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The concept of hierarchical structures prevails among scientific points of view on complex systems.
From one level to another in a hierarchical structure, with proper scales in both space and time,
entire new laws emerge in the limits. Not only in natural science, but in formal science, mathemati-
cians have widely applied this idea of scaling to prove several celebrated limit theorems. In the
first part of the present work, new limit laws in conditional probability are shown. These new laws
can be regarded as the mathematical foundation of Gibbisian canonical ensemble theory. Based
on the new laws, the canonical ensemble theory can be generalized to strongly coupled heteroge-
neous systems. Another parallel canonical ensemble theory by Boltzmann is also discussed with
applications to sample frequencies of the phenotype among a population of cells. In the second
part, asymptotic behaviors of nonlinear dynamical systems under random perturbations have a full
analysis. In particular, an underlying kinematic basis of the landscape of the dynamics emerges in
the deterministic limit. These results provide a lens for helping us look through stochastic limit-
cycle oscillations from different perspectives. In addition, entropy, entropy production, free energy
dissipation of complex dynamics at the mesoscopic scale and the corresponding limiting behaviors

at the macroscopic scale are depicted by the language of probability theory.
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Chapter 1

INTRODUCTION

Hierarchical structures are ubiquitous in complex systems. As the American theoretical physi-
cist and Nobel laureate P. W. Anderson stated that [3] “At each level of complexity entirely new
properties appear, and the understanding of the new behaviors requires research which I think is
as fundamental in its nature as any other”. He enumerated a series of different levels of complex
systems: few-body (particle) physics, many-body (statistical) physics, chemistry, molecular biol-
ogy, ..., physiology, psychology, and social sciences. Beyond these hierarchical structures, an extra
“middle world” can be introduced as a bridge between each pair of two adjacent levels. At the
lower level, each elementary entity obeys its simple laws; At the middle level, large number of
entities interact with each others to form a complex “many-body system” with all dynamical laws
become obscure; At the higher level, if the whole complex system is treated as a new entity then it
obeys entirely new laws called “emergent phenomena”. The existence of laws for each individual
dynamics at the both low and high levels but not the middle one may puzzle readers - Why simple
descriptions are legitimate at the both extremes? Are they ruled by independent laws? And what
does the role of this middle level play for? To unravel the secrets of this three level architecture
being a fundamental logic for complex systems, we should borrow some ideas from physics and

physical chemistry.

For complex systems, the three levels correspond nicely to three points of view in physics:
microscopic, mesoscopic, and macroscopic. “Microscopic physics is discrete, governed by proba-
blistic quantum mechanics and by a few simple laws, whereas the laws on macroscopic scale are
continuous, deterministic, and manifold” by the French-Armenian physicist R. Balian [8]. Fur-
thermore, as the Israeli physicist Y. Imry stated that [94] “The interest in studying systems in the

intermediate size range between microscopic and macroscopic is not only in order to understand



the the macroscopic limit and how it is achieved by, say, building up larger and larger clusters to
go from the molecule to the bulk. Many novel phenomena exist that are intrinsic to mesoscopic
systems.” It is now clear that the reasons for the existence of simple laws at microscopic and macro-
scopic scales are different: The former is due to our prior knowledge to describe states of a single
elementary entity. The later is an emergent phenomenon through limits of mesoscopic stochastic
dynamics; Taking a limit constitutes a mathematical idealization of the reality. Therefore, the mid-
dle world, mesoscopic view, plays crucial roles in bridging those two opposite extremes [86]. Now,
we are going to provide an “instruction manual” to build this bridge step by step: (i) introducing
variations to the complex systems; (ii) constructing a sequence of layers in the middle world.

The first step is about variations. Where do they come from? We consider many-body inter-
actions between individuals with large internal degrees of freedom as the origin of variations: If
an object has trillions of internal degrees of freedom, no two such objects can be exactly identi-
cal in classical dynamic sense; thus variations arise. In statistical mechanics, Gibbs’ probabilistic
approach to many-body problems gives equilibrium thermodynamics a systematic foundation in
terms of his theory of ensemble [80]. The term “ensemble” was coined for the identical copies of
the system of interest; the idea of ensemble in physics is corresponding to an independent and iden-
tically distributed (i.i.d.) random variables in statistics. Then the probability measure of an event is
defined in the original probability space as a prior knowledge and can be verified by the frequency
in a large sample size [203]. The existence of distribution laws in different types of ensembles in
physics and emergent laws in statistics is illuminating: Introducing the middle world with prob-
abilistic descriptions of variations could be a remedy for us to simplify the complexity. Further,
to have the “emergent” laws, we need to be equipped with another concept from mathematical
analysis.

The second step is about asymptotic analysis, which is a method of describing emergent behav-
ior at the higher level through a limiting process. For asymptotic analysis, we need to introduce
two fundamental concepts in mathematics: sequence and convergence in a probabilistic setting.
Our three level architecture has been related to the prevailing view of physicists (microscopic-

mesoscopic-macroscopic). Not only nature science, in formal science, mathematician has widely



applied this idea of level structure to prove limit theorems. For instance, to contruct a symmetric
k
random walk My = 3 _;_, X; by
+1 p=1/2,

X, = (1.1)
1 p=1/2.

The Eq. (1.1) gives us a simple rule for each walk at the lower level. (Note that this law has not

involved n yet.) Then we construct a scaled symmetric random walk W) = (Wt(n))tzg by
n 1 .
W = —M,,, if nt € Ny, (1.2)

where /n is to scale n-steps random walks properly. By constructing the sequence of Wt(n), the
“middle world” is divided into n layers. Finally, define a random variable W; := lim,,_,,, W, n),
Then W, ~ N(0,t). This emergent random variable, W; , is known as Brownian motion. Through
n — oo, we pass the lower level’s characteristics (discrete random walks) on to the higher level
(continuous Brownian motion). For the sake of the language of mathematics, we have a clearer
picture for the three level structure: (i) A set of equations to represent dynamics for one parti-
cle/within one unit of space/in one time step. (ii) A sequence for the equations labeled by n to
characterizes the size (scale) of the system (iii) as n — oo, the convergence gives rise to new laws.

In order to apply the above concept of mathematical limits as an idealization to the reality, here
I would like to paraphrase another very insightful statement by P.W. Anderson: ! “Starting with
the microscopic laws, we would have to do two unthinkable things - taking the mathematical limit
with infinitely many bodies, and then apply the result to a finite system - before we synthesized
the emergent behavior.” This statement paints a clear picture of why limit laws are not just abstract
concepts but really around us in the real world: Despite nearly all mathematical concepts involve
limits, e.g., infinitely many particles, infinitesimal Az distance, infinitely long time, etc., most
of the time when one applies such results to real engineering problems, certain finite number is

sufficient, e.g., 1000 is sufficiently many for certain particle system to satisfy thermodynamic

I'The original text reads [3] “Starting with the fundamental laws and a computer, we would have to do two impos-
sible things - solve a problem with infinitely many bodies, and then apply the result to a finite system - before we
synthesized this behavior.”



laws, 0.1 centimeter is sufficiently short to quantity an instantaneous change, and 1 minute can be
sufficiently long to reach a steady state. The “sufficiency” is corresponding to the “precision” of
measurement we can make in the experiment. In reality, there does not exist any perfectly precise
measurement. Having inevitably imperfect measurements, we are no longer able to “feel” that tiny
difference. Interestingly, emergent laws now become perfect depictions of the world around us.
Based on those two steps (variations and asymptotic analysis) and the illustration of applicabil-
ity of limit laws to the reality, we can further employ the “instruction manual” to simplify complex
systems in different fields. The three level architecture has not only been successfully related to the
prevailing view in physics, this concept can also be widely applied to the different fields of science
to understand natural science, e.g. biology. In terms of a general scientific method, ‘“‘separate-
levels” turns out to be a relative concept instead of using absolute scales to define “micro-" or
“macro-" in physics. For a biological example, a single cell could be either in microscopy or in
macroscopy, which totally depends on what system it is relative to. For a biochemist, he/she is
interested in a dynamical system of how various concentrations of metabolites change with time
(microscopic) in order to describe states of a single cell (macroscopic) [165]; On the other hand, for
a cell biologist, he/she is interested in population dynamics of how different types of cells grow and
interact with each other (microscopic) to determine the total growth rate and biological functions
of a tissue (macroscopic) [93]. In a nutshell, introducing “a sequence of mesoscopic variations”
should be the foundation stone for us to understand complex systems, and knowing several novel
phenomena from variations intrinsic to the middle world helps us seek a deeper understanding of

many intriguing and mysterious concepts in science.

1.1 Emergent limit laws in probability theory

We have mentioned “emergent phenomena” at several places. What is this concept? To make
an analogy, the impressionist artists were not trying to paint a realistic picture but rather capture
their images without detail. Appreciators change their feelings by looking at the paintings in differ-
ent distances or from different angles. Those changeable feelings are exactly emergent phenomena

under different conditions. It is not hard to find that mathematicians have already portrayed the



world in this way for a long time. The law of large numbers guarantees an emergent deterministic
behavior in the limit of large numbers; the central limit theorem tells us about the emergent nor-
mal distribution of local fluctuations around the mean on a proper scale; and the large deviation
theory studies an emergent rate function which depicts the asymptotic probability of rare events
approaching to zero. All those three laws are widely applied in science and engineering. On top
of that, the canonical ensemble to represent the probability of certain quantities in an open system,
which has an intrinsic randomness in equilibrium, has also been applied widely in several fields.
In Chapter 2, a new limit law of sequence of conditional probability distributions for the canonical
ensemble is introduced, which is based on joint work with H. Qian and Y. Zhu [31].

Having the new limit law as a mathematical foundation, a generalizing Gibbisian statistical
ensemble theory with its applications to statistical physics is further provided in Chapter 3, which
is based on joint work with H. Qian and W. Wang [32]: In the applications of statistical thermody-
namics, from condensed matter physics to biophysical chemistry, it is broadly accepted that Gibbs’
probabilistic approach to many-body problems is more powerful and efficient than the determinis-
tic Newtonian mechanics [102]. Another parallel canonical ensemble theory by Boltzmann is also
discussed with applications to sample frequencies of the phenotype among a population of cells in
Chapter 4, which is based on joint work with H. Qian [168]. We now understand why this success:
Actually the entire program of Boltzmann and Gibbs are a part of the mathematical theory of limit
theorems in probability beyond the Law of Large Numbers and the Central Limit Theorems. In-
deed, not only macroscopic equilibrium thermodynamics is an emergent phenomenon, the Gibbs’

theory itself is a corollary of a limit law from the theory of conditional probability [32].

1.2 Stochastic dynamics of complex systems

In Chapter 5, emergent energetics of stochastic dynamics is established on the basis of kine-
matics, which is joint work with H. Qian and Y.-J. Yang [170]. Before introducing the concept of
stochastic dynamics to portray complex systems, it is worth noting another new emerging field -
information theory - plays an important role in different fields of engineering and science [180] and

it has also been increasingly applied in complex systems [36]. Additionally, we need to introduce



a more fundamental concept - a stochastic process - as the foundation of our theories. A stochastic
process is represented by a collection of random variables which is a set of measurable functions
indexed by time [95]. Using stochastic differential equations (SDEs) to model a process is based
on the relationship between a “random motion” X (¢) and its “random velocity” X (¢). We can see
the remarkable resemblance between the role of SDEs in a stochastic dynamical system and the

role of kinematics in a deterministic dynamical system.

In order to seek a deeper understanding of hidden dynamical laws behind a stochastic process,
there are two different approaches: (i) data-based stochastic models to unravel the secrets of natu-
ral laws (i1) mechanism-based stochastic models (stochastic dynamics) to depict complex systems
by the language of probability theory. A set of random variables is defined as the probabilistic
representation for a stochastic process; On top of that, a data-based model for the process is relied
on the statistical representation; in contrast, mechanism-based stochastic dynamics is character-
ized by the informational representation. The above ternary representation of stochastic change is
illustrated in my recent joint work with L. F. Thompson and H. Qian [169]. Now, it is clear that
stochastic dynamics is “a stochastic process + mechanism”. To make an analogy, in deterministic
models, dynamics is “kinematics + natural laws”. The following statement provides us an answer
for how mechanisms of the stochastic dynamics can be illustrated by the information which is
centered around the concept of entropy and entropy force in dynamics: Seeking for mechanisms
means we want to understand the causality. When we talk about the causality, we have already
implied the existence of “force” in the system. The force is a well-established quantity in deter-
ministic Newtonian mechanics: F' = ma provides us a law of motion in deterministic dynamics.

But what is the “force” in stochastic dynamics?

A stochastic dynamics may reach a stationary state in the long run and this state can be charac-
terized by an invariant probability distribution. In fact, more often than not this invariant measure
is the first “intrinsic, non-trivial measure” of a stochastic dynamical system! This description of
stochastic dynamics by the invariant distribution of stationary state is distinct to the stationary
states in deterministic dynamics, which conventionally mean fixed points, or limit sets such as a

stable limit cycle in the phase space. For the stable limit cycle, an periodic oscillation is a deter-



ministic behavior which is different from the random oscillation as a state of stochastic dynamics
in the long run. To connect those two oscillations, stochastic limit-cycle oscillations of a nonlinear
system is an example including both of those two types of oscillations, one is periodic from an
intrinsic drift and the other one is given by the noises from a diffusion term. In chapter 6, a joint
work with Hong Qian for stochastic limit-cycle oscillations of a nonlinear system under random

perturbations is provided for further discussions in detail.



Part 1

ASYMPTOTIC BEHAVIORS OF CONDITIONAL PROBABILITY
DISTRIBUTIONS



Chapter 2

ASYMPTOTIC BEHAVIOR OF A SEQUENCE OF CONDITIONAL
PROBABILITY DISTRIBUTIONS AND THE CANONICAL ENSEMBLE

This chapter is based on joint work with Hong Qian and Yizhe Zhu [31].

2.1 Introduction

The canonical ensemble with mechanical energy distribution in an exponential form is the cen-
terpiece of equilibrium statistical mechanics. It represents a weight for a microstate of a system in
thermal equilibrium with its surrounding heat bath at a fixed temperature, where the bath is usually
considered much larger in comparison. The theory has wide applications from condensed matter
physics to biophysical chemistry [40, 16]. In textbooks, there are currently two heuristic justifica-
tions for the exponential factor. One is the original derivation by L. Boltzmann in 1877 based on
an ideal gas [181], another is based on the notion of a large heat bath and a small system within,
extensively discussed by J. W. Gibbs in his 1902 magnum opus [80]. After an extensive discussion
of the properties of an invariant measure including demonstrating it has to be a function of the
mechanical energy, however, Gibbs did not attempt to derive the canonical distribution; rather he
simply stated that an exponential form “seems to represent the most simple case conceivable”.

Boltzmann’s derivation was based on the idea of most probable frequency under the constraint
of given total energy. In the process he recognized the entropy S = —N ). f;log f; from the
multinomial distribution, where NV is the number of gas molecules, and ¢ represents a distinct
molecule state with kinetic energy e;. This derivation preceded both the modern theory of large
deviations [38, 193] as well as the principles of maximum entropy (MaxEnt) championed by E.
T. Jaynes [99, 154]. In terms of the contraction principle in the former, Boltzmann computed

the large-deviation rate function for a sample frequency conditioned on a given sample mean of



10

energy instead of obtaining the rate function for the random variable. This approach has now been
made rigorous under the heading of the Gibbs conditioning principle [188, 38]. MaxEnt, on the
other hand, plays a pivotal role in information theory and machine learning [98, 1]. In the 1980s,
Boltzmann’s logic was also rigorously developed into providing a connection between maximum
entropy and conditional probability [217, 196].

Gibbs’ theory for the canonical distribution was based on the concept of heat bath. In [80],
he noted that the distribution with the exponential form had “the property that when the system
consists of parts with separate energies, the laws of the distribution in the phase of the separate parts
are of the same nature”. Having energy E4 for the microstate A of the small system and E'z for the
microstate B of the heat bath, Gibbs assumed the phase-space distributions follow (i) additivity:
P(A, B) = P(A + B) (ii) independence: P(A, B) = P(A)P(B). Under those two assumptions,
the only possible probability distribution for A is exponential: P(A) o e**4. Furthermore, all
small systems in contact with the same bath share the same parameter A\, which means they are of
the “same nature”. By assuming that every small system follows the conjugate distribution laws
(a family of single parameter exponential priors), A. Ya. Khinchin [108] rigorously proved Gibbs’

assertion of the common A and further showed that it is determined by the given total energy.

The aim of the paper is to find a rigorous origin of the exponential weight itself for the canonical
distribution from the standpoint of a heat bath. We were inspired by a very widely used derivation
in standard statistical physics textbooks - based on Taylor’s expansion of the entropy function of
a heat bath [120, 92, 134]. The present work formulates this approach rigorously in probabilistic
terms and then gives a proof. We indeed have obtained a rather general new mathematical theorem.
The results can be applied back to particular scenarios in statistical physics under corresponding
assumptions. Our theorems have clarified the notions of additivity, independency, and the vague
“same natures of systems”. The last is actually a corollary of the existence and uniqueness of a sin-
gle parameter in the exponential form of the canonical distribution, and independency is equivalent
to additivity of energy functions of two systems during the map from a phase space to its corre-
sponding energy space. We shall emphasize that independency of two systems is a special case of

our theorem; the parameter then only depends on fluctuations of the heat bath but independent of



11

the small system.

Our results are obtained based on two mathematical ideas: conditional probability and asymp-
totics. We use a Gedankenexperiment to illustrate the crucial role of the former - conditional
probability - in our theorems: Let Z := X + Y, where X is a random variable for some function
(e.g., energy) of a subsystem and Y describes the same quantity in the heat bath. If one is only
interested in the static statistics of X, there is a way to set up an experiment: Let Z(t) be a fluctu-
ating total mechanical energy as a function of time, and its distribution has a support on D C R™,
but one selects only those measurements for X (¢) that simultaneously have Z(t) € I C D. In the
language of mathematics, this thought experiment is about the conditional probability of X (¢) con-
ditioned on the event Z(t) € I. Why is this thought experiment regarding conditional probability
very much in line with the physicist’s picture of a canonical ensemble? The answer is in the idea
of time-scale separation, which involves three different time scales. The first time scale is for the
subsystem X (¢) to reach its equilibrium, the second time scale is to restrict the total system Z(t)
to be fluctuating inside a finite interval /, and the third time scale is for Z(t) to reach its equilib-
rium. And the first one is much shorter than the second one, which is much shorter than the third
one. Based on this framework of time-scale separation, the canonical ensemble is the statistical
ensemble that represents the possible outcomes of the system of interest on the second time scale,
1.e., when the subsystem has reached its equilibrium, but the total system is still “constrained” in a

certain interval.

In fact, having its own stationary distribution of the total system (if it evolves long enough)
is very significant for the theory of conditional probability for two reasons: (1) knowing the fluc-
tuation of the large system is necessary to define the conditional probability mathematically and
(2) to perturb the given condition of the total system to see how it has effects on the subsystem
is the essence of our theory of the canonical distribution. In other words, even though the origi-
nal problem is only about the behavior of X (¢) when Z(t) € I, if we have more information of
Z(t) outside of I, we are able to seek a deeper understanding of the original problem. Not only
for the canonical ensemble, this idea of treating a given constraint (parameter) as a variable with

distribution has also been widely used in many other fields, for example, comparing the quenched
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and annealed invariance principles for the random conductance model [10], and in studying the
initial-condition naturalness in the case of statistical mechanics [206].

Mathematically using conditional probability to understand Gibbs measure has a long history,
see O. E. Lanford [121], O. A. Vasicek [201], H. O. Georgii [78], and H. Touchette [195]. In
particular, on the basis of Boltzmann’s logic, using asymptotic conditional probability to describe
the canonical ensemble has been well-established through the Gibbs conditioning principle [188,
38]. More discussion of this is provided in Section 2.2 for a contradistinction with our own work. In
brief, the Gibbs conditioning principle addresses this question: Given a set A € R and a constraint

Z, € A, what are the limit points of the conditional probability
PXy<z|Z,€A) asn—o0? (2.1)

In Equation (2.1), Z,, = % Z?:l X, where X; are independent and identically distributed random
variables (i.i.d. random variables). We can identify that (2.1) is very similar to our setup for the
canonical distribution if we consider Z,, := % + Y, where Y,, = % Z?:Q X, 1s the measurable
function of the heat bath in our approach. However, Y,, in our setup could be defined in a much
more general way: we only require that Y;, converges to some random variable Y in distribution
(or the law of Y,, satisfies a large deviation principle) rather than has a special form as the sum
of independent and identically distributed random variables. In other words, the present work is
not a simple refinement of the Gibbs conditioning principle. Here we give a concrete example to
which our theorems can be applied but not the Gibbs conditioning principle: Let (o= &1+ Ny, and
N = Yo &, where {{;}7_, are strongly correlated and not identically distributed, and let ¢,, be
(~n with appropriate shifting and scaling such that ¢, has a limiting distribution (or satisfies a large
deviation principle). Subject to these conditions, the Gibbs conditioning principle would not be

applicable to find the limit points of the conditional probability
P& <z|(, €A asn— 0. (2.2)

The present work will show that the canonical distribution in this non-i.i.d. example could still exist

as a good approximation (Corollary 2.3.4) or the limiting distribution (Corollary 2.3.10, Corollary
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2.3.12) of the conditional probability (2.2). In fact, the setup for our theorems is very general in
statistical mechanics: (i) a subsystem in contact with a relatively large heat bath, which is including
but not limited to the model of a sum of many independent and identical subsystems; and (ii) the
subsystem and the heat bath can have weak or strong interaction.

Back to Equation (2.1), it seems that either using the Gibbs conditioning principle or using our
approach to derive the canonical distribution, both sides are asking a very similar question: what is
the asymptotic behavior of a conditional probability? However, based on the more general setup of
the conditional probability, our approach to the asymptotic behavior of this conditional probability
is very different from the Gibbs conditioning principle. For the Gibbs conditioning principle, it

transforms the original problem to a sampling problem: what are the limit points of
E[L,|L,€eTl] asn—o0? (2.3)

In Equation (2.3), L,, = % >, dx, is the corresponding empirical measure for Z,, and I = { :
[ xvy(dx) € A} is the corresponding constraint of Z,. In fact, even though this approach is called
the “Gibbs” conditioning principle, its logic exactly follows Boltzmann’s derivation of the canon-
ical ensemble. As a consequence of the Gibbs conditioning principle, it provides a mathematical
foundation of why using the maximum entropy principle with certain constraint works to find the
canonical distribution [217, 196].

On the other hand, our approach is direct to find the asymptotic behavior of conditional proba-
bility (2.1) on the basis of two things: (i) a measurable function of the subsystem is asymptotically
small relative to the function of the whole and (ii) the distribution of the measurable function of the
heat bath converges to a limiting distribution by appropriate shifting and scaling. Intuitively, under
this framework, the distribution of the measurable function of the subsystem shall consist of its un-
conditional distribution and a weight from a linear approximation of the limiting distribution of the
measurable function of the heat bath. As we mentioned above, our approach follows Gibbs’ theory
for the canonical distribution, which involved the idea of “heat bath” that contributes a “bias” to
the system. The common point of our approach and the Gibbs conditional principle is that both

sides started with a very similar question of fundamental importance in statistical mechanics and
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adopted the concept of conditional probability to describe that problem. However, the method of
solving the problem on each side has a very different philosophy, the Gibbs conditional principle is
about counting statistics by Boltzmann’s logic, and ours is inspired by the idea of a heat bath from

Gibbs.

Besides the conditional probability, we adopt a very powerful mathematical technique in our
theory: asymptotics. Indeed, asymptotics is not only a mathematical technique but also the essence
of statistical mechanics. The purpose of statistical mechanics is to derive equilibrium properties
of a macroscopic system with enormous numbers of molecules /N and occupying a very large
volume V, then that macroscopic equilibrium thermodynamics is an emergent phenomenon in
the limiting case when N — oo and V' — oo. Following on from this concept, we shall show
that the emergence of an exponential factor in the canonical ensemble is also a result of a limit
law according to the probability theory. Take an analogy, our limit theorem is to the exponential
form of the canonical distribution what the central limit theorem is to a normal distribution. As
with every limit theorem, we have to define how our assumptions depend on n carefully. In our
work, as n increases, a measurable function of the subsystem becomes “relatively small” compared
with the total system. Based on this main assumption, we obtain two significant results: (i) For
a sufficiently large n, a conditional distribution can be well-approximated by its unconditional
distribution weighted by an exponential factor, and (ii) a sequence of conditional distributions
converges to a limit which is the unconditional distribution weighted by a unique exponential

factor.

We obtain two theorems regarding the first result in Section 2.3.2, and they provide the ex-
istence of the canonical distribution when a system is contained in a finitely large total system
(n 1s sufficiently large). Furthermore, we obtain two limit theorems regarding the second result
in Section 2.3.3, and they provide the existence of a unique canonical distribution when the sys-
tem is contained in an infinitely large total system (n — o0). In comparison with Section 2.3.3,
Section 2.3.2 only requires weaker conditions, but the exponential form in the canonical distribu-
tion may not be unique since there could be more than one sequence having the same asymptotic

behavior. On the other hand, Section 2.3.3 requires stronger conditions, but it gives us a unique
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canonical distribution in the limit, and this distribution can be applied back to approximate the
conditional probabilities for all finitely large n. This result can be regarded as an example that the
limit theorems from probability predict the laws of nature. Here, we would like to quote from P.
W. Anderson [3] “Starting with the fundamental laws and a computer, we would have to do two
impossible things - solve a problem with infinitely many bodies, and then apply the result to a
finite system - before we synthesized this behavior.” Our idea echos Anderson’s view: To find the
limiting behavior of a sequence of conditional probability distributions and apply it back to the
distribution of a subsystem contained in a finitely large total system with some fluctuations, and

this is how it is used as a scientific theory.

2.1.1 The equivalence of ensembles

Our work is another way to consider the theory of equivalence of ensembles. As far as we
know, Khinchin’s derivation of the canonical ensembles in 1949 [108] for a subsystem of a large
isolated system by a local central limit theorem was the origin of the equivalence of ensembles.
Then Dobrushin and Tirozzi in 1977 [42] extended Khinchin’s result from a classical idea gas to a
Gibbs random field. In 1979, Martin-Lof [133, 134] further related the microcanonical, canonical,
and grand canonical ensembles in the thermodynamic limit when the volume of classical lattice
systems tends to infinity. In the 1990s, beyond the scale of the central limit theorem, Deuschel et
al. [39] and Georgii [77] showed the equivalence of ensembles on the scale of the large deviation
principle. Tasaki [191] recently established the equivalence on the level of local states for large
but finite quantum spin systems. A comprehensive introduction to infinite-volume Gibbs measures
can be found in Chapter 6 in the textbook by Friedli and Velenik [66], and the discussion of the
equivalence of ensembles is in Section 6.14.1.

Recently, a full survey of the equivalence of ensembles at the levels of thermodynamic, macrostates,
and measures was presented by Touchette [195]. We shall note that discussions on the equivalence
of ensembles at the thermodynamics level can also be traced back to the textbook on statistical
mechanics by Hill [87]. In the book, Hill showed the thermodynamic equivalence of ensembles for

systems having only a single most probable energy value. In Touchette’s recent work, the equiv-
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alence was extended to other macrostates, e.g., the mean magnetization of a spin system. This
extension was given by the superposition of a mixture of microcanonical ensembles to represent
the canonical ensemble of macrostates. Under certain conditions, the equivalence at the macrostate
level and the equivalence at the measure level are equivalent. In the language of modern probabil-
ity, the correspondence between the equivalence at the macrostate level and the equivalence at the
measure level is by the Portmanteau theorem [17] for equivalent statements of weak convergence
of measures. We shall emphasize that the conditional distribution of the state of a small subsys-
tem converging to the canonical distribution becomes a corollary of the equivalence of ensembles
between the microcanonical ensemble and canonical ensemble at the measure level based on the
assumption that the state of a small subsystem is chosen at random with a uniform distribution in

the large whole system.

The essential difference between our approach and the previous approaches for equivalence of
ensembles is that we don’t assume a uniform distribution of the state of a small subsystem in the
large container. This assumption is equivalent to say that the heat bath (the large container - the
subsystem) has to be considered as identical copies of the subsystems, which was usually given in
the previous work for classical ideal gas systems or Gibbs random fields. In contradistinction to
this assumption, our theorems treat the subsystem and its heat bath as two random variables via a
measurable function, i.e., we only care about the effect of the “whole” heat bath on the subsystem

with respect to that function.

We want to indicate that applying our mathematical theory to physics is new and original since
it extends the applicability of the canonical ensemble: by the pushforward measure (up to a pref-
actor) via a measurable function, we can derive the canonical distribution of a subsystem without
assuming a uniform structure of the whole system. For example, we can apply our results to ap-
proximate the distribution of certain measurable functions of a small defect within a material. We
only require the subsystem (the defect) is small relative to its heat bath with respect to the values of
the measurable functions, which is different from treating the heat bath as infinitely large n copies
of the subsystem, interacting or not, in order to apply the microcanonical ensemble to the canon-

ical ensemble. In biophysics, our theory can predict the distribution of side-chain conformational
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variations in protein structure [24, 212, 136]. Proteins in general have a non-uniform structure, so
the canonical distribution of side-chain conformational variations can be justified by our theory but

not the other approaches based on a uniform structure of the whole system.

We further generalize our theorem to a model when a subsystem and its heat bath have strong
interaction (the function is not additive), which is beyond the weakly interacting system (the func-
tion is approximately additive). This result is new in both physics and mathematics, as a theory for
the Gibbs conditioning principle for strongly correlated systems. The present work formulates our

theory rigorously in probabilistic terms in Section 2.3, and then gives a proof in Section 2.4.

In Section 2.5.1, we apply our theory to concrete examples in statistical mechanics, under two
situations when a subsystem and its heat bath are independent or strongly correlated. Since our
theory also provides a sharp and precise bound of the convergence rate of conditional probabilities,
we use it to approximate the conditional Poisson distribution in Section 2.5.2. To build a connection
with the equivalence of ensembles using the techniques of the large deviation principle (LDP) [123]
and the central limit theorem (CLT) [42], we applied our theory back to particular scenarios when
the heat bath can be treated as a sum of identical random variables. The LDP in Section 2.5.3 or
the CLT in Section 2.5.4 gives us a convergence of a sequence of random variables for the heat
bath. Nevertheless, we want to emphasize that our theory does not require the LDT or the CTL
in general. By proper scaling and shifting, if there exists a convergence of the heat-bath random
variable with a smooth limiting distribution, our theory is still applicable. In Section 2.5.5, we

provide a precise formulation of what a temperature bath is in probabilistic terms.

2.1.2  Organization of the paper

We provide some useful theorems and definitions and explain our motivation in this problem
in Section 2.2. In Section 2.3 we state and explain our main results. Proofs of the main results are

provided in Section 2.4. In Section 2.5 we present several applications of our main theorems.
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Notations

Throughout the paper, we will adopt the notations a,, = o(b,) when lim,, ., ‘;—: = 0, and
a, = O(b,) when |a, /b,| is bounded by some constant C' > 0.

For a set €2, we use C'(Q2) to represent the set of all continuous real functions on 2, Cj,(2) to
represent the set of all bounded continuous functions on €2, and C*(2) to represent the set of all
functions with continuous derivatives of order & on (2.

We sometimes use brief notations of probabilities in our proofs, e.g., Px, |z, (z; 1) = P(X,, =
x| Z, € I). We always use X,,, Y,,, Z, to denote sequences of random variables, whose defini-
tions might change in different theorems, but we will give their exact definitions before stating the

theorems.

2.2 Preliminaries

2.2.1 Maximum entropy and conditional probability

We first recall the following classical results. Here we don’t specify the regularity conditions

in the statements of the two theorems below. For more details, see the original references.

Theorem 2.2.1 ([217]). Let { X, }nen be a sequence of independent and identically distributed
(i.i.d.) random variables with continuous density f(x), then under appropriate regularity condi-

tions, we have

lim P(X; <z|S,=nu+c,) =P(X; <2), (2.4)

n—o0

where S, := X1 + Xo + -+ + X, u:=E[X}], s2 := Var[S,], and ¢,, = O(s,,).

Theorem 2.2.2 ([196]). Let { X, },en and S, follow definitions in Theorem 2.2.1. Let o € R and

let f(x) be the density function of X1, then under appropriate regularity conditions,

mnfwxlgx|sn:nay:(/me“f@yw)/dn, (2.5)

n—00 oo

in which

c(A\) =E[e™] <o and az(/mﬂ(@m)muy (2.6)
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Note that the parameter ) is determined by the constraint

o= ( / e (x)dx) Je(\), @.7)

and the density g(z) = e f(x)/c()\) maximizes the entropy relative to the density f(z) of X

given by

H(X) = — / g(z) log ?g; dz, 2.8)

( / xg(x)d:c) o (2.9)

We see that Theorem 2.2.1 implies the convergence of the conditional probability distribution

with respect to the constraint that

of X to its unconditional distribution. In this case, the sum of X, is conditioned on the scale of
Gaussian fluctuations: S,, = nu + ¢,, where nyu is the mean of .5, and ¢, is in the order of standard
deviation of S,,. On the other hand, we see that Theorem 2.2.2 implies the convergence of the
conditional probability distribution of X; to the (normalized) product of its unconditional distri-
bution and the maximal entropy distribution e**. The parameter ) is determined by the condition
S, = na, which is on the scale of large deviations when o # E[X].

Theorem 2.2.2 is a particular case of the Gibbs conditioning principle, which is the meta-
theorem [37] regarding the conditional probability of X; given on the empirical measure of an

iid {X;)n,

1 n
Ln=~ Zl dx, (2.10)
belongs to some rare event such as
1 n
/an(dx) =- ;X —a and «o#E[X). (2.11)

Using the empirical measure defined in (2.10) conditioned on the rare event (2.11) to find the limit

of conditional probability in Theorem 2.2.2 turns out to be equivalent to find the limit

vi=lmE[L,|L,eT], T'={y: /x'y(das) = a}. (2.12)

n—o0
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By the Gibbs conditioning principle, under appropriate regularity conditions, v* minimizes the

d
H(y | px) = /dvlog (W—z{) ,

where v € I" and px is the law of X;. In fact, this result implies the limit law derived in Theorem

22.2.

relative entropy

One of the most successful approaches to the Gibbs conditioning principle is through the theory
of large deviations [188, 37]. This approach involves Sanov’s theorem [177] that provides the
large-deviation rate function of the empirical measure induced by a sequence of i.i.d. random
variables and the contraction principle [47] that describes how continuous mappings preserve the
large deviation principle from one space to another space. In short, these theorems regarding
counting and transformation in the theory of large deviations yield the Gibbs conditioning principle
and provide the foundation of using the maximum entropy distribution under certain constraints to

find the limit of a sequence of conditional probabilities.

2.2.2 Large deviation theory

Let {X, }nen be a sequence of i.i.d. absolutely integrable (i.e. E|X;| < oo) real random

variables with mean  := E[X}], and let

— 1
X, = ﬁ;Xi (2.13)
By the weak law of large numbers,
X, 5 1 whenn — occ. (2.14)
That is, for any € > 0,
Jim P (1X, — p| > €) =0. (2.15)

To study the question how fast this probability tends to zero, Harald Cramér obtained the fol-

lowing theorem in 1938:
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Theorem 2.2.3 (Cramér’s theorem [35]). Assume that

A(N) :=1ogE[e*] <00, AER.

Then
N —
(7) lim —logP [Xn > y] = —¢(y) wheny > u,
n—oo M
1 _
(i) lim —logP [X, <y] = —¢(y) wheny < p,
n—oo M
where ¢ is defined by
o(y) :=sup [yA — A(N)]  forx € R. (2.16)
AER

The function A is called the logarithmic moment generating function. In the applications of
the large deviation theory to statistical mechanics, A is also called the free energy function and the
function ¢ is called the rate function of large deviations [193]. We can recognize that ¢(y) is the
Legendre transform of A()\) (A is a convex function). Therefore, ¢ = A* (the convex conjugate of
A) and it leads to the following pair of reciprocal equations

dA(N)

d
o =Y if and only if ——= = \. (2.17)

Now, we can apply this equivalence (2.17) to Theorem 2.2.2: The parameter A of the maximum

entropy distribution e** is implicitly solved by (2.7), which gives rise to A determined by
dlog [ e f(s)ds
= a. 2.18
N o (2.18)

By the definition of A(\) and (2.17) and (2.18), we have

dA(X d

AN fandontyit 29 _ ) (2.19)

d\ do

Therefore, this result (2.19) shows that A not only can be determined implicitly by the free energy
function A but also can be founded explicitly by the rate function ¢.
One of our main theorems (Theorem 2.3.9) can be applied to a particular type of heat bath

as the sum of i.i.d. random variables (Theorem 2.5.4), then we directly show that A is uniquely
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determined by the first derivative of the rate function ¢ given on the condition «. In this case, we

apply the large deviation principle directly to the distribution of the heat bath

1 n
Yn:E;Xi

rather than use the large deviation principle for the empirical measure

1 n

In fact, the former (our approach) actually follows Gibbs’ logic of the canonical distribution
through the heat bath method; The later (Gibbs conditioning principle) follows Boltzmann’s logic
of the canonical distribution through counting statistics. The reason to call the “Gibbs” condition-
ing principle was in order to comprehend Gibbs’ prediction of the canonical distribution from a
mathematical standpoint [188], however, in our opinion, it is closer to the idea of Boltzmann’s
derivation of the canonical distribution.

From our perspective, choosing the maximum entropy distribution to approximate the condi-
tional probability is a natural consequence of the emergence of e*® f(x) when the finite subsystem
is contained in an infinitely large system with a value far from its mean. In other words, (normal-
ized) e f () is the density of the limit of a sequence of conditional probabilities and it maximizes
the relative entropy (2.8) as an inevitable corollary from the setup of the heat bath method. In com-
parison with the Gibbs conditioning principle, our logic provides a very different point of view
of why the maximum entropy principle works to find the limit of conditional probabilities. Even
though these two approaches have very different philosophies, in terms of mathematics, they are

connected by the reciprocal equations (2.17) through the Legendre transform.

