©~Copyright 2020

Yuan Gao



Generalized Matrix-fractional Functions and Their Applications

Yuan Gao

A dissertation
submitted in partial fulfillment of
the requirements for the degree of

Doctor of Philosophy

University of Washington

2020

Reading Committee:
James V. Burke, Chair
Dmitriy Drusvyatskiy

Aleksandr Aravkin

Program Authorized to Offer Degree:
Applied Mathematics



University of Washington

Abstract

Generalized Matrix-fractional Functions and Their Applications

Yuan Gao

Chair of the Supervisory Committee:
Professor James V. Burke
Department of Mathematics

The support function of a closed convex set is a central object in convex geometry as it
completely identifies the underlying set. For a particular class of sets — the graph of ma-
trix valued mapping Y — —1YY7” over an affine manifold {Y € R™*™ | AY = B}, their
support functions are named generalized matrix-fractional (GMF) functions, and were first
introduced by Burke and Hoheisel as a tool for unifying a wide range of applications includ-
ing variational properties of linear constrained quadratic optimization problems, generalized
Ky Fan norms, variational Gram functions (VGF), the Aitken’s theorem and Gauss-Markov
theorem in statistical estimation, and many topics in machine learning such as K-means
clustering, support vector machines and multi-task learning.

In the first part of the thesis we study the convex geometry of GMF functions and
dramatically simplify their original representations. Second part of the thesis is devoted to
the study of partial infimal projections of the sum of GMF functions and various classes of

convex functions, where most applications arise.
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Chapter 1
INTRODUCTION

Consider the quadratic optimization problem

1
max —~u’ Vu + 2’ u (1.1)
u€R" 2

The optimal value function for (1.1) is the pseudo matrix-fractional function [17, Ex. 3.5.0.0.2]

defined as

LoTVvig if V=0, x €rgeV,
Y2, V) =1 °
+o0 else.

It is the closure [10, Prop. 5.5] of the well known matrix-fractional function [1, 9, 29, 31, 32]

defined as

sVl it V-0,
oz, V) =
+o00 else.

The function ~y(x, V') is proper, closed and sublinear. In fact, from (1.1) it is not difficult to
see that the optimal value function ~y(z, V) coincides with the support function of the set
{(u, —3uu™) | u € R"}, i.e., the graph of a quadratic function.

The Generalized Matrix-fractional (GMF) function [10, 13, 14] is a further generalization
of y(x, V). In particular, it is defined as the support function of the graph of the following
matrix-valued quadratic mapping over an affine-manifold

D(A, B) := {(Y,—%YYT) €k | YER”X’":AY:B}.

An explicit formula for the GMF function is given in [10, Theorem 4.1]:

oo (X, V) = str ((B) M(V)T(B)) if rge () CrgeM(V), V €Ky, (1.2)

400 else,



where K4 := {V €S" | u"Vu >0 (u € ker A) } and M (V)" is the Moore-Penrose pseudo

inverse of the matrix

VAT
A 0

M) :=

When A = B = 0, the GMF function

r (XTVIX) if V=0, rgeX CrgeV,
V(X V) =19 7
+o00 else,

generalizes y(x, V') to matrix variables.

The geometry of the set D(A, B), especially its closed convex hull, is central to the
understanding of GMF function. Burke and Hoheisel [10, Lemma 4.2] proposed a complex
representation based on Carathéodory’s theorem. In Chapter 2, by introducing a new class
of cones (see Proposition 2.2.1), we provide a much simpler and intuitive representation of
the set (see Theorem 2.2.2). Based on the new representation, we also compute various
related geometric objects that were previously unavailable. This paves the way to Chapter

3, where we focus on partial infimal projection of the form

Jnf opap (X, V) +h(V), (1.3)

where h : S — R is convex. This form is of particular interest, because it connects the
GMF function to a diverse range of applications. For example, in machine learning, prior
information about the model parameters X is usually encoded as structural constraints on
X. The problem class (1.3) is extremely expressive in forming these structural specifications,
through different choices of h. This includes various types of matrix norms, such as Frobenius
norm, weighted nuclear norm (see Corollary 3.4.7), Ky Fan norm (see Section 3.5.3) and their
linear combinations [10, Corollary 5.9]. The major contribution of Chapter 3 are constraint
qualification for (1.3) as well as the formulas for its convex conjugate and subdifferential (see
Section 3.3). Many results and their proofs that previously required significant effort are
now obtained simple special cases of the results in Chapter 3. This includes, for instance, a

complete characterization of variational Gram functions [30] (see Section 3.5.2).



In the following, we first start with notations and background materials related to the
research. Section 1.4 illustrates a few selected applications of the GMF function in statistical

estimation and machine learning.
1.1 Notations

Let € be a finite dimensional Euclidean space with inner product denoted by (-, -) and
accompanying induced norm || - || := /{-, ). For example, on the space of matrices, the
Frobenius norm induced by the trace inner procuct. The closed e-ball about a point x € £
denoted by B.(x).

Let S C &€ be nonempty. The (topological) closure and interior of S are denoted by cl.S
and int S, respectively. The (linear) span of S will be denoted by span S.

The convex hull of S is the set of all convex combinations of elements of S and is denoted
by conv S. Its closure (the closed convex hull) is conv S := cl (conv S). The conical hull of S

is the set

posS :=R;-S:={\x|zeS A>0}.

The convez conical hull of S is

cone S := {Z)‘l‘% |reN, z; €5, N\ 20}.
i=1
It is easily seen that cone S = pos(conv.S) = conv (posS). The closure of the latter is
cone S := cl(cone S). The affine hull of S, denoted by aff S, is the smallest affine space that

contains S.

The relative interior of a convex set C' C £ is its interior relative to its affine hull, i.e.
rniC={xeC|3I>0: Bfxr)naff C C C}.
It is well known, see e.g. [6, Section 6.2], that the points x € ri C' are characterized through

pos (C' — x) = span (C' — x), (1.4)



where the latter is the (unique) subspace parallel to aff C'. In particular, we have posC =
aff C' = span C' if and only if 0 € ri C.
The polar set of S is defined by

SC={vel|wz)y<l(xzel)}.

Moreover, we define the bipolar set of S by S°° := (5°)°. It is well known that S°° =
cone (S U{0}). If K C &€ is a cone (i.e. pos K C K) it can be seen by a homogeneity
argument that

Ko={vel|(vz)y<0(zeK)}= K,

and if S C £ is a subspace, S° is the orthogonal subspace S+.

The horizon cone of S C & is the set
S = {’U €& | El{/\k} \1,0, {xk € S} DAL — U}

which is always a closed cone. For a cone K C &£, we have K* = cl K. Moreover, for a

convex set C' C £, C* coincides with the recession cone of the closure of C'| i.e.
C*={v|z+tvecdC(t>0,2€C)}={y|C+ycCC}. (1.5)
For f: & — R U {+oc} its domain and epigraph are given by
domf:={zx €& | f(xr) <+4oo} and epif:={(z,a) €EXR| f(x) <a}.

We call f conver if its epigraph epi f is a convex set, and we call it closed (or lower semicon-
tinuous) if epi f is closed. If f is proper, we call it positively homogeneous if epi f is a cone,
and sublinear if epi f is a convex cone.

In what follows we use the following abbreviations:

I'é) = {f:&—=RU{+o0} | f proper, convex},

[o(&) = {fel(€)| fclosed}.



When the underlying space £ is apparent from the context, we omit it from the notation
and simply write [' and 'y, respectively.
The lower semicontinuous hull cl f and the horizon function f* of f are defined through

the relations

cl(epi f) =epicl f and epi f* = (epi f)>,
respectively. For f € I'y the horizon function f* coincides with the recession function, see
e.g. [36, p. 66], and all of the respective results apply. Note that also the moniker asymptotic
function is used for the horizon function, see e.g. [5, 26].

The horizon cone of a function f is defined as
hon f = {u | f(x) <0}.
For a convex function f: & — RU {400} its subdifferential at a point € dom f is given
by
Of(@)={vef|flx) = f(&)+(v,z—2)}.

Recall that, for a convex function f, we always have
ri (dom f) C domdf C dom f,

see e.g. [36, p. 227], where dom Of := {x € £ | 0f(x) # 0} is the domain of the subdifferen-
tial.
Given a function f : & — R its (Fenchel) conjugate f* : € — R is defined by

1 (y) := sup{{z, y) = f2)}.
BAS
The conjugate f* is always a closed convex function as it is the pointwise supremum of
a collection of linear functions. Given f € I', (f*)* = clf. In particular, f € Ty if and
only if f = f* := (f*)*. The definition of the conjugate function yields the Fenchel-Young
inequality

f@)+ () = (@, y) (v,y€f). (1.6)

Recall the following characterization of subgradients of closed, proper, convex functions.



Proposition 1.1.1 ([36, Theorem 23.5]) Let f : £ — R be closed, proper and convex and

let x,y € £. Then the following are equivalent:
i) y € 0f(x);
i) f(z)+ [ (y) = (z, )
iii) v € 0f*(y).
Note that for the equivalence of i) and ii) no closedness of f is needed.

Proposition 1.1.2 Let f : £ — R be conver. If T € ri (dom f) is such that f(z) € R, then
[ is proper and we have Of(z) # 0. In this case, (y, T) = f(Z) + f*(y) for all y € If(T)
and 0f(z) = avgma, ({7, v) — F*(1)}.

Proof: By [36, Lemma 7.3],
ri(epi f) ={(z,pn) € E xR |z €ri(dom f) and f(x) < pu}.

Hence (z, f(Z)) ¢ ri(epi f). Since (z, f(Z)) € € x R, [36, Theorem 11.2] tells us that there
exists (7,7) € € x R such that ((,7), (z, f(2))) < ((#,7), (z,p)) for all (z, ) € ri(epi [),
or equivalently,

(¥, v —7) <~y(f(x) —p) V (w,p) € ri(epif).

By setting © = &, we find that v < 0. Consequently, y/|v| € 0f(Z).

Next let y € df(z). In particular, this implies that f has an affine minorant so that
f never takes the value —oo. Hence, (y, z) — f(z) > (y, x) — f(z) for all x € dom f.
Consequently, (y, ) — f(Z) > f*(y) which shows that (y, T) = f(Z) + f*(y).

Finally, note that the equivalence (y, z) = f(z) + f*(y) for all y € 0f(z) implies that
00 f(z) C argmax, {(Z, y)— f*(1)}. Conversely, if g € argmax, {(Z, 4)— f*(4)}, then (z, y)—
F*(9) < (@, 5) — £*(5) for all y so that £(z) < f(2) < (. ) — f*(@) a



Given a nonempty set S C &, its (convex) indicator function ég : € — RU{+o0} is given
by
0 if z€8,
+oo if x ¢ S.

dg (x) :=

The indicator of S is convex if and only if S is a convex set, in which case the normal cone

of S at z € S is given by
Ng (z) :==005(2) ={ve&|(v,z—2) <0(xel)}.

The support function og : € — R U {400} and the gauge function vs : € - RU {400} of a
nonempty set S C & are given by
os (x) :=sup (v, z) and ~g(x):=inf{t >0|zetS},
veS

respectively. Here we use the standard convention that inf ) = +oo. It is easy to see that

0s = Oconv S- (1.7)

Moreover, given two (nonempty) sets S,7T C £ and x € &, we have

sup (v, ) + sup (w, z) = sup (v+w, z) = sup (z, x),
veS weT (v,w)eSxT 2€S+T
thus
05+ or = o547 (1.8)

Suppose C' C £ is closed and convex. Then its barrier cone is defined by bar C' := dom o¢.

The closure of the barrier cone of C' and the horizon cone are paired in polarity, i.e.
(bar C)° = C* and cl(barC) = (C*)°. (1.9)
1.2 Background

In this section we provide some background materials used throughout the study.



1.2.1  Support Functions

One of the most far-reaching results in convex geometry is that a closed convex set coincides
with the intersection of all its supporting halfspaces. This idea can be made precise via

support functions:

Szﬂ{y | (z,y) <os(z)}.

The isomorphism between closed convex sets and their support functions has profound im-
plications. In particular, the usual isomorphism between R™ and linear functionals on R"
is recovered by taking S to be a singleton set. Another important example is epi f :=
{(z,v) | f(x) <wv}, the epigraph of a convex function f. Properties of ey (-) directly
translates to properties of the set epi f and in turn to the function f. In fact, oepif ((y, —1))
is the famous Legendre-Fenchel transform of f, one of the fundamental frameworks for convex

duality theory.

Many widely used functions are known to be support functions via different choices of

the underlying set. In the following section, we give some of those examples.

Examples of Support Functions

For any norm |- in R”, its dual norm is defined as [|-|* = supj, <1 ¥). In other words,
any norm is the support function of its dual norm ball. In a support function og (z), if we
take x as a unit vector, then the support function can be seen as the Euclidean distance
from the origin to the supporting hyperplane of S whose normal direction is specified by .

This observation tells us that the dual norm of ||-||, is itself.

Let eq, €9, . .., e, be the standard unit coordinate basis in R™. Then conv {ej, es,...,e,} =
A, _1, is the unit simplex and oa,_, () = max{xy, s, ..., z,}. This is closely related to the

duality between ||-||, and [|-|| ., as A,_; is a face of the 1-norm ball.



Calculus with Support Functions

Many algebraic structures on closed convex sets in R™ translate to operations on support
functions. This allows us to establish a set of calculus rules on support functions. Below we

list some of these rules. More details can be found at [26, Chap. 3.3].
e Order preserving. S1 C Sy < 0, (1) < g, (+).
e Conic combinations. For closed convex sets S7 and Sy, t1,t2 > 0,

Ocl (t1Sl+t252) (') == t10-51 () + tQUSQ ()

e Unions and Intersections. Let {S;};c; be a set of nonempty closed convex sets. Then

Oconv | S; () = Supog; ()
i€l
and

ons, () =conv infos, (), when (]S #0.

el

e Linear mapping. Let A :R™ — R™ an linear operator, S nonempty, then oqa(s) () =

og (AT:B) )

1.2.2  Fenchel Conjugation and Infimal Convolution

Recall in the previous section we define f*(y) := sup,(x,y) — f(z) as the Fenchel conjugate

of a convex function f. Then, for any S C R",
O':gv(l') = 5WS' (.Z') .

This support-indicator conjugation again reflects the duality between closed convex sets and
support functions. As a special case, the conjugate of a norm is the indicator of its dual
norm ball. We also have (3 z)*)* = %(||x||d)2 In particular, the function ; ||-||5 is the only

function that is invariant under conjugation.
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The infimal convolution of two functions f and ¢ is defined as

(fOg)(x) =inf {f(zx —y) +9(y) [y €R"}. (1.10)

We have epi ¢, = epi s + epig, so the operation is also termed epi-sum. It then follows that
(fOg)" = Tepi jn, ((+,=1)) = Oepi, ((-; =1))+0epi, ((+, —1)) = f*+g". See Theorem 1.2.1 a) for
a generalization of this result. In particular, if we take g = 1 x|, exf == fai |2 is called
the Moreau envelope of f. Taking f = dc (z), then we get (3dist (- | CY)* =oc (4) +3 ]|3.
Similarly, dist (- | C')" = (d¢ (-) O||“|l,)* = o¢ (+)+ 00,1 (-). These results can be generalized

to arbitrary norms.

