i <& Nae A

min —
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Solving the problem (7.18), we then record optimal solution (¢!, ¢!, n', ') and the optimal
value V!, ans set UB equal to LB — ' + V! (Step 2(b)). Then we add a Benders’ cut
B> (=CTHYTy+ ¢t + (f — FEYTH + g76" — (ST into set CUT (Step 2(d)).

In summary, using the BD framework to solve the DR-QSOD model essentially requires
to solve two problems iteratively. One is the master problem (7.15), which is a classic lin-
ear program. This problem can be solved by any LP solvers, e.g. simplex, dual-simplex,
and interior-point method [87]. Another is the separation problem, which can be converted
into the form of (7.18). Containing the bi-linear term (F¢)Tn, problem (7.18) is a nonlin-
ear program (NLP) with nonlinear objective and linear constraints. This problem can be
usually solved by NLP solvers. In some cases, if the objective can be formulated into a
quadratic function, it can be efficiently dealt with by quadratic program solvers. Regarding
the convergence property, the BD method belongs to a classic L-shaped algorithm, and it has
been proved that such BD algorithm finitely converges to an optimal solution when it exists
or proves the infeasibility of problem. For a more detailed discussion of the BD algorithm

convergence, one can refer to the study [14].

7.2.8  Incorporating Column-and-Constraint Generation

The existence of distributionally uncertain input data with limited probabilistic information
brings great difficulties in solving the DR-QSOD model. In order to address this issue, the
BD method discussed above iteratively adds dual cuts into the master problem (7.15), and
finally reaches the optimal solution under the distributional uncertainty of input data &.
However, the BD method with pure dual cuts has notorious weakness of slow convergence,
as each iteration only adds one constraint into the master problem. Given this situation, we
consider introducing the Column-and-Constraint Generation (CCG) method [124], and try
to leverage the advantage of two methods (BD with dual cuts and CCQG) to solve the model.
As a cutting plane procedure, the CCG method defines the generated cutting planes by a
set of created recourse decision variables in the forms of constraints of the recourse problem,

which may help speed up the convergence process, compared with the BD method with the
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pure dual cuts. More often, both dual cuts and the primal cuts (from CCG process) are
employed for solving DRO models. We refer reader to [124, 126] for more discussions of BD
method with primal & dual cuts and the CCG method.
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Chapter 8
NUMERICAL EXPERIMENTS OF DR-QSOD MODEL

In this section, we test the proposed DR-QSOD model using the well-known Sioux Falls
network [79], and compare the performance of DR-QSOD with its deterministic counterpart,
fixed-mapping QSOD model 4.3, and stochastic QSOD model.

The Sioux Falls network (as shown in Figure 8.1) contains 76 links and 24 nodes, con-
tributing to 552 OD pairs (|W| = 552, |L| = 76). The network attributes and the “reference”
OD demands are given in [106]. In order to mimic the quasi-sparsity property of large-scale
OD demand matrices, we slightly modified the reference OD demands and constructed the
so-called “true” OD demands for the network. Using ¢y = 5 as the threshold to define the
insignificant OD demand, there are 330 insignificant OD pairs in the “true” OD demand
matrix and those insignificant demands only contribute to 15% of total demands. Those
properties satisfy the definition of quasi-sparse OD matrices in Section 3.1.

Denote d as the “true” OD demands and d° = (1 4+ A;) x d as the prior OD demands,
where Ay ~ uniform(—ey, €). Given d and link attributes of the network, we solve the user
equilibrium problem and derive the true link flows, denoted as v. Then the observed link
flow £ is generated as & = (1 + Ay) X 0, where Ay ~ uniform(—eq, €3). The two parameters
€1, € reflect how much relative errors are in the prior OD demands and observed link flows,
respectively. In the following experiments, we assume €; > €5, because in reality the errors
for the link flows are relatively small as link flows are usually counted by traffic detectors,

which are more reliable.
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Figure 8.1: Sioux Falls network

8.1 Parameter Tuning
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The first step to conduct the numerical test is to tune a proper value for the weighting

parameter A in (7.1). As previously stated, A is a critical parameter in the two-stage DR-

QSOD model, as it can be interpreted as the reliability of the prior OD demands d°. If \

is small, DR-QSOD model will rely more on the prior OD demands therefore produce an

estimate closer to d°. However in real applications, it is hard or impossible to determine

in advance what the best value of A is. Given this situation, we test various values of A in

the DR-QSOD model and compare their OD estimation performance to determine the best

choice. Table 8.1 demonstrates the results of DR-QSOD model performance under various

values of \ with the setting of e; = 0.25 and e, = 0.1. As ) increases, the Root Mean Squared

Errors (RMSE) of OD estimates shows a trend of decreasing.
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Table 8.1: DR-QSOD model performance, running time vs. weighting parameter A

A RMSE Running time (s)
0.25 142.42 281.21

0.5 142.42 300.83

1 142.42 224.94

1.5 140.37 991.35

2 133.92 1575.77

4 129.47 2540.97

6 131.29 9636.05

When A < 1, the RMSE does not change across different values of A. When A > 1, the
RMSE of OD estimates decreases while the time required by the BD method to converge
grows. For example, when A\ = 4, the RMSE decreases by 9.1% but the converge time
increases by 10 times, compared to the case of A = 1. Based on the two factors (RMSE and
running time), we select A = 2 for the remaining numerical tests in order to obtain a good
OD estimate within an acceptable time frame. It is worthwhile to note that the best value
of A may vary for different network examples. In real applications, one may need to tune

this parameter properly to obtain a better first-stage OD estimate.
8.2 Algorithm Comparison

