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Generative machine learning algorithms are pivotal for advancing artificial intelligence and

for gaining insights into biological neural systems. In this thesis, we present a comprehensive

study that integrates theoretical analysis, efficient algorithm development, and biological

applications in generative modeling.

We first establish a general theoretical framework for minimum divergence transport esti-

mators, a prominent class of generative models. We derive a priori error bounds that quantify

the generalization performance of these models in terms of model and sample complexity.

Building upon this theory, we introduce a flow-based transport algorithm for generative

modeling that utilizes kernel methods to minimize Maximum Mean Discrepancy (MMD).

Our method offers an efficient alternative to existing neural network approaches, achieving

comparable performance with fewer parameters and reduced training time. We apply the

theoretical results from the first part to derive generalization bounds for this algorithm.

Finally, we explore the intersection of generative modeling and neuroscience by developing

a generative model for receptive fields in sensory neuronal systems using Gaussian processes.

This model elucidates how sensory neurons transform inputs to create robust representations.

Our biological insights inspire an initialization strategy that improves the efficiency of neural

network training.
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Chapter 1

INTRODUCTION

Generative modeling has emerged as a fundamental area in modern machine learning,

offering a principled framework for understanding and recreating the patterns underlying

complex datasets. By capturing the underlying probability distribution of a dataset, gen-

erative models empower a range of applications, from realistic image and video synthesis

to advancing natural language processing, scientific simulations, and personalized medicine.

The recent surge in generative modeling has pushed the boundaries of what can be achieved

in domains such as art, healthcare, and fundamental science.

At the heart of generative modeling lies the mathematical task of learning a transforma-

tion T : Rd → Rd such that T#η ≈ ν, where η is a simple reference measure, such as the

standard Gaussian, and ν is a complex target measure that captures the data distribution.

The goal is to construct T so that sampling z ∼ η and applying T (z) produces samples

distributed approximately as ν. Here, T#η denotes the pushforward measure, representing

the transformed distribution obtained by applying T to samples from η.

A popular and theoretically grounded approach to generative modeling involves formu-

lating the learning process as a minimum divergence transport (MDT) problem. Specifically,

the objective is to solve:

min
T∈S

D(T#η, ν),

where S is the hypothesis space of admissible transformations, and D is a divergence or dis-

crepancy that quantifies the difference between the transformed measure T#η and the target

measure ν. Examples of divergences D include the Kullback-Leibler (KL) divergence, the

Wasserstein distance, and the maximum mean discrepancy (MMD), each tailored to empha-
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size the specific properties of the distributions. The choice of S and D defines the modeling

framework, with S often taking the form of parameterized neural networks, reproducing

kernel Hilbert spaces (RKHS), or other structured function classes.

MDT models encompass a range of influential generative modeling paradigms. Seminal

works in this area include the theory of optimal transport [219, 170], which minimizes the

Wasserstein distance, the development of normalizing flows [181, 162], which parameterize

T as an invertible transformation that minimize KL Divergence, and neural ODE-based

approaches [47, 94], where T is defined via the solution of an ordinary differential equation.

While generative modeling has achieved remarkable empirical success, understanding

these models mathematically remains a critical challenge. Such understanding involves ana-

lyzing the behavior of generative models before training, providing a priori guarantees that

can guide their design and analysis. Theoretical tools such as generalization bounds and

approximation theory play a vital role in this endeavor. Recent advances in this area include

works on the generalization theory of GANs [131, 212], the sample complexity of optimal

transport [227, 199], and approximation properties of kernel and neural network-based mod-

els [37, 176]. These studies help to elucidate the factors that influence the performance

of generative models, such as model capacity, regularization, and the number of training

samples.

This dissertation contributes to this growing body of work by exploring the theory, al-

gorithm development, and applications of generative modeling. Generative models serve as

the unifying theme, linking different approaches and perspectives. The contributions of this

thesis include: (1) the development of a novel transport-based generative model, (2) the

derivation of theoretical results that provide insights into the behavior and limitations of

transport-based models, and (3) the application of generative modeling concepts to neuro-

science, where they provide a framework for understanding sensory encoding.
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1.1 Overview and Organization of the Dissertation

The dissertation is organized into three main chapters, each addressing a critical aspect

of generative modeling while maintaining a cohesive narrative around the central theme of

understanding, improving, and applying generative models.

In Chapter 2, we introduce a new transport-based generative model where velocity fields

of the flow lie in a Reproducing Kernel Hilbert Space (RKHS). Our choice of RKHS is

motivated by their mathematical simplicity and rich history in analysis and algorithm devel-

opment. The main contributions include theoretical foundations, error bounds that balance

approximation, regularization, and sample complexity, and numerical experiments demon-

strating the model’s competitiveness to state-of-the-art models in several standard bench-

mark examples.

In Chapter 3, we establish a framework for deriving quantitative generalization error

rates for minimum divergence transport (MDT) models. The core contributions are master

theorems that decompose the generalization error into approximation error and stochastic

error arising from sample variance. To demonstrate the framework’s utility, we apply it to

concrete examples, including GANs, RKHS-based transport maps, and polynomial maps.

Finally, we assess the validity and sharpness of our bounds through numerical experiments,

comparing theoretical predictions with empirical results.

In Chapter 4, we apply generative modeling to the study of sensory encoding in neuro-

science, inspired by the parallels between biological neural systems and artificial networks.

The central idea is to model the receptive fields of sensory neurons as random samples from

a Gaussian process with a carefully chosen covariance structure. The core contributions

include demonstrating that these structured receptive fields closely align with experimental

data from mechanosensory and visual neurons, providing realistic and biologically plausible

models of sensory encoding. Furthermore, we show that insights from this model enhance

learning efficiency in artificial networks.

Chapters 2 through 4 start with an introductory section titled “Prelude to the article”
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that summarizes the main results of each article and highlights their connection to the rest of

this document. Otherwise, the content of each of these chapters is identical to the published

version of the articles, except for minor corrections and changes to the numbering of sections,

equations, etc.

1.2 Contribution of authors

• (Chapter 2) Submitted to SIAM Journal on the Mathematics of Data Science [159].

• (Chapter 3) In preparation.

• (Chapter 4) Published in PLOS Computational Biology [160]
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Chapter 2

DIFFEOMORPHIC MEASURE MATCHING WITH KERNELS
FOR GENERATIVE MODELING

2.1 Prelude to the chapter

In this chapter, we develop a generative model based on the flow of an Ordinary Differential

Equation (ODE) parameterized using a Reproducing Kernel Hilbert Space (RKHS) model.

Our aim is to construct algorithms that not only perform efficiently in practice but also come

with rigorous theoretical guarantees. Specifically, we seek to quantitatively understand how

the approximation error of the model depends on its complexity and the number of training

data samples.

The dominant paradigm in generative modeling is minimum divergence measure transport

[140]. The central idea is to learn a transport map T : Rd → Rd that pushes forward

samples from an easy-to-simulate reference measure η (e.g., a standard normal distribution)

to samples distributed according to a complex target measure ν. This map is learned by

minimizing a discrepancy or metric D between T#η and ν, where common choices for D

include the Kullback-Leibler divergence [30] and Maximum Mean Discrepancy (MMD) [95].

Modern generative models often parameterize the transport map as the flow of an ODE

whose velocity field is represented by a neural network [47, 94]. Mathematically, given a

velocity field v(t, x), the flow ϕ(t, x) of an ODE is defined by the equation,

dϕ

dt
= v(t, ϕ(t, x)), ϕ(0, x) = x,

where t denotes time and x represents the initial data or reference sample. The solution at

ϕ(T, x) at some arbitrary time t = T serves as the transport map T (x), pushing forward

samples from the reference measure to the target measure. Despite their impressive empir-
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ical performance, obtaining quantitative error rates for such neural network-based models

remains challenging.

In our work, we constrain the velocity field v(t, x) to lie within an RKHS, i.e., a Hilbert

space of functions where point-wise evaluation is a bounded linear functional [197]. To reduce

the discrepancy between the transported measure and the target measure, we minimize the

MMD which is a statistical distance between probability distributions defined by embedding

the distributions in an RKHS [95, 147]. Our approach builds upon prior work in diffeomorphic

matching and kernel methods [234, 85, 156]. By framing the generative modeling problem

within an RKHS context, we leverage the theoretical advantages of kernel methods, which

have been extensively studied in machine learning and statistics [7, 197, 228].

In Section 2.3, we present an error analysis of our generative model, establishing bounds

that quantify how the quality of our approximation depends on various factors such as model

complexity, sample size, and potential model misspecification. Specifically, our analysis re-

veals the effects of bias and variance on the model. The bias arises from the approximation

error due to the finite representation in the RKHS, while the variance stems from the finite

number of training samples used to estimate the distributions. This error decomposition pro-

vides insights into how increasing model complexity or sample size can reduce the respective

errors, guiding the design of efficient and accurate generative models.

In Section 2.4, we describe the numerical implementation of the algorithm in detail,

specifying the choice of model parametrization and strategies for tuning the hyperparameters.

In Section 2.5, we demonstrate several applications of our algorithm in generative modeling

and parameter inference. The generative modeling problems range from two-dimensional

toy datasets to high-dimensional real-world datasets derived from neutrino experiments and

electricity consumption [163]. In the parameter inference task, we identify the parameters

of a Lotka-Volterra ODE system in a likelihood-free fashion [13], showcasing the versatility

and effectiveness of our approach.

The contents of this chapter appear in the article [159] and is under revision in the SIAM

Journal on the Mathematics of Data Science (SIMODS).
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2.2 Introduction

Sampling/simulation of probability measures is a fundamental task in data science, compu-

tational statistics, and uncertainty quantification (UQ). Given a target probability mea-

sure ν ∈ P(Rd) for some d ≥ 1, the goal of sampling is to simulate a random vari-

able that is distributed according to this target. Markov chain Monte Carlo (MCMC)

[185, 209, 54, 97, 55, 25, 26, 64, 104, 82, 105] and variational inference (VI) [30, 241, 75]

algorithms are perhaps the most well-known families of algorithms for this task, but in recent

years, there has been a significant increase in interest surrounding the family of transport-

based sampling algorithms [140] due to the impressive performance of generative models

[149, 115] such as generative adversarial networks (GANs) [90, 89] and normalizing flows

(NFs) [181, 123, 162]. Broadly speaking, these transport-based algorithms find a transport

map T ⋆ such that T ⋆#η ≈ ν for some reference measure η ∈ P(Rd)1 that is easy to simulate,

e.g., a standard normal. Then, samples from the target ν are (approximately) simulated by

drawing z ∼ η and evaluating T ⋆(z). The map T ⋆ is a minimum divergence estimator [165],

often found by solving problems of the form

T ⋆ := argmin
T∈T

D(T#η, ν) + λRR(T ), (2.1)

where D : P(Rd)× P(Rd) → [0,+∞] is a statistical divergence or loss, T is an appropriate,

often parametric, family of transport maps from Rd to Rd, and R : T → [0,+∞] is a

regularization/penalty term with parameter λR ≥ 0 that provides additional stability.

In this chapter, we are particularly interested in the setting where T is the space of maps

given by the flow of an ODE, as popularized in [47, 94], i.e.,

T :=
{
T : Rd → Rd

∣∣∣ T (x; v) = ϕ(1, x), ϕt = v(t, ϕ), t ∈ (0, 1], ϕ(0, x) = x, v ∈ QQQ
}
,

(2.2)

whereQQQ is a family of vector fields, often taken to be a neural network (NN) class in modern

generative modeling [47, 94, 154]. In this chapter, we consider a family of such dynamic

1In practice it is customary to define η on a lower dimensional latent space, but we will not consider this
setting in this article.
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transport maps based on the theory of kernel methods and present theoretical analysis and

benchmark experiments for our method. In the rest of this section, we give a summary of

our contributions in Section 2.2.1 followed by a review of relevant literature in Section 2.2.2,

and an outline of the chapter in Section 2.2.3.

2.2.1 Summary of contributions

Below, we will give a concise summary of our mathematical formulation and main results with

minimal definitions, and refer the reader to Section 2.3.1 for a review of the relevant RKHS

theory. Drawing inspiration from previous works in image registration and diffeomorphic

matching [85, 234, 69, 156, 58] we take QQQ to be a vector valued Reproducing Kernel Hilbert

Space (RKHS) [118] on the set Γ := [0, 1]×Rd and consider the following instance of Eq (2.1):
minimize

v∈QQQ
D(ϕ(1, ·)#ηN , νN) + λR∥v∥2QQQ,

subject to (s.t.) ϕt = v(t, ϕ), ϕ(0, x) = x,

(2.3)

where we replaced the reference η and the target ν with their empirical approximations ηN

and νN obtained from N -i.i.d. samples. Towards the design of a practical algorithm, we take

D to be themaximum mean discrepancy (MMD) defined by a Mercer kernelK : Rd×Rd → R,

i.e., it is symmetric, positive, and separately continuous. Following the definition Eq (2.7)

this divergence takes the simple form

MMD2
K(ϕ(1, ·)#ηN , νN ) =

1

N2

 N∑
i,j=1

K(ϕ(1, xi), ϕ(1, xj)) +
N∑

i,j=1

K(yi, yj)− 2
N∑

i,j=1

K(ϕ(1, xi), yj)


(2.4)

where we used {xi}Ni=1 and {yi}Ni=1 to denote i.i.d. samples from η and ν respectively. We further

take QQQ to be the RKHS of a matrix-valued kernel QQQ : Γ×Γ→ Rd×d of the diagonal form QQQ(s, s′) =

V (s, s′)I where I ∈ Rd×d is the identity matrix and V : Γ × Γ → R is a second Mercer kernel,

independent of K. Finally, we consider a set of inducing points S := {s1, . . . , sM} ⊂ Γ [214, 223, 65]
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and approximate Eq (2.3) with the discrete problem
minimize

{cℓ}dℓ=1⊂RM×d
MMDK(ϕ(1, ·)#ηN , νN ) + λR

d∑
ℓ=1

cTℓ V (S, S)cℓ,

s. t. ϕt = v(t, ϕ), ϕ(0, x) = x,

v(s) = (v1(s), . . . , vd(s)), vℓ(s) = cTℓ V (S, s),

(2.5)

where V (S, S) ∈ RM×M denotes the kernel matrix with entries (V (S, S))ij = V (si, sj) and V (S, s)

is a (column) vector field with entries (V (S, s))i = V (si, s). The coefficient vectors {cℓ}dℓ=1 ⊂ RM

denote the parameters of our model and are the main target of training in Eq (2.5). We also note

that once the requisite kernels K,V , the regularization parameter λ, and the set of inducing points

S are chosen, then the above formulation can be implemented using an off-the-shelf ODE solver to

approximate the flow ϕ(1, ·).
Our main contributions are the theoretical analysis, the algorithmic development and the bench-

marking of the proposed solution Eq (2.5) for sampling and inference.

For our theoretical analysis we primarily consider the setting where the reference η and target

ν are compactly supported and consider the closely related problem

minimize
{cℓ}dℓ=1⊂RM

MMDK(ϕ(1, ·)#ηN , νN )

s. t. ϕt = v(t, ϕ), ϕ(0, x) = x, v(s) = (v1(s), . . . , vd(s)),

vℓ(s) = cTℓ V (S, s),
d∑

ℓ=1

cTℓ V (S, S)cℓ ≤ r2,

(2.6)

for some r2 > 0. The above problem is closely related to Eq (2.5), indeed the latter can be

obtained by using a Lagrange multiplier to relax the inequality constraints and leads to more

efficient algorithms; see Section 2.3.3 for more details on how the two minimizers are related. We

then obtain the following theorem that gives a quantitative characterization of the approximation

and generalization errors of the transport map obtained by solving Eq (2.6):

Main Theorem 1. Let Ω ⊂ Rd be bounded and let Γ = [0, 1]×Ω. Suppose K : Ω×Ω→ R≥0 is a

Mercer kernel with RKHS K such that supx,x′∈Ω
∥K(x,·)−K(x′,·)∥K

|x−x′| < +∞. Suppose η, ν ∈ P(Ω), and

let V : Γ× Γ→ R be a Mercer kernel such that V ∈ C2k(Γ× Γ) and that elements of its RKHS V
vanish at the boundary of Ω. Suppose there exists a Lipschitz vector field v† such that T (·; v†)#η = ν



10

(recall the notation of Equation (2.2)). For some r > 0, let T (·; vS,Nr ) be the transport map defined

by solving Eq (2.6) and define hS := sups∈Γ infs′∈S |s− s′| to be the fill-distance of S ⊂ Γ. Then, if

hS > 0 is sufficiently small it holds with probability 1− δ, for δ > 0, that

MMDK(T (·; vS,Nr )#η, ν) ≤ C2

[(
exp(C1r)− 1

)
hkS +

√
1

N

(
2 +

√
log

(
1

δ

))

+
exp(Lv†)− 1

Lv†
inf
v∈QQQr

∥v − v†∥∞
]
,

where C1, C2 > 0 are constants independent of S, N , and v†, Lv† := sups,s′∈Γ
|v†(s)−v†(s′)|

|s−s′| is the

Lipschitz constant of v†, and QQQr := {v : Γ→ Rd |∑d
ℓ=1 ∥vℓ∥2V ≤ r2}.

A complete proof of this theorem, including extensions and other useful auxiliary results, is

given in Section 2.3. The above result gives a complete picture of the approximation bias, sample

complexity of our algorithm, and model misspecification error. In the context of generative models,

and more broadly, of computational transport, such quantitative error bounds that account for

both approximation errors and sample complexity are very challenging to obtain; see for example

[108, 63]. We note that the above bound does not take into account the approximation error of the

ODE solver Eq (2.6) or the optimization gap in finding a global minimizer.

Our bound is interesting in various aspects: (1) The first term, involving the fill-distance hS ,

controls the approximation error of the model and reflects the smoothness of the underlying RKHS

V and the complexity of our model class. Indeed, this bound matches classical rates for scattered

data approximation with kernel methods [228]; (2) The second term is a generalization bound for

minimum MMD estimators following [37] and matches the minimax optimal approximation rate

of kernel mean embeddings of measures [204, 215]; (3) The third term can be viewed as a model

misspecification error, i.e., choosing a kernel V such that the resulting RKHS does not include the

ground truth vector field v† or that r is simply too small. Thus, if the model is well-specified, i.e.,

v† ∈ QQQr, then this term will simply vanish. Of course, there is a trade-off here since the constant

in the first term blows up exponentially with r. Finally, we note that while the second term in

our bound is dimension independent, the first term is effectively dependent on the dimension of

the problem since the fill-distance hS scales as M−1/d [182, Eqn. 1.2], recall that M is the number

of inducing points. So, to ensure that hS is sufficiently small one needs an increasingly large
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set of inducing points, however, the resulting approximation error still scales as M−k/d which is

acceptable when k > d, i.e., the class V is sufficiently smooth. However, there is a trade-off involving

the smoothness of V. Smoother V (with large k) can reduce the approximation error term but might

fail to adequately model non-smooth velocity fields, increasing the model misspecification error.

For our numerical results we solve Eq (2.5) using off-the-shelf ODE solvers and stochastic

gradient descent; see Section 2.4 for details. We refer to our algorithm as KODE (Kernel ODE

transport) and benchmark it on various data sets in low- or high-dimensional settings; on occasion,

we compare KODE with the OT-Flow algorithm of [154], which is a neural net method based on

the dynamic formulation of the optimal transport (OT) problem. Figure 2.1 shows an example

of our results for a set of 2D benchmarks of different complexity where we (forward) transport a

standard Gaussian reference η to a complicated target ν. The bottom row of this figure shows the

backward transport/normalizing flow problem of pulling ν back to η simply by running the ODE

backward without any training, revealing the efficacy of our method. We also present extensive

studies on the effects of hyper-parameters and the choice of kernels and RKHS norms.

Finally, we also present a simple modification of our formulation that enables KODE to perform

likelihood-free/amortized inference, i.e., we transport η to ν using additional constraints leading

to a triangular transport map which we call Triangular KODE (T-KODE), based on the theory of

triangular transport of measures [13]. The resulting model is only trained once but it can identify

arbitrary conditional measures of ν along pre-specified coordinates as demonstrated in Figure 2.2.

Details and additional benchmarks for this method are collected in Section 2.5.4.

2.2.2 Relevant Literature

Below, we give a summary of the relevant literature to our work. Since the literature on generative

modeling and transport is vast we keep the discussion focused on works that are closely related to

ours and give a few references for broader topics.

Diffeomorphic matching and learning

The early developments in matching measures originated from the field of diffeomorphic matching

or learning, which aims to align different data sets by transforming them into a common coordinate
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Figure 2.1: Transport experiments on 2D benchmarks using KODE: (Top row)

The empirical samples from the target ν; (Middle row) Samples generated by transporting a

standard Gaussian reference η; (Bottom row) Samples generated by transporting ν backward

towards η.

system [245, 21, 117]. An example of an application includes aligning the images of the same

scene captured from various viewpoints, sensors, and times of day. Computational algorithms for

diffeomorphic matching shares a lot of similarities with our proposed method [234, 236] as well

as many recent techniques in generative modeling such as continuous NFs [94, 123]. Indeed, the

problem of matching measures and distributions has been studied extensively in [20, 69, 70, 235]

although these works were mainly focused on matching of images and shapes in 2D or 3D as opposed

to sampling of high-dimensional measures.

In diffeomorphic matching, flows of ODEs are utilized as diffeomorphic maps to continuously

deform one image or volume into another. Notably, these diffeomorphic maps are often chosen to

be flows of vector fields belonging to Reproducing Kernel Hilbert Spaces (RKHS) [234, 156, 58],

distinguishing them from current methods in machine learning that primarily use neural network

parameterizations. In this light, our proposed methodology also falls within the category of diffeo-

morphic matching with a particular focus towards sampling (possibly) high-dimensional probability

measures.

Closely related approaches to ours in this domain include [85], which was a major inspiration
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Figure 2.2: Conditional sampling using Triangular KODE for two-dimensional

benchmarks: The left-most column shows the target measure ν while the red, green, and

blue lines denote slices along which conditional samples are generated. The next column

shows generated samples by KODE. The remaining panels compare ground truth (solid

lines) and generated (dashed lines) kernel density estimators of the requisite conditional

distributions using triangular KODE.

for us and employs a formulation that is a subset of our framework. Also, the theoretical analysis

in that work is limited to existence and consistency results as opposed to our quantitative rates.

The recent article [58] also proposes a similar formulation to ours, with the main differences being

the choice of Sinkhorn divergences in place of MMD and the focus on 2D or 3D examples. Another

inspiration for our work is [156], which connects modern techniques, such as residual neural nets to

the formulation of algorithms for diffeomorphic matching, although that article is primarily focused

on supervised learning as opposed to generative modeling. Another important point of departure for

us from the aforementioned works is that they utilize geodesic shooting [236, 156] to compute their

transport maps as opposed to direct minimization in our setting. Exploring the geodesic shooting

method in our framework is interesting but non-trivial, since the derivation of that method relies

on the assumption that the RKHS norm of v is of the form ∥v∥2QQQ =
∫ 1
0 ∥v(t, ·)∥2QQQ′dt where QQQ′ is an

RKHS on Ω. Our experiments in Section 2.5 suggest that imposing additional smoothness in time

results in better performance and smoother transport maps. Alternatively, one can also enforce
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additional smoothness by penalizing Riemannian derivatives of the velocity fields, as explored in

[217, 83]. Finally, we mention the master’s thesis [180] that gives an excellent overview of the

connection between kernel ODEs and various Neural ODE models from the perspective of optimal

control, including applications to measure transport.

ODE models in machine learning

The past decade has seen an explosion in the research and development of increasingly expressive

generative models, specially in the context of image generation, going back to the introduction

of GANs in [90]. Since then, numerous extensions of GANs [6, 96, 28, 129] have been proposed,

followed by new families of generative models such as NFs [181, 162, 123] and more recently diffusion

models [203, 42] and stochastic interpolants [3, 2]. A core idea in the aforementioned flow models

is the parameterization of transport maps via the compositions of parametric maps that are simple

and, often, invertible. In the case of normalizing flows, these constraints were partially motivated

by the use of the Kullback-Liebler (KL) divergence as a training loss that takes a particularly simple

form during training for the normalizing flow direction, i.e., pulling the target ν to the reference

η. Then, generating new samples from ν requires the inversion of the resulting flow in an efficient

manner. This line of thinking led to considerable interest in continuous time dynamic models,

broadly referred to as neural ODEs [190, 47, 94]; simply put, a model akin to Eq (2.3) with v

parameterized via a neural net.

The analysis of neural ODE models has attracted some attention in the literature although most

of the existing works focus on the proof of universal approximation results for diffeomorphic maps

[130, 112] and do not provide a quantitative approximation rates as we do in Main Theorem 1 and

do not consider generalization bounds. To our knowledge, [141] presents the most comprehensive

analysis of neural ODEs from the perspective of transport problems, focusing on generalization

bounds for density estimation, as opposed to the sampling/generative modeling in our case. The

results of that work combine generalization bounds and approximation errors for neural ODE

models, and in that sense, are very similar to our main theorem, however: (1) their analysis is

limited to the normalizing flow problem with the KL loss; (2) it is primarily focused on neural

network models; and (3) concerns density estimation as opposed to sampling in our case.
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We also note that there is a growing literature on the applied analysis of transport problems as it

pertains to generative modeling for non-ODE models, such as [14] which proposes master theorems

for characterizing the approximation error of transport maps for sampling that we utilize in the proof

of our main results. The articles [239, 240] consider sparse polynomial approximations of triangular

transport maps; a particularly useful construction in the context of normalizing flows. While the

aforementioned articles are primarily concerned with the approximation errors of parameterized

transport maps, the articles [111, 224] study the statistical consistency and sample complexity of

such problems as it pertains to triangular maps.

