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Abstract

Convexity, Convergence and Feedback in Optimal Control
by Rafal Goebel

Chair of Supervisory Committee

Professor R. Tyrrell Rockafellar
Mathematics

The results of this thesis are oriented towards the study of convex problems of optimal control in
the extended piecewise linear-quadratic format. Such format greatly extends the classical linear-
quadratic regulator problem and allows for the treatment of control constraints, including state-
dependent ones. Objects of main interest are the Hamiltonian system, the optimal feedback mapping,
and the value function associated with a control problem. Several tools of nonsmooth and convex
analysis are developed, including a new approximation scheme for convex functions, characterizations
of a saddle function through the properties of its conjugate, and a new distance formula for monotone
operators. The optimal feedback mapping for control problems is given, in terms of subdifferentials
of the corresponding Hamiltonian and of the value function. The Hamiltonian system is employed to
investigate the regularity properties of the value function for the problem in question. Conditions for
differentiability of the value function and single-valuedness of the feedback mapping in an extended
linear-quadratic control problem are stated, in terms of the matrices and constraint sets defining the
problem. Application of convex analysis to differential games yields explicit formulas for equilibrium

controls and a generalized Hamiltonian equation describing an equilibrium trajectory.
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Chapter 1

INTRODUCTION

The broad subject of optimal control encompasses several topics, ranging from pure analysis in
infinite dimensional spaces to numerical methods for particular real-life problems. Optimal control
both stimulates the development of, and receives contributions from the theory of linear and nonlinear
systems, convex and variational analysis and stability theory. Such a relationship is reflected in this
dissertation. Motivated by a particular, yet very general class of optimal control problems, we build
a set of tools in nonsmooth analysis. These tools are designed for the study of notions stemming
from control, such as the value function and optimal feedback.

The problems of main interest are problems of extended linear-quadratic optimal control. Such
problems, while possessing a rich convexity structure, allow for wide modeling possibilities through
the use of nonsmooth and infinite-valued functions. This class includes several classical examples,
such as the linear-quadratic regulator, without and with control constraints. In fact, it also allows
for very general state-dependent control constraints.

The most important tool in our analysis of a control problem will be its Hamiltonian function
and the corresponding generalized Hamiltonian equation. Classically, the Hamiltonian equation is
used to state optimality conditions. In the setting of convex duality, in which we will be working, the
properties of the Hamiltonian will be shown to have far reaching consequences for the structure of the
problem. For example, differentiability is “inherited” by the value function from the Hamiltonian.
This is based on the following fact: the subdifferential of the value function evolves from that of the
initial cost function according to the Hamiltonian flow.

For the control problems in question, the Hamiltonian function H(z,y) is a saddle function: it
is concave in z and convex in y, and is given as a partial conjugate of a certain convex cost function
L(z,v), called the Lagrangian. This leads us, in Chapter 2, to the study of general convex and
saddle functions. We exploit the conjugacy relationships, in particular to describe the properties of
a saddle function through those of its conjugate. With approximation of control problems in mind,

we propose a new regularizing transform for convex functions. It builds on the idea of a Moreau



envelope, yet yields much stronger regularity properties, and is symmetric with respect to taking
conjugates.

Control problems can be equivalently stated in terms of convex problems of Bolza, for which a rich
duality theory exists. We study such problems in chapter 3, concentrating on the properties of the
value function. One of our main results is the optimal feedback formula for Bolza problems, defined
in terms of the Hamiltonian and the value function. We later translate this formula to the setting
of optimal control, resulting in a very general optimal synthesis result, applicable in particular
to extended linear-quadratic control. With the issue of stability of control problems under data
perturbations in mind, we develop a general approximation theory for Bolza problems. We show
that under the assumption of epi-convergence of terminal costs and Lagrangians - or, equivalently,
epi-hypo convergence of Hamiltonians - solutions to Bolza problems are stable.

As promised, we apply our previous results to the setting of extended linear-quadratic control
problems in Chapter 4. We are especially interested in characterizing the value function in this
setting, and giving a useful optimal feedback (or optimal synthesis) formula. Applying the convex
duality theory to control problems enables us to work with the above mentioned concepts in a setting
far more general than the cases treated in literature using a direct approach. This demonstrates
how powerful a tool the duality theory is, and confirms the benefits of applying fairly theoretical

concepts to problems of applied mathematics.

Before we discuss our results in some detail, let us describe the main concepts that we work with.

1.1 Hamiltonian Function in Optimal Control and Bolza Problems

The generalized convex problem of Bolza is the following: minimize, over all absolutely continuous

arcs z : [a,b] & IR™ the cost expression
b
l(z(a), z(b)) +/ L(z(t), z(t))dt. (1.1)

The endpoint cost function [ and the so-called Lagrangian function L are assumed to be convex, but
are allowed to be nonsmooth and infinite-valued. These low regularity assumptions allow for a wide

range of modeling possibilities within this format.
Let us look at a general control problem. Consider a system evolving over time, the state of

which at time ¢t is given by z(t) € R"™. Suppose that the initial state of the system is given by
z(r) =¢ (1.2)

for some 7 € (~o00,T] and £ € R". An integrable control function u : (—oc, T} — R™ can be chosen,



subject to a constraint
u(t)e U (1.3)
for some given set U C R™, to influence the behavior of the system, according to the differential
equation
Z(t) = ¢(z(t), u(t)). (1.4)
Both (1.4) and (1.3) are required to hold for almost all t € (—o0,T]. With every control u(-) and

the trajectory z(-) it determines, we associate a cost given by the functional

T
/ Lo(z(t), u(t))dt + g(z(T)). (1.5)

The standard problem of optimal control deals with finding a control u(-) such that the above cost
is minimized. The optimal value in this problem is denoted V(r,£) and the function V is referred
to as the value function.

We can reformulate the optimal control problem as a problem of Bolza by takinga=7,6=T

and

l(a, B) = b(¢3(a) + 9(8), (1.6)
L(z,v) = inf{Lo(z,u) | v = ¢(z,u),u € U}, (1.7)

where §¢ is the indicator function of the set C: dc(z) equals 0 if £ € C and +oc otherwise. If the
dynamics (1.4) are linear, the cost functions Lg(-,-) and g(-) are convex functions, and the control
constraint set U is convex, we obtain a convex problem of Bolza. Note that even if the functions in
the description of the control problem, ¢(-,-), Lo(-,-) and g(-), display a high degree of regularity, the
Lagrangian L(:,-) can be much less regular. For example, whenever there is no control u € U such
that v = Lo(z,u), we get L(z,v) = +00. The infinite values also appear naturally in the definition
of I(-,-).

The two problems are equivalent in the following sense: the optimal values are equal, the same

arcs z(-) yield the optimal value, and the control u(-) can be recovered from the following inclusion
u(t) € argmin{Lo(z(t),u) | u € U, £(t) = ¢(z(t),u)}. (1.8)

We now define the Hamiltonian function, and stress the central role it plays in the analysis of

control problems. The Hamiltonian for a convex problem of Bolza is defined as the Legendre-Fenchel

transform of the Lagrangian in the velocity variable, that is:

H(z,y) = sx:p{y -v - L(z,v)}, (1.9)



The function H(z,y) is concave in z and convex in y. If the Bolza problem was a reformulation of

a control problem with linear dynamics ¢(z,u) = Az + Bu, we have
H(z,y) =y- Az + sup{y - Bu — Lo(z,u)}. (1.10)
uelU

The well known Euler-Lagrange equations, introduced in calculus of variations to give optimality

conditions on an arc z(-) have an equivalent version in terms of the generalized Hamiltonian equation:
(—y(t), z(t)) € 8H(z(t), y(t)) for almost every t. (1.11)

The above defined generalized Hamiltonian equation gives rise to a certain flow. The subdifferential
of the value function V'(7,£) with respect to the space variable £ can be found as the image of the
subdifferential of the terminal cost g under the Hamiltonian flow. This will allow us to derive several
properties of V'(-,-). Another tool, which we use to study the differentiability properties of the value

function, is the well-known Hamilton-Jacobi equation. In the classical sense, it has the form
dv av
—E(t,z)ﬁ-H(x,—F{—(t,z)) =0. (112)

The preferred notion of a solution of a control problem is that of an optimal feedback mapping,
also called an optimal synthesis. Roughly speaking, an optimal feedback is a mapping ®(-,-) such
that

£(t) € (t,z(t))
guarantees optimality of the arc z(-). We will give a formula for &(-,-) in terms of subdifferentials

of the Hamiltonian and of the value function.
To complete the presentation of problems related to control we describe a problem of Mayer. In

a Mayer problem, given a cost function g : R™ — R" and a set-valued mapping F' : R" = R", we

want to minimize the cost g(z(b)) over all arcs satisfying
z(a) = ¢, z(t) € F(z(t)) a.e. in [a,}).

Such a problem can be expressed as a problem of Bolza by taking:
0 if ve F(z)

+00 otherwise

The Hamiltonian in such a problem is then H(z,y) =sup {y - v | v € F(z)}.
Symmetrically, a Bolza problem with a fixed initial point z(a) = £ and the terminal cost g(-) can
be reformulated as a Mayer problem by defining F : R"*! = R™*! as

F(%) = epi L{z, -).



Above, (z,z.) = Z € R™. The initial condition is then Z = (£,0), and the terminal cost function is

taken to be
g(I(b)) + z..

Note that such a reformulation automatically leads to a mapping F(-) with unbounded images. For
a detailed discussion of relationships between control, Bolza and Meyer problems see Clarke [16], and

for further modeling possibilities with convex functions and a problem of Bolza consult Rockafellar

[33].

1.2 Discussion of Results

The main goal of this thesis is to develop the theory and solution methods of convex problems of
optimal control, in particular of the extended linear-quadratic format. This format was proposed
and developed by Rockafellar (41}, [42] and {43]. The underlying ideas of duality in control and Bolza
problems go back to Rockafellar [33], where the concept of a dual problem of Bolza was introduced.
Hamilton-Jacobi properties of the value function for convex problems of Bolza were recently studied
in Rockafellar and Wolenski [46], {47]. To our knowledge, a detailed study of the optimal feedback
mapping and of regularity properties of the value function in this broad setting has not been carried
out.

The standard reference for the tools of nonsmooth and convex analysis that we use is Rockafellar
and Wets [45] and Rockafellar [34]. Detailed expositions of control, Bolza or Meyer problem theory
can be found in Clarke [16] and Loewen [31]. The text that greatly stimulated the author’s interest
in convex analysis is Phelps [32], and the reference that displayed the potential and the beauty of
the duality theory to the author is Rockafellar [33].

This dissertation is divided into three main parts. Chapter 2 contains work in convex analysis and
monotone operator theory. Chapter 3 deals with convex problems of Bolza. Chapter 4 applies the
results of previous chapters to problems of extended linear-quadratic control. The thesis concludes
with an interesting application of convex analysis to differential games in Chapter 5 and with some
examples of numerical simulations in the Appendix. Let us now give a brief overview of our work.

The Hamiltonian function is our main motivation for the study of saddle functions in Chapter
2. We use the methods developed in Rockafellar [34], [44] and Attouch, Aze and Wets [1]. Section
2.1 contains results on how the properties of a saddle function dualize. For example, Proposition
1 characterizes saddle functions with finite-valued conjugates. This will prove to be crucial in
characterizing the most general setting of extended linear-quadratic control to which we can apply the

duality theory. Section 2.3 introduces a new approximation scheme for convex and saddle functions.



With every convex function f(-) and a parameter A we associate a continuous, differentiable and
strongly convex function s f(-). The crucial property of the proposed scheme is the symmetry with
respect to taking conjugates: sa(f*) = (saf)*, see Proposition 7. This means that not only f(-), but
the conjugate f*(-) also, can be simultaneously approximated by very regular functions. Moreover,
this property also extends to partial conjugates and saddle functions, as described in Propositions 8
and 9.

. The importance of the Hamiltonian system in the Hamilton-Jacobi theory for convex problems of
Bolza is displayed in the recent work of Rockafellar and Wolenski, [46], [47]. There, the subdifferential
mapping of the value function is shown to be the image of the subdifferential of the initial cost
function under a certain flow, governed by the Hamiltonian system. We explore this property in
Sections 2.5 and 3.1. Building on the simple idea that a Hamiltonian flow preserves monotonicity,
as shown by Rockafellar [35], we prove in Proposition 14 that a smooth Hamiltonian and a smooth
initial cost “produces” a smooth value function. Proposition 16 characterizes the cases when one

can recover the initial cost function from the knowledge of the value function V(r, -) at some positive

time 7.

In Section 2.4 we propose a new distance formula for monotone operators (2.24). While partic-
ularly well suited to the study of the evolution of the value function under the Hamiltonian flow,
this distance formula is of interest on its own. In particular, it yields yet another isometry for the
Legendre-Fenchel transform, a topic discussed by Attouch and Wets [2], [3].

One of our main results is contained in Proposition 20. There, an optimal feedback formula for
problems of Bolza is developed, involving the Hamiltonian and the value function. In contrast to the
results of Berkovitz [10], Frankowska [25] and Cannarsa and Frankowska [12], which were obtained
in the setting of Mayer problems, our formula is applicable to problems of extended piecewise linear-
quadratic control.

In Section 3.3 we develop a general theory of convergence of Bolza problems. Under mild as-
sumptions, we show that if the endpoint costs and the Lagrangians of approximate problems (7,)
epi-converge, then the optimal values and optimal solutions of (P,) must converge, respectively, to
the optimal value and an optimal solution of an initial problem (P). Employing the regularizing
transform of Section 2.3 to approximation of a problem of Bolza produces a particularly attractive
scheme: all approximate cost functions, both in the primal and the dual approximate problems, as
well as the approximate Hamiltonians, have strong differentiability properties. This is described in
Section 3.4.

Chapter 4 discusses control problems in the extended linear-quadratic setting. The standard,



and now classic example of such a problem is the linear-quadratic regulator, see Grantham and
Vincent [27]. Extensions of this basic format to problems involving control constraints can be
found, among others, in Brunowsky [11], where the control set is a compact polyhedral set, and
Heemels et al. [28], where the controls are constrained by a cone. As specified in Proposition 28,
our format is far more general, allowing for state-dependent control constraints and penalties, and
unbounded, yet not necessarily conical, control sets. Proposition 29 gives conditions on the control
problem that guarantee the smoothness of the Hamiltonian function. This allows us to conclude the
differentiability of the value function and the uniqueness of the optimal feedback in a very general
case, which includes the mentioned extensions of the linear-quadratic regulator. In this setting, we
can also describe the value function as the unique classical solution of the Hamilton-Jacobi equation,
thanks to the uniqueness result of Galbraith [26].

The last chapter of the thesis presents an interesting application of the tools of convex analysis
to the field of differential games. A two-player zero-sum game is discussed, in which the cost is
concave for one player, and convex for the other. In other words, the cost is a saddle function. In
Proposition 37, we give a necessary and sufficient condition for an equilibrium of the game. This
condition leads to explicit formulas for equilibrium controls, in terms of the subdifferential of the
saddle function, conjugate to the cost. A Hamiltonian system, new to the field of differential games,
is shown in Proposition 40 to describe optimal trajectories of the game.

We conclude the introduction with a short discussion of the main topics of our current research.

¢ Numerical methods for the value function and the optimal feedback mapping. The idea of the
Hamiltonian flow giving us the subdifferential of the value function V.V (r,-) as the image of
the subdifferential of the initial cost Vg(-) leads naturally to a numerical scheme. In greatest
generality, it can be described as follows: pick points on the graph of Vg(-), find their images
under the Hamiltonian flow over a discrete set of times 7, and then recover the subdifferentials
VeV (7k,-). Besides the issues of implementing this scheme, several theoretical questions arise.
For example, how to recover a convex function g(-), or its subdifferential, from the knowledge
of a finite number of points on gph dg(-). Once the value function is generated, a natural next
step is the implementation of the optimal feedback formula (3.15).

e Infinite-horizon control. The special role of the Hamiltonian for infinite-horizon value function
can be seen for example in Rockafellar [38]. There, under assumptions of strict concavity and
strict convexity of the Hamiltonian, the gradient of the value function is described as the set
of all points from which there exists a Hamiltonian trajectory converging to the origin. Special



structure of the extended linear-quadratic problems should allow for similar characterizations,
even when the saddle points of the Hamiltonian are not unique. We should be able to give
duality relationships between primal and dual value functions, although in general we should
not expect to be conjugate to each other. Another issue is the one of approximation the infinite-
horizon value function by finite time ones. This is closely related to the flow of subdifferential
mappings under Hamiltonian flow over the infinite time interval.



Chapter 2

CONVEX FUNCTIONS, SADDLE FUNCTIONS, AND MONOTONE
OPERATORS

We now present the basic definitions and facts about convex and saddle functions that will be
heavily used in this thesis. It was mentioned in the introduction that a function is convex if and
only if its epigraph is a convex set. Other properties of functions can be described in terms of the
epigraph. A function f(-) is iower semicontinuous whenever epi f is closed. It is called proper if it

never takes on the value —oo, and its effective domain
dom f = {z | f(z) < +o0}

is nonempty. Equivalently, we can say that f(-) is proper if epi f is nonempty, but does not contain
any vertical lines. In this setting, the effective domain is the image of epi f under the projection
(z,a) = z. By a saddle function we will understand a function h(z,y) concave in the z-variable

and convex in the y-variable. For any such function, the effective domain dom h = dom,; h x domz h
is defined by

dom; h = {z | h(z,y) > —o0 Yy}, domz h = {y | h(z,y) < +o00 Yz},
and the function is called proper if this set is nonempty. The property of saddle functions corre-

sponding to lower semicontinuity for convex functions is the notion of closedness. We refer the reader

to Rockafellar [34].
In this chapter, unless otherwise stated, f(-) (or f(:,-)) will always denote an extended real-valued
proper, lsc and convex function on R" (or R™ x JR") and h(-,-) will denote an extended real-valued

proper and closed saddle function on R™ x R™.
The subdifferential map 8fR™ — R™ of a convex function is defined by

of(z)={y Ve’ € R", f(z) 2 f(z) +y- (=’ — z)} (2.1)

Any y € 3f(z) is called a subgradient of f(-) at z, and can be thought of as the “slope” of a support
hyperplane of epi f at (z, f(z)). For a saddle function, we define the subdifferential 9h : R™ x R" —
R™ x R™ as

Oh(z,y) = B1h(z,y) x Bah(z,y) (2.2)
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where —3,h(z,y) is the subdifferential of the convex function —A(-,y) at z, and &h(z,y) is the
subdifferential of the convex function h(z,-) at y.
The function f* : R™ — R defined by

flp)= sgp{p -z — f(z)} (2.3)

is called the conjugate of f(-). It is known that f*(-) is a proper, lower semicontinuous and convex

function, and that its conjugate is f(-) itself.
For a saddle function, we define the lower and the upper conjugate by

h*(p,q) =81;pilef{p-z+q-y—h(z,y)} (2.4)

R (p,q) = igfsx;p{p- z+q-y— h(z,y)}. (2.5)

Both conjugates are proper closed saddle functions themselves, and are respectively the lowest and
the highest functions in the equivalence class conjugate to A(-,-). Equivalent functions have the same
effective domain, have equal values, as well as equal subdifferential mappings, on the relative interior
of the domain and their saddle point properties are identical. The class conjugate to A(-,-) depends
only on the equivalence class of this function, actually, the conjugacy defines a one to one relation
between equivalence classes of saddle functions. In particular, k(-,-) is in the class conjugate to both
h*(--) and B (-, ).

Taking partial conjugates of f(-,-) or A(-,-) is also used. We define f(-,-), called the convex

parent of h(-,-), and g(-,-), called the concave parent, by
f(p.y) = sup{h(z,y) = p -z}, 9(z,q) = inf{h(z,y) —q-y}- (2.6)
Then the lowest and highest function in the equivalence class of A(-,-) can be recovered from
h(z,y) = sup{g(z,q) +v-q}, h(z,y) = inf{f(p,y) +z - p} (2.7)

Also, the following conjugacy relations hold between the parents of h(-, -) and the functions conjugate
to h(-,-):
k*(p,q) = sup{g-y - f(p.1)}, R (p,q) =inf{p-z - g(z,9)}, (2.8)
f®:y) =sgp{y ‘g —h*(p,9)}, 9(z.q) = inf{z-p - 2"(p,q)}. (2.9)
where the last formulas hold for any h®(-,-) in the class conjugate to h(-,-).
Example (R).ecall that in the problem of Bolza, the Hamiltonian function H(-,-) is defined from
the Lagrangian L(:,) by sup,{y - v — L(z,v)}. In the current terminology, the Lagrangian is the

negative concave parent of the Hamiltonian.
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Classical concepts of convergence, like pointwise or uniform, are not compatible with the setting
where infinite values are present and where we are interested in minimization. Consult chapter 7
of Rockafellar and Wets [45] for details. The notion that fits our purposes more is the notion of

epi-convergence. We say that a sequence of functions f, : R™ — R epi-converges to f(-) when for

every point z € R"

(a) liminf, f,(z,) > f(z) for every sequence z, — z,

(b) limsup, f.(z.) < f(z) for some sequence z, — z.

Equivalently, epi-convergence can be defined in terms of convergence of sets epi f, to epi f. For
proper, Isc convex functions, the epi-convergence of f,(:) to f(-) is equivalent to the epi-convergence
of f7(-) to f*(-). Hypo-convergence of concave functions is defined symmetrically.

A corresponding concept for saddle functions is the notion of hypo/epi-convergence. We will only
use it for sequences of saddle functions which are modulated (in the sense of Rockafellar [44]), that
is, for sequences which satisfy the following: for some p > 0 and some ng, we have, for all v > ng:

inf h,(z,y) < p(1+|z]) for all z, sup h,(z,y) 2 —p(1 +|yl) forally.
lvi<e lzi<p ™

Here, h,(-,-) and h.(-,-) are the lowest and highest functions in the equivalence class of h,(-,+). We

say that such a sequence hypo/epi-converges to h(-,-) if

limsup inf k. (z,y') < R(z,y), (2.10)
' =z n—oo ¥V Y

liminf sup hy(z',y) > A(z,y). (2.11)

Yy’ —y;n—00 2z

As will be formalized in Section 2.2, there is a strong relationship between hypo/epi-convergence
of saddle functions, epi-convergence (hypo-convergence) of the convex (concave) parents, and the
graphical convergence of the corresponding subdifferential mappings. We say that a sequence of set
valued mappings 7, : R™ =3 RR™ converges graphically to a mapping T if the graphs gph T, converge
as sets to gph T'. For details, see Rockafellar and Wets [45].

A function f(-) is called coercive if f(z)/|z] & oo whenever |z] & +o0o. This term will be
sometimes used to concave functions, and then we will understand that a concave function g(-) is

coercive if the convex function —g(-) is coercive in the sense just described.
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2.1 Continuity, Differentiability, and Duality

Several properties of a convex function f(-) are reflected in the properties of its conjugate f*(-).

Without providing the precise statements, we give the following summary:

(a) finiteness of f(-) corresponds to f*(-) being coercive;
(b) differentiability of f(-) corresponds to strict convexity of f*(-);

(c¢) f() is globally Lipschitz continuous whenever dom f* is bounded.

For details, see 11.8, 11.13 in Rockafellar and Wets [45] and 24.7 in Rockafellar [34]. Note that
each of the above statements is symmetric, for example (a) can be restated as: coercivity of f(-)
corresponds to f*(-) being finite. Also let us mention that among convex functions, there is a unique
one with the property that f(-) = f*(-), and it is the function f(z) = 1/2|z|2. In the remainder of
this section we address the corresponding issues in the setting of saddle functions.

Example (self-conjugate saddle functions). Let us look at h(z,y) = z -y. We calculate h*(-,")
directly:

h*(p,q) = supinf{p-z+q-y—z-y}=sup{g-y+inf{(p —y)-z}} =sup{q-y — I3} (¥)}

v z v z v
= p-q.

By finiteness of h°(-,-) we have that A*(-,-) = %" (-,-), so the class conjugate to h(-,-) consists of a
unique function A*(p,q) = p - ¢. Note that h®(-,-) is finite, differentiable, and that A(:,-) = A*(-,").
Also notice that h*(-,-) is not globally Lipschitz continuous.

Another, and likely more expected, example of a self-conjugate saddle function is provided by
h(z,y) = —3)z|? + L|y[>. As f(z) = 1|z|? is the unique self-conjugate convex function, we can show

that h(z,y) is the unique self-conjugate saddle function separable in z and y.

We now give conditions on the convex and concave parents of h(:,-) equivalent to the finiteness

of h*(-,-). These will enable us to give a simple characterization of this case in terms of A(-, ) itself,

see Corollary 1,

Proposition 1 The following are eguivalent:

(a) k*(-,-) =k (-,-) and this function is finite-valued.

(b) rgedh(-,-) = R™ x R"™.
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(c) For every p € R™, the conver function f(p,-) is proper and coercive.
(d) For every q € R"™, the concave function g(-,q) is proper and coercive.

(e) For every (p,q) € R™ x R", the convez function f(p,-) and the concave function g(-,q) are

proper and coercive.

(f) For some po € R™ the convez function f(po,-), and for some qo € R™ the concave function

9(-,q0) are proper and coercive.

(g) For every (p,q) € R™ x R™, the convez function f(y,-) and the concave function g(-,q) are

proper.

Proof. Assume (a). Then the class conjugate to h(-,-) consists of one function h*(-,-), with

domh*(-,-) = R™ x R". By 37.4 in Rockafellar [34] we have
ri{dom h*(-,-)) € dom 8h*(:,-) C domh°(-,")

so domdh*(-,-) = R™ x R™. But by 37.5 in [34], dom8h*(-,-) = rgedh(-,-). So (a) implies (b).
Now assume (b). We can reverse the above argument to get that for any function from the class
conjugate to h(-,-), domh(-,-) = R™ x R". But, by 34.2.1, equivalent saddle functions have equal
effective domains and are equal on the interior of the effective domain, so A*(-,-) and R (-,-) are
both finite and equal to each other. We have shown that (a) is equivalent to (b).

Keeping in mind the fact that if one of the functions in the conjugate class to k(-,-) is finite, than
actually (a) holds, it is easy to see that the formulas (2.9) imply the equivalence of (a}, (c) and (d).

Clearly, (c) and (d) imply (e), which in turn implies (f). Now assume that (f) holds. The function
f(po, -} is proper and coercive, so by (2.8), h*(po, -) is finite. By the structure of proper closed saddle
functions, as described in 34.3 by Rockafellar [34], it must be that dom; h* = IR". Symmetric
argument yields that dom; A = R™. Thus both upper and lower conjugates are finite, and this
implies (a).

Similarly, (c) and (d) imply (g). Now assume that (g) holds. The function f(pe,-) is proper, so
by (2.8), k*(y,-) > —oc. Symmetrically, A" (-,q) < +o00. But R (-,-) > h°(-,) so both functions have
to be finite. a

Corollary 1 The class conjugate to h(-,-) consists of a unique function h*(-,-) if and only if any of

the following equivalent conditions holds:
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(a) Both of the following hold

(a’) vp€ R™ 3y e R", M € R such thatVz € R™ h(z,y) <M +p-z,

(a”) Vg€ R" 3z € R™, N € R such thatVpe R" h(z,y) > N +q-y.

(b) The convez function ¢(y) = sup, h(z,y) and the concave function ¥(z) = infy h(z,y) are

coercive.

Proof. Cordition (a) is equivalent to (g) in Proposition 1. Condition (b) is equivalent to (f) in
Proposition 1, with yo = 0 and go = 0. Necessity of this condition can be deduced from (e). a

Example (Finiteness of the saddle conjugate). We look at the function h(z,y) = z-y. Then
the functions defined in Part (b) of Corollary 1 are given by ¢(y) = sup.z -y = d(0)(y) and

Y(z) =infy z-y = —d0)(z). Clearly, both are coercive.

We now address the question of when if h®(-,-) globally Lipschitz continuous. The answer will

turn out to be very similar to the convex case. Here, and in later chapters, we will need the following

lemma, taken from Rockafellar and Wolenski [46].

Lemma 1 Assume that h(-,-) is finite. Then

Oh(z,y) = cond*h(z,y), (2.12)
where 89h(z,y) is the generalized subdifferential (in the sense or Rockafellar and Wets [45]) of h(-,-)
at (z,y).

Proof. By 12.27 in Rockafellar and Wets [45], the mapping T(-,-) defined by (u, —v) € T(z,y)
whenever (u,v) € Oh(z,y) is maximal monotone. By 35.8 in Rockafellar [34], T'(z, y) is single valued
if and only if A(-,) is differentiable at (z,y), and this is the case for almost all (z,y), since h(-,-)

is locally Lipschitz continuous. Then the structure of monotone mappings, as described in 12.67 in

[45] implies that
T(z,y) = con{(x, —v) | I(zv,yv) - (z,y)with Vh(z.,y.) = (u,v)}

We can now apply 9.61 in [45] to conclude that 8k(z,y) = con 9h(z, y). a
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Proposition 2 The class conjugate to h(-,-) consists of a unique function h*(-,-) which is globally

Lipschitz continuous if and only if dom h is bounded.