2.2.3 Asymptotic behavior of probabilities

In order to define how “good” of an approximation of conditional probability is, we first need
to decide which metric we would use in the space of measures. In what follows, let {2 denote a

measurable space with o-algebra F and let P, Q denote two probability measures on (€2, F).
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Definition 2.2.1 (KL-divergence). For two probability distributions of a continuous random vari-
able, P and Q, the KL-divergence is defined by
Duf® Q)= [ playtos (42 ) a 2.20)
oo q(x)
where p, q are the density functions of P, Q, respectively. For two probability distributions of a
discrete random variable, P and Q, the Kullback-Leibler divergence between them can be written
as

o (k)
Dy (P || Q) = keZQP lg( (k)), (2.21)

where P, () are the probability mass functions of P, Q, respectively and () is a countable space. By

continuity arguments, the convention is assumed that () logg = 0for g € Rand plog § = oo for

p € R\{0}. Therefore, the KL-divergence can take values from zero to infinity.

Definition 2.2.2 (total variation). The total variation distance between two probability measures

P, Q on a sigma-algebra F is defined by

0(P, Q) := sup [P(A) — Q(A)].

AeF

It’s well known that we have the following relation between KL-divergence and total variation

by Pinsker’s inequality [153]:

5(B,Q) < /3D (P Q). (2.22)

Definition 2.2.3 (convergence of measures in total variation). Given the above definition of total
variation distance, let {P,},cn be a sequence of measures on (Q, F). The sequence is said to

converge to a measure IP on (), F) in total variation distance if

lim §(P,,P) =0

n—oo

/deP’n—/fdP‘ = 0.

and it is equivalent to

lim sup
| fllee <1
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Definition 2.2.4 (weak convergence of measures). Let {P,, },cn be a sequence of probability mea-
sures on (§, F). We say that P,, converges weakly to a probability measure P on (2, F) if

lim | fdP, = / fdP,

n—oo

forall f € Cy(2).

From the two definitions above, total variation convergence of measures always implies weak

convergence of measures.

Definition 2.2.5 (convergence in distribution). A sequence { X, }nen of random variables is said

to convergence in distribution to the random variable X if

px, = px  weakly,
in which px, is the law of X,, and v is the law of X.

Even though the KL-divergence is not a metric, by the inequality (2.22), if the KL-divergence
of one sequence of measures from another sequence of measures converges to zero, then the two
sequences of measures have to converge to zero in total variation. So they must converge to zero
weakly. Following this line of implication, in the present work, we start with defining the KL-
divergence between two sequences of measures then understand what conditions guarantee it con-
verges to zero. Once we have that, we will attain both strong convergence and weak convergence
of the two sequences of measures to zero under those conditions.

Furthermore we mention two classical theorems (see the reference [182]) regarding the conver-

gence of probability distributions which we will use in our proofs.

Theorem 2.2.4 (Berry-Esseen theorem). Let X have mean zero, E[X?] = o2 and E|X|* < oo.

Let Z, = (X1 + -+ X,) /\/no, where X1, -+ , X, are i.i.d. copies of X. Then we have

IP(Z,<2)—P(G<z)|=0 (E%‘B) (2.23)

forall z € R, where G ~ N (0, 1).
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Theorem 2.2.5 (Slutsky’s theorem). Let {Z,,}nen, {W,, fnen be sequences of random variables. If
Z, converges in distribution to a random variable X and W,, converges in probability to a constant

¢, then
Zn+ W, — X 4+ c indistribution. (2.24)

Corollary 2.2.6. Let X have mean zero, E[X?| = 02, and E|X|? < cc. For some finite k € N, let
W, = X1+ -+ Xy)/V/noand Z,, = (Xg11 + -+ + Xpak) //no, where Xy, -+, X, are
i.i.d. copies of X. Let Z,, = Z, + W, then we have

Z, — G indistribution, G ~ N(0,1). (2.25)
Furthermore,
> _ - (EIXPP
‘P(Zn<z>—IP’(G<z)‘_O< N ) (2.26)
forall z € R.

This corollary follows from Theorem 2.2.4 and Theorem 2.2.5. The proof is provided in Ap-
pendix 2.6.2.

2.3 Main results

2.3.1 Setup

In Section 2.1 of introduction, we have already provided our philosophy of adopting the condi-
tional probability to derive the canonical ensemble. In this section of the main results, we are going
to rigorously show: when a measurable function of the subsystem is “small” relative to the whole
system, the “canonical distribution” is a ““good” approximation of that conditional distribution. For
the sake of simplicity, we will use the terms: “subsystem”, “heat bath”, and “whole system” to
represent a measurable function of those systems, respectively. Within this framework, we first

need to define three things rigorously:

1. A relatively small subsystem.
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2. Canonical probability distributions.

3. Good approximations.

For the definition of (1): a relatively small subsystem, we consider a sequence of conditional

densities

where Zn = X + Y/n, X 1is a nonnegative continuous random variable and f/n is a sequence
of continuous random variables, / is a finite interval and pu,, (3, are positive sequences. Note
that we here use ffn, Zn instead of Y,,, Z,, because we will do transformations for ffn, Zn later, so
Y,., Z, will be used to define transformed f/n, Zn. The formula of E, is to represent two kinds
of transformations that we can do for the interval I: p, is the parameter of shifting and 3, is the
parameter of scaling. Through different combinations of 11, and 3,,, the given condition of Z,, will

be on certain significant scales. For two examples,

1. Assume p,, := E[Zn] = nu, p is a constant and 3, = 1/4/n, then Z, is conditioned to be

inside the interval E,, = nu+ /nl. The interval E,, is then around E[Z,,] with a scale of the

Gaussian fluctuations in central limit theorem.

2. Assume 3, = 1/n, then Zn is conditioned to be inside the interval E,, = nu + nl. The

interval F, is then around E[Z,,] with a scale of the large deviations.
In our theorems, we will assume that
E[X’] < oo, for some finite j, and 3, = o(1). (2.28)

Therefore, the definition (2.27) of conditional densities is a sequence of densities for the nonneg-
ative continuous random variable X with E[X7] < oo conditioned on the event Z, € E, with
E, — oo (6, — 0). In this way, the positive sequence [3,, characterizes that the subsystem is

relatively “small” to the given condition of the whole system.
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Then we will extend our definition of a “small” subsystem to the case when we have discrete

random variables. Consider a sequence of conditional probability functions
P(K=k|H,€FE,), FEn=j,+1/B, (2.29)
where Hn =K+ En, K is a nonnegative discrete random variables and we assume that
E[K”] < oo, for some finite j, and f3, = o(1), (2.30)

and IN/n is a sequence of discrete random variables and ﬁn =K+ in.

For the definition of (2): canonical probability distributions, we are introducing a general form
of the canonical probability distribution as follows: Let I be the interval in the setup (2.27). We
consider a sequence of functions ¢, : A x R — R, where A is the set of all finite intervals on
R. For the canonical probability distribution of a nonnegative continuous random variable X, its

density can be represented by

Fx(z)e ot

fx (a:)e_gn(l?“")wdx
R+

and 0 <, ([;z) < oo, forallz € R, (2.31)

Consider a sequence of functions én : A x R — R. For the canonical probability distribution of a

nonnegative discrete random variable K, it can be represented by

Zkeg P(K = ]{;)e—én(f;k)k

and 0 < (,(I; k) < oo, forall k € S, (2.32)

where S is a set of the support of P(K = k).

For the definition of (3): good approximations, “good” is defined by a sufficiently small dis-
tance of two distributions in total variation (2.22). In most of our results, we prove that two se-
quences of distributions converge to zero in KL-divergence, by Pinsker’s inequality, it implies those
two sequences converge to zero in total variation, i.e., one sequence is a good approximation of the

other one.
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2.3.2 Approximation of conditional probabilities

Based on the definitions of (1), (2), and (3) in the setup, we provide two approximation the-
orems to show the existence of the canonical distributions as good approximations of conditional
distributions when the subsystem is sufficiently small relative to the whole systems.

Based on the setup (2.27), let X, := 3, X and take 7 = 2 for the assumption (2.28), i.e.,
E[X? < oo, and B, =o0(1). (2.33)
Let a,, := B2E[X?], hence we have that
E[X?] = an, a, = o(1). (2.34)

LetY, := 3, (f/n — un> and Z, := X,, +Y,. Note that Y,,, Z,, are the linear transformations of
ffn, Zn, respectively; and recall that Zn =X+ f/n and the parameters of the transformation, (3, (i,
are from F,, = p,, + I/, in the conditional density (2.27). Since we assume [ is a finite interval

in (2.27), we can define it explicitly as I = [h,h + 6], h,d € Rand 6 > 0.

)

Based on the definitions given above, let IP’(I" be a sequence of probability measures with

density functions

o n(L; Br) = o . (2.35)

fX (x)e_ﬁnwn(liﬁnw)mdx
R+

And let Qg”) be a sequence of probability measures with density functions f X|Zn (x; En)

Our first theorem for continuous random variables is as follows:

Theorem 2.3.1. Assume there exist positive constants C', Cy, a positive sequence b, = o(1), and

an open interval D such that the following holds:

1. Forallz € RY, y € R,

OPP(Y, € ly,y+96] | Xn=2)

PlogP(Y, €ly,y+6]| X, ==z
v eP( €y 01 X =0)|

Oy? -
(2.36)

1
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2. Forall x € R" and every [y, y + 8] C D, there exist positive constants 61, C3 depending on
y such that

Olog P(Y, € [y,y+ 4] | X, =
P, €lyy+0]| Xy=2) >0, 0<—2 ( E[yaZJrH z)

S 037
(2.37)

P(Yoely,y+0| Xo=2) = P(Ya€y,y+0])| <b.P(Yn€lyy+5]). (238)

3. Forevery |z, z + 6] C D, there exists a positive constant 65 depending on z such that

P(Zy € [z,2+6]) > 6. (2.39)

Given an interval I C D, then

Dxw (P§">]| Q§">> = O(a, + by), (2.40)
and ]P’gn) satisfies the definition of the canonical probability distributions in (2.31).
Corollary 2.3.2. By Pinsker’s inequality, Theorem 2.3.1 implies that

5 (B0.00") =0 (Var¥E).

Corollary 2.3.3. Interpretations of Theorem 2.3.1 for statistical mechanics: the sequence a, =
o(1) represents that the second moment of the function of the subsystem X scaled by the size of
the given condition of the whole system asymptotically goes to zero. And the sequence b, = o(1)
represents that X,, and Y,, are asymptotically independent. By our approximation theorem, using

the canonical distribution to approximate the conditional distribution results in a very small error

O(Vay, + by,) when n is sufficiently large, i.e.,

1. The subsystem is small relative to the whole system.

2. The subsystem has weak interaction with its surrounding.

Note that these conditions (1) and (2) echo the physicist’s setup of the canonical ensemble in

statistical mechanics.
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For Theorem 2.3.1, we require the condition 2.38 and the sequence b,, in that condition is
asymptotic to zero. As Remark 2.3.3, it means that the subsystem and the heat bath are asymptot-
ically independent. In the following corollary, we are going to extend Theorem 2.3.1 to the case
when the subsystem X, and its surrounding (the heat bath) Y,, are not asymptotically independent.

Recall that I = [h,h + ], h,0 € Rand § > 0 and an) is a sequence of probability measures

with density functions f X|Zn (x; En) Let 113>§”) be a sequence of probability measures with density

functions
fx(z)e Fnonll)e
fX($>e_ﬁn¢n(])$dx

R+
where
on(l) = dlog P(Y, € [y,y+ 9] | X, =0) dlog P(Y, € [y,y + 3] | X, =0)
n : ay y—h ox y:h.
(2.41)

Corollary 2.3.4. Assume there exist positive constants Cy, Cy, and an open interval D such that

the following holds:

I. Forallz € RY, y € R,

0PP(Ya € ly,y+9] | Xo=2)| <C1, [0Plog P(Ya € [,y +3] | Xo = 2)| < O,
(2.42)

where 0?) denotes all the second order partial derivatives.

2. Forall x € R" and every [y,y + 0] C D, there exist positive constants 01, C3 depending on

y such that

P(Y,€yy+6]|Xo=2)>6, 0<0VlogP(V, €y,y+d]|X,=x)<Cs
(2.43)

where O denotes all the first order partial derivatives.
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3. Forevery |z,z + 0| C D, there exists a positive constant d depending on z such that

P(Z, €[22+ 6]) > 6. (2.44)

Given an interval I C D, then

Dia (B Q") = O(an), (2.45)
and pgn) satisfies the definition of the canonical probability distributions in (2.31).

The proof of Corollary 2.3.4 basically follows from the proof of Theorem 2.3.1, and we provide
the details of the proof in Appendix 2.6.4.

Corollary 2.3.5. Here we want to emphasize the difference between Theorem 2.3.1 and Corollary
2.3.4: On the one hand, Corollary 2.3.4 requires a stronger condition that those partial derivatives
in the conditions (2.42) and (2.43) have to be bounded both in the x and vy directions; however,
Theorem 2.3.1 only requires that the partial derivatives in the conditions (2.36) and (2.37) are
bounded in the y direction. On the other hand, Corollary 2.3.4 does not require the condition
(2.38) in Theorem 2.3.1, which is to define the asymptotic independence between X, and Y,.
Based on the difference of those conditions, Theorem 2.3.1 and Corollary 2.3.4 give rise to distinct
parameters of the exponential factors. The parameter of the exponential factor (2.41) in Corollary
2.3.4 includes one additional term which involves the partial derivative with respect to x.

Note that the parameter of the exponential factor (2.41) can be rewritten as

_ Olog P(Y, € [y,y +d])

Olog C Olog C
on(]) . N ( oga (v,y) 0g6 (x,y)> (2.46)
Y y=h Yy L (z=0,y=h)
where
P(Y, € ly,y+6]| X, =
C(x,y) = ( b,y + 9| 7) (2.47)

P(Y, € [y,y+4))
Corollary 2.3.4 with the parameter represented by (2.46) has a critical interpretation in statistical
mechanics: For a system in contact with a heat bath, if the interaction are not weak (i.e. the corre-

lation in mathematical terms does not approach zero), then the effect of this interaction will appear
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in the parameter of the exponential factor as the function of C(z,y) in (2.46) for the canonical dis-
tribution. This result is different from the standard example in statistical mechanics: in the limit
where the interaction goes to zero, the parameter only includes the effect of the fluctuations of heat
bath (the first term on the right side of (2.46)) without any effect from the correlation (the second

term on the right side of (2.46)).

Now we extend our approximation theorem to discrete random variables based on the setup
(2.29). Recall that H,, = K + L,, and E,, = 1, + I/ 3, defined in the conditional probability mass
function (2.29). Take j = 2 for the assumption (2.30), i.e.,

E[K?] < oo, (2.48)
and by the definition (2.32), we have a set S such that
S:={keR:P(K=k)>0}. (2.49)

Let K,, := 3, K be a sequence of nonnegative discrete random variables and let a,, := @%E[K 2.

By (2.48) and (2.49), we have that
E[K? = a,, a, = o(1), (2.50)

and a sequence of sets 5, such that
Sy =A{Buk € R: P(K, = p,k) > 0}. (2.51)

By shifting with ,, and scaling with 3,,, we can define a linear transformation of f/n, L, =
B (En — un> ,and let H,, :== K,, + L,,. Furthermore, let Y,, be a sequence of continuous random
variables and Z,, := K,, + Y,,. Based on the given definitions, our second theorem for discrete

random variables is as follows:

Theorem 2.3.6. Assume the following conditions hold:

1. All conditions in Theorem 2.3.1 hold for K,,,Y,,, Z, on an open interval D.
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2. There exists a set D' C D and a positive sequence c,, = o(1) such that for every interval

I'cD,

P(K, = Buk | Hy € ') = P(K, = Bk | Zn € I')| = O(cy).

sup
Brnk€Sn

Given an interval I C D', then

P(K -k | [f]n c En) _ BnP(K — k)e_ﬁn'lz'n(l§ﬁnk)k -0 (Cn +va, + bn) 7

sup
kes

where

_ Olog P(Y, € ly,y+0] | Kn = Buk)

(2.52)

(2.53)

' | )
5= 0 P(K = k)e M0 UODE and ), (I: 5,k) =
" keS

and by, is defined in Condition (2.38) of Theorem 2.3.1. Furthermore,

dy

satisfies the definition of the canonical probability distribution in (2.32).

(2.54)

Note that the given assumption (1) in Theorem 2.3.6: all conditions in Theorem 2.3.1 hold for

K,,Y,, Z, on an open interval D, in which K, is corresponding to X,, in Theorem 2.3.1; and

all conditions defined for “all x € R*” in Theorem 2.3.1 become defined for “all x € S,,” for

Theorem 2.3.6. In this way, even K, is a sequence of discrete random variables, all conditions in

Theorem 2.3.1 are well-defined.

Corollary 2.3.7. In Theorem 2.3.1 and Theorem 2.3.6, X and K are defined as a nonnegative

random variable. In the following two points, we extend our approximation theorem to the case

when X (or K) is bounded from below (shifting property) and the case when X (or K) is a

nonpositive random variable (reflection property):

1. (Shifting property) Let X be a continuous random variable bounded from below. By change

of variables, let X,, := 3,(X — C), where C'is the finite lower bound, since 3, = o(1), we

still have

E[X2] = o(1).

(2.55)

y=h

?
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In addition, assume that the conditional probability
P(Y, €ly,y+6]| X, =2)

satisfies all of the conditions in Theorem 2.3.1, then we can apply Theorem 2.3.1 to obtain the
canonical distribution for X. We call this the shifting property of the canonical distributions.
For the discrete random variable K, its canonical probability distribution has this property
as well. This shifting property can be interpreted as the extension of the cases restricted to
nonnegative quantities (e.g., energy and number of molecules) for the canonical ensemble
and the grand canonical ensemble in statistical mechanics: the canonical distribution can be
generalized to represent the possible values of a function which is bounded from below of the
subsystem in thermal equilibrium with the heat bath at a positive temperature (In Theorem

2.3.1, we choose the condition I such that 0 < 1,,(I; B,x) < o0 ).

. (Reflection property) Let X be a nonpositive continuous random variable. Assume the con-
dition (2.37) in Theorem 2.3.1 becomes
Olog P(Y, € ly,y+4] | X, =
_ Olog P(Ya € [y,y +9] | z) <o,
9y
(2.56)

P(YnE[y,y—i-(S]’Xn:l')Zél, —Cg

for all x € R™. And assume all of the other conditions in Theorem 2.3.1 are satisfied,
then Theorem 2.3.1 can be applied to an interval I = [h,h + 0] C D such that —oo <
Un(L; Brx) < 0, for all x € R™. We call this reflection property of the canonical distri-
butions. For the discrete random variable K, its canonical probability distribution has this
property as well. Here is our interpretation of this reflection property for statistical me-
chanics: When a given condition I of the whole system gives rise to a negative parameter
(—oo < Yn(I; Bux) < 0) in the exponential weight of the canonical distribution, our ap-
proximation theorem can be applied to the case of a nonpositive function of the subsystem.
In combination with this property with the shifting property, the canonical distribution can

represent the possible values of a function which is bounded from above of the subsystem
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in thermal equilibrium with the heat bath at a negative temperature (Here we choose the

condition I such that —oco < 9, (I; B,x) < 0).

2.3.3  Limit theorems for conditional probabilities

In this section, we provide two limit theorems to show that a sequence of conditional distribu-
tions converges to a unique canonical distribution by appropriate shifting and scaling, where the
convergence is also in a corresponding scaling of the KL-divergence of this sequence of condi-
tional distributions from its limit distribution. In contrast to the section 2.3.2, here we obtain a
unique canonical distribution at the appropriate scale when a system is conditioned on an infinitely
large total system (n — c0). It is different from the section 2.3.2 in which we derive the canonical
distribution for each finitely large n directly.

Recall that from the section 2.3.2, for a sufficiently large n, we know that QE,") with density
function

/ X|Zn (z; Ep)

can be well-approximated by IP’g") with density function

fX (l’)e_ﬁ”w" (I;ﬁnw)l’

fX <x>675nwn(175nx)$d$
R+

Olog P Yn €, o Xn = Pn
and ¢, ([; Bur) i= 0g I( ly g;’ ] | Bnz)

y=h
(2.57)

Note that the parameter of the exponential function 1,,({; 8,z) in (2.57) depends on n and z.
Through our limit theorems in this section, we show that the sequence of measures QE,") can be

well-approximated by a unique (sequence of) canonical distribution(s) with density function(s)

fx(z)e Dz

fx(z)e gy
R+

(2.58)

in one of the cases:

1. \(1) = Butp(I), where 3, = o(1), and ¢ : A — R is a function such that A is the set of all

finite intervals on R, and 0 < ¢(/) < oc.
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2. \(I) = p(I), where ¢ : A — R is a function satisfying 0 < ¢(/) < oc.

Note that ¢/(/) and ¢(I) are independent of = and n in comparison with ,,(; z) in (2.57). One of
the main ideas behind the proof of our limit theorems is as follows: Let If]’g”) be a sequence of prob-
ability measures with density functions (normalized) fx (x)e %7 and let P; be a probability
measure with density function (normalized) f X(x)eﬂa([ )* With Dy defined as KL-divergence,

Case (1) can be considered as

Dxe (ED‘,’” [ Qﬁ’”) 0 asn — oo; (2.59)
Case (2) can be considered as

Dxw (]P’I I QY‘)) 50 asn — oo (2.60)

Note that in Case (1), since 3, = o(1), the sequence \,,(I) — 0 for any bounded v/(I). Therefore,
we have to scale the distance D by some function of (3, to guarantee the uniqueness of (7).
More details are provided in Theorem 2.3.8.

Furthermore, we require stronger conditions than the conditions for (2.57) in order to apply
Lemma 2.4.2 and Lemma 2.4.3 to the proof of our limit theorems. Here is the essence of those
two lemmas: under appropriate regularity conditions, the sequence A, (/) in (2.58) is uniquely

determined by a linear approximation of the following sequence

fX\Zn (z; En)

Therefore, most of the conditions in our limit theorems are required to guarantee that (2.61) is
well-approximated by a linear function and the remainder term converges to zero fast enough.
Recall that X, := 6,X.,Y,, .= (3, (37” - ,un> ,and Z,, := X, + Y, where 3,, i, are positive
sequences and 3, = o(1),and E,, = p,, + I /Bn, I = [h,h + 6], h,d € Rand § > 0.
Our first limit theorem for Case (1): A, (1) = 8, () is as follows
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Theorem 2.3.8. Consider a function ¢ : B(R) — R such that 0 < (I) < oo for the given
interval 1. Let I@’gn) be a sequence of probability measures with density functions
fx(z)e fnv)e

fX(x)e’ﬁ”w(I)xdx
R+

(2.62)

Assume the following conditions hold:

fX\Zn (75; En)
fx(z)

1. X is a nonconstant random variable with E[X?®] < oo and

bounded on R™.

is uniformly

2. Y, — Y indistribution. The distribution function of Y is bounded on R and satisfies

dlog P(Y € [y,y + 0])

log P(Y € [y,y+46]) € C*(D) and 0< o

<00, (2.63)
h

where D is an open interval containing h.

3. There exists a sequence of functions g, : R — R with ‘ gn(x)e_ﬁ"fx‘ uniformly bounded on

R* for any £ > 0 and E [g,,(X)?] — 0 such that on I,, = [0, d,,] with d,, = O (B%)’

. (P(Ynef—ﬁmxnzﬂnx))_lo (P(Yel—ﬁnx)
& P(Z, 1) %\ TPy er

> + Bngn(z).  (2.64)

Then

Dy (P I Q(n)
lim ( d ! > =0 ifandonlyif (I)= Olog P(Y € [y,y +9))
n—00 B2 dy

And If”gn) satisfies the definition of the canonical probability distributions in (2.31).
Our second limit theorem for Case (2): A\, (I) = ¢(1) is as follows

Theorem 2.3.9. Let ¢ : B(R) — R be a function such that 0 < ¢(I) < oo for the given interval
1. Let P; be a probability measure with density function
fx(x)e e

fx(z)e=?Drdy
R+

Assume the following conditions hold:
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fX\Zn (z; En)

fx(z)

1. X is a nonconstant random variable with E[ X | < oo and

on RT.

is uniformly bounded

2. Y, — u in probability, for some constant i ¢ 1. The sequence of laws of Y,, satisfies a
large deviation principle with speed 1/3,, and rate function ¢ € C*(D), where D is an open

interval containing I, and —oo < ¢'(y) < O forally € 1.

3. There exists a sequence of functions r,, : R — R with |rn(x)e_§”"‘ uniformly bounded on R™

forany & > 0 and E [r,(X)? — 0 such that on I,, = [0,d,,] with d,, = O (%ﬂ),

P(Y,el-05x| X, = ﬁnx)) exp [_,3% (y" — ﬁnx)]
1 = 1 n 9
(T \er 2o )
(2.65)
Yy ={y: ;relgczﬁ(y)}‘ (2.66)

Then
Tim Dy (Pr | Q") =0 ifandonlyif (1) = —¢/(y").

And P; satisfies the definition of the canonical probability distributions in (2.31).

The following is the discussion about the circumstances when the condition (2.64) (or the con-
dition (2.65)) for Theorem 2.3.8 (or Theorem 2.3.9) could hold. Here we only discuss the condition

(2.64) but it is applied to the condition (2.65) as well. We can consider three circumstances

1. When Y,, — Y in distribution.
2. When X,, — 0 in probability.

3. When X, and Y,, are asymptotically independent.

Even thought the condition (2.64) and the combination of circumstances (1) - (3) are not the exact

same, they are very close; therefore, these three circumstances provide us an insight regarding three
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elements of the condition (2.64): Circumstance (1) means the heat bath has a limiting distribution;
Circumstance (2) means the subsystem is relatively small in comparison with the whole system;
Circumstance (3) means those two systems have weak interaction.

As Corollary 2.3.4 for the approximation theorem 2.3.1, we are going to extend our limit theo-

rems to the case when X,, and Y,, are not asymptotically independent.

Corollary 2.3.10. Let G : A x R — R be a function such that A is the set of all finite intervals.
For the given interval I, G(I;0) = 1 and log G(I,£) € C*(R") with respect to . Assume the

condition (2.64) in Theorem 2.3.8 becomes

P(Y, el -Gz | X, =B,2) P(Y el - p.x)-G(I;B,x)
1 =1
(2.67)
and the other conditions in Theorem 2.3.8 hold. Then
Dk, (Iﬁ’ﬁn) | QYL)) Olog P ;
. . . gP(Y €[y,y+4])| 9logG(I;§)
lim =0 ifandonlyi I) = — )

And IP’(I") satisfies the definition of the canonical probability distributions in (2.31).

Corollary 2.3.11. The function G in (2.67) can be considered as an approximation:
PY,el-¢|X,=¢

P(Y,elI—-¥¢)
in which the left side is equivalent to the joint probability of X,,, Y, divided by the products of their

~ G(I;€),

marginal probabilities. Therefore, G could represent an estimation of the correlation of X,, and

Y,.; in information theory, the function G is closely related to the mutual information between X,

and Y,

Corollary 2.3.12. Let R : A x R — R be a function, for the given interval I, R(I;0) = 1 and
log R(I,&) € C*(R™T) with respect to £. Assume the condition (2.65) in Theorem 2.3.9 becomes

+ (),

n €1t [ n = oz exp | =0 (4 = Fu)| - (RU: Bu))
oo e ) = exp [~ }@*)]

(2.68)

y* = {y:inf o(y)}, (2.69)
yel



and the other conditions in Theorem 2.3.9 hold. Then

Tim D (1 ] Q)7) =0 ifandonly if (1) = ~¢'(y") - Olog R(I;¢)

And P; satisfies the definition of the canonical probability distributions in (2.31).

Corollary 2.3.13. The function R in (2.68) can be considered as an approximation:

PY,el—¢| X, =8
P(Y,el—¢)

~ (R(I,€))7 .

o o
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In comparison with Corollary 2.3.10, when the sequence of laws of Y,, satisfies a large deviation

principle with speed 1/, the correlation of the subsystem and its heat bath has to be in O(Rﬁ)

to contribute an additional term in the parameter of the exponential weight. Otherwise, if the cor-

relation is just in O(R) as the order in Corollary 2.3.10, then it has no influence on the canonical

distribution.

The proof of Corollary 2.3.10 (Corollary 2.3.12) basically follows from the proof of Theorem

2.3.8 (Theorem 2.3.9). We provide the details of proof in Appendix 2.6.4.

As our approximation theorems in Section 2.3.2, we can extend our limit theorems to discrete

random variables, random variables bounded below, and random variables bounded above as fol-

lows:

1. Discrete random variables: Theorem 2.3.8 and Theorem 2.3.9 can also be applied to the case

when we have a nonnegative discrete random variable /, a sequence of discrete random

variables L,,, and H, := K + L,. It is said that the sequence of conditional probabilities

P(K =k | H, € E,) has a limit ( by appropriate scaling)

P(K = k)e Dk
> pes P(K = k)e Dk

(2.70)

The case of A, (I) = 5,¢(I) follows from Theorem 2.3.8; The case of \,,(I) = () follows

from Theorem 2.3.9. Furthermore, the probability function (2.70) satisfies the definition of

the canonical probability distribution in (2.32).
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2. Random variables bounded below: As Remark 2.3.7, we can extend those limit theorems to
the case when X is bounded below. By change of variable, let X, = Bn(X — C), where C'

is the finite lower bound, we still have
E[(X — C)j] <00, 7=1or3. 2.71)

Note that 5 = 3 is for Theorem 2.3.8 and j = 1 is for Theorem 2.3.9. In addition, assume

o (PO €1 = Bux | Xo = Bur)
Og( P(Zu 1) )

satisfies the condition of linear approximation in (2.64) and (2.65), for Theorem 2.3.8 and
Theorem 2.3.9, respectively. Then we can apply those limit theorems to obtain a unique
canonical distribution of X. Therefore, as the point (1) in Remark 2.3.7, a unique canonical
distribution derived by the limit of a sequence of conditional distributions has the “shifting
property”. For the discrete random variable K, its unique canonical distribution has this

property as well.

3. Random variables bounded above: Let X be a nonpositive continuous random variable and
the corresponding canonical distribution be a sequence of distributions with density functions
fX (x)e—/\n(l):c

fx (:E)e_’\"(])xdx
R

, —00 < MA(I) < 0. (2.72)

When A\, (/) = B,¥(I), Theorem 2.3.8 can be applied to an interval / such that —oco <
¥(I) < 0; When A\, (/) = ¢(I), Theorem 2.3.9 can be applied to an interval / such that
—00 < ¢(I) < 0. Therefore, as the point (2) in Remark 2.3.7, a unique canonical dis-
tribution derived by the limit of a sequence of conditional distributions has the “reflection
property”. For the discrete random variable K, its unique canonical distribution has this
property as well. This reflection property provides us an explanation of the possibility of
negative temperature: For some given condition of the whole system which arises a negative
parameter (—oo < A,(I) < 0) in the exponential weight, a unique canonical distribution
for a function bounded from above of the subsystem emerges as the limit of a sequence of

conditional distributions.
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2.4 Proofs of main results

2.4.1 Proofs of Theorem 2.3.1 and Theorem 2.3.6
Proof of Theorem 2.3.1

Proof. We first prove for the case: {z : fx,(z) > 0} = R*. Inthis case, P(Z, € I | X, = z) is
well-defined for all z € RT. Let

I=[hh+0)CD, I—a:={y—ax:yel},

with Condition (2.39): for I C D, P(Z, € [h, h+4d]) > d5, we can derive the following conditional

density by Bayes’ theorem

_ fx, (x)P(Z,el| X, =x) _ fx, () PY, el —x| X, =x)

for z € RY.
P(Z, €1 P(Z, € 1)  foree

Ixniz, (23 1)

(2.73)

Notethat P(Y, € [ —z | X, =2) = P(Y, € [h—xz,h+ — z] | X,, = x). Define
Gs(y,x) = P(Y, € [y,y+0] | X, = z).

By Taylor expansion and Condition (2.36), we can expand Gs(h — x, z) at (h, z) to get

IGs(h,x)  0*Gs(h — ayz,x)
— fi 1).
9 T+ 2057 x*, forsome a,, € (0,1)

Gs(h — x,x) = Gs(h, z)
It implies that

P(Y,€lh—z h+d—2]| X, =u1)

OP(Y, € lyy+4]| X, =

=P(Yo € (R0l | Xo =) = ( vy o] J -2+ 1 (2) 2

dy i
—P(Y, € [l h+0]| Xp=2) [1 —¢hu(I;2) -2 + P ()12

P(Y, € [h,h+0] | X, = x)
- B ) I-m)x)2e—’7n~1j)n(f;z)$ r (,Z‘):L‘2
=P(Y, € [h,h+6]| X, = on(Tye  (Wnll :
( [h, b+ 6] | x) |e 9 +P(Yn€[h,h+(5]|Xn:x)

=P(Y, € [h,h+6] | X, =) [e VT 4k, (2)2?] | (2.74)

|
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where
Olog P(Y, € ly,y+4] | X, =
Un(l;3) = =2 (Yo € g,y + ]| 9| 2.75)
dy y=h
1?P(Y, € [y,y+0] | X, = z)
(z) = = , 2.76
Tn() 5 052 o (2.76)
" n ] 2 _’Yn‘qpn(hx)x
kn<£L’) — T (x) _ /lp ( ,.T) € , (2.77)
P(Y, €[h,h+6]| X, =x) 2
and we have applied Taylor’s expansion
(yn>2€7nyn
e =1+y,+ Yy for some 7, € (0,1) and vy, := ¥, ([;x)z
to the third equation in (2.74). Note that by Condition (2.37),
0 < ¢n(l;x) < Cs, (2.78)

and by Conditions (2.36) and (2.37), for all x € R*, k,(z) is uniformly bounded. Therefore, by
the results of (2.73) and (2.74), for all x € R™, we obtain that

P(Y, Il X, = —Yn(Lz)z 4 [ 2
Fxnizn (1) = Fxn(@)P(Vn € 1| P"(Z xe)(]e) + Fn(2)a7) (2.79)

In the following, we will use brief notations
Pyn|Xn(I;:c) =PY,el|X,=u1), Pzn([) = P(Z, €1).

First, we let

A, = L : (2.80)

fx. (x)e—zﬁn(fsw)mdx
R+

Since [, fx,(z)dz = 1, from (2.78), we have fx, (x)e ¥"U®Tqz < 1 hence A, > 1 for all
R+

n > 1. By definition X,, = 3, X, 5, — 0, we also have

1 _ .
lim — = lim fx, (z)e VB2 dy — lim fx (x)e ¥nEbn®)Bnz gy —

n—o0 Ay n—00 Jp4 n—00 Jp+

by the dominated convergence theorem, so A,, is uniformly bounded from above and from below.
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Recall the definition of KL-divergence from (2.20), and the definitions of ]P’g") and @ﬁ”) from
(2.35), we have

_ . A fX (x)ef"/’n(kﬁnx)ﬁnw
D (P(n) (n)> _ / A Yn(L;n ) Bn | n 4
ke (P [ Q; - fx(x)e og [y "

_ . Aan (x)e_wn(lvx)a:
= A, fx (z)e vnhmz g ( n dx 2.81
A+ﬁM) g 2.81)

—tpn (I;x)x an|Zn (iIZ’, [)
/R+ Anfx(w)e log (Aann (x)e—¢n(1;x)x dx

. (2.82)

(2.81) is obtained by the change of variables X,, = (3, X and the scale invariant property of the
KL-divergence. (2.82) is true because the KL-divergence is nonnegative. With (2.73), the right

hand side in (2.82) can be written as

P (I —z;2) 1
A, —¢n(l5) | fx. (@) Py, |x, ;T) i
/]R+ fx.(@)e og P (1) A e (@)evntTon |

o P ([—x;x) Py x (I;x)
_ A Un(liz) | Yo |Xn AYalX,
/}R+ nfx, (T)e og (men (L)oo Py (1) A, da

P, I
/AMMWWMW%(E&LQ»M
R+

IN

Py (I) A,

+ A, z)e (o) 1 e dx|. 2.83
/R+ fxa (@) & Py, x, (I; x) e~ ¥n(lix)z (2.83)
From the expression of fx,, |z, (a:; 1 ) in (2.79), we have the following identity
1= an‘Zn(x;I)d:v
R+
Ix., (x)e_%(l;x)xpmxn ([; 517) dx an(f’f)kn(if)352PYn|Xn (1; :)s)dx
R+ R+
= + (2.84)
Py, (1) Py, (1)

For the second term in (2.84), Conditions (2.36) and (2.37) imply that Py, |x, (] ; x) and k, (x) are

uniformly bounded and Condition (2.39) implies that Py, (I ) is uniformly bounded from below.
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Then by the assumption E[X?] = a,,, the first term in (2.84) satisfies

fx, (@)e vnIT Py (I;2)dx fx, @)k (2)2” Py, x, (I; x)dx
R+ R+
= — 1| =1+ 0(ay,).
o (1) o (0) (an)
(2.85)
With Condition (2.37), (2.85) implies
. . fx, (x>e—wn(1;w)mdx .
= <R < — + O(ay). 2.86
P (DA, P (1) <5, T 0l (2.86)

By Conditions (2.37) and (2.38): | Py, x, (I;z) — Py, (I)| < b, Py, (I) with b, — 0, therefore

Py, (1) < <K (2.87)

1-0, -
for some constant ; > 0. With (2.86) and (2.87) and recalling the definition of A,, in (2.80), we

have

*d’n(hx)x .
- an(x)e Pyn‘xn ([, l‘)dl’ - PYn (])
Py (1) P, (1)A,

[ e 0 (P (110) = P (1)) d
Py, (1)

» fx., (a:)e_zp"(l?x)x }Pyn‘xn (I; {E) — Py, (I) ‘ dx
Py, (I)

IA

buPy, (1) | fx,(@)e " UD%de
Rt Ul (I) i B
- Pz, (1) =P 0)A, =t (51 T O(an>> = O(b,).  (2.88)
And similarly,
Pyx,(Lx)  Pr(I) buPy, (1)
P, (A, Pz (I)A.| ~ Pz (DA, O(bn)- (2.89)
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By the triangle inequality, from (2.85), (2.88) and (2.89), we have

PYn|Xn (], l‘)

Py, (DA, =14 O(a, + by).