In this section, we compare the convergence performance of the BD method with pure dual
cuts, and the BD-CCG combination method. Figure 8.2 show the relation between relative
error (UB — LB)/LB| and the number of iterations. It can be seen that in the early
stage, especially when iteration number is less than 20, the BD-CCG combination methods
converge faster than the DB method with dual cuts, and the more CCG rounds we include

the quicker the converge will be. From the perspective of running time required to converge,
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see Figure 8.3, the BD method with pure dual cuts shows fairly good performance compared
with the BD-CCG combination methods. In the early stage, the BD dual cuts method
requires much less running time per iteration, which is intuitive as each iteration only adds
one additional constraint into the master problem. The BD-CCG combination method, on
the other hand, needs great mount of time even in the early stage. The more rounds of
CCG procedures included, the longer time it requires to converge. This is because in each
iteration, the CCG procedure not only introduces a set of new constraints into the master
problem (versus only one constraint like BD dual cuts method), but also creates a number
of recourse variables in the master problem thus dramatically increases the dimension of
the problem, even it is a linear program. In conclusion, there exists a trade-off between
the running time and convergence speed (in terms of relative error change per iteration).
The experiment demonstrates that BD with 1-round CCG results in the best convergence
performance, indicating that it is desired to include a few rounds of CCG procedures into
traditional BD dual cuts method in order to speed up convergence. In practice, the number

of CCG rounds needs to be further tested.

—— BD dual cuts

-+ BD-1-round-CCG
----- BD-2-round-CCG
10° 5 —— BD-4-round-CCG

10-1 4

1072 4

Relative error

1073 4

107%
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Iteration

Figure 8.2: Algorithm convergence comparison (relative errors)
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Figure 8.3: Algorithm convergence comparison (running time)

8.3 Model Performance

Having determined the weighting parameter A and proper solution algorithm for the two-
stage DR-QSOD model, now we start to compare the estimation performance of DR-QSOD
model with that of deterministic QSOD model. Figure 8.4 compares the RMSE of OD
estimates between DR-QSOD model and deterministic QSOD model. First, it can be seen
that the two-stage DR-QSOD model produces an OD estimate d (first-stage decision variable)
with the lowest RMSE (133.17 in blue solid line), compared to either the deterministic QSOD
with input of any single day link flow (squares with red dash line) or an averaged link flow
(140.58 in red solid line). Second, the RMSE of daily estimated OD demands ¢ from the
DR-~QSOD model (stars with blue dash line) are mostly (25 out of 30) smaller than that of
the deterministic QSOD model. In addition, the averaged RMSE of 30-day daily estimated
OD demands for DR-QSOD model (172.15) is lower than that for deterministic QSOD model
(178.79). This implies that by considering the stochastic feature of input data (i.e. link flow),
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DR-~QSOD model can help generate the OD estimate with better accuracy.

Similar to the deterministic QSOD model, DR-QSOD model shows its great potentials
in keeping OD quasi-sparsity consistency, i.e. demands of most OD pairs will keep signif-
icant /insignificant as they do in the prior OD demands. Figure 8.5 shows the capability
of keeping OD quasi-sparsity for both DR-QSOD model and deterministic QSOD model.
It can been seen that the two-stage DR-QSOD model can output first- and second-stage
OD estimates with high insignificance consistency with an accuracy around 0.95, although
slightly lower than that of deterministic QSOD model. Besides, the DR-QSOD model shares
the similar sparsity solution property as the deterministic QSOD as well: over 552 OD pairs
in this network, the majority (544) of OD pairs have the first-stage OD estimate equal to its
prior value or zero. This indicate that DR-QSOD model share the similar solution property
as the deterministic fixed-mapping QSOD, see (4.3), i.e. most of estimates will be either
equal to its prior value or zero. Table 8.2 further illustrate such solution sparsity property:
with 20 random sample OD pairs, 19 OD pairs have the estimate either equal to zero or
its prior value. Both numerical tests indicate DR-QSOD model inherits the quasi-sparsity
consistency and solution sparsity property from deterministic QSOD model.

We next compare the performance of DR-QSOD to that of an stochastic QSOD model.
As discussed above, the two-stage DR-QSOD model allows certain levels of uncertainty of
data, making it possible to estimate the daily OD demand given the realization of observed
link flow. The stochastic QSOD model can also estimate daily OD flows, but with strict
distribution assumptions for observed data. Here we compare the estimation performance of
the DR-QSOD model and the stochastic QSOD model when data distributions are unknown
or inaccurate.