Proof. Recall that for any saddle function h(-,-), we have 8h(-,-) = con39h(-,-), where 39h(-,-) is
the generalized subdifferential in the sense of Rockafellar and Wets [45]. Also recall that if h(-,-) is
finite, 8h(-,-), so also A9h(-,-), is locally bounded. This will allow us to use 9.13 of [45]. Note also
that boundedness of dom A (-, ) implies that the conjugate class consists of a unique finite function
h*(-,-), and that Lipschitz continuity of the latter function entails its finiteness.

Boundedness of domh(-,-) is equivalent to boundedness of rgedh*(-,-), by 37.4 and 37.5 in
Rockafellar [34]. This is equivalent to 89h*(-,-) being globally bounded, and by 9.13 in [45], to the
local Lipschitz lip h*(:,-) of h*(-,-) being globally bounded. This, in turn, is equivalent to h"(-,-)
being globally Lipschitz continuous, see 9.2 in {43]. a

The issue of differentiability of h*(-,-) is much more complicated. It is easy to show that if
h(-,-) is strictly concave in z and strictly convex in y, then h*(-,-) is differentiable. However, as the
example of h(z,y) = z - y shows, this condition is not necessary.

In Chapter 4 we will give conditions for a special class of piecewise linear-quadratic saddle
functions. As defined in 10.20 of Rockafellar and Wets [45], a function ¢ : R™ — R is called

piecewise linear-quadratic if dom ¢ can be represented as the union of finitely many polyhedral sets,

relative to each ¢(z) is given by an expression of the form
1
5(1:, Az) + (a,z) + a

for some scalar @ € R, vector a € R™ and symmetric matrix A € R"*". Recall that if ¢(-) is
convex, than dom ¢ is defined as {z | ¢(z) < +00}, whereas if ¢(-) is a saddle function, we defined
dom ¢ = dom; ¢ x dom; ¢ by dom; ¢ = {z | ¢(z,y) > —o0 Yy}, domz ¢ = {y | ¢(z,y) < +o0 Vz}.
In both cases, the property of being piecewise linear-quadratic implies that ¢(-) is continuous on
dom ¢ (not just on intdom ¢). This allows us to conclude that for piecewise linear-quadratic saddle
function A(-,-), we have
B () = h(,) =F (")

on dom A(-, ), and so if any of the above three functions is piecewise linear-quadratic, the others are
too, and their representations on dom h(-, -) are the same. There is then no ambiguity in saying that
a saddle function is piecewise linear-quadratic: we no not need to worry about the equivalence class.

In the convex case, it was shown by Sun [50] that a conjugate of a piecewise linear-quadratic

function is also piecewise linear-quadratic. A different proof of this result was given by Rockafellar
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and Wets in 11.14, [45]. We modify this proof to extend Sun's result to the setting of saddle functions.

Lemma 2 Assume that a saddle function h(-,-) is piecewise linear-guadratic. Then the mapping
Oh(-,-) is piecewise polyhedral.

Proof. The function A(-,) is piecewise linear-quadratic, that is, there exist polyhedral sets Ck,
k =1,2,..s such that | J;_, C« = R" x R", and for (z,y) € Cx we have

H(z,y) = —%(:r, P.z) + %(y, Qxy) + (z, Rey) + (Dr, Z) + (qk, y) + 1.

We now calculate the components of 3H (z,y). Let K(z,y) be the set of indices k such that (z,y) €
Ck.

9:H(z,y) = —0:(—H)(z,y) = —{p | (p,w) < d(—H)(z,y)(w) for all w}
From the proof of 10.21 in [45] we get that d.(—H)(z,y)(w) = (Pez — Rey — pi,w) for w € Tcy (z).
Here C} is the projection onto z—space of the set Ci N (R™ x {y}). Then

F:H(z,y) = - [\ {p| (- Pz +Rey+pr,w) <0 forall w € Tey(z)}
kEK(z,y)

= [) {p| —p-Pz+Rey+px € Ney(z)}
kEK(z.y)

Similarly, for C§ being the projection onto y—space of Cx N ({z} x R™), we have
8,H(z,y)= (] {vlv-Quy—Riz—q € Ne:(v)}-
kEK(z,v)
Finally, we get that

8H(z,y)= [\ {p|-p—Pez+Ruy+p € Ney(2)} x {v ] v—Quy—Riz—qx € Nez (1)} (213)
kEK(z,y)

It is left to show that the union of the above sets over all (z,y) is a piecewise polyhedral set. Each
Cr has a representation of the form (ai,z) + (fi,¥) < v for i € I, some finite index set. Notice
that the representation of C} is (a;,z) < v — (Bi,p), and similarly, the representation of C¥ is
(Bi,y) < v — (@i, z). For each subset Ji of I; define polyhedral sets F7«, M7« and N7+ by:

Fle = {(z,y) € Ci | (@i, z) + (Bi,y) = % for all i € Ji},
M7 = con (pos{a; |ie Jg}), N7« = con (pos{ﬂ,- [ie Jk}).
By 6.46 in [45],

{(z.9.2.v) | p€ Noy(2),v € Nz} = | (F7* x Me x Nv),
Joe Cle
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Argument, similar to the one in the proof of 11.14 in (45], shows that

gohoh= |J {(z,y,p,v) | (z,y) € F*,—p — Puz + Rey + pi € Nx,
JeCls kEK(2,y)
v—Qry — Riz — g GM""}

and this set is polyhedral. (m]

Proposition 3 The following statements are equivalent (below, f(-,-) stands for the conver parent

of a saddle function h(-,)):
(a) The function h(-,-) is piecewise linear-quadratic.
(b} The mapping 8h(-,-) is piecewise polyhedral.
(c) The mapping 8f(-,-) is piecewise polyhedral.
(d) The function f(-,-) is piecewise linear-quadratic.

If any of the above holds, and either h(-,-) or f(-,-) is differentiable, then the corresponding mappings

8h(-,-) or 8f(-,-) are actually piecewise linear.

Proof. We have shown in the above lemma that (a) implies (b). We have

0 010

1 00

gphdf = M gphdh, for M = 100 0
0 0 01

and the image of a piecewise polyhedral mapping under a linear transformation is also piecewise
polyhedral. Thus (b) implies (c). Now (c) is equivalent to (d) by 12.30 in [45]. We now show that
(d) implies (a). Assume that f(-,-) is piecewise linear-quadratic, so that dom f = J;_, C&, with
each Ci polyhedral, and

F0.9) = 3((P,9), Ax(p,9)) + (ax, (2. 9) + bi.

The subgradient mapping 8f(-,-) has piecewise polyhedral graph, that is, gphdf = (J;-; D: with
each D; polyhedral, and such that the image of each D; under the projection (p,y,z,q) = (p,¥y)
is contained in some Ci. We know that gphdh = M~ gphdf. Define E; = M~'D, so that
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gph Ok = |Ji_, Ei, and let F; be the image of E; under the projection (z,v,p,q) = (z,y). By 3.55
in (45}, all E; and F; are polyhedral. The union Ui=, Fi equals dom 8h. Then this set is closed, and
since it is dense in dom h, by 37.4 in Rockafellar [34], it must be that dom h = {J;_, F;, and so dom h
is a union of finitely many polyhedral sets. It is left to show that A(-,-) is linear-quadratic on each
Fi. By 11.15 in [45], it is sufficient to show that it is linear-quadratic on every line segment in Fj.
Pick any two points (Zo,yo0) and (z1,y:) in F;, and any (po, go) € dh(zo,yo), (pr,q1) € Bh(zy1,y1)-
Then (zo,Y0,p0,90) and (z1,y1,p1,q1) are in E;. For T € [0, 1], define

(x‘l’, Yr, Pr, QT) = (1 - T)(IO:UO,PO,QO) + T(zlvyl)phql)'

In particular, (z,,y-) parameterizes the line segment between (To,y0) and (z1,y1). We will now
show that H(z,,y.) depends linear-quadratically on . We have

H(I,—, y‘l’) = i%f{f(pv yf) + (pv zf)} = f(plv y?) + (P'a-":r)

for any p’ such that —z. € 3,f(¢',y-). But (-z-,q-) € 8f(p-,y-), 50 in particular, by 10.11 in [45],
-z € 8pf(pr,y-), and
H(3:1': yr) = f(pr.yr) + (Pr, Z:).

But for some k. and all = € [0, 1], (pr.y-) € Ck. so we have
— 1
h(z-,yr) = 5((?1" ¥r), Ae(Pr,y-)) + (@&, (Pr,¥:)) + b + (P, Z+)

and this expression is linear-quadratic in 7. This shows (a).
If either the A(-,-) or the f(-,-) is diﬁ'erentiabie, the corresponding subgradient mapping, besides

being piecewise polyhedral, is also single valued, so piecewise linear. a

We have already seen, in example 2.1, that unlike the convex case, there is more than one saddle

function conjugate to itself. An interesting problem is to characterize all such functions. Below we

describe a very special case.
Consider h : R x R — IR given by

h(z,y) = —2az? + %byz +czy

2
To guarantee concavity-convexity, we must have a > 0 and b > 0. The gradient VA(-,-) is linear,
—-a c¢
and is equal to its inverse. In particular, the determinant of the matrix 5 must be equal
c

1. Non-negativity of a and b exclude the case of +1. So we have ab + ¢ = 1. Using this fact we

can calculate the conjugate function:

1 1
h*(p.q) = -55172 + '2‘042 + cpq.



We see that h(-,-) = h*(-,-) if and only if @ = b, so also a? + c®> = 1. Written differently

hiz,y) = —%a::2 + %ay2 + V1 -a?zy.

Let us call H'(z',y") = —1(z')® + (y’)? the standard saddle function. Then
h(z,y) = h'(Ma(z,y))

where the matrix M, is given by
2 ow/5
Ma = l~a l4a :
2T VT
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Note that M, corresponds to a rotation in R’ by an angle cos™!/1$2 in positive or negative

direction. The range for the angle of the rotation is [— %, ¥]. We have just shown that every linear-

quadratic saddle function equal to its conjugate is a “rotation” of the standard saddle function by

any angle in [—-%, ]

2.2 Epi and Epi/hypo Convergence

The following theorem collects the results of Rockafellar [44].

Theorem 1 Let h,(-,-) be a modulated sequence of saddle functions, and let f,(-,-) and g.(-,-) be

the sequences of convez and concave parents of h.(:,-). The following statements are equivalent:

(a) the functions h,(-,-) hypo/epi-converge to a saddle function h(-,-);
(b) the functions f,(-,-) epi-converge to f(-,-), the convex parent of h(-,");

(c) the functions g,(-,-) hypo-converge to g(-,-), the concave parent of h(-,-);

(d) the mappings 8h,(-,-) converge graphically to 8h(-,-), and a normalizing condition for h,(:,")

and h(-,-) holds;

(e) the mappings 8f,(-,-) converge graphically to 8f(-,-), and a normalizing condition for f.(-,-)

and f(-,-) holds;

(f) the mappings 8g.(:,-) converge graphically to 8g(-,-), and a normalizing condition for g.(,-)

and g(-,-) holds.
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The normalizing condition for h,(-,-) and h(-,-) means that for some (z,,¥.,p.,q.) = (Z,¥,P,q)

with (p.,q.) € 8h,(z,,y.) we have h,(z.,y.) = h(z,y). Similarly for f(-,-) and g(-,-).

Proposition 4 Let h,(-,-) be a modulated sequence of finite saddle functions, and assume that h(-, -)

is finite. The following statements are equivalent:
(a) the functions h,(-,-) hypo/epi converge to h(-,-);
(b) the functions h,(-,-) converge pointwise to h(-,-);
(c) the functions h,(-,-) converge uniformly to h(-,-) on every compact set;

(d) the functions h,(-,-) converge continuously to h(-,-).

Proof. Since the functions h,(-,-) are finite, they are continuous, by 35.1 in Rockafellar {34] (in
fact, they are locally Lipschitz continuous). Continuity implies that k, = h, = h,, and similarly for

h. In this case, the hypo/epi-convergence translates to

limsup h,(z',y) < h(z,y), liminf A, (z,y') > h(z,y) (2.14)

'z, v—00 ¥’ —y,v—00
what implies that
imsuph, (z,y) < h(z,y), liminfh,(z,y) 2 h(z,y)
and this means that h,(-,-) converge pointwise. So (a) implies (b). Now (b) implies (c) by 35.4
in [34]. Uniform convergence implies continuous convergence, so (c) implies (d). From continuous

convergence we get that

im _ h.(z.,y) = h(z,9), im h,(z,y.) = h(z,y)

Ty—bz v Yo =Y. V=400

what implies the conditions for hypo/epi-convergence in (2.14). So (d) implies (a). a

Lemma 3 Assume that a modulated sequence h,(-,-) epi/hypo-converges to h(-,-), and that h(-,-)
is finite. Then the mappings 8h,(-,-) are eventually locally bounded.

Proof. From [44] it follows that gph8Hv — 8H. For any (z,p), by finiteness of H, 8H(z,p) is
nonempty and bounded. It is also convex, so connected, valued. The statement follows from 5.34(b)

in [45]. o
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Proposition 5 Let f,(t,z) be a sequence of proper and Isc functions, convez in z, and let f (¢, y) be

the conjugate of f.(t,-). Choose a sequence t, — t. Assume that no subsequence of f.(t.,-) escapes

epigraphically to the horizon. If
e—liminf f,(t.,-) 2 f(¢,-), e~ liminf f3(t.,") > f°(¢,-)
n=—o0 n—oo
for some proper and Isc function f(t,z), conver in z, then
e-lixnfu(tln') =f(t1')v e—limf:(tv,-)=f°(t,-).
n-—+o0 n-»o00
If the above holds for all sequences t, — t, we have
e—lim f, = f, e—lim fJ = f°*.
n—o0 n—ao0

Proof. Choose a sequence t, — t. Let ¢,(-) = f.(t.,), and ¢(-) = f(¢,-)- Applying 11.34 in [45]

to the sequence ¢,(-) yields e~ limsup ¢; < ¢, what means that
n—o0
e—limsup f7(tn,") < f°(,-)-
n-—>o0

This, combined with the assumption, means that f2(t,,-) epi-converge to f*(¢,-). By 11.34 in [45],
this is equivalent to the epi-convergence of f,(t,,-) to f(t,-). The second claim follows directly from

the definition of epi-convergence. a

The way to reformulate a control problem in terms of a problem of Bolza was described in the

introduction. For problems with linear dynamics, we get the Lagrangian:
L(z,v) =‘Exelg{f(z,u) | v=Az + Bu} (2.15)
Consider a sequence of such Lagrangians, that is, consider
L,(z,v)= ,,ié}f, {fo(z,u) |v= A,z + Byu},

where f,(-,-) epi-converges to f(-,-), U, converge to U as sets, and matrices A,, B, converge to A,

B. We will show that this guarantees the epi-convergence of L, (-,-) to L(-,-). We assume
(a2) f and f, are proper, Isc and convex (jointly in (z,u)) functions.
(b) for every z, dom f(z,-) NU # 0, similarly for f,.

(c) U and U, are nonempty, closed convex sets.



22

Assumptions (a) and (c) imply, among other things, the convexity of L, and L. Assumption (b)
guarantees the absence of “state constraints” in L and L,. Another constraint, which guarantees

the epi-convergence of f,(z,u) + 6y, (u), is needed:

(d) the sets dom f and R™ x U in R™ x R* can not be separated.
Proposition 6 Under the above assumptions, L,(-,-) epi-converge to L(-,-).
Proof. We can write L,(z,v) = infy F,(z,v, u), where

Fo(z,v,u) = f.(z,u) + d;0) (v — Auz — Byu) + by, (u),

and a similar expression is possible for L, in terms of F. Functions F, are Isc (as sums of léc
functions) and proper (for any z, find a u € U, with f,(z,u) < +o0o and take v = Az + Bu).
They are also convex jointly in all variables, as the sums of jointly convex functions. In this setting,
7.57 in Rockafellar and Wets [43] implies that the epi-convergence of F, to F is sufficient for the

epi-convergence of L, to L.
We will use the following notation (we make corresponding definitions for F,):

Fl(z,v,u) = f(z,u), F?*(z,v,u) =6éy(u), F3(z,v,u)= 8(0}{v — Az — Bu).

Directly from the definition of epi-convergence we can see that F! epi-converge to F!, similarly for F?
(here we also use the property that sets converge if and only if the corresponding indicator functions
epi-converge). To apply 7.47 from [45] and show that F? epi-converge to F?, we need to check that
0 € int(dom 6y (-) — rge M), where M is the linear mapping sending (z,v,u) to v — Az — Bu. As
doméy(-) = U is nonempty and rge M = R", the mentioned condition is satisfied.

We now show that F} + F? + F2 epi-converge to F! + F? + F3. First, we show that F! + F? epi-
converges to F! + F2. By 7.47 in [45], this holds when the domains of F! and F? can not be separated
(or equivalently, 0 € int(dom F! — dom F?)) and this is implies by assumption (d). It is left to show
that (F} + F?) + F? epi-converge to (F! + F?) + F3. Again, a sufficient condition for this to hold
is that 0 € int ((dom F! Ndom F?) — dom F3). We now show that (dom F! N dom F?) — dom F?3 is
the whole space. Take any (Z,7,%) € R" x R™ x R*. Pick any (z;,u;) € dom fN(R" x U) — such
a point exists by either (b) or (d). Let z; = z; — Z, up = u; — i, and let v, = Az, + Buj. Define

v = ¥ + va. By construction we have
(z1,v1,1;) € dom (F*! +F2) v (Z2,v2,u2) €Edom F3,  (Z,3,%) = (z1,v1,u1) — (Z2, v2, u2).

This finishes the proof. o
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2.3 The Regularizing Transform

In this section, we develop the regularizing transform, a new approximation scheme for convex
functions. It will have strong symmetry properties with respect to conjugacy, and this will extend
to saddle functions as well. The regularizing transform builds on the well-known idea of 2 Moreau

envelope.
For a proper, Isc function f : R™ — R and parameter A > 0, the Moreau envelope function is

defined by
. 1
exf(@) =it { /) + g5z —uf? | (2.16)
In terms of epigraphs, the envelope function e, f(-) is the function for which

. . .1
epieyf =epr+epx§:\- - 2.

For details, consult Chapters 1 and 2 of Rockafellar and Wets {45]. Here we summarize the special

properties of the Moreau envelope function in the case of f(-) being convex.
Theorem 2 Let f: R = R be a proper, Isc and convez function. The following properties hold:
(a) For any A > 0, the envelope function e, f(-) is finite, convez and continuous. In fact, ey f(-)
is continuously differentiable, with
1
Vesf(@) = 5z - A(@)]-
Here P, f(z) is the prozimal mapping for f defined by

Prf() = scgmin { £5) + 5512 =3P}

(b) The gradient mapping Ve f(-) is Lipschitz continuous with the constant A~! and satisfies

'\Iha
Igpf

I
gph Ve, f = [0

(c) The envelope functions ey f(-) converge pointwise and epigraphically to f(-) as A \, 0.

Assume that f(-) is convex. It can be easily verified that the conjugate function of the envelope
exf(-) is given by f*(-) + %l - |2, where f*(-) is the conjugate of f(-). Thus the conjugate of e f(-)
can lack many regularity properties that the envelope itself enjoys. Our goal now is to propose a

new approximation scheme that not only will avoid this inconvenience, but will be symmetric with

respect to conjugacy.
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2.3.1 Regularizing Transform for Convex Functions

Definition 1 (regularizing transform for convex functions) For a proper, Isc function f :

R™ = R end any A € (0,1) define the regularizing transform s, f by
A
saf(z) = (1-A)erf(z) + 5'112 (2.17)

As can be expected, the regularizing transform inherits several properties from those of the
Moreau envelope. We concentrate here on the special properties of sy f(-) in case when f(-) is
proper, lsc and convex. We assume this until the end of the section.

The most striking property of the regularizing transform is self-conjugacy: the regularizing trans-
form of the conjugate function to f(-) is the conjugate function of the regularizing transform of f(-).

Proposition 7 The regularizing transform is self dual with respect to convez conjugacy, that is
(saf)* =sa(f")- (2.18)

The proof is a direct calculation. However, this statement is also a special case of Proposition 8,

and this will be discussed later in this chapter.

Lemma 4 For any A € (0,1), the regularizing transform has the following properties:

(a} saf(-) is strongly conver with constant \.

(5) saf(-) is continuously differentiable, with the gradient
1
Varaf(z) =(1- /\2)3(2 =P f(z)) + Az

globally Lipschitz continuous with the constant A~}

(c) The gradient Vs, f(-) has the following property:

AT hof
I ep

I

gph Vs, f =
Al
Proof. The function sxf(-) — 3| - |2 = (1 — A?)erf(-) is convex, so sy f is strongly convex with
constant A. Differentiability and Lipschitz property of the gradient can be proven directly from the
properties of Moreau envelope, or from the properties of the graph of sx. However, since (s f)" is

also strongly convex with constant A — this follows from Proposition 7 — we easily conclude (b)

using 12.59 in [45]. We now check (c). We know that

I 0
gph (f(-) +%I-Iz) = [AI IJ gph £(°),
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I ArI
gpheyf(-) = gph f(*)
0 I
We also have I
h(1 — A%)f(- h ().
gph( )f()[o (1—,\2)1]gp f()
Then
b Vs f I o}lr 0 I A\ hof I Al hof
S = = ’
gPaVaT =1, 1llo a-ayrl|fo 1|% a1 |
where the last equality can be checked by a direct calculation. a

Lemma 5 For any A € (0,1), argmins, f is a singleton, and {z.} = argminsif if and only if
zy = (1 — A2)Pyf(z). If argminf # 0, then limz, = zo, where zo is the unigque element of
argmin f of minimal norm.

Proof. The function s, f(-) is continuous and coercive, so argmin s, f is nonempty. Strong convexity
implies that this set must be a singleton. Since s, f is convex and differentiable, a necessary .and
sufficient condition a minimum of saf is Vsxf(za) = 0. Setting the formula in (b) of Lemma 4

equal to O yields the desired condition. Now assume that argmin f is nonempty. By convexity of

f(-) it is a convex set. Therefore, it contains a unique element of minimal norm — the projection of

the origin onto argmin f. Denote it ;. For any z, € argmin s, f we have
minsyf = 51£(z2) < 82 f(z0) = (1= X?) min f + Jzof?
and also
min sz = (1= M)eaf(z2) + Jlaal’ 2 (1= Weaf(z0) + §lzal? = (1= X) min  + Slzal?

Combining the above we get that |z,.]| < [zg], so any accumulation point of z, must have the norm

less or equal to |zg|. But by Theorem 7.31 in {45], we have
Iiml\sup(argmin sxf) C argmin f.
This shows that actually any of the mentioned accumulation points must have the norm equal to at

least Jzo|, and we get that every accumulation point must actually equal zg. a

We now turn to investigate the second order properties of the regularizing transform. Consider

the following example.
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Example (.second order nonsmoothness of the transform example Let f : R — R be a finite,
convex, piecewise linear function defined by

0 forz<0
f(z) =
z forz>0

Then the regularizing transform is given by

z? forz <0

z? forO<z<A.
%.1’24'(1—/\2)1—%(1—/\2) for A<z

n>

I"‘

saf(z) =

[N
>

We see that even in a case of a reasonably simple function f(-), we can not guarantee the second
order smoothness of the regularizing transform — sy f(-) is not twice differentiable, even in the
extended sense, at 0 and A. However, it may turn out that a nonsmooth, or even not continuous
function has a C regularizing transform, take for example f = éq}, for which s, f = sl 12

To investigate the second order properties of the regularizing transform, we first relate the tangent

and normal cones of graphs of 8 f(-) and Vs, f(-). As could be expected, the matrix

I Al
AA = y
Al I

seen before in (c) of Lemma 4, will play an important role. For the definitions and discussion of
normal and tangent cones to a set consult Chapter 6 of [45], and for graphical differentiation, and
other notions of generalized differentiation, consult Chapter 8 of [45]. Below, D stands for the
graphical derivative, D* is the graphical coderivative, and D, D* are the corresponding regular

derivatives.
Lemma 6 For every (Z,4) € gph8f the following equivalent formulas hold:
Tepn vars (z,u) = Ax (Tgpn a7(Z, @), gph D(Vsaf)(zlu) = Axgph D(3f)(zl7).  (2.19)
Similar formulas hold for T and D. Also, the following equivalent formulas hold
Negph e s (z:u) = A7 (Ngpnos (2, 8)) gph D*(Vsa f)(zlu) = AJ' gph D*(9f)(z|@). (2.20)
Similar formulas hold for N and D*.

Proof. The statements relating the tangent and normal cones follow from 6.7 in [45] and the formula
in (c) of Lemma 4. Equivalent statements in terms of graphical derivatives follow directly from the

definition of graphical differentiation in 8.33, [45]. a
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Corollary 2 J3f is proto-differentiable at (Z,%) if and only if Vs, f is proto-differentiable at Ax(Z, %)
for some A (and then, Vs, f is proto-differentiable at Ax(Z, ) for every \). This is equivalent to the
following statement: f is twice epi-differentiable at £ for G if and only if s is twice epi-differentiable

at = Z + A for some A (and then, s\ f is twice epi-differentiable at z = Z + A for every \).

The next corollary relates the second subderivative of s, f(-) and the regularizing transform of the

second subderivative of f(-). For definitions, see 13.3 in [43].

Corollary 3 If any of the conditions in previous corollary holds, then

1

2d23,\f(z) = s, (%dzf(flﬁ))

Proof. First note that applying the regularizing transform to %Jz f(£|a)(-) makes sense, since it is

a proper, Isc and convex function - see 13.5 and 13.20 in [45]. Then by Lemma 6 we have
gph Vs, (%42 f(:ilﬁ)) = A» gphd (%dﬂ f(:r‘:lﬁ)) .

Theorem 13.40 in [45] gives us that 8 (3d%saf(z)) = D(Vsaf)(z) and 8 (3d® f(z|a)) = D(3f)(z|a).

Using this, and Lemma 6 again, we get
Argphd ( %dzf(flﬁ)) = A, goh D(91)(2]) = gph D(Vs, f)(z) = gph (%dﬂs,\f(z)) .

We get
o (3#01(@) =V (3e5(a0))

Both sy (3d* f(Z|@)) and 1d?s, f(z) are proper, convex functions, both equal 0 at the origin. Since
their subdifferential mappings agree, they must be equal. (m]
Second-order epi-differentiability (semidifferentiability) refers to epigraphical (continuous) conver-
gence of the second-order difference quotients to the second subderivative. For details, see 13.6 in
[45].

Corollary 4 f is twice epi-differentiable at I for @ if and only if s\ f is twice semidifferentiable at
I + M.

Proof. By 13.20 (c) in [45], the function s, f is twice semidifferentiable at z for u if and only if
it is twice epi-differentiable at z for u, and d%s, f(z) is finite valued. From Corollary 2 we know
that s, f is twice epi-differentiable at Z + A if and only if f is twice epi-differentiable at Z for 4.
Regularization formula for d?s, f(z) in Corollary 3 assures us that this function is finite valued. [J
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Corollary 5 s, f is twice semidifferentiable at z if and only if s\ f* is twice semidifferentiable at

u = Vsaf(z). If either of the above holds, 1d*s\ f(z) and 1d%s. f*(u) are conjugate to each other.

Proof. By Corollary 4 s, f is twice semidifferentiable at z if and only if f is twice epi-differentiable
at Z for 4. By 13.21 in [45], this is equivalent to f* being twice epi-differentiable at i for Z. Now this
holds if and only if s, f* is semidifferentiable at # + AZ = u. The duality relationship now follows

from 13.21 in [45]. a

2.3.2 Regularizing Transform and Saddle Functions

Attouch, Aze and Wets [1] proposed an extension of Moreau envelope to saddle functions, called a

Moreau-Yosida approximation. Let A : R™ x R™ — R be a closed saddle function. For any A > 0

the Moreau-Yosida approximate is defined by
esh(z,y) = supinf { A{u,v) — ﬁ[z —ul* + 2—/\ly —v|* . (2.21)

Originally, a two-parameter approximation was defined, with different parameters for the concave
and the convex variable. For symmetry purposes, we use one parameter A. The order of taking the
infimum and supremum in (2.21) is irrelevant, an equal function is obtained by taking

inf sup § h(u,v) — —l—lz —uf?+ ily —v)?}.
v u 2\ 2A

Also, the envelope ejh(-,-) depends only on the equivalence class of h(-,-). Basic properties of

exh(z,y) are similar to those of the Moreau envelope for convex functions. Let Py(z,y) denote the

unique saddle point of the expression in (2.21).

Theorem 3 Let h : R™ x R™ = R be a proper closed saddle function. The following properties
hold:

(a) For any A > 0, exh(-,-) is a finite continuous saddle function. In fact, it is continuously

where (@,7) = Py(z,¥y)-

(b) The functions e h(-,-) converge hypo/epi-graphically to h(-,-).
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We now define the regularizing transform for saddle functions.

Definition 2 (regularizing transform for saddle functions) Let h : R™ x R* — R be a

proper closed saddle function. We define the regularizing transform syh by
2 A 2 2
sxh(z,y) = (1= A%)eah(z,y) + 5 (=lzl* + [y[) (2.22)
where e\h is the Moreau-Yosida approzimation of the saddle function h(-,-).

