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This dissertation collects four pieces of research conducted during my doctoral studies. The
chapters are largely independent, except that Chapter 3 builds directly on the framework
developed in Chapter 2.

Chapter 1 develops a theory of conditional optimal transport in separable infinite-
dimensional function spaces, motivated by simulation-based Bayesian inference. We study
the solvability of block-triangular Monge maps and their Kantorovich relaxations, derive
regularity estimates for the posterior-conditioning maps arising in Bayesian inverse prob-
lems, and demonstrate the framework on a Darcy-flow benchmark.

Chapter 2 develops a kernel-based framework for learning differential equations from
data, together with quantitative worst-case error bounds. The state and the unknown
governing operator are both represented in reproducing kernel Hilbert spaces, with the
differential equation enforced via least-squares collocation; we also discuss connections of
this framework to operator learning and PDE solvers.

Chapter 3 builds on the kernel collocation framework of Chapter 2 to develop an all-at-
once method for jointly identifying sparse ordinary differential equations and reconstructing
the underlying state from scarce, partial and noisy observations. The unknown dynamics are
parametrized as a sparse linear combination over a fixed function library, and the resulting
nonconvex problem is solved by alternating Levenberg–Marquardt steps on a fixed-support
nonlinear least squares problem with an outer sparse-regression update.

Chapter 4 determines the sharp value of the hot spots ratio in every dimension and
characterizes its asymptotic behavior. The upper bound combines a comparison principle,
Talenti’s rearrangement inequality, and a quantitative form of the Szegő–Weinberger eigen-
value inequality; the lower bound follows from a Neumann-sieve construction of extremizing
sequences.
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the reconstructed state û using 1-step KEqL and 2-step methods; (b) Quan-
titative values of relative state reconstruction and operator learning errors,
the latter is reported for different time windows. These values were averaged
over three random initial conditions; (c) Visualization of three extrapolated
dynamics used to compute Ropl. . . . . . . . . . . . . . . . . . . . . . . . . . 52

2.3 Representative numerical results for Burgers’ PDE (2.19): (a) State recon-
struction and equation learning errors computed on the training functions
for 1-step KEqL, kernel interpolant + SINDy, and PINN-SR using M = 1
training pairs and varying the number of interior observations NY ; (b) Simi-
lar experiment as panel (a) but with randomized initial conditions; (c) State
reconstruction results from scarce data using parameters that lead to a near
shock comparing 1-step KEqL, PINN-SR and a kernel interpolation; (d) Sim-
ilar setup to row (c) with a smooth solution and observations only on the
boundary; (e) Computed solutions to the PDEs identified by 1-step KEqL,
PINN-SR, and SINDy from the data in row (d) for a new initial condition. . 54

2.4 Representative numerical results for Darcy’s flow PDE (2.20): The top two
figures from the left show the equation learning errors computed over training
and ID test sets. The OOD test errors are shown in the next row along with
the ID operator learning error. The 1-step KEqL was used and the labels on
the graphs denote the number of interior observation points NY . . . . . . . . 55

2.5 Convergence history of LM for 1-step KEqL for the Duffing ODE (2.18). . . . 78

2.6 Initial conditions sampled from the process (2.45) for examples of Burgers’
PDE (2.19) increasing number of observations: (A) Condition used in the
fixed IC case; (B-D) Sample conditions for the varying IC case. . . . . . . . 79

iv



2.7 Samples of training solutions along with their N observation points (red)
and the collocation points (white) for Burgers’ PDE (2.19) with ICs sampled
from the GP (2.45): (A) Solution obtained using a fixed IC depicted in Fig-
ure 2.6(A); (B) Three solutions obtained from solving the PDE with different
ICs depicted in Figure 2.6(B-D). . . . . . . . . . . . . . . . . . . . . . . . . . 79

2.8 Solution of the Burgers’ PDE (2.19) with initial condition (2.47). Sampled
observation points are shown in red, while collocation points are overlaid in
white. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

2.9 Representative numerical results for an ablation study on Burgers’ PDE
(2.19) with initial condition (2.47), examining the effect of removing the
diffusion feature across the 1-step KEqL, PINN-SR, and kernel interpolation
methods: (A) solutions recovered using the reduced feature set {1, u, ∂xu};
(B) solutions recovered using the expanded feature set {1, u, ∂xu, ∂2xu, ∂txu, ∂2t u}. 82

2.10 Behavior of solutions at initial and final time for one-shot learning examples
of Burgers’ PDE (2.19): (A) Shock development (Section 2.9.2); (B) Smooth
transition (Section 2.9.2); (C) Solution behavior to the PDE in (B) for the
depicted new initial condition. . . . . . . . . . . . . . . . . . . . . . . . . . . 82

2.11 Quantitative values of relative filtering and operator learning errors for Burg-
ers’ PDE Equation (2.19) with different ICs corresponding to the one-shot
learning examples Ex. 1 (Section 2.9.2), its ablation studies Ex. 1a–b, in
which features are removed and added (Section 2.9.2), and Ex. 2 (Sec-
tion 2.9.2) in Figure 2.3(C-E). . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

2.12 Convergence history of the LM algorithm for 1-step KEqL for Burgers’ PDE
(2.19): (A-B) Sample cases using fixed and varying IC, using M = 1 train-
ing pairs with number of observations NY = 20 corresponding to the two
cases depicted in the first column in Figure 2.7; (C) Shock development (Sec-
tion 2.9.2); (D) One-shot smooth case where only observed on the boundary
(Section 2.9.2). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

2.13 Samples of training tuples (um, fm) with different number of observation
points for Darcy’s flow PDE (2.20): (A-C) Training tuples observation points
(red) and collocation points (white). . . . . . . . . . . . . . . . . . . . . . . . 84

2.14 Samples of test solutions u (ID and OOD) and their contours of the equation
and operator learning errors for 1-step and 2-step KEqL methods for Darcy’s
flow PDE (2.20): (A) Sample solutions u ID and OOD for the PDE ;(B)
Contour plots for equation learning errors; (C) Contour plots for operator
learning errors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

2.15 Convergence history of the block arrowhead matrix structure LM-type algo-
rithm for the reduced 1-step KEqL when using M = 8 solution tuples at
NY = 8 observation points in the interior for Darcy’s flow PDE (2.20). . . . . 86

v



3.1 Results for Lorenz 63 system. Observations sampled at ∆t = 0.05 until
t = 10 with added Gaussian noise of variance σ2 = 4. Simulated dynamics
from eq. (3.43) are compared against true dynamics from t = 10 until t = 15. 103

3.2 Lorenz 63 system with observations sampled at ∆t = 0.5 until t = 10 with no
added noise. Simulated dynamics of (3.44) are plotted against true, unseen,
trajectory from t = 10 to t = 25. . . . . . . . . . . . . . . . . . . . . . . . . . 104

3.3 Results for the Lotka–Volterra system of section 3.4.1. Samples are taken
at the rate ∆t = 3 up to t = 48, including additive noise with σ = 0.2.
Simulated dynamics are shown up to t = 100, comparing the results from
(3.46) with the true dynamics. . . . . . . . . . . . . . . . . . . . . . . . . . . 105

3.4 Left: True Lotka–Volterra plotted from multiple initial conditions on phase
portrait using (3.45). Red trajectory and measurements are those from Fig-
ure 3.3. Right: Using learned model (3.46) to simulate same trajectories
provided same initial conditions. . . . . . . . . . . . . . . . . . . . . . . . . . 106

3.5 Results for Lorenz 63 system with streams of partial observations. Observa-
tions alternate between each coordinate every 10 samples at sampling rate
∆t = 0.025 up to t = 10 with added noise set to σ2 = 0.1. Learned dynamics
are simulated from t = 10 until t = 20. . . . . . . . . . . . . . . . . . . . . . . 107

3.6 Results for Lorenz 63 system with an unobserved coordinate. Observations
alternate between first two coordinates at sampling rate ∆t = 0.025 up to
t = 10, with no knowledge of the third, except that the system is known to
be three dimensional. Our algorithm constructs a third, latent coordinate
and corresponding dynamics which, when evolved together with the first two
coordinates, reproduces the observed dynamics. Further, we can effectively
extrapolate the time series forward by using our learned dynamics and imput-
ing the value of our artificial coordinate as a new initial condition, generating
good predictions for the first two coordinates. . . . . . . . . . . . . . . . . . 107

3.7 Results for the Van der Pol oscillator. Sampling is done only on system state,
x, with sampling rate ∆t = 2 up to t = 100 with simulated dynamics from
t = 100 to t = 200 using the learned equations from eq. (3.50). . . . . . . . . 109

3.8 Left: True Van der Pol oscillator trajectories plotted from multiple initial
conditions on phase portrait using eq. (3.49). Right: Using learned model
eq. (3.50) to simulate same trajectories provided same initial conditions. . . . 110

3.9 Position observations sampled at rate ∆t = 0.2 up to t = 30 with added
noise set to σ2 = 0.04 equating to a relative noise of 2.55%. Learned and
true dynamics from eq. (3.55) are simulated from t = 30 to t = 50. . . . . . . 111

vi



3.10 Results for estimating time derivatives of the coupled Duffing system. The
relative mean square errors of the estimates of the first, second, third, and
fourth derivatives are 2.32 · 10−3, 3.68 · 10−3, 6.57 · 10−3 and 1.1 · 10−2 respec-
tively. In this case, our approach resolves the fine structure in estimating the
state. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

3.11 Results for misspecified linear and cubic models for nonlinear pendulum.
Observations were sampled at a rate ∆t = 1 up to t = 100 with added noise
with variance σ2 = 0.01. Learned dynamics for both linear and cubic model,
eq. (3.57) and eq. (3.58), are simulated from t = 100 to t = 200 where the
linear model successfully captures periodicity of the true trajectory, but fails
to capture the correct amplitude, whereas this is flipped for the cubic model. 114

3.12 Results for the nonlinear damped oscillator with full state observations, ∆t =
0.05 in the interval [0, 10], and σ = 0.32 additive noise. While the learned
equations in eq. (3.60) do not match the true dynamics in terms of the coeffi-
cient values, JSINDy effectively infers the states, and produces a reasonable
extrapolation in forward simulation. . . . . . . . . . . . . . . . . . . . . . . . 116

3.13 Results for the damped nonlinear oscillator across varying levels of noise.
Left: coefficient error RMSEFro(θ̂,θ), Right: state estimation error RMSEVar(x̂,x).
In this case, ensembling significantly improves the coefficient error for both
weak SINDy and JSINDy. For JSINDy, including ensembling inside of the
sparsifier brings the coefficient error from noticeably worse than ODR-BINDy
to slightly better. Overall, JSINDy performs very well in state estimation
across varying levels of noise. . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

3.14 Experiment across different trajectory lengths and noise levels, averaged over
128 independent trials and ∆t = 0.01. Top: Proportion of trials where the
correct support was exactly recovered Bottom: Relative coefficient error
RMSEFro(θ̂,θ) of identified system. . . . . . . . . . . . . . . . . . . . . . . . 117

4.1 (Left) Plot of Sd as a function of d with the asymptotic value Sd → √
e

marked by a red line. (Right) Approximate values of Sd for different dimen-
sions d along with the previously best known bounds. The value > 1 means
that no specific value had been computed (to the knowledge of the authors),
but the value is known to be > 1. Results marked with ∗ were folklore results.
The fact that lim infd→∞ Sd > 1, without a specific computed value, follows
from the proof of [348]. The lower bound in d = 2 comes from numerical
experiments [360]. All previously best known upper bounds follow from [342]. 125

4.2 (Left) Sketch of the Neumann sieve domains. (Right) First Neumann Laplace
eigenfunction for a sequence of sieve domains. In the limit when the number of
holes goes to infinity one recovers a radially symmetric effective problem. The
effective problem is studied in Section 4.4, and the fact that the convergence
holds is studied in Section 4.5. . . . . . . . . . . . . . . . . . . . . . . . . . . 131

vii



4.3 (Left) Hot spots ratio in dimension 3 as a function of β and δ. Note that the
actual value of S3 is approximately 2.3861. The black curve represents the
boundary of the allowed region, above which the first non-trivial Neumann
eigenfunction is not radial and the effective problem yields a hot spots con-
stant equal to 1. The optimal asymptotic domain is achieved by taking δ → 0
and β → µB1(R3). (Right) Examples of the radial part of the eigenfunctions

ψ
(1)
β,δ(r)

ψ
(1)
β,δ(1

−)
, where β is taken as large as possible while keeping the first eigen-

function radial. This normalization sets the maximum on the boundary to
1, in contrast to the L2 normalization. As we take δ → 0 and β → µB1(R3),

ψ
(1)
β,δ(0)

ψ
(1)
β,δ(1

−)
will approach S3 while

ψ
(1)
β,δ(1

+)

ψ
(1)
β,δ(1

−)
will tend to −∞ at a rate ∼ −δ−1. . 134

4.4 The domain Ωϵ consists ofB1+δ := B1+δ(Rd) with the region {x ∈ B1+δ s.t. |x| ∈
(1− ϵ/2, 1+ ϵ/2)} removed along with thin channels through that region. We
refer to the bulk as Wϵ and the channels as Nϵ. The width of the channels
must be much smaller than their length, ϵ, being that they contain only a
proportion ϵ2α of the volume in the shell while being equidistributed on Sd−1

at scales ∼ exp(−1
ϵ ). In the case d = 2, this will consist of exponentially

many channels that are getting exponentially narrower as ϵ→ 0. . . . . . . . 139

viii



ACKNOWLEDGMENTS

Completing this PhD would not have been possible without the support, guidance, and
love of everyone along the way. Naturally, many people will fall into multiple categories
in these acknowledgements—I will mostly name each person only once besides the list of
collaborators. First, I’d like to thank my wonderful advisors Bamdad Hosseini and Sasha
Aravkin. Their wisdom, patience, and generosity underlie all of my accomplishments during
this PhD. I’m grateful to the others who have served on my committee: Tom Trogdon, Dan
Mikulincer, and Stefan Steinerberger.

I’d like to thank my family: Mom, Dad, Sophie, Lauren, Poh Poh, and Nai Nai. Their
love and support have been constant and indispensable throughout this journey.

Everyone who has taught me math has shaped the mathematician I am today: Xiao
Wu, Sarah Marzen, Lenny Fukshansky, Marina Chugunova, Asuman Aksoy, Mike O’Neill,
Anne Greenbaum, Bernard Deconinck, and Heather Wilber. I owe special thanks to Tom
for welcoming me into his applied analysis reading group and to Stefan for sharing so much
wisdom in many lectures and conversations. My time in grad school has been enriched by
my many friends, officemates, and colleagues in the applied math department: Ike, Ellie,
Cade, Charbel, James, Johnson, Juan, Sara, Wietse, Kaitlynn, Rohin, Lemon, Saba, Jenny,
Payton, Maddie, Becks, Laurel, Ziqi, Mohammed, Mike, Emily, Biraj, Matt, Damien, and
Cooper.

I’ve had the privilege of working with many fantastic collaborators during this time:
Charbel Abi Younes, Aleksandr Aravkin, Aras Bacho, Ricardo Baptista, Théo Bourdais,
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1

INTRODUCTION

This dissertation collects four pieces of research carried out during my PhD. The chapters
are largely independent and can be read in any order.

Chapter 1 develops a theory of conditional optimal transport in separable infinite-
dimensional function spaces, motivated by simulation-based Bayesian inference. The chap-
ter studies the solvability of block-triangular Monge maps and their Kantorovich relaxations
under general cost functions, specializes the resulting theory to Bayesian inverse problems
with regularity estimates on the posterior-conditioning map, and demonstrates the frame-
work on a Darcy-flow benchmark. This work was joint with Bamdad Hosseini and Amirhos-
sein Taghvaei [1].

Chapter 2 develops a kernel-based framework for learning differential equations from
data, together with quantitative worst-case error bounds. The state and the unknown
governing operator are both represented in reproducing kernel Hilbert spaces, with the dif-
ferential equation enforced via least-squares collocation; the chapter also discusses the con-
nections of this framework to operator learning and PDE solvers. This work was joint with
Yasamin Jalalian, Juan Felipe Osorio Ramirez, Bamdad Hosseini and Houman Owhadi [2].

Chapter 3 builds on the kernel collocation framework of Chapter 2 to develop an all-at-
once method for jointly identifying sparse ordinary differential equations and reconstructing
the underlying state from scarce, partial and noisy observations. The unknown right-hand
side is parametrized as a sparse linear combination over a fixed function library, and the
resulting nonconvex problem is solved by alternating Levenberg–Marquardt steps on a fixed-
support nonlinear least squares problem with an outer sparse-regression update. This work
was joint with Ike Griss Salas, Jacob M. Stevens-Haas, J. Nathan Kutz, Aleksandr Aravkin
and Bamdad Hosseini [3].

Chapter 4 concerns Rauch’s hot spots conjecture, which posits that the extrema of the
first nontrivial Neumann eigenfunction of the Laplacian on a Lipschitz domain are attained
on the boundary. The conjecture is false in general, and the degree of its failure is measured
by the hot spots ratio: the maximum of the eigenfunction over the domain divided by its
maximum on the boundary. The chapter determines the sharp value of this ratio in every
dimension and characterizes its asymptotic behavior as the dimension grows. This work
was joint with Jaume de Dios Pont and Mitchell A. Taylor [4].
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Chapter 1

CONDITIONAL OPTIMAL TRANSPORT ON FUNCTION SPACES

Preface

In this chapter, from [1] which was joint work with Bamdad Hosseini and Amirhossein
Taghvaei, we develop the theory of conditional optimal transport in the context of simulation
based, or amortized Bayesian inference. We preface this article with a brief primer on
Bayesian inference from the point of view of generative modeling. In its most abstract
form, Bayesian inference amounts to positing a joint distribution ν(du, dy) on U×Y between
parameters of interest u, and data y, and performing inference by sampling or computing
statistics of the posterior distribution, defined as the conditional ν(du | y) after observing
data y.

Traditionally, this joint measure is specified through its disintegration into a prior µ and
a likelihood kernel ν(dy | u); when these admit densities, Bayes’ theorem yields the familiar
representation p(u | y) ∝ p(u) p(y | u) of the posterior. Inference is then performed using
values and gradients of this unnormalized density, for instance computing a maximum a
posteriori estimate argmaxu log p(y | u)+ log p(u), or running a Markov chain Monte-Carlo
algorithm to draw samples.

The simulation based approach to Bayesian inference eschews the use of such a density
entirely. Instead of assuming access to any (unnormalized) density function, it requires only

the ability to draw joint samples {(ui, yi)}Ni=1
iid∼ ν from which to extract information about

the conditional law U | Y = y. As an example of how this works, we might consider the
task of computing a posterior moment E [ϕ(U) | Y = y]. Taking this as a function Fϕ(y) :=
E [ϕ(U) | Y = y] of the possible observed data, we have Fϕ = argming∈L2

νY (Y) E
[
∥g(Y ) −

ϕ(U)∥2
]
. As such, Fϕ may be approximated by solving the empirical regression problem

F̂ϕ = argmin
g∈F

1

N

N∑
i=1

∥∥g(yi)− ϕ(ui)
∥∥2, (1.1)

after which Fϕ(y) ≈ F̂ϕ(y).
The generative variant of this approach goes one step further: we fit a conditional

generative model from the dataset that gives an approximation ν̂(du | y) ≈ ν(du | y) in
an appropriate sense, allowing us to cheaply generate samples from the posterior for any y
after training. This embeds the entire computational task of inference into measure valued
regression.

This immediately raises the question of how to represent probability measures in a way
that allows for convenient sampling. We have efficient ways to represent functions — basis
expansions, neural networks, kernel methods — and could parametrize a measure through
its (log-)density, but doing so leaves us with the original problem of how to sample from
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it. Transport maps offer an alternative: given a reference distribution η and a target
measure ν, a transport map is a function T : U → U which transforms η into ν via its
pushforward, denoted with a # symbol and defined by T#η(A) = η(T−1(A)). For T to

be a transport map from η to ν we require that T#η = ν, or in other words, T (V )
d
= U

in the distributional sense, for V ∼ η and U ∼ ν. Abstractly, we may therefore approach
transport-based generative modeling as the following task: given a reference measure η and

samples {ui} iid∼ ν, find a map T̂ such that T̂#η ≈ ν.
In our setting of simulation based inference, however, we must go even further and

approximate conditional measures ν(du | y) from joint samples. The key observation is
that when the map T : Y × U → Y × U possesses a (block) triangular structure

T (y, u) =
(
y, TU (y, u)

)
, (1.2)

and acts as a valid transport map in the sense that

T#
(
νY ⊗ ηU

)
= ν, (1.3)

where νY denotes the Y-marginal of ν and ηU ∈ P(U) is a reference on U , then T naturally
generates conditionals of the posterior, so that

TU (y, ·)#ηU = ν(· | y). (1.4)

For any given pair of measures, there will exist many transport maps between them.
Optimal transport maps are one set of choices, solving the optimization problem

min
T

ˆ
U
c
(
v, T (v)

)
dη(v) subject to T#η = ν, (1.5)

for a cost function c : U × U → R. The chapter that follows develops the existence,
uniqueness, and stability theory of these conditional optimal transport maps in separable
Hilbert spaces, and presents applications to Bayesian inverse problems.

To summarize, in the simulation based/amortized approach to Bayesian inference we
seek to approximate the posterior distribution parametrically across the space of possible
data observations y. In doing so, we fit a map from the data y to a desired quantity of
interest; in the generative framework, this quantity is the entire posterior distribution, which
is a probability measure. Phrasing this in terms of transport maps casts the problem of
representing measures as one of representing functions, and triangular transport pushes this
further to introduce y-parametric dependence for a measure valued regression problem. This
article develops conditional optimal transport as the instantiation of triangular transport
in the framework of optimal transport.

1.1 Introduction and setup

This chapter presents a systematic study of conditional optimal transport (OT) on sepa-
rable infinite dimensional function spaces towards likelihood-free and amortized Bayesian
inference. We introduce and study the solvability of the conditional Kantorovich problem
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for general costs and measures followed by the analogous Monge formulation. We then
give refined results on conditional OT maps under stronger assumptions on the underly-
ing measures with applications to Bayesian inverse problems (BIPs). Our analysis leads to
algorithms for the computation of optimal (block) triangular maps for likelihood-free and
amortized solution of partial differential equation (PDE) inverse problems.

Sampling and simulation of infinite or high dimensional probability measures is a funda-
mental task in data science, computational statistics, and uncertainty quantification (UQ),
with Markov chain Monte Carlo (MCMC) [5–15] and variational inference (VI) [16–18] being
the most broadly used approaches for this task. In recent years, a lot of interest has been
generated around the family of transport-based sampling algorithms [19] due to the rise
of generative models [20, 21] such as generative adversarial networks (GANs) [22–24], nor-
malizing flows (NFs) [25–27], and most recently, diffusion models (DMs) [28–32]. Broadly
speaking, these transport-based algorithms proceed as follows: given Hilbert spaces U ,V,
a target Borel probability measure ν ∈ P(U), and a reference Borel probability measure
η ∈ P(V), a (parametric and possibly stochastic) transport map T ⋆ is computed such that
T ⋆#η ≈ ν. The reference η is often chosen to be trivial to simulate, such as a Gaussian
measure, so that ν-samples can be (approximately) generated by drawing v ∼ η and then
evaluating T ⋆(v). The map T ⋆ is often computed by minimizing a statistical divergence
between the pushforward T ⋆#η and the target ν or their empirical approximations. To this
end, such transport-based algorithms can be categorized under VI as minimum divergence
estimators [33].

Naturally, this line of thinking leads one to the idea of characterizing T ⋆ as an OT map
pushing η to ν [34], connecting the fields of generative modeling and sampling to computa-
tional OT [35]. Exploring this connection has become an area of intense interdisciplinary
research with ideas from OT finding use in generative modeling [36–42] and, conversely,
Machine Learning (ML) technology inspiring algorithms for OT [43–48]. We should note
that the overwhelming majority of contributions in the aforementioned areas are focused on
the finite-dimensional setting with the exception of [49–53] that focus specifically on infinite
dimensional spaces.

Our goal in this chapter is to study a particular type of transport aimed at characterizing
conditional measures. We pose the following problem:

Problem 1.1 (Conditional transport). Consider separable Hilbert spaces Y,U ,V and Borel
probability measures ν ∈ P(Y × U) and ηV ∈ P(V). Let ν(· | y) denote conditional of ν on
the y variable. Find a transport map T ⋆U : Y × V → U such that T ⋆U (y, ·)#ηV = ν(· | y).

Here, the measure ηV is a reference measure on V that is assumed to be easy to simulate.
Assuming that we could solve the above problem, then we obtain a simple recipe for the
simulation of samples not just from ν, but any of its conditionals ν(· | y) for a.s. choice of
y since we simply have to draw v ∼ ηV and evaluate T ⋆U (y, v) ∼ ν(· | y). Such a strategy
falls under the category of amortized inference [17, 54], where an upfront cost is paid for
the calculation of T ⋆U which can later generate conditional samples from ν(· | y) for any
choice of y. Such a strategy is inherently different from more traditional approaches such
as MCMC, which directly target ν(· | y) for a single choice of y.

Note that we may view the solution T ⋆U (y, ·) to Problem 1.1 simply as a family of trans-
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port maps from ηU to ν(· | y) parameterized by the variable y. While such maps can be
defined for each value of y individually, our goal in conditional transport is to simultane-
ously characterize these maps for all values of y towards applications in amortized Bayesian
inference.

For example, consider the Darcy flow PDE that arises in various applications, such as
the subsurface flows [55] or electrical impedance tomography [56]:

−div exp(u†)∇p = f in Ω and p = 0 on ∂Ω. (1.6)

Here, Ω ⊂ Rd is a smooth domain with boundary ∂Ω, u† is a smooth field that models
the permeability of the rock, p is the pressure field, and f is the source term. Suppose
we have limited and noisy measurements y = (p(x1), . . . , p(xm)) + ϵ ∈ Rm of the pressure
field p at a set of points {x1, . . . , xm} ⊂ Ω and with Gaussian noise ϵ ∼ N(0, σ2I). Our
goal is to estimate the log-permeability field u† given the data y. Employing the Bayesian
perspective, we choose a prior measure µ ∈ P(U), e.g., a Gaussian random field, and model
u† with the posterior measure ν(· | y) ∈ P(U) defined via Bayes’ rule [6]:

dν(· | y)
dµ

(u) =
1

Z(y)
exp (−Φ(u; y)) , Z(y) :=

ˆ
U
exp(−Φ(u; y)dµ(u), (1.7)

with Φ denoting the negative log-likelihood of y given u; see (1.28) for its expression. The
standard approach for sampling ν(· | y) is to use function space MCMC algorithms such
as preconditioned-Crank-Nicolson (pCN) or Metropolis Adjusted Langevin (MALA) [7],
but these algorithms require long sequential runs for each value of y. However, by solving
Problem 1.1 we can obtain an approximation T̂U to the map T ⋆U such that T̂U (y, ·)#µ ≈ ν(· |
y). We use this approach in Section 1.5.3 and compare the performance of a triangular map
approach to that of MCMC; see in particular Figure 1.3. The advantage of this approach
is that the map is only approximated once and can then be evaluated for any value of
y to generate posterior samples. For comparison, an MCMC chain needs to be run to
convergence for every new value of y.

In the rest of this section, we introduce our setup and a summary of our contributions in
a simplified setting in Section 1.1.1 followed by a review of relevant literature in Section 1.1.2
and an outline of the article in Section 1.1.3.

1.1.1 Setup and summary of contributions

Our primary focus is the study of Problem 1.1 in the context of OT. In particular, we will
consider maps TU that are obtained as a sub-component of a triangular transport map by
solving an appropriately constrained OT problem. Following [57, Sec. 10.10(vii)] and [53]
we define the class of triangular maps:

Definition 1.2. Consider Hilbert spaces V,Z,U ,Y. A map T : Z × V → Y × U is (block)
triangular if there exist maps TY : Z → Y (the Y-component) and TU : Y × V → U (the
U-component) so that T (z, v) = (TY(z), TU (TY(z), v))) for all (z, v) ∈ Z × V. Henceforth,
we write T (Z,V;Y,U) to denote the space of such maps.



6

The significance of the triangular maps lies in the implication of our Proposition 1.11:
Consider a reference measure η ∈ P(Y × V) of the form η = ηZ ⊗ ηV , where ηZ ∈ P(Z)
and ηV ∈ P(V) are arbitrary, i.e., η is the independent coupling of ηZ and ηV . Then
if T ∈ T (Z,V;Y,U) satisfies T#η = ν, its U-component TU solves Problem 1.1. This
observation leads to numerical algorithms that are capable of generating conditional samples
for arbitrary choices of the conditioning variable y as depicted in Figure 1.1 where used our
Algorithm 1.

u

y u u u

Figure 1.1: A depiction of conditional sampling using triangular maps obtained from Algorithm 1.
The left panel shows a scatter plot of samples from ν that were used to solve the conditional OT
problem while the blue, red, and black lines denote slices along which conditional samples are
generated. The other panels show the conditional histograms with dotted lines showing the true
histograms and solid lines showing the numerical approximations.

In most applications, we have freedom in the choice of the reference η, so we will present
most of our results in the particular setting where Z = Y and η = νY ⊗ ηV where νY
denotes the Y-marginal of ν and ηV is an arbitrary measure. This setup is natural for
inverse problems since it is often easy for us to simulate νY . For example, consider the
setting of the Darcy flow inverse problem described earlier. Then, we can generate samples
from ν by the following procedure: (1) draw uj ∼ µ, (2) solve the PDE (1.6) using a
numerical solver to obtain the solution p(uj), and then (3) simulate the measurements
yj = (p(uj)(x1), . . . , p(u

j)(xm)) + ϵj . This procedure generates samples (yj , uj) ∼ ν where
yj ∼ νY .

To this end, we define the following OT problem, which we refer to as the conditional
Monge problem in the parlance of [58]:

Problem 1.3 (Conditional Monge). Consider η = νY ⊗ ηV and a cost function c : (Y ×
V)× (Y × U) 7→ R. Find T ⋆ that solves inf

T
M(T ), M(T ) :=

ˆ
Y×V

c
(
z, v;T (z, v)

)
dη(z, v),

subject to (s.t.) T (z, v) = (z, TU (z, v)) and T#η = ν.

(1.8)
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Note that we take TY = Id since we chose our reference η to have the same Y-marginal
as ν, which means we do not need to transport any mass in that direction. Since the maps
in this problem are clearly triangular, the resulting U -component of T ⋆ will naturally solve
Problem 1.1, i.e., T ⋆U (y, ·)#ηV = ν(· | y).

Letting Π(η; ν) denote the set of couplings between η and ν, we then define the condi-
tional Kantorovich problem that serves as the relaxation of the conditional Monge problem
above:

Problem 1.4 (Conditional Kantorovich). Consider η = νY ⊗ ηV and a cost function c :
(Y × V)× (Y × U) 7→ R. Find a coupling π⋆ that solves inf

π
K(π) K(π) :=

ˆ
Y×V×Y×U

c(z, v; y, u)dπ(z, v; y, u)

s. t. π ∈ ΠY(η, ν) := {γ ∈ Π(η; ν) | (z, v; y, u) ∼ γ, such that z = y}.
(1.9)

Simply put, this Kantorovich problem is solved over a constrained set of couplings where
the z, y variables are deterministically coupled by the identity map.

With this setup, our first result establishes the well-posedness of the conditional Kan-
torovich problem under mild assumptions and characterizes its optimal solution in terms of
optimal couplings between ηV and the conditionals ν(· | y). Indeed, our result states that
Problem 1.4 has an optimal solution that can be obtained by coupling z, y using the identity
map and then coupling ηV and ν(· | y) optimally for a.s. y.

Theorem 1.5. Consider the setting of Problem 1.4, suppose that the cost c is continuous,
inf c > −∞, and that the infimum in (1.9) is finite Then it holds that

(i) Problem (1.9) admits a minimizer π⋆ ∈ P(Y × V × Y × U).

(ii) It holds that π⋆(z, v, u | y) = π⋆(v, u | y)δ(y − z) where for YνY-a.s. y ∈ Y the
conditional measures π⋆(v, u | y) are optimal for

inf
π∈Π(ηV ,ν(·|y))

ˆ
V×U

c(y, v; y, u)dπ(v, u).

This theorem follows directly from Proposition 1.19. We note that the assumption that
the infimum of(1.9) is finite is often mild in practice and can be reduced to appropriate
moment conditions on η and ν; see Remark 1.21 for details.

Our second contribution is a strong duality result under slightly different assumptions
on the cost c which follows from Proposition 1.22.

Theorem 1.6. Consider Problem 1.4 with a lower semi-continuous and non-negative cost
cc. Then it holds that

inf
π∈ΠY (η,ν)

K(π) = sup
ψ∈L1(η)

(ˆ
Y×U

ψcv(z, u)dν(z, u)−
ˆ
Y×V

ψ(z, v)dη(z, v)

)
,

= sup
ϕ∈L1(ν)

(ˆ
Y×U

ϕ(y, u)dν(y, u)−
ˆ
Y×V

ϕcu(y, v)dη(y, v)

)
,



8

where ψcv(z, u) := infv

(
ψ(z, v) + c(z, v; z, u)

)
and ϕcu(y, v) := supu

(
ϕ(y, u) −

c(y, v; y, u)

)
ϕcu(y, v) := supu

(
ϕ(y, u) − c(y, v; y, u)

)
are the partial c-transforms of ψ and

ϕ respectively.

For our third contribution, we turn our attention to Problem 1.3 and show that the
conditional Kantorovich problem has a solution that is given by a unique transport map.
This result is stated in Proposition 1.24 under slightly more general assumptions.

Theorem 1.7. Suppose V = U and consider the cost c(z, v; y, u) = ∥u−v∥pU for p ∈ (1,∞).
Suppose that (a) the measures η, ν have finite p-th moments; (b) ηV is regular according to
Definition 1.14; and (c) the infimum in (1.9)(1.9) is feasible and finite. Then there exists
a map T ⋆ that uniquely solves Problem 1.3 and π⋆ = (Id× T ⋆)#η is the unique solution to
Problem 1.4.

We can formally think of the map T ⋆ as the map that is obtained by considering the
parametric OT maps

T ⋆y = argmin
T : T#ηV=ν(·|y)

ˆ
U
∥u− T (u)∥pUdηV(u)

that transport ηV to the conditionals ν(· | y) for each y. One can then concatenate these
maps along the y coordinate to define the map T ⋆U (y, v) = T ⋆y (v) in Problem 1.3. This turns
out to be the correct approach, although it leads to delicate issues of measurable selection
for TU as dealt with in [59]. Here, we circumvent these technical details to the assumption
that (1.9) has a feasible solution which transfers the issue of measurable selection to the
Kantorovich problem where it can be overcome easily.

While analogues of some of the above results appear in [59], we develop and extend
the theory of conditional OT from a different perspective. We first study the conditional
Kantorovich problem with general costs and characterize its solutions while [59] focuses
on the conditional Monge problem and the characterization of conditional transport maps
using Brenier potentials, which is naturally limited to quadratic costs. By starting with a
Kantorovich problem, our approach naturally requires fewer assumptions at first but allows
us to prove Monge solvability as a special case and under stronger assumptions.

Employing the perspective of parameterized OT maps, a natural question arises as to the
regularity of the maps T ⋆U (y, ·) as a function of y. We apply existing quantitative stability
estimates [60, Thm. 4.2] in finite dimensions to show that conditional Brenier maps are
Hölder continuous with respect to the conditioning variable y if the conditional measures
ν(· | y) are also ”smooth” in an appropriate sense. We state this result as the following
theorem, which follows from Proposition 1.33. To the best of our knowledge, no such
quantitative stability estimates exist for other types of triangular maps.

Theorem 1.8. Let U be a compact subset of Rd, η = νY ⊗ ηU ∈ P(Y × U) and set
c(z, v; y, u) = ∥u − v∥2. Assume further that the support of ηU is a convex subset of U
and ηU has a density that is bounded above and below. Set T ∗ to be the solution to Prob-
lem 1.3. Then

∥T ∗
U (y, ·)− T ∗

U (y
′, ·)∥L2(ηU ) ≤ CW1(ν(· | y), ν(· | y′))1/6,
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where the constant C > 0 depends on U , ηU , and d.

Our next theoretical contribution concerns the application of our results above to the
particular case of BIPs where we show that in the finite-dimensional case U = Rd, and under
regularity assumptions on the likelihood Φ, and the prior measure µ, the conditioning maps
T ⋆U are regular in y. We also obtain error bounds for certain numerical approximations of
such maps. The detailed statement of these results can be found in Proposition 1.33.

We note that optimality in the Brenier sense is not necessarily crucial for solving BIPs
using triangular maps. However, the OT characterisation is amenable to analysis and
provides desirable theoretical features such as uniqueness and regularity of transport maps;
these may be difficult to obtain for other types of maps.

Finally, we present a set of numerical experiments that explore various practical strate-
gies for the solution of Problem 1.3 and approximation of the maps T ⋆U (y, u) towards con-
ditional simulation of probability measures. Our algorithms and experiments, including an
instance of the Darcy flow inverse problem (1.6) are collected in Section 1.5.

1.1.2 Review of relevant literature

Below, we review the relevant literature to our work with a particular focus on triangular
transport and conditional simulation. For a comprehensive review of OT theory see [34,
61–63] and for computational aspects see [35].

Triangular transport and OT

The OT characterization of triangular transport maps goes back to [64] and [65] which
characterized the classic triangular rearrangements of Knothe [66] and Rosenblatt [67] as
the limit of a sequence of OT problems with a singularly perturbed quadratic cost. We
show in Section 1.3.4 that a similar limiting argument is applicable in our broader setting
as well. The Knothe-Rosenblatt (KR) map is a classic transport map originally defined in
the finite-dimensional setting, which is built by successively transporting one measure into
another one by 1D transport of their conditionals using deterministic maps; see [63, Sec. 2.3]
for a detailed definition. The KR map is an example of a fully triangular map according to
Definition 1.2 and it was further generalized to triangular maps defined on Hilbert spaces
in [68, 69] where their abstract theory was developed; also see [57, Sec. 10.10(vii)].

The OT characterization of triangular maps towards conditional simulation is a contem-
porary topic, and the main results in this direction were presented in the seminal work [59]
where an analog for Brenier’s theorem was presented for the characterization of parametric
families of transport maps TU that would characterize the conditionals ν(· | y) of a given
target measure ν, i.e., TU (y, ·)#ηU = ν(· | y). However, the main goal of the authors in
that work was to introduce a novel characterization of quantiles for vector valued random
variables and the theory was not tailored to conditional simulation or triangular transport.
This extension was discussed in the recent works [58, 70–75] although these works were fo-
cused on finite-dimensional settings with quadratic cost functions and are mainly concerned
with the design of algorithms. Our analysis is heavily inspired by these previous works and,
in particular [59], but deviates from them in three directions: (a) we develop our theory on
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the Hilbert and Polish space settings, which is crucial for PDE inverse problems and high
dimensional inference; (b) we study OT problems for arbitrary costs and give refined results
for classic choices of the cost, such as the quadratic case; (c) we give a detailed characteriza-
tion of the corresponding constrained Kantorovich problems that lead to triangular Monge
maps.

After the first appearance of this work in preprint form, [76] further developed the theory
of conditional OT in the context of sampling. There, the metric properties of conditional
OT problems were examined, and a dynamic formulation analogous to that of Benamou
and Brenier in standard OT was presented. That work also introduced an algorithm based
on flow matching [77–79] for the approximation of conditional OT maps as an alternative
to our algorithms in Section 1.5.

Triangular transport and inference

The algorithmic aspects of triangular transport maps for conditional sampling and Bayesian
inference developed in [19, 80] rely on the KR constructions of triangular maps. These are
used for sampling of target measures or preconditioning MCMC algorithms. The exten-
sion to general block-triangular maps was presented in [53, 73] with the former developing
algorithms using monotone triangular transport maps and the latter focusing on OT formu-
lations akin to ours with quadratic costs. More recently, these methods have been extended
for amortized inference with applications in geoscience [54, 81–83] and filtering and data as-
similation [84–86] with [71, 74, 87] focusing on OT formulations that are particular instances
of our formulation of the conditional Monge problem. These works further characterize the
map T ⋆U via a dual formulation using the conditional analog of Brenier’s theorem presented
in [59] which is also the basis of the methodologies developed in [58, 70, 75].

Triangular transport and generative modeling

Broadly speaking, modern generative models [20, 21] solve the problem of generating sam-
ples from a target measure as a transport problem with a deterministic, stochastic, or
dynamic formulation. These models have become very popular in recent years thanks to
the success of various families of neural net based techniques such as GANs [22–24], NFs
[25–27, 40], and DMs [28–32, 52]. Indeed, GANs and NFs provide deterministic maps,
while DMs give a dynamic formulation in the form of a stochastic differential equation with
a score function (i.e., drift) that is parameterized by a network. Among these models, NFs
are the only ones that rely on triangular transport maps, but the conditioning properties of
these maps are rarely utilized or acknowledged in the NF literature. Instead, the triangular
structure is mainly utilized for building maps that are easily invertible, and their Jacobian
determinants can be computed efficiently.

While traditional generative modeling does not focus on conditional simulation, the
methodology can be generalized to conditional simulation; see [70, 88–90] for conditional
NFs, [53, 91–93] for conditional GANs, and [94, 95] for conditional DMs. Here one considers
pushing a reference ηU to the conditionals ν(· | y) with a map TU (y, ·) that is parameterized
by y and in this light our setting can be viewed as the OT analog of such conditional
generative models. The works [53, 70, 92, 96–98] are perhaps the closest to our work in this
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domain, although they do not present a systematic study of conditional OT at our level of
generality.

Other interesting connections

Here, we mention a number of articles in the literature that are related to our work but do
not directly study the conditional OT or conditional simulation problems. While our focus
here is not on algorithm development, we mention that the applied analysis of transport
problems has become a vibrant area of research in recent years. The statistical analysis of
OT maps has been an intense research area recently [99–105]. These works often aim to
obtain error bounds for empirical estimation of OT maps in terms of the approximation
capacity of underlying models and sample complexity.

Alternatively, the article [106] gives a general framework for obtaining quantitative ap-
proximation rates for minimum divergence estimators but without necessarily approximat-
ing the optimal transport map. In parallel with the above, a growing literature has been
developed around the analysis of triangular transport maps, and in particular, the KR map:
[107, 108] show that the KR map is analytic under some assumptions and can be approxi-
mated with neural nets or sparse polynomials; [109, 110] consider minimum KL estimators
of KR maps for sampling and density estimation and study their statistical consistency and
sample complexities; finally, [111] analyzes the tail behavior of triangular maps, revealing
a balance between the tails of the reference and target measures and the expressivity of
Lipschitz triangular maps.

We also mention the literature on sliced Wasserstein distances [112–115] and sliced mea-
sure transport [116, 117]. Broadly speaking, the sliced Wasserstein distance is computed
by taking random 1D projections of the reference and the target and averaging the 1D
Wasserstein distance between these projections. The resulting distance can be computed
very efficiently in practice while still imposing a topology similar to that of the Wasserstein
distance. The resulting formulation is opposite to that of (1.8) in that the sliced Wasserstein
distance marginalizes across values of projections rather than conditioning.

Another related concept is that of pairs of measures with overlapping marginals that
arise in distributionally robust optimization [118–120]. These are precisely pairs of measures
whose marginals on a given subspace match, akin to our assumption that the ηY = νY in
Problem 1.3 and Problem 1.4.

1.1.3 Outline

The rest of the chapter is organized as follows: we review some preliminaries and useful
technical results in Section 1.2. Our main theoretical results are presented in Section 1.3 fol-
lowed by their application to the particular case of BIPs in Section 1.4. Our algorithms and
numerical experiments are collected in Section 1.5 followed by our conclusions in Section 1.6.

1.2 Preliminaries

In this section we collect some notations, definitions, and preliminary results that are used
throughout the rest of the chapter. We collect some notation in Section 1.2.1. Section 1.2.2
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reviews conditional measures and for the most part follows [57, Sec. 10.4] while Section 1.2.3
recalls useful results from OT theory following [34, 62].

1.2.1 Notation

Throughout the chapter, we primarily work with Polish spaces and separable Banach or
Hilbert spaces, but the reader may take all of our function spaces to be separable and
Hilbert on a first reading. We also reserve upper case calligraphic letters to denote function
spaces. For a Polish space Y we write B(Y) to denote its Borel σ-algebra and P(Y) to denote
the space of Borel probability measures on Y. For ϱ ∈ P(Y) and a function f : Y → R we
write

´
Y f(y)dϱ(y) to denote the expectation or integral of f with respect to ϱ and sometimes

use the shorthand notation
´
fdϱ when no confusion may arise. We often work on product

spaces and need to compute integrals with respect to marginals and write
´
Y f(x, y)ϱ(x, dy)

to highlight the variable with respect to which the partial integral is computed. For ϱ ∈
P(Y × U) we write ϱY and ϱU to denote its Y and U-marginals respectively.

1.2.2 Conditional measures and triangular maps

Let Y,U be Polish spaces and for a set B ∈ B(Y×U), define the slices By := {u | (y, u) ∈ B}.
We recall the following definition of (regular) conditional measures following [57]:

Definition 1.9. A function (B, y) 7→ ϱ(B | y) is a (regular) conditional measure of ϱ ∈
P(Y × U) if: (a) For every fixed y ∈ Y it holds that ϱ(· | y) ∈ P(U); (b) For every fixed
B ∈ B(U) the function y 7→ ϱ(B | y) is measurable with respect to B(Y) and ϱY -integrable;
and (c) For all B ∈ B(Y × U) it holds that ϱ(B) =

´
Y ϱ(B

y | y)ϱY(dy).