First, we utilize the sample average approximation (SAA) approach [59] to recast the
stochastic QSOD model as (8.1), where N denotes number of samples (or, number of days/
time slots) considered in this model; t; corresponds to the OD demand of day i. Similar
to the two-stage DR-QSOD model, (8.1) also yields to two sets of OD demands: one is

d representing the overall OD demands within this period; another is ¢; denoting the OD
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Table 8.2: Illustration of sparsity property of DR-QSOD model

d d° d d — d°|

1 1.036 0 1.036

1 0.964 0.964 0

5 5.000 5.000 0

2 1.706 1.706 0

3 3.470 3.470 0

5 5.000 5.000 0

800 861.389 802.837 58.552

5 4151 4.151 0

1300 1313.440 1313.440 0
4.569 4.569 0

2 1.750 1.750 0

5 5.000 5.000 0

3 3.745 3.745 0

5 3.861 3.861 0

5 5.000 5.000 0

4 4.206 4.206 0

1 0.941 0 0.941

3 2.675 0 2.675

3 3.262 3.262 0

1 0.978 0.978 0
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demands estimated from link flows (&;) of each individual day.
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In order to test how the inaccuracy of distribution assumptions impacts both DR-QSOD
model and stochastic QSOD model, we assume the link flow deviation (from the “true”
link flow) for each link follows independent uniform distributions across different days, i.e.
Al ~ uniform(—é,, €,),Vl € L. The deviation of the observed link flows & we incorporate
into the two models were generated based on independent normal distribution, i.e. Ag ~
N(0,(5)?),vl € L. In this way, it actually simulates a case where observed link flows
are biased or its assumed distribution is not accurate enough. By setting e; = 0.1, we
first generate a link flow set & = {&;,&,...,&5} consisting of 5-day link flows based on the
normally distributed deviations. Then we use such £ as the input, and solve both DR-QSOD
and stochastic-QSOD model. As (8.1) has been converted into a linear program, we can
readily solve it using any LP solver. Once we obtain the overall OD demands for both
models (denote d’ as the optimal overall OD demands for DR-QSOD, and d” as the optimal
overall OD demands for stochastic QSOD), we test how they perform respectively in the
real-time stage (i.e., the second stage). That is, we fix the first stage d for both models,
simulate a new set of samples & = {&1,&},....,EN} (generated from independent uniform
distributions), and solve the second stage with the fixed d and &’. Table 8.3 demonstrates
the RMSE of estimated daily OD demands from both models. It can be seen that when
distribution bias exists, i.e. the assumed link flow distribution does not exact matches that
of real link flows, the averaged RMSE of OD estimates from 10 sample days is lower than that
of the stochastic QSOD model. We conducted 10 more similar tests as above, and obtained
the same conclusion. This indicates that when the distribution of data is unknown or the
assumed distribution for the data is not accurate, DR-QSOD can produce more accurate

results than the stochastic QSOD model since DRO models are more robust in dealing with
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Table 8.3: RMSE of daily estimated OD demands ¢ for DR-QSOD and stochastic QSOD

model
Distribution bias Yes No
Index of day (i) | DR-QSOD Stochastic- DR-QSOD Stochastic-
QSOD QSOD
1 160.873 167.426 168.865 162.642
2 169.496 182.107 172.326 168.226
3 167.886 182.572 170.111 170.002
4 189.413 194.093 173.072 148.41
5 158.896 174.649 176.702 173.058
6 182.661 182.154 173.105 175.444
7 171.717 164.508 184.829 163.79
8 179.773 190.527 184.846 184.437
9 181.319 185.095 162.125 162.193
10 173.053 169.696 181.217 178.443
Average 173.509 179.283 174.720 168.665

data uncertainty. On the other hand, if the distribution bias does not exist, i.e. the assumed
distribution of link flowss is the same as that of “true” link flows, the stochastic QSOD
model outperforms DR-QSOD model as it produces a lower averaged RMSE, as shown in

Table 8.3. The conclusion is validated by 10 more similar tests as well.



94

Chapter 9
DISCUSSIONS AND PRACTICAL INSIGHTS

9.1 OD Representativeness

Data representativeness has been attracting increasing amount of attention in both trans-
portation research fields and practical applications. The assumption of the representativeness
of prior OD demands is the foundation of the QSOD framework in this dissertation. Unlike
existing OD estimation studies usually require prior OD demands be as close as possible to
the true OD demands, QSOD models proposed in this study only require the prior travel
demand of each OD pair share the same magnitude as its true value. It is well-known that
the exact and accurate OD demands of real transportation networks, especially for large-
scale metropolitan areas are usually difficult, if not impossible, to obtain. The prior OD
representativeness assumption actually relaxes the requirements in OD estimation, which is
practically useful in real applications. Under the QSOD framework, planning agencies do
not need to pay much attention to the closeness between prior OD demands (which is the
input for OD estimation) and true OD demands. Numerical experiments in Chapter 6 fur-
ther demonstrate that even the prior OD demands are not representative, QSOD models can
outperform the existing OD estimation models by producing more accurate OD demands
Under the representativeness assumption, this dissertation also demonstrates that the
estimated OD demands can share the same OD quasi-sparsity as the prior OD demands
for certain QSOD models. It is such representativeness assumption that plays the role of a
bridge connecting true OD demands, prior OD demands, and estimated OD demands. With
such OD quasi-sparsity consistency, QSOD models guarantee that the output OD demands
will strictly follow the same quasi-sparsity as the true OD demands, which is also important

for real applications.
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9.2 Data Availability and Stochasticity