Note that we are using the same notation for the regularizing transform of a convex function and
of a saddle function. The sense in which the transform is taken is implied by whether the function

in question is a convex function or a saddle function, and this should be always obvious from the

context.

Proposition 8 Assume that a proper, Isc convez function f: R™ x R™ = R is given by
f(z,p) = (h(z,-))*(p) = sup{p-y — k(z,y)}
v

for some proper closed saddle function h : R™ x R" — R, as it happens in particular when h(-,-)

1s the partial conjugate of f(-,-) with respect to the second variable:
h(z,y) = (f(z,"))"(v) = sgp{y -p—f(z.p)}
The regularizing transform is self dual with respect to the partial conjugation, that is:
sah(z,y) = (saf(z.9)"(¥) = sgp{y -p— sxf(z,p)} (2.23)
Proof. Let v =1 - A2,
(saf(z,))*(v) = sup {v-p—saf(z,p)}
= sup{y-p—vint { fwa) + gtz —ulP + 2o —al?} - 3laf? - Fipl"}

P

A A
= sup {y-p—'yf(u,q) - %Iz —ul® - %Ip—ql2 - 5[1)12} - glxl2

p,u.q
Y 2 Y 2 A 2 A 2
= sup -p — Ysup q.v_h(u,v -z —-ul*—=—p—q|* - = }——I
sup {y-p—vsup )} = hlz —ult = Zip— g = 31l } - Jial
= infdy p—nq- c Xz —u = Lip—q2 = 2pp2 | = iz
= supin {y P—79 v +7h(u,v) - 5ylz —ul” - 51lp—dq| 2lpl} 512l

. Y 2 Ao Y 2
= supmf{ h(u,v +sup{y-p-7 v—=—lu—-ql* - =lp }-—::—v }
apinf | 7h(u,v) + sug q-v—Flu—q? - SIpP | ~ Liz —

~Zlaf
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Solving a simple maximization problem in R™ x R™ gives us

Y 2 _ A2 Y 2, A2
SUpqy-P—7¢-v— —lp—v[* - ~|p| }=—ly—v + =yl
,,,q{ ”lp 2 22 | 2

Then

N = supi iy—vf?— Liz—uf) = 2z + 22
(52f(z.))°(w) = supinf {vyh(u,v) + Fly vl - Llz —ul*} - Slal* + Syl

A
verh(z,y) + 5 (—1zl? + [y[?)

a

Note that by taking m = 0, a saddle function A : R™ x R™ — R becomes a convex function on
IR", and the partial conjugate of A(-,-) in the second variable is just the convex conjugate of A(-, -).

This shows that Proposition 7 is a special case of the statement in Proposition 8. We can consider

Proposition 7 proved.

As in the convex case, the regularization of a saddle function enjoys strong regularity properties.

Lemma 7 For any A € (0,1) the following properties hold:
(a) syh(:,-) is strongly concave, strongly conver with constant A.

(b) sah(:,-) is continuously differentiable, with the gradient being globally Lipschitz continuous with

constant A~1!
Recall the notions of convex and concave parents of a saddle function A(-, ).
f(g,y) = sup{h(z,y) ~z - q}, 9(z.p) = inf{h(z,y) ~y - p}-
A direct manipulation of the results in Proposition 8 yields the following.
Corollary 6 Parents of the regularized function s\h(:,-) are the regularized parents of h(-,-).

We conclude this section with a result that extends the self-conjugacy of the regularizing transform

even further, to the setting of conjugate saddle functions.

Proposition 9 The regularizing transform for convez-concave functions is self-dual with respect to

convez-concave conjugation. That is
(s,\h)‘ = sa\h®

for any h* in the equivalence class conjugate to h.
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Proof. The class conjugate to syh can be recovered from the parents of s h by the partial conjugacy

formulas given in Chapter 2. Combining Proposition 8 and Corollary 6 implies the claim. (]

Lemma 8 The following statements are equivalent to a saddle function h(-,-) being piecewise linear-

guadratic:

(a) The regularized function sy\h(-,-) is piecewise linear-quadratic.
(b) The gradient mapping Vsih(:,-) is piecewise linear.

(¢) The saddle point mapping Pi(-,-) is piecewise linear.

The statements in (a) and (b) can be made with the Moreau-Yosida approzimations in place of the

regularizing transform.

Proof. By Proposition 3, the fact that k(-,-) is piecewise linear-quadratic, is equivalent to the
convex parent f(-,-) being piecewise linear-quadratic. By 12.30 in Rockafellar and Wets [45], this
is equivalent to e, f(-,-) being piecewise linear-quadratic, and this can be equivalently restated in
terms of s»f(-,-). Applying Propositions 3 and 8, we get that this is equivalent to (a) and also to
(b). The equivalence of (b) and (c) can be deduced from part (a) of Theorem 3. [m|

2.4 Monotone Mappings

A set-valued mapping M : R™ = R" is called monotone if, for any y; € M(z;), y2 € M(z2) we

have

(z2 = 71,92 — 1) 2 0.

It is called strictly monotone if the inequality is strict whenever z; # z;. Examples of monotone
mappings are provided by affine mappings M(z) = Az + b with the matrix A being positive semi-
definite. Such a mapping is strictly monotone if A is actually positive definite. A monotone mapping
M is called maximal if gph M can not be enlarged without destroying the monotonicity property.
Subdifferential mappings of convex functions are an important example of such mappings: for any
proper, lsc, convex function f : R™ — R, the mapping 8f(-) is maximal monotone. In fact, any

maximal monotone mapping which is also maximal cyclically monotone, is a subdifferential mapping
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for some convex function. Maximal cyclical monotonicity of M is defined as follows: for any m > 1,

and any y; € M(z;),i=0,1,...m, we have
(y0.Z1 — Zo) + (y1,Z2 —21) + - + (Ym,Zo — Tm) < 0,

and gph M can not be enlarged without destroying this property. For details consuit Chapter
12 of Rockafellar and Wets [45]. Before studying the connections between monotone mappings and
generalized Hamiltonian equations, which is the main topic of this section, we present a few examples

of monotone mappings.
Example (Monotone mappings from saddle functions). Suppose that h: R™ x R™ - R is

a saddle function. Define

0
Then T'(-,-) is a monotone mapping. If h(z,y) = sup, {y - v — f(z,v)} for some proper, Isc, convex

function L(-,-), then this mapping is maximal monotone. For details, see Rockafellar and Wets [45],

0
T(z,y) = [ 1] Oh(z,y).

12.27.

Example (“Diagonally convex mappings”). Consider a collection of n functions f;,i=1,...,n

such that f;(z1,...,Zi,...,Tn) is convex in z; € R™". Let z denote (z1,...Z5), and define
T(I) = (azxfl! ---,az.-fi, .oy az..fn) (:L')
The condition for T'(-) to be monotone is

D (0eifi(2) = Bz, filZ'),zi — 7)) 2 0

i=1
for any z = (z1,...za), ' = (21, .--z,)- By taking z; = z’; for all i # j we get that for T'(-) to be
monotone of it is necessary that d:, fi(z1, ---, Zi, --., Zn) be monotone in z;, for i = 1,2,...n. As the
following special case shows, this is not sufficient.

Let
fi(z) = %1';' -Biz; + Y z;-Biz;.
JF#i
Then .
O, fi(z) = V., filz) = EBng-

i=1
Thanks to the linearity of the gradient mappings V., fi(-) we can rewrite the monotonicity condition

as
D (Ve filu)u) = <ZBf"j,ui> =>"> ui-Biuj=u-Bu>0,

i=1 i=1 \j=1 i=1 j=1
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for any u = (ui,...,un) with u; € R™, where the (i, 7) block of the matrix B equals B. Thus,
the mapping in question is monotone if and only if B is positive semidefinite, and it is strictly
monotone if and only if B is actually positive definite. Clearly, convexity of fi(-) in z; — positive

semi-definiteness of B} — is not sufficient for monotonicity.

Lemma 9 Let f(-) be a proper, Isc and conver function. The following statements are equivalent:
(a) The subdifferential mapping 8f(-) is strictly monotone.
(b) The subdifferential mapping 8f*(-) is single valued.

(c) The function f*(-) is almost differentiable, in the sense that f*(-) is differentiable on the
open, conver set int(dom f*), which is nonempty, but 8f*(y) = 0 for all points y € dom f* \
int{dom f*).

(d) The function f(-) is almost strictly convez, in the sense that f(-) is strictly convez on every

convez subset of dom df(-).

Proof. Let M(-) be a strictly monotone mapping. Suppose that z; € M~!(y) for i = 1,2. Then
y € M(z;), and (y —y,z2 — 1) = 0. But by strict monotonicity of M (-) we must have that z; = z,.
This shows that M ~!(-) is single valued. The mapping df°(-) is an inverse of 8f(-), and applying
the above argument to this setting shows that (a) implies (b).

Now assume (b). For every y € domdf*, the subdifferential 8f*(-) is a single point. By 25.1
in Rockafellar [34], f*(-) is differentiable at y. Since y € domdf* implies in particular that f*(y)
is finite, by Corollary 25.1.1 in [34] we get that y € int(dom f*). This means that for points in
dom f* \ int(dom f*), the subdifferential must be empty. So (b) implies (c).

Statements (c) and (d) are equivalent to each other by 11.13 in Rockafellar [45]. We now just
need to show that (d) implies (c).

Suppose 3f(-) is not strictly monotone. Then for some points z; # z2 in dom3f(-), and y; €
9f(zi), ¢ = 1,2 we have {yo — y1,Zz2 — z;) = 0. By convexity of f(-) we have that f(z;) >
f(z1) + y1 - (z2 — z1). But by our assumption y; - (z2 — z;) = y2(z2 — 1), and we get that
f(z2) +y2 - (1 — T2) > f(z1). But convexity of f(-) implies that this must hold with an equality,

and from this we can deduce that f{-) is affine on the segment joining z;, with w,;. This contradicts

strict convexity. a
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Let M be the space of all maximal monotone subsets of R™ x R", normalized by the condition

(0,0) € S forall S € M. By a maximal monotone set we understand a graph of a maximal monotone

operator.

Definition 3 (Monotonicity distance) For any S1,S2 € M, and any r > 0 define the mono-

tonicity distance v,(S,S2) by

7+(51,52) = \/sup{ —(z1 — 2,41 —¥2) | (zi,ys) €SiNrB,i =1,2} (2.24)

The expression under the square root is a supremum of a continuous function over a bounded
set. In fact, the set over which the supremum is taken is compact — this follows from the fact that
maximal monotone sets are closed (see Rockafellar and Wets, [45]) — and so the supremum is in

fact a maximum. Since (0,0) € S; for ¢ = 1, 2, the supremum is nonnegative, and thus v,(S;, S2) is

well defined.

Proposition 10 For any two S;,S; € M, v.(S1,S2) is a nondecreasing function of r. Moreover,

we have:
(a) For anyr > 0: 71'(51752) = 71'(52751)'
(b) For anyr >0, 1 > 7(5,52) > 0.

(c) ¥+(51,S2) =0 for allT > 0 if and only if S; = S,.

Proof. Statement in (a) is obvious from the definition. For (b) we just need to show the upper

bound on 7. Let (z:,¥:), i = 1,2 be points at which the supremum in the definition of v,(S;, S2) is
achieved. Since (0,0) € S;, (zi,y:) 2 0, and thus

Y2(51,52) = —{z1 — T2, 1 — ¥2) < (Z1,¥42) + (Z2,31) = ((z1,41), (T2, 42)) < 12
We now prove (¢). If S; = S5, then
7+(51,52)* = —inf {{(z; — T2, 41 — ¥2) | (=i, %) € SiNrB,i=1,2}.

By monotonicity of S;, we have (z; — z,,y; — y2) > 0 for all (z;,y;) € S;. Thus the infimum in the
above expression is greater or equal zero. But taking any (z1,y;1) = (z2,¥2), in particular letting
both points be (0,0) shows that the infimum is actually 0. Now suppose that S; # S;. Thus,

there exists a (z2,y2) € S2 with (z2,y2) & Si1. Since S; is maximal monotone, there must be a



(z1,y1) € 51 such that (z; — z2,y1 — y2) < 0 — if that failed, maximal monotonicity would require
(z2,y2) € S1. Take any r > [(z:,y:)|, ¢ = 1,2. It is easy to see that ~,.(S;,S2) > 0. a
The condition that v.(S1,S,) = 0 for all r > 0 in (b) could be weakened to v,,(S1, S2) = 0 for some

sequence of ry — co.
We now compare v, with the distance formula d, defined and studied in Rockafellar and Wets,

[45]. For any two nonempty sets C and D and a parameter r > 0, we let
d.(C,D)=inf{n>0|CNnrBcD+nB, DNrB CC +nB}.

An important property of d, is that it is compatible with set convergence: a sequence of closed sets

C converges to C if and only if d.(Ck,C) — 0 for all large enough r. Below, for a point z and set

S, dist(z,S) = inf,es |2 — 5|

Lemma 10 Let S be a mazimal monotone set. Then there exists (z,y) € S such that z+y = 0 and

I(z,y)I € (1 + v2)dist ((0,0), S). For such (z,y) we have
(z,9) = —31(z, ) 2 ~3 dist ((0,0), 5)?.

Proof. The Minty parameterization of a graph of a maximal monotone operator (see Rockafellar
and Wets, [45]) gives mappings P(-) and Q(-) on R" such that z = (P(z),Q(z)) is one-to-one from
R™ onto S and
(P(2),Q(2)) =(z,y) <= z=z +y, (z.¥) €S

Taking z = 0 shows that there exists (z,y) € S such that z +y = 0. Since y = —z, we must
have dist ((0,0),5)? < |(z,y)]? = 2|z|? and also (z,y) = —|z|?. It is left to show that [(z,y)| <
(1++/2) dist ((0,0), 5). Let (u,v) € S be a point for which dist ((0,0), S) = [(u,v)], and let us denote
this quantity by &. This implies (u,v) < $62. Indeed, it follows from 0 < [u—v|? = |u[*+|v|?—2(u, v).

Also, let |(z,y)] = ¢, so in particular, |Z]| = 7155. By monotonicity of S, we have

0 (u—:z,v-y)=(u—:z,v-+-:r:)=(u,v)-+—(u—v,:z:)—l:z:l2

IN

< 2452 . 2 < 2 2
26 +|‘u 'U“zl 26 -—26 + €b + —26

The last inequality above follows from the fact that ju — v|? < 2 (Ju|?> + |v|?) = 2|(u,v)]®. The
quadratic formula applied to 0 < —4€? + €6 + 142 gives us that € < (1 + V2)4, which translates to

i(z,y) < (1 + V2)dist ((0,0), S). o

Lemma 11 For any S;,S; € M and any r > 0 we have
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(4) V2215 (51,52) > dr(S1, 52).

(6) d.(51,52) > /12 +12(51,92) — r.

Proof. Take any n < 7 = jr(51,52)- This implies that either S, NrB C S2 +nB or S NrB C
Sy + nB does not hold. Without losing any generality, suppose that the first condition is violated,
that is, there exists a (z;,y1) € S1 NrB such that (z1,y1) € Sz + nB, which is equivalent to saying
that dist ((z1,¥1),S2) > 1. Applying Lemma 10 to the maximal monotone set S; — (z;,y;) yields
the existence of (Z2,y2) € Sz such that [(z2 —z1,¥2 — )| £ (1 + V2) dist ((z1,11), S2) < (1 + V2)7,
and (z2 — Z1,y2 — y1) > —4n°. The first inequality shows that

[(z2,¥2)] < [(z1,91)] + [(Z2,92) = (Z1, 1) ST+ 1+ V)T < 2+ V2)r.
Combining this with the second one yields
(51,52) 2 ==
Y2+v2)r\O1:92) 2 \/577:

This finishes the proof of (a).
Now denote 7.(S1,S2) = n. Thus there exist points (z;,y;) € S; N rB, i = 1,2 for which
(z; — Z2,y1 — y2) = —n?. We show that by monotonicity of S;, there exists a neighborhood of

(z2,y2) not intersecting S;. Indeed, for any € > 0 and (z},y}) € (z2,y2) + €JB we have

(1 — 23, ¥1 — ¥3) (T1 — 22,41 —y2) +(Z1 — Z2,¥2 — y3) + (T2 — Th,y1 — ¥2)

+ (22— z5,y2 — v3)
< - +|(z1 - 22,1 —wll(y2 — ¥3,22 — z3)| + €
< —-n?+2re+é

It can be checked that for € < \/r2 + 72 — r the above expression is negative. For any such € we
must have (z3,y2) € S1 + €B which in turn implies that Jr(Sl,Sz) > €. This shows (b). a

Proposition 11 Fiz any ¥ > 0. A sequence S, € M set-converges to S if and only if, for allT > T,
7-(S,,S) = 0. Either condition implies that S € M.

Proof. Theorem 4.36 in Rockafellar and Wets [45] states that S, — S if and only if d.(S,,S) — 0
for all » > ¥ > 0. Combining this with the bounds in Lemma 11 shows the needed equivalence. The
limit of a convergent sequence of maximal monotone operators is maximal monotone - see 12.32 in

[45], and this shows that S € M if S, converge to S. a
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In [2], [3], Attouch and Wets introduced several notions of distance for convex functions, some

of them being isometries for the Legendre-Fenchel transform. We recall two of the definitions, both

of which use the Moreau envelopes.

dar(f1,f2) = sup, lexfi(z) — exfa(z)l, (2.25)

di (fi,.f2) = A sup [Vexfi (z) — Vex f2(z)], (2.26)

The second distance is originally defined in terms of the resolvents of df; and df;, the above

expression is equivalent to the definition.

For the remainder of this section we assume that the convex, proper and Isc functions f;; ¢ = 1,2,
are such that
fi(0) =1inf f; = 0.
Note that for any such function fi(-), gph8f:(-) € M. The following inequalities hold, for any A > 0

andr > 0:

Mar(fi, f2) S 7d] (1, f2) S 7L+ A) /28 ea-1ye (s fo)-

We now compare df _ to v,. Recall that
I AI
gph Veaf = A, gph 8f, where A\ = o I

The needed technical computations are summarized in the following lemma:

I Al
Lemma 12 ForanyS € M let S* = [0 ! ] S, and for (z,y) € S, let (z*,y*) = (z+)y,y) € S*.

The following are true:
(a) |(z,v)| < l(z*,¥*)] < VI +2X|(z,9)|-
(b) 7 (81,53) < 7 (51, 82).

(¢) d e (51, 52) < VIF 2AdH(S}, ).

For any proper, lsc and convez functions fi(-), f2(-) such that f;(0) = inf f; = 0, i = 1,2, the
following hold.

(d) Ad.(gph Ve fi,gph Veafz) < d . (f1, f2)-
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(e) & (fi,f2) < (1+ VI+27T)d ;== (gph Veaf1,gph Ve f2).

(f) For finite valued fi and fs,

1-(gph 8 f1,8ph 8 f>) < \/2 sup f1(@) - fa(2).

Proof.

(2) We have
()17 = |z + Ayl + yl? = 1z + (1 + A)[y[* + 2X(z, ).

Since (0,0) € S, (z,y) > 0, and thus |(z*,y*)|? > |z|? + |y|?, which shows the first inequality.
Now 0 < |z ~ y|? = |z|* + |yl - 2(z,y), 50 2(z,y) < |z|? + |y[*>. We get

[ P <zl + L+ M)yl + Iz + lyf?) < 1+ 22)|(z, ).

(b) We have (z*,y*) = (z,y) + Aly|? > (z,y). Thus,

v2(S1, S2) sup{ = (z1 — z2,51 —¥2) | (zi, ) € SinrB,i = 1,2}
> sup{ - (zi‘ —:r;,y{\ -yz‘\) | (zi,y:) € S;nrB,i = 1,2}

sup { — (23 — 23,97 —13) | (z2,¥}) € Ax(S:nrB),i = 1,2}

From |(z*,y*)| > |(z,y)| we get that S> NrIB C A, (S: NrB), and thus

72(51,82) > sup{—(z} —z3,y? —u) | (z},9}) € S} nrB,i =1,2}

= 7%(S},S3)
(c) Let a =d.(S},52). Then for any (z;,31) € S1 N S B.
(z1,47) € S + B,
since, by (a), (z3,y7) € rIB. Applying A;! to both sides of the above inclusion we get

(z1,1) € ATH(S? +aB) C S; + V1 + 2xaB.

By symmetry, we get a similar inclusion for any (z2,y2) € S2 N 71—:_-58, and thus

d_z(51,5:) S VI+2ha.
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(d) If @i .(f1, f2) = a, then for all z € rB,
(z,Verfi(z)) € (z,Verfa(z)) + ar~ ! B.
In particular, the above must whenever (z, Ve, fi(z)) € rB. Thus

d.(gph Vea fi,gph Verf2) < ax~?.

() Let a = d == (gph Ve f1,gph Vexf2). By definition of d, we have that
gphVeyfanN 1+ A~2rB C gph Ve, f; + aB.
In particular, for any z, € rB there exists z; such that
(z2, Vea f2(z2)) € (z1, Ver fi(z1)) + aB.

This follows from the fact that z, € rB implies (72, Vex fo(z2)) € V1 + A—2rB. Indeed, since

Ve, f2 is Lipschitz continuous with constant A~!, and because Ve, f2(0) = 0, we have:
[(z2, Ve f2(z2))? = |221* + [Veafo(z2)[? < [z2[? + A3 z2 .

Using the Lipschitz continuity of Ve, f; we get that

[(z1, Verfi(z1)) = (22, Ver fi(z2))? < |21 = z2|? + A2z — 22/ < (1 + A7 F)a,
which means that

(z1,Vearfi(z1)) € (z2,Verfi(z2)) + V1 + A—2aB.
Combining this with the previously obtained inclusion for (z2, Vea f2(z2)) we get
(72, Vea f2(z2)) € (z2,Veafi(z2) + (1 +V1+A2)aB,

and this implies
[Vexfi(z2) — Ve fa(z2)| < (1 +V1+ A-2) a.

(f) By the definition of a subdifferential of a convex function, we have, for any (z;,y;) € gph8f;,
(Z2 = z1,41) < fi(z2) = fi(z1), (21 — T2,32) < fa(z1) — f2(z2).

Adding the above inequalities yields

—{z1 — 22,91 — ¥2) < fi(Z2) — fi(z1) + fa(z1) — falz2).
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Thus,

v2(gph 8 f1, gph 8 f2)

< sup{ —(z1 —z2,71 —¥2) | (zi,5:) €EgphdfiNrB,i= 1,2}

< sup {fi(z2) — fi(z1) + fa(z1) — fa(z2) | (zi,v:) € gPRBSi NTB,i = 1,2}
< sup {fi(z2) — fa(z2) | 22 € rB} +sup { fo(z1) — fi(z1) | 1 € rB}

<

2 sup |fi(z) — fa(z)]
zerB

The combination of the above results and Lemma 11 yields the following:

Proposition 12 For any proper, lsc and convez functions f,, f2 such that f;(0) = inf f; = 0, the

following estimates hold:

(a)
(1 £2) SVE(14+VIFIT) y,, o s (g0 Of1, gD Of2).

(b)
17 (gph 81, gph o) < (r +ATV1+ 2Adi,\/Wr(flvf2))2 -r2

We now define the integrated distance ~
7(51,852) = /0°° %"/r(Sl,Sz)e"'dr, (2.27)
which inherits the properties of 4,:
(a) For any 51,52 € M, v(S1,S2) = v(S2,S1) > 0.
(b) ¥(S;,S2) =0 if and only if §; = S>.

(¢} S, — S if and only if 4(S,,S) — 0.

2.5 Monotonicity-Preserving Flow

In this section, by a Hamiltonian we will understand any function H : R x R" x R” — R such
that H(¢,z,y) is concave in z, convex in y and measurable in ¢t for a fixed (z,y). For detailed

properties of such functions see Rockafellar {35]. By definition, the subdifferential dH (¢, z,y) is the
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subdifferential of the saddle function H(t,-,-) at the point (z,y). At every point where H(t,z,y) is
finite, this subdifferential is a nonempty compact convex set.
We define the Hamiltonian flow mapping S: Rx R x R" x R™ —- R" x R" by the following
S(a,B,z,y) = {(',y') | there exists a Hamiltonian trajectory
over [a, ] from (z,y) to (z',3')}.

For a set D, we define S(a, 8, D) = U(z )epS(a, 8,z,y). By a Hamiltonian trajectory we understand

any solution of the generalized Hamiltonian equation:
(—y(t), 2(t)) € BH(t, z(t),y(t))- (2.28)

In more detail, S(a, B, z,y) is the set of all points (z',y’) such that there exists a solution of (2.28)
with (z(a),y(a)) = (z,y) and (z(B),y{B)) = (z’,¥'). Note that in general this set might consist
of more than one point. In the remainder of this chapter we assume that for every ¢, the function
H(t,-,-) is finite saddle function: H(t,z,y) is concave in z and convex in y.

It was shown in Theorem 4 in Rockafellar [35] that if (z:(-),y:(-)) satisfy the generalized Hamil-

tonian equation for t € [a, 8], i = 1,2, then the function
F(t) = (z1(t) — z2(2), y1(t) — y2(2t)) (2.29)

is nondecreasing on [a, ). As we will show later, this implies that an image of a monotone set
under the flow mapping S(a, 8,-, ) is also a monotone set. Recall that we call a set monotone if it

is a graph of some monotone operator. An easy generalization of the above facts, implying that the

Hamiltonian flow preserves cyclical monotonicity, is possible:

Lemma 13 Assume that (z:(-),yi(-)) satisfy the generalized Hamiltonian eguation for t € [a, ],
i=1,2,..m. Then the function

9(t) = (z2(t) — z1(2), 11(2)) + (z3(t) — z2(2), y2(£)) + .. + (Z1(2) — Zm(2), ym(2))
is non-increasing on [a, B].
Proof. We have (—y:(t), Z:(t)) € OH(¢,z:(t), y:(t)), which implies that
(Ui (t), zir1 (t) — zi(t)) < H(zi(t),yi(t)) — H(zis1(t), yi(2)),

(Zi41(1), ¥i(t) — ¥it1(t)) < H(Zis1(2), 4i(t)) — H(Zis1(t), yis1(t)),
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for i = 1,2,..m, with Zm41(t) = z1(t), ym+1(t) = y1(t). Adding the above inequalities, for i =
1,2,...m, yields
(1(2), 22(8) — 21 (1)) + (U1 (8), 22(8) — £1(8)) + (§a2(t), Z3(t) — Z2(2)) + (ya(t), &3(t) — £2(t))
Foo + (Im(8): 21 (8) = Zm (1)) + (ym(2), 21(t) — Em(2)) = ¢'(t) < 0.
a
Another modification of the work in Rockafellar [35] discusses the cases when the function (2.29) is
actually strictly increasing.

Lemma 14 Assume that, for all t € [a, 8], (z:(:),yi(-)) satisfies the generalized Hamiltonian equa-
tion for i = 1,2. If, for almost all t € [a, 5], one of the following conditions holds

(a) the function H(t,-,y(t)) is strictly concave and z,(t) # z,(t),

(b) the function H(t,z(t),-) is strictly convez and y; (t) # y2(t),

then the function (2.29) is increasing. In particular, if H(t,-,-) is strictly concave, strictly convez
and (z1(t), y1(t)) # (z2(t),y2(t)) for almost all t € [a, 8], then (2.29) is strictly increasing.

We now show that the Hamiltonian flow preserves monotonicity of mappings, in the following
sense. Let M be a set-valued mapping on R". Allowing the sets gph M to “flow” according to the
generalized Hamiltonian equation yields sets which can be thought of as graphs of some possibly set

valued mappings. It turns out that these mappings have to be monotone, if the original mapping M
had this property.
Lemma 15 Let M be a monotone mapping, and define the mapping M, 5)(-) by

gph M(q 5y = S(a, 8,gph M).
Then Mqg)(-) is a monotone mapping. If additionally H(t,-,y) is strictly concave for every y and
almost every t € [a, B], then M(, g) is strictly monotone. If H(t,z,-) is strictly convez for every =
and almost every t € [, B], then M(4 g) is single-valued.
Proof. Pick any two points (z},y;) and (z3,¥2) in gph M(, g). By definition of the flow mapping,
there are points (z,,y;) and (z2,y2) in gph M, such that, for ¢ = 1,2, there exist Hamiltonian
trajectories (zi(-),y:(-)) with (zi(a),pi(a)) = (zi,4:) and (z:i(B),y:(B)) = (zi,yi). Consider the

function f(-) given by
f(t) =(z1(t) — z2(t), 1 (2) — y2(2))-
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As mentioned at the beginning of this section, it is nondecreasing. Assumption of monotonicity of
M implies that f(a) is nonnegative, and so, f(8) must be nonnegative. But since (z},y!) can be
chosen arbitrarily, this implies that M, g) is monotone.

To show the strict monotonicity under the strict concavity assumption, consider a pair (z],p})
and (z},p3) with z{ # z5. Then on some interval [a’, 8] we have z)(t) # z2(t) and by Lemma 14
the second inequality in the above formula is strict, so 0 < (z] — z5,p] — p3). This shows the strict

monotonicity of M(a, 8). To show single-valuedness, consider p{ # p; and make a similar argument.
a

Note that in the absence of strict concavity or convexity assumptions on H(¢t,-,-), strict mono-
tonicity of M is not sufficient to guarantee this property for M(, 5)- The reason for this is the
potential set-valuedness of the flow mapping S(a, 8, -, -) — solutions of the generalized Hamiltonian

system need not be unique.