1.2.8  FEaxtended Sum Rule and Partial Conjugates

In what follows we use the direct sum of functions f; € £ which is defined by
B fi €7 o RU{+oo}, O filar,... wm) = ) fila).
i=1

Theorem 1.2.1 (Extended sum rule) Let f; € To(E) (i=1,...,m) and set f :==> """, fi.
Then the following hold:

a) (Attouch-Brézis) It holds that f* = cl(ff O f5 O---0O f*). Under the qualification

m

condition
m

ﬂri (dom f;) # 0 (1.11)

we have f* = f{y O f3O---0 f which is closed, proper and convexr and

m

z= z’} (z € dom f™).

i=1

) # T (z) := argmin {Z fr (29

b) If z€ > ", 0fi(z), then T(2) # 0 and
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¢) Under (1.11) we have f = 37, 0f;, domdf = (7, dom df;, and
of(z) = {Zm:z’ | 2 € 0fi(z),i= 1,...,m} (z € dom Of)
={z|(z"...,2" €T(2) and 2 €0f;(z)i=1,...m}.
d) Under (1.11), f*= frOf;0---0f5, domdf* = {z |0 #£T(2)} #0, and

z :{ﬂafi*(z) 2222’} (z € domOf™).

Proof: a) See [36, Theorem 16.4]).

b) Let L : E™ — & be defined by L(z',...,2™) = ", 2. Then its adjoint L* : £ — E™
is given by L*(z) = (z,...,2) (x € £). Let z € 31" 8f;(Z), and take any z* € 9fi(z) (i =
1,...,m) such that z = > 2". By Proposition [36, Theorem 23.5], z € 9f;(z") (i =
1,...,m). Hence, by [36, Theorem 23.8, 23.9] and [6, Proposition 16.8] we obtain

0€rge L +0ff(z") x -+ x Ofr (™) CO(dp0y (L(-) — 2) + @, [1) (21, ..., 2™).

Hence, (2',...,2™) € T(z). This establishes that

0 # {(21,...,zm)

zzz,z", 2 € ofi(z), i = 1,...,m} C T(2).

i=1
To see the reverse inclusion, let (z2',...,2™) € T(Z). By assumption and again [36, Theorem

23.8], we have z € Y.7"  0f;(z) C df(z). By Proposition [36, Theorem 23.5] and the fact
that f*(z) = >, f7(2%), we have

m

7Y = (%, %) = [*(2) + f(2) = Y_(fF () + fil@)),

i=1 i=1

so that

m

OZZ(f( )+ fi(z) — (', T)).

i—1
By the Fenchel-Young inequality, f;(z") + fi(Z) — (¢', ) > 0 (i = 1,...,m), hence equality

must hold for each i = 1,...,m, or equivalently 2* € df;(Z) (i = 1,...,m). This establishes

the reverse inclusion.
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c) The first two consequences follow from [36, Theorem 23.8]. For the third, the first equiv-
alence simply follows from the fact that 9f = > " 0f;. To see the second equivalence,
let z € 9f(z). Then, by part b), T(z) # 0, and, for every (z',...,2™) € T(z), we have

2t e dfy(z), i=1,...,m. Hence,
of(@)c{z|(z',....2") eT(z), 2 €0fi(x), i=1,....m}.

The reverse inclusion follows from the first equivalence.

d) By part a), f* = f; O f5O---0 f* is closed, proper, convex, and T (z) # 0 for all
z € dom f*.

Let us first suppose that z € domdf* C dom f* then T(Z) # (0. Let & € J9f*(2).
By [36, Theorem 23.5], z € df(z). By part c), this is equivalent to the existence of
z' € Of;(z) such that z = ", 2%, which, by [36, Theorem 23.5], is equivalent to z €
{NL 0f: () | 2= 301, 2'}. Hence 0f*(2) C {NL, 0f7(2) | 2= 320, 21

On the other hand, let z € {(", df(2") | z=>_", 2'}. Then, by [36, Theorem 23.5]
we have zZ € 0f(z). But then, again by [36, Theorem 23.5], z € df*(y). Finally, suppose
that (2%,...,2™) € T(2) # 0. Then, as in part a), 0 € rge L* + 0f;(z) x --+ x Of* (z™),
or equivalently, there is an Z such that z € (", 9ff(z") with z = >"1" | 2%, i.e., T € 9f*(2).
This completes the proof. U

An interesting consequence of Proposition 1.2.1 a) is the following result.

Corollary 1.2.2 (Partial conjugates) Let f € I'(E,x&) and & € & such that g == f(z,-)

1s proper. Then g* is the closure of the function

w inf (z,w) —{x, 2)}.
z:(z,w)Edomf*{f ( ) < >}

If z € vi L(dom f), where L : (x,v) — z, then the closure can be dropped.
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Proof: We use Proposition 1.2.1 a) throughout: Observe that

g (w) = sup{(v, w) — f(z,w)}

v

= sup{((z,v), (0,w)) — (f + d(zyxe,) (2, v)}

(z,0)

= (f+5{5?}><52)*(07w)

= ([ Oogayxe)(0,w).

Now notice that ozyxe, = (T, -) ® 6j0y. Hence

(f* O U{f}x&)(o’ w) = (121,’15){]0*(27u) + <ja 0— Z> + 5{0}(w - u)}
= inf  {f*(z,w) — (T, 2)}.

z:(z,w)edom f*

This proves the first statement. Note that the closure can be dropped if ri(dom f) and
ri (dom 6(zyxg,) = {Z} x & intersect, which is equivalent to the condition stated.

This concludes the proof.

1.2.4  Perturbation Duality Framework

Duality is a key concept in optimization. For a given optimization problem, there are multiple
ways to construct its duals, each of which provides a different viewpoint of the original
problem (the primal), and sometimes these viewpoints can provide significant computational
benefits. In fact, many modern numerical algorithms take advantage of primal-dual pairs, and
uses the duality gap as a signal for convergence. In this section, we review the perturbation
framework for duality [37, Theorem 11.39] or [5, Chapter 5].

In a convex minimization problem inf, ¢(x), we consider lifting the function ¢(z) : R* —
R to f(z,u) : R® x R™ — R, and without loss of generality set p(x) = f(z,0). Denote

p(u) :=inf, f(x,u) as the value function for the primal problem, then we have

P (y) = Sgp{@,w —inf f(z,u)} = 8;15{«07 y), (z,u)) — flz,u)} = f7(0,y).
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The primal problem
p(0) = inf £(z,0) = inf ()
is then paired with a dual problem
p™(0) = sup — f*(0,y) = sup¥(y),
y y

where ¥(y) := —f*(0,%) with ¢ : R™ — R is called the dual objective function. Denote the
negative of the perturbed dual problem as ¢(v) := inf, f*(v,y) Then under the condition
that f is proper, Isc and convex, either 0 € int domp or 0 € int dom q ensures a zero duality

gap p(0) = p**(0) [37, Theorem 11.39]. Next we list some examples.

Example 1.2.3 (Lagrange duality) Consider the following nonlinear convex optimiza-

tion problem in standard form

min, go()
s.t. gi(x) <0, ie{l,...,m}

hi(x) =0, i€ {1,...,n}

with g; and h; all proper, convex and lsc. Utilizing indicator functions we have inf, ¢(x) :=
Go(2)+D-7 1 Ogstay<o (@) +D1 1 Ony(a)=0 (@) as the primal problem. Lagrange duality is equipped

with the following choice of perturbation function
f(@,u,0) = 90(35)+Z5 2)+ui<0 ( +Z5h z)+vi=

and p(u,v) = inf, f(z,u,v). Computing the dual of f gives

f* (07 M, )\) = Ssup Z ity + Z Ai iVi — 90 Z 5gl(x)+ul<0 Z 6h (z)+v;=

A —

— sup Z il + Z Aiv; — go(2)
i=1

gi(x)+u; <0 i=1

hi(z)+v;=0

= Sup Z iUy — Z Ai h )

z)+u; <0 i=1
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This reveals the dual problem

sup —f*(0,,\) = sup inf go(x) = Y g+ Y Aihi()
poA i=1 i=1

A gi(z)+u; <0

= sup inf go(x) + Z pigi(z) + Z Aihi().
i=1 i=1

p>0x T
Moreover, Slater’s condition on the primal problem implies O € int dom p, which is a sufficient

condition for strong duality.

Example 1.2.4 (Fenchel duality) Optimization problems of the form inf, p(z) := g(x) +

h(Azx), where g and h are proper, convex and lsc, can be perturbed as
[z u) = g(x) + h(Az + u)
with p(u) := inf, f(x,u). In this case the full conjugate of f is available as

f*(vay) = Sup <{L‘, U>+<U7 y>—g(m)—h(A:E—|—u)

Tu

= sup (z, v) + (w - Az, y) — g(x) — h(w)

W

= sup (x, v—ATy) —g(z) + sup (w, ) — h(w)
= g"(v—ATy) +h*(y).

This gives the Fenchel dual problem

sup¢(y) :=sup —f*(0,y) =sup —g*(—A"y) — h*(y),

and the negative of the value function for the dual problem q(v) := inf, f*(v,y) = inf, g*(v —
ATy)+h*(y). Also we have strong duality when 0 € int dom p <= 0 € int (dom h— Adom g),

or when 0 € int dom ¢ <= 0 € int (—ATdom h — dom g).
1.3 The Bordered Gramian Matrix

For V € S}, A € RP*", define the matrix

My = [ AT (1.12)
A0
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M (V) is called the bordered Gramian matriz [15, 20, 34], and it plays an important role
in the study of D(A, B). The following theorem gives the Moore-Penrose pseudo-inverse of
M (V) [34, Chap. 3, Thm. 21]:

Theorem 1.3.1 Let M (V') be given by (1.12). Then

D ET
M(V)! = ,
E —-F

where D = NT — NTATCTANT, E = (NTATCNYT, F = C' — CCT, and N = V + ATA,
C = ANTAT,
As a special case when A = I — V'VT is the orthogonal projection onto ker V. Then we have

the following observation:

Lemma 1.3.2
V A

A0

MVNHY =MV) =

The following proposition shows the condition under which M (V') is invertible:

Proposition 1.3.3 [15, Thm. 7] M(V') is invertible if and only if rank A = p and V >y 4
0, and in that case
P(PTVP)"1PT (I— P(PTVP)IPTV) At

MV)™ =
(ANT (1 =V PPTVP)'PT) (ANT (VP(PTVP)'PTV — V) Af

where P € R™("P) is any matriz whose columns form an orthonormal basis of ker A.
1.4 Applications

The GMF function is of particular interest, because it establishes a connection between
topics in many different areas, including variational properties of linear constrained quadratic
optimization problems mentioned in the beginning of this chapter, generalized Ky Fan norms,
matrix gauge functionals and many interesting results in statistical estimation and machine

learning. In this section we present some applications where the GMF function arise.
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Example 1.4.1 (Support Vector Machines) Consider a binary classification problem where
n labeled training data (x1,y1), ..., (Tn,yn) € R™ x {=1,1} are given, in which y; is the
class label for x;. The two classes of points are called linearly separable if there exists
w € R™ b e R, such that y;({w, x;) +b) > 1 for all i. The points lying on these two hyper-
planes (w, x)+b = £1 are called support vectors, and the space between these two hyperplanes
is called the margin. The support vector machine (SVM) [16, 24, 40] is a classification model
that finds w,b which mazximizes 2/||w||, the distance between these two hyperplanes.

In the case when the points are not linearly separable, one can relax the constraint for
point 1 to y;({w, x;) +b) > B;, where B; < 1, thereby allowing point i to lie within (when
—1 < B; < 1), or even beyond (when p; < —1) the margin. For a given € R", we can

formulate the SVM optimization problem as
1 9
min §||w||2, s.t.  yo(Xw+0bl,)>p, (1.13)

where X € R™™ 4s the data matriz. Note that the hard margin SVM is a special case of
(1.13) when B = 1, the vector of all ones of length n. The Lagrangian for (1.13) is

where « € R and Y € S™ with Y = diag (y). Note that L, = w — X*Ya, and L, = 1Y .

Therefore the dual problem is
max (a, ) — g(a), (1.14)

acC
with g(a) == 20" (YXXTY)a and C := {a € R" | y"a=0,a > 0} = R% Nker(y”) being a
cone. Denote

) = q(@) + do(a),

The optimal value of (1.14) is simply h*(B). Using the fact that (Y XXTY) =YV (XXT)TY
and rge (Y XXTY) = rge (Y X), we have

1
q* (a) — §QTY(XXT)TYCY + 5rgeYX(a)'
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Now apply Theorem 1.2.1 a), we have
.1
W(B) = (¢"D6¢)(8) = inf S0V (XXT)Yw + drge (v ) (W) + doe (B — w),

where C° = R™ 4 span (y). Note that f —w € C° if and only if w € §+ R + span (y).
Furthermore, definen := Yw, then the condition w € (B+R" +span (y))Nrge (Y X) translates
ton € (YB+ Oy +span (1,)) Nrge X, where O, := YR is the closed orthant that contains
y. Denote the set Sg :=Y [+ O, + span (1,,), then the above equation is equivalent to

h*(B) =  inf 177 (XXT)ip = 1nf v(n, XXT). (1.15)

neSgnrge X 2
As a special case, the dual optimal value of the hard margin SVM is
W (1) = ney+oyi£sfpan(1n) v(n, XXT).
Example 1.4.2 (Multi-task Learning) In multi-task learning [3, 4, 19], T sets of labelled
training data (x4, Y1), - - (Tin, Yn) € RXR t =1,...,T are given, representing T learning
tasks. The assumption is that all these tasks share a common set of features h;(x) = (u;, ),
i=1,...,m, u; € R™ so that the estimator for each task t is given by f, = (as, h), where
a; € R™. If we further assume u; are orthonormal vectors and denote U € R™ ™ as the

matrix whose columns are u;, then the multi-task learning problem can be formulated as

T m
mmZZL ym, (ar, U xm)),

wl i34
where L : R x R — R s a loss function that is convex in the second argument. Note
that in this formulation the number of common features is assumed to be m, the size of the
dimension. In reality, features shared by the tasks are usually sparse, so a penalization term

15 added to the objective,

T m

min >~ 3 L (g (o, Umwa) + | Al . (1.16)
Tot=1 i=1

where ;1 > 0, A= (ay,...,ar) € R™T. Here || - ||.1 is defined as the sum of the Fuclidean

norms of the columns of the matrixz. This norm acts as a Tikhonov reqularization for each
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task and at the same time it encourages sparsity of the shared features. Denote W = UA,
then the nonconvex problem (1.16) is equivalent to the following convex problem [3, Thm

3.1]:

T m

%IBZZL (Yi, (g, ) + 2uy(W, D) st. trD <1 (1.17)

t=1 =1

Convezity of (1.17) is easily established as (W, D) is a support functional. Moreover, as
Corollary 3.4.7 later shows that the optimization in D has an analytical solution, and (1.17)

reduces to
T m

. A ' 2
mwl/nz Z L (yri, (wy, v)) + pl| WIS

t=1 i=1
Example 1.4.3 (K-means Clustering) Consider n points in R™, the objective is to par-

tition the points into k clusters such that the total distances from the points to their corre-

sponding cluster centers are minimized. k-means clustering [33] solves
K(X) = min 51X = BC2
T2 >

where X € R™™, C € R¥*™ represents the k centers, and E is a n X k matriz where each
row is one of € ,..., el that represents cluster assignments. For a fized cluster assignment
matriz E, the center matrix C' is easily determined, where each center is simply the mean
of those points in the same cluster. This can be seen by solving C' in the above optimization
problem:
C=(ETE)'ETX.