We further recall the following facts from [57, Lem. 10.4.3 and Cor. 10.4.10]:

Proposition 1.10. Consider ϱ ∈ P(Y × U) with Y,U Polish spaces. Then the conditional
measures ϱ(· | y) for ϱ exist and they are essentially unique, i.e., there exists a set E ∈ B(Y)
so that ϱY(E) = 0 and the ϱ(· | y) are unique for all y ∈ Y \ E.

We can further characterize conditional measures via triangular transport maps. The
proof of the following proposition is nearly identical to [53, Thm. 2.4] and is therefore
omitted.

Proposition 1.11. Let Z,V,Y,U be Polish spaces and consider η ∈ P(Z×V) and ν ∈ P(Y×
U). If T#η = ν for some T ∈ T (Z,V;Y,U) (recall Definition 1.2) then TU (TY(z), ·)#η(· |
z) = ν(· | TY(z)), for ηY-a.e z.

1.2.3 Basics of OT

Here, we collect some preliminary results on OT as they pertain to our analysis in Sec-
tions 1.3 and 1.4 and refer the reader to [34, 35, 61–63] for details.

Let X ,W be Polish spaces and consider Borel probability measures η ∈ P(X ) and
ν ∈ P(W). We define Π(η, ν) := {π ∈ P(X × W) : πX = η, πW = ν} as the space of
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couplings or transference plans between η and ν. Given a cost c : X ×W → (−∞,∞]1 we
consider the Kantorovich problem,

inf
π∈Π(η,ν)

K(π), K(π) =

ˆ
X×W

c(x,w)dπ(x,w), (1.10)

and the corresponding Monge problem,

inf
T#η=ν

M(T ), M(T ) =

ˆ
X
c(x, T (x))dη(x). (1.11)

We say that a coupling π⋆ is optimal if it solves (1.10) and similarly say that a map T ⋆ is
optimal if it solves (1.11). The existence of optimal couplings for the Kantorovich problem
can be established under very general conditions:

Proposition 1.12 ([34, Thm. 4.1]). Let X ,W be Polish spaces and let c be a lower semi-
continuous function such that inf c > −∞. 2 Then there exists a minimizer of (1.10).

Next, we recall a technical result on measurable selections of couplings that will help
us in our analysis of conditional Kantorovich problems (1.9), allowing us to build optimal
couplings between measures from optimal couplings between their conditionals.

Proposition 1.13 ([34, Cor. 5.22]). Suppose X ,W are Polish spaces and c is a continuous
cost function such that inf c > −∞. Let Ω be a measurable space and let ω 7→ (ηω, νω) be
a measurable function from Ω to P(X ) × P(W). Then there exists a measurable selection
ω → πω such that πω ∈ Π(ηω, νω) is optimal, i.e. πω solves (1.10) with ηω and νω as
marginals, for every ω ∈ Ω.

Let us now consider the Monge problem (1.11) and recall a characterization of its solution
in the setting where W = X are separable Hilbert spaces. First, we recall the definition of
a (Gaussian) regular measure.

Definition 1.14. Suppose X is a separable Hilbert space. We say B ∈ B(X ) is a Gaussian
null set if γ(B) = 0 for any non-degenerate Gaussian measure γ ∈ P(X ).3 Furthermore, we
say that a measure ϱ ∈ P(X ) is regular if ϱ(B) = 0 for all Gaussian null sets B.

With the above notion of a regular measure at hand, we can present the following result
regarding the existence of unique optimal solutions to (1.11) in relation to (1.10).

Proposition 1.15 ([62, Thm. 6.2.10]). Let X be a separable Hilbert space and consider the
cost c (u, v)) = ∥u− v∥pX for p ∈ (1,∞). Suppose η, ν ∈ P(X ) are both measures with finite
p-moments, and assume η is regular according to Definition 1.14. Then it holds that:

1Throughout the article we, only consider real valued costs.

2This assumption can be slightly generalized to c(x,w) ≥ a(x)+b(w) for upper semi-continuous functions
a ∈ L1

η(X ), b ∈ L1
ν(W) as is done in classic texts.

3Recall that γ is said to be a Gaussian measure if ℓ#γ is a one-dimensional Gaussian distribution for all
ℓ ∈ X ⋆ the dual of X [121].
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(i) Problem (1.10) has a unique solution π⋆ ∈ Π(η, ν), such that π⋆ = (I × T ⋆)#η for
an optimal map T ⋆ ∈ Lpη(X ;X ) that solves (1.11).

(ii) If ν is also regular then T ⋆ is injective η-a.s.

Here Lpη(X ;X ) denotes the η-weighted Lp space of Bochner integrable maps from X
to itself. Finally, we present a technical lemma about the convergence of OT maps in L2

spaces, which may be known by experts, but we present the proof for convenience.

Lemma 1.16. Let X be a separable Hilbert space, and let η, ν ⊂ P(X ) have finite second
moments. Let πk = (Id × Tk)#η be a sequence of deterministic couplings between η and
ν, defined by maps Tk. If the couplings πk converge weakly, that is, πk ⇀ π, where π =
(Id× T )#η, then the maps Tk → T in L2

η(X ;X ).

Proof. Note that ∥Tk∥2L2
η(X ;X ) = ∥T∥2L2

η(X ;X ) =
´
X ∥y∥2ν(dy) for all k where the second

equality follows from the fact that T#η = ν and similarly for Tk. Since πk ⇀ π then
limk→∞

´
ϕ dπk =

´
ϕ dπ for all continuous functions ϕ : X × X → R. We then have that

ˆ
X×X

ϕ(x, x′)dπk(x, x
′) =

ˆ
X×X

ϕ(x, x′)d(Id× Tk)#η(x, x
′) =

ˆ
X×X

ϕ(x, Tk(x))dη(x).

Repeating a similar calculation for π yields that

lim
k→∞

ˆ
X×X

ϕ(x, Tk(x))dη(x) =

ˆ
X×X

ϕ(x, T (x))dη(x).

Let ϕ(x, y) = ⟨ψ(x), y⟩ for a continuous function ψ : X → X . Then we see that
limk→∞

´
X⟨ψ(x), Tk(x)⟩dη(x) =

´
X⟨ψ(x), T (x)⟩dη(x). Thus, since the continuous func-

tions on X are dense in L2
η(X ;X ), 4 and the sequence (Tk) is bounded, the equality above

is extended to all functions ψ ∈ L2
η(X ;X ), and we see that Tk ⇀ T . Finally, we apply the

Radon-Riesz property in Hilbert spaces to conclude that weak convergence combined with
equality (convergence) of the norms implies strong convergence in L2

η(X ;X ).

1.3 General theory of conditional OT

In this section we present our main theoretical results in the form of propositions and
theorems that amount to the extended versions of Theorems 1.5 to 1.7. We study the
solvability of the conditional Kantorovich problem in Section 1.3.1; present a strong duality
result in Section 1.3.2; and investigate the solvability of the conditional Monge problem in
Section 1.3.3. We further characterize the conditional Kantorovich problem as the limit of
unconstrained problems with a perturbed cost in Section 1.3.4 followed by an extension to
broader classes of triangular maps in Section 1.3.5.

4This is a consequence of the density of simple functions in L2
η(X ;X ) and the fact that simple functions

on separable Hilbert spaces can be approximated by continuous functions by Urysohn’s theorem [122,
Page 7].
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Throughout this section (except for Section 1.3.5) we will consider a reference measure
η ∈ P(Y×V) and a target ν ∈ P(Y×U) for function spaces Y,V,U which are either taken to
be Polish or separable Hilbert spaces. We further make the following assumption regarding
the Y-marginals of these two measures.

Assumption 1.17. The reference η ∈ P(Y × V) and target ν ∈ P(Y × U) satisfy ηY = νY .

Under this assumption we can take the map TY = Id in Definition 1.2 and work with
the constrained set of couplings ΠY from (1.9) which we recall for convenience:

ΠY(η; ν) = {π ∈ Π(η; ν) : (z, v; y, u) ∼ π such that y = z} .5 (1.12)

By definition, any π ∈ ΠY (η; ν) can be written as

π(z, v, y, u) = π(v, u | y, z)π(y | z)π(z) = π̃(v, u | y)δ(y − z)ηY(z), (1.13)

as these couplings are concentrated on the set {y = z}. We now verify that the conditional
measure π̃(v, u | y) is a coupling of η(· | y) and ν(· | y) a. e. as a particular application of
the following results by taking TY = Id.

Proposition 1.18. Let TY : Y → Y be an invertible map such that TY#ηY = νY and
consider the class of couplings

Π(η, ν;TY) := {π ∈ Π(η, ν) : (z, v; y, u) ∼ π such that y = TY(z)}.
Then every coupling π ∈ Π(η, ν;TY) can be written as π(z, v, y, u) = π̃(v, u | y)δ(y −
TY(z))ηY(z) where π̃(v, u | y) ∈ Π

(
η(v | T−1

Y (y)), ν(u | y)
)
for νY-a.s. y.

Proof. The expression of π in terms of π̃ follows from the expansion π(z, v, y, u) =
π(v, u|y, z)π(y|z)π(z) and the constraint that y = TY(z) almost surely with respect to
π. In order to show the V marginal of π̃(v, u | y) is η(v | T−1

Y (y)), note thatˆ
Y

ˆ
U
π(z, v, dy, du) = η(z, v) = η(v | z)ηY(z),

because π is a coupling of η and ν. Moreover, the expansion of π in terms of π̃ leads toˆ
Y

ˆ
U
π(z, v, dy, du) =

ˆ
Y

ˆ
U
π̃(v, du | y)δ(dy − TY(z))ηY(z) = ηY(z)

ˆ
U
π̃(v, du | TY(z)).

Hence, we have shown that
´
U π̃(v, du | TY(z)) = η(v | z) for a.s. z. Replacing z with T−1

Y (y)

yields the conclusion
´
U π̃(v, du | y) = η(v | T−1

Y (y)) for a.s. y. The proof is completed by
following the same procedure to show that the V marginal of π̃(v, u | y) is ν(u | y). In
particular,

´
Y
´
V π(dz, dv, y, u) = ν(y, u) = ν(u | y)νY(y) andˆ

Y

ˆ
V
π(dz,dv, y, u) =

ˆ
Y

ˆ
V
π̃(dv, u | y)δ(y − TY(z))ηY(dz)

=

ˆ
Y

ˆ
V
π̃(dv, u | y)δ(y − w)TY#ηY(dw)

=

ˆ
Y

ˆ
V
π̃(dv, u | y)δ(y − w)νY(dw) = νY(y)

ˆ
U
π̃(dv, u | y)

5Note that this set is empty whenever Assumption 1.17 is violated.
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concluding
´
V π̃(dv, u | y) = ν(u | y) for a.s. y.

We interpret the above result as the coupling analog of Proposition 1.11, which states
that the constraint y = TY(z) automatically enforces π ∈ ΠY to couple the conditionals
η(· | z) and ν(· | y) in an analogous manner in which the U -component TU of a triangular
transport map T that pushes η to ν will satisfy TU (y, ·)#η(· | T−1

Y (y)) = ν(· | y). For most
of our results in this section we apply Proposition 1.18 with TY = Id under Assumption 1.17
but later use this result to obtain more general triangular OT maps.

1.3.1 Solvability of the conditional Kantorovich Problem

We now consider the conditional Kantorovich problem (1.9).

inf
π∈ΠY (η,ν)

K(π). (1.14)

It is helpful for us to write an equivalent unconstrained Kantorovich problem with a modified
cost function:

inf
π∈Π(η,ν)

ˆ
cχ(z, v; y, u) dπ(z, v, y, u),

cχ(z, v; y, u) := c(z, v; y, u) + χ(y, z), χ(y, z) :=

{
0 y = z,

+∞ otherwise.

(1.15)

The minimizers and minimum of these problems coincide, and the two problems are com-
pletely equivalent under assumption 1.17. We are now ready to present our main result
concerning the solvability of (1.14) and the characterization of its minimizers as optimal
couplings between the conditionals η(· | y) and ν(· | y). Our main Theorem 1.5 also follows
from this result.

Proposition 1.19. Let V,U ,Y be Polish spaces and consider a cost function c : (Y ×V)×
(Y × U) → R that is continuous and inf c > −∞. Suppose Assumption 1.17 holds and that
the infimum in (1.14) is finite. Then it holds that:

(i) Problem (1.14) admits a minimizer π⋆ ∈ P(Y × V × Y × U).

(ii) π⋆ (z, v, u | y) = π̃⋆(v, u | y)δ(y − z) where for ηY a.s. y, π̃⋆(v, u | y) is optimal for

inf
π∈Π(η(v|y),ν(u|y))

ˆ
V×U

cy(v, u) dπ (v, u) , cy(v, u) = c(y, v; y, u). (1.16)

Proof. Our proof strategy is to choose a candidate for π⋆, which is optimal for (1.16).
Using this candidate, we then define π⋆ and verify claims (i, ii). By Proposition 1.12, the
problem (1.16) has a solution πy for every y. Furthermore, the map y → (η(· | y), ν(· | y)) is
measurable by Proposition 1.10 and so by Proposition 1.13 there exists a measurable choice
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y 7→ πy such that πy is an optimal transference plan between η (· | y) and ν (· | y). 6 We
can therefore define the candidate coupling π⋆(z, v, y, u) = πy(v, u)δ(y − z)ηY(y) which we
will now show is optimal. By construction, π⋆ ∈ ΠY (η, ν) and π̃⋆(v, u | y) = πy(v, u) which
solves (1.16). We now have, by definition of cy, that

ˆ
Y

[ ˆ
V×U

cy (v, u)dπy(v, u)
]
dηY(y) =

ˆ
Y×Y

[ˆ
V×U

c (z, v; y, u) dπy(v, u)

]
dδ(y − z)dηY(y) = K(π⋆).

Now consider an arbitrary π ∈ ΠY(η, ν) as in (1.13), with associated cost K(π), towards
showing that K(π) ≥ K(π⋆), which would imply that π⋆ is optimal. Disintegration along
y, z fibers, and recalling the notation of Proposition 1.18, gives

K(π) =

ˆ
Y×Y

[ˆ
V×U

c (z, v; y, u) dπ (v, u | y, z)
]
dπ(y, z),

=

ˆ
Y

[ˆ
V×U

cy (v, u) dπ̃ (v, u | y)
]
dηY(y),

where the second identity follows because π is concentrated on {y = z} and its Y-marginal
is ηY since it is an element of ΠY(η, ν). We can now compute

K(π)−K(π⋆)

=

ˆ
Y

[ˆ
V×U

cy (v, u) dπ̃(v, u | y)
]
dηY(y)−

ˆ
Y

[ˆ
V×U

cy (v, u) dπy (v, u)

]
dηY(y),

=

ˆ
Y

[ˆ
V×U

cy (v, u) dπ̃ (v, u | y)−
ˆ
V×U

cy (v, u) dπy(v, u)

]
dηY(y) ≥ 0,

where the last inequality follows from the fact that πy ∈ Π(η(v | y), ν(u | y)) is optimal
for each y and so

´
V×U c

y (v, u) dπ̃ (v, u | y) −
´
V×U c

y (v, u) dπy(v, u) ≥ 0. This establishes
the optimality of π⋆. We can further take π̃⋆ = πy to conclude the proof of (i), and (ii) is
satisfied by construction.

Remark 1.20. The optimality of π̃⋆(v, u | y) in eq. (1.16) in combination with the essential
uniqueness of the conditional measures from Proposition 1.10 means that whenever the cost
function cy(v, u) and the conditional measures η(v | z) satisfy conditions for uniqueness of
OT solutions for all y, the conditional OT coupling is also unique up to measure zero sets.
In particular, this holds in the case that cy(v, u) = c(v, u) = ∥u − v∥pU , or more generally,
c(v, u) = h(∥u−v∥U ) for strictly convex h and under the assumption that η(v | z) is regular.

♢

6Note that the measurable selection argument is crucial here since the Kantorovich problems between the
conditional measures η(· | y) and ν(· | y) can have multiple minimizers and so the mapping y → πy may
be multi-valued.
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Remark 1.21. We note that Proposition 1.19 assumes the existence of a finite cost coupling
for (1.14). While this assumption may seem stringent at first sight, it is often easy to verify
in practice. For example, consider the case where U is a separable Hilbert space, and V = U
with c(z, v; y, u) = ∥v−u∥2U , then a simple assumption that ensures the existence of a finite
coupling is that

´
∥u∥2Udη < ∞ and

´
∥v∥2Udν < ∞ 7. To see this, consider the coupling

π(z, v, y, u) = η (v | y) ν (u | y) δ(y − z)ηY(y). We call this the conditional independence
coupling since it is the law of the random variable (z, v, y, u) by drawing y ∼ ηY , setting
z = y and then sampling v ∼ η (· | y) and u ∼ ν (· | y) independently. We can now write,
recalling that ηY = νY ,

K(π⋆) ≤
ˆ
Y×U×Z×V

∥v − u∥2Udπ(z, v, y, u)

≤
ˆ
Y×U×Y×V

(
∥v∥2U + ∥u∥2U

)
η(dv | y)ν(du | y)dδ(z − y)dηY(y).

=

ˆ
Y×U

∥v∥2Udη(z, v) +
ˆ
Y×U

∥u∥2Udν(y, u) <∞.

We also note that the above argument can be extended to broader classes of costs that
satisfy c(z, v; y, u) ≤ C (c(z, v; z, v′) + c(y, u; y, u′)) , for some constant C ≥ 0 and fixed
points v′, u′ ∈ V × U . Then if

´
c(z, v; z, v′)dη(z, v) < ∞ and

´
c(y, u; y, u′)dν(y, u) < ∞

then the finite cost assumption can be verified. ♢

1.3.2 The conditional dual problem

We now turn our attention to the dual problem of (1.14) and show that a strong duality
result, akin to the standard result [34, Thm. 5.10] holds; in fact, our proof relies heavily on
the standard setting after considering the unconstrained formulation (1.15).

Proposition 1.22. Let V,U ,Y be Polish spaces and suppose Assumption 1.17 holds. Con-
sider a cost function c : (Y×V)×(Y×U) → R that is lower semicontinuous and inf c > −∞
.8 Then it holds that

min
π∈ΠY (η,ν)

K(π) = sup
(ψ,ϕ)∈L1(η)×L1(ν)

ϕ−ψ≤cχ

(ˆ
Y×U

ϕ(y, u)dν(y, u)−
ˆ
Y×V

ψ(z, v)dη(z, v)

)
,

= sup
ψ∈L1(η)

(ˆ
Y×U

ψcv(z, u)dν(z, u)−
ˆ
Y×V

ψ(z, v)dη(z, v)

)
,

= sup
ϕ∈L1(ν)

(ˆ
Y×U

ϕ(y, u)dν(y, u)−
ˆ
Y×V

ϕcu(y, v)dη(y, v)

)
,

where the partial c-transforms of ψ and ϕ are defined as

ψcv(z, u) := inf
v

(
ψ(z, v) + c(z, v; z, u)

)
, ϕcu(y, v) := sup

u

(
ϕ(y, u)− c(y, v; y, u)

)
.

7In fact, this is precisely Assumption (M) in [59].

8A slightly more general assumption would be the existence of upper semicontinuous functions a ∈
L1

η(Y × V) and b ∈ L1
ν(Y × U) such that c(z, v; y, u) ≥ a(z, v) + b(y, u) for all (z, v, y, u).
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Proof. Consider the formulation (1.15). Observe that this problem, with the cost cχ, satisfies
the assumptions of [34, Thm. 5.10] for strong duality and so

min
π∈ΠY (η,ν)

K(π) = sup
(ψ,ϕ)∈L1(η)×L1(ν);

ϕ−ψ≤c̃

(ˆ
Y×U

ϕ(z, v)dν(y, u)−
ˆ
Y×V

ψ(y, u)dη(z, v)

)
,

= sup
ψ∈L1(η)

(ˆ
Y×U

ψcχ(y, u)dν(y, u)−
ˆ
Y×V

ψ(z, v)dη(z, v)

)
,

= sup
ϕ∈L1(ν)

(ˆ
Y×U

ϕ(y, u)dν(y, u)−
ˆ
Y×V

ϕcχ(z, v)dη(z, v)

)
,

(1.17)

where ψcχ(y, u) := inf(z,v) (ψ(z, v) + cχ(z, v; y, u)) and similarly, ϕcχ(z, v) :=
sup(y,u) (ϕ(y, u)− cχ(z, v; y, u)). Since cχ is real valued when restricted to {y = z} and
infinite valued when {y ̸= z}, we see that when taking the infimum in the definition of ψcχ ,
we may restrict to {y = z} and so

ψcχ(y, u) = inf
z,v

(ψ(z, v) + cχ(z, v; z, u)) = inf
v
(ψ(z, u) + c(z, v; z, u)) = ψcv(z, v)

and a similar calculation can be repeated to show ϕcχ = ϕcu. Substituting back into (1.17)
completes the proof.

Remark 1.23. In the case that c is a metric we recover an analogous version of the
Kantorovich-Rubinstein duality [34, Particular Case 5.16], since in this case cχ is also a
metric as the sum of the metric c and an ∞-valued discrete metric on the y and z variables.
Therefore,

min
π∈ΠY (η,ν)

K(π) = sup
ψ∈L1(η)∩Lip1cχ

(ˆ
ψ(z, v) dη(z, v)−

ˆ
ψ(y, u) dν(y, u)

)
,

where Lip1cχ is the space of 1-Lipschitz functions with respect to cχ. ♢

1.3.3 Solvability of the conditional Monge problem

We dedicate this section to establishing the solvability of the conditional Monge problem 1.3
Our main result in this direction establishes the existence of unique solutions for this prob-
lem under structural assumptions on the cost and regularity assumptions on the reference
measure η. We state the result for simple families of costs c that are often used in practice
(see, for example [59, 71–74]) and provide a remark later on how the result can be generalized
to broader choices. Having started with the conditional Kantorovich problem previously, we
have already handled issues of measurable selection, which allows us to simplify the proof
compared to [59].

Proposition 1.24. Let U be a separable Hilbert space, take V = U , and let Y be a Polish
space. Consider the cost c(z, v; y, u) = c(v, u) = ∥u − v∥pU for p ∈ (1,∞). Suppose that
(a) the measures η and ν satisfy Assumption 1.17 and have finite p-th moments and (b)
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the reference conditionals η(· | y) assign zero measure to Gaussian null sets, i.e., regular
according to Definition 1.14, for ηY-a.s. y. Then π⋆ = (Id× T ⋆)#η is the unique solution
of problem 1.4 where T ⋆ uniquely solves problem 1.3.

Proof. Let π⋆ be a solution to problem 1.4, which exists following Proposition 1.19 and has
finite cost by Remark 1.21. Disintegrating K(π⋆) we can write

inf
π

ˆ
Y×U×Y×U

c(v, u) dπ(z, v, y, u) =

ˆ
Y×U×Y×U

c(v, u) dπ⋆(z, v, y, u),

ˆ
Y×Y

[ˆ
U×U

c(v, u) dπ⋆(v, u | z, y)
]
dδ(z − y)dηY(z) =

ˆ
Y

[ˆ
U×U

c(v, u)dπy(v, u)

]
dηY(y).

where πy(v, u) is an optimal coupling of η(v | y) and ν(u | y) per the notation in the proof
of Proposition 1.19. By proposition 1.15 the coupling πy is induced by a unique OT map,
i.e., πy = (Id× Ty)#η(· | y). We now wish to argue that the maps Ty can be concatenated
together in such a way that the solution to problem 1.3 is given by T ⋆(z, v) = (z, T ⋆U (z, v))
where T ⋆U (z, v) = Tz(v) η-a.s. In order to see that this procedure results in a measurable map,
we may extract a map through the barycentric projection, setting Tz(v) =

´
U π

z(u, v)du =´
U π̃

⋆(u, v | z)du. This yields the joint measurability of Tz(v) in z and v by Fubini’s theorem,
which implies that our candidate map T ⋆(z, v) is measurable. The optimality of T ⋆ follows
from the cost being equivalent to that of π⋆, the solution to the Kantorovich problem, which
lower bounds the optimal Monge cost, yielding optimality. Furthermore, the maps T ⋆U (z, ·)
are essentially unique due to remark 1.20. This, in turn, implies the essential uniqueness of
the map T ⋆.

Remark 1.25. Note that our argument for the measurability of T ⋆ is brief and simple (for
example, in comparison to [59]). This is due to the fact that we have already dealt with
measurable selection issues in defining the solution to the Kantorovich problem. Since the
solution to that problem was obtained by concatenation of couplings between the condi-
tionals, we were able to simply integrate those conditionals for fixed z to define the maps
Ty. ♢

Remark 1.26. We highlight that our method of proof for Proposition 1.24 mainly relies
on Proposition 1.19 and a solvability result for the Monge problems on the conditionals
η(· | y) and ν(· | y). This implies that the result can be generalized to broader choices
of c for which we can still establish the solvability of the Monge problems between the
conditionals. A simple example in finite dimensions would be a choice of costs of the form
c(z, v; y, u) = h(u− v) with h strictly convex. ♢

1.3.4 Relaxing the conditional Kantorovich and Monge problems

In this section we consider a relaxation of the conditional Kantorovich problem 1.4 and
Monge problem 1.3 with quadratic costs to an unconstrained problem with a singularly
perturbed cost function. Our result can be viewed as the Hilbert space generalization of
the main result of [64] where the authors showed that the KR map can be obtained as a
limit of OT maps obtained from singularly perturbed costs. Our interest in this relaxation
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stems from algorithmic considerations. For example, constructing triangular OT maps by
first transporting the conditionals of η, ν is not practical in situations where we only have
access to an empirical approximation to ν since in this case we may only have a single
u sample per each y sample. This motivates the formulation of an OT problem between
η, ν directly, where the solution to the empirical OT problem converges to that of the true
solution. Motivated by these applied considerations, we present the following result:

Proposition 1.27. Let U and Y be separable Hilbert spaces and consider the cost
c(z, v, ; y, u) = c(v, u) = ∥u − v∥2U . Suppose the conditions of Proposition 1.24 hold for
p = 2 so that the conditional Kantorovich and Monge problems have unique solutions π⋆

and T ⋆ respectively. For ϵ > 0, define

Kϵ(π) :=

ˆ
cϵdπ, cϵ(z, v; y, u) := ∥z − y∥2Y + ϵ∥v − u∥2U . (1.18)

Let πϵ := infπKϵ(π). Then (i) the πϵ are unique and πϵ = (Id × Tϵ)#η for a unique map
Tϵ; (ii) πϵ ⇀ π⋆ (weak convergence) as ϵ → 0; and (iii) Tϵ converges in L2

η(Y × U ;Y × U)
to the triangular map T ⋆ defined in proposition 1.24 as ϵ→ 0.

Proof. As stated earlier, our result is closely related to the main result in [64] and follows a
similar path at the beginning of the proof before deviating towards the end where we rely
on Propositions 1.18 and 1.24 instead of more direct arguments. The key differences are
that (1) we work with a pair of separable Hilbert spaces Y,U while [64] considers a finite-
dimensional Euclidean space which decouples into a sequence of one dimensional problems,
and (2) we work under Assumption 1.17 which simplifies our proof.

Statement (i) follows directly from Proposition 1.15 by observing that
√
cϵ is a norm

defined on Y × U which is a separable Hilbert space.
We now prove (ii), which consists of the main technical aspects of the proof. Let

cϵ(z, v, y, u) = ∥z − y∥2Y + ϵ∥v − u∥2U so that Kϵ(π) =
´
cϵ dπ and set

πϵ := argmin
π
Kϵ(π), π0 := lim

ϵ→0
argmin

π
Kϵ(π),

where the limit exists (up to a subsequence) by the tightness of the set of couplings between
fixed marginals. [34, Lemma 4.4]. By the optimality of πϵ, we have that

ˆ
cϵ dπϵ ≤

ˆ
cϵ dπ

⋆. (1.19)

Towards taking the limit ϵ→ 0 on both sides, note that the right hand side is continuous in
ϵ by the hypothesis that η and ν have finite second moments (so the integral is finite) and
the fact that the measure π⋆ is fixed. On the other hand, we can verify that ϵ 7→ minπKϵ(π)
is continuous since,∣∣∣∣ˆ cϵ dπϵ −

ˆ
cϵ′ dπϵ′

∣∣∣∣ = ∣∣∣∣ˆ cϵ dπϵ −
ˆ
cϵ′ dπϵ +

ˆ
cϵ′ dπϵ −

ˆ
cϵ′ dπϵ′

∣∣∣∣ ,
≤
∣∣∣∣ˆ cϵ dπϵ −

ˆ
cϵ′ dπϵ

∣∣∣∣+ ∣∣∣∣ˆ cϵ′ dπϵ −
ˆ
cϵ′ dπϵ′

∣∣∣∣ . (1.20)
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Now let ϵ → ϵ′. Once again, by the compactness of the couplings, we know that πϵ ⇀ πϵ′

up to a subsequence, which means that the second term on the right hand side van-
ishes since the cost is fixed. Additionally, |

´
cϵdπϵ −

´
cϵ′dπϵ| = |ϵ − ϵ′|

´
Y×U×Y×U ∥u −

v∥2Uπ(dz,dv; dy,du) ≤ C|ϵ − ϵ′| for a uniform constant C > 0 depending on the second
moments of η, ν, proving that the first term in the right hand side of (1.20) also vanishes as
ϵ→ ϵ′ allowing us to conclude that ϵ 7→ minπKϵ(π) is continuous. We can now take ϵ→ 0
on both sides of (1.19) to obtain ˆ

c0 dπ0 ≤
ˆ
c0 dπ

⋆. (1.21)

Now consider the operator PY×Y : (z, v; y, u) → (z, y) and observe that since c0(z, v, y, u) =
∥z− y∥2Y is independent of v, u then PY×Y#π⋆ is by definition the minimizer of

´
c0dπ as it

couples z, y by the identity map and achieves zero cost. Thus, by optimality of π⋆ we have
that

´
c0 dπ0 =

´
c0 dπ

⋆ = 0. In turn, this implies that PY×Y#π0 = PY×Y#π⋆ =: π⋆Y×Y
since for any coupling π we have that

´
c0dπ =

´
∥z−y∥2YPY×Y#π(dz, dy) which is precisely

the standard OT problem between the Y marginals of η and ν and has a unique solution.
Let us further define PU×U : (z, v; y, u) 7→ (v, u). By the above observation and the fact

that πϵ is optimal for cϵ we can write,

ϵ

ˆ
∥u− v∥2U dπϵ(z, v;u, u) =

ˆ
∥z − y∥2Y dπ⋆Y×Y(z, y) + ϵ

ˆ
∥u− v∥2U dPU×U#πϵ(v, u)

≤
ˆ

∥z − y∥2Y + ϵ∥u− v∥2U dπϵ(z, v; y, u) ≤
ˆ

∥z − y∥2Y + ϵ∥u− v∥2U dπ⋆(z, v; y, u)

= ϵ

ˆ
∥u− v∥2U dπ⋆(z, v; y, u).

Hence,
´
∥u− v∥2U dπϵ ≤

´
∥u− v∥2U dπ⋆ for ϵ > 0 and so passing to the limit, we getˆ

∥u− v∥2U dπ0 ≤
ˆ

∥u− v∥2U dπ⋆. (1.22)

Notice that since PY×Y#π0 = π⋆Y×Y = (Id×Id)#ηY , then π0 ∈ ΠY and, by Proposition 1.18,
can be decomposed as π0(z, v; y, u) = π̃0(v, u | y)δ(z − y)ηY(y) where π̃0 ∈ Π(η(· | y), ν(· |
y)). This fact together with (1.22) results in the inequalityˆ

Y

[ˆ
U×U

∥u− v∥2Udπ̃0(u, v | y)
]
dηY(y) ≤

ˆ
Y

[ˆ
U×U

∥u− v∥2Udπ̃⋆(u, v | y)
]
dηY(y).

Furthermore, the π̃⋆(·, · | y) are the unique optimal couplings of η(· | y) and ν(· | y) for
a.s. y, which implies that π̃0(·, · | y) should also be optimal for a.s. y and so π̃0 = π̃⋆

which completes the proof of the fact that π0 = π⋆. Finally, (iii) follows immediately from
lemma 1.16.

Remark 1.28. We note that while Proposition 1.27 is stated for the quadratic cost cϵ, the
argument can be extended, with adjustment to the proof of Proposition 1.15, to more general
costs of the form cϵ(z, v, ; y, u) = ∥z − y∥pY + ϵ∥v − u∥qU for exponents p, q ∈ (1,+∞). In
fact, our proof of (ii) remains unchanged. One simply needs to verify the existence and
uniqueness of the πϵ in (i) and generalize Lemma 1.16 to Lp spaces for p ∈ (1,+∞) to
generalize (iii). ♢
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1.3.5 Extension to general triangular couplings and maps

Up to this point, we have worked under assumption 1.17, which has helped simplify many
of our arguments. Because the Y marginals of η and ν match, we can simply take the TY
component of our triangular maps to be Id. While this assumption is sufficient for many
practical applications, such as the BIPs considered in Section 1.4, there are still important
problems where Assumption 1.17 does not hold, and we may need to work with the broader
family of triangular transport maps. In this section we present a generalization of our results
to such a setting where TY itself is replaced with an OT map. Our result can be viewed as
a generalization of KR rearrangements to the case of Hilbert spaces. We present our result
as a corollary since the proof follows directly from our previous results as well as standard
results on the uniqueness of Monge maps.

Corollary 1.29. Let Y,U be separable Hilbert spaces. Consider the cost functions Suppose
that the reference marginal ηY and the reference conditionals η (· | y) are regular and η, ν
have finite second moments Then it holds that

(i) There exists a unique map T ⋆Y : Y → Y that solves

argmin
TY

ˆ
Y
∥z − TY(z)∥2Y dη(z, v), s. t. TY#ηY = νY .

(ii) There exists a unique map T ⋆U : Y × U → U that solves

argmin
TU

ˆ
Y
∥v − TU (z, v)∥2U dη(z, v)

s. t. T (z, v) = (z, TU (z, v)), T ◦ (T ⋆Y × Id)#η = ν.

(iii) Define the map T ⋆ : Y × U → Y × U as T ⋆ := (Id × T ⋆U ) ◦ (T ⋆Y × Id). If T ⋆Y
is invertible, 9 then it holds that T ⋆ = limϵ→0 Tϵ in L2(η) where Tϵ are the maps
defined in Proposition 1.27.

Proof. Statement (i) is a direct consequence of proposition 1.15 under our hypothesis on
ηY . To prove (ii) consider η =

(
T ⋆Y × Id

)
♯η and note that ηY = νY . Then the result follows

from Proposition 1.24 as soon as we verify that η satisfies the conditions of that theorem,
in particular that η(· | y) are regular for all y. To see this, let A ⊂ B(U) be a η(· | z) null
set for all z, that is, η(A | z) = 0. Then η(A | y) =

´
Y η(A | z)δ(T ⋆Y(z) − y)dηY(z) = 0. To

prove (iii), we need to slightly generalize the proof of Proposition 1.27. In fact, the proof
is identical up to (1.21) by taking π⋆ to be the coupling induced by the optimal map T ⋆,
which achieves zero cost for c0. Then we repeat the same arguments until the paragraph
after (1.22) where we use Proposition 1.18 with a nontrivial and invertible map T ⋆Y .

Remark 1.30. We note that this result can be further generalized to the setting where the
costs in (i) and (ii) are replaced with ∥z − TY(z)∥pY and ∥v − TU (z, v)∥qU for p, q ∈ (1,+∞)
respectively. Then we need ηY and η(· | y) to have finite p and q moments respectively. ♢

9This will hold, for example, if νY is also regular by Proposition 1.15(ii).
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1.4 Application to BIPs

In this section we outline the application of our results from Section 1.3 to the case of BIPs,
giving a likelihood-free characterization of posterior measures. Consider separable Hilbert
spaces U ,Y and a forward map F : U × Y → Y with a model

y = F (u, ξ), ξ ∼ γ ∈ P(Y),

that relates a parameter u to data y with possible observation noise ξ. The goal of Bayesian
inference is to estimate the parameter u given an instance of the data y. To achieve this,
consider a prior measure µ ∈ P(U), reflecting our prior belief about u, and define the joint
measure

ν = Law
{
(y, u) : draw u ∼ µ, ξ ∼ γ and set y = F (u, ξ)

}
∈ P(Y × U). (1.23)

Then the conditional ν(· | y) is precisely the Bayesian posterior measure that updates our
prior belief about u given the observed data y. The standard BIP framework proceeds
to identify the posterior via Bayes’ rule (1.7) by its Radon-Nikodym derivative where the
likelihood function exp (−Φ(u; y)) is proportional to the density of ν(y | u) with respect to

γ, i.e., exp(−Φ(u; y)) ∝ dν(·|u)
dγ (y); see [6, Thm. 6.29] for details.

While MCMC approaches [7, 10, 13] for sampling the posterior measure rely on the
explicit form of the likelihood potential Φ in conjunction with the choice of the prior µ, here
we aim to characterize the posterior ν(· | y) using conditional OT maps that circumvent the
explicit form of the likelihood, thereby yielding a likelihood-free inference method that does
not even require absolute continuity of the posterior with respect to the prior [53, 123–125].
To this end, we consider the reference measure η = νY ⊗ µ, i.e., the independence coupling
between the Y-marginal of ν and the prior µ. This choice of the reference η is natural in
the setting where F is known, and samples from µ can be generated cheaply, since we have
that νY = F#(µ ⊗ γ) and so reference samples can be generated at the cost of evaluating
the forward map. We can then obtain the following corollary to Proposition 1.24.

Corollary 1.31. Suppose U ,Y are separable Hilbert spaces, the prior µ ∈ P(U) is regular
according to Definition 1.14, γ ∈ P(Y), and F is continuous. For p ∈ (1,∞) consider the
conditional Monge problem

inf
T

ˆ
Y×U

∥v − TU (z, v)∥pU dη(z, v) s. t. T#η = ν and T (z, v) = (z, TU (z, v)). (1.24)

If the infimum is finite and feasible, then the solution T ⋆U satisfies T ⋆U (y, ·)#µ = ν(· | y),
νY-a.s.

Proof. The continuity of F ensures that ν is a well-defined Radon measure by [57,
Thm. 9.1.1]. Then, the corollary follows directly from Proposition 1.24 with the cost
c(z, v; y, u) = ∥v − u∥pU and by observing that η(· | y) = µ which is assumed regular.

We interpret Corollary 1.31 as a characterization of a family of prior-to-posterior maps
T ⋆U (y, ·) parameterized by the data y. We highlight a few important points: first, our choice
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of the reference η is non-standard in comparison to other conditional generative models in
the literature such as [53, 92] where η = νY ⊗ ηU with ηU taken to be standard Gaussian
while here we take ηU = µ. Second, µ is completely arbitrary, so the transport-based char-
acterization of posteriors naturally extends to non-Gaussian priors which is contemporary
in the context of infinite dimensional MCMC [13, 15, 126].

1.4.1 Finite-dimensional approximations and perturbation analysis

The use of conditional transport maps for practical infinite dimensional inference requires
the inevitable discretization of the problem to achieve a finite-dimensional approximation,
and so we turn our attention to such approximations of both the parameter u and the
data y. Letting UN denote an N -dimensional linear subspace of U we consider projection
maps PNU : U → UN representing an appropriate discretization of the function space U . In
our numerical experiments, we project onto finitely many modes from the Karhunen-Loéve
(KL) expansion of a Gaussian process prior [121, Thm. 3.5.1 and Thm. 3.5.10]; i.e., the
eigenfunctions of the covariance operator. Writing µN := PNU #µ we can now define the
approximate target measure

νN := Law
{
(y, u) : draw u ∼ µN , ξ ∼ γ and set y = F (u, ξ)

}
∈ P(Y × U),

with the associated posterior measures

dνN (· | y)
dµN

(u) =
1

ZN (y)
exp (−Φ(u; y)) , ZN (y) =

ˆ
U
exp (−Φ(u; y)) dµN (u).

The above measures are concentrated on the finite-dimensional subspace UN and hence
amenable to numerical computations. Posing (1.24) for the measure νN we obtain the
discretized conditional Monge problem

inf
T

ˆ
Y×U

∥v − TU (z, v)∥pU dη(z, v) s. t. T#η = νN and T (z, v) = (z, TU (z, v)), (1.25)

with solution TN . Since TNU (y, ·)#µ = νN (· | y) then we trivially obtain the identity

D(TNU (y, ·)#µ, T ⋆U (y, ·)#µ) = D(νN , ν),

for any statistical divergence or metric D for a.s. y. Controlling the right hand side of this
expression in terms of the operator norm of I −PNU has been the subject of extensive study
in the perturbation analysis of BIPs [127, 128]. We recall a simple version of such a result
following [128, Sec. 4.1, Cor. 3.6, and Thm. 3.8]:

Lemma 1.32. Suppose Φ is positive, bounded, and bi-Lipschitz, and µ has bounded moments
of degree 2. Then there exist constants C1, C2 > 0 so that

W1(ν
N (· | y), ν(· | y)) ≤ C1W2(µ, µ

N ), ∀N ≥ 0,

W1(ν(· | y), ν(· | y′)) ≤ C2∥y − y′∥Y , ∀y, y′ ∈ Y.
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Using the coupling (Id × PNU )#µ we can write W 2
2 (µ, µ

N ) = infπ
´
∥u − v∥2Udπ(u, v) ≤

∥Id− PNU ∥2L2(µ) leading to the error bound

W1(T
N
U (y, ·)#µ, T ⋆U (y, ·)#µ) ≤ C∥Id− PNU ∥L2(µ).

This error bound is sufficient from the perspective of sampling since it quantifies the quality
of samples coming from TNU as compared to the ground truth map T ⋆U . However, it is also
interesting to ask whether TNU is also a good approximation to T ⋆U . Such a result can be
obtained in the finite-dimensional setting and for Brenier maps thanks to stability results
for Wasserstein distances under perturbations [60, 129, 130]. We state such a result below.

Proposition 1.33. Take U = Rd and c(z, v; y, u) = ∥u − v∥22 and suppose that γ ∈ P(Y)
and F is continuous. Further, suppose that: (a) the prior µ is supported on a compact
and convex set A ⊂ Rd and absolutely continuous with respect to the Lebesgue measure with
a density that is bounded from above and below on A; and (b) the potential Φ is positive,
bounded, and bi-Lipschitz. Then for νY-a.s. y, y′ and for N ≤ d, it holds that

∥TNU (y, ·)− T ⋆U (y, ·)∥L2(µ) ≤ C1∥Id− PNU ∥1/6
L2(µ)

,

∥T ⋆U (y, ·)− T ⋆U (y
′, ·)∥L2(µ) ≤ C2∥y − y′∥1/6Y .

(1.26)

Here the constants C1, C2 ≥ 0 depend on d,A,Φ and the choice of µ.

Proof. Hypothesis (b) ensures that the posterior measures ν(· | y) and νN (· | y) are well-
defined. The choice of c implies that the maps T ⋆U (y, ·) and TNU (y, ·) are precisely the
Brenier prior-to-posterior maps for each y. Since µ is assumed to be supported on A then
the posterior measures ν(· | y) are also supported on the same set, and the same holds for
µN and the corresponding νN (· | y). This, together with hypothesis (a), allows us to use
[60, Thm. 4.2] to get the bounds

∥TNU (y, ·)− T ⋆U (y, ·)∥L2(µ) ≤ C1W1(T
N
U (y, ·)#µ, T ⋆U (y, ·)#µ)1/6

∥T ⋆U (y, ·)− T ⋆U (y
′, ·)∥L2(µ) ≤ C2W1(T

⋆
U (y, ·)#µ, T ⋆U (y′, ·)#µ)1/6.

(1.27)

The desired result now follows from Lemma 1.32.

Before the end of this section, we make a few remarks regarding the implications and
possible generalizations of the above result. We emphasize that the main hurdle in obtain-
ing analogous error bounds for T ⋆U in the setting of infinite dimensional U is that, to our
knowledge, analogous stability results to (1.27) have not been established in that setting.
In fact, any divergence D for which Lemma 1.32 can be established and satisfies a stability
result of the form ∥T1 − T2∥L2(µ) ≤ CD(T1#µ, T2#µ)

α for OT maps T1, T2 and constants
C,α ≥ 0 can be used establish a result similar to Proposition 1.33.

The second display in (1.26) implies the Lipschitz continuity of T ⋆U (z, v) along the z
coordinate which has important implications when it comes to the numerical approxima-
tions of this map where one may choose to parameterize it using polynomials, kernels, or
neural nets. Obtaining quantitative error bounds for such parameterizations will depend
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on establishing the regularity of TNU on the space Y ×U inherited from T ⋆U ; see for example
[106].

Finally, we note that our error analysis is done entirely in the population regime where
we assume that the measures µ, ν are known. In likelihood-free inference applications, such
as our experiments in Section 1.5, we only have access to an empirical approximation to
ν arising from a finite collection of samples {yj , uj}Jj=1 ∼ ν in which case, the statistical
consistency and sample complexity of the underlying maps should be established. This is
an exciting and contemporary direction for future research that we do not address here.