Lernma 16 Assume that M is a subdifferential of some proper, Isc, convez function, and that the

following assumption holds:

If (z(-),¥:("), i = 1,2, are solutions of the Hamiltonian equation (2.28) on some interval [a, 8]

with the same initial condition (z(a),yi(a)) = (zo,v0), then y1{-) = y2(-).

If M is single-valued, then so is M, g).

Proof. Assume that (z’,y;) and (z’,y3) are in gph M(, ). By definition of M, g, (z',¥;) and
(z',y5) are images under S(a,f,-,-) of some points (z1,y:) and (z2,y2) in gph M. That is, there

exist Hamiltonian trajectories on [a, 8], (z:(-),¥:i(*)), from (z;,y:) to (z',y]), for i = 1,2. We get

(z1 — 22,41 — y2) = ({z1(Q) — z2(a), y1 () — y2(a)) )
< (z1(B) — z2(B), 11 (B) — y2(B)) = (' — ', 4} —2) =0.

0

IA

So (zy — Z2,y1 — y2) = 0. Single-valuedness of M, equivalent to strict monotonicity of M ~!, implies

that y; = y2. Define arcs Z(-) and §(-) by
Z(t) = z1(t),  F(t) = ya2(t)-

By Theorem 4 from [35), (Z(-),#(-)) satisfies the generalized Hamiltonian equation (2.28). But
(Z(a),§(a)) = (z1,y1) and the uniqueness assumption implies that y;(-) = y2(-). The last equality
at time S yields y; = y3. This shows the single-valuedness of M4 g)- o
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Let us discuss a few examples here. Let the Hamiltonian on R x R be given by H(z,y) = ~|z|.
The Hamiltonian system becomes:
-1, z(t)<O0
z(t) =0, yg(t)=([-1,1], z(t)=0.
1, z(t) >0

Clearly, the z-components of Hamiltonian trajectories are unique, but not the y-components. Indeed,
there are infinitely many Hamiltonian trajectories originating at any point of the y-axis. Let M be
the monotone operator equal trivially to O (that is, gph M is the z-axis). Then M) is given by

-1, <0
M(O,l) = [-1, 1], r=0.
1, z>0

In particular, Mg ;) is not single-valued. Thus, the uniqueness of z-components of Hamiltonian
trajectories is not sufficient for preserving the single-valuedness of M by the flow mapping. A look
at a symmetric example, H(z,y) = [y| shows that it is also not necessary.

It is worth mentioning that differentiability of the Hamiltonian in either z or y is not necessary
for the uniqueness of y-components of Hamiltonian trajectories. By looking at H(z,y) = |y| we see
that the Hamiltonian does not need to be differentiable in y. As the example of H(z,y) = —|z| + |y|
shows, H(-,-) needs not be differentiable in either variable.

The following example shows that a Hamiltonian flow, even for a piecewise linear-quadratic
Hamiltonian function H(-,-), does not preserve the piecewise polyhedrality of monotone mappings.

Example (piecewise linear flow does not preserve piecewise linearity). Define the Hamil-
tonian on R x R by
1v? z <0,

H@w={

It is piecewise linear-quadratic and differentiable, with piecewise linear gradient:

-1z2+1y? z2>0.

A Hamiltonian trajectory (z(-),y(-)) must satisfy Z(t) = y(t) = const when z(t) < 0, and z(t) =
ae' + fe~t, y(t) = ae' — fe~* for suitably chosen a, § when z(t) > 0. Let us look at the seg-
ment between (-2,1) and (—1,2) under this Hamiltonian flow. We parameterize the segment by
(z:(0),ys(0)) = (s — 2,s + 1) with s € [0,1]. We get

(@+1ﬁ+8—2ﬁ+1) 0<t< 22,
(3+1)(sinh(t— 2=#), cosh(t — f;;)) t> =2

(zs(t), ys(t)) = {
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It is easy to check that for any ¢ > 0, the set {(z,(t),y,(t)),s € [0,1]} is not a straight line segment,

nor it is a union of segments.
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Chapter 3

CONVEX PROBLEMS OF BOLZA

The generalized problem of Bolza is the following: minimize, over all absolutely continuous arcs

z :[a,b] - IR" the cost expression
&
I(z(a), z(b)) + [ L(z(t), £(t))dt. (3.1)

Assumptions on cost functions {(:,-) and L(-,-) will be presented later in this section. Here let us
just mention that both cost functions will be assumed to be convex. By a problem of Bolza dual to

the one above we will understand the following one: minimize, over all absolutely continuous arcs

z : [a,b] = IR™ the cost expression
— b —
T(y(a), y(b)) + / E(y(8), 5(8)at, (3.2)

where the dual endpoint cost I(-, -) and the dual Lagrangian are given by L(-,-):

Wya,ys) = 1" (Ya, —t5) = Sup {¥a " Za —ys - T — I(Za, zs) }, (3.3)
L{y,w) = L*(w,y) =sup{w -z +y - v — L(z,v)}. (3.4)

We will refer to the original problem as (P) and to the dual as (P). Dual problems of Bolza in
the above setting were introduced and studied by Rockafellar [33] and [36]. In [33], optimality
conditions and several applications of such duality scheme in control theory were presented, whereas

[36] discussed the existence of solutions.
A class of problems of Bolza of our special interest are the problems defining the value function.

In these problems, the terminal condition is fixed.
vere) = inf {aeO) + [ L) 20)at | 2tr) = ¢}, (3.5)

where the infimum is taken over all absolutely continuous arcs z : [0,7] = R". The dual value

function is defined with the use of the dual Lagrangian, and the conjugate of the initial cost g*(-):

¥ (r,n) = inf {g'(y(o» + /0 " Liy(), y(e))dt | y(r) = n} . (36)
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Note that the problem of Bolza defining the dual value function is not the dual problem of Bolza of
the one defining the value function itself: the endpoint cost function [(-,-) for the problem defining
V(7,€) is l(zo,z+) = g(Zo) + d(¢}(z-), and this leads to T(yo,y,) = ¢*(yo) — € - yr, and this is not
the endpoint cost in the problem defining ‘7(1', n). A very rich duality theory for such problems and
value functions was developed by Rockafellar and Wolenski in [46], [47].

Problems of optimal control are often formulated with an initial condition and a terminal cost,

a setting opposite to the problem of Bolza defining V (7, £). In such setting, the value function, also

referred to as “cost-to-go”, is defined as
T
Vr (7,€6) =inf {/ L(z(t),z(t))dt + g(=(T)) | z(7) = 5} . (3.7)
By passing to “backward” Lagrangian and Hamiltonian:
L_(z,v) = L(z, —v), H_(z,y) = H(z, ~vy),
we can reformulate the value function in terms of an initial cost and terminal condition. We have
VT_(T1€) = V—(T - T:f):

where

T—r
Vo(T - ,§) =inf {9(1(0)) +/0 L_(z(t),z(t))dt | z(T —7) = E} .

This allows us to translate all of the results for the value function V(-,-) to the properties of cost-
to-go VI (-,-). As will be explained in Section 3.1, the value function V(-,-) is in a sense propagated
forward from the initial cost g(-) in terms of the flow related to the Hamiltonian H(-,-). We can

think of V.7 (-,-) as being propagated backward from the terminal cost.
We will present a few basic results related to problems of Bolza after stating the assumptions.

These are assumed to hold throughout this chapter. Recall that a function 8(-) is called coercive if

é(z)/|z| - oo whenever |z| & +o00.

Assumption 1 Basic assumptions for the problem of Bolza.
(A0) The function l(-,-) (or g(-)) is convez, proper and Isc on R® x R™ (or R™).
(A1} The function L(-,-) is convez, proper and lsc on R x R™.

(A2) The set F(z) = {v | L(z,v) < oo} is nonempty for all z, and there is a constant p such that
dist(0, F(z)) < p(1 + |z]) for all z.
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(A3) There are constants a and 8 and a coercive, proper, nondecreasing function 6(-) on [0,00) such

that L(z,v) > 6(max{0, |v| — a|z|}) — B|z| for all z and v.

Equivalently, the above assumptions could be stated in terms of the dual costs 7(-, -) and E(», -).
For a detailed discussion, see Rockafellar and Wolenski [46]. Another equivalent way to express
the assumptions on L(-,-) is in terms of the Hamiltonian: a function H : R™ x R" — R is the
Hamiltonian associated with a Lagrangian L(-,-) satisfying the Assumption 1 if and only if H(z,y) is

everywhere finite, concave in z, convex in y, and the following conditions hold, where (a) corresponds

to (A2), and (b) corresponds to (A3):
(H1) There are constants o and S and a finite, convex function ¢ such that

H(z,y) < ¢(y) + (alyl + B)I=l.

(H2) There are constants a’ and 8’ and a finite, convex function ¥’ such that
H(z,y) 2 -¢'(z) — (a'lz] + B')]yl-
We now present results that justify referring to the above described problems of Bolza as dual
problems. For details see Rockafellar and Wolenski [46].

Theorem 4 The optimal values in (P) and ('ﬁ) satisfy inf(P) < —inf(P), and for arcs z(-) and

y(-), the following statements are egquivalent:
(a) z(-) solves (P), y(-) solves (P), and inf(P) = — inf(P),

() (z(-),y(:)) is a Hamiltonian trajectory and

(y(a), ~y(b)) € Ol(z(a), z(b)).

Assume additionally the following two conditions: There ezists £ such that I(-,£) is finite, or there
ezists & such that 1(¢',-) is finite. Symmetrically, there erists n' such that I*(-,7') is finite, or there
ezists 1 such that I*(n, ) is finite. Then —oo0 < inf(P) = — inf('ﬁ) < +00, optimal arcs z(-) and y(-)

ezist for (P) and (7-5). Moreover, any such arcs have essentially bounded derivatives.

The setting under which the strongest results of the above Theorem hold (that is A0-A4 plus the
additional conditions above) will be referred to as the best-case Bolza duality.
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Theorem 5 For each T > 0, the functions V(7,-) and ‘7(1', -) are proper, lsc and convez functions

conjugate to each other under the Legendre-Fenchel transform:
‘7(71 Tl) = S%P{ﬂ ° E - V(T'r 5)}1 V(T, 6) = sup{f i/ ‘7(7‘1 n)}' (38)
n

It was mentioned that our assumptions on the Lagrangian can be equivalently stated in terms of

the Hamiltonian. We now give a wide class of saddle functions for which the assumptions (H1) and

(H2) are satisfied.

Proposition 13 Assume that a piecewise linear-quadratic saddle function h(-,-) is finite. Then

h(-,-) satisfies (H1) and (H2).

Proof. By definition, there exist polyhedral sets Sy, Sz, ...Sm With Um, = R" x R" and such that,
on each S; the function A(-,-) is given by

h(z)zéz-A.-z-Fa.,--z-i-a;,

where z = (z,y)°. We can write express each A; and a; as

-B: C;
A,' = y a; = (bi,Cg).
D; E;

for some matrices Bi, Ci, D; and E; and vectors b; and c;. Since H(-,-) is a saddle function, we

must have B; and E; symmetric and positive semidefinite. Let
1 .
M = sup {Ey -Eyli=12,.m, |y|= 1} .
Then, for every t =1,2,...m,
1
h(z,y) = My S 5z (Ci+ D})y +bi-z+ciy+oi < [z| Nyl + blz| + clyl + a

where N is defined in similar fashion to M with the matrices C; + D}, b = sup; |bi], ¢ = sup; lci| and
a = sup; |ai|. Taking
o(v) = Mly|* +clyl +a

we get that
h(z,y) < o(y) + (Nlyl + b)l=l,

and this is exactly condition (H1). Symmetrical argument shows (H2). a
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3.1 Hamiltonian Flow and the Value Function

We now give the motivation for our int=rest in the Hamiltonian flow. Recall that the value function
is defined as the infimum, over all arcs z : [0,7] = R" satisfying z(7) = &, of the expression
f)+ for L(z(t), 2(t))dt. The following theorem was shown by Rockafellar and Wolenski [46]. Since

the Hamiltonian is autonomous, we will simplify the notation for the low mapping: we write S. (-, -)

for S(0,,-, ).

Theorem 6 The graph of the subdifferential mapping 8¢V (r,-) is the image of the graph of 3f(-)
under the flow mapping Sr(-,-):

gph 8¢V (r, ) = S-(gph 8£(-)).

This fact will allow us to show properties of V' (7, ) through the properties of the initial cost and
the Hamiltonian. In particular, in some cases we will be able do demonstrate that V(r, ) is almost
differentiable. As we now show, this has far reaching consequences in differentiability of V'(-,-).

Almost differentiability of a convex function was explained in Lemma 9.

Lemma 17 Assume that for all T > 0, the function V(r,-) is almost differentiable. Then V(-,-) is

continvously differentiable on intdom V.

Proof. As was shown by Rockafellar and Wolenski [46], intdom V'(-,-) = {(7,€) | 7 > 0,€ €
intdom V(r,-)}, and that V(r,-) depends epi-continuously on 7 > 0. The statement about in-
teriors of domains, combined with our assumption of almost differentiability, implies that for all
(7, €) € intdom V, V(r, -) is differentiable at £. Epi-continuity implies that ¢V (7, -) depends graph-
continuously on 7. In view of the single-valuedness of 9,V (r,-) = V¢V (r,-), we get that VV(r,£)
is continuous in (7,£). The Hamilton Jacobi equation implies that the generalized subdifferential

IV (r,§) = (—H(£, VeV (,£)), VeV (7€)

is single-valued and continuous. By Corollary 9.19 in Rockafellar [45], V (-, -) is continuously differ-

entiable. &

It was shown by Rockafellar and Wolenski that if either the initial cost function f(-) or the
Lagrangian L(-,") is finite, then so is the value function V(-,-). We now show that differentiability

of the initial cost is propagated by a Hamiltonian for which a particular uniqueness of trajectories

condition holds.
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Proposition 14 Assume that the Hamiltonian H(-,-) satisfies the following “uniqueness condition”:

If (z(-),yi(), i = 1,2, are Hamiltonian trajectories on [0,7] with the same initial condition

(z(a),yi(a)) = (Zo0, ¥0), then y1(-) = y2(-).

If the initial cost functior f(-) is almost differentiable, then so is V(r,-), for every 7 > 0. Dually, if

the initial cost is almost strictly convez, then so is V(t,-).

Proof. Almost differentiability of f(-) is equivalent, by lemma 9, to 8f(-) being single-valued.
Lemma 16 implies that S;(gphdf) is a strictly monotone set, but by Theorem 6, this set is the
graph of 8¢V (r,-). Applying Lemma 9 again shows that V(r,-) is almost differentiable.

The statement about almost strict convexity follows from duality. Indeed, if the initial cost is
almost strictly convex, then the dual initial cost is almost differentiable. But then, by the above
argument, the dual value function is almost differentiable in the space argument for every positive
time. Duality of the value functions implies the claim a

The “uniqueness assumption” in the above proposition is certainly satisfied when for every initial
point (Zo, o), there is a unique Hamiltonian trajectory originating at it. This is the case when the
Hamiltonian is differentiable and VH(,-) is locally Lipschitz. As the lemma below shows, such

assumption can be weakened to local Lipschitz continuity of just VoH(-,-).

Lemma 18 Suppose that the Hamiltonian H(-,-) is differentiable in the z-variable, and that, for
every (Zo, Yo), there ezists a neighborhood Xo x Yo of (To,y0) and a constant K such that the following

15 true
for all z € Xo, y1,¥2 € Yo, [VH(z,y1) — V=H(z,y2)| £ Kly1 — y2|-

Then the Hamiltonian satisfies the “unigqueness condition” of Proposition 14.
Proof. Since 8H(-,") is locally bounded at (zo,¥o), for small time period, all Hamiltonian trajec-

tories originating at (zg,¥o) stay in Xo x Yo. If (z(-),%:(}), i = 1,2, are two such trajectories, we

have
[91(8) — §2(t)] = |V H(z(t), 51(t)) — V=H(z(t),y2(t))] < K |y1(t) — v2(2)] -

Since |41 (0) — 92(0)] = 0, the above bound implies that yi(t) = ya(t). o

Recall that, as the discussion following Lemma 16 showed, differentiability of the Hamiltonian in

either variable is not necessary for uniqueness of trajectories.
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We now investigate how the differentiability of the Lagrangian, not the Hamiltonian, influences
the differentiability of the value function.

Proposition 15 Assume that for every z, H(z,-) is strictly convez. Then the value function V(r,-)
is almost differentiable for every T > 0. Dually, assume that for every y, the function H(-,y) is

strictly concave. Then the value function V(r,-) is almost strictly convez.

Proof. Assume that for some 7 > 0, the value function V(r,-) is not almost strictly differentiable.
This is equivalent to the subdifferential mapping 8¢V (,-) being not single valued, by Lemma 9. By
Theorem 6 this implies that for some z’ and y] # y5, (z',y!) € S-(8f), i = 1,2. This means that
(z’,y1) and (z',y3) are the endpoints of some Hamiltonian trajectories (z, (-), 41 (-)) and (z2(-), y2(-)),
originating at (z1,y1) and (z2,y2) on 8f. Note that for ¢ in some interval [r — ¢, 7] we must have
y1(t) # y2(2). Then, since (z' —z’,y5 —y}) =0, Lemma 14 implies that (z; — z;,y2 ~y;) < 0, which
contradicts the monotonicity of f(-). Thus V(r,-) must be strictly differentiable. O

We now turn our attention to a different issue — when can we recover the initial cost function
f(-) from the value function V'(r,-) given at some 7 > 0. Note that if we know the value function
for all 7 > 0, or at least for some sequence 7, \, 0, then f is given as e— im V'{r,,-). We start with

a corollary to Theorem 6.

Corollary 7 Assume that no Hamiltonian trajectories escape to infinity in finite time. For every

7T 2 0 and every z € ridom f there ezists a £ such that some arc z(-) with z(0) = z is an optimal

arc for V (1, £).

Proof. Pickar > 0 and an z € ridom f. Then 8f(z) is nonempty, so we can pick (z,y) € gph8f(-).
The assumption about no finite escape time implies in particular that S.(-,-) has nonempty values.
Let (z',p’) be any point in S.(z,p), and (z(-),p(-)) be the Hamiltonian trajectory between these
two points. By Theorem 6.3 in [46], the arc z(-) is optimal for V(r,zy). Then £ = z}, satisfies the

requirements of the theorem. a

Corollary 8 Assume that no Hamiltonian trgjectories escape to infinity in finite time. Let V;(-,-)

be the value function for the initial cost fi(-), for i = 1,2. Assume that fi(-) and fo(-) are finite. If,

for some T > 0,
1,1(7’7 ') = V2(T: ')

then actually f1(-) = fo(-).
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Proof. Pick z € R™. Let £ be as described in Corollary 7. Denote fof L(z(t), z(t))dt by ®(r,z(-))-
We have

Vi(r,§) — Va(7,§)
inf {f1(z(0)) + (7, 2(-)) | z(r) = £} — inf {f2(2(0)) + &(7, 2(")) | =(7) = £}
= fi(z1(0)) + ®(7,21(-)) — inf {£2(z(0)) + &(7,2()) | z(7) = £},

o
il

il

where z,(-) is an optimal arc for V;(7, ). Since
Va(7,€) < f2(z(0)) + ®(7,2())
for every arc with z(7) = £, in particular z;(-), we get

0 > fizi(0)) + &(r,z1()) = {f2(21(0)) + &(, 21 (N}
= fi(z1(0)) — f2(21(0)) = fi(z) — fa(2)-

This shows that for every £ € R", fi(z) < fo(z). Similar argument shows that fi(z) 2 fa(z). We
get that fi(-) = f2()- o

Proposition 16 Assume that no Hamiltonian trajectories escape to infinity in finite time. Let

Vi(-,-) be the value function for the initial cost fi(-), fori =1,2. Assume that one of the following

conditions holds:

(a) The functions f1(-) and f2(-) are either both finite or both coercive.
(b) Either the Lagrangian L(-,-) is finite or coercive in both variables.

If, for some T 20,
Vi(r,+) = Va(m, )

then actually fi(-) = f2(-), and so also Vi(7',-) = Vo(7',") for every ' 2 0.

Proof. The case of fi(-) being finite is covered by Corollary 8. If both f1(-) and f3(:) are coercive,
then f;(-) and f3(-) are both finite. By the duality of value functions Vi(r,) and Vi(r,),i=1,2,
we can apply the same corollary in the dual setting. Now assume that the Lagrangian L(-,-) is finite
(the coercive case is treated by going to the dual setting). By Corollary 7.6 in [46], the value function
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V(7',-) is finite for all 7 > 0. Pick any 7' € (0, 7). Then
Vi(r€) = inf { W2 () + [ " L(z(t), 2(8))dt | z(r) = 6}
= inf { Vi(+, 2(0)) + / T L(z(t), )t | 2(r —1') = g} .
0

Then the value functions with initial costs V;(7/,-) agree at time r — r’. By Corollary 8, Vi(7, ) =
2(7',-). This last equality holds for all 7 € (0, 7). The functions V;i(r,-) depend epi-continuously on
7' and V;(0,) = fi(-) (see [46], Theorem 2.1). Taking epi-limits as 7' \, 0 shows that f;(-) = fo(-).
a

The inf-convolution of two functions f(-) and g(-) is defined as
f#9(z) = inf{f(y) + 9(z - y)}.

Proposition 16 generalizes the following fact (see 3.34 in Rockafellar and Wets [45]): if fi# g = fo* g
for proper, Isc, convex functions fi(-), f2(-) and g(-) with g coercive, then f;(-) = f2(-). Indeed,
define the Lagrangian by L(z,v) = g(v). The coercivity of g(-) implies that L(-,-) satisfies our basic
assumptions on the Lagrangian. By the Hopf-Lax formula (see Rockafellar and Wolenski, {47]), we
have, for i =1, 2,

Vi(1,8) = fi# 9(6).
As we now show, in this setting there are no Hamiltonian trajectories escaping to infinity in finite

time, and thus we can apply Theorem 16 to conclude that f; = f,.

Lemma 19 Assume that the Lagrangian L(z,v) = g(v) for a convez, Isc, coercive function g(-).

Then no Hamiltonian trajectories escape to infinity in finite time.

Proof. The Hamiltonian is H(z,y) = g*(y). For every (z,y), 8:H(z,y) = {0}, so any trajectory
originating at (Zo,¥0), say (z(-),y(-)), must have constant y(t), that is y(t) = yo. Then i(t) €
99" (o), and the set on the right is compact, so in particular, bounded. a

Another class of Hamiltonians for which there are no trajectories escaping to infinity in finite
time are piecewise linear-quadratic Hamiltonians, and, more generally, Hamiltonians for which the
subdifferential mapping has at most linear growth. The following example demonstrates that the
assumption about no finite escape time of trajectories is indeed necessary. We will show that without

it, Proposition 16 fails, even when the Hamiltonian function is smooth.
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Example (Hamiltonian trajectories with finite escape time). Let H(z,y) = 3(—z* + y*).
Note that the Hamiltonian is differentiable and strictly concave-strictly convex. The Hamiltonian

system takes the form
. 1 . 1
i) =520, 20 = 55°(t)

The trajectory (z(-),y(-) originating at (1,1) is
z(),5) = (A -n~Ha-1F)

This trajectory escapes to infinity in ¢ = 1. Notice that any trajectory originating at (z,y) with
z > 1, p > 1 must also escape to infinity in time ¢ < 1 (this follows from Lemma 14). By symmetry,
any trajectory originating at (z’,y’) with 2’ < -1, y < -1 must also escape to infinity in time
t < 1. Now take any two nonnegative convex functions f;(-) and f2(-) which agree on [—1,1], and
satisfy fi(0) = 0, £1 € 8f:(£1) for i = 1,2. By the above argument about trajectories escaping
to infinity, the graph of 8V;(1,-) is the image of the graph 8f;(-) restricted to [—1,1]. Therefore
aVi(1,-) = 8Va(1,-). It is easy to check that V;(r,0) = 0 for any 7 > O (indeed, L(z,v) > 0 and
L(0,0) = 0). Since the subdifferential mappings of Vi(1,-) and V2(1,-) agree, and these functions
have equal values at 0, they must be equal.

We now study the regularity properties of the value function under stronger assumptions on the
Hamiltonian — we will assume that the Hamiltonian is differentiable, VH(-,-) is locally Lipschitz
and has linear growth. In this setting, if the initial cost function is differentiable, the value function

is continuously differentiable. We will show that, under some further assumptions, VV (-, -) is locally

Lipschitz continuous in (¢, ).

Lemma 20 Assume that the Hamiltonian function is gs described above, and that the initial cost
function f(-) is locally strongly convez and V f(-) is locally Lipschitz. Then, for everyt > 0, V¢V (t,-)
is locally Lipschitz.

Proof. Suppose that for some t > 0, V¢V (t, ) is not locally Lipschitz at zo. There exist sequences

of points {z,} and {z,} in R", and a sequence of real numbers N, with
z, = X, z:l_'zOl NII /w)
and such that, for y, = VeV {(t,z.), y, = VeV (¢, z,), we have

lve —y,] > Nulzy — 2, |-



Points (z.,y,) are the endpoints of some Hamiltonian trajectories on [0, ¢], say (z.(-),y.(-)), with

¥(0) = Vf(z.(0)) (and (z.(¢),y.(t)) = (zv,y.)). Similarly for (z,,y’). The properties of the

Hamiltonian imply that these trajectories are unique, and that (z,(0),y.,(0)) and (z’(0),y.(0))

converge to some (Z,§). Also, all the mentioned trajectories stay in some compact set, on which

VH(.,-) is Lipschitz with constant K. Our supposition that |y, —y.| > N,|z, — /| implies that
Iy" - y::l2 > Nvlzv —:c:,Hy,, - y::l pd Nv(zv - z:nyu - yx,/)

This, the preservation of monotonicity by the Hamiltonian flow and the Gronwall’s inequality imply
e?*|(2,(0),4.(0)) ~ (2,,(0), 4, (O)* > [(zv, 30) — (2, y)I* = Nu(z. (0) — 2.(0)', .(0) — yL(0)).
Local strong convexity of the initial cost at  implies the existence of some positive constant M such

that for large enough k,
(z(0) = 2,(0)',4.(0) — ¥,,(0)) > M|z, (0) — z. (0)'[?,
while the local Lipschitz continuity of V f(-) implies that |y, (0) — y.(0)| < W|z,(0) — £/, (0)], and

thus

[(z,(0),¥,(0)) — (2,,(0), %, (O < V1 + W3z, (0) — z,,(0)].
Combining the above inequalities we obtain
2Kt (1 + W?) |z, (0) - £, (0)[2 > N, M|z,(0) — .. (0)'|2.

This is only possible if |z, (0) — z},(0)| = 0 for large enough k. But then also y,(0) = y/,(0), and by

uniqueness of Hamiltonian trajectories, y, = y.. This is a contradiction with the supposition.

We will now show is the gradient V¢V (2o, -) is locally Lipschitz at z for a given to, then it is also
locally Lipschitz for other t’s close to to, moreover, the Lipschitz constant can be chosen uniformly
for such t’s. This can be stated in greater generality, namely, we have the following result for general

Lipschitz perturbation of “Lipschitz manifolds”.
Proposition 17 Let S: R™ x R" & R" x R" be an invertible mapping, and suppose that
S=I+4, S 1'=rI+§,

where A and é are globally Lipschitz mappings, with constants Ka, K5. Assume that M : R™ - R"
is a globally Lipschitz mapping, with constant L. Suppose that the following condition holds:

(KsL+Ka(l+ Ks))V1+L2<1. (3.9)
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Then, for any (z},¥}), (3,¥}) in S(gph M),
lvi —y3l < L'|z} — 23,

where
L

T1- (KsL+Ka(l + Ks))V1+ L2

1

Proof. Pick any two points
(20 4) = S(Zi, 9:) = (T, 9:) + A(Zi,¥0) = (i + Doz, ¥i), yi + Da(ziy93)),  i=1,2

in S(gph M). We then have

[vi —v2|l = [y +Axz1,31) —y2 — Ba(z2,33)]
< |y —y2 +1A2(z1, 1) ~ B2(22,¥2)]
< Lizi — 22| + Kal(z1,41) — (22,32)]
= Lz} +&i(z},y1) — 2 — 81(z5,42)| + KalS™ (21, 1) — S™H(z2, v2)
< Lizy — 25| + Lidi(z1, 1) — 61(22, y2)| + Ka(l + Ki)|(z1,y1) — (22, 32)]
< Liz) — 75| + (KsL + Ka(1 + K5))l(z1, 91) — (22, 92)]

Liz} - zb] + (KsL + Ka(1+ Kg)/Izf — 2412 + [y} — v 2.

If |y} — yb] < L|z}| — 25|, we are finished since L < L'. Suppose that [z] — 25| < L™ |y] — y3|. We
then have

lv1 —yal < Lizy — 25| + (KsL + Ka(1+ Ks)) V1 + L2y} — y3l,
which is equivalent to

(1- (KsL+Ka(l+ K)VT+L2) [y} — w3l < Liz} — .