Connections to OT

The theory of OT is now a mature field of mathematics [220, 193] with deep connections to proba-

bility theory, partial differential equations, and statistics. In recent years, there has been a growing

interest in the computational aspects of optimal transport [170] both in the development of al-

gorithms for computing optimal maps [56] as well as their applications in fields such as machine

learning, data science [6, 146, 127, 72, 244], biology [195], medicine [93], shape analysis [210], and

economics [80]. The wide adoption of OT in practice has also led to growing interest in the applied

analysis of OT problems and, in particular, OT maps [108, 63, 59, 60, 172]. Our formulation of

KODE resembles the dynamic formulation of OT, often known as the Benamou-Brenier formulation

[220, pp. 159] which is also the basis of the OT-Flow algorithm [154], but it is different from that

problem in two important aspects: (1) our dynamics do not match the target measure ν exactly

(we only aim to minimize the MMD) while the Benamou-Brenier formulation aims to push the

reference η to the target ν exactly; (2) we regularize our velocity fields in an RKHS in both space

and time, while Benamou-Brenier minimizes a Bochner integral.

2.2.3 Outline

The rest of the article is organized as follows: Section 2.3 contains our theoretical analysis of the

KODE methodology and in particular, the proof of Main Theorem 1. Details of our algorithms

and numerical implementations are collected in Section 2.4 followed by numerical results and ex-

periments in Section 2.5. We conclude the article in Section 2.6 with a summary of remaining open
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questions and future directions.

2.3 Theory

We dedicate this section to the theoretical analysis of problem Eq (2.5), proving a series of auxiliary

results that give Main Theorem 1 as a corollary but also generalize the setting of that result.

2.3.1 Brief review of scalar and vector valued RKHSs and MMD

We begin with a brief review of kernel methods in the classic setting of real-valued kernels as well

as operator/matrix-valued kernels since we need both for our theoretical exposition. For brevity,

we will not give an exhaustive treatment of these topics and only review the material needed in

the paper. The interested reader may refer to [24, 157] for standard RKHS theory; [4, 118, 156] for

operator/matrix-valued kernels; and [147] for a review of kernel mean embeddings and MMD.

For a domain Ω ⊆ Rd a function K : Ω×Ω→ R is called a symmetric and positive definite kernel

on Ω if K(x, x′) = K(x′, x), ∀x, x′ ∈ Ω and for any collection of points X := {x1, . . . , xM} ⊂ Ω the

kernel matrix K(X,X) ∈ RM×M , with entries K(X,X)ij = K(xi, xj), is positive definite. We say

that the kernel K is Mercer if it is separately continuous (i.e., continuous in each of its inputs) in

addition to being symmetric and positive definite. Associated to the kernel K is an RKHS K with

inner product ⟨·, ·⟩K and norm ∥ ·∥K satisfying the reproducing property f(x) = ⟨f,K(x, ·)⟩K for all

f ∈ K and x ∈ Ω. Let us introduce the shorthand notation K(X,x) := (K(x1, x), . . . ,K(xM , x)) ∈
KM as a column vector field, similarly K(x,X) for the analogous row vector field. Then, functions

of the form f(x) = cTK(X,x) for a (column) vector c ∈ RM naturally belong to K and, by the

reproducing property, we have the useful identity ∥f∥2K = cTK(X,X)c. For a second function

g(x) = (c′)TK(X ′, x), with a second point cloud X ′ = {x′1, . . . , x′M ′} ⊂ Ω and vector of coefficients

c′ ∈ RM ′
, we also have the identity ⟨f, g⟩K = cTK(X,X ′)c′.

Given the Mercer kernel K we also define the space PK(Ω) ⊂ P(Ω) of Borel probability measures

µ for which
∫
Ω

√
K(x, x)µ(dx) < +∞ along with the kernel mean embedding IK : PK(Ω) → K

where IK(µ) :=
∫
ΩK(x, ·)µ(dx). With this notation at hand, we can now introduce the MMD, as
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a discrepancy defined on the space PK(Ω):

MMDK(ρ1, ρ2) := ∥IK(ρ1)− IK(ρ2)∥K ≡
(∫

Ω×Ω
K(x, x′)ρ1(dx)ρ1(dx

′)

+

∫
Ω×Ω

K(x, x′)ρ2(dx)ρ2(dx
′)− 2

∫
Ω×Ω

K(x, x′)ρ1(dx)ρ2(dx
′)

)1/2

,

(2.7)

We can naturally extend the MMD to all of P(Ω) by setting its value to ∞ if either of the input

measures do not belong to PK(Ω). We say the kernel K is universal if MMDK(ρ1, ρ2) = 0 implies

that ρ1 = ρ2, in which case the MMD becomes a divergence in the parlance of [29]. Finally, observe

that by taking ρ1, ρ2 in the above formula to be empirical measures, for example ρ1 = 1
M

∑M
i=1 δxi

and ρ2 = 1
M ′
∑M ′

i=1 δx′
i

for {xi}Mi=1, {x′i}M
′

j=1 ⊂ Ω, yields the familiar expression

MMDK(ρ1, ρ2) =

(
1

M2

N∑
i,j=1

K(xi, xj) +
1

M ′2

M∑
i,j=1

K(x′i, x
′
j)−

2

MM ′

M∑
i=1

M ′∑
j=1

K(xi, x
′
j)

)1/2

,

which gives Eq (2.4) in our introductory formulation of KODE.

Analogously to the case of real-valued RKHSs, we say that a matrix/operator-valued kernel

QQQ : Ω × Ω → Rd×d is Mercer if it is separately continuous, symmetric and positive definite,

i.e., QQQ(x, x′) = QQQ(x′, x)T and for any set of points X = {x1, . . . , xM} ⊂ Ω and block-vector

Y = [y1, . . . , yM ] ∈ Rd×M 2 it holds that Y TQQQ(X,X)Y :=
∑M

i,j=1 y
T
i QQQ(xi, xj)yj ≥ 0 where we

introduced our compressed notation for the multiplication of block-vectors with a matrix. Ev-

ery Mercer kernel QQQ is in one-to-one correspondence with a (vector-valued) RKHS QQQ of func-

tions q : Ω → Rd equipped with the inner product ⟨·, ·⟩QQQ and norm ∥ · ∥QQQ satisfying the repro-

ducing property: ⟨q,QQQ(x, ·)⟩QQQ = q(x). For functions of the form q(x) =
∑M

j=1 c
T
j QQQ(xj , x) and

q′(x) =
∑M ′

j=1 c
′
j
TQQQ(x′j , x) with column coefficient vectors {cj}Mj=1, {c′j}M

′
j=1 ⊂ Rd. Further intro-

duce the block-vectors C = [c1, . . . , cM ] ∈ Rd×M and C ′ = [c′1, . . . , c
′
M ′ ] ∈ Rd×M ′

and point clouds

X = {x1, . . . , xM} ⊂ Ω and X ′ = {x′1, . . . , x′M ′} ⊂ Ω as before. We then have the identity

⟨q, q′⟩QQQ := CTQQQ(X,X ′)C ′ =
∑M

i=1

∑M ′

j=1 c
T
i QQQ(xi, x

′
j)c

′
j and subsequently ∥q∥2QQQ = CTQQQ(X,X)C.

Of particular importance to our exposition is the family of diagonal matrix-valued kernels of the

form VVV (x, x′) = V (x, x′)I with associated RKHS VVV where I ∈ Rd×d is the identity matrix and

2One can think of Y as a matrix, but it is more helpful in this context to consider it as a column vector
of size M whose entries are in Rd, i.e., a block-vector.
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V : Ω × Ω → R is a scalar-valued Mercer kernel with RKHS V. In this case, the RKHS VVV can

be identified as VVV = {v : Ω → Rd | vi ∈ V, i = 1, . . . , d} where we used vi to denote the i-th

component of v, i.e., v(x) = (v1(x), . . . , vd(x)). Furthermore, we have that ∥v∥2VVV =
∑d

i=1 ∥vi∥2V and

⟨v, v′⟩QQQ =
∑d

i=1⟨vi, v′i⟩V , ∀v, v′ ∈ VVV.

2.3.2 Error analysis

We dedicate this section to the proof of Main Theorem 1. We present a sequence of propositions

and lemmas that are of independent interest and from which the proof of Main Theorem 1 follows

as a corollary.

Let Ω ⊂ Rd be a bounded open set and define the space

L0(Ω;Rd) :=
{
f : Ω→ Rd

∣∣∣ ∥f∥L(Ω;Rd) < +∞ and f(x) = 0 ∀x ∈ Ωc
}
,

where ∥f∥L(Ω;Rd) := supx∈Ω |f(x)|+ supx,y∈Ω
|f(x)−f(y)|

|x−y| , that is, Rd valued functions on Ω that are

bounded and Lipschitz, and vanish outside of Ω. Here | · | denotes the Euclidean norm on Rd.

Further define V := L1([0, 1];L0(Ω;Rd)), the space of Bochner integrable vector fields on the (time)

interval [0, 1], taking values in L0(Ω;Rd), with the norm defined as ∥f∥V =
∫ 1
0 supx∈Ω |v(t, x)|dt +∫ 1

0 supx,y∈Ω
|v(t,x)−v(t,y)|

|x−y| dt. Let us now define Γ := [0, 1] × Ω and consider a matrix-valued Mercer

kernel QQQ : Γ× Γ→ Rd×d with RKHS QQQ. The following lemma follows directly from classic results

from ODE theory; see for example [234, Thms. C.3 and 8.7]:

Lemma 2.1. Suppose QQQ ⊆ V and consider an ODE of the form ϕt = v(t, ϕ), with ϕ(0, x) = x for

v ∈ QQQ. Then (i) for all x ∈ Ω there exists a unique solution ϕ(t, x) of the ODE on [0, 1] and (ii)

the flow map associated with the ODE is at all times continuous, invertible, differentiable and has

a continuous, differentiable inverse (i.e., a diffeomorphism of Ω).

Given a set of inducing points S := {s1, . . . , sM} ⊂ Γ and a scalar r > 0 define the sets

QQQS
r ⊂QQQr ⊂QQQ as

QQQr :=
{
v ∈ QQQ

∣∣∣ ∥v∥2QQQ ≤ r2} , QQQS
r :=

v =

M∑
j=1

cjQQQ(sj , ·)
∣∣∣∣ CTQQQ(S, S)C ≤ r2

 .

Let us now recall the setting of Problem Eq (2.6) by considering a Mercer kernel K : Ω×Ω→ R and

reference and target measures η, ν ∈ P(Ω) with their N -sample empirical approximations ηN , νN .
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We then define

vr :=


arg min

v∈V
MMDK(ϕ(1, ·)#η, ν),

s. t. ϕt = v(t, ϕ), ϕ(0, x) = x ∀x ∈ Ω, v ∈ QQQr,

(2.8a)

vSr :=


arg min

v∈V
MMDK(ϕ(1, ·)#η, ν),

s. t. ϕt = v(t, ϕ), ϕ(0, x) = x ∀x ∈ Ω, v ∈ QQQS
r ,

(2.8b)

vS,Nr :=


arg min

v∈V
MMDK(ϕ(1, ·)#ηN , νN ),

s. t. ϕt = v(t, ϕ), ϕ(0, x) = x ∀x ∈ Ω, v ∈ QQQS
r .

(2.8c)

noting that vS,Nr is precisely the velocity field that solves Eq (2.6). By Lemma 2.1 above, all of

these problems are feasible since the ODEs for ϕ are well-defined and have unique solutions for the

prescribed class of velocity fields.

Remark 2.2. We note that the problems in Eq (2.8) may have multiple minimizers due to the fact

that the loss functions are not convex even if we were to choose a minimum QQQ norm solution. For

this reason, we simply take vr, v
S
r , and v

S,N
r to be any minimizer of these problems in the event of

multiple minimizers moving forward.

We now wish to show that the problems in Eq (2.8) attain their minimizers under some mild

assumptions and so the velocity fields vr, v
S
r , v

S,N
r are well-defined. To this end, for a fixed v ∈ V

define the transport map

T (x; v) := ϕ(1, x), s. t. ϕt = v(t, ϕ), ϕ(0, x) = x.

We then have the following lemma as a consequence of classic perturbation results for ODEs with

respect to the velocity field v (see [142, Thm. 4.7]), stating that T (x; v) is continuous in both of its

arguments:

Lemma 2.3. Suppose v, v′ ∈ V and let Lv := sups,s′∈Γ
|v(s)−v(s′)|

|s−s′| . Then it holds that

|T (x; v)− T (x′; v′)| ≤ exp(Lv)|x− x′|+ (exp(Lv)− 1)

Lv
∥v − v′∥∞,

where we introduced the notation ∥v − v′∥∞ := sups∈Γ |v − v′|.
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We also recall the following stability result for MMD [14, Thm. 3.2]:

Lemma 2.4. Suppose K : Ω× Ω→ R is a stationary Mercer kernel such that

sup
x,x′∈Ω

∥K(x, ·)−K(x′, ·)∥K
|x− x′| ≤ LK (2.9)

with a constant LK > 0. For a measure η ∈ P(Ω) and exponent p ∈ [1,+∞] consider the space

L∞
η (Ω; Ω) := {T : Ω→ Ω | |∥T∥L∞

η (Ω;Ω) < +∞} 3 with norm ∥T∥L∞
η (Ω;Ω) := ess supx∈supp (η) |T (x)|.

Then it holds, for any pair of maps T, T ′ ∈ L∞
η (Ω; Ω), that

MMDK(T#η, T ′#η) ≤ LK∥T − T ′∥L∞
η (Ω;Ω).

With the above lemmas at hand, we can now prove the continuous dependence of the MMD

loss function in Eq (2.8) on the underlying velocity fields.

Proposition 2.5. Suppose v, v′ ∈ V and K is a Mercer kernel satisfying Eq (2.9) with a constant

LK > 0. Then for pairs of measures η, ν ∈ P(Ω) it holds that

|MMDK(T (·; v)#η, ν)−MMDK(T (·; v′)#η, ν)| ≤ LK(exp(Lv)− 1)

Lv
∥v − v′∥∞.

Proof. Since MMDK satisfies the triangle inequality and is symmetric, we have that

|MMDK(T (·; v)#η, ν)−MMDK(T (·; v′)#η, ν)| ≤ MMDK(T (·; v)#η, T (·; v′)#η).

Then applying Lemma 2.4 followed by Lemma 2.3 with x = x′ gives the result.

As a result of the above proposition, we can now establish that under some regularity assump-

tions, the problems in Eq (2.8) have feasible minimizers.

Proposition 2.6. Suppose K : Ω × Ω → R is a stationary Mercer kernel satisfying Eq (2.9), let

η, ν ∈ PK(Ω), and assume QQQ is compactly embedded in V, i.e., QQQ is a compact subset of V and there

exists a constant CQQQ > 0 so that ∥v∥V ≤ CQQQ∥v∥QQQ for all v ∈ QQQ. Then the minimization problems

in Eq (2.8) have feasible minimizers.

3This result can also be stated for maps in Lp
η(Ω; Ω), but L∞ is natural here since our maps are continuous.
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Proof. Since η, ν ∈ PK(Ω) then MMDK(η, ν) < +∞ but η = T (·; 0)#η, i.e., the velocity field

arising from the zero vector field. Since 0 is an element of both spaces QQQr and QQQS
r then all three

problems are feasible. The same argument also applies to ηN , νN , in fact, in this case it always

holds that ηN , νN ∈ PK(Ω). Then Proposition 2.5 and the assumption that QQQr (and similarly

QQQS
r ) are compact subsets of V give the existence of minimizers in Eq (2.8); see for example [186,

Thm. 1.9].

We now turn our attention to controlling the error of the transport map arising from the velocity

field vS,Nr , which is an object that we can compute in practice. This velocity field is random due to

its dependence on the empirical measures ηN , νN . Therefore, we aim to obtain a high-probability

bound on the quantity MMDK(T (·; vS,Nr )#η, ν). To achieve such a bound, we rely on [37, Thm. 1],

which gives a generalization bound for minimum MMD generative models. We state that result as

a lemma below for convenience:

Lemma 2.7. Let K : Ω × Ω → R be a bounded Mercer kernel and let µ ∈ PK(Ω). Consider a

generative model (a parametric probability measure) µθ ∈ PK(Ω) parameterized by θ ∈ Θ, taken to

be an arbitrary Banach space. Suppose it holds that

(i) For every µ ∈ PK(Ω), there exists C > 0 such that the set {θ ∈ Θ | MMDK(µθ, µ) ≤
infθ∈Θ MMDK(µθ, µ) + C} is bounded.

(ii) For every N > 0 and µ ∈ PK(Ω), there exists CN > 0 such that the set {θ ∈ Θ |
MMDK(µNθ , µ) ≤ infθ∈Θ MMDK(µθ, µ) + CN} is almost surely bounded, where µNθ is an

empirical approximation to µθ.

Define θN := arg minθ∈Θ MMDK(µθ, µ
N ). Then, with probability at least 1− δ we have

MMDK(µθN , µ) ≤ inf
θ∈Θ

MMDK(µθ, µ) + 2

√
2

N
sup
x∈Ω

K(x, x)

(
2 +

√
log

(
1

δ

))
.

Remark 2.8. Note that in the original article [37], this theorem is stated for Θ being a finite-

dimensional Euclidean space, however an inspection of the proof reveals that this assumption is not

needed and therefore, we state the result assuming Θ is a Banach space.

We apply Lemma 2.7 with µ ← ν, and µθ ← T (·; v)#η for v ∈ QQQS
r , i.e., our generative models

are parameterized by the velocity fields v and so Θ←QQQS
r .
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Proposition 2.9. Suppose K : Ω × Ω → R is a Mercer kernel that satisfies Lemma 2.4, η, ν ∈
PK(Ω), and QQQ is compactly embedded in V. Then with probability at least 1− δ, for δ > 0, it holds

that

MMDK(T (·; vS,Nr )#η, ν) ≤ MMDK(T (·; vSr )#η, ν) + 2

√
2

N
sup
x∈Ω

K(x, x)

(
2 +

√
log

(
1

δ

))
. (2.10)

Proof. Since Ω is assumed to be bounded then the Lipschitz assumption on κ implies that K is

bounded as well. Further, since QQQr is readily bounded, then conditions (i, ii) of Lemma 2.7 are

satisfied for our setup. Applying that lemma together with the fact that by Proposition 2.6 we

have infv∈QQQS
r

MMDK(T (·; v)#η, ν) = MMDK(T (·; vSr )#η, ν) gives the result.

We now turn our attention to the first term in Eq (2.10), which will reflect the approximation

power of the class QQQS
r . We will bound this term under stronger smoothness assumptions on the

space QQQ and, in particular, focus on the case of diagonal kernels.

Proposition 2.10. Suppose K : Ω × Ω → R is a Mercer kernel that satisfies Lemma 2.4 and

let η, ν ∈ PK(Ω). Furthermore, let V : Γ × Γ → R be another Mercer kernel such that V ∈
C2k(Γ × Γ) for some k ≥ 1 with V as its RKHS. Let QQQ(s, s′) = V (s, s′)I be the corresponding

diagonal, matrix-valued kernel defined from V and take QQQ to be its RKHS which is assumed to be

compactly embedded in V. Suppose S = {s1, . . . , sM} ⊂ Γ is a collection of distinct points with fill

distance hS := sups∈Γ infs′∈S ∥s− s′∥2. Then there exists h0 > 0 such that for hS ≤ h0 it holds that

MMDK(T (·; vSr )#η, ν) ≤ CLK(exp(CQQQr)− 1)hkS + MMDK(T (·; vr)#η, ν)

where CQQQ > 0 is the embedding constant of QQQ and C > 0 is independent of hS , r, vr.

Proof. Under the hypothesis of the theorem on K and κ we have that QQQ ⊂ V. Now consider the

velocity field

v̂Sr := arg min
v∈V

∥v∥QQQ s. t. v(sj) = vr(sj), j = 1, . . . ,M,

which is simply the interpolant of vr on S in QQQ. Note that v̂Sr ∈ QQQS
r since ∥v̂Sr ∥QQQ ≤ ∥vr∥QQQ. Then

using the optimality of vSr (recall Eq (2.8)) along with the triangle inequality for MMDK we obtain

MMDK(T (·; vSr )#η, ν) ≤ MMDK(T (·; v̂Sr )#η, T (·; vr)#η) + MMDK(T (·; vr)#η, ν). (2.11)
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Let us now focus on the first term on the right-hand side. Applying Lemma 2.4 and Lemma 2.3 in

that order yields

MMDK(T (·; v̂Sr )#η, T (·; vr)#η) ≤ Lκ
exp(Lvr)− 1

Lvr

∥v̂Sr − vr∥∞.

Since we assumed QQQ is compactly embedded in V then Lvr ≤ ∥vr∥V ≤ CQQQ∥vr∥QQQ ≤ CQQQr. Observing

that 1
t (exp(t)− 1) is monotone increasing for t > 0 we obtain the bound

MMDK(T (·; v̂Sr )#η, T (·; vr)#η) ≤ LK
exp(CQQQr)− 1

CQQQr
∥v̂Sr − vr∥∞. (2.12)

It remains for us to bound the approximation error ∥v̂Sr − vr∥∞. Recall that by definition

∥v̂Sr − vr∥∞ = sup
s∈Γ
|v̂Sr (s)− vr(s)| = sup

s∈Γ

 d∑
j=1

|(v̂Sr,j(s)− vr,j(s)|2
1/2

. (2.13)

On the other hand, since we assumed QQQ is a diagonal kernel then v̂Sr,j is precisely the V in-

terpolant of vr,j for j = 1, . . . , d. Then by [228, Thm. 11.13] we have that ∃h0 > 0 such that for

hS ≤ h0 we have

∥v̂Sr,j − vr,j∥∞ ≤ ChkS∥vr,j∥V ,

for a constant C > 0 that is independent of hS and vr,j . Substituting this bound in Eq (2.13) we

obtain the error bound

∥v̂Sr − vr∥∞ ≤ ChkS

 d∑
j=1

∥vr,j∥2V

1/2

= ChkS∥vr∥QQQ ≤ ChkSr

Finally, substituting this result in (2.12) and plugging that back into (2.11) yields the result.

Combining Propositions 2.9 and 2.10 we can finally state our main theoretical result, which

serves as the precise version of Main Theorem 1:

Corollary 2.11. Suppose Propositions 2.9 and 2.10 are satisfied and that there exists a vector field

v† ∈ V such that T (·; v†)#η = ν. Then with probability 1− δ, for δ ∈ (0, 1), it holds that

MMDK(T (·; vS,Nr )#η, ν) ≤ C
[

(exp(CQQQr)− 1)hℓS +
exp(Lv†)− 1

Lv†
inf
v∈QQQr

∥v − v†∥∞

+

√
1

N

(
2 +

√
log

(
1

δ

))]
,

(2.14)

where C > 0 is independent of S, r,N and v†.
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Proof. Applying Proposition 2.9 and Proposition 2.10 and combining the independent constants

into C > 0 yields the same bound as Eq (2.14) with the bias term infv∈QQQr ∥v − v†∥∞ replaced by

MMDK(T (·; vr)#η, ν). Let v†r = minv∈QQQr ∥v − v†∥∞ and observe that the optimality of vr implies

that

MMDK(T (·; vr)#η, ν) ≤ MMDK(T (·; v†r)#η, ν) = MMDK(T (·; v†r)#η, T (·; v†)#η).

Applying Lemma 2.4 and Lemma 2.3 further gives the sequence of bounds

MMDK(T (·; v†r)#η, T (·; v†)) ≤ LK∥T (·; v†r)− T (·; v†)∥L∞
η (Ω;Ω)

≤ LK
(exp(Lv†)− 1

Lv†
∥v†r − v†∥∞.

which yields the desired result.

2.3.3 Unconstrained minimization with a regularization term

So far, our theoretical analysis has been focused on the error analysis of problem Eq (2.8c) (which

also coincides with Eq (2.6)), however our numerical algorithms are based on the unconstrained

relaxation Eq (2.5), which we recall as

vS,Nλ :=


arg min

v∈V
MMDK(ϕ(1, ·)#ηN , νN ) + λ

d∑
ℓ=1

∥vℓ∥2V

s. t. ϕt = v(t, ϕ), ϕ(0, x) = x ∀x ∈ Ω,

v(s) = (v1(s), . . . , vd(s)) vℓ = cTℓ V (S, ·).

(2.15)

Note our abuse of notation here with vS,Nr denoting the solution to Eq (2.8c) while vS,Nλ denotes

its unconstrained relaxation in Eq (2.15). Since vS,Nλ is optimal we immediately obtain the bound

MMDK(T (·; vS,Nλ )#ηN , νN ) ≤ MMDK(T (·; vS,Nr #ηN , νN ) + λmax

{
0,

d∑
ℓ=1

∥vS,Nr,ℓ ∥2V − ∥v
S,N
λ,ℓ ∥2V

}
.

This suggests that the bound in Eq (2.14) can be extended to vS,Nλ up to a (possibly non-zero) bias

term concerning the choice of λ and r.

2.4 Numerical Implementation

In this section, we collect details around the numerical implementation of problem Eq (2.5) and

discuss our strategies in preparation for the benchmark examples in Section 2.5.
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2.4.1 Summary of the algorithm

Noting that Eq (2.5) can readily be implemented by discretizing the ODE, we focus our attention

here on the choice of kernels and tuning of hyper-parameters.