Since log(1 + =) < x for all x > —1, for sufficiently large n, we have

PYn|Xn (], .Z') o

Note that the term O(a,, + b,,) in (2.90) is independent of . Therefore, for the first term in (2.83)

we have

= sup [log (R'X(—(Ix)> 1= 0(ap +by). (2.91)

Define
Gs(y,x) :=log P(Y; € ly,y + 0] | X, = z).

Then by Taylor expansion and the conditions (2.36), (2.37), we can expand Gs(h — z, z) at (h, x)

to get
. o 0Gs(h,x)  0°Gs(h — dn, ) .
Gs(h — x,x) = Gs(h,z) — o x+ 2057 x*, forsome &, € (0,1),
= Gs(h, ) — Yu(I; 2)z + ()2, (2.92)

10%1og P (Y, € [y,y +0] | X, = z)
where ¢, (x) := B Dy

(2.83), by (2.92), we can get

. Therefore, for the second term in
y=h—anx

10g<P(Y elh—ah+d—2]|X,=xz)

P(Y, € hh+6]| X, =x)e (Im)x) =Gs(h — z,x) — Gs(h, x) + Yu(l; )7 = gu ()2,

And by Condition (2.36), for all x € R™, there is a constant K, > 0 such that

le=¥nli®)zg (2)] < K. (2.93)
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In the following, we use a brief notation Py, x, (E, — z;z) = P(Y, € [y,y + ] | X, = z). By
(2.93), and the uniform boundedness of A,,, and the assumption: E [Xg] = a,, the second term in

(2.83) satisfies

P I —
/ Aann(:L')e_¢n(I§$)$ log ( Yo|Xn ( T, $) > i
R+

PYn\Xn (I; :L’) e—¥n(l;z)T

= / Apem 0T fy () g ()2 da| < M fx, (@)e Vg, (2)aPde| < ME,E[X?] = O(ap).
R+ R+
(2.94)
Combining (2.82), (2.83), (2.91) and (2.94),
Dxw (P§"> [ Q@) = O(an + by). (2.95)

For the case S,, :== {z : fx,(x) > 0} C R, we can only define P(Z, € I | X,, = x) on S,,.
But we can still define the KL-divergence on R™ since the part of KL-divergence on R™\S,, is 0.

Therefore, in the same way as (2.81),

—n(I;z)x
™ 1 o) pu(lia)a Anfx.(@)e

. A fx, (2)evnla)e
:/ A, fx, (z)e ¥nloe log< f]ii:ﬁz) @) )da:

—tn (I;x)z an|Zn ($7 I)
/Sn A, fx, (z)e log (Anfxn(x)e—wn(f%x)w dx

. (2.96)

Then we can follow every step from the step (2.82) in our proof for the case {z : fx,(z) > 0} =

R* to get
Do (P{ 11 Q") = Ofan +by). (2.97)

Furthermore, let ,(I; z) := 5,¢n([; B.z), by the condition (2.37), there is a constant C' > 0 such
that forall z € R, 0 < (,(I; z) < C. Therefore, P{") with the density function A,, fy ()¢~ #n¥nLBnz)

satisfies the definition of the canonical probability distributions in (2.31). [
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Proof of Theorem 2.3.6

For a finite interval [ = [h,h + §], h,d € Rand § > 0, let
P = P(K, = Buk | Zn€ 1) and Q") = B,P(K, = B,k)e?U:Mak
where

1 _A .
Sim > P, = ke R
" BukeSy

and

. Olog P(Y, € [y,y+ 6] | K,, = Bk
Un(I; Brk) == ( [ 3 1 ) :
) y=h

We first state the following lemma. The proof follows from the proof of Theorem 2.3.1 with the

Definition of KL-divergence for discrete probability distributions in (2.21).

Lemma 2.4.1. Assume there exist positive constants 01,62, {C;,1 < i < 3}, a sequence b,, = o(1),
and an open interval D such that the conditions (2.36) — (2.39) in Theorem 2.3.1 hold for K,, Y,,
and Z,. Then

Dx (P§">|| @?”) = O(a, +by), foreveryIC D. (2.98)
Now we are ready to prove Theorem 2.3.6.

Proof of Theorem 2.3.6. All of the conditions in Theorem 2.3.1 hold for K, Y,,, Z, by the assump-
tions, hence Lemma 2.4.1 can be applied. Therefore, we obtain the following relation between total

variation and KL-divergence from (2.22): for every I C D,

sup
Bnk€Sn

<5 (Pﬁ”), ; §")) < %\/ Diw (Pg”)n @ﬁ”)) —0 (M) . (2.99)

P(K, =B,k | 2, €1) - B,P(K, = Bk)e¥n(TiBuk)Buk
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With (2.52) and (2.99), the conclusion (2.53) follows from the change of variable K,, = 5, K and

the triangle inequality:

sup|P(K =k | H, € E,) — B,P(K = k)efﬂnu?n(l;ﬁnk)k
kesS

— sup |P(K, = 8.k | Hy € I) — B,P(K, = f,k)e iRk
Brk€Sy

< sup |P(K, = fuk | Zy € I) — ByP(K, = Byk)e”tnTionk)bak
BrnkESn
+ sup |P(K, =Bk |H,€l)—P(K,= k| Z, € 1)‘

Bnk€Snh

=0(c, + Va, + by).

Furthermore, let C,(I;: k) = Botn(I; B,k). We can check that 0 < (,(I;k) < C for all
k € S and a constant C' > 0. Therefore, B, P(K = k)¢ nin(i8:k)k satisfies the definition of the

canonical probability distributions in (2.32). [

2.4.2  Proofs of Theorem 2.3.8 and Theorem 2.3.9

Let X be a nonnegative continuous random variable and with E[X] < oo and let Z, be a
sequence of real-valued continuous random variables. Given a Borel measurable set £ € B (R)
and a function ¢ : B(R) — R with 0 < ¢)(F) < oo, let P be a probability measure with density

function

1
Afx(x)e B — = [ fx(z)e ¥ Fdz.
A7 Jos

And let Qg) be a probability measure with density function fx|z, (z; E'). We obtain the following

lemma for the case (2) of the canonical distribution (2.58):

Lemma 2.4.2. Assume the following conditions hold:

fX\Zn( ; E)

1. (Boundedness) el 7) and |e

bounded on R™.

, for any & > 0, are uniformly
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2. (Linear approximation) There exist constants b,c € R, 0 < ¢ < 0o, and a sequence of
functions q, : R — R with
E [qn(X)ﬂ =7, —0

such that on an interval I,, = |0, d,,| with d,, — o0,

l (fxzn(x;E)
og | o~

o) ) =b—cx+ g, (). (2.100)

Then
lim Dy (]P’E [ @(g)) —0 ifandonlyif c=(E).
n—oo
Furthermore, assume E[X?] < oo and X is not a constant random variable, let I@’(E") be a

probability measure with density function
~ 1
Apfx(@)e PvEr = [ fy(z)e VBT (2.101)
A, R+

in which §, > 0, 5, = o(1). We obtain the following lemma for the case (1) of the canonical

distribution (2.58):

Lemma 2.4.3. Assume the following conditions hold :

fx|z,(z; E) b€ 1og (leZn@; E))
)

Fe@ | Fx(@

1. (Boundedness)
bounded on R,

, for any & > 0, are uniformly

2. (Linear approximation) There exist constants b,c € R, 0 < ¢ < oo, and a sequence of

functions q, : R — R with E [q,,(X)?] — 0 such that on I,, = [0, d,,] with d,, = O (%ﬂ),

5 (@) > =b—cx+ qu(x). (2.102)

Then 3
Dx1. (Pg) | Q?)
lim

=0 ifandonlyif c=y(E).

Corollary 2.4.4. In particular, if we choose Z,, = 3, X + Bn(f/n — W), where f/n, B, lhn are given
in the definitions in Section 2.3.2, and choose the Borel set E to be a finite interval I, by Equation
(2.27), those general results of Lemma 2.4.2 and Lemma 2.4.3 for fx|z, (v, E) can be applied to
Ixz, (z, E,), which is the conditional density defined in Section 2.3.2.
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Proof of Lemma 2.4.2

Proof. Note that for any uniformly bounded function |b,,(x)| on R*:

/‘Qh@%@MSwM@M/i.&MMZWMMMMXZ%)
RH\In RH\ I,
< |1bn () [ oo (%) = O(en), (2.103)

for a sequence €, — 0 since d,, — oo by Condition (2) and E[X] is bounded by the assumption.

We first prove ¢ = ¢(F) = Dgp (IP’E [ Q?) — 0.

By Condition (2),
F
log (fX|Z"—M> =b—Y(E)x+ qu(x) only, (2.104)
fx(x)
therefore, we have
Afx(x)ew(E)‘T)
lo =logA—b—gq,(x) onl,. 2.105
g< Ix|z,(x; E) & 0n() ( .

Since [, fx(x)dz = 1, there exists a bounded closed set D C R* such that [, fx(z)dz > 0.

Hence,

A= < <m.@m®
fX( B qg: / fx(z WE)wdx inf }e V)| / fx(z

Furthermore, we can derive

_ o B — fxiz, (@ E) o Ix12. (@ E)
L7 P Bl f ) R ot [ OGS

fx( )tV Eetan(® gy 4 O(e,,), (2.107)

dx

in which the last equality is from Equation (2.104), and the result of (2.103) applied to the uni-
fx1z.(@; E)

on R* (Condition (1)). Multiplying by e~ on
fx(x)

formly bounded function |b,(z)| =
both sides in (2.107), we have

e—b — fX (x)e_"p(E)x"FQn(x)dl» + O(en) (2108)

In
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Then we can apply Taylor’s expansion to e%*(*) to get

et = | fx(@)e P Eagr 4+ 5
In

2
fx(z)e ¥ B (qn(x) + Me%'%@) dz + O(e,), (2.109)

ITL
for some sequence o, € (0, 1). Note that we use the formula
6a(y)’y

0% aly) € (0.1

e/ =1+y+

and let y = ¢, (z), o, = a(gn(x)). Combined with Equation (2.104) and Condition (1), it implies
there exists a constant A/ > 1 independent of n such that e~¥(F)*+a(*) < M for all 2 € I,,. Since

a, € (0,1) and ¢(F) > 0 in the assumption,
e VBTt m(@) < prane=(manbE)r < Ar forall z € I,. (2.110)

Hence e~ ¥ (P)e+andn(®) jg yniformly bounded on I,,. Then
efw(E)x‘i’anQn(x)

2

Fx(@)gn(z)*dz

(e o] [n

2
Ix (x)e—¢(E)x (_q”(;) e%-qn(z)> dr <
I,

< ME [g,(X)?] = O(m), (2.111)
where O(7,,) — 0 by Condition (2). By Equations (2.109) and (2.111),
et < | fx@)e ¥V E%ar + [ fx(x)e VB, (x)dx + O(v,) + O(en)
In In

= fx (m)e_w(E)””dm — / fX(m)e_w(E)xdm + fx (x)6_¢(E)an($)dx + O(7n) + O(€p)
R+ RH\I, In

- % + | Fx(@)e" g, ()dz + O(mm) + O(en), (2.112)
In

where the last equation is from the result of (2.103). And since A is bounded by the result (2.106),

we have
Ae” <1+ / Afx(x)e ?Bq (x)dx + O(,) + O(en). (2.113)
]7L
Using the inequality log(1 + =) < z for all x > —1, we find a bound

logA—b< / Afx(z)e B (2)dx 4+ O(ym) + O(e). (2.114)

In
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Furthermore, by Condition (1),

—p(E)x fx\zn(90§E)>
eV log (P

is uniformly bounded on R, so we can

check that

A —P(E)x
e V(B log ( fx(@)e ) is uniformly bounded on R*as well. (2.115)

fX|Zn($; E)

Recall that

lo =logA—b—q,(r)onl,
g( fx1z,(x; E) & 0n()

by (2.105). With the result of (2.114), we can get

D (P || QF")
- / Afx(x)e™) log (AfX(x)e_w(E)x) dx + / Afx(z)e "B log <Afx(“’)6_w(E)x> dx
R\ I,

In fxiz,(x; E) fx1z,(x; E)
= / Afx(x)e 7 (log A — b) dx — / Afx(z)e B, (z)dx 4+ O(e,)
I, In

= (logA—10b) — /R+\1 Afx(2)e B (log A — b) dx — / Afx(x)e B2, (z)dx 4 O(e,)

ITL

=logA—b+O(e,) — / Afx(x)e " Bq, (x)dr + O(en) = O(7n) + Oley), (2.116)

I,
where the O(e,,) terms are from the result of (2.103) applied to the bounded function (2.115).
Therefore, by (2.106) and (2.116), we get

DL (]PE I @g>) 0.

Next we prove
Drw (IP’E [ Q(;)) 50 = c=y(E). (2.117)

By Condition (2), there exists a constant band a sequence of functions ¢, (z) such that

fx|z,(x; E)
tog ( fx(r)

Similar to the derivation of (2.105), we have

flfx(x)e_cx
o8 <fX|Zn ;)

) =b—cx+qu(r) onl,. (2.118)

) —log A —b—qu(x) onl,, (2.119)
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where

1

fx(z)e “dx
R+

S
I

which can be proved by a similar approach as in (2.106). Then following the previous proof from

(2.107) to (2.116), we can get
D, (B || Q) 0, (2.121)

where Py is a probability measure with density function A fx(z)e~ . By the assumption (2.117),

we also know
D (IPE [ @gw) 0. (2.122)
By Pinsker’s inequality (2.22), we have that the total variation distance denoted by (-, -) satisfies
§(Pp, Q%) =0 and 6(Pg, QW) — 0. (2.123)
Then by the triangle inequality, § (I@’ g, Pp) = 0. It implies
/I <AfX(s)e_csds - AfX(s)e_’”(E”) ds =0, forallz e RT.
0
Hence
Afx(x)e™ = Afx(z)e P holds almost everywhere on R
Since A and A are both independent of = and there exists an interval such that fx(x) > 0, we
obtain ¢ = ¢Y(E). O
Proof of Lemma 2.4.3

Proof. Note that for any uniform bounded function |b,,(x)| on R*:

/R S @@

< Il || el = [P (X 2 d)

< Il (Zi ) =003 @124
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where the existence of O(3?2) is due to d,, = O(ﬁin) by Condition (2) and E[X?] < oo by the

assumption.
Dy (P(é}) | Q?)

oA

We first prove ¢ = (FE) = — 0. By Condition (2),

log (fx|zn(5€; E)

fx (@) )Zﬂn@—¢0ﬂw+%AM) on I,, (2.125)

Therefore we have

log <Anfx(x)eﬁnww)x
Ixz,(z; B)

Following the proof in (2.106), for each n, we have

) =108, = b= fra(a) on (2.126)

1
A, = < o0, (2.127)

fX(x)e_B"‘”(E)wdx
R+

and we can check that lim fx (m)e_BW(E )%da — 1, hence, A,, is uniformly bounded.
n—o0 R+
We can apply a similar proof as for Lemma 2.4.2 to Equation (2.126). Substituting b by (,,b,
(E)x by Bpp(E)x, ¢.(z) by Buqn.(z) and A by A,, then every step from Equation (2.107) to

Equation (2.116) follows. Therefore, we can get

D (BE' 1| Q") = O(823) + O(8).

where the O(3%v,,) term follows from the derivation of the O(~,,) term in Lemma 2.4.2, the O(32)

term follows from Equation (2.124) and the derivation of the O(¢,,) term in Lemma 2.4.2. It implies

Dxr (Pg) 1 @5’;))

32 = O(m) + O0(B,) = 0.

Dxy (Pg) | Q?)
B2

Next we prove — 0 = ¢ =1(F). Similar to the proof for Lemma 2.4.2,

we can show

Dxr. (I@’(EP) | Q?)
/62

— 0, (2.128)
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where ]f”g) is a probability measure with density function A, fxe P By the assumption, we also
know
Dy (I@(EP) | Q?)
g
Therefore, by Pinsker’s inequality, we have that the total variation distance denoted by d(-, -) satis-

fies

— 0. (2.129)

6_5(%’@(5))_)0 and Bia(ﬁDE, )y =5 0. (2.130)

Then by the triangle inequality, 5%(5 (Pg,Pg) — 0. It implies

lim — ( / A fx(s)ePnesds — / Aan(s)eﬁn¢<E>8ds) =0, forallz e RT. (2.131)
0

We can apply Taylor’s expansion to e~?7¢* and e~ ¥ (E)s (o get
e =1 - Bres +0(B%s%) and e VB =1 — B ap(E)s + O(B2s%). (2.132)

By the results of (2.132), Equation (2.131) can be written as

xz

tm [ - (A _ A, (Anc - An¢(E)) Bos + 0(5252)> fx(s)ds =0, forallz € RY.

n—oo

(2.133)

Since E[X?] < oo from the fact E[X?] < oo, we know / s?fx(s)ds < oo on R*. Therefore, the
0
O(B%s?) in Equation (2.133) can be dropped and we obtain

xT

lim Bi (An A, - (Anc - Anw(E)) ﬂns) fx(s)ds =0, forallz € RY. (2.134)

n—oo 0 n
By the Dominated Convergence Theorem,

N 1 1
An = —1 and A, 1 2.135
Jo+ fx(w)ePrerd " fR+ fx(z)eBntn(B)zy ( )

Also we have

llm i ( fX( ) Bnd}n wdx _ fX(x)e_Bncwdx>
n—oo ﬁn R+ R+

T Bi (/ ((c — W(E)) Bz + O(F2)) fX(;c)d:E)
n—oo n R+

= (¢~ ¥(B)) E[X] + lim O(8,E[X”)) = (c — (E)) ELX]. (2.136)
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where in the first equality we apply Taylor’s expansion (2.132) again. By (2.135) and (2.136), we

have
A — A, 1 - Fx (a)e mon By — - fx(x)e rd
b3 B, i3 B —fnex —Bntn(B)z = (e~ v(E)ELX].
fx(z)e " “dx fx(z)e B dy
R+ R+
(2.137)

Therefore from (2.134) and (2.137),

xT

lim <f~1nc - A,ﬂ/}(E)) sfx(s)ds = (c — (F)) /9: sfx(s)ds, forallz € RT. (2.138)
0

n—o0 0

Therefore, we can apply the results of (2.137) and (2.138) to Equation (2.134) to get

(c—Y(E)) /OxE[X]fX(s)ds = (c—Y(F)) /OCC sfx(s)ds, forallz € RT. (2.139)

Since X 1is is not a constant random variable by our assumption, (2.139) is only true when ¢ =

(E). 0

Proof of Theorem 2.3.8

Proof. The proof follows from Lemma 2.4.3. By the condition (2) in Theorem 2.3.8, we have

P(Y,el—-pur|X,=0nz)) P(Y el—-pyx)
o (P ey ) e (M) e

_ Dlog P(Yaey[y,y + 0]) hﬁnx + O(B22?) + Bugn ().

(2.140)

‘We now check whether all conditions in Lemma 2.4.3 are satisfied:

, which is uniformly bounded on R™ by the con-

1. (Boundedness): ’fx}i"(g;l)‘ = ‘fxlif(((:)En)

dition (2) in Theorem 2.3.8. And from (2.140), for any £ > 0,

e Bnéz | (fX|Zn(I; U)‘ _ (P(Yn SR ‘ Xy = Bnm))’
S\ @) B P(Z, €l

< |e OB + 22%)| + e g ()

Y



58

where the first term is uniformly bouneded on R™, and the second term is uniformly bouneded

on R* by the condition (3) in Theorem 2.3.8.

2. (Linear approximation): Following (2.140), we have

ilo (fX|Zn(x;E)):ilO (P(YHEI—BnaHXn:ﬂnx))
B o\ fx(@) Ba © P(Z, €l)
dlog P(Y € [y,y +4))
_ o

x+ O(an2) + gn(‘T)
h

on I, = [0,d,] withd,, = O (%ﬂ) Therefore, we obtain

~ Olog P(Y € [y,y +])
_ 5

C

and  g,(z) = O(B,2°) + gn()

h

and we can check that E[g,,(X)?] — 0 since E[g,,(X)?] — 0 by the condition (3).

Therefore, applying Lemma 2.4.3, we have

D1 (P ™ @§H)>
lim

~ 0 ifand only if w(z):aIOgP(YaEy[y,yM]) |
h

Olog P(Y €ly,y+9])

Furthermore, since 0 < By

< ( for a constant C' > 0, I@’g”) satisfies the definition of
h

the canonical probability distributions in (2.31).

O]
Proof of Theorem 2.3.9
Proof. The proof follows from Lemma 2.4.2. By the condition (2) in Theorem 2.3.9, we have
P(Y, €1— B | X, =Buz) exp [—B%L (y* — ﬁnév)]
log (7 ] = log + rp(x)
Z.l) .
= ¢ (y )z + O(Ba2?) + (). (2.141)

To check that all conditions are satisfied:
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, which is uniformly bounded on R by the con-

1. (Boundedness): fx}i”(g;l)‘ = le?;((:)En)

dition (1) in Theorem 2.3.9. And by (2.141), for any £ > 0,

tw Ix12, (x5 1) | e P(Y,el-pGx| X, = pfnr)
6“%< ﬁ@))M‘e“%< P(Z,e1) N

< ‘e_&O(:c + ﬂnxz)‘ + ]e_&”rn(xﬂ ,

where the first term is uniformly bounded on R, and the second term is uniformly bounded

on R* by the condition (3) in Theorem 2.3.9.

2. (Linear approximation): As follows from (2.141), we have

= ¢'(y")z + O(Baa?®) + ru(2)

on I, =|[0,d,] withd,, = O (%ﬂ) Hence we obtain
c=—¢(y) and gu(z) = O(Bur?) + ra(a),
and we can check that E[g,, (X)?] — 0 since E[r,(X)?] — 0 by the condition (3).
Therefore, by applying Lemma 2.4.2, we have
Tim Dy (IP’I [ @(I")) —0 ifandonlyif o(I) = —¢'(y°).

Since 0 < —¢'(y*) < oo, P; satisfies the definition of the canonical probability distributions in

(2.31). [
2.5 Applications

2.5.1 Gibbs measure on the phase space

Definition 2.5.1. Consider a probability space (2, F,P), let V.= (V}, V5, ..., V) : Q@ — R" be a

measurable function and let 7\, 7y, and 7 be three projection maps defined on R™ such that

m(V)=U= (W, Va,...; Vi), m(V)=W = (Vii1,Vira.., V), @(V)=V. (2.142)
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Assume there exist measurable functions e, : R¥ — R*, ey : R** — R*, and e : R® — RY such

that
(e10m)(V) =e1(U), (ea0m)(V)=e(W), (eom)(V)=¢e(V).
Therefore, random variables and induced measures can be defined through the following maps:
(Q, F,P) 55 (R, B(R"™), 1) ™ (RF, B(R®),11) & (RY, B(R*), Ay)
(Q,F,P) 5 (R”, BR™), 1) =5 (R™*, BR™), 1) 2 (RY, B(RY), \y).

Definition 2.5.2. Let e, o my, e5 0 mo, and e o 7 be the functions given in Definition 2.5.1. Define

ey o my and e o Ty to be additive on V if
e1om (V) + eyom(V)=eon(V). (2.143)

Theorem 2.5.1. Suppose e; o w1 and ey o Ty are additive on V and suppose e1(U), eo(W) are
continuous nonnegative independent random variables. Denote X := e;(U), Y := e3(W), Z :=

e(V) and let I = [h, h + 0] be a finite interval. Assume the following conditions hold:

1. E[X?] = €2, where €, — 0.

2. Forally € RT, there exists a nonnegative integrable function T € C?(R™) such that

y+9
[(s)ds
92log P(Y € [y, y+ 06
P(Y €lyy+d)) = L o8 (32[” Do @1aa
/ [(s)ds 4
R+
3. I C supp(I") and " (y) > 0, fory € I.
Then we have
sup [P(e;(U)e S| Zel) —/ Ae~ ¥ Dy, (du)| = O(e,), (2.145)
SEB(R+) e1(u)es
y+o
8log/ [(s)ds
where (1) = y@y
y=h
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Proof. Since the functions e; o 7y, e5 o 7y are additive on V, we have
X+Y =¢6(U)+e(W)=(e;0om)(V)+ (ea0m)(V)=(eom)(V)=e(V)=Z.

Since X + Y = Z and they are corresponding to X,,,Y,,, Z, in Theorem 2.3.1, respectively, it

suffices to show that all the conditions in Theorem 2.3.1 are satisfied for X, Y, and Z.

P (Y € ly,y +9))
0%y

is bounded on R™ by (2.144). Therefore, (2.36) holds.

exists and is bounded on R™.

1. Forall y € RT, since T'(y) € C*(R™),

PlogP(Y € [y, y+4])
0%y

And

2. Since I C supp(T"), there exists 4; > 0 such that P (Y € I) > §;. And we can derive

dlog P(Y € [y,y +0])

T(h+6)-T(h)
oy '

o h+46
y=h / [(s)ds
h

Again, since I C supp(T’), and the nonnegative function I'(y) € C?*(R+), I'(y) > 0, for

(2.146)

y € I, we can check that there exists a positive constant C' such that

0 < dlog P(Y € [y,y + 0])
< o

<C forly,y—+6]ClI, (2.147)

hence (2.37) holds for D = I. Furthermore, since X and Y are independent, b, = 0.
Therefore, (2.38) holds.

3. Since X and Y are supported on R*, there exists d, > 0 such that
P(Z €lz,z+0]) >0y forly,y+d] CR",
hence (2.39) holds.

Therefore, all of the conditions hold for D = [ in Theorem 2.3.1, we can apply it with a,, =

2

€ns

b, = 0, and Pinsker’s inequality (2.22) to get

sup |P(XeS|Zel) —/ Ae VD7 o ()dx| = O(e,), (2.148)
SeBRT) z€S
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)
0log / [(s)ds
where (]) = Y 5 . Then applying a change of variables
Y -
/ Ae VDT £ (z)dx = / Ae~V D7) (dx) = / Ae ¥ WDy, (du) (2.149)
xeS x€S e1(u)es
to (2.148), we obtain Equation (2.145). It completes the proof. ]

In statistical mechanics, the induced measure v;(du) in phase space is often considered as the
Lebesgue measure du normalized by the total volume of the phase space A (Here we assume it is

finite). Therefore, for the random vector U, we have its density
Ae?Der() with respect to du, (2.150)

where A = A/A is the corresponding normalization factor.

The assumption v4(du) = du/A for the phase space has already implied that all microstates
are equally probable when the system is unconstrained. It is a reasonable prior probability for U
by a symmetry of a physical system when we do not have any previous information about it. For
the random variable X (e.g. energy), its density fx (z) is referred to prior probability for X when
it is unconstrained. Based on the principle of equal a priori probabilities of microstates in the phase
space, we can show that fx (z) = ~v(x)/A, where () is the Lebseque measure of the surface area

of microstates when the energy is fixed on z (i.e. e;(U) = z). This can be verified by

/ fx(z)dx = / v1(du) = l/ du = l/ y(x)dr forall S € B(R™).
x€S e1(u)es A e1(u)es A xeS

(2.151)

Note that y(x) is also known as the structure function of X. In Theorem 2.5.1, we also make the
same assumption for Y: fy(y) = I'(y)/A, where I'(y) is the structure function of Y.

Therefore, the density of X can be written as
Ae’“”%(m) with respect to dx, (2.152)

which can be interpreted as a uniform prior biased by an exponential weight e~¥()) when the

system is conditioned on some extra information. Note that Equation (2.150) is known as the
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density of Gibbs measure on the phase space and Equation (2.152) is known as the density of
Gibbs measure on the energy of the system [78].
In the work of A. Ya. Khinchin [108], he assumed conjugate distribution laws for all systems.

It is said that

_ ey (x) _ e ™(y)
[ e=sy(s)ds [ e~ (s)ds

for some constant o. Those priors are more general than the uniform prior and they have some

fx(z) and  fy(y) (2.153)

nice properties, e.g., for a proper «, it may guarantee integrability of e~ **y(s) when v(s) itself is

not integrable. However, we can show that the choice of e~** term does not have influence on our

results. Here is the proof sketch: Suppose § = o(1),

y+4
o1 T(s)e *d
v Olog P(Y € [y,y +d]) %é (s)e™ds

(1) : =
dy - dy -
y+o
810g/ [(s)ds
~ %y —a=u()—a.  (2.154)
y=h
By (2.153) and (2.154), we have
AfX(:U)e”Z’(I)’“" = Ay(z)e e~ W= — Ay (z)e ¥ D2, (2.155)

Therefore, to choose priors as the structure functions multiplied by the exponential functions
e~ " for integrability is irrelevant to Gibbs measure. Indeed, it is the extra information (condi-
tion) giving rise to the exponential weight in Gibbs measure and the parameter of the exponential

function is determined by

y+o
0 log/ [(s)ds
Yy

vll) = —5

Y

y=h
in which fyy+6 ['(s)ds represents the volume of microstates in the shell between y and y + 0. The

logarithm of it is known as the entropy of Y, denoted by Sy (y), hence we have

_ aSY(Z/)
dy

Y([) (2.156)

y=h
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By Equation (2.156), we can identify o s the temperature defined in statistical mechanics [92,

1
v
120].

Corollary 2.5.2. We can extend Theorem 2.5.1 to the model that the subsystem and its heat bath
have strong interaction defined by non-additivity of energy functions in statistical mechanics. As-

sume there exists a measurable function es : R" — R such that
(e30m)(V) = e3(V),
which means that this energy function es could depend on the whole vector V.= (V1, V4, ..., V,) in
the phase space. And suppose
epom(V)+eom(V)+eson(V)=con(V),

in which the existence of the extra term ez o w(V) means that e; o m; and ey o Ty are not additive
on V by Definition 2.5.1. Denote that R := e3(V). Recall that V. = (U, W) and X = ¢,(U) =
(e10m)(V), Y =e3(W) = (e10m)(V), Z=e(V)=(eon)(V). Then we have

X+Y+R=17. (2.157)

In statistical mechanics, R is known as the interaction energy caused by interaction between the
subsystem and its heat bath. Based on this setup, we can define a new random variable Y :=Y+R,
but X, Y are no longer independent since the random variable R may depend on both U, W in the
phase space. If we modify the condition (2.144) in Theorem 2.5.1 to guarantee the existence and

boundedness of

‘G(R)P(Y €ly,y+d]| X =x)

and ‘G(k) logP(f/ €ly,y+9| X = x)‘ , fork=0,1,2,
(2.158)
in which the partial derivatives are with respect to both x and vy, then we are able to apply Corollary
2.3.4 to this model. As the result (2.46) in Corollary 2.3.4, this model with strong interaction will
give rise to a new parameter ¢(1) of the exponential weight which involves two terms: one is from
fluctuations of the energy of the “new” heat bath Y (it combines the energy of the heat bath Y

without interaction and the interaction energy R); and the other one is from the correlation of X

andY.
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2.5.2 Integer-valued random variables and conditional Poisson distributions

In the following Theorem 2.5.3, we will show a limiting behavior of a sequence of condi-
tional probabilities for a nonnegative integer-valued random variables K, which is conditioned on
K + L,, L, is a sequence of sums of i.i.d random variables & This sequence of conditional
probabilities has the same limiting behavior as its unconditional probability P(K = k) weighted
by an exponential factor. The most important result of this theorem is that the parameter of this
exponential factor determined by a normal distribution rather than the distribution of ;. By this
result, we provide a very simple formula with an approximation error to approximate an intractable
problem in calculating the conditional probability of an integer-valued random variable. And we
give an example 2.5.1 to show an approximation formula for calculating the conditional probability
of a Poisson random variable conditioned on the sum of that Poisson random variable with another

Poisson random variable.

Theorem 2.5.3. Let K be a nonnegative integer-valued random variable with E[K| < oo. Let
L, = >oiy &, where {&} | are nonnegative i.i.d. random variables. K and L, are independent

and denote H,, := K + L,. Let i = E[&;], 02 = Var(&;) and assume E[(& — 11)*] < oo. And let

, andY ~ N(0,0%).

y=—h

B =3 1 5y Olog P(Y € [y,y +9])

=0 P(K = k)exp (#> , vl) 5

For every fixed finite interval [ = [—h, —h + 6|, h,6 € RT, —h +§ <0, and 26 /0? < (),

- —w([)k) ‘ 1
sup |P(K =k | H, €enu++vnl)— B,P(K =k)ex < =0(—). 2.159
up |PUK = k|, € e van) - B,P( = ke (U0 ) o). @15
Proof. Let K,, := \%, L, = L"—\/%"“ and H,, .= % We have K, + L,, = H,,. By the Central
Limit Theorem, L,, converges in distribution to Y. Furthermore, since (§; — 1) has finite second

and third moments, by Berry-Esseen Theorem 2.2.4,

k k 1
P |\I-—)-FH|[I-—)|=0|—). 2.160
n(1-75) - (-0 (7) .
Since E [K,] — 0, we have K, converges to 0 in probability. By Slutsky’s Theorem 2.2.5, H,

sup
k

converges to Y in distribution. By Corollary 2.2.6, we can also get
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Py, (I)=Py (I)+ 0 (%) : (2.161)
By (2.160) and (2.161),
Py, (11— Py(I-L)+0(L
Py i, (k;np+/nI) = Pru, (k;I) = Pr(k) P<H (I)f> = Pg(k) ]<3 (I)C)()( 1<>f)
" y L
Py (I . %) |
~ = 0 (7)) e

in which we use the fact Y ~ N(0,0?%) and P(—h <Y < —h+ §) is bounded from below. More-
over, since Pk (k) < 1, the term O <\/iﬁ> in (2.162) is independent of k. Let Y, ~ N(np,no?)
and Zn = K + ffn. Then we have

Y, —nu Lp — Nl

K,+Y,=7%, where Y, := NG and Z,, := NG (2.163)
Note that Y;, = Y ~ N(0,0?) and Z,, converges in distribution to Y. Similar to (2.162),
Py (I . %) )
Py s (k; I)=Pxlk)———F=+0 | —|. 2.164
iz, (ki V) = Pelk)—pry = (\/ﬁ) .
Applying the triangle inequality to (2.162) and (2.164), we finally obtain
1
sup Py, (ksnp + /) — Py g (ksnp+ \/ﬁ])‘ = 0(%). (2.165)
Now, it remains to show that the convergence rate of
—(I)k
sup| Py z, (k;np+ v/nl) — By P (k) exp ( Qf/() ) ’ (2.166)
k " n

Then it suffices to show that all the conditions in Theorem 2.3.1 are satisfied for K,,,Y,,, Z,, then
we can apply Theorem 2.3.6.
First, we can check that E[K?] = a,,, a,, = o(1):

E[K?Z] = %E[KQ] =0 (1) : (2.167)

n
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Second, by change of variables,

k
PK|ﬁn (k§”M + \/ﬁf) = Pg, |1, (%7 I) . (2.168)

And we can define the set S in terms of the value for K as below:
S={k:keN, P(K=k)>0}

such that for all k € S, P(K, = \/iﬁ) > 0. Choose d > O such that [ = [—h,—h + 0] C D =

(—d,0). Below we follow every steps in Theorem 2.3.1 with slight modifications:

1. Forally e R, Y, =Y ~ N(0,0?), by the formula of the density of normal distribution, we

have
PP(Y , 0 ’ /
( G@y[g T ]) = [y(y+9) = fy(y) (2.169)
and
Plog P(Y € ly.y+9) _ flu+0)~ )  (fl+8)-F@)) (2.170)
dy? P(Y €ly,y+9]) P(Y elyy+d]) )’ '

so we can check (2.169) exist and are uniformly bounded. For (2.170), we modify the
boundedness slightly and the details of proof are provided in Appendix 2.6.3. Therefore,
(2.36) with a slight modification holds.

2. Since Y,, =Y ~ N(0,0?), there exist positive constants 4; and C' depending on y such that
Olog P(Y € |ly,y+ 6
P(Y €lyy+0) > 6 and0 < 2 ( . vy +9])
Y
Therefore (2.37) holds. Since K, and Y,, are independent, we have b,, = 0. Therefore (2.38)

holds.

< C for every [y,y + 6] C D.

3. Since Z,, — Y in distribution where Y ~ N (0, 02), there exists €,(z) — 0 such that
P(Z, € lz,246]) = P(Y € [2,2+8]) + €n(2).

Since P(Y € [z, z + 4]) is bounded from below for [z, z + §] C D, there exists a positive
constant d,(z) such that P(Z, € [z,2+46]) > d, > Oforall [z, 2+ 6] C D. Then the second
inequality in (2.39) holds.
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To apply Theorem 2.3.6, we then obtain

k k k 1
iléls) Py, |z, <ﬁ’ [) - B, Pk, (%) exp (—1?([)%)‘ = O(E), (2.171)
where
dlog P 4]
o) = 2% v (1.9 +9) and Y ~ N(0,0?). 2.172)
dy y=h
By change of variable, we then obtain
s B (kY| 41
sup Py z, (k;np+ /nI) — B, P (k) exp ( 7 = O(n), (2.173)
where
1 1

o = S P e/ /m) e (— Dk ) Sy P (k) exp (b (D))

By applying triangle inequality to (2.165) and (2.173), we can obtain (2.159) in the theorem.

Finally we apply Theorem 2.5.3 to a concrete example.

Example 2.5.1. Let \,x > 0 be two constants. Consider two independent random variables
K ~ Pois(\) and L,, ~ Pois(np). Let H, = K + L,. For every fixed finite interval I which

follows from Theorem 2.5.3, we can show that

sgp’P(K:MﬁnEnu—l—\/ﬁI)—BnP(K:k)exp (M)‘zo( L),

NG NG
> 1 dlogP(Y € [y,y+6
where B,, = Z o and ¢(I) _ 0g ( 5 [y Y+ ]) .Y ~
im0 P(K = k)exp (_%/(ﬁ) ) Yy y=——h

N(0, w).