Under our assumption, the coefficient on the left hand side is positive, and thus this inequality is

equivalent to the claimed one. a

Note that the condition on Lipschitz constants K and ks implies that K5 < 1. This means
that A is a contraction, and this guarantees the invertibility of I + A.

Let us now consider a family of mappings S, : R” x R" =+ R" x R™ with
Sa=I+Aa, S;'=1I+6a,

where A, and 8, are globally Lipschitz mappings, with their Lipschitz constants bounded uniformly
in @ by Ka and Kj. Condition (3.9) then guarantees that mappings M, defined by gph(M,) =
So(gph M), are, in a sense, globally Lipschitz uniformly in a.
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We now apply the above ideas to the “flow mapping”. Let F : R" x R -+ R" x R" be a
globally Lipschitz function, with constant K. For any t > 0, let S; be the flow mapping associated

with F:
S:(z) = {2(¢) | 2(0) = z,2(s) = F(z(s)).for a.a. s € [0,¢]}.
Lipschitz continuity of F' guarantees that S; is well-defined and single-valued. We can extend the
definition of S to ¢t < 0 by either considering the flow for —F(-) on [0, —t], or by
Se(z) = {z(t) | 2(0) = z,2(s) = F(2(s)),for a.a. s € [¢t,0]}
= {z(0) | z(—t) = z,2(s) = F(z(s)),for a.a. s € [0, —t]}.

For any t, S, is invertible, with S;”! = S_,. We now show that S, is expressible as I + A., with A,
globally Lipschitz uniformly in ¢ close enough to 0. For now, we consider ¢ > 0, the case of t < 0

requires only a slight change of notation.
t
Se(2) =2 +/ F(z(s))ds,
0
where z(-) is the unique F-trajectory originating at z. We define A,(2) = fO' F(z(s))ds. We get

t t
Bulm) = 8e(z2)l < [ 1F(ae) - Far)lds < K [ 1) - 2a(o)lds
0
t
S K|21 - ZQI/ EK'dS = (eK‘ - 1)'21 - Zgl.
0
To get the bound on |z;(s) — z2(s){ above, we used the Gronwall’s inequality. Thus, for t > 0, A, is

globally Lipschitz, with constant eX* — 1. For t < 0, we get the constant e~X* — 1, by applying a
similar argument to the flow for —F(-) on [0, —t]. Thus, A, and &,

In notation used in Proposition 17, and in comments following it, we have S, = I+A,, S;”! = I+6;,
with 6 = A_,. The mappings A, and 4, are globally Lipschitz, both with constant ef* — 1.
Translating condition (3.9) to this setting yields the following.

Corollary 9 Let M : R™" 5> R" and F : R" x R"™ - R" x R" be globally Lipschitz mappings, with
respective Lipschitz constants L and K. Suppose that T > 0 is such that

KT —1)(L+eXT)V/1+L2<1. (3.10)
Then for any t such that |t| < T, and any (z1,y;), (z3,¥2) in S:(gph M),
lyr — w2l < L'|z} — 73,

where

L
T 1—(eKT —1)(L+eKT)V1+ L2

LI
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Proposition 18 Assume that the Hamiltonian function H(z,y) is differentiable, with VH(-,-) lo-
cally Lipschitz and of linear growth. Suppose that the value function is differentiable on a neighbor-
hood of (to, o), with V¢V (to,-) locally Lipschitz at zo. Then V¢V (t,z) is locally Lipschitz continuous

at (tg, zo)-

Proof. We first apply Corollary 9 to show that V V' (¢, z) is locally Lipschitz in z uniformly in ¢ on
some neighborhood of (g, o). Below, S; denotes the flow mapping associated with the Hamiltonian.

Denote V¢V (to, Zo) by yo- Pick a neighborhood Uy xW; € R™ x R" of (zq, yo) such that VH(z,y)
is Lipschitz continuous on U, x W, with constant K, and V¢V (2o, ) is Lipschitz continuous on U,
with constant L. By local boundedness of VH (z,y) we can find a neighborhood U, x W, C U; x W;
of (zo,y0), and an €2 > 0 such that S;_,, (U2 x V2) C Uy x Wi for any t with [t — tg] < e2. By
continuity of V¢V (¢,z), we can find Uz C Uz and an €; with €3 < €2 so that V V (¢, z) € W, for all
z € Us and |t —to| < €3. Thus, for any |t —¢g| < €3 and any z € Us, (z, V¢V (¢, z)) is an image, under
St—ty, Of some point (z',y') € gph V¢V (to,-) N (U1 x W1), moreover, the Hamiltonian trajectory
from (z',y') to (z,V¢V (¢t,z)) does not leave U, x W;. Pick ¢ with 0 < ¢4 < €3 so that (3.10) is
satisfied by T' = €;. Arguments presented in the proof of Proposition 17 and the comments leading
to Corollary 9 give us that for any ¢ such that [t —to| < &, V¢V (¢, ) is Lipschitz continuous on Us,
with a constant L’ independent of ¢.

Now pick a neighborhood Uy x W, C U; x W3 of (zg,y0), and a €5 < ¢g such that S.(Ug x W) C
Us x W, for any t with [t| < 2¢5. Take U C U and ¢, with € < €5, so that V¢V (t,z) € Wy for all
z€U and |t — to] < €.

Pick any (t1, 7)), (t2,z2) with |t;—¢t| < €, z; € U, i = 1,2. Without loss of generality suppose that
t1 < tz. Let z;(t2) be the z-coordinate of the Hamiltonian trajectory starting at (z1, VeV (t1,z1))
at time t;. By construction of U and ¢, z,(t;) € U.

We have

VeV (t1,z1) — VeV (t2, z1(t2))| + VeV (E2, 21 (t2)) — VeV (2, z2)|
Mtz — t1| + L'|zy(t2) — 22|

Mita — t1| + L'|zy — 25| + M|t2 — t1]

(L' + 2M)|(t1,z1) — (t2, 22)|,

[VeV(t1,21) = VeV (ta, 72)|

IAN A A A

and this shows that V¢V (¢, z) is locally Lipschitz at (¢, z9)- o
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If V(t, z) is differentiable on some open set O, we have VV (¢, z) = 8V (t,z) for any (¢,z) € O,
similarly for V¢V (¢,z) and 9¢V (¢, z). The Hamilton-Jacobi equation gives us then that

VV(t,z) = (- H(z, VeV (t,z), VeV(t, 2)))-
Recall that the Hamiltonian, being a finite saddle function, is locally Lipschitz continuous. We get:
Corollary 10 Assume that the Hamiltonian function H(z,y) is differentiable, with VH(-,-) locally

Lipschitz and of linear growth. Suppose that the value function is differentiable on a neighborhood
of (to,z0), with V¢V (to,-) locally Lipschitz at zo. Then V'V (t,z) is locally Lipschitz continuous at

(to,Io).

3.2 Optimal Feedback Mapping

While solving a given problem of Bolza consists of finding an optimal arc, a preferred notion of a
solution to a control problem is the one of an optimal feedback mapping (also called the optimal
synthesis). Such mapping, at any point of time and space, gives a set of optimal controls (or optimal
velocities, when in the setting of a Bolza problem). To be more precise, an optimal feedback mapping
is 2 mapping ¢(-, -) defined on [0, +00) x R™ with the following property: whenever we want to solve

a Bolza problem defining the value function V'(r,£), we look for solutions of the differential inclusion
z(t) € ¢(t,z(¢t)) for almost all ¢ € [0, 7],

with the boundary condition z(r) = £. From a practical viewpoint, such a notion of solution is
necessary whenever the system we are trying to control is subject to disturbances.

In this section we give the optimal feedback mapping for convex problems of Bolza, in terms of
the subdifferentials of the Hamiltonian function and of the value function. We will need the following
generalization of the Hamilton-Jacobi equation, shown by Rockafellar and Wolenski in [46].

Theorem 7 The subgradients of the value function V(-,-) on (0,+00) x R"™ satisfy
(0.1) €OV (7,£§) <= n€FV(r,§), o = —H(E ). (3.11)

In particular, the value function satisfies the generalized Hamilton-Jacobi equation: for all (o,m) €

eV (r,€) with T > 0,
o+ H(¢,n) =0. (3.12)

In the same reference, it was shown that on intdomV, the value function is locally Lipschitz con-

tinuous, subdifferentially regular and semidifferentiable, with

dV(r,§)(v",§') =max {§' -n—T'H(&,n) | n € &V (r,€)}. (3.13)
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Proposition 19 Pick (t,z) € intdom V. The following statements are equivalent:
(a) dV(t,z)(1,v) = L(z,v),

(b) v e dyH(z,0V(t,z)).
Proof. From the semiderivative expression we get that (a) is equivalent to
L(z,v) =max{v-n— H(z,n) | n € GV (t,z)}.
But from the duality relationship between the Hamiltonian and the Lagrangian we have
L(z,v) =sup{v-n— H(z,n) | n € R"},

and any minimizer 7 of z - n — H(z,n) over 8¢V (t, ) must be a global minimizer of this expression.
A necessary and sufficient condition for this is, on the basis of convexity, that v € 8,H(z,n). Note
that we know that such a minimizer exists, since d¢V (¢, z) is a compact set. Thus (a) is equivalent
to the existence of an n € d¢V (¢, z), with v € §,H(z,n). But this is exactly (b). o
We now define the optimal feedback mapping. Justification for such terminology will be given in

Proposition 20.

Definition 4 (optimal feedback mapping) The set-valued mapping & : intdomV =3 R™ given

by
®(t,z) = 6,H(z,0:V (¢, z)) (3.14)

will be called the optimal feedback mapping.

Lemma 21 Assume that for every z, F(z,-) is a proper, lsc, conver function, and that F(z,-)

depends epi-continuously on z. Then (z,y) = 8, F(z,y) is outer semicontinuous and locally bounded.

Proof. Epi-continuity of F(z,-) in = implies, by Attouch’s Theorem (see 12.35 in Rockafellar and
Wets [45]), graphical continuity of 8,F(z,-) in z. Therefore, if (Zn,y») — (z,y) and z, = 2
for z, € gph 8, F(zn,yn), we must have z € 8, F(z,y). This shows the outer semicontinuity. At
every point (z',y'), 8,F(z’,y') is convex valued and nonempty. Semicontinuity implies that as
(z',y") = (z,y), g—limsup§,F(z',y') = §,F(z,y), so the graphical limit on the left is bounded
and nonempty. Now 5.34 in {45] implies local boundedness. (=]

Lemma 22 The feedback map (t,z) = ®¥(t,z) is locally bounded and outer semicontinuous, so also

compact valued.
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Proof. First note that Lemma 21 applies to the mappings (z,y) — 8, H(z,y), since H(z,y) depends
continuously, so also epi-continuously, on z, and to (t,z) = 9:V (¢, z), since as shown by Rockafellar
and Wolenski [46], V (t,-) depends epi-continuously on t. By proposition 5.52 in [45], a composition of
“locally bounded mappings is locally bounded. The same proposition implies the outer semicontinuity
of the feedback map, since both 9, H (-, -) and (t,z) = (z,9:V (¢, z)) are semicontinuous and the latter

map is locally bounded. Outer semicontinuity implies closedness of images, which, combined with

boundedness, gives compactness. a

Proposition 20 Assume that an arc z(-) is such that z(t) € intdomV for almost allt € [0,7]. The

following are equivalent:

(a) z(:) is an optimal arc for V(r,£),

(3) z(r) =& and
z(t) € ®(t,z(t)) for almost all t € [0, 7). (3.15)

Proof. The assumption that z(t) € int dom V implies in particular that z(-) is locally Lipschitz, by
5.2 in Rockafellar and Wolenski [46]. By the principle of optimality, (a) is equivalent to
t
V(t,2(0) = 9a@) + [ Lia(s), 2(s))ds

for every t € [0, 7]. Since g(z(0)) = V(0,z(0)), and the function t - V (¢, z(t)) is locally Lipschitz,
the last equation is equivalent to

TEZED _ Lae), 2e)

for almost all t € [0, 7] (recall that a locally Lipschitz function is differentiable almost everywhere).
Similarly, t = V/(t, z(t)) is semidifferentiable, and by 10.27 in Rockafellar and Wets [45],

d(V(t,z(t))) = dV(t, z(t))(1, £(¢)),

where dV'(t, z(t)) (1, £(t)) is the semiderivative of dV (¢, z(t)) along (1,Z(t)). This semiderivative has

to equal the derivative almost everywhere, and we get that
dV (¢, z(t))(1,2(8)) = L(z(t), ()

almost everywhere. But by Proposition 19, this is equivalent to the condition in (b). Now note that
(b) implies that z(-) is locally bounded, by Lemma 22, and this is equivalent to z(-) being locally

Lipschitz. Then the above arguments can be reversed. a
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Example (Optimal feedback with non-convex values). Define a Isc, convex, coercive function

¢ on R? by

iz]y if [z <1
#(z)=4q2zh-1 if 1<L[z[1 <2
+00 if 2 < |z]y
Then the conjugate function is
0 if |z]leo €1
$°(2) =9 lzlo =1 i 1<|zfe0<2

2|z|ec —3 if 2 <zl
Define the Lagrangian L on R? x R? by
L(z,v) = L(v) = ¢(v)
so that then the Hamiltonian is
H(z,y) =L (y) = 9" (v)-
Let the initial cost function f be the indicator of 0. We calculate the value function using the

Lax-Hopf formula:

V(r,§) =inf {£E&)+ L€ - €N}

In our case, we get

lz]1 if zh <7
V(€ =7L(r7'(-0) =r¢(r7¢) = 2lzi —7 if 1<zl <2r
+00 if 2 < |zf;

Let z. be any point between (r,0) and (27,0). We calculate 9¢V (7, z,). Note that for v < |z|; < 27,
as long as both coordinates of z are nonzero, the value function is differentiable at (7, z), with the
gradient in z being (£2, +2), and the + sign depends in the obvious way on the quadrant. The
subgradient at (r, z,) is then con{(2,2), (2, —2)}. To calculate 8, H(z, p) we use a similar argument.
We first look at regions where H is differentiable. For example, for 0 < [y2| < y; we have |y]e = ¥1,
and if also 2 < y1, we get VyH(z,y) =(2,0). When 0 < |jy1| <y2 and 1 <y, < 2 we get |y|co = ¥2
and Vy H(z,y) = (0,1). We can now evaluate the subgradient of H at “bad” points.

a!IH(zr (21 2)) = con{(l, 0)1 (21 0): (01 2): (01 1)}
0y H(z, (2,-2)) = con{(1,0),(2,0), (0, -2), (0, -1)}
aVH(zr (21 y2)) = COD{(I, 0)1 (21 0)}

whenever y, € (—2,2). We now make several observations:
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(2) The feedback map is not convex valued:

®(r,z,) = G H(z-,con{(2,2),(2,-2)}
= con{(1,0),(2,0),(0,2),(0,1)} Ucon{(1,0),(2,0),(0,-2),(0,—-1)}

(b) The map con ® can have trajectories which are not trajectories of . Note that 0 € con ®(,z-),

so an arc defined by
t(2,0) fort € [0,1]
z(t) =

(2,0) forte(l1,2]
is a trajectory for con®, but not for . We can also check that this arc is not optimal:

V(2,(2,0)) =2, but the cost of this arc is 3.

(c) The map ¢ can be multivalued on a positive measure set. For example, look at £ in the first

quadrant and such that 7 < |£[; < 27. The value function is differentiable, with V¢ V' (1,€) =
(2,2), but ®(7,€) = con{(1,0),(2,0),(0,2),(0,1)}.

An optimal feedback mapping with similar properties to the one just described can be obtained
by taking the initial cost equal to f(z) = k|z| for a sufficiently large positive constant. Such
construction would yield a finite value function, and thus the optimal feedback mapping would be
defined on R, x R".

Note that in case of n = 1, the feedback map &®(-,-) is convex-valued. More precisely, ®(¢,z) is
always a closed, compact interval. Indeed, $(¢, z) is always a connected set, and in one dimension,
connected sets are intervals.

At the beginning of this section it was mentioned that once the optimal feedback mapping
is known, we construct optimal arcs by solving the inclusion (3.15) with the boundary condition
z(r) = €. Let us discuss this issue here. As we demonstrated in the above example, sets ®(:,-),
while nonempty and compact, need not be convex. Thus, the standard assumption in existence
theorems for differential inclusions does not hold for (3.15). While we know from the theory of Bolza
problems that optimal arcs do exist, we can not conclude this fact just by looking at the inclusion
(3.15)!

However, there are several cases in which the optimal feedback map is well-behaved. Smoothness
of the Hamiltonian is certainly a crucial property here. If, in addition, the initial cost function is
smooth, the value function is differentiable, and thus the feedback mapping is single-valued, so also
continuous. This, at the minimum, guarantees local existence of solutions to .(3.15) Under further

assumptions, the results at the end of Section 3.1 give:
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Proposition 21 Assume that the initial cost function is locally strongly convez and differentiable,
with V f(-) locally Lipschitz. Assume that the Hamiltonian is differentiable, with VH(-,-) locally
Lipschitz and of linear growth. Then the optimal feedback mapping ®(t,z) is single valued and

locally Lipschitz in (t,z).

Even when the optimal feedback mapping has some regularity properties, there remains the
question of how to implement inclusion (3.15) in practice. One possible approach is through Euler
solutions, as presented by Clarke, Ledyaev, Stern and Wolenski in [19]. Euler solutions are defined
as follows. First, a selection ¢ from & is selected. We then look for uniform limits of sequences of
polygonal arcs, which in turn are obtained through partitioning the time interval and solving the
corresponding differential equations with constant right-hand sides. The most difficult step here is
picking the selection, this however is not an issue when the feedback mapping is single-valued in the

first place.

3.3 Convergence of Problems of Bolza

The discussion at the end of previous section provides further motivation to study approximation
methods for problems of Bolza. As we will show, it is possible to approximate every convex problem
of Bolza with a sequence of problems for which the Hamiltonian and the value function are both
smooth, and thus the feedback mapping is highly regular.

Throughout the section, we assume the following:
- L,(-,-), t.(-,-) and g, (-) satisfy Assumption 1 uniformly in n,
- L,(-,-), l.(-,-) and g.(-) epi-converge respectively to L(-,-), I(-,-) and g(-).

The assumption on the epi-convergence of the Lagrangian functions can be equivalently expressed
in terms of the Hamiltonian functions. Indeed, according to Theorem 1, the epi-convergence of the
Lagrangians is equivalent to the hypo/epi-convergence of the corresponding Hamiltonian functions,
under the condition that the Hamiltonians H, (-, -) form a modulated family, as described in at the
beginning of chapter 2. We show that this condition holds. We only demonstrate that for some

p > 0, and for all large enough n,

inf H,(z,y) < p(1+|z]), forallz.

lvi<e
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The other condition for a modulated sequence, sup. <, H.(z,¥) > —p(1 + |z]), can be shown by a
symmetric argument applied to the dual Lagrangians. We have

ljfljp Ho(z,y) = inf {Ho(z,y) +6,8(y)} = — (H.(z,") + ,8(-))" (0),
where the last formula comes from the fact that for any convex function f(), inf f = —f*(0).
Using the fact that the conjugate of a sum of two convex function is the inf-convolution of their
conjugates, we get that the above quantity equals inf, {L,(z,v) + o,8(v)}. The support function
of pBB is nonnegative, and applying the uniform growth condition on the Lagrangians we get

Jnf H,(z,y) < —inf {6 (max{0, [v] - alz|}) - Blz|} < —infs.

We can then take any p > —inf 8, and the condition for H, being modulated will be satisfied.
For every 7 > 0, we define the functional $(r,-) on the space of absolutely continuous arcs
z:[0,7] - R" by
#(ra() = [ L), 2@)d.
0
Functionals ®,(-,-) are defined analogously. Properties of the functional ®(r,-) were studied by

Rockafellar [37]. From [37], or from Rockafellar and Wolenski [46] we can conclude that our assump-
tions about L, (-,-) imply that the level sets of $,(r,-) are weakly compact uniformly in n. This will

be used later in the section.
The fundamental function E(r,§',£) for a problem of Bolza is defined as the infimum, over all

arcs with £(0) = €', z(7) = £, of the cost [ L(z(t), #(t))dt. In other words
E(r,€,€) = inf {®(7,z(-)) | z(0) = €, z(r) =¢£}.

The dual fundamental function E’(r, 1,7m') is defined in a similar manner, in terms of the dual

Lagrangian L(-,-). A duality relationship holds:

E(r,n,n') = sup {-n-&+n-€£-E(r,£,6)}, E(r,£,€) = sup {E -q' =& -n~E(r,n, n')} .
'y "

Using the fundamental function function, we can formulate give the formulas for the value function
and for the optimal value in a problem of Bolza (P) with endpoint cost I(-,-) in terms of finite-

dimensional optimization. We have
V(r,§) = inf {£(&") + E(1,€,€)}, inf(P) = Inf (1€, 6) + E(r.€.9)}.

For details consult Rockafellar and Wolenski [46]. Equipped with these definitions, we proceed to

study the convergence properties of Bolza problems.
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Proposition 22 Assume that a sequence of arcs z, : [0,7] =& R™ converges weakly to z(-). Then
lim inf Qu(""r xv(')) 2 Q(Tl I(‘)) (3'16)
In particular, ®(7,-) is weakly sequentially lower semicontinuous.

Proof. We only need to consider the case where liminf ¢, (7, z.(-)) < co. By 14.60 in Rockafellar
and Wets [45],

2(rz() = [ "sup {p- &(t) — H(z(¢), p)} dt = sup )i " {p(e) - £(t) - H(z(t),p())} dt
o P p(-) JoO
where the supremum is taken over all arcs in L*[0,T]. Thus, for any p(-) in L>=[0,T] we have
T
&,(rz.()) 2 /o {p(8) - £,(8) — Ho(z,(t), p(t))} dt.

Then, since £, (-) converge weakly in L! to z(-), z.(-) converge pointwise to z(-), and H, (-, -) converge

pointwise to H(-,-), we get that liminf §,(r,z,(-)) is bounded below by
T
| ) 2t) - Bz po)} at.
This holds for all L*°[0,T] arcs p(-), and we can use 14.60 in [45] again to conclude

T
liminf &, (, z,(-)) > sup / {p(t) - 2(t) = H(z(8), p(8))} dt = &(r,2()).
() JO
[m]

To analyze the convergence of functionals &, (7,,z.(-)), we make the following definitions. With a

sequence of arcs z,(-) defined on [0, 7,] we associate a sequence of arcs z9(-) on [0, 7] defined by
32(3) =z,(a,s)

for a, = . We let

L?,(:z:, v) =a,L,(z, al—-v)

From 7.47 in [45] we can see that the sequence of LY also epi-converges to L. Note that the

corresponding Hamiltonians are
H{(z,p) = a.H(z,p)

By a change of variables, we get

& (10 zu()) = /0 " Lu(zu (), £, (8))dt = /o " L0(20(e), 22(2))dt
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Lemma 23 Assume that 7, € K for some compact set K separated from 0. Then LS satisfy A1,2,9

uniformly.

Proof. Al is obvious. It remains to show that A3 is satisfied uniformly by L9. Then, by duality
arguments, A2 is satisfied. Let us express 6(:) = 6o(-) — v for a nonnegative function 8o(-) and a

constant v > Q.
Lro(rv) 26 (max {o, ,alj - alzl}) _ Biz| -

Since 7, € K, a, € [a,b] for some positive a, b, and then L € [b~1,a7!]. We get
L%(z,v) > af (ma.x {o, la—”-' - alzl}) — bjz| — by
(4

Now
v _ -1 _
I&T , alz| > b (Iv] ablzl)

and since 6(-) is nondecreasing
L(z,v) 2 ab™*6( max {0, [v] - abiz]} ) ~ bBlz| — by

Let 6'(-) = ab™'6(-) — by, @' = ab and B’ = b3. Then L satisfy A2 uniformly with 6’(-), a’ and £'.
a

Corollary 11 Assume that all 7, € K for some compact set K separated from 0. If &,(7,,z.(-))

are uniformly bounded from above, then the set of arcs z,(-) is weakly compact.
Lemma 24 Ifr, =& 7 and z%(-) weakly converge to z(-), then
liminf ®,(7,, z.(-)) 2 €(7,z())

Proof. We can reformulate the claim in terms of functionals with fixed time parameter and La-

grangians LJ(-,-). Lemma 23 says that we can apply Proposition 22, and this finishes the proof. O

Lemma 25 Pick any point (1,£',§) € [0, +00) x R™ x R™ and a sequence (1,,£.,£,) = (1,€,6).
Then
liminf E, (1,,£.,&,) > E(1,£,6)
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Proof. We only need to consider the case where liminf E,(7.,£.,,£,) = m < +0o. After passing to
a subsequence such that +oo > E,(7,,£,,£,) & m note that E, (1,,£,,£.) = ®,(r.,z.(-)) for some
sequence of arcs z,(-) and these values are uniformly bounded from above. By Corollary 11 we can

pick from the sequence {z.(-)} a weakly convergent subsequence. Denoted it {z,(-)}, and let z()

be the limit. Applying Lemma 24 gives us

liminf E,(7,,§,,&) = liminf ®,(r,, 2, (")) > &(7,2(-)) > E(r,¢,€)

Corollary 12 For any 7 > 0 and a sequence 1, = T

e— IMEV(TW ‘s ) = E(Ty 3 ')1 e— MEV(TV, °y ) = E(T, *y '),
what tmplies
e~limE, = E, e—limE, = E.

In particular, E(t,-,-) and E’(r, -,-) depend epi-continuously on .

Proof. This is an application of Proposition 5 of Chapter 2.2. By duality, the results of Lemma
25 apply to conjugate fundamental functions. To apply Proposition 5 we just need to show that no
subsequence of E, (7., -, -) escapes epigraphically to the horizon. This will be established in the next

lemma.
Statements about the epi-limits of £, and E, follow directly from the definitions. Epi-continuous

dependence of E(r,-,-) and E(r,-,-) in 7 can be obtained by setting L. (-, ) = L(-,-). a
Lemma 26 Assume that r, € K for some compact set K separated from 0. There ezists a constant
p > 0 such that

dist(0,dom E, (1.,£',-)) < p(1 + [€']), dist(0,dom E, (1, -, €)) < p(1 + [£]).

Also, there are constants a, f and a coercive, proper, nondecreasing function 8(-) on [0,00) such

that
E,(7,,€,€) 2 6 (max {0, [¢'| — alé[}) — Bl€], E,(1,,€,€) 2 6 (max {0,[¢| - al¢']}) — BI¢'].

Proof. Note that E (7,,€',€) = EX(7, €', £) where E? is the fundamental function associated with
the Lagrangian L3. By Lemma 23, L(-,) satisfy assumption (A3) uniformly. Then E%(7.,£',£)
satisfy the above, by 4.2 in Rockafellar and Wolenski [46]. a
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sequence of proper, Isc and convex functions epi-converging to f(-).
Lemma 27 Pick any point (1,£) € (0,+00) x R"™ and a sequence (1.,,£,) — (7,£€). Then
liminf V, (7., &) 2 V(7€)
Proof. It is enough to consider the cases where liminf V, (1,,£,) < +00. We have
V(r,§) = i?,f{f(f') + E(r,€,8)},

and by 7.46 in [45]
e—um{fy(') + EV(TAM *y fu)} .>. f(') + E(Tv ',E)‘

Convexity, and epi-convergence of fo(-) to f(-), implies, by7.34 in [45], the existence of some p such
that f, > —p(]-|+1) and f > —p(] -| + 1). This, and growth properties of E, (7., ,£) claimed in
Lemma 26, implies that f,(-) + E,(7.,-,£) are uniformly coercive. Then there exist a compact set

S such that
1?;{}.,(5') +E,(1,,§,6)} = ei,réfs {fo&)+E(r,€.8&)},

and similarly for f(¢') + E(7,€',€). We can now apply 7.29 in [45] to get the claim. o

Corollary 13 For any 7 > 0 and 7, — 7, unless both sequences {V,(7.,-)} and {V,(‘r,,, -)} escape

to the horizon, we have
e——limV,,(Ty,-) = V(T1 ')1 e— um ‘ZI(TV? ') = ‘-}(Tr ')1

what implies
e—=limV, =V e—limfﬁ,:f/".

In particular, V(7,-) and V(r, -) depend epi-continuously on 7.
We finish this section by analyzing the convergence of optimal values of problems of Bolza.

Proposition 23 Assume that problems (P,) and (P) display the best case Bolza duality, as described
in Theorem 4. Then

lim(inf Pa(7,)) = inf P(r) = — inf P(r,) = — lim(inf P(7)).
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Proof. We know that
inf(P) = gl'@e{{l(f’,f) + E(1,€,6)},

and a similar expression holds for inf (13'). The best case Bolza duality assumption implies, through
Corollary 12 and 7.47 in {45], that the sequence L, (-, )+ E, (7., -, -) epi-converges to I(-, -) + E(, -, -).
This, by 7.30 in [45], implies that

lim sup(inf(P,)) < inf(P).
We now invoke the duality of Bolza problems in this setting.
— inf(P) = inf(P) > limsup(inf(Pa)) = lim sup(~ inf(P,.) = — lim inf (inf(P,.)).