Define P = E(ETE)"YET, then P is an orthogonal projection since P is symmetric and it
is easy to verify P? = P. [41] considered rewriting the k-means objective as

! I 1 1
K(X) = min 5\\([ - P)X|5 = 5 min tr (I-P)XX") = §|\XH§ —op (§XXT) :

where P = {E(ETE)"'ET}. Through this viewpoint, [{1] obtains a lower bound on the
objective of k-means by relaxing P to be the set of rank-k orthogonal projection matrices

P = {UUT|U € R  UTU = I} D P, in which case the support function enjoys an
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analytical form op(XX7T) = Zle 02(X). Note that he optimal value function can also be

rewritten as
1
K(X) = min 5|l X - PX]3

- min %<(1 ~ P)X, XT(I - P))

1

= min-tr (X7 (I — P\X

min tr (X7(7 — P)X)
1

= min~tr (XT(I — P)' X).

min o tr (X7(1 — P)X)

Here we use the fact that I — P is an orthogonal projection. Note that tr (I — P) =n — k,
VP € P, so if we denote Q@ = {Q € S" |tr@Q <n —k}, then Corollary 3.4.7 gives us the

following lower bound on the objective of k-means:

1
2(n — k)”

It is possible to derive other bounds by utilizing the geometric centering matrix [17, App.

B.4.1]

K(X) = miny(X, Q) = X|2.

V,=1,— —epen’.
n

Note that the geometric center of all the n points is given by ¢ = %enTX. If we were to
translate their geometric center to the origin, then the operation X —epc = X — %enenTX =
V. X will do. That’s where the name geometric centering matrix comes from. The matriz

Vi, itself is an orthogonal projection, and enjoys the following property:
Proposition 1.4.4 V,P =PV, =P —-1+1V,.

Proof: To see the first equality,

1
VoP = (I — —eze,’)P
n

1
= P— —epen’P
n

1
= P— —eye,’ (Pe,=ey)
n
1
= P(I — —epe,’) (Pe,=ey)
n

= PV,.
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The second equality follows because
1 T
P—I1+V,=P—-1+1— —eye, = PV,.
n

O Intuitively translating the points will not affect the k-means objective, and this can be

made precise by the following proposition:
Proposition 1.4.5 V,(I — P)V,, =1 — P, which allows us to deduce K(X) = K(V,,X).

Proof: The proof can be done by applying 1.4.4: V,(I — P)V, = (V,, = V,P)V,, =V, —
Vo,.PV, =V, - PV, =V, —(P—-1+V,)=1-P. U Finally we show the following
proposition regarding Vi, :

Proposition 1.4.6 For X # 1, (I + 2, P)V,(I — AP) = (I = AP)V,(I + 2, P) = V,,.

Proof:

I+ -2 PWi(I—AP) = (Vo+ —2PV,)(I - AP)

D 1— A
v APy, AP - X pyp
A A2
= - A- P
vn+<1_A A 1_A> Vi

= V.
O This leads us to the following lemma, which allows us to rewrite the k-means objective:
Lemma 1.4.7 For X # 1, define © = V,(I + 25 P)Vy, then £ = V,(I — AP)V,,.

Proof: Using 1.4.6, we have 33T = V,(I + 25 P)V,V,(I — AP)V,, = V(I + 25 P)Va(I —
AP)V, =V,. S =V, (I = AP)V,V,(I + 2 P)V,, = V,(I = AP)V,(I + 25P)Vp =V,. O

1

In particular, take A = 3, one can deduce

(Vo (I + P)V,)' = V,(I — =P)V,,.
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Therefore we can rewrite the objective
1
K(X) = min St (XT(I - P)X)

1
= min tr (XTV, (I — P)V,X)

1 1
= —5IVaX[§ + mintr (xTVnU - §P>VnX)

1
= S IVaXI; +mintr (XT (Vo (7 + K)V,)'X)

Note that tr (V,,(I + P)V,,)) = n+k — 2, so if we denote Q@ ={Q € S" |trQ <n+k—2},

then Corollary 3.4.7 provides the following lower bound on the objective of k-means:

1 _ 1
K(X) 2 =5 [VaX B+ 2miny(X, Q) = —5 [Vu X[+ - X2,

Py
Example 1.4.8 (Minimum Variance Affine Unbiased Estimator) For a linear regres-
sion model y = AT + € where ¢ ~ N(0,0%V), and a given matriz B, an affine unbiased
estimator of BT is an estimator of the form 6 = XTy + ¢ satisfying E§ = BT 3. Among all
affine unbiased estimators, the minimum variance affine unbiased estimator is 6% such that
Var(é*) =< Var(é), VO. Note that an affine estimator = XTy + ¢ is unbiased if and only if
AX = B and ¢ = 0. Since Var(é) = 0?2 XTV X, one way to calculate the minimum variance

affine unbiased estimator 6% is to solve the following optimization problem [34, Chap. 13]

1
v(A,B,V) = minBétrXTVX. (1.18)

X:AX=
If a solution X* to (1.18) exists and is unique, then 6* = (X*)Ty. Observe that v(A, B,V) =

—opa,p)(0,V). The optimal solution X* satisfies

X* 0
MV = .
“(w)=(5)
As a special case when X is full rank and V' = 0, M (V') is invertible and we recover Aitken’s

Theorem. If we further restrict V- = 1 we obtain the Gauss-Markov Theorem.

In the study of GMF functions, a key step is to establish the closed convex hull of the
set D(A, B) and this is obtained in [10, Lemma 4.2] based on Carathéodory’s Theorem.
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In Chapter 2, through the study of the convex geometry of GMF functions a much more
elegant representation of D(A, B) is discovered. The new representation also facilitates the

computation of infimal projections of the GMF functions which are considered in Chapter 3.
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Chapter 2

CONVEX GEOMETRY OF GENERALIZED
MATRIX-FRACTIONAL FUNCTIONS

2.1 Introduction

Generalized matrix-fractional (GMF) functions were introduced in [10] as a means to unify
a range of seemingly divergent tools in matrix optimization related to inverse problems,
regularization and machine learning. Somewhat surprisingly GMF functions coincide with
the negative of the optimal value function for affinely constrained quadratic programs, and
are representable as support functions on the matrix space E := R™™" x §", where R™*™
and S™ are the vector spaces of real n x m and symmetric n X n matrices, respectively. The
most significant challenge in [10] is the derivation of an expression for the closed convex
set associated with the support function representation. Unfortunately, the representation
given in [10] is exceedingly complicated. The main contribution of this paper is to provide
a simple, elegant, and intuitive representation for this set. We then use this representation
to provide a simplified expression for the subdifferential of a GMF function and to compute
various related geometric objects that were previously unavailable. These representations
dramatically simplify the use of these tools in a wide range of applications [14]. Before
proceeding, we review the definition of a GMF function.

Given (A, B) € RP*™ x RP*™ with rge B C rge A, the graph of the matrix valued mapping
Y — —2YY7 over an affine manifold {Y € R™™ | AY = B} is given by

1
D(A, B) := {(Y,—éYYT) €eE|Y eRV™: AY:B}. (2.1)
The associated GMF function is the support function of the set D(A, B):

opap) (X, V)= sup (X, V), (Y,W)),
(Y,W)eD(A,B)
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where we use the Frobenius inner product on E,
(Y, W), (X, V) =tr (YTX) +tr WV = tr (XY + WV).
In [10, Theorem 4.1], it is shown that

s ((5) MO () if ree () C xee M(V), V € K,

op(aB)(X,V) = (2.2)

400 else,

where K4 = {V € S" } u"Vu >0 (u € ker A) } and M(V)' is the Moore-Penrose pseudo

inverse of the matrix

VAT
M(V) =
A0

In particular, this implies that

domop(a,p) = dom 0o p(a,p)

2.3
:{(X,V)ER"X’”XS” 29

rge <)]§> CrgeM(V), Ve ICA} :
Note that dom op(a,p) is clearly not a closed set. To see this consider the case A = B =0
and V = nl so that any X # 0 has rge X € rgeV. But as n | 0 it is not the case that
rge X C rge0. Consequently, the statement in [10, Theorem 4.1] that this domain is closed
is clearly false. This error does not affect the validity of the other results in [10] since none
of them require that the set domop(4, gy be closed.

The representation (2.2) is the basis for the name generalized matriz-fractional function
since the matrix-fractional functions [9, 17, 25, 29] are obtained when the matrices A and B
are both taken to be zero.

The paper is organized as follows: Section 2.2 begins with a study of the cones K 4 defined
in (3.6) and their polars. This is immediately followed by deriving the new representation
of the set Q(A, B) := conv D(A, B) in Theorem 2.2.2. With this representation in hand,
we derive new simplified descriptions for the normal cone Ng4,p) and the subdifferential
d0q(a,p) in Section 2.3. In Section 2.4 we explore the convex geometry of the set Q(A, B),
and conclude in Section 2.5 with the important special case where B = 0 and oqa,) is a

gauge function.
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2.2 New Representation of conv D(A, B)

In view of (1.7), in order to obtain a complete understanding of the variational properties of
og, it is critical to have a useful description of the closed convex hull conv .S. This is often
a non-trivial task. In [10, Proposition 4.3], a representation for conv D(A, B) is obtained
after great effort, and the representation is arduous. Although it is successfully used in
[10, Section 5] in several important situations, the representation is an obstacle to a deeper
understanding of the function op4 ) as well as its ease of use in applications. The focus of
this section is to provide a new and intuitively appealing representation that dramatically

facilitates the use of op(4,5). The key to this new representation is the class of cones
Ks:={Ves" | uVu>0, (ues)}, (2.4)

where § is a subspace of R”, that is, s is the set of all symmetric matrices that are positive
semidefinite with respect to the given subspace S. Observe that if P € S is the orthogonal
projection onto S, then

Ks={VeS"|PVP>0}. (2.5)

Clearly, Ks is a convex cone, and, for § = R", it reduces to S". Given a matrix A € RP*",
the cones Ky 4 play a special role in our analysis. For this reason, we simply write K4 to

denote Kyer 4, i.6. Ky = Krera.

Proposition 2.2.1 (Ks and its polar) Let S be a nonempty subspace of R™ and let P be
the orthogonal projection onto §. Then the following hold:

a) K% =cone {—vn” [veS}={WeS"|W=PWP=<0}.
b) intKs={V eS| uVu>0(ueS\{0})}.
¢c) aff (Kg) =span {ov” [v €S} ={W €S |1geW C S}.

d) 1i(Kg) = {W € K3

ri (Kpy) = {0} (since Koy =S").

W"Wu <0 (ueS\{0})} when S # {0} and
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Proof:

a)

Put B:={—ss’ | s € S} CS" and observe that

cone B = {—ZAisisiT|rEN,siES,)\i20(2':1,...,7*)}.

i=1
We have cone B = {W €S | W = PWP}: To see this, first note that cone B C
{W es” | W= PWP}. The reverse inclusion invokes the spectral decomposition of
W=>%", Niqiq! for A, ..., A, < 0. In particular, this representation of cone B shows

that it is closed. We now prove the first equality in a): To this end, observe that

Ks = {Ves'|s'Vs>0(seS8)}
= {Ves" |(V,-ss") <0(se8)}
= (cone B)°,

where the third equality uses simply the linearity of the inner product in the second

argument. Polarization then gives

K% = (cone B)®® = cone B = cone B.

The proof is straightforward and follows the pattern of proof for int S =87 | .

With B as defined above, observe that
aff L3 = span K3 = span B,

since 0 € K%, which shows the first equality. It is hence obvious that aff s C

{WeS"|rgeW CS}. On the other hand, every W € S" such that rgeWW C S

has a decomposition W = Zginlkw)\iqiq? where \; # 0 and ¢; € rgeW C S for all

t=1,...,rank W, ie. W € span B = aff 5.
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d) Set R:={W € K2

u'Wu <0 (ueS\{0})} and let W € 1i(K%) \ R C K%. Then
there exists u € S with |lul| = 1 such that «*Wu = 0. Then for every € > 0 we have
ul (W +euu”)u = € > 0. Therefore W + cuu” € (B.(W)Naff (K2)) \ K2 for all € > 0,

and hence W ¢ ri (Kg), which contradicts our assumption. Hence, ri (K%) C R.

To see the reverse implication assume there were W € R\ 1i (K3), i.e. for all k € N
there exists Wy, € Ba (W)naff (K£Z)\Kg. In particular, there exists {uy, € S | ||ug|| = 1}
such that ul Wyug > 0 for all K € N. W.lo.g. we can assume that u, — u € S\ {0}.
Letting & — oo, we find that «?Wwu > 0 since W), — W. This contradicts the fact
that W € R.

O
We are now in a position to prove the main result of this chapter which gives a new, simplified

description of the closed convex hull of Q(A, B).

Theorem 2.2.2 Let D(A, B) be as given by (3.2), then conv D(A, B) = Q(A, B), where
1
Q(A, B) = {(Y,W) €E ‘ AY = B and §YYT+Weic;}. (2.6)

Proof: We first show that (A, B) is itself a closed convex set. Obviously, (A, B) is closed
since K9 is closed and the mappings Y+ AY and (Y, W) — VYT + W are continuous.

So we need only show that Q(A, B) is convex: To this end, let (Y;,W;) € Q(A, B), i = 1,2
and 0 < X < 1. Then there exist M; € K9, ¢ = 1,2 such that W; = —%YiYiT + M;. Observe
that A((1 — \)Y; + A\Y3) = B. Moreover, we compute that

L= Y5+ A2) (L= MY + A¥D)T + (1= AW+ AWG)

1 1 1
:5((1—)\)Y1+>\Y2)((1—)\)Y1+>\Y2)T+((1—A)(—§Y1Y1T+M1)+>\(—§Y2Y2T+M2)>
1
=5 ML= NNV Y+ VY = YoY50) + (1= A My + AM,

310 (—3 05 = V05 =¥ ) (1= M+ A
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Since rge (Y1 —Y3) C ker A, this shows A(1—\) (—%(Yl - Y5)(Y; — YQ)T) +(1=N)M+ M, €
K. Consequently, (A, B) is a closed convex set.

Next note that if (Y, —1YY?) € D(A, B), then (Y, —3YY7”) € Q(A, B) since 0 € K5.
Hence, conv D(A, B) C (A, B).