1.5 Numerical Experiments

We dedicate this section to numerical experiments that demonstrate how our theoretical
analysis throughout the paper can lead to algorithms for simulation based inference. We
emphasize that our focus is not on algorithmic development and performance but rather on
proof of concept. In Section 1.5.1, we outline two algorithms that we used for conditional
simulation, one based directly solving empirical OT problems and another using a modified
GAN. Section 1.5.2 presents our experiments involving two dimensional benchmark data
sets while Section 1.5.3 outlines a set of experiments for the Darcy flow inverse problem
introduced as a motivating example in the introduction. Throughout the section, we give
a brief account of the setup of our experiments and algorithms, but further details and
hyper-parameter choices can be found in our online repository.10

1.5.1 Summary of algorithms

We focus on the particular setting where we only have access to empirical samples
{(yj , uj)}Ji=1 ∼ ν and write νJ to denote corresponding empirical measures. Similarly,
we write ηJ to denote the empirical measure of the samples {(yj , vj)}Jj=1 ∼ η where the
yj are copies of the y-coordinates of the target samples while the vj ∼ ηU are drawn from
an arbitrary reference. This particular construction of the reference and target measures
ensures that ηJ and νJ exactly satisfy Assumption 1.17. In both algorithms the output
is a map T̂U which approximates the OT conditioning map T ⋆U from Section 1.3. Given
this approximation, we can generate an arbitrary number of conditional samples simply by
drawing new reference samples v ∼ ηU (assumed to be accessible) and evaluating T̂U (y, v)
to get an approximate sample from ν(· | y).

Our first algorithm follows from proposition 1.27 and the observation that the maps Tϵ
approximate the triangular map T ⋆. Given the empirical measures ηJ , νJ , we formulate the
OT problem (1.18) for a small value of ϵ. Since we choose the reference and target measures
to have the same number of samples, the solution to the discrete OT problem defines a map
on the sample set. We then extend this map to the entire support of η by a simple interpo-
lation strategy. The resulting algorithm is summarized in Algorithm 1. This algorithm is
very simple to implement as it only requires solving a linear program and interpolating the
result. In our experiments, we used a distance weighted two nearest neighbor interpolant.
We observed that this simple approach worked well in low-dimensional problems such as

10https://github.com/TADSGroup/ConditionalOT2023

https://github.com/TADSGroup/ConditionalOT2023
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the toy examples in Section 1.5.2, but it suffers from the curse of dimensionality in high
dimensional problems and is unable to take advantage of the smoothness of transport maps.

Algorithm 1 Plugin Conditional OT

1: Input: Samples {(yj , uj)}Nj=1 ∼ ν and relaxation parameter ϵ > 0

2: Output: Conditioning map T̂U : Y × U → U
3: Draw J samples {vj}Jj=1 ∼ ηU and form empirical measures ηJ , νJ ∈ P(U × V).
4: Solve the empirical OT problem defined by cost (1.18) between ηJ and νJ to obtain a discrete map.

5: Construct T̂U to satisfy the interpolation constraints T̂U (yj , vj) = uj for j = 1, . . . , J .

Our second algorithm follows Proposition 1.24 and aims to approximate the map T ⋆U by
a relaxation of the conditional Monge problem. The idea here is to parameterize T ⋆U using
an expressive function approximator, a neural net in our case, and solve a problem of the
form

T̂U = arg min
TU∈T

ˆ
Y×U

∥v − TU (z, v)∥2Udη(z, v) +
1

λ
D(T#ηJ , νJ), s. t. T (z, v) = (z, TU (z, v)),

where T is a parametric family of functions from Y × U → U , D is a divergence or dis-
crepancy that distinguishes pairs of measures in P(Y × U), and λ > 0 is a regularization
parameter. Simply put, the above approach amounts to solving the conditional Monge
problem Equation (1.8) for the empirical measures and by relaxing the constraint T#η = ν
to simply minimize a divergence between T#η and ν. We implement an instance of this
approach with D taken to be a Wasserstein GAN-GP loss [37, 38] and letting T be a class
of neural operators with linear projection and reconstruction maps in the input and output
layers in the setting of function space data following the setup of [53, 131]. Indeed, our
algorithm is a modification of the Monotone GANs of [53] with the exception that we min-
imize the Monge loss while Monotone GANs enforce monotonicity of the transport map T̂U
using a penalty term.

1.5.2 Two dimensional benchmarks

Here we consider a set of two dimensional benchmark examples from [132] outlined in
Figure 1.2. Our goal is to sample vertical slices of the target measure ν ∈ P([−1, 1]2). We
use J = 20000 target samples and take ηU = N(0, 1). The results presented in Figure 1.2
were obtained using Algorithm 1 with ϵ = 5× 10−3 and two nearest neighbor interpolation
to extend the map to the entire unit square. Another example of these results was presented
in Figure 1.1.

We generally observe good agreement between the numerical and true conditional his-
tograms across these examples, with larger errors when the slices pass through a low density
regions. We also observe that our maps T̂U (y, ·) are noisy due to the two nearest neighbor
interpolation. One can obtain a smoother map by using a different interpolant or using
more neighboring points, but this leads to further smoothing of the conditional histograms.
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y ν(· | y) T̂U (y, ·)
Figure 1.2: Conditional OT experiments on two dimensional benchmarks using Algorithm 1: (Left
column) the empirical samples from ν. The blue and black lines indicate slices along which we
condition the measures. (Middle column) comparison between the ground truth histogram indicated
with dotted lines and the conditional OT histogram indicated with solid lines. (Right column)

The conditioning maps T̂U (y, ·) for each slice computed using two nearest neighbor interpolation.
The ground truth conditional densities were computed by performing rejection sampling to generate
50,000 samples in the intervals (y−0.01, y+0.01), and treating these as conditional samples from ν(· |
y). Kernel density estimation was then used on these samples to plot the conditional distributions.
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Algorithm 2 Conditional Wasserstein Monge GAN (WaMGAN)

1: Input: Samples {(yj , uj)}Jj=1 ∼ ν, regularization parameter λ > 0

2: Output: Conditioning map T̂U : Y × U → Y × U
3: Initialize batch size M , critic iterations ncritic, learning rate α > 0
4: Initialize neural operator generator T θ

U : Y × U → U parameterized by weights θ
5: Initialize neural operator critic Cw : Y × V → R parameterized by weights w
6: for number of training iterations do
7: Sample a mini-batch {(yj , uj)}Mj=1 ∼ νJ

8: Sample a mini-batch {vj}Mj=1 from ηU and form {(yj , vj)}Mj=1

9: Update the critic by ascending its stochastic gradient 11:

w ← w + α · ∇w

[
1

M

M∑
j=1

Cw(yj , uj)−
1

M

M∑
j=1

Cw(yj , Tθ(yj , vj)) +R(Cw)

]

10: Update the generator by descending its stochastic gradient:

θ ← θ − α · ∇θ

[
1

M

M∑
j=1

∥vj − T θ
U (yj , vj)∥2U −

1

λM

M∑
j=1

Cw(yj , T
θ
U (yj , vj))

]

11: end for
12: T̂U ← T θ

U

1.5.3 Darcy flow Bayesian inverse problem

For our next example, we consider the Darcy flow PDE in (1.6). Thanks to the Gaussian
noise assumption for the data vector y we obtain a quadratic likelihood of the form

Φ(u; y) =
1

2σ2

m∑
j=1

|p(u)(xj)− yj |2, (1.28)

where we recall σ2 > 0 is the measurement noise variance and we write p(u) to denote the
solution of (1.6) with a diffusion field u.

We take the xj ’s (the measurement locations) to be a uniform 8 × 8 grid over the
unit square as shown in Figure 1.3 where we also show examples of u† and p(u†) for our
experiments. We consider a Gaussian prior µ on u, in particular, we take µ = N(0, C) where

C is the Matérn covariance kernel C(x, y) =
(
1 +

√
3|x−y|
ℓ

)
exp

(
−

√
3|x−y|
ℓ

)
with parameter

ℓ = 1/2.
To solve the inverse problem we employed Algorithm 2 and compared its performance to

the pCN algorithm [7] with which we take to be the ground truth. To train our map, we used
J = 105 samples that were generated by drawing uj ∼ µ, computing p(uj) by solving the
PDE using the FEniCSx package [133] on a fine mesh and using interpolation to compute
yj = (p(uj)(x1), . . . , p(uj)(x64)) + ϵj with ϵj ∼ N(0, σ2I); see our Github repository for
further details of parameter choices for the solver and Algorithm 2. In order to obtain mesh
invariance, we computed the Karhunen-Loéve (KL) expansion of the Gaussian process prior
by diagonalizing the associated covariance operator evaluated on a grid, and applied the
GAN to the latent KL modes to obtain conditional samples of the u given y in the KL basis
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akin to the PCA-Net architecture of [131] and similarly the Monotone GANs of [53]. We
tuned the step size of pCN to obtain an average acceptance rate of 0.25 after burn-in and
used 5 · 106 iterations to ensure the chains had converged and the mean and variances were
accurate and stable. We did not use PCA in our implementation of pCN since we could
directly work with the covariance kernel of the prior and used the analytic eigenfunctions.

In Figure 1.3, we present a summary of four instances of the Darcy problem. Here,
we drew four samples of u† from the prior and generated synthetic data y. We solved the
inverse problem using pCN for each data, taken to be the ground truth. The WaMGAN
map T̂U was trained only once and was simply evaluated for each value of y to generate
posterior samples and compute statistics. This highlights the efficiency of triangular maps
since each pCN run required a large number of forward map evaluations while WaMGAN
only used 105 evaluations. We also took care to present instances of the problem that
are representative of the transport approach. In all four examples, we see good agreement
between the mean of WaMGAN and pCN; the former often captures the shape and features
of the mean but sometimes misses the amplitude. The variances are more smoothed out
by WaMGAN, but for the most part, we see good agreement between the two methods in
that regard as well. Further insight into the variance can be gained from Figure 1.4 where
we plot the pointwise variance of WaMGAN posterior against pCN. Ideally, we would like
the data to lie on the diagonal line, but we see a spread of variances, which indicates that
WaMGAN can sometimes both over and under estimate variances in each instance of the
problem.

In Figure 1.5, we investigate the error (in L2(η)) of the learned triangular maps as a
function of N the number of KL modes. Here the numerical maps T̂N (y, u) = (y, T̂NU (y, u))

are full triangular maps with T̂NU taken as empirical approximations to the maps TNU defined
in Section 1.4.1 with PN denoting the projection operator onto the first N KL modes of the
prior. Since we do not have access to the ground truth map in this example, we numerically
computed the high resolution map T̂ 64 and reported the error ∥T̂N − T̂ 64∥L2(η) using an
independent set of reference samples. We observed that the sequence of maps converge as
N increases which is expected from our error analysis. This decay also suggests that the
problem is of relatively low intrinsic dimension–the noisy subsampled measurements of u
are only informative in low frequency modes and posterior variance in higher frequencies is
small. We note that the error at N = 64 is not zero. We conjecture this accuracy floor is
due to the optimization gap of our stochastic optimization algorithm for training the neural
nets as indicated by the the blue line in Figure 1.5. This line indicates the error between
multiple training paths of T̂ 64 by restarting the stochastic gradient descent procedure.

Finally, in Figure 1.6, we compare five independent posterior samples from the two algo-
rithms for one instance of the inverse problem. We see that these samples are qualitatively
very similar, indicating that WaMGAN respects the regularity of the samples. We also ob-
served that the Monge penalty allowed WaMGAN to inherit a near monotonicity property
in the sense that ⟨T̂U (y, z1)− T̂U (y, z2), z1− z2⟩ ≥ 0 for over 99% of the samples in the data,
with λ = 0.1. However, there appears to be a tradeoff between monotonicity and quality of
posterior statistics. We found that with λ = 0.05, we could obtain slightly better posterior
samples, mean, and variance, but this resulted in a map that was monotone over a smaller
fraction of the training data.
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Figure 1.3: Summary of our experiments for Darcy flow inverse problem comparing pCN and
WaMGAN. From left, the first column shows the ground truth field u†, second column shows the
corresponding p(u†) and measurement locations xj denoted as black dots. Third and fourth columns
show posterior means for WaMGAN and pCN respectively while the fifth and sixth columns show
pointwise variances of the posteriors in the same order. In all cases we used the same color range
for pCN and WaMGAN to ensure proper comparison between the two methods.
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Figure 1.4: Scatterplot comparison of pointwise posterior variances calculated by WaMGAN and
pCN for the four examples in Figure 1.3. The diagonal line represents perfect agreement between
the two methods.
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Figure 1.5: Numerical convergence plot of transport maps for the Darcy flow example. We compared
models trained on an increasing number of KL modes (T̂N ) to a high resolution map trained with 64

modes (T̂ 64), which was taken as the numerical ground truth. We measured the error of the maps
with respect to the L2(η) norm which was computed using an independent set of reference samples.
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Figure 1.6: A comparison of posterior samples from pCN (top row) vs WaMGAN (bottom row) for
one of our experiments.
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1.6 Conclusions

We presented a systematic analysis of the conditional OT problem underlying triangular
transport problems with a view towards conditional simulation,likelihood-free, and amor-
tized inference problems. We focused our analysis on infinite dimensional spaces, and in
particular separable Hilbert spaces, that are useful for PDE inverse problems. We intro-
duced the conditional Kantorovich and Monge problems and studied their solvability and
characterized their solutions as a limit of unconstrained OT problems with a singularly per-
turbed cost and further tailored our theory to the case of BIPs. Finally, we presented two
numerical experiments that showed how our analysis could inform the design of algorithms
for amortized inference.

While we tackled the foundational theory of conditional OT in this work, there are many
open questions and directions that remain. For example, understanding the regularity of
conditional OT maps is an interesting and important question in practice, and in particular,
the regularity of the TU map with respect to the y variable. We gave some preliminary results
in this direction in Section 1.4.1, showing that the maps are Lipschitz in y, but our results are
limited to the finite-dimensional setting and for approximation theory, we may need more
regularity. Another related question of interest is the sample complexity of triangular maps,
and in particular, the TU component. The question of interest is how close is TU (y, ·)#ηU
to the target conditional ν(· | y)? This is a nontrivial question because having T#η close
to ν (on the product space) does not imply closeness of the conditionals. Furthermore, our
experiments in Section 1.5.2 indicate that conditioning in low-density areas of ν can lead
to higher errors. Finally, a major practical question is that of the design of algorithms for
amortized inference based on triangular maps that are efficient and robust. Our experiments
indicate that solving OT problems as linear programs yields poor convergence rates in high
dimensions. However, working directly with the Monge formulation allowed us to leverage
the approximation power of neural nets and obtain good results in a Hilbert space setting.
While we used a simplistic relaxation of the Monge problem for this task, the question
remains open as to what is the ”best” relaxation of the Monge problem that leads to good
empirical performance and approximates the conditional OT map; see [53, 70–73] for other
works in this direction. Approaches based on flow matching [77, 134] lead to transport maps
defined by ODEs whose vector fields are convenient for computation but do not necessarily
seek an OT map. However, recent works show that flow matching can still approximate OT
maps via minibatch couplings that further improve performance [78, 79].
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Chapter 2

DATA-EFFICIENT KERNEL METHODS FOR LEARNING
DIFFERENTIAL EQUATIONS AND THEIR SOLUTION

OPERATORS

Preface

In this chapter, from [2] which was joint work with Yasamin Jalalian, Juan Felipe Osorio
Ramirez, Bamdad Hosseini, and Houman Owhadi, we develop a kernel-based framework for
learning differential equations (DEs) from data, along with accompanying error analysis, and
discuss the connections to operator learning and PDE solvers. The fundamental problem is
the following: given measurements of a system state u(y) which is assumed to satisfy some
differential equation

P (y, u(y), (D1u)(y), · · · , (Dju)(y)) = f(y), y ∈ Ω (2.1)

for a domain Ω, and differential operators Dk, infer the function P . A fundamental chal-
lenge in this identification problem is reconciling that DEs relate states to their derivatives,
but we rarely observe all of the variables involved in the equation. For example, given
data in the form of point observations, derivatives must be estimated from said data be-
fore any learning can occur, inherently introducing errors that compound from any kind of
statistical/numerical differentiation process. This work introduces methods based on ap-
proximating both the unknown system state u(y), and the unknown governing equations P
as functions in appropriate reproducing kernel Hilbert spaces (RKHS) using the observed
data.

One straightforward approach to this problem is to formulate a two step procedure,
where an estimate û is first generated from the measurements, and then an estimate of P̂
is produced using the derivatives computed from û. Since P is a function of y, u, and the
derivatives of u pointwise, we may form estimates of the form

P̂(u)(y) = P̂ (y, u(y), (D1u)(y), · · · , (Dju)(y)). (2.2)

As such, both stages can be reduced to traditional regression problems to infer u and P .
However, this leaves out the fact that the governing equations P may inform the estimates
of the system state u, and better estimates of the system state u would further improve
estimates of the governing equations.

To this end, we propose one-step kernel methods, where estimates P̂ and û are computed
together. We parametrize both P̂ and û as functions in appropriate reproducing kernel
Hilbert spaces, enforce the differential equation via least squares collocation, regularize via
the RKHS norms, and apply a Levenberg-Marquardt based optimization procedure to solve
the resulting optimization problem.
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This work also develops accompanying error analysis, which centers around convergence
in sufficiently high order Sobolev spaces so that derivatives of u can be well approximated,
and sufficient coverage of the space induced by observing u and its derivatives so as to
recover P .

2.1 Introduction

In recent years, machine learning (ML) has revolutionized the way data is combined with
mathematical models to infer and predict the behavior of physical systems. This wide adop-
tion of ML in science has given rise to a new area of computational science and engineering
often referred to as physics-informed ML (PIML) [135] or more broadly, scientific machine
learning (SciML). Broadly speaking, the goal here is to infer and simulate physical pro-
cesses driven by differential equations (DEs) by combining data and expert knowledge in
an automated manner. In this chapter we focus on three core problems of PIML following
[136], i.e., the problems of learning or discovering DEs [137, 138]; learning or approximating
their solution operators [139, 140]; and finally solving DEs [141, 142]. All three of these
problems have a long history in control, scientific computing, and numerical analysis but
the wide adoption of ML has given rise to new ideas and techniques for solving them and in
particular blurred the lines between these three problems. In this chapter we are primarily
focused on solving the above problems in very scarce data regimes and we shall introduce a
simple, accurate, robust, and efficient algorithm based on the theory of Reproducing Kernel
Hilbert Spaces (RKHSs) and Gaussian Processes (GPs) leading to the unification of the
three problems of PIML under the same umbrella.

2.1.1 Problem statement

For a function u : Y → R which describes the state of a physical system, we consider PDEs
of the form

P(u)(y) = f(y) y ∈ Y, B(u)(y) = g(y) y ∈ ∂Y, (2.3)

where P : U → F denotes a differential operator that describes a PDE in the interior
of Y ⊂ Rd, B : U → G denotes the boundary operator, f and g denote the source term
and boundary data/initial conditions, and U ,F ,G denote appropriate function spaces for
u, f, g. We emphasize that in the above formulation y is considered as an abstract input
variable that may be spatial only (in the case of steady state PDEs) or a space-time variable
(in the case of dynamics). An important feature of PIML is the seamless fusion of noisy
observations and prior knowledge about the physical process of interest, thereby unifying
numerical PDEs with inverse problems. To this end, we introduce observation operators
φU : U → RdU , φF : F → RdF , φG : G → RdG . These are often taken to be pointwise
observations of the functions um, fm, and gm on a scattered set of points in Y, where
(um, fm, gm)Mm=1 are tuples that satisfy (2.3). From this, we assume access to a data set of
the form (φU (um) + εU , φF (fm) + εF , φG(gm) + εG)Mm=1, where εU , εF , εG represent possible
observation noises. With this data set at hand, we then define the following three core
problems of PIML:
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(P1) Operator learning: Infer the solution map

(P2) Equation learning or discovery: Infer the differential operators P : U → F and
B : U → G from data; (P,B)−1 : F × G → U from data;

(P3) PDE solvers: Suppose P,B are known (perhaps partially) and compute u for a
given (f, g).

Note that the above problems are not entirely distinct. For example, (P1) and (P2) are both
problems of inferring operators, just between different spaces. At the same time (P1) and
(P3) can be viewed as the same since computing u amounts to evaluating P−1. Regardless,
these problems are often considered separately due to their different target applications and
solution methods in PIML.

2.1.2 Summary of contributions

Our contribution in this chapter is to propose a computational framework based on the the-
ory of RKHSs and GPs for (P2) Equation learning, which we call Kernel Equation Learning
(KEqL), and to unify the above PIML problems through our proposed methodology. Our
approach offers significant technical advantages over existing methods, including state-of-
the-art neural network techniques, in terms of: (a) accuracy, data efficiency, and computa-
tional efficiency, achieving superior performance across multiple benchmarks; (b) rigorous
theoretical guarantees, providing the first known quantitative worst-case error bounds for
equation learning further leading to operator learning errors; (c) robust and efficient train-
ing, leveraging specialized optimization algorithms for improved convergence and stability;
and (d) new capabilities in PIML, enabling one-shot operator learning and the discovery of
variable-coefficient partial differential equations (PDEs) even in severely data-scarce settings
(when M or dU are small).

Our exposition in this chapter is based on two core ideas:

1. Leveraging the fact that (um, fm, gm) collectively satisfy the PDE constraint defined
by P,B is critical to improving the accuracy of equation learning in scarce data
regimes.

2. Learning P in scarce data regimes is more efficient and accurate than learning
P−1, i.e., operator learning through equation learning is more effective.

2.1.3 Review of the relevant literature

We now give a brief review of the related works in the context of problems (P1)-(P3) and
connect them to more traditional areas of control, scientific computing, and applied math-
ematics. We will give ad hoc comments placing our contributions in the context of existing
works throughout the chapter and so readers primarily interested in the methodology may
safely skip to Section 2.2.
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Equation learning and system identification

The discovery or learning of DEs from data was brought into prominence by [143, 144] that
used symbolic regression to discover physical laws although learning dynamical systems
from time-series data has a long history going back to the 70s in system identification
[145–147]. Modern iterations of equation learning are often focused on learning dynamical
systems and DEs under a sparsity prior over a dictionary [137, 138, 148] among which
the Sparse Identification of Nonlinear Dynamics (SINDy) [137] is perhaps the most widely
known instance although many other examples exist [148, 149]. Since these contributions,
many extensions of the sparse regression have been proposed such as weak-SINDy [150], that
improves accuracy and robustness by working with weak-form DEs, ensemble methods [151]
that combine multiple models to improve accuracy and robustness, and Bayesian methods
[152–157] that enable uncertainty quantification; see [158] and references within for a more
detailed review.

The majority of the methods mentioned above belong to a class of methods which we
refer to as ”2-step methods” in Section 2.2. These are methods where the state variables um

are first estimated from the observations φ(um) before being used to infer P. As we will
show in Section 2.4, these methods are successful only in high data regimes and fail with
scarce data. To overcome this hurdle we propose a so-called ”1-step method” where the um

are estimated simultaneously alongside P and B. 1-step methods for sparse regression of
DEs are quite limited and to our knowledge they were only explored in [159] for ODEs and
[160] for PDEs, although methods such as weak-SINDy [150] and UQ-SINDy [155] can be
formulated as 1-step methods as well. Similarly, joint optimization methods based on least
squares collocation formulations using splines [159] and neural networks [160] have been
proposed to extend the SINDy framework towards 1-step methods.

Beyond sparse regression models, RKHS or GP methods have been widely developed for
solving PDEs [142, 161–168] but they have recently been extended for learning equations,
most notably [169, 170] introduced 1-step methods for learning linear DEs and ODEs in that
order. The series of papers [171–176] also introduced GPs for inference of ODEs towards
filtering and data assimilation. More recently, [177] introduced a kernel analogue of SINDy
and weak-SINDy while [178, 179] aimed at learning stochastic differential equations. Finally,
[180] introduced a simple 2-step kernel method for learning ODEs and PDEs with unknown
coefficients, inspiring our present chapter.

More recently, various neural net models for learning DEs have also been proposed.
These methods range from symbolic regression [181–185] to neural net regression [160, 186–
188]. The latter class are largely based on the methodology of physics-informed neural nets
(PINNs) [141].

Theory of equation learning

The problem of learning dynamical systems has a vast and mature theoretical foundation
[189]. The theory of equation learning for DEs, on the other hand, is recent and scarce
in comparison. The convergence properties of sparse regression methods (e.g., SINDy)
were studied in [148, 149, 190, 191] using compressed sensing and random matrix theory to
provide recovery guarantees. The article [192] studies the identifiability of equation learning
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for ODEs and PDEs while [193] considers the limitations of learning a PDE from a single
trajectory.

Inverse problems and data assimilation

Identifying the parameters of a DE is the primary focus of the field of inverse problems
[194, 195] with a rich history of both theoretical analysis [196, 197] and computational
methodologies [198]. While traditional inverse problems focus on known PDEs with un-
known spatio-temporal coefficients, the methodologies developed for those problems can be
extended to equation learning in both 1-step and 2-step methodologies. Many of the ideas
that we develop in the current chapter were inspired by the inverse problems literature.
Most notably joint inversion [199] and all-at-once inversion [200, 201].

The problem of recovering the functions um and in turn predicting the solution of a
dynamic DE in future times falls within the fields of data assimilation [202, 203], filtering
[204, 205], and control [206, 207]. The problem of filtering the state of a control system
while identifying its unknown parameters is also classical in filtering [208, 209] and can be
solved using classic techniques such as extended Kalman smoothing [210, Sec. 5], expectation
maximization methods [211, 212], dual extended Kalman filters [213], GP dynamical models
[214, 215], and sequential Monte Carlo [216].

Operator learning

Operator learning has become very popular in recent years, especially after the seminal
papers [131, 217, 218] where neural net models were developed for the approximation of
mappings between Banach spaces. Since then, a large body of work has been developed
around operator learning focusing on methodologies as well as theory; see [139] and ref-
erences within for neural operators and [140] for the kernel perspective. While modern
operator learning is largely focused on neural net models this problem has appeared pre-
viously in the fields of computer model emulation [219], polynomial chaos [220], stochastic
Galerkin methods [221], reduced order modeling [222], and model order reduction [223]. We
consider a different perspective towards operator learning. Instead of learning P−1 as a
high dimensional mapping, we learn P as a local differential operator and then invert it
numerically to evaluate P−1. To our knowledge, this approach towards operator learning
is largely unexplored with the exception of [224–226] that use the differential form of the
underlying DE to enhance neural operator training.

2.1.4 Outline of the chapter

The rest of the chapter is organized as follows: In Section 2.2 we outline the optimal
recovery framework of 2-step and 1-step kernel methods for learning equations and their
solution operators. Section 2.3 describes the algorithmic and implementation details of our
methods followed by numerical experiments and benchmarks in Section 2.4. Our theoretical
analysis and quantitative error bounds are summarized in Section 2.5. We conclude with
additional discussions and future extensions in Section 2.6. Finally, additional information
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including omitted proofs, algorithmic details, and extra numerical results are collected in
the supplementary material (SM) at the end of this chapter, Sections 2.7 to 2.9.

2.2 Kernel equation learning

In this section we outline the Kernel Equation Learning (KEqL) framework for learning DEs
from data starting with a 2-step methodology in Section 2.2.1 followed by a 1-step method
in Section 2.2.2; these approaches target (P2) Equation Learning. We then introduce our
equation-mediated operator learning method in Section 2.2.3, that tackles (P1) Operator
learning.

Let us begin by stating some simplifying assumptions and outlining our setup. We
consider the problem of learning the differential operator P only since this is often the
problem of interest in practice and note that our methodology can be generalized to learning
the boundary operator B in a similar way. We also assume that u and f are scalar fields
on Y and postpone the learning of systems and vector fields to future work. Throughout
the chapter we assume P has the form

P(u)(y) = P ◦ Φ(u, y), Φ : (u, y) 7→ (y, δy ◦ L1u, . . . , δy ◦ LQu) ∈ RQ+d, (2.4)

and write S = RQ+d for brevity. In the above P : S → R is a generic function mapping
point observations of u and its derivatives to R, encoding our estimate of the PDE, and
includes possible nonlinearities or variable coefficients. δy denotes the pointwise evaluation

functional at y, and (Lq)
Q
q=1 are bounded and linear differential operators that are assumed

to be known. For ease of presentation we always assume L1 = Id so that P takes y and the
point values u(y) as input even though it may not depend on these quantities. We shall
assume that the Lq operators are known and note that the map Φ is linear in u but it is
generally nonlinear in y since u is nonlinear. The function P and the solution u are the
main objects of interest that we wish to learn from data in the context of equation learning.
This structure imposes that the operator P is completely local.

Example. The above assumptions on the form of P encompass most scalar PDEs of
interest in physics and engineering. For example consider the nonlinear PDE:

P(u)(t, x) = ∂tu(t, x)− ∂x (a(x)∂xu(t, x))− u3(t, x) = f(t, x),

for (t, x) ∈ (0, T ]× (0, 1),

u(0, x) = u(t, 0) = u(t, 1) = 0,

(2.5)

with a smooth coefficient a : [0, 1] → (0,+∞]. Writing y = (t, x) and letting Y =
(0, T ] × (0, 1) and introducing the differential operators L1 : u 7→ u, L2 : u 7→ ∂tu,
L3 : u 7→ ∂xu, and L4 : u 7→ ∂2xu we can cast (2.5) in the form (2.4) by writing P(u)(y) =
P (t, x, u(t, x), L2u(t, x), L3u(t, x), L4u(t, x)) with the nonlinear map

P : R6 → R, P (s1, s2, s3, s4, s5, s6) = s4 − ∂xa(s2)s5 − a(s2)s6 − s33.

We emphasize that the example PDE above is precisely the type of equation that we have
in mind, i.e., nonlinear equations with variable coefficients that may not have sparse rep-
resentations in a known basis. In this light, we merge equation learning, the problem of
learning P , with inverse problems, the problem of inferring unknown coefficients such as a.
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Recalling the notation of Section 2.1.1, we further focus our setup by considering equa-
tion learning problems where the solutions um are observed on a finite set of points, i.e., when
φU is a collection of pointwise evaluation functionals. More precisely, consider sets of points
Y m = {ym1 , . . . , ymN } ⊂ Y, which we refer to as the observation points 1, for some integer
N ≥ 1. Further introduce the compact notation um(Y m) := (um(ym1 ), . . . , um(ymN )) ∈ RN .
Then our goal throughout the chapter is to learn P from the training data (um(Y m), fm)Mm=1,
i.e., um is only observed on the Y m while fm is assumed to be known everywhere; this is
a simplifying assumption for us and can be relaxed to having finite information on the fm

under some circumstances but we will leave this as a future direction. Figure 2.1(a) shows
a cartoon of our problem where the red elements are the unknowns of interest, the blue
elements are the data, and the black elements are assumed to be known.

With the above setup, we propose three approaches for learning P and the um: (1) a
2-step kernel method (2-step KEqL), where we first learn the um’s from the observations
um(Y m) and use the result to approximate P , as a kernel analog to the PDE-FIND algorithm
of [138]; and (2) a 1-step kernel method (1-step KEqL), where um and P are learned jointly,
and can be viewed as a kernel analogue to [160]. Our 2-step and 1-step methods can also be
cast as computational graph completion problems in the setting of [227, 228]. We show these
computational graphs in Figure 2.1(b,c) where, as before, the red edges denote unknown
nonlinearities that we wish to infer from the data is depicted using dashed blue lines and
is injected into the nodes which represent our variables. Black edges are assumed to be
known.

2.2.1 2-step KEqL: first learn the um, then learn P

Let U : Y×Y → R denote a positive definite and symmetric (PDS) kernel with its associated
RKHS U with inner product ⟨·, ·⟩U and norm ∥ · ∥U ; for a review of RKHS theory see
Section 2.5.1 or the texts [229, 230]. Then the first step in 2-step KEqL approximates um

via the optimal recovery problems 2

ûm := argmin
vm∈U

∥vm∥U subject to (s.t.) vm(Y m) = um(Y m). (2.6)

We can also relax the equality constraints using a penalty method leading to a quadratic
optimization problem with nugget parameter (or observation noise standard deviation) σ2u >
0,

ûm := argmin
vm∈U

∥vm∥2U +
1

2σ2u
∥vm(Y m)− um(Y m)∥22. (2.7)

With ûm at hand we proceed to step two where we approximate P through a second op-
timal recovery problem. To do this, let us consider an independent set of points Y =
{y1, . . . , yK} ⊂ Y for integer K ≥ 1 which we call collocation points. This set of points may
be chosen independent of the individual Y m but to make our formulation simpler we will

1One may also let N change with the index m but we keep the size of the mesh fixed to keep our notation
light.

2Note that one could also employ a different kernel Um for each instance of the problem but we will not
pursue this for brevity.
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Figure 2.1: (a) Schematic depiction of our equation learning problem. Red elements are the un-
knowns of interest, blue objects are the given data, while black objects are assumed to be known.
The left and right panels show the solution and right-hand side of an example second order PDE
depending on y, u, ∂yu, and ∂

2
yu while the middle panel shows Φ(y, u); (b) The computational graph

of 2-step KEqL. Red edges are unknown nonlinearities of interest, blue boxes denote data that is
known for various nodes with dashed lines denoting where the data is injected, black edges are
known. Note that the graphs for um and P are disconnected, hence the learning of um and P is
performed sequentially in two steps; (c) The computational graph for 1-step KEqL. Coloring con-
ventions follow panel (b) with the main difference being that the um and P are now connected and
have to be learned simultaneously.
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assume it is chosen such that ∪Mm=1Y
m ⊂ Y , i.e., the collocation points Y contain all of the

observation points Y m.
Now observe that the differential operators Lq can be directly applied to the ûm, in

fact, as we show in Section 2.3 the functions Lqû
m can be computed analytically or using

automatic differentiation. Then given a PDS kernel P : S × S → R with RKHS P we can
approximate P via the optimal recovery problem

P̂ := argmin
G∈P

∥G∥P s.t. G ◦ Φ(ûm, Y ) = fm(Y ), m = 1, . . . ,M, (2.8)

where fm(Y ) := (fm(y1), . . . , f
m(yK)) ∈ RK and we used the shorthand notation Φ(ûm, Y ) =

(Φ(ûm, y1), . . . ,Φ(û
m, yK)) ⊂ S. Similar to (2.7) this problem can also be relaxed using a

nugget parameter σ2P > 0,

P̂ := argmin
G∈P

∥G∥2P +
1

2σ2PM

M∑
m=1

∥G ◦ Φ(ûm, Y )− fm(Y )∥22. (2.9)

In either case P̂ also admits an analytic formula akin to the ûm which we present in Sec-
tion 2.3. Note that in (2.8, 2.9) we are using the collocation points Y to impose the infinite
PDE constraint G◦Φ(ûm, y) = f(y) for all y ∈ Y, on a finite discrete set, which justifies our
choice of terminology as this is precisely the role of collocation points in PDE solvers [142].
This also motivates our preference to choose Y to be dense within computational budget
constraints.

In many applications we have some prior knowledge about the differential operator P,
for example in dynamic problems we know that a time derivative of ∂ht u for some integer h
is present. In such cases we can simply work with the model P(u) = (P +P ) ◦Φ(u, ·) with
P representing the known part of the differential operator. This modification amounts to a
simple reformulation of (2.9) (and similarly (2.8)) as

P̂ = argmin
G∈P

∥G∥2P +
1

2σ2PM

M∑
m=1

∥(G+ P ) ◦ Φ(ûm, Y )− fm(Y )∥22. (2.10)

Henceforth we will include P to account for the known parts of P.

Remark 2.1. We highlight two key observations: (1) Taking U ,P to be RKHSs is innocuous
at this point in our exposition and only becomes important for our theory and algorithms
later. Therefore, one can take U ,P to be abstract Banach spaces to obtain a generalization
of our framework so long as the observation functionals φU are bounded in the appropriate
dual space, and functions P are regular enough for solutions to be defined. For example,
taking these to be Barron spaces [231] models a neural net method such as that of [160]
while a sequential l1 or l0 space over some basis coefficients model SINDy type methods
[137, 138]; (2) as mentioned previously, problems (2.6) and (2.8) can be viewed as sequential
computational graph completion tasks following the framework of [227] and as shown in
Figure 2.1(b). The simplicity of these graphs reflects the convenience of the 2-step method.
However, this convenience comes at the cost of accuracy and data efficiency since the 2-step
method will only succeed when data is sufficient for the Lqû

m to be good approximations
to Lqu

m which is difficult for higher order derivatives, and approximation with respect to
higher order Sobolev norms from only point observations. ♢
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Connection to existing works A slightly different version of 2-step KEqL was first
introduced in [180] as the RKHS/GP analogue of SINDy/PDE-FIND [137, 138]. The RKHS
formulation is different from these works in three directions: (1) the prior knowledge about
P is encoded in the kernel P as opposed to a dictionary; (2) SINDy looks for P̂ that is
sparse in the dictionary while KEqL computes a minimum RKHS norm solution that is
not necessarily sparse; (3) we readily include y as an input to P to accommodate variable
coefficient PDEs. Dealing with such problems is problematic for SINDy [232] since the
variable coefficients may depend on y in a complex manner that is not sparse in a particular
dictionary.

2.2.2 1-step KEqL: simultaneously learn the um and P

The primary shortcoming of 2-step KEqL is the decoupled learning of the um and P which
limits its performance in scarce data regimes. To remedy this we propose 1-step KEqL that
estimates ûm and P̂ at the same time while imposing the requisite PDE constraint on the
collocation points Y . To this end, consider the joint optimal recovery problem

(ûuu, P̂ ) = argmin
vvv∈UM ,G∈P

∥G∥2P +
λ

M

M∑
m=1

∥vm∥2U

s.t. vm(Y m) = um(Y m),

(G+ P ) ◦ Φ(vm, Y ) = fm(Y ), for m = 1, . . . ,M,

(2.11)

where λ > 0 is a user defined parameter and we used the notation vvv := (v1, . . . , vM ) ∈ UM
to denote the vector of candidate RKHS functions with their optimal values denoted as
ûuu ∈ UM . In complete analogy with 2-step KEqL we can also relax the equality constraint
in (2.11) using appropriate nugget parameters σ2u, σ

2
P > 0 to obtain the formulation,

(ûuu, P̂ ) = argmin
vvv∈UM ,G∈P

∥G∥2P +

M∑
m=1

λ

M
∥vm∥2U +

1

2σ2u
∥vm(Y m)− um(Y m)∥22

+
1

2σ2P
∥(G+ P ) ◦ Φ(vm, Y )− fm(Y )∥22.

(2.12)

Note that the estimation of the ûuu and P̂ is now coupled due to the composition of G and the
vm in the constraint in (2.11) or in the last term in (2.12). This coupling of the estimation
of the um and P is the source of algorithmic challenges to solving 1-step KEqL. Nonetheless,
we solve this problem after reformulation using a representer theorem and using an efficient
Levenberg–Marquardt (LM) algorithm, described in Section 2.3.

Remark 2.2. We highlight three key observations: (1) Once again our choice of U ,P as
RKHSs is innocuous at this point and choosing these to be other Banach spaces leads to
other 1-step methods but this will have important consequences at the level of algorithms
and theory as was discussed in Remark 2.1; (2) the second term in (2.11) resembles the
discretization of a PDE using a kernel collocation method akin to the method of [142];
(3) as mentioned previously 1-step KEqL can also be viewed as a computational graph
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completion problem with its graph shown in Figure 2.1(c). However, compared to the graph
of 2-step KEqL we see that the underlying graph is more complex and in particular edges
corresponding to the um and P are both unknown, reflecting the compositional structure
of the problems (2.11) and (2.12). ♢

Connection to existing methods The concept of optimizing a loss function that jointly
matches the given observations and the PDE constraint has been previously explored in the
PIML and inverse problem literature. Most notably, in [159, 160] use sparse regression for
P but neural net or spline models for the um. At the same time weak SINDy [150, 233] and
SINDy-UQ [155] can also be formulated as 1-step methods although they were not presented
or implemented as such. Our 1-step KEqL formulation is different from these works in two
directions: (1) the regularization due to our formulation automatically leads to a stable
algorithm that is amenable to second order optimization when using RKHS methods; (2)
the kernel formulation accommodates a larger number of features and more flexibility in
choosing and tuning the features for both um and P including variable coefficients.

2.2.3 Equation-mediated operator learning

We now turn our attention to the operator learning problem of estimating the solution
map P−1 : F → U of the PDE (2.3). The dominant paradigm for operator learning
[139] approximates P−1 via function space regression directly from input-output pairs. A
key appeal in doing this is learning discretization-independent maps between functions,
using grids only through finite measurements. However, the inverse solution operator P−1

is often global and nonlocal, so purely data-driven learning must infer a complex high-
dimensional map without directly using the PDE’s local structure. With many solution
pairs this works well, but in sparsely measured data regimes, direct operator regression is
highly underdetermined. This motivates an alternative, equation-mediated view of operator
learning. In our perspective, operator and equation learning problems are two sides of the
same coin: where equation learning approximates P, operator learning approximates the
inverse P−1. To this end, following [180], let us write P̂ := (P̂ + P ) ◦ Φ to denote the
differential operator associated with P̂ . We then propose to approximate the operator P−1

by computing the pseudo inverse operator P̂† defined variationally as

P̂†(f) := argmin
v∈U

∥v∥U s.t. (P̂ + P ) ◦ Φ(v, Y ) = f(Y ). (2.13)

We will solve this problem using the GP-PDE solver of [142, 234] which is effectively a

meshless collocation method. It is important to note that the operator P̂ is not invertible
in general since the learned PDE is not guaranteed to be well-posed. Then (2.13) computes
a well-defined regularized solution to this ill-posed PDE.

Remark 2.3. We highlight two important observations: (1) solving P̂(u) = f using tradi-
tional finite volume or finite element solvers is often impossible due to presence of arbitrary
nonlinearities and so employing residual based solvers such as GP-PDE [142] or PINNs [141]

is crucial; (2) the estimation of P̂† comes at the cost of a PDE solve. This may be expensive
for model emulation applications, reflecting a accuracy-complexity tradeoff. However, one
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can still train an emulator for P̂† using synthetic data generated by solving (2.13) for a set
of f ’s. ♢

Connection to existing methods To our knowledge the idea of operator learning
through equation learning has been barely explored in the literature since most works in
this area focus on function space regression with neural operators [136, 139], although other
models such as kernel methods and GPs remain competitive [140, 235]. In most operator
learning applications the training data is plentiful and high resolution, which is not often
realistic for engineering applications although the recent family of physics-informed operator
learning methods [225] take a step towards scarce data problems.

2.3 Implementation and algorithms

In this section we outline a practical implementation of the 2-step and 1-step KEqL prob-
lems. We focus our discussion on high-level ideas and refer the reader to the SM as well as
our GitHub repository3 for further details. We first present the representer theorem, which
forms the backbone of our implementation in Section 2.3.1, then outline the implementa-
tion of 2-step KEqL in Section 2.3.2 followed by 1-step KEqL in Section 2.3.3. Finally, we
discuss our choice of kernels and aspects of modeling prior information in Section 2.3.4.

2.3.1 Representer theorem

We start by stating the representer theorem for interpolation problems in RKHSs which
directly implies the closed form solution formulae for 2-step KEqL and is fundamental to
the proof of the solution formula for 1-step KEqL. For the proof the representer theorem,
see SM.

Proposition 2.4 (RKHS representer theorem [166, Cor. 17.12]). Let H be an RKHS with
kernel H and let ϕ = (ϕ1, . . . , ϕN ) ∈ (H⋆)N be a vector of bounded linear functionals on H.
Consider

f̂ := argmin
f∈H

∥f∥H s.t. ϕi(f) = zi, i = 1, . . . , N,

for z = (z1, . . . , zN ) ∈ RN . Then every minimizer f̂ has the form f̂ = H(ϕ, ·)T α̂ where
α̂ = H(ϕ, ϕ)−1z. Here we followed the notation of Theorem 2.5 and wrote H(ϕi, x) =
ϕi(H(·, x)) ∈ R, H(ϕ, ·) = (H(ϕ1, ·), . . . ,H(ϕN , ·)) ∈ HN , and H(ϕ, ϕ) ∈ RN×N as the matrix
with entries ϕj(H(ϕi, ·)). Whenever H(ϕ, ϕ) is not invertible the vector α̂ is defined in the
least squares sense.

2.3.2 Implementation of 2-step KEqL

Our implementation of 2-step KEqL is straightforward and utilizes standard representer
theorems for kernel regression [142, 230] that are special instance of the more general result

3https://github.com/TADSGroup/kernelequationlearning

https://github.com/TADSGroup/kernelequationlearning
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in Proposition 2.4. Then the solution to (2.7) admits the analytic form

ûm(y) = U(Y m, y)T α̂m, where α̂m =
(
U(Y m, Y m) + σ2uI

)−1
um(Y m). (2.14)

Here U(Y m, ·) := (U(ym1 , ·), · · · ,U(ymN , ·)) ∈ UN is a column vector field and U(Y m, Y m) ∈
RN×N is a kernel matrix with entries U(Y m, Y m)ij = U(ymi , y

m
j ). Setting σu = 0 further

characterizes the solution (2.6) assuming U(Y m, Y m) is invertible. Thanks to (2.14) we can
directly compute,

Lqû(y) = LqU(Y
m, y)T α̂m, where LqU(Y

m, y) = (LqU(y
m
1 , y), · · · , LqU(ymN , y)) ,

which requires us to apply the Lq operators to the kernel U as a function of its second
input (the y variable) for fixed values of its first input (the ymn values). For typical PDEs
this amounts to computing partial derivatives of U either analytically or using automatic
differentiation software.

We can solve (2.10) identically to the above. Writing S = ∪Mm=1Φ(û
m, Y ) ⊂ S we have

the formula

P̂ (s) = P(S, s)T β̂, where β̂ = (P(S, S) + σ2P )
−1(f(Y )− P (S)). (2.15)

Here we used the familiar shorthand notation f(Y ) = (f1(Y ), . . . , fM (Y )) ∈ RMK , the
concatenation of the vectors fm(Y ), and P (S) ∈ RMK , the vector of point values of P
evaluated on S, both viewed as column vectors. Similar to (2.14), we also defined the vector

field P(S, ·) := (P(s1, ·), . . . ,P(sMK , ·)) ∈ PMK , and the matrix P(S, S) =
(
P(si, sj)

)MK

i,j=1
∈

RMK×MK , where the sj ’s denote the elements of the point cloud S (see also Figure 2.1(b)).
In further analogy with the first step, setting σP = 0 gives the solution to (2.8) when P(S, S)
is invertible.