As discussed earlier, an increasing data availability also enables the proposed QSOD frame-
work to consider stochasticity in OD estimation process. Such benefits can be understood
from two folds. First, the special structure of the two-stage DR-QSOD model can output
an overall OD estimate demand matrix which correpsonds to all observed data, as well as
the realized OD demand matrix for each individual day. Compared with the single-stage
model, like [120, 119], this model structure in fact provides more flexibility for OD esti-
mation practitioners: one can estimate both overall OD estimates and daily OD estimate
at the same time. The DR-QSOD model offers the equivalent capability to, if not better
than, the stochastic OD estimation models [71] in describing OD stochasticity. Numerical
results shows that DR-QSOD model can beat the corresponding stochastic-QSOD model
when certain conditions exist, e.g. the distribution assumption is wrong or biased.

Another fold is about the DR-QSOD model itself. We conducted additional numerical
results to understand how various levels of data valaibility would impact the model per-
formance. Numerical results show that as more number of days of observed link flow data
is available to be used, DR-QSOD model will produce better OD estimation results. The
reasoning of such pattern is straightforward. As more data becomes available, theoretically
it is easier to use sample data to describe the distribution of the population of the input
data. Therefore, the estimated OD demands will be likely more accurate once more data is

available.
9.3 Multi-sourced Data Integration under QSOD Framework

It is well known that link flow data of partial (or full) link set of transportation networks
is a common and widely-used data source for most OD estimation studies, due to widely
deployed traffic count detectors. The QSOD framework proposed in this dissertation also
highly relies on the availability and accuracy of the network-level traffic link flow information.

As more and more data sources, e.g. travel time, traffic turning proportions at intersection,
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OD demand products from app-based data, become available to transportation applications,
it is much worthwhile to investigate how such new data sources can be incorporated into OD
estimation studies and applications. The QSOD framework in this dissertation is equipped
with such capability to incorporate multi-sourced data. In this section, we demonstrate two
examples (OD demands from app-based data and travel time data) to leverage the framework

and newly-acquired data to conduct OD estimation.

9.3.1 Integration of travel demands from app-based data

App-based data, as a passively-generated transportation data, has been attracting more
and more attention in recent years [26, 110]. It is widely admitted that the travel demands
provided by app-based data is only a portion of the travel demands generated by population.
However, given partial travel demands provided by app-based data, we propose a variant of
the fixed-mapping QSOD model as follow. For given OD pair w, denote w, the travel
demands captured by app-based data, d, the target travel demand for population, A, the
scaling factor between the two, where A\, = Z—Z > 0. Following the QSOD framework, we
have

min Z | Aty — d| + Z |V — v2

U ew acA (9.1)

~

s.t. [ve] = Q - [Awtiw]
where [-] stands for a vector.

Note that parameter wu,, represents the travel demands inferred from app-based data,
which can be zero due to data availability. Based on this, one can impose a mathematical
treatment: wu,, = 0, e.g. § = 10e — 4., if its original observed value u? = 0.

Unlike the original fixed-mapping QSOD model (4.3) directly providing an OD demand
estimate given prior OD demands and observed link flows, the QSOD model variant (9.1)
discussed here outputs a set of scaling factors [\,] corresponding to each individual observed
OD demands u,, from app-based data. Although the value of \,, does not directly indicate

the value of estimated OD demand itself, it does demonstrate an example for incorporating
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additional data sources, in addition to observed link flows and prior OD demands. What’s
more, such treatment has some physical meanings and implications. First, A, itself is the
scaling factor between d,, and u,,, and its reciprocal stands for the portion of total demands
which was captured by app-based data for given OD pair w. From the perspective of data
representativeness, A, also indicates how reliable app-based data is in terms of monitoring
the travel demands. Second, the estimates of the scaling factor A\, make it possible to fully
use the OD information from transportation big data. Once the estimates of scaling factors
are obtained from (9.1) based on historical data (e.g. OD demands generated from app-based
data), one can utilize such parameters to estimate the population-level OD demands given

newly-observed transportation big data.

9.3.2 Integration of travel time

In addition to travel demands inferred from app-based data, travel time can be incorporated
into the QSOD framework to further improve OD estimate quality. Travel time (usually
modeled as travel cost) is a very important attribute in traffic assignment related problem.
As the QSOD framework also involves the traffic assignment problem in various forms (e.g.
fixed-mapping, and user-equilibrium), it provides us a great opportunity to make use of
travel time for OD estimation. According to Waldrop’s first principle regarding the network
equilibrium [113], for given origin and destination, all used routes have the equal and least
travel time under UE conditions. If we can obtain reliable and relatively accurate travel time
data for certain key OD pairs, we can incorporate such information into the QSOD model.
Next, we present a QSOD model variant by using travel time. To simplify the discussion,
we consider the fixed-mapping case as follow:
min||d — dlly + Qd — v + ) 17(Qd) — 7}
pep (9.2)
st. d>0

~ A

where 7,(Qd) = 3_ ¢, ca(Qd).
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Note that 7'1? is the travel time of path p, which is obtained from other data sources; P
denotes the set of paths we consider, and it mainly consists of key paths within a city or
area; Tp(Qd) represents the travel time of path p, which is the sum of link travel time of the
path p; ¢,(+) stands for the travel time function of link @, which is a function of link flow
vector Qd (one can leverage the BPR function to characterize c,(-) here).