It therefore remains to establish the reverse inclusion: For these purposes, let (Y, W) €

Q(A, B). By Carathéodory’s theorem, there exist p; > 0,v; € ker A (i = 1,..., N) such that

N
1 T T
W=—§YY —izl,uivivi,

WhereN:n(”TJrl)le. Let 0 <e< 1. Set Ay ;==1—€cand \y = ... = Ayy1 = A :=¢/N.

Denote V) :=Y/y/1 —e. Take Z; € R™*™, i =1,..., N such that AZ; = B. Finally, set

[ 244
%U“ 0, ce ,0
Observe that

N+1 N+1

N N
ZAm:\/1—eY+%ZY VI—eY 4+ — ZZJF\/%ZW,
i=1 i=2 =1 i=1

where V; = [\/210,0,...,0], i=1,..., N, and

V, = € R™™ and }/i—i—l:Zi'f_‘/zﬁ (1217,]\7)

N+1 N

1
— Z A ——YYT -3 Z 5 (227 + 2V7 +viz]) ZW’%
N
=W — ZE( 7,27 + ,/ € 2V 4 V= VZT)
=1
Therefore
€ N € N N 1/ € € €
VI—eY + =Y Zi+ =D Vi, W-Z(Z,-Zf+,/zi1/;T+ wzf))
< Ni:l Ni:l i=12 N N N
1

Set k := dimE. By Carathéodory’s theorem,

k+1 n+1 K+1 K+1 nxm
ANERML SN — 1 Y, eR
convD(A, B)= Z)\ Y;, — Z)\ " PP
AV, =B (i=1,....k+1)

By letting € | 0 in (2.7), we find (Y, W) € ¢onv D(A, B) thereby concluding the proof. [
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2.3 Normal cone of Q(A, B) and the subdifferential of opa,p)

The new representation for conv D(A, B) allows us to dramatically simplify the represen-
tation for the subdifferential of op(4,p) given in [10, Theorem 4.8]. For this we use the

well-established relation
Joc(x) ={z€convC | x € Neowc (2) }, (2.8)
where C' C E is nonempty and convex.

Proposition 2.3.1 (The normal cone to Q(A, B)) Let Q(A, B) be as given by (3.2) and
let (Y,W) € Q(A, B). Then

1
VeKa, <V, VY + W> =0
Nop) (Y, W) ={ (X, V) €E
and 1ge (X —VY) C (ker A)*
Proof: Observe that Q(A, B) = C, N Cy C E where

Cy:={Y €R™™ | AY = B} x§" and Cy:= {(Y,W) | F(Y,W) € K%},

with F(Y, W) = %YYT + W. Clearly, C is affine, hence convex, and C5 is also convex,
which can be seen by an analogous reasoning as for the convexity of Q(A, B) (cf. the proof

of Theorem 2.2.2). Therefore, [36, Corollary 23.8.1] tells us that
Naa,p) (Y, W) = N¢, (Y, W) + N, (Y, W), (2.9)

where

Ne, (Y, W) ={R e R”™ | rge R C (ker A)* } x {0}.

We now compute N, ((Y,W)). First recall that for any nonempty closed convex cone C' C €&,
we have N¢ (z) = {z € C° | (z, ) =0} for all z € C. Next, note that

VF(Y,W)'U = (UY, U) (UeSm),
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so that VF(Y,W)*U = 0 if and only if U = 0. Hence, by [37, Exercise 10.26 Part (d)],
1
Ne, (Y, W) = {(VY,V) ‘ Ve Ky, <v, QYYT+W> —o}.
Therefore, by (2.9), Noca,py (Y, W) is given by

{om

1
rge (X —VY) C (ker A)5, V € Ka, <V, §YYT+W> = O},

which proves the result. 0]
By combining (2.8) and Proposition 2.3.1 we obtain a simplified representation of the subd-
ifferential of the support function op(A, B).

Corollary 2.3.2 (The subdifferential of op4,5)) Let D(A, B) be as given in (3.2). Then,
for all (X,V) € domopap (see (3.8)) we have

3Z e R X =VY + ATZ,
dopan) (X,V) =< (Y,W) € Q(A, B) 1
<V, §YYT + W> =0

Proof: This follows directly from the normal cone description in Proposition 2.3.1 and the

relation (2.8). O
2.4 The geometry of Q(A, B)

We first compute the relative interior and the affine hull of (A, B). For these purposes, we

recall an established result on the relative interior of a convex set in a product space.

Proposition 2.4.1 ([36, Theorem 6.8]) Let C' C E; x Ey. For each y € E; we define
Cy={2€Ey|(y,2)€eC} and D:={y |C, #0}. Then

rn1C ={(y,z) |[yeriD, zeriC,}.

We use this result to get a representation for the relative interior of (A, B) directly, and

then mimic its technique of proof to tackle the affine hull.
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Lemma 2.4.2 Let A, B C E be convex withri ANti B # (). Then aff (AN B) = aff ANaff B.

Proof: The inclusion aff (AN B) C aff AN aff B is clear since the latter set is affine and
contains AN B.
For proving the reverse inclusion, we can assume w.l.o.g. that 0 € ri ANri B =ri (AN B),

where for the latter equality we refer to [36, Theorem 6.5]. In particular we have
af A=R;A, af B=R,B and aff (ANB) =R (AN B), (2.10)

see (1.4) and the discussion afterwards. Now, let = € aff AN aff B. If z = 0 there is nothing
to prove. If z # 0, by (2.10), we have © = Aa = pub for some A\, > 0 and a € A,b € B.

W.l.o.g we have A > p, and hence, by convexity of B, we have

az(l—%)O—i-%bGB-

Therefore = Aa € Ry (AN B) = aff (AN B), see (2.10). O

We now prove a result analogous to Proposition 2.4.1.

Proposition 2.4.3 In addition to the assumptions of Proposition 2.4.1 assume that D is

affine. Then (y,z) € aff C if and only if y € D and z € aff C,,.

Proof: We imitate the proof of [36, Theorem 6.8]: Let L : (y, z) — z. Since D is assumed
to be affine (hence D = aff D =ri D), we have

D =L(C) = L(1iC) = L(aff C), (2.11)

where we invoke the fact that linear mappings commute with the relative interior and the
affine hull, see [36, Theorem 6.7 and p. §].

Now fix y € D =1i D and define the affine set M, := {(y, 2) | z € Eo} = {y} X Eo. Then,
by (2.11), there exists z € Eq such that y = L(y, z) and (y, z) € ri C. Hence, ri M, N1iC # ()

and we can invoke Lemma 2.4.2 to obtain

aff M, Naff C' = aft (M, N C) = aff ({y} x Cy) ={y} x aft C,.
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Hence, if y € D, z € aff Cy, we have (y,2) € {y} x at C, = M, naff C C aff C.
In turn, for (y,z) € C, we have (y,z) € M, Nnaff C = {y} x Cy, hence z € C,, # 0, so
yeD. 0

We are now in a position to prove the desired result on the relative interior and the affine

hull of (A, B).
Proposition 2.4.4 For Q(A, B) given by (3.2) the following hold:

a) iQA,B)={(Y,W)€E | AY =B and 3YYT + W €1i(K3) }.

b) aff Q(A,B) = {(Y,W) €E | AY = B and 1YY" + W € spanK$ },
where span K% = span {vo | v € ker A }.

Proof:We apply the format of Proposition 2.4.1 and 2.4.3, respectively, for C' := Q(A, B).
Then

Ko —3YYT if  AY =B,

D={Y |AY =B} and C, = (Y € R™m),

0, else.

a) Apply Proposition 2.4.1 and observe that ri (K% — sYY7) =ri (K3) — sYY7T.

b) Apply Proposition 2.4.3 and observe that D is affine, and that aff (K3 — 3YY7T) =
aff (K9) — 2vYT.

O
As a direct consequence of Propositions 2.2.1 and 2.4.4, we obtain the following result for

the special case (A, B) = (0,0).

Corollary 2.4.5 [t holds that

1 1
m{(y,—éyﬂ) \YGRWW}:{(Y,W)GE’W+§YYT50},

and

1 1
int (m {(Y,—éYYT) |V e Rnxm}) = {(Y,W) €E ‘ W+ o YY? < 0}.
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We conclude this section by giving representations for the horizon cone and polar of Q(A, B).

Proposition 2.4.6 (The polar of Q(A, B)) Let Q(A, B) be as given in (3.2). Then

rge (g) CrgeM(V), V € Ky,

(A, B)° = { (X, V) Ly <<§)TM(V)T<§)>§1

Moreover,

Q(A, B)® = {0pxm} x K (2.12)
and
rge (3) Crge M(V), V € Ka,
s () M) <0

Proof: Given any nonempty closed convex set C' C E, it is easily seen that C° = {z | o¢ () < 1}.

(A, B)*)* = ¢ (X, V) (2.13)

Consequently, our expression for (A, B)° follows from (2.2).

To see (2.12), let (Y, W) € Q(A, B) and recall that (S,T) € Q(A, B)*™ if and only if
(Y +tS,W +1T) € Q(A, B) for all t > 0. In particular, for (S,7) € Q(A, B)*®, we have
A(Y +tS) = B and

1 t2
3 YYT 1Syt +vsTh) + ESST + (W +tT) e K5 (t > 0). (2.14)

Consequently, AS = 0 and, if we divide (2.14) by ¢* and let ¢ 1 oo, we see that SST € K.
But SST € K4 since rge S C ker A, so we must have S = 0. If we now divide (2.14) by ¢ and
let t 1 oo, we find that T € K. Hence the set on the left-hand side of (2.12) is contained in
the one on the right. To see the reverse inclusion, simply recall that K¢ is a closed convex
cone so that K + K9 C K9.

Finally, we show (2.13). Since (0,0) € Q(A, B)°, we have (5,T) € (A, B)°)* if and
only if (tS,tT) € Q(A, B)° for all t > 0, or equivalently, for all £ > 0,

Y,
(T €Ky and 3 (Vi, Z,) € R™™ x RP™ s, @) M) (Zt)
t

O (R
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or equivalently, by taking Z =t1Z,

_ Y,
T €Ky and 3 (Y;, Z,) € RV x RPX™ st (S) = M(T) (J)

with %tr ((g)TM(T) @i)) <1

If we take (}Z:’i) = M(T)T (g), we find that (S,7T) € (A, B)°)* if and only if

T ek, and %tr ((g)TM(T)T<g)> <1 (t>0),

which proves the result. 0
2.5 o0qa,0) as a gauge

Note that the origin is an element of Q(A, B) if and only if B = 0. In this case the support
function of (A, 0) equals the gauge of (A, 0)°. Gauges are important in a number of
applications and they posses their own duality theory [21, 22, 23]. An explicit representation

for both vq(4,0)c and yoa,0) Will be given in the following theorem.
Theorem 2.5.1 (0p(a) is a gauge) Let Q(A, B) be as given in (3.2). Then
oaa0) (X, V) =00 (X, V) = 7904,0)(X, V), (2.15)

and

V(A0 (Y, W) 0Q(A,0)° (Y W)

é mm( YTW(YT) ) Zf rgGYCkerAﬂrgeVV,W € IC?q, (2].6)
+00 else,

where o (=YW (YN)T) is the smallest nonzero singular-value of =Y TW (YT)T when such

an eigenvalue exists and +o0o otherwise, e.g. when'Y = 0. Here we interpret é as0 (0 = é),

and so, in particular, yaca0) (0, W) = dxs (W),
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Proof: The expression (2.15) follows from [36, Theorem 14.5]. To show (2.16), first observe
that

tQ(A,0)= {(y, W) ‘ AY =0 and %YYT = ic;} , (2.17)

whose straightforward proof is left to the reader.
Given t > 0, by (2.17), (Y, W) € tQ(A,0) for all ¢ > ¢ if and only if AY = 0 and
%YYT +tW € K9 for all t > t. By Proposition 2.2.1 a), this is equivalent to AY = 0 and

1 1
GYY W =P (§YYT + tW) P=0 (t>1), (2.18)

where, again, P is the orthogonal projection onto ker A. Dividing this inequality by ¢ and
taking the limit as ¢ 1 oo tells us that W = PWP < 0. Since YY7 is positive semidefinite,
inequality (2.18) also tells us that ker W C ker Y7, i.e. rgeY C rge W. Consequently,

domyga0 C {(Y,W) |rgeY Cker ANrge W, W € K3 }.

Now suppose (Y,W) € dom~ygan. Let Y = UZVT be the reduced singular-value de-
composition of Y where ¥ is an invertible diagonal matrix and U,V have orthonormal
columns. Since rgeY C rgeW = (ker W)t, we know that UTWU is negative definite,
and so XTUTWUX ! is also negative definite. Multiplying (2.18) on the left by X~'UT and
on the right by UX™! gives

pl = =25"tUTWUSTt (0 < pu < i),
where ji = t~1. The largest ji satisfying this inequality is
Omin(—2Y W (YD) = o (=257 UTWUL ™) > 0,

or equivalently, the smallest possible £ in (2.18) is 1/ (—2YTW (YT)T), which proves the
result. O
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2.6 Conclusions

The representation (A, B) for the closed convex hull of the set D(A, B) in Theorem 2.2.2 is a
dramatic simplification of the one given in [10]. As a consequence, we also obtain simplified
expressions for both the normal cone to Q(A, B) and the subdifferential for generalized
matrix-fractional functions in Section 2.3. In addition, representations for several important
geometric objects related to the set Q(A, B) are computed in Section 2.4. These results
provide the key to the applications discussed in [10], and open the door to the numerous

further applications discussed in the next chapter.
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Chapter 3
INFIMAL PROJECTIONS

3.1 Introduction

In this chapter we greatly expand the number of applications of generalized matrix-fractional
functions to include all Ky Fan norms, matrix gauge functionals, and variational Gram func-
tions [30]. Our analysis includes descriptions of the variational properties of these functions
such as formulas for their convex conjugates and their subdifferentials.

In what follows, E := R™*™ x S"™ where R™™ and S™ are the linear spaces of real n x m
matrices and (real) symmetric n X n matrices, respectively. Given (A, B) € RP*™ x RP*™ with
rge B C rge A, recall that the GMF function ¢ is defined as the support function of the graph
of the matrix valued mapping Y —%YYT over the manifold {Y € R™*™ | AY = B}, i.e,,
¢:E—R:=RU{+oo0} is

QO(X7 V) = Sup{<(Y, W)’ (X7 V)) ‘ (Y> W) S D(A7B)}’ (3'1)

where

D(A, B) := { (Y, —%YYT) €eE|Y e R™™: AY = B} : (3.2)

A closed form expression for ¢ is derived in [10] and displayed in (2.2). In [10] it is also
shown that ¢ is smooth on the (nonempty) interior of its domain.
Our study focuses on functions p : R™*™ — R representable as the partial infimal pro-

jection of the form

p(X) = V}ggfn (X, V) + h(V), (3.3)

where h : S — R is convex. Different functions & illuminate different variational properties

of the matrix X. For example, when h := (U, -) for U € S%_, and when both A and
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B are zero, then p is a weighted nuclear norm where the weights depend on any “square-
root” of U (see Corollary 3.4.7). Among the consequences of the representation (3.3) are
conditions under which p is closed and proper as well as formulas for the ready computation
of both p* and dp (Section 3.3). As an application of our general results, we give more
detailed explorations in the cases where h is a support function (Section 3.4) or an indicator
function (Section 3.5). We illustrate these results with specific instances. For example,
we obtain all weighted squared gauges on R™ ™ cf. Corollary 3.5.9, as well as a complete
characterization of variational Gram functions [30] and their conjugates. In addition, we
show that all variational Gram funtions are representable as squares of gauges, cf. Proposition
3.5.10. Other choices yield weighted sums of Frobenius and nuclear norms, see [10, Corollary
5.9]. The scope of applications is large and the range of variational properties is fascinating
and fundamental.