A symmetric argument yields
lim inf(inf(Py,)) > inf(P)

what finishes the proof. a

We now pass to the issue of whether the limit of a converging sequence of optimal arcs for

approximate problems of Bolza is optimal for the original problem. The following result is an

application of the Convergence Theorem, page 60 in Aubin[4].

Proposition 24 Let F : R™ — R™ be a proper, outer semicontinuous, locally bounded map with

closed, conver values. Assume the following:
(a) F is a graphical limit of some sequence F,
(b) for n =1,2,..., an absolutely continuous arc z, is a trajectory for F,:
z,(t) € F,(z(t))

for almost all t € I - some interval of R
(c) z, weakly converge in AC to z

(d) {F.} is eventually locally bounded

Then z ts a trajectory for F, that is
#(t) € F(z(t))

for almost allt € I.
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Proof. To apply the mentioned Convergence Theorem, we need to show:
(i) in terminology of Aubin [4], F is a hemicontinuous map

(it) for almost all ¢t € I, for every neighborhood N of 0 € R™ x R", there exists ng = ng(t, N) such

that, for all n > ng,
(zo(t), 2,(t)) €EgPh F + N

We show (7) first. Proposition 1 on page 60 in Aubin [4] states that any upper semicontinuous map
from a vector space X to a vector space Y with weak topology is upper hemicontinuous. In R™, weak
topology is equivalent to the standard topology. In case of locally bounded mappings, the definition
of upper semicontinuity from [4] is equivalent to outer semicontinuity. So (i) is shown. Let N be
any neighborhood of 0 € R™ x R™, and pick ¢ € [0,T]. By (d), there exists a neighborhood U of z(t),
an index vy, and p; > 0 such that for all v > v; we have F,(U) C p, B, and since z,(t) converge

pointwise to z(t), there exists a v, such that for all v > v, we have
F,(z.(t)) C ;1B
Since z,(t) converge and z,(t) € F,(z.(t)), there is a p, > 0 such that for all n > n,
(z.(t),2,(t)) € p2 B

Graphical convergence of F, to F implies, by 4.10 in [45] that for all v > v

gphF, NpBCgph F 4+ N
Now (z,(t), 2.(t)) € gph F, U p2 B, so we get

(2.(t),2,(t)) Egph F + N
We now apply the Convergence Theorem to get that

2(t) € F(z(t))

Corollary 14 Pick a sequence of €, \, 0. Assume that

(a) Arcs z,(-) converge weakly to z(-), arcs y,(-) converge weakly to y(-).
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(b} For alln,
(Iv(t)v yo(t), 9. (¢), 20 (t)) € gphdH, +e. B 3.17)

Then the pair (z(-),y(-)) is a Hamiltonian trajectory for H.

Proof. First, we need conclude that the set valued mappings whose graphs are given by gphdH, +
€, B converge graphically to dH and are eventually locally bounded. The first statement follows
from the following simple fact: if sets C, converge to C, and sets D, converge to {0}, then C, + D,
converge to C, and this can be shown in very similar way to 4.29 (c) in [45]. To see the second

statement, recall Lemma 3 of Chapter 2. We can now apply Proposition 24. a

Other variations of assumption (b) can be used. For example, we can assume that
(-9®.2.(®) € 8, (= (), 1.(8) + & B, (3.18)

what means that (z.(:),y.(-)) is a trajectory for the mapping 6H,(-,-) + €¢,B. When ¢, = 0, it just
means that (z,(-),y.(-)) is a Hamiltonian trajectory for H,.

The following example shows that not every Hamiltonian trajectory can be a limit of trajectories
of approximate Hamiltonians.

Example (Approximation of Hamiltonian trajectories). Let H : R x R — R be given by

H(z,y) = ly|- Then
-1 fory <0

OH(z,y) = {0} x{ [-1,1] fory=0
1 fory >0
Any pair of arcs (z(-),y(-)) with y(t) = 0 and #(¢) € [-1,1] is a Hamiltonian trajectory for H(-,-).
Now let us approximate H(-,-) by H,(z,y) = e | - |(y) for some sequence ¢, \, 0. We have

Lp? forlyl<e,

2¢,

) ={ bl forlyl > e

-1 fory < —e,
0H(z,y) =VH(z,y) = {0} x § 2y for —e<y<e
1 fory >e,

Any Hamiltonian trajectory {z,(-),v.(-)) must satisfy §.(-) = 0, so y.(-) is constant. Then z,(-)
is constant, so z,(-) has constant velocity. If a sequence of z,(-) converges weakly to some z(-) as

v — 00, the velocity of z(-) must be constant.

We now proceed to discuss the convergence of the optimal feedback mapping.
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Lemma 28 Assume that V,(t,-) epi-converges to V(t,-). Then
g—limsup O, H(-,3:V.(t,-)) C O H(-,8:V(¢,-)) (3.19)
If H(-,+) = H(-,*), and the Hamiltonian H(-,-) is differentiable, then actually
lim 8, H(-, 8Vi (¢, -)) = 8,H(~ OV (¢, ) (3.20)

Proof. Epi-convergence of V, (¢, -) to V(¢,-) implies, by Attouch’s Theorem (12.35 in Rockafellar and
Wets [45]), graphical convergence of subdifferential mappings 8¢V, (¢,-) to 8¢V (¢,-)- In particular,

for any sequence z, —+ z, we have
limsup(z,,9V,(t,z,)) C (z,8:V (¢, z))-

By Theorem 1, the subdifferential mappings 8H, (-, -) converge graphically to H (-, -). Local bound-
edness of H,(-,-), guaranteed by 5.34 (b) in 45], implies that we must in particular have

lim sup (.‘L’,,, Ny ayHu(zu: nv)) C (:L‘, 17, ayH(.‘L', 77))
for any (z.,7n.) — (z,n). Considering 7, € 8V,(t,z,), and combining the above inclusions we get
limsup 8y H, (2., V. (t,2,)) C Oy H(z,0¢V (¢, 1))

what implies the claim.

Now assume that H,(-,-) = H(-,-), and that H(-,-) is differentiable. Take any
(z,y) € gph Vy H(z,0:V (t,z)). Then y = V H(z,n) for some n € 8¢V (¢, z). Graphical convergence
of the subgradient mappings of the value functions yields the existence of (z,,7,) converging to
(z,7n) such that n, € 9:V'(¢t,z,). Then y, = V,H(z,,n,) converge to y, since the gradient VH(.,-)

is continuous in (z,n). This means that
inf lim allH(': aEVv(tr )) o ayH('v aEV(t1 ))

what finishes the proof. a

Example (L).et L(z,v) = d_1,1j(v), go(z) = iz and g(z) = O, so that H(z,y) = |y| and
e—limg,(-) = g(). The value functions are V,(t,z) = 1(z - t) and V(¢t,z) = 0. The feedback

mappings are
O H(VeV, (t,z)) =0,H (%) =1

8,H(VeV(t,z)) = 8,H(0) = [-1,1]
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This shows that in general g—lim 3, H(:,8:V.(¢,-)) #9,H(-, 8V (¢, "))

Results of this section suggest the following method of solving problems of Bolza. Suppose that
the problem (P) displays the best case Bolza duality, yet is hard to solve directly. Reasons for this
might be for example high irregularity of the cost functions I(-,-) and L(-,-). We can approximate
these cost functions by more regular and easier to work with functions I,(-,-) and L,(-,-). As we
know from Proposition 23, optimal values for (P, ) must converge to min(P), similarly for the values
for dual problems. Suppose we can determine optimal solutions to {(P,) and ('5,'.), say these are
z,(-) and y.(-). Theorem 4 states that these arcs must satisfy the generalized Hamiltonian equation
for H,(-,-), and the transversality condition for I, (-,-), as described in (b) of the theorem. Under
some conditions we can determine that all z,(-) must lay in some weakly sequentially compact set,
similarly for y.(-). Then we can find subsequences z,(-) and y.(-) weakly converging to z(-) and
y(-). Corollary 14 helps us conclude that z(-) and y(-) satisfy the generalized Hamiltonian equation
for H{-,-). Since {,(-,-) epi-converge to {(-,-), the corresponding subdifferential mappings converge
graphically, and directly from the definition of graphical convergence we can conclude that z(-) and
y(-) satisfy the transversality condition for I(-,-). Then z(-) must be optimal for (P) and y(-) must
be optimal for (73—).

We now give an example of when we can conclude that optimal arcs z,(-) for the approximate
problem (P,) must all be contained in some weakly sequentially compact set. This will be referred to
as the uniform best case Bolza duality. Recall that the best case Bolza duality required Assumption
1 and the additional conditions: There exists € such that (-, £) is finite, or there exists & such that
[(¢',-) is finite. Symmetrically, there exists n’ such that [*(-,n') is finite, or there exists i such that
[*(n,-) is finite. The condition that there exists € such that {(-, ) is finite is equivalent to saying

that
Finn')>o(m +& -0

for some coercive function ¢(:). Indeed, assume that the above inequality holds. Then

I¢,8) = flu"p{f n+€-n' —1°(n,7') }<sup{€ n+€-0'—é(m) -6 -n'}

= sup{€ n- ¢(n)}+sup{£ n' —fo n'} = 6" (§') + 8,3 (6).

Now ¢°(-) is finite, by coercivity of ¢(-). We get that for £ = &, the function {(-,£) is finite. The

reverse implication is shown as follows:

) = sup {n- §+7-£-UE.0 2 sup {n-&+n-&-1¢ &)}
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= 1]' - &o +sg’p {77 'f, - 1(61160)} -

Assumption of finiteness of I(-, &) implies that the supremum expression in the above formula yields

a coercive function of 7.
We will say that the sequences {,(:,-) and L,(-,) satisfy the uniform best case Bolza duality if

the following conditions hold:

(a) L(--) and L,(-,") satisfy 1, and L, (-,-) satisfy A2 and A3 uniformly in n,

(b) either of the following two conditions holds:
(b’) there exists a coercive function ¥(-) such that, for every n,
L(E,62n-&+y(&)

for some n,, and sup,, |n,| < +o0.

(b") there exists a coercive function ¥’(-) such that, for every n,
LE.O2YE)+m €

for some 7, and sup, [1.,| < +oo0.

(c) either of the following two conditions holds:
(¢’) there exists a coercive function ¢'(-) such that, for every n,
Lmn')2€& -n+4¢'(n)

for some &, and sup,, [£]| < +oo0.

(c”) there exists a coercive function ¢(-) such that, for every n,
l:(f),f]’) 2 ¢(77) + fu . 77’
for some &, and sup, |£,| < +o00.

Note that the above assumptions imply that for every n, problems (P, ) and (P,) satisfy the best
case Bolza duality. If (b’) holds, we get in particular that

L€ 2 —sup I HE'| + ¥ (€) = —alg'| + ¥(6).
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Similar statements follow from (b"), (¢’) and (c"). Recall that the assumptions on Lagrangians
L,(-,-) can be equivalently stated in terms of Hamiltonians H,(-,-), and these entail the growth

properties of the dual Lagrangian also.
Comparing our uniform growth conditions, and the above bound on the terminal costs with

the conditions used by Rockafellar {39] to show the compactness of the level sets of a Bolza cost

functional yields the following.
Proposition 25 Assume thatl,(-,-) and L,(-,-) satisfy the uniform best case Bolza duality assump-

tions. Then the functionals

z(-) = L.(z(a),z(d)) + / b L, (z(t), Z(t))dt,

~ b o~
v() = L(y(a), y(b) + / L. ((0), 9()dt

are uniformly level compact in the weak topology of the space of absolutely continuous arcs.

3.4 Regularizing Transform and Problems of Bolza

In this section we apply the regularizing transform discussed in Section 2.3 to convex problems of

Bolza (P) and (7‘5), as defined in the introduction to this chapter.

For any A € (0,1), let (P.) be the following problem: minimize, over all absolutely continuous
arcs = : [a,b] =+ R"

b
sal(z(a), z(8)) + / saL(z(2), £(8))dt,
where s.l(-,-) and s, L(-,-) are, respectively, the regularized endpoint cost I(-,-) and the regularized
Lagrangian L(:,-). For every problem (P,) we can, using the duality scheme discussed in the
introduction to this chapter, define a dual problem (ﬁ,\), for which the cost functions are
$3L(p,s) = (saL)"(s,p), sxl(po, p1) = (sa1)" (o, —p1)-
Thanks to the self duality of the regularizing transform, as described in Proposition 7, we get

sxL(p, s) = sA[L*(s,p)] = sa[L(p, 5)),

sxl(po, p1) = sal*(Bo, —p1)] = s [l{po. p1)]-
We see that the dual problem to the approximate problem (P,) is an approximate (in the same
scheme) to the initial dual problem ('ﬁ). There is then no ambiguity in defining (P,) as the problem

in which we minimize .
sxl(y(a), y(b)) + / s E(u(®), 5(0))at
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Using the properties of the regularizing transform with respect to partial conjugation, as described

in Proposition 8, we see that the Hamiltonian associated with problems (P,) and (P,) is
(s1L(z,"))" (v) = sxH(z,y),

where syH(-,-) is the regularized Hamiltonian H(-,-), by the means of regularized transform for
saddle functions, defined in Definition 2. Properties of the regularized transform give us the following:

(2) sal, siaL, s,\T and s,\z are continuous, strongly convex with the constant A, differentiable

functions, with Lipschitz continuous gradient,

(b) sAH is a finite, strongly concave-strongly convex differentiable function, with Lipschitz contin-

uous gradient,
(c) As AN\ O, sal, sxL, sxl and sy L converge epigraphically to !, L, { and L.
(d) siH converges epi/hypo-graphically to H.

(e) Gradient mappings Vs, L, Vs,\z, Vsal, Vs,\Tand VsaH converge graphically to 8L, BZ, al,
8l and 8H.

The next two lemmas show that we can apply the strongest convergence results of the previous

chapter to problems (P,) and (P).

Lemma 29 Assume that l(-,-) and L(:,-) satisfy Assumption 1. Then s,l(-,-) and s L(-,-) satisfy
this assumption uniformly in A € (0,1).
Proof. Properties of the regularizing transform guarantee that (A0) and (A1) are satisfied. To show

that (A2) and (A3) are satisfied uniformly in A, we will pass to the Hamiltonian, and the conditions
(H1) and (H2). Suppose that (H1) holds, that is for some constants a and £ and a finite, convex

function 1 we have
H(z,y) < ¢(y) + (alyl + B)|z|.

Then the Moreau-Yosida regularization of H (-, -) satisfies

. 1 1
exH(z,y) = infsup {H(w,v) = grle —ul? + iy — o}

IA

iaf {#(0) + 751y~ vP* +sup {(alo] + )lul - 1o —uP*} }

= int {6(0) + 53ly = vl + (alvl + A + J(ab + 8
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We can set v =y in the above formula to obtain

s\H(z,y) = (1-2A)erH(z,y) + % (=l=l +yI*)
< (1= (80 + (alyl + Bzl + 3 alyl + 87 ) + F1oP

< (0)+ iyl + 87+ JuP) + (alyl + el

The expression in brackets above is a finite convex function, independent of A. Thus, syH (z,y)
satisfy (H1) uniformly. A symmetric argument gives the same for (H2). Arguments given in the
proof of 2.3 in Rockafellar and Wolenski [46] imply that this is equivalent to s L(-, -) satisfying (A2)

and (A3) uniformly. o

Lemma 30 Assume that (P) and (P) the best case Bolza duality assumptions. Then (P,) and (P,),
for X € (0, ), satisfy the uniform best case Bolza duality assumptions.

Proof. Suppose that [(§',€) > n- & + ¥(€) holds. Then, from the definition of the regularizing

transform and the properties of the Moreau envelope, we get

sal(§€) 2 sa(n-€)+ () 21— 2A%er(n- &) + (1 - A)ery(€)
> (1-A%)ex, (7-€)+ (1 = A%)ex,¥(€) = (1 — A%)no - € + (1 — A2 (€)

for some 179 and some coercive function y(-). We can then find a coercive function ¥(-) such that
(1=A2)0(€) > ¢(€) for every A € (0, Ag). Also note that sup;, [(1 —A?)ng| < +00, and thus sAl(€’, €)
satisfy the condition (b’) of the uniform Bolza duality assumptions. Arguments for the other three

conditions are similar. a

We now summarize the results of Section 3.3 as applied to the current setting.

Proposition 26 For any A € (0,1), problems (P.) and (P.) display the best case Bolza duality,
as it was described in Theorem {. Moreover, solutions to both problems are unique — denote them
zx(-) and £5(:). If the original problems (P) and (P) display the best case Bolza duality, then, as
AN O,

min(P,) — min(P), min(B,) = min(P),

and the arcs zx(-) (£1(-)) converge to some arcs optimal for (P) ((P) )
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We now look at ways to regularize the Bolza problems which define the value function. Recall
that .
v(r,6) =int {oteO) + [ Lt 2(00at | a(r) = ¢}

Several approaches can be taken. For example, we can define an approximate value function V; (r,€)
with a regularized Lagrangian s, L(-,-), and with an unchanged initial cost. The Hamiltonian func-
tion is then strictly concave - strictly convex, and this, by Proposition 15 implies that for = > 0, the
value function Vi (7, ) is almost strictly convex and almost differentiable. We can also conclude, by
Lemma 17 that the value function V(-,-) is continuously differentiable on intdom V'.

" Another approach is to regularize both the Lagrangian and the initial cost function. That is, we
let .

Va(r, &) =inf {s;\g(z(O)) +-/° saL(z(t),z(t))dt | z(r) = E} .

As in the case of Bolza problems discussed at the beginning of this section, there is a natural way
to define the dual value function, by taking the initial cost to be the convex function conjugate to
sxg(-). This function is exactly s g*(-).
Proposition 27 For any A € (0, 1), the value function V) (-, ) is finite, continuous, and continuously

differenticble on [0, +00) x R™. For every > 0, the function Vi(7,) is strongly convez with constant
$min {1, 1} and the gradient V¢Vi(r,-) is Lipschitz continuous with constant 2 max {1,7}.
Proof. Finiteness follows from the fact that both the initial cost and the Lagrangian are finite.
In fact, finiteness of either of these functions is sufficient. V,(r,-) depends epi-continuously on
7 € [0,+00). This, combined with continuity of Vi(r,€) in ER", guarantees continuity of Vi(-,-)
on [0,+o0) x R™. Continuous differentiability can be obtained from either the Proposition 15 or
Lemma 17. In view of 12.59 in Rockafellar and Wets [45], it remains to show the strong convexity
of Vi(r,-). Let z;(-) be the optimal arc for Vi (7, &;), i = 1,2. Then (1 — a)Vi(7,£1) + aVa(r, &) can
be expressed as

(1-a) (s,\g(zl(O)) + /O-T s,\L(zl(t),irl(t))dt) +a (s,\g(zg(O)) +/: s,\L(zg(t),:i:g(t))dt) .

We know that sag(:) and saL(-,-) are both strongly convex, with constant A. By definition of strong

convexity, the above expression is greater or equal than
1 T . 1 T )
294(0)) + a1 = )=OF + [ xLu(0)da O)dt + 32a(1 - ) |tz + s

where y(t) = (1 — a)z1(t) + az2(t), and z(t) = z;(t) — z2(t). The arc y(t) is feasible for V) (r,(1 ~
a)é; + a), and we get that (1 — a)Vi(1,&) + aVi(r, &) is greater or equal

Valr, (1 — a)é; + aks) + %/\a(l - a)|z(0)]? + %/\a(l -a) /0 ?(lz(t)lz + |2(2)}?)dt.
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Now

/0r 2(t)dt 2) <2 (Iz(0)|2 + r/of |z’(t)|2dt) ,

|2(r)? < 2max(1,7} (lz(O)l2 + /0 ’ |z'(t)|’dt) -

2
<2 (IZ(O)I2 +

z(0) + /;T z(t)dt

|2(r)? =

and this shows that

We can conclude that
(1 -a)Va(r. &) +aVa(r, &) 2 Va(r. (1 — a)é; + af2) + %/\0(1 — a)2min {1, é} [z(T)?

which, since z(7) = & — &, means that V) (r,-) is strongly convex with constant 2min {1,1}. 0O
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Chapter 4

EXTENDED LINEAR-QUADRATIC OPTIMAL CONTROL

Before describing the general setting of extended linear-quadratic control, we present a very
special case, the classical linear-quadratic regulator. Consider a control problem with the cost
expression

T 1
/ 5 (z(t) - Ez(t) + u(t) - Fu(t))dt +52(T) - G=(T), (4.1)

and linear dynamics z(t) = Az(t) + Bu(t). Matrices E, F and G are assumed to be symmetric and
positive semidefinite, and F' is actually positive definite. Direct calculation of the Hamiltonian yields

H(z,y)=y-Az - %Z-Ez+%y.BF—lB-y’

and this is a finite and differentiable function. From Proposition 31 we can immediately deduce
that the value function is continuously differentiable. Symmetry suggests that the value function

might be quadratic: V(r,£) = 1£-S(7)€ for some time-dependent matrix S(-). The Hamilton-Jacobi

equation becomes
-%E -S'(1)E —€-8°(1)AE - %{ -Ef + %E -S*(r)BF~'B*S(r)¢ = Q.
This leads to
S(T)+ S (r)A+ A°S(T) + E - S*(1)BF'!B*S(t) =0
which is called the matrix Riccati equation. The boundary condition here is S(T) = G. To calculate
the optimal feedback, we find

VyH(z,y) = Az + BF~'B%y, u(t)=-F~'B*S(r)z(¢t).

Note that the linear-quadratic regulator problem puts nc constraints on the control u(-) or on the

terminal state £(7"). Such modeling tools, as well as other ones, including state-dependent control

constraints, will be present in the setting we present next.

By an extended linear-quadratic optimal control problem we will understand the following one:

minimize, over all L!-integrable controls u : [1,T] — R* the cost expression

T
[ {250+ 3u0)- Pu) + pvale - Cz(t) - Dute) } dt + g(a() (42)
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where the absolutely continuous arc z : [r,T] — R" is determined by the linear dynamics
z(t) = Az(t) + Bu(t), (4.3)

and an initial condition
z(r) = £ (4.4)

The control function u(-) is subject to a constraint

u(t) eU a.e.. (4.5)

for some polyhedral set U € R*. The function py,g(-) is defined by
pv,Q(s) = sup {s -y Qv} , (4.6)
veV 2

for a matrix Q and a polyhedral set V € R'. Vectors p, g and matrices 4, B, C, D, P, Q are assumed
to have appropriate dimensions. Matrices P and Q are symmetric and positive semidefinite.

The format described above is slightly less general than in works by Rockafellar {41], [42] and [43],
where the extended linear-quadratic control problems were first presented and studied. In particular,
to be able to apply the results of Chapter 3 which builds on work of Rockafcllar and Wolenski [46],

[47], we forgo the time-dependence of vectors and matrices defining the problem.

4.1 The Hamiltonian function
The Lagrangian function, corresponding to the control problem described in the previous section, is
defined by

L(z,v) =inf{p-u+%u-Pu-*—pv.Q(q—Cz—Du) fv=Az + Bu,u € U}. (4.7)

The Hamiltonian function is given by

H(z,y) =y- Az + J*(B"y,Cz) (4.8)
where J*(-,-) is a convex-concave function, conjugate in a saddle sense to a convex-concave function
J(-,+) which is given by

J(u,v):p-u+%u-Pu+q-v—%v-Qv—v-Du for (u,v) €U x V, (4.9)

and has appropriately chosen infinite values elsewhere. This gives us

J*(a,b) = sup inf {a-u-{-b-u-—p-u—lu-Pu-{-q-v-f-lv-Qv-f—v-Du}. (4.10)
wel veV 2 2
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We will assume that the Hamiltonian H(:,-) is finite. On the basis of Proposition 13, finiteness
implies that H (-, -) satisfies assumptions (H1) and (H2), and so, that the control problem in question

fits the duality scheme developed for Bolza problems.
Note that the linear terms p - u and ¢ - v do not influence the finiteness (and differentiability) of

J*(-,-). Indeed, from (4.10), we get that J*(a,b) = J3(a — p,b + q), where Jo(-,-) represents J(-,-)

with p=¢ =0, that is, on U x V we have
1 1
Jo(u,v) = §u~Pu— Ev-Qv—v-Du.

Proposition 28 The function Jg(-,-) is finite if and only if the following is satisfied:
U®NkerPN(-D*V*>=)* = {0},
V= NkerQ N (DU=)* = {0}.

(4.11)

Above, (DU®)* = {w | D*w € U**} and (-D*V>®) = {z | — Dz e V>*}.
Proof. By Corollary 1, J3(-,-) is finite if and only if the convex function

&(u) =su‘p’{%u-Pu— %U'QU—U'D“'*'JU(“)}
veE

and the concave function
¥(v) = inf { 2u-Pu— tv.Qu—v-Du—6by(y)
vI=aev 2 gV v viv
are proper and coercive. By symmetry, it will suffice to analyze ¢(-). We have

o(u) = %u - Pu+6y(u) + sup {u -(—=Du) - lv . Qv} .
veV 2

Let ¢1(u) = ju-Pu+6y(u) and ¢2(u) = sup,ey {v- (u) — Lv - Qu}. Properness of ¢(-) is equivalent
to the existence of some u € U with ¢;(—Du) finite. By 11.18 in Rockafellar and Wets [435],
dom@, = (V*® NkerQ)®. We get that ¢(:) is proper if and only if —DU N (V= NkerQ)* # 0.
Assuming that this holds, we obtain, through 11.33 in [45], that the conjugate of the function

u = ¢2{—Du) at a point w is given by

. 1 .
‘}xel‘f/{iv-Qvlw_—D v}
and the domain of this function is ~D*V. The domain of ¢;(-) is (U™ Nker P)*. Then the domain

of ¢*(-) is (U Nker P)* 4+ (—D*V). Now the properness and coercivity of ¢(-) is equivalent to
dom ¢*(-) = R*. We get that ¢(-) is proper and coercive if and only if

-DUN (V= NkerQ)" #0, ~D°V + (U® nker P)* = R*.



85

Analogous statements for y(-) follow after analyzing the convex function —1(-) in the above way.
We obtain

D"V N (U™ Nker P)* # 8, DU + (V= nkerQ)* = R'.
Now note that —D*V +(U*Nker P)* = R* implies D*V N (U= Nker P)* # 0. Indeed, since 0 € R*,
there exists a v € V such that 0 € —D*v+ (U Nker P)*. But this means that D*v € (U® Nker P)*,
so DV (U™ NkerP)* # 8. The latter condition is then superfluous, and similar statement can

be made about —DU N (V= Nker Q)" # 0.
Using the properties of polyhedral sets that we will show in Lemma 31, we can translate the

condition DU + (V= nkerQ)* = R to
DU + (V= NnkerQ)* = R

By polarizing both sides of the this equation according to the rules in 11.25 in [45], we get one of the
conditions in (4.11). The other one is obtained symmetrically from —D*V + (U*™ nker P)* = R*.
The expression for (DU*)* and (—D*V*°)* also come from 11.25. a

Note that the conditions in the above Proposition are automatically satisfied when U Nker P =
V= nNkerQ = @. Indeed, we then have (U= Nker P)* = R*, (V* NkerQ)* = R'. When U = R*,
then U*® = {0}, and (DU)* = {w | D*w € 0} = ker D*, similarly (—D*V)* = ker D. We obtain:

Corollary 15 When U = R* and V = R, the function J§(-,-) is finite if and only if
ker P Nker D = {0},
{ ker @ Nker D* = {0}.
Lemma 31 Assume that sets W and Z in R" are polyhedral. Then W + Z = R" is equivalent to
W + Z° = R". For a linear mapping L we have (LW)>® = LW,

Proof. For a polyhedral set W we can conclude that W C W +¢,, B for some € > 0, this follows for
example from 3.53 in Rockafellar and Wets [45]. Thusif W+2Z = R™, then W™ +Z® 4 (¢, +¢€.)B =
R™. But since W + Z°° is a cone, we must have W™= + Z° = R™. Now assume the latter. We
have W= c W — w for any w € W. Similarly for Z. Then W™ + Z®° Cc W + Z — (w + z), which
shows that W + Z = R™. The fact about linear mappings follows directly from the representation

of a polyhedral set in 3.53, [45]. o

We now address the issue of differentiability of H(:,-). The following is a restatement of Theorem

4.1 from (23] as applied to J;5(-,-).
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Lemma 32 Assume that (@,7) € 3J5(a,b). Then a necessary and sufficient condition for 3J3(-,-)

to be single-valued and Lipschitz continuous on & neighborhood of (a,b) is the following:

uelUp—-Us, Pu=0, Due[Wpn-V*t = u=0
(4.12)

veW -V, Qu=0, Dve[lon-Ust = v=0
where U = Ty (@) N(a — Pa + R°0)L and Vo = Tv(¥) N (b + Qi + Ra)+.

The subspace Uy — Up is the smallest subspace containing U, whereas Uy N ~Uj is the largest

subspace contained in the cone Uy. Similarly for V;.

Proposition 29 Assume that the following condition holds:

{kuPrﬂD%V“ﬂ—V“HL={W,
A (4.13)
kerQ N [D(U> N —U=)]* = {0}.