By incorporating the travel time deviation into the objective of (9.2), the framework will
penalize the objective if the resulting travel time is far from the observed travel time, thus
further helps produce better estimated OD demands that matching the travel time. Similarly,
one can apply the travel time deviation item for user-equilibrium case. The difference only
lies in the traffic assignment stage. It is worthwhile to mention that travel time data,
especially for those key OD pairs in an area, is much easier to obtain that before. To name
a few, with the help of the licence plate recognition system, traffic management /operations
departments, e.g. Department of Transportation (DOTs) are able to monitor the travel
times of certain OD pairs. More recently, with the increasing availability of app-based data,
it is more convenient for researchers and transportation practitioners to infer the network
travel time of individuals, with a larger geographic and longitudinal coverage. Based on this,
we expect more applications and studies by combining the proposed QSOD framework and

those emerging transportation data sources.
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Chapter 10
SUMMARY AND FUTURE WORK

In this dissertation, we proposed a quasi-sparsity based OD (QSOD) estimation frame-
work that includes the fixed-mapping QSOD model, the bi-level QSOD model, and the
DR-QSOD model. We defined insignificant OD demands and OD pairs, and based on which
the quasi-sparsity property of an OD demand matrix. By applying the method of compressed
sensing, the QSOD models explored the sparsity of the deviation between the prior OD ma-
trix and the estimated OD matrix. For deterministic QSOD models, i.e. the fixed-mapping
QSOD mdoel and bi-level QSOD model, we studied the OD quasi-sparsity consistency, i.e.,
under what conditions, the estimated OD demand matrix will hold the same quasi-sparsity
property as the prior demand matrix. We also investigated the solution sparsity property of
the QSOD models and found that, for large-size networks, the estimated demands of most
OD pairs will be either equal to its prior values or zero (or the small value € for the bi-level
QSOD case). For the stochastic case, we studies the DR-QSOD model, especially formu-
lated it into a two-stage formulation and evaluated how the distributional uncertainty would
impact the OD estimate result, compared with its stochastic counterpart.

The proposed framework was tested using three example networks: a 5-node network
and the downtown Seattle network for both the fixed-mapping QSOD model and the bi-level
QSOD model, and Sioux Falls network for the DR-QSOD model. Theoretical and numerical
results showed that for the deterministic QSOD models, the estimated OD demand matrix
will share the same quasi-sparsity properties as the prior OD demand matrix once certain
conditions are satisfied. Even those conditions are not satisfied, the proposed QSOD models,
by focusing on the quasi-sparsity of OD demand matrix, can help maintain relatively high OD

quasi-sparsity consistency with comparable estimation errors when compared with existing
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models, which are also less computationally demanding. For the DR-QSOD model, results
demonstrated its great capability in dealing with the distributional uncertainty for the input
data, compared with stochastic QSOD model. Algorithms for each of these QSOD models
were discussed in detail and validated with numerical experiments.

In addition to three QSOD models mentioned above, this study also discussed the increas-
ing availability of transportation data, and particularly explored some insightful directions
based on data and QSOD framework, e.g. data representativeness, multi-sourced data in-
tegration for QSOD model, data distributional uncertainty and stochasticity, and etc. The
quasi-sparsity of OD demands, the proposed QSOD models, and the theoretical and numer-
ical results in this dissertation are expected to provide some insights on OD estimation for
real-world transportation networks. For example, the prior OD demand matrix is often as-
sumed to be as close as possible to the true OD demand matrix. This of course is extremely
difficult to achieve or even to check in practice. Our results show that we may only need to
prepare the prior OD matrix such that it is representative (Definition 3 in Section 3.1). This
way, the estimated OD demand matrix will share the same quasi-sparsity property with the
prior OD (and the true OD as well) exactly (Theorem 4.1 and Theorem 5.2) or approximately
(Theorem 4.2 and Theorem 5.3), with reasonable estimation errors.

Future research may first refine Theorem 4.1 and Theorem 5.2 with sharper conditions
(e.g., sufficient and necessary conditions), and generalize the conditions in the theorems for
cases where the insignificant OD pair set W; may not be fixed. Second, we added a small
positive lower bound (€) to d and d° in the bi-level QSOD model to make the analysis easier.
Mathematically, it is interesting (and challenging) to investigate whether we can relax this
(i.e., setting € = 0) and if so whether the quasi-sparsity consistency and solution sparsity
of the bi-level QSOD model still hold. Third is to provide theoretical proofs for quasi-
sparsity consistency as well as solution sparsity property of DR-QSOD model, based on the
discussions of deterministic QSOD models in Chapter 4 and 5. Fourth, it is also interesting
to explore other approaches to build the ambiguity set of observed data for DR-QSOD model