Beyond the variational results of this chapter, there is a compelling but unexplored
computational aspect of this representation. Hsieh and Olsen [29] show that (3.3) with
h = %tr(-) yields a smoothing approach to optimization problems involving the nuclear
norm. More generally, observe that many matrix optimization problems often take the form

min  f(X) + p(X), (P)

XeRnxm
where f,p: R"™™ — R := RU{+o0}. The function f is thought of as the primary objective
and is often smooth or convex while p is typically a structure inducing convex function.
Using the representation (3.3), the problem (P) can be written as

Jmin_ F(X) + (X, V) + (V).

This reformulation allows one to exploit the smoothness of ¢ on the interior of its domain.
For example, if both f and A are smooth, one can employ a damped Newton, or path
following approach to solving (P). We emphasize, that this is not the goal or intent of this
chapter, however, our results provide the basis for future investigations along a variety of

such numerical and theoretical avenues.
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This chapter is organized as follows: In Section 3.2 we provide some basic properties of
the GMF function. Section 3.3 contains the general theory for partial infimal projections of
the form (3.3). In Section 3.4 we specify h in (3.3) to be a support function of some closed,
convex set )V C S". In Section 3.5 we choose h to be the indicator of such set. In particular,
this yields powerful results on variational Gram functions and Ky Fan norms, see Section

3.5.2-3.5.3. We close out with some final remarks in Section 3.6.

Notation: For a linear transformation L, we write rge L and ker L for its range and ker-
nel, respectively. For A € RP*" we abuse notation somewhat and write rge A and ker A for

its range and kernel, respectively, when A is considered as a linear transformation between

R™ and R?. Again, for A € RP*" we set

Ker,A:={X e R™ | AX =0} ={X e R™" |rgeX CkerA},
Rge, A:={Y eR” |IX e R™ : Y =AX} ={Y € R”" |rgeY CrgeA}

and write KerA or RgeA when the choice of r is clear from the context. Observe that
Ker; A = ker A, Rge; A = rge A, and (Ker, A)* = Rge, AT, where we equip any matrix space
with the (Frobenius) inner product (X, Y) := tr (X7Y). The Moore-Penrose pseudoinverse
of A, see e.g. [27], is denoted by Af. The set of all symmetric matrices of dimension n is given
by S™. The positive and negative semidefinite cone are denoted by S} and S, respectively.
For two sets S, T' in the same real linear space their Minkowski sumis S+1T :={s+t|se S, t e T}.
For K CRwealsoput K-S:={As| A€ K, s€S5}.

3.2 Preliminaries

As noted in the introduction, the GMF function is the support function of D(A, B) given in

(3.2). Hence, we write

op(aB) (X, V) = o(X,V) (3.4)
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and also refer to op(a gy as the GMF function. From [10, 13] and Chapter 2, we obtain the
formula given in (2.2):

%tr <<X)TM(V)T<X)> if  rge ()];) CrgeM(V), V € Ky,

(X, V) = (3.5)

—+00 else,

where (A, B) € RP*" x RP*™ with rge B C rge A and K4 is the cone of all symmetric matrices

that are positive semidefinite with respect to the subspace ker A, i.e.
Ka={VeS"|[uVu>0(uckerA)}, (3.6)

and M (V)" is the Moore-Penrose pseudoinverse of the bordered matriz

VAT
M) = . (3.7)
A 0
The matriz-fractional function [9, 17] is obtained by setting the matrices A and B to zero.

A detailed analysis of the GMF function appears in the papers [10, 13] whose contents

were discussed in Chapter 2. In particular, it is shown that

dom op(a,p) = dom Oop(a,B)
(3.8)
_ {(X,V) e Rnxm % §P

rge ()1;) CrgeM(V), Ve ICA} :

For the study of the convex-analytical properties of the support function op4 p) the com-
putation of the closed convex hull of the (nonconvex) set D(A, B) has been critical. A
representation of conv D(A, B) relying mainly on Carathéodory’s theorem was obtained in
[10, Proposition 4.3]. A refined and more versatile expression was presented in Chapter 2
[13]. The key object for this expression is the (closed, convex) cone K4 defined in (3.6),
which reduces to S7 for A = 0.

The basic geometric and topological properties of IC4 are given in Proposition 2.2.1, and
which follow from [13, Proposition 1] (by setting S = ker A). We recall this proposition

below.
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Proposition 3.2.1 For A € RP*" [et P € R™"™ be the orthogonal projection onto ker A and
let ICa be given by (3.6). Then the following hold:

a) Ka={V eS| PVP =0}
b) Ko =cone {—vv” |vekerA} ={W eS"|W=PWP=0}.
¢) imtKy={Ves" |u'Vu>0(ueA\{0})}.

The central result from Chapter 2 (Theorem 2.2.2) is the following characterization of

conv D(A, B):
1
@ D(A, B) = Q(A, B) == {(Y, W) eE ‘ AY = Band SYYT + W € /Cj,} .

In particular, Theorem 2.2.2 in combination with (1.7) implies that opa,p) = 0qa,B), an

identity which we will employ throughout.

3.3 Infimal projections of the generalized matrix-fractional function

We now focus on infimal projections involving the GMF function. For these purposes consider

the function ¢ : E — R, given by
VX, V) = oqup (X, V) + V), (3.9)

where h € T'(S") and Q(A, B) is given by Theorem 2.2.2. Our primary objective is the
infimal projection of the sum ¢ from (3.9) in the variable V| i.e. we analyze the marginal
function p : R"™*™ — R defined by

p(X) = inf ¥(X, V). (3.10)

We lead with an elementary observation.

Lemma 3.3.1 (Domain of p) Let p defined by (3.10). Then the following hold:

a) p is conver.
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b) domp = {X e R™™ |V € Ky Ndomh : rge (%) CrgeM(V)}. In particular, p is
proper if and only if domh N K4 is nonempty.

Moreover, if domp # () then the following hold:
c) If B=0 (e.g. if A=0) then domp is a subspace, hence relatively open.
d) If rank A = p (full row rank) then domp = R™ ™ hence open.

Proof: a) The convexity follows from, e.g., [37, Proposition 2.22].

b) The formula for dom p follows from the definition of p and the representation of dom o 4,5)
in (3.8) which also gives the properness exactly when domh N4 # 0.

c) If B = 0, note that, X € domp if and only if span{X} C domp. Since domp is also
convex, it is a subspace, see, e.g., [37, Proposition 3.8].

d) The bordered matrix M (V') from (3.7) is invertible if (and only if) rank A = p. In this case
the condition rge (%) C rge M (V) is trivially satisfied for any X € R"*™ and B € RP*™,
Therefore the statement follows from b). O
The following example shows that the domain of p may not be relatively open (hence not a

subspace) if B # 0, which proves that this assumption in Lemma 3.3.1 c) is not redundant.

Example 3.3.2 (domp) Let A= (11) and b= (1). Then
ker A =span{( 1)} and Ka={(L¥%)|v+u>2w}.
Moreover, put V := (3 }) and define

Vi=[0,1-V={(2vw)|wel0,1]}cS%.

w

Then V is clearly convex and compact. Now let h € To(S?) be any function with domh =V
(e.g. h:=0dy). Note that
domhnNKCy=V.
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We hence infer that
z€domp < 3Jwel0,1]: (})ecrge (vV4")
<~ Jwel01],rsecR?:
= Jwe0 I ApeR: z=w(i () +A(L)]+p(i)
— Jwel0,l,yeR: z=w({)+v(1).

Therefore, we find that
domp = [0,1] - (§) +span{(1)},
and hence
ri (domp) = (0,1) - () + span{(1)},
so that domp s clearly not relatively open.
As mentioned above, the former example shows that domp may fail to be a subspace if
B # 0. Lemma 3.3.1 d) and Example 3.3.17 a), on the other hand, illustrate that dom p

might still be a subspace even if B # 0, hence the condition B = 0 is only sufficient for

dom p to be a subspace (if nonempty).

3.3.1 1, ¥*, and their subdifferentials

Our study of the infimal projection p given in (3.10) requires a thorough understanding of
the properties of the functions 1, 1*, and their subdifferentials with 1 defined in (3.9). For

this we make extensive use of the condition

ri (domh) Nint K4 # 0,
which we refer to as the conjugate constraint qualification (CCQ).
Lemma 3.3.3 (Conjugate of ¢)) Let ¢ be given as in (3.9) and define

n:(Y,W)eEw— (Y7T)1€I}lf(A7B) (W —T).
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Then
1
domn = {(Y, W) ‘ AY = B, <—§YYT + /Ci‘) N (W —dom h*) # @} (3.11)
and the following hold:

a) 1 is closed and convex.
b) If dlomh N K4 # O then o, v* € To(E) with ¢* = cln.

c) Under CCQ , we have ¥* = 1. Moreover, in this case, the infimum in the definition of
1 is attained on the whole domain, 1i.e.

TV, W):=argmin {h*(W-W) | (Y,IW) € Q(A,B), Y=Y}
¥:w) (3.12)

={(Y,W) | (¥, W) € QA, B), v*(Y, W) = I*(W-W)}.

is nonempty for all (Y, W) € domv* .

d) Under CCQ, domoy* = {(Y,W) |0 # T(Y,W)} and, for every (Y,W) € dom 9y,
we have

AT eS": Veoh" (W -T)NKa,
a¢*(Ya W): (X7 V) < 1

v, §YYT + T> =0, rge (X —VY)C (KerA)*
Proof: Note that n(Y, W) < 400 if and only if there is a T' € S" such that (Y,T) € Q(A, B)
and W — T € dom h*, or equivalently, AY = B, T € —%YYT + K% and T'€ W — dom h*,
which proves (3.11).

Define i : E — R by (X, V) := h(V). Then dom i = R™" x dom h and ¢ = gq(a )+ h.

a) The sum of two closed and convex functions is always closed and convex.

b) The sum of two proper functions is proper if and only if the domains of both functions

intersect. Here, note that

dom h N domopap #0 <= domhnNKy # 0.
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Therefore, 1 is proper if (and only if) the latter condition holds. Combined with a) this
shows 9 is closed, proper, and convex, and hence, so is its conjugate ¢*.

Moreover, from Theorem 1.2.1 a) in Appendix B, we infer
(Y, W) = dl (5Q(A,B) 0 iz*) (Y, W).
Since h* (Y, W) = S0y (Y) + h* (W), we have
Or)Y, W)= inf (W —T
Oaap DRV, W)= b 0V =T),
which proves ¥* = cln.
¢) We have ri (dom k) = R™™xri (dom h). Also, by [10, Theorem 4.1], we have int (dom 00(AB)) =
{(X,V) |V €int K4 }. Hence

ri (dom h) N ri (dom opap) #0 <<= ri(domh)Nint Ky # 0. (3.13)
Hence Theorem 1.2.1 a) (applied to ooa,p) and iz), CCQ, and (3.13) imply ¢* = n with

0+ T(Y,W):=argmin {h*(W — W) | (Y, W)€ QAB), Y=Y},
(Y,Ww)

d) Observe that 80{)(1473) = Nq(a,p) and Oh* = R™™ x 9h*. Then part ¢) and Theorem

1.2.1 d) (applied to oo(a,p) and h) yield

(X, V) € 007 4y (Y1, W1) N OR* (Yo, Wa),
<Y7 W) = (}/la Wl) + (3/27 WQ)

o (Y, W) =< (X,V)

={(X,V) |3T e R™™: (X,V) € Noap)(Y,T), V€O (W -T)}.

The claim follows from the representation for Noa p)(Y,7') in 2.3.1 and [13, Proposition 3.
OJ
We now turn our attention to the subdifferential of ¢/ which will be used for computing the

subdifferential of its infimal projection p.

Corollary 3.3.4 (Subdifferential of ¢)) Let ¢ be given by (3.9) and T(-,-) by (3.12).
Then the following hold:
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a) If (Y, W) € oqap)(X,V)+ {0} x Oh(V), then T(Y , W) # 0 and

T, W)= {Tes" | W T ean(V), (V.T) € doquup(X.V)}.  (3.14)

b) Under CCQ we have
X
dom O = {(X, V) ‘ V e domoh N Ky, rge (B) C rge]\/[(V)}.

Moreover, for all (X, V) € dom 9y and all (Y, W) € 0v(X, V), we have T (Y, W) # ()

and

aw(X,V) = aO'Q(A,B)(X, ‘_/) + {0} X 8h(\7)
—{(Y,W)€E | T(Y.W)#£0}.

(3.15)

Proof: Set fi(X,V) := oqu,p)(X,V) and fo(X,V) := h(V). Then part a) follows from
Theorem 1.2.1 b), and part b) follows from Theorem 1.2.1 c). O

3.3.2  Infimal projection I

We are now in position to prove our first main result about the infimal projection p defined

in (3.10).

Theorem 3.3.5 (Conjugate of p and properties under CCQ) Letp be given by (3.10).

Moreover, let g : R™™ — R be given by
q:Y — inf h*(W).
(Y,~W)€Q(A,B)
Then the following hold:
a) domg={Y e R™™ | AY = B, (3YYT —K3) ndomh* #0} .

b) p* = clq, hence dom ¢ C dom p*.

c) If CCQ holds for p, then we have:
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I) p* =q, i.c

“(Y) = inf (). 1
p*(Y) (y,_wl)rén(A,B)h (W) (3.16)

Moreover, for all Y € dom p*, the infimum is a minimum, i.e. there exists W &€
dom h* with (Y, —W) € Q(A, B) such that p*(Y) = h*(W). In particular, p* is

closed, proper, and convex with dom p* = dom q.

II) p € To(R™™) is finite-valued (hence locally Lipschitz).

Proof: a) Obvious.

b) The expression for p* (without CCQ) follows from [37, Theorem 11.23 c)] and Lemma

3.3.3 b). The domain containment is clear as p* = clq < q.

c.I) From [37, Theorem 11.23 c)] we have p* = ¥*(-,0), hence Lemma 3.3.3 c) gives the

claimed statements.

c.Il) p is convex by Lemma 3.3.1 a), and it does not take the value —oo as p* is proper by
I). To prove the desired statement it therefore suffices to see that domp = R"*™. To this

end, observe, see Lemma 3.3.1, that
domp = L(dom g, NR™™ x dom h),
where L : (X, V) — X. By CCQ we have ri (dom h) Nint K4 # ), hence

ri (domoga,p NR™™ x domh) = int(domoga,py) NR™™ x 1i(dom h)
= R™" xint Ky NR™™ x ri(dom h)

= R™™ xint Ky Nri(domh),
where we use [10, Theorem 4.1} to represent int (dom og(4,p)). This now gives
ri (domp) = L [ri (dom gy NR™™ x dom h)| = R™™.