Proof. By the property of Poisson random variables, we can decompose L, as L, = Yo &
where {{;, 1 < n} are independent Poisson random variables with mean y and variance p. We can

check that all conditions are satisfies in Theorem 2.5.3. Hence Theorem 2.5.3 can be applied. [
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2.5.3 Emergence of temperature (conditioned on the scale of large deviations)

In this section, we define the parameter ﬁ in the exponential function e~ %!

ature of the canonical distribution. Consider a sequence of conditional probabilities for a function

D as the temper-

of a subsystem represented by X in contact with its heat bath represented by Y,, = > oo X;, where
X; are 1.1.d. and X; has the same distribution as X, and X;, X are independent. Suppose that the

total energy Z, = X +Y,, is conditioned on the scale of large deviations from its mean, we will

L

show that the temperature 0

of Yz,
n

is an emergent parameter uniquely determined by the rate function

Definition 2.5.3. Let X be a nonnegative and nonconstant continuous random variable with
E[X*] < oo, and let Y, := Y7, X;, where all random variables in {X;}7_, U {X} are i.id..
Denote Z, = X +Y,,. Consider an interval I = [d,d + 6], d € R, § > 0 with E[X] ¢ I, and
a function ¢ : I — R such that 0 < p(I) < oco. Let Py be a probability measure with density
function Afx(z)e=?D%, where

1
— = e ?D? g,
i [ i@

Let Qg") be a sequence of probability measures with density functions f X|2n (x;nl).
Theorem 2.5.4. Denote Y, := %, X, = )—n(, and Z,, = Xn+ Yy, andlet I == = {y—2, y € I}.

Assume the following conditions hold:

fX|Zn (955 I)
fx(z)

2. |log Py, (I) —log Pz, (I)| converges to a finite constant as n — cc.

1.

is uniformly bounded on R™.

3. There exists a function ¢(y) € C?*(D), where D is an open interval containing I, with

—o0 < ¢'(y) <0, fory € I, such that

log Py, (I _ %) — (y - %) + s, <I . %)  forl— % c D, (2.174)

where y* = {y : ing oY)}, =0 (%) , and |s,(I')] = o(n) for all
ye

I' c D.
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Then

D (Br | Q) =0 ifandontyif  o(D)=~d'(y), " ={y:infow)}. 2175

Corollary 2.5.5. The conditions (1) - (3) formulated in Theorem 2.5.4 are technical, so we would
like to characterise and verbally describe the underlying meaning and interpretation of them: The

condition (1) can be written as

fx1za (23 I)' Fxoyva (51— %)
fx (@) fx. G (L= 5)

in which the right hand side is related to the correlation of X,, and Y,, therefore, this condition

is uniformly bounded on R™

means that the interaction between X,, and 'Y, is regulated; The condition (2) is corresponding
to the setup that X,, is small relative to Z,, (hence the distributions of Y,, and Z,, have the same
asymptotic behavior), specifically, that finite constant can be chosen to be zero (we provide a
more general condition in this theorem); The condition (3) means that Y,, converges to a constant

satisfying the large deviation principle with the rate function ¢ and the remainder term s,,.

Proof. The proof of Theorem 2.5.4 is just the application of Theorem 2.3.9, so we will show that
all conditions in Theorem 2.3.9 are satisfied. First, Condition (1) in Theorem 2.3.9 follows from
Condition (1), and E[X 4] < oo is assumed in this theorem. Second, Condition (2) in Theorem
2.3.9 follows from (i) Y,, — E[X] in probability by the law of large numbers, (ii) E[X] ¢ I by
Definition 2.5.3, and (iii) the Condition (3) in this theorem.

Third, since I is closed and contained in an open interval D, there exists a constant d € R*
such that [ — % C D for z € [0, nd]. Therefore, by Condition (3),

log Py, (1 _ f) E— <y* — f) ¥ sn (1 - f) oyt = {y : inf¢(y)} . (2.176)
n n n yel

Since [y*,y* — £] C D and ¢ € C*(D), by Taylor’s expansion,
2

T

o (y* — %) = o(y*) — qﬁ’(y*)% +0 < ) for all z € [0, nd]. (2.177)

n2

By Condition (2) and (3), there exists a sequence ¢,, — 0 and a constant % such that

log Py, (I) =log Py, (I) + k + €, = —no(y*) + s, (1) + k + €,. (2.178)
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By Condition (3), we have

5n (1 - %) - sn(I)‘ — |s.(1)] O (%) — 0(0,7), (2.179)

in which ¢,, — 0. By the results of (2.176), (2.177), (2.178), and (2.179), we obtain

log: (M) ~ log (exp [—”Cb (y* - %”) +0 (%2) + O(6,x) + €, on I, =10,nd.

Py, (I) exp [-no(y*)]

(2.180)

Let r,(z) := O (%2) + O(6,) + €,, we can check that (i) |r,,(z)e~*| uniformly bounded on R*
for any ¢ > 0, and (ii) EE [r,,(X)?] — 0 since E [X*] < co by Definition 2.5.3. Hence, r,, (), d,, ¢
satisfy Condition (3) in Theorem 2.3.9. Therefore, we have checked that all of the conditions in

Theorem 2.3.9 hold, then we can apply it to get
Dk (IPI [ @ﬁ”)) 0 ifandonlyif o(I) = —¢'(y"). (2.181)
[

By Cramér’s Theorem 2.2.3, the existence of the function ¢(y) in Condition (3) is from the
existence of the rate function of Y, = S°7—" X;/n. Letset Dy := {y € R : ¢(y) < oo} and we

can choose D = int (D). By the properties of rate functions in Appendix 2.6.1, we have
#é(y) € C*(D) , ¢(y) isconvex on D, (2.182)

and —oco < ¢'(y) < 0fory € I C D if the interval I is chosen on the left side of the mean of Y.

By Cramér’s Theorem, the rate function satisfies
log Py, (I - f) — —né <y* - f) +o(n), forl—2 cD. (2.183)
n n n
Comparing (2.183) with Condition (3), Theorem 2.5.4 requires an explicit form of the remainder:

log Py, <I _ f) — —ng (y _ f) ¥, ([ _ f) C forl—LcD, (2.184)
n n n n
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sn(l — %) — sn(1)

n

sn(I)
guarantees the “if and only” if statement (2.175).

where =0 <£> ,and |s,(I")| = o(n) forall I’ C D. This stronger condition
n

The following is our discussion on the connection between Theorem 2.5.4 and Van Campenhout
and Cover’s Theorem 2.2.2. In Theorem 2.5.4, if the condition is on the scale of large deviations,

then the conditional density
fxiz,(wind), np & nl

can be approximated by the (normalized) product of its unconditional density fy(x) and an expo-

nential function e~*

. This parameter A = ¢/(y*) is unique and determined by the first derivative
of the rate function evaluated at y* = inf,c; ¢(y). It implies that we are able to find A directly
from the rate function without using the maximum entropy principle. Furthermore, by the pair of

reciprocal equations (2.17):
¢ (y*) =X ifandonlyif A'(\) =", (2.185)

which means the parameter A\ we find by the derivative of the rate function (left side of (2.185))
is also the solution of the derivative of the free energy function A under the constraint = y* (right
side of (2.185)).

Therefore, using the maximum entropy principle under the first moment constraint to find good
approximations of conditional density (Van Campenhout and Cover’s approach) is a natural con-

sequence of the emergent behavior of

Fxiz,(x;nl)

And this emergent behavior gives rise to a large deviation function that uniquely determines the
parameter of the exponential weight. As we discussed in the Section 2.2, we apply the large

deviation principle directly to the distribution of a the heat bath

Y, 1¢
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On the other hand, the Gibbs conditioning principle uses the large deviation principle for emprical

measures
1 n
Ly== dx,.
n <
=1

Denote that X; := X. Then the limit problem of the sequence of probability measures @§") with

density functions

1 n
1), where Z, = X +Y, =~ > X,
fx|z,(@; 1), where + "2

and the limit problem of the sequence of emprical measures

1 n
E[L, | L, €], whereLn:ﬁ;(SXi and ' = {fy:/xfy(dx) E[}

are just two sides of the same coin. Eventually, they both give arise to a limit as a canonical

distirbution with the density
fx(z)e™.

In conclusion, our approach generates A by the large deviation rate function of the heat bath Y,
and the Gibbs conditioning principle solves A by minimizing the relative entropy which is the
large deviation rate function of sampling. These two approaches are connected by the reciprocal

equations (2.185) through the Legendre transform.

2.5.4 Emergence of temperature (conditioned on the scale of Gaussian fluctuations)

Similar to Section 2.5.3, in this section, we define the parameter in the exponential

_1
Brnp(I)

D= as the temperature of the canonical distribution and consider a sequence of

function en¥!
conditional probabilities for a function of a subsystem represented by X in contact with its heat
bath represented by };n = Z?:z X;, X; arei.i.d. and X, has a same distribution as X, and X, X are
independent. In comparison with Section 2.5.3, here we suppose that the total energy Z,, := X+,
is conditioned on the scale of Gaussian fluctuations. We will show that the temperature m is
an emergent parameter uniquely determined by a normal distribution N (0, 0?), where o is the

variance of X.
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Definition 2.5.4. Let X be a nonnegative and nonconstant continuous random variable with
E[X*] < oo, and let p = E[X], o2 be the variance of X. Let Y, = S"r_, X;, where all random
variables in {X;}", U{X} are i.i.d.. Denote Z, == X +Y,,. For an interval I = [d,d + 4], d €
R, 6 > 0 and a function ¢ : I — R such that 0 < 1(I) < oo. Let Pg") be a sequence of probability

_¥)
measures with density functions A, fx(x)e” v» ", where

1 _wD,
— = fx(x)e v idx
A, R+

and let an) be a sequence of probability measures with density functions f X|Zn (x;np + /nl).

_ f/n_(”_l)li _ X
Theorem 2.5.6. Denote Y, = ——7—=, X, = .,

{y — \/iﬁ, yel } . Assume the following conditions hold:

Zy = Xo+Y,, and let I — 5= =

fX|Zn (I; I)

1. (@)

is uniformly bounded on R™.

dlog P(Y € [y,y + d])
dy

2. Y, — Y in distribution and >0,Y ~ N(0,0%).

y=d

3. There exists a sequence of functions g, : R — R with

gn(az)e_%x uniformly bounded on R™, forany ¢ >0, and E [g,(X)*] =0

such that

P(Ynef—%)

P(Z, el

P(rer-5)\

P(Y €l NG

log = log onl,, (2.187)

in which I,, = [0,d,,] with d, = O(y/n).

Then

_ Olog P(Y € [y,y +0])
— 5

nDx. (P‘,’” [ Q§")) 0 ifandonlyif ¥(I) (2.188)

y=d
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Corollary 2.5.7. As Remark 2.5.5, the conditions (1) - (3) formulated in Theorem 2.5.6 are techni-
cal, so we would like to characterise and verbally describe the underlying meaning and interpre-
tation of them: As Theorem 2.5.4, the condition (1) means that the interaction between X,, and Y,
is regulated; The condition (2) follows from the central limit theorem and we need to choose the
interval I = [d,d + 0] C R~ such that the partial derivative term is positive; The condition (3)
combines the setup X,, — 0 in probability and Y,, — Y in distribution, furthermore, the remainder

term has a special form g”—\/(}f).

The proof of Theorem 2.5.6 is just the application of Theorem 2.3.8. We can check that all of
the conditions in Theorem 2.3.8 are satisfied. Here we want to further discuss the equation (2.187)
in Condition (3):

As the proof for Theorem 2.5.3, by Corollary 2.2.6 of Berry-Esseen theorem and Slusky’s
theorem, we have

P(Viel-z) g P(rer-%) +o(1) onl,  (2.189)

e\ —pzen PY el N

However, it only guarantees the convergence of IP’YL) and @ﬁ”) in || || by Theorem 2.5.3. Compare

Equation (2.189) with Condition (2), Theorem 2.5.6 requires an explicit form of the remainder:

N
P(Z, el)

P(Ynel—i) P(Ye]-i>

Vn gn(x>
Pven | m

log = log on [, (2.190)

and E[g,(X)? — 0. This explicit form of remainder guarantees the “if and only” if statement
(2.188).

We now discuss the connection between Theorem 2.5.6 and Zabell’s Theorem 2.2.1. If the
condition is on the scale of Gaussian fluctuations, Theorem 2.2.1 only tells us that the sequence
of conditional distributions F'y,; (z;nu + +/nl) should converge to its unconditional distribu-
tion F'x(z). By our theorem 2.5.6, we have an explicit formula for the canonical distribution to
approximate the conditional distribution well:

¥

Fyz,(@;np ++/nl) %/ Apfx(s)e” Ve 'da,
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for a sufficiently large n, and it converges to F'x (z) as n — oo which is consistent with Zabell’s

Theorem 2.2.1. In addition, the parameter % of the canonical distribution is uniquely determined
if we require that the approximation is “good” enough, i.e. the KL-divergence of the conditional

distribution from the canonical distribution converges to zero in the rate o (%)

2.5.5 Mathematical definitions of the heat bath

In Section 2.3, we provided two limit theorems of a sequence of conditional probabilities to
derive a unique canonical distribution as an emergent phenomenon. In Theorem 2.3.8, the emergent
parameter in the exponential weight is uniquely determined by the limiting distribution of the heat
bath Y,, — Y (note that in Theorem 2.3.8, Y,, follows from the appropriate shifting and scaling of
the original heat bath Y,) evaluated on the interval ] = [h, h + d] such as

_ dlog P(Y € [y,y +9])

o) o .

Similarly, in Theorem 2.3.9, the emergent parameter in the exponential weight is uniquely deter-
mined by the large-deviation rate function of the heat bath Y,, — p (note that in Theorem 2.3.9,
Y,, follows from the appropriate shifting and scaling of the original heat bath Y,,) evaluated on the

interval / = [h, h + 6] such as

where ¢ is the rate function of Y,, and y* = {y : inf,c; ¢(y)}.

If we choose an interval I’ C I, the parameter in the exponential weight may depend on [’
in both of the limit theorems. However, since I’ is just a subinterval of I, we expect that a well-
defined heat bath should give rise to an invariant temperature of the canonical distribution by
giving a constant parameter in the exponential weight no matter what subinterval I’ we choose for
it. In this section, we discuss two cases that follow from Theorem 2.3.8 and Theorem 2.3.9, re-
spectively. Given a finite interval I, we first define the subinterval invariant property of a sequence
of conditional distributions, then we provide three equivalent properties: (1) the subinterval in-

variant property of a sequence of conditional distributions (2) the invariant temperature property
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of the canonical distribution (3) the heat-bath property. Based on the equivalence of these three
properties, we truly define the concept of “heat bath” in the language of mathematics.

Recall that X, Y, and Z,, :== X +Y,,, are random variables from the definitions in Section 2.3.
By proper shifting and scaling, let X,, := 3, X, Y, := 3, (ffn — ,un), and Z,, .= X,, +Y,,, where
In, B, are positive sequences and 3, = o(1).

For a finite interval I = [h,h + d], h € Rand § > 0, let Qg") be a sequence of probability
measures with density functions fx|z, (J:; 1 ) The sequence of conditional probability measures
an) represents our setup for the canonical ensemble, which should have a “nice” property such
that the limiting behaviors of Qg’) and Qg”) are the same for all subintervals I’ C I. Hence we

define this “nice” property as follows:

Definition 2.5.5. Note that ¢ (-,-) represents the total variation distance of two probability mea-

5 (o, Q)

Qp

sures. For any given interval I' C I,

— 0, (2.191)

in which we take o, = B, for Theorem 2.3.8, and «,, = 1 for Theorem 2.3.9. Then we say that
the sequence of conditional probability measures @ﬁ") has the subinterval invariant property on the

interval 1.

We start with our first theorem which follows Theorem 2.3.8. Recall that in Theorem 2.3.8, Y

1s a random variable such that Y,, — Y in distribution.

Theorem 2.5.8. For a given interval I' = [W/, ' + '], b’ € R, &' > 0, and I' C 1, and a function
I =R, let I?’?f) be a sequence of probability measures with density functions
fx(x)e Pz

fx (x)e—ﬂw(f’)wdx
R+

(2.192)

where

dlog P(Y € [y,y+ "))

. (2.193)
Ay W

u(1) =
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Assume all of the conditions in Theorem 2.3.8 hold, then the following three statement are equiva-

lent:

1. (@YL) has the subinterval invariant property on the interval I.

2. ]13’?7) has a unique parameter (the invariant temperature property) such as

(I =) forall I'CI.

3. Y, — Y indistribution and Y is a random variable with a distribution function
P(Y €[N, N +0)) = a(d)e? D" forall [W W+ C I, (2.194)
where o : RY — R is a function.

Proof. Since all of the conditions in Theorem 2.3.8 hold for all intervals I’ C I with (2.193), we

can obtain that

D (B ] @)
lim =0, foralll’CI. (2.195)

To prove ((1) = (2) = (3)): Assume the invariant temperature property holds, by applying the
triangle inequality and Pinsker’s inequality to Equation (2.195) and the assumption of the subin-
terval invariant property (2.191) with «,, = [3,,, we have that

5 (1@?7), 1@5’”)
T
Following every step from (2.131) to (2.139) in the proof 2.4.2 for Lemma 2.4.3, we can get

0, foralll' CI. (2.196)

Ww(I') = (1), forall I'C I. (2.197)

By (2.193) and (2.197), we have

dlog P(Y € [y,y + 0'])
oy b

= (I), forall [W,h + &) C I, (2.198)
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which implies Y has a distribution
PY € [W, 0 +6)) = a(d)e? D forall [W, W + ] C I,

with some function o : RT™ — R.

To prove ((3) = (2) = (1)): By the assumption (3) that
P(Y € [N, W +08]) = a(6)e?DN  forall [, 0 + 8] C1,

with some function o : R™ — R, and the equation (2.193), we can obtain that

Iy =y(I), forall I'CI, (2.199)
therefore, it implies
5 (BB
3 =0, foralll'’CI. (2.200)
By applying the triangle inequality and Pinsker’s inequality to (2.200) and (2.195), we have
s (0. 0")
— 5 — 0, foralll' C I. (2.201)
O

Next, we continue our analysis based on Theorem 2.3.9. Recall that in Theorem 2.3.9, Y,, — u,
for some constant u, in probability and the sequence of laws of Y,, satisfies a large deviation
principle with speed 1/[3, and rate function ¢. The rate function ¢ € C?(D), where D is an open

interval containing /, and
—00 < ¢'(y) <0, forally € I. (2.202)

Theorem 2.5.9. For a given interval I' = [/, b/ + '], h/,0' € R, &' > 0, and I' C I, and a
function ¢ : I' — R, let P} be a probability measure with density function

fx(x)e eIz dy
R+

; (2.203)
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where

o(I') = =¢'(7"), 9" ={y: inf é(y)}. (2.204)

yel’
Assume all of the conditions in Theorem 2.3.9 hold, then the following three statements are equiv-

alent:

1. Qg") has subinterval invariant property on the interval I.

2. Py has a unique parameter (invariant temperature property) such as

o(I"Y=o(I) forall I'CI.

3. Let ¢ be the large deviation rate function of Y,,. ¢ is a linear function such as
o) ='Wy )y+ec, forallyel, (2.205)
where y* = {y : inf,c; ¢(y)} and c is some constant.

Proof. Since all of the conditions in Theorem 2.3.9 hold for all intervals I’ C I with (2.204), we

can obtain that
lim Dy <}P>p I @37)) —0, forallI'CI. (2.206)
n—oo

We first show ((1) = (2) = (3)). The proof of ((1) = (2)) follows from the proof of ((1) = (2))

in Theorem 2.5.8, then we can get
oIy =p(I), forall I'CI. (2.207)
By (2.204) and (2.207),
#57) = ("), forall j* = {y: inf 6(y)} with I' C 1.

With the assumption (2.202): —oo < ¢'(y) < 0, forall y € I, and the properties of the rate

function ¢ in Appendix 2.6.1, we have that

' (y) = ¢'(y*), forallyel,
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which implies
oy) = ¢ (y" )y +c, forallyel, (2.208)

where ¢ is some constant.

Next we prove ((3) = (2) = (1)). Equation (2.205) implies

'(y) =¢'(y), forallyel,

then we can obtain

¢'(57) = ¢y"), forally” ={y: inf §(y)} with I C I.

With (2.204), it implies
o(I'Y = @(I) forall I'C I.

Then the proof of ((2) = (1)) follows from the proof of ((2) = (1)) in Theorem 2.5.8. H

Corollary 2.5.10. The formula (2.194) for the third property (it is called the heat-bath property)
in Theorem 2.5.8 provides the precise formulation of what a heat bath is in probabilistic terms
when the heat bath Y, converges to Y on the scale corresponding to Theorem 2.3.8; Similarly,
the formula (2.205) for the third property in Theorem 2.5.9 provides the precise formulation of
what a heat bath is in probabilistic terms when the heat bath Y, converges to a constant [ on
the scale corresponding to Theorem 2.3.9. Through these formulations and the equivalence of the
three properties: (1) the subinterval invariant property (2) the invariant temperature property (3)

the heat-bath property, we really define an invariant temperature bath mathematically.
2.6 Appendix

2.6.1 Properties of the large deviation rate function

We include the following properties from [38]. Let £ be the law of X7, let u := E[X;] and

o2 := Var(X;) and assume that ¢ > 0. Let

y- = inf(supp(L)), y = sup(supp(L))
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and ¢ be the function defined in Theorem 2.2.3. Define
Dy:={yeR:¢(y) <oo} and U, :=int(Dy). (2.209)
Then the following holds:

1. ¢(y) is convex and lower semi-continious.

2. 0< ¢(y) < o forally € R.

3. ¢(y) = 0ifand only if y = p.

4. Uy = (y—,y+) and ¢(y) is infinitely differentiable on L.
5. ¢"(y) > 0onlUy and ¢"(u) = 1/02.

2.6.2  Proof of Corollary 2.2.6

Proof. (2.25) follows from Theorem 2.2.5 since Z,, — G in distribution and W,, — 0 in probabil-
ity. (2.26) basically follows from the proof for Berry-Esseen Theorem (see for example Theorem
2.2.8.in [190]). We include a sketch of the proof here.

Let ¢y be the charateristic function of a random variable Y and ¢ = E|X|3/\/n. To prove
(2.26), following every step in the proof given in [190], it sufficies to show that

/ |9z, (t) — da(t)]
lt|<c/e 1+ [t]

dt = O(e), (2.210)

for some small constant c. We can show that

o [ (5) oo (1)) o

=0 <§ exp(—t2/4)) + O (€]t]® exp(—t*/4)) . (2.211)

|6,(t) = da(t)] =

Inserting this to (2.210), after integration, the first term in (2.211) has order O(%) and the second

term has order O(¢). It completes the proof. O
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2.6.3  Proof of the boundedness of Equation (2.170)

Denote that

_ 8210gP(Y € [y,y+5]) iy +9) - fir(y) _ fr(y+9) = fr(y) 2 (2.212)
P(Y €elyy+d) )]

Ay) :
& dy? P(Y € [y,y +9])
We can recognize that

A(h = Gnit) = 24u(a),

in which the function ¢, (z) is defined in Equation (2.92) for the proof of Theorem 2.3.1.

In the entire proof of Theorem 2.3.1, the only place that we use the condition (2.36) regard-
ing uniformly bounded A(y) when y € R is just for the proof of Equation (2.93) to show that
exp(—¢(I)z) - gn(x) is uniformly bounded on # € R*. Therefore, instead of proving uni-
formly bounded A(y) in the condition (2.36), it suffices to show the uniform boundedness of

exp(—1(1I)) - gu(x): there exists a constant C' such that
lexp(=(I)x) - A(h — G,2)| < C, &, €(0,1), forallz € RT. (2.213)

By the mean value theorem and the formula of the density of normal distribution, we can show that

there exists ¢, y € (y,y + J) such that the first term on the right side of (2.212) can be written as
Sy +0) = fy(y) —y2+@72} ( {—2y5—52} ) {—y2+@2}
=(y+d)e ——— | |exp|———| — 1) +dexp | ————
P(Y €y, y+ 5]) (y+0) exp 202 P 202 P 202

(ﬁ—y—f;§§+y+5)} _yexp{(z?—yi‘(g}ﬂw)]'

= (y+9)exp {
(2.214)

Recall y < § < y+ 0. When § +y + 6 € [0,2h + 4], (2.214) is uniformly bounded. When
7+ y + d < 0, we can further have

fy(y+90)— fy(y)
P(Y € [y,y+9))

< (h+9)exp [M} + hexp [;—i‘y} .

202

Therefore

fy(y+9) = fy(y)

exp(—¢(1)x) P(Y € [y,y+94))

< [(h+0) exp(—d?/20%) + h] - exp [;—i‘y — w([)xl :

(2.215)
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By plugging iny = h — &,z, &, € (0,1) in (2.215), since we have 2§/0% < 1(I) from the as-
sumptions in Theorem 2.5.3 , we can check the terms on the right hand side in (2.215) is uniformly

bounded when z € RT.

The second term on the right side of (2.212) can be written as

(Rreit) -] (o [5]) oe

When y + g € [0, 2h + §], the right hand side above is uniformly bounded. When y + ¢ < 0, from
(2.216) we have

. <fy(y+5) - fy(y)>2 <o [0 _ ] (o [ 2825 1)2

P(Y € [y7y+5]) o 202
—2y8 — 42 ?
< expl-o(n)a) (exp | 5] -1)
— _ 52 _ _ 52
= exp(—y(I)x) (exp [%] — 2exp {%} + 1) :
(2.217)

By plugging iny = h—a,, &, € (0,1)in (2.217), since we have 26 /0% < 1(I), we can check the
terms on the right hand is uniformly bounded when x € R™. Therefore, combining the estimates

in two parts, (2.213) is uniformly bounded for all x € R™.

2.6.4  Proof of Corollary 2.3.4, Corollary 2.3.10, and Corollary 2.3.12
Proof of Corollary 2.3.4

This proof basically follows the proof in Section 2.4.1 for Theorem 2.3.1, so we only provide

the details of the difference here. For the derivation of Equation 2.74, we do Taylor’s expansion
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with respect to x and y for this corollary, so we will get Equations (2.75) - (2.77) as following:

oI = dlog P(Y, € [y,y+ 0] | X, =0) dlog P(Y, € ly,y + 9] | X,, = 0)
" y y—h oz y—h
1P (Yn € ly,y+0]| X, =€)
ro(x) == 5

2 ay y=h—anx, E=anx
10°P (Y, € [y, y + 0] | X, = &)

+3 2
2 6’5 y=h—anx, {=anx

PPV Elyy+0) | Xn =) 0218)

8583/ y=h—anx, {=anx .

With the remaining term

kn(x) =

for some av,, v, €

fx, () P(Yn € 1

P(Y, € [h,h+4]| X, =0)

2 Y

(0,1). Then we obtain

| Xo = 0)(e=?D* + kn(2)2?)

forz € RY. (2.219)

fxuz,(z; 1) =

P(Z, €1) ’

Based on these new expressions of Equations (2.75) - (2.77), Equation (2.83) becomes

/ Anfxm)e‘%(”log(
R+

/ Aann (x)6_¢n(1) 1Og <
R+

1 Bn +
Og An

IN

where

fx. (@) Py, x, (I — ; m) 1

o)

Py, (1) Anfx, (z)e=on(Dz

Pyn|Xn(I—£L‘l‘) PYn|Xn ] 0)

dx

/ Anfx, (2)eonD
R+

Py | X (I 0) —¢n(l)x

log (

PYn\Xn — X, ZL‘

Py‘X IO€¢”

dz|, (2.220)

)
)

A, =

fR+ an (1])6_

Py, x, (1;0)

and B, =
Py, (1)

St (2.221)

From the expression of fx, |z, (x; 1 ) in (2.219), we have the following identity

1=
R+

an|Zn (.CE; I)dx

B,
_ Bn
4.

fx, (@) k()2 da. (2.222)
R+
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Equation (2.222) implies

log (%) = log (1 - B, fx. (m)k‘n(a:)xzdx) : (2.223)
n Rt

Now it remains to show

‘Bn Ix, (2)k,(z)2*dx (2.224)
R+

is small for large n.
By the conditions in Corollary 2.3.4, P (I) > d, > 0, hence there exists a constant M; > 0

such that

Py, x,(1;0)

B, = < M. (2.225)

Py, (1)~
And since k,(x) is uniformly bounded as proof 2.4.1 for Theorem 2.3.1, with the assumption

E[X?] = a,, we can derive that

‘Bn fx, (@)kn(2)z?dz| < My -sup |k, (7)] - E[X?] = O(a,). (2.226)
R+

Recall (2.223), since log(1 + z) < z for all z > —1, for sufficiently large n, we have

g (52) =102 (1= B, [ pe(@bule)stde) < B [ fr(@be)eds = 0o,
n R+ R+
(2.227)

which gives us that the first term in (2.219) is in order O(ay,).

The second term in (2.220) is also in order O(a,,) which follows from the steps (2.92) - (2.94)
in Section 2.4.1. Therefore, by the definition of KL-divergence (2.20) and Bayes’ theorem for
conditional probability and the inequality (2.220), we finally obtain

p(n n — fnn$7]
DHMW@O=AA&mem4 ettt ) i

Aann ((L’)G_(z)"(

Prox, (I — 3 1
— [ At s g ( Lot (252 .
o e—¢n(l)z

Py, (1) A fx, (2)

= Olay). (2.228)
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Proof of Corollary 2.3.10 and Corollary 2.3.12

For the proof of Corollary 2.3.10, since log G(I;0) = 0 and log G(I;¢) € C(R™) with respect

to &, we can do Taylor’s expansion for it at zero to get

log G(I; Bpx) = —8 log({i([; S

And similarly, for the proof of Corollary 2.3.12, since log R(/;0) = 0 and log R(I;¢) € C(R™)

Box + O(B22*) forz € RT. (2.229)
0

with respect to &, we can do Taylor’s expansion for it at zero to get

log (R(I: B2)) = = 51 (

Then the proof of Corollary 2.3.10 follows from the proof given in Section 2.4.2 with an additional

dlog R(I;€)
o

Bz + O(ﬁ§x2)> for v € RY. (2.230)
0

0log G(I;0

linear term o€ ) Bpz in (2.140); and the proof of Corollary 2.3.12 follows from the proof in

Section 2.4.2 with an additional linear term %ga—IZ(I;O)x in (2.141).
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Chapter 3

GENERALIZING GIBBSIAN STATISTICAL ENSEMBLE THEORY FOR
STRONGLY COUPLED HETEROGENEOUS SYSTEMS

This chapter is based on joint work with Hong Qian and Wenning Wang [32].

3.1 Introduction

Gibbs’ theory proper concerns with finite size systems that are in contact with a temperature
bath. It reproduces the classical thermodynamic results as the limiting behavior when the size tend-
ing to infinity, e.g., thermodynamic limit. The Laplace transform of partition functions becomes the
Legendre transform of thermodynamic potentials in the limit. The theory has been widely checked
against experiments on finite and even small systems of liquids, solutions, and macromolecules.
In biophysical chemistry, it has been used as a natural law for further understanding molecular
interactions [178].

Through a rigorous mathematical analysis, we recently argued [31] that not only the macro-
scopic thermodynamics is an emergent phenomenon, the very Gibbs’ formalism itself is a result of
a limit law according to the theory of conditional probability. The limit law is to the canonical dis-
tribution what the central limit theorem is to the Gaussian fluctuation theory developed by Einstein
and Landau [119]. And as in the theories of phase transition [3] and the passing from quantum
mechanics to quantum chemistry via Born-Oppenheimer approximation, the mathematical limit
involves subtleties that have fundamental importance [33].

The aim of this paper is to generalize the Gibbs’ theory to strongly coupled, heterogeneous
systems: Consider a system G coupled to its bath 20 with a setup: (i) interactions between & and
20U might not be negligible; (i1) & can be distinct to 2 with respect to the physical properties, e.g.,

water with ice floating, or the chemical composition, e.g., side-chain conformational variations
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in protein structure [212] and a RNA molecule immersed in aqueous solution [97]. However,
current mathematical theories, the equivalence of ensembles [108, 133, 39, 123, 77] and the Gibbs
conditioning principle [217, 196, 188, 38], are not sufficient to justify the state space density of &
for the following reasons: The former fails in certain circumstance when the system has critical
phenomena [133, 195, 66], and the later requires 20 as a large number of identical copies of &.

To logically solve this issue, a new result is presented in this work: Let U; and U, be the
bare energy of G and 2V, respectively, and Uy, be the interaction energy. Now, the distribution
of Uy, given a conserved total energy U; = U, + U2 + Us, can be expressed by the conditional
probability fi,jv,. As Ui/Us — 0, fu,|u,is asymptotic to fy;, weighted by an exponential factor
whose exponent is determined by both of the fluctuations of U, and the correlation caused by Us.
This new result is based on the key lemma provided in the next section. Under the assumption of
the principle of equal a priori probabilities [92], we further apply that lemma to derive the state
space density of G.

In addition, having that key lemma also provides a lens for helping us look through the grand
canonical ensemble from a different perspective: Consider a group of particles distributed ran-
domly in a space. Let K and L be the particle numbers in two adjacent regions of the space,
and the region of K be infinitesimal in comparison to the region of L. Then the lemma implies
that conditional distribution P 1 is asymptotic to Px weighted by an exponential factor whose
exponent is solely determined by the fluctuations of L. From this perspective, undetermined Py
yields the freedom of choosing a prior distribution, which echoes the “subjectivity” in the infor-

matic view of resolving the Gibbs paradox [27].
3.2 Three mathematical theorems

In the following lemma, X is indexed by n to represent an infinitesimal system and no assump-
tion of independence between “system of interest” X and “heat bath” Y is made. Thm 1. shows
however the importance of X, Y independence in defining a unambiguous equilibrium tempera-
ture for all X's that are in contact with a given Y. Thm 2. is an extension of the lemma to integer

random variables. Thm 3. further clarifies the condition under which the temperature is uniquely
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defined for a heat bath irrespective of the details of the “contact”. We state the key results without
the proofs, see [31] for the full mathematical details.
New result of applying the Lemma to strongly coupled systems is presented in a later section.
Lemma, a limit law for a sequence of conditional probabilities: Consider a sequence of non-
negative random variable X,, € R and another non-negative random variable ¥ € R which needs
not to be independent of X,,, on a probability space (2, F, P). Denoting H, = X, + Y and
E[X?2] = a2, where a,, — 0 as n — oo. Then the sequence of conditional probability density

functions has an asymptotic expression ':

Fxnm, (@3 hs) = Z,7 (hs) fx, (x)e Vo), (3.1a)

as n — oo, where hs := [h,h + 0] € R, fx, (z) is the marginal distribution of the correlated pair

(Xn,Y), Z, is the normalization factor, and

olnP(Y €
b (hs) = 59 Ys) (3.1b)
Y y=h
N {alnC’n(y(g;x) B alnCn(yé;ﬂf)] 7 (3.1¢)
ay Ox x=0,y=h
where y;5 := [y,y + 0] and
P(Y € Xn =T

Cn(ys; z) = & g : G-1d)

P(Y € ys)

If Y is independent from X,,, C,, = 1 and v,,(hs) is independent of n; it is solely determined by
the property of P(Y € [y, y + d]) near y = h. In the following theorems, (01In P(Y € y5)/0y) s
is denoted by 5*(hs).

Theorem 1, canonical Gibbs distribution on phase space. Consider a compact continuous
phase space 2 C R?"+2m2 with state variable (wy, ws), w; € R?™, w, € R?"2, Furthermore
w; and w, are independent w.r.t. . Assume three non-negative continuous functions that satisfy
U(wi,ws) = Uy(wy) + Uy(ws) and Uy (wy) < Ux(ws). Let Y := Uy(ws), then the limit

distribution in (3.1a) implies

I'The two probability density functions on lhs and rhs, in term of their KL divergence, has the order of O(ay,).
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P(Ul(Wl) < (I|Ut(W1,W2) € h5)
~ / Z7H(B*)e U 1y (dwry ), (3.2a)
Ui (w1)€0,a]

in which g is the induced measure of P by the projection from (wy, ws) to w;. Under the as-
sumption of the principle of equal a priori probabilities for all wy in each set U;(w1) € [a, a+ dal,

then the conditional density of w; follows
F(Wr|Us € hs) = Z7H(B7)e P10, (3.2b)

Theorem 2, counting statistics and grand canonical distribution. Consider a sequence of non-
negative integer random variables L,, € Z, and another non-negative integer random variable
K € Z which is independent to L,,. Denoting M,, = K + L,,. There exists b, — oo and ¢,, > 0
such that L, := (Ly,, — ¢,) /b, converges to a continuous random variable Y in distribution. Then

the sequence of conditional probability mass functions has an asymptotic expression :
picias, (k5 buhs + cn) = Q5 (hs)pr (k) et hok/bn (3.32)

as n — 00, px (k) is the marginal distribution of K, @),, is the normalization factor, and

Ol P(Y € ys)
dy

Furthermore, the product of (3.2b) and (3.3a) yields the joint probability of w; and K conditioned

p(hs) =

) (3.3b)
y=h

on both U, and M, for the grand canonical distribution.

The interval hs := [h, h+0] plays an essential role in the forementioned theorems; it determines
the exponent for the exponential (or geometric) factor. Thm. 3 illustrates that the above results
become minimally dependent upon the choice of hs if the P(Y € hs) satisfies certain invariant
criteria.

Theorem 3, invariance w.r.t. choosing hs: Under the same setup as Lemma with Y independent
of X,,, let us consider subinterval hj, := [h',h' + §'] C hs. The following three statements are

equivalent:

2The two probability functions on lhs and rhs, in term of their KL divergence, has the order of O(b; ).
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1. Invariance w.r.t. subintervals: For all subintervals hj,, the distance in terms of the total

variation between fx, |, (z; by ) and fx, u, («; hs) converges to zero as n — oo.

2. Equal exponent: For all subintervals hj,,

Oln P(Y € ys)
Jy y—h

= B*(hs). (3.4a)

3. The heat-bath property: The conditional probability density for Y at y € [h, h + ¢] is itself

exponentially distributed as:

1
Iyitvensy(y) = 51,13130 §P(Y € ys|Y € hs)
B ﬁ*eﬁ*y
o eB*(h+6) _ of*h’ (34b)

3.3 New insights from the theorems

Dynamic conservation vs. conditional probability — Let us consider a Gedankenexperiment
on a very large mechanical system & U 20 in which the small part & has mechanical energy
fluctuations. If one only measures the static statistics of the energy of &, should the resulting
statistics be different between (a) & U2 has a conserved total mechanical energy Eg oy € [h, b+
d], with infinitesimal ¢, for all time determined by the initial condition for the dynamics; and (b)
S U 20 has a fluctuating total mechanical energy Fg n(t) as a function of time, but one selects
only those measurements on S that simultaneously has Eggy € [h, h + §]?