so that the model can leverage more meaningful statistical information to give more accurate
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results. Fifth, we only considered prior OD demands and link flows as the input data to
the QSOD models, and briefly introduced the idea for incorporating other data sources.
Conducting solid numerical results for the multi-sourced integration strategy in Section 9.3
is of great importance both scientifically and practically. Sixth, the OD observability problem
21, 22, 54, 121], i.e. how to better estimate the OD demands when partial of prior ODs
are available, is worthwhile to explore. This is also very related to the sensitivity analysis
of QSOD models, which will be helpful for the practical applications of related models.
Seventh, the current study only covers the investigations for the static QSOD framework.
The dynamic QSOD estimation problem, where variables (e.g., OD demands and link flows)
change with time and traffic dynamics are explicitly considered, is worthwhile to explore
in the future. Eighth, preparing a prior OD demand matrix that is representative of the
true OD matrix is not trivial either. This is closely related to recent research efforts on
using emerging transportation big data for OD demand estimation and other related human
mobility pattern analyses, for which data representativeness or bias was identified as one
of the major issues that need to be carefully addressed [5, 26]. This is an emerging area
of research and results could help prepare representative prior OD demand matrices. Last
but not least, future research should apply the proposed QSOD models to OD estimation
applications on large-scale networks. The QSOD framework proposed in this dissertation
sits in an ideal position to connect emerging trasnportation data sources with traditional
OD estimation theories. The authors may investigate those topics, and the results may be

reported in the subsequent research papers and conferences.
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Appendix A
THE UPPER BOUND OF R,

When testing the conditions for Theorem 4.1, if the calculation of ro is hard or not
necessary, one can turn to finding the upper bound of r, instead. According to the Hoffman’
error bound theorem [44], there exists a constant H (Q) that depends only on the matrix
Q, such that the L, distance from (d°,v°) to S is bounded above by H(Q) - (| Qd® — v°|| +
|lmin(0, (d°,4°))|)), where H(Q) is called the Hoffman’s constant. If we use r3 to denote
such an Ly distance, it turns out that rs < H(Q) - (]|Qd® — v°|| + ||min(0, (d°,v°))]|). Since
for any vector z, it is always true that [|z]|; < v/n||z||2, V2 € R™. Based on the definition
of 15, we have ry < /nry < VaH(Q) - (|Qd° — v°| + ||min(0, (d°,1°))|)). This means
VRH(Q) - (|Qd® — v°|| + ||min(0, (d° v°))||) can be considered as an upper bound of ;.
According to Theorem 4.1, if ry is greater than this upper bound, it can be stated that
d € K and the OD quasi-sparsity consistency holds. Unfortunately, calculating the Hoffman’s
constant is very challenging [58]. We could however estimate the Hoffman’s constant via some

algorithmic approaches based on the characterization of matrix Q [50, 112, 86]. Details are

omitted here to save space.
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Appendix B
DIFFERENTIABILITY OF V(D)

Recall that, under Assumption 5.1, for each d € ervl there is a unique user-equilibrium
link flow denoted by W(d), which is the unique solution to the following traffic user equilib-
rium problem

veG(d) and (c(v),v" —wv) >0 for each v' € G(d). (B.1)

Here, c: lel — RI4lis the link cost function, and G(d) is the set of feasible link flows defined
as

G(d) = {v e R4 | v = Ag for some ¢ € R'fl satisfying Ag = d} : (B.2)

where A and A are the OD-route incidence matrix and the link-route incidence matrix
respectively. In this section, we consider a point d* € RIW! with d* > 0, and give a condition
that guarantees ¥ to be continuously differentiable on an open neighborhood of d* in Rm.
See [66] for more references on sensitivity analysis of the traffic user equilibrium problem.

The traffic user equilibrium problem can also be written in a route-based formulation
qe H(d) and (C(q),q' —q) >0 for each ¢’ € H(d), (B.3)

where C(q) = AT¢(Aq) is the route cost function and H(d) is the set of feasible route flows
under d defined as
H(d):{qeR'fH Aq:d}.

A solution to (B.3) is called a user-equilibrium route flow under d. The formulation (B.3) is
a characterization of the Wardrop traffic equilibrium, in the sense that ¢ € H(d) solves (B.3)
if and only if ¢, = 0 for any non-user-optimal route p. Finally, (B.1) and (B.3) are related
in that v is a solution to (B.1) if and only if there exists a solution ¢ of (B.3) with v = Ag,
and that ¢ € H(d) solves (B.3) if and only if Ag solves (B.1).
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Now, let v* = ¥(d*), and let ¢* € R‘f‘ be a user-equilibrium route flow under d*. Since v*
is the only user-equilibrium link flow under Assumption 5.1, we have v* = Aqg*. It is possible
to have multiple user-equilibrium route flows corresponding to v*, so the choice of ¢* is not
unique. Since d* > 0, for each OD pair w there exists at least one route p connecting w with
q, > 0; we choose one such route for each w and denote it by p(w). We then divide the set

R of all routes into the following four subsets:

R is the set of all user-optimal routes p with q, =0,

R is the set of all non-user-optimal routes,
R' = {p(w),w € W},

R? is the set of all routes p with ¢, > 0 not in R

We denote the numbers of routes in R%, R%, R! and R? by g0, mo1, 71, and my respectively:

note that m; = |WW|. We then partition the matrices A and A by column as

A _ Ao Ao A1 Ag (B.5)
A Aoy A; A Ay
corresponding to routes in R%, R, R, and R? respectively. While different choices of ¢*
may result in different R%, R, R?, they all lead to the same R and R UR! UR? because
the route cost C(¢*) is the same under different choices of ¢*.