The choice of the kernel V We will work with kernels V (s, s′) that are of product form in

space and time, that is,

V (s, s′) ≡ V ((t, x), (t′, x′)) = W (t, t′)U(x, x′)

for Mercer kernels W : [0, 1] × [0, 1] → R and U : Ω × Ω → R with RKHS spaces W and U ,

respectively. Choosing W = H1([0, 1]) yields the particularly useful form

∥vℓ∥2V = λ1

∫ 1

0
∥vℓ(t, ·)∥2U dt+ λ2

∫ 1

0
∥v̇ℓ(t, ·)∥2U dt, ℓ = 1, . . . , d, (2.16)

where v̇ℓ denotes the time derivative of vℓ and λ1, λ2 > 0 are constants. We note that the second

term is non-standard in the context of diffeomorphic matching [234, Ch. 10] or OT [154] (see also

[220, pp. 159]). In our numerical experiments in Section 2.5 we will present ablation studies that

demonstrate the effect of the second term leading to smoother flow maps; see Figure 2.3. We will

also consider settings where W consists of constant functions (i.e., v̇ℓ is maximally penalized) in

which case the velocity field is constant in time, leading to an autonomous ODE in Eq (2.5). We

will refer to this setting as Autonomous KODE. For the choice of the kernel U we often use standard

choices such as the Gaussian/squared exponential kernel or the Laplace kernel

UGaussian(x, x′) = exp

(
−|x− x

′|2
2γ2U

)
ULaplace(x, x

′) = exp

(
−|x− x

′|
γU

)
(2.17)

where in both cases γ > 0 denotes a lengthscale parameter.

The choice of the inducing points S Since the kernel V is of product form, it is natural

for us to also choose S to be of a similar structure. To this end, we choose a set of spatial

inducing points X = {x1, . . . , xJ} ⊂ Ω using k-means on the combined samples from both reference

and target measures [242]. We write vℓ(t, x) = cj(t)
TU(X,x) for a set of coefficient vector fields

cj : [0, 1]→ RJ . This leads to a spatial discretization of Eq (2.16) in the following form:

∥vℓ∥2V ≈ λ1
∫ 1

0
cℓ(t)

TU(X,X)cℓ(t) dt+ λ2

∫ 1

0
ċℓ(t)

TU(X,X)ċℓ(t) dt, ℓ = 1, . . . , d.
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The coefficient functions cℓ(t) : [0, 1]→ RJ can be viewed as the trajectories of a a system of coupled

ODEs. We further discretize the above integrals using the mid-point rule with intervals of size ∆t

(chosen so that 1/∆t is an integer), to obtain the discrete RKHS penalty, which is implemented in

our code

∥vℓ∥2V ≈ ∆t

1/∆t∑
k=1

(
λ1c

T
ℓ,kU(X,X)cℓ,k + λ2ċ

T
ℓ,kU(X,X)ċℓ,k

)
, ℓ = 1, . . . , d.

The time derivatives ċℓ,j are further computed using standard finite-difference formulae such as

centered differences in the interior of the unit interval and one-sided formulae at the boundaries.

The aforementioned discretization of the RKHS penalty arises from choosing a set of space-time

inducing points S on a lattice obtained by tensorizing X with a uniform grid of points in time.

More precisely, let tk = k∆t for k = 0, . . . , 1/∆t. Then, defining sj,k = (xj , tk) we obtain the set of

inducing points S = {sj,k}j=J,k=1/∆t
j=1,k=1 that is consistent with our error analysis in Section 2.3.

The choice of the kernel K In all of our experiments, we take the MMD kernel K to belong

to the radial family, and in particular, we take K to be the Laplace kernel as in Eq (2.17). We note

that the choice of the Gaussian kernel or the well-known inverse quadratic kernel is also possible,

although we found that the differences were minimal. It is important to note that in our framework,

the choice of the kernels K and U are not related, and the parameters of these kernels can be tuned

independently of each other.

Tuning hyper-parameters Our model contains a number of hyper-parameters such as the

regularization parameters λ1 and λ2, the lengthscales γU and γK for the kernels U,K respectively,

and the step size ∆t. We utilized standard cross-validation techniques and the median heuristic for

choosing our kernel lengthscales [95]; details can be found in our repository 4. We selected λ1, λ2

through grid search within the range of [10−2, 10−10], optimizing for the best performance on the

validation set.

4https://github.com/TADSGroup/KernelODETransport

https://github.com/TADSGroup/KernelODETransport
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2.5 Experiments

Below, we collect the results of our numerical experiments on a collection of benchmark problems.

In all of our examples, we take the reference measure η to be a standard Gaussian distribution.

2.5.1 Overview of the experiments

First, we evaluated the performance of KODE for sampling two-dimensional measures that are stan-

dard benchmarks for generative modeling tasks [94]. In these seven examples, the target measures

ν are concentrated on complex shapes like a pinwheel or a checkerboard. Our data sets for these

experiments consist of 25,000 samples drawn from ν that are split into training, validation, and test

samples. We used 5000 training samples for all of our examples except for the checkerboard data

set, for which 10000 samples were used (the latter is the most challenging of the 2D benchmarks).

The 2D benchmark results are collected in Section 2.5.2.

Next, we applied KODE to higher-dimensional benchmark data sets: POWER, GAS, HEPMASS, and

MINIBOONE from the University of California Irvine (UCI) machine learning data repository and

the Berkeley Segmentation Dataset (BSDS300) from UC Berkeley Computer Vision group; all of

these are commonly used benchmarks in the normalizing flow literature [123, 164]. These data sets

range from 6 to 63 dimensions and have distributions with varying levels of complexity. All of these

data sets were implemented using their off-the-bench training and testing splits, and the results are

collected in Section 2.5.3

We also performed two experiments in addition to the standard benchmarks above. In Sec-

tion 2.5.3 we present an example of image generation for the MNIST data set by augmenting

KODE with neural net features that are lightly trained. In Section 2.5.4 we present use a small

modification of KODE to obtain a triangular map that is capable of likelihood-free inference and

use it to infer the parameters of a Lotka-Volterra ODE.

Comparison metrics We compared the performance of KODE with the OT-Flow algorithm

of [154], which is also a method based on the dynamic formulation of transport although it utilizes

neural nets to parameterize the velocity fields. To be fair, in comparison of the time and complexity

of the models, we trained OT-Flow using code from the original article on the same hardware that
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KODE was trained on.

In order to compare the quality of the produced samples for both methods, we used the MMD

metric alongside the Negative Log Likelihood (NLL). In the context of normalizing flows, NLL

measures how well a model represents the target distribution ν with density ρ0. Specifically, an

invertible mapping T is learned between the target distribution ν and a standard normal distribution

η with density ρ1, by minimizing the NLL of the target data. Using the change of variables formula,

the log-likelihood of a data point x is expressed as:

log ρ0(x) = log ρ1(T (x)) + log |det∇T (x)|. (2.18)

Once the mapping T is learned, new samples from ν can be generated by applying T−1 to samples

from η. For a more comprehensive review of normalizing flows, we refer the reader to [123].

In the experiments, we made sure the kernel for the MMD metric is different from the one used

in the training of KODE to be fair to OT-Flow. Indeed, following [154] we used the Gaussian kernel

with a unit lengthscale for this purpose while KODE was trained using the Laplace kernel. Finally,

in all of our experiments we report the normalized MMD values which denotes the MMD between

the generated samples and the test data set normalized by the MMD between reference samples

and the test data.

2.5.2 2D benchmarks

We start by comparing autonomous and non-autonomous KODE with OT-Flow on benchmark

examples in two dimensions. Table 2.1 compares these two versions of KODE with OT-Flow in

terms of the number of parameters, training wall-clock time, normalized MMD, and NLL of the

generated samples. Clearly, the autonomous KODE has the lowest number of parameters since

it does not require time discretization of the coefficient functions cℓ(t). We observed that KODE

performed on par with OT-Flow on all benchmarks. The case of the checkerboard measure is

particularly interesting since KODE appears to outperform OT-Flow in terms of normalized MMD

by a large margin despite having comparable negative log-likelihood. In all examples, we tried to

match the number of degrees of freedom in non-autonomous KODE and OT-Flow, but we observed

that the training wall-clock time for KODE was generally significantly shorter than OT-Flow. The

autonomous KODE algorithm is much faster to train as expected, although this efficiency comes
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at the cost of test performance except for the circles data set where autonomous KODE appears

to achieve the best normalized MMD performance despite being much simpler.

Figure 2.1 shows generated samples from non-autonomous KODE. The top row shows the target

measure ν, the middle row shows the KODE samples, and the bottom row shows the samples

generated by pulling the target samples to the Gaussian reference by running the KODE model

backward in time after training. In all examples, there is a good match between the target measure

and the pushforward measure and the pullback (i.e., reverse transport) recovers the Gaussian

reference measure with good quality.

We further tested the effect of the time derivative penalties in our regularization term Eq (2.16)

for the velocity fields. In Figure 2.3 we show the trajectories of a set of samples from the reference

to the target generated by KODE with and without penalizing the time derivatives, i.e., λ2 ̸= 0 or

λ2 = 0. We clearly observe that the sample trajectories are smoother in the latter case, implying

that the resulting velocity fields are smoother and can be simulated more efficiently using adaptive

ODE solvers.

λ
2
̸=

0
λ
2

=
0

Figure 2.3: KODE sample trajectories for 2D benchmarks with different choices

of λ2 in Eq (2.16): (Top row) using λ2 ̸= 0 so the time derivatives of the coefficients are

penalized; (Bottom row) using λ2 = 0.

2.5.3 Higher-dimensional benchmarks

Next, we compared KODE with OT-Flow on high-dimensional data sets. Table 2.2 shows our

detailed quantitative comparisons akin to the 2D benchmarks. We found that non-autonomous
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Table 2.1: Summary of numerical results on 2D benchmark examples: we report

the normalized MMD, negative log-likelihood (NLL), number of trainable model parameters,

and the total training time. We compare autonomous and non-autonomous KODE models

with the OT-Flow model.

Dataset Model # Parameters Training time (h) Normalized MMD NLL

Pinwheel

KODE (autonomous) 800 0.13 4.0e-3 2.98

KODE (non-autonomous) 1000 0.13 3.4e-3 2.45

OT-FLOW 1229 0.25 1.8e-3 2.34

2spirals

KODE (auto) 400 0.06 1.0e-2 4.04

KODE (non-auto) 1000 0.13 7.1e-3 2.91

OT-FLOW 1229 0.22 6.2e-3 2.67

moons

KODE (auto) 200 0.06 9.8e-3 2.61

KODE (non-auto) 900 0.12 4.1e-3 2.48

OT-FLOW 1229 0.26 5.7e-3 2.44

8gaussians

KODE (auto) 800 0.13 1.1e-3 3.00

KODE (non-auto) 900 0.18 9.5e-4 2.91

OT-FLOW 1229 0.25 4.0e-4 2.85

circles

KODE (auto) 800 0.08 3.4e-3 4.13

KODE (non-auto) 1000 0.14 4.5e-3 3.34

OT-FLOW 1229 0.23 7.2e-3 3.28

swissroll

KODE (auto) 800 0.08 5.3e-3 3.65

KODE (non-auto) 1000 0.14 4.6e-3 2.77

OT-FLOW 1229 0.25 3.0e-3 2.69

checkerboard

KODE (auto) 1000 0.13 1.7e-3 3.87

KODE (non-auto) 1200 0.27 7.2e-4 3.78

OT-FLOW 1229 1.65 1.7e-3 3.53

KODE achieves competitive performance in three out of five examples for the MMD metric. In

particular, for the POWER data set, KODE significantly outperformed OT-Flow with a comparable

training time while using a third of the parameters. For the GAS and BSDS300 data sets, KODE was

on par with OT-FLOW albeit using fewer parameters and faster training time in some cases. For
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Table 2.2: Summary of numerical results on high-dimensional benchmark exam-

ples: we report the normalized MMD, negative log-likelihood (NLL), number of trainable

model parameters, and the total training time. We compare autonomous, non-autonomous

and bi-directional non-autonomous KODE models with the OT-Flow model.

Dataset Model # Parameters Training time (h) Normalized MMD NLL

POWER (d=6)

KODE (auto) 6K 0.24 4.8e-3 6.5

KODE (non-auto) 12K 0.74 9.5e-4 4.41

KODE (bi-directional) 12K 1.70 1.7e-03 2.89

OT-FLOW 18K 0.55 2.0e-3 -0.10

GAS (d=8)

KODE (auto) 8K 0.16 6.1e-3 4.61

KODE (non-auto) 64K 1.33 2.3e-3 1.89

KODE (bi-directional) 32K 1.40 1.7e-3 -1.91

OT-FLOW 127K 2.36 3.2e-3 -9.27

HEPMASS (d=21)

KODE (auto) 105K 1.39 5.1e-1 29.59

KODE (non-auto) 126K 1.40 7.0e-1 29.72

KODE (bi-directional) 126K 1.40 4.0e-1 27.77

OT-FLOW 72K 3.45 2.6e-2 17.48

MINIBOONE (d=43)

KODE (auto) 65K 0.15 3.7e-1 49.50

KODE (non-auto) 86K 0.29 2.9e-1 64.78

KODE (bi-directional) 86K 0.47 3.3e-1 48.13

OT-FLOW 78K 0.46 3.6e-2 10.65

BSDS300 (d=63)

KODE (auto) 63K 2.89 2.7e-2 92.47

KODE (non-auto) 252K 3.37 1.8e-2 123.73

KODE (bi-directional) 504K 8.30 4.0e-2 77.90

OT-FLOW 297K 4.09 1.0e-2 -154.12

HEPMASS and MINIBOONE KODE was not competitive, which is interesting since these data sets are

lower-dimensional than BSDS300, suggesting that the latter data set may be high dimensional but

somewhat simpler. We also found that in all of these examples the non-autonomous KODE model

outperformed autonomous KODE which is not surprising given that the former has more flexibility,

but this observation implies that time-varying velocity fields do lead to better performance. In the

case of the BSDS300 data set it is interesting to note that autonomous KODE also achieved good
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performance, which further implies that this data set is not very complex. However, for NLL metric

OT-Flow significantly outperforms KODE in all benchmarks. This is likely due to the fact that the

pullback of KODE is not gaussian, which we discuss below.

Figure 2.4 shows visualizations of the marginal distributions for the GAS data set. The top

row shows 2D marginals from the target measure ν, while the second row shows corresponding

marginals for the KODE samples. Visually, these marginals are very close except that the KODE

marginals are slightly blurred, indicating that the finer features of the data set are not captured.

The third row of Figure 2.4 shows the result of backward transport of test samples towards the

Gaussian reference. Compared to the 2D benchmarks here we see that the normalizing flow is

not as close to Gaussian as before. We found that this issue can be mitigated by adding an extra

loss term during training which not only minimizers the MMD between the generate samples and

the target, but also minimizes the MMD between the reference samples and the pull-back of the

target samples. We refer to KODE models trained in this fashion as “bi-directional” KODE. The

additional penalty term leads to significantly better samples in the backward transport setting as

indicated in the fourth row of Figure 2.4. We also notice a significant improvement in the NLL

metric across all datasets as seen in Table 2.2.

Finally, Figure 2.5 visualizes 2D marginals of the HEPMASS data set which was one of the

examples where KODE was not competitive with OT-Flow. Here we see that while the marginals

are not a perfect match, KODE appears to capture the significant structural features of the target

measure ν. The weaker performance of KODE appears to be tied to the batch size used during

training. Specifically with a batch size of 1000, the average MMD between two random batches

from the same distribution is 4.01×10−1. As the batch size increases, the MMD gradually decreases

towards zero, as expected. During training, we achieve an MMD on the order of 10−1, which

suggests we have reached the limit of how well MMD can distinguish between two batches of the

same distribution given the chosen sample size. Unfortunately, increasing the batch size further to

reduce MMD is not feasible due to memory constraints. However, more efficient implementations

of MMD, such as those leveraging random features [176], could allow us to use larger batch sizes

and potentially improve model performance.

Across experiments, we also found that under-regularization in the RKHS norm (small λ1)
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yields good results but results in non-smooth trajectories. Over-regularization (large λ1) hampers

particle movement, leading to poor performance. In 2D experiments, regularization values below

10−4 produced satisfactory results, while for higher-dimensional examples, satisfactory performance

is achieved with regularization below 10−7.
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Figure 2.4: Transport experiments on GAS benchmark using non-autonomous

KODE. (First row) Marginal distributions of the data measure ν. (Second row) Marginal

distributions of the learned pushforward measure. (Third row) Marginal distributions of

the pullback measure obtained from the backward flow of KODE. (Fourth row) Marginal

distributions of the pullback measure obtained from the backward flow of KODE trained to

transport η and ν between each other simultaneously.

Generative modeling for MNIST

Here we used KODE to generate images akin to the MNIST data set. Since applying KODE directly

in the pixel space leads to non-satisfactory results we paired our algorithm with an intermediate

autoencoder to reduce dimension of the data set. Consider an encoder E : R784 → Rd and a decoder

D : Rd → R784 for MNIST such that D(E(x)) ≈ x. If ν denotes the original target measure in
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ν
K

O
D

E

Figure 2.5: Transport experiments on HEPMASS benchmark using non-autonomous

KODE. (First row) 2D marginals of the true data set; (Second row) 2D marginals of samples

generated by KODE.

the pixel space, we aim to learn a map T using KODE such that T#η is close to E#ν. Once the

model is trained, we can generate a new image by drawing z ∼ η, and evaluating D ◦T (z). To train

the autoencoder we used a feedforward neural network with a dense layer for both the encoder and

the decoder using ReLU activation while the output layers used a sigmoid activation function. We

trained the autoencoder separately from KODE and made sure not to train to completion or to

use a variational autoencoder model to ensure that KODE still had to generate samples from an

interesting distribution 5. Figure 2.6 shows the digits generated for d = 10. The generated samples

generally resemble handwritten digits, though we do see some malformed or implausible samples.

In comparison to KODE, OT-Flow produces more visually satisfactory digits. We note that in this

example simply passing η through the decoder D results in images that are mostly noise and so

the trained KODE model is crucial to the generator.

2.5.4 Triangular transport for conditioning

For our final set of experiments we demonstrate how KODE can be easily modified to perform

likelihood-free and purely data-driven inference using the theory of triangular transport maps de-

veloped in [13]. First, we briefly describe the mathematical framework of triangular maps and how

5Variational autoencoders train E in such a way that E#ν is close to a Gaussian. In this case training
KODE (or any other generative model) to transform η to E#ν is moot since an affine map would be
sufficient.
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Figure 2.6: Generated MNIST digits using KODE coupled with an autoencoder.

KODE needs to be modified and then we present an example concerning parameter estimation in

a 2D benchmarks and a Lotka-Volterra ODE model with four unknown parameters.

Letting Y = Rm and U = Rd consider a target measure ν ∈ P(Y×U). Our goal here is to obtain

a generative model to sample from the conditional measure ν(· | y) for y ∈ Y. Letting νY denote

the Y-marginal of ν we consider the reference measure η = νY ⊗ ηU ∈ P(Y ×U) with ηU ∈ P(U) an

arbitrary measure. Finally we consider triangular transport maps of the form

T (y, u) = (y, TU (y, u)), TY : Y → Y, TU : Y × U → U .

Then for such triangular maps we have, by [13, Thm. 2.4], that if T#η = ν then TU (y, ·)#ηU =

ν(· | y). This result is the underlying principle for our modification of KODE in order to perform

conditional simulation; see also the recent work [225]. More precisely, we wish to define the map

T as the flow of an ODE but in such a way that the resulting transport map T (y, u) = ϕ(1, (y, u))

is of the triangular form. This can be easily achieved by simply putting the Y-coordinates of the

velocity field v in our formula to zero. To this end, we obtain the following formulation which

should be compared with Eq (2.8c):

arg min
v∈V

MMDK(ϕ(1, ·)#ηN , νN ) + λ
d+m∑

ℓ=m+1

∥vℓ∥2V

s. t. ϕt = v(t, ϕ), ϕ(0, x) = x ∀x ∈ Ω,

v(s) = (v1(s), . . . , vd+m(s))

vℓ = 0, for ℓ = 1, . . . ,m

vℓ = cTℓ V (S, ·), for ℓ = m+ 1, . . . , d+m

(2.19)



36

To this end, the modification of KODE for conditional simulation is nearly trivial. We note that

in the setting where target samples {(yj , uj)}Nj=1 ∼ ν are given we can easily generate reference

samples by forming the pairs {(yj , ũj)}Nj=1 ∼ η where the yj ’s are copied from the target samples

while the ũj ∼ ηU are generated from the arbitrary reference on U . This approach was employed

in order to produce the results in Figure 2.2 by modifying the code that was used for Figure 2.1.

Parameter Inference for a Lotka-Volterra ODE

We will now use KODE for likelihood -free inference of the parameters of a Lotka-Volterra ODE,

which describes the population dynamics of two interacting species using a pair of first-order non-

linear ODEs; this example was used in [13] as a benchmark for a triangular GAN model for condi-

tioning. The ODE has the form

dp1
dt

= αp1(t)− βp1(t)p2(t)
dp2
dt

= −γp2(t) + δp1(t)p2(t)

with initial condition p(0) = (30, 1). Here P1, P2 denote the populations of a prey and a predator

respectively. The rate of change of two populations is driven by four parameters u = (α, β, γ, δ) ∈
R4. Our goal here is to infer the values of these parameters from noisy observations of the state of

the ODE.

We consider the ground truth value of the parameters u† = (0.92, 0.05, 1.50, 0.02) and simulate

the ODE up to time T = 20. The state of the ODE is then observed at time intervals of size

∆t = 2, i.e., y†k,i = pi(k∆t)+ξk,i for i = 1, 2 and k = 1, . . . , 9 and with log-normal observation noise

log ξk,i ∼ N(0, γ2) for γ = 0.01.

To infer the parameter u we employ Bayes’ rule with a standard normal prior on u. We will use

ηU to denote this prior since it will also be used as our reference. To generate samples from ν we

proceed as follows: First draw uj ∼ ηU and then numerically solve the ODE with uj and simulate

the data yj for j = 1, . . . , N . This procedure generates samples from ν, the joint distribution of

u, y under our prior for u and the model for the data y. Then Bayes’ rule states that ν(· | y†) is

precisely the posterior distribution of u given y†.

We show 100,000 posterior parameter samples from KODE i.e. TU (y†, wi) for wi ∼ N (0, I4)

alongside samples from an adaptive Metropolis MCMC sampler, which we take as “ground truth”,

in Section 2.5.4. We generally observe similar one and two dimensional marginal distributions across



37

both methods. The true parameter u∗ that generated the data (denoted in black) is contained in

the bulk of the posterior distributions. While KODE broadly aligns with the MCMC results, it does

exhibit some deviations in capturing the posterior variance. For instance, it slightly underestimates

the variance in the δ − β marginals while overestimating it in the δ − α marginals.

α β γ δ

α

β

γ

δ

α β γ δ

α

β

γ

δ

Figure 2.7: Samples from the posterior measure of the parameters in the Lotka-

Volterra model. (Left) the triangular KODE model; (Right) the adaptive Metropolis

MCMC algorithm.

2.6 Closing remarks

We introduced KODE, an approach for transport of measures with a view towards generative

modeling, that was based on the theory of RKHSs and inspired by the literature on diffeomorphic

matching. We presented a theoretical analysis of our model under idealized assumptions leading

to quantitative error bounds in terms of the number of samples in the training data (i.e., sample

complexity) as well as the complexity/degrees of freedom of our model (i.e., approximation error).

To our knowlege, our theory is one few results of this kind that clearly shows the interaction between

approximation error of the model and sample complexity.
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We further developed algorithms based on the KODE framework that are simple and convenient

to implement and mathematically interpretable. We demonstrated the effectiveness of the method

on a number of benchmark transport problems in low- to high-dimensional settings and showed

that KODE performs well on these benchmarks, outperforming neural net methods of a similar size

in some of the benchmarks. There were also instances where KODE was not competitive.

Our results open the door to various avenues of research in both theory and algorithms. From

a theory standpoint, it would be interesting to close the gap between our theoretical framework

and the implemented version of KODE: (1) it is interesting to further characterize the relationship

between our constrained formulation of KODE Eq (2.8c) and its unconstrained version Eq (2.15)

which is implemented; (2) it is interesting to extend our error bounds to account for the error of

numerical ODE solver that is used in the model; (3) finally, it is interesting to consider KODE

with discrepancies besides MMD and try to obtain error bounds in that case. From an algorithmic

standpoint, it is interesting to investigate how the performance of KODE can be improved: (1) our

current implementation is very sensitive to the choice of the inducing points which may also scale

badly with dimension. We rely on k-means clustering to select representative inducing points that

summarize the empirical data support. However, k-means struggles with the curse of dimensionality,

making it difficult to effectively capture the structure of high-dimensional data. Therefore it is

interesting to investigate other strategies such as random features; (2) our formulation is also

sensitive to the choice of the kernel in the MMD term and so a strategy for choosing that kernel

to maximally differentiate the target and generated samples is of interest; (3) while we currently

employ stochastic gradient descent for the training of KODE it is interesting to design Newton-type

algorithms that can leverage the quadratic structure of our RKHS penalty terms to achieve faster

convergence and potentially avoid undesirable local minima despite the non-convex setting [139].
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Chapter 3

AN ERROR ANALYSIS FRAMEWORK FOR MINIMUM
DIVERGENCE TRANSPORT MODELS WITH APPLICATION

TO GENERATIVE MODELS

3.1 Prelude to the chapter

Understanding the theoretical underpinnings of generative models is essential for advancing their

development and ensuring reliable performance across diverse applications. Although the empir-

ical successes of these models in fields such as language modeling, image synthesis, and scientific

computing are well documented, their theoretical foundations, particularly the interplay between

model complexity, sample size, and generalization, remain less understood. This chapter aims to

address this gap by developing a quantitative framework for analyzing the generalization properties

of minimum divergence transport (MDT) models.

Building on the theoretical results from earlier chapters, we derive rigorous error bounds that

decompose the generalization error into approximation and stochastic components. These bounds

depend on the choice of the hypothesis class S for the transport map and the divergence D used to

quantify discrepancies between measures. Through this analysis, we identify key factors influencing

the trade-offs between approximation bias, which reflects how well the model class can represent

the target, and stochastic variance, which accounts for the noise introduced by finite samples.