Then Jg(-,-) is differentiable.

Proof. For a convex set S, the lineality space S; of S is the set of all those vectors y, such that
for all z € S, the line from z in the direction of y is contained in S. If S is a polyhedral set,

St = 5 N —S°. Using this notation,
[D*(V=n-V=)t = {u]| DueV'},
and similarly for the other similar expression in condition (4.13). Thus, this condition can be restated

as
Pu=0,DueV*=u=0,
{Qv =0,Dve U}t =v=0.
We first show that for a closed convex set S and any w € Ns(s), S; € wt. The condition for
w € Ng(s) is that for all 2’ € S, (z' — z) -w <0, in particular, for every l € S;, | -w < 0. But S is
a subspace, so it must be that [ - w = 0. This shows that S; C wt. Also note that S; C Ts(s).

Pick any (e, b) with Jg(a, b) finite. Then 8J;5(a, b) is nonempty. Pick any (i, ¥) € 8J5(a,b). This
is equivalent to (a,b) € 9Jo(i,7), and so @ — Pi + D*¥ € Ny(i) and b + Q¥ + Di € —Ny (%), so
Ui C(a—Pa+ D*0)* and V; € (b + Qv + Da)>. This implies that U; C Up and V; C Vj, so then
U cUyn =V, Vi C VoN =V and also U* D (U N =Up)*, Vit O (Vo N ~Vp)t.

In view of the above inclusions, condition (4.13) implies that (4.12) holds everywhere. That is,
in the neighborhood of every point where J*(-,-) is finite, this function is also differentiable — so

in particular, finite. But the domain of Jg(-,-) is a polyhedral, so also closed, set. Then J3(-,-) is

finite and differentiable everywhere. a
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Note that without referring to the properties of the domain of Jj(:,) we can show that this
function is finite. As an exercise, we show that conditions 4.13 for differentiability imply conditions
4.11 for finiteness. Assume that Pu = 0 and Du € V;' implies u = 0. This can be written as
ker PN {u | Du € V;*} = {0}. Since V} is a linear subspace, V;* = V}°, and the set {u | Du e V*} =
{u| — Due€ V1}is a cone, with the polar cone being {—D*v | v € Vi} = —=D*V}, by 11.25 in [45].
The condition ker PN{u | Du € V;*} = {0} polarizes to ~D*V; +(ker P)* = R*. Now V; ¢ V—uv for
any v € V, and (ker P)* C (U* Nker P)*, since U Nker P C ker P. Thus —D*V; + (ker P)* = R*
implies —D*V + (U= Nker P)* = R*.

4.2 Value Function, Optimal Feedback Map and Epi-convergence

In this section we describe the properties of the value function and of the optimal feedback map in
the case of piecewise linear-quadratic control. We first summarize the properties of the Hamiltonian
function, and of the generalized Hamiltonian equation. Recall that by Hamiltonian trajectories we
understand solutions of the differential inclusion (—y(t), Z(t)) € dH (z(t),y(t)).

Lemma 33 The Hamiltonian function H(-,-), given by (4.8), is piecewise linear quadratic. The
subdifferential mapping OH (-, -) is piecewise polyhedral, and thus has linear growth. This guarantees

that there are no Hamiltonian trajectories escaping to infinity in finite time.
If the Hamiltonian is differentiable, the subdifferential mapping is piecewise linear, and thus glob-

ally Lipschitz continuous. This implies that from every initial point, there ezist a unique Hamiltonian

trajectory, defined for all t € R.
We restate the definition of the value function V : (—o0,T] x R™ = R for the control problem
in question.

T
V(r,) = inf { [ 3u(e)- Putt) + pra(~Ca(e) - Du(e))ds + g(z(T))} BENCRYY

where the infimum is taken over all locally integrable controls u : [r,T] = R* satisfying (4.5) and
z(-) is determined by (4.3). Equivalently, the value function can be expressed using the Lagrangian

function, described in (4.7). Then we get
T
V(r,§) =inf { / L(z(t),Z(t))dt + g(z(T)) | z(r) = 6} . (4.15)

A major difference between this formulation, and the definition of the value function for Bolza
problems in Chapter 3 is that here we have a terminal cost function g(-) and an initial condition

z(T) = &, opposite to the initial cost and terminal cost formulation in the mentioned chapter. To
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apply the results of Chapter 3 to our present setting, we show that the value function described in
(4.15) can be expressed as a value function for a problem with an initial cost, and with a Lagrangian

L= (z,v) = L(z, —v). Indeed, we have

T

V(r,§) = inf {/ L(z(t), z(t))dt + g(z(T)) | z(r) = E}
T-r
= inf {/0 L(z(t), 2(t))dt + g(z(T — 7)) | z(0) = f} .
Set s =T —7 —t and z(s) = z(T — 7 — t). A change of variables leads to
T—r
V(r,§) = inf {/0 L(z(t), —2(t))dt + g(2(0)) | 2(T — 7) = E} .

Thus, V(7,£) equals to V—(T — 7,£), where the latter value function is the “initial cost” value
function, defined with L=(-,-). Note that the Hamiltonian H~(-,-) corresponding to L~(:,-) is
defined by H~(z,y) = H(z, —y), and such an operation preserves both finiteness and differentiability.
Thanks to this, we can now restate some of the results of Section 3.1 in the piecewise linear-quadratic
control setting.

As was demonstrated in Example 2.5, that the flow mapping for piecewise linear-quadratic Hamil-
tonians, even for differentiable ones, does not preserve the piecewise polyhedral nature of monotone
mappings. Thus, if the initial cost function is piecewise linear-quadratic, the value function need
not to have this property. For this reason, we will not assume this about g(-).

The following facts follow directly from Proposition 16, in light of the properties of the Hamilto-

nian described in Lemma 33.

Proposition 30 Let g1(-) and g2(-) be two proper, Isc, convez functions. LetV; : (—oo, T|x R™ -+ R
be the value function corresponding to the terminal cost gi(-), i = 1,2. Suppose that V; : (t,z) is

finite for t <T and any z. Then the following conditions are equivalent:

(a) There ezists t < T for which Vi(t,z) = V,(t,z) for all z € R™.
(b) Vi(t,z) = Va(t,z) for all (t,z) € (—o0,T] x R".

(c) g1(z) = g2(z) for all z € R".

Combining Lemma 17 and Proposition 14 yields the following result.
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Proposition 31 Assume that the Hamiltonian H(-,-) is differentiable. If the terminal cost func-
tion g(-) is almost differentiable, then the value function V(-,-) is continuously differentiable on

intdom V. In particular, if g(-) is finite and differentiable, then V' (-,-) is continuously differentiable

on (—o0,T) x R™.

We now pass to the study of optimal feedback in the present setting. The optimal feedback map
will turn out to have a very similar structure to the one used for Bolza problems. Define a set valued

map ¢ :intdomV =3 R™ by
®(t,z) = G H(z, -GV (¢, 1)) (4.16)

Lemma 34 Assume that an arc z(-) is such that z(t) € intdom V for almost all t € [1,T]. The

following are equivalent:

(a) z(-) is an optimal arc for V(r,£) as defined in (4.15).

(b) z(7) = £ and for almost all t € [0, 7],
z(t) € ®(t,z(t)). (4.17)
Proof. Since V—(T —t,z) = V(t,z), optimality of z(-) for V(r,£) is equivalent to the optimality of
z(t) for V= (T — 7,€), where z(t) = z(T — t). This, by Proposition 20, is equivalent to
2(t) € Gy H™ (2(t), 8¢V~ (t, 2(2)))

for almost all s € [0, T—~7]. But 2(t) = —#(T —t), H™(z,y) = H(z, —y), 8, H (z,y) = ~8,H(z, —y)
and 9:V~(t,z) = 8¢ V(T — t,z). Replacing T' — t by ¢t yields

£(t) € 3y H(z(t), —G¢V (¢, z(2))),

which proves the claim. a

In our setting, the subdifferential of the Hamiltonian with respect to the second variable has a

special form
0,H(z,y) = Az + B&,J"(B*y,Cz).

Define a set valued map ¢ : intdomV = R* by

é(t,z) = 8,J°(~B*8V(t,z),Cx). (4.18)
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The optimal feedback inclusion (4.17) becomes
£(t) € Az(t) + Bo(t, z(t)),

and the condition (b) in Lemma 34 can be restated as: z(r) = £ and for almost all ¢ € [0, 7], there
exists a u € ¢(¢, z(t)) such that z(t) = Az(t) + Bu.

Suppose that a control u(-) generates an arc z(-). The pair z(-) and u(-) gives a minimum in
(4.14) if and only if z(-) gives a minimum in (4.15), and the control u(-) is the “cheapest” control

generating z(-), that is, for almost all t € [r, T},

u(t) € arg min {%u - Pu+ pvg(—Cz(t) — Du) | z(t) = Az(t) + Bu,u € U} . (4.19)

We will now argue that such controls are exactly the ones that satisfy u(t) € ¢(t, z(t)). The key is

the following lemma.

Lemma 35 The following statements are equivalent:
(a) i€ 8,J°(B*y,Cz)

(b) @ € argmin {3u- Pu+pvo(-Cz—Du) |ueU,u € +ker B} and for some i € 4 + ker B,
t€6,J*(B*y,Cz).

The first equation in (b) can be understood in the following sense: @ minimizes ;u-Pu+py,g(—Cz—
Du) over all controls u € U yielding the same velocity z(t) = Az(t) + Bu.

Proof. For simplicity of notation, we will write h(-) = J*(-,Cz) and fo(u) = ju-Pu+pyv,g(—Cz -
Du) + éy(u). Notice that A(-) and fo(-) are convex functions, conjugate to each other. Let us look
at the statement in (b). A necessary and sufficient condition for @ € argmin {fo(u) + dker g(u — @)}
is, by convexity of fo(-) +dB(- — %), 0 € 8 (fo(-) + dg(- — @)) (). The functions fo(-) and §5(-) are
piecewise polyhedral, so by 10.22 in [45], this condition is equivalent to

0 € 3fo(©) + Nuer p(li — ) = 3fo(i1) +1ge B".

This is equivalent to the existence of some § such that B*§ € 8fy(i), which, in turn, is equivalent
to @ € dh(B*§). Thus, (b) is equivalent to the following: there exists § such that @« € dh(B*§), and
there exists & € @ + ker B such that & € 8h(B*y). Statement (a) says that @ € h(B*y), thus (a)
implies (b) — for the second condition in (b), take & = 1.

We now show that (b) implies (a). From @ € dh(B*j) we get, in particular, that

h(B%y) 2 h(B*§) + @ (B"y — Bj).
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Similarly, from z € dh(B"y) we get
h(B*§) 2 h(B*y) +4-(B*y — B°y) = h(B"y) + & - (B*§ — B"y),
where the last equality follows from @ € @ + ker B.. Combining the above inequalities yields
h(B"y) = h(B*y) + 4 - (B*y — B"Y),

which, combined with & € h{B"§) implies that @ € dh(B°y)-. a

Suppose that, for almost all t € [r,T], u(t) € ¢(¢t,z(t)). This implies that the arc z(-) generated by
u(-), with z(1) = &, satisfies condition (b) in Lemma 34, and thus, it provides the minimum in (4.15).
Also, for almost every t € [r,T], there exists a y € d¢V (¢, z(t)) such that u(t) € d1J(B*y,Cxz(t)).
The above lemma shows that u(t) satisfies (4.19) and so the pair z(-) and u(-) gives the minimum
in (4.14).

Now z;ssume that an arc z(-) is optimal for the value function as defined is (4.15), and that the
control u(-), which generates z(-), satisfies (4.19) for almost all ¢ € {r,T]. Optimality of :1;(-) implies
that for almost all ¢t € [, T}, z(t) € Az(t) + B¢(t,z(t)), and thus, there exists a y € ¢V (¢, z(t)) and
auw € 6,J°(B"y,Cz(t)) such that £(t) = Az(t)+ Bu. In particular, this implies that @ € u(t)+ker B.
Applying the above lemma gives us that u(t) € 6, J°(B°y,Cz(t)), and so u(t) € ¢(t, z(t)).

The above arguments can be summarized as follows.

Proposition 32 Assume that an absolutely continuous arc z(-) and a locally integrable control u(-)
satisfy the following, for almost all t € [r,T): z(t) € intdomV and #(t) = Az(t) + Bu(t). The

following are equivalent:

(a) The pair z(-) and u(-) minimizes the expression for V(r,£) in (4.14).

(b) z(t) = & and for almost all t € [0, 7],

u(t) € o(t, z(t)). (4.20)

Proposition 33 Suppose that the function J°(-,-) is differentiable, and that the value function
V(T,§) is differentiable on a neighborhood of (19,&0), with V¢V (7,-) locally Lipschitz at &. Then
VV(-,-) is locally Lipschitz continuous at (79,&). This implies that the feedback mappings ®(t,z)

and ¢(t,z) are also locally Lipschitz continuous at (19,&)-
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Proof. From Proposition 18 we know that V¢V'(-,-) is locally Lipschitz at (7o,&). The function
J*(,-) and the Hamiltonian are piecewise linear-quadratic, and thus their differentiability implies
local Lipschitz continuity of their gradients. Feedback mappings are thus locally Lipschitz, as they
are the compositions of locally Lipschitz mappings. a

In case of a linear-quadratic terminal cost function, strong convexity is equivalent to strict con-

vexity and differentiability implies global Lipschitz continuity of the gradient. We get

Proposition 34 Suppose that the function J*(-,-) is differentiable, and that the terminal cost func-
tion g(-) is strictly convez and differentiable on R™. Then the value function is continuously differ-

entiable on (—o0,T] x R™ with VV (-,-) locally Lipschitz continuous.

We now address the issues of epi-convergence of extended linear-quadratic control problems.
Consider a sequence of control problems defined by matrices A4,, B,, C,, D,, P,, Q. and sets U,
and V,. We assume that the conditions in the introduction to this chapter are satisfied, in particular,
Hamiltonians H,(,-) are finite. Suppose that the above mentioned matrices and sets converge to
A,B,C,D, P,Q and U, V. Proposition 6 shows that the corresponding Lagrangians L, (-, -) will

epi-converge if the functions
1
fo(z,u) = ki Pou+py, q (—Cvz — D,u)

epi-converge to

flz,u) = %u -Pu+pyq (—Cz — Du),
under the additional assumption that the domain of (z,u) = pv.9 (—Cz — Du) and R™ x U can not
be separated.

First, we analyze the epi-convergence of py, q, (z) to pv.o(z). This property is equivalent to the
epi-convergence of the corresponding conjugate functions. We need to show then that 1v-Q,v+dv, (v)
epi-converge to 3v-Qu+ dv(v), and this holds by 7.47 in Rockafellar and Wets [45], since V can not
be separated from the domain of v — %v - Qu which is the whole space.

Now, we show that f,(-,-) epi-converge to f(-,-). Clearly, this is equivalent to the epi-convergence
of (z,u) = pv, @, (=Coz — D,u) to (z,u) = pv,q (—Cz — Du). By 7.47 in [45], this will hold if
dom pv,, equal to (V™ N kerQ)*, can not be separated from the range of the linear mapping
(z,u) = (=Cz— Du). It suffices to show that (V> nker Q)* can not be separated from rge D. Recall
that one of the two conditions for finiteness of the Hamiltonian requires DU + (V>°nNker Q)* = R,
and this implies that rge D+ (V= Nker Q)* = R', what is equivalent to sets rge D and (V> Nker Q)*

being impossible to separate. We have shown the following:
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Proposition 35 Let L,(z,v) be a Lagrangian defined by matrices A,, B,,, C,, D,, P,, Q. and sets
U, and V,,, and assume that these matrices and sets converge to A, B, C, D, P, Q and U, V. Then

L,(-,) epi-converge to L(-,-).

4.3 Examples of Extended Linear-Quadratic Control

This section gives a few examples of extended linear-quadratic problems. In each example, we state
conditions for differentiability of the Hamiltonian, which, under the assumption of smoothness of
the terminal cost, guarantees the regularity of the value function and of the optimal synthesis.

First, let us come back to the classical linear-quadratic regulator problem, and show that it
indeed fits the format of extended linear-quadratic control. We take P = F, C = VE, D = 0,
Q =1, and we let V be the whole space. We obtain

pua(~Cu - Do) =sup { (VB -v-2v-v} = Ju- VE VEu

As an exercise, we check the conditions in Propositions 28 and 29 for finiteness and differentiability
of the Hamiltonian function. Matrix P is positive definite, @ is an identity matrix, so clearly, ker P
and ker @ are trivial. This implies the finiteness and differentiability of the Hamiltonian — this can

also be verified directly, as was done at the beginning of this chapter.

4.8.1 Input-Output System with Control Constraints
In this section we are motivated by an input-output system governed the following system of equa-
tions
#(t) = Az(t) + Bu(?),
z(t) = Cz(t) + Du(t).
Here, u(-) is the input or control, z(:) is the state and z(-) is the output. The control u(t) is

constrained to be in a polyhedral set U. Given an initial condition z(7) = £ we are interested in

minimizing the L? norm of the output z(-) over the time interval [, T] (the constant  is added for

convenience):
1 [T 1 /T
3 / [z(t)[2dt = 3 / |-Cz(t) — Du(t)|* dt
T Tf

= [ 3a)-C"Ca(t) +3()-C*Du(®) + ju(t) - D" Du(a

This is a special case of generalized linear-quadratic control problem, with P = 0, @ = I and
vV =R. .
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Let us look at the conditions for finiteness and differentiability of the Hamiltonian in this case.

We have
(=D*V=) ={z]| -DzeV>*}={z] —Dz= 0} =ker D,

and so the first equation of (4.11) reduces to {0} = U Nker D, while the second equation is always
satisfied, since Q = I. For differentiability, the first condition in (4.13) requires ker D = {0}, while

the second condition always holds.
Let us calculate the function J*(-,-) with Q = I and V = R':

J*(a.b) = supinf{a-u+b-v—1u-Pu+lv'Qv+v-Du}
uelU veV 2 2

= sup a-u-tu-Pu+ inf {b-v+v-Du+l|v|2}
welU 2 veR! 2

= sup{a-u—-l-u-Pu-—-l-Iblz—lu-D'Du-—b-Du
uel 2 2 2

= —llblz + sup {(a —D%b)-u-— lu -(P+ D‘D)u}
2 uelU 2
1 .
= —§|b|2 + pu.p+p-p(a — D*b),
We get the following expression for the Hamiltonian
H(z,y) = y-Az - lIC:zl2 + sup {(B‘y - D*°Cz)-u-— -l-u -(P+ D‘D)u}
2 uelU 2
1 . .
= y-Az — ‘2'[C$|2 +pu.p+p-p (B"y — D*Cxz)
Lemma 36 For a symmetric and positive semidefinite matriz M and a nonempty polyhedral set Y,
the function pary(-) defined by
1
pum.y(Z) = sup {z Y5y My} .
veyY
is proper, convez and piecewise linear-quadratic. We have
domppry = (Y™ Nker M)*,
in particular, par,y(-) is finite-valued if and only if Y™ Nker M = {0}. If this holds, then the
subdifferential mapping of par,y (-) is
1 -
0o (z) = ssgmax {z -y~ 3u- My} = ful 2 = By € Ny ()} = (M + Nx) ().

34
Moreover, if M is actually positive definite, and thus invertible, we have

Opm,y(z) = (\/ﬁ—l) - P v ((\/M) - x) .

Above, Ny () is the normal cone mapping and P s57,.(-) is the projection onto VMY .
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Proof. Most of the statements are included in 11.18 in Rockafellar and Wets, [45]. To prove the

last formula, we use the fact that for any convex set C, (Pc)~! = I + N¢. We then have:
-1 -171°! _
[(VM) Pymy (\/M) ] =VM (Pszy)” VM = VM (I + N 57y) VM = M + Ny

The last equation above follows from the fact that VMN 7, VM = Nx, and this can be deduced

from the properties of the normal cone under a change of coordinates. (=]

Recall the definition (4.18) of the optimal feedback map ¢(-,-):
o(t,z) = 6,J"(—-B"9:V(t,z),Cxz).
In our setting, this becomes
#(t,z) = (P + D"D + Ny)~ ' (-B*3:V(t,z) - D°Cz) .

Further computation is possible under the assumption that P + D*D is positive definite, as is the
case when either P is positive definite or ker D = {0}. Then P + D*D has a invertible square root,

that is, there exists a unique, positive definite and symmetric matrix G such that P + D*D = G?,

and we have
v(u) = %u -G?u+by(u), 8.7°(z)=(G*+ N(_r)-1 (2) =G 'Pgy (G '2).
The optimal feedback formula becomes
#(t,z) = G 'Poy (-G~ (B3 V(t,z) + D*Cz)) .

We now come back to the input-output system presented at the beginning of this section. Let
us assume that ker D = {0}. Then the Hamiltonian function is differentiable. The terminal cost
function g(-) is trivially equal to O here. In particular, it is finite and differentiable, and thus the
value function V (-, -) is finite and continuously differentiable on (—oco, T) x R"™. The feedback formula

becomes
o(t,z) = (D°D + Nu)"1 (B*VeV(t,z) + D°Czx) = G 'Pgy (—G'1 (B*VV(tz) + D‘Cz))

for G = vD*D. From the last expression it is easy to see that the feedback map is continuous.

4.3.2 Linear-Quadratic Regulator with State-Dependent Control Constraints

Here we consider the linear-quadratic regulator with the cost functional similar to the one in (4.1):

T
/ 2 (=(0) - Ex(t) + u(®) - Fu(®) ) dt + g(=(T)).
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with the following constraint placed on the controls:
u(t) < Caz(t)

for some matrix C;. As before, matrices £ and F are assumed to be symmetric and positive
semidefinite, and F' is actually positive definite. Define
Inxn On vE 0n
U=R",V=R"xR“+,P=F,Q=[ % ""J,c=[ J,D=[ ""],

Okxn Orxk C —Iixx

s
We get, for s = ( l) with s, € R", s, € R*:
§2

1 1
pve(s) = supd{s-v—=v-Qu;p = sup 81Ul +82-U2 — U -V}
veV 2 ©1ER" v;€RE 2

1 1
= sup {31 U1 g% -vl} + sup {sz-v2} = §|31l2 + 6 (82)
viER" vaERY -

—VEz
and thus, since —Cz — Du = )
—Coz+u

{ 0 fu<Caz
2

pv.@(—=Cu - Dv) = l:z: -Ez +0p (—Caz +u) = l:z: -Ez +
2 - +oc  otherwise

This shows that the problem in question fits the generalized linear-quadratic control format.

Let us check the finiteness and differentiability of the Hamiltonian function. First conditions in
both (4.11) and (4.13) are satisfied since P is positive definite. We have V> =V, kerQ = {0,} x R*,
and, since U** = {0,}, (DU*®)* = {w | [Onxn, lexs]w =0} = R™ x {0}, and thus the second
condition for finiteness is satisfied. We also have U* = {0,}, and D*u = 0,, together with v € ker Q,
implies v = 0. Thus the Hamiltonian is differentiable.

We now calculate J*(-,-):

J*(a,b) = supinf{a-u+b-u—lu-Pu+lv~Qv+v-Du}

uelU veV 2 2

= inf b-u+-1-v-Qv+ sup {(a+D'v)-u—-1-u~Pu.}
veV 2 uGR" 2

= inf b-v+lv-Qv+l(a+D'v)-P“(a+D‘v)}
veV 2 2

= la -P~la —sup {(-b ~DP'g)-v-—- lv -(Q@+ DP‘ID')v}
2 veVv 2

Inxn Onxk

0 p-1 J, and thus the sup expression above is separable.
kxn

The matrix Q + DP~1D* equals [
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Ok x &
Also, DP~! = [ ::_‘I:I ,s0 (-b— DP~'a); = =b,, (-b— DP7'a); = —b, — P~'a. We get

J*(a,b) = la -P7la- —;— l(—b - DP_la)ll2 — sup {(-b—DP~'a@); -v2 — 12 -P~ 1y}

2 UQEH:

= %a-P"la— %Ibdg —pnt'p—l(—bz -—P_la)

and the gradient of J*(-,-) with respect to a is

V. J"(a,b) = Pt [a + (Nge + P17 (=by = P-la)] .
Since for b = Cz we have b; = VEz, by = Caz, the Hamiltonian function and the optimal feedback
map are

H(z,y) =y~ Az + 5y BP™B"y - 52- Bz — pgs p-s(~Coz — P~ B"y),

-1
é(t,z) = —P~} [B'aet/(t, z) — (NR: + P“) (P~1B*3:V(t,z) — ng)] :
If the terminal cost function is differentiable, then so is the value value function, and the subdiffer-

ential 8¢V (t, z) becomes V¢V (¢, z).

4.3.3 Constraints through Quadratic Penalties

Again, we consider the following cost expression
T1
/ (200 - Bo() + u(e) - Fu(t) ) dt + 9(z(T),

subject to the constraints

c;-z(t) +di -u(t) 20, i=1,2,..s,
for some vectors ¢;, d;. In other words, we require —C,z(t) — D2u(t) < 0, where the rows of the
s x n matrix C are the vectors ¢;, similarly for D;. We relax the above constraints through the use
of penalties — to the cost integrand we add the following expression:

! 0 if —ci-z(t)—di-u(t) <0
‘-Z:I{%/\,-(c‘- -z(t) + d; cu(t)? if —ci-z(t) —di-u(t) >0 ’

We can express the following cost in the format of extended linear-quadratic control. Take

In. n On s \/E On
U=R, V=R"xR,, P=F, Q=| " 1, Cc= D= k.
len A—l Cz Dz

Above, A is a s x s diagonal matrix, with A;; = A;.
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The matrix @ is invertible, if we also assume that F' is positive definite, then since ker P =
ker @ = {0}, conditions for finiteness and differentiability in (4.11) and (4.13) are satisfied.

Computation yields the following formulas:

J*(a,b)

la -P~la —sup {(—b —-DP'z). v - lv (Q+ DP_ID.)‘U}
2 veV 2

1 _ 1 _ _
38 P7la- 3 |(-6-DP 1¢1)1l2 = PR: A-14+Dyp-1p; ((=b — DP7'a),)
1 _ 1 -
3@° P~ la-— 3 [51]? — PR A-1+D;P-1D; (—b2 — D2P™'a)

1 ;e 1 —1 pye
H(z,y) = Ey-BP 1By - 5.7."FI"’[)R;_|A—1+D,P—ID; (=C2z — D,P™'B*y)

-1
é(t,z) = P! [B‘aet/(t,z) —D; (Nry + A7 + D:P7ID;) (D,P7'B 8¢V (t,2) ~ cgz)] :



99

Chapter 5

CONVEX ANALYSIS IN DIFFERENTIAL GAMES

Consider the following two-player-zero-sum differential game. The trajectory of the game, z(-),

is described by a linear differential equation

£(t) = A(t)z(t) + B(t)u(t) + C(t)v(t) (5.1)

and the initial condition is

z(r) =€ (5.2)

for some 7 € (—o0,T] and £ € R". Controls u(-) and v(-) are functions on [r, T], chosen respectively

by Player One and Player Two from some control sets (7, ) and V(r,£), subject to constraints
u(t) € P(t) and v(t) € Q(t) for almost all ¢ € [7, T (5.3)
for given convex sets P(t) € R*, Q(t) € R'. The cost functional &(r,¢£, -, -) is given by
T
#(r,€,u0),00) = [ (6,00, 9(6)de + - 2(D). (5.4)

Player One tries to minimize the cost ®(r, £, u(-),v(:)), while Player Two attempts to maximize it.
Controls %(-) and %(-), corresponding to a saddle point (i(-),%(-)) of the functional &(r,€,-,-), are
referred to as saddle controls, or open loop solutions of the game. The trajectory generated by them
is called an equilibrium trajectory.

Two-player zero-sum games, and their generalization, N-player games, have seen extensive treat-
ment in literature. Assumptions of convexity of the cost for each player allowed Varaiya [52], Scalzo
(48] and Tolwinski [51], through the use of functional analysis tools and fixed point theorems, to
obtain results on the existence of open-loop solutions for N-player games.

For two-player zero-sum games, such an assumption of convexity of costs yields a convex-concave
cost functional, which one player minimizes and the other maximizes. A special case of such a
game was treated by Berkovitz [9]. The cost functional was reduced there to an integral of an
auxiliary function, then through the use of saddle point theorems and compactness arguments in

infinite-dimensional function spaces the existence of open-loop controls was concluded.



100

Here we show that the controls (i(-),7(-)) furnish a saddle point of the game if and only if
(@(t), 6(t)) is a saddle point on P(t) x Q(t) of an auxiliary function

S(t,u,v) = f(t,u,v) +d- AT, t)[B(t)u + C(t)v). (5.5)

The matrix A(T,t) is the fundamental solution of w(t) = A(t)w(t), with A(T, T) being the identity
matrix. Saddle points of the auxiliary function, and so also the saddle controls of the game, can be
then found directly, using the special convex-concave structure of (5.5).