If one installs an equivalent principle between (a) and (b), the lemma can be interpreted as
follows: First, the fixed Y with varying X indexed by n implies that the system of interest is
relatively small to its heat bath, and it is called the heat-bath limit as n — oo. Second, the total
energy X + Y = h is conserved, subjected to small fluctuations ¢. This is understood as the
microcanonical ensemble. Third, in particular, if the system is asymptotically uncorrelated with its
heat bath in the heat-bath limit: This is reflected in the correlation-related term (3.1d) converging
to 0 as n — oo. Then it arises as a universal parameter 3*(hs) = 0Iln P(Y € hs)/0y which is

solely determined by the fluctuations of the heat bath.
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Independent heterogeneous systems — In thm. 1, €2 represents the compact, continuous phase
space of the total system with microstate variable (wy, wo). Let €; be the phase space for w; and

()5 be the phase space for w,. Then the structure of Thm. 1 is as follows:

(2, B(2), P) = (24, B(), 1) 2 (R, B(R), Fy),
(2, B(Q), P) 5 (0, B(s), 12) 25 (R, B(R), Fy),

in which 71, 75 are the projection maps with the corresponding induced measures (i1, tto, and Uy, Us
are the functions for observables with the distributions Fy;,, Fy;,. To begin with the lemma, we
have Fy, v, +u,(7; hs) at the level of observables; furthermore, by the principle of equal a priori
probabilities for all w; in each thin shell of Uy, we then obtain f(w1|U; + Us € hy) at the level of

microstates. The principle of equal a priori probabilities can be justified by

f(W1|U1(W1) € da, Ut c hg)

. 1{U1(w1)€da}
_f(Wl‘Ul(Wl) € d(l) X P<U1(W1) c da)’ (36)

where the the first equation is due to independent (Uy, Us) and then f(w,|U;(w;) € da) has to
be uniform based on the ergodic theory that all microstates w; confined to each thin energy shell
Uy (w1) € da should be equally probable.

The strength of this approach can be seen when it is applied to heterogeneous systems: Let us
consider the example for a molecule immersed in an aqueous solution with negligible interactions.
Now, w; represents the microstate of the molecule and wy represents the microstate of the solu-
tion. In this case, since the molecule is distinct to the aqueous solution, so a justification of the
distribution of w; was missing in the previous mathematical theories based on a homogeneous total
system. On the other hand, by applying the lemma, one only need to check U;(w;) < Uz (w3) to
obtain the distribution of U;(w,) in Eq. (3.2a); Furthermore, given the principle of equal a priori

probabilities for w,?, the density of w; in Eq. (3.2b) can be further justified.

3If all the potential and kinetic energy of a molecule are considered, then this is a mechanical system, which
follows the ergodic theory.
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Strongly coupled heterogeneous systems — Following from the above example, here we

consider the molecule has strong interactions with the solution, hence the total energy
Ui(wi, W) = Ur(w1) + Ura(w1, wa) + Us(Wws), (3.7)

in which Ujo(wy, wy) is a non-negligible interaction energy. If we simply group U2(wy, ws) and
Us(w5) together into a new observable Y := Ujy(wy, wy) 4+ Us(Ws). Now Y and X := Uj(wy)
are no longer independent. Parallel to Thm. 1, via the lemma, we still have Fx x+v(z; hs) at the
level of observables. However, since (X, Y') is non-independent, the first equation in (3.6) is no
longer true. Thus the principle of equal a priori probabilities for w; might be invalid and we are
not be able to further derive the density of w;.

Let us consider a “new Hamiltonian” U 1 such that

1A{(A]1(W1)€da}
P(Ul(Wl) € da)7

and assume the existence of this Hamiltonian for a while (we will discuss it later). Now, despite

f(WI\Ul(Wl) € da,U; € hy)

(3.8)

the redefined pair of observables X := Uy (wy) and Y := Uy(w1, wy) — Uy (w,) still dependent,
since Eq. (3.8) guarantees w; is uniform in each shell U, (w1) € da , we can further obtain the

density of w;
£ (wy|U, € hs) o oW (hs)U1(w1) 3.9

The superscript m indicates the conditional density as a result of the assumption that the isolated
total system obeys the microcanonical ensembles.
Recently, Jarzynski [97], Talkner and Hinggi [189] have discussed strongly coupled systems

within a total system that is canonically distributed:
FO (Wi, W) o< exp{— [U1(W1) + Ur2(W1, W2) + Us(w2)]}. (3.10)
The marginal density then

FO(wy) oc e Wrtwn ol (wim] @.11)
fdWQe—’y[U12(W1,WQ)"FUQ(WQ)]

[ dwoe—U2(w2) ’

1
69(wyi7) = ——In
Y
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where U, (w1)+¢ (wy; v) is often called the Hamiltonian of mean force [97, 189]; As the function
depends only on the positions, it matches Kirkwood’s potential of mean force [110]; the force is
acting on w; and averaged over all the wy € R?"2,
As the heat bath is infinitely large in relative to the system of interest, let us set a pair of
equations
Y(hs) =
Ur(wr) = Ur(wa) + 6 (w;7)

and therefore f(™) = f(°). Based on this setup, we have two significant findings: (i) By the theory

(3.12)

of equivalence of ensembles [195], if f(™ = f(©) in the limit, then the reciprocal of temperature
v in the canonical ensemble is uniquely determined by a function of the conserved energy hs in

the microcanonical ensemble. From the pair of equations (3.12), we have a representation of this

function by v:
olnP(Y €
W(hs) = é %) (3.13)
Y y=h
[811&0(3;5;1:) 8ln0(y5;x)}
+ - .
dy ox e=0.y=h
As 6 — 0, function C'(y, z) is known as the copula density
v x\Y; T v X \Y
Cly, z) = fY|X(y ) - fY,X(Z/ ) (3.14)

frw) ) fg(a)

and it is intimately related to the mutual information of (Y, X)

0= [ [ st fY(X)iiJ;;()) (3.13)

(ii) The new Hamiltonian U (w1) given by the pair of equations (3.12) guarantees the principle of
equal a priori probabilities for w; in each energy shell defined by U, (w1). From this result, we can
justify that the most reasonable Hamiltonian of the system of interest in a strongly coupled system
should be redefined by its Hamiltonian of mean force. But we shall emphasize that the equivalence
of ensembles is not always satisfied when a system has critical phenomena. In this situation, there

may not exist a function U, (w) satisfying the pair of equations (3.12). Alternatively, while the
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probabilistic equation (3.8) is relatively vague to the pair of equations (3.12), as long as we can
find the solution U; (wy) directly from it, then the solution itself has to satisfy the principle of
equal a priori probabilities. In other words, Eq. (3.8) should be the most fundamental equation of
the Hamiltonian of mean force when the total system is assumed an isolated system (microcanical
ensemble). Having the solution of U, (w) from it, state space density given by f(™ is generally
true for a system strongly coupled to its bath with total energy conservation, even if the equivalence
of ensembles is invalid.

Grand canonical ensemble and Gibbs paradox — Gibbs introduced the notion of a grand
canonical ensemble for a system that has fluctuating particle numbers due to exchanges with a
single material reservoir. Here, Legendre transform inherited from thermodynamics has met with
difficulties as a unifying mathematical device for the ensemble theory. The existence of the Gibbs
paradox is an indication that a more unified, rigorous treatment is desirable. A recent such attempt
based on the principle of maximum relative entropy can be found in [9, 71]. Our probabilistic
theory provides a different perspective to understand the Gibbs paradox as follows:

In Thm. 3, if the integer random variables K and L,, are the number of particles uniformly dis-
tributed in a space within regions 3 and D\ B, B C D, and we assume the size of 13 is infinitesimal
in comparison to the whole space, then prior distribution P (k) should follow a Poisson distribu-
tion [71]. We see clearly that the 1/k! arises through the distribution of K a priori for counting
particles distributed in space, which is known as spatial Poisson point processes. Changing rep-
resentation from Lagrangian tracking to Eulerian counting of particles gives rise to the notion of
entropy of assimilation [11]: For Lagrangian particles the k! is absent; the freedom of choosing
priors corresponds to the “subjective observer” discussed in [27].

Idealized heat bath — Our mathematical theory is based on two elements: (i) a small system
that is coupled to a much larger one, and (ii) the total system has an observable, an “energy”
function, that is restricted within an interval of infinitesimal fluctuations. A question naturally
arises: What are the conditions under which the larger system can be idealized as a heat bath that
gives the small system of interest a “unique temperature” that is independent of the details of h

and 0? This question is answered by Thm. 3: The heat bath itself has an exponentially distributed
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energy fluctuation, conditioned on the interval h;; the single parameter on the exponent defines the
temperature.

It is highly instructive to note that such an exponential behavior can be justified in terms of
the large deviations theory for systems with extensive, Eulerian-homogeneous thermodynamic
variables [128]. In this case, one identifies the U;, a thermodynamic potential, with Y having a
probability proportional to e~™Y, in which n — oo indicates the thermodynamic limit. Then the
normalized density of Y satisfies Eq. (3.4b). The Y as a bath provides a small system X that is in

contact a temperature.
3.4 Discussion

Legendre transform in thermodynamics — With one additional assumption, the result in Eq.
(3.1a) a gives rise to the Legendre transform in thermodynamics. If one assumes the existence of a
thermodynamic limit, with thermodynamic energies and entropies being “extensive quantities” 4,
ie., S(z) =In fx(x) and B*z are both x V, where V' — oo representing the size of the system,

then the normalization factor in (3.1a)

h+6

~(F) 'z = ~(5) ' / 5@~y

0

E— (B*)‘ls(E)} . (3.162)

dS(E)/dE=p*

F(5)

12

We note that the thermodynamic equation (3.16a) is for the system of interest, in addition to
being small relative to its heat bath, is itself tending a thermodynamic limit with its size V' — oo.
In contradistinction to the latter, the n — oo in the lemma represents the heat-bath limit: the heat
bath is infinitely large in relative to the system. Therefore, if the system and its heat bath are not

independent, in both of the thermodynamic and heat-bath limits, the Eq. (3.16a) becomes

F(y") = [B - (") 'S(E) (3.16b)

dS(E)/dE=y*’

P =B+, (3.16¢)

“This is closely related to the large deviations principle in the theory of probability, and the widely cited “maximum
term method” in standard textbook.
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where

v = lim OlnCy(ys;z)  OlnCy(ys;x)

Jim Dy o (3.16d)

r=0,y=h
In Egs. (3.16a) and (3.16b), let E be the solution of dS(E)/dE = $* and Ey, be the solution

of dS(E)/dE = ¢*, then E,;, — Ej is the change in the macroscopic energy due to the interaction
effect. This change is a consequence of the non-zero v* in Eq. (3.16d), which means the system and
its heat bath are infinitely strongly correlated in the limits. One can hypothesize that correlations
as such are due to long-range interactions. Further mechanistic investigations are required in the
future.

Prior knowledge of systems — As shown in Thm. 2, our theory provides the freedom of
choosing prior distributions for the grand canonical ensemble. Similarly, the prior distributions are
also undetermined in Thm. 1 for the generalized canonical ensemble. In particular, if one chooses
the uniform prior distribution for the system of interest, i.e., 13 (dw;) = dw;/ le dwy, then Eq.
(3.2b) becomes the density of w; w.r.t. the Lebesgue measure, which is precisely as the canonical
ensemble in standard textbooks [120, 92, 147]. Additionally, if one also chooses the uniform prior
distribution for the heat bath, i.e., o(dwy) = dwy/ fQQ dw, then the parameter of the exponential

factor becomes

Oln P(Y OlnTl
8y y=h ay y=h
where [ is the volume of a set of phase points
I'(y) = / dws, (3.17b)
Uz(w2)€ly,y+9]

and InI" is corresponding to the Boltzmann’s entropy. The reciprocal of (3.17a) is known as the
absolute temperature in the textbooks. Furthermore, by adding the correlation-related term (3.1c¢)
to Eq. (3.17a), we then show that a strongly coupled heterogeneous system, assumed each part has

its own natural structure obeying the uniform priori, has a temperature 7™

1 0lnl(y)
—_ =" + " (3.18)
T oy y=h 7

This emergent temperature is contributed by the absolute temperature and a correction term due to

infinitely strong correlations in the heat-bath limit.
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Chapter 4

COUNTING SINGLE CELLS AND COMPUTING THEIR
HETEROGENEITY: FROM PHENOTYPIC FREQUENCIES TO MEAN
VALUE OF A QUANTITATIVE BIOMARKER

This chapter is based on joint work with Hong Qian [168].

4.1 Introduction

Statistical analyses of data and stochastic models of mechanisms are two very different, but
complementary approaches in biological research. While the former obtains a quantitative repre-
sentation of high-throughput measurements [150], the latter can provide “laws of nature” through
limit theorems [33], widely called emergent phenomenon. A case in point is the theory of phase
transition [3] which shows that a nonlinear stochastic dynamical system with bistability and cusp
catastrophe, in the limit of time ¢ — oo followed by system’s size V' — o0, necessarily exhibits a
discontinuous transition [165]. Another example is the recent work [74] which demonstrates that
Gibbsian equilibrium chemical thermodynamics can be reformulated as a limit theorem in a meso-
scopic chemical kinetic system, with N species and M reversible stochastic elementary reactions,

as the system’s size becoming macroscopic.

With the rise of single-cell biology, one naturally is interested in the limiting behavior of the
phenotypic frequencies among a population of cells, usually based on one, or several biomarkers.
In this case, there is actually a very powerful mathematical result that is widely known to proba-
bilists and statistical physicists. In this tutorial, we give an introduction of this theory and discuss

its broader implications.
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4.2 Characterizing heterogeneity in single cells

Asymptotic probaility distribution for sample frequencies of cellular phenotypes— To study
phenotypic heterogeneity, let a population of N isogenic cells as independent and identically dis-
tributed (i.i.d.) realizations of random events from a set 2 = {1,2,--- , M}: There are totally M

possible phenotypes. Among the N cells, let n; denotes the random number of cells in the k"

state: ny + ng + - - - + nyy = N. By phenotypic frequency, we mean f,EN) = 3.
Let p;, denote the probability of a cell in the k*" state. Then the probability distribution for the

observed frequency f = (fi, -+, fu) being x = (xq,- -, x)) follows a multinomial distribution

NI
Pr{ ™ —xl — NovNwz o pNear 4.1
A R N T BN o L I 1)

Since usually /V is very large in a high-throughput single-cell experiment, one can safely approxi-

mate Eq. (4.1) using Stirling’s formula and obtain:

In Pr {f_tN) = x} = N Nz1 Nz Na:M)

111<(NI1)!(N:U2)!...(N$M)!]91 oty

M
Tk
—-N In{ — . 4.2
S (3) @2

Therefore, one has the asymptotic limit

1 M
p(x) = = lim —InPr{/™ —x} — ;xk In (2—:) . 4.3)

N—o0

12

In the theory of large deviations of probability, this is known as Sanov’s theorem [38]. Since
©(x) > 0 except when x = (py,- -+, pa), in the limit of N — oo, the probability of f;N) = py, 18
zero, and the probability of d(kN) = py, is one. The frequency yields the probability for an infinitely
large number of i.i.d. samples. Furthermore, Eq. (4.2) shows that (py, pa, - -+ ,pa) are the most
probable sample frequencies for a finite but large V.

Asymptotic distribution for the mean value of a biomarker — Eqs. (4.1) and (4.2) give the
probability for the frequencies within the NV cells distributed among the M phenotypic states. We
now consider a specific biomarker g, which is assumed to be a well defined real-valued function

of the phenotype of a cell: g = g, when a cell is in the k" state.
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It is very clear that if one knows the frequencies f(N ), then the mean value for g over the entire

population of the /V cells is determined:

= 7 (4.4)

M

_ nigr + Naga + -+ Nygu N

b =" 1V
k=1

since the frequencies f,iN) are random, so is g"¥). Then when N — oo, one expectes the g/

approaching to the expected value E[g]. This is easy to show:

M m
im g — ; (N )) _ _
lim g™ =% <ng1}>0 ) g = pror = Elgl. (4.5)
k=1 k=1

What is the probability distribution for ) when N is very large but not infinite? One can

calculate this:

Pr{g(N):y} = Z Pr{f(N):x}

{Xi Zi\il fﬂkgk:y}

~ exp (—N inf go(x)) as N — oo. (4.6)

{x: ZAL wrge=y}

We obtain the (4.6) because among the many sets of x that give the same value y, each has a
probability of e=V¢*), Therefore, as N — oo, only the set with the smallest ((x) matters. Eq.
(4.6) indicates that for very large /V, the probability distribution for the mean value of the biomarker

g™ has the form e~ V¥®), in which

Y(y) = — lim %ln Pr {E(N) =y} = inf o(x). 4.7)

N—oo {x: L, zrgr=y}

In the theory of large deviations of probability, this result is known as contraction principle [38].

1 (y) and p(x) are called a level-1 and a level-2 large deviations rate functions, respectively.

From phenotypic frequencies to biomarker mean values— The right-hand-side of (4.7) can



102

be further carried out; this is a problem of constrained minimization using multivariate calculus:

Z Trgk = Y, (4.8)

Introducing Langrage multipliers for (4.8),

M M M
Z(x,6,9) =In (Zfﬂkln%) + 3 (Zxkgk - y) + A (Zl’k - 1) : 4.9)
k=1 Pk k=1 k=1

Then we can find x* = (27,23, -+ ,x3,), 8%, and A* as the solution of
A A A
0L (0N _0L(x N 0L 5N “0)
z; ap [3))
That is,
o~ 9k
o= e, (4.11a)
Zj:l pje%
M 5 M
y:Zx;gj = — [%anpjeﬁgj] , (4.11b)
j=1 j=1 f=p

in which §* is a function of y through Eq. (4.11b), which gives the function implicitly. We

therefore obtain

W) )= 3 ( - )
y) = R
k=1 Z] | pje
M M
= =B wpg—In Y pie Y = =By + BB, (4.12)
k=1 j=1

where

F(B) = —Ean Zp e P (4.13)

and 8*(y) solves d[SF(B)]/dS = y.
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The above computation tells us that if one knows the values of a biomarker for all the M states
of acell, g1, 92, - , gum, together with a prior knowledge of py, po, - - - , pas, one should construct
the Z(/3) function and calculate the F'(5) given in (4.13). Then the probability distribution for the
mean value of the biomarker is going to be:

Pr {g(N) — y} x [efNﬁ{F(ﬂ)*y}] oty (4.14)

It also tells us that if one observes the mean biomarker value being ¢, then the most probable

phenotypic frequencies will have a posterior form that deviates from its prior {py}:

Z(B) L—ﬁ*(@) '

Both Egs. (4.14) and (4.15) suggest that the functional relationship y = d[SF(3)]/d 3, between the

fr{conditionedong = §} = [ 4.15)

mean value of the biomarker y = g and the Lagrangian multiplier 3, or its inverse form 5 = 5*(y),

are very fundamental to the probabilistic problem, in the limit of infinite sample size N — oo.

4.3 Beyond an i.i.d. population

We derived the expression in (4.3) based on the assumption of a population of NV cells that are
i.i.d. samples of a single M -state random individual with probability {p;}. When there are cell-
cell interactions among the individuals within a population, the mathematics immediately becomes
much more involved.

Two types of research go beyond an i.i.d. population in the stochastic modeling; they were orig-
inally motivated, respectively, by chemical kinetics in solution [116] and Ising model for ferromag-
netism of solid [125]. In chemical kinetics, rapid spatial movement of all “individual molecules” in
an aqueous solution leads to the assumption that every individual collides with every other invidi-
vual, and certain “reactions” can occur randomly. The Gibbs function in chemical thermodynamics
is precisely like the ¢ (x) function in Eq. (4.3), for complex chemical reaction systems in equilib-
rium [74]. Actually there is a general equation, first discovered by G. Hu [68], whose solution

can provide ¢(x) for non-i.i.d. populations. For J = M — 1 reversible unimolecular reactions
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among M species, X1, Xo, - -+, Xy, with concentrations x = (x1, xo, - - - , /) and arbitrary non-
negative functions R.;(x) being the rates of the j' reaction between species j and the species

M,

Ry R_» R_j
X1 = Xy, Xo= Xy, -, X1 = Xu, (4.16)
Ry Ryo Ry,
the equation reads
J
Z R;(x) [1 _ 66@/890]-—8@/8”4} + R_;(x) [1 _ 6—390/3963'-*-3@/3551\/1] =0. 4.17)
j=1

If R;;(x) = gjxn and R_;(x) = r;jx;, then the solution to Eq. 4.17 recovers the (4.3),

M
p(x) =3 n (x—m> , (4.18)

in which the p’s are functions of ¢’s and ’s,

am

Pm = g e : (4.19)
ﬁ+...+M+1

T™M—-1

The particular set of R, ;(x) represents chemical reactions in an ideal solution. A reader who

had a course on freshman chemistry might recognize (4.18) as

M
G(x) = Z Tonfbms P (Tm) = o, + RT In

m=1
where 11, is the chemical potential of m!” specie with mole fraction z,,, (not molarity) in an ideal
solution, and i, = —RT Inp,,. Then Ay, = puf — p¢ = —RT In(p;/p;), where (p;/p;) is the
equilibrium constant between species ¢ and j [28]. Apart from the R7, the Gibbs energy function
is a consequence of statistical counting, which has very little to do with the energy of the atoms in
the molecules [164].

In the second type, Ising model and alike, “individual atoms” are located at fixed lattice points
in a solid, each one only interacts with its neighbours. The limit of NV — oo of such an interacting
particle system is known as hydrodynamic limit of the stochastic model.

Cell-cell interactions in a tissue or in a culture medium can have both types: When an interac-

tion is mediated by rapidly diffusing small molecular factors, one can safely assume the interaction
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is between every two individual cells in a population. If an interaction between nearby cells is
mediated by slowly diffusing molecules, or due to direct contacts via mechanical interactions, gap
junctions, or synapses, then a lattice model is more appropriate. Combining these two types of
mathematical descriptions leads to the “reaction diffusion” paradigm [141] which serves the foun-

dation for describing living phenomena [205].

4.4 Discussion

Statistical mechanics and Boltzmann’s law— ho had a course on statistical mechanics [92]
will certainly recognize Z(3), F(3), and 57! in Eq. (4.13) as partition function, Helmholtz free
energy, and temperature, if one identifies g;, as the energy of the k' state of a mechanical system.
Eq. (4.12) then shows that F(3) = y + 714 (y) where —1(y) should be identified as “entropy” of
the mechanical system with energy y; and it is related to F'(/3) through a Legendre transform. Most
textbooks on statistical mechanics do not tell its readers, however, the clear mathematical logic of
all these formulae. But actually, Boltzmann’s 1877 paper [181], by counting the molecules with
different kinetic energy in an ideal gas, had proceeded exactly the steps we took and derived the
celebrated Boltzmann’s law, in the form in Eq. (4.11a).

Variational Bayesian method — The F(3) obtained in Eq. (4.13) has a very important prop-

erty: For any, arbitrary, normalized distribution {zy},

M M
Z zi In (pk:kﬁgk> > —1In (Zpke_ﬁg’“> = BF(pB). (4.20)
k=1

k=1
In the variational Bayesian method for inference [79], one often knows a target, posterior distribu-
tion pre P9 but computing its normalization factor is expensive. Eq. (4.20) shows that to obtain
the target distribution, one can simply minimizes the left-hand-side of (4.20) among a set of pos-
sible {z}. This same idea had also been used by Gibbs in his variational method [148]: The free
energy F'((3) of an equilibrium state is the minumum among all others through a virtual change of
state.

Maximum entropy principle— The constrained optimization in (4.8) leading to distribution in

(4.11a) has also become the foundation of maximum entropy principle (MEP) championed by E.
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T. Jaynes [99], which has played a productive role in data science. The axiomatic nature of MEP
[183] and the role of conditional probability [196] have been elucidated.

The fundamental premises behind the large deviations principle (LDP) and the MEP are very
different: Entropy, as a large deviation rate function, is used in the former to find the rare event
that is the most probable, which is the only possible event in the limit: For an arbitrary set of n real
values {y;},

(6—N<p1 e Nex L4 @—N%) ~e N as N — oo, (4.21)

where ©* = min{py, -, p,}. This is the same idea in choosing only the term with the largest
eigenvalue among the terms in a linear eigenvalue decomposition, in the limit of infinite time or
system’s size. In MEP, however, entropy function is used as a measure for “unbias”. Actually, ac-
cording to LDP, the x* in (4.11a) is not a probability distribution, it is the most probable frequency
among N i.i.d. samples. In MEP, it is interpreted as the least biased probability distribution with

maximum uncertainty.



107

Part II

ASYMPTOTIC BEHAVIORS OF STOCHASTIC DIFFERENTIAL
EQUATIONS
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Chapter 5

KINEMATIC BASIS OF EMERGENT ENERGETICS OF COMPLEX
DYNAMICS

This chapter is based on joint work with Hong Qian and Ying-Jen Yang [170].

5.1 Introduction

Classical mechanics has traditionally been divided into kinematics and dynamics. The former
gives the precise relationship between a mechanical motion x(t) and descriptions of the motion in
terms of its velocity X(¢) and acceleration X () under geometric constraints, and the latter provides
relationships between the motions and the concepts of mass, force, and mechanical energy. While
the former is a part of calculus, the latter constitutes the core of the classical physics of motion.
When a mechanical system contains a great many number of point masses such as atoms and
molecules, the notions of heat and temperature, as a stochastic description of complex mechanical
motions and kinetic energy, arise.

In classical, macroscopic chemical kinetics, a reaction in aqueous solution, say A + B — C,
is described by a rate process: dcy(t)/dt = —r(t), which should be identified as the chemical
kinematics. It is again based on calculus which rigirously defines the concept of instantaneous rate
of concentration change (fluxion). The functional relationship between 7 (¢) and the concentrations
ca(t) and cp(t), known as a rate law, is analogous to the constitutive relations. One well-known
example of a rate law is the Guldberg-Waage mass action () = kca(t)cp(t) where k is a constant
independent of c4 and cg. The notion of energy in chemical reactions, however, exists in the
chemical thermodynamics of heterogeneous substants, a separate theory developed by J. W. Gibbs,
who introdued the notion of Gibbs function and chemical potential as the energy and force that

drives the chemical changes.
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With the above understandings, therefore, it came as a surprise that a recent work [74, 75]
claims that the mathematical foundation of Gibbsian chemical thermodynamics, at a given temper-
ature, needs only the mesoscopic stochastic kinematics, irrespective of any details of the mechanics
of the atoms and molecules. In other words, the isothermal chemical thermodynamics of Gibbs is
dictated purely by the kinematics via the mathematics of probability. The implication of this ob-
servation is conceptually sigificant: It implies in general a stochastic description of a complex
dynamics has a “hidden” energetics that is already defined by mathematics! The present paper
applies this novel idea, stochastic kinematics dictates energetics, to another general class of pro-
cesses and further explore the idea: diffusion processes in continuous space R"™ with continuous
time ¢ € R. Mathematical analysis again reveals a hidden energetic and thermodynamic structure
that underlying the kinematics. The term “thermo” here does not imply heat; rather it means a
stochastic description of a complex dynamics.

The concept of thermodynamic force was clearly articulated in the work of L. Onsager [144].
In chemical kinetics, it is widely accepted that entropic force is a legitimate description on par
with mechanical force as a “cause” for an action [110, 88]. The Shannon entropy is computable
in any statistical description of dynamics [109, 131]. Actually, P. W. Anderson has stated that
“[A]t each level of complexity entirely new properties appear, and the understanding of the new
behaviors requires research which I think is as fundamental in its nature as any other.” [3] In fact,

he continued to provide a recipe for discovering an emergent law:

“It is only as the nucleus is considered to be a many-body system — in what is often
called the N — oo limit — that such [emergent] behavior is rigorously definable. ...
Starting with the fundamental laws and a computer, we would have to do two impossi-
ble things — solve a problem with infinitely many bodies [e.g., zero fluctuations], and

then apply the result to a finite system — before we synthesized this behavior.”

As we shall see, the discovery of the hidden thermodynamic laws indeed involves taking the limit
of noise, e.g., fluctuations, tending zero. Our result thus provides a clear understanding of why and

how emergent thermodynamic behaviors, as statistical laws, can be independent of the underlying
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details.

We consider the general description of complex dynamics in terms of a stochastic Markov
process X (t). Such a dynamics can be represented by its probability distribution p.(x,t) that
follows a Fokker-Planck equation (FPE) [69]

Ope
ot

— v 3[p]. 3[n]

b(X)pE - ED(X)VPO (51)

Its trajectory is represented in terms of the solution to a Langevin type equation dX(¢) = b(X,)dt+
[2eD(X.)] %dB(zﬁ), where B(t) is the standard multidimentional Brownian motion and b = b +

V - eD. The € signifies a connection between deterministic and stochastic motions [163]: In the

limit of € — 0, the stochastic trajectory X.(¢) — x(t) which satisties dx(¢)/d¢t = b(x(t)), and

similarly p.(x,t) — 6 (x — x(t)) if initial value p(x,0) = d(x — %(0)).

We emphasize that a stochastic description of dynamics does not have any notion of “energy”
and “thermodynamics” at the onset. This is what we meant by “kinematic description”. As we
shall show, however, in addition to the actual limit X(¢), a mathematico-thermodynamic structure
also emerges in the process of taking ¢ — 0: For a fixed ¢ and regarding the stochastic dynamics

in Eq. (5.1), it is known that the relative entropy

Flnx 0] = [ ptxn (25 ) i 52

me(x)
has a paramount importance [15, 158, 34], where the stationary solution to (5.1) 7.(x) embodies

n

the notion of an entropic force. It was discovered only recently that the F' satisfies a balance

equation dF'/dt = — f4(t) = Quk(t) — ep(t) [70, 197, 55, 161], with

falpd] = /HJ[pE} .Vn (i—) dx, (5.32)
Que[pe] = / nJ[pE} - (eD) M (%) [me] 7t dx, (5.3b)
eplpe] = /nJ[pJ - (eD) (%) [pe|p " dx. (5.3¢)

All three quantities in Eq. (5.3) are non-negative. This fact ensures the interpretation of ),k and e,

as the source and sink for the “free energy” of a system. The F[ 6] is interpreted as a generalized,
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nonequilibrium free energy since —e fRn pe Inwdx, — fRn Pe In p.dx, and € are analogous to “mean
internal energy” FE, entropy S, and temperature 7', thus F = E — T'S. See [96, 179, 198] for
the relation between these average quantities and the trajectory-based stochastic thermodynamics,
Jarzynski like equalities, and fluctuation theorems.

The present work provides a set of new “thermodynamic” relations in the form of a set of three
equations in Egs. (5.12), putting together as a system, and their physical interpretations. As a
mathematical result through perturbation theory, the three equations were known, but not with the
thermodynamic connections and the geometric meaning shown in present work. Eqs. (5.12a,b)
were in the work of Ventsel and Freidlin and the studies that followed [204, 52, 84]. (5.12¢)
has been derived in the work of Graham and Té€l [83]. The latter work focused on constructing
asymptotic stationary probability distributions based on the three equations.

The present work illustrates a deep relation between this set of equations as a dynamic de-
scription and thermodynamic energetics, in the context of the recently developed stochastic ther-
modynamics. We regard Eq. (5.12) as an emergent energetics that accompanies the deterministic
dynamics x = b(x). As a characterization of a complex behavior, the b(x) does not exist alone
as a macroscopic description, it comes with additional information coded in D, ¢, and w, as ther-
modynamics. A new Pythagorean equation (5.20) that relates three entropy productions in (5.19),
the macroscopic counterparts of (5.3), is revealed in the present work. This further suggests a
geometric perspective to be explored.

We note the Eq. (5.12a) is not a Helmoholtz (or Hodge) decomposition of a vector field since
~(x) is not divergence free [162]. The motion following ~y(x) however, conserves the ¢(x) ac-
cording to Eq. (5.12b). The divergence of «(x) is provided by the third equation (5.12c). The
emergence of the w(x) indicates the significance of a “local volume” of this ¢-conservative mo-
tion [73]: This is called degeneracy in the classical statistical mechanical termonology. While the
motion following «y(x) can be complex, a proper statistical description, called physical measure,
usually exists [216]. For more discussion of the thermodynamic meanings of dissipative vs. con-
servative motions, and their relation to trajectory-based entropy production, see [162, 130]. The

present work also finds explicit high-order contributions to entropy production, in (5.27), beyond
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the standard Gaussian fluctuations.
5.2 [Emergent potential and p-conservative motion -~y

The mathematical theory of large deviations connects the stochastic dynamics with finite € to
the deterministic dynamics with e = 0 [65, 38, 145, 193, 185, 72]. It is a rigorous and complete

asymptotic theory akin to the WKB ansatz:

pe(x,t) =exp [ — p"(x,t) /e + o(e7)], (5.4)

in which ¢'(x,t) is known as a time-dependent large deviation rate function. ' Taking the Eq.

(5.4) as given and recall that p(x,t) — §(x —X(t)), then it is easy to see that in the limit of € — 0,

eF[pe(x,1)] = ¢®(x(1)), ¢*(x) = —ll_r%elnﬁe(x). (5.5)
Since dF/dt = —fq <0, F [ o(x, t)} is a monotonic non-incresing function of ¢. Consequently,

Eq. (5.5) states that ™ (x(t)) is a monotonic function of ¢, which implies that ¢*(x) is an energy
function of the dissipative dynamics x(¢), the solution to the deterministic equation dx/dt = b(x).
We shall drop the superscript from the steady-state large deviation rate function ©*(x) from now
on.

The connection between F'[p.| and ¢(x) illustrates that the latter is an emergent energetic quan-
tity in the limit of ¢ — 0. It provides a new derivation with thermodynamic insights of the math-
ematical result of Ventsel and Freidlin [204, 52, 84]. The relation firmly connects (mesoscopic)
stochastic free energy F'[p.] with (macroscopsic) deterministic pseudo-potential ¢(x); it validates
the earlier interpretation of —e fRn pe Inm.dz as a mean internal energy, with ¢(x) as the internal
energy function of state x € R".

We emphasize that the original b(x) in Eq. (5.1) is not a gradient field in general. In terms of
the newfound ¢(x) and continue the WKB ansatz, one can express 7. (X) = w(x) exp[—p(x)/€ +

alne + O(e)], in which Inw(x) is the next order to the leading two terms and a In € arising from

IThe '4(x,t) satisfies a time-dependent equation of its own: dp'd(x,t)/0t = —V'd(x,t) - vt4(x,t), where
~'(x,t) = D(x)Vp'(x,t) 4+ b(x). This is known as a Hamilton-Jacobi equation.
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normalization fractor is independent of x. Substituting this expression into the stationary FPE
—V - J[m(x)] = V- (eD(x)VT(x) — b(x)7(x)) = 0, (5.6)
one obtains
€ 'w(x)y(x) - Vo = [Vw(x) - Dx)Ve + V- (w(x)y(x))]
+eV - <D(X)Vw(x)) +0(e) =0, (5.7)

in which v(x) = D(x)V¢(x) + b(x). Equating like order terms in Eq. (5.7), we have
Vo(x)-v(x) =0, vx € R", (5.8)
the vector field y(x) is orthogonal to V(x), and [83]
V- (@(x)7(0) = —Vux) - DRV (x). 59)

Actually, v, (x) = 7! (x)J[r.(x)] has been identified as Onsager’s thermodynamic flux[157], and

7y is its limit as € — O:

lim~,(x) = b(x) + D(x)Vo(x) = v(x). (5.10)

e—0

The motions following the vector field y(x) is restricted on the level set of ¢(x). This result also

has a correspondence when ¢ is finite [82, 173]: The stationary FPE can be re-written as

VSDE(X) ' ’Ye(x) =€V - Ve(x)a (511)

in which ¢ (x) = —eIn 7 (x) has been widely called a kinetic potential [82, 112, 143]. Therefore,
if V- v, = 0 Ve, then there is an orthogonality between V¢, (x) and ~ (x) for all e. More
generally, irrespective of V - 4y, being zero or not, in the limit of ¢ — 0, p.(x) = ©(x), 7. = 7,
and v - Vp = 0.

~(x) = 0 is mathematically equivalent to detailed balance. Stochastic systems with v = 0 is
widely considered as “non-driven” [220, 76] and is expected to approach to an equilibrium steady
state in the long-time limit. For such systems, the free energy F' aquires additional meaning as the

potential of Onsager’s thermodynamics force, v, = D(x)V F.
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Collecting Egs. (5.8), (5.9) and (5.10), we have a system of three equations

b(x) = —D(x)Ve(x) + v(x), (5.12a)
Ve(x) - v(x) =0, (5.12b)
V- (w(x)y(x)) = —Vw(x) - D(x)Ve(x), (5.12¢)

in which the vector fields b(x) and ~(x) represent dynamics, D(x), which represents stochastic
motion, can be thought as a geometric metrics, w(x) represents local “measure” for the state space
volume (degeneracy in the statistical mechanical termonology)?, ©(x) and Inw(x) are thermody-
namic quantities akin to energy and entropy, respectively. The “noise structure” D(x) provides a

unique geometry for the dynamics.

In the simplest case, if D(x) is the identity matrix, and w(x) = 1 is the Lebesgue measure,

then the equations in Eq. (5.12) become

b(x) = —Ve(x) + v(x), (5.13a)
Y(x) - Vp(x) = 0, (5.13b)
V- ~y(x) = 0. (5.13¢)

The vector field y(x) is now volume preserving, and the system x’(¢) = ~y(x) also has a conserved
quantity ¢(x). System with Eq. (5.13) is intimately related to the classical Hamiltonian systems
[151]. One of the most important features of this class of dynamics is that the ¢(x) gives the steady
state probability distribution exactly for any finite € in the form of 7.(x) oc e ¥*)/¢ according to

Boltzmann’s law, if one identifies e with temperature [162, 163].