This chapter is structured as follows. In Section 2.3, we introduce the general framework for

analyzing generalization error in MDT models, detailing the theoretical foundations and presenting

master theorems that apply across a wide range of divergences and hypothesis classes. Section 3.4

extends these results to specific discrepancies, including IPMs, Wasserstein distances, and FUSE

discrepancies, and demonstrates their implications for parametric and nonparametric models. Fi-

nally, in Section 4.3.4, we validate these theoretical findings through a comprehensive suite of

numerical experiments, highlighting the behavior of RKHS-based models, neural networks, and

polynomial transport maps in different error regimes.
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The contents of this chapter are in preparation for submission.

3.2 Introduction

Generative modeling is a fundamental unsupervised learning task in machine learning (ML) with

wide applications in language models, computer vision, scientific computing, and inference. A

fundamental theoretical question at the heart of generative models is the characterization of their

generalization properties, simply put, can we quantify how good a generative model is in terms of

the complexity of the model class at hand, e.g., size of a neural network architecture, and the size

of the training data, i.e., sample complexity?

In recent years, a lot of attention has been dedicated to answering the above questions in the

context of specific models for density estimation such as adversarial training losses [131, 213, 212,

106, 200] or optimal transport [227, 199]. In this article, we build upon these previous works and

provide a series of theoretical results, supported by numerical experiments, that provide quantitative

error bounds for the class of minimum divergence transport (MDT) models [165, 19, 14].

Broad families of generative models, most notably, generative adversarial networks (GANs)

[91, 129] and normalizing flows [181] belong to the MDT class. More precisely, these are models

trained by solving the optimization problems of the form

ν̂N := T̂N#η, T̂N := arg min
T∈S

D(T#η, νN ), (3.1)

where η ∈ P(Ω) is a reference Borel probability measure 1 on a domain Ω ⊆ Rd and ν ∈ P(Ω)

2 is a target probability measure with νN denoting its empirical approximation obtained from N

independent and identically distributed (i.i.d.) samples; thus νN constitutes our training data in

the context of generative models. S is a hypothesis/model class for generative models. For any

fixed transport map T : Ω → Ω, we write T#η to denote the pushforward of η, i.e., the law of

T (z) for z ∼ η. Finally, D : P(Ω)× Ω→ R≥0 denotes a statistical discrepancy or divergence, that

measures the dissimilarity between two probability measures.

1In most applications one simply chooses standard normal random variables.

2Here we take η, ν as measures on the same set Ω for simplicity. Our results can easily generalize to the
case where these measures are defined on different sets or spaces of different distributions as is often done
in many generative models.
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3.2.1 Main Contributions

Our main theoretical result states that under relatively mild assumptions on D, one can obtain

a quantitative generalization bound for T̂N in terms of the approximation bias of S, and the

divergence between νN and the true distribution ν. We distill this result in the form of the following

theorem that follows from our analysis in Section 2.3.

Theorem 3.1. Consider Ω ⊆ Rd and Borel probability measures η, ν ∈ P(Ω). Let D : P(Ω) ×
P(Ω)→ R≥0 be a statistical discrepancy satisfying:

(i) (Near triangle property) There exist discrepancies D′ and D′′ such that D(µ1, µ2) ≤ D′′(µ1, µ3)+

D′′(µ3, µ2) and D′(µ1, µ2) ≤ D(µ1, µ3) +D(µ3, µ2) for all triples µ1, µ2, µ3 ∈ P(Ω).

(ii) (Map stability) There exists a constant Cη ≥ 0 (possibly depending on η) such that D′′(T#η, T ′#η) ≤
Cη∥T − T ′∥L2

η(Ω;Ω) for any pair of maps T, T ′ ∈ L2
η(Ω; Ω) 3.

Then for any ground truth map T † ∈ L2
η(Ω; Ω) satisfying T †#η = ν, and empirical estimator

T̂N given by Eq (3.1) with a model class S ⊆ L2
η(Ω; Ω), it holds that

D′(ν, ν̂N ) ≤ C
(

inf
T∈S
∥T − T †∥L2

η(Ω;Ω) +D′′τ(γ)(ν, νN ) +D′′(νN , ν)

)
, (3.2)

where C > 0 is a constant.

We note that the error bound above is with regards to the weaker metric D′ instead of the

original metric D which we minimize over. However, for discrepancies which satisfy the weak

triangle inequality, D′, D′′ and D are equivalent. The first term in the bound above characterizes the

approximation error of the model class S for the ground truth map T †. We emphasize that in general

T † is not unique but our bound holds for any choice of this ground truth map and so, surprisingly,

the MDT map T̂N automatically inherits the optimal approximation rate corresponding to the

most regular choice of T †. The remaining terms in the bound are entirely independent of the

generative model and depend only on the measure ν and the choice of D. In practical settings

and for particular algorithms, the terms in our bound can be made quantitative using off-the-shelf

3Here L2
η(Ω; Ω) denotes the Lebesgue space of equivalence classes of functions on Ω that are square

integrable with respect to η.
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results from approximation theory [216] for the first term, and existing sample complexity rates for

various divergences such as those in [131, 74]. In Section 3.4 we give numerous applications of the

above theorem for minimum maximum mean discrepancy (MMD) transport maps in reproducing

kernel Hilbert spaces (RKHSs), GAN losses with neural net maps, and Wasserstein distances with

polynomial maps. Finally, we note that the bound Eq (3.2) can be extended to the case where T̂N

is obtained by solving Equation (3.1) with η replaced with an empirical approximation as well.

Thus, our main contributions can be summarized as follows:

• We introduce a master theorem for obtaining generalization bounds for MDT generative

models under appropriate assumptions as summarized in Section 3.3

• We apply our results to various instances of MDT models in Section 3.4.

• We present synthetic numerical experiments for some of the aforementioned MDT models

that test the sharpness of our rates and go beyond our theoretical analysis in Section 3.5.

3.2.2 Relevant literature

The closest work to our analysis is the seminal paper [131] where minimax optimal generalization

bounds were obtained for minimum divergence generative models with D taken to be an integral

probability metric (IPM). Indeed, one of the key results Theorem 3.3, is a generalization of the

oracle bound [131, Lem. 23] from IPMs to more general discrepancies. The more recent works

[106, 213, 212] give refined minimax bounds under further assumptions on the target measure ν

such as low-dimensional support, invariance under certain group actions, and smoothness of the

densities. An important distinction in our work is that we focus on transport models, since most

generative models fall in this category, and state our bounds in terms of the approximation error

of the ground truth map T † while the assumptions in the aforementioned works often concern the

density of the target measure ν. While the regularity of T † and the density of ν are related (see

for example [124]) the approximation properties of the two objects may be very different; see our

discussion in SM.
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3.3 Theoretical Results

Here we collect our main theoretical results leading up to and extending Theorem 3.1.

3.3.1 Set up

Consider Ω ⊆ Rd and Borel probability measures η, ν ∈ P(Ω). Let T be a Banach space of

measurable transport maps from Ω to itself and let S ⊂ T be the model class (may be parametric

or not) as in Equation (3.1) that is closed in T . Let the statistical discrepancy D be a map

D : P(Ω)× P(Ω)→ R≥0 such that D(µ, µ) = 0.

3.3.2 A generic bound for a family of discrepancies

We give several abstract theoretical results for the family of discrepancies that satisfy the following

property.

Definition 3.2 (Near-Triangle Property). Let Γ be an index set. Consider a family of discrepancies

DΓ = {Dγ | γ ∈ Γ} defined for elements of P(Ω). We say that the family DΓ satisfies a near-triangle

property if there exists a map τ : Γ → Γ such that for all γ ∈ Γ and any triple µ1, µ2, µ3 ∈ P(Ω),

we have

Dγ(µ1, µ2) ≤ Cγ

(
Dτ(γ)(µ1, µ3) +Dτ(γ)(µ3, µ2)

)
(3.3)

with Cγ ≥ 0 independent of µi.

Our main motivation for considering the families DΓ is the so-called class of FUSE discrepancies

which we will define in the parlance of [27]: Let DI := {Di|i ∈ I} be a family of discrepancies

over P(Ω), parameterized by i ∈ I, each satisfying the weak triangle inequality, i.e., Di(µ1, µ2) ≤
Ci(Di(µ1, µ3) + Di(µ3, µ2)) where Ci ≥ 0. Then, for some distribution ϱ ∈ P(I) and parameter

γ ≥ 0, the FUSE discrepancy over the DI is defined as

FUSEγ(µ, µ′) :=
1

γ
log
(
Ei∼ϱ exp(γDi(µ, µ

′))
)
. (3.4)

This definition creates a soft maximum over the family of discrepancies DI , controlled by the

parameter γ. As γ →∞, FUSEγ approaches ess supi∈suppϱDi(µ, µ
′) where supp ϱ ⊆ I denotes the

support of ϱ, while for finite γ, it provides a smooth approximation. Conversely, when γ → 0 it
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approximates the expectation Ei∼ϱDi(µ, µ
′). As we will show in Section 3.4.3, the family FUSEΓ :=

{FUSEγ}γ≥0 has the near-triangle property defined above. The FUSE discrepancy generalizes the

so-called MMD-FUSE loss from [27], where Di were taken to be MMD defined from a parametric

family of kernels; see Section 3.4.1 for details. The generalized FUSE loss is significant as it allows

us to combine discrepancies that may or may not be related. Furthermore, we emphasize that we

can always replace DΓ with a single discrepancy D which allows us to generalize our main error

bounds to simple minimum divergence estimators of transport maps.

With the above notions at hand, we can now state and prove our main theoretical results,

a master theorem that decomposes the generalization error of minimum divergence estimators in

terms of an approximation bias and an stochastic error due to training data set.

Theorem 3.3. Let DΓ be a family of discrepancies with the near-triangle property as in Defini-

tion 3.2. For any Dγ ∈ DΓ, suppose

T̂N = arg min
T∈S

Dγ(T#η, νN ), T̂ = arg min
T∈S

Dγ(T#η, ν).

Then, for any γ′ ∈ τ−1(γ) (the pre-image of the singleton {γ}) it holds that

Dγ′(T̂N#η, ν) ≤ C
(
Dτ(γ)(T̂#η, ν) +Dτ(γ)(ν, ν

N ) +Dτ(γ)(ν
N , ν)

)
(3.5)

where C > 0 depends on Cγ and Cγ′.

Proof. Using the near-triangle property, the optimality of T̂N and the near-property property, and

the near-triangle property once more, we can write

Dγ′(T̂N#η, ν) ≤ Cγ′

(
Dγ(T̂N#η, νN ) +Dγ(νN , ν)

)
≤ Cγ′

(
Dγ(T̂#η, νN ) + Cγ

[
Dτ(γ)(ν

N , νN ) +Dτ(γ)(ν
N , ν)

])
≤ Cγ′

(
Cγ

[
Dτ(γ)(T̂#η, ν) +Dτ(γ)(ν, ν

N ) +Dτ(γ)(ν
N , ν)

])

The bound Eq (3.5) separates the approximation bias of S in the first term from the empirical

error due to random samples in the training data in the remaining terms; generalizing the oracle

inequality proved for IPMs in [131, Lem. 23]. While the second and third terms are often controlled

using empirical process theory/concentration bounds [131, 200, 213], the first term can be controlled

using techniques from approximation theory [216, 14] under further assumptions.
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Definition 3.4. We say that the triple (T , D, η) are Lipschitz stable if

D(T#η, T ′#η) ≤ Cη∥T − T ′∥T , ∀T, T ′ ∈ T

where Cη ≥ 0 is a constant that is independent of T and T ′4. Moreover, we say that the triple are

locally Lipschitz stable if the bound holds for a constant Cη(S) ≥ 0 for all T, T ′ ∈ S ⊂ T .

Note that one may also extend this definition to a α-Hölder-stabilty assumption by asking for

D(T#η, T ′#η) ≤ Cη∥T − T ′∥αT for some exponent α ≥ 0 but we will not pursue this here as the

Lipschitz case is sufficient for our applications. Indeed we will show in Section 3.4 that Lipschitz

stability can be easily verified in many common settings such as minumum MMD, Wasserstein, or

GAN models.

Naturally if (T , Dτ(γ), η) are Lipschitz stable and assuming that there exists a map T † ∈ T
satisfying T †#η = ν, we immediately obtain the bound Dτ(γ)(T#η, ν) = Dτ(γ)(T#η, T †#η) ≤
Cη∥T − T †∥T . Using this calculation we can obtain an extension of Theorem 3.1 which we state

below for the globally Lipschitz case, noting that it trivially holds also for to the locally Lipschitz

case:

Theorem 3.5. Suppose Dγ belongs to DΓ that satisfies the near-triangle property and (T , Dτ(γ), η)

are Lipschitz stable. Let T † ∈ T be any map satisfying T †#η = ν and let T̂ † := arg minT∈S ∥T −
T †∥T be its best approximation in S. 5 Then, for any γ′ ∈ τ−1(γ), we have the bound

Dγ′(T̂N#η, ν) ≤ C
(
∥T̂ † − T †∥T +Dτ(γ)(ν, ν

N ) +Dτ(γ)(ν
N , ν)

)
(3.6)

for a constant C > 0 that depends only on Cγ , Cγ′ and Cη.

Remark 3.6. While we state our results with Ω being a finite-dimensional Euclidean space, this

assumption is not needed. We can generalize these results assuming Ω is a Banach space.

When D is a metric, our result generalizes by taking DΓ to be the singleton {D}. Several metrics

like Wasserstein distance, MMD, and certain GAN losses fall within this category. In addition, it

4While this constant may depend on the entire triple (T ,D, η), we highlight only its dependence on η
since in many practical applications η is the main object of interest that also influences the choice of the
norm on T .

5Note that the arg min is well-defined due to the assumption that S is closed in T .
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follows that D(ν, νN ) = D(νN , ν) from the symmetry property. This leads to the following bound

for metrics which we summarize for convenience:

Corollary 3.7. Suppose D is a metric and (T , D, η) are Lipschitz stable. Let T † ∈ T be any map

satisfying T †#η = ν and let T̂ † := arg minT∈S ∥T − T †∥T be its best approximation in S. Then, it

holds that

D(T̂N#η, ν) ≤ C
(
∥T̂ † − T †∥T +D(ν, νN )

)
, (3.7)

for a constant C > 0 that depends only on Cη.

3.4 Example Applications

We give a collection of results, first focusing on single divergences of certain types, namely IPMs

and OT. Then, we generalize these to various FUSE models based on these classes. Throughout

this section, we assume that T † ∈ T exists and T̂ † is defined as in Theorem 3.5.

3.4.1 IPMs

For our first application, we consider the case where D is an IPM. This setting for generative models

has been studied extensively in the literature; see for example [131, 200, 37] and Section 3.2.2. Given

a set F of real valued functions on Ω, we define the IPM

DF (µ, µ′) := sup
f∈F

(
Ex∼µf(x)− Ex′∼µ′f(x′)

)
The IPM class is attractive since it includes many common probability metrics including: Total

variation distance when F is the space of bounded and measurable functions; Wasserstein-1 distance

when F is the space of 1-Lipschitz functions; and MMD when F is the unit ball of an RKHS; and

finally GANs when F is a parametric family of neural nets.

For a function ϕ : Ω × Ω → R≥0, we write Lipϕ :=
{
f : Ω→ R | |f(x)−f(x′)|

|x−x′| ≤ ϕ(x, y)
}

. We

further write Lipϕ,B ⊂ Lipϕ to denote the subset of ϕ-Lipschitz functions that are point-wise

bounded by a constant B > 0, i.e., supx∈Ω |f(x)| ≤ B. Moreover, given the empirical measure νN ,

we write R̂(F ; νN ) to denote the empirical Rademacher complexity of F over the empirical samples

defining νN . Explicitly, for a set of i.i.d. samples {yi}Ni=1, the empirical Rademacher complexity is
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defined as

R̂(F ; {yi}Ni=1) := Eσ sup
f∈F

∣∣∣∣∣ 1

N

N∑
i=1

σif(yi)

∣∣∣∣∣ ,
where σi are Rademacher random variables with P(σi = +1) = P(σi = −1) = 1

2 . Finally let us

write PF (Ω) := {µ ∈ P(Ω) | Ex∼µf(x) < +∞, ∀f ∈ F}. We can readily verify that IPMs are

symmetric and satisfy the triangle inequality for measures in PF (Ω). It remains for us to verify

that IPMs are lipschtiz stable:

Lemma 3.8. Let DF be an IPM with F ⊆ Lipϕ. Suppose T ⊆ Lp
η(Ω; Ω) for some p ∈ [1,+∞], and

ν ∈ PF (Ω). Assume further that ϕ ◦ (T (·), T ′(·)) ∈ Lq
η(Ω; Ω) for all T, T ′ ∈ T and q = p

1−p . Then,

it holds that

DF (T#η, T ′#η) ≤ ∥ϕ(T (·), T ′(·))∥Lq
η(Ω;Ω)∥T − T ′∥Lp

η(Ω;Ω) (3.8)

Proof. Using the Lipschitz property, we have

DF (T#η, T ′#η) = sup
f∈F

∫
Ω
f(T (x))− f(T ′(x))dη(x)

≤ sup
f∈F

∫
Ω

∣∣f(T (x))− f(T ′(x))
∣∣ dη(x)

≤
∫
Ω
ϕ(T (x), T ′(x))|T (x)− T ′(x)|dη(x)

The desired result follows from Hölder’s inequality.

Strengthening our assumptions on the class F will further allow us to obtain a quantitative

error bound for minimum IPM estimators as follows:

Proposition 3.9. Let F ⊆ Lipϕ,B, and both T and ϕ satisfy the conditions in Lemma 3.8. Let T̂N

be the solution to Eq (3.1) with D ← DF . Then with probability 1− δ > 0 it holds that

DF (T̂N#η, ν) ≤ ∥ϕ(T̂ †(·), T †(·))∥Lq
η(Ω;Ω)∥T̂ † − T †∥Lp

η(Ω;Ω) + 2R̂(F ; νN )

+

√
18B2

N
log

(
2

δ

)
Proof. First, we verify that (T , DF , η) is locally Lipschitz stable around T † using Lemma 3.8.

Moreover, DF satisfies the triangle inequality and symmetry. Using Theorem 3.5, we can decompose
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the generalization error into approximation error and the stochastic error. Finally, we control the

latter in terms of the empirical Rademacher complexity of F using the master bounds in [205, Thm

11].

MMD

As a first application of Proposition 3.9 we consider the case where F is the unit ball in an RKHS

in which case DF is called the MMD; see [24, 157] for a review of RKHS theory. More precisely,

let K : Ω× Ω→ R be a Mercer kernel and write HK to denote its RKHS with norm ∥ · ∥K . Write

PK(Ω) := {µ ∈ P(Ω) | Ex∼µK(x, x) < +∞}. We then define the MMD based on the kernel K as

MMDK(µ, µ′) := DF (µ, µ′) for all µ, µ′ ∈ PK(Ω) with F = {f ∈ HK | ∥f∥K ≤ 1}; see [147] for a

review of MMD. We can then apply Proposition 3.9 to this setting, along with known bounds on

the Rademacher complexity of RKHS balls [205, Corollary 12(ii)] to obtain the following corollary.

Corollary 3.10. Let K : Ω×Ω→ R be a Mercer kernel satisfying ∥K(x, ·)−K(x′, ·)∥K ≤ L|x−x′|
for a constant L > 0, suppose T ⊆ Lp

η(Ω; Ω) for p ∈ [1,+∞], and ν ∈ PK(Ω). Let T̂N be the

solution to Eq (3.1) with D ← MMDK . Then with probability 1− δ > 0 it holds that

MMDK(T̂N#η, ν) ≤ L∥T̂ † − T †∥Lp
η(Ω;Ω) +

√
1

N
sup
x∈Ω

K(x, x)

(
4 +

√
18 log

(
2

δ

))
.

GANs

Next we consider the case where F is a parametric neural net class in which case Equation (3.1)

resembles the training of a GAN. This formulation of GANs is widely studied in the literature; see

for example [131, 106] as well as our literature review in Section 3.2.2.

Consider feed-forward neural nets of the form

f(x) = ψ ◦ (Alσ ◦Al−1σ ◦ . . . A2σ ◦A1x) ,

where Aℓ ∈ Rdℓ×dℓ−1 are weight matrices with d0 = d (the dimension of Ω), σ are the inner activation

functions, and ψ is the output activation function. We write FNN(l,M,B) to denote the space of

such neural nets with l layers and such that the weight matrices satisfy ∥Aℓ∥F ≤ M , σ and ψ are

both 1-Lipschitz and ψ is also bounded, i.e., supy∈Rdl |ψ(y)| ≤ B. A simple example of such a
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network is when σ is a ReLU activation while ψ is a sigmoid. We then define DGAN to be the IPM

defined via FNN(l,M,B).

Since the activation functions are 1-Lipschitz, we infer that the elements of FNN(l,M,B) are

uniformly M l-Lipschitz. The boundedness of ψ also implies that the neural nets are also bounded.

This allows us to apply Proposition 3.9 together with a bound on the Rademacher complexity of

neural nets in [87] to obtain the following error bound for GANs.

Corollary 3.11. Suppose Ω is bounded, T ⊆ Lp
η(Ω; Ω) for p ∈ [1,+∞], and T̂N is the solution to

Eq (3.1) with D ← DGAN defined over the neural net discriminator class FNN(l,M,B). Then with

probability 1− δ > 0 it holds that

DGAN(T̂N#η, ν) ≤M l∥T̂ † − T †∥Lp
η(Ω;Ω)

+

(
2diam(Ω)(

√
2 log(2)l + 1)M l +

√
18B2 log

(
2

δ

))√
1

N
.

3.4.2 Optimal transport distances

Let us now consider the case of OT distances, in particular, the standard Wasserstein-p metrics

defined as

Wp(µ, µ
′) :=

(
inf

π∈Π(µ,µ′)
E(x,x′)∼π|x− x′|p

)1/p

,

with Π(µ, µ′) ∈ P(Ω × Ω) denoting the set of couplings between µ, µ′, i.e., probability measures

on Ω × Ω whose first marginals match µ and the second marginals match µ′; see our review in

Section 3.2.2. This metric is finite for measures in the set Pp(Ω) := {µ ∈ P(Ω) | Ex∼µ|x|p < +∞}
and taken to be infinite otherwise.

A straightforward calculation (refer to [14, Thm. 3.1]) yields that the triples (Lq
η(Ω; Ω),Wp, η)

are Lipschitz stable for any η ∈ Pp(Ω) and q ≥ p, indeed, we have the bound

Wp(T#η, T ′#η) ≤ ∥T − T ′∥Lq
η(Ω;Ω).

Combining this bound with Equation (3.5) and known bounds on Wp(ν, ν
N ) such as those in [74]

allows us to obtain our first error bound for minimum Wp transport models.
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Proposition 3.12. Suppose η, ν ∈ Pp(Ω) for p ≥ 1 and T ⊆ Lq
η(Ω; Ω) for q ≥ p. Let T̂N be the

solution to Eq (3.1) with D ←Wp. Then with probability 1− δ > 0 it holds that

Wp(T̂
N#η, ν) ≤ ∥T̂ † − T †∥Lq

η(Ω;Ω) +
C

δ
·


N−1/2p d < 2p,

N−1/2p log(1 +N)1/p d = 2p,

N−1/d d > 2p,

where C(p, d, ν) > 0 is a constant and we recall d is the dimension of the domain Ω.

The bound in the above theorem is theoretically interesting but it is not practical since solving

Equation (3.1) with Wasserstein distances is not feasible. Instead one may consider various relax-

ations of these distances that lead to more convenient formulations. As an example of such a case

we now consider the sliced variation.

Sliced wasserstein distances

First introduced in [175, 33], the Sliced Wasserstein distance between two measures is defined as

the mean Wasserstein distance between their one-dimensional projections. Let Sd−1 = {θ ∈ Rd :

∥θ∥ = 1} and take πθ : Ω→ R to be the projection πθ(x) = x⊺θ for all θ ∈ Sd−1. Let ϱ denote any

probability measure that is absolutely continuous with respect to the Haussdorf measure on Sd−1.

Following [33, 34], the p-th order Sliced Wasserstein distance between two measures µ, µ′ ∈ Pp(Ω)

is defined as

SWp(µ, µ
′) =

(∫
Sd−1

W p
p (πθ#µ, πθ#µ

′)dϱ(θ)

)1/p

Observe that the Sliced Wasserstein distance inherits the triangle inequality and symmetry prop-

erties of the standard Wasserstein distance. We can readily verify that the triples (Lq
η(Ω; Ω), SWp, η)

are Lipschitz stable for any η ∈ Pp(Ω) and q ≥ p. From a straightforward calculation (see [14,

Thm. 3.1]), we get the bound W p
p (πθ ◦ T#µ, πθ ◦ T#µ′) ≤ ∥θ∥p∥T − T ′∥Lq

η(Ω;Ω) = ∥T − T ′∥Lq
η(Ω;Ω).

This immediately tells us that

SWp(T#η, T ′#η) ≤ ∥T − T ′∥Lq
η(Ω;Ω).

Then, the application of Theorem 3.5 and known empirical rates for SWp(ν, ν
N ) from [136,

Prop. 4] allows us to obtain an error bound for minimum SWp transport models.
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Proposition 3.13. Suppose η, ν ∈ Pp(Ω) for p ≥ 1 and T ⊆ Lq
η(Ω; Ω) for q ≥ p. Let fθ denote the

density of πθ#ν and Fθ denote its corresponding cummulative distribution function (CDF). Assume

that the functional SJp(ν) := Eθ∼ϱ

∫ 1
0

( √
t(1−t)

fθ(F
−1
θ (t))

)p

dt < s for some s > 0. Let T̂N be the solution

to Eq (3.1) with D ← SWp. Then with probability 1− δ > 0 it holds that

SWp(T̂
N#η, ν) ≤ ∥T̂ † − T †∥Lq

η(Ω;Ω) +
C

δ
√
N

where C(s, p) > 0 is a constant.