O
We now take a broader perspective on infimal projection by embedding it into a pertubation

duality framework in the sense of [37, Theorem 11.39] or [5, Chapter 5.
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Given X € R™™_ we define ¢ 5 by
V(X V) =¢(X +X,V) ((X,V)eE).
Moreover define pg by
px(X) = inf vx(X,V) (X €R™"). (3.17)

Then
VeV, W) =¢* (Y, W) = (X, Y) ((Y,W)€E),

see [37, Equation 11(3)]. Defining
ax(W) = —sup{(X, V) —¢*(V, W)} (W es"), (3.18)

then ¢x is a proper (see Lemma 3.3.7 for its domain) and convex function and we have a

natural duality pairing of pg and ¢ with weak duality reading
px(0) = —qx(0) (X € R™™).

Applying the general pertubation duality to our scenario yields the following result.

Proposition 3.3.6 (Shifted duality for p) Let p be defined by (3.10), let X € domp and
qx be defined by (3.18). Then the following hold:

a) If 0 € ri (dom qx) then p(X) = —qx(0) € R, argmax (X, -) # 0, and dqx(0) # 0.

b) If X € ri(domp) then p(X) = —qx(0) € R, argmax, {(X, Y) — ¢*(Y, W)} # 0, and
Ip(X) # 0.

c¢) Under either condition 0 € 1i (dom qg) or X € ri(domp), p is Isc at Xand —qx is Isc
at 0.
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d) We have

< (V,0)€09(X,V) <= (Y,0)€ov*(X, V).

Proof: Let X € domp and observe that

p(X +X)=pg(X) (X eR™™),

hence, in particular, p(X) = p(0) € R. Applying [5, Theorem 5.1.2-5.1.5, Corollary 5.1.2]
to the duality pair py and ¢g and translating from pyg at 0 to p at X gives all the desired
statements. U

The domain of ¢ is given below. Here, the set

CA,B)={WesS"|3JY: (Y,IW)e QA B)}, (3.19)
which will play a crucial role in what follows, occurs naturally.
Lemma 3.3.7 (Domain of qg) Let X € R™™ and qg defined by (3.18). Then
domgqgx = C(A, B) + dom h™.
Proof: a) Using Lemma 3.3.3, observe that
ax(W) = inf {o"(Y, W) — (X, Y)}
= inf {n(Y.W) — (X, Y)}
- (y,T)ié}zf(A,B) {R*(W-T)—(X,Y)}.

Therefore, we have
domgg ={W |3(Y,T) € UA,B): W —T € domh*} =C(A, B) + domh".

O
Before we proceed with our analysis, we will discuss various constraint qualifications for the

optimization problem defining p in the next section.
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3.3.83  Constraint qualifications

We start our analysis with a result about the set C(A, B) from (3.19), which was used in

Lemma 3.3.7 to represent the domain of ¢x.

Lemma 3.3.8 (Properties of C(A, B)) Let C(A, B) be as in (3.19). Then we have:
a) C(A, B) is closed and convex with C(A, B)® = K.
b) C(A, B) = domogap)(X,-)* for all X such that oga,p)(X,") is proper.
c) We have

riC(A, B)

{W’EIY: AY = B, %YYT+W€ri(le,)}

= ri(domogap)(X,)")
for all X such that T0(A,B) (X,-) is proper.

Proof: a) With the linear map T : (Y, W) — W we have C(A, B) = T(2(A, B)). Therefore
C(A, B) is convex. By 2.4.6 we have (A, B)>* = {0} x K. Therefore, ker "N Q(A, B)® =
{0}. Hence [37, Theorem 3.10] gives the rest of a).

b) Apply Corollary 1.2.2 to g := og(a,p)(X, ) to infer that

g (W) = Y:(YM})nEfQ(A’B) (-X,Y) (Wesn).

This proves the claim.

c) Observe that riC(A,B) = riT(2(A, B) = T(riQ(A, B)) and use 2.3.1 to get the first
representation. The second one follows from b). U
We now define the constraint qualifications central to our study. Note that CCQ was already

defined earlier.

Definition 3.3.9 (Constraint qualifications) Let p be given by (3.10). We say that p

satisfies
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i) PCQ if 0 € ri (dom h* + C(A, B));

ii) strong PCQ (SPCQ) if 0 € int (dom h* + C(A, B));

iii) boundedness PCQ (BPCQ) if domh N K4 # 0 and (domh)>* N K4 = {0};

w) CCQ if ri (dom h) Nint Ky # 0.

Note that PCQ stands for primal constraint qualification and CCQ for conjugate constraint
qualification.

The next results clarify the relations between the various constraint qualifications. We

lead with characterizations of PCQ and BPCQ.

Lemma 3.3.10 (Characterizations of (B)PCQ) Let p be given by (3.10) and let
fr=v(X,) (X eR™m). (3.20)

Let X € domp. Then the following hold:

a) The following are equivalent:

i) 0 € ri(dom f%);
ii) PCQ holds for p;
iii) 3V € R AY = B, 1YYT e1i (K5 + dom h¥).

In addition, similar characterizations of SPCQ hold by substituting the relative interior

for the interior.

b) BPCQ holds for p if and only if dom h N K 4 is nonempty and bounded.

Proof: a) Defining gx := 0q,p)(X,-), we find that 5 = cl(gy O h*) and therefore
ri (dom f%) = ri (dom g% +dom h*) = 1i (C(A, B)+dom h*), see Lemma 3.3.8 c¢). This proves
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the first two equivalences. The third follows readily from the representation of ri (2(A, B))
from 2.3.1.

b) Follows readily from [37, Theorem 3.5, Proposition 3.9]. O
We point out that, under PCQ, Lemma 3.3.10 shows that the objective functions ¢( X, -) (X €
dom p) occuring in the definition of p in (3.10) are weakly coercive when proper, see [5, The-
orem 3.2.1]. The latter reference tells us that the infimum in (3.10) is attained under PCQ if
finite, a fact that will be stated again (and derived alternatively) in Theorem 3.3.14. Under
SPCQ, the objective functions (X, -) (X € domp) are level-bounded (or coercive), in which
case the argmin (X, ) is nonempty and compact (and clearly convex).

The next result shows the relations between the different notions of PCQ.
Lemma 3.3.11 Let p be given by (3.10). Then the following hold:

a) BPCQ — SPCQ — PCQ.

b) If int (dom h*) Nint (—C(A, B)) # 0 then PCQ and SPCQ are equivalent.

Proof: a) The first implication can be seen as follows: If BPCQ holds then dom fg C
dom hNK 4 is bounded (and nonempty exactly if X € domp). Therefore fg is level-bounded
for all X € domp, i.e. 0 € int (dom f%) (X € domp), see e.g. [37, Theorem 11.8]. In view
of Lemma 3.3.10 a) this implies that SPCQ holds.

The second implication is trivial.

b) Obvious from the definitions. O

We now provide characterizations for CCQ.
Lemma 3.3.12 (Characterizations of CCQ) Let p be given by (3.10). Then
i) domhNintKy #0 < i) CCQ holds for p < iii) (—K$) Nhznh* = {0}.

Proof: The first equivalence is a direct consequence of the line segment principle (cf. [36,

Theorem 6.1]): The fact that ii) implies i) is obvious. For the converse direction let y €
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domh Nint K4 and pick z € ri(domh). Then z), := Ax + (1 — Ny € ri(domh) for all
A € (0,1]. Letting A | 0 we find that z) € ri(domh) Nint ICy for all A € (0, 1] sufficiently
small, which proves that ri (dom h) Nint K4 # 0.

The second equivalence can be seen as follows: We apply [36, Corollary 16.2.2] (to f; := h
and fy := i, ). This result tells us that ri (domh) Nint K4 # 0 if and only if there does not

exist a matrix W € S™ such that
(W)*(W) +oxc, (W) <0 and (h")*(=W) + o, (W) > 0. (3.21)

Since oy, (=W) = dxq (=W), the first of these conditions is equivalent to the condition
W e (=K%) Nhznh*. In particular, we can infer that (—K%) Nhznh* = {0} gives the
inconsistency of (3.21) and thus establishes iii)=-ii).

The second condition in (3.21) implies W # 0. Thus, in view of Proposition 3.2.1
b), 0 # —W € K% C S7%, and hence W ¢ K9. Thus, every nonzero element of the set
(—K%) Nhzn h* satisfies (3.21). Thus, the nonexistence of a W satisfying (3.21) implies that
(—K%) Nhzn h* = {0}, which altogether proves the result. O
We note that for any proper, convex function f we always have hzn f C (dom f)* which, in

view of Lemma 3.3.12, implies that the condition
(—K%) N (dom A*)> = {0} (3.22)

is stronger than CCQ. However, we do not use it in our subsequent study.

Moreover, since K4 = S™ if (and only if) A has full column rank we have

rankA=n = CCQ.

3.3.4  Infimal projection I

We return to our analysis of the infimal projection defining p in (3.10). The following result
reveals that the two critical conditions 0 € ri (dom gg) and X € ri (dom p), respectively, that

occured in (3.3.6), embed nicely into our constraint qualifications studied in Section 3.3.3.
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Corollary 3.3.13 Let p be defined by (3.10), let X € domp and qg be defined by (3.18).
Then the following hold:

a) PCQ holds for p if and only if 0 € ri (dom gx);

b) If CCQ holds then X € ri(dom p).

Proof: a) Follows immediately from Lemma 3.3.7 and the definition of PCQ.

b) Under CCQ we have dom p = R"*™  see Theorem 3.3.5, hence b) follows. O
As a consequence of Corollary 3.3.13 and Proposition 3.3.6 we can add to the properties of

p proven in Theorem 3.3.5.

Theorem 3.3.14 (Properties of p under PCQ) Let p be defined by (3.10) such that PCQ
is satisfied and let qx be given by (3.18). Then the following hold:

CL) pE FO(RnXm);
b) argminy, Y(X,V) #£0 (X € domp) (primal attainment);

¢) p(X) =qg(0) (X €domp) (strong duality).

Proof: a) Under PCQ, by Corollary 3.3.13, we have 0 € 1i(domgqg) for all X € dom p.
Hence, by Proposition 3.3.6 c), p is Isc at X € domp. Since p is proper and convex, see

Lemma 3.3.1, this shows that p € T'.

b), ¢) Follows readily from Corollary 3.3.13 and Proposition 3.3.6 a). O
We note that Theorem 3.3.14 could have been proven entirely without using the shifted
duality framework from Proposition 3.3.6, but by using the following approach: With the
linear projection L : (X,V) — X which has been used implicitly throughout our study, it
can be seen that p = L1 is a linear image in the sense of [36, p. 38]. Then [36, Theorem
9.2] gives all statements from Proposition 3.3.14. This can be seen after realizing that the

constraint qualification from the latter reference, which for p = L1 reads

(0, V) >0 or ¥>(0,-V)<0 (Ves"),
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Consequence\Hypothesis | - | PCQ | SPCQ | BPCQ | CCQ | PCQ + CCQ
pel V| v v v v v
pely v v v v v
p(X) = —qx(0) v v v v v
argmin (X, ) # () v v v v
argmin (X, -) compact v vl v
domp = R™™ v v
p=p** v v v v v
argmin h*(=T) # 0 v v

(V,T)€Q(A,B)

Table 3.1: Constraint qualifications for p and their implications

as ker L = {0} x S™, is exactly PCQ, which, however, also takes some effort. For the sake of
uniformity, we have chosen to derive Theorem 3.3.14 from the shifted duality scheme, which
will also be serviceable for our subsequent subdifferential analysis.

The next result follows readily from the foregoing analysis.

Corollary 3.3.15 Let p be given by (3.10). If PCQ and CCQ are satisfied for p then the
following hold:

a) p € To(R™™) is finite-valued and for all X € R™™ there exists V such that p(X) =
(X, V).
b) p* = q and for all Y € domp* there exists W such that (Y ,W) € Q(A, B) and

p (V) =h*(=W).

Proof: Follows from Theorem 3.3.5. O

Table 3.1 below summarizes most of our findings so far. Here X € domp and Y € dom p*.

ldom (X, -) is bounded.
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In view of Proposition 3.3.6 b) and Corollary 3.3.13 one might be inclined to think that
using CCQ instead of the pointwise condition 0 € ri (dom p) is excessively strong. However,
computing the relative interior of dom p without CCQ is problematic, cf. the derivations
in the proof of Theorem 3.3.5 c.II) under CCQ. Moreover, CCQ is exactly what is needed
to establish desirable properties of p*, see Theorem 3.3.5 c.I). Hence, we do not consider
constraint qualifications weaker than CCQ.

We now turn our attention to subdifferentiation of p.

Proposition 3.3.16 (Subdifferential of p) Let p be given by (3.10). Then the following
hold:

a) Under CCQ we have
Op(X) = argmax{(X, V) — inf A" (=T}, (3.23)
Y

(Y,T)eQ(A,B)

which s nonempty and compact.

b) Under PCQ equation (3.23) holds, and, for X € dom p, we have
Op(X) = {Y |3V : (Y,0) € 0v(X,V)}
_ (V|37 (X.T) € 00t (T,0))
= {73V p(X) = (X, V) = (X, V) - (V) }.
c) Under PCQ and CCQ, we have
op(X)={Y ‘ V., T: =T €on(V), (Y,T) € doqap(X,V)},

which s compact and nonempty.

Proof: a) Under CCQ), p is convex and finite-valued (hence closed and proper), therefore
(3.23) follows from [36, Theorem 23.5] and the fact that the closure for p* can be dropped

in the argmax problem.



o8

Moreover, we have dom p = R"*™_ which gives the remaining statements in a).

b) Under PCQ we also have that p € Iy, hence the same reasoning as in a) gives (3.23). We
now prove the remainder: For the first identity notice that (see e.g. [?, Chapter D, Corollary
4.5.3])
op(X) = {Y | (Y,0) € 8¢(X,V)} (Ve arg‘l;ninQb(X,V)),

the latter argmin set being nonempty due to what was argued above. The 'C’-inclusion
is hence clear. For the reverse inclusion invoke also [37, Example 10.12] to see that if
(Y,0) € (X, V) then V € argminy (X, V).

The second identity in c) is clear from [36, Theorem 23.5] as ¢ € I'o(E).