The following theorem provides a condition under which ¥ is continuously differentiable
in a neighborhood of d*, and a formula to compute the Jacobian matrix V¥ (d) for d in this
neighborhood. The theorem assumes the link cost function ¢ to be continuously differentiable
on an open neighborhood of v* in R4/, while the domain of the link cost function ¢ here is
lel. There are two ways to handle situations in which some entries in v* are zero. One way
is to extend the domain of ¢ to include an open neighborhood of v* in R4l to evaluate the
Jacobian matrix Ve(v*). Another way is to first remove the links a € A with v} from the
network to compute V¥(d) using (B.7) for the reduced network, and then add zero rows to

V¥(d) corresponding to those a back; this works because the links with zero flow remain to
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have zero flow under small perturbation of d under condition (2) in the theorem. As long as
¢ can be extended to a continuously differentiable function on a neighborhood of v* in R4,
these two treatments will give the same Jacobian matrix VW (d) for the original network,

because the rows in A and A; corresponding to links a with v = 0 are all zero.

Theorem B.1. Suppose Assumption 5.1 holds. Let d* > 0, v* = U(d*), and q* be a
user-equilibrium route flow under d*. Suppose that the link cost function c is continuously
differentiable on an open neighborhood V of v* in R4 and write L = Ve(v*) € RIAXIAL
Let A be a matriz whose columns form a basis for the column space of the matriz [Ay —

ANy, Ago — Ay Ago]. Suppose that the following two conditions hold:
(1) The matriz ATLA is nonsingular.
(2) There exist U, € R™ and v, € R™ such that u., > 0 and

(AOO - AIAOU)UWOO + (AQ - AlAQ)Uﬂ—Q =0. (B6)

Then, ¥ is continuously differentiable on an open neighborhood O of d* in erﬁ with
~ ~ ~ _1 ~
VU(d) = A(ATVc(\I/(d))A> AT { - vc(\p(d))Al] + A, for each d € O. (B.7)

Proof. By [66, Section 2.5], condition (2) here implies that the critical cone K defined in
that paper (the critical cone K is different from the set K in this dissertation) is the column
space of A. Condition (1) here implies Condition 1.1 in [66] holds, with the matrix A here in
place of the matrix A in that paper; Condition 1.2 in [66] holds because the matrix B there is
empty. Thus, by [66, Theorem 2.3], ¥ is differentiable at d* under assumptions given in this
theorem, and the Jacobian matrix V¥(d*) is given by (B.7) with L = V¢(¥(d*)). It remains
to show that ¥ is continuously differentiable on an open neighborhood O of d* in Rm. By
(66, Proposition 2.2], condition (2) here guarantees the existence of a user-equilibrium route
flow ¢** € H(d*) with A¢** = v* and ¢* > 0 for all user-optimal routes p € R™ UR' UR?.
On the other hand, by [66, Theorem 2.3], there exists a neighborhood D’ of d* in R'Kr' such
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that W(-) is continuous on D’ and ¥(d) € V for each d € D'. Now apply [44, Corollary
3.2.5(a)] to the set-valued map

(d,v) = {geR*: ¢>0, Ag=d, Ag =0}

and the base point (d*,v*, ¢**), to find an open neighborhood D” of d* in D', such that for
each d € D" there exists a user-equilibrium route flow ¢(d) with ¢(d*) = ¢** and g¢,(d) > 0
for all p € R UR! UR? Moreover, with the continuity of ¥, we can shrink D” further
to ensure that non-user-optimal routes under d* continue to be non-user-optimal under any
d € D". Tt follows that ¢,(d) = 0 for all p € R" and d € D". Lastly, by shrinking D" further
if necessary, we can ensure that A7Ve(¥(d))A is nonsingular for each d € D”.

Now, apply [66, Theorem 2.3] to an arbitrary d € D” and the corresponding user-
equilibrium arc flow ¥(d), using ¢(d) to partition the route set as R = RO URM UR UR2.
Because g,(d) > 0 for p € RO UR UR?, we can let R' = R'. We have R? = () because all
user-optimal routes are used under ¢(d), R%" = R because non-user-optimal (user-optimal)
routes under d* remain to be non-user-optimal (user-optimal) under d, and R? = R? U R
consists of routes p with ¢,(d) > 0 not in R'. Let Ay and Ay be submatrices of A and
A corresponding to routes in R?; the matrix [Ag — All_\g] contains the same columns as
[Ay — A1As, Agg — Ay Aggl, so columns of the same matrix A defined in the statement of the
present theorem form a basis for the column space of [Ay — AjAy]. The first condition for W
to be differentiable at d holds because A”V¢(¥(d))A is nonsingular for each d € D" by the
choice of D", and the second condition also holds because R is empty. Consequently, W is

differentiable at d with
-1
VU(d) = A(ATvc(fo(d))A) AT { — vc(qf(d))Al] + Ay,

which is continuous with respect to d due to the continuous differentiability of ¢ and the

continuity of W. Letting O = D" completes the proof. O
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Appendix C
DEFINITION OF F1-SCORE, ACCURACY, AND RMSE

To define Fl-score, it is necessary to introduce the confusion matrix that is widely used
in statistical classification. As shown in Table C.1, for a given network, we define the set of
insignificant /significant OD pairs based on the true OD demand matrix (denoted as W) and
W\ W in this dissertation) as the ground truth, while the set of the insignificant /significant
OD pairs under the estimated OD demands as the prediction.