The formulae (2.14) and (2.15) highlight the convenience and computational efficacy of
2-step KEqL since each equation requires a single linear solve involving a kernel matrix;
this can be done efficiently using sparse or randomized linear algebra techniques for large
problems [236–238] or off-the-shelf algorithms for smaller problems.

2.3.3 Implementation of 1-step KEqL

The implementation of 1-step KEqL is more involved and requires the solution of a compo-
sitional optimization problem. The first step is to derive an equivalent discrete formulation
of (2.11) and (2.12); this amounts to the derivation of a representer theorem which we
state for (2.11). Next we design an algorithm that can efficiently solve the aforementioned
discrete optimization problem.

Towards stating our representer theorem, we need to introduce some new notation:
Assume that the operators ϕqk := δyk ◦ Lq define elements of U⋆ for q = 1, . . . , Q and
k = 1, . . . ,K, recalling our convention that L1 denotes the identity map so that ϕ1k = δyk .

Further observe that Φ(u, yk) = (yk, ϕ
1
k(u), . . . , ϕ

Q
k (u)) by definition and so the ϕqk denote the

linear operators that give the subset of components of Φ(u, yk) as a function of u, justifying
our choice of notation. Write U(ϕqk, y) = ϕqk(U(·, y)) ∈ R where U(ϕqk, ·) ∈ U , i.e., the
RKHS function obtained by applying ϕqk to U(·, y) for every fixed value of y. Further define
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U(ϕqk, ϕ
ℓ
j) := ϕℓj(U(ϕ

q
k, ·)) for ℓ = 1, . . . , Q and j = 1, . . . ,K. Next define the vector field

U(ϕ, ·) :=
(
U(ϕ11, ·), . . . ,U(ϕ1K , ·), . . . ,U(ϕ

Q
1 , ·), . . . ,U(ϕQK , ·)

)
∈ UQK , along with the vectors

U(ϕ, ϕqk) =
(
U(ϕ11, ϕ

q
k), . . . ,U(ϕ

1
K , ϕ

q
k), . . . ,U(ϕ

Q
1 , ϕ

q
k), . . . ,U(ϕ

Q
K , ϕ

q
k)
)
∈ RQK . Further let

U(ϕq, ϕℓ) ∈ RK×K denote the matrices with entries U(ϕq, ϕℓ)k,j = U(ϕqk, ϕ
ℓ
j) and the block-

matrix U(ϕ, ϕ) ∈ RQK×QK with blocks U(ϕ, ϕ)q,ℓ = U(ϕq, ϕℓ) ∈ RK×K . Note that the
above vectors and matrices can be computed offline using either analytical expressions or
automatic differentiation akin to the 2-step KEqL. With this new notation we have the
following characterization of the minimizers of (2.11).

Theorem 2.5. Suppose that ϕqk ∈ U⋆ for q = 1, . . . , Q and k = 1, . . . ,K. Then every

minimizing tuple (ûuu, P̂ ) of (2.11) can be written in the form

ûm(y) = U(ϕ, y)T α̂m, P̂ (s) = P(S(α̂αα), s)T β̂,

for a tuple (α̂αα, β̂) that solve the equivalent optimization problem

(α̂αα, β̂) = argmin
ααα∈(RQK)M , β∈RMK

βTP(S(ααα), S(ααα))β +
λ

M

M∑
m=1

(αm)TU(ϕ, ϕ)αm,

s.t. U(ϕ, Y m)Tαm = um(Y m),

P(S(ααα), Sm(ααα))Tβ = fm(Y )− P (Sm(αm)).

(2.16)

Here we introduced the block vector ααα := (α1, . . . , αM ) ∈ (RQK)M for the coefficient vec-
tors αm ∈ RQK , the point clouds Sm(αm) = Φ(U(ϕ, ·)Tαm, Y ) ⊂ S and in turn S(ααα) =
∪Mm=1S

m(αm), as well as the matrices U(ϕ, Y m) ∈ RQK×N with columns U(ϕ, ymn ), and
P(S(ααα), Sm(αm)) ∈ RMK×K with columns P(S, smk ).

The proof technique is based on the observation that conditioned on the values Lqv
m(yk),

the optimization problems for the vm and G variables in (2.11) will decouple. Then the
result is obtained by introducing auxiliary variables representing the Lqv

m(yk) and applying
the representer theorem proposition 2.4; see SM for proof.

The problem (2.16) is the key to the design of our algorithms as it is readily imple-
mentable without the need for further discretization. We can further relax the equality
constraints in (2.16) to obtain the analogous problem to (2.12):

(α̂αα, β̂) = argmin
ααα∈(RQK)M , β∈RMK

βTP(S(ααα), S(ααα))β +

M∑
m=1

λ

M
(αm)TU(ϕ, ϕ)αm

+
1

2σ2u
∥U(ϕ, Y m)Tαm − um(Y m)∥22

+
1

2σ2P
∥P(S(ααα), Sm(αm))Tβ + P (Sm(αm))− fm(Y )∥22.

(2.17)

Remark 2.6. Directly solving the 1-step KEqL objective can be numerically unstable be-
cause small changes in the coefficients defining the auxiliary functions vm may produce
large changes in their derivatives and hence in the collocation points Sm(αm). In practice,
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we implement an intermediate method called the reduced 1-step method that interpolates
between our 1-step and 2-step methods, and serves to improve computational efficiency and
scalability for larger problems and data sets. We solve this reduced 1-step problem using
a damped Levenberg-Marquardt scheme based on local quadratic approximations of the
residual term. See the SM for details. ♢

2.3.4 Choosing kernels and hyper-parameters

While the 1- and 2-step KEqL are generic and well-defined for any choice of P and U
(assuming sufficient regularity), their practical performance is closely tied to a good choice
of kernels as is typical for RKHS/GP methods. Broadly speaking, the choice of these kernels
imposes constraints on our model for the functions ûm and the learned PDE P̂ . Moreover,
in many applications we may have access to expert knowledge about the um and the type of
PDE at hand and we may want to incorporate these into our algorithm. A standard example
is periodic boundary conditions or invariance of the solution under certain operators and
group actions. For the benchmarks in Section 2.4, we specify the choices of kernels for U
and P in each experiment. Further details about these kernels are provided in the SM.

2.4 Experiments

We now present a series of numerical experiments that demonstrate the performance of
our 1-step and 2-step methodologies for estimating the um, learning P, and the solution
operator P−1. For benchmarking we compare our algorithms with SINDy [138], as a 2-step
dictionary based method, and PINN-SR [160], as a 1-step neural net based method. We
will focus on the key results for each experiment and postpone additional results and setup
details to SM.

Common structure and performance metrics are discussed in Section 2.4.1. A Duffing
oscillator is studied in Section 2.4.2 followed by Burgers’ PDE in Section 2.4.3 and Darcy’s
flow elliptic PDE in Section 2.4.4.

2.4.1 Common structure

We will consider scalar valued DEs of the form (2.4) Φ assumed to be known. For dynamic
problems we assume Y = (0, T ] × Ω for some T > 0 and a spacial domain Ω and take
P (Φ(u, y)) = P (Φ(u, (t, x))) = ∂ht u(t, x) to be known (the order h will be clarified for
each example). We often use RKHSs U that do not automatically satisfy the boundary
conditions of the PDEs so we use additional observation points on the boundaries to impose
those conditions. To this end, we write NY to denote the number of observation points
in the interior of Y while we use N∂Y to denote the number of observation points on the
boundary, so that the total number of observation points is always N = NY + N∂Y . For
all experiments we consider training data of the form (um(Y m), fm)Mm=1. In addition to the
collocation points Y and the observation points Y m, we also consider an independent test
mesh Ytest ⊂ Y which will be used for reporting errors.

We will consider three types of test errors:
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• The state reconstruction error quantifies the relative accuracy of the ûm on the
training data,

Rrec

(
(um)Mm=1

)
:=

1

M

M∑
m=1

∥um(Ytest)− ûm(Ytest)∥22
∥um(Ytest)∥22

.

• The equation learning error quantifies the relative accuracy of P̂ over a set of func-
tions W

Reql

(
W) :=

1

|W|
∑
w∈W

∥P(w)(Ytest)− P̂(w)(Ytest)∥22
∥P(w)(Ytest)∥22

,

where |W| denotes the cardinality of W.

• Similarly, the operator learning error quantifies the error of the map P̂†,

Ropl

(
W) :=

1

|W|
∑
w∈W

∥P−1(w)(Ytest)− P̂†(w)(Ytest)∥22
∥P−1(w)(Ytest)∥22

.

We highlight that here W constitutes initial or boundary conditions as well as source
terms depending on the problem at hand.

For different experiments we report errors with W taken to be the training data (train-
ing), an in-distribution test set (ID), or out-of-distribution test sets (OOD).

2.4.2 The Duffing oscillator

In this example we compared the performance of 1-step and 2-step KEqL along with SINDy
for learning a 1D nonlinear ODE. Our focus is on state reconstruction and forecasting
performance.

Problem setup

Consider Y = (0, 50) and the Duffing ODE{
P(u) = ∂2t u− 3u+ 3u3 + 0.2∂tu = cos(2t), t ∈ Y,
u(0) = ∂tu(0) = 0.

(2.18)

To generate the training data we solved the ODE using a standard adaptive solver. The
numerical solution was then subsampled on the observation points that were also picked
on a uniform grid; see Figure 2.2(a). We chose M = 1, and so we aim to learn the ODE
and its solution from observations of a single trajectory. The test data sets were generated
similarly but on a finer uniform mesh with different initial conditions.
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Algorithm setup

We chose the collocation points Y to be a fine uniform grid in Y. We further chose the
operators L1 = Id : u 7→ u , L2 : u 7→ ∂tu, and P (u) = ∂2t u. We chose U to be a
rational quadratic kernel and P to be RBF. To approximate the derivatives in SINDy we
used the same kernel interpolant as in 2-step KEqL. As for the SINDy dictionary, we chose
all polynomial terms of up to third degree in the variables {1, u, ∂tu}; we empirically found
this dictionary to give the best training and test errors for SINDy.

Results

We summarize our key findings for this example in Figure 2.2. In Figure 2.2(a) we visu-
ally compare the quality of the reconstructed solution û for 1-step and 2-step KEqL. We
clearly see that 1-step KEqL is superior in state reconstruction the solution. This visual
performance is further confirmed in Figure 2.2(b) where we observe an order of magnitude
improvement between 1-step and 2-step methods in terms of relative errors.

For our next test we considered simulating the learned ODE with new initial conditions,
this is essentially an extrapolation problem where we try to predict the state of the system
outside of the window of observations. We show three examples of random initial condi-
tions in Figure 2.2(c), comparing the solutions computed using 1- and 2-step KEqL and
SINDy. We observe that the 1-step method generally tracks the true solution for a longer
time interval although all solutions eventually diverge. The superior performance of 1-step
KEqL is also evident in panel (b) where we used Ropl to denote the pointwise error between
the extrapolated solutions and the true states. Once again we observe an order of magni-
tude improvement between 1-step and 2-step with smaller gaps for larger time windows as
expected.

2.4.3 The Burgers’ PDE

In this example we compared 1-step KEqL with SINDy (as a 2-step competitor) and PINN-
SR (as a 1-step competitor) for the 1D Burgers’ PDE. Our focus is on equation and operator
learning from scarce observations of a single trajectory.

Problem setup

We consider Y = (0, 1]× (0, 1) and the Burgers’ PDE{
P(u) = ∂tu+ ϑu∂xu− ν∂2xu = 0 for (t, x) ∈ Y,
u(0, x) = u0(x), and u(t, 0) = u(t, 1) = 0.

(2.19)

In all experiments we took M = 1 so that a single solution is observed on a scarce set of
observations. These solutions were generated by prescribing the initial conditions u0 and
then solving the PDE using a traditional numerical solver on a fine mesh. The observed
data was then subsampled from a set of Chebyshev collocation points that were also used
in the implementation of all algorithms as the collocation mesh Y .
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Figure 2.2: Representative numerical results for the Duffing oscillator (2.18): (a) Shows the training
data and the ground truth state of the system u in comparison to the reconstructed state û using 1-
step KEqL and 2-step methods; (b) Quantitative values of relative state reconstruction and operator
learning errors, the latter is reported for different time windows. These values were averaged over
three random initial conditions; (c) Visualization of three extrapolated dynamics used to compute
Ropl.

Algorithm setup

We took L1 : u 7→ u , L2 : u 7→ ∂xu, L3 : u 7→ ∂2xu and also P (u) = ∂tu. U was taken to be
RBF and P was a polynomial kernel of degree 2. To approximate the derivatives for SINDy
we used the same RBF kernel used in KEqL and the dictionary terms were polynomial
features {1, u, ∂xu, ∂2xu}; we found that this dictionary gave the best results for SINDy. For
the PINN-SR method we used the same dictionary for P along with a feed-forward neural
network with 8 layers and width 20 to approximate u.

Results

We begin by considering the state reconstruction and equation learning errors for one-shot
learning of Burgers’ as shown in Figure 2.3(a) where we are reporting the errors for a fixed
smooth initial condition with different number of observation points. Note, these errors
were computed over the training data but they are different from the training error of the
algorithm as they compare the reconstructed solution and the learned PDE on the test mesh
Ytest. Since the observation points are random we are reporting the average errors along
with the best and worst errors over different runs giving the shaded regions. We found
that 1-step KEqL leads to the best state reconstruction errors with a wider performance
gap when NY is small. Interestingly, the performance gap appears to be more pronounced
in the equation learning case where we observed an order of magnitude improvement over
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SINDy and almost two orders improvement over PINN-SR. We observed significantly larger
errors for PINN-SR here which we attribute to difficulties in tuning and optimizing PINN
models. In fact, we could often bring these errors down by hand tuning the algorithm in
each instance of the experiments but automatic strategies proposed in [160] appeared to be
very sensitive to the location of observation points.

This issue was exacerbated further with random initial conditions as depicted in Fig-
ure 2.3(b). We report the average errors along with the best and worst errors as shaded
areas as before. A similar conclusion can be drawn here as in Figure 2.3(a), where 1-step
KEqL continues to achieve the lowest state reconstruction and equation learning errors,
with a larger performance gap when NY is small. However, we now observe that the KEqL
and SINDy methods exhibit greater robustness across different experiments, whereas the
performance of the PINN-SR deteriorates significantly. This decline is reflected in larger
shaded regions and the larger average error. The main takeaway here is that KEqL and
SINDy appear to be very robust to the choice of hyperparameters where as PINN-SR needs
tailored hyperparameter tuning for every single run.

In Figure 2.3(c,d) we show two enlightening examples that highlight the performance
gap of 1-step and 2-step methods. In (c) we hand picked an initial condition that leads
to a solution with multiple (near) shocks. We see that despite scarcity of observations,
1-step KEqL and PINN-SR are able to capture the general shape of the solution while 2-
step methods are significantly worse. In (d) we show an instance where we only observed
the value of the solution on the boundary of the domain while in row (e) we solved the
learned equation for a new initial condition. Once again we see that 1-step methods give
better performance for state reconstruction, however, when solving the learned PDE a
noticeable performance gap appears across the three methods with 1-step KEqL giving the
best solution. This example further reflects the performance gaps observed in panel (a).

2.4.4 Darcy’s flow PDE

Here we performed a systematic study of the performance of 1-step and 2-step KEqL for
learning an elliptic PDE with a variable diffusion coefficient. In particular, we investigate the
ID and OOD performance in terms of state reconstruction, equation learning, and operator
learning. Our goal here was to push the algorithm in terms of scalability to a large number
of solution and right hand side pairs (large M) and very scarce observations (very small
NY).

Problem setup

Take Y = (0, 1)× (0, 1) and consider the PDE{
P(u) = div (a∇u) = f, in Y,
u(y) = g(y), for y ∈ ∂Y, (2.20)

where a(y) = exp (sin(cos(y1) + cos(y2))). The training data was generated by drawing
u from a smooth GP and setting f = P(u) and setting value of g(y) = u(y) on ∂Y as
the boundary condition. Each u was then subsampled on the observation points that were
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Figure 2.3: Representative numerical results for Burgers’ PDE (2.19): (a) State reconstruction and
equation learning errors computed on the training functions for 1-step KEqL, kernel interpolant +
SINDy, and PINN-SR using M = 1 training pairs and varying the number of interior observations
NY ; (b) Similar experiment as panel (a) but with randomized initial conditions; (c) State reconstruc-
tion results from scarce data using parameters that lead to a near shock comparing 1-step KEqL,
PINN-SR and a kernel interpolation; (d) Similar setup to row (c) with a smooth solution and ob-
servations only on the boundary; (e) Computed solutions to the PDEs identified by 1-step KEqL,
PINN-SR, and SINDy from the data in row (d) for a new initial condition.

picked randomly in the interior of a uniform collocation grid Y . The test data sets were
generated similarly with the OOD data drawn from a GP with a different length scale.

Algorithm setup

We picked the operators L1 : u 7→ u , L2 : u 7→ ∂y1u, L3 : u 7→ ∂2y1u, L4 : u 7→ ∂y2u,

L5 : u 7→ ∂2y2u, L6 : u 7→ ∂y1y2u and P ≡ 0. We used U = URBF for learning u and P
was a hybrid polynomial kernel as the product of an RBF for the spatial variables and
a polynomial kernel of first degree for the rest of the variables. For all experiments we
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employed the 1-step KEqL along with additional sparse numerical linear algebra tricks (see
SM) to scale the algorithms to large training data sizes.

Results

Figure 2.4 summarizes various training and test errors for this example focusing on equation
learning and operator learning errors. The black lines represent the average errors, while
the shaded regions indicate the range of errors, spanning from the worst to the best across
multiple runs; see SM for more details.

We observed that the 1-step method consistently outperformed the 2-step method across
all tasks both ID and OOD. Most notably, in very scarce observation regime (only NY = 2
interior observations per function) we see an order of magnitude performance gap between
1-step and 2-step methods across the board. As expected, the gap reduces as we increase
the observations NY and the size of the training data M . Finally, we note that the operator
learning errors follow the same trends as the equation learning errors which suggests that
operator learning should inherit similar rates as equation learning.
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Figure 2.4: Representative numerical results for Darcy’s flow PDE (2.20): The top two figures from
the left show the equation learning errors computed over training and ID test sets. The OOD test
errors are shown in the next row along with the ID operator learning error. The 1-step KEqL was
used and the labels on the graphs denote the number of interior observation points NY .

2.5 Theoretical analysis

In this section we turn our attention to the theoretical analysis of KEqL and in particular
obtaining quantitative error bounds for the functions ûm as well as the operators P̂ and
P̂†. We begin with a brief review of results from RKHS theory and Sobolev spaces needed
for our analysis in Section 2.5.1. State reconstruction and Equation learning errors for
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KEqL are presented in Section 2.5.2. The subsequent operator learning error analysis is
summarized in Section 2.5.3. We omit some repetitive proofs and arguments to save space
and collect them in the SM.

2.5.1 Preliminaries

We begin by collecting useful preliminary results relating to the theory of RKHS spaces and
Sobolev spaces.

RKHS spaces We assume familiarity with the standard results in the theory of RKHSs;
these results can be found in many classic texts such as [166, 229, 230, 239]. We are
particularly interested in a scaled characterization of RKHS via Mercer’s theorem, which
allows us to define the nested ladder of RKHS spaces.

Proposition 2.7. Suppose Ω ⊂ Rq is bounded and let H : Ω×Ω → R be a PDS kernel that is
continuous in both of its arguments on Ω. Then there exists an orthonormal set of continuous
eigenfunctions {ei}∞i=1 ⊂ L2(Ω) and decreasing eigenvalues {λi}∞i=1, λ1 ≥ λ2 ≥ . . . , such
that H(x, x′) =

∑∞
i=1 λiei(x)ei(x

′), and for γ > 0 the scaled RKHS Hγ can be characterized
as

Hγ =

f : Ω → R

∣∣∣∣∣ f(x) = ∑
i∈{i|λi ̸=0}

ci(f)ei(x),
∑

i∈{i|λi ̸=0}
λ−γi ci(f)

2 < +∞


and for any pair f, f ′ ∈ Hγ we have ⟨f, f ′⟩Hγ =

∑
i∈{i|λi ̸=0} λ

−γ
i ci(f)ci(f

′). In particular,

the RKHS H is recovered as H = H1.

These are precisely the RKHSs corresponding to the kernels Hγ(x, x′) :=
∑∞

i=1 λ
γ
i ei(x)ei(x

′).
Naturally, larger values of γ imply more ”smoothness”, in particular we have the inclusion
Hγ2 ⊂ Hγ1 for 1 ≤ γ1 < γ2 following Hölder’s inequality. Observe that our definition of the
Hγ resembles the spectral definition of Sobolev spaces Hγ(Ω) on compact sets in which case
the {λi, ei}∞i=1 can be taken as the eigenpairs of the inverse of the Laplacian operator. The
following lemma is useful in our proofs later in this section; for the proof of the lemma, see
SM.

Lemma 2.8. Suppose f ∈ H2γ and f ′ ∈ Hγ. Then ⟨f ′, f⟩Hγ ≤ ∥f ′∥L2(Ω)∥f∥H2γ .

Proof. For simplicity of notation let us assume that λi ̸= 0 so that the kernel H is strictly
PDS (i.e., non-degenerate). By definition of the Hγ inner product, and using Cauchy-

Schwartz, we have that ⟨f ′, f⟩Hγ =
∑∞

i=1 λ
−γ
i ci(f

′)ci(f) ≤
(∑∞

i=1 ci(f
′)2
)1/2 (∑∞

i=1 λ
−2γ
i ci(f)

2
)1/2

=

∥f ′∥L2(Ω)∥f∥H2γ .

Throughout the remainder of the theoretical analysis section, whenever we write Hγ for
γ ∈ N, we mean the nested RKHS, not the product space.
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Sobolev spaces We present some essential background on Sobolev spaces, including the
version of the Sobolev embedding theorem used in our proofs in SM. In addition to the
embedding theorem we will heavily rely on the Sobolev sampling inequality which gives
control over the Sobolev norm of a function that is small or zero on a scattered set of points.
For an introduction to Sobolev sampling inequalities and related results on scattered data
approximation see [240]. The following theorem is a distillation of [241, Prop. 2.4] in the
form that we need in our proofs; see also [242–244].

Proposition 2.9 (Sobolev sampling inequality). Suppose Ω ⊂ Rd is a bounded set with
Lipschitz boundary and consider a set of points X = {x1, . . . , xN} ⊂ Ω with fill distance
hX := supx∈Ω infx′∈X ∥x − x′∥2. Let u|X denote the restriction of u to the set X. Further
consider γ > d/2 and 0 ≤ η ≤ γ and let u ∈ Hγ(Ω).

(a) (Noiseless) Suppose u|X = 0. Then there exists h0 > 0 so that whenever hX ≤ h0
we have ∥u∥Hη(Ω) ≤ CΩh

γ−η
X ∥u∥Hγ(Ω), where CΩ > 0 is a constant that depends only

on Ω.

(b) (Noisy) Suppose u|X ̸= 0. Then there exists h0 > 0 so that whenever hX ≤ h0 we

have the inequality ∥u∥L∞(Ω) ≤ CΩh
γ−d/2
X ∥u∥Hγ(Ω) + 2∥u|X∥∞, where CΩ > 0 is a

constant that depends only on Ω.

2.5.2 Error analysis for equation learning

We now turn our attention to error bounds for ûm and P̂ , i.e., the state reconstruction and
equation learning errors. We will present our proofs for 1-step KEqL assuming that there is
no noise in the data or nugget terms in the formulation. We give further theoretical results
in the SM including a simpler convergence proof for 1-step KEqL that can generalize beyond
the RKHS formulation as well as an analogous error bound for 2-step KEqL.

Let us begin by presenting our main assumptions that will be used in the rest of this
section. First we have a standard assumption on the set Y on which the PDE is defined.
This assumption allows us to use Sobolev embedding theorem and sampling inequalities.

Assumption 2.10. The set Y ⊂ Rd is bounded and has Lipschitz boundary.

Next we will need assumptions on the kernels U and P to ensure sufficient regularity and
continuous embedding in appropriate Sobolev spaces:

Assumption 2.11. The kernel U : Y × Y → R and its corresponding RKHS satisfy:

(i) U is PDS and continuous in its arguments.

(ii) U is continuously embedded in Hγ(Y) for some γ > d/2 + order(P). In particular,
there exists CY > 0 such that ∥u∥Hγ(Y) ≤ CY∥u∥U for all u ∈ U .

(iii) B(u) = g on ∂Y for all u ∈ U , i.e., the boundary conditions of (2.3) hold.
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Remark 2.12. We highlight that Assumption 2.11(iii) allows us to simplify our theoretical
arguments significantly since we do not need to approximate values of the functions on the
boundary. However, this assumption can be removed by adding a separate approximation
result for the value of estimated functions ûm near the boundary under sufficient regularity
assumptions. ♢

Assumption 2.13. The kernel P : S × S → R and its corresponding RKHS satisfy:

(i) P is PDS.

(ii) P is continuously embedded in Hη(S) for some η > Q+d
2 .

(iii) Elements of P are locally Lipschitz, i.e., for any compact set B ⊂ S there exists a
constant C(B) > 0 so that |P (s)− P (s′)| ≤ C(B)∥P∥P∥s− s′∥2, for all s, s′ ∈ B.

Since we will be taking the limit of N (number of observation points) and M (size of
training data) to infinity, we will supplement our notations in this section by subscripting
pertinent objects with M,N indices. In particular we will write ûmM,N to denote the KEqL
estimators for um with N observations on the points Y m

N and M training pairs as well as

P̂M,N for the KEqL estimator of P . We further write YM,N to denote the collocation mesh
that was used to compute these estimators. With this notation, we further define the fill
distances

ρm,N = sup
y∈Y

inf
y′∈Ym

N

∥y − y′∥2, ϱM,N (B) = sup
s∈B

inf
s′∈S∩B

∥s− s′∥2,

where S := ∪Mm=1 ∪y∈YN Φ(um, y). We additionally define ρM,N := sup1≤m≤M ρm,N .

Error analysis for 1-step KEqL

The following theorem gives a quantitative error bound for 1-step KEqL and constitutes
our main theoretical contribution.

Theorem 2.14. Consider the problem (2.11) with M,N ∈ N. Suppose Assumptions 2.10,
2.11, and 2.13 hold and P, P ∈ P. Consider pairs {um, fm}Mm=1 satisfying (2.3), and a
bounded set B ⊂ S with Lipschitz boundary. Then there exist constants ρ0, ϱ0(B) ∈ (0, 1)
so that whenever ρm,N < ρ0 and ϱM,N (B) < ϱ0(B) it holds that:

(a) If um ∈ U then it holds for 0 ≤ γ′ < γ and a constant C > 0, depending only on Y,
that

1

M

M∑
m=1

∥ûmM,N − um∥2
Hγ′ (Y)

≤ Cρ
2(γ−γ′)
M,N

(
∥P∥2P +

1

M

M∑
m=1

∥um∥2U

)
.

(b) If um ∈ U2 then it holds for d/2 + order(P) < γ′ < γ and a constant C > 0,
depending only on Y and B, that

∥P − P̂M,N∥L∞(B)

≤ C
(
ϱM,N (B)η−

Q+d
2 + ργ−γ

′

M,N

)(
∥P∥2P + ∥P∥2P +

1

M

M∑
m=1

∥um∥2U2

)1/2

.
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We observe that both of our bounds closely resemble the Sobolev sampling inequalities
from Proposition 2.9. Indeed, statement (a) is natural in that light since we have access to
pointwise observations of the um on the sets Y m

N . The only technicality in the proof of this
result is that the ûmM,N are not obtained by solving individual optimal recovery problems
but rather a joint problem for all of the um as well as P . This is why the sum of those
RKHS norms appears on the right hand side. The proof of statement (b) is more complex
since our recovery problem for P is polluted by two sources of error: (1) error due to limited
observations of the PDE on a collocation mesh and (2) errors due to approximation of um

with ûmM,N that are then plugged into P via the operator Φ. Essentially, we are dealing with
a regression problem where the input and output of the function are noisy. This is why we
need to assume that elements of P are Lipschitz in Assumption 2.13.

Proof. For simplicity we will present the proof with the regularization parameter λ = 1.
Other choices will only affect the constant C in the bounds.

(a) Observe that the equality constraints ûmM,N (Y
m
N ) = um(Y m

N ) in (2.11) (with our new
supplemented notation) simply state that the ûmM,N are interpolating the um and so we
can apply Proposition 2.9(a). Indeed, directly applying that result followed by Assump-
tion 2.11(ii) we obtain, for ρm,N < ρ0, the bounds

∥ûmM,N − um∥Hγ′ (Y) ≤ Cργ−γ
′

m,N ∥ûmM,N − um∥Hγ(Y) ≤ Cργ−γ
′

m,N ∥ûmM,N − um∥U ,
with the constant C > 0 changing from one inequality to the next and depending only
on the domain Y and the choice of U and γ. Using the inequality above, the identity
(a+ b)2 ≤ 2 (a2 + b2), and the optimality of ûmM,N , we can write

1

M

M∑
m=1

∥ûmM,N − um∥2
Hγ′ (Y)

≤ C

M
ρ
2(γ−γ′)
M,N

(
M∑
m=1

∥ûmM,N∥2U +
M∑
m=1

∥um∥2U

)
,

≤ C ρ
2(γ−γ′)
M,N

(
∥P∥2P +

1

M

M∑
m=1

∥um∥2U

)
.

This concludes the proof of the first inequality.
(b) Fix M and for each um define the optimal interpolant

umN := argmin
v∈U

∥v∥U s.t. v(Y m
N ) = um(Y m

N ). (2.21)

By optimality, we have the bound ∥ûmM,N∥U ≥ ∥umN∥U . At the same time, Proposition 2.4

gives umN = U(Y m
N , ·)TU(Y m

N , Y m
N )−1um(Y m

N ) and a direct calculation using the RKHS re-
producing property, i.e. ⟨u,U(x, ·)⟩U = u(x) for all u ∈ U , implies that ⟨um−umN , umN ⟩U = 0,
which in turn gives the identity ∥um − umN∥2U = ∥um∥2U − ∥umN∥2U .

Thus we obtain the lower bound

∥ûmM,N∥2U ≥ ∥um∥2U − ∥um − umN∥2U . (2.22)

On the other hand the optimality of P̂M,N and the ûmM,N gives

∥P̂M,N∥2P ≤ ∥P∥2P +
1

M

M∑
m=1

(
∥um∥2U − ∥ûmM,N∥2U

)
,
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which together with (2.22) yields

∥P̂M,N∥2P ≤ ∥P∥2P +
1

M

M∑
m=1

∥um − umN∥2U . (2.23)

Applying Lemma 2.8 (thanks to the assumption that um ∈ U2) then gives the bound ∥um−
umN∥2U ≤ ∥um−umN∥L2(Y)∥um∥U2 . Further applying Proposition 2.9(a) (since umN interpolates
um) to control ∥um − umN∥L2(Y) we obtain the bound ∥um − umN∥2U ≤ Cργm,N∥um∥U∥um∥U2 .

Substituting into (2.23) and using the embedding U2 ⊂ U gives

∥P̂M,N∥2P ≤ ∥P∥2P +
C

M

M∑
m=1

ργm,N∥um∥U∥um∥U2 ≤ C

M

M∑
m=1

ργm,N∥um∥2U2 . (2.24)

Now we turn our attention to controlling the error between P̂M,N and P . Observe that the
PDE constraint in (2.11) implies that, for all k and m,

(P̂M,N + P )(sk(û
m
M,N )) = (P + P )(sk(u

m)),

where we recall sk(v) = Φ(v, yk) is linear in v. Thus, subtracting (P̂M,N +P )(sk(u
m)) from

both sides of the above equation we obtain the bound∣∣∣(P − P̂M,N )(sk(u
m))
∣∣∣

=
∣∣∣P̂M,N (sk(û

m
M,N ))− P̂M,N (sk(u

m)) + P (sk(û
m
M,N ))− P (sk(u

m))
∣∣∣

≤
∣∣∣P̂M,N (sk(û

m
M,N ))− P̂M,N (sk(u

m))
∣∣∣+ ∣∣P (sk(ûmM,N ))− P (sk(u

m))
∣∣ .

Now consider indices k,m such that sk(u
m) and sk(û

m
M,N ) belong to B. Then by the

Lipschitz assumption on P̂M,N and P (i.e., Assumption 2.13(iii)) we have that∣∣∣(P − P̂M,N )(sk(u
m))
∣∣∣2 ≤ C(B)

(
∥P̂M,N∥2P + ∥P∥2P

)
∥sk(um − ûmM,N )∥22.

Applying the bound (2.24) to control ∥P̂M,N∥2P under the assumption that ρm,N < ρ0, we
can write ∣∣∣(P − P̂M,N )(sk(u

m))
∣∣∣2

≤ C

(
∥P∥2P + ∥P∥2P +

1

M

M∑
m=1

ργm,N∥um∥2U2

)
∥sk(um − ûmM,N )∥22.

It remains for us to control the error ∥sk(um − ûmM,N )∥22. Thanks to Assumption 2.11(ii)
and Sobolev embedding theorem, we have for any γ′ satisfying d/2 + order(P) < γ′ ≤ γ
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that ∥sk(v)∥2 ≤ C∥v∥Hγ′ . This, together with statement (a) gives the bound∣∣∣(P − P̂M,N )(sk(u
m))
∣∣∣2 ≤ C

(
∥P∥2P + ∥P∥2P +

1

M

M∑
m=1

ργm,N∥um∥2U2

)

× ρ
2(γ−γ′)
M,N

(
∥P∥2P +

1

M

M∑
m=1

∥um∥2U

)

≤ Cρ
2(γ−γ′)
M,N

(
∥P∥2P + ∥P∥2P +

1

M

M∑
m=1

∥um∥2U2

)2

,

(2.25)

where we assumed ρm,N < 1 for the second display.

At this point, we have shown that P and P̂M,N are close on the discrete set S. A
direct application of the noisy Sobolev sampling inequality Proposition 2.9(b) under the
assumption that ϱM,N (B) ≤ ϱ0 gives

∥P − P̂M,N∥L∞(B) ≤ CϱM,N (B)η−
Q+d
2 ∥P − P̂M,N∥Hη(B) + 2 ∥(P − P̂M,N )|S∥∞. (2.26)

Thanks to Assumption 2.13(ii) and the bound (2.24) we can further bound the Sobolev
norm in the first term on the right-hand side,

∥P − P̂M,N∥Hη(B) ≤ ∥P − P̂M,N∥Hη(S) ≤ ∥P∥P + ∥P̂M,N∥P

≤ C

(
∥P∥2P +

1

M

M∑
m=1

ργm,N∥um∥2U2

)1/2

.

Taking the supremum over the index m under the sum, substituting this bound along with
(2.25) into (2.26), and using the assumption that ρm,N ≤ 1, we obtain the desired inequality

∥P − P̂M,N∥L∞(B) ≤ C

[
ϱM,N (B)η−

Q+d
2

(
∥P∥2P +

ργM,N

M

M∑
m=1

∥um∥2U2

)1/2

+ ργ−γ
′

M,N

(
∥P∥2P + ∥P∥2P +

1

M

M∑
m=1

∥um∥2U2

)1/2 ]

≤ C
(
ϱM,N (B)η−

Q+d
2 + ργ−γ

′

M,N

)(
∥P∥2P + ∥P∥2P +

1

M

M∑
m=1

∥um∥2U2

)1/2

.

Remark 2.15. We emphasize that the above error bounds are quite strong, and give pointwise
control over the errors of the ûmM,N and P̂M,N over subsets of their domains, provided that
the training data is sufficiently space-filling. This is in line with the theory of scattered data
approximation and suggests various avenues for experimental design of equation learning
algorithms. Furthermore, the bound for P̂M,N implies that the learned PDE is accurate for
new input-output pairs (u, f) that are close to the training data in an appropriate sense,
i.e., if Φ(u, ·) ∈ B. ♢
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Remark 2.16. We note that our error analysis above can be extended in various directions to
incorporate other types of problems that may be encountered in practice. For example, the
terms concerning supm ρm,N in Theorem 2.14(b) can be too pessimistic in situations where
a small portion of the training data are outliers with very large norm or large fill-distances.
Then it is natural for us to consider a probabilistic model, i.e., the GP regression approach
with a nugget term which allows us to obtain similar error bounds in expectation or high-
probability. Such error bounds already exist in the literature and we refer the interested
reader to [245, 246] for further reading. We also highlight that our proof technique can
be applied beyond the particular instance of equation learning to any compositional model
of multiple RKHS functions such as those encountered in computational graph completion
[227]. Finally, we can view our equation learning problem as a nonlinear version of the total
least squares problem [247, 248] connecting our analysis to a broader set of approximation
problems with noise in the input and output of a function. ♢

2.5.3 Error analysis for equation-mediated operator learning

We now extend our equation learning error bound to an operator learning bound. Classi-
cal operator-learning error rates are typically stated as convergence guarantees for learned
operators between function spaces, rather than bounds for a single fixed input. They often
control the worst-case error over a compact input set, as in neural-operator universal ap-
proximation results [249], or the average error under an input-function distribution, as in
DeepONet analyses of approximation and generalization error [250]. In our notation, this
would amount to obtaining an average or supremum error bound for P−1 over a function
space containing P. In contrast, we leverage the learned P as a local differential operator
obtained through equation learning, then numerically invert it to evaluate P−1, thereby
obtaining the resulting pointwise operator-learning bound.

Remark 2.17 (Order of operations). The error analysis of this subsection assumes that an

equation-learning error bound for P̂ has already been established, for instance the bound
for 1-step KEqL in Section 2.5.2. The operator-learning error analysed here measures the
additional error incurred when inverting the learned P̂ via the variational problem (2.13) of

Section 2.2.3 to evaluate P̂† at a new input f . The pointwise bound stated below therefore
decomposes into two contributions: the equation-learning error already quantified upstream,
and a stability term that controls how perturbations in P propagate through the inversion.

♢

We begin by giving an elementary lemma that allows us to control the error between
the solution of a true PDE and that of an approximate equation under sufficient regularity
assumptions on the forward and inverse differential operators. For this lemma, we will
consider P : U → F and its inverse P−1 : F → U for generic Banach spaces U ,F .

Lemma 2.18. Consider A ⊂ U and B ⊂ F for which it holds that:

1. P−1 is locally Lipschitz on B, i.e., for any pair f, f ′ ∈ B ⊂ F , there exists a
constant L(B) so that

∥P−1(f)− P−1(f ′)∥U ≤ L(B)∥f − f ′∥F .
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2. P̂ approximates P on A in the sense that

∥P̂(u)− P(u)∥F ≤ ϵ(A)∥u∥U ,

for some constant ϵ(A) > 0.

Fix an f ∈ B for which P−1(f) ∈ A, and let û ∈ A be any element that solves P̂(û) = f .
Then we have the error bound

∥û− P−1(f)∥U ≤ L(B) ϵ(A) ∥û∥U .

Proof. Write u = P−1(f). Since û solves the approximate problem we can write P̂(û) +
P(û)−P(û) = f = P(u). Combining this with the Lipschitz assumption on P−1 and the

assumed error bound for P̂ gives the chain of inequalities

∥û− u∥U ≤ L(B)∥P(û)− P(u)∥F = L(B)∥P̂(û)− P(û)∥F ≤ L(B) ϵ(A) ∥û∥U .

Let us now apply this lemma to obtain an error bound for the learned equation P̂M,N (u) =

(P̂M,N+P )◦Φ(u, ·) = f via 1-step KEqL; a similar result can be shown for the 2-step method
by a straightforward modification of the proof using our error bound for 2-step KEqL in
SM.

Proposition 2.19. Suppose Theorem 2.14 is satisfied with some set B. Let f ∈ C(Y) be a
right-hand side function such that

1. P−1 is locally Lipschitz in a neighborhood of f , i.e., ∥P−1(f) − P−1(f ′)∥U ≤
L∥f − f ′∥C(Y) for f

′ in some neighborhood of f .

2. Φ(P−1(f), y) ∈ B for all y ∈ Y.

Then, for sufficiently large M,N , and any û that satisfies P̂M,N (û) = f , we have

∥û− P−1(f)∥U

≤ C ∥û∥U
(
ϱ
η−Q+d

2
M,N + ργ−γ

′

M,N

)(
∥P∥2P + ∥P∥2P +

1

M

M∑
m=1

∥um∥2U2

)1/2

.

Proof. Let us write u = P−1(f), and observe that thanks to hypothesis (2) of the theorem
and Theorem 2.14, we have the bound

∥P̂M,N (u)− P(u)∥C(Y)

≤ C

(
ϱ
η−Q+d

2
M,N + ργ−γ

′

M,N

)(
∥P∥2P + ∥P∥2P +

1

M

M∑
m=1

∥um∥2U2

)1/2

.

The result follows by a straightforward application of Lemma 2.18.
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Remark 2.20. The above proposition tells us that the operator learning problem associated
to ”solving” P̂(u) = f essentially inherits the same rate of convergence as the equation
learning problem so long as the new right-hand side function f is not too different from
those encountered in the training data. This is inline also with the local nature of the
type of error bounds we have derived in this section for P̂ from the theory of scattered
data approximation. We also note that our result can naturally accommodate SINDy type
methods or other abstract optimal recovery approaches to equation learning once an error
bound for P̂ is available. ♢

Remark 2.21. In general, our methodology, convergence results, and experiments hold for
non-pointwise settings. However, the error estimates both for equation learning and operator
learning are pointwise. Although we did not prove non-pointwise error estimates, techniques
for proving such estimates can be found in Theorem 4.11. and Chapter 14 of [166]. ♢

2.5.4 Connection to existing results

The theoretical analysis of equation learning has been largely focused on the case of sparse
recovery methods [190] while more recent articles have also considered fundamental lim-
itations of equation learning such as identifiability [192] and PDE learning from a single
trajectory [193]. More precise results have also been obtained for particular types of PDEs
such as elliptic equations [251, 252] as well as for ODEs in [253]. Our analysis is different
from these works in a number of directions: (1) to our knowledge previous works do not
cover the case of the 1-step methods or the RKHS formulation; (2) quantitative worst-case
error bounds such as ours are first of their kind; (3) some of the stronger guarantees in the
literature are tailored to specific PDEs while our results apply to generic nonlinear PDEs
under sufficient smoothness assumptions. In connection to operator learning we note that
most of the works in this direction are focused on the function space regression framework
[254] and, to our knowledge, our results above are a first of their kind in this direction.

2.6 Discussion

We presented the 1- and 2-step formulations of KEqL as an algorithm for learning nonlinear
PDEs as well as their solution operators and state reconstruction of observed states in scarce
data regimes. While our algorithms, experiments, and theoretical analyses were focused
on an RKHS formulation our abstract methodology can be extended to other types fo
models including neural nets or sparse regression methods such as SINDy. Additionally, our
exposition unified the problems of equation learning, operator learning, and solving PDEs
under the umbrella of optimal recovery.

Our theoretical results provided quantitative error bounds for our algorithms while our
numerical experiments demonstrated significant gains in accuracy and robustness in com-
parison to existing methods in the literature. Most notably, our methods appear to be a lot
less sensitive to choice of hyperparameters and demonstrate more consistent performance
compared to equivalent neural net methods.

Various avenues of future research and extensions of the KEqL framework can be iden-
tified: (a) we outlined KEqL for a single PDE but its extension to systems of PDEs is an
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obvious next step since many physical processes of interest are governed by systems of equa-
tions; (b) our approach to operator learning, after the deployment of KEqL, relies on a PDE

solver for each evaluation of P̂† which can be expensive. Therefore it may be interesting to
investigate the emulation of this process to obtain a cheap solver that can be deployed for
real time predictions; (c) In many of our experimental results we observed very competitive
accuracy for 1-step KEqL, however, we still observed a relative error barrier (around 10−2

in Figure 2.4) which is not in line with our theoretical guarantees, we suspect these issues
may arise due to ill-conditioning of the problems and various approximations made in the
algorithms in order to scale the computations; (d) While our theoretical analysis addresses
asymptotic convergence rates it does not apply to scarce data regimes where 1-step KEqL
is most useful and so a non-asymptotic analysis in this regime would be of great interest.
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This document contains additional material that supplement our main manuscript. Sec-
tion 2.7 gives additional theoretical results including an error bound for 2-step KEqL and
a simple proof of convergence for the 1-step method. Section 2.8 contains further imple-
mentation details for our algorithms while Section 2.9 contains additional results from our
numerical experiments in the main body.

2.7 Details of theoretical analysis

In this section we outline additional theoretical details such as proofs of convergence of the
2-step and 1-step KEqL methods in Section 2.7.2 and Section 2.7.3 respectively, as well as
their representer theorems in Section 2.7.4.

2.7.1 Preliminaries

Here we briefly recall the Sobolev embedding theorem that is central to our error analysis.
We will not present a review of Sobolev spaces and instead refer the reader to the classic
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texts [255, 256].
For an open set Ω ⊆ Rq and γ ∈ N we write Hγ(Ω) to denote the L2(Ω) based Sobolev

space of index γ equipped with the norm ∥u∥2Hγ(Ω) =
∑

|a|≤γ ∥Dau∥2L2(Ω), where a is a

multi-index. We also employ the convention H0(Ω) = L2(Ω). We then have the following
Sobolev embedding theorem:

Proposition 2.22 (Sobolev embedding theorem [255, Thm. 4.12]). Suppose Ω ⊂ Rq is a
bounded set with Lipschitz boundary and that for p ∈ N it holds that γ > q/2 + p. Then
Hγ(Ω) is continuously embedded in Cp(Ω) and it holds that ∥u∥Cp(Ω) ≤ CΩ∥u∥Hγ(Ω) for an
embedding constant CΩ ≥ 0 that depends only on Ω.