?Actually, there is also a time-dependent equation for w'd(x,t): dw'(x,t)/0t = —(D(x)Ve'd(x,t)) -
Vw'(x,t) = V- (v"(x,t)w'(x,t)). The asymptotic expansion to this next-order also provides a natural vis-
cosity solution for the HJE with a diffusion term eV - (w'd(x, £)D(x) V' (x, 1)).
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5.3 (-based statistical mechanics and ensemble change

It is seen immediately that if one computes a partition function from energy function ¢(x) and
degeneracy w(x):

Z(e):/ w(x)e P/4dx, (5.14)

then Z ! (e)w(x)e~?X)/¢ is the asymptotic probability density for 7 (x). If the principle of equal
probability is valid, e.g., V - v(x) = 0, then it is the stationary probability density of Eq. (5.1) for
all e > 0.

Let us now consider a bivariate stochastic dynamics with x and y which is assumed to be a
scalar for simplicity. The stationary joint probability for x and y, p.(x, y) is related to the stationary
conditional probability p.(x|y) through the marginal distribution for variable y, p. ,(y): pe(x,y) =

Pe(X|Y)Pey(y). In the asmptotic limit of € — 0, this yields

e(x,y) = p(x[y) + ¢, (v), (5.15)

and the partition functions
Zny(€) = / Zyy (€ y)e 7 Wedy. (5.16)
Yy

The Z, is the partition function with fixed y, treated as a parameter, and Z, is the partition
function with fluctuating y. To asymptotically evaluating the integral in Eq. (5.16), it can be

shown that at y = 7, the mean value of the fluctuating y:

0 0
a—ygoy@) =€ {a—y In Zy, (€ y)] ] =&, (5.17)

y:
where &, is the conjugate variable to y. Therefore, the integrand in Eq. (5.16) can be approximately

expressed as
eu(y) = 0y () + &y —7)- (5.18)

Egs. (5.16), (5.17), and (5.18) constitute J. W. Gibbs’ theory of ensemble change. In doing so, the
thermodynamics of a stationary system with fluctuating y and the thermodynamics of a stationary

system with fixed y are logically connected via the large deviation theory. This derivation shares the
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same spirit as Helmholtz and Boltzmann’s 1884 mechanical theory of heat [67, 25]: Both extend
the notion of energy from a system with a fixed “parameter” y to an entire family of systems with

different y’s [129].
5.4 An instantaneous deterministic energy balance equation

While the eF [pe(x,t)] — ¢(x(t)) as € — 0 and pc(x,t) = 6(x — x(t)), the free energy dis-
sipation, house-keeping heat, and entropy production rates [70, 161], also known as non-adiabatic,

adiabatic, and total entropy production rates [55], become

halpex 0] = [Velx) DEVel)| (5.192)
Qulpen] = 1) D 0v] (5.19)
cep [pe(x,t)] — :b(x) - D_l(x)b(x)L_ﬂ(t). (5.19¢)

All three quantities are non-negative. They are linked through a Pythagorean-like equation, Vx €
R™:

[DGIVeE" + [y |* = el (520
under the inner product (u, v) = vD~!u and thus |[u/|? = uD " 'u.?

In the zero-noise limit, the deterministic motion follows dx(¢)/d¢ = b(x); the balanace equa-

tion dF'/dt = — fq = Qux — e, now becomes
d
So(x(t) = b(x) - Ve(x)
= (x)- D (x)v(x) — b(x) - D_l(x)b(xz. (5.21)
non-conse;\;tive pump energy Eirssipation

Both terms before and after the minus sign in Eq. (5.21) are non-negative. Eq. (5.21) constitutes a

deterministic, instantaneous energy balance law with the non-conservative pump as the source and

3This Pythagorean relation actually exists for stochastic fq, Quk, ep With finite € if one defines inner product
(u(x),v(x)) =e* / u(x)DH(x)v(x)pe(x, t)dx,

and identifies fq = [eD(x)V In(pc(x,t)/m(x))[|% Quk = [[b(x) — eD(x)VIn7(x)[|? and e, = |b(x) —
eD(x)V Inp.(x,1)|%
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energy dissipation as the sink, respectively. This result provides a rigorous notion of “energy” for
complex dynamics with a stochastic kinematic description. For a classical mechanical system with
potential force and friction, ¢ is the sum of kinetic energy and potential energy, and the energy

dissipation is due to the friction.

5.5 Perturbation theory of random processes and the higher-order approximation of e,

From Eq. (5.19), we have shown that the entropy production rate e, is “extensive”, i.e., O (6*1),
and derived it’s leading order as ¢ — 0. This leading order constitutes the part of entropy produced
from the deterministic path of the “dissipative dynamics” X'(¢) = b(x). We further obtain a result
of higher-order terms of the entropy production rate, which yields the part of entropy production
around the deterministic trajectory due to the infinitesimal fluctuation. We can visualize this by
imaging that we follow the deterministic trajectory and measure the entropy production with a
zoomed-in scale. J. Keizer first realized this perspective provides a flucutation-dissipation theorem
beyond equilibrium [106, 107].

From a mathematical standpoint, the dissipation part of entropy production is on the scale of
the law of large number, while the fluctuation part is on the scale for the central limit theorem.
This suggests us that the latter can be obtained by the perturbation of random processes with an
appropriate scale. Introducing Z.(t) = \/ig(Xe(t) — x(t)) and following the usual perturbation
approach [65] with expansion Z, = Z© + \/eZ(") 4 ... + \/EkZ(k’) + .-+, we can write down a
stochastic differential equation (SDE) for the Z(%(¢)

dZO(t) = AX(1)ZO()dt + 2D(x(t))]2dB(t), (5.22)

where A (x) is the Jacobian matrix of b(x). Eq. (5.22) is a time-inhomogeneous linear SDE which
can be solved as Z(¥(t) ~ N(0, X), where N represents Gaussian distribution and the covariance

matrix X satisfies the equation

—— = AX(t)E + SA(X(t)" +2D(x(t)). (5.23)
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This equation under more restricted consideration had been obtained in [69, 107]. In addition to

the small noise expansion for the SDE, we can also expand the FPE of the scaled process Z.:
Pe(z,t) = pulz Ve, (5.24)
n=0

in which the py(z,t) corresponds exactly to the probability distribution of Z() () ~ A(0,%)
[69]. By the change of variable p.(x,t) = \%ﬁe(z, t) and plugging it into the equation of entropy

production rate in Eq. (5.3), we can obtain the higher-order approximation

eeplp] = [b(x) D (x)b(x)] (5.25)

+ e[tr(M(x)) + 2b(x) - D(x) 'm] sty T o(e),

where
M(x) = D) +2Ax)+Ax)DEx)TAX)E
+ b(x)-D(x)'H(x)Z (5.26)
Note that H(x) is a rank 3 tensor, for the vector v = b(x) - D(x)~ !, vH(x) = >, v;H;(x),

in which H;(x) is the Hessian matrix of b;(x); X follows Eq. (5.23), and m = [ zp;(z,t)dz.

Therefore, the ¢ order of the entropy production has the form

tr(M(x(t))) +2b(x(t)) - D(x(t)) 'm, (5.27)
Gaussian‘guctuation non—Gaussi; fluctuation

where the first part involves 3 (the second moment with respect to the Gaussian distribution
Po(z, 1)) and the second part involves m (the first moment with respect to the next order p;(z, t) in
the expansion (5.24)). Interestingly, if Z.(¢) is a time-inhomogeneous Ornstein-Uhlenbeck process,
then the non-Gaussian fluctuation part is always zero. On the other hand, since the non-Gaussian
part is due to the nonlinearity of the vector filed b, this part of entropy production rate in the higher

order exists uniquely in nonlinear dynamics, e.g. in limit cycles.

5.6 Discussion

In the theory of ordinary differential equations, Hamiltonian dynamics with the conserved H

functions and gradient systems with potential functions are two special classes that have been
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extensively studied [151]. For a general nonlinear dynamics x = b(x), it is not known whether it
always has an associated “energetics”. Ventsel and Freidlin’s large deviation theory revealed that
if b(x) is the zero-noise limit of a noisy dynamics, a global quasi-potential function p(x) exists
[204, 52, 82]. In fact, b(x) = D(x)Vp(x) + ~(x), where v(x) L Vp(x) at every x. Graham
and Tél further showed [83] V - (w(x)y(x)) = —Vw(x) - D(x)V¢(x), where w(x) represents

a proper local measure at x. The present work shows that this system of dynamic equations has

2
)

a meaningful thermodynamic interpretation via a geometric equation: ||b[|? = [[DVy||? + ||v
corresponding to the instantaneous rates of total entropy production, free energy dissipation, and
house-keep heat, respectively.

If one identifies x = b(x) as a kinematic description of a complex dynamics, then the system
in Eq. (5.12) and Eq. (5.21) provide an energetic description that is hidden under the kinematics. A
few words concerning the role of D(x) are in order. The concept of a gradient field on R"™ requires
a notion of distance. This is naturally provided by the noise structure embedded in D(x). This is
precisely A. N. Kolmogorov’s insights on the nature of probability theory: One needs to have a
probability given before carrying out probabilistic computations.

For complex systems, not all “stochasticity” are due to thermal noises. In fact, the Mori-
Zwanzig theory of projection operator clearly shows that [152] the dynamics of a projection nec-
essarily induces, in general, a stochastic term and a non-Markovian memory term.

When v = 0, the FPE in Eq. (5.1) is a gradient flow in a proper mathematical space [137]. In
terms of the Pythagorean-like equation in Eq. (5.20), the stochastic dynamics following the Eq.
(5.1) with v = 0 has a maximal f4: One leg of a “triangle” has the same length as the triangle’s
hypotenuse. Thus, under an appropriate geometry, Onsager’s principle of maximum dissipation can
be generalized to nonlinear regime [138]. In recent years, the theory of nonequilibrium landscape
has gained wider recognitions in biological physics [5, 172]. Since for a nonequilibrium stochastic
system, its stationary state still has highly complex motions as NESS flux [220, 76, 207], the ¢
is only half the story: the + and its related w provide the characterization of the NESS motion on

each and every ¢ level set.
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Chapter 6

STOCHASTIC LIMIT-CYCLE OSCILLATIONS OF A NONLINEAR
SYSTEM UNDER RANDOM PERTURBATIONS

This chapter is based on joint work with Hong Qian [30].

6.1 Introduction

Newtonian mechanics represents the world in terms of featureless point masses with their po-
sitions and momenta. In contrast, classical chemical kinetics represents the world in terms of the
number densities of interacting populations of individual molecules, each with a large internal de-
grees of freedom, as chemical species. What is possibly an appropriate representation for complex
biological systems and processes? To answer this question, it is necessary to to give a more pre-
cise meaning to the too widely used term “complex” [90]. Let us consider one class of complex
systems, the living biological cells in terms of a biochemical kinetic description. In this paradigm,
a complex system consists of many interacting sub-populations of individuals with stochastic state
transitions; the system as a whole actively exchanges matters, energy, or information with its en-
vironment [149]. One sees a remarkable resemblance between this kinetic description of cells and
many other biological systems with complex “individuals”. In fact, the biochemist’s perspective
captures a repeated hierarchical structure of the complex world: An ecological system is a com-
munity of various biological organism; a human body consists of over 30 trillion cells; and a cell
involves a large number of interacting non-living biopolymers. This view echos the philosophy of
P. W. Anderson’s hierarchical structure of science [3].

While the “stochasticity” in chemical kinetics mainly originates from internal states of individ-
ual macromolecules, uncertainties in mechanical motions in biology, such as protein motor pro-

teins in axonal transport and hemodynamics of cardiovascular systems, are chiefly a consequence
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of coarse graining: A highly complex many-body systems can be represented by simple statistical
laws. One of the best examples of this is Kramers’ rate theory for barrier crossing between two
basins, which condenses a very complex dynamics into a simple exponentially distributed time
with a single parameter. A problem becomes simple if we focus on the emergent behavior of an
assembly of a large numbers of atoms at the macroscopic scale with a much longer time scale.
Indeed, experimentalists would find that the macromolecular movement obeys simple laws under
certain approximations, for example Fick’s law. The bridge between complexity and simplicity is

uncertainty and its statistics. This is the fundamental idea of the theory of Brownian motion [14].

6.1.1 Stochastic models of complex systems

As can be seen from the above discussion, both representations have their own values for com-
plex systems. Once we choose one of them to describe a system of interest, then the following
question is what mathematical model we should adopt. In stochastic chemical kinetics, there is a
success of the well-established scaling hypothesis in the continuous-time non-negative integer val-
ued Markov jump process [116]. Consider a continuous stirred chemical reaction vessel of volume
V, in which the numbers of molecules of various species ny (¢) is a Markov jump process that can
be described by a master equation

OP(ny,t)

T = Z Wy —r,r)P(ny —r,t) — W(ny,r)P(ny,t)], (6.1)

where W (ny,r) is the transition probability per unit time from ny, ny + r, and both ny and r
are g-dimensional vectors. As the system’s size V' — oo, ny (t) follows the law of large number,
V~Iny (t) — c(t), the concentration of ¢ species.

With a proper scaling by the size V' and the assumption that W and P are smooth enough

functions, we can take the Kramers-Moyal expansion of the master equation (6.1) [111, 140, 91]

oroet) )3 (i) ((%) o (0p(,)], 62)

wheree = 1/V,x =ny/V,p(x,t) = VP(ny,t),andk = (k1, ks, -+ k), D = qu XD DD P
k! = [[,(k!)), and ap(x) = S (], 7F)w(x, r), w(x,r) = W(X,r)/V. The solutions of the

3 3
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differential equation (6.2) with the infinite terms represents the exact time-dependent probability
density of the scaled number of population ny /V. Then a natural question arises: could we obtain
a corresponding diffusion process from this infinite order differential equation? The truth is that
we can only get a “local diffusion process approximation” for the scaled Markov jump process due

to the following reason.

A common method to attack Eq. (6.2) is by truncating the higher order terms to the second
order of € to obtain a Fokker-Planck equation (FPE). However, van Kampen [199] pointed out
that this method may fail if ny (¢) has large sizes of jumps. A concrete example was provided
in the work [202]: There exists an inconsistency between the stationary solutions of Kramers-
Moyal FPE and the original master equation for the Schlogl’s model of a chemical reaction system
which has bistable steady states. The reason for the failure of Kramers-Moyal FPE is that we
are only able to observe either the deterministic behavior of the process at the scale of the law
of large number or the Gaussian fluctuations at the scale of the central limit theorem; however,
there is no one scale to obtain both. To keep the first two order terms of the Kramers-Moyal
expansion simultaneously to represent a diffusion process at a single scale is incorrect. Therefore,
van Kampen [199] suggested the ¢ expansion which allows us to get a deterministic trajectory as

¢ — 0 and a local approximation near the deterministic trajectory at the scale O(+/€) separately.

In the present work, we focus on the continuous representation of complex systems. We always
start with random perturbations of dynamical systems represented by a sequence of stochastic

differential equations (SDEs) parameterized by a small parameter ¢
dX.(t) = b(X,)dt + [2eD]2dB(t), (6.3)

where X, € R, b : R™ — R" stands for a drift function, the R" x R"™ diffusion matrix D is con-
stant and positive semidefinite symmetric, and B is the standard n-dimensional Brownian motion.
This Langevin type equation is widely applicable for complex systems related to mechanics, and it
gives us a clear picture of the entire dynamics including the drift and diffusion at one scale. Further-

more, by the rigorous mathematical theory of semigroup [58], every diffusion process represented
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by a SDE has a unique FPE to characterize the corresponding transition probability density p.(x, t)

Ope
ot

==V -Jpl, J[p=b(x)p. — eDVp.. (6.4)

This line of reasoning to relate diffusion processes and FPEs has no ambiguity unlike the Kramers-

Moyal FPEs.

6.1.2 Random perturbations of diffusion processes

Our analysis of random perturbations of diffusion processes is by expansion in powers of € for
the sequence of SDEs (6.3), which follows the work of Freidlin and Wentzell [65]. As e — 0,
the sequence of SDEs converges to an ordinary differential equation (ODE) of the emergent de-
terministic trajectory by the Law of large number (LLN). To shift the sequence of SDEs to its
deterministic trajectory with normalization by the scale O(1/¢€), the rescaled sequence of SDEs
converges to a time-inhomogeneous Gaussian process by the central limit theorem (CLT). For rare
events in O(1), they have the probability asymptotic to zero exponentially fast by the Large devia-
tion principe (LDP). In comparison to Freidlin and Wentzell, there is another celebrated theory for
the LDP by Donsker and Varadhan [44, 45, 46, 48]. The main difference between them is that the
Freidlin-Wentzell theory is about large deviations from a deterministic trajectory by small noise
but the Donsker-Varadhan theory is regarding large deviations of certain process expectations for
large time with the ergodic theorem.

In the present paper, we provide a trajectory-based proof for an emergent time-inhomogeneous
Gaussian process in R" near a deterministic trajectory under the CLT, which follows the proof for
the particular case of R! in the Freidlin-Wentzell’s textbook [65] (The idea of proof for R" was
suggested in the book but without details) and we further obtain a Lyapunov differential equation
for the covariance of this Gaussian process. In the field of statistical physics, this Lyapunov differ-
ential equation was mentioned in the works [107, 199, 69]. However, all of those previous works
were based on the small noise expansion of the associated FPEs and each approach has some limi-
tations: In [199, 69], the dynamics was restricted to one dimension; In [107], the dynamics was for

elementary processes in chemical reactions. Our approach for the Lyapunov differential equation
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is trajectory-based without transferring the original SDE problem to the problem of perturbations
of partial differential equations (PDEs) and it is applicable for rather general multi-dimensional
diffusion processes.

In contradistinction to the Freidlin-Wentzell theory and the Donsker-Varadhan theory, which
are both from the standpoint of trajectories of systems, there is another approach of the LDP based
on the PDEs: A logarithmic transformation to the differential generator of diffusion processes was
proposed by Fleming in 1978 [63] then the PDE-based approach was applied to the LDP through
solving the Hamilton-Jacobian equations (HJEs) by Evans and Ishii [57] and others. Feng and
Kurtz [62] generalized this approach by refining techniques on the viscosity solutions of HJEs
so that the scope of applications of it is compatible with the Freidlin-Wentzell theory and the
Donsker-Varadhan theory. This rigorous mathematical PDE-based approach is corresponding to
the WKB method of solving FPEs, which was introduced early by theoretical physicists [112, 83].
In the present work, our analysis of stochastic limit cycles is carried out in parallel with both the
small random perturbations of SDEs and the WKB approximation of the corresponding transition
probability density, which can regarded as an example of a link between the trajectory-based and
the PDE-based methods. The contradistinction provides a more comprehensive portrayal of the

stochastic limit cycle.

6.1.3 Time-inhomogeneous Gaussian processes from a transient state to an invariant set

By relating those two methods, one of the important results obtained in this paper is the corre-
spondence between the local Gaussian fluctuations along a deterministic path, limit cyle or not, and
the curvarture of the leading order term in the WKB method near its infimum. In the early works,
the connection between the CLT and the LDP of random processes can be found in the analysis of
action functional for Gaussian random processes [65] and the LDP for the empirical measures of
centered stationary Gaussian processes [49, 23], in which the former follows the Friedlin-Wentzell
theory and the later follows the Donsker-Varadhan theory. In the present paper, our work on the
analysis of the CLT and the LDP of nonlinear systems with stochastic limit cycles, from a transient

state to infinite time limit on an invariant set, are beyond those theories.



125

Globally, from the standpoint of probability, the existence of stationary distribution in the whole
space for a stochastic stable limit cycle has been proved by Holland [89]. With the WKB method,
characterizations of the stationary large deviation rate function near the cycle were studied in the
previous work [51, 200, 73, 124, 126]. Locally, from the standpoint of trajectories, the dynamics is
attracted to an invariant set but still capable of escaping from the set due to the multi-dimensional
fluctuations except the part tangential to the cycle. In the long run, the Gaussian fluctuations along
the direction tangential to the cycle is eventually smeared out and the rest of fluctuations in the
hyperplane perpendicular to the cycle are outward and damped out by the dissipation toward the
limit cycle [114].

In this paper, equipped with the Lyapunov equation for the covariance of the time-inhomogeneous
Gaussian process, we characterize the fluctuations along the limit cycle by asymptotic analysis. Via
a careful study of the interchange of limits of time ¢ — oo and ¢ — 0, with a coordinate trans-
formation and dimension reduction on the cycle, we show that the Lyapunov equation becomes a
n—1xn—1 periodic Riccati differential equation [19, 146, 29, 221] and the solution of equation is
a positive definite matrix. We further characterize the curvature of large deviation rate function on
the limit cycle by the correspondence between the covariance matrix and the curvature established
in our theory.

The importance of stochastic limit cycle oscillations in physics was emphasized by Keizer [107]
and van Kampen [199]. In their books, specific examples with careful studies were provided but
a general analysis was missing. Our analysis by both the trajectory-based and probability-based
methods, from a transient state to an invariant set, helps us to paint a clear picture of dynamics in
different scopes of space and time. Additionally, the present work can be regarded as an extension
of the linear approximation theory of a stochastic nonlinear system with a fixed point as the steady
state, which can be found in [156, 117, 160], to an invariant set in R".

Furthermore, we want to point out that stochastic limit cycles have been widely studied and
applied to biological systems in two different scenarios: (1) the finite fluctuation results [208, 209,
210, 213, 60, 61] and (2) the zero noise limit with the WKB large deviation [219, 213, 218, 214].

Our work includes the following new results beyond the scopes of those two: First, we apply CLT
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to describe the local fluctuations around the deterministic trajectory. It provides us a new scope
to investigate the limiting behavior of finite noise dynamics around its most probable path, and
this scale is different from the scale of WKB large deviation. Second, for the WKB method, we
include not only the large-deviation rate function but also the prefactor, which is the next order
to the leading order of the large-deviation rate function. In the present work, we show that the
prefactor plays an important role in stochastic limit cycles since the leading order term vanishes on

the deterministic trajectory of limit cycles.

6.1.4 Organization of the paper

In Sec. 6.2, we start with a rather general small-noise diffusion process represented by a se-
quence of non-linear multidimentional SDEs. Based on both the trajectory-based approach and
the WKB method, key lemmas regarding the time-inhomogeneous Gaussain processes and a link
to the large deviation rate function are provided. In Sec. 6.3, we apply the lemmas to stochastic
limit cycle oscillators. This approach is distinct to the previous works [51, 200, 73]: (i) The works
[51, 200] are regarding fluctuations of limit cycles in chemical systems (The former [51] focused
on analysis of a stationary FPE and the later [200] applied the WKB method directly to a master
equation.); (i1) The work [73] focused on the case of one-dimensional motion on a circle. In Sec.
6.4, we introduce the scaling hypothesis of diffusion processes to construct a sequence of dynam-
ics parameterized by €. This scaling hypothesis not only serves as an useful mathematical tool of

asymptotic analysis but also a scientific theory to justify the origin of e.

6.2 Preliminaries

As we mentioned in Sec. 6.1, both discrete chemical kinetics and continuous mechanical mo-
tions successfully depict complex systems via introducing uncertainty. Based on the probability
theory, the former is conventionally characterized by Markov jump processes (continuous-time
and discrete-state) with the corresponding transition probability captured by master equations, and

the later is popularly described by diffusion processes (continuous-time and continuous-state) with
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SDEs. By introducing a parameter of the size of systems, at proper scales, both representations
have their corresponding FPEs of the transition probability density and the HJEs of the large de-
viation rate function. In the present work, based on the continuous representation, we follow the

direction SDE - FPE - HJE in a sequence.

6.2.1 Expansion in powers of a small parameter for diffusion processes

Let us start from a sequence of SDEs defined in Eq. (6.3)
dX.(t) = b(X,)dt + [2eD]2dB(t), (6.5)
and by the LLN, it converges to the following ordinary differential equation (ODE) as ¢ — 0
dx(t) = b(x)dt. (6.6)

Let %(t) be the solution of this ODE with a given initial condition x(0) = X,.

We shall note that a direct application of small noise expansions for the process (6.5) by
X (t) = Y0, €X;(t) may fail for certain types of drift functions b [69]. Therefore, we need
to expand X,(¢) with a proper scale: By the scale of the CLT, we can define a random process

Z(t) near the deterministic trajectory x(t)
Z.(t) = ==/ 20 (6.7)
and substitute Eq. (6.7) into Eq. (6.5), we can derive that

dX. (1) = d&(t) + VedZ(t) = b(X.)dt + [2eD]2dB(t) + O(e)
= dX,(t) = dX(t) + VedZ(t) = (b(X) + VEA(X)Z.) dt + [2eD]2dB(t) + O(e)  (6.8)
= dZ(t) = A(X)Z.dt + [2D]2dB(t) + O(v/e),
where A (x(t)) is the Jacobian matrix of b(x) evaluated at x = x(¢). We then follow the usual

approach [65] of perturbation theory to obtain an expansion in powers of the small parameter /e

Zo(t) = Z(t) + VeZO () 4+ + /EZP (1) +- - - (6.9)
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Apply the expansion of Z.(¢) in Eq. (6.9) to its SDE in Eq. (6.8), we can obtain a SDE for the
zeroth approximation of Z(t)
dZ(t) = A(%X)Zdt + [2D]zdB(t). (6.10)
The following lemma is about the solution of Z(t):

Lemma 6.2.1. If each element of the Jacobian matrix A (X(t)) is continuous for all t > 0, then for

everyt > 0, Z(t) is a Gaussian random variable Z(t) ~ N (u(t), X(t)) with

d;;_it) =AX)p,  p(0) = fy, (6.11)
%t(’f) =ARX)T + ZAX)" + 2D, ¥(0) = 3, (6.12)

where p, and X are given initial conditions.

Proof. Under the assumption that each element of A (x(t)) is continuous for all ¢ > 0, there exits a

fundamental matrix M (¢) € R" x R" satisfied the linear homogenous ordinary differential equation
dM(t) = A(x)Mdt forallt > 0. (6.13)
Let Z, be the given initial condition for the dynamics (6.10), we can verify the equation
¢ 1
Z(t) = M(t) <Z0 —|—/ Ml(s)[2D]2dB(s)) forallt > 0, (6.14)
0
by differentiating the both sides of it with the Itd lemma and Eq. (6.10) and Eq. (6.13) as follows
¢ 1
d [M(t) (zo + / Ml(s)[QD]QdB(s))l
0
t 1 t 1 t 1
= Md (ZO +/ M1[2D]2dB> +dM (ZO +/ M1[2D]2dB) + dMd (ZO +/ M1[2D]2dB)
0 0 0
= [2D]2dB + A(X)MdtM™~'Z + A(X)MdtM'[2D]zdB

= [2D]2dB + A(X)MM ' Zdt
= dZ(t).
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By Eq. (6.14), for any constant vector a € R", we have that

alZ(t) = (z0+/ M ) Z/ fi(s)dBy( (6.15)

where B; € R! is a collection independent and identically distributed random variables from the
standard Brownian motion B = (By, By, - - , By,), and f; : R — R! is a collection of determinis-
tic functions. Therefore, a’Z(t) has to be a one-dimensional Gaussian random variable since it is
a linear combination of a collection of independent one-dimensional Gaussian random variables.
Furthermore, by [192], using the moment generating functions, arbitrary linear combinations of
the random vector Z(t) being an univariate Gaussian random variable implies that Z(¢) is a multi-
variate Gaussian random variable.

Next, we want to find expressions of the mean and the covariance of Z(t) for every ¢. By the
property of the standard Brownian motion, given a matrix F(¢) which is independent of B, we have

that
t
E U F(s)dB(s)] —0, forallt> 0. (6.16)
0
With (6.14) and (6.16), the first and second moment of Z(t¢) should satisfy
E[Z(t)] = M(t)Zo

E[Z(t)Z(t)'] = E | M(t) (Z0+ /0 t M—l[zD]édB) (z0+ /0 t M—1[2D]§dB>TM(t)T]

T
= M(t)ZoZi M ()" + M(t (/ M~ 2D}2dB) (/ M~ '[2D]2 dB) M(t)"
= M(t)ZoZIM(t)" + 2M(2) ( / M—l(s)DM—T(s)ds) M(t)7, (6.17)
0
where we applied the It6 isometry to the last equation. Since u( ) = E[Z(t)] = M(t)Zo, and
S(t) = BIZ()Z(1)] - E[Z@)E[Z(1)T] = 2M(t) (fy M- “T(s)ds) M()", by taking
derivatives of them with respect to time, we thus obtain dynamics of p(¢) and X(¢) as follows
d . .
% =AX)p,  p0) = py, (6.18)
d3(t .
EO _ @)+ DA £2D,  %(0) = S, (6.19)

dt
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where [1, and X are given initial conditions.

]

By Lemma 6.2.1, we obtained a time-inhomogeneous Gaussian process from a multi-dimensional
nonlinear diffusion process at the scale of the CLT with the covariance captured by the Lyapunov

differential equation (6.19). Additionally, this lemma can be applied to solve the FPE

Ope
ot

=—-V-Jpl, Jp]=Dbx)p.—eDVp, (6.20)

with certain boundary conditions. Since the function b is nonlinear and multi-dimensional, this
type of PDE problems may not be easy to solve directly. Under certain conditions [65, 101], the
diffusion process (6.5) is associated with this FPE. By expanding the solution of the FPE (6.20)

and the diffusion process (6.5) respectively

[e.e]

pxt) = i) and pnt) = ol ) £ VOBt 62D
Z.(t) = w and  Z.(t) = Z(t) + i(\/E)"Z(”)(t), (6.22)

we can check that po(z, t) is the probability density of Z(t). Following from Lemma 6.2.1, we thus
obtain an approximation solution of the FPE by having the dynamics of the mean and covariance
of Z(t). To transform the FPE problem into the problem of a diffusion process, the above example

is an application of Lemma 6.2.1 to attack a complicated boundary value problem.

6.2.2 Approximations by the asymptotic theory akin to the WKB

In Sec. 6.1.1, we pointed out that using the Kramers-Moyal Fokker-Planck equation for a mater
equation may fail in some cases. Instead, the deterministic behavior and the local fluctuation of a
jump Markov process can be obtained by the (2 expansion with respect to two different scales. In
addition to the €2 expansion, another approach by the WKB approximation has been applied to give
a full analysis of master equations [112, 91, 200, 142]. In this method, the WKB ansatz is assumed
for the solution of the Kramers-Moyal expansion of a master equation without truncating higher-

order terms, so this method has no problem unlike the Kramers-Moyal Fokker-Planck equation.
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As the success of the WKB approximation of master equations for Markov jump processes, this
method has also been used to the associated Fokker-Planck equations of diffusion processes [83,
171]. Here we want to link our trajectory-based approach in Sec. 6.2.1 to the probability-based
approach by the WKB approximation.

Recall that the path behaviors of the diffusion process is described by the n-dimensional SDE
(6.5)

dX.(t) = b(X,)dt + V2¢DdB,. (6.23)

In order to link the SDE (6.23) to the WKB ansatz, we need to find its probability-density repre-
sentation by a FPE. From Eq. (6.20) to Eq. (6.22), we have illustrated a way to convert a PDE
problem to a SDE problem; on the other hand, by the semigroup approaches [58, 101], we can
also convert a SDE problem to a PDE problem. Under certain conditions [101], the original SDE
problem can be characterized by the solution of the FPE

Ope
ot

=-=V-Jpd, Jp]

b(x)p. — eDVp.. (6.24)

We shall note that, as ¢ — 0, the FPE reduces to a first-order differential equation so the perturba-
tion of the solution p, follows the singular perturbation theory. To attack this singular perturbation
problem, we adopt an asymptotic series of p. with a proper scaled variable z = (x — X)/+/e,

o0

pat) = —zpet) and plnt) = SO(VOBn(a) (6.25)

n=0
In parallel, there is another complete asymptotic theory for the solution of FPE akin to the WKB
ansatz [112, 83]

pe(x,t) = a(e, t) exp [—% i On (X, t)e”] , (6.26)
n=0

where a(e, t) is a normalization factor. The expansion (6.26) with the series € "' + ¢ + €y + - - -
was justified by the extensive property of p.(x,t), i.e. it keeps the form (6.26) as time evolves

[112].



132

We will connect those two types of expansions in Lemma 6.2.4. To prove the lemma, we first
give two useful lemmas on the asymptotic evaluation of various integrals [13]. All the proofs can

be found in Appendix 6.6.1.

Lemma 6.2.2. For sufficiently smooth scalar functions f(x) and h(x), x € R",

R e .. 2me _h(x") N N
/n f(X)e hx)/ dx = \/We € f(X ) + GU(X ) + 0(62):|, (627)

f(x)e " edx
Rn

/ o—h()/e g5

1 1
P T L e o e K

(6.28)

as € — 0, in which Einstein’s summation rule is adopted, x* is the global minimum of h(x), and

ey TAOIEs | [ROCMLOC) | SOORG) s
" 2 6 24 —iu—jv—kp—lr 7 LVPK
SR (X2 11 1 1 1
+ 71; :WQ:m?:jf:jj:k;:kp?/\wzwrpp/. (6.29)

. = -1 ..
The covariance matrix & = [VVh(X*)] , and the multi-indexed © ;o and N1, are

T
B Yl YpYs Yy
O = /n —(QW)”/2 exp{ = ]dy, (6.30)
T
Nprovrop - = / yuyzjﬂ;zgpyp exp [——y;’] dy. (6.31)
" 7r

By Lemma 6.2.2, we can obtain the following lemma, which is very useful in the integrals with

respect to a probability density approximated by the WKB method.
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Lemma 6.2.3. For sufficiently smooth functions f(x), g(x), and h(x), x € R",

_ )
e f(x)g(x)e” < dx
/ 5 (6.32)
g(x)e” < dx
HxVZy N () EEEE R EE O
= S+ e | fi(x7)(log g)i(x")Zy; + G2 iR (X ELES B0 O +0(e?),

2 6
as € — 0, in which Einstein’s summation rule is adopted, x* is the global minimum of h(x),

Now, we are ready to relate the two kinds of asymptotic series. Recall that the two expansions

arc
Pe(z,t) =Y (V)" Pu(2, 1), (6.33)
n=0
1 o0
p€(X’ t) = a(€> t) exXp [_Z nz% ¢n(xa t)en] > (634)

where z = (x — x) and p.(x,t) = p.(z,t)//e. Since we will focus on the first two orders in the
WKB approximation, we specifically denote that ¢y := ¢ and ¢; := Inw. These two functions
have particular meanings: ¢ is known as the large deviation rate function [65, 38], and w is known
as the prefactor [83, 73], or the phase space factor [199], or degeneracy in the classical statistical
mechanical terminology [171].

Recall that the time-dependent matrix ¥(¢) in Lemma 6.2.1 is the covariance matrix of Z(t)
and we have checked that Z(t) has the density po(z,t). Therefore, for (), it has the formula
i) = fRn 2iziPo(2z,t)dz, for 1 <i <n, 1 < i < n. Here we further define a time dependent
first moment vector m(t) with respect to 1 (x,t) by m;(t) = [, zip1(2,t)dz, for 1 < i < n. Note
that the functions py and p; are given in the expansion (6.33). Under this framework, 3(¢) and

m(t) must satisfy the differential equations

—d§<t) —AXMD))EZ+ZAKD)"+2D,  =(0) =3, (6.35)
dlﬁj—f” = A(x(t)) + H(x(1))E, m(0) =1y, (6.36)
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in which the initial conditions 3 and ri, are given by the distribution of X,.(0). For example,
if the initial probability density of X.(0) is purely Gaussian, then p;(z,0) = 0 for all z hence
m, = 0. Furthermore, A(x) is the Jacobian matrix of b(x), and H(x) is a rank 3 tensor with
H;(x) being the Hessian matrix of b;(x), 1 < i < n. Eq. (6.35) of 3(¢) is from Lemma 6.2.1, and
Eq. (6.36) can be verified by plugging the expansion (6.33) into the the Fokker-Planck equation
(6.24) and using integration by parts.

Based on the above setup, 3(t), m(t) are related to the expansion (6.33) and ¢(x, ), w(x,t)
are related to the expansion (6.34), then we have the following lemma for their correspondence.

Recall that x(¢) is the emergent deterministic trajectory of the diffusion process X.(t) as ¢ — 0.
Lemma 6.2.4. (1), m(t), p(x(t),t), and w(x(t), t) must satisfy the equations

(t) = [VVe(x(t), )], (6.37)

m(t) = [VV(x(t), )] Viogw(x(t),t) — éVVVgo(fc(t), £)0, (6.38)

where (VVV(x,1)0). = > jktpnp Pkt (G OZLEZEL B2 O s B = [VV(x, )", and © is
defined by Eq. (6.30) in Lemma 6.2.2.

Proof. By the change of variable z = (x — X)/+/€, we have the following two equations
/ (Vez) (Ve pu(z, t)dz = / (x — %) (x — %)p(x, 1) dx, (6.39)
/(\/Ez)ﬁe(z, t)dz = /(x — X)pe(x, t)dx. (6.40)

Plug the expansion (6.33) into the left side of (6.39), by Lemma 6.2.1, the left side of (6.39)

becomes
eX(t) + o(e). (6.41)

For a fixed ¢, the point x = x(¢) on the deterministic trajectory is the global minimum of p(x,t).