3.4.3 FUSE discrepancies

Now, we turn our attention to the FUSE discrepancy introduced in Equation (3.4). We will verify

that the properties of the underlying family of discrepanices are inherited by FUSEγ .

First, we show that FUSEγ satisfies the near-triangle property, provided that its constituent

discrepancies individually satisfy the weak triangle inequality.

Lemma 3.14. Consider the FUSEγ discrepancy defined as Equation (3.4) with a measure ϱ ∈ P(I)

using a family {Di | i ∈ I}, where each Di satisfies the weak triangle inequality with constant

Ci ≥ 0. Then, for any triple µ, µ′µ′′ ∈ P(Ω) and choice of γ > 0, it holds that

FUSEγ(µ, µ′) ≤ C
(
FUSEτ(γ)(µ

′, µ′′) + FUSEτ(γ)(µ
′′, µ′)

)
.

where C = ess supi∈supp ϱCi and τ(γ) = 2Cγ.

Proof. Using the weak triangle inequality for each Di and the fact that log-sum-exp is non-

decreasing and convex, we have that

FUSEγ(µ, µ′) =
1

γ
log(Ei∼ϱ exp[γDi(µ, µ

′)])

≤ 1

γ
log(Ei∼ϱ exp[γCi(Di(µ, µ

′′) +Di(µ
′′, µ′)])

≤ 1

2γ
log(Ei∼ϱ exp[2Cγ(Di(µ, µ

′′)]) +
1

2γ
log(Ei∼ϱ exp[2Cγ(Di(µ

′′, µ′)])

= C(FUSE2Cγ(µ, µ′) + FUSE2Cγ(µ′′, µ′)
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Next, a straightforward application of Hölder’s inequality yields an upper bound on FUSEγ

based on its constituent discrepancies.

Lemma 3.15. Consider FUSEγ discrepancy defined as Eq (3.4) based on a family {Di | i ∈ I}
and with a measure ϱ ∈ P(I). Then it holds that

FUSEγ(µ, µ′) ≤ ess sup
i∈supp ϱ

Di(µ, µ
′),

Proof. Using Hölder’s inequality and monotonicity of logarithm we can write

FUSEγ(µ, µ′) ≤ 1

γ
log(ess sup

i∈supp ϱ
exp(γDi(µ, µ

′))) = ess sup
i∈supp ϱ

Di(µ, µ
′)

The above lemmas imply that FUSEγ inherits the desirable properties of its underlying family

such as near-triangle property, lipschitz stability, and sample complexities. An application of The-

orem 3.5 leads to the following error bound for minimum FUSE transport models. The proof of

the following result follows from straightforward applications of the Lemmas Lemmas 3.14 and 3.15

along with the master theorem Theorem 3.5.

Proposition 3.16. Consider the FUSEγ discrepancy defined using a family {Di | i ∈ I} with a

measure ϱ ∈ P(I) that satisfies the conditions of Lemma 3.14. Suppose T ⊆ Lp
η(Ω; Ω) for some

p ∈ [1,+∞]. Assume that the tuples (T , Di, η) are lipschitz stable with constants Ci
η > 0 for all

i ∈ supp ϱ. Let T̂N be the solution to Eq (3.1) with D ← FUSEγ. Then it holds that

FUSEγ′(T̂N#η, ν) ≤ C
[
∥T̂ † − T †∥Lp

η(Ω;Ω) + ess sup
i∈supp ϱ

(
Di(ν, ν

N ) +Di(ν
N , ν)

)]

where γ′ = γ
ess supi∈supp ϱ 2Ci

and C depends on ess supi∈supp ϱCi and ess supi∈supp ϱC
i
η.

MMD-FUSE

The classic example of FUSEγ type discrepancy is the extension of the MMD that was introduced in

[27] for two-sample testing. Consider a family of kernels {Ki | i ∈ I} over the index set I and write
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MMDi to denote the MMD arising defined via Ki. Then for distribution ϱ ∈ P(I) and parameter

γ > 0, we define the MMD-FUSEγ discrepancy between two measures µ, µ′ ∈ ∩i∈IPKi(Ω) as

MMD-FUSEγ(µ, µ′) =
1

γ
log
(
Ei∼ϱ exp(γMMD2

i (µ, µ
′))
)
, (3.9)

and infinite otherwise.

Since MMD satisfies the triangle inequality, we can readily verify that squared MMD satisfies

the weak triangle inequality with a constant C = 2. Moreover, it is symmetric. With additional

Lipschitz assumption on the kernels, we can use Proposition 3.16 to get the following error bound

for minimum MMD-FUSE transport models.

Proposition 3.17. Let {Ki | i ∈ I} be a family of Mercer kernels satisfying ∥Ki(x, ·)−Ki(x
′, ·)∥K ≤

Li|x− x′| for Li > 0 and such that ess supi∈supp ϱ supx∈ΩKi(x, x) <∞ and ess supi∈supp ϱ Li <∞.

Let T̂N be the solution to Eq (3.1) with D ← MMD-FUSEγ. Then, with probability 1 − δ > 0 it

holds that

MMD-FUSE γ
4
(T̂#η, ν) ≤ C

[
∥T̂ † − T †∥Lp

η(Ω;Ω) +
16

N

(
ess sup
i∈supp ϱ

sup
x∈Ω

Ki(x, x)

)

+ 8

√
18 log

(
2

δ

)
+ 18 log

(
2

δ

)]
where C depends on ess supi∈supp ϱ Li.

Remark 3.18. We note that satisfying the assumptions of the above theorem on the kernels Ki is

often straightforward in practice. For example, a common choice of the kernel family is a stationary

kernel with the index i controlling the lengthscale in which case we can simply normalize the kernels

to ensure supxKi(x, x) = 1 for the entire family. Moreover, as long as the lengthscales are bounded

away from zero the Li will also be uniformly bounded. For example, we can take KI to be a collection

of Radial Basis Function (RBF) kernels whose lengthscales σi are indexed by I.

KI = {Ki|i ∈ I}, Ki(x, x
′) = exp

(−∥x− x′∥2
2σ2i

)

Sliced Wasserstein-FUSE

We can naturally define a FUSEγ analogue for the Sliced Wasserstein distance over different pro-

jections πθ. For p ≥ 1, distribution ϱ ∈ P(Sd−1) and parameter γ > 0, we define the p-th order
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Sliced Wasserstein FUSE discrepancy between two measures µ, µ′ ∈ Pp(Ω) as

SWp-FUSEγ(µ, µ′) =

(
1

γ
log
(
Eθ∼ϱ exp(γW p

p (πθ#µ, πθ#µ
′))
))1/p

, (3.10)

Note that we recover the standard Sliced Wasserstein distance when γ → 0. On the other

hand, the γ →∞ limit corresponds to the Max Wasserstein Distance that has attracted significant

interest in both optimal transport and generative modeling literature [150, 61, 168].

We can readily verify that the W p
p satisfies the weak triangle inequality with the constant

C = 2p−1. This follows from the fact that |x+ y|p ≤ 2p−1(|f |p + |g|p) due to the convexity of | · |1/p

for p ≥ 1. From Section 3.4.2, we know that (πθ ◦Lq
η(Ω; Ω),W p

p , η) is Lipschitz stable with constant

C = 1 for any η ∈ Pp(Ω) and q ≥ p. Moreover, it is also symmetric. For one dimensional measures,

[31] derive the empirical convergence rates for W p
p provided that the p-th moment of the measure

is bounded. Then, a straightforward application of Proposition 3.16 and empirical convergence

rates for W p
p (πθ#ν, πθ#ν

N ) using [31, Thm 5.3] gives us the following error bound for minimum

SWp-FUSE estimators.

Proposition 3.19. Suppose η, ν ∈ Pp(Ω) for p ≥ 1 and T ⊆ Lq
η(Ω; Ω) for q ≥ p. Let fθ de-

note the density of πθ#ν and Fθ denote its corresponding CDF. Define the functional Jp,θ(ν) :=∫ 1
0

( √
t(1−t)

fθ(F
−1
θ (t))

)p

dt. Assume that ess supθ∈supp ϱ Jp,θ(ν) < s for some s > 0. Let T̂N be the solution

to Eq (3.1) with D ← SWp-FUSEγ. Then with probability 1− δ > 0 it holds that

SWp-FUSEγ/2p ≤ C
[
∥T̂ † − T †∥Lq

η(Ω;Ω) +
C

δ
· (N + 2)−p/2

]
where the constant C(p, s) > 0

3.4.4 Controlling approximation errors

So far in our analysis, we haven’t made any assumptions on the true map T † except that it belongs

to T , which we take to be Lp
η(Ω; Ω). In order to get provable rate of convergence for the term

∥T̂ † − T †∥T which appears in all of the bounds, we will make additional regularity assumptions on

T † such as various levels of Sobolev or Hölder smoothness, that will allow us to achieve quantitative

rates for this term.
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In particular, we will assume that T † ∈ Ht
η(Ω; Ω). Consider the multi-index j = (j1, j2, . . . , jd)

and define the mixed derivative ∂|j|1f(x) := ∂|j|1f

∂
j1
x1

...∂
jd
xd

(x). Then, we define the Sobolev spaceHt
η(Ω; Ω)

to be the space of functions f : Ω→ Ω with mixed derivatives of degree ≤ k in L2
η(Ω; Ω) equipped

with the norm ∥f∥Ht
η(Ω;Ω) =

(∑
∥j∥1≤t ∥∂|j|1f∥2L2

η(Ω;Ω)

)1/2
. That is, Ht

η(Ω; Ω) = {f ∈ L2
η(Ω; Ω) |

∥f∥Ht(Ω;Ω) < +∞}. Now, we will show error bounds for specific choice of transport maps.

Polynomials

Let our parametric model class S be the space of polynomials of degree α. Suppose m = (m1, . . . ,md)

be a multi-index with non-negative integers mi. Let pm := Πd
i=1pmi(xi) be a multi-dimensional

polynomial of degree m where each co-ordinate of pmi : R → R is the corresponding univariate

polynomial of degree mi for each 1 ≤ i ≤ d. We then take

S := {T ∈ L2
η(Ω; Ω) | Ti(x) =

∑
|m|1≤α

cimpm(x), i = 1, . . . d}. (3.11)

If the domain is rectangular, we take pmi(x) to be the Legendre polynomial of degree mi. For

any x ∈ [−1, 1], a legendre polynonial of degree α is defined as

pα(x) =
1

2αα!

dα

dxα
(
(x2 − 1)n

)
.

When the domain is unbounded, we take pmi(x) to be the Hermite polynomial of degree mi defined

as

pα(x) = (−1)α exp(x2)
dα

dxα
exp(−x2).

We recall the following classic error bounds for projections of Sobolev functions onto the span

of Hermite and Legendre polynomials from [48, Thm 2.3] and [41, Thm 2.1] respectively.

Proposition 3.20. Let T = L2
η(Ω; Ω) and T † ∈ Ht

η(Ω; Ω) ⊆ T . Recall our notation that T̂ † is the

best L2(Ω)-approximation of T † in the class S.

1. (Unbounded domain) Let Ω = Rd and η is Gaussian. Take S to be the span of Hermite

polynomials of degree α. Then, with constant C(Ω) > 0, it holds that

∥T̂ † − T †∥L2
η(Ω;Ω) ≤ Cα−t/2∥T †∥Ht

η(Ω;Ω)
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2. (Bounded domain) Let Ω = [−1, 1]d and η is the uniform measure. Take S to be the span

of Legendre polynomials of degree α. Then, with constant C(Ω) > 0, it holds that

∥T̂ † − T †∥L2
η(Ω;Ω) ≤ Cα−(t+ 1

2
)∥T †∥Ht

η(Ω;Ω)

Combining this with Theorem 3.5, we can derive the error bounds for polynomial transport maps

minimizing specific discrepancies. As an example, we show an error bound for Hermite polynomial

transport maps minimizing the W2 distance using Proposition 3.12 and Proposition 3.20(1).

Proposition 3.21. Suppose Ω = Rd, η, ν ∈ P2(Ω) and η be the Gaussian measure. Let T ⊆
L2
η(Ω; Ω) and assume there exists T † ∈ Ht

η(Ω; Ω) such that T †#η = ν. Let S be the set of transport

maps with Hermite polynomial basis. Let T̂N be the solution to Eq (3.1) over S with D ← W2.

Then with probability 1− δ > 0 it holds that

W2(T̂
N#η, ν) ≤ C

α−t/2∥T †∥Ht
η(Ω;Ω) +

1

δ
·


N−1/4 d < 4,

N−1/4 log(1 +N)1/2 d = 4,

N−1/d d > 4,


where C(d,Ω, ν) > 0 is a constant.

Remark For specific conditions on ν, we have results on the smoothness properties of the W2

optimal map T †. If ν has unbounded support and is strongly log-concave, then T † lies in the

weighted Sobolev space H2
η (Ω; Ω) [14, Sec 4.2.2]. If the density of ν is Ct(Ω) and ν has convex and

compact support, then T † lies in Ht+1
η (Ω; Ω) [14, Sec 4.2.1].

RKHS

Now, we consider our parametric model class to be a subset of an RKHS (HK , ∥ · ∥K) with the

reproducing kernel K. Let X = {x1, . . . , XM} ⊂ Ω be a collection of distinct points with fill distance

hX := supx∈Ω ∥x−x′∥2. Then, we take our model class S to be the span of kernels centered on the

points in X.

The following result is a straightforward extension of classic Sobolev sampling inequalities, see

for example [228, Corollary 11.33].
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Proposition 3.22. Let Ω be a bounded open set with Lipschitz boundary and let η be the uniform

measure on Ω. Suppose (HK , ∥ · ∥K) is an RKHS that is continuously embedded in Ht(Ω) with

t > d/2 and T † ∈ HK . Let X = {x1, . . . , XM} ⊂ Ω be a set of distinct points as above with fill

distance hX := supx∈Ω ∥x − x′∥2 and take S = span(K(x, xi), xi ∈ X). Finally, let T̂ † be the best

L2(Ω)-approximation of T † in S. Then, there exists h0 > 0 such that for hX ≤ h0 it holds that

∥T̂ † − T †∥L2
η(Ω;Ω) ≤ ChtX∥T †∥K

where C(Ω) > 0.

Combining this with Theorem 3.5, we can derive the error bounds for RKHS transport maps

minimizing specific discrepancies. As an example application, we derive an error bound for RKHS

transport maps minimizing MMD using Corollary 3.10 and Proposition 3.22.

Corollary 3.23. Let Ω be a bounded open set with Lipschitz boundary and η be the uniform measure

on Ω. Let K : Ω × Ω → R be a Mercer kernel satisfying ∥K(x, ·) − K(x′, ·)∥K ≤ L|x − x′| for
a constant L > 0, T = L2

η(Ω; Ω) and ν ∈ PK(Ω). Let V : Ω × Ω → Rd be a vector-valued

Mercer Kernel with the corresponding RKHS (HV , ∥.∥V ) that is continuously embedded in Ht(Ω)

for t > d/2. Assume T † ∈ HV . Take S to be the span of kernel V centered on a set of distinct points

X as defined above. Let T̂N be the solution to Eq (3.1) with D ← MMDK . Then with probability

1− δ > 0 it holds that

MMDK(T̂N#η, ν) ≤ ChtX∥T †∥K +

√
1

N
sup
x∈Ω

K(x, x)

(
4 +

√
18 log

(
2

δ

))
.

where C(L,Ω) > 0.

3.5 Numerical experiments

In this section, we empirically investigate the generalization bounds derived in Theorem 3.5 for

several parametric models classes S and discrepancies D. The focus is to validate the error decom-

position into approximation and stochastic variance terms, assessing whether the observed rates

align with the theoretical predictions. We examine two key regimes: (1) the stochastic error-

dominated regime where the error scales as a function of the number of samples N , and (2) the

approximation error-dominated regime, where the error depends on the properties of function class

S.
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3.5.1 Minimum MMD RKHS transport maps

We first validate the bound in Corollary 3.23 for transport maps in an RKHS. Specifically, we

consider the case where Ω ⊆ R2 and the kernel K is the RBF kernel. For transport maps, we

use vector-valued Matérn kernels V with smoothness parameters ρ = 0.5, 1.5, and 2.5. From [218,

Cor. A.6], the RKHS induced by a Matérn kernel is equivalent to the Sobolev space Hρ+d/2 for

ρ + d/2 > d/2, and we prescribe T † ∈ HV . We take η to be Gaussian and generate N samples.

Then, we generate samples from T †#η.

The generalization error bound in Corollary 3.23 predicts:

MMDK(T̂N#η, ν) ≤ Chρ+1
X ∥T †∥K +

√
1

N
sup
x∈Ω

K(x, x)

(
4 +

√
18 log

(
2

δ

))
,

Here, hX which represents the fill distance of the set X scales as O(M−1/d) with M = |X|
denoting the number of kernel centers and d is the dimension [182].

First, we analyze the regime when M ≫ 1 (ensuring hX ≪ 1) and the stochastic term dominates

the generalization error. In this regime, we expect the error to scale as O(1/
√
N), independent of

the kernel smoothness. The experimental results, shown in Figure 3.1 (left), confirm this behavior,

with the variance decreasing empirically rate of O(N−0.41). Moreover, we see this regime only when

M is sufficiently large.

When N ≫ 1, the generalization error is governed by the approximation term O(hρ+1
X ), which

depends on the kernel smoothness ρ and the fill distance hX . Interestingly, we observe faster-

than-expected decay rates in Figure 3.1 (right). This suggests that the theoretical bound may be

loose or that the method is approximating another map that is smoother but maintains comparable

generalization error as the true T †.
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Figure 3.1: Error analysis for RKHS transport maps that minimize MMD (Left) Stochastic

variance error. (Right) Approximation error.
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Chapter 4

STRUCTURED RANDOM RECEPTIVE FIELDS ENABLE
INFORMATIVE SENSORY ENCODINGS

4.1 Prelude to the article

In the quest to understand how learning systems extract meaningful information from vast amounts

of data, both neuroscience and artificial intelligence communities have converged on the importance

of representations. The ability to focus on critical aspects of the environment while ignoring irrele-

vant details is a hallmark of intelligent behavior. In biological systems, sensory neurons transform

raw stimuli into actionable information by detecting specific features and patterns. For instance,

early visual cortical neurons are sensitive to orientations, spatial frequencies, and luminance, en-

abling organisms to interpret complex visual environments [107]. Similarly, in artificial systems,

effective representation learning is crucial for building models that generalize well and perform

efficiently [22].

This chapter explores the interplay between biological sensory representations and artificial

learning algorithms, emphasizing how insights from both fields can inform and enhance each other.

Neuroscience provides detailed models of how sensory systems extract and process information,

which can inspire new computational frameworks in machine learning. Conversely, machine learning

offers theoretical tools and models that help analyze neuronal learning systems, shedding light on

the underlying computational principles of the brain.

Traditional models of sensory processing, such as the linear-nonlinear (LN) model [49], concep-

tualize neurons as linear filters followed by a nonlinear activation function. While these models

have been successful in capturing certain aspects of neuronal responses, they often fall short in ex-

plaining the full complexity observed in naturalistic settings [43]. Moreover, they may not account

for higher-order effects such as context-dependent modulation and feedback mechanisms [71].

In parallel, the machine learning community has made significant strides in representation
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learning through the development of deep neuronal networks and kernel methods. Neural net-

works, especially deep learning models, automatically learn hierarchical representations of data by

optimizing large number of parameters through backpropagation [22]. Kernel methods, on the other

hand, implicitly map inputs into high-dimensional feature space where linear separation becomes

feasible [197]. Both approaches have their advantages but also limitations, such as interpretability

challenges in deep networks and the necessity of choosing the right high-dimensional space via the

choice of the kernel.

A promising avenue lies in the cross-pollination between neuroscience and machine learning,

where insights from biological systems inspire new computational models, and artificial systems

provide frameworks and theories for testing and explaining hypotheses about brain function [101].

For example, convolutional neural networks (CNNs) have architecture reminiscent of the hierarchi-

cal processing in the visual cortex and have been used to model neural responses in both the ventral

visual stream [232] and auditory cortex [119]. At the same time, principles from neuroscience have

inspired architectural innovations in artificial networks, leading to improvements in robustness and

efficiency [57].

In this work, we contribute to the interdisciplinary dialogue by developing a framework that

incorporates sensory representations into random feature networks (RFNs). Specifically, we model

the receptive fields of sensory neurons as random samples from Gaussian Processes (GPs) with

structured covariance functions. This approach captures the variability and structure observed in

biological receptive fields while maintaining mathematical tractability and interpretability.

Our theoretical analysis in Section 4.3 reveals that networks with such structured random

weights perform a randomized transformation and filtering of inputs, effectively projecting them

into a basis that emphasizes relevant features while suppressing noise. This insight aligns with the

concept of inductive bias in machine learning, where prior knowledge about the structure of data

is used to guide learning algorithms towards better generalization [22].

Empirically, we demonstrate in Section 4.3.3 and Section 4.3.4 that this framework benefits

both fields. For neuroscience, it provides a generative model that matches experimental data from

mechanosensory neurons in the gyroscopic organs of insects [77] and simple cells in the mammalian

primary visual cortex (V1) [116]. The generated receptive fields, their second-order statistics, and
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their principal components closely resemble those observed in biological systems. For machine

learning, incorporating these biologically inspired receptive fields into RFNs leads to more efficient

learning on synthetic tasks, requiring fewer neurons and training examples, and achieving faster

convergence.

Our work underscores the mutual benefits of integrating biological principles into artificial learn-

ing systems and using machine learning theory to analyze neuronal systems. By bridging the gap

between neuroscience and machine learning, we enhance our understanding of sensory representa-

tion and offer practical advantages of building more efficient and robust artificial networks. This

interdisciplinary approach opens avenues for future research, such as exploring other sensory modal-

ities, incorporating temporal dynamics and feedback mechanisms, and extending the framework to

deeper network architectures.

The contents of this chapter appear in the article [160] that was published in the journal PLOS

Computational Biology (PLOS CB).

4.2 Introduction

It has long been argued that the brain uses a large population of neurons to represent the world [237,

79, 194, 208]. In this view, sensory stimuli are encoded by the responses of the population, which

are then used by downstream areas for diverse tasks, including learning, decision-making, and

movement control. These sensory areas have different neurons responding to differing stimuli while

also providing a measure of redundancy. However, we still lack a clear understanding of what

response properties are well-suited for different sensory modalities.

One way to approach sensory encoding is by understanding how a neuron would respond to

arbitrary stimuli. Experimentally, we typically present many stimuli to the animal, measure the

responses of sensory neurons, then attempt to estimate some kind of model for how the neurons

respond to an arbitrary stimulus. A common assumption is that the neuron computes a linear

filter of the stimulus, which then drives spiking through a nonlinear spike-generating mechanism.

Mathematically, this assumption can be summarized as the number of measured spikes for a stimulus

x being equal to σ(wTx) for a weight vector w and nonlinearity σ. Here, the weights w define the

filtering properties of the neuron, also known as its receptive field [198]. This model is known as a
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linear-nonlinear (LN) model [49], and it is also the most common form of artificial neuron in artificial

neural networks (ANNs). LN models have been used extensively to describe the firing of diverse

neurons in various sensory modalities of vertebrates and invertebrates. In the mammalian visual

system, LN models have been used to characterize retinal ganglion cells [192], lateral geniculate

neurons [52], and simple cells in primary visual cortex (V1) [116]. They have also been used to

characterize auditory sensory neurons in the avian midbrain [121] and somatosensory neurons in

the cortex [191]. In insects, they have been used to understand the response properties of visual

interneurons [188], mechanosensory neurons involved in proprioception [77, 173], and auditory

neurons during courtship behavior [53].

Given the stimulus presented and neural response data, one can then estimate the receptive fields

of a population of neurons. Simple visual receptive fields have classically been understood as similar

to wavelets with particular spatial frequency and angular selectivity [116]. In mechanosensory areas,

receptive fields are selective to temporal frequency over a short time window [77]. Commonly,

parametric modeling (Gabor wavelets [208]) or smoothing (regularization, etc. [166]) are used to

produce “clean” receptive fields. Yet, the data alone show noisy receptive fields that are perhaps

best modeled using a random distribution [32]. As we will show, modeling receptive fields as

random samples produces realistic receptive fields that reflect both the structure and noisiness seen

in experimental data. More importantly, this perspective creates significant theoretical connections

between foundational ideas from neuroscience and artificial intelligence. This connection helps us

understand why receptive fields have the structures that they do and how this structure relates to

the kinds of stimuli that are relevant to the animal.

Modeling the filtering properties of a population of LN neurons as samples from a random

distribution leads to the study of networks with random weights [187, 44, 133]. In machine

learning (ML), such networks are known as random feature networks (RFNs) [38, 109, 177, 134].

The study of RFNs has rapidly gained popularity in recent years, in large part because it offers a

theoretically tractable way to study the learning properties of ANNs where the weights are tuned

using data [9, 8, 46]. When the RFN contains many neurons, it can approximate functions that

live in a well-understood function space. This function space is called a reproducing kernel Hilbert

space (RKHS), and it depends on the network details, in particular the weight i.e. receptive field
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distribution [148, 229, 178]. Learning can then be framed as approximating functions in this space

from limited data.

Several recent works highlight the RFN theory’s usefulness for understanding learning in neural

systems. Bordelon, Canatar, and Pehlevan, in a series of papers, have shown that neural codes allow

learning from few examples when spectral properties of their second-order statistics aligns with the

spectral properties of the task [35, 36, 40]. When applied to V1, they found that the neural code is

aligned with tasks that depend on low spatial frequency components. Harris constructed an RFN

model of sparse networks found in associative centers like the cerebellum and insect mushroom body

and showed that these areas may behave like additive kernels [99], an architecture also considered

by Hashemi et al. [100]. These classes of kernels are beneficial for learning in high dimensions

because they can learn from fewer examples and remain resilient to input noise or adversarial

perturbation. Xie et al. investigated the relationship between the fraction of active neurons in

a model of the cerebellum—controlled by neuron thresholds—and generalization performance for

learning movement trajectories [230]. In the vast majority of network studies with random weights,

these weights w are drawn from a Gaussian distribution with independent entries. This sampling

is equivalent to a fully unstructured receptive field, which looks like white noise.

Closely related to our work, a previous study of ANNs showed that directly learning structured

receptive fields could improve image classification in deep networks [113]. Their receptive fields were

parametrized as a sum of Gaussian derivatives up to fourth order. This led to better performance

against rival architectures in low data regimes.

In this article, we study the effect of having structured yet random receptive fields and how

they lead to informative sensory encodings. Specifically, we consider receptive fields generated

by a Gaussian process (GP), which can be thought of as drawing the weights w from a Gaussian

distribution with a particular covariance matrix. We show that networks with such random weights

project the input to a new basis and filter out particular components. This theory introduces

realistic structure of receptive fields into random feature models which are crucial to our current

understanding of artificial networks. Next, we show that receptive field datasets from two disparate

sensory systems, mechanosensory neurons on insect wings and V1 cortical neurons from mice and

monkeys, are well-modeled by GPs with covariance functions that have wavelet eigenbases. Given
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the success of modeling these data with the GP, we apply these weight distributions in RFNs

that are used in synthetic learning tasks. We find that these structured weights improve learning

by reducing the number of training examples and the size of the network needed to learn the

task. Thus, structured random weights offer a realistic generative model of the receptive fields in

multiple sensory areas, which we understand as performing a random change of basis. This change

of basis enables the network to represent the most important properties of the stimulus, which we

demonstrate to be useful for learning.

4.3 Results

We construct a generative model for the receptive fields of sensory neurons and use it for the weights

of an ANN. We refer to such a network as a structured random feature network. We first review

the basics of random feature networks, the details and rationale behind our generative model,

and the process by which we generate hidden weights. Our main theory result is that networks

with such weights transform the inputs into a new basis and filter out particular components, thus

bridging sensory neuroscience and the theory of neural networks. Next, we show that neurons in two

receptive field datasets—insect mechanosensory neurons and mammalian V1 cortical neurons—are

well-described by our generative model. There is a close resemblance between the the second-order

statistics, sampled receptive fields, and their principal components for both data and model. Finally,

we show the performance of structured random feature networks on several synthetic learning tasks.

The hidden weights from our generative model allows the network to learn from fewer training

examples and smaller network sizes.

Theoretical analysis

We consider receptive fields generated by GPs in order to connect this foundational concept from

sensory neuroscience to the theory of random features in artificial neural networks. GPs can be

thought of as samples from a Gaussian distribution with a particular covariance matrix, and we

initialize the hidden weights of RFNs using these GPs. We show that using a GP causes the

network to project the input into a new basis and filter out particular components. The basis itself

is determined by the covariance matrix of the Gaussian, and is useful for removing irrelevant and
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noisy components from the input. We use these results to study the space of functions that RFNs

containing many neurons can learn by connecting our construction to the theory of kernel methods.

Random feature networks

We start by introducing the main learning algorithm and the neuronal model of our work, the RFN.

Consider a two-layer, feedforward ANN. Traditionally, all the weights are initialized randomly and

learned through backpropagation by minimizing some loss objective. In sharp contrast, RFNs have

their hidden layer weights sampled randomly from some distribution and fixed. Each hidden unit

computes a random feature of the input, and only the output layer weights are trained (Figure 4.1).

Note that the weights are randomly drawn but the neuron’s response is a deterministic function of

the input given the weights.

Mathematically, we have the hidden layer activations and output given by

h = σ (Wx) , ŷ = βTh + β0, (4.1)

where x ∈ Rd is the stimulus, h = [h1, h2, . . . , hm]T ∈ Rm are the hidden neuron responses, and

ŷ ∈ R is the predicted output. We use a rectified linear (ReLU) nonlinearity, σ(x) = max(0, x)

applied entrywise in Eq (4.1). The hidden layer weights W = [w1,w2, . . . ,wm]T ∈ Rm×d are drawn

randomly and fixed. Only the readout weights β0 and β are trained in RFNs.

In our RFN experiments, we train the readout weights β ∈ Rm and offset β0 ∈ R using a

support vector machine (SVM) classifier with squared hinge loss and ℓ2 penalty with regularization

strength of tuned in the range [10−3, 103] by 5-fold cross-validation. Our RFNs do not include a

threshold for the hidden neurons, although this could help in certain contexts [230].

In the vast majority of studies with RFNs, each neuron’s weights w ∈ Rd are initialized i.i.d.

from a spherical Gaussian distribution w ∼ N (0, Id). We will call networks built this way classical

unstructured RFNs (Fig 4.1). We propose a variation where hidden weights are initialized w ∼
N (0,C), where C ∈ Rd×d is a positive semidefinite covariance matrix. We call such networks

structured RFNs (Fig 4.1), to mean that the weights are random with a specified covariance.

To compare unstructured and structured weights on equal footing, we normalize the covariance

matrices so that Tr(C) = Tr(Id) = d, which ensures that the mean square amplitude of the weights

E[∥w∥2] = d.
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Figure 4.1: Random feature networks with structured weights. We study random

feature networks as models for learning in sensory regions. In these networks, each neuron’s

weight w is fixed as a random sample from some specified distribution. Only the readout

weights β are trained. In particular, we specify distributions to be Gaussian Processes

(GPs) whose covariances are inspired by biological neurons; thus, each realization of the

GP resembles a biological receptive field. We build GP models of two sensory areas that

specialize in processing timeseries and image inputs. We initialize w from these structured

GPs and compare them against initialization from unstructured white-noise distribution.

4.3.1 Receptive fields modeled by linear weights

Sensory neurons respond preferentially to specific features of their inputs. This stimulus selectivity

is often summarized as a neuron’s receptive field, which describes how features of how the sensory

space elicits responses when stimulated [198]. Mathematically, receptive fields are modeled as a

linear filter in the stimulus space. Linear filters are also an integral component of the widely used

LN model of sensory processing [49]. According to this model, the firing rate of a neuron is a

nonlinear function applied to the projection of the stimulus onto the low-dimensional subspace of

the linear filter.
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A linear filter model of receptive fields can explain responses of individual neurons to diverse

stimuli. It has been used to describe disparate sensory systems like visual, auditory, and somatosen-

sory systems of diverse species including birds, mammals, and insects [192, 188, 121, 53, 191]. If

the stimuli are uncorrelated, the filters can be estimated by computing the spike triggered average

(STA), the average stimulus that elicited a spike for the neuron. When the stimuli are correlated,

the STA filter is whitened by the inverse of the stimulus covariance matrix [161]. Often these STAs

are denoised by fitting a parametric function to the STA [49], such as Gabor wavelets for simple

cells in V1 [116].

We model the receptive field of a neuron i as its weight vector wi and its nonlinear function as σ.

Instead of fitting a parametric function, we construct covariance functions so that each realization

of the resulting Gaussian process resembles a biological receptive field (Fig 4.1).

4.3.2 Structured weights project and filter input into the covariance eigenbasis

We generate network weights from Gaussian processes (GP) whose covariance functions are inspired

by the receptive fields of sensory neurons in the brain. By definition, a GP is a stochastic process

where finite observations follow a Gaussian distribution [179]. We find that networks with such

weights project inputs into a new basis and filter out irrelevant components. We will see that this

adds an inductive bias to classical RFNs for tasks with naturalistic inputs and improves learning.

We view our weight vector w as the finite-dimensional discretization of a continuous function

w(t) which is a sample from a GP. The continuous function has domain T , a compact subset of

RD, and we assume that T is discretized using a grid of d equally spaced points {t1, . . . , td} ⊂ T ,

so that wi = w(ti). Let the input be a real-valued function x(t) over the same domain T , which

could represent a finite timeseries (D = 1), an image of luminance on the retina (D = 2), or

more complicated spatiotemporal sets like a movie (D = 3). In the continuous setting, the d-

dimensional ℓ2 inner product wTx =
∑d

i=1wixi gets replaced by the L2(T ) inner product ⟨w, x⟩ =∫
t∈T w(t)x(t)dt.

Every GP is fully specified by its mean and covariance function C(t, t′). We will always assume

that the mean is zero and study different covariance functions. By the Kosambi-Karhunen–Loève
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theorem [125], each realization of a zero-mean GP has a random series representation

w(t) =

∞∑
i=1

ziλiϕi(t), (4.2)

in terms of standard Gaussian random variables zi ∼ N (0, 1), functions ϕi(t), and weights λi ≥ 0.

The pairs (λ2i , ϕi) are eigenvalue, eigenfunction pairs of the covariance operator C : L2(T )→ L2(T ),

(Cf)(t) =

∫
t∈T

C(t, t′)f(t′)dt′,

which is the continuous analog of the covariance matrix C. If C(t, t′) is positive definite, as opposed

to just semidefinite, all λ2i > 0 and these eigenfunctions ϕi form a complete basis for L2(T ). Using

Eq (4.2), the inner product between a stimulus and a neuron’s weights is

⟨w, x⟩ =

〈 ∞∑
i=1

ziλiϕi, x

〉
=

∞∑
i=1

ziλi⟨ϕi, x⟩ =
∞∑
i=1

zix̃i, where x̃i = λi⟨ϕi, x⟩. (4.3)

Eq (4.3) shows that the structured weights compute a projection of the input x onto each eigen-

function ⟨ϕi, x⟩ and reweight or filter by the eigenvalue λi before taking the ℓ2 inner product with

the random Gaussian weights zi.

It is illuminating to see what these continuous equations look like in the d-dimensional discrete

setting. Samples from the finite-dimensional GP are used as the hidden weights in RFNs, w ∼
N (0,C). First, the GP series representation Eq (4.2) becomes w = ΦΛz, where Λ and Φ are

matrices of eigenvalues and eigenvectors, and z ∼ N (0, Id) is a Gaussian random vector. By the

definition of the covariance matrix, C = E[wwT ], which is equal to ΦΛ2ΦT after a few steps of

linear algebra. Finally, Eq (4.3) is analogous to wTx = zTΛΦTx. Since Φ is an orthogonal matrix,

ΦTx is equivalent to a change of basis, and the diagonal matrix Λ shrinks or expands certain

directions to perform filtering. This can be summarized in the following theorem:

Theorem 4.1 (Basis change formula). Assume w ∼ N (0,C) with C = ΦΛ2ΦT its eigenvalue

decomposition. For x ∈ Rd, define

x̃ := ΛΦTx. (4.4)

Then wTx = zT x̃ for z ∼ N (0, Id).

Theorem 4.1 says that projecting an input onto a structured weight vector is the same as first

filtering that input in the GP eigenbasis and doing a random projection onto a spherical random
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Gaussian. The form of the GP eigenbasis is determined by the choice of the covariance function.

If the covariance function is compatible with the input structure, the hidden weights filter out any

irrelevant features or noise in the stimuli while amplifying the descriptive features. This inductive

bias facilitates inference on the stimuli by any downstream predictor. Because the spherical Gaus-

sian distribution is the canonical choice for unstructured RFNs, there is a simple way to evaluate

the effective kernel of structured RFNs as kstruct(x,x
′) = kunstruct(x̃, x̃

′) (see Appendix B.2).

Our expression for the structured kernel provides a concrete connection to the kernel theory

of learning using nonlinear neural networks. For readers interested in such kernel theories, a full

example and simulation results of how these work is given in Appendix B.3. There we show that

there can be an exponential reduction in the number of samples needed to learn frequency detection

using a structured versus unstructured basis.

4.3.3 Examples of random yet structured receptive fields

Our goal is to model the weights of artificial neurons in a way that is inspired by biological neurons’

receptive fields. Structured RFNs sample hidden weights from GPs with structured covariance, so

we construct covariance functions that make the generated weights resemble neuronal receptive

fields. We start with a toy example of a stationary GP with well-understood Fourier eigenbasis

and show how the receptive fields generated from this GP are selective to frequencies in timeseries

signals. Then, we construct locally stationary covariance models of the of insect mechanosensory

and V1 neuron receptive fields. These models are shown to be a good match for experimental data.

Warm-up: frequency selectivity from stationary covariance

To illustrate some results from our theoretical analysis, we start with a toy example of temporal

receptive fields that are selective to particular frequencies. This example may be familiar to readers

comfortable with Fourier series and basic signal processing. Let the input be a finite continuous

timeseries x(t) over the interval T = [0, L]. We use the covariance function

C(t, t′) =

stationary process︷ ︸︸ ︷
∞∑
k=0

λ2k cos
(
ωk(t− t′)

)
, (4.5)
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where ωk = 2πk/L is the kth natural frequency and λ2k are the weight coefficients. The covariance

function Eq (4.5) is stationary, which means that it only depends on the difference between the

timepoints t− t′. Applying the compound angle formula, we get

C(t, t′) =
∞∑
k=0

λ2k
(
cos(ωkt) cos(ωkt

′) + sin(ωkt) sin(ωkt
′)
)
. (4.6)

Since the sinusoidal functions cos(ωkt) and sin(ωkt) form an orthonormal basis for L2(T ), Eq (4.6)

is the eigendecomposition of the covariance, where the eigenfunctions are sines and cosines with

eigenvalues λ2k. From Eq (4.2), we know that structured weights with this covariance form a random

series:

w(t) =
∞∑
k=0

λk
(
zk cos(ωkt) + z′k sin(ωkt)

)
, (4.7)

where each zk, z
′
k ∼ N (0, 1). Thus, the receptive fields are made up of sinusoids weighted by λk

and the Gaussian variables zk, z
′
k.

Suppose we want receptive fields that only retain specific frequency information of the signal

and filter out the rest. Take λk = 0 for any k where ωk < flo or ωk > fhi. We call this a bandlimited

spectrum with passband [flo, fhi] and bandwidth fhi−flo. As the bandwidth increases, the receptive

fields become less smooth since they are made up of a wider range of frequencies. If the λk are all

nonzero but decay at a certain rate, this rate controls the smoothness of the resulting GP [222].

When these receptive fields act on input signals x(t), they implicitly transform the inputs into

the Fourier basis and filter frequencies based on the magnitude of λk. In a bandlimited setting,

any frequencies outside the passband are filtered out, which makes the receptive fields selective to

a particular range of frequencies and ignore others. On the other hand, classical random features

weight all frequencies equally, even though in natural settings high frequency signals are the most

corrupted by noise.

Insect mechanosensors

We next consider a particular biological sensor that is sensitive to the time-history of forces. Cam-

paniform sensilla (CS) are dome-shaped mechanoreceptors that detect local stress and strain on the

insect exoskeleton [62]. They are embedded in the cuticle and deformation of the cuticle through
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bending or torsion induces depolarizing currents in the CS by opening mechanosensitive ion chan-

nels. The CS encode proprioceptive information useful for body state estimation and movement

control during diverse tasks like walking, kicking, jumping, and flying [62].

We will model the receptive fields of CS that are believed to be critical for flight control, namely

the ones found at the base of the halteres [233] and on the wings [173] (Fig 4.2A). Halteres and

wings flap rhythmically during flight, and rotations of the insect’s body induce torsional forces that

can be felt on these active sensory structures. The CS detect these small strain forces, thereby

encoding angular velocity of the insect body [233]. Experimental results show haltere and wing

CS are selective to a broad range of oscillatory frequencies [76, 173], with STAs that are smooth,

oscillatory, selective to frequency, and decay over time [77] (Fig 4.2B).

We model these temporal receptive fields with a locally stationary GP [84] with bandlimited

spectrum. Examples of receptive fields generated from this GP are shown in Fig 4.2C. The inputs

to the CS are modeled as a finite continuous timeseries x(t) over the finite interval T = [0, L]. The

neuron weights are generated from a covariance function

C(t, t′) =

localized︷ ︸︸ ︷
exp

(
−(t+ t′)

γ

) stationary process︷ ︸︸ ︷
∞∑
k=0

λ2k cos
(
ωk(t− t′)

)
, λk =

bandlimited, flat-power spectrum︷ ︸︸ ︷
1 flo ≤ ωk ≤ fhi

0 otherwise

, (4.8)

where ωk = 2πk/L is the kth natural frequency. As in the warmup, the frequency selectivity of

their weights is accounted for by the parameters flo and fhi. As the bandwidth fhi − flo increases,

the receptive fields are built out of a wider selection of frequencies. This makes the receptive fields

less smooth (Fig 4.2D). Each field is localized to near t = 0, and its decay with t is determined by

the parameter γ. As γ increases, the receptive field is selective to larger time windows.

The eigenbasis of the covariance function Eq (4.8) is similar to a Fourier eigenbasis modulated

by a decaying exponential. The eigenbasis is an orthonormal basis for the span of λke
−t/γ cos(ωkt)

and λke
−t/γ sin(ωkt), which are a non-orthogonal set of functions in L2(T ). The hidden weights

transform timeseries inputs into this eigenbasis and discard components outside the passband fre-

quencies [flo, fhi].

We fit the covariance model to receptive field data from 95 CS neurons from wings of the

hawkmoth Manduca sexta (data from [173]). Briefly, CS receptive fields were estimated as the
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Figure 4.2: Random receptive field model of insect mechanosensors. (A) Diagram of

the the cranefly, Tipula hespera. Locations of the mechanosensors, campaniform sensilla, are

marked in blue on the wings and halteres. (B) Two receptive fields of campaniform sensilla

are shown in blue. They are smooth, oscillatory, and decay over time. We model them as

random samples from distributions parameterized by frequency and decay parameters. Data

are from the hawkmoth [173]; cranefly sensilla have similar responses [77]. (C) Two random

samples from the model distribution are shown in red. (D) The smoothness of the receptive

fields is controlled by the frequency parameter. The decay parameter controls the rate of

decay from the origin (not shown).

spike-triggered average (STA) of experimental mechanical stimuli of the wings, where the stimuli

were generated as bandpassed white noise (2–300 Hz).

To characterize the receptive fields of this population of CS neurons, we compute the data

covariance matrix Cdata by taking the inner product between the receptive fields. We normalize

the trace to be the dimension of each receptive field (number of samples), which in this case is 40



74

kHz × 40 ms = 1600 samples. This normalization sets the overall scale of the covariance matrix.

The data covariance matrix shows a tridiagonal structure (Fig 4.3A). The main diagonal is positive

while the off diagonals are negative. All diagonals decay away from the top left of the matrix.

To fit the covariance model to the data, we optimize the parameters flo, fhi, and γ, finding

flo = 75 Hz, fhi = 200 Hz, and γ = 12.17 ms best fit the sensilla data. We do so by minimizing the

Frobenius norm of the difference between Cdata and the model (see Appendix B.4). The resulting

model covariance matrix (Fig 4.3B) matches the data covariance matrix (Fig 4.3A) remarkably

well qualitatively. The normalized Frobenius norm of the difference between Cdata and the model

is 0.4386. Examples of biological receptive fields and random samples from this fitted covariance

model are shown in Figure B.2. To simulate the effect of a finite number of neurons, we generate

95 weight vectors (equal to the number of neurons recorded) and recompute the model covariance

matrix (Fig 4.3C). We call this the finite neuron model covariance matrix Cfinite, and it shows the

bump and blob-like structures evident in Cdata but not in Cmodel. This result suggests that these

bumpy structures can be attributed to having a small number of recorded neurons. We hypothesize

that these effects would disappear with a larger dataset and Cdata would more closely resemble

Cmodel.

For comparison, we also calculate the Frobenius difference for null models, the unstructured

covariance model and the Fourier model (B.20). For the unstructured model, the Frobenius norm

difference is 0.9986 while that of the Fourier model is 0.9123. The sensilla covariance model has

a much lower difference (0.4386) compared to the null models, fitting the data more accurately.

We show the covariance matrices and sampled receptive fields from the null models in Figure B.3–

Figure B.5.

Comparing the eigenvectors and eigenvalues of the data and model covariance matrices, we

find that the spectral properties of both Cmodel and Cfinite are similar to that of Cdata. The

eigenvalue curves of the models match that of the data quite well (Fig 4.3E); these curves are

directly comparable because each covariance is normalized by its trace, which makes the sum of the

eigenvalues unity. Further, all of the data and the model covariance matrices are low-dimensional.

The first 10 data eigenvectors explain 97% of the variance, and the top 5 explain 90%. The top 5

eigenvectors of the model and its finite sample match that of the data quite well (Fig 4.3D).
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Figure 4.3: Spectral properties of mechanosensory RFs and our model are similar.

We compare the covariance matrices generated from (A) receptive fields of 95 mechanosensors

from [173], (B) the model Eq (4.8), and (C) 95 random samples from the same model. All

covariance matrices show a tri-diagonal structure that decays away from the origin. (D) The

first five principal components of all three covariance matrices are similar and explain 90%

of the variance in the RF data. (E) The leading eigenvalue spectra of the data and models

show similar behavior.

Primary visual cortex

We now turn to visually driven neurons from the mammalian primary cortex. Primary visual cortex

(V1) is the earliest cortical area for processing visual information (Fig 4.4A). The neurons in V1
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can detect small changes in visual features like orientations, spatial frequencies, contrast, and size.

Here, we model the receptive fields of simple cells in V1, which have clear excitatory and

inhibitory regions such that light shone on the excitatory regions increase the cell’s response and

vice-versa (Fig 4.4B). The shape of the regions determines the orientation selectivity, while their

widths determine the frequency selectivity. The receptive fields are centered to a location in the

visual field and decay away from it. They integrate visual stimuli within a small region of this

center [107]. Gabor functions are widely used as a mathematical model of the receptive fields of

simple cells [116].

We model these receptive fields using another locally stationary GP [84] and show examples of

generated receptive fields in Fig 4.4C. Consider the inputs to the cortical cells to be a continuous

two-dimensional image x(t), where the domain T = [0, L]× [0, L′] and x : T → R. Since the image

is real-valued, x(t) is the grayscale contrast or single color channel pixel values. The neuron weights

are then generated from a covariance function of the following form:

C(t, t′) =

smooth receptive fields︷ ︸︸ ︷
exp

(
−∥t− t′∥2

2f2

)
·

localized to a center c︷ ︸︸ ︷
exp

(
− ∥t− c∥2 + ∥t′ − c∥2

2s2

)
. (4.9)

The receptive field center is defined by c, and the size of the receptive field is determined by the

parameter s. As s increases, the receptive field extends farther from the center c (Fig 4.4D). Spatial

frequency selectivity is accounted for by the bandwidth parameter f . As f decreases, the spatial

frequency of the receptive field goes up, making the weights less smooth (Fig 4.4E).

The eigendecomposition of the covariance function Eq (4.9) leads to an orthonormal basis of

single scale Hermite wavelets [137, 138]. When c = 0, the wavelet eigenfunctions are Hermite

polynomials modulated by a decaying Gaussian:

ϕk(t) ∝
D∏
i=1

e−c1ti
2
Hki(c2ti) and λ2k ∝

D∏
i=1

cki3 , (4.10)

where Hk is the kth (physicist’s) Hermite polynomial; eigenfunctions for nonzero centers c are just

shifted versions of Eq (4.10). The detailed derivation and values of the constants c1, c2, c3 and

normalization are in Appendix B.6.

We use Eq (4.9) to model receptive field data from 8,358 V1 neurons recorded with calcium

imaging from transgenic mice expressing GCaMP6s; the mice were headfixed and running on an air-
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Figure 4.4: Random receptive field model of Primary Visual Cortex (V1). (A)

Diagram of the mouse brain with V1 shown in blue. (B) Receptive fields of two mouse V1

neurons calculated from their response to white noise stimuli. The fields are localized to

a region in a visual field and show “on” and “off” regions. (C) Random samples from the

model Eq (4.9) distribution. (D) Increasing the receptive field size parameter in our model

leads to larger fields. (E) Increasing the model spatial frequency parameter leads to more

variable fields.

floating ball. We presented 24,357 unique white noise images of 14×36 pixels using the Psychtoolbox

[120], where the pixels were white or black with equal probability. Images were upsampled to the

resolution of the screens via bilinear interpolation. The stimulus was corrected for eye-movements

online using custom code. The responses of 45,026 cells were collected using a two-photon meso-

scope [202] and preprocessed using Suite2p [158]. Receptive fields were calculated from the white
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noise images and the deconvolved calcium responses of the cells using the STA. For the covariance

analysis, we picked cells above the signal-to-noise (SNR) threshold of 0.4; this gave us 8,358 cells.

The SNR was calculated from a smaller set of 2,435 images that were presented twice using the

method from [208]. As a preprocessing step, we moved the center of mass of every receptive field

to the center of the visual field.

We compute the data covariance matrix Cdata by taking the inner product between the receptive

fields. We normalize the trace to be the dimension of each receptive field, which in this case is (14

× 36) pixels = 504 pixels. The data covariance matrix resembles a tridiagonal matrix. However,

the diagonals are non-zero only at equally spaced segments. Additionally, their values decay away

from the center of the matrix. We show Cdata zoomed in at the non-zero region around the center

of the matrix (Fig 4.5A); this corresponds to the 180 × 180 pixel region around the center of the

full 504× 504 pixel matrix. The full covariance matrix is shown in Figure B.6.

In the covariance model, the number of off-diagonals, the center, the rate of their decay away

from the center are determined by the parameters f , s and c respectively. The covariance between

pixels decays as a function of their distance from c. This leads to the the equally-spaced non-zero

segments. On the other hand, the covariance also decays as a function of the distance between

pixels. This brings the the diagonal structure to the model. When the frequency parameter f

increases, the number of off-diagonals increases. Pixels in the generated weights become more

correlated and the weights become spatially smoother. When the size parameter s increases, the

diagonals decay slower from the center c, increasing correlations with the center pixel and leading

the significant weights to occupy more of the visual field.

We again optimize the parameters to fit the data, finding s = 1.87 and f = 0.70 pixels, by

minimizing the Frobenius norm of the difference between Cdata and the model. We do not need

to optimize over the center parameter c, since we preprocess the data so that all receptive fields

are centered at c = (7, 18), the center of the 14×36 grid. The resulting model covariance matrix

(Fig 4.5B) and the data covariance matrix (Fig 4.5A) match remarkably well qualitatively. The

normalized Frobenius norm of the difference between Cdata and the model is 0.2993. Examples

of biological receptive fields and random samples from the fitted covariance model are shown in

Figure B.7. To simulate the effect of a finite number of neurons, we generate 8,358 weights, equal to
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the number of neurons in our data, to compute Cfinite shown in Fig 4.5C. This finite matrix Cfinite

looks even more like Cdata, and it shows that some of the negative covariances far from center result

from finite sample size but not all.

For comparison, we also calculate the normalized Frobenius difference for null models, the

unstructured covariance model and a translation invariant V1 model. In the translation invariant

model, we remove the spatially localizing exponential in Eq (4.9) and only fit the spatial frequency

parameter, f . For the unstructured model, the Frobenius norm difference is 0.9835 while that of

the translation invariant model is 0.9727. The V1 covariance model has a much lower difference

(0.2993) and is a better fit to the data. We show the covariance matrices and sampled receptive

fields from these null models in Figure B.8–Figure B.10.

Similar spectral properties are evident in the eigenvectors and eigenvalues of Cmodel, Cfinite,

Cdata, and the analytical forms derived in Eq (4.10) (Fig 4.5D-E). The covariances are again nor-

malized to have unit trace. Note that the analytical eigenfunctions are shown on a finer grid

than the model and data because the analysis was performed in continuous space. The differ-

ences between the eigenfunctions and eigenvalues of the analytical and model results are due to

discretization. Examining the eigenvectors (Fig 4.5D), we also see a good match, although there

are some rotations and differences in ordering. These 10 eigenvectors explain 68% of the variance

in the receptive field data. For reference, the top 80 eigenvectors explain 86% of the variance in

the data and all of the variance in the model. The eigenvalue curves of both the models and the

analytical forms match that of the data (Fig 4.5E) reasonably well, although not as well as for

the mechanosensors. In Appendix B.11, we repeat this analysis for receptive fields measured with

different stimulus sets in the mouse and different experimental dataset from non-human primate

V1. Our findings are consistent with the results shown above (Figure B.11–Figure B.16).

4.3.4 Advantages of structured random weights for artificial learning tasks

Our hypothesis is that neuronal inductive bias from structured receptive fields allows networks to

learn with fewer neurons, training examples, and steps of gradient descent for classification tasks

with naturalistic inputs. To examine this hypothesis, we compare the performance of structured

receptive fields against classical ones on several classification tasks. We find that, for most artificial
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learning tasks, structured random networks learn more accurately from smaller network sizes, fewer

training examples, and gradient steps.

Frequency detection

CS naturally encode the time-history of strain forces acting on the insect body and sensors in-

spired by their temporal filtering properties have been shown to accurately classify spatiotemporal

data [145]. Inspired by this result, we test sensilla-inspired mechanosensory receptive fields on a

timeseries classification task (Fig 4.6A, top). Each example presented to the network is a 100 ms

timeseries sampled at 2 kHz so that d = 200, and the goal is to detect whether or not each ex-

ample contains a sinusoidal signal. The positive examples are sinusoidal signals with f1 = 50 Hz

and corrupted by noise so that their SNR = 1.76 (2.46 dB). The negative examples are Gaussian

white noise with matched amplitude to the positive examples. Note that this frequency detection

task is not linearly separable because of the random phases in positive and negative examples. See

Appendix B.8 for additional details including the definition of SNR and how cross-validation was

used to find the optimal parameters flo = 10 Hz, fhi = 60 Hz, and γ = 50 ms.

For the same number of hidden neurons, the structured RFN significantly outperforms a classical

RFN. We show test performance using these tuned parameters in Fig 4.6A. Even in this noisy task,

it achieves 0.5% test error using only 25 hidden neurons. Meanwhile, the classical network takes

300 neurons to achieve similar error.

Predictably, the performance suffers when the weights are incompatible with the task. We show

results when flo = 10 Hz and fhi = 40 Hz and the same γ (Fig 4.6A). The incompatible RFN

performs better than chance (50% error) but much worse than the classical RFN. It takes 300

neurons just to achieve 16.3% test error. The test error does not decrease below this level even

with additional hidden neurons.

Frequency XOR task

To challenge the mechanosensor-inspired networks on a more difficult task, we build a frequency

Exclusive-OR (XOR) problem (Fig 4.6B, top). XOR is a binary function which returns true if

and only if the both inputs are different, otherwise it returns false. XOR is a classical example of
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a function that is not linearly separable and thus harder to learn. Our inputs are again 100 ms

timeseries sampled at 2 kHz. The inputs either contain a pure frequency of f1 = 50 Hz or f2 = 80

Hz, mixed frequency signals with both f1 and f2, or white noise. In both the pure and mixed

frequency cases, we add noise so that the SNR = 1.76. See Appendix B.8 for details. The goal

of the task is to output true if the input contains either pure tone and false if the input contains

mixed frequencies or is white noise.

We tune the GP covariance parameters flo, fhi, and γ from Eq (4.8) using cross-validation. The

cross validation procedure and algorithmic details are identical to that of the frequency detection

task. Using cross validation, we find the optimal parameters to be flo = 50 Hz, fhi = 90 Hz, and

γ = 40 ms. For incompatible weights, we take flo = 10 Hz, fhi = 60 Hz, and the same γ.

The structured RFN significantly outperform classical RFN for the same number of hidden

neurons. We show network performance using these parameters in Fig 4.6B. Classification error

of 1% can be achieved with 25 hidden neurons. In sharp contrast, the classical RFN requires 300

hidden neurons just to achieve 6% error. With incompatible weights, the network needs 300 neurons

to achieve just 15.1% test error and does not improve with larger network sizes. Out of the four

input subclasses, it consistently fails to classify pure 80 Hz sinusoidal signals which are outside its

passband.

Image classification

We next test the V1-inspired receptive fields on two standard digit classification tasks, MNIST [128]

and KMNIST [51]. The MNIST and KMNIST datasets each contain 70,000 images of handwritten

digits. In MNIST, these are the Arabic numerals 0–9, whereas KMNIST has 10 Japanese hiragana

phonetic characters. Both datasets come split into 60,000 training and 10,000 test examples. With

10 classes, there are 6,000 training examples per class. Every example is a 28×28 grayscale image

with centered characters.

Each hidden weight has its center c chosen uniformly at random from all pixels. This ensures

that the network’s weights uniformly cover the image space and in fact means that the network can

represent any sum of locally-smooth functions (see Appendix B.7). We use a network with 1,000

hidden neurons and tune the GP covariance parameters s and f from Eq (4.9) using 3-fold cross
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validation on the MNIST training set. Each parameter ranges from 1 to 20 pixels, and the optimal

parameters are found with a grid search. We find the optimal parameters to be s = 5 pixels and

f = 2 pixels. We then refit the optimal model using the entire training set. The parameters from

MNIST were used on the KMNIST task without additional tuning.

The V1-inspired achieves much lower average classification error as compared to the classical

RFN for the same number of hidden neurons. We show learning performance using these parameters

on the MNIST task in Fig 4.7A. To achieve 6% error on the MNIST task requires 100 neurons

versus 1,000 neurons for the classical RFN, and the structured RFN achieves 2.5% error with 1,000

neurons. Qualitatively similar results hold for the KMNIST task (Fig 4.7B), although the overall

errors are larger, reflecting the harder task. To achieve 28% error on KMNIST requires 100 neurons

versus 1,000 neurons for the classical RFN, and the structured RFN achieves 13% error with 1,000

neurons.

Again, network performance suffers when GP covariance parameters do not match the task.

This happens if the size parameter s is smaller than the stroke width or spatial scale f doesn’t

match the stroke variations in the character. Taking the incompatible parameters s = 0.5 and

f = 0.5 (Fig 4.7A-B), the structured weights performs worse than the classical RFN in both tasks.

With 1,000 hidden neurons, it achieves the relatively poor test errors of 8% on MNIST (Fig 4.7A)

and 33% on KMNIST (Fig 4.7B).

Structured weights improve generalization with limited data

Alongside learning with fewer hidden neurons, V1 structured RFNs also learn more accurately from

fewer examples. We test few-shot learning using the image classification datasets. The training

examples are reduced from 60,000 to 50, or only 5 training examples per class. The test set and

GP parameters remain the same.

Structured encodings allow learning with fewer samples than unstructured encodings. We show

these few-shot learning results in Fig 4.7C-D. The networks’ performance saturate past a few

hundred hidden neurons. For MNIST, the lowest error achieved by V1 structured RFN is 27%

versus 33% for the classical RFN and 37% using incompatible weights (Fig 4.7C). The structured

network acheives 61% error using structured features on the KMNIST task, as opposed to 66% for
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the classical RFN and 67% using incompatible weights (Fig 4.7D).

Networks train faster when initialized with structured weights

Now we study the effect of structured weights as an initialization strategy for fully-trained neural

networks where all weights in the network vary. We hypothesized that structured initialization

allows networks to learn faster, i.e. that the training loss and test error would decrease faster

than with unstructured weights. We have shown that the performance of RFNs improves with

biologically inspired weight sampling. However, in RFNs Eq (4.1) only the readout weights β are

modified with training, and the hidden weights W are frozen at their initial value.

We compare the biologically-motivated initialization with a classical initialization where the

variance is inversely proportional to the number of hidden neurons, wunstruct ∼ N (0, 2dI). This

initialization is widely known as the “Kaiming He normal” scheme and is thought to stabilize

training dynamics by controlling the magnitude of the gradients [103]. The classical approach

ensures that Tr(2dI) = 2, so for fair comparison we scale our structured weight covariance matrix

to have Tr(C) = 2. In our studies with RFNs the trace is equal to d, but this weight scale can be

absorbed into the readout weights β due to the homogeneity of the ReLU.

We again compare structured and unstructured weights on MNIST and KMNIST tasks, common

benchmarks for fully-trained networks. The architecture is a single hidden layer feedforward neural

network (Fig 4.1) with 1,000 hidden neurons. The cross-entropy loss over the training sets are

minimized using simple gradient descent (GD) for 3,000 epochs. For a fair comparison, the learning

rate is optimized for each network separately. We define the area under the training loss curve as a

metric for the speed of learning. Then, we perform a grid search in the range of (1e−4, 1e0) for the

learning rate that minimizes this metric, resulting in the parameters 0.23, 0.14, 0.14 for structured,

unstructured and incompatible networks respectively. All other parameters are the same as for

image classification.

In both the MNIST and KMNIST tasks, the V1-initialized network minimizes the loss function

faster than the classically initialized network. For the MNIST task, the V1 network achieves

a loss value of 0.05 after 3,000 epochs compared to 0.09 for the other network (Fig 4.8A). We

see qualitatively similar results for the KMNIST task. At the end of training, the V1-inspired
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network’s loss is 0.08, while the classically initialized network only reaches 0.12 (Fig 4.8B). We

find that the the V1-initialized network performs no better than classical initialization when the

covariance parameters do not match the task. With incompatible parameters, the V1-initialized

network achieves a loss value of 0.11 on MNIST and 0.15 on KMNIST.

Not only does it minimize the training loss faster, the V1-initialized network also generalizes

well and achieves a lower test error at the end of training. For MNIST, it achieves 1.7% test error

compared to 3.3% error for the classically initialized network, and 3.6% using incompatible weights

(Fig 4.8C). For KMNIST, we see 9% error compared to 13% error with classical initalization and

15% using incompatible weights (Fig 4.8D).

We see similar results across diverse hidden layer widths and learning rates (Figure B.17–

Figure B.20), with the benefits most evident for wider networks and smaller learning rates. Fur-

thermore, the structured weights show similar results when trained for 10,000 epochs (rate 0.1;

1,000 neurons; not shown) and with other optimizers like minibatch Stochastic Gradient Descent

(SGD) and ADAM (batch size 256, rate 0.1; 1,000 neurons; not shown). Structured initialization

facilitates learning across a wide range of networks.

However, the improvement is not universal: no significant benefit was found by initializing

the early convolutional layers of the deep network AlexNet [126] and applying it to the ImageNet

dataset [189], as shown in Appendix B.13 and Figure B.21. The large amounts of training data

and the fact that only a small fraction of the network was initialized with structured weights could

explain this null result. Also, in many of these scenarios the incompatible structured weights get

to performance on par with the compatible ones by the end of training, when the poor inductive

bias is overcome.

Improving representation with structured random weights

We have shown how structured receptive field weights can improve the performance of RFNs and

fully-trained networks on a number of supervised learning tasks. As long as the receptive fields

are compatible with the task itself, then performance gains over unstructured features are possible.

If they are incompatible, then the networks performs no better or even worse than using classical

unstructured weights.
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These results can be understood with our theoretical framework. Structured weights effectively

cause the input x to undergo a linear transformation into a new representation x̃ following The-

orem 4.1. In all of our examples, this new representation is bandlimited due to how we design

the covariance function. (The V1 weights have all eigenvalues nonzero, but the spectrum decays

exponentially, so it acts as a lowpass filter.) By moving to a bandlimited representation, we both

filter out noise—high-frequency components—and reduce dimensionality—coordinates in x̃ outside

the passband are zero. In general, noise and dimensionality both make learning harder.

It is easiest to understand these effects in the frequency detection task. For simplicity, assume

we are using the stationary features of our warm-up to do frequency detection. In this task, all of

the signal power is contained in the f1 = 50 Hz frequency, and everything else is due to noise. If the

weights are compatible with the task, this means that w is a sum of sines and cosines of frequencies

ωk in some passband which includes f1. The narrower we make this bandwidth while still retaining

the signal, the higher the SNR of x̃ becomes since more noise is filtered out (see Appendix B.9).

4.4 Concluding remarks

In this article, we describe a random generative model for the receptive fields of sensory neurons.

Specifically, we model each receptive field as a random filter sampled from a Gaussian process (GP)

with covariance structure matched to the statistics of experimental neural data. We show that

two kinds of sensory neurons—insect mechanosensory and simple cells in mammalian V1—have

receptive fields that are well-described by GPs. In particular, the generated receptive fields, their

second-order statistics, and their principal components match with receptive field data. Theoret-

ically, we show that individual neurons perform a randomized transformation and filtering on the

inputs. This connection provides a framework for sensory neurons to compute input transformations

like Fourier and wavelet transforms in a biologically plausible way.

Our numerical results using these structured random receptive fields show that they offer better

learning performance than unstructured receptive fields on several benchmarks. The structured

networks achieve higher test performance with fewer neurons and fewer training examples, unless

the frequency content of their receptive fields is incompatible with the task. In networks that are

fully trained, initializing with structured weights leads to better network performance (as measured
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by training loss and generalization) in fewer iterations of gradient descent. Structured random

features may be understood theoretically as transforming inputs into an informative basis that

retains the important information in the stimulus while filtering away irrelevant signals.

Modeling other sensory neurons and modalities

The random feature formulation is a natural extension of the traditional linear-nonlinear (LN)

neuron model. This approach may be applied to other brain regions where LN models are successful,

for instance sensory areas with primarily feedforward connectivity like somatosensory and auditory

regions. The neurons in auditory and somatosensory systems are selective to both spatial and

temporal structures in their stimuli [121, 191, 174], and spatial structure emerges in networks trained

on artificial tactile tasks [243]. Their receptive fields could be modeled by GPs with spatiotemporal

covariance functions [231]; these could be useful for artificial tasks with spatiotemporal stimuli

such as movies and multivariate timeseries. Neurons with localized but random temporal responses

were found to be compatible with manifold coding in a decision-making task [122]. Our GPs are a

complementary approach to traditional sparse coding [153] and efficient coding [15, 45] hypotheses;

the connections to these other theories are interesting for future research.

4.4.1 Receptive fields in development

Our generative model offers new directions to explore the biological basis and computational prin-

ciples behind receptive fields. Development lays a basic architecture that is conserved from animal

to animal [211, 207], yet the details of every neural connection cannot be specified [238], leading

to some amount of inevitable randomness at least initially [44]. If receptive fields are random with

constrained covariance, it is natural to ask how biology implements this. Unsupervised Hebbian

dynamics with local inhibition can allow networks to learn principal components of their input

[151, 169]. An interesting future direction is how similar learning rules may give rise to over-

complete, nonorthogonal structure similar to what has been studied here. This may prove more

biologically plausible than weights that result from task-driven optimization.

The above assumes that receptive field properties actually lie within synaptic weights. For

spatial receptive fields, this assumption is plausible [184], but the temporal properties of receptive
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fields are more likely a result of neurons’ intrinsic dynamics, for which the LN framework is just

a model [155, 226, 67]. Heterogeneous physiological (e.g. resonator dynamics) and mechanical

(position and shape of mechanosensor relative to body structure) properties combine to give the

diverse temporal receptive field structures [17]. Development thus leverages different mechanisms

to build structure into receptive field properties of sensory neurons.

4.4.2 Connections to compressive sensing

Random projections have seen extensive use in the field of compressive sensing, where a high-

dimensional signal can be found from only a few measurements so long as it has a sparse represen-

tation [66, 73, 81]. Random compression matrices are known to have optimal properties, however

in many cases structured randomness is more realistic. Recent work has shown that structured ran-

dom projections with local wiring constraints (in one dimension) were compatible with dictionary

learning [68], supporting previous empirical results [16]. Our work shows that structured random

receptive fields are equivalent to employing a wavelet dictionary and dense Gaussian projection.

4.4.3 Machine learning and inductive bias

An important open question for both neuroscience and machine learning is why certain networks,

characterized by features such as their architecture, weights, and nonlinearities, are better than

others for certain problems. One perspective is that a network is good for a problem if it is biased

towards approximating functions that are close to the target, known as an inductive bias, which

depends on an alignment between the features encoded by neurons and the task at hand [36].

Our approach shows that structured receptive fields are equivalent to a linear transformation of

the input that can build in such biases. Furthermore, we can describe the nonlinear properties

of the network using the kernel, which varies depending on the receptive field structure. If the

target function has a small norm in this RKHS, then there is an inductive bias and it is easier to

learn [197, 196]. A small norm in the RKHS means that the target function varies smoothly over

the inputs. Smooth functions are easier to learn compared to fast varying ones. In this way, the

receptive field structure influences the ease of learning of the target function. We conjecture that

receptive fields from neural-inspired distributions affect the RKHS geometry such that the target
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function’s norm is small in that RKHS, compared to the RKHS of random white-noise receptive

fields. We leave to future work to verify this conjecture in detail.

Networks endowed with principles of neural computation like batch normalization, pooling of

inputs, and residual connections have been found to contain inductive biases for certain learning

problems [232, 102]. Learning data-dependent kernels is another way to add in inductive bias [201].

We also saw that initializing fully-trained networks from our generative models improved their

speed of convergence and generalization compared to unstructured initialization. This result is

consistent with known results that initialization has an effect on generalization [10]. The initializa-

tion literature has mostly been focused on avoiding exploding/vanishing gradients [103, 86]. Here,

we conjecture that the inductive bias in our structured connectivity places the network closer to a

good solution in the loss landscape [238].

The random V1-inspired receptive fields that we model can be seen as similar to what happens

in a convolutional neural network (CNN) [152], which have similarities and differences compared

to brains [132]. A recent study showed that CNNs with a fixed V1-like convolutional layer are

more robust to adversarial perturbations to their inputs [57]. In a similar vein to our work, using

randomly sampled Gabor receptive fields in the first layer of a deep network was also shown to

improve its performance [110]. The wavelet scattering transform is a multi-layer network where

wavelet coefficients are passed through nonlinearities, a model which is similar to deep CNNs

[135, 39, 5]. Our framework differs as a randomized model and yields wavelets of a single scale,

and similar studies of robustness and learning in deep networks with our weights are possible.

Adding layers to our model or sampling weights with a variety of spatial frequencies and field sizes

would yield random networks that behave similar to the scattering transform, offering an another

connection between the brain and CNNs. Directly learning filters in a Hermite wavelet basis led to

good perfomance in ANNs with little data [113], and this idea was extended to multiple scales by

[171]. Our structured random features can be seen as an RFN version of those ideas with supporting

evidence that these principles are used in biology.
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4.4.4 Limitations and future directions

There are several limitations to the random feature approach. We model neuron responses with a

scalar firing rates instead of discrete spikes, and we ignore complex neuronal dynamics, neuromod-

ulatory context, and many other details. Like most LN models, the random feature model assumes

zero plasticity in the hidden layer neurons. However, associative learning can drive changes in

receptive fields of individual neurons in sensory areas like V1 and auditory cortex [88, 78]. Further,

our RFN is purely feedforward and cannot account for feedback connections. Recent work suggests

that feedforward architecture lacks sufficient computational power to serve as a detailed input-

output model for a network of cortical neurons; it might need additional layers with convolutional

filters [23]. It can be difficult to interpret the parameters found from fitting receptive field data and

connect them to experimental conditions. Also, the GP model of weights only captures covariance

(second moments) and neglects higher-order statistics. It remains to be shown how the theory can

yield concrete predictions that can be tested in vivo experimental conditions.

The random feature receptive field model is a randomized extension of the LN neuron model.

The LN model fits a parameterized function to each receptive field [49]. In contrast, the random

feature framework fits a distribution to an entire population of receptive fields and generates realistic

receptive fields from that distribution. A natural question is how they compare. If the goal is to

capture individual differences between neuronal receptive fields, one should resort to an LN model

where each neuron’s receptive field is fit to data. The random feature model is not as flexible,

but it provides a direct connection to random feature theory, and it is mathematically tractable

and generative. This connection to kernel learning opens the door to using techniques which are

a mainstay in machine learning theory literature, for instance to estimate generalization error and

sample complexity [197], in the context of learning in more biologically realistic networks.

We see several future directions of structured random features in connecting computational

neuroscience and machine learning. As already stated, the auditory, somatosensory, and tactile

regions are good candidates for further study as well as developmental principles that could give rise

to random yet structured receptive field properties. To account for plasticity in the hidden layer, one

could also analyze the neural tangent kernel (NTK) associated with structured features [114]. These

kernels are often used to analyze ANNs trained with gradient descent when the number of hidden
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neurons is large and the step size is small [8]. To incorporate lateral and feedback connections,

the weights could be sampled from GPs with recurrent covariance functions [143]. Our theory may

also help explain why CNNs with fixed V1-like convolutional layer are more robust to adversarial

input perturbations [57] as filtering out high frequency corruptions. It seems likely that structured

random features will also be more robust. It would be interesting to study intermediate layer

weights of fully-trained networks as approximate samples from a GP by studying their covariance

structure. Finally, one could try and develop other covariance functions and further optimize these

RFNs for most sophisticated learning tasks to see if near high performance—lower error, faster

training, etc.—on more difficult tasks is possible.

4.5 Methods

The methods are described throughout the Results section. Further details and additional results

are in Appendix B.
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Figure 4.5: Spectral properties of V1 RFs and our model are similar. We compare

the covariance matrices generated from the (A) receptive fields of 8,358 mouse V1 neurons,

(B) the GP model Eq (4.9), and (C) 8,358 random samples from the model. These resemble

a tri-diagonal matrix whose diagonals are non-zero at equally-spaced segments. (D) The

leading 10 eigenvectors of the data and model covariance matrices show similar structure

and explain 68% of the variance in the data. Analytical Hermite wavelet eigenfunctions

are in the last row and differ from the model due to discretization (both cases) and finite

sampling (8,358 neurons only). (E) The eigenspectrum of the model matches well with the

data. The staircase pattern in the model comes from repeated eigenvalues at each frequency.

The model curve with infinite neurons (black) is obscured by the model curve with 8,358

neurons (red).
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Figure 4.6: Random mechanosensory weights enable learning with fewer neurons

in time-series classification tasks. We show the test error of random feature networks

with both mechanosensory and classical white-noise weights against the number of neurons

in their hidden layer. For every hidden layer width, we generate five random networks and

average their test error. In the error curves, the solid lines show the average test error

while the shaded regions represent the standard error across five generations of the random

network. The top row shows the timeseries tasks that the networks are tested on. (A, top)

In the frequency detection task, a f1 = 50 Hz frequency signal (purple) is separated from

white noise (black). (B, top) In the frequency XOR task, f1 = 50 Hz (purple) and f2 = 80

Hz (light purple) signals are separated from white noise (black) and mixtures of 50 Hz and

80 Hz (gray). When their covariance parameters are tuned properly, mechanosensor-inspired

networks achieve lower error using fewer hidden neurons on both frequency detection (A,

bottom) and frequency XOR (B, bottom) tasks. However, the performance of bio-inspired

networks suffer if their weights are incompatible with the task.
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Figure 4.7: Random V1 weights enable learning with fewer neurons and fewer

examples on digit classification tasks. We show the average test error of random feature

networks with both V1 and classical white-noise weights against the number of neurons

in their hidden layer. For every hidden layer width, we generate five random networks

and average their test error. The solid lines show the average test error while the shaded

regions represent the standard error across five generations of the random network. The

top row shows the network’s test error on (A) MNIST and (B) KMNIST tasks. When

their covariance parameters are tuned properly, V1-inspired networks achieve lower error

using fewer hidden neurons on both tasks. The network performance deteriorates when the

weights are incompatible to the task. (C) MNIST and (D) KMNIST with 5 samples per

class. The V1 network still achieves lower error on these fewshot tasks when the parameters

are tuned properly.
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Figure 4.8: V1 weight initialization for fully-trained networks enables faster train-

ing on digit classification tasks. We show the average test error and the train loss of

fully-trained neural networks against the number of training epochs. The hidden layer of

each network contains 1,000 neurons. We generate five random networks and average their

performance. The solid lines show the average performance metric across five random net-

works while the shaded regions represent the standard error. The top row shows the network’s

training loss on (A) MNIST and (B) KMNIST tasks. The bottom row shows the correspond-

ing test error on (C) MNIST and (D) KMNIST tasks. When their covariance parameters

are tuned properly, V1-initialized networks achieve lower training loss and test error under

fewer epochs on both MNIST and KMNIST tasks. The network performance is no better

than unstructured initialization when the weights are incompatible with the task.
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Towards deeper understanding of moment matching network. Advances in neural information
processing systems, 30, 2017.

[130] Qianxiao Li, Ting Lin, and Zuowei Shen. Deep learning via dynamical systems: An ap-
proximation perspective. Journal of the European Mathematical Society, 25(5):1671–1709,
2022.

[131] Tengyuan Liang. How well generative adversarial networks learn distributions. Journal of
Machine Learning Research, 22(228):1–41, 2021.

[132] Grace W. Lindsay. Convolutional Neural Networks as a Model of the Visual System: Past,
Present, and Future. Journal of Cognitive Neuroscience, pages 1–15, February 2020.

[133] Ashok Litwin-Kumar, Kameron Decker Harris, Richard Axel, Haim Sompolinsky, and L.F.
Abbott. Optimal degrees of synaptic connectivity. Neuron, 93(5):1153–1164.e7, Mar 2017.

[134] Fanghui Liu, Xiaolin Huang, Yudong Chen, and Johan A. K. Suykens. Random features for
kernel approximation: A survey in algorithms, theory, and beyond. arXiv:2004.11154 [cs,
stat], Apr 2020. arXiv: 2004.11154.
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Appendix A

DIFFEOMORPHIC MEASURE MATCHING WITH KERNELS
FOR GENERATIVE MODELING

A.1 Numerical results from autonomous KODE

Figure A.1 shows the result from autonomous KODE on two-dimensional benchmarks.
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Figure A.1: Transport experiments on two dimensional benchmarks using au-

tonomous KODE. (Top row) The empirical samples from complex measure ν. (Middle

row) Samples generated after transporting isotropic gaussian measure η. (Bottom row) Sam-

ples generated from the backward flow of KODE on ν.

A.2 MMD comparison with different kernels

We compute MMD with four additional kernels: RBF (σ = 1), RBF-med (σ = median distance),

RBF-med-0.25 (σ = 0.25 ∗median distance), and polynomial kernel (degree = 2). Table A.1 and
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Figure A.2: Trajectory of transport for 2-D examples using KODE going from

reference η (open circles) to final location (closed circles). (Top row) Forward flow

of autonomous KODE. (Bottom row) Forward flow of non-autonomous KODE.

Table A.2 shows the results.

A.3 Quantile-Quantile plot for 2D benchmarks

We compare the marginal distributions of the original reference measure η with the predictions

from the backward flow of the KODE model using a quantile-quantile (Q-Q) plot. Figure A.3

and Figure A.4 show the results for autonomous and non-autonomous KODE models, respectively.

For both models, there is a good match between the model quantiles and η quantiles along each

dimension.

A.4 Hyperparameters

Table A.3 and Table A.4 outline the hyperparameters used for each method to generate the results

in both main and supplementary figures.

A.5 Additional numerical results for high-dimensional benchmarks

Here we show the marginals for the remaining high-dimensional benchmarks. Figure A.5–Figure A.7

show the results for non-autonomous KODE models. Figure A.8–Figure A.12 show the results for
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Table A.1: Normalized MMD on 2D benchmark examples with different MMD

kernels.

Dataset Model RBF (↓) RBF-med (↓) RBF-med-0.25 (↓) Poly2 (↓)

Pinwheel

KODE (non-auto) 2.8e-03 1.9e-03 4.0e-03 1.8e-03

KODE (auto) 2.6e-03 1.5e-03 3.4e-03 1.4e-03

OT-FLOW 1.5e-03 2.1e-03 1.8e-03 2.0e-03

2spirals

KODE (non-auto) 7.6e-03 4.1e-03 1.0e-02 4.1e-03

KODE (auto) 5.5e-03 7.0e-03 7.1e-03 2.3e-03

OT-FLOW 5.8e-03 7.4e-03 6.2e-03 1.1e-02

moons

KODE (non-auto) 7.5e-03 2.9e-03 9.8e-03 2.6e-03

KODE (auto) 2.8e-03 5.2e-04 4.1e-03 2.9e-04

OT-FLOW 4.5e-03 5.1e-03 5.7e-03 4.2e-03

8gaussians

KODE (non-auto) 1.1e-03 6.0e-04 1.1e-03 1.2e-03

KODE (auto) 1.0e-03 3.5e-04 9.5e-04 8.6e-06

OT-FLOW 4.1e-04 4.9e-04 4.0e-04 4.6e-04

circles

KODE (non-auto) 3.0e-03 3.2e-03 3.4e-03 3.5e-04

KODE (auto) 4.3e-03 2.6e-03 4.5e-03 1.5e-03

OT-FLOW 7.1e-03 9.4e-03 7.2e-03 1.2e-02

swissroll

KODE (non-auto) 4.3e-03 6.2e-03 5.3e-03 1.5e-03

KODE (auto) 3.5e-03 6.5e-03 4.6e-03 3.9e-04

OT-FLOW 2.6e-03 3.2e-03 3.0e-03 3.2e-03

checkerboard

KODE (non-auto) 2.9e-03 9.8e-04 2.3e-03 1.8e-03

KODE (auto) 1.0e-03 7.9e-04 8.0e-04 6.3e-04

OT-FLOW 2.2e-03 3.0e-03 1.9e-03 5.7e-03

autonomous KODE models.
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Table A.2: Normalized MMD on high-dimensional benchmark examples with dif-

ferent MMD kernels.

Dataset Model RBF (↓) RBF-med (↓) RBF-med-0.25 (↓) Poly2 (↓)

Power (d=6)

KODE (non-auto) 6.1e-03 2.1e-01 4.9e-03 1.0e+00

KODE (auto) 1.1e-03 3.4e-02 9.5e-04 3.2e-01

OT-FLOW 2.5e-03 2.1e-02 2.0e-03 3.6e-02

GAS (d=8)

KODE (non-auto) 1.5e-02 2.5e-02 6.1e-03 3.7e-02

KODE (auto) 4.7e-03 5.3e-03 2.3e-03 2.7e-02

OT-FLOW 5.3e-03 3.6e-03 3.3e-03 8.7e-03

HEPMASS (d=21)

KODE (non-auto) 2.0e+00 8.3e-01 5.1e-01 5.8e-01

KODE (auto) 3.0e+00 5.9e-01 7.0e-01 1.8e-01

OT-FLOW 9.3e-01 1.2e-02 2.6e-02 3.6e-03

MINIBOONE (d=43)

KODE (non-auto) 1.0e+00 5.1e-01 3.8e-01 3.3e-01

KODE (auto) 1.1e+00 4.0e-01 3.0e-01 3.9e-01

OT-FLOW 1.0e+00 4.3e-02 3.7e-02 2.3e-02

BSDS300 (d=63)

KODE (non-auto) 3.4e-01 2.7e+00 2.8e-02 1.1e+00

KODE (auto) 4.5e-02 3.9e-01 1.8e-02 2.2e-01

OT-FLOW 8.2e-03 1.6e-01 1.0e-02 1.5e-01
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Figure A.3: Quantile-Quantile (QQ) plots for two-dimensional toy examples us-

ing autonomous KODE. We compare the quantiles of the gaussian measure η with the

predictions from the backward flow of the model. From left to right, each column shows

the quantiles for pinwheel, 2spirals, moons, 8gaussians, circles, swissroll, and checkerboard

respectively. Each row corresponds to a dimension.
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Figure A.4: Quantile-Quantile (QQ) plots for two-dimensional toy examples using

non-autonomous KODE. We compare the quantiles of the gaussian measure η with the

predictions from the backward flow of the model. From left to right, each column shows

the quantiles for pinwheel, 2spirals, moons, 8gaussians, circles, swissroll, and checkerboard

respectively. Each row corresponds to a dimension.
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Table A.3: Hyperparameters for autonomous Kernel ODE for benchmark exam-

ples. For all examples, we use the EulerHeun solver with n = 10 integration steps. We use

the Radial Basis Function (RBF) kernel as the model kernel and the Laplace kernel for the

MMD loss. For the learning rate, we use an exponential decay rate scheduler starting at

lr = 0.1 and decreasing exponentially by 0.5 every 100 iterations.

Time indep. KODE parameters MMD Loss parameters

Dataset #landmarks length scale batch size #epochs length scale λ1

Pinwheel 400 0.15 5000 601 0.47 1e-6

2spirals 200 0.15 5000 301 0.47 1e-7

Moons 100 0.29 5000 301 0.44 1e-7

8gaussians 400 0.18 5000 601 0.55 1e-6

Circles 400 0.17 5000 301 0.52 1e-6

Swissroll 400 0.15 5000 301 0.45 1e-6

Checkerboard 500 0.21 10000 601 0.64 1e-6

POWER 1000 0.68 2048 5 0.68 1e-8

GAS 1000 0.86 2048 5 0.86 1e-10

HEPMASS 5000 0.9 1024 20 1.8 1e-10

MINIBOONE 1500 1.9 1024 20 3.8 1e-10

BSDS300 1000 2.95 512 20 5.9 1e-10

Lotka-Volterra 5000 0.71 2048 401 1.43 1e-11
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Table A.4: Hyperparameters for non-autonomous Kernel ODE for benchmark

examples. For all examples within each discrete steps, we use the EulerHeun solver with

n = 10 integration steps. We use the Radial Basis Function (RBF) kernel as the model kernel

and the Laplace kernel for the MMD loss. For the learning rate, we use an exponential decay

rate scheduler starting at lr = 0.1 and decreasing exponentially by 0.5 every 100 iterations.

Time dep. KODE parameters MMD Loss parameters

Dataset #landmarks Len. scale # discrete steps Batch size #epochs length scale λ1 λ2

Pinwheel 100 0.31 5 5000 501 0.47 1e-6 1e-6

2spirals 100 0.31 5 5000 501 0.47 1e-9 1e-8

Moons 150 0.30 3 5000 501 0.45 1e-9 1e-6

8gaussians 150 0.36 3 5000 701 0.54 1e-6 1e-5

Circles 100 0.35 5 5000 501 0.52 1e-6 1e-7

Swissroll 100 0.30 5 5000 501 0.45 1e-7 1e-6

Checkerboard 150 0.21 4 10000 1001 0.64 1e-8 1e-8

POWER 1000 0.74 2 2048 11 0.74 1e-11 1e-11

GAS 2000 0.96 4 2048 11 0.96 1e-11 1e-11

HEPMASS 2000 1.16 2 1024 20 2.32 1e-11 1e-11

MINIBOONE 1000 1.82 2 1024 20 3.63 1e-11 1e-11

BSDS300 2000 4.13 2 512 7 8.26 1e-11 1e-11

MNIST 3500 0.5 2 1024 101 1.04 1e-11 1e-11
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Figure A.5: Transport experiments on POWER benchmark using non-autonomous

kernel ODE. (First row) Marginal distributions of complex data measure ν. (Second row)

Marginal distributions of the learned pushforward measure.
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Figure A.6: Transport experiments on MINIBOONE benchmark using non-

autonomous kernel ODE. (First row) Marginal distributions of complex data measure

ν. (Second row) Marginal distributions of the learned pushforward measure.
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Figure A.7: Transport experiments on BSDS300 benchmark using non-autonomous

kernel ODE. (First row) Marginal distributions of complex data measure ν. (Second row)

Marginal distributions of the learned pushforward measure.
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Figure A.8: Transport experiments on POWER benchmark using autonomous kernel

ODE. (First row) Marginal distributions of complex data measure ν. (Second row) Marginal

distributions of the learned pushforward measure.
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Figure A.9: Transport experiments on GAS benchmark using autonomous kernel

ODE. (First row) Marginal distributions of complex data measure ν. (Second row) Marginal

distributions of the learned pushforward measure.
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Figure A.10: Transport experiments on HEPMASS benchmark using autonomous

kernel ODE. (First row) Marginal distributions of complex data measure ν. (Second row)

Marginal distributions of the learned pushforward measure.
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Figure A.11: Transport experiments on MINIBOONE benchmark using autonomous

kernel ODE. (First row) Marginal distributions of complex data measure ν. (Second row)

Marginal distributions of the learned pushforward measure.
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Figure A.12: Transport experiments on BSDS300 benchmark using autonomous

kernel ODE. (First row) Marginal distributions of complex data measure ν. (Second row)

Marginal distributions of the learned pushforward measure.
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Appendix B

STRUCTURED RANDOM RECEPTIVE FIELDS ENABLE
INFORMATIVE SENSORY ENCODINGS

B.1 List of abbreviations

Abbreviation Meaning

ANN artificial neural network

DCT discrete cosine transform

DFT discrete Fourier transform

DHT discrete Hartley transform

GP Gaussian process

LN linear-nonlinear model of a neuron

ReLU rectified linear unit, max(0, x) nonlinearity

RFN random feature network

RKHS reproducing kernel Hilbert space

SNR signal-to-noise ratio

STA spike triggered average

V1 primary visual cortex

XOR exclusive-or, boolean function

Table B.1: List of abbreviations

B.2 Function spaces for wide networks with structured receptive fields

RFNs are intimately connected to a popular class of supervised learning algorithms called kernel

methods. As the network width grows, the inner product between the feature representations of
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Symbol Meaning

x an input or stimulus to the network

w input-hidden weights for a neuron

β, β0 readout weights and offset

y, ŷ true and predicted output of the network

d dimension of the stimulus as a vector

m number of neurons in the hidden layer

T structured input space

D dimensions of input space T

L2(T ) space of square-integrable functions over a domain T

ℓ2 vector space with norm ∥u∥ =
√
uTu

∥ · ∥ the L2 or ℓ2 norm for function or vector argument

∥ · ∥F the Frobenius norm of a matrix

⟨a, b⟩ the L2(T ) inner product between functions, ⟨a, b⟩ =
∫
t∈T a(t)b(t)dt

uTv finite-dimensional ℓ2 inner product, uTv =
∑d

i=1 uivi

Id d× d identity matrix

C d× d covariance matrix

H RKHS, comes with inner product ⟨a, b⟩H and norm ∥a∥H =
√
⟨a, a⟩H

Table B.2: List of important symbols

two inputs x,x′ converges to a reproducing kernel

k(x,x′) := Ew

[
h(x)h(x′)

]
. (B.1)

The kernel defines a reproducing kernel Hilbert space (RKHS) of functions. The explicit form of

the kernels corresponding to classical RFNs are known for several non-linear activation functions.

For example, with the ReLU nonlinearity, no threshold, and unstructured Gaussian weights w ∼
N (0, Id), kReLU(x,x′) = 1

π∥x∥∥x′∥(sin θ + (π − θ) cos θ) where θ = arccos
(

xTx′

∥x∥∥x′∥

)
[50].

We derive the kernel induced by our RFNs with hidden weights initialized from GPs. In this
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section we work in the discrete setting, but the continuous version is analogous. Recall the network

equations that we use

h = σ (Wx) , ŷ = βTh + β0, (B.2)

and the basis change Theorem,

Theorem B.1 (Basis change formula). Assume w ∼ N (0,C) with C = ΦΛ2ΦT its eigenvalue

decomposition. For x ∈ Rd, define

x̃ := ΛΦTx. (B.3)

Then wTx = zT x̃ for z ∼ N (0, Id).

By definition of the kernel Eq (B.1), network Eq (B.2), and Theorem B.1, the kernel for struc-

tured features

kstruct(x,x
′) = Ew∼N (0,C)

[
h(x)h(x′)

]
= Ew∼N (0,C)

[
σ(wTx)σ(wTx′)

]
= Ez∼N (0,Id)

[
σ
(
zT x̃

)
σ
(
zT x̃′)]

:= kunstruct(x̃, x̃
′). (B.4)

Thus, the induced kernels from structured weights can be found in terms of unstructured weight

kernels acting on the transformed inputs x̃ and x̃′. Taking ReLU as the nonlinearity for example,

we get that kstruct(x,x
′) = kReLU(x̃, x̃′).

Every RKHS H comes with an inner product ⟨·, ·⟩H and norm ∥ · ∥H =
√
⟨·, ·⟩H. The norm

and inner product can be expressed in terms of eigenvalues and eigenfunctions of the kernel itself,

analogous to the eigendecomposition of the covariance function of the GP weights. Although it

is beyond the scope of our paper to explain the theory in detail, there are well-established results

showing that functions with small H-norm are easier to learn than those with larger norm for a

wide variety of kernel-based algorithms [197, 196]. In ridge regression, this effect is again equivalent

to projection and filtering in the kernel eigenbasis, i.e. linear filtering in function space. Finally,

end-to-end trained networks where the weights W are optimized may be studied with the related

neural tangent kernel (NTK) when the step size is small [114]. The basis change Theorem B.1

and Eq (B.4) give us a way to understand the RKHS of the stuctured network in terms of an

unstructured network’s RKHS acting on the transformed inputs x̃.
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Kernel eigenfunctions differ with structured weights

The structured RKHS has eigenfunctions which are different from the eigenfunctions of the un-

structured RKHS. To see this, it’s necessary to introduce a probability measure µ(x) for the data

x ∈ Rd. Kernel learning is often understood [40] in the orthonormal basis for L2(µ) given by the

eigenfunctions ψi of the integral operator Tk defined by

(Tkf)(x) =

∫
k(x,x′)f(x′)dµ(x′).

A natural question to ask is, how does the eigensystems of Tstruct and Tunstruct compare? The

mapping from x to x̃ induces a pushforward measure on x̃ which we will call ν(x̃), and since

the mapping is linear ν(x̃) = µ(ΦTΛ−1x). (Note that dν(x) = |Λ|−1dµ(ΦTΛ−1x), and if µ is

multivariate Gaussian, then ν is Gaussian with a different covariance.) Thus the integral operator

Tstruct under the data measure is equivalent to integrating kernel kunstruct under the pushforward

measure. Because∫
kunstruct(x,x

′)f(x′)dµ(x′) and

∫
kunstruct(x,x

′)f(x′)dν(x′)

are different, there is no general relationship that holds between the eigenfunctions. Different

measures leading to different kernel eigenfunctions and eigenvalues can explain why structured

weights have strong effects on learning, as shown by recent work demonstrating that areas of low

input density are learned more slowly [18].

B.3 Kernel theory for frequency detection: a fully worked, highly nutritious,
simplified example

To demonstrate how the kernel theory can also explain the benefits of structured random features,

we developed a simplified frequency detection task. We fully explain the orthonormal basis, target

function in that basis, kernels, and how the target function is harder to learn without knowledge of

the structure. To our knowledge, this is the first technical result that explains how transforming the

input data into an informative, lower-dimensional representation (essentially, preprocessing) leads

to improved learning with kernel methods.
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Data distribution and orthonormal basis

Frequency detection as presented in Appendix B.8 is difficult to work with because of the different

distributions of x+ and x− samples. Kernel theory requires us to work with basis functions which

are orthonormal with respect to the data measure, which in that case would be a mixture. To

get around this issue, we simplify the data distribution so that all of our data are Gaussian white

noise x ∼ N (0, Id). The Gaussian measure in 1-d has the natural orthogonal basis of (probabilist’s)

Hermite polynomials Hek(x) [1]. The first few of these are

He0(x) = 1, He1(x) = x, He2(x) = x2 − 1.

We can normalize these as ψk(x) = (k!)−1/2Hek(x) so that orthonormality under the Gaussian

distribution ∫ ∞

−∞
ψk(x)ψk′(x)

1√
2π
e−x2/2dx = δk,k′ (B.5)

is satisfied. To construct an orthonormal basis in d > 1 dimensions, we take the tensor product of

Hermite polynomials,

ψk(x) =
d∏

i=1

ψki(xi), (B.6)

which is orthonormal for the multivariate Gaussian∫
Rd

ψk(x)ψk′(x)(2π)−d/2e−∥x∥2/2dx = δk,k′ (B.7)

due to the separability of the integrals over each dimension.

Target function

The labels y = f∗(x) are chosen to only depend on the amplitude of frequency f1 in the white noise

signal. Writing x̃ = ΦTx for the input signal in frequency space, with Φ the discrete cosine trans-

form (DCT) matrix [206], the target function f∗ only depends on |x̃f1 |. A simplified classfication

task would then use

f∗(x) =


+1 if |x̃f1 | ≥ θ

−1 if |x̃f1 | < θ

, (B.8)



129

where the threshold θ is chosen so that 50% of the points are labeled ±1. However, we need to

write the target function f∗ in the polynomial basis Eq (B.6), and Eq (B.8) is a step function which

has an infinite polynomial expansion. A much simpler target function

f∗(x) = |x̃f1 |2 − θ2 (B.9)

still captures some of the behavior of Eq (B.8): It’s negative when the power in frequency f1 is

below θ and positive above. We will analyze the quadratic surrogate Eq (B.9).

Kernel decomposition

We consider kernels kstruct, kunstruct of the form

κ(x,x′) =
∑
k

ρkψk(x)ψk(x′), (B.10)

where k = (k1, k2, . . . , kd) is a multi-index. We build κ out of 1-d kernels

κi(xi, x
′
i) =

∞∑
ki=0

ρkiψki(xi)ψki(x
′
i), (B.11)

where the eigenvalue sequence ρ0, ρ1, . . . is shared across different κi. Each κi defines an RKHS over

functions of a single variable Hi, and κ(x,x′) =
∏d

i=1 κi(xi, x
′
i) defines an RKHS which is the tensor

product H = ⊗d
i=1Hi with eigenvalues given as ρk =

∏d
i=1 ρki . These tensor product polynomial

kernels were considered in [12] for multiple kernel learning. We normalize the 1-d kernels Eq (B.11)

so that
∑∞

k=0 ρk = 1. This implies that

∑
k

ρk =
∞∑

k1,...,kd=0

d∏
i=1

ρki =

 ∞∑
k1=0

ρk1

 · · ·
 ∞∑

kd=0

ρkd

 = 1, (B.12)

by the separability of the eigenvalues, so that the d-dimensional kernel Eq (B.10) is also normalized.

Furthermore, we can assume that all of the ρi < 1.

In general, random feature kernels will not be tensor products unless we make very specific

choices of weights and nonlinearities. We only use the product structure for convenience with

normalization. The form Eq (B.10) is, on the other hand, quite general and will hold for a variety

of random feature kernels.
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Target function in unstructured and structured networks

Now we analyze the target function in both unstructured and unstructured spaces. Using structured

random feature map is equivalent to some deterministic remapping x̃ = ΛΦTx, where Φ is an

orthogonal matrix encompassing the basis change and Λ is a filtering matrix. Like in Section B.9,

let’s use stationary bandpass features so that Λ just contains d′ entries which are equal to 1 with

the rest 0, and Φ is the DCT. Since the DCT is unitary, x̃ ∼ N (0, Id′). We use the DCT rather than

the DFT to avoid complications dealing with complex variables. Thus the transformed variables

x̃ and the original variables x both follow similar spherical Gaussian distributions just in different

dimensions. This means that the Hermite polynomial basis Eq (B.6) is an orthonormal basis for

both spaces.

Let H̃ be the RKHS of functions after applying the transformation x 7→ x̃. Then H̃ has the

kernel κ(x̃, x̃′) and eigenbasis ψk(x̃) under measure x̃ ∼ N (0, Id′). We take H to be the RKHS of

functions without ever transforming coordinates, i.e. the RKHS with kernel κ(x,x′) with eigenbasis

ψk(x) under data measure x ∼ N (0, Id).

The target function Eq (B.9) is simple to express in the eigenbasis of H̃:

f∗(x̃) = |x̃f1 |2 − θ2

= He2(x̃f1)− (θ2 − 1)He0(x̃f1)

=
√

2ψ2(x̃f1)− (θ2 − 1)ψ0(x̃f1).

Any RKHS F with eigenvalues ρi and eigenfunctions ψi defines an inner-product

⟨f, g⟩F =
∑
i

⟨f, ψi⟩L2(µ)⟨g, ψi⟩L2(µ)

ρi
, (B.13)

where the L2(µ) inner product is with respect to the data measure µ and ∥f∥2F = ⟨f, f⟩F [11]. The

norm of our target function thus becomes

∥f∗∥2H̃ =
2

ρ2ρ
d′−1
0

+
(θ2 − 1)2

ρd
′

0

. (B.14)

We will see that working with the less informative RKHS H leads to a significantly larger norm.

To express the target function Eq (B.9) in the eigenbasis of H we must use the basis change
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matrix. Let u be the vector corresponding to row f1 of ΦT so that x̃f1 = uTx =
∑d

i=1 uixi. Thus,

f∗(x) = |x̃f1 |2 − 1

=

(
d∑

i=1

uixi

)2

− θ2

=
d∑

i=1

u2ix
2
i + 2

∑
i<j

uiujxixj − θ2

=
d∑

i=1

u2i (
√

2ψ2(xi) + 1) + 2
∑
i<j

uiujψ1(xi)ψ1(xj)− θ2.

Reading off the coefficients of the basis terms (recall that 1 = ψ0(x)), we get that

∥f∗∥2H =
2

ρ2ρ
d−1
0

(
d∑

i=1

u4i

)
+

1

ρd0

(
d∑

i=1

u2i − θ2
)2

+
4

ρ21ρ
d−