2.7.2 Error analysis for 2-step KEqL

We present an error estimate for the 2-step KEqL. We follow the same notation as the main
theorem, and we follow similar steps.

Theorem 2.23. Consider the problem in (2.6) and (2.8) with M,N ∈ N. Suppose As-
sumptions 2.10, 2.11, and 2.13 hold, P, P ∈ P, and um ∈ U . Consider pairs {um, fm}Mm=1

satisfying (2.3), and a bounded set B ⊂ S with Lipschitz boundary. Then there exist con-
stants ρ0, ϱ0(B) ∈ (0, 1) so that whenever ρm,N < ρ0 and ϱM,N (B) < ϱ0(B) it holds that:

∥ûmN − um∥Hγ′ (Y) ≤ Cρ
(γ−γ′)
m,N ∥um∥U ,

for 0 ≤ γ′ < γ and a constant C > 0 that depends only on Y. Furthermore,

∥P − P̂M,N∥L∞(B) ≤ Cmax{1, 2η−Q+d
2 }×[

ϱ
η−Q+d

2
M,N +max

{(
ργ−γ

′

M,N ∥um∥U
)η−Q+d

2
, ργ−γ

′

M,N ∥um∥U
}(

∥P∥P + ∥P∥P
) ]
,

for d/2 + order(P) < γ′ < γ and a constant C > 0 that depends on Y and B.

Proof. (a) The first statement is a direct application of the Sobolev sampling inequality
Proposition 2.9(a) since the ûmN are simply the kernel interpolants of the um.

(b) Consider the definition of P and observe that the interpolation constraint for P̂M,N

can be written as

(P̂M,N + P )(sk(û
m
N )) = (P + P )(sk(u

m
N ))

= (P + P )(sk(û
m
N )) + (P + P )(sk(u

m))− (P + P )(sk(û
m
N ))

= (P + P )(sk(û
m
N )) + (P + P )(sk(u

m − ûmN )),

where once again we used the fact that the sk(v) is linear in v. Assuming sk(u
m) and sk(u

m
N )

belong to the set B we can use the local Lipschitz property of P and P to infer that

|P̂M,N (sk(û
m
N ))− P (sk(û

m
N ))| ≤ C(B)

(
∥P∥P + ∥P∥P

)
∥sk(um − ûmN )∥2
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By the Sobolev sampling inequality Proposition 2.9(a) and Assumption 2.11(ii) we can
further bound

∥sk(um − ûmN )∥2 ≤ Cργ−γ
′

m,N ∥um∥U , (2.27)

where γ > γ′ > d/2 + order(P). This further leads to an error bound on the difference
between P̂M,N and P on the set of points sk(û

m
N ):

|P̂M,N (sk(û
m
N ))− P (sk(û

m
N ))| ≤ Cργ−γ

′

m,N

(
∥P∥P + ∥P∥P

)
∥um∥U

We can now apply the noisy Sobolev sampling inequality Proposition 2.9(b), viewing P̂M,N

as the noisy interpolant on P on the set of points sk(û
m
N ), to get the error bound

∥P − P̂M,N∥L∞(B) ≤ C

[
ϱ̂
η−Q+d

2
M,N ∥P∥P + ργ−γ

′

M,N ∥um∥U
(
∥P∥P + ∥P∥P

) ]
,

where we introduced the notation ϱ̂M,N := sups′∈B infk,m ∥s′ − sk(û
m
N )∥. By (2.27) we

have that ∥s′ − sk(û
m
N )∥ ≤ ∥s′ − sk(u

m)∥ + C supm

(
ργ−γ

′

m,N ∥um∥U
)

which in turn implies

ϱ̂M,N ≤ ϱM,N + C supm

(
ργ−γ

′

m,N ∥um∥U
)
. Substituting back into the bound above yields

∥P − P̂M,N∥L∞(B) ≤ C

[(
ϱM,N + sup

m

(
ργ−γ

′

m,N ∥um∥U
))η−Q+d

2

∥P∥P

+ ργ−γ
′

M,N ∥um∥U
(
∥P∥P + ∥P∥P

) ]
.

Using the inequality (a+ b)p ≤ max{1, 2p−1}(ap + bp) for p ∈ (0,+∞] we can simplify this
bound to take the desired form

∥P − P̂M,N∥L∞(B) ≤ Cmax{1, 2η−Q+d
2 }×[

ϱ
η−Q+d

2
M,N +max

{(
ργ−γ

′

M,N ∥um∥U
)η−Q+d

2
, ργ−γ

′

M,N ∥um∥U
}(

∥P∥P + ∥P∥P
) ]
.

2.7.3 Convergence guarantees for 1-step KEqL

In this section we present the proof for the convergence of the 1-step KEqL which requires
less stringent conditions such as Lipschitzness of elements in the RKHS P. Additionally, this
proof is enlightening since it has potential to be extended to non-RKHS optimal recovery
models.

Theorem 2.24. Consider the problem (2.11). Suppose Assumptions 2.10 and 2.11 and
Assumption 2.13(i-ii) hold. In addition, suppose that the continuous embeddings stated in
Assumption 2.11(ii) and Assumption 2.13(ii) are compact. Finally, let P ∈ P, and assume
that P is continuous. Consider pairs {um, fm}∞m=1 satisfying (2.3) and a bounded set B ⊂ S
with Lipschitz boundary. Finally, suppose ρm,N → 0 as N → ∞ for all m and ϱM,N (B) → 0
as M,N → ∞. Then the following holds:
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(a) Fix M . If um ∈ U then limN→∞ ûmM,N = um pointwise in Y and in Hγ′(Y) for all
γ′ < γ and m ∈ {1, . . . ,M}.

(b) If um ∈ U2 then limM→∞ limN→∞ P̂M,N = P pointwise in B and in Hη′(B) for all
η′ < η.

Proof. Let us verify that our assumptions are sufficient for the problem to be well defined.
Since U is an RKHS then the problem for ûmM,N is readily well defined. Moreover, since U is

continuous the space U2 is well defined as in Section 2.5.1. Moreover, Assumption 2.10 along
with Assumption 2.11(ii) and Proposition 2.22 ensure that Φ is continuous and bounded, in
fact, Φ(·, y) is a bounded and linear operator on U ; this is simply the statement that P(u)
is defined pointwise. Finally, since P is an RKHS and P is continuous we ensure that the
problem for P̂M,N is also well defined.

Proof of (a): Observe that the pair (uuu, P ) (notation: uuu = (u1, u2, . . . uM )) are feasible
for (2.11) for all values of M,N . Then the optimality of (ûuuM,N , P̂M,N ) implies that

∥P̂M,N∥2P +
1

M

M∑
m=1

∥ûmM,N∥2U ≤ ∥P∥2P +
1

M

M∑
m=1

∥um∥2U . (2.28)

Thus, for fixed M we have that ∥ûmM,N∥U ≤ C(M) for all m, i.e., {ûmM,N}∞N=1 is bounded in
U . Then Assumption 2.11(ii) implies that ûmM,N has a convergent subsequence in Hγ(Y).
On the other hand, since ρm,N → 0 and thanks to the assumption that um are continuous
(since they belong to U) we infer that all accumulation points of ûmM,N coincide with um.
This implies that for fixed M and for any m ∈ {1, . . . ,M} we have limN→∞ ûmM,N = um

pointwise and in Hγ′(Y) for γ′ < γ.
Proof of (b): Fix M and for each um define the optimal interpolant

umN := argmin
v∈U

∥v∥U s.t. v(Y m
N ) = um(Y m

N ). (2.29)

By optimality, we have the bound

∥ûmM,N∥U ≥ ∥umN∥U . (2.30)

At the same time, the representer theorem gives

umN = U(Y m
N , ·)TU(Y m

N , Y m
N )−1um(Y m

N )

and a direct calculation using the reproducing property implies that ⟨um − umN , u
m
N ⟩U = 0

which in turn gives the identity

∥um − umN∥2U = ∥um∥2U − ∥umN∥2U . (2.31)

At the same time, since we assumed um ∈ U2 we also have, using Lemma 2.8,

∥um − umN∥2U = ⟨um − umN , u
m⟩U ≤ ∥um − umN∥L2(Y)∥um∥U2 .
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But, an identical argument to part (a) shows that ∥um − umN∥L2(Y) → 0 as N → ∞ and so
we infer that limN→∞ ∥um − umN∥U = 0. This fact, together with (2.30) and (2.31) implies
that

lim sup
N→∞

∥ûmN∥U ≥ ∥um∥U .

Then it follows from (2.28) that

lim sup
N→∞

∥P̂M,N∥P ≤ ∥P∥P .

This implies that the sequence {P̂M,N}∞N=1 is bounded and so has a convergent subsequence
due to Assumption 2.13(ii). From part (a) we also have that limN→∞Φ(ûmM,N , y) = Φ(um, y)
for all y ∈ Y and m ∈ {1, . . . ,M}.

2.7.4 Representer theorems for KEqL

Below we give the proofs of representer theorems for both versions of the KEqL algorithm
as presented in the main body.

Representer theorems for 2-step KEqL

We will give a brief justification for the expressions (2.14) and (2.15) as direct consequences
of Proposition 2.4: Consider (2.6) and apply Proposition 2.4 with H = U , ϕi = δymi ,
and zi = um(ymi ) for all i = 1, . . . , N . This gives (2.14). Next consider (2.8) and apply
Proposition 2.4 with H = P, ϕi = δsi for si ∈ S, and zi = f(yi) for yi ∈ Y to obtain (2.15).

Representer theorem for 1-step KEqL

Here, we prove Theorem 2.5). To simplify notation, we first prove the theorem withM = 1,
i.e., with training data (u(Y 1), f), and P = 0. At the end of the proof we comment on how
the argument can be extended to the general case. Let us recall the corresponding optimal
recovery problem for convenience:

(û, P̂ ) = argmin
v∈U ,G∈P

∥G∥2P + λ1∥v∥2U

s.t. v(Y 1) = u(Y 1), and G(S) = f(Y ),

where S = Φ(v, Y ).

(2.32)

Recall that Y is the dense set of collocation points that we use to impose the PDE constraint.
Then our goal is to show that under the assumptions of Theorem 2.5, every minimizing

tuple (û, P̂ ) of (2.32) can be written in the form

û(y) = U(ϕ, y)T α̂, P̂ (s) = P(S(α̂), s)T β̂,

for a tuple (α̂, β̂) that solves the equivalent optimization problem

(α̂, β̂) = argmin
α∈RQK , β∈RK

βTP(S(α), S(α))β + λ1α
TU(ϕ, ϕ)α,

s.t. U(ϕ, Y 1)Tα = u(Y 1), and P(S(α), S(α))Tβ = f(Y ),

where S(α) = Φ(U(ϕ, ·)Tα, Y ).

(2.33)
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Recall our notation U(ϕ, Y m) ∈ RQK×N for the matrix with columns U(ϕ, yn), and P(S(α), S(α)) ∈
RK×K for the matrix with columns P(S(α), sk) with sk = Φ(U(ϕ, ·)Tα, yk).

Proof. Let us write (2.32) in the equivalent form
argmin
Z∈RK×Q



argmin
v∈U ,G∈P

∥G∥2P + λ1∥v∥2U

s.t. ϕqk(v) = Zk,q and G(sk) = f(yk),

for all k = 1, . . . ,K, and q = 1, . . . , Q

where sk := (yk, Zk,1, . . . , Zk,Q)

s.t. Zj,1 = u(yj), for j ∈ {k ∈ {1, . . . ,K} : yk ∈ Y 1}.

(2.34)

Observe that the Z variable matrix that we introduce acts as a slack variable for the inner
problem and the outer constraint is enforcing the observation locations of v at Y 1 ⊂ Y .

For a fixed Z ∈ RK×Q, we can solve the inner optimization problem for v and G explicitly
using Proposition 2.4, which leads to

v(y) = U(ϕ, y)TU(ϕ, ϕ)−1 vec(Z), and G(s) = P(S, s)TP(S, S)−1f(Y ).

The RKHS norms of these solutions can be computed explicitly as

∥v∥2U = vec(Z)TU(ϕ, ϕ)−1 vec(Z), and ∥G∥2P = f(Y )TP(S, S)−1f(Y ).

Thus, we equivalently write (2.34) as

argmin
Z∈RK×Q

f(Y )TP(S, S)−1f(Y ) + λ1 vec(Z)
TU(ϕ, ϕ)−1 vec(Z)

s.t. U(ϕ, Y 1)TU(ϕ, ϕ)−1 vec(Z) = u(Y 1),
(2.35)

where we now modified the sk to be of the form

sk = (yk,U(ϕ, ϕ
1
k)
TU(ϕ, ϕ)−1 vec(Z), . . . ,U(ϕ, ϕQk )

TU(ϕ, ϕ)−1 vec(Z)).

Similarly, the constraint in (2.35) is valid since ϕqk(v) = Zk,q which particularly includes
ϕ1j (v) = Zj,1 for j ∈ {ℓ ∈ {1, . . . ,K} : yℓ ∈ Y 1}.

Finally, if we define α = U(ϕ, ϕ)−1 vec(Z) and β = P(S, S)−1f(Y ) (where in case U(ϕ, ϕ)
and P(S, S) are not invertible, understand α and β in the least squares sense) then the
problem (2.35) is equivalent to the desired system

argmin
α∈RQK ,β∈RK

βTP(S, S)β + λ1α
TU(ϕ, ϕ)α

s.t. U(ϕ, Y 1)Tα = u(Y 1), and P(S, S)Tβ = f(Y )

where S = {s1, . . . sK} with each sk =
(
yk,U(ϕ, ϕ

1
k)
Tα, . . . ,U(ϕ, ϕQk )

Tα
)
. Notice that the

constraint on β is trivially satisfied since G(sk) = f(yk) for all k ∈ {1, . . . ,K}, however, it
becomes explicit due to the change of variables in terms of β in the formulation of G.
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For the general proof for an arbitrary number of functionsM the same idea follows since
the equivalent form (2.34) now contains the slack tensor Z ∈ RK×Q×M instead of the matrix
Z above since each vm will be represented by a matrix Zm in our proof. Additionally S
will then contain not only K points but MK points corresponding to each of the vm and
their requisite partial derivatives evaluated at the collocation points. To obtain the result
when P ̸= 0 the proof simply follows by replacing the data f(Y ) in (2.32) with P (S) and
similarly in subsequent arguments in the proof.

2.8 Details of algorithms

In this section, we describe additional algorithmic details relating to the 1-step KEqL
method, i.e., (2.17). As it was mentioned in the main body of the chapter, implemen-
tation of our LM formulation already leads to a convergent algorithm with good empirical
performance. However, dealing with large kernel matrices often limits the scalability of
that method. To address these issues we outline various strategies in this section that are
implemented in our numerical experiments. These optional strategies include: a Nyström
approximation to our model for P using a reduced basis; applying a change of variables in the
optimization algorithms using Cholesky factors of kernel matrices to improve conditioning;
and fast matrix calculations by leveraging block arrow structures.

2.8.1 Implementation of 1-step KEqL: the reduced version

An LM algorithm for 1-step KEqL

Solving (2.17) is difficult in practice as a small perturbation in the αm can lead to a large
perturbation in the derivatives of the corresponding functions vm = U(ϕ, ·)Tαm. This large
variation further translates into a sharp change in the Sm(αm) points leading to instabilities.
To mitigate this issue, we propose a Levenberg-Marquardt algorithm that will approximate
the objective function of (2.17) with a sequence of quadratic minimization problems.

Define Jm(ααα, β) := P(S(ααα), Sm(αm))Tβ+P (Sm(αm))− fm(Y ) so that the last term in
(2.17) is simply 1

2σ2
P
∥Jm(ααα, β)∥22. Then we compute a minimizing sequence (ααα(j), β(j))

∞
j=1

given by the scheme

(ααα(j+1),β(j+1)) = argmin
ααα∈(RQK)M , β∈RMK

βTP
(
S(ααα(j)), S(ααα(j))

)
β

+
M∑
m=1

[
λ

M
(αm)TU(ϕ, ϕ)αm +

1

2σ2u
∥U(ϕ, Y m)Tαm − um(Y m)∥22

+
1

2σ2P

∥∥∥∥Jm(ααα(j), β(j)) +∇Jm(ααα(j), β(j))

(
ααα−ααα(j)

β − β(j)

)∥∥∥∥2
2

]

+ λ(j)

[
(β − β(j))

TP
(
S(ααα(j)), S(ααα(j))

)
(β − β(j))

+

M∑
m=1

(αm − αm(j))
TU(ϕ, ϕ)(αm − αm(j))

]
.

(2.36)



72

The first two terms are identical to (2.17) with ααα fixed at the previous value ααα(j), the
third term is unchanged, and the forth term is a local quadratic approximation obtained
by linearizing Jm with ∇Jm denoting the Jacobian. The last term acts as a damping
term that ensures that our next estimate (ααα(j+1), β(j+1)) does not deviate too far from the
current values. The λ(j) > 0 is inversely proportional to a step-size parameter which is
updated using a standard gain ratio heuristic that compares the decrease produced in the
true objective to the decrease observed in the quadratic approximation; see SM for more
details.

We highlight that naive implementations of (2.36) lead to effective algorithms, but the
computational costs due to matrices P(S, S) and U(ϕ, ϕ) become prohibitive when N,M are
large. To address these bottlenecks we implement different computation techniques such as
inducing point approximations and block matrix inversion that can be found in SM as well
as our Github repository.

Reduced 1-step KEqL: an efficient approximation

We briefly introduce an approximate 1-step KEqL that, at a small cost to accuracy, leads to
a better conditioned and more efficient formulation. Let us approximate (2.17) by restricting
the vm’s to the subspace span{U(y1, ·), . . . ,U(yK , ·)} ⊂ U , i.e., we write vm = U(Y, ·)Tαm for
αm ∈ RK as opposed to RQK for 1-step KEqL. Thus this reformulation effectively constitutes
a reduced basis/feature map formulation leading to the following analogous problem:

(α̂αα, β̂) = argmin
ααα∈(RK)M , β∈RMK

βTP(S(ααα), S(ααα))β +
M∑
m=1

λ

M
(αm)TU(Y, Y )αm

+
1

2σ2u
∥U(Y, Y m)Tαm − um(Y m)∥22

+
1

2σ2P
∥P(S(ααα), Sm(αm))Tβ + P (Sm(αm)− fm(Y )∥22,

(2.37)

with S(ααα) = ∪Mm=1S
m(αm) as before but with Sm(αm) = Φ(U(Y, ·)Tαm, Y ).

Observe that if we take Y m = Y for all m then the first constraint above completely
identifies the αm and the reduced 1-step KEqL coincides with 2-step KEqL. Therefore this
method interpolates between the 1-step and 2-step methods. Furthermore, we can apply
the same idea to the P(S, s) feature maps and choose a reduced basis for representing the
learned equation P̂ by, for example, subsampling the points in S in (2.37). Regardless, the
LM algorithm of Section 2.8.1 remains applicable.

2.8.2 Nyström approximations and reduced bases for P

It is often possible to replace the canonical representer basis P(S(ααα), s) for P with a fixed
set of I ≪MK inducing points SI [257]. These inducing points can be chosen by randomly
sub-sampling the elements of S(ααα) at every iteration of the LM algorithm, but this can lead
to technical difficulties since the point cloud S(ααα) changes from one iteration to the next,
meaning that our reduced basis for P also needs to change. Instead, we simply choose SI by
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subsampling the point clouds Φ(ûm, Y ) where the ûm denote our estimates of the um from
2-step KEqL. Hence, our reduced basis for P is pre-computed before the LM algorithm
is implemented. Note, that this approximation becomes exact whenever the number of
inducing points I ≥ dim(P), for example, in the case of polynomial kernels which have
finite rank, choosing a sufficiently large number of inducing points ensures exact solution of
the problem.

By fixing SI , our finite dimensional optimization problem becomes

(α̂αα, β̂) = argmin
ααα∈(RQK)M , β∈RI

βTP(SI , SI)β +
λ1
M

M∑
m=1

(αm)TU(ϕ, ϕ)αm

+

M∑
m=1

1

2σ2u
∥U(ϕ, Y m)Tαm − um(Y m)∥22

+
1

2σ2P
∥P(SI , Sm(αm))Tβ − fm(Y )∥22,

(2.38)

Notice that the matrix P (SI , SI) is now fixed and of much smaller size than the full matrix
P (S(ααα), S(ααα)).

2.8.3 Cholesky change of variables

Taking the Cholesky factorizations P(SI , SI) = CPC
T
P and U(ϕ, ϕ) = CUC

T
U , we can define

the transformed variables
wm = CTUα

m, z = CTP β.

Under this transformation, we can re-write (2.38) as,

(ŵww, ẑ) = argmin
www∈(RQK)M , z∈RI

∥z∥2 + λ1
M

M∑
m=1

∥wm∥2

+
M∑
m=1

1

2σ2u
∥U(ϕ, Y m)TC−T

U wm − um(Y m)∥22

+
1

2σ2P
∥P(SI , Sm(wm))TC−T

P z − fm(Y )∥22.

(2.39)

While the LM algorithm is generally invariant under such changes of variables this greatly
improves the conditioning of the optimization problems in practice. Indeed, we found that
this change of variables enables first order methods, such as gradient descent, to also produce
reasonable solutions when otherwise they would have failed.

To further clarify our implementation of the LM algorithms we abstract the objective
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into a general nonlinear least squares problem by rewriting (2.8.3) as

(ŵww, ẑ) = argmin
www∈(RQK)M , z∈RI

∥z∥2 + 1

M

M∑
m=1

∥wm∥2 + ∥F (z,www)∥2

where F (z,www) =


F1

(
z, w1

)
F2

(
z, w2

)
...

FM
(
z, wM

)
 ∈ RM(N+K), and

Fm(z, wm) =

 √ 1
2σ2

u

(
U(ϕ, Y m)TC−T

U wm − um(Y m)
)

√
1

2σ2
P

(
P(SI , S

m(wm))TC−T
P z − fm(Y )

) .

(2.40)

For this problem we obtain the LM updates

(www(j+1), z(j+1)) = argmin
www∈(RQK)M , z∈RI

∥z∥2 + 1

M

M∑
m=1

∥wm∥2 + ∥F(j)(z,www)∥2

+ λ(j)

(
∥z − z(j)∥2 +

1

M

M∑
m=1

∥wm − wm(j)∥2
)

where F(j)(z,www) = ∇F (z(j),www(j))

[
z − z(j)
www −www(j)

]
+ F (z(j),www(j)),

(2.41)

and λ(j) is a proximal regularization parameter to ensure global convergence. In many cases,
applying this iteration with a reasonable update rule for λj and solving the least squares
subproblems by computing Cholesky factorizations of the normal equations is sufficient to
achieve accurate solutions. When issues with the conditioning of the normal equations arise,
we use an SVD solver which is more accurate but has a higher computational cost.

A heuristic for choosing λ(j)

We now discuss the adaptation of the damping parameter λ(j), which is crucial for both
ensuring stability of the optimization algorithm far from a minimum, and providing fast
convergence near minima. Following [258, 259], define the gain ratio ρ(j) to be the ratio of
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the decrease of the true objective value to the decrease predicted by the linearized objective,

ρ(j) :=
θ(j)

θ′(j)
,

θ(j) :=

(
∥z(j+1)∥2 +

1

M

M∑
m=1

∥wm(j+1)∥2 + ∥F (z(j+1),www(j+1))∥2
)

−
(
∥z(j)∥2 +

1

M

M∑
m=1

∥wm(j)∥2 + ∥F (z(j),www(j))∥2
)
,

θ′(j) :=

(
∥z(j+1)∥2 +

1

M

M∑
m=1

∥wm(j+1)∥2 + ∥F(j)(z(j+1),www(j+1))∥2
)

−
(
∥z(j)∥2 +

1

M

M∑
m=1

∥wm(j)∥2 + ∥F (z(j),www(j))∥2
)
,

For constants 0 < c0 < c1 < c2 < 1 and an adaptation multiplier b > 1, we set

λ(j+1) =


bλ(j) ρ(j) < c1

λ(j) ρ(j) ∈ (c1, c2)
1
bλ(j) ρ(j) > c2.

In the case that ρ(j) < c0, we reject the step, set (z(j+1),www(j+1)) = (z(j),www(j)), and attempt
to compute the next step with the increased damping parameter.

2.8.4 Leveraging block-arrow sparsity

Instantiating and computing solutions to the regularized linear least squares problems within
the LM iterations can be difficult in large scale problems where N,M are large. In such
cases, the solution to (2.41) can be computed directly in O((QK +NI)

3M) operations, by
leveraging sparsity of the gradients ∇F , rather than the naive O((QK+NI)

3M3). Observe
that

∇F (z(j),www(j)) =


∇zF1 ∇w1F1 0 · · · 0
∇zF2 0 ∇w2F1 · · · 0

...
...

...
. . .

...
... 0 0

∇zFM 0 0 · · · ∇wMFM


This form of ∇F induces a block arrowhead structure for the regularized normal equations
for the least squares problems within the LM update,

∇F T∇F + (1 + λ(j))I =


∗ ∗ · · · ∗ ∗
∗ ∗
... ∗
∗ . . .

∗ ∗

 =

[
AP BT

UP

BUP DU

]
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where AP ∈ RNI×NI and DU ∈ RQKM×QKM is a block diagonal matrix with blocks of size
QK. From here, block elimination can be applied to solve the normal equations[

AP BT
UP

BUP DU

] [
δz
δwww

]
=

[
FP
FU

]
given by the formulae

C =
(
AP −BT

UPD
−1
U BUP

)
,

δw = C−1
(
FP −BT

UPD
−1
U FU

)
,

δzzz = D−1
U (FU −BUP δβ) ,

where we note that the Schur complement C and the matrix AP are of the moderate size
I × I, and the inverse of DU is readily computable due to the block diagonal structure.

2.8.5 Choosing kernels and hyper-parameters

Choosing U

Since Sobolev spaces are a natural solution space for many PDEs we choose the Matérn ker-
nel family for U. In particular, we consider the anisotropic Matérn kernels UMatérn(y, y

′) :=
21−ν

Γ(ν)

(√
2ν∥y − y′∥Σ

)ν
Kν

(√
2ν∥y − y′∥Σ

)
, where ν > 0 is a parameter, Γ is the stan-

dard gamma function, and Kν is the modified Bessel function of the second kind, and
∥y − y′∥2Σ := (y − y′)TΣ−1(y − y′) for a PDS matrix Σ ∈ Rd×d. Under mild conditions (see
[260, Ex. 2.6, 2.8]) the RKHS of the Matérn kernel is norm equivalent to the Sobolev space
Hν+d/2. Thus it is crucial that the regularity parameter ν is chosen carefully in light of
the order of the PDE. In the limit ν → ∞ the Matérn kernel converges to the radial basis
function (RBF) kernel URBF(y, y

′) := exp
(
−1

2∥y − y′∥2Σ
)
which has an infinitely smooth

RKHS. In addition to this kernel we also use the first order rational quadratic (RQ) ker-

nel, defined as URQ(y, y
′) :=

(
1 + ∥y − y′∥2Σ

)−1
. We often take Σ to be a diagonal matrix

Σ = diag(γ) for a vector of lengthscales γ ∈ Rd>0 to be chosen via maximum likelihood
estimation (MLE), cross validation, or hand tuning.

Choosing P

Since many PDEs in physical sciences have polynomial nonlinearities [256, Sec. 1.2], a
natural choice for P would be a polynomial kernel; this is also the dominant model for
construction of dictionaries in SINDy-type algorithms. Here we consider Ppoly(s, s

′) =(
(s− c)TB(s′ − c) + 1

)deg
, for s, s′ ∈ RQ+d, where B ∈ RQ+d×Q+d is a matrix akin to Σ

in the previous section that allows us to scale different input coordinates or to introduce
correlations, and c ∈ RQ+d is a fixed vector introducing bias. We treat B, c as hyper-
parameters for this kernel. In extreme scenarios, if no a priori knowledge about P exists,
then one can take P to be a Matérn or RBF kernel as in the case of U above.

We are particularly interested in learning PDEs with variable coefficients, such as the
variable coefficient diffusion model (2.5). In such cases we may have a priori knowledge that
P has polynomial dependence on a subset of inputs (the L1u(y), . . . , LQu(y) values) but
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general nonlinear dependence on other parameters (the y values). We encode such structures
using hybrid product kernels of the form Phybrid(s, s

′) = PRBF(s:d, s
′
:d)Ppoly(sd:, s

′
d:) where

we used s:d ∈ Rd to denote the first d coordinates of s and sd: ∈ RQ to denote the remaining
coordinates.

2.9 Details of numerical experiments

We now present details of the numerical experiments summarized in the main body of the
chapter, covering various details such as data generation processes, selection of observation
and collocation points, hyperparameter, and additional results and observations. Further
implementation details can be found in our GitHub repository4 where we collect code for
regenerating our numerical results and figures.

2.9.1 The Duffing oscillator

In this example we compared the performance of 1-step and 2-step KEqL along with SINDy
for learning a 1D nonlinear ODE. Our focus is on the performance of the methods in filtering
and extrapolation/forecasting of the dynamics.

Let us recall our problem setup where we took Y = (0, 50) and considered the Duffing
oscillator {

P(u) = ∂2t u− 3u+ 3u3 + 0.2∂tu = cos(2t), t ∈ Y,
u(0) = ∂tu(0) = 0.

(2.42)

To generate the training data for this example we solved the ODE numerically using a
Dopri5 solver in Python with adaptive step size and initial value 1e − 3. The numerical
solution was then subsampled on N = 32 observation points that were also picked on a
uniform collocation grid Y of size 1000 in Y. The test data set for filtering the solution was
generated similarly but on a finer uniform grid of 5000 observation points. To generate the
test datasets for forecasting and extrapolation errors, we used the same numerical solver,
but, we introduced three new initial conditions, each satisfying u(0) = 0, while the initial
time derivative ∂tu(0) was set to 0.5, 1, and −1, respectively.

For the kernels, we selected U as a RQ kernel and P as RBF, both with Σ = Id.
We employed a fixed basis with I = 500 inducing points for learning the equation (see
Section 2.8.2).

For the loss function Section 2.8.2, we used

λ = 1, σ2u =

√
NM

θu
, and σ2P =

√
MI

θP
, (2.43)

with θu = 5e− 8 and θP = 1e− 9, selected manually. The loss history for the optimization
of 1-step KEqL can be seen in Figure 2.5 for learning the Duffing ODE. We see that the
algorithm has converged in about 200 iterations.

4https://github.com/TADSGroup/kernelequationlearning

https://github.com/TADSGroup/kernelequationlearning
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Figure 2.5: Convergence history of LM for 1-step KEqL for the Duffing ODE (2.18).

2.9.2 The Burgers’ PDE

In this example we compared 1-step KEqL with SINDy and the PINN-SR algorithm. Here
we describe the choice of initial conditions, generation of training and test samples, hyper-
parameters, and optimization details used for this example.

Let us recall our problem setting. We took Y = (0, 1]×(0, 1) and considered the Burgers’
PDE {

P(u) = ∂tu+ ϑu∂xu− ν∂2xu = 0 for (t, x) ∈ Y,
u(0, x) = u0(x), and u(t, 0) = u(t, 1) = 0.

(2.44)

We remind the reader that whenever we state in any of the subsequent experiments that
(2.19) was solved, we mean that a second-order Strang splitting method with a small step
size was used, followed by spline interpolation to obtain a solution that can be evaluated
at any point of its domain. Additionally, when using the 1-step KEqL method, we always
assumed the use of the standard implementation of the algorithm described in (2.39).

Experiments with increasing number of observations

Here, we used the PDE (2.19) with coefficients ϑ = 1 and ν = 0.01 and prescribed initial
conditions (IC) u0 from a Gaussian process with Karhunen–Loève expansion

u0(x) =

50∑
j=1

1

j2
sin(jπx)Zj , with Zj ∼ N(0, 1), x ∈ [0, 1]. (2.45)

The condition used for the fixed IC case is depicted in Figure 2.6(A) while some samples of
ICs are shown in Figure 2.6(B-D) for the case when ICs vary also in the experiment.

We then solved each PDE and subsampled the observed data for values NY = 10, 30, 50,
100, 200, 300, 400, 500, 600 in the interior and N∂Y = 131 at the boundary from a set of
26 × 31 Chebyshev collocation points in space-time. In Figure 2.7, we present example
training data overlaid on the contour plots of the solutions for the fixed initial condition,
as shown in Figure 2.6(A), while varying the number of observations NY = 20, 50, 200.
Additionally, we include instances of the training data for the case where the initial condition
varies, corresponding to the ICs introduced earlier in Figure 2.6(B-D).
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Figure 2.6: Initial conditions sampled from the process (2.45) for examples of Burgers’ PDE (2.19)
increasing number of observations: (A) Condition used in the fixed IC case; (B-D) Sample conditions
for the varying IC case.
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Figure 2.7: Samples of training solutions along with their N observation points (red) and the collo-
cation points (white) for Burgers’ PDE (2.19) with ICs sampled from the GP (2.45): (A) Solution
obtained using a fixed IC depicted in Figure 2.6(A); (B) Three solutions obtained from solving the
PDE with different ICs depicted in Figure 2.6(B-D).

We took U, to be RBF with a diagonal matrix Σ, where its entries were determined using
maximum likelihood estimation (MLE) based on the available observation points u(Y 1) for
each number of observations case, basically by a first application of the 2-step method. In
both cases for this experiment, we chose P to be a polynomial kernel of degree 2, with the
shift parameter set to c = mean(S2:) and the scaling matrix given by B = diag(cov(S2:))

−1,
where cov(A) represents the sample covariance of A. Specifically,

S = Φ(û2, Y
1) :=

Φ(û2, y1)...
Φ(û2, yN )

 ∈ RN×5, (2.46)

where û2 is the learned solution obtained from the first step of the 2-step KEqL method,
using the MLE-fitted hyperparameters mentioned above.



80

Recall that for SINDy, we used the same kernel U for derivative approximation and
employed a polynomial library for the dictionary terms, which matched the features of
the degree-2 polynomial used in KEqL. These same features were also used by PINN-SR.
For PINN-SR, we fixed the hyperparameters across different experiments. For example,
in the fixed IC case, where we aim to learn a PDE by varying the number of observation
points, we selected a set of hyperparameters—such as network size, loss function weights,
and iteration steps—and kept them the same for every experiment with different numbers
of observation points. The same approach was applied when varying the initial condition.
This strategy is consistent with the kernel method and SINDy, as we also maintained the
same hyperparameters across different experiments for those methods.

For the loss function (2.39), we followed the definitions in (2.43), with the exception that
I = 26× 31 and we set θu = 1e− 9 and θP = 1e− 11 as manually chosen hyperparameters.

Convergence history of the optimization algorithm for some sample cases of learning the
equation is shown in Figure 2.12(A-B).

An experiment with a smoothed shock

Here, we considered the PDE (2.19) with coefficients ϑ = 5 and ν = 0.001, using the
prescribed IC

u0(x) =
1

4
(x sin(πx)− sin(5πx)− sin(3πx)) . (2.47)

We then solved the PDE, and the solution’s behavior at the initial and final times is shown
in Figure 2.10(A). We then subsampled NY = 60 interior observation points and N∂Y =
131 boundary points from a selected 26 × 31 Chebyshev collocation grid in space-time, as
illustrated in Figure 2.8.

0.0

0.5

1.0

x

t
1.0

Figure 2.8: Solution of the Burgers’ PDE (2.19) with initial condition (2.47). Sampled observation
points are shown in red, while collocation points are overlaid in white.

We took U, to be RBF with a diagonal matrix Σ, where its entries were determined using
MLE based on the N observation points. We chose P to be a polynomial kernel of degree
2, with the shift parameter and the scaling matrix constructed using S as in (2.46). Thus,
once again we used the hyperparameter information from the 2-step KEqL methodology to
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guide the selection of hyperparameters for the 1-step KEqL. For the loss function (2.17), we
followed the definitions in (2.43), with the exception that I = 26×31 and we set θu = 1e−9
and θP = 1e−11 as manually chosen hyperparameters. For SINDy we used the same kernel
U for derivative approximation and employed a polynomial library for the dictionary terms,
which matched the features of the degree-2 polynomial used in KEqL. These same features
were also used by the PINN-SR method.

We clearly observe that the 1-step KEqL method remains competitive in shock filtering.
This is evident from the relative filtering errors presented in Figure 2.11, where the 1-step
KEqL achieves comparable results in shock recovery to those of SINDy and PINN-SR.
Convergence history of the optimization algorithm for learning the equation is shown in
Figure 2.12(C).

An ablation experiment with a smoothed shock

Here, we consider once more the PDE (2.19) with coefficients ϑ = 5 and ν = 0.001, subject to
the initial condition (2.47), with same observations subsampled from the 26×31 Chebyshev
collocation grid in space-time.

To learn the dynamics, we adopt the same kernels and hyperparameters for each method
as in Section 2.9.2, but now test two variants per method: one in which the degree-2
polynomial features are restricted to {1, u, ∂xu} (excluding ∂2xu), and one in which the
feature set is expanded to {1, u, ∂xu, ∂2xu, ∂txu, ∂2t u}. Results are reported in Figure 2.11.

Overall, the results across all methods share the same order of error, with the expanded
feature set yielding more accurate results than the reduced one, in which the diffusion term
∂2xu is omitted. We note that, upon removal of the diffusion feature, the PINN-SR method
reduces to predicting an equation containing only the u term, in contrast to the 1-step kernel
method, which retain a linear combination over the full feature set. The kernel interpolant
is unchanged as it is independent of the step of inferring the dynamics.

A one-shot learning experiment

Here, we considered the PDE (2.19) with coefficients ϑ = 0.5 and ν = 0.01, using the
prescribed IC given by (2.47). We then solved the PDE, whose solution behavior at initial
and final times are shown in Figure 2.10(B). Here we subsampled N = 100 points placed
on the boundary, see first column in Figure 2.3(A). The placement of the points amounts
to observing the initial and end conditions along with the boundary values in the physical
domain. To generate data for operator learning, we additionally solved the same PDE with
a new initial condition, u0(x) = −x sin(2πx). The solution behavior at the initial and final
times is shown in Figure 2.10(C).

In this experiment we took U to be RBF with the diagonal matrix Σ = 0.0125I. To
learn the equation, we used P̃ as a polynomial kernel of degree 2, where the shift parameter
and scaling matrix were constructed using S, as described in (2.46). Here again, we used
the hyperparameter information from the 2-step KEqL methodology to guide the selection
of hyperparameters for the kernel P of the 1-step KEqL. Recall that a similar rationale
was used for selecting hyperparameters in SINDy and PINN-SR, including the choice of
dictionary terms, as in the previous experiment discussed in Section 2.9.2. For the loss
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Figure 2.9: Representative numerical results for an ablation study on Burgers’ PDE (2.19) with
initial condition (2.47), examining the effect of removing the diffusion feature across the 1-step KEqL,
PINN-SR, and kernel interpolation methods: (A) solutions recovered using the reduced feature set
{1, u, ∂xu}; (B) solutions recovered using the expanded feature set {1, u, ∂xu, ∂2xu, ∂txu, ∂2t u}.
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Figure 2.10: Behavior of solutions at initial and final time for one-shot learning examples of Burgers’
PDE (2.19): (A) Shock development (Section 2.9.2); (B) Smooth transition (Section 2.9.2); (C)
Solution behavior to the PDE in (B) for the depicted new initial condition.

function (2.17), we omitted the terms associated with the RKHS norms, divided all the
terms by 10 and selected values for σ2u and σ2P as defined in (2.43). For which we set
I = 26× 26. Additionally, we manually chose θu = 100 and θP = 1 as hyperparameters.

We clearly observe that the 1-step KEqL method outperforms the other methods in
filtering the smooth solution. This is evident from results presented in Figure 2.11, where
the one-step KEqL achieves a two-order-of-magnitude improvement over the other methods
in filtering and a one-order-of-magnitude improvement in the operator learning task for the
smooth case. The one-shot learning example for the smooth case further confirms that
effective filtering is essential for accurately capturing the operator. While PINN-SR and
SINDy provided a reasonable reconstruction of the solution, the superior filtering of the 1-
step KEqL method resulted in a significantly better operator learning error for a new initial
condition. We recall that the variational solution proposed in (2.13) was used to solve the
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Method

Ex. 1-step PINN-SR SINDy

Rfilter

1 3.9e−1 3.4e−1 6.2e−1

1a 4.7e−1 3.6e−1 6.2e−1

1b 3.7e−1 3.2e−1 6.2e−1

2 3.5e−3 1.5e−1 2.9e−1

Ropl 2 1.9e−2 4.7e−1 5.4e−1

Figure 2.11: Quantitative values of relative filtering and operator learning errors for Burgers’ PDE
Equation (2.19) with different ICs corresponding to the one-shot learning examples Ex. 1 (Sec-
tion 2.9.2), its ablation studies Ex. 1a–b, in which features are removed and added (Section 2.9.2),
and Ex. 2 (Section 2.9.2) in Figure 2.3(C-E).

recovered PDE in each of the methods for this experiment, employing the same kernel U,
to report the operator learning results. Convergence history of the optimization algorithm
for learning the equation is shown in Figure 2.12(D).
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Figure 2.12: Convergence history of the LM algorithm for 1-step KEqL for Burgers’ PDE (2.19):
(A-B) Sample cases using fixed and varying IC, using M = 1 training pairs with number of ob-
servations NY = 20 corresponding to the two cases depicted in the first column in Figure 2.7; (C)
Shock development (Section 2.9.2); (D) One-shot smooth case where only observed on the boundary
(Section 2.9.2).

2.9.3 Darcy’s flow PDE

In this example we performed a systematic study of the performance of 1-step (its reduced
version) and 2-step KEqL for learning an elliptic PDE with a variable diffusion coefficient.
In particular, we investigate the ID and OOD performance in terms of filtering, equation
learning, and operator learning.

Let us recall our problem setting. Here we took Y = (0, 1) × (0, 1) and considered the
problem {

P(u) = div (a∇u) = f, in Y,
u(y) = g(y), for y ∈ ∂Y, (2.48)
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where a(y) = exp (sin(cos(y1) + cos(y2))). To generate the training data we drew M =
2, 4, 8, 16, 32 functions u ∼ GP(0,URBF) with Σ = 0.52I and took f := P(u), also con-
sidering the value of u at ∂Y as the boundary condition. Each u was then subsampled
observation points with NY = 2, 4, 8 in the interior and fixed N∂Y = 56 at the boundary
that were picked randomly from a 15 × 15 uniform collocation grid where the PDE was
enforced. Some training tuples with their observation and collocation points are depicted
in Figure 2.13. We recall that the ID data was drawn from the same distribution that the
training data was drawn from. The test data sets were generated similarly, with the OOD
data drawn from a less regular GP using an RBF kernel with Σ = 0.42I. Some ID and OOD
samples are shown at Figure 2.14(A). The fine grid Ytest where we tested the equation and
operator learning error was chosen to be a uniform grid of size 1002.
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Figure 2.13: Samples of training tuples (um, fm) with different number of observation points for
Darcy’s flow PDE (2.20): (A-C) Training tuples observation points (red) and collocation points
(white).

We used U = URBF with Σ = 0.52I for learning u and P = Phybrid where an RBF with
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Σ = 0.42I was used for the spatial variables x1, x2 and a polynomial kernel of first degree
for the variables {L1u, . . . , L6u} where the shift was chosen to be c = mean(S2:) and the
scaling matrix B = (diag(cov(S2:)))

−1 where

S =

 Φ(û12, Y
1)

...
Φ(ûM2 , Y

M )

 ∈ R
∑M

m=1 |Ym|×8.

where ûm2 is the learned solution obtained from the first step of the 2-step KEqL method,
using the MLE-fitted hyperparameters mentioned above. In summary, we also used the
hyperparameter information from the 2-step KEqL methodology to guide the selection of
hyperparameters for the kernels in 1-step KEqL.

To scale up equation learning when using many function tuples, we employed a fixed
basis (see Section 2.8.2) with I = 200 for learning the equation. Additionally, we leveraged
the block arrowhead matrix structure within the optimization algorithm (see Section 2.8.4).
For the loss function (2.39), we followed the definitions in (2.43) except we took σ2P =

√
I/θP

and set θu = 5e− 12 and θP = 1e− 12 as hyperparameters, selected manually.
To further illustrate the equation and operator learning errors in relation to the error plot

in Figure 2.4, we show samples of the contour error plots in Figure 2.14 and the convergence
history in Figure 2.15 that uses the block arrowhead matrix structure LM-type algorithm for
the case where the equation is learned using M = 8 training tuples and NY = 8 observation
points of the solution. We recall that the variational solution proposed in (2.13) was used
to solve the recovered PDE for both the 1-step and 2-step KEqL methods, employing the
same kernel U, to report the operator learning results.