Therefore, to plug the expansion (6.34) into the right side of (6.39), by Lemma 6.2.3, we have

€[VV(x(t), )] + ofe). (6.42)
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With Eq. (6.41) and Eq. (6.42), we thus obtain
B(t) = [VVp(x(1),1)] . (6.43)

By a similar approach, applying Lemma 6.2.1 to the left side of (6.40) and Lemma 6.2.3 to the

right side of it, we have that
1
m(t) = [VVQO(X(t),t)]_I Vinw(x(t),t) — 6VVV<p(§c(t), t)O. (6.44)
O

The leading order ¢(x,t) of the time-dependent WBK ansatz (6.26) is known as a time-
dependent large deviation rate function. Our work (Lemma 6.2.4) relates the curvature of the
time-dependent large deviation rate function near its infimum with the local Gaussian fluctua-
tions of diffusion processes. In the case of independent and identically distributed (i.i.d.) random
variables sampling, the inverse of the curvature of large deviation rate function equivalent to the
variance of each random variable is one of the important properties of the rate function [22, 193].
Eq. (6.37) in Lemma 6.2.4 can be regarded as an extension of this property to the case of random
processes. The Freidlin-Wentzell theory [65] gives a clear definition of the large deviation rate

function of random processes. From the trajectory standpoint, the action functional is defined as

[65]

1

Su1(6) = § [ 16~ DlEID I ~ bl s, (6.45)

where ¢ is the set of all smooth paths of the process (6.5) on the interval [0, ¢]. Then the time-
dependent large deviation rate function is the minimum of action among the set of

e(x,t) = min  Sp(§), (6.46)

€o=x0,{t=%x

in which x( and x are the initial and end conditions of the process, respectively.
By Egs. (6.45) and (6.46), »(x, t) is no longer just a mathematical concept of the leading order

term of the logarithmic asymptotics of probability densities. Borrowing the concept from classical
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mechanics, the integrand in the integral (6.45) is called the Lagrangian of the action and there is a

corresponding Hamiltonian of the system defined by the Legendre dual of the Lagrangian [222]

H(,p)=b(§) -p+Dp-p. (6.47)

Furthermore, based on the Hamiltonian given in Eq. (6.47), the large deviation rate function has to

satisfy the Hamilton-Jacobi equation

dplxt) _ —H(x, V). (6.48)
ot

Finding solutions of the Hamilton-Jacobi equation (6.48) is still an open problem. By Lemma 6.2.4,
with the dynamics of X(¢) in Eq. (6.35) and m(¢t) in Eq. (6.36), if the solution of the prefactor
w(x, t) is given, e.g., an uniform prefactor, then we can derive the dynamics of VV(x(t),t) and

VVV(x(t),t). These results can help us approximate the solution of the HJE near its infimum:

by the multivariable Taylor’s expansion, for ||x — X|| < d, we have a third order approximation

plx,1) = 5 [0x = %(0) - VI o(%(1), 1) + 5 [(x — %(0) - T 9(%(0). 1) + o(8),  (6.49)

N —

and the first two terms on the right side can be numerically solved with the dynamics of VV(x(t), t)
and VVV(x(t),t) obtained by our theory.

To summarize the novelty and the significance of Lemma 6.2.4 in the following three points:

1. We show rigorously that the covariance matrix of the local time-inhomogeneous Gaussian
process near a deterministic trajectory is equivalent to the inverse of the curvature of the

time-dependent large deviation rate function near its infimum.

2. By having the dynamics of VV(x(t),t) and VVVp(x(t),t) from the lemma, we can ob-

tain a third-order approximation of the solution of the HJE (6.48) near its infimum.

3. For analyzing a stochastic stable limit cycle in the next section, with the Lyapunov differ-
ential equation of X(¢) (6.35) and the equation 3(t) = [VVp(x(t),t)]”" in the lemma,
we can further study the asymptotic behaviors of the time-inhomogeneious Gaussian pro-

cess from a transient state to an invariant set, and relate this result to the previous works
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[200, 73, 124, 126] on the curvature of the stationary large deviation rate function near a

limit cycle.
6.3 Main results of stochastic limit-cycle oscillations

In this section, we focus on nonlinear stochastic complex systems having stable limit cycles at
the macroscopic scale. In chapter XIII. 7 of the textbook by van Kampen [199], the author proposed
two examples of stochastic systems with stable limit cycles: one is dynamics of the Brusselator in
the chemical reaction and the other one is the generalized Ginzburg—Landau equation in statistical
mechanics. The model of the former started from a master equation for the Markov jump process
and the later began with a SDE for the diffusion process. More examples of stochastic chemical
kinetics with limit cycle oscillators were thoroughly discussed in the previous works [51, 200]. In
contradistinction to stochastic chemical kinetics, our work follows the idea of the second example
in the van Kampen’s book along the line of the continuous representation of complex systems: we
start with a randomly perturbed diffusion process satisfied the sequence of SDEs (6.5). Recall it

has the form
dX.(t) = b(X,)dt + [2eD]2dB(t). (6.50)

In this section, we assume D is positive definite in particular. Furthermore, there is an emergent

deterministic dynamics as € — 0,
dx(t) = b(x)dt, (6.51)

and the solution x(¢) of this ODE (6.51) with initial condition x(0) has a invariant solution as a

stable limit cycle I'. Recall that the corresponding FPE of Eq. (6.50) is

Ope
ot

==V-Jpd, Jlp]

b(x)pe — eDVp.. (6.52)

To analyze stochastic limit cycles defined by Eq. (6.50) - Eq. (6.52) requires asymptotic analysis
involving two limits (¢ — 0 and ¢ — o0). Therefore, in the first part of Sec. 6.3.1, we provide a

brief review of the previous work on asymptotic analysis of Eq. (6.53) and Eq. (6.54). We shall
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note that Eq. (6.53) is a HJE for ¢(x,t) and Eq. (6.54) is a continuity equation for w(x,t). This
pair of equations was known in the previous work by applying WKB method to the semi-classical
limit of Schrodinger equations [85, 12]. In the second part of Sec. 6.3.1, we show a new result for
stochastic limit cycles (Theorem 6.3.1) by asymptotic analysis of Lemmas 6.2.1 and 6.2.4 from a

finite time to the infinite time limit.

6.3.1 The process asymptotic to a time-invariant set

In Sec. 6.2.2, we relate the time-dependent large deviation rate function and the prefactor in the
WKB method with the stochastic trajectories of randomly perturbed dynamics systems. By this
correspondence, we further inspect asymptotic behaviors of the time-dependent large deviation
rate function and the prefactor as time goes to infinity. By plugging the WKB ansatz (6.26) into
the FPE (6.24) with equating likeorder terms, we obtain two partial differential equations of ¢(x.t)

and w(x, t) respectively,

W = —Velt) 1) (6.53)
aw(azj t) _ —V - (y(x, Dw(x, 1)) — DVp(x,t) - Vw(x, 1), (6.54)

where v(x,t) = DVp(x,t) + b(x). We will later discuss the meaning of «(x, t), which is closely
related the concept of probability flux and the Onsager’s thermodynamic force.

Let us start from analysis of the solution of ¢(x,t) in Eq. (6.53), which is a Hamilton-Jacobi
equation. The HJE derived in this place by equating the leading order term in the time-dependent
WKB ansatz is the same one obtained in the previous derivation (Eq. (6.46) - Eq. (6.48)) by
minimizing of action among all possible smooth paths. However, when we further analyze time-
invariant solutions of this HJE, we shall notice an essential difference between the WKB-type
method and the trajectory-based method, which is due to the interchange of limits of ¢ and .

Following the idea of WKB anstaz (6.26) for the time-dependent probability density, if the

invariant probability exists, it could be written as the asymptotic form

Te(x) = a(e) exp —%@(X) + Inw(x) + O(e) (6.55)
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and it is equivalent to say that

$(x) = —lim lim Inp.(x, t|xo, 0), (6.56)

e—+0t—o00
where ¢ is independent of the initial condition X, and is well-defined in the whole space R". On

the other hand, from the standpoints of trajectories, the quasipotential of the system is defined by

o(x;xy) 1= 1151>1£ ir‘glf{807t(§) 2o =xp,& = X}, (6.57)
where x; is a fixed point of the deterministic dynamics X’ = b(x). This definition extends the

definition of minimizing the action (6.46) from a fixed ¢ to all ¢ > 0 and it has a corresponding

probabilistic representation [222]

o(x;x7) = — lim lim In p.(x, t|xy, 0). (6.58)

t—00 e—0

The quasipotential (6.57) is one of the invariant solutions of the HJE (6.53) [65]. It may contain
non-differential parts since the HJE can have a non-smooth solution after a certain finite time
by studying the characteristics of it [56]. We shall emphasize that the two potentials, ¢(x) and
©(x;X), have the same shape only in the domain (denoted by D) where ¢(x) > ¢(xy) and H(x)
is continuously differentiable with V(x) # 0 by the Freidlin-Wentzell uniqueness theorem of the
orthogonal decomposition of the drift function b [65]. Since the quasipotential p(x; x) is defined
strictly by the trajectories of dynamics in Eq. (6.57), to equate ¢(x) and ¢(x;x;) on D, we can
justify the leading order term of the WKB “ansatz” (6.55) for the invariant probability at least on
D. Analogously, x; can be extended from a fixed point to a invariant set, so the above statement is
also true for the systems with a stable limit cycle [65]. In the following work, we will restrict our
analysis of dynamics contained in D and assume D is compact, and use one brief notation ((x) to
represent both of the potentials.

Based on the above justification of the time-invariant WKB ansatz (6.26), we can plug it into

the stationary FPE (6.52) to get the system satisfied three equations [171]
b(x) = =DVp(x) +v(x), (6.59)
Ve(x) - v(x) =0, (6.60)
V- (@(x)y(x)) = ~Vi(x) - DVw(x). (6.61)
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Note that the vector field b(x) represents deterministic dynamics and can be decomposed to two
terms V(x) L «(x) which is consistent with the FW’s orthogonal decomposition [65]. In com-
parison to the gradient flow V(x), dynamics following the vector field « represents the part of
circular motion of b. By the previous works [89, 114, 200, 73, 124, 126], we have the following

three propositions of p(x):

1. We have justified the leading order term o (x) in the stationary WKB ansatz. But it is based
on the existence of the stationary probability distribution 7. The existence of 7, for stochas-

tic stable limit cycles has been proved in the work of Holland [89].

2. On a limit cycle, p(x) and Vp(x) are always zero. The landscape of ¢(x) has a Mexican
hat shape and the bottom of the Mexican hat ring characterizes the deterministic trajectory of
the cycle [124]; And the second derivative of p(x) tangential to the cycle is also zero, which
means the Gaussian fluctuations along the direction tangential to the cycle is eventually

smeared out [114, 200, 73].

3. Along the cycle, the matrix VVp(x) is positive semi-definite [200, 126]. Specifically, the
smallest eigenvalue of VV(x) is zero on the cycle and the corresponding eigenvector is
tangential to the cycle (by the proposition (2)). The rest of eigenvalues are positive, i.e.,
the Gaussian fluctuations perpendicular to the cycle are outward and damped out by the

dissipation toward the limit cycle.

The above is the setup of p(x,t). Let us continue on analysis of the solution of w(x, t) in Eq.

(6.54). It can be rearranged as

Ow(x,t)
ot

+ V- (b(x)w(x,t)) = —2DVp(x,t)Vw(x,t) — DVVe(x, t)w(x, t), (6.62)

where DVVp(x,t) is the the Frobenius product of the matrix D and the matrix VV(x,t). We
can identify Eq. (6.62) is a continuity equation that describes the transport following the vector
field X’ = b(x) with a density-dependent sink (source) term on the right hand side. Therefore, the

solution of Eq. (6.62) gives us a measure of a large number particle system “without” noise by the
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Eulerian description of dynamics X' = b(x). The original effect of noise, D, appears in the sink
(source) term in this continuity equation of w. On the other hand, if we follow the dynamics of

x' = b(x), we have the dynamics of w by the Lagrangian description

dw(X(t),t)  Ow(X(t),1) o dx()
= e Vw(k(n) )
— V- b(x)w(X(t),1) — DYV (k(t), w(k(1), 1) (6.63)

=_-V- fy(x(t), t)w(fi(t)? t)'

To compare Eq. (6.62) with Eq. (6.61), we have that w(x) in the WKB ansatz (6.55) is one of
invariant solutions of Eq. (6.62). However, in distinction to the HJE of ¢(x, t), the uniqueness and
the smoothness of invariant solutions of the PDE (6.62) are not discussed in the present work.
Based on the above setup, we have the following theorem about the curvature of invariant large
deviation rate function VV(x) and the logarithm of the prefactor Inw(x) along the dynamics

x*(t) on the limit cycle I'. For this theorem, we require three assumptions of regular conditions:

1. The functions ¢(x, t) and In w(x, t) are smooth enough with respect to x, and the derivatives

uniformly converge on D as t — oo, in which the compact domain D is defined above.
2. The drift function b(x) and its Jacobian A (x) are continuous on D.

3. For all t > 0, the covariance matrix X(¢) in Lemma 6.2.4 is nonsingular, i.e, the Gaussian
fluctuations of each direction is nonzero. Therefore, the inverse of Eq. (6.37) in Lemma

6.2.4 is well-defined: [3(t)] ™" = VV(x(t),t) forall t > 0.

Theorem 6.3.1. Let x*(t) be a deterministic trajectory withx*(0) € T, [E*(t)] ™ 1= VVp(x*(t)),
and w*(t) = w(x*(t)). Forallt > 0,

: [2;(;)]_‘1 = —[ZTAX) - AT [Z]T -2 DET, (6.64)
dln—w*(t) = -V -b(x")—D [g*]*l = -V ~y(x). (6.65)

dt
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Furthermore, the smallest eigenvalues of the matrix [S*(t)] ™" is zero with the eigenvector tangen-
tial to ' and the other eigenvalues are positive with the eigenvectors in the hyperplane perpendic-

ularto I

Proof. In this proof, the norm || - || represents the supremum norm. By our setup of the diffusion
process (6.50), the macroscopic deterministic trajectory x(¢), with x(0) € D, converges to the

stable limit cycle I', so we have

lim min ||x(t) — x*|| = 0. (6.66)

t—oo x*el

By the assumption (1) and lim, ., ¢(X,t) = ¢(x) in the setup, we have that
tlim VVp(x,t) = VVp(x) uniformly on D. (6.67)
—00

Therefore, for any ¢ > 0, there exists 7'(¢) > 0 such that for every ¢t > T'(¢), there is a point

x*(t) € T" with its corresponding initial point x*(0) € I' and
IVVe(x(t), 1) = VVe(x*(t)] = O(e), (6.68)
in which we use the triangle inequality
IVV(x(1),1) = VVo(x* (1) < [[VV(x(1),t) = VVo(x(@))[ + [[VVe(x(t)) = VVe(x*(1))]
(6.69)

with Eq. (6.67) for the first term and Eq. (6.66) for the second term on the right side of the
inequality. Apply [Z*(¢)] " := VV(x*(t)) defined in the theorem, and [E(t)] " = VV(X(t), 1)

given in Lemma 6.2.4 with the assumption (3), to Eq. (6.68), we further have that
=) = =] = O(e). (6.70)

Following the same approach for the result (6.70) with the assumption (1) that the derivatives of ¢
uniformly converge on D and the assumption (2) that b is continuous on D, we can also show that

dEm  dEy™
dt dt

= O(e). (6.71)
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Furthermore, by the Lyapunov equation of 3(¢) obtained in Lemma 6.2.1, we have that

(6.72)

By the assumption (2) that A is continuous on D, combined with Eq. (6.70), Eq. (6.71) and Eq.
(6.72), we can show that

d[z ()"

= ETA) A ET -2 DIET 40, (673)

in which we use the triangular inequality. Eq. (6.73) is true for any ¢ > 0 and ¢t > T'(¢), and
furthermore, the functions [X*(¢)] " and A (x*(t)) are periodic by the definitions, so if Eq. (6.73)
holds for ¢ > T'(¢), by the phase shift, it should hold for all ¢ > 0. Then we can take ¢ — 0 to
obtain

NG
dE O d(t o )T AR - AT [Z]) T -2 D2 (6.74)
for all ¢ > 0 with the initial condition [£*(0)] ™" = V'V (x*(0)).

Next, we need to investigate the solution [%* (t)]f1 given by the ODE (6.74). Let us introduce

a coordinate transformation from the Cartesian coordinate to the curvilinear coordinate around the

limit cycle by the change of basis

K(t) = Q) '[Z(1)'Q(t) with Q(t) = ler(t) ex(t) -+ en(t)], (6.75)

in which Q(t) is a time-dependent orthonormal basis. In particular, e;(¢) = b(x*)/|/b(x*|| is the
tangential unit vector on I' and the span of the rest of vectors {ex(¢) --- e,(t)} represents the
hyperplane perpendicular to I'. For every fixed time ¢, Q(¢) can be obtain by the Gram—Schmidt
process and Q(t) is known as the Frenet frame. By the proposition (2), since VV(x*) is always
zero on the direction tangential to I', e, (¢) is in the nullspace of VV¢(x*) for all ¢. With the fact

[Z*(1)] " := VV(x*(t)) is symmetric, forall 1 < i < nand 1 < j < n, we have that

K], = e =] Mer(t) =0 and  [K(©)], = ea(t)[S'(0)] es() =0, (6.76)
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thus the matrix K(¢) has both zero first column and zero first row. Therefore, we can define a
submatrix K (t) by deleting the first column and the first row of K(t), equipped with Eq. (6.73),
we will obtain an — 1 by n — 1 system of differential equations

KO oo [A6) - 80)] - [A) - 50)] k) - 2K@DR@0. 677

in which the symbol ~ on top of each matrix represents the restriction of the original matrix
in the hyperplane perpendicular to I' and the additional term S(¢), S = Q~(¢t)Q(t), is from
the coordinate transformation. We can identify that Eq. (6.77) is a periodic Riccati differential
equation. Under the assumptions that I' is a stable limit cycle and D is definite positive (the
later follows from the definite positive D in the setup (6.50)), the solution of the periodic Riccati
differential equation (6.77) has to be positive definite and periodic with the same period of the limit
cycle. Mathematical analysis of this type of periodic Riccati differential equations can be found in
the works [19, 146, 29, 221] and a comprehensive numerical analysis with several examples was
provided in the work [126].

The proof for Eq. (6.65) of Inw*(t) follows the proof for Eq. (6.64) of [£*(¢)]". Apply the
same asymptotic analysis (Eq. (6.66) - Eq. (6.74)) to the dynamics of w(x(t),t) in Eq. (6.63), we
can show that In w* satisfies

dInw*(t)

P V:b(x") = DVVp(x") = =V - y(x"), (6.78)
for all t > 0 with the initial condition In w*(0) = Inw(x*(0)).

]

To the best of our knowledge, the asymptotic analysis from Eq. (6.66) to Eq. (6.74) is the
first work rigorously shows the Lyapunov differential equation (6.74) for the curvature of large
deviation rate function near a deterministic trajectory from a transient state to an invariant set.
Additionally, by analyzing the solution given by the Lyapunov differential equation with the co-
ordinate transformation, we confirm that the solution [E*(t)]_l is consistent with the features of
VVp(x) on I' in the proposition (3) from the previous work. We will apply Theorem 6.3.1 to

further obtain three characterizations of stochastic limit cycles: (i) probability flux near the cycle
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(Sec. 6.3.2); (ii) two special features of ~ on the limit cycle (Sec. 6.3.3); (iii) a local entropy

balance equation on the cycle (Sec. 6.3.4).

6.3.2 Probability flux of near a limit cycle

Recall that the vector field ~y is defined by the orthogonal decomposition of the drift b in Eq.
(6.59) and Eq. (6.60), which characterizes the direction of circular motion of the deterministic
dynamics X’ = b(x). In addition to the orthogonal decomposition of the drift b, v can be derived

from the probability flux J[p.(x, t)] defined in the FPE (6.52):

I[pe(x,t)]
Y (x,t) := ———= = b(x) —eDVInp.(x,t), (6.79)
(1) = = = b(x) (x.t)
and take ¢ — 0 before ¢ — oo, we have that
Jim lim ey, (x, ¢) = lim y(x, ) = y(x), (6.80)

in which «(x,t) is the same one defined in the HJE (6.53). For the stationary probability flux
J[me(x)];
J[me(x)]

Te(x)

¥ .(x) = = b(x) — eDV In 7. (x), (6.81)

which is corresponding to the reverse order of limits

lim lim ~v,.(x,t) = hr% ¥ (x) = y(x). (6.82)
€E—

e—0t—o00

Note that . (x) has been recognized as Onsager’s thermodynamics force [157] or “local velocity”
of the probability flux. Here we don’t need to worry about the orders of limits if we just focus on
the domain D based on our discussion in Sec. 6.3.1.

Recall that A (x) is the Jacobian matrix of b(x) and [2*]7" = VVp(x*(t)). By the above

setup, we have the following theorem for ~_(x) and the stationary probability flux J[r.(x)] near I'.

Theorem 6.3.2. For x* € T and ||x — x*|| = O(/¢),

¥ (x) := = [b(x") + (Ax*)+D [Z*]_l) (x —x*)] + O(e), (6.83)
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where D [S*] 7" is the Frobenius product, and [S*] " satisfies the equation

d[z ()"

= = [ZTTAX) —ANT 2T -2 ' D[Z] (6.84)

Proof. We first approximate V In 7.(x) near I, in which 7. has the WKB expansion in Eq. (6.55).
Let [[x — x*|| = O(v/2).

Vinm(x) =V (lnw(x) - @) +0(e)

_v (lnw(x) _ - X*)TVZ*:(X*>(X = X*)> +0(1)

_ _YVeEE=X) L o, (6.85)

€

where we use p(x*) = 0 and Vp(x*) = 0. Apply the approximation (6.85) to Eq. (6.81), we can

further approximate -, (x) around I"

Ve(x) = Jlm(x) = b(x) — eDV In 7. (x)

Te(X)

=b(x") + (A(X") +D[Z] ) (x — x*) + O(e). (6.86)

The dynamics (6.84) is from Eq. (6.64) in Theorem 6.3.1.
O

Corollary 6.3.3. In the particular case of linear dynamics X' = AX (A is a constant n X n matrix)

with a stable fixed point X* = (, the stationary probability flux J has the formula [160]

Jr(x)] =7_"(x) [(A+DX ") x], (6.87)

€

where X7 satisfies XA + ATY " + 237 'DX ! = 0. To compare Eq. (6.83) with Eq. (6.87),
Theorem 6.3.2 can be regarded as a local linear approximation of the stationary probability flux
near each point xX* on the limit cycle. This new result extends the case from a fix point to an

invariant set.
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6.3.3 Two features of ~y on the limit cycle

By Theorem 6.3.2, we have an approximate the probability flux near I', and furthermore, by

the stationary FPE (6.52), there is another important property of the probability flux
V- Jr(x)] =0, forallx e R". (6.88)

Since this property holds in the whole space, we can apply it to an arbitrary neighborhood of the
limit cycle. Having this property, we will obtain two special features of 4 on the limit cycle in this
section.

The derivation of the system of equations (6.59) - (6.61) in the work [171] was by plugging the

WKB ansatz (6.55) into the stationary FPE and equating like-order terms of
Vo (me(x)y.(x)) =V - J[m(x)] =0, forallx € R". (6.89)
Applying Eq. (6.61) in the system of equations to I', we obtain the first feature of v on I
V- (wx)v(x)) = =Ve(x) - DVw(x) =0 forallx €T, (6.90)

where we use V(x) = 0 for x € I'. We can recognize that the divergence-free stationary prob-
ability flux in R" is the key to get Eq. (6.89) so that we can further obtain the divergence-free
w(x)7y(x) on the limit cycle in Eq. (6.90). With a similar approach, not only the divergence of

w(x)~y(x), we can also obtain the second feature,

w(x)7(x)|, on the limit cycle via the following

theorem:

Theorem 6.3.4. Let 1 /v(x) be the product of the nonzero eigenvalues of the matrix VV p(x). Then

Vo) x [lwx)y(x)]] (6.91)

is constant on the limit cycle I'. Furthermore, let g.(x) be the marginal density of m.(x) on the

limit cycle T, then for x € T,

w(x)/v(x)
(X) = O(e), )
ge(x) [ w(y)/oly)dy + O(e) (6.92)

and there exists a constant K such that g.(x)||v(x)|| = K + O(e).
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From the preceding discussion in Sec. 6.3.1, since ¢(x) is constant on I', the eigenvector
of VV(x) corresponding to the only one zero eigenvalue is tangential to I". Therefore, v(x)
in Theorem 6.3.4 defined on I" represents the scaled variance in the hyperplane perpendicular to
I' (Recall that this hyperplane is defined by the span of the vectors e,, - - - , e, in the coordinate
transformation (6.75)). By Eq. (6.90), we have that w(x)vy(x) is divergence-free on the limit
cycle. By Theorem 6.3.4, we further have that ||w(x)7y(x)|| is reciprocal to the scaled standard
deviation perpendicular to the limit cycle. The later was mentioned in the previous work [200].
In the present work, we provide a mathematical proof in Appendix 6.6.2. The idea of proof is by
using the Gauss’s theorem for a tube around the limit cycle. Since the Gauss’s theorem can only
be applied to a small but finite tube, the divergence for the Gauss’s theorem we use in the proof is

V (7.(x)7e(x)) = V - J[m(x)] = 0, which holds for an arbitrary neighborhood of T".

6.3.4 A local entropy balance equation on the limit cycle

On the limit cycle, we have derived the local Gaussian fluctuations of dynamics represented by
the covariance X*(¢) which follows the periodic Lyanupov equation (6.64) in Theorem 6.3.1. In

general, the entropy of a Gaussian distribution p with a covariance X is
1
S =— /p(x) Inp(x)dx = 5 In [27rdet(X)]. (6.93)

Therefore, in nonlinear stochastic systems, the “local” entropy (denoted by S;) due to the local

Gaussian fluctuations has the rate defined by

dSi(t)  1dIndet(S*(t)
dt 2 dt '

(6.94)

By the property that the determinant of a matrix equals to the product of its eigenvalues, the local

rate of entropy change (6.94) has an equivalent definition,

dsi(t)  1d(3p, InAp(1) (6.95)

dt 2 dt ’

where A% (t), 1 < k < n are the eigenvalues of [£*(¢)]'. Note that 1/v(x*(t)) defined in Theorem

6.3.4 equals to the product of all nonzero eigenvalues \}(t) - - - X*(t) of the matrix [Z*(¢)] .
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By the above setup, we have the following theorem of a local entropy balance equation on the

limit cycle I with three equivalent expressions.

Theorem 6.3.5. For x*(t) € I, by the definition (6.94) of the local rate of entropy change, there

exists a local entropy balance equation with three equivalent expressions,

O _ v i), (696)
_ dhw(x*(?))
R Ta— (6.97)
_ dinfly(x*(#)l] | 1dInv(x*())
- dt 2 dt ' (6.98)

Proof. By Eq. (6.94), with the dynamics of [£*(¢)] ' (6.64), we can obtain

%t(t) =V -b(x")+ D[] =V ~(x), (6.99)

where D [2*] " is the Frobenius product of the matrix D and the matrix [¥*]~". Furthermore, by
Eq. (6.65) for the prefactor w, we can link Eq. (6.99) to the dynamics of w,

dSi(t)  dlnw(x*(t)
T & . (6.100)

So far, we have proved the first two expressions (6.96) and (6.97). The following proof is for
the third expression (6.98): By Theorem 6.3.1, we know the smallest eigenvalue Aj(¢) = 0 with
its eigenvector tangential to the limit cycle. Therefore, the first term on the right side of Eq. (6.95)
requires a further analysis since

dlnXj(f) 1 dxi()

= = 0. 6.101
dt ) a0 (6.101)
To find an explicit formula of (6.101), we can use
d (47 (x* (1) [Z* ()] v (x*(t
(6 ) B v (1) _ 0, forallt >0, (6.102)

dt
since [X*(t)] "' (x*(t)) = 0 by Theorem 6.3.1. By rearranging Eq. (6.102), we find a formula of
Eq. (6.101),

dlnAi(t) _ dnfyG@)]

dt dt ’

(6.103)
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where we use that \i(t) is the eigenvalue of [£*(¢)]' with respect to the eigenvector ~(x*(t)).
Therefore, by Eq. (6.95) and Eq. (6.103), and with the definition of 1/v(x*(t)) := [[;_, M\i(t), the
local rate of entropy change on I" has another expression

dSi(t) _ din[y(x*@®))ll | 1dInv(x"(t))

dt dt 2 dt (6.104)

O
Each expression has a clear physical meaning:

1. The first expression (6.96): The divergence of a vector field characterizes the volume change
of the flow following this vector field. Therefore, the local entropy change can be considered
as a consequence of volume-expanding (entropy-increasing) or volume-contracting (entropy-
decreasing) of the circular flow x*(¢)’ = ~(x*). This expression of the entropy balance is
corresponding to the microscopic entropy production rate given by a large number particle

system without noise [41, 187].

2. The second expression (6.97): Let us compare the rate of free energy change [73] (the free
energy is defined by the relative entropy F'(t) =[5, p(x,t)log (%) dx) with the local

rate of entropy change on the limit cycle I':

dF(t) _ de(x*(t))

T T =0, (6.105)
dsi(t) —  dhhw(x*(t))
- @ (6.106)

The former follows the change of the large-deviation rate function ¢(x) on the deterministic
trajectory, which is always zero on the limit cycle due to constant p(x*(¢)); The later fol-
lows the change of — In w(x*(t)), where the prefactor w(x) is known as “degeneracy” in the
classical statistical mechanical terminology [171], which is not constant on the limit cycle in

general.
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3. The third expression (6.98): The local entropy balance equation can be decomposed into two
parts
dSi(t) _ dinflyx" @)l | 1dno(x*(1))
dt . dt 2 dt '

dissipative part fluctuation part

(6.107)

The first part is yielded by the change of speed on the limit cycle, which is determined
from the deterministic path of the dissipative dynamics x*(¢)’ = ~y(x*); The second part is
constituted by the change of the Gaussian fluctuations perpendicular to I'. The fluctuation-
dissipation theory of nonequilibrium systems by Keizer [107] elucidated the relation between
the fluctuations of a time-inhomogeneous Gaussian process and the associated dissipative
deterministic path. Following this theory, Eq. (6.107) can be regarded as a fluctuation-

dissipation decomposition of the local entropy balance equation on the limit cycle.

Corollary 6.3.6. By integrating the second expression (6.97), when the system reaches its steady

state, we have an equation of local entropy near the limit cycle,
Si(t) = —Inw(x*(t)) + C, (6.108)

for some constant C'. By the equation of entropy (6.108), we know that in the long run, the entropy
of system measured near the limit cycle in the scope of the CLT should be periodic with the same
period of the cycle. On the other hand, the global entropy in the total system has to be constant in

the long run because of the existence of stationary distribution.

Corollary 6.3.7. By the equivalence of the expressions (6.97) and (6.98) in Theorem 6.3.5, we
have an alternative proof for the constant \/v(x) X ||w(x)~y(x)|| on the limit cycle T in Theorem
6.3.4.

6.4 Related issue: the scaling hypothesis of diffusion processes

As the success of the well-established scaling hypothesis in the continuous-time non-negative

integer valued Markov population process ny (t) (it has a law of large number as the system’s size
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V — 0o : Vlny(t) — c(t), the concentration of all the species [116]), we shall justify the origin
of € in (6.50) with physical interpretations more than just a mathematical tool.

Let us begin with a diffusion process Y (7) € R" satisfied the following SDE
dY (1) = g(Y)dr + [2D(Y)]2dB(7), (6.109)

where v : R® — R” stands for the drift of the process, D : R” — R"™ x R" is the diffusion
matrix, and B(7) is the standard n-dimensional Brownian motion. Through choosing different

scales, X = Y /o, t = 7/, the SDE (6.109) can be rescaled as

B VB

AX () = ~g(aX)dt + 7[21)(@()]%(113@). (6.110)

We assume a space-time structure [ = £(«) by a function ¢ : R — R, and define a small parameter

€
€ :=¢(a)/a? (6.111)

with an implicit solution a*(¢) of Eq. (6.111). Under this framework, the scaled SDE (6.110)

becomes a sequence of SDEs parameterized by ¢

AX(t) = b.(X)dt + [2¢D(X)]2dB(t), (6.112)
where
b.(x) 1= gSf((:)))'y (a*()x) and D.(x):=D (a*(e)x). (6.113)

In order to observe an emergent phenomenon as € — 0, we require certain conditions (i) lim._,o b.(x) =
b(x) exists. (ii) lim._,o D.(x) = D(x) exists. (iii) The convergence of random processes solved of
the SDEs (6.112) in different modes exists [65]. Then the limit gives us an emergent deterministic
dynamics dx(t)/dt = b(x) as € — 0.

In connection to classical overdamped mechanical motions in a viscous fluid, Eq. (6.112) is
widely called a Langevin equation, and in this case the small parameter ¢ has been identified as

related to temperature of the system as well as the “scale” under which the mechanical motion
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is being observed [199]. In reality, the limit of € being zero should be interpreted as particle
motions in a “continuous medium at finite temperature” rather than “temperature asymptotic to
zero”. We follow this physical intuition and so called scaling hypothesis [103] for the origin of e.
The following discussion offers an insight into the connection between our scaling hypothesis for
diffusion processes and the scaling hypothesis for statistical physics of fields.

The space-time structure defined by the function £ is rather general. To illustrate our hypothesis,
we focus on a specific space-time structure 3 = oF and thus the small parameter is defined as
¢ := o2, In this example, when k < 2, deterministic dynamics emerges at the macroscopic scale
(v — 00); when k£ > 2, deterministic dynamics emerges at the microscopic scale (o« — 0). The
choice of k£ depends on the property of the underlying drift function ~ and the diffusion function
D. Given y(x) = ¢x", ¢ is a constant, and D is a constant matrix, then the sequence of SDEs

(6.112) becomes
dX(t) = € +1" cX"dt + [2¢D]2dB(2). (6.114)

In order to fulfill the conditions of convergence, in this example, the order of space-time structure
k must be determined by the order of the underlying drift function n, i.e., kK = 1 — n. Hence,
the scaled drift function becomes e-independent while the diffusion term is asymptotic to zero
as ¢ — 0, which gives rise to an emergent deterministic dynamics dx(t) = c¢x"™dt. In other
words, as a scientific theory, when we are able to observe deterministic dynamics dx(t) = ex™dt
in a “macroscopic” experiment, with an underlying stochastic dynamics having the drift function
~(x) = cx™, n > —1, this experiment must be running by the right space-time structure § = o/'~™.

In addition to the scale of space, by the space-time relation 5 = «'~", for the macroscopic
emergent deterministic dynamics (o« — o0), there is a corresponding scale of time for emergent
laws: As —1 < n < 1, the deterministic dynamics emerges in a long-time limit; As n > 1, it
emerges in a short-time limit. So emergent dynamics could be observed at different combinations
of space-time scales, which are determined by n. This scaling exponent is given by the drift
function « of the underlying diffusion process. Therefore, in our scaling hypothesis for diffusion

processes, experimental observation of a power law for the space-time structure is determined by
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the underlying physics. So we name it scaling hypothesis, which upholds the principle of scaling
hypothesis for statistical physics of fields [103].
Here we want to introduce two types of celebrated theories which inspired our scaling hypoth-

esis and point out what the new results we can provide beyond those theories:

1. As we mentioned in Sec. 6.1.2, the sequence of SDEs (6.112) has been carefully studied
in the text random perturbations of dynamical systems by Freidlin and Wentzell [65]. Our

scaling hypothesis gives € a physical meaning which was unclear.

2. The Kurtz’s first theorem [116] showed that the ODE model is an emergent model under the
infinite volume limit of the discrete Markov chain model; And the Kurtz’s second theorem
[115] about the CLT for Markov chains is a generalization of a simple random walk for
Donsker’s invariance principle [43]. The main distinction between our scaling hypothesis
and the scaling used in the Kurtz’s theorems is that the former is for a sequence of scaled
stochastic differential equations but the later is for a sequence of the sum over a scaled

Markov chain.

6.5 Discussions and applications

In Sec. 6.2, we provided two preliminaries, Eq. (6.12) in Lemma 6.2.1 and Eq. (6.37) in
Lemma 6.2.4: The former gives us the dynamics of the covariance of a time-inhomogeneous Gaus-
sian process and the later characterizes the local curvature of the time-dependent large deviation
function near it infimum. They both have a nice property that the existence of stationary probability
is not required, so it helps us understand transient behaviors of the systems whose stationary prob-
ability may not exist. For example, if a system has unstable macroscopic deterministic dynamics,
we can still compute its transient local Gaussian fluctuations and curvature of the rate function near
the deterministic trajectory.

In Sec. 6.3, by asymptotic analysis, we characterized the dynamics near a stable limit cycle,
and we found that the prefactor w in the WKB ansatz plays an important role, which can be seen in

Theorem 6.3.4 and Theorem 6.3.5. In contradistinction to the well-established theories [57, 62] of
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the HJE (6.53) for the large deviation rate function ¢, to the best of our knowledge, sophisticated
mathematical analysis of the PDE (6.63) for w might be missing and it is worthy of attention in
the future. For applications, the local entropy balance equation in Theorem 6.3.5 can help us seek
a better understanding of thermodynamic behaviors of stochastic biological oscillators, e.g., (i)
mammalian cell cycles under external noises [124], (ii) a modified Morris—Lecar conductance-
based model of a neuron driven by extrinsic noise [21], and (iii) Rosenzweig-MacArthur model for

predator-prey interactions with the effect of stochasticity [135].

In Sec. 6.4, the scaling hypothesis as a scientific theory, it allows us to apply the treatment to
mathematical models of the complex systems whose “noise” does not have a clear origin as clas-
sical overdamped mechanical motions in a viscous fluid described by the Langevin equation. For
example, the hypothesis could be used to the models of mechanical motions in biology with noise
due to coarse graining. In addition to the justification of small parameter e itself, this hypothesis
may give us a clarification of the origin of e-dependent drift function b. It is known that there are

two types of integrals for SDEs:

dX(t) = b(X)dt + [2€D(X)]%dB(t) (It6 interpretation), (6.115)

dX(t) = bg(X)dt + [2eD(X)]% odB(t) (Stratonovich interpretation). (6.116)

The former is commonly used in mathematical analysis and financial mathematics and the later is

mostly applied in physics and engineering. Note that

b;(x) = bg(x) + €V - D(x). (6.117)

Follow the scaling hypothesis, the existence of the extra e-order term in Eq. (6.117) could be a
corollary of the existence of higher-order terms in the underlying drift function before scaling.
This hypothesis provides us a link between the two types of integral. It might help us to unravel

the mystery of It0 - Stratonovich dilemma [199, 69, 4] in the future.
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6.6 Appendix

6.6.1 Proofs of Lemma 6.2.2 and Lemma 6.2.3

Proof of Lemma 6.2.2

Proof. For the special case of x € R, © = 3, A = 15, and E = [h”(x*)] . Then Eq. (6.29)

o f”(X*) B f’(X*)hW(X*) f(X*)h””(X*) 5f(X*)[hW(X*)]2
n(x)_Qh”(X) 2[h”(x*)]2 + 8[h”(X*)]2 + 24[h”’(x*)]3 ’

This result can be found on P. 273 of [13], Eq. (6.4.35).