In a different setting, a characterization of saddle controls as solutions of an instantaneous sad-
dle problem involving a pre-Hamiltonian function was given by Subbotin [49]. A pre-Hamiltonian
function has been also used by Berkovitz [8] to give a necessary condition for saddle controls, and
by Leitmann [30] to state a sufficient condition. The special properties of the convex-concave case
seem not to have been explored, however. As we will show, the necessary and sufficient conditions in
this setting are constructive. They give explicit formulas for saddle controls — see (5.11) and (5.12)
below — and allow us to make statements about existence in Proposition 39. A characterization
of an equilibrium trajectory, new to the field of differential games, is given in Proposition 40 with
the help of the associated Hamiltonian function H(t,z,y). Much in the spirit of optimal control
theory, solutions to a nonsmooth Hamiltonian dynamical system, posed in terms of the subgradients
of H(t,z,y), turn out to describe the equilibria of the game.

Our general assumptions are presented in section 5.1. They are relatively weak and cover the
cases commonly seen in literature. In particular, as a special case for purposes of illustration, let

Go(T, ) denote a game described by equations (5.1)-(5.4) with the following properties:

(a) The players can choose any measurable and locally integrable controls subject to (5.3).
(b) The sets P(t) and Q(t) are compact and depend continuously in 2.
(¢) The cost function f(t,u,v) is continuous on (-o0, T] x R* x R', convex in u and concave in v.

The results of our work as applied to this special case can be summarized as follows.

Theorem 8 For the game Go(7,€), open loop saddle controls exist. They are independent of T and
& in the following sense: there ezist measurable functions ucc(-) and v (-) on (—oo, T| such that, for
any (7,£), the restrictions of uxo(-) and vo(-) to [r,T] give saddle controls for the game Go(7,£). If
additionally the cost function f(t,u,v) is strictly convez in u, strictly concave in v, then the controls

are unique and continvous in t. In this case, the Hamiltonian H(t,z,y) is differentiable in (z,y)
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and characterizes the t;m'que equilibrium trajectory: an arc z(-) is the equilibrium of the game if and
only if there ezists a y(-) with ~y(T) = d and such that for almost all t € [r,T]
~y(t) VH(t,z(t),y(t)),
£(t) = V, H(t, z(t),y(t).

We conclude the introduction with remarks on differential games in the more standard setting
of closed-loop controls. There, players choose stra.tégi% as functions of both time and state, U :
(=00, T]x R™ - R* and V : (~00,T] x R" — R'. Given an initial condition (5.2), these strategies,
and the dynamics (5.1), determine the instantaneous controls by u(t) = U(t,z(t)) and v(t) =
V (¢, z(t)), and the cost §(r,&,U(-, ), V(-,-)). The closed-loop solutions of the game are the strategies
U(-,-} and V(-,-) that provide a saddle point of the cost functional for every (7, £). It is known that
if 2(-) and 9(-) are open-loop solutions of the game with a specified initial condition, then by taking

Ult,z) =a(t), V(t,z)=1u()

one obtains closed-loop saddle strategies for this game; see Berkovitz [9]. Our results yield open-
loop controls independent of the initial condition, and so the above equations can be used to define
closed-loop strategies on (—00,T] x R™. Let Gg denote a closed-loop game much like Go(7,€) but
with no fixed initial condition. Skipping the technicalities than need to be addressed for Go to be

well-defined, we can conclude: there exist closed-loop solutions of the game G, depending only on

t. We do not pursue this topic further.

8.1 Assumptions

We now present the assumptions that are in effect in the remaining sections. The game described

by the equations (5.1)-(5.4) and the below assumptions will be referred to as Gg(r,8).

Assumption 2 The matrices A(t) € R™*", B(t) € R™** and C(t) € R™~ in (5.1) depend con-
tinuously on t € (—oo, T]. Control sets U(t,£) and V(7,£) are subsets of the the space of measurable
and locally integrable functions on [r,T]. The constraint sets in (5.3), P(t) C R* and Q(t) c R,

are nonempty, closed, convez, and depend measurably on t.

Measurable dependence of sets on time is defined and discussed in chapter 14 of Rockafellar and
Wets [45]. Sets depending continuously on time, constant sets in particular, have this property.
A natural generalization of the assumptions on the constraint sets P and Q might be to allow their

dependence on the state variable, that is, let u(t) € P(¢,z(t)) and u(t) € Q(t,z(t)). However, this
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can lead to the set of feasible pairs of controls (u(-),v(-)) not being a product set in U(T, £) x V(1,§),
as it is when the constraints have the form (5.3). For an example, look at the game where z(0) = 0,
z(t) = u(t), and the controls are constrained by u(t) € [0,1] and v(t) = z(t). In such cases, it is
unclear what the notions of an equilibrium and the value of the game should be. We do not address

this issue, preferring to work with the constraints given by (5.3).

Assumption 3 The function f : (—oo,T] x R* x R' — R has the following properties: f(t,u,v) is
measurable in t for every (u,v), continuous in (u,v) € P(t) x Q(t) for every t, convez in u for every

(t,v) and concave in v for every (t,u). The set where f(t,-,-) is finite-valued is P(t) x Q(t)-

Under this assumption, the cost functional $(r, £, u(-),v(-)) is convex in the control u{-) for fixed
(T,€,v(-)) and concave in the control v(:) for fixed (r,&,u(-)). Note that, due to convexity and
concavity assumptions, we must have f(t,u,v) = +o0o when u &€ P(t), v € Q(¢t) and f(t,u,v) = —00
when u € P(t), v € Q(¢t).

An example of how such a cost function could arise is furnished by the following situation. For
every time t € (—oo0, T] we are given a finite convex-concave cost function fo(t,-,-) : R:x R 5 R
In particular, this implies that fo(t,-,-) is continuous, see Rockafellar [34], Theorem 35.1. We can
incorporate the constraints (5.3) into the cost function by defining

fo(t,u,v) u € P(t) and v € Q(¢),
fitu,v) = +00 u g P(t),
—00 u € P(t) and v € Q(¢).
Note that changing the values of the cost function outside the set P(t) x Q(t) does not change the
game. In particular, to fit our framework, we can change the property (c) of the special game G

defined in the introduction to the following one:

(¢’) The cost function f(t,u,v) is obtained in the above described way from a function fo(t,u,v)

which is continuous on (—o0, T] x R* x R', convex in u and concave in v.

This will allow us to apply the general results of this work to the special game Gy.

As a matter of fact, any game with linear dynamics and with a cost function f(¢, z,u,v) that is
convex in (z,u) for fixed (t,v), concave in (z,v) for fixed (t,u) can be reduced to a game discussed
here. Indeed, these properties imply an affine dependence of the cost function f on the space variable
z, and by adding an extra variable to the dynamics we get the form (5.4).

Assumption 4 For any u(-) € U(7,&) and v(-}) € V(1,£) satisfying (5.3), f_rT ftu(t),v(t))dt is
finite.
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This restrictive-looking assumption is satisfied in particular when f(t, u,v) is continuous and the
controls are essentially bounded, or when f(t,u,v) is a quadratic expression in 4 and v with bounded

coefficients and the controls are L? functions.
Under these assumptions, the cost ®(r,&, u(:),v(:)) is well defined. A pair of controls (i(-), ¥(-))

is a saddle point (a Nash equilibrium) of ®(7,&,u(-),v(-)) over U(r, &) x V(r,§) if (a(-),5(-)) €
U(T,€) x V(1,€), and for any (u(-),v(:)) € U(T,€) x V(7,&) the following is satisfied

@(Tr Eyﬁ(')rv(')) 5 Q(Tr E:ﬁ(')aﬁ(')) S Q(T,E,u('),ﬁ('))- (56)
Assumption 5 For every t € (—o0,T] and every (p,q) € R* x R'

sup inf {p-u+q-v—f(t,u,v)}= inf sup {p-u+gq-v—f(t,uv)} (5.7)
u€P(t) veQ(t) vEQ(t) u€P(t)

and the common value is finite.

This assumption, by 37.6.1 in Rockafellar [34], is automatically satisfied when the sets P(t) and
Q(t) are nonempty and compact, and f(¢,-,) is any convex-concave function, finite on P(t) x Q(t).
More general conditions for finiteness of f*(:,-) were developed in Proposition 1 and Corollary 1.
Because of the structure of f as described in Assumption 3 , it is irrelevant whether the infimum
and supremum in (5.7) are taken over u € P(t) and v € Q(t) or u € R* and v € R'. Under the

condition (5.7), the class of functions conjugate in the convex-concave sense to the cost function f

consists of one function f* : (~o00,T] x R* x R' = R, given by

f.(t1p1Q) = sup inf{p~u+q-v—f(t,u,'u)}
u€ER* veR!

= inf sup {p-u+gq-v— f(t,u,v)}.
veER! ue R*

The function f*(t,p,q) is convex in p, concave in g, and locally Lipschitz continuous in (p, q).
Recall that Go(7,€£) is the game described by equations (5.1)-(5.4), with the properties (a), (b)

and (c’). Remarks made in this section imply the following:

Proposition 36 The game Go(r,£) satisfies the assumptions in this section. If in addition the cost
function is strictly convez in u, strictly concave in v, then f*(t,p,q) is differentiable in (p,q).

5.2 Necessary and sufficient saddle condition

To proceed with reducing the saddle point problem for an integral functional to the saddle point
problem for the integrand function, we need the notion of decomposable sets of functions, which is a

slight modification of the notion of decomposable spaces. This, and other notions used in this section,
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like normal integrands and measurability of set valued mappings, are discussed in Rockafellar and
Wets [45], chapter 14.

Let Z be a set of measurable functions z : [r,T] - R™, and let R(t) C R™ be a nonempty
set depending measurably on t. Define Zg to be the set of all z € Z such that z(t) € R(t) almost
everywhere on [7,7]. The set Z is called decomposable with respect to R(-) if for every function
zo € Zg, every measurable set W C [r,T], and any bounded, measurable function z; : W — R™
such that z),(¢t) € R(t) for almost every t € W, Z contains the function given by

{ zo(t) forte [r,T]\ W,
z(t) =
z1(¢) fort e W.
If R(t) = IR™ for almost all t € [r,T], we call the set Z decomposable. Note that in that case,
Z is also decomposable with respect to any other constraint set R'(-). Decomposable spaces, as
defined in [45], are decomposable sets. An example of decomposable spaces is provided by LP
spaces. On the other extreme, discrete sets of functions consisting of more than one function can
not be decomposable if R(t) is convex and is not a singleton for almost every ¢.

Recall that the auxiliary saddle function S(¢,u,v), given by (5.5), is finite only for (u,v) €
P(t) x Q(t). Therefore, the saddle points of S(t, u,v) over P(t) x Q(t) are the same as over R* x R';
see 36.3 in Rockafellar (34]. Statement (5.8) in the following theorem can be understood in either

sense.
Proposition 37 Any pair of controls (4(-),T(-)) € U(, ) x V(r,£) satisfying
(a(t),0(t)) is a saddle point of S(t,u,v) for almost all t € [r,T] (5.8)

is a saddle point of ®(7, £, u(-),v(-)). Conversely, ifU(r,£) and V(7,£) are decomposable with respect
to P(-) and Q(-), and if a saddle point (@(-),5(-)) of ®(r, &, u(-),v(-)) exists, then (5.8) holds.

Corollary 16 If U(T,£) and V(7,£) are decomposable with respect to P(-) and Q(-), as is the case
when U(T,£) and V(1,€) are LP spaces, the following statements are equivalent:

(a) A pair of controls (a(-),v(-)) € U(T,€) x V(r,§) is a solution of the game G(T,£).

(b) (@(t),u(t)) is a saddle point of S(t,u,v) for almost all t € [7,T].

The proof of Proposition 37 is an application of the following facts, which easily follow from 14.60
in Rockafellar and Wets [45].
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Lemma 37 Letv: [a,b]x R"xR™ — R be g function such that t — v(t, u(t),v(t)) is measurable for
any u(-) €U, v(-) € V, where U and V are some sets of measurable functions. Define ['(u(-),v(:)) =

L2 (e, u(), v(t))dt.

(a) If i(-) € U and ©(-) € V are such that (u(t),7(t)) is a saddle point of «(t,-,-) over R™ x R™
for almost all t € [a,b], then (3(-),T(-)) is c saddle point for I'(-,-) over U x V.

Assume additionally that U and V are decomposable and that (t,u) — ~(t,u,v(t)) and (¢t,v) —
—(t, u(t),v) are normal integrands for any u(-) € U, v(-) € V.

(6) If (a(-),v(-)) is a saddle point for I'(-,-) over U x V, and the saddle value is finite, then
(@(t),9(t)) is a saddle point for «(t,-,-) over R™ x R™ for almost all t € [a,}].

The additional assumption preceding part (b) above implies in particular that ¢ — (¢, u(t), v(t))
and t — —(t, u(t), v(t)) are measurable functions of ¢. An example of normal integrands is provided

by Caratheodory integrands — functions (t,z) — 7(t, z) measurable in ¢ and continuous in z.

Corollary 17 Let the assumption of decomposability of U and V in Lemma 37 be replaced by the
following. For some sets U(t) and V(t), depending measurably on t, with the property that, for
almost all t € [a,b], u(t) € U(t) and v(t) € V(t) whenever u(-) € U and v(-) € V, U is decomposable
with respect to U(-) and V is decomposable with respect to V(-). If (@(-),9(:)) is a saddle point for
[(-,-) over U x V, and the saddle value is finite, then (@(t),3(t)) is a saddle point for «(t,-,-) over
U(t) x V(t) for almost all t € [a,b].

This weakens the assumption of decomposability of & and V for the setting where the controls
need to satisfy some constraints. We will later apply this corollary to the case where the control
sets are U = {u(-) € U(T,€) | u(t) € P(t)a.e.fort € [1,T]} and V = {v(-) € V(1,€) | v(t) €
Q(t) a. e. for t € [1,T]}, and the sets P(-) and Q(-) play the role of U(-) and V'(-).

Proposition 38 The function (t,u) — f(t,u,v(t)) is a normal integrand for any measurable v(-)
such that v(t) € Q(t) almost everywhere in [r,T]. Symmetrically, (t,u) = —f(t,u(t),v) is a normal
integrand for any measurable u(-) such that u(t) € P(t) almost everywhere in [, T].

Proof. First assume that v(t) € Q(t) almost everywhere in [,T]. Then we have f(-,-,v(:)) =
fC, - v()) where f(t,u,v) = f(t,u,v) when v € Q(t) and f(t,u,v) = +00 elsewhere. We can view
f as a sum of a Caratheodory integrand f and an indicator of P(t) x Q(t), so according to 14.32 in

[45], f is a normal integrand. The mentioned f can be, for example

f(t,u,0) = £ (6, Mp(ey xqeey (4, v))
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where IIs is the projection onto the set S. The expression Ip(e)xq(e) ((u,v)), by 14.17 in [45], is
measurable in ¢, so also f is measurable in ¢ for fixed (u,v). For a fixed time ¢, the projection is

continuous in (u,v), so the same property holds for f. Thus f is a Caratheodory integrand. The

proof of the second part of the lemma is parallel. a

Proof of Proposition 37. Given the controls u(-) and v(-), and the initial condition (5.2), we

obtain the trajectory

z(t) = A(t, T)E+ /t A(t, s) (B(s)u(s) + C(s)v(s))ds. (5.9)
The cost (5.4) can be rewritten as

T T
/ £t u(), v(e))dt +d - ( / A(T,s)(B(s)u(s)+C(s)v(s))ds+A(T,r)§)

T
= / [f(t, u(t),v(t)) +d- AT, t)(B(t)u(t) + C(t)u(t))]dt +d - A(T,7)E. (5.10)

The last term in the last expression is independent of the controls. To find the saddle point of (5.10)
we can then concentrate on the integral part of this expression. Part (a) of Lemma 37 implies that
condition (5.8) is sufficient. We now prove it is also necessary. The expression d - A(T,t)(B(t)u +
C(t)v) is continuous in (¢,u,v). Thus it is a normal integrand in (¢, u) for a fixed v(-), and its negative
is a normal integrand in (¢,v) for a fixed u(-). Similar properties hold for f(t,u,v), by Lemma 38,
and then, also for the the integrand in (5.10). The last statement follows from the fact that a sum of
normal integrands is a normal integrand. Let (4(-), U(-)) be a saddle point of ®(7,&,u(:),v(-)). Then
(-) and 9(-) satisfy (5.3) and, by Assumption 4, the value of (5.10) for these controls is finite. The
assumption of decomposability of U(r, §) with respect to P(t) implies in particular that the set U, as
defined in the comments following Corollary 17, is decomposable with respect to P(t). Symmetric
statements can be made for V(7,£). Applying Lemma 37 and Corollary 17 to the control sets U, V
and the constraint sets P(t), Q(t) finishes the proof. a

We note that the assumptions of convexity and concavity were not crucial in this section. The

results could be stated in greater generality. We refrain from this, and analyze the special meaning

of (5.8) for convex-concave costs.
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5.3 Existence of saddle controls

The condition that (i(t),#(t)) be a saddle point of S(t,u,v) is equivalent, by 37.4 in Rockafellar

[34], to either of the following expressions:
(- B ®A(T,)d, ~C* (1) A°(T, 1)d) € Bf (t,5(t), 9(t)), (5.11)

(@(t), 5(t)) € Bf*(t, ~B* () A°(T, t)d, -C" () A" (T, 8)d).. (5.12)

In the above formulas and in the sequel, A*(T,t), B*(t) and C*(t) denote the transposes of the
matrices A(T,t), B(t) and C(t).

Proposition 39 Measurable controls u(-) and v(-) satisfying (5.12) for t € (—oo,T] exist.

(a) If, for every fized (p,q), f*(t,p,q) is locally summable in t, the controls are locally L' functions.

(b) If f*(t,p,q) is continuous in (t,p,q), then the controls are locally L™ functions.

Proof. Since f*(¢,p,q) is finite, the right side of the inclusion (5.12) is a nonempty compact convex
set. We now argue that it depends measurably on t. For fixed p and ¢, f*(t,p,q) is measurable in
t. It follows from the fact that conjugacy in the convex sense preserves measurability in time —
applying this twice to f(-,u,v) gives us measurability of f*(¢,p, g). Measurability in ¢t and continuity
in (p, ¢) means that f°(t,p,q) is a Caratheodory integrand, so also a normal integrand. By Lemma
1 we have
af*(t, B*(t)y(t), C* (t)y(t)) = cond*f* (¢, B*(t)y(¢), C* (t)y(2))-

The subdifferential on the right side depends measurably on time, by 14.56 in [45]. Taking the
convex hull preserves measurability, by 14.12 in [45]. Therefore, the right side of the inclusion (5.12) is
measurable in time, with nonempty compact convex values. By 14.6 in (45], there exists a measurable
selection, that is, a pair of measurable functions u(-) and v(-) satisfying (5.12). Applying Lemma 3
from Rockafellar [35] to the function f*(t,p,q) implies part (a). If f*(¢,p,q) is continuous, then it
is epi-hypo continuous in ¢, which implies the graphical continuity of 8f*(¢,-,-) — see Rockafellar
[44]. In particular, the graph of 8f°(¢,p, q) is locally bounded. For t € [r, T},

(t,=B*(t)A*(T,t)d,—C*(t)A°(T,t)d) € K

for some compact set K, so the right side of the inclusion (5.12) is bounded. This implies part (b).
a



108

Corollary 18 If the condition of part (a) of Theorem $9 holds and the control sets U(t,£) and
V(7,§) contain all locally integrable functions, or, if the condition of part (b) of Theorem 89 holds
and the control sets U(T,€) and V(r,£) contain all essentially bounded functions, then there ezist

solutions to the game G(7,€). The solutions are independent of T and £.

The independence of the solutions on the initial condition was explained in the introduction, in

Theorem 8.
In the case where f(t,u,v) = g(t,u) — h(t,v) for some functions g(t,u) and h(t,v) convex in

u and v, the conjugate function is f*(¢,p,q) = g°*(¢t,p) — h°(t,q). Here, g°(¢,-) and h*(¢,-) denote

convex functions conjugate to g(¢,-) and h(t,-). Condition (5.12) can be written as
a(t) € 8g" (t, —B*(£)A*(T, t)d) and - @(t) € AR (t, —C* (1) A" (T, t)d).

In this case, not only do the saddle controls @(-) and #(-) not depend on T and &, but they can
be chosen independently of each other. Indeed, to choose #i(-), Player One only needs to know the
function g(-,-) and matrices A and B. That player’s choice does not depend on h(-,-) or C.

5.4 Hamiltonian system and the value function

We define the Hamiltonian, namely the function H : (-00,7T] x R"™ x R™ - R, as the saddle value
of the concave-convex function (u,v) = y - (A(t)z + B(t)u + C(t)v) — f(t,u,v), that is

H(t,z,y) = supinf {y - (A(t)z + B(t)u + C(t)v) — f(t,u,v)}.

By the definition of f*, we obtain
H(t,z,y) =y- A(t)z + f°(t, B*(t)y, C" (t)y). (5.13)

We now give another characterization of saddle controls, in terms of Clarke subdifferential 8°H of

the Hamiltonian. For any locally Lipschitz function (-),
9°Y(2) = con{lim Vy(z*) | z¥ = z} (5.14)

where the limits are taken over all sequences {z*} of points where 1 is differentiable. Below,
0°H(t,z,y) denotes the Clarke subgradient of H(¢,-,-). Whenever f*(¢,p, q) is differentiable in (p, g),
the Hamiltonian is differentiable in (z,y), and 8°H(t,z,y) reduces to V. H(t,z,y) x V H(t,z,y).

Note that since f(t,-,-) is a finite convex-concave function, the proof of Lemma 1 shows that

8f*(t,p,q) =3 f*(t.p,q).



109

Proposition 40 If the Hamiltonian inclusion
(—y(t),z(t)) € 8°H(t,z(t), y(¢)) (5.15)

holds for almost all t € [7,T] and

~y(T)=d (5.16)
then z(-) satisfies the dynamics (5.1) for some controls u(-) and v(-) satisfying the saddle condi-
tion (5.12). If, for every t € [1,T], either f*(t,p,-) is differentiable for every p, or f*(t,-,q) is

differentiable for every q, then the reverse implication holds.
Proof. Directly from the definition (5.14) we get that
O°H(t,z,y) € (4" (), A)z + [B(8), C ()] 0°F*(t, B (8)y,C" (8)y)) (5.17)

where 9°f*(t,p,q) denotes the Clarke subdifferential of f*(¢t,p,q) in (p,q). The Hamiltonian condi-
tion (5.15) now reduces to )
-y(t) = A*(t)y(t),
z(t) € A(t)z(t) + [B(t), C(8)] 6°f(t, B*(t)y(t), C*(t)y(t))-
The first equation, combined with the transversality condition (5.16) implies y(¢t) = —A*(T,t)d. We
now concentrate on the second inclusion. The Clarke subdifferential 3°f*(¢, -, -) is equal to 3f*(¢, -, -).

The inclusion becomes
z(t) € A(t)z(t) + [B(t),C(2)] £ (¢, B*(t)y(t), C"(t)y(2)).

By remarks made in the proof of Theorem 39, df*(¢t, B*(t)y(t), C*(¢t)y(t)) is measurable in t. Let
E(t) = [B(t),C(t)]. The mapping (t,w) = E(t)w is a Caratheodory mapping. For almost all
t € [r,T], there exists a w € 8f°(t, BT (t)y(t), CT(t)y(t)) such that E(t)w € z(t) — A(t)z(t), and
the mapping on the right side of the inclusion is single, so closed, valued and measurable. We
can extend this mapping to the whole interval [r,T] by assigning it an empty value whenever Z(t)
does not exist, this does not change the closed-valuedness or measurability. Theorem 14.16 in
(45] implies that there exists a measurable w(-) defined on a full measure subset S C [r,T], with

w(t) € 8f*(t, BT()y(t), CT (t)y(t)) for all t € S such that
£(t) = A(t)z(t) + E(t)w(t).

We can now write w(t) as (u(t), v(t)), where (u(-),v(-)) satisfies (5.12), since y(t) = —A*(T,t)d. The

first part of the theorem is proved.
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Now assume that for a fixed ¢, f*(t,p,-) is differentiable for every p. Then f*(t,-,) is subdiffer-
entially regular at (B*(t)y, C*(t)y) in the sense of 7.25 in [45], and by 10.6 in [45],

[B(£),C(8)] 8°f (¢, B*(t)y, C"(t)y)

is the Clarke subdifferential of f*(¢,-,-) at (B*(t)y,C*(t)y) with respect to y. The inclusion (5.17)
becomes an equation and all of the above arguments can be reversed. If f*(t,-,q) is differentiable,

we can make an argument, similar to the one above, for the function — f*(¢,-, g). a

Corollary 19 Assume that z(-) with z(7) = £ and y(-) with —y(T) = d satisfy the Hamiltonian
inclusion (5.15) for almost all t € [1,T]. Then z(-) is an equilibrium trajectory of the game G(7,§).

The value W (7,£) of the game is defined to be the saddle value of the game G(r,£). Let U
and V be some sets of controls on the interval (—oo,T], such that any measurable and locally
integrable solution (@(-),T(-)) of (5.12) satisfies i(-) € U/ and ¥(-) € V. Assume that for every
(1,€) € (—o0,T] x IR™, the control sets U(T,&) and V(7,€) are the restrictions of & and V to the
interval [r,T]. Then the value function W (-, -) is well defined. In particular, there exist measurable
and locally integrable functions i (-) and Uxo(:) on (—o0,T] such that for every (r,£), the value
function is given by W(r,&) = ®(r,§,14(-), 9(-)) where 4(-) and ¥(-) are the restrictions of i, (-) and

Uoo(-) to [, T]. Looking at the cost expression in (5.10) we get that for almost all (7, £),
VeW(r,€) = AT, 1)d,
W.(r,€) = —f(1,a(r),5(r)) — d- AT, 7) (4 + Ba(r) + Ci(n)).
Whenever both partial derivatives exist, the Hamilton-Jacobi equation holds:
Wi (r, &) + H(1,€, -V W(r,€)) =0. (5.18)
More can be said in the case where the functions @4 (-) and 7, (-) are continuous.

Proposition 41 Assume that f*(-,-,-) is continuous in all three variables and for all t € (—o00,T],

f(t,+, ) is differentiable. Then the value function W (-,-) is continuously differentiable and satisfies

the Hamilton-Jacobi equation (5.18).
The Hamilton-Jacobi equation allows us to rewrite the auxiliary saddle function (5.5) as

S(t,u,v) = f(t,u,v) + V:W(r,£)(B(t)u + C(t)v). (5.19)
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Theorem 5.8 states that any controls 4(-), #(-) such that (&(t), 9(t)) is a saddle point of (5.19) almost
everywhere are saddle controls of the game. A similar result was obtained by Subbotin [49], under
different assumptions and in the setting of closed loop controls. A solution of (3.12) was used there

to generate closed loop saddle controls of the game, as saddle points of (5.19).
If in addition to the assumptions of the above theorem, the Hamiltonian function is Lipschitz

continuous in the y variable, the value function is the unique solution of (5.18) with the boundary
condition

W(T,§ =d-€ (5.20)

not only in the classical sense, but in the minimax sense. For definitions and the proof, see Subbotin,
(49]. Note that the Hamiltonian is Lipschitz continuous in y in particular when f*(t,-,-) has this
property. Recall that by Proposition 2, f*(¢,-,-) is globally Lipschitz continuous if and only if the

control sets P(t) and Q(t), are bounded.
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Appendix A

EXAMPLES OF NUMERICAL SIMULATION

Numerical implementation of the Hamiltonian evolution of the subdifferential of the value func-
tion was mentioned already in the introduction, as a topic for future research. In this chapter, we
explore this idea in a few simple cases. Each of the examples on the following pages is an extended
linear-quadratic problem, with one-dimensional state and control spaces, moreover, the set V is
one-dimensional. Terminal costs and the Hamiltonian functions are always differentiable.

For each sample control problem, we graph the evolution of V¢V (7, ), the value function V'(-,-),
the optimal feedback mapping é(-,-), and the optimal control at time T — 1. The idea behind the

numerical simulation is as follows.

0. Obtain points (z;(T),y:(T)) € gphVf = gph VV(T,-), with z;(T) coming from a uniform

subdivision of some set - interval [-2,2] in the examples.
1. Evaluate the gradient of the function J*(-,-) at each (z:(T), yi(T)).

2. Obtain points (z:(T — dt),y:(T — ét)) € gph Ve V(T — 1,-) by implementing the flow idea:

(z:(T — At),yi(T — At)) = (z:(T), y:(T)) — AtVH™ (2i(T), y(T))-

3. Repeat steps 1, 2, and 3 for T — 2A¢, T — 3At, etc.

The above idea produces a mesh of points (z;(T — kAt), y:(T — kAt)), with y;(T — kAt) = V V(T -
kAt,z;(T — kAt)). We can recover the value function itself by integrating, for a fixed k, and noticing
that in all examples, V(r,0) = 0 for all 7. Notice that step 1. above automatically produces the
optimal feedback mapping ¢(T' —kAt, z;(T—kAt)), as the first coordinate of VJ*(z;(T —kAt), y:i(T -

kAL)).
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Cost functional, dynamics and control constraints:
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For further illustration, we show the flow for Hamiltonians H~(-,) corresponding to examples cov-

ered in figures 1, 2, and 3. Arrows show the direction of the flow.

DT

Figure A.7: Hamiltonian flows
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