In Figure 2.14(A), we show some ID and OOD solution samples used to test the learned
equation for both the 1-step and 2-step KEqL methods. In Figure 2.14(B), we present the
equation learning errors, where the values typically differ by one order of magnitude between
1-step and 2-step KEqL in favor of the joint methodology, with larger errors appearing near
the boundaries. Similarly, in Figure 2.14(C), we observe that the 1-step method consistently
outperforms the 2-step method by an order of magnitude. Notably, for this case the equation
learning errors were an order of magnitude smaller than the operator learning errors.
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Figure 2.14: Samples of test solutions u (ID and OOD) and their contours of the equation and
operator learning errors for 1-step and 2-step KEqL methods for Darcy’s flow PDE (2.20): (A)
Sample solutions u ID and OOD for the PDE ;(B) Contour plots for equation learning errors; (C)
Contour plots for operator learning errors.
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Figure 2.15: Convergence history of the block arrowhead matrix structure LM-type algorithm for
the reduced 1-step KEqL when using M = 8 solution tuples at NY = 8 observation points in the
interior for Darcy’s flow PDE (2.20).
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Chapter 3

A JOINT OPTIMIZATION APPROACH TO IDENTIFYING SPARSE
DYNAMICS USING LEAST SQUARES KERNEL COLLOCATION

Preface

In this chapter, from [3] which was joint work with Ike Griss Salas, Jacob M. Stevens-Haas,
J. Nathan Kutz, Aleksandr Aravkin, and Bamdad Hosseini, we build upon the least squares
kernel collocation approach of Chapter 2 to develop a framework for jointly identifying
sparse ordinary differential equations and reconstructing the underlying state from scarce,
partial, and noisy observations. We consider a function x(t) and measurements yn satisfying

dp

dtp
x(t) = f(D[x](t)), yn = V ⊤

nx(tn) + ϵn, (3.1)

D[x](t) :=

(
x(t),

d

dt
x(t), ...,

dp−1

dtp−1
x(t)

)
, (3.2)

where p is the order of the ODE, V n are measurement matrices, tn are observation times,
and ϵn are i.i.d. zero-mean noise. We develop algorithms for recovering the function f .

We formulate a similar joint least squares collocation objective as in Chapter 2, but in-
stead represent the unknown differential equation as a sparse linear combination of functions
from a fixed library. This representation has two major benefits. It improves the sample
complexity when the true function f possesses a sparse representation in the library, and
results in a differential equation that can be read off and directly interpreted by a practi-
tioner. In order to enforce this sparsity of the solution, we apply an optimization algorithm
which alternates between a Levenberg–Marquardt algorithm on a fixed-support nonlinear
least squares problem, and applying an arbitrary sparse regression procedure to identify an
improved support.

From extensive experiments, we see significant improvements in terms of data require-
ments and noise robustness compared to existing algorithms when applicable, while also
extending the flexibility of existing methods in settings of partially observed and higher-
order dynamics where existing methods often do not apply.

3.1 Introduction

The identification of ordinary differential equations (ODEs) and dynamical systems is a
fundamental problem in control [146, 261, 262], data assimilation [263, 264], and more
recently in scientific machine learning (ML) [265–267]. While algorithms such as Sparse
Identification of Nonlinear Dynamics (SINDy) and its variants [268] are widely used by
practitioners, they often fail in scenarios where observations of the state of the system
are scarce, indirect, and noisy. In such scenarios modifications to SINDy-type methods
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are required to enforce additional constraints on the recovered equations to make them
consistent with the observational data. Put simply, traditional SINDy-type methods work
in two steps: (1) the data is used to filter the state of the system and estimate the derivatives,
and (2) the filtered state is used to learn the underlying dynamics. In the regime of scarce,
noisy and incomplete data, step 1 is inaccurate, which can propagate to poor results in the
subsequent step 2.

In this paper, we propose an all-at-once approach to filtering and equation learning
based on collocation in a reproducing kernel Hilbert space (RKHS) which we term Joint
SINDy (JSINDy), and show that the issues above can be mitigated by performing both
steps together. This joins a broader class of dynamics-informed methods that integrate the
governing equations directly into the learning objective, either as hard constraints or as least-
squares relaxations, which couples the problems of state estimation and model discovery.
Representative examples include physics-informed and sparse-regression frameworks based
on neural networks, splines, kernels, finite differences, and adjoint methods [2, 141, 159,
160, 266, 269, 270].

3.1.1 Problem setup

Consider a process x(t) = (x1(t), ..., xd(t)) ∈ Cp([0, T ],Rd), for d ≥ 1, along with the
observables (yn)

N
n=1 that are connected via the model

dp

dtp
x(t) = f(D[x](t)), yn = V ⊤

nx(tn) + ϵn, (3.3)

where D[x](t) :=

(
x(t),

d

dt
x(t), ...,

dp−1

dtp−1
x(t)

)
, (3.4)

with known measurement matrices V n (taken to be the identity when the entire state is
observed), observation times t = (tn)

N
n=1, and measurement noise ϵn which are assumed to

be independent with zero mean and bounded variance. Given these observations, our goal
is to estimate the nonlinear map f : Rdp 7→ Rd from an instance of the yn, i.e., to find
f̂ ≈ f , and simultaneously infer the process x(t), i.e., find x̂(t) ≈ x(t). Additionally, we ask
that our representation of f̂ is sparse in some basis or library of functions Φ = {ϕ1, ..., ϕQ}.
That is, we assume

f̂(D[x](t))m =

Q∑
q=1

θ̂m,qϕq (D[x](t)) , f̂(D[x]) = (f̂(D[x](t))1, ..., f̂(D[x](t))d), (3.5)

where only a small number of θ̂m,q are nonzero in order to have an interpretable symbolic
form, following the seminal work [138, 148, 265, 271]. As we do not know a priori which
features ϕq are active, we parametrize f̂ using the full feature library and promote sparsity

in the coefficients θ̂ := (θ̂m,q),m = 1, · · · , d, q = 1, · · · , Q.
Our setup poses a number of fundamental challenges:

1. Broadly speaking we would like to find f̂ such that

f̂(D[x](t)) ≈ dp

dtp
x(t).
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However, the input to f̂ as well as the right hand side of the above display depend
on x(t) and its derivatives, both of which are unknown and not observed directly.

2. Exacerbating this issue is the fact that the measurements yn are sparse, indirect,
and noisy, which leads to further challenges in estimating x and its derivatives.

Estimating and dealing with the errors in the inputs to f̂ and the target dp

dtpx(t) is
the fundamental property of system identification problems, which differentiates it from
standard approximation or ML tasks. If all of these variables were fully observed, i.e., we
have direct access to the exact values of ((D[x](tn))

N
n=1, as well as unbiased estimates of

dp

dtpx(tn), then this would reduce to a standard sparse regression problem.
We overcome the above challenges by proposing a joint estimation approach where an

approximation x̂(t) to the true state x(t) is obtained at the same time as the approximation
f̂ to the nonlinear dynamics. The key idea in our approach is to enforce self consistency of
the x̂ and f̂ , i.e., x̂ should approximately satisfy the ODE defined by f̂ while matching the
observed data. Since the data is limited and the problem is severely ill-posed, we propose an
optimization approach to solve the problem with appropriate regularization terms for both
the θ parameters and the approximate state x̂, in particular, we use a sparse regularizer for
the former and a reproducing kernel Hilbert space (RKHS) penalty for the latter.

3.1.2 Summary of contributions

In view of SINDy and other existing works on equation discovery [155, 159, 160, 265, 269,
270], we summarize our contributions as follows:

1. We develop an RKHS regularized least-squares approach to learning general ODEs
directly from sparse and partial observations. (see Section 3.2).

2. We establish a representer theorem that converts the infinite-dimensional problem
into a finite-dimensional nonlinear least-squares system, and design an alternating
optimization algorithm based on the Levenberg–Marquardt (LM) method and spar-
sifying iterations for support selection (see Sections 3.2.2 and 3.3).

3. We demonstrate the flexibility and robustness of JSINDy across a broad range
of problems, including scarce and partial observations, higher-order systems, and
misspecified models, demonstrating accurate recovery in various challenging data
regimes (see Section 3.4).

Our formulation of the problem differs from previous works in two important ways. We allow
for arbitrary order ODEs, while previous works are tailored to p = 1, and we specifically
consider partial, scarce, and scattered observations while previous works often assume access
to high resolution full state observations, i.e., yn = x(tn) + ϵn on a fine grid.
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3.1.3 Literature Review

Learning continuous time dynamical systems from time series data has been a prominent
problem in system identification [145–147]. Seminal works using symbolic regression [143,
144] through genetic programming sought to discover physical laws from observational data.
The works [138, 148, 265, 271] developed and popularized the use of a sparsity prior over
a feature library to promote parsimony in the discovered model, drawing on ideas from
compressive sensing [272–274]. Bayesian approaches have also been considered, which allow
for uncertainty quantification and motivate new strategies for model selection [152–157].

Many of these works consider a two-step framework which first estimates time-derivatives,
then performs regression to estimate the dynamics. These approaches are straightforward
to implement and often succeed when measurements of the process are sufficiently dense but
fail when the data is scarcely sampled and noisy. These approaches first solve a smoothing
problem to estimate the state and its derivatives, using methods such as total variation reg-
ularization [275], kernel regression [180], Savitzky–Golay filters, smoothing splines [276], or
Kalman smoothing [277]. These approaches inevitably trade bias for robustness: as shown
in [278], noise-resistant estimators lie on a Pareto frontier balancing error magnitude and
error correlation due to implicitly assuming an inaccurate underlying dynamical model. An
alternative to estimating derivatives, but that still lies within a two-step framework is to
adopt a weak-form formulation [233], which avoids explicit differentiation by matching in-
tegrals against test functions. However, this still requires estimating integrals from noisy
and scarcely sampled data, a problem that remains challenging despite being more well
posed than differentiation. Consequently, any two-step approach to learning dynamics is
inherently limited by the absence of a proper dynamical model in its initial estimation stage.

To address limitations of two-step approaches, dynamics-informed approaches jointly
estimate the dynamics and the state, allowing each to reinforce the other. These in-
clude Physics-Informed Neural Networks-Sparse Regression (PINN-SR) [160] and Physics-
Informed Spline Learning (PiSL) [159] which use least squares collocation applied to neural
networks and splines respectively, while obtaining sparsity in the coefficients of the ODE
by alternating between applying variants of gradient descent and sequentially thresholded
ridge regression. [2] takes a least squares collocation approach using RKHS methods, while
also representing the unknown differential equation in an RKHS. The ODR-BINDy method
in [269] applies a least squares relaxation to a finite difference discretization, and handles
feature selection by greedily maximizing a Bayesian evidence over models defined by feature
sets. [279] also applies a least squares relaxation to a finite difference discretization, but
optimizes using a variational annealing approach, and focuses on identifying dynamics with
hidden variables. Notably, our objective function (3.10) is closely related to that of [159,
269, 279, 280] and [160], though we apply different discretization, variable selection, and op-
timization strategies. [270] applies a finite difference discretization but imposes hard ODE
constraints by solving the KKT system associated to the discretized problem. They promote
sparsity via ℓp regularization, and optimize using iteratively reweighted least squares.

Aside from [270], which considers decreasing sampling frequencies, and [279], which
considers hidden variables, none of these works deal with very low sampling frequencies,
partial observations through general linear measurements, and higher order dynamics in
the context of ODEs. These issues are, however, considered heavily in [160] and [2] in the
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context of PDEs, where partial information on the state (being infinite dimensional) and
higher order derivatives are fundamental to the problem. [270] crucially point out that
decoupling the level of discretization in their finite difference stencil from the sampling rate
of the data is required for mitigating bias in estimating the ODE when the sampling rate
of the data is low, and demonstrate this in a restricted setting on the Van der Pol system.
We generally consider sampling rates over an order of magnitude lower than other works
and flexibly handle partial observations and higher order ODEs.

3.1.4 Outline

We derive JSINDy in Section 3.2, describe the algorithmic implementation in Section 3.3,
give extensive numerical results in Section 3.4, and discuss the ODE relaxation in Section 3.5.

3.1.5 Notation

We will use boldface for vectors, matrices, and vector-valued trajectories and use subscripts
to denote indices, e.g., x(t) = (x1(t), x2(t), ..., xd(t)). We adopt semicolon notation for
parametrized functions, such as x(t;z), and use a dot (·) in place of an argument in order
to treat an object as a function. For a function k of two arguments, and vectors t, τ , we
will write k(t, τ ) to mean the matrix with entries k(ti, τm). We will write ∂rj to denote r-th
derivative with respect to the j-th argument.

3.2 Joint state estimation and system identification

In this section, we formulate our approach as an infinite dimensional optimization problem
in the product of an RKHS with Rd×Q. We discretize this objective via a quadrature rule
and develop a representer theorem which reduces the optimization to a finite dimensional
subspace, and prove existence of solutions to both the discretized and continuous problems.

3.2.1 The abstract formulation

Our approach centers around the joint computation of the estimated state x̂(t), henceforth
called state estimation, as well as the right hand side f̂ , henceforth called system identifi-
cation. We will require that the pair x̂ and f̂ are self consistent, in the sense that x̂ should
(approximately) satisfy the ODE defined by f̂ :

dp

dtp
x̂(t) = f̂

(
x̂(t),

d

dt
x̂(t), . . . ,

dp−1

dtp−1
x̂(t)

)
.

To this end, we impose self-consistency using a least squares penalty method [141, 281–285],
which is discretized via collocation in an RKHS. Imposing that f̂ has a sparse representation
in the library Φ = {ϕ1, . . . , ϕQ}, we adopt a parametrized notation for how it operates on
x and its derivatives:

f(D[x](t);θ) :=

 Q∑
q=1

θ1,qϕq (D[x](t)) , . . . ,

Q∑
q=1

θd,qϕq (D[x](t))

 , θ ∈ Rd×Q. (3.6)
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For instance, if we consider the first order constant coefficient linear ODE d
dtx(t) = Ax,

then D[x](t) = x, and we would be looking for θ = A.
We define our estimators (x̂, θ̂) as solutions to the following optimization problem.

minimize
x∈X ,θ∈Rd×Q

L(x,θ)

subject to supp(θ) ⊂ S (x) ,

L(x,θ) := αLD(x) + β LC(x,θ) +
λ

2
∥x∥2X +

µ

2
∥θ∥2F ,

LD(x) :=
1

2

N∑
n=1

∣∣∣V ⊤
nx(tn)− yn

∣∣∣2 ,
LC(x,θ) :=

1

2

ˆ T

0

∣∣∣∣ dpdtpx(t)− f (D[x](t);θ)

∣∣∣∣2 dt.

(3.7)

where

• α, β, λ, µ > 0 are relative weights trading off data fidelity, self consistency through
the ODE, and regularization of the trajectory estimate and coefficients.

• LD is a data misfit term enforcing that the estimated trajectory x̂ is consistent with
the observed data.

• LC is a least squares penalty enforcing that x̂ approximately satisfies the ODE
induced by f̂ .

• D[x](t), defined in eq. (3.4) expands the trajectory x(t) into the states and deriva-
tives.

• X is a vector-valued RKHS used to represent the trajectories, whose elements are
smooth enough such thatD[x](t) is well defined pointwise for all t ∈ [0, T ], and ∥x∥X
promotes regularity in the estimates of the trajectory. See the discussion below and
Section 3.6.2 for more technical details.

• S is a feature selection procedure for choosing active terms from the feature library
Φ given a fixed trajectory estimate, and maps to a subset of indices. This can be seen
as applying a traditional SINDy procedure, with an arbitrary choice of sparsifier,
and using exact derivatives of the approximation of the trajectory in order to choose
the subset of features which are active.

Because we handle sparsity through the feature selection operator S we do not
need to apply regularization to θ to promote sparsity. In principle, however, the
Frobenius norm µ

2∥θ∥2F could be replaced by a more general sparsity promoting
regularizer R(θ) which would supplant S.
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The inclusion of a feature selection procedure is motivated by a natural algorithmic idea
for sparse nonlinear optimization. Consider the fixed point iteration

(x(k+1),θ(k+1)) ∈


argmin

x∈X ,θ∈Rd×Q

L(x,θ)

subject to supp(θ) ⊂ S(k)

S(k+1) = S
(
x(k+1)

)
,

(3.8)

which alternates between optimizing on an active set of features, and choosing features to
use in the active set. Given a solution (x∗,θ∗) to (3.7), define S∗ = S(x∗). If

(x∗,θ∗) ∈ argmin
x∈X , θ∈Rd×Q

supp(θ)⊂S⋆

L(x,θ), (3.9)

then the pair (x∗,θ∗) is a fixed point of (3.8). This is a strong condition, but is likely to
hold whenever S is a reasonably good sparsifier that is consistent with the collocation loss
LC . This is also a desirable property in itself; we want for our estimate fixed to the active
set to be the best estimate possible on that active set.

The ADO algorithms of [159, 160] are exactly of the form (3.8) and motivate it as a
surrogate to ℓ0 minimization. Similarly, the greedy evidence maximization in [269] is related
in that it solves a sequence of fixed-support nonlinear least squares problems, though in each
iteration, separate subproblems are solved for each candidate feature to remove. This has
the benefit of minimizing a fixed objective function, and ensuring convergence due to the
monotone feature removal process. This is discussed in detail algorithmically in Section 3.3.1
and Section 3.3.3.

In our theoretical analysis, we will remove the constraint and work with

minimize
x∈X ,θ∈Rd×Q

L(x,θ), (3.10)

which describes the first piece of the fixed point iteration and still entails solving a chal-
lenging nonlinear programming problem.

This approach combines regularization on the trajectory estimate with a least squares
relaxation of the differential equation, which prevents trajectory estimates from diverging
away from the observed data. Further, this relaxation allows the observed data itself to guide
the optimization in the early iterations, pulling our state estimates towards a neighborhood
of the true trajectory even before our estimates effectively approximate the solution to the
ODE.

To represent the d-dimensional trajectory x : [0, T ] → Rd, we work in a vector-valued
RKHS X of functions [0, T ] 7→ Rd generated by the d-fold Cartesian product of an RKHS
Hk, associated to a symmetric positive definite kernel k. This is equivalent to modeling
each coordinate xi(t) of the trajectory x(t) separately in the RKHS Hk, or by taking X to
be the vector-valued RKHS with matrix valued kernel K(t, t′) = k(t, t′)Id. We will require
that for derivative orders j = 0, ..., p, and times t ∈ [0, T ], the derivative evaluation map

x 7→ dj

dtj
x(t) is a bounded linear operator on X (see Section 3.6.2). It suffices to take k such
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that Hk is compactly embedded in Cp([0, T ]), which is satisfied if k ∈ Cp,p([0, T ] × [0, T ])
[286].

We choose the kernel k to be the sum of a high-order Matérn kernel [287] and a constant
kernel to account for systems where the time-average is nonzero. More precisely, with hν
denoting the ν-order Matérn covariance function and ℓ as a length scale parameter, we use
kernels of the form

k(t, t′) = c0 + c1hν

( |t− t′|
ℓ

)
, hν(r) =

21−ν

Γ(ν)

(√
2νr
)ν
Kν

(√
2ν r

)
(3.11)

where Kν is the modified Bessel function of the second kind, and c0, c1 > 0. These kernels
induce RKHSs which satisfy the boundedness condition of the derivative evaluation maps
whenever ν > p+ 1

2 . See Section 3.6.2 for more details on kernels and smoothness.
As a preliminary step in our model, we choose the kernel hyperparameters c0, c1, ℓ, and

the variance of the observation noise σ2 = V [ϵ] using maximum likelihood and treat the
distribution of ϵ as Gaussian, as is common in Gaussian process regression; see for example
[287]. From there, ∥x∥2X corresponds to the regularization induced by the RKHS norm
associated to this fitted Gaussian process.

3.2.2 Discretization

In order to obtain a computable objective function, we discretize the ODE residual LC(x,θ)
using a quadrature rule, setting

LC(x,θ) =
1

2

ˆ T

0

∣∣∣∣ dpdtpx(τ)− f (D[x](τ);θ)

∣∣∣∣2 dτ (3.12)

≈ 1

2

M∑
m=1

wm

∣∣∣∣ dpdtpx(τm)− f (D[x](τm);θ)

∣∣∣∣2 := Lτ
C(x,θ) (3.13)

where we refer to τ = (τm)
M
m=1 as collocation points, and w = (wm)

M
m=1 as collocation

weights. In all of our examples, we take uniformly spaced collocation nodes and uniform
weights; this is discussed further in Section 3.5. Further, for notational convenience and
without loss of generality, we assume that the observation times t = (tn)

N
n=1 are a subset of

the collocation points τ , which can be enforced by augmenting τ , and taking some wm to
be zero.

Substituting Lτ
C for LC in eq. (3.10), we obtain the optimization problem

minimize
x∈X , θ∈Rd×Q

Lτ (x,θ) :=
α

2

N∑
n=1

∣∣∣V ⊤
nx(tn)− yn

∣∣∣2
+
β

2

M∑
m=1

wm

∣∣∣∣ dpdtpx(τm)− f (D[x](τm);θ)

∣∣∣∣2
+
λ

2
∥x∥2X +

µ

2
∥θ∥2F

(3.14)
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which we use to compute our estimators. At this point, the reproducing property and
boundedness of derivative evaluations in the RKHS X give a natural parametrization of x̂
which is justified by the following representer theorem, which converts optimization over
the infinite-dimensional space X into a problem on a finite-dimensional subspace. This
result is more general than the typical representer theorems often found in ML, such as in
[287], which only make use of pointwise evaluations, but is very similar to the representer
theorem given in [142], and follows from the more general results of [166]. The purpose of
this result is to reduce the optimization problem over the infinite-dimensional space X into
an optimization problem over the finite-dimensional subspace spanned by an explicit set of
basis functions.

Theorem 3.1. Consider the optimization problem (3.14) for α, β, λ, µ > 0. Let X be the
vector-valued RKHS associated to the d-fold Cartesian product of an RKHS Hk associated
to the positive definite kernel k. Assume that linear operators of the form x 7→ dr

dtrx(τ) for
r = 0, ..., p and τ ∈ [0, T ] are bounded in the RKHS X . Also, assume that all functions ϕq
in the library Φ are continuous on Rdp.

1. There exists a minimizer (x̂, θ̂) to the optimization problem

minimize
x∈X , θ∈Rd×Q

Lτ (x,θ).

2. Define the basis functions

Dτ [k](t) :=
(
k(t, τ1), ∂2k(t, τ1), . . . , ∂

p
2k(t, τ1), . . . , k(t, τM ), . . . , ∂p2k(t, τM )

)
∈ R(p+1)M ,

(3.15)

and for z ∈ R(p+1)M×d, set

x(t; z) := Dτ [k](t)
⊤z. (3.16)

Then problem (3.14) is equivalent to

minimize
z∈R(p+1)M×d,θ∈Rd×Q

Lτ
(
x(·; z),θ

)
, (3.17)

in the sense that they have the same optimal value and (x̂, θ̂) is a minimizer if and
only if x̂ admits a representation x̂(t) = Dτ [k](t)

⊤ẑ for some ẑ, where (ẑ, θ̂) is a
solution to (3.17).

3. For all z ∈ R(p+1)M×d,

∥x(·; z)∥2X = tr
(
z⊤K z

)
, K =


k(τ , τ ) ∂12k(τ , τ ) · · · ∂p2k(τ , τ )
∂11k(τ , τ ) ∂11∂

1
2k(τ , τ ) · · · ∂11∂

p
2k(τ , τ )

...
...

. . .
...

∂p1k(τ , τ ) ∂p1∂
1
2k(τ , τ ) · · · ∂p1∂

p
2k(τ , τ ).

 ∈ R(p+1)M×(p+1)M .

(3.18)
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Proof. We have that

Lτ (x,θ) = αLD(x) + βLτ
C(x,θ) +

λ

2
∥x∥2X +

µ

2
∥θ∥2F . (3.19)

By nesting, problem (3.14) is equivalent to

minimize
θ∈Rd×Q

inf
x∈X

Lτ (x,θ) (3.20)

and we can thus focus solely on the dependence with respect to x, studying the inner
variational problem, as the outer problem is already finite dimensional. Going term by
term, we have

LD(x) =
1

2

N∑
n=1

∣∣∣V ⊤
nx(tn)− yn

∣∣∣2 , (3.21)

which depends only on point evaluations of the form x(τm) (recall that we assume the
observation times t are a subset of τ ). Next, we have that

Lτ
C(x,θ) =

1

2

M∑
m=1

wm

∣∣∣∣ dpdtpx(τm)− f (D[x](τm);θ)

∣∣∣∣2 , (3.22)

depends on x only through point evaluations of x and its derivatives at (τm)
M
m=1, i.e., the

values of D[x](τm) and
dp

dtpx(τm).

Recall that linear operators of the form x 7→ dr

dtrx(τ) for r = 0, ..., p and τ ∈ [0, T ] are
assumed to be bounded on the RKHS X . Thus, by the reproducing property [286],

dr

dtr
xi(τm) = ⟨∂r2k(·, τm), xi(·)⟩Hk

. (3.23)

Since the objective Lτ depends only on the values of dr

dtrx(τm) for r = 0, 1, ..., p, m =
1, ...,M , with the addition of the squared RKHS norm, this implies that

x̂i ∈ span
{
∂r2k( · , τm) : m = 1, . . . ,M, r = 0, . . . , p

}
, (3.24)

by Theorem 3.3. This is precisely the subspace spanned by the basis Dτ [k](·) in (3.15). By
the reproducing property, we also have that

⟨∂r2k(·, τm), ∂s2k(·, τm′)⟩Hk
= ∂r1∂

s
2k(τm, τm′), (3.25)

which gives the structure of the matrix K, and the RKHS norm of an individual compo-
nent of the trajectory xi(·) ∈ span {∂r2k(·, τm), r = 0, 1, ..., p,m = 1, ...,M}. Stacking the
individual components together and noting that

x(t) = (x1(t), ..., xd(t)) and ∥x∥2X =

d∑
i=1

∥xi∥2Hk
(3.26)

produces the compact representation in (3.16) and the formula for the RKHS norm in (3.18).
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We obtain existence of minimizers from continuity and coercivity. The objective is con-
tinuous with respect to z and θ due to the continuity of the feature maps ϕq. If K is
invertible, then the objective is coercive and thus attains a minimum. If it is not invertible,
then we may, without affecting LD or Lτ

C , restrict z to the range of K; this is essentially
applying a finite-dimensional representer theorem to the subspace spanned by Dτ [k]. Un-
der this additional constraint, the objective becomes coercive, giving existence of minima.
Finally, the equivalence of the optimization problems allows us to transfer existence from
problem 3.17 to problem 3.14.

A direct application of Theorem 3.1 gives the finite-dimensional objective function

J (z,θ) := Lτ (x(·; z),θ) = α

2

N∑
n=1

∣∣∣V ⊤
nx(tn; z)− yn

∣∣∣2
+
β

2

M∑
m=1

wm

∣∣∣∣ dpdtpx(τm; z)− f (D[x](τm; z))

∣∣∣∣2
+
λ

2
∥z∥2K +

µ

2
∥θ∥2F , ∥z∥2K := tr(zTKz)

(3.27)

We also give a theorem on the existence of solutions to the continuous problem eq. (3.10).

Theorem 3.2. Consider the optimization problem (3.10). Let α, β, λ, µ > 0. Let X be the
vector-valued RKHS associated to the d-fold Cartesian product of an RKHS Hk associated
to the positive definite kernel k. Assume that Hk is compactly embedded in Cp([0, T ],Rd).
Assume that all functions ϕq in the library Φ are continuous on Rdp. Then there exists a
minimizer (x∗,θ∗) ∈ X × Rd×Q.

Proof. Because the features ϕq are assumed to be continuous functions, and point eval-
uations of derivatives up to order p are bounded on Hk due to the compact embedding
property, LC and LD are continuous on both X × Rd×Q and Cp([0, T ],Rd)× Rd×Q. Addi-
tionally, both are lower bounded by zero. Since λ

2∥x∥2X + µ
2∥θ∥2F is coercive on X × Rd×Q,

we obtain that L is coercive as well. For a minimizing sequence (x(k),θ(k)), we may extract
a subsequence that strongly converges in Cp([0, T ],Rd) × Rd×Q to a candidate minimizer
(x∗,θ∗). Lower semicontinuity of L yields that limk→∞ L(x(k),θ(k)) = L(x∗,θ∗) giving
existence of a minimizer.

3.3 Algorithms and implementation details

Reintroducing the sparse selection procedure, we obtain the optimization problem

minimize
z∈R(p+1)M×d,θ∈Rd×Q

J (z,θ)

subject to supp(θ) ⊂ S (x) .
(3.28)

In order to numerically compute solutions to eq. (3.28), we alternate between applying
a Levenberg-Marquardt (LM) algorithm to solve smooth nonlinear least squares problems
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with the support of θ restricted, and a sparse regression algorithm to choose the support of
θ. We first write J as a regularized nonlinear least squares objective. Define the residual
functions

FD(z) :=

 V ⊤
1 x(t1; z)− y1

...

V ⊤
Nx(tN ; z)− yN

 , FC(z,θ) =


√
w1

(
dp

dtpx(τ1; z)− f
(
D[x](τ1; z); θ

))
...

√
wM

(
dp

dtpx(τM ; z)− f
(
D[x](τM ; z); θ

))
.


(3.29)

With

F (z,θ) =

[ √
αFD(z)√
βFC(z,θ)

]
, (3.30)

observe that

J (z,θ) =
1

2
∥F (z,θ)∥2 + λ

2
tr(z⊤Kz) +

µ

2
∥θ∥2F . (3.31)

The addition of the quadratic regularization term 1
2z

TKz is completely benign in the
nonlinear least squares setting, and may be treated explicitly in Gauss-Newton Hessian
approximations. We further perform a change of variables using the Cholesky factors of
K in order to transform the quadratic regularization into a multiple of the identity, see
Section 3.6.3. Additionally, note that F (z,θ) is affine with respect to θ, which makes it
natural to apply methods for sparse linear least squares for the feature selection procedure
S; see Section 3.3.3.

3.3.1 Optimization

We compute minimizers of (3.17) by alternating between active-set iterations, and sparsi-
fying iterations.

1. Active-set iterations refine the estimates of z,θ under the condition that supp(θ) ⊂
S(k) for a fixed active set S(k):

(z(k+1),θ(k+1)) = argmin
z,θ

J (z,θ), subject to supp(θ) ⊂ S(k) (3.32)

These iterations drop the features not selected in step (2) and solve smooth nonlinear
least-squares problems restricted to the identified support using LM. Taking previous
parameter values as a warm start greatly improves efficiency. More algorithmic
details are discussed in Section 3.3.2.

2. Sparsifying iterations freeze z = z(k) and compute

S(k+1) = S(x(·;z(k))) (3.33)

in order to estimate a new active set. Once the estimate x(·, z) of the trajectory is
fixed, a natural strategy is to target the sparse regression problem of finding sparse
θ which approximately minimizes the collocation error LτC(x(·; z(k)),θ). This objec-
tive then has a linear least squares structure, and S(k+1) is taken to be the support
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of the identified solution. This approach can be seen as applying a traditional 2-
step SINDy approach to the current trajectory estimate x(τm; z

(k)), using the exact
derivatives of the estimated trajectory.

We initialize with a dense support by setting S(0) to be all available indices of θ, and
alternate these two steps until the support S(k) stabilizes, i.e. S(k) = S(k−1), which corre-
sponds to a fixed point. In most of our examples, we take S to be the result of sequentially
thresholded ridge regression [265], which is also the choice taken in [159, 160] and makes
our algorithm template match their ADO approach. Options for sparsifiers are discussed
further in Section 3.3.3.

3.3.2 Smooth nonlinear least squares

To solve the smooth subproblems arising in the active-set refinement eq. (3.32), we use an
LM method, which is a standard and well studied algorithm for nonlinear least squares [258,
288–290]. For notational convenience, stack the variables z,θ and restrict to the current
support:

η =

[
vec(z)

vec(θS(k))

]
, G(η) = F (z,θ). (3.34)

The subproblem in eq. (3.32) takes the form

min
η

J (η) :=
1

2

∥∥G(η)
∥∥2 + 1

2
η⊤Qη, (3.35)

where we define the positive semi-definite matrix

Q :=

[
λ (Id ⊗K) 0

0 µ I|S(k)|

]
, so that

1

2
η⊤Qη =

λ

2
tr(z⊤Kz) +

µ

2
∥θ∥2F .

Note that we have dropped rows/columns for inactive coefficients, i.e., we only keep θS(k) .
Let M be a positive definite matrix defining a step metric. In our case, we set M = Q.

LM linearizes inside of the least-squares term and adds a quadratic damping γ(k) to control
step size and force convergence. The iteration is given by

η(k+1) = argmin
η

m(k)(η) +
γ(k)

2
(η − η(k))⊤M(η − η(k)), (3.36)

m(k)(η) :=
1

2

∥∥∥∇G(η(k))(η − η(k)) +G(η(k))
∥∥∥2 + 1

2
η⊤Qη. (3.37)

We update γ(k) adaptively. Define the gain ratio (observed vs. predicted decrease)

ρ(k) =
J (η(k))− J (η(k+1))

J (η(k))−m(k)(η(k+1))
. (3.38)
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If ρ(k) < 0.01, we reject the step and increase γ(k); otherwise we accept and update γ(k) for
the next iteration. One practical choice, analyzed in [258], is

γ(k+1) =


γ(k) c ρ(k) < 0.4,

γ(k) ρ(k) ∈ [0.4, 0.9],

γ(k)/c ρ(k) > 0.9,

(3.39)

for some c > 1; we use c = 1.2.

3.3.3 Sparsifying iterations

As mentioned in Section 3.3.1, we alternate between solving the fixed support, smooth non-
linear least squares problem (3.32) and updating the support of the coefficient set to obtain
Sk+1, applying a sparse feature selection method in eq. (3.33). Hence, a crucial component
of our algorithm is the choice of regularizer or feature selection procedure in eq. (3.33). The
work that introduced SINDy [265] suggested ridge regularized sequentially thresholded least
squares (STLSQ). This alternates between solving a ridge regularized least squares problem,
and evicting features whose coefficients fall below a given threshold. Another approach is to
add regularization which promotes sparsity. These include LASSO [291] which regularizes
with an ℓ1 penalty, SR3[292, 293] which minimizes smoothed versions of nonsmooth penal-
ties, and MIOSR [294], which directly solves ℓ0 constrained problems using mixed integer
programming. Ensembling the approaches above via bagging and feature subsampling can
sometimes improve the performance of such algorithms [151], and provide some uncertainty
quantification [295].

An alternative approach to feature selection is to define an appropriate sparsity promot-
ing prior distribution and likelihood, and approximately sample from the posterior. These
include spike-and-slab priors [296] and the regularized horseshoe prior [155].

In most of our experiments, we apply ridge regularized STLSQ as it empirically per-
formed the best, and was easy to tune. In section 3.4.5 we applied SR3 [292] with an L1
penalty–we found this to be more consistent on varying trajectory lengths and noise levels
without any retuning, but it can be difficult to intuit good parameters a priori. In certain
cases, including ensembling within our sparsification procedure greatly improved the ro-
bustness of our method, see section 3.4.5. At the cost of losing a straightforward variational
problem, considering an algorithmic sparsification framework allows the specific choice of
sparsifier to become an implementation detail that is easy for users to modify and provides
substantial flexibility.

3.4 Numerical results

We validate JSINDy on a range of examples that illustrate its capability in handling noisy,
scarce and partial observations, higher order systems, and model misspecification.1

1An implementation of JSINDy and the code used to generate the experiments in this section are available
at https://github.com/AHsu98/jsindy.

https://github.com/AHsu98/jsindy
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For each example, we generate a true trajectory x(t) solving the ODE dp

dtpx(t) =

f(D[x],θ), and take noisy measurements yn = Vn
⊤x(tn)+ϵn by adding Gaussian noise ϵn.

Fitting our model results in state estimates x̂(t), and system coefficients θ̂. We evaluate the
state estimates, x̂(t) against the true trajectory x(t) using root mean square error (RMSE)
averaged across coordinates, and normalized by the variance across time of each coordinate.

RMSEVar(x̂,x)
2 :=

1

T · d
d∑

m=1

´ T
0 (x̂m(t)− xm(t))

2dt´ T
0 (xm − xm(t))2dt

, xm :=
1

T

ˆ T

0
xm(s)ds (3.40)

Where appropriate, we evaluate the fitted coefficient matrix θ̂ using the normalized
Frobenius norm compared to the true coefficients θ.

RMSEFro(θ̂,θ) :=
∥θ̂ − θ∥F
∥θ∥F

(3.41)

This is not relevant in Section 3.4.2 due to unidentifiability, and in Section 3.4.4, as
there is no “true” coefficient matrix. All models, for each experiment, use a sum of a
scaled constant kernel and Matérn kernel with ν = 11/2, which corresponds to five times
differentiable functions.

We test our algorithm on a variety of systems and observation patterns. We start
with the Lorenz 63 system, which is commonly used for testing methods for identifying
nonlinear dynamics, using a relatively standard sampling frequency and noise level. Next,
we consider the regime of scarce sampling, with sampling frequencies far below what have
been previously considered in the literature, working with the Lorenz and Lotka–Volterra
dynamics. We then consider problems with partial observations, where we never observe
the entire state at once (even with noise), with cases of alternating between observing the
different coordinates, and observing only a subset. Finally, we consider the related problem
of identifying higher order ODEs from only observations of the state variable, but not its
derivatives, working with the Van der Pol system, a higher dimensional coupled version
of the Duffing system, and the nonlinear pendulum under model misspecification. The
problem of identifying higher order ODEs from point observations can be seen as a version
of a partially observed problem with additional structure between dimensions if reduced to
first order.

In all of these examples, we find that the assumption that x(t) satisfies some autonomous
ODE is a strong prior that greatly improves inference, even when the ODE must itself be
identified. Identification of the ODE itself is further facilitated by the assumption of sparsity
in the dynamics which significantly restricts the class of models under consideration. The
benefits of a joint approach to learning as opposed to two-step estimation have been observed
in many works [2, 159, 160, 269, 270, 297]. The problem of data scarcity was considered
in [2, 160, 270]. The SIDDS algorithm of [270] found that such an approach can reach the
Cramer-Rao lower bound and demonstrated the necessity of decoupling the discretization
of the ODE from the grid of observations in order to reduce bias when the sampling period
is large. Our work expands the flexibility to even scarcer data and partial observations.
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We largely use the same hyperparameters throughout. We set the trajectory regular-
ization λ = 10−3, the data weight α = 1, the collocation penalty β = 105, and use 500
uniformly spaced collocation points with uniform weight. Except for Section 3.4.5 where we
apply SR3, we use STLSQ as a sparsifier, with thresholds and ridge regularization parame-
ters chosen for each problem. See Table 3.1 for full details of hyperparameters and problem
parameters.

Additionally, we include two systematic experiments: one varying the time horizon and
noise level on the Lorenz system, and another varying the noise level on a nonlinear damped
oscillator system. These show promising empirical results compared to other competitive
models.

Experiment Noise abs Noise rel (%) Order ∆t t1 Obs. Obs. Pattern Thr Ridge RMSEVar(x̂,x) RMSEFro(θ̂,θ)
Lorenz 2.0 24.60 1 0.05 10 200 (×3) Full 0.5 0.01 2.35e-2 3.97e-2
Scarce Lorenz 0.0 0.00 1 0.5 10 21 (×3) Full 0.5 0.01 1.61e-3 2.36e-3
Lotka–Volterra 0.2 19.68 1 3 50 17 (×2) Full 0.1 0.1 1.13e-2 3.32e-2
Lorenz Streams 0.32 6.92 1 0.025 10 404 One at a time 0.25 0.01 5.69e-3 1.96e-2
Lorenz Unobserved 0.32 3.98 1 0.025 10 404 3rd coord. unobs. 0.1 0.01 6.84e-3 N/A
Van der Pol 0.1 7.39 2 2 100 50 Pos.-only 0.1 0.01 4.54e-2 1.86e-1
Coupled Duffing 0.2 16.85 2 0.2 30 150 (×5) Pos.-only 0.1 0.01 3.55e-2 3.63e-2
Nonlin. pend. (linear) 0.1 4.17 2 1 100 100 Pos.-only 0.1 0.01 1.25e-01 N/A
Nonlin. pend. (cubic) 0.1 4.17 2 1 100 100 Pos.-only 0.1 0.01 2.22e-2 N/A
Damped nonlin. osc. 0.32 38.22 1 0.05 10 200 (×2) Full 0.08 100.00 6.60e-2 2.47e-1

Table 3.1: Summary of experiments. The n(×d) indicates that the observations were made at n
time points of the d dimensional state. Thr. and Ridge are the threshold and ridge regularization
strength used in the STLSQ sparsifier.

Lorenz System. As a first example which is commonly used to test methods for identifying
nonlinear dynamics, we considered the Lorenz system:

dx1
dt

= −10x1 + 10x2,

dx2
dt

= 28x1 − x2 − x1x3,

dx3
dt

= −8

3
x3 + x1x2.

(3.42)

We use the initial condition x(0) = (−8, 8, 27) and took full observations with a sampling
period ∆t = 0.05, and Gaussian noise with variance σ2 = 4.

Our approach obtained the equations

dx1
dt

= −9.607x1 + 9.689x2

dx2
dt

= 29.122x1 − 1.239x2 − 1.033x1x3

dx3
dt

= −2.624x3 + 0.999x1x2.

(3.43)
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Figure 3.1: Results for Lorenz 63 system. Observations sampled at ∆t = 0.05 until t = 10 with
added Gaussian noise of variance σ2 = 4. Simulated dynamics from eq. (3.43) are compared against
true dynamics from t = 10 until t = 15.

with RMSEVar(x̂,x) = 2.353 · 10−2 and RMSEFro(θ̂,θ) = 3.975 · 10−2. Results can be
seen in Figure 3.1. This is essentially a baseline example. For this problem, the sampling
rate was at the lower end of the standard range that is considered in the literature. Our
approach both identified the correct active features, and approximated the coefficient values
to reasonable accuracy. In the rest of our numerical examples, we largely consider examples
where traditional two-step methods are not applicable, or will obviously break down.

3.4.1 Scarce observations

We now consider cases of very scarcely sampled data with the Lorenz 63 and the Lotka–
Volterra systems.

Lorenz 63 Scarce

We modified the previous example, instead sampling 21 observations of the entire state over
the interval [0, 10] with a sampling period of ∆t = 0.5, and no noise. Results can be seen
in Figure 3.2 with the following learned system below:

dx1
dt

= −10.008x1 + 10.006x2

dx2
dt

= 28.073x1 − 1.012x2 − 1.003x1x3

dx3
dt

= −2.663x3 + 1.001x1x2

(3.44)
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Figure 3.2: Lorenz 63 system with observations sampled at ∆t = 0.5 until t = 10 with no added
noise. Simulated dynamics of (3.44) are plotted against true, unseen, trajectory from t = 10 to
t = 25.

with RMSEVar(x̂,x) = 1.608 · 10−3 and RMSEFro(θ̂,θ) = 2.356 · 10−3. These results are
very accurate, owing to the lack of noise. Indeed, a parameter counting argument suggests
that once the support is identified, this problem is essentially a noiseless and well-posed
though ill-conditioned inversion problem, where we should expect good algorithms to attain
very high accuracy.

Lotka–Volterra

The Lotka–Volterra system is a nonlinear oscillator with periodic solutions, describing pop-
ulation dynamics of a predator-prey ecology, and is a common benchmark for system identi-
fication [151, 277, 294, 297]. This system governs the populations of prey x1 and predators
x2:

dx1
dt

= x1 − x1x2,

dx2
dt

= −x2 + x1x2,

(3.45)

We again considered scarce sampling, with approximately 2 observations per cycle, taken
at a sampling period of ∆t = 3 in the interval t ∈ [0, 50]. Gaussian noise with variance
σ2 = 0.04 was added to the observations. We set the feature library to include monomials
up to second order:

Φ =
{
1, x1, x2, x

2
1, x1x2, x

2
2

}
.
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Figure 3.3: Results for the Lotka–Volterra system of section 3.4.1. Samples are taken at the rate
∆t = 3 up to t = 48, including additive noise with σ = 0.2. Simulated dynamics are shown up to
t = 100, comparing the results from (3.46) with the true dynamics.

Our approach obtained the system

dx1
dt

= 1.009x1 − 1.056x1x2

dx2
dt

= −0.980x2 + 0.500x1x2.

(3.46)

with RMSEVar(x̂,x) = 1.131 ·10−1 and RMSEFro(θ̂,θ) = 3.323 ·10−2. We also compare the
phase portrait of the learned model to the true dynamics, simulating multiple trajectories
from various initial conditions in Figure 3.4.

3.4.2 Partial observations

We now consider problems with only partial observations. Rather than observing the entire
state x(tn), we observe a sequence of linear measurements of the state, yn = V ⊤

nx(tn). We
test our algorithm on the Lorenz dynamics with two challenging observation patterns. In
these examples, we took each V n to be a standard basis vector, observing one coordinate
at a time. In both of these examples, we took the same initial conditions as above, set the
sampling period ∆t = 0.025, and set the noise σ2 = 0.1.

Alternating coordinates

In the first case, we alternated between periods of observing each of the three coordinates
one at a time for 10 time steps each. For each coordinate, this leads to relatively long
gaps (of duration t = 0.5 ) where no observations of the state are made. However, our
approach allows the dynamics to effectively fill in this missing information, correlating the



106

0 5 10
x1

0

1

2

3

4

5

6

x 2
True Dynamics

0 5 10
x1

Simulated Dynamics

Observations
x(0) = (5, 3)
x(0) = (4, 5)
x(0) = (4, 2)
x(0) = (3, 1)

Figure 3.4: Left: True Lotka–Volterra plotted from multiple initial conditions on phase portrait
using (3.45). Red trajectory and measurements are those from Figure 3.3. Right: Using learned
model (3.46) to simulate same trajectories provided same initial conditions.

data available between the different coordinates. Notably, if the dynamics were known ahead
of time, then applying a high order nonlinear Kalman smoothing method could be similarly
effective, but this is not applicable here, since there is no a priori knowledge of the governing
equations [298, 299]. Our model learned the system in (3.47) with RMSEFro(θ̂,θ) = 5.692 ·
10−3 and RMSEVar(x̂,x) = 1.961 · 10−2. Results can be seen in Figure 3.5.

dx1
dt

= −9.987x1 + 9.951x2,

dx2
dt

= 28.104x1 − 1.030x2 − 1.003x1x3,

dx3
dt

= −0.606 · 1− 2.642x3 + 1.005x1x2.