157
For the general case,

h(x)

f(x)e” < dx
R"

- /. {f(x*) e x) W) B }

y {_ h(x*)  (x =x7)hf(x7)(x = x7); A (x7) (% = x7)i(x = X7);(x — X"y
exp » =
e T
24€
= 67@ /RN lf(x*> + (X _ X*) . vf(X*) + (X — X*) VV;(X*)(X B X*) 4. ]
P O M) k-
X [1 — %(X — X )i(x — x*);(x — x)g, — %(x —x")i(x — x%);
X (x = x")p(x —x") + P G X*);(QX@_ X);x =X 4

_ x=x)TVVh(x*) (x—x*)
2e

dx

X e
h(x*)

= M ) 4 e x) - )
= x) VIS x = x7) O )

- (x —x")i(x — x7)(x — x")i

2 6e
(VR (x* VR (x*
_ (f’( )GZM( ) + /( )2411]:6( )) (x — x")i(x — x");(x — x")p(x — x*),
O x >;;>;<x — XX 1 dx (6.118)

(2me)N _hGet) o, € zZ(X*): "
\/det[VVh(a:*)}e 6 {f(x>+ y 6

[ ) O )
6 24
’ (ﬂx*)[hg{’“(x*)P) “rETig iz iToiE.

72

A multivariate normal distribution with covariance matrix =, which is positive definite thus
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= = 2327 [20], has
Yz ex —l T==1x|d
T ; €Xp 5 x' B x| dx
[(27re det E.) 2 €
EE-EE? (0) yly
_ Cmiwv=gulig an ey

the Frobenius product of the Hessian matrix and covariant matrix =,
m o . 1 Tre _
fi.(0) x4 exp 5. X EX dx =0,
n €
_1 1
2
/ Fiine(0)xi 20 exp {—ix .:x] dx
]Rn

1 1 1
_ 2 pin =32 =2 m2 =2
= ¢ fzykﬁ(o)‘—‘ ] ‘—‘kp‘_‘fn@lﬂfpm

| —
—~
[\
3
a
SN—
(o9
D
=
—
™
SN—
I
(NI
%\
Sh
RN
>
e
)
< N
)
<L
)
ESIN)
D
4
o}
|
| —
"

S
(11
»

—_
o,
»

5 o 11 1 1 11 yly
J— 2 = 27 27 2= 2= 2= 2 _
= ¢ (27r) f.jk(O)Hw Ei 25 E By Sy - Y Yo Y YplYpr €XP N dx

1
3
kp TN o ppr -

fi/;'(x*)Eij _ [f{(x*)h;.’,’d(x*) + fa(x *)hfbljlllcé( *) :% :% :% :% [e)

* 2 6 24 —ip—jr—kp—lr " HVPK 9
f(X )+6 F1C 30| L4MNE 30 ) AN SN S S S S +O(€ )
+ ijk = 2= 2% 29 2= 2= 2 A

79 i ‘_'iﬂ/ —jv '_'jl// “kp ‘_'kp np' vy pp
hifie (X *)] :% :% :% :% e
24 —ip—jr—kp—lx "~ HVPK 9
Lrey m ( )t Vs WU SR R B | +0(€?)
4 gk =T2mTam TR 2 2 m 2 A
“ip i =gy =g “kp kp! L up'vvpp
101 1 1
/,<X*):" I(X*) ,/]/€£<X*):§ =2 =2 :\g @
Z] —1) 1 J HZML—JJVHICPH K VPR 9
= f(x") + ¢ 5 — 5 + O(€7).
[
Proof of Lemma 6.2.3

We only provide the proof for the case x € R!, which is denoted by x. For higher dimensions,

results are the same by using the notations from Lemma 6.2.2.
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Proof. Let the global minimum of [h(z) — eln g(x)] be at T* = x* + Ax(e). Clearly, Az — 0 as

o= (55)].enn.”

h'(x*) 4+ W' (z*) Az — (
(

€ — 0. In fact,

> )
e =<(Giten) +OC)

Now we apply the Eq. (6.28) in Lemma 6.2.2:

/ F@)g(@)e " / G
/ g(x)e_h(f)dx / e~ = mg(z)dx

B . f”(i‘*) f/(i'*)h//%i‘*) 9

= 16+ s~ ) + O

e (P | PG PR

- 1)+ (S * e 2P ) +0@. @119
—_— =

Vv
f/(z*)Ax due to g(x) due to f(z) due to non-quadratic h(x)

For the terms on the order of ¢, replacing Z* by x* only affects the order €2 term.

Proof of Lemma 6.6.1

Here we provide an additional Lemma, which is not used in the present work, but it is useful

for related fields.

Lemma 6.6.1.

o  h(z)  h(z) 2
— e( >+O() (6.120)
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Proof.

/_Zf%)g( 24y /f ]
| s | oog< e

_ 6(2f( D) (@r) | 2f7(@0) + 2f (@) (@) 2f($*)f’(fv*)h’”(w*))
()" (z*) 2h" () 2[h"(a)]?

"(z)g’

x*)

et () | @) fE @) | oo
2 f( ) ( (m*)h”(x*) + 2h”<£€*) Q[h”(l'*)P ) +O( )
f(@) 2
€ (h,/(x*) > +O(e%). (6.121)
O

6.6.2  Proof of Theorem 6.3.4

Proof. Given x; € I, let P; be a plane containing x; and perpendicular to the vector ~(xy).
Given another point xs € T, let P, be a plane perpendicular to the vector 7(x3). Let S; C P; and

Sy C Ps be compact sets such that
max ||x —y|| = max||x—y||—5>0 (6.122)
X,y€S) X,y€

We then can define a tube ®(0) with two side boundaries S; and S, and I' C ®(9).

Recall that v, (x) = 7.(x)"'J[r.(x)]. By the stationary Fokker-Planck equation, we have that
V- (v.(x)me(x)) =0, forallx € R". (6.123)
Furthermore, by the Gauss’s theorem,

/S (Ve(x¥)me(x) - 1n)dS = /V (V- (v.(x)m(x))dV =0, (6.124)

where S in the surface of ®(J), n is the outward normal vector to S, and V is the volume of ®(9).

For the left hand side of Eq. (6.124), it can be written as a sum of three terms

[ Gum mas = [ (oom m)as + [ (om0 m)as,

+ /S 3 (v (x)me(x) - n)dS;, (6.125)
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in which S; is the lateral surface of ®(9) and S3 N T" = ().
For every y € I', we denote Sy := ®(J) N Py, Py is the plane perpendicular to v(y). By
Lemma 6.2.2,

f(x)e=22ds
fsyf Ercagye " = f(y) +Oe). (6.126)
sy ¢ Yoy

for any continuous and bounded function f : R™ — R. Furthermore, by the definition of function

v in Lemma 6.3.4, we can approximate the ratio of two integrals

—p(x) —oly
Js, e dSy W/ 2mev(y)e - ~ Vly)

p

+O(e), (6.127)

—p(x1)

fsle%(x)d& N 2mev(x)e v(x1)

in which we use Laplace’s method in the first equality and ¢ = 0 on I in the second equality. To

choose f(x) = w(x) for Eq. (6.126), combined with the result of (6.127), we can obtain

fsy w(x)efi(x) dSy W) V(y)

—p(x)

f& e dS; B v(xy)

+O(e). (6.128)

x)

Since the function e™ ¢ is concentrated near I', we can further approximate the normalization

factor [, w(x)e%(x) dx as follows

Jan w(x)ewe(x) dx I fgy w(x)e%(x)dSydy

— — + O(e). (6.129)
Js, e dS, Js e dS,
By (6.128) and (6.129), we have that
—p(x)
< d d
fmnw(f)jx) X _ Jre@Vedy 6.130)
fSl e e dS; v(x1)

By the WKB expansion of 7. in Eq. (6.55), with Eq. (6.130), the first term on the right hand side
of Eq. (6.125) can be written as

s, () ) w(x)e TS,
/51 (re()me(x) - n)dS) = Jew w(x)e" T dx

_ v(x1) fSl (v.(x) - m) w(x)ewsx) d81> 6
= (fFW(Y)\/Wdy> ( f31 eﬂx’e(:c)dSl + O(e).

(6.131)
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Note that v, (x) — ~(x). Without loss of generality, we assume that y(x;) is inflow and ~y(x3) is
outflow of ®(§). To choose f(x) = (7v.(x) - n)w(x) for Eq. (6.126), combined with Eq. (6.131),

we then obtain

Z;ﬁﬂxﬁd@-ﬁd&—+—Cvdxmdmﬂh&QH as €0, (6.132)

in which the constant C' = 1/ [, w(y)+y/v(y)dy. By the same approach, the second term on the
right hand side of Eq. (6.125) has a convergence

/ (Y(x)Te(x) - n)dS, — C\/v(x0)w(xa)||[¥(x2)|| as e— 0. (6.133)
Sz
Since S3 NI = (), the third term
/(%@mﬁqu&—m as € —0. (6.134)
S3

To apply the results (6.132), (6.133), and (6.134) to the equations (6.124) and (6.125), we can show
that

Vol wx)l (x| = O/l ()|l (x2) | = 0. (6.135)

Since Eq. (6.135) holds for every pair of two points on I', y/v(x)w(x)||v(x)|| is constant on T".

For x € I', the marginal density can be approximated by

fRn\rw(Y)ewe(y)dy s W(Y)eiimdsx w(x)/v(x)
e\X) = . = — - O(e) = O(e),
) e Tly | ey 0T Tretyvemiy T
(6.136)

which follows the steps from Eq. (6.126) to Eq. (6.131) with choosing v,(x) -n = 1. Furthermore,
since /v (x)w(x)||v(x)|| is constant on I, with the result (6.136), there exists a constant /' such
that

9e ()| (x)[| = K + O(e). (6.137)

]
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Chapter 7

CONCLUSIONS AND FUTURE WORK

In part I, a new limit theorem in conditional probability distribution is introduced to justify J. W.
Gibbs’ statistical canonical ensemble theory for heterogeneous systems and to further generalize
the Boltzmann distribution law for strongly coupled systems. As for its applications to biophysical
chemistry [97], consider a single RNA molecule immersed in one mole of aqueous solution and
the RNA molecule has interactions with molecules in the solution. In this case, the RNA itself is a
macromolecule and the aqueous solution has molecules in the order 10%3. With the extremely large
degrees of freedom, obviously, it is a complex system; in contrast, the distribution of the state of

RNA in this enormously complicated system simply follow the Boltzmann distribution law.

In classical statistical mechanics, nearly non-interacted homogeneous systems, e.g. ideal gas
systems, also follow the Boltzmann distribution law [92]. However, I shall emphasize that the
Boltzmann distribution law for strongly coupled heterogeneous systems is a “modified” Boltzmann
distribution law with the pseudo-Hamiltonian and the modified temperature including the correla-
tion between the RNA and the solution. By the theory of ensemble equivalence, the existence of
pseudo-Hamiltonian is guaranteed by the existence of Hamiltonian of mean force; however, once
the equivalence of ensemble is invalid when the system has a critical phenomenon, then the exis-
tence of the pseudo-Hamiltonian needs a rigorous proof in future work. Furthermore, the modified
temperate with non-negligible correlations might be corresponding to the long-range interactions
between the RNA molecule to each molecule of the solution. In the present work, it is only a
hypothesis and further mechanistic investigations are required.

Here is another example for the application of the canonical ensemble theory, again from bio-
physical chemistry: the Boltzmann distribution of side-chain conformation in proteins has been

widely used and checked with experimental data [24, 212]. In future work, by comparing the
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modified Boltzmann with those data, we can further verify whether or not the modified Boltzmann
can precisely predict the distribution of this example when the side chain has strong interactions
with the solvent. More importantly, the mathematical theory provided in chapter 2 is a theory of
conditional probability, so it can be considered as a powerful tool to analyze large-scale data of
side-chain conformation in proteins [136]. In particular, the side-chain conformation change has
be considered as a result of protein mutations [132], so this system turns out to be a non-classical

canonical ensemble system, in which is lack of a well-defined Hamiltonian of the protein.

In this case, the emergent law of conditional probability still can justify that Boltzmann law
for the side-chain conformation distribution from the perspective of data science by three steps:
First, we need to carefully examine the “constraint” of those data corresponding to the “condition”
of the total system. Second, we should check that the protein has to be relatively small to the
solvent in terms of certain quantity, which turns out to be the “effective” Hamiltonian of the system.
Third, if the protein and the solvent have strong correlations, then there will be an additional
term in the temperature related to the mutual information of the protein and the solvent. Beyond
biophysical chemistry, following those three steps, the generalized canonical ensemble theory from
the perspective of date science can also be applied to the following two fields [32]: (1) Economics:
the distribution law of cash possessed by a city of a rather large economic system; and (ii) Ecology:
the distribution law of a population contained in a much large ecological system. In both of the

examples, the total system can be assumed as a constant with respect to a proper time scale.

In part I, a landscape theory of deterministic dynamical systems is introduced. That landscape
theory is a “recipe” for how to find a Lyapunov function for a dynamical system even the flow of
this system does not follow the gradient of a potential function. Interestingly, this recipe to find
that Lyapunov function to characterize the “deterministic” dynamics is by random perturbations
with small “noises” parametrized by € . As the noises disappear (¢ — 0) and the system reaches its
steady state (¢t — 0), an ¢, ¢ independent function named the large-deviation rate function emerges
and serves as the Lyapunov function for the deterministic dynamics. Using a dynamical system to
model a biological phenomenon prevails among applied mathematical point of view to characterize

the evolution of the system (transient dynamics) and even further predict the destiny of the system
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(stead state analysis). Once a landscape is constructed for a biological system, we are able to
understand the biological phenomenon from a higher perspective, which is similar to the concept
of energy, entropy, and free energy in physics. Therefore, this is a perfect example following the
essence of this dissertation: a simple law as a consequence of certain limits in mathematics can be
applied to justify an universal law in natural science.

In addition, since noise is ubiquitous in complex living systems, perturbing a deterministic
dynamical system with small noises is not only a mathematical technique to find the Lyapunov
function but also a more realistic description of the biological phenomenon. The scaling hypothesis
introduced in chapter 6 serves as a scientific theory: parameter ¢ for controlling the size of noises
is a corollary of the observer’s scopes in both space and time. As an “imperfect” measurement
adopted by the observer is too coarse to measure the e size of noises, the observed dynamics
becomes “perfectly” deterministic and it is precisely characterized the emergent large-deviation
rate function. This idea echos Anderson’s statement: “solve a problem with infinitely many bodies,
and then apply the result to a finite system”, which is introduced in chapter 1.

The landscape of a system with its steady state as a stable limit cycle requires careful analysis
since its Lyapunov function is only in a weak sense: the dynamics on the function is no longer
strictly monotonic. There is a “flat” ring on the bottom of the Lyapunov function and therefore we
are lost on the cycle for lack of knowledge about the direction and the speed of flow. This is the
reason that the prefactor which characterizes the landscape in the next order plays an important role
on the limit cycle. It portrays the dynamics on small local hills on top of the Lyapunov function,
and the heights of those hills are intimately related to the speed on the cycle. In contradistinction
to the well-established theories of the Hamilton-Jacobi equation for the large deviation rate func-
tion, complete mathematical analysis of perfactor in the WKB method is missing and it is worthy
of attention in the future. In applications, this landscape theory including both the leading order
and the second order terms for stable limit cycles can help us to paint a clearer picture of oscil-
latory behaviors in biology, e.g. (i) cell-division cycle in cell biology [124], (ii) spike patterns in
neuroscience [59], and (ii1) predator-prey interactions in ecology [135].

Following from the theories in this dissertation for complex systems with intrinsic thermody-
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namic phenomena in the mesoscopic point of view, I want to introduce two pillars of life: complex-
ity and open systems. The former is associated with uncertainty, chaos, and many-body interactions
and is represented by the theory of probability; The later is related to the notion of nonequilibrium
steady state in stochastic dynamics. The probabilistic interpretation of nonequilibrium thermody-
namics from a mesoscopic point of view lays the basis for a mathematical description of life. In
certain scaling limits, the emergent behaviors illustrate the existence of simple macroscopic laws.
Based on those two pillars, next sections of future work are about my hypotheses for complex living
systems: (i) A stochastic coupled diffusion model for circulatory system quantitatively accounts
for the energetics and entropies in the dynamics of blood flow. (ii) Sufficient free energy supply

from ATP hydrolysis plays a pivotal role in negative feedback in physiology for homeostasis.

7.1 A stochastic analysis of a coupled diffusion model for cardiovascular system

A cardiovascular system can be simply modeled by three components and three connections.
The three components: the heart, the artery, and the vein - all can be treated as elastic tubes.
Each elastic tube is characterized by linear elasticity with its natural volume. Active contraction
of cardiac muscle is represented by the ability of the heart to change its elasticity, which is an
emergent phenomenon - a collective behaviors of the release of calcium from cardiac muscles
triggered by propagation of action potential for a short period of time !. High elasticity represents
the phase of contraction of the heart; Low elasticity represents the phase of relaxation of the heart.
Three connections are the inflow valve, the outflow valve and microvessels, respectively. The
inflow valve only allows one-way flow from the vein to the heart; The outflow valve only allows
one-way flow from the heart to the artery; Microvessles allow two-way flow between the artery
and the vein with equal resistances. By this toy model, we are able to describe continuous blood
flows generated by alternations of the systolic phase (heart contraction) and the diastolic phase
(heart relaxation). The whole process is illustrated by Figures 7.1 and 7.2. In order to build a solid

concept of macroscopic entropy production in the process, we apply stochastic analysis of a couple

'Even though there is time lag of the propagation between different parts of the heart, it is negligible with respect
to the measurable time interval.
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o
1. 2.
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Figure 7.1: The process starts from an equilibrium state. 1. The heart is in a diastolic phase (low
elasticity) and the three components have equal blood pressures with no blood flow through each
connection. 2. At some point, heart contraction begins. 3. Once blood flows into the artery, there
will be a blood pressure difference between the artery and the vein, then it generates blood flows
through the microvessels. 4. The system is reaching to its new equilibrium of the systolic phase
(high elasticity). 5. The heart starts relaxing so its elasticity decreases to its original low value
immediately. 6. Once blood flows into the heart from the vein, there is a result of a blood pressure
difference between the artery and the vein, then it generates blood flows through the microvessels.
After completing one entire process, the three elastic tubes and connections return back to their
original states. However, if we label the blood by a color, we are able to observe blood flow in a
clockwise direction.
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Figure 7.2: A Map from a static coordinate in Figure 7.1 to a moving coordinate: The three elastic
tubes are represented by three springs. The volumes of tubes are mapped to the lengths of springs,
respectively. Since the total volume of blood is conserved in our model, the entire length of three
springs is fixed on a circle. The three connections are mapped to three overdamped particles. Blood
flowing through a resistant valve and a corresponding particle flowing in the viscous blood are two
sides of the same coin, which just depends on the observer. Therefore, the friction for the mapped
overdamped particle is corresponding to the resistance to the flow of blood across the valve. For
an one-way valve, the friction for its mapped particle is very high while moving clockwise in the
blood. On the other hand, it is very low while moving counter-clockwise. For microcirculation,
since it is two-way, the friction of its mapped particle is equal while moving in each direction.
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Figure 7.3: The system is composed by three springs with natural lengths [, [,, [, and elasiticities
ka(ks), kq, ky who are connected by three overdamped particles with friction r, d, . One of the
springs representing the heart in the model has alternative elasticities k; < kg, in which k, is
corresponding to the diastolic phase and k; is corresponding to the heart systolic phase.

diffusion model [155] to our toy model of the cardiovascular system with five steps:

Step 1: We introduce a switched deterministic dynamical system for the human cardiovascular
system illustrated by Figure 7.3. Assume the system starts from a diastolic phase and three springs
are in an equilibrium state. At a certain moment, the heart is activated by an electrical impulse, its
elasticity jumps from k; to k£, immediately, which means the system enters into the systolic phase.

The switched dynamical system is as following:

7-% = ka(0h — 01 — 1) — ko ((2m — (03 — 01) — La),

5‘% (O — O — ) — ku(6s — 0y — 1), (7.1)

PO = k(27— (B = 02) 1) — (03 — 0 — ),

SU = kol — 00— 1) — Kal(27 — (B — 6,) — L),

PO Ry — 02— 1) — Rl — 0, 1), (7.2)
dbs

ME = k:a((27r — (93 — 01) — la) — k’b(eg — 02 — lb)
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As our narrative above, an initial condition is given to Eq. (7.1) (diastolic phase) at the beginning,
then the system switches to Eq. (7.2) (systolic phase) when depolarization of the cardiac muscles
occurs at the sinus node.

Step 2: For the switched dynamical system, in order to guarantee Eq. (7.1) is well-defined in
the diastolic phase and Eq. (7.2) is well-defined in the systolic phase, respectively (i.e. the set of
parameters should guarantee the correct direction of flows), we need to find sufficient conditions
such that the dynamics of 6y, 65, 05 are monotonic during each phase [¢;,t;,1) regardless of the

pattern of alternating periods.

Theorem 7.1.1. (Uni-directional flows) If the parameters in dynamics (7.1, 7.2) satisfy

ki koo ks Ky

— by —0, —p, —0 7.3
kb:u7 kb 7ka,u7 ka )7 ( )

r > max(

then the signs of %L (t), %2 (t), % (1) are invariant for [t;, t;11), where t; > 0 is every moment of

perturbations (change of parameters) for the system. Furthermore, %(t) > 0forallt > 0.

Theorem 7.1.1 shows that §3 moves uni-directionally no matter what the initial condition is
or when the alternation occurs. In normal human physiology [105], the condition (7.3) is usually
satisfied: it guarantees that unidirectional systemic blood flow can not be violated for any pattern
of heatbeat intervals. See our simulation for #3(¢) in Figure 7.4 and df3/dt in Figure 7.5. Not
surprisingly, our simulation with generally approved parameters [105] is consistent with well-
accepted experimental results of hemodynamics in human physiology [211].

Step 3: As we discussed previously, deterministic laws are observed in macroscopy. In order to
rigorously define entropy production rate for the human cardiovascular system, we need to analyze
this system on the mesoscopic scale with uncertainty. It says we add noise to Eqgs. (7.1) and (7.2),
to obtain a switched stochastic dynamical system. In this process, randomness is arised from two
distinct resources: the first part is by “switching” and the second part is by “diffusion”. The former
says that the switching itself follows a pattern of alternating periods as a Markov process. The latter
says the there exist a certain amount of uncertainty for each dynamics by the mesocopic point of

view. Based on those two parts, we can write a coupled Fokker-Plank equation to model the
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Figure 7.4: Positions of the three overdamped particles. The red lines indicate systolic phases and
the blue lines indicate diastolic phases. The dynamics of 61, 65, 3 are monotonic in each phase
[t;,ti11) regardless of the pattern of alternating periods. Specifically, 65 is monotonically increas-
ing for all ¢.

Figure 7.5: The red lines indicate systolic phases and the blue lines indicate diastolic phases.
49 (t), %2 (1) have discontinuity at each perturbation, particularly, the sign changes after each per-

dt > dt

turbation. On the other hand, %(t) is a continuous function and it is positive for all ¢ regardless of

the pattern of alternating periods.
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Figure 7.4: Positions of the three particles. Figure 7.5: Velocities of the three particles.
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cardiovascular system with noise. This model can be attacked by the stochastic analysis of coupled
diffusion in a non-equilibrium system [6, 159]. It is also called “coupled diffusion process” [174].
The coupled diffusion process for our model Eqgs. (7.4) and (7.5) are given by Egs. (7.1) and (7.2)

plus with noises, respectively (using shorthand notations here):

d0 = b D (9)dt + T Ddw, (7.4)
d6 = b (H)dt + T dw, (7.5)

in which § = (01,6,05). The functions by, b, are for drift and T'y, Ty are the coefficients of

diffusion for the diastolic and systolic phase, respectively.

Step 4: Find probabilistic representations for dynamics (7.4) and (7.5). The corresponding

Fokker-Plank equation for the diastolic phase / the systolic phase can be written as

~ 9 popw ~ 9@ pla)
= d i v ~ /A
= g5.0a DT PO = 32 0GP0,
i - (7.6)
P (8, ) .9 :
L= (s)
ot ; agi‘] (6,1)
3 3
— 82 (s) p(s) 0 () A\ () (A
- Z; 96,00, [Dij P(0,t)] — ; 2% [b;7(0)P(0,1)].

in which D@ = T@(T@)" /2 and D& = T(T'®)" /2. On top of Egs. (7.6), we need to couple
them by the possibly é—dependent rates when transitions occur between the states: f (d)(é) is the
rate from diastolic state to the systolic state and f(*) (é) is the rate from systolic state to the diastolic

state [155, 7]. Then the time-dependent probability densities follow a pair of partial differential
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equations
oPY(b, 1) [ (d)P(d)(at)]_i aA[b(d)(é)P(d)(é,t)]
ot 4= 00,00, " — 00 "
= fOOPDEG. 1) + fO6POE.1), .7
OP® (6,1 B LN [ (s) (4, )] ii[b(s)(Q)P(s)(Q t)]
ot 4=, 00,00,V =00 "

This is known as the corresponding coupled Fokker-Planck equations to a coupled diffusion system
in mathematics [174].
Step S: To generalize the concept of entropy production rate to the coupled diffusion system, it

has been shown with an additional term from the transitions among inner states (diastole/systole)

such as
e, = eéd) + e}()s) + e;m), (7.8)
where
6l(;z) _ / J[P(d)(é, t)](D)—lJ[P(d)(at)]P(d)(é’ t)‘ldé, (7.9)
RS
el?) = / J[P(0, )] (D)~ I[P (0,)] P (0,1)~'dd, (7.10)
RS

elm) = / (fDO) PO, 1) — f)()PD(B,1))log (f De)r (d)(e’t)> df. (7.11)
R3

FOO) P, t)

The ej(od) and eés) measures the non-equilibrium in the diastolic phase and in the systolic phase,

separately; The additional eém) measures the transitions among inner states. In physiology, the
former represents the entropy produced by blood flows through resistance; the later represents
the entropy produced by stochasticity as a consequence of the heart-rate fluctuations. Applied to

pathophysiology, the former is abnormal when the resistance to blood flow is high (e.g. valvular

stenosis); the later is abnormal when the heart rhythm is highly stochastic (e.g. cardiac arrhythmia).
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7.2 Homeostasis in biology, relation to thermodynamics

Homeostasis is the tendency to resist variations in the external environment in order to maintain
a stable internal environment [26]. Homeostasis has been widely modeled by control systems
in literature and textbooks [105, 2]. Most of models can be simplified into a toy model with
two compartments, effective one and reserved one, which are connected by two pathways: flow
into and flow out of the effective compartment. Homeostasis typically involves negative feedback
loops, in which signals from the effective compartment regulate the ratio of the inflow and the
outflow in order to counteract the perturbation. However, if the ratio of two opposite flows is fixed,
the total cycle flux composed by the two opposite flows is not obviously controlling homeostasis.
Therefore, instead of using the ratio of the two flows, we find another way to quantify the strength
of cycle flux and relate it to the regulation of homeostasis by the following three steps: First,
we were inspired by the linear, unimolecular single-molecule enzyme kinetics, phosphorylation-
dephosphorylation cycle (PdPc) model [167] with negative feedback controls. Second, since this
enzyme model (PdPc) and the homeostatic models share the same mathematical framework, we can
apply “free energy” which is a well-defined quantity of cycle flux in the PdPc to the homeostatic
systems. In the homeostatic systems, this energy is corresponding to the driving force for the
corresponding flow. Third, we show that the negative feedback loops and the free energy of cycle

flux are inseparably interconnected.

From the above, we mathematically prove that free energy released by ATP hydrolysis in the
cycle amplifies the sensitivities of negative feedback controls, so the homeostatic systems are more
robust in a nonequilibrium steady state (NESS). Our results provide an explanation for physiology
existing several “non-effective cycles” which run opposite pathways simultaneously and cost huge
amount of energy: for instances, 1. Futile cycles in glycosis and gluconeogenesis [104] [166] . 2.
Fluid and electrolytes cycles in renal filtration and absorption [53]. The former is important for
glucose homeostasis and the later is for body fluid homeostasis. Both are regulated by hormone
negative feedback loops. Here is a new perspective of homeostasis in human physiology: suffi-

cient available energy input in the cycles are necessary to maintain the sensitivities of hormone
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Figure 7.6: Negative feedback loops in enzyme reactoins and blood glucose control.

regulations. Furthermore, based on our findings, we are able to relate diseases of homeostasis to
energy insufficiency and therefore provide different strategies in clinical treatments. For example,

mitochondrial dysfunction has been widely discussed in Type-2 diabetes [127, 139].

Nonequilibrium steady state of a biochemical system: the enzyme reactions in open systems
— For biochemical open systems, here is an example of homeostasis in a living cell with the
phosphorylation-dephosphorylation cycle (PdPc) of an enzyme. In this model, a substrate enzyme

E, a kinase K, and a phosphatase P, are the three key elements. Based on those three elements,
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PdPc consists of two chemical reactions:

ATP + E 25 ADP + E*, (7.12)
E* 2L, E41P, (7.13)

in which the reaction (7.12) represents that the phosphorylation of the substrate protein E is cat-
alyzed by kinase K, and the reaction (7.13) represents that the dephosphorylation is catalyzed by
phosphatase P. In addition, kinase K and phosphatase P can transform between an inactive state and
an active state. In the case that the conversion of kinase from the inactive form to the active form
involves the binding of E*, this is called autocatalysis and has been carefully studied by Bishop
and Qian [167, 18]. Inspired by Bishop and Qian, we here focus on the conversion of phosphatase

from the inactive to active form by the binding of E* with different order m
Kq
P +mE" — P*. (7.14)

And we assume the reaction (7.14) is rapid, so the active phosphatase concentration reaches quasi-
steady state [P*] = K, [P][E*]". Applying the quasi-steady state Eq. (7.14) to the PdPC given in
the pair of reactions (7.12) and (7.13), we then obtain homeostasis in the enzyme reaction: increas-
ing P* is a consequence of more E*; however, P* further converts E* back to E by the reaction
(7.13) hence less E*. This entire story of homeostasis can be achieve by a parallel mechanism of
the conversion of kinase from the active form to then inactive form. The regulation of enzyme
homeostasis has to be controlled by a negative feedback loop either activating the backward reac-
tion (E* —— E) or deactivating the forward reaction (E —— E*). The above model is illustrated
in Figure 7.6.

To transform the above chemical model to a kinetic scheme, we then have a differential equa-
tion:

dx

pri alr, —x) — B — ex™ ! 4 S (2 — 1), (7.15)

in which variable x represents E*, x; is a parameter for the total [E] + [E*], and

a =k [ATP]K], 3=k [ADP][K], €= hkoKo[P], 0=k oK [P][P)] (7.16)
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are the rates for the reversible phosphorylation (o« and () and the reversible dephosphorylation

(e and 0) and the order m represents the strength of the negative feedback loop by (7.14). Then

(K]

we introduce 8 = 7

as a controlling parameter for the homeostasis. Let m = 2, as the system
reaching steady states for Eq. (7.15),

K] 02’ — poa®(z, — x)

g — 1 , (7.17)
[P] p? (e — ) — pa
in which
T ko ADPIP] M Tk U T

In particular, if the ATP hydrolysis is at the equilibrium, i.e., ¥ = 1, then

-(-5)
r=|—— ),
Y+ p

which gives rise to a very special result that the steady state of active enzyme [E*] is independent

of [K] and [P], which means the system is perfectly robust with respect to any perturbation from

the environment (We here assume only [K] and [P] can be regulated by the environment).
Furthermore, we are also interested in the sensitivity of homeostasis with respect to ¢ and the

error of homeostasis. First, we define sensitivity and error of homeostasis as

d
Sensitivity = dg?g (7.18)
r—x9 dx/x
E = ~ Af 7.19
rror . 7 (A0) (7.19)

Zo

By our simulations (See Figures 7.7 & 7.8), we found that the sensitivity of homeostasis is in-
creasing but the error of homeostasis is decreasing when we increase the value of . Using the
sensitivity of homeostasis (7.18) to define the robustness of a system can be found Jia model [100]
and applying error of homeostasis (7.19) to define the robustness of a system was introduced in Tu
model [118]. In our results, adopting those two different definitions of homeostasis will give rise
to opposite trends with respect to ATP hydrolysis (the ratio of ATP to ADP). This paradox requires
further investigations.

Nonequilibrium steady state of physiological systems: blood glucose control and blood vol-

ume control —
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Let us illustrate a model of homeostasis in human physiology by analogy with the enzyme
kinetic model, see Figure 7.6. We divide a system into two parts: the central part and the reservoir.
Consider an example of human body sugar model, the central part is corresponding to the blood
sugar and the reservoir is corresponding to the sugar storage in the liver and tissues; Consider
another example of blood volume modeling, the central part is for central blood volume (brain,
heart, and lung) and the reservoir is for peripheral blood volume (skin and muscle). Apply this
idea back to our enzyme models, the former is exactly active enzyme [E*] and the later should be
inactive enzyme [E|.

Therefore, we can model negative feedback loops as this way: increasing blood sugar level
activates insulin or inhibits glucagon in order to achieve homeostasis. Same as the blood vol-
ume modeling: increasing central blood volume actives the parasympathetic system or inhibits
the sympathetic system. Activation or inhibition is indicated by the function p(z, ) or ¢(x,0),
respectively. The choice of specific function forms p, ¢ depends on physiological experiments or
insights. In particular, applying back to our enzyme models, a specific activation function is given
by p(x,0) = [P(0)]x", where [P(6)] is the amount of preactived phosphatase (depending on an en-
vironmental factor #), and the preactived phosphatase will be activated through binding the active
enzyme with order n.

Here, we introduce a rather general model for negative feedback controls in physiology

d_x_a(xt—x)_ z
dt —  q(0,2) bq(@,x) l

0,x)x +dp(0, x)(z: — x), (7.20)
in whcih
a = /ﬁKa, b= k',lKa, Cc = ]CQKZ', d= k,QKi. (721)

For steady states analysis, we solve Eq. (7.20) with grouping parameters (assume functions are
seperable p(0, ) = py(x)p2(0) and q(0, ) = q1(x)q2(0)), then we obtain

(14 Yz +2
0) = a=(1+37) ; ) : (7.22)
(P1(2)qr () (1 + G7)z —21)
where function ©(0) = % is dependent on the environmental factor 6 and y = % represents the

total energy flux in the system.
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Based on the above state-state analysis, we are further interested in the robustness of system
with respect to different “strength” of activation and inhibition in the negative feedback loops
which are characterized by the function p;(x) or ps(x). Additionally, we are also interested in the
robustness of system with respect to different “energy flux” . Therefore, we derive the sensitivity

of x to 6, which has been defined above,

dinz| % (7.23)
dln®| (ln<p1<x>q1<x>> n «(—Da: ) ‘ '
& (Do) (- (14 D)
Particularly, in the enzyme models, the first term in denominator is 2 122)(“(:”)) = dln(zz+m) =

o Therefore, if we fix z, ©), g, and v, then the sensitivity will decrease with higher n+m (Figure
7.9). The second term in denominator is non-positive and monotonic increasing with higher ~.
Therefore, if we fix z, ©, 2, and p; (2)q; (), then the sensitivity will increase with higher  (Figure
7.10).

So far, we assume only activation and inhibition functions depend on environments. In phys-
iology or cell biology, x; (the total amount of sugar level, blood volume and enzyme) can be
influenced by fluctuating environments as well. So we are also interested in how robust of z is

with respect to ;. So we define another sensitivity to x; here:

dlnzx £
= z ) 7.24
‘dln Ty 2 (@ (@) (Cryt+Dz—z) (—(1+Y)zta:) (7.24)
@ dz c(=Dz
For the enzyme models, dIn(p 12?“(9”)) = dln(§:+m) = ”;m Therefore, if we fix z,©, g, and 7,

then the sensitivity will decrease with higher n +m (Figure 7.11). And the term depending on 7 is
nonnegative and monotonic increasing with higher ~. Therefore, if we fix z, ©, 2, and p; ()¢ (),
then the sensitivity will decrease with higher v (Figure 7.12). To further analyze and compare the
results in Figures 7.9, 7.10, 7.11, and 7.12 with physical interpretations will be at the core of the
next step in this project in the future.

Three strategies for the survival in fluctuating environments— In fluctuating environments,
organisms exhibit different patterns of their behavior in order to survive and maintain popula-
tion growth rate. These patterns are often called “evolutionary strategies” following the game-

theoretical representations of Darwinian evolution theory. Homeostasis and acclimation are two
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common “strategies”, e.g., mechanisms, by which an individual organism to live robustly in fluc-
tuating environments; note the emphasize here is individual. Biologically, homeostasis and accli-
mation are two seemingly opposite ways to overcome environmental changes. The former is about
stabilizing but the later is about changing the internal state of an organism when facing varying
external environments. We will show that, however, mathematically these two concepts actually
arise from a single dynamical system with two types of state variables. With respect to varying
environments, the first type is called homeostatic while the second type acclimative.

In terms of this mathematical representation, we discover that homeostasis and acclimation
are actually two sides of the same coin. We extensively explore an canonical form of this model
by introducing (i) a measure for the “robustness” of the homeostatic variable and (ii) a notion of
“nonequilibirum energy cost”. According to the model, an individual is actually a quasi-species
in an epigenetic landscape according Eigen-Schuster [54], and its apparent growth rate provides
the essential connection between the individual’s behaviors (homeostasis and acclimation) and the
behavior of a population of 1.i.d. individuals, such as adaptation. Here we use the term adaptation
in its original Darwinian sense, €.g., the tendency of a population of organisms becoming “fitter” to
its environment, enhancing their evolutionary fitness [186]. From the perspective of the evolution
theory, both of homeostasis and acclimation can be developed through adaptation. One of the
future goals in this project is to show that those three biologically different concepts - homeostasis,

acclimation, and adaptation - eventually can be integrated into a unified mathematical model.
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