The third follows from Proposition 3.3.6 in combination with Corollary 3.3.13 and recall-
ing that *(Y,0) = p*(Y).
c¢) Apply Corollary 3.3.4 to the first representation in b). O
For X € rbd (dom p) the subdifferential dp(X) can be empty. Moreover, it is unbounded if

X ¢ int (dom p). The latter may even occur under BPCQ as the following example shows.
Example 3.3.17 Let A= (}9) and b= (}) so that
Ka=1{(5%) |u>0}.
Defining h := oy for
Vi={(52) [u<0,0e[0,1]}
we hence find that
domhNKs={(33) |ve0,1]} and domhNint k4 =0,

so that CCQ is violated but BPCQ (hence (S)PCQ) holds. We find that

redomp <= IV eVNKs: (}) €rge (XAOT)
= (

(6) = (o

— Jel0,l],poeR:z=(55)[(¢)+r(0)]+0(s)

< Fwel01],rscR?:

< x€span{(§)}.
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Therefore we have domp = span{(})}. In particular, domp is a proper subspace of R?,
hence relatively open with empty interior. Therefore Op(x) is nonempty and unbounded for

any r € domp.
3.4 h is a support function

We now study the case where h is a support function. Concretely, given a closed, convex set

V C S", we consider the function p : R"*™ — R given by
p(X) = vlggfn OQ(A,B) (X, V) + Uv(V). (324)

Recall that, by Hormander’s Theorem, see e.g. [36, Corollary 13.2.1], this covers exactly the
cases where h is positively homogeneous (and closed, proper, convex).

We commence by analyzing the constraint qualifications from Section 3.3.3 in the case
that h is a support function. Here, and for the remainder of this section, observe that the

choice h = oy, implies that dom h = bar) and dom h* = V.

Lemma 3.4.1 (Constraint qualifications for (3.24)) Let p be given by (3.24). Then the
following hold:

a) (CCQ) The conditions

barV Nint K4 # 0, (3.25)
Ve n(=K3) = {0}, (3.26)
cl(barV) — K4 =S" (3.27)

are each equivalent to CCQ for p.

b) (PCQ) PCQ holds for p if and only if

pos (C(A, B) +V) =span (C(A, B) + V). (3.28)
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¢) (BPCQ) The conditions

bar VN K4 # D and cl(bar V)N K4 = {0}, (3.29)
barV N K4 # 0 is bounded, (3.30)
bar VN K4 #0 and V°+K4=S" (3.31)

are each equivalent to BPCQ for p, hence imply (3.28).

Proof: Observe that with h = oy we have dom h = barV and hzn h* = V*°.

a) (3.25) is condition i) in Lemma 3.3.12 for h = oy, while (3.26) is condition iii).

Employing [8, Section 3.3, Exercise 16]) we have
(3.26) <= cl(barV — K4) =S".

This completes the proof of a).
b) This is just an application of (1.4).
c) Using (1.9), we see that (3.29) is exactly BPCQ (for h = oy), while the equivalence to
(3.30) follows from Lemma 3.3.10 b). The equivalence of (3.31) to the former follows from
the fact that

(3.29) <= cl(V*+K5) =8",

see [8, Section 3.3, Exercise 16]), where the closure can be dropped by interpreting [36,
Theorem 6.3] accordingly. O
By the additivity of support functions, see (1.8), we find that

p(X) = VinSf os(X,V) (X e R™™), (3.32)
E n
where
Y :=%(AB,V):=Q(A, B)+ {0} xV CE. (3.33)

This facilitates some of the analysis.

Proposition 3.4.2 Let p be given by (3.24). Then the following hold:
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a) p € Iy (i.e. p = p**) under any of the conditions in (3.25)-(3.27) or (3.28). In
particular this holds under any condition (3.29)-(3.31). Under any of the conditions
(3.25)-(3.27) p also finite-valued.

b) p* = dax(+,0) where the closure is superfluous (i.e. ¥ is closed), in particular, under

any condition (3.25)-(3.27).

Proof:a) Follows respectively from Lemma 3.4.1, Theorem 3.3.5 ¢) and Theorem 3.3.14.

b) By [37, Exercise 3.12], ¥ is closed if (—K%) N V> = {0}, i.e. under any condition in
(3.25)-(3.27), see Lemma 3.4.1 a). The rest follows from [37, Proposition 11.23 (c)]. O

We are now interested in computing refined representations for the conjugate of p given by

(3.24).

Corollary 3.4.3 Consider the function p from (3.24) with V C S"™ nonempty, closed and
convex. Under any condition (3.25)-(3.27) we have

p* = =(a,B)

where

S(A,B) = {Y |IWeV:(Y,-W) e QA B)}

— {Y‘AY:B, <%YYT—ICZ)HV7£®}.

In particular, we have p = o=a,p) which is finite-valued.

Proof: By Theorem 3.3.5 ¢) and Lemma 3.4.1 we find that

| 0 if IWeV:(Y,-W)e QA B),
p*(Y) = inf (W) =
(Y,—W)€EQ(A,B) +o00 else,

which shows that p* = d=(A, B). The fact about p follows from Proposition 3.4.2 a).
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3.4.1 The case B =0

We now consider the case when B = 0. Recall from 2.5.1 that this implies that og4,) is
a gauge function. Similarly, if 0 € V), then oy, is also a gauge, in fact, oy = Yo, cf. [37,
Example 11.19].

This combination of assumptions has interesting consequences when the geometries of

the sets V and —K¢ are compatible in the following sense.

Definition 3.4.4 (Cone compatible gauges) Given a closed, conver cone K C &£, we
define an ordering on £ by v 2k y if and only if y —x € K. A gauge v on & is said to be
compatible with this ordering if and only if

v(x) < y(y) whenever 0 <k x <k v.
The following lemma provides a characterization of cone compatible gauges.

Lemma 3.4.5 (Cones and compatible gauges) Let 0 € C C & be a closed, conver set,
and let K C & be a closed, conver cone. Then ¢ is compatible with the ordering < if and
only if

Kny—K)cC (ye KNn<C). (3.34)

Proof: Note that, for y € K, we have
KNn(y—K)={z | 0=k 22k y}.

Suppose that vo is compatible with K, and let y € C N K. If x € KN (y — K), then
vo(x) < ve(y) < 1, and, consequently, K N (y — K) C C.

Next suppose (3.34) holds, and let x,y € £ be such that 0 < x <x y. Then, y € K and
x € KN(y— K). We need to show that yo(z) < vo(y). If y¢(y) = 400, this is trivially the
case, so we may as well assume that yo(y) =: t < +o00. If £ > 0, then { 'y € C N K and
t7'ze KN({t 'y — K) C C. Hence, vc(t'y) =1 > ve(t™'z), and so, vo(r) < ve(y) as
desired. In turn, if ¢ = 0, then ty € KN C (t > 0), so that tx € KN (ty — K) C C (t > 0),
ie, x € C*™ and so yo(z) = 0. O
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Corollary 3.4.6 (Infimal projection with a gauge function) Let p be given by (3.24)
where V is a nonempty, closed, convex subset of S™. Suppose that B = 0. Then the following
hold:

a) Under any of the conditions (3.25)-(3.27) we have
p* - 5{Y| AY =0, IWeV: AW =0, %YYTjW}‘ (335)

b) If 0 € V and vy is compatible with the ordering induced by —K¢ then

p(Y) = 5{Y| AY=0, v (3yYT)<1} (Y)
1 (3.36)
= 0(_xerw (§YYT) :
Proof: a) Follows readily from Corollary 3.4.3 by setting B = 0 and using the representation

of K4 in Proposition 3.2.1.

b) First observe that —K9 = {W € S? |rgeW C ker A}, see Proposition 3.2.1 b), recall
that rgeY = rgeYY7T (Y € R™™) and V € V if and only if y,(V) < 1. Exploiting these

facts, we see that

1
AY =0, HWEV:AW:O,QYYTjW

= AY =0, IV eV 1w(W) > (%YYT)
= AY =0, (%YYT) <1

— AY =0, %YYTGV

— rgeYY7T CkerA, %YYT eV

= Lyyr e (—-Ky)NV.

2

Therefore b) follows from a). O
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Linear functionals are special instances of support functions. We hence obtain the following

remarkable result as a consequence of our more general analysis above. Here || - ||. denotes

the nuclear norm?.

Corollary 3.4.7 (h linear) Let p: R™™ — R be defined by
p(X) = Vlggfn ooa0(X, V) + (U, V)
for some U € ST NKer, A and C(U) :={Y | 1YY" XU} . Then we have:

a) p* = dc(0)nKer,a 18 closed, proper, conver.

b) P = 0c(0)nKerna = V(U)o +Rge, AT 15 sSublinear, finite-valued, nonnegative and symmetric

(i.e. a seminorm,).

¢) If U = 0 with 2U = LLT (L € R™") and A = 0 then
P=0cw = ||LT(')||*>

i.e. pis a norm with C(U)° as its unit ball and Yoy as its dual norm.

d) If U is positive definite, C(U) and C(U)° are compact, convex, symmetric® with 0 in
their interior, thus pos C(U) = pos C(U)° = S™.

Proof: a) Observe that h := <U , > = oygy. Hence the machinery from above applies
with V = {U}. As V is bounded, CCQ is trivially satisfied (cf. (3.25)-(3.27)) and the

representation of p* follows from Corollary 3.4.6 a).

2For a matrix T' the nuclear norm |||, is the sum of its singular values.

3We say the set S C £ symmetric if S = —S.
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b) We have

ok

p =D

= 0¢(0)nKer, A

= Y(C(U)NKern, A)°

= Ja(c(T)°+Rge, AT)

= Jc(0)°+Rge, AT -

As CCQ holds, the first identity is due to Proposition 3.4.2. The second uses a), the third
follows from [36, Theorem 14.5]. The sublinearity of p is clear. The finite-valuedness follows

from Proposition 3.4.2. Since 0 € C'(U) the nonnegativity follows as well, and the symmetry

is due to the symmetry of C(U).
c) Consider the case U = %I: By part a), we have p* = 0y yyr<r). Observe that

(V[ YY" I} ={Y ||[V|2<1} =By

is the closed unit ball of the spectral norm. Therefore, p = op, = || - ||z = || - [|-
To prove the general case suppose that 2U = LLT. Then it is clear that C(U) =
{Y | L7'Y € C(31) }, and therefore

p(X) = oc@)(X)

= sup (Y, X)
Y:L-1YeC(i1)

= sup (LY, LTX)
L-'YeC(i1)

= O-C(%I)(LTX)

— L7,
Here the first identity is due to part b) (with A = 0) and the last one follows from the special
case considered above.
d) Follows from c) using [36, Theorem 15.2]. O

We point out that Corollary 3.4.7 generalizes the nuclear norm smoothing result by Hsieh

and Olsen [29, Lemma 1] and complements [10, Theorem 5.7].
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We now suppose that the function A in (3.9) is given by h := dy, for some nonempty, closed,

and convex set V € S”, i.e., in this section, the infimal projection p : R®*™ — R is given by

p(X) = inf op(am (X, V) + (V).

(3.37)

We first want to discuss the constraint qualifications from Section 3.3.3 in this particular

case. Here, and for the remainder of this section, observe that the choice A = 9y, implies that

domh =V and dom h* = bar V.

Lemma 3.5.1 (Constraint qualifications for (3.37)) Let p be given by (3.37). Then the

following hold:
a) (CCQ) The conditions

VNint Ky # 0,

cone YV — K, =8"
are each equivalent to CCQ for p.

b) (PCQ) The PCQ holds for p if and only if

posC(A, B) + barV = span (C(A, B) + bar V).

c) (BPCQ) The qualification conditions

VONKs#0 and V°NK4 = {0},
VN K4 #Dis bounded,
VNKa#D and barV + K5 =5"

are each equivalent to BPCQ for p, hence imply (3.40).

(3.38)
(3.39)

(3.40)

(3.41)
(3.42)
(3.43)
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Proof: a) First, observe that , with h = dy, condition i) in Lemma 3.3.12 is exactly (3.38).

By the same lemma this is equivalent to
hzn oy N (—=K5) = {0}.
Moreover, as oy = o3y, we have
hznoy ={V | op(V) <0} =V".

Invoking [8, Section 3.3, Exercise 16 (a)] implies that

hznoy N (—=K5) = {0} <= cl(cone V — K,) = S",
where the closure in the latter statement can clearly be dropped, e.g. by interpreting [36,
Theorem 6.3] accordingly.
b) Use (1.4) to infer that PCQ holds for p if and only if

pos (C(A, B)) + bar V = pos (C(A, B) + V) = span (C(4, B) + bar V).

c¢) The equivalences of BPCQ), (3.41), and (3.42) are clear. Since V> and cl (bar V) are paired
in polarity, see (1.9), [8, Section 3.3, Exercise 16 (a)] implies that

VNKas={0} < cl(barV +K%) =8",

where the closure in the latter statement can be dropped as in a). This establishes all
equivalences. O
The following result provides sufficient conditions for the occurence of p = p** when p is

given as in (3.37), i.e. in the case that h is an indicator function.

Corollary 3.5.2 Let p be given by (3.37). Then p € I'o(R"™™) (i.e. p = p*™*) under any of
the conditions in (3.38)-(3.43). Under condition (3.38)-(3.39) it is also finite-valued.

Proof: Follows from Lemma 3.5.1 and Theorem 3.3.5 ¢) and Theorem 3.3.14, respectively.
O

We treat the case A =0 and B = 0 separately as we will use it in Section 3.5.2.
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Corollary 3.5.3 Let p be given as in (3.37) and assume that A =0 and B = 0 and such
that V NS is nonempty. Then we have

PCQ <= S} +barV =8" < BPCQ.
Moreover, p € T'o(R™™), i.e. p=p™* under any of following conditions:
) VNSt #£0 (CCQ);
i) VN ST # 0 is bounded (or equivalently S +barV =8")  ((B/S)PCQ).
Under condition i) p is also finite-valued.

Proof: For the first statement notice that C(0,0) = S™ = K§ and invoke Lemma 3.5.1. The
rest follows from Corollary 3.5.2 and Lemma 3.5.1. O
To compute the conjugate p*, instead of using Theorem 3.3.5, a direct derivation relying on

[10, Theorem 3.2] yields a powerful result.

Theorem 3.5.4 (Infimal projection with an indicator function) Let p be given by (3.37).

Then its conjugate p* : R™™ — R is given by

1
p*(Y) = éaym;(A (YYT) + (5{y| AY:B} (Y) .

In particular, for A =0 and B =0 we obtain

1
p* (Y) = 50'\)081 (YYT) .

Proof: By (3.4), we have

pr(Y) = 51)1(p [(X, Y) — ir‘}f opap) (X, V) + (5V(V)]

= sgp Sl)l{p [(X, Y) —opap (X, V) - 5V(V>}

1/X\" X
= sup sup tr | —= ( ) M) ( > +YTX
VEVK A rge (X)Crge M(V) 2\ B B
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for Y € R™™. Since rge ();) C rge M(V), we can make the substitution M(V)(g/) = ()B(),

to obtain

p*(Y) = sup sup tr

Vevnka UW
AU=B

Vevnka i=1 Au;=b;
m
= sup —) inf
vevnka i An,
m
. 1 7
= sup —g inf | -u; Vu; —
Vevnka — Au;=b; 2
m
= 0iz1az=}(Y)+ sup - inf
vevnka Auy=b;

where the final equality follows since dgy|b,—ay,} (Vi)

U
w

(-3()

m . 1 u; T
R _Z Ao, <§<wi) M(V)<w

= sup,, (wi, b — Ay;) (i =1,...