(3.47)

Hidden coordinates

We now consider the problem of identifying dynamics with a hidden variable that is never
observed. In this case, the observations alternate between the first two coordinates on each
time step, and the third is never observed. [279] considered a very similar setup, introduced
a variational annealing approach to identify dynamics in the presence of hidden variables,
and also tested on variants of the Lorenz dynamics. [174] approached the hidden variable
problem using the lens of computational graph completion [300] and kernel learning, though
only considered problems in discrete time without noise. In this case, we cannot expect to
recover the values of the hidden third coordinate due to strong identifiability issues. For
example, rescaling the third coordinate by an arbitrary scalar, and modifying the first two
equations appropriately gives rise to an infinite family of equations of the same sparsity
level which reproduce exactly the original dynamics, restricted to the first two coordinates.

Nevertheless, we can learn an extra latent coordinate; when combined with the first two
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Figure 3.5: Results for Lorenz 63 system with streams of partial observations. Observations alternate
between each coordinate every 10 samples at sampling rate ∆t = 0.025 up to t = 10 with added
noise set to σ2 = 0.1. Learned dynamics are simulated from t = 10 until t = 20.
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Figure 3.6: Results for Lorenz 63 system with an unobserved coordinate. Observations alternate
between first two coordinates at sampling rate ∆t = 0.025 up to t = 10, with no knowledge of
the third, except that the system is known to be three dimensional. Our algorithm constructs a
third, latent coordinate and corresponding dynamics which, when evolved together with the first
two coordinates, reproduces the observed dynamics. Further, we can effectively extrapolate the time
series forward by using our learned dynamics and imputing the value of our artificial coordinate as
a new initial condition, generating good predictions for the first two coordinates.
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observed coordinates, these together satisfy a modified ODE that reproduces the dynamics
on the observed coordinates. This is demonstrated by taking our state estimate at t = 10,
the last observed data-point, and simulating the learned ODE forward in time to predict the
evolution of the first two states. Doing so produces accurate trajectories for four additional
cycles, including a lobe switch, before diverging from the true trajectory due to chaos. Note
that modeling only the first two states with an ODE is insufficient–the flow would be self-
intersecting and cannot satisfy any autonomous ODE without a third coordinate (no chaos
in two dimensions). The results can be seen in Figure 3.6 and eq. (3.48). Because the true
hidden state is unidentifiable, we compute the state estimation error restricted to the first
two coordinates and obtain RMSEVar(x̂,x) = 6.840·10−3. Similarly, since we cannot expect
to recover the third coordinate, we omit the coefficient error.

dx1
dt

= 0.722 · 1− 9.969x1 + 9.936x2 + 0.430x3,

dx2
dt

= −0.456 · 1− 0.453x1 − 0.979x2 − 0.316x3 + 0.408x1x2 − 8.832x1x3 + 0.161x23,

dx3
dt

= −8.626 · 1 + 0.057x2 − 2.683x3 + 0.133x1x2 − 0.421x1x3.

(3.48)
Traditional approaches to handling partially observed systems and modeling time series

often enrich the dynamics by inserting time delay coordinates [301–308]. However, that
comes with its own challenges, such as selecting the number and spacing of delay coordi-
nates, difficulties in continuous time, especially when observations are not evenly spaced,
and introducing bias due to possibly noisy inputs. Our approach has its own drawback of
requiring a separate state estimation problem to make predictions, and producing a some-
what uninterpretable third coordinate. We remark that it is possible to include time delay
embeddings in our approach as well, essentially turning our collocation method for differ-
ential equations into a collocation approach for a delay differential equations–we leave this
to future work.

3.4.3 Higher order systems

Our approach is also capable of learning higher order differential equations given only state
measurements. While devices exist that can directly measure first and second order deriva-
tives (e.g. Doppler radar, gyroscopes, accelerometers), measurements of the system state
are the most common, and second order laws are ubiquitous in physics. We consider the
Van der Pol oscillator, a coupled version of the Duffing system, and the nonlinear pendulum
under model misspecification.

Van der Pol oscillator

The Van der Pol oscillator is governed by the second-order differential equation

d2x

dt2
= µ(1− x2)

dx

dt
− x. (3.49)
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Figure 3.7: Results for the Van der Pol oscillator. Sampling is done only on system state, x, with
sampling rate ∆t = 2 up to t = 100 with simulated dynamics from t = 100 to t = 200 using the
learned equations from eq. (3.50).

We set µ = 0.5 and note that for µ > 0, Van der Pol systems demonstrate an attractive
limit cycle with fast and slow branches. We trained on equally sampled measurements with
∆t = 2 for t ∈ [0, 100] with additive Gaussian noise with variance σ2 = 0.1. We took
the feature library to contain cubic polynomials of x and d

dtx. Our approach obtained the
equation

d2x

dt2
= −0.982x+ 0.343

dx

dt
− 0.337

dx

dt
x2 (3.50)

with coefficient error RMSEFro(θ̂,θ) = 1.858·10−1, and state estimation error RMSEVar(x̂,x) =
4.540 · 10−2. Our algorithm identifies nearly the correct equation with exactly the correct
support.

Coupled Duffing oscillators

As an example of a larger second order ODE, we consider a ring of d Duffing oscillators with
nearest-neighbor coupling. For each dimension i = 1, . . . , d, xi(t) satisfies the differential
equation

d2

dt2
xi(t) = −αi xi(t)− βi xi(t)

3 + µ (xi−1(t)− 2xi(t) + xi+1(t)) , (3.51)

with periodic indexing xd+1 := x1. These dynamics are Hamiltonian. Set v := d
dtx, and

H(x,v) =

d∑
i=1

1

2
v2i +

d∑
i=1

(
αi
2
x2i +

βi
4
x4i

)
+
µ

2

d∑
i=1

(xi+1 − xi)
2 , (3.52)
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Figure 3.8: Left: True Van der Pol oscillator trajectories plotted from multiple initial conditions on
phase portrait using eq. (3.49). Right: Using learned model eq. (3.50) to simulate same trajectories
provided same initial conditions.

the dynamics satisfy
d

dt
x = ∇vH(x,v),

d

dt
v = −∇xH(x,v) (3.53)

We remark that the nonlinearity has a significant qualitative effect in the dynamics. If
we consider a linear version where we drop the cubic restoring force, the dynamics would
be governed by the matrix M := Diag((αi)

n
i=1) + µK, where K is the graph Laplacian on

a cycle. Taking µ < 0 causes the coupling term to encourage exponential blow up, and
with µ negative enough relative to αi, M will have both positive and negative eigenvalues.
This implies unbounded level sets in the Hamiltonian, and divergent trajectories in the
linear version. However, the positive cubic restoring terms (βi > 0) are quartic in the
Hamiltonian, which guarantees compact level sets, bounded trajectories [309].

We considered an example in d = 5 dimensions with parameters µ = −2, αi
i.i.d.∼

Unif[2, 4], βi = 2. We initialized the system with all coordinates at the same position and
velocity, xi(0) = 1 and d

dtxi(0) = 0 for i = 1, . . . , d. We took equally spaced measurements
of the position values xi(t) with a sampling period ∆t = 0.2 between t = 0 and t = 30 as the
input data, and include additive Gaussian noise of variance σ2 = 0.04 which corresponds to
a signal to noise ratio of 39.2.

Trajectory regularization, data weight, collocation penalties and points remain as in the
previous example λ = 10−3, α = 1, β = 105,m = 1000. We took the sparsifier to be STLSQ
with threshold 0.1, and ridge regularization parameter 0.01. The feature library includes
monomials up to cubic order of xi and

d
dtxi, but excludes interaction terms,

Φ =

{
1, x1,

d

dt
x1, ..., x5,

d

dt
x5, x

2
1, (

d

dt
x1)

2, . . . , x35, (
d

dt
x5)

3

}
. (3.54)

This library contains 31 functions (down from 286 if we were to include all 10-variable
polynomials up to cubic order). Our algorithm correctly identifies the correct support in all
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Figure 3.9: Position observations sampled at rate ∆t = 0.2 up to t = 30 with added noise set to
σ2 = 0.04 equating to a relative noise of 2.55%. Learned and true dynamics from eq. (3.55) are
simulated from t = 30 to t = 50.

five variables which amounts to finding the 20 active variables out of 155 with a maximum
coefficient error of 0.12.

We show the learned equations on the left, and the true equations on the right.
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d2x1
dt2

= 1.272x1 − 2.074x2 − 2.083x5 − 1.890x31,
d2x1
dt2

= 1.392x1 − 2x2 − 2x5 − 2x31

d2x2
dt2

= −1.951x1 + 0.695x2 − 2.010x3 − 1.977x32,
d2x2
dt2

= −2x1 + 0.711x2 − 2x3 − 2x32

d2x3
dt2

= −2.016x2 + 1.862x3 − 1.956x4 − 2.045x33,
d2x3
dt2

= −2x2 + 1.81x3 − 2x4 − 2x33

d2x4
dt2

= −2.023x3 + 1.679x4 − 2.072x5 − 2.019x34,
d2x4
dt2

= −2x3 + 1.521x4 − 2x5 − 2x34

d2x5
dt2

= −1.921x1 − 1.961x4 + 1.925x5 − 2.054x35,
d2x5
dt2

= −2x1 − 2x4 + 1.988x5 − 2x35.

(3.55)
We show estimates of the derivatives of one of the state variables and the error in the

forward simulations of these learned dynamics starting from the last observation at t = 30 in
Figure 3.9 with RMSEVar(x̂,x) = 3.554 ·10−2 and RMSEFro(θ̂,θ) = 3.627 ·10−2. Our model
produces very accurate derivative estimates despite only having access to noisy observations
of the original state variables. The regularized least squares collocation applied to a space
of five times differentiable functions allows for derivative estimates up to fourth order to
remain accurate, despite the dynamics being only second order. This level of performance is
comparable to data simulation approaches where we know the model beforehand and apply
high order nonlinear Kalman smoothing. The key point is that our approach simultaneously
discovers the model and estimates the states.

3.4.4 A misspecified model

We considered a case where the dynamics are misspecified by fitting polynomials to nonlinear
pendulum dynamics. Our least squares relaxation of the dynamics allows some of the
unmodeled dynamics to be accommodated as an error term, as in eq. (3.63). Robustness
to misspecification is very useful; in many experimental or designed processes we may have
little to no prior knowledge of the true functional form of the underlying dynamics. In
these cases, we hope to maintain highly accurate state estimation (despite the misspecified
dynamics), while producing a reasonable model for simulating the future.

We consider the nonlinear pendulum,

d2x

dt2
= − sin(x), (3.56)

and fit two models, one that is linear and another that is cubic. Simulated trajectories were
created with initial displacement of x(0) = 3 and no initial velocity d

dtx(0) = 0. Observations
were made with a sampling period of ∆t = 1 over the interval t ∈ [0, 100], with Gaussian
noise (σ2 = 0.01).

The relatively large initial condition x(0) = 3 means that the nonlinearity has a signifi-
cant effect; replacing sin(x) with a cubic Taylor series centered around zero results in finite
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Figure 3.10: Results for estimating time derivatives of the coupled Duffing system. The relative
mean square errors of the estimates of the first, second, third, and fourth derivatives are 2.32 ·
10−3, 3.68 · 10−3, 6.57 · 10−3 and 1.1 · 10−2 respectively. In this case, our approach resolves the fine
structure in estimating the state.

time blowup with these initial conditions. We obtained the following models:

Linear:
d2x

dt2
= −0.151x (3.57)

Cubic:
d2x

dt2
= −0.796x+ 0.086x3. (3.58)

Both of these perform very well in state estimation, despite only forming a somewhat crude
approximation to the dynamics as evaluated through forward simulation (see Figure 3.11).
The filtering error of the linear model was RMSEVar(x̂,x) = 1.250 · 10−1 and for the cubic
model, was RMSEVar(x̂,x) = 2.221 ·10−2. The linear model matched the period of the true
nonlinear dynamics eq. (3.56), but did not have enough degrees of freedom to match the
amplitude and misrepresented the shapes of the peaks. The cubic model performed quite
well, especially in state estimation and matching the shapes of the oscillations, but has a
slightly incorrect period.

3.4.5 Benchmarking

We now consider two systematic experiments testing the robustness of our method to noise,
and comparing primarily to ODR-BINDy [269].
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Figure 3.11: Results for misspecified linear and cubic models for nonlinear pendulum. Observations
were sampled at a rate ∆t = 1 up to t = 100 with added noise with variance σ2 = 0.01. Learned
dynamics for both linear and cubic model, eq. (3.57) and eq. (3.58), are simulated from t = 100 to
t = 200 where the linear model successfully captures periodicity of the true trajectory, but fails to
capture the correct amplitude, whereas this is flipped for the cubic model.

Damped nonlinear oscillator

We considered increasing noise levels with fixed trajectory length and observation frequency
for a nonlinear damped oscillator that was studied in [269]. The dynamics are given by

d

dt
x1 = −0.1x31 + 2x32

d

dt
x2 = 2x31 − 0.1x32.

(3.59)

We took the initial conditions x(0) = (2, 0), and took samples of both variables with sam-
pling period ∆t = 0.05 for t ∈ [0, 10]. We first considered an example with noise level
σ = 0.32. We set trajectory regularization λ = 10−5, data weight α = 10, collocation
penalty β = 105, and used STLSQ with threshold 0.08 and ridge parameter 100. This
is a surprisingly challenging example, especially with this level of noise–our model does
not identify the correct support, but still performs quite well in estimating the state. We
obtained RMSEVar(x̂,x) = 6.60× 10−2, RMSEFro(θ̂,θ) = 2.47× 10−1, and the equations

d

dt
x1 = 0.078x2 − 0.560x1x

2
2 + 1.859x32

d

dt
x2 = −0.008x1 − 0.212x21 − 1.950x31 − 0.284x1x

2
2.

(3.60)
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The oscillatory terms were recovered with reasonable accuracy, but the small damping
was hard to capture correctly. From Figure 3.12, we can see that the state estimates and
reproduced dynamics are still close, which suggests some ill-posedness in the sparse recovery
problem.

Next, we tested on a sequence of noise levels σ = 0.02, 0.04, 0.08, 0.16, 0.32, 0.64 and
averaged the values of RMSEVar(x̂,x) and RMSEFro(θ̂,θ) over 32 random seeds. In this
case, we found that including ensembling [151] in the inner sparsifier greatly improved the
consistency of the results for higher noise levels. We compared five models, weak SINDy[233],
weak SINDy with ensembling, JSINDy, JSINDy with ensembling, and ODR-BINDy [151,
269]. We used PySINDy for ensembling and weak SINDy [268], and the GitHub repository2

associated to [269] for ODR-BINDy. We also tested with other two-step variants of SINDy,
but they all performed worse than weak SINDy, so we omit them. As ODR-BINDy also
produces state estimates, we compare the state estimation error between JSINDy, JSINDy
with ensembling and ODR-BINDy.

We note that our ensembling only occurs inside of the sparsifier S, and therefore does
not incur much additional computational cost, which is dominated by the nonlinear least
squares problems rather than the sparsifying iterations. In cases where the model is already
successful, ensembling can introduce additional extraneous features, but for challenging
problems, it seems to improve the robustness. Perhaps surprisingly, the error of weak
ensemble SINDy was quite high for low levels of noise, but did not degrade as noise was
increased for the scale that we considered.

In terms of the coefficient error, and without ensembling the sparsifier, our model per-
forms noticeably worse than ODR-BINDy; maximizing the Bayesian evidence seems to be a
good model selection criterion. Upon introducing ensembling, our model selection stabilizes
and the coefficient errors become comparable. In terms of state estimation, JSINDy both
with and without ensembling performs well across varying levels of noise, regardless of the
coefficient accuracy, owing to the stabilizing effect of the RKHS regularization and least
squares relaxation.

Lorenz 63 example

We also tested the performance of our method on varying levels of noise and durations of
observations with fixed observation frequency on the Lorenz 63 dynamics (3.42) with results
in Figure 3.14. We applied JSINDy with data weight α = 1, collocation weight β = 105,
regularization λ = 10−5, and used SR3 as a sparsifier with an L1 penalty with weight
5, and relaxation coefficient ν = 0.05 [292]. We compare to ensemble weak SINDy and
ODR-BINDy. The setup is identical to that of [269, Sec. 3.2], though we did not exclude
the constant function from the library for weak SINDy. ODR-BINDy performed best in
variable selection, likely owing to their approach of Bayesian evidence maximization. While
also better than JSINDy in coefficient error, the difference is somewhat less pronounced. A
much larger difference can be seen between JSINDy and ensemble weak SINDy, as well as
the other models shown in [269, Sec. 3.2].

2https://github.com/llfung/ODR-BINDy

https://github.com/llfung/ODR-BINDy
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Figure 3.13: Results for the damped nonlinear oscillator across varying levels of noise. Left: coeffi-
cient error RMSEFro(θ̂,θ), Right: state estimation error RMSEVar(x̂,x). In this case, ensembling
significantly improves the coefficient error for both weak SINDy and JSINDy. For JSINDy, in-
cluding ensembling inside of the sparsifier brings the coefficient error from noticeably worse than
ODR-BINDy to slightly better. Overall, JSINDy performs very well in state estimation across vary-
ing levels of noise.



117

10

9

8

7

6

5

4

Tr
aj

ec
to

ry
 D

ur
at

io
n

Weak SINDy ODR-BINDy JSINDy

5 10 15 20 25 30 35 40
Noise (%)

10

9

8

7

6

5

4

Tr
aj

ec
to

ry
 D

ur
at

io
n

5 10 15 20 25 30 35 40
Noise (%)

5 10 15 20 25 30 35 40
Noise (%)

0.0

0.1

0.2

0.3

0.4

Su
cc

es
s 

R
at

e

6

5

4

3

2

1

0

lo
g(

E
rr

or
)

Figure 3.14: Experiment across different trajectory lengths and noise levels, averaged over 128
independent trials and ∆t = 0.01. Top: Proportion of trials where the correct support was exactly
recovered Bottom: Relative coefficient error RMSEFro(θ̂,θ) of identified system.



118

3.5 Discussion and conclusion

A key technique used in this work is the least squares relaxation of the ODE constraint:

dp

dtp
x = f(D[x](t);θ) (3.61)

into the penalty term

LC(x,θ) =
1

2

ˆ T

0

∣∣∣∣ dpdtpx− f(D[x](t);θ)

∣∣∣∣2 dt. (3.62)

In this section, we provide some insight into the mathematical underpinnings of this
approach, discuss the theoretical advantages, and highlight the role of regularization, while
providing additional context and reference to trace many of these ideas in the literature.

The least squares relaxation has been applied in the PDE inverse problem setting [282],
where it was found to mitigate the effects of local minima [284]. It was further analyzed in
[281], which presented a representer theorem for relaxations of parametric linear PDEs and
cast the inversion problem as minimizing a special RKHS norm. The least squares approach
is also common in the ML literature, most notably through physics-informed neural networks
[141], as well as approaches to learning differential equations and parameter estimation [2,
159, 160, 269, 310, 311]. In our case, the additional error associated to the ODE from
applying a least-squares approach can be beneficial to the overall learning process, rather
than a limitation. We prefer the relaxation approach to alternatives, such as reduced or
shooting methods that view the ODE as a constraint and enforce feasibility from the start,
which can be seen in neural ODEs, inverse problems, and optimal control [312–315], or
formulations that enforce the hard constraint within an all-at-once formulation such as
[270], which optimizes by solving the discretized KKT conditions.

The RKHS regularized least squares approach that we take has two major advantages
over reduced approaches. First, state estimates for any length of time are well defined
for a much broader class of ODEs, which can be seen from the existence of bounded so-
lutions in Theorem 3.2. Further, the state estimates are allowed to be self-correcting in
that the additional data misfit terms may inform the state estimates. In contrast, in re-
duced approaches, certain parameter values may lead to finite time divergence of the ODE.
Second, this approach improves the regularity of the objective with respect to the system
parameters θ. For chaotic dynamics, we can generically expect that small perturbations
to parameters of the system will lead to exponentially large changes over long periods of
time relative to the Lyapunov exponent. Several works have observed that this leads to
extremely ill-conditioned and non-convex objectives in reduced formulations, especially in
chaotic regimes where the mismatch between simulated and observed trajectories can grow
exponentially with time [316–318]. As a result, gradient-based optimization often stalls,
converges to spurious local minima, or fails entirely. These issues can be mitigated signifi-
cantly through multiple-shooting and multipoint-penalty methods [317–319], which break a
long trajectory into shorter segments, while simulating within each segment. The full space
approaches considered in this work can, in a sense, be seen as the limit of many segments
in a multiple-shooting method, but we leave a more systematic comparison to future work.
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The least squares relaxation avoids simulating forward trajectories altogether and instead
distributes the residual over time, substantially smoothing the optimization landscape and
improving robustness. Further, it makes the objective a linear least squares regression
problem in the coefficients θ for any fixed state estimate x. This natural perspective also
appears in [281] in the context of recovering a coefficient field in a PDE-constrained inverse
problem. [269] points out the connection to orthogonal distance regression in all-at-once
approaches, casting optimization with respect to the state variables as adjusting the inputs
to correct an error-in-variables bias. Indeed, in the linear case, such an approach appears
as early as 1950 in Householder’s method for exponential fitting [320], where the error-in-
variables issue in Prony’s method is corrected by jointly fitting state estimates and discrete
time dynamics.

Least squares relaxation of the ODE constraint can also be seen as minimizing a back-
wards error of the ODE. Introducing an auxiliary forcing function r(t), we may equivalently
write the least squares penalty as

LC(x,θ) =


min

r∈L2([0,T ],Rd)

ˆ T

0
|r(t)|2 dt

subject to
dp

dtp
x(t) = f(D[x](t);θ) + r(t)

, (3.63)

where the ODE is understood in the weak sense.
When this formulation of LC is embedded into the optimization problem eq. (3.7) with

an appropriate lifting to optimize with respect to r, this can be interpreted as finding a
control or forcing term r(t) with small L2 norm which is optimized to steer x to match
the data and have small RKHS norm. This view is also well motivated when the model is
misspecified, where r can act as an error term in the dynamics.

While one can control the error in terms of the size of the residual r and a Lipschitz
assumption on f via classical error analysis for ODEs using Grönwall’s inequality, this will
generally result in overly pessimistic error estimates which grow exponentially in time as
it assumes worst case behavior of r. Rather, r largely pushes the trajectory to match the
data, so its effects should be small when the model is well specified, and large in misspecified
cases, where it is necessary. By assimilating the observation data over a long trajectory, the
error can be compared to that of Kalman filtering/smoothing (see e.g. [321]) under very low
system noise and a reasonably accurate system model.

In our case, the regularity of r follows from the smoothness of x lent by the RKHS
regularization and continuity of f , noting that r(t) = dp

dtpx(t)− f(D[x](t);θ), the difference
of two continuous functions. However, without regularization of x, there is no reason to
believe that r is continuous, so x will only be piecewise p-times differentiable; for first order
ODEs, one should expect kinks in the state estimates without higher order regularization.
The closely related approach of ODR-BINDy [269] interprets the least squares approach as
a stochastic relaxation, modeling error in the ODE as independent white noise. However,
it can be difficult to rigorously interpret the noise stochastically taking the function space
limit of inferring x(·); in the random setting and without regularization, the covariance of
the residuals becomes increasingly important as the mesh is refined and r(t) is considered
as a random process. In the case that the residuals are uncorrelated (e.g. r(t), r(t′) are
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independent for t ̸= t′ ), then either the pointwise variances have to blow up, or the noise
completely washes out under the integral. The probabilistic model can be seen as applying
maximum a posteriori estimation to the stochastic differential equation

dx = f(x)dt+ ϵdBt. (3.64)

In this model, d
dtx will not be defined pointwise, possessing only the regularity of white

noise. Of course, these considerations do not manifest computationally; the error terms
end up correlated, there is no “real” Brownian motion happening, and most reasonable
discretizations will implicitly regularize the trajectory estimate. However, this does raise
the question of determining a computationally effective and complete stochastic model in
the vein of probabilistic numerics [322], as well as the idea of penalizing the residual in a
stronger norm than L2.

3.5.1 Conclusion

We proposed and demonstrated the effectiveness of JSINDy in both system identification
and filtering by performing both jointly. We addressed a number of challenging problems
in continuous time system identification within a single framework based on collocation in
RKHSs, including scarce sampling, far below what has been considered in previous works,
partially observed states, and higher order dynamics. Building on other recent advancements
in all-at-once system identification methods [159, 160, 269, 270, 279], this work provides
more strong evidence for the superiority of all-at-once methods for system identification,
and demonstrates significant flexibility. In short, the assumption that the data satisfy some
dynamics is a very good prior to use when it is true. Overall, the RKHS formulation
provides a flexible and effective tool for modeling while providing a principled approach to
regularization, resulting in stable optimization, and allowing for seamlessly incorporating
prior assumptions, data, and dynamics.

Currently, the primary drawback of JSINDy is that dense kernel matrices arise from
the global approximation, leading to cubic complexity in the trajectory length. This can,
however, be mitigated through a state-space representation of Matérn Gaussian processes
as in [323], which essentially amounts to a finite difference approximation to the associated
Sobolev norm, and would result in banded Jacobian matrices.

Further improvements are available on the side of optimization. The objective function in
eq. (3.10) is amenable to partial minimization [258, 324, 325] with respect to the coefficients
θ in solving the fixed-support nonlinear least squares problems. Our approach of alternating
with an algorithmic sparsifier is another choice which could use more investigation. In
particular, incorporating Bayesian evidence as a model selection criteria could be highly
effective, while raising interesting questions for efficiently solving the discrete optimization
problems that arise [269, 326, 327].
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3.6 Theory

We provide some more details of the RKHS theory that underlies our approach and the
least squares relaxation approach we take for the ODE.

3.6.1 RKHS and representer theorems

We first give a version of the representer theorem in the Hilbert space setting which is
appropriate for Theorem 3.1. These theorems are well known and appear in various forms
throughout the literature; we state this for completeness. The variant that we present can
be found in [166, 328, 329], and similar results appear in [142, 260, 286].

Theorem 3.3 (Representer). Let H be a separable Hilbert space. Let F : H 7→ R be given
by

F (u) = f(⟨u,w1⟩, ..., ⟨u,wm⟩) + J(∥u∥) (3.65)

where J : R+ 7→ R ∪ {∞} is strictly increasing, ⟨·, wi⟩ are bounded linear functionals, and
f : Rm 7→ R ∪ {∞}. Then if F admits a minimizer u∗ with F (u∗) <∞, then

u∗ =
m∑
i=1

ciwi. (3.66)

3.6.2 Matérn kernels and Sobolev spaces

Here, we review some prerequisite RKHS and Sobolev space theory, giving more details
on the kernel functions we use, and discussing the smoothness of functions in RKHS X
associated to the kernels we define in eq. (3.11). Much of this will pull directly from [260,
330] where we direct the interested reader for additional details. First, recall from eq. (3.11)
that we take the sum of a constant kernel with a Matérn kernel

k(t, t′) = c0 + c1hν

( |t− t′|
ℓ

)
, hν(r) =

21−ν

Γ(ν)

(√
2νr
)ν
Kν

(√
2ν r

)
. (3.67)

From [260, Ex. 2.6], the RKHSHk associated to this kernel is norm equivalent to the Sobolev

space Hν+ 1
2 ([0, T ]), functions which are ν+ 1

2 times differentiable in the mean-square sense.
Compactness of the domain means that adding a constant to the kernel function does not
affect the equivalence. By the Sobolev embedding thoerem [331, Thm. 5.6.6, p. 270], this
implies that Hk is also compactly embedded in the Hölder space Cp([0, T ]) for p < ν.
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When ν is a half integer (i.e. ν = p+ 1
2), hν reduces to the product of a polynomial and

exponential in r.

hν(r) = exp
(
−
√
2νr
) p!

(2p)!

p∑
i=0

(ν − 1
2 + i)!

i!(ν − 1
2 − i)!

(
2
√
2νr
)ν− 1

2
−i
. (3.68)

Stably computing high order derivatives of this hν can still be challenging due to the ab-
solute value inside of hν , and directly applying autodiff to this representation can cause

catastrophic cancellation. However, for j < 2ν, dj

dtj
hν(

|t−t′|
ℓ ), can also be written as the

product of a polynomial and exponential function; we compute this representation of the
derivatives in SymPy [332]. We then convert the resulting expressions to Jax [333] using
Sympy2Jax [334].

3.6.3 Cholesky factorization and choice of basis

In our numerical implementation, we perform a linear change of variables in order to simplify
bookkeeping and mitigate some of the effects of ill-conditioning and numerical roundoff on
convergence by reparametrizing with the Cholesky factors of K. That is, write

K = CC⊤ (3.69)

for the Cholesky factorization of K, and set

z̃ = (z̃1, ..., z̃d), z̃m = C⊤zm. (3.70)

Under this parametrization, we have that

x(·; (C−T z̃1, ...,C
−T z̃d)) = x(·;z). (3.71)

It is clear that these are interchangeable mathematically. Computationally, they relegate
some of the bookkeeping with tracking the kernel matrix to an initial Cholesky factorization,
which, in our implementation, is absorbed into the parametrization. Even though this
still entails factorizations of ill-conditioned matrices, and direct solvers are also applied
downstream, this empirically seems to mitigate some of the effects of ill-conditioned Jacobian
matrices in solving regularized least-squares problems.

3.7 Computational tools

We perform all of our computations using Jax [333], and solve ODEs using the Tsit5 [335]
solver with a PID controller for adaptive timestepping [336, 337] as recommended by, and
implemented in Diffrax [312, 338]. Comparisons with SINDy use the PySINDy package [268].
Comparisons with ODR-BINDy were made using the implementation 3 from the original
work [269]. Our experiments and current implementation are available in the GitHub repos-
itory [339]; an optimized implementation of JSINDy will soon be added to PySINDy. Our
computations with JAX used an RTX-5000 Ada Generation GPU in a Lambda machine.

3https://github.com/llfung/ODR-BINDy

https://github.com/llfung/ODR-BINDy
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Chapter 4

SHARP BOUNDS ON THE FAILURE OF THE HOT SPOTS
CONJECTURE

Preface

In this chapter, from [4] which is joint work with Jaume de Dios Pont and Mitchell A. Tay-
lor, we determine the sharp value of the hot spots ratio in every dimension and study its
asymptotic behaviour as the dimension grows. This collaboration began at the Mathema-
tisches Forschungsinstitut Oberwolfach in the fall of 2024, at the Arbeitsgemeinschaft on
Quantum Signal Processing and Nonlinear Fourier Analysis organized by András Gilyén,
Lin Lin and Christoph Thiele.

The hot spots conjecture, posed by Rauch at a conference in 1974, posits that the
maximum of the first nonconstant Neumann Laplacian eigenfunction occurs on the boundary
of the domain. While known to be false in general [340], precisely quantifying the degree
of failure remained open: How much larger can the maximum on the interior be than the
maximum on the boundary?

Let Ω denote a Lipschitz domain, and ψ1 be the first nontrivial Neumann eigenfunction
on this domain, satisfying

−∆ψ1(x) = µ1ψ1(x), x ∈ Ω

∂nψ1(x) = 0, x ∈ ∂Ω

for µ1 > 0. Define

R(Ω) := max
x∈Ω

ψ1(x)/max
x∈∂Ω

ψ1(x) and Sd := sup
Lipschitz Ω⊂Rd

R(Ω).

The original work [341] of Steinerberger that posed this question proved that Sd < 60
for all d, which was improved in subsequent years [342]. Our work determined the exact
value of Sd for every dimension d, proving both new upper bounds and showing they are
sharp through explicit constructions. The proof of the upper bound combines a comparison
principle for elliptic equations with Talenti’s rearrangement inequality. A quantitative form
[343] of the Szegő–Weinberger eigenvalue inequality [344, 345] — that the ball uniquely
maximizes the first nontrivial Neumann eigenvalue among domains of equal volume — then
converts near-equality in the upper bound into a rate that extremizing sequences must
approach a ball, in terms of Fraenkel asymmetry. The construction achieving the lower
bound uses perforated domains that, in an appropriate limit, allow for jump discontinuities
in the eigenfunction, effectively creating separate interior and exterior regions, and reducing
the eigenvalue problem on a perforated disk into a radial problem with an interior jump
condition.
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4.1 Introduction

Rauch’s hot spots conjecture, first posed in his 1974 lectures at Tulane University [346], is
a statement about the long-term behavior of solutions to the heat equation in an insulated
domain. Given a bounded, connected domain Ω ⊂ Rd, let ψΩ denote the first nontrivial
eigenfunction of the Laplace operator in Ω with Neumann boundary conditions. In phys-
ical terms, ψΩ represents the fundamental mode of heat dissipation in the insulated body
Ω, and its behavior dominates the asymptotic temperature fluctuations for generic initial
temperature distributions. Rauch’s hot spots conjecture asserted that, for sufficiently reg-
ular domains, the points where ψΩ attains its maximal and minimal values must lie on
the boundary ∂Ω. In other words, for generic initial data, the extrema of the temperature
fluctuations should migrate towards ∂Ω as t→ ∞.

Initially, this conjecture was believed to hold for all sufficiently regular domains in Rd.
Burdzy and Werner [340] disproved this in two dimensions by constructing a counterexample
with three holes (with later examples with one hole provided in [347]). Most attention then
turned towards convex domains, where the conjecture was thought to hold in arbitrary
dimensions. This was recently disproved by the first author [348] in all sufficiently high
dimensions.

Despite these counterexamples, the conjecture has been proven for various classes of
domains. In R2, these include all triangles [349, 350], domains that are long and thin in
different senses [351–353], and convex sets with one axis of symmetry [354, 355]. It is widely
believed that the conjecture holds for all simply connected sets in R2.

In higher dimensions, positive results have been established for cylinder sets [356], cer-
tain thin sets that are rotationally symmetric in all but one dimension [357], and domains
generalizing the two-dimensional class introduced by Atar and Burdzy [352], such as [358,
359].

The existence of counterexamples in various settings raises the following fundamental
question: How badly does the hot spots conjecture fail? This question has been around since
the first counterexamples were found in the late 90s, and its importance was reiterated in
recent years by Steinerberger [341], who introduced the hot spots ratio, a quantitative
measure of the conjecture’s failure.

Definition 4.1 ([341, 342]). Let Sd be the supremum, among all connected, bounded
domains Ω ⊂ Rd with Lipschitz boundary, of the ratio

maxx∈Ω ψΩ(x)

maxx∈∂Ω ψΩ(x)
,

where ψΩ is any of the first non-constant Laplace eigenfunctions of Ω with Neumann bound-
ary conditions.

In this paper, we determine the exact value of Sd in all dimensions. Approximate
numerical values are presented in Table 4.1. We further show that extremizers to this ratio
do not exist for d > 1, and that extremizing sequences must converge to a ball at a precise
quantitative rate. As d → ∞, we show that Sd converges to

√
e, matching the previously

best known upper bound from [342].
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2 5 10 15 20

d (dimension)

1.5

2.0

2.5

3.0

S
d

d Sd
Former best bounds
(Lower) (Upper)

1 1 1 1
2 3.1642. . . 1.001 5.1043. . .
3 2.3861. . . > 1∗ 3.5288. . .
4 2.1299. . . > 1∗ 3.0200. . .
10 1.7987. . . > 1∗ 2.3314. . .
100 1.6613. . . > 1∗ 1.8809. . .

d→ ∞ √
e > 1

√
e

Figure 4.1: (Left) Plot of Sd as a function of d with the asymptotic value Sd → √
e marked by a

red line. (Right) Approximate values of Sd for different dimensions d along with the previously best
known bounds. The value > 1 means that no specific value had been computed (to the knowledge
of the authors), but the value is known to be > 1. Results marked with ∗ were folklore results. The
fact that lim infd→∞ Sd > 1, without a specific computed value, follows from the proof of [348]. The
lower bound in d = 2 comes from numerical experiments [360]. All previously best known upper
bounds follow from [342].

To state our main results precisely, we recall the following basic notation and terminol-
ogy.

Notation for eigenfunctions.

1. We will denote by φ
(k)
Ω the k-th Dirichlet eigenfunction, of eigenvalue λ

(k)
Ω , with k

starting at 1. When k is omitted, it is assumed to be 1.

2. We will denote by ψ
(k)
Ω the k-th Neumann eigenfunction, of eigenvalue µ

(k)
Ω , with k

starting at 0 (so that ψ
(0)
Ω is the constant function and ψ

(1)
Ω is the first nontrivial

eigenfunction). When k is omitted, it is assumed to be 1.

3. When a function (such as φB1(Rd)) is radial, we will, in an abuse of notation, write

φB1(Rd)(x) = φB1(Rd)(|x|).

We will prove that sequences of domains extremizing the hot spots ratio must (in a
certain sense) converge to a ball (see Figure 4.2). The reason that the ball is not a maximizer
is because its first nontrivial Neumann eigenfunction is not radial. As we will see, the almost
extremizing domains for the hot spots constant are slight modifications of the ball that drop
the first radial eigenvalue right below the first non-radial eigenvalue. The resulting radial
eigenfunction then dictates the degree of failure of the hot spots conjecture.
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Definition 4.2. We will denote by

ηd(x) :=
φB1(Rd)

(
x
√
µB1(Rd)/λB1(Rd)

)
φB1(Rd)

(√
µB1(Rd)/λB1(Rd)

) =
x1−

d
2J d

2
−1

(
x
√
µB1(Rd)

)
J d

2
−1

(√
µB1(Rd)

) .

This function, with domain B1(Rd), is the unique solution to the PDE{
−∆ηd(x) = µB1(Rd)ηd(x) if |x| < 1,

ηd(x) = 1 if |x| = 1.

The function ηd(x) is not a Neumann eigenfunction of the ball (in that it does not satisfy
the Neumann boundary conditions), but it is a Laplace eigenfunction on the interior. It will
arise as the locally uniform limit of a sequence of Neumann eigenfunctions of a sequence of
domains converging to a ball.

Our first main result states that the failure modes of the hot spots conjecture are tightly
controlled by the function ηd(x). Given a domain Ω with the same volume as the unit ball,
its Fraenkel asymmetry A(Ω) measures how different Ω is from the ball:

A(Ω) := min
x∈Rd

|(x+B1(Rd))∆Ω|.

Theorem 4.3. Let ηd(x) be as above. Then for any d ≥ 2,

Sd = ∥ηd(x)∥L∞(B1(Rd)) = ηd(0).

Moreover, the value of Sd is not achieved by any set in Rd with Lipschitz boundary. On the
other hand, any extremizing sequence of domains must converge to a ball at a quantitative
rate: If Ω has the same volume as the unit ball, then

Sd −
maxx∈Ω ψΩ(x)

maxx∈∂Ω ψΩ(x)
< ϵ2 =⇒ A(Ω) ≤ Cdϵ,

where A(Ω) is the Fraenkel asymmetry of Ω.

Since ηd(x) can be written explicitly in terms of Bessel functions, we can compute the
limit limd→∞ Sd.

Corollary 4.4. One has limd→∞ Sd =
√
e.

Theorem 4.3 determines the gap in the hot spots conjecture in terms of the L∞ norm.
One could, alternatively, try to determine the size of the gap in measure: How large is the
set where ψΩ is too large?

Definition 4.5. For α ∈ [1, Sd] let Vd(α) be the maximum, among all bounded and con-
nected Lipschitz domains Ω in Rd, of the quantity

|{x ∈ Ω s.t. ψ
(1)
Ω (x) ≥ αmaxy∈∂Ω ψ

(1)
Ω (y)}|

|Ω| .
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Theorem 4.6. When α ∈ [1, Sd], the function Vd(α) is given implicitly by

Vd

(
ηd(α

1/d)
)
= α.

Theorem 4.6 implies Theorem 4.3 (without the stability result). The proof of both
theorems is the same and it yields an analogous stability result in Theorem 4.6 for any
α ∈ (1, Sd).

Corollary 4.4 shows that the hot spots conjecture is, in an L∞ sense, uniformly false
as d → ∞. If instead one uses a measure-theoretic sense (or, as a corollary, an Lp sense,
0 < p < ∞), the hot spots conjecture becomes more and more true as the dimension
increases:

Corollary 4.7. For any α > 1, one has limd→∞ Vd(α) = 0. Moreover, the convergence is
exponentially fast.

The construction in [348] of a convex set that violates the hot spots conjecture is, in
all but two dimensions, radially symmetric. Moreover, if in [348, Definition 2.7] one could
choose ψΩ,V with enough freedom, one would likely be able to reach a

√
e bound in [348,

Proposition 2.8]. This suggests the following conjecture.

Conjecture 4.8. Let Cd be the hot spots ratio of d-dimensional convex sets, that is, the
supremum among all convex, bounded domains Ω ⊂ Rd of the ratio

maxx∈Ω ψΩ(x)

maxx∈∂Ω ψΩ(x)
.

Then
lim
d→∞

Cd =
√
e.

Remark 4.9. Our construction shares some overarching similarities with the counterexample
to Payne’s nodal line conjecture in [361] (d = 2) or [362] (d ≥ 3), with more recent construc-
tions in [363], as it involves removing multiple holes from a ball, resulting in a topologically
complex domain. In d ≥ 3, a harmonic capacity argument allows one to connect the holes
to the boundary of the ball, giving rise to counterexamples that are homeomorphic to a
ball [364]. An analogous phenomenon holds for the hot spots ratio in d ≥ 3 (but not for
d = 2, where the hot spots conjecture is still widely expected to hold for simply connected
domains). ♢

Organization of the paper: Section 4.2 shows the upper bound in Theorems 4.3 and 4.6.
Section 4.3 explains the heuristics for the lower bound and motivates an effective, limiting
problem, which we carefully analyze in Section 4.4. Section 4.5 constructs the sequence of
sets that witness the lower bound and reduces the analysis to the effective problem from
Section 4.4. The sets saturating the hot spots ratio are constructed using a limiting proce-
dure as a spherically symmetric Neumann sieve. In Section 4.6 we compute the asymptotics
of Sd and Vd(α) as d→ ∞, completing the proofs of Corollaries 4.4 and 4.7.
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4.2 The upper bound

The upper bound is a refined version of the argument in [341, 342]. We substitute estimates
on stopping-time probabilities for the Brownian motion with a combination of Talenti’s
rearrangement inequality and the Szégo-Weinberger bound on the first eigenvalue.

Definition 4.10. Given two nonnegative functions f, g with domains of definition Ωf ,Ωg
such that |Ωf | = |Ωg|, we write f ♯ to denote the symmetric decreasing rearrangement
of f , and f ≤♯ g to denote that f ♯ ≤ g♯, or, equivalently, that for all α > 0, one has
|{f > α}| ≤ |{g > α}|. In particular, f ≤ g implies f ≤♯ g.

As an intermediate step in the proof, we compare ψΩ with the following function.

Definition 4.11. For a bounded domain Ω ⊂ Rd and any number 0 ≤ µ < λΩ, let uµ,Ω be
the unique solution to {

−∆uµ,Ω(x) = µuµ,Ω(x) for x in Ω,

uµ,Ω(x) = 1 for x in ∂Ω.
(4.1)

Existence and uniqueness for (4.1) follow from the fact that for µ < λΩ, the operator
−∆− µ is positive definite in H1

Dirichlet(Ω). With the above definitions at hand, the upper
bounds in Theorems 4.3 and 4.6 will follow from showing the chain of inequalities

ψΩ

maxx∈∂Ω ψΩ(x)
≤

(4.2.A)
uµΩ,Ω ≤♯

(4.2.B)

uµΩ,B1(Rd)

≤
(4.2.C)

uµ
B1(Rd)

,B1(Rd) = ηd.
(4.2)

The rest of this section is devoted to the proof of these three inequalities. First, we outline
the basic strategy.
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(4.2.A) The first inequality in (4.2) follows from a comparison principle (Proposition 4.12).
Let

ψ̃Ω :=
ψΩ

maxx∈∂Ω ψΩ(x)
,

so that for all x ∈ ∂Ω one has ψ̃Ω(x) ≤ 1 = uµΩ,Ω(x). Since both ψ̃Ω and uµΩ,Ω
satisfy the PDE (∆ + µΩ)(·) = 0, the inequality can be extended to the interior.

(4.2.B) The second inequality is an application of Talenti’s inequality (Proposition 4.13).

(4.2.C) The function (µ, x) 7→ uµ,B1(Rd)(x) is an analytic nonnegative function in [0, λB1(Rd))×
B1(Rd) (Proposition 4.14) satisfying ∂µuµ,B1(Rd)(x) > 0 on the interior of its domain.
This implies the third inequality.

Moreover, if the third step (4.2.C) is an almost-equality at x = 0 (within a difference of
ϵ2) it must be that µB1(Rd)−µΩ ≤ Cdϵ

2 as well, so by the stability of the Szégo-Weinberger
inequality ([343, Theorem 4.1]) the Fraenkel asymmetry of Ω will be ≲ ϵ. If equality were to
be achieved by a fixed Lipschitz domain Ω, this would imply that A(Ω) = 0 and Ω = B1(Rd).
However, the maximum of ψB1(Rd) appears on the boundary, implying that ψ̃B1(Rd) = 1 < Sd
and yielding a contradiction.

We begin the proof by recalling a standard comparison principle (see, e.g., [365]).

Proposition 4.12 (Comparison principle). Let Ω be a bounded domain in Rd, with first
Dirichlet eigenvalue λΩ. Let µ < λΩ and let u ∈ C2(Ω) be a function satisfying{

−∆u ≥ µu in Ω◦,

u ≥ 0 on ∂Ω.

Then u ≥ 0 in Ω◦.