Table C.1: Confusion matrix of OD quasi-sparsity consistency

Partitions in the true OD matrix (true)

Insignificant(+) Significant(-)

Partitions in the estimated | Insignificant(4) | True positives (TP) | False positives (FP)
OD matrix (prediction) Significant(-) | False negatives (FN) | True negatives (TN)

The confusion matrix can be used to define the True Positive Rate (TPR, or re-
call/sensitivity) and precision, which can then be used to define Fl-score. We give their

formulas as follows.

TP
TPR = ———— 1
h TP+ FN (C.1)
TP
SION = —————— 2
precision = p s (C.2)
P - 2 X precision X TPR (C.3)

precision +TPR
TPR indicates the portion of insignificant OD pairs in the true OD demands that still

keep insignificant in the estimated OD demands, as calculated in (C.1). Precision means
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the portion of insignificant OD pairs in the estimated OD demands that are insignificant
in the true OD demands, as calculated in (C.2). Fl-score is the harmonic mean of TPR
and precision, which is widely used as the performance measure for classification algorithms
since it is less sensitive to imbalanced dataset by considering both TPR and precision. As
the OD demand dataset is highly imbalanced (with a large portion of insignificant OD pairs
and a small portion of significant OD pairs), Fl-score is an ideal measure to evaluate the
quasi-sparsity consistency of the proposed QSOD models. The classification becomes better
as the Fl-score gets closer to 1, indicating more OD pairs in the estimated OD demand
matrix will remain insignificant or significant as the true OD matrix.

Accuracy is defined in (C.4) based on the confusion matrix.

TP+ TN

Accuracy = ————
4 Population

(C.4)

Lastly, Root Mean Square Error (RMSE) is also used to evaluate how close the estimated

value is to the "ground truth” value:

dy)?

RMSE(d,d) = \/ Zwewfs;j'_

where d is the estimated OD demands and d is the true OD demands.
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Appendix D

DISCUSSION ABOUT THE SOLUTION CLOSENESS OF
QSOD AND GLS

Here we discuss, for the fixed-mapping models, why the solution of GLS gets much closer
to the QSOD solution after adding proper weights, when compared with the OLS solution
(with no weight added). Denote (d;,v;) and (dy,v9) as the unique optimal solution and
f1 and f> as the objective function for the fixed-mapping QSOD model and OLS model,
respectively. According to [93, Theorem 2], if both f; and f, are strongly monotone with

modulus m and Lipschitzian with modules M, we have the following inequality:

[1(d, v1) = (dz, va)l| < 07"l fr(dy, v1) = fa(da, v1)] (D.1)

where pp = M~2m and 0 = (1 — [1 — (m/M)?]"/?)~1. (D.1) in fact gives an upper bound for
the difference between the optimal solutions of the two models (QSOD and OLS), and such
bound is only determined by (dy,v1), fi, f2, 0 and p, where the last two parameters rely on
the collection of single-valued functions F' which contain f; and f;. Assume such function
collection F' also includes the GLS objective f3 and denote the optimal solution for the GLS

model as (ds, v3). Similarly, we will have:

[1(d, v1) = (ds, va)l| < 07"l fr(dy, v1) — fo(da, v1)] (D.2)

Notice that the RHS of (D.1) and (D.2) only differs in the OLS and GLS objective function
(f2 and f3 respectively). If we only illustrate the problem in one dimension (as well as
ignore the link flow deviations as they are similar to the OD demand deviations), then the
QSOD, OLS, and GLS objective will have the following form respectively: f; = |d — d°|,
fo=(d—d")? and f3 = (d — d")?/(e1d")?. Further we can ignore ¢, in f3 as ¢ is a constant

for all OD pairs. Therefore f3 can be written as (d/d° — 1)%. Taking d° = 50, Figure D.1
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shows the plots of the three functions in a range of d that include d°. It can be seen that
in the range that closes to d° (e.g. d € (48,52)), |fi1 — fo| is less than or equal to |f; — f3].
When d deviates a lot from d° (as shown in Figure D.1b), | f; — f| will be much greater than
|f1 — f3]. In the OD estimation problem, once the estimate d (or v) goes far from its prior
value d° (or v?), the RHS of (D.2) will be much less than that of (D.1), which indicates that
||(d1,v1) — (d3,v3)|| has a small upper bound compared with ||(dy,v1) — (da, v2)||. This can

partially explain the solution closeness between QSOD and GLS (compared with QSOD and

407 —— f,=]d-d° (QSOD) ; \ —— f,=|d-d° (QSOD) /
351 ‘\\ ——- f=(d—d%? (OLS) /I 800 ‘\\ -—- f=(d=d°?(OLS) ,"
20l —-= f=(d/d° - 1)? (GLS) / \\ —- f=(d/d° - 1)? (GLS) I,'
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Figure D.1: Comparison across QSOD, OLS, and GLS objective function (one-dimension,

d° = 50)