) + YT (VU + ATW)>

W)-—yva-wam)

2

1
<§UiTVUz' — (Vi u) + (wi, b; — Ay¢>)
(Vi) + it (G = )

1
(EUZTVUZ — (Vy,, ul)> ,

,m).

By hypothesis rge B C rge A, and so, by [10, Theorem 3.2]

1 (Vy; ! t Vg . L
_5( b; > M(V) ( b; _Ailibi 5% Vi =

Therefore, when AY = B, we have

SN Vyi)T <Vyz->
“Y) = sup — Y —— M((V)T
(Y VEvrlw)/cA 121 2( b; V) b;

= sup =
Vevnka 2

(Vyi,ui>) (i=1,...

7m)7

where Ay; = b; so
() = M(V)(3)

L f; (M(V) (%))TM(V)T (M(V) (%))T

which proves the general expression for p*. The case A = 0, B = 0 follows readily. U

We now study the subdifferential of p given by (3.37).
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Corollary 3.5.5 Let p be given by (3.37). If VNint K4 # 0 (CCQ) then

X) = X,Y)y—  inf -T
Op(X) = argmax{(X, ) vyl 5 VT

is monempty and compact for all X € domp. If, in addition, posC(A, B) + barV =
span (C(A, B) + barV) (PCQ), then

op(X)={Y |3V, T: =T € Ny(V), (Y,T) € doqa,p(X,V)}
is nonempty and compact for all X € R™™,

Proof: Follows readily from Proposition 3.3.16 in combination with Lemma 3.5.1. U

3.5.1 B=0and0eV.

We now consider the important special case of p given by (3.37) where 0 € V and B = 0. In
this case p turns out to be a squared gauge function, see Corollary 3.5.9. We start with a

technical lemma.

Lemma 3.5.6 Let C, K C E be nonempty, convex with K being a cone. Then (C' + K)° =
C°NK°. If C+ K is closed with 0 € C, then (C° N K°)° = C + K. In particular, the set
C + K is closed if C and K are closed and K N (—C*) = {0}.

Proof: Clearly, C° N K° C (C' + K)°. Conversely, if z € (C'+ K)°, then (z, v +ty) <1 for
all z € C, y € K, and t > 0. Multiplying this inequality by ¢t~! and letting t — 0o, we see
that z € K°. By letting t | 0, we see that z € C°.

Now assume that C' 4+ K is closed with 0 € C'. Then C + K is closed and convex with
0 € C' + K. Hence, by [36, Theorem 14.5], C' + K = (C' + K)°*° = (C° N K°)°.

The final statement of the lemma follows from [36, Corollary 9.1.1]. O
The first main result in this section is concerned with a representation of the conjugate p*

under the standing assumptions.
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Corollary 3.5.7 (The gauge case 1) Let p be given by (3.37) with 0 € V and B =0 and

let P be the orthogonal projection onto ker A. Moreover, let
S={WeS"|rgeW CkerA} ={W eS" |W=PWP} 4
Then the following hold:

a) We have
1

1
p(Y) = ST VNKa)+SE (YY") = FYwnKa)ns (YY"

where St = {V € S* | PVP =0}. In particular, p* is positively homogeneous of degree
2.

b) If V° + K9 is closed (e.g. when K N —(cone V)° = {0}) then

1

p*(Y) = 5 Yvens) ks (Yy"), (3.44)

where domp* = {Y | YYT € cone V° NS + K3 }.

Proof: a) We have
1
p'(Y) ==ovarc, (YY) + 0y av=oy

2

1 1

:§UV0KA (YYT) + 553 (YYT)
1 1

1

=§U(WCA)+$L (YYT)

1

=5 vnkaens (YY)

Here the first equality uses Theorem 3.5.4, the second equality follows from the fact that
rgeY = rgeYYT, the third can be seen from [37, Example 7.4], the fourth uses (1.8), and
the final equivalence follows from [36, Theorem 14.5] and Lemma 3.5.6.

“Here we consider S = S" N Ker, A as a subset in the space S™.
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b) If V° + K¢ is closed, then Lemma 3.5.6 also tells us that (VN K4)° = V° + K. Since

K9 C S, see Lemma 3.2.1 b), we have
V+KH)NS=(V'NS)+ K5

which, using a), gives the first equivalence in (3.44). O
Our final goal is to show that p, under the standing assumption in this section, is a squared

gauge. To this end, the next result is key.
Lemma 3.5.8 Let 0 € C' C & be closed and convex and define q : € — R U {+o0} through
q(x) := 372(x). Then ¢* = 372

Proof: Apply [37, Proposition 11.21] with 6 = £(-)*. O
We are now in a position to prove the last result of this section announced earlier. Here we

denote by Br the (closed) unit ball in the Frobenius norm.

Corollary 3.5.9 (The gauge case II) Letp be as in Theorem 3.5.4 with0 € V and B = 0.
For P € R™ ™ the orthogonal projector on ker A, define the (closed, conver) sets

V2= {LeR™ | LLT € PVNKA)PY, Fi= {LZ ‘ LeVv z eBF},

and the subspace U := Ker,, A.5> Then

In particular, for A =0 and F := {LZ ’ LLT evnst, Z e IB%F} we obtain

1 . 1
p:;y]zr and p zéfyjzro.

Proof: For all Y € R"*™ by Theorem 3.5.4 and the definition of U, we have

P (V) = Sy, (VYT) 4 5 (V) =

5 sup (PVP, YY")+8,(Y).

1
2 vevni,

SHence U+ = Rge,, AT.
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In turn, by the definitions of Vfl,/ ? and the Frobenius norm, the latter equals

1 1
5 Sup (LL", Y)/T>+<5u(1/):5 sup ||[LTY |5 + du(Y).
Levy? Levy?

On the other hand, by the monotonicity and continuity of ¢ € Ry ~ t? as well as the

self-duality of the Frobenius norm, we find that the latter can be written as

2 2
1 1
3| sw IL7Y||p| +0u(Y)= 3 sup (LY, Z)| +0u(Y).
Levy/? (Z,L)eBpxVY/?

This, however, using the definition of F and the convention (+00)?* = +00, we can rewrite

as

%UI(Y)Q +ou(Y) = % o7 (V) + (V)]

All in all, using the latter, [37, Example 11.4], (1.8), and [37, Example 11.19] and the polar

cone calculus from, e.g., [8, p. 70|, we conclude that

P(V) =5 lor (V) + (V=5 [0r(¥) + 03 (V)P = 50 s (V) = gV ),

This proves the representation for p*; the one for p then follows from Lemma 3.5.8.

O
3.5.2  Variational Gram Functions
Given a closed, convex set V C S" we define
nxm ™ 1
Qy :R™™ 5 R, Qu(Y) = SoVrsy (YYT. (3.45)

These kinds of functions are called variational Gram function (VGF) and have received some
attention lately in the machine learning community due to their orthogonality promoting
properties when used as penalty functions, cf. [30].

Note that our definition explicitly intersects V with the positive semidefinite cone S
while in the analysis in [30] a standing assumption is that €, = Qyngn. These (equivalent)

conventions guarantee that €2y, is convex. We also scale by % to have more elegant formulas.
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Our first result follows readily from our above analysis and refines [30, Proposition 4]

about the conjugate of a VGF.

Proposition 3.5.10 (Conjugate of VGFs and VGF's as Squared Gauges) Let Qy be

given by (3.45). Under either of the following assumptions
i) VNS, #0,
i) VN ST #0 bounded (or equivalently S™, + barV = S"),

we have

* . o 1 : Ty 1 nxm
(X)) = H‘}fO'Q(X, V)+op(V) = ) Vel]ﬁlmei: tr (X'VIX) (X e R™™).
rge XCrge V'

Under i), S35, is finite-valued, and under i), Qy is finite-valued. In addition, if 0 € V we
also have
1 2 * 1 2
Qy = JVFe and (), = J0F
with F ={LZ | LL" € VNS, Z € Bp}.

Proof: Using Theorem 3.5.4, Corollary 3.5.3 and the function p occuring there, we have
2}, = p** = p. The rest is clear from the definition of p and the matrix-fractional function
as well as the respective results from Section 3.5, in particular Corollary 3.5.9 for the last
statement. U
Next we are interested in the subdifferential of a VGF in the sense of (3.45). Although,
by our definition, a VGF is always convex, we take the convexr-composite perspective, see
e.g. [11], since essentially a VGF is simply the composition of a closed, proper, convex
function ovnsy and a nonlinear map H : Y — YY7T. It turns out, that the basic constraint

qualification for Qy, = %amgi o H, which reads
Ndomavmsi (YY/T) N (KernY/T) = {0} (Y/ € dom QV): (346)

and which is essential for full subdifferential calculus of convex-composites, is intimately

linked with condition ii) in Corollary 3.5.3.
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Lemma 3.5.11 (BCQ for VGF) Let Qy be given by (3.45) and assume that ST NV # (.

Then the following are equivalent:

i) There exists Y € domQy such that (3.46) holds;
i) V> NSY = {0} (or equivalently V NS is bounded);

i) (3.46) holds at every Y € dom .

Proof: 'i)=1ii)": Assume ii) were violated, i.e. there exists 0 # W € (VNS})>® = V> NS".
Moreover, by assumption there exists V' € St N'V. By the properties of the horizon cone of

closed, convex sets, see (1.5), we have
Vii=V4+tWeVvnst (t>0). (3.47)

Now, take any Y € dom Q. Then, for all ¢ > 0, we have

+o0 > Qv(Y)

= sup <V, Y}_/T>
vestny

> (V, YY7)

> (W, YYT).

Since W = 0, we have (YYT W) = tr(Y?WY) > 0. In view of the above chain of
inequalities this implies <VV, YYT> = 0and as W, YYT = 0 this gives WYYT = 0. Since
rgeY = rgeYYT this implies WY = 0 or, equivalently, YZW = 0. Therefore, we have
0#W e (YnSt)>®n (Ker,YT). Now, observe that Ndomomsi(Z) = (VN St)> for any
Z € domoypgy, see e.g. [37]. This shows that (3.46) is violated at Y. Since Y € dom (y
was chosen arbitrarily, this establishes the desired implication.

ii)=iii)": If Y NS} is bounded, then dom Ovnsy = S™, and hence Ngom - (YYT) =S for
every Y € dom 2y, which gives the desired implication.

iii)=1)": Obvious. O

We now derive the formula for the subdifferential of the VGF from (3.45).
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Proposition 3.5.12 Let €2, be given by (3.45). Then
W) {VY |[VevnsS:: (VYY) =)} (Y € domQy).
If ST NV is nonempty and bounded, equality holds and dom {2}, = R"*™.

Proof: Combine Lemma 3.5.11 with [37, Theorem 10.6], [37, Corollary 8.25] and the fact
that for H : Y — YY7T we have VH(Y)*V =2VY for all (Y,V) € E. O

We next consider an example.

Example 3.5.13 (Failure of subdifferential calculus for VGF) Let V := pos{I} C
S*, putm:=1andlet H:Y — YYT. Then clearly condition i) in Proposition 3.5.10 holds,
but condition ii) and hence the BCQ (3.46) fails. We have

UVﬁSi (W) = Sli}g otr (W) = 5{UES" ‘ tr(U)§0}(W> (W c Sn) (348)
Hence, we obtain dom Qy = {0} and VH(0)"doynsn (0) = {0}. On the other hand, we have

Oy = %amgi o H = dy9y. Therefore, we have
90(0) = Ny (0) = R™™ 2 {0} = VH(0)"doyns: (0).

Example 3.5.13 establishes various things: First, it shows that condition i) in Proposition
3.5.10 does not yield equality in the subdifferential formula for VGFs. It also illustrates that
equality in the subdifferential formula may fail tremendously in the absence of BCQ, even
for a convex-composite which is, in fact, convex.

Much effort is made in [30] to compute the conjugate of a (convex) VGF, cf. [30, Propo-
sition 7] and its proof. A slightly refined version of the latter result follows readily from our

analysis.

Proposition 3.5.14 (Subdifferential of Q3,) Let 2y, be given by (3.45) and assume that
that 0 € 1i (C + bar V). Under either of the following assumptions

i) VNS, #0,
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i) VNS #0 and V* NSY = {0} (or equivalently V NS # O bounded),

for any X € R™™ where X is finite we have

FV evnst irgeX CrgeV,

00(X) = { ¥ )
04(X) = Str (XTVIX) = (X, V) - ()

with dom 02}, = dom (2};.

Proof: Using Corollary 3.5.3 and the function p occuring there, we have ()}, = p and {2y, = p*
under either i) or ii). The subdifferential formula follows then from Proposition 3.3.16 (see
in particular the third identity in c)).

The fact that dom 02}, = dom €23, is due to the fact that the latter is a subspace, hence

relatively open, cf. Lemma 3.3.1 c). O

3.5.8 VGFs and squared Ky Fan norms

For p > 1,1 < k <min{m,n}, the Ky Fan (p,k)-norm [28, Ex. 3.4.3] of a matrix X € R™*™

k 1/p
X[ = (zaf) |
=1

where o; are the singular values of X sorted in nonincreasing order. In particular, the

is defined as

(p, min{m, n})-norm is the Schatten-p norm and the (1,%)-norm is the standard Ky Fan
k-norm, see [28]. For 1 < p < oo, denote the closed unit ball for || - ||,z by Byx :=
{X | IX|lpx <1} For 1 <p < oo, define s := p/2. Then, for 2 < p < 0o, we have

! ] k 1/s
2 2\s
SIXs =5 [Z(Ui) ]

i=1

1 1 1

= §HXXT]|S,,€ = §UBg’k(XXT) = §UB:7kmsi(XXT)
1

= §QB§k(X)’

where the first equality follows from the definition of s, the second from the definition of

the singular values, the third from properties of gauges and their polars, the fourth from the



78

equivalence <V, XX T> = Z;n:l x?ij with the z;’s the columns of X, and the final from
(3.45). For the Schatten norms, where k = min{n, m} we have B, = B;, where 3 satisfies
% -+ % =1, see [27]. For other values of k, the representation of B; ;. can be significantly more

complicated, e.g. see [18].
3.6 Final remarks

In this chapter we studied partial infimal projections of the generalized matrix-fractional
function with a closed, proper, convex function h : S* — R. Sufficient conditions for closed-
ness and properness as well as representations of both the conjugate and the subdifferential
of the infimal projections are given, along with the essential constraint qualifications. Par-
ticular emphasis was given in the instances where the function A is a support or an indicator
function of a closed, convex set in S”. As a special case of support functions, infimal projec-
tions with suitable linear functionals yielded smoothing variational representations for the
family of scaled nuclear norms. In the indicator case, it was shown that, under appropri-
ate assumptions, the infimal projection is positively homogeneous of degree two, in fact, a
squared gauge. Moreover, in a special case, it was proven that the conjugate of the infimal
projection coincides with a variational Gram function (VGF) of the underlying set. Thus we
were able to easily establish a variational calculus for VGFs as a consequence of our more

general analysis. In addition, we made a connection with Ky Fan norms.
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