Proof. Let w := −u · 1u≤0, a positive function in H1
0 (Ω) satisfying −∆w ≤ µw on its

support. By a formal computation, we may compute that

ˆ
{w≥0}

|∇w|2dx = −
ˆ
{w≥0}

w∆wdx ≤ µ

ˆ
{w≥0}

w2dx.

If w ̸= 0, by the Rayleigh quotient characterization of the first eigenvalue, we would have
λΩ ≤ µ, contradicting the hypothesis.

The above integration by parts equality requires some regularity of the boundary of the
set {u ≤ 0}. This can be achieved, for example, by an approximation argument considering
the sets {u ≤ −ϵ}. By Sard’s theorem, the sets {u ≤ −ϵ} are generically C1, and for these
generic ϵ one does have

ˆ
{w≥ϵ}

|∇w|2dx = −
ˆ
{w−ϵ≥0}

(w − ϵ)+∆wdx.
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Proposition 4.13. For any µ ≤ µB1(Rd) and any Lipschitz domain Ω in Rd such that

|Ω| = |B1(Rd)|, we have
uµ,Ω ≤♯ uµ,B1(Rd).

Proof. Let Tµ,Ωf be the solution operator given by the PDE{
−∆Tµ,Ω(f) = µf in Ω,

Tµ,Ω(f) = 1 on ∂Ω.

This operator is a contraction in L2(Ω) as long as µ < λΩ because the operator −1
µ ∆ with

zero Dirichlet boundary conditions has smallest eigenvalue λΩ
µ > 1. Therefore, it has as a

unique fixed point uµ,Ω. By elliptic regularity, the functions Tnµ,Ω1 will converge uniformly
to this fixed point uµ,Ω. It suffices to show, by induction, that for all n ≥ 0 one has the
relation Tnµ,Ω1 ≤♯ T

n
µ,B1(Rd)

1.

• The case n = 0 follows from 1♯ = 1.

• For the induction step, we use Talenti’s rearrangement inequality. Talenti’s inequal-
ity implies that Tµ,Ωf ≤♯ Tµ,B1(Rd)f

♯. On the other hand, the maximum principle

for Laplace supersolutions implies that whenever f ♯ ≤ g♯ one has Tµ,B1(Rd)f
♯ ≤

Tµ,B1(Rd)g
♯. By combining both of these observations with the induction hypothesis,

we may conclude that

Tµ,Ω(T
n
µ,Ω1) ≤♯ Tµ,B1(Rd)((T

n
µ,Ω1)

♯) ≤ Tµ,B1(Rd)(T
n
µ,B1(Rd)1).

Proposition 4.14. Let v(µ, x) := uµ,B1(Rd)(x), with domain (0, λB1(Rd))×B1(Rd). Then v
is an analytic function and

v(µ, x) =
φB1(Rd)

(
|x|
√
µ/λB1(Rd)

)
φB1(Rd)

(√
µ/λB1(Rd)

) .

Moreover, v(µ, x) ≥ 1 and ∂µv(µ, x) > 0 in (0, λB1(Rd))× (B1(Rd))◦.

Proof. The function φB1(Rd)(x) is a strictly positive radially decreasing function in B1(Rd)
satisfying the equation −∆φB1(Rd) = λB1(Rd)φB1(Rd). This simultaneously proves that
v(µ, x) satisfies the PDE that defines uµ,B1(Rd)(x) and the fact that v ≥ 1.

One can take derivatives of the PDE (−∆x−µ)v(µ, x) = 0 to see that ∂µv(µ, x) satisfies
the PDE {

(−∆x − µ)∂µv = v ≥ 1,

∂µv|∂B1 = 0.
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In particular, for some small constant ϵ = ϵd the function w = ∂µv− ϵ(1− |x|2) satisfies the
differential inequalities {

(−∆x − µ)w ≥ 0,

w|∂B1 = 0.

By Proposition 4.12, this shows that w ≥ 0, and therefore that ∂µv ≥ ϵ(1− |x|2).

4.3 The lower bound construction

If one believes that the upper bounds in Section 4.2 are sharp, the stability results imply
that extremizing sequences to this sharp bound must, in a certain sense, converge to a ball.
The ball, however, is not a maximizer: the hot spots ratio for the ball is 1. The main
obstruction in the case of the ball is that the first Neumann eigenfunction is not radial,
while the upper bounds in Section 4.2 were all achieved by radially symmetric functions. In
order to produce a radially symmetric first eigenfunction, one weakly disconnects the ball
into an inner ball and an outer annulus by removing parts of the domain between both of
them (see Figure 4.2). It is then energetically favorable for the first eigenfunction to greatly
change across this weakly connected region. This favors radially symmetric eigenfunctions
that are smooth on either side of the weakly connected region and that jump across this
region.

Figure 4.2: (Left) Sketch of the Neumann sieve domains. (Right) First Neumann Laplace eigen-
function for a sequence of sieve domains. In the limit when the number of holes goes to infinity one
recovers a radially symmetric effective problem. The effective problem is studied in Section 4.4, and
the fact that the convergence holds is studied in Section 4.5.

The process of obtaining an effective problem by adding small occlusions to a domain
and sending the size of the occlusions to zero in a suitable way is known as a Neumann sieve
construction, and it has been extensively studied (see, e.g., [366–368] and [369] for a modern
treatment including a brief history of the problem). When the size and separation of the
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occlusions is sent to zero at the right rate, the limiting effective problem has a new Robin
boundary condition on a hypersurface, with a Robin parameter that one can tune. The
usage of Neumann sieves to build counterexamples to the hot spots conjecture was briefly
suggested by Jerison and Nadirashvili in [354].

The sharp lower bound for the hot spots constant comes from carefully balancing the
connectivity between the interior and exterior regions: If the two regions are essentially
disconnected, the first eigenvalue will be almost zero. Hence, the first eigenfunction will be
almost constant in the inner circle and almost constant in the outer annulus, giving a hot
spots ratio of almost 1. If the regions are strongly connected, the most energetically favorable
eigenfunction will not be radial (as happens for the ball, where there is no disconnection at
all).

Balancing this connectivity parameter gives the sharp hot spots ratio.
For this reason, in our setup we will consider not only a single Neumann sieve, but

a family of sieves depending on parameters δ (the thickness of the outer annulus) and β
(related to the connectivity strength of the sieve). The analysis proceeds as follows:

1. First, we send the number of holes in Figure 4.2 to infinity and the size of the holes
to zero at the right rate, in order to obtain an effective problem depending on two
parameters: the distance δ of the sieve to the boundary, and a parameter β that
characterizes how connected the two sides of the Neumann sieve are to each other.
This convergence is, in the appropriate sense, uniform, and one can transfer lower
bounds from this effective hot spots problem to the original hot spots problem.

2. The hot spots ratio of the examples arising in the effective problem can be computed
explicitly. By optimizing over these parameters, (which involves sending δ to zero
and β to µ(B1(Rd))) one achieves the desired lower bound for Sd. Notice that
sending δ → 0 in these radial sieve domains makes them closer and closer to a ball,
which is consistent with the equality case in the proofs in Section 4.2 being sharp
for a ball.

4.3.1 Convergence to an effective problem

The behavior seen in Figure 4.2 as the number of holes goes to infinity is governed by an
effective bilinear form Dβ,δ which can be written as

Dβ,δ(f, f) =

ˆ
B1(Rd)

|∇(f)|2dx+
ˆ
B1+δ(Rd)\B1(Rd)

|∇(f)|2dx+βδ
 
Sd−1

|f(1+e)− f(1−e)|2de,

(4.3)
with domain H1(B1+δ(Rd) \ Sd−1). Here, the notation f(1+e) (resp. f(1−e)) denotes the
outer (resp. inner) H1 trace onto the boundary Sd−1. The main purpose of Section 4.5 is
to prove the following approximation result.

Proposition 4.15. Let β, δ > 0 be such that ψ
(1)
β,δ, the first non-constant eigenfunction of

Dβ,δ, is radially symmetric. Then there exists a sequence of Neumann sieve domains Ωn
in Rd with first Neumann Laplace eigenfunctions ψn such that:
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1. The domains Ωn converge to a ball in the Hausdorff metric.

2. The boundaries ∂Ωn converge to Sd−1 ⊔ (1 + δ)Sd−1.

3. There exists a choice of signs σn ∈ {±1} (which we will without loss of generality
assume to be 1) such that

(a) σnψn → ψ
(1)
β,δ locally uniformly in B1+δ(Rd) \ Sd−1.

(b) lim supn→∞maxx∈∂Ωn σnψn(x) = max(ψ
(1)
β,δ(1

−), ψ(1)
β,δ(1

+), ψ
(1)
β,δ(1 + δ)).

The Neumann sieve construction has been extensively studied in the literature and it is
likely possible to deduce Proposition 4.15 from the proofs of known results. However, we
were unable to find a result that implied this exact formulation, and therefore we provide a
proof of Proposition 4.15 in Section 4.5 for completeness.

4.3.2 Optimizing over the effective problems

Proposition 4.15 reduces the problem of finding lower bounds for the hot spots constant to

finding lower bounds for the effective hot spots constant associated to the operators D
(d)
β,δ,

defined as

Sd ≥ S̃d := max
β>0
δ>0

ψ
(1)
β,δ is radial

max0≤r≤1 ψ
(1)
β,δ(r)

maxr∈{1−,1+,1+δ} ψ
(1)
β,δ(r)

,

where ψ
(1)
β,δ is taken with the sign normalization that makes it positive at the origin. In

Section 4.4, we will optimize over the possible values of β, δ to obtain the lower bounds in
Theorems 4.3 and 4.6. More precisely, we will prove the following proposition.

Proposition 4.16. For any d ≥ 2 and all β < µB1(Rd) there is a δ0 := δ0(d, β) such that

for all 0 < δ < δ0 the eigenfunction ψ
(1)
β,δ is radial. Moreover,

lim
β→µ−

B1(Rd)

lim
δ→0

ψ
(1)
β,δ(r)

maxr∈{1−,1+,1+δ} ψ
(1)
β,δ(r)

= ηd(r).

4.4 The effective problem

Throughout this section, we fix the value of d ≥ 2. Our aim is to understand the first
nontrivial eigenfunction of the effective problem in L2(B1+δ(Rd)), which is derived from
the bilinear form (4.3). By applying the reductions in Section 4.5 and optimizing over the
parameters β, δ > 0, we will obtain the sharp lower bound for the hot spots ratio.

The bilinear form Dβ,δ(f, g) induces a self-adjoint operator and is lower bounded on its
domain by the Dirichlet energy. In particular, it has compact resolvent and discrete point

spectrum, with eigenfunctions ψ
(0)
β,δ, ψ

(1)
β,δ, . . ., with ψ

(0)
β,δ ≡ 1. Proposition 4.16 would follow

if we were able to establish the following facts.
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Figure 4.3: (Left) Hot spots ratio in dimension 3 as a function of β and δ. Note that the actual value
of S3 is approximately 2.3861. The black curve represents the boundary of the allowed region, above
which the first non-trivial Neumann eigenfunction is not radial and the effective problem yields a
hot spots constant equal to 1. The optimal asymptotic domain is achieved by taking δ → 0 and

β → µB1(R3). (Right) Examples of the radial part of the eigenfunctions
ψ

(1)
β,δ(r)

ψ
(1)
β,δ(1

−)
, where β is taken as

large as possible while keeping the first eigenfunction radial. This normalization sets the maximum
on the boundary to 1, in contrast to the L2 normalization. As we take δ → 0 and β → µB1(R3),
ψ

(1)
β,δ(0)

ψ
(1)
β,δ(1

−)
will approach S3 while

ψ
(1)
β,δ(1

+)

ψ
(1)
β,δ(1

−)
will tend to −∞ at a rate ∼ −δ−1.

Proposition 4.17. Let 0 < β < µB1(Rd). Then as δ → 0, we have:

1. The eigenvalues µ
(1)
β,δ converge to β.

2. The functions ψ
(1)
β,δ are radial for all δ > 0 small enough (depending on β).

3. For |x| < 1 (and all δ > 0 small enough) the functions ψ
(1)
β,δ are equal to

ψ
(1)
β,δ(x) = cβ,δφB1(Rd)

(
x ·
√
µ
(1)
β,δ/λB1(Rd)

)
(4.4)

for some non-zero constants cβ,δ.

4. For |x| > 1 (and all δ > 0 small enough) the functions ψ
(1)
β,δ are negative.

Notice that statement 3. follows immediately from 2. and 4.. Since ψ
(1)
β,δ is the radial

Laplace eigenfunction of eigenvalue µ
(1)
β,δ for |x| < 1, the identity (4.4) follows (with cβ,δ po-

tentially zero). The function φB1(Rd)

(
x ·
√
µ
(1)
β,δ/λB1(Rd)

)
is nonnegative. Since ψ

(1)
β,δ is

negative for |x| > 1 and it must have mean zero, cβ,δ must be positive.
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4.4.1 Splitting eigenfunctions by spherical harmonics

The bilinear form Dβ,δ is invariant under rotations. In particular, there is a basis of eigen-
functions that splits (in polar coordinates) into radial functions times a spherical harmonic.
The possible eigenvalues of the spherical harmonics are ℓ(ℓ + d − 2), for integers ℓ ≥ 0.
For β, δ ≥ 0, this splits the problem into a family of radial problems in one dimension, in
L2([0, 1 + δ], xd−1dx), with associated forms

Hℓ,β,δ(f, f) = H0
β,δ(f, f) + ℓ(ℓ+ d− 2)

ˆ 1+δ

0
|f(x)|2xd−3dx, ℓ > 0,

where

H0
β,δ(f, f) =

ˆ 1

0
|f ′(x)|2xd−1dx+ βδ|f(1−)− f(1+)|2 +

ˆ 1+δ

1
|f ′(x)|2xd−1dx.

Note that H0
β,δ = H0,β,δ. When δ = 0, with an abuse of notation, we will define

H0
β,0(f, f) :=

´ 1
0 |f ′(x)|2xd−1dx and Hℓ,β,0 accordingly. Note that Hℓ,β,0 does not depend

on β.
The eigenfunctions of Dβ,δ are the products of a spherical harmonic of eigenvalue ℓ(ℓ+

d − 2) (in the polar coordinate) and an eigenfunction of Hℓ,β,δ (in the radial coordinate),

with eigenvalue the corresponding eigenvalue of Hℓ,β,δ. We will denote by h
(k)
ℓ,β,δ the k-th

eigenvalue of Hℓ,β,δ. The eigenvalues of Dβ,δ are then the (ordered) union of the eigenvalues
of Hℓ,β,δ over all ℓ, and the remaining question is which of the Hℓ,β,δ gives rise to the first
nontrivial eigenvalue of Dβ,δ.

The constant function is a radial eigenfunction, showing that µ
(0)
β,δ = h

(0)
0,β,δ = 0. Since

Hℓ,β,δ ⪯ Hℓ+1,β,δ in the positive semidefinite ordering, we have h
(0)
1,β,δ ≤ h

(0)
ℓ,β,δ for all ℓ ≥ 1.

In particular, there are only two possibilities for µ
(1)
β,δ.

• One possibility is that µ
(1)
β,δ = h

(1)
0,β,δ, i.e., the first non-zero eigenvalue of H0,β,δ(f, f)

is the first non-zero eigenvalue of Dβ,δ. In this case, the first eigenfunction of Dβ,δ

is radial.

• The alternative possibility is that µ
(1)
β,δ = h

(0)
1,β,δ. In this case, the first nontrivial

eigenfunction of Dβ,δ is not radially symmetric. Experiments show that the hot
spots ratio is equal to 1 in this case, and therefore it is beyond our interest.

Proving Proposition 4.17 entails showing that we are in the first (radial) case. This will

happen as long as h
(1)
0,β,δ ≤ h

(0)
1,β,δ. We will first fix β < µB1(Rd) and send δ → 0.

4.4.2 Taking the limit δ → 0

The splitting into spherical harmonics reduces Proposition 4.17 to the following:

Proposition 4.18. Fix 0 < β < µB1(Rd). The following statements hold:
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1. We have
lim
δ→0

h
(1)
0,β,δ = β < µB1(Rd) = lim

δ→0
h
(0)
1,β,δ.

In particular, for δ > 0 small enough (depending on β) one has h
(1)
0,β,δ < h

(0)
1,β,δ.

2. For δ > 0 small enough, the eigenfunction corresponding to the eigenvalue h
(1)
0,β,δ has

constant (and opposite) signs in [0, 1) and in (1, 1 + δ].

To understand the scheme of the proof of Proposition 4.18, we emphasize the following
intuition coming from the simulations in Figure 4.3:

1. The regions r < 1 and r ∈ (1, 1 + δ) essentially decouple from each other.

2. For r ∈ [1, 1 + δ), the first eigenfunction takes the value ≈ −δ−1/2. In particular,
most of the L2 mass concentrates in this region.

3. For r ∈ [0, 1), the first eigenfunction is still proportional to the radial part of a
Laplace eigenfunction, with proportionality constant going to zero at a rate of∼ δ1/2.

This motivates a change of variables (in the form of an L2 isometry) that focuses on the
(1, 1 + δ) region.

Proof of Proposition 4.18. We define the isometry

Φ : L2([0, 1 + δ], rd−1dr) → L2([0, 1], rd−1dr)⊕ L2([0, 1], dx)

by

Φ : f 7→
(
f |[0,1], Cδδ1/2f(Tδ(x))

)
, Φ−1(f, g)(r) =

{
f(r) r ∈ [0, 1),

C−1
δ δ−1/2g

(
T−1
δ (r)

)
r ∈ [1, 1 + δ],

where

Tδ(x) =
(
1 + dδC2

δx
)1/d

, Cδ =

√
(1 + δ)d − 1

dδ
.

We note that Tδ(x) = 1 + δx + O(δ2) and Cδ = 1 + o(1). The above isometry breaks
[0, 1 + δ] into an inner function and an outer function, and induces a new bilinear form
H̃ℓ,β,δ(Φ(·),Φ(·)) = Hℓ,β,δ(·, ·) in L2([0, 1], rd−1dr)⊕ L2([0, 1], dx), given by:

H̃ℓ,β,δ((f, g), (f, g)) = Hℓ,1,0(f, f) + β|Cδδ1/2f(1)− g(0)|2

+ ℓ(ℓ+ d− 2)

ˆ 1

0
vδ(x)|g(x)|2dx

+ δ−2

ˆ 1

0
wδ(x)|g′(x)|2dx,
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where

vδ(x) =
Tδ(x)

d−3T ′
δ(x)

C2
δ δ

, wδ(x) =
δ2

T ′
δ(x)

2
.

Notably, vδ and wδ converge in C∞ to the constant function 1. For any sequence δn → 0
and any sequence (fn, gn) such that H̃ℓ,β,δn((fn, gn), (fn, gn)) is uniformly bounded, we must

have
´ 1
0 |g′n(x)|2dx→ 0, and thus ∥gn − gn∥∞ → 0, where gn denotes the mean of gn.

Let (ϕ
(k)
ℓ,β,δ, γ

(k)
ℓ,β,δ) be the k-th L

2-normalized eigenfunction associated to H̃ℓ,β,δ with eigen-

value h
(k)
ℓ,β,δ (in other words, (ϕ

(k)
ℓ,β,δ, γ

(k)
ℓ,β,δ) = Φ(ψ

(k)
ℓ,β,δ), where ψ

(k)
ℓ,β,δ is the corresponding

eigenfunction of the original problem). Note that the index k = 0, 1, . . . is for each fixed

harmonic ℓ. The function ψ
(0)
ℓ,β,δ will always be constant sign, and will be constant when

ℓ = 0.
Applying Courant-Fischer and restricting the outer portion of the trial function g to

be constant (or even zero), we see that h
(k)
ℓ,β,δ ≤ h

(k)
ℓ,β,0 + O(1). The functions γ

(k)
ℓ,β,δ are

also uniformly bounded in H1, and in particular have a convergent subsequence in H1−ϵ

and L∞ by Sobolev embedding, so converge (at least subsequentially) to a constant. The

only interaction between ϕ
(k)
ℓ,β,δ and γ

(k)
ℓ,β,δ is given by 2βCδδ

1/2 · γ(k)ℓ,β,δ(0) · ϕ
(k)
ℓ,β,δ(1), which

goes to zero. In particular, as δ → 0 the spectrum of each Hℓ,β,δ decouples into the union
of the spectrum of Hℓ,β,0 (which we recall is independent of β) and the single eigenvalue
β + ℓ(ℓ+ d− 2) coming from γ being a constant function.

In the limit as δ → 0, the first non-zero eigenvalue of Dβ,δ will come from the smallest

of four possibilities: β, h
(1)
0,β,0 (the two possibilities if the minimum is attained at ℓ = 0),

and h
(0)
1,β,0, β+(d− 1) (if the minimum is attained for ℓ = 1, in the non-radial case). Hence,

we see that as long as β < h
(0)
1,β,0 = µB1(Rd), the first eigenfunction will be in the subspace

of radial functions for δ > 0 small enough.

When ℓ = 0, (ϕ
(0)
0,β,δ, γ

(0)
0,β,δ) = c · Φ(1) = c · (1, Cδ

√
δ), where c is a constant for L2

normalization. We require orthogonality for other eigenfunctions, meaning that for k ≥ 1,

ˆ 1

0
ϕ
(k)
0,β,δ(r)r

d−1dr + Cδδ
1/2

ˆ 1

0
γ
(k)
0,β,δ(x)dx = 0,

which is equivalent to the mean zero condition for Neumann eigenfunctions.

The functions ϕ
(k)
0,β,δ are the radial part of radially symmetric Laplace eigenfunctions.

Taking k = 1, the uniqueness of radial solutions to the Helmholtz equation implies that

ϕ
(1)
0,β,δ must be equal to

cβ,δφB1(Rd)

(
x ·
√
h
(1)
0,β,δ/λB1(Rd)

)
.

Since h
(1)
0,β,δ < µB1(Rd) < λB1(Rd) holds for small enough δ > 0, the function ϕ

(1)
0,β,δ will also

be constant-sign (or exactly zero if cβ,δ was zero).
We now take the limit δ → 0. By the previous argument and up to subsequential limits,

γ
(1)
0,β,δ must uniformly approach a constant Kβ := K

(1)
0,β (which we will assume to be ≤ 0 by

the sign symmetry of eigenfunctions) and by the explicit representation of the interior part,
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there exist constants Mβ, Qβ such that

ˆ 1

0
φB1(Rd)

(
r ·
√
h
(1)
0,β,δ/λB1(Rd)

)
rd−1dr =Mβ + o(1), Mβ > 0,

and ˆ 1

0
φB1(Rd)

(
r ·
√
h
(1)
0,β,δ/λB1(Rd)

)2

rd−1dr = Qβ + o(1), Qβ > 0.

From orthogonality and the L2 normalization, we have

cβ,δ(Mβ + o(1)) + δ1/2(Kβ + o(1)) = 0, c2β,δ(Qβ + o(1)) + (Kβ + o(1))2 = 1.

Solving these equations, we obtain

cβ,δ = −δ1/2Kβ

Mβ
(1 + o(1)) δ

K2
β

M2
β

Qβ +K2
β = 1 + o(1),

and deduce that Kβ = −1 and cβ,δ > 0 for δ > 0 small enough, with limits independent of
the subsequence that we take. This establishes the second point in Proposition 4.18.

Remark 4.19. The effective radial problems can be analyzed more explicitly as Sturm-
Liouville eigenvalue problems with an interior jump condition. The Euler-Lagrange equa-
tions associated to

Hℓ,β,δ(f, f)− µ

ˆ 1+δ

0
f(r)2rd−1dr

are

f ′(1−) = βδ
(
f(1+)− f(1−)

)
,

f ′(1−) = f ′(1+),

f ′(1 + δ) = 0,

− d

dr

(
rd−1f ′(r)

)
+ ℓ(ℓ+ d− 2)f(r)rd−3 = h

(k)
ℓ,β,δr

d−1f(r), r ∈ (0, 1) ∪ (1, 1 + δ).

This system of equations can be transformed into a Bessel equation, and by requiring that
f(r) = O(1) as r → 0, we see that, up to scaling,

f(r) =

r
1− d

2J d
2
+ℓ−1(r

√
h
(k)
ℓ,β,δ) r < 1,

ar1−
d
2J d

2
+ℓ−1(r

√
h
(k)
ℓ,β,δ) + br1−

d
2Y d

2
+ℓ−1(r

√
h
(k)
ℓ,β,δ) r > 1,

where the coefficients a, b are chosen to match the interior jump and right boundary con-
ditions. This alternative strategy was used in the numerical experiments to determine
optimal β, δ configurations and to produce Figure 4.3. An analysis of the asymptotics of
these problems as δ → 0 leads to an alternative proof of Proposition 4.18. ♢
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4.5 The Neumann sieve problem

In this section, we construct a sequence of domains that saturates the upper bound for
the hot spots constant from Section 4.2. To build such domains, we use a variant of the
“Neumann sieve” construction. Although Neumann sieve methods have been employed
several times in the literature to achieve different purposes, they are usually presented in
planar geometries (which are not appropriate for us) or in very general scenarios.

For our purposes, a simpler, direct version of the Neumann sieve will suffice. Compared
to the sieves considered in the literature, our construction is thicker, in the sense that the
length of the channels is much larger than their size (see Figure 4.4). This greatly simplifies
the homogenization computations.

1− ε/2

1 + ε/2

1 + δ Wε

Nε

1− ε/2

1 + ε/2

1 + δ Wε

Nε

Figure 4.4: The domain Ωϵ consists of B1+δ := B1+δ(Rd) with the region {x ∈ B1+δ s.t. |x| ∈
(1 − ϵ/2, 1 + ϵ/2)} removed along with thin channels through that region. We refer to the bulk as
Wϵ and the channels as Nϵ. The width of the channels must be much smaller than their length, ϵ,
being that they contain only a proportion ϵ2α of the volume in the shell while being equidistributed
on Sd−1 at scales ∼ exp(− 1

ϵ ). In the case d = 2, this will consist of exponentially many channels
that are getting exponentially narrower as ϵ→ 0.

Throughout this section, we will fix d ≥ 2 and β, δ > 0 such that the first nontrivial
eigenfunction of Dβ,δ is unique and radial (and in particular the second eigenvalue of Dβ,δ

is strictly larger than the first). We will drop the dependencies on these parameters and let
α := βδ be the connectivity parameter of the Neumann sieve, i.e., the factor in front of the
last summand in (4.3).

Definition 4.20 (Spherical sieve). Let 0 < ϵ < α−1/2. A set Sϵ ⊂ Sd−1 with smooth
boundary is an ϵ-spherical sieve if for any ball Be−1/ϵ(x0) of radius e

−1/ϵ in Sd−1, we have
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that ∣∣∣∣ϵ−2 |Sϵ ∩Be−1/ϵ(x0)|
|Be−1/ϵ(x0)|

− α

∣∣∣∣ ≤ e−1/ϵ. (4.5)

In other words, ϵ-spherical sieves contain ϵ2α of the volume of Sd−1 and are uniformly
distributed in Sd−1 up to exponentially small scales exp(−1/ϵ) with similarly exponentially
small error. Note that a probabilistic argument (splitting the ball into roughly exp(−2/ϵ)
pieces, keeping each of them with probability ϵ2α, and smoothing the result) guarantees the
existence of ϵ-spherical sieves.

Definition 4.21 (Thick sieve). A set Ωϵ ⊂ B1+δ, with 0 < ϵ < δ, is an ϵ-thick sieve if

1. Ωϵ is a closed domain with smooth boundary.

2. B1+δ ⊃ Ωϵ ⊃ {x ∈ B1+δ(Rd) s.t. |x| ̸∈ [1− ϵ/2, 1 + ϵ/2]}.

3. The domain B1+δ \ Ωϵ is graphical over Sd−1: For every e ∈ Sd−1, the set {r ≥
0 s.t. r · e ∈ B1+δ \ Ωϵ} is an interval.

4. There exists a spherical sieve Sϵ approximating Ωϵ, in the sense that

{x ∈ Ωϵ s.t. |x| ∈ [1−ϵ/2+ϵ2, 1+ϵ/2−ϵ2]} = {e·r s.t. e ∈ Sϵ, r ∈ [1−ϵ/2+ϵ2, 1+ϵ/2−ϵ2]}.

The set {x ∈ Ωϵ s.t. |x| ∈ [1− ϵ/2, 1+ ϵ/2]} will be denoted by Nϵ (the “necks” of the sieve)
and its complement (which contains all but O(ϵ) of the mass in Ωϵ) will be denoted by Wϵ.

Thick sieves can be constructed from spherical sieves using an approximation argument
by smoothing the set

{x ∈ B1+δ s.t. |x| ̸∈ [1− ϵ/2, 1 + ϵ/2] or x/|x| ∈ Sϵ}.

4.5.1 Estimating the eigenvalues of Ωϵ

We now show that the eigenvalues of Ωϵ approach the eigenvalues of Dβ,δ as ϵ goes to zero,
at a rate that depends only on β, δ and d.

Proposition 4.22. We have limϵ→0 µ
(k)
Ωϵ

= µ
(k)
β,δ, uniformly over the possible choices of thick

Neumann sieves Ωϵ, with a rate that depends only on β, δ, d, k.

In order to show that this is the case, we will construct two operators, RI and RE, which
approximately conjugate −∆ in Ωϵ and Dβ,δ to each other.

First, we define the linear interpolation operator RI : L2(B1+δ(Rd)) ∩ H1(B1+δ(Rd) \
Sd−1) → H1(Ωϵ) as

RI g(x) :=

{
g(x) if x ∈Wϵ,
(1+ϵ/2−|x|)

ϵ g
((

1− ϵ
2

)
x
|x|

)
+ (|x|−1+ϵ/2)

ϵ g
((

1 + ϵ
2

)
x
|x|

)
if x ∈ Nϵ.
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In other words, the RI operator substitutes the value at the neck Nϵ by the radial linear
interpolation of g.

Analogously, we can remove the neck and create a function with domain the whole ball
of radius 1 + δ by stretching the value. We define the removal operator RE : H1(Ωϵ) →
L2(B1+δ(Rd)) ∩H1(B1+δ(Rd) \ Sd−1) as

RE g(x) :=

{
g((1− ϵ/2)x) if |x| < 1,

g
(
x
|x|
(
1 + ϵ

2 + (|x| − 1)(1− δ−1ϵ/2)
))

if |x| > 1.

This operator removes the data at the neck, mapping the ball B1−ϵ/2(Rd) to B1(Rd) and

the shell
(
B1+δ(Rd)−B1+ϵ/2(Rd)

)
to
(
B1+δ(Rd)−B1(Rd)

)
by shifting and stretching the

domains radially, combining the results, and throwing away the values of g for |x| ∈ (1 −
ϵ/2, 1 + ϵ/2).

The operators RI and RE are approximate isometries that approximately conjugate the
Laplace operator to Dβ,δ in the following sense:

Lemma 4.23. As ϵ→ 0, the following inequalities hold for any functions f ∈ H1(B1+δ(Rd)\
Sd−1) and g ∈ H1(Ωϵ):

1. Mass preservation:

|∥RI f∥L2(Ωϵ) − ∥f∥L2(B1+δ(Rd))| ≤ Cβ,δ,dϵ · (∥f∥L2(B1+δ(Rd)) +Dβ,δ(f, f)
1/2),

|∥g∥L2(Ωϵ) − ∥RE g∥L2(B1+δ(Rd))| ≤ Cβ,δ,dϵ · (∥g∥L2(Ωϵ) + ∥∇g∥L2(Ωϵ)).

2. Energy control:

∥∇RI f∥2L2(Ωϵ)
≤ Dβ,δ(f, f) + Cβ,δ,dϵ · (∥f∥2L2(B1+δ(Rd)) +Dβ,δ(f, f)),

Dβ,δ(RE g,RE g) ≤ ∥∇g∥2L2(Ωϵ)
+ Cβ,δ,dϵ · (∥g∥2L2(Ωϵ)

+ ∥∇g∥2L2(Ωϵ)
).

Lemma 4.23 contains all of the geometric information about Ωϵ that is needed for the
proof of Proposition 4.22. Indeed, once Lemma 4.23 is established, Proposition 4.22 follows
from a standard Courant-Fischer argument.

Proof of Proposition 4.22. Let Ek := span{RIψ(i)
β,δ}ki=0 and fix v ∈ Ek with norm 1. We

may express v = RI
(∑k

i=0 αiψ
(i)
β,δ

)
. Norm-preservation (together with the fact that any

linear combination of the first k eigenfunctions will have bounded energy) guarantees that∑k
i=0 α

2
i = 1 + o(1). Energy control then guarantees that

∥∇v∥2L2(Ωϵ)
≤ µ

(k)
β,δ

k∑
i=0

α2
i + o(1)(1 + µ

(k)
β,δ)∥v∥2L2(Ωϵ)

≤ (µ
(k)
β,δ + o(1))∥v∥2L2(Ωϵ)

.

In particular, µ
(k)
Ωϵ

≤ µ
(k)
β,δ+o(1), where the o(1) term goes to 0 as ϵ→ 0 at a rate depending

only on β, δ, d, k. The symmetric argument (replacing RI with RE) gives µ
(k)
β,δ ≤ µ

(k)
Ωϵ

+ o(1)

and therefore limϵ→0 µ
(k)
Ωϵ

= µ
(k)
β,δ, uniformly over all possible choices of thick Neumann sieves.

Note that for the second argument one needs uniform upper bounds on the eigenvalues of

µ
(k)
Ωϵ

, which are provided by the first argument.
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4.5.2 Proof of the approximation inequalities

The main issue in proving Lemma 4.23 is that the size of the spherical sieve Sϵ goes to zero
as ϵ→ 0. This becomes a challenge when trying to estimate differences of the form 

Sd−1

g(x)dx−
 
Sϵ

g(x)dx.

The functions of interest arise as squares of traces of H1 functions. If h is a function in
H1, then its trace is inW 1/2,2 ⊂W 1/4,2+2/(2d−1), and the square of its trace, by Kato-Ponce,
is in W 1/4,1+1/(2d−1) ⊂W 1/4,1. In particular, for g : B1+δ(Rd) → R we have∣∣∣∣ 

Sd−1

g2(x)dx−
 
Sϵ

g2(x)dx

∣∣∣∣ ≲d,δ ∥g∥2W 1/2,2(Sd−1)

∥∥∥∥ 1

|Sd−1| −
1

|Sϵ|
1Sϵ

∥∥∥∥
W−1/4,∞(Sd−1)

.

Lemma 4.24 (Homogenization estimate). We have∥∥∥∥ 1

|Sd−1| −
1

|Sϵ|
1Sϵ

∥∥∥∥
W−1/4,∞(Sd−1)

≤ Cβ,δ,de
− 1

5ϵ .

In fact, showing convergence at a uniform rate would be enough, and the exponential
rate is not necessary. This would require allowing for balls of size ϵNd instead of e−1/ϵ as the
balls for which (4.5) holds. This type of argument is not applicable to the more commonly
studied thin versions of the Neumann sieve, but it leads to a self-contained argument.

We will first show the energy bound estimates and derive the mass preservation estimates
from those.

Proof of the energy bound estimates in Lemma 4.23. Let f ∈ H1(B1+δ(Rd) \ Sd−1). Then

ˆ
Ωϵ

|∇RI f |2dx = (1+O(ϵ))

(ˆ
B1+δ(Rd)\Sd−1

|∇f |2dx+ |Sd−1|α
 
Sϵ

|f(1−x)− f(1+x)|2dx
)
.

The W 1/2,1-norm of |f(1−x)− f(1+x)|2 is bounded by the H1(B1+δ(Rd) \ Sd−1) norm of f .
The result then follows from the estimate in Lemma 4.24 applied to the last term, because∣∣∣∣ 

Sϵ

|f(1−x)− f(1+x)|2dx−
 
Sd−1

|f(1−x)− f(1+x)|2dx
∣∣∣∣

≤ ∥|f(1−x)− f(1+x)|2∥W 1/2,1(Sd−1)

·
∥∥∥∥ 1

|Sd−1| −
1

|Sϵ|
1Sϵ

∥∥∥∥
W−1/4,∞(Sd−1)

.

The second energy bound follows from the same approach: by the Poincaré inequality on
segments, for any function g ∈ H1(Ωϵ) we have

α

ˆ
Sd−1

|g((1 + ϵ/2)x)− g((1− ϵ/2)x)|2dx

= (1 +O(ϵ))α|Sd−1|
 
Sϵ

|g((1 + ϵ/2)x)− g((1− ϵ/2)x)|2dx

≤
ˆ
Nϵ

|∂rg(x)|2dx ≤
ˆ
Nϵ

|∇g(x)|2dx.
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This shows that the contributions from the neck Nϵ asymptotically bound the contributions
in the jump.

The norm concentration estimates are proven in essentially the same way. The key
estimate states that for any function bounded in H1, there cannot be much mass in the
necks, because the necks are contained in a set of size ≲ ϵ:

ˆ
Nϵ

g(x)2dx ≲ ϵ

(ˆ
Sd−1

g((1 + ϵ/2)x)2 + g((1− ϵ/2)x)2dx+

ˆ
Nϵ

|∇g(x)|2dx
)
.

This shows that adding (or removing) the necks will not change the mass by much, thus
proving the norm-preservation inequalities.

Proof of Lemma 4.24. Let W (x) := 1
|Sd−1| −

1
|Sϵ|1Sϵ . We know that ∥W (x)∥L∞(Sd−1) ≈ ϵ−2,

and therefore it suffices to prove that ∥W (x)∥W−1,∞(Sd−1) ≲ e−
4
5ϵ . We show this by duality.

Let f ∈ W 1,1(Sd−1) of norm one. Let As be the averaging operator at scale s (averaging f
on caps of radius s), which satisfies ∥Asf − f∥L1(Sd−1) ≲ s∥f∥W 1,1(Sd−1). We have

⟨W, f⟩ ≤∥W∥L∞(Sd−1)∥(Ae−1/ϵ − I)f∥L1(Sd−1) + ∥Ae−1/ϵW∥L∞(Sd−1)∥f − f̄∥L1(Sd−1)

≲ϵ−2 · e− 1
ϵ + e−1/ϵ · 1 ≲ e−

4
5ϵ .

The bound ∥Ae−1/ϵW∥L∞(Sd−1) ≲ e−
1
ϵ is precisely (4.5). The result then follows by interpo-

lation.

4.5.3 Estimating the first eigenfunction of Ωϵ near the sieve

By hypothesis, the first nontrivial eigenvalue of Dβ,δ is unique, with a non-zero spectral
gap. In particular, we have the following lemma.

Lemma 4.25. The functions RE(ψ
(1)
Ωϵ

) must converge in L2(B1+δ(Rd)) to ψ
(1)
β,δ. By elliptic

regularity, this convergence holds in the C∞
loc

(
B1+δ(Rd) \ Sd−1

)
topology as well.

Near Sd−1 we do not have direct access to similarly fine estimates, but we can still upper

bound ψ
(1)
Ωϵ

in Nϵ:

Lemma 4.26. We have

lim sup
ϵ→0

max
x∈Nϵ

ψ
(1)
Ωϵ

(x) ≤ max
r∈{1+,1−}

ψ
(1)
β,δ(r).

Proof. Let s = s(ϵ) be a small parameter with 0 < ϵ < s and let Sϵ := {x ∈ Ωϵ s.t. |x| ∈
[1− s, 1+ s]}. We will proceed by a comparison principle (in the sense of Proposition 4.12).
By the monotonicity of Dirichlet eigenvalues, λS is bounded from below by the first Dirichlet
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eigenvalue of {x ∈ R2 s.t. |x| ∈ [1 − s, 1 + s]}, which is ≳ s−2. In particular, for s small
enough, the hypothesis of Proposition 4.12 is satisfied. If s is small enough, the function

bs,ϵ(x) = ((µ
(1)
β,δ + 1)(s2 − (|x| − 1)2) + 1) · max

r∈{1+s,1−s}
e∈Sd−1

ψ
(1)
Ωϵ

(r · e)

is a barrier function for ψ
(1)
Ωϵ

(x). For fixed s, uniform convergence of ψ
(1)
Ωϵ

(x) shows that

lim sup
ϵ→0

max
x∈Nϵ

ψ
(1)
Ωϵ

(x) ≤ (1 + (µ
(1)
β,δ + 1)s2) max

r∈{1+s,1−s}
ψ
(1)
β,δ(r).

Sending s→ 0 proves the result.

4.6 Asymptotics as d→ ∞

Computing our desired asymptotics as d→ ∞ reduces to the following lemma:

Lemma 4.27. The functions ηd(r) converge uniformly for r ∈ [0, 1] to the function

η∞(r) := e(1−r
2)/2.

Proof. Let η̃d(x) := ηd(x)/∥ηd∥∞. Let σd be the uniform probability measure on the sphere
of radius

√
µB1(Rd). Then σ̂d is a radial eigenfunction of the Laplace operator, with the

same eigenvalue as η̃d(x), taking the same value at zero. Therefore, η̃d(x) = σ̂d. Let π1∗σd
be the projection (push-forward) of σd onto the first coordinate. Then η̃d(x) = π̂1∗σd(|x|),
and it suffices to show that π1∗σd →L1

1√
2π
e−x

2/2.

The eigenvalues of the ball have asymptotics µB1(Rd) = d+O(1), and thus the measures

σd are uniform on spheres of radius
√
d+O(d−1/2). The marginals of spheres of radius

√
d

converge to standard normals, showing the convergence to a Gaussian.

The fact that marginals of balls of radius
√
d converge to a Gaussian is a well-known fact

in high-dimensional probability (see, e.g. [370]) but this can also be computed explicitly.
The one-dimensional marginal of the ball is

1

Zd
1[−

√
d,
√
d](1− x2/d)d/2

√
1 +

x/d

1− x2/d

which converges (up to the normalization constant) to e−x
2/2 as d→ ∞.

Corollary 4.4 follows from the fact that max|x|<1 η∞(x) = η∞(0) =
√
e. Lemma 4.27

implies that, as d→ ∞,

|{ψ(1)
Ω (x) > (1 + δ)maxy∈∂Ω ψ

(1)
Ω (y)}|

|Ω| ≤ (1− δ + o(1))d ≲ e−dδ(1−o(1)),

establishing Corollary 4.7.
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[165] H. Owhadi, C. Scovel, and F. Schäfer. “Statistical numerical approximation”. In:
Notices of the AMS (2019).

[166] H. Owhadi and C. Scovel. Operator-Adapted Wavelets, Fast Solvers, and Numerical
Homogenization: From a Game Theoretic Approach to Numerical Approximation and
Algorithm Design. Vol. 35. Cambridge University Press, 2019.



156

[167] J. Cockayne, C. J. Oates, T. J. Sullivan, and M. Girolami. “Bayesian probabilistic
numerical methods”. In: SIAM Review 61.4 (2019), pp. 756–789.

[168] J. Wang, J. Cockayne, O. Chkrebtii, T. J. Sullivan, and C. J. Oates. “Bayesian
numerical methods for nonlinear partial differential equations”. In: Statistics and
Computing 31 (2021), pp. 1–20.

[169] M. Raissi, P. Perdikaris, and G. E. Karniadakis. “Machine learning of linear differen-
tial equations using Gaussian processes”. In: Journal of Computational Physics 348
(2017), pp. 683–693.

[170] K. Lahouel, M. Wells, V. Rielly, E. Lew, D. Lovitz, and B. M. Jedynak. “Learn-
ing nonparametric ordinary differential equations from noisy data”. In: Journal of
Computational Physics 507 (2024), p. 112971.

[171] B. Hamzi and H. Owhadi. “Learning dynamical systems from data: a simple cross-
validation perspective, part I: parametric kernel flows”. In: Physica D: Nonlinear
Phenomena 421 (2021), p. 132817.

[172] M. Darcy, B. Hamzi, J. Susiluoto, A. Braverman, and H. Owhadi. Learning dynam-
ical systems from data: a simple cross-validation perspective, part II: nonparametric
kernel flows. 2021.

[173] J. Lee, E. De Brouwer, B. Hamzi, and H. Owhadi. “Learning dynamical systems
from data: A simple cross-validation perspective, Part III: Irregularly-sampled time
series”. In: Physica D: Nonlinear Phenomena 443 (2023), p. 133546.

[174] B. Hamzi, H. Owhadi, and Y. Kevrekidis. “Learning dynamical systems from data:
A simple cross-validation perspective, part iv: case with partial observations”. In:
Physica D: Nonlinear Phenomena (2023), p. 133853.

[175] L. Yang, X. Sun, B. Hamzi, H. Owhadi, and N. Xie. “Learning dynamical systems
from data: A simple cross-validation perspective, Part V: Sparse Kernel Flows for
132 chaotic dynamical systems”. In: Physica D: Nonlinear Phenomena 460 (2024),
p. 134070.

[176] L. Yang, B. Hamzi, Y. Kevrekidis, H. Owhadi, X. Sun, and N. Xie. Learning Dynam-
ical Systems from Data: A Simple Cross-Validation Perspective, Part VI: Hausdorff
metric based training of kernels to learn attractors with application to 133 chaotic
dynamical systems. 2023.

[177] J. A. Rosenfeld, B. P. Russo, R. Kamalapurkar, and T. T. Johnson. “The Occupation
Kernel Method for Nonlinear System Identification”. In: SIAM Journal on Control
and Optimization 62.3 (2024), pp. 1643–1668.

[178] M. Wells, K. Lahouel, and B. Jedynak. “The Stochastic Occupation Kernel Method
for System Identification”. In: arXiv preprint arXiv:2406.15661 (2024).

[179] M. Darcy, B. Hamzi, G. Livieri, H. Owhadi, and P. Tavallali. “One-shot learning of
stochastic differential equations with data adapted kernels”. In: Physica D: Nonlinear
Phenomena 444 (2023), p. 133583.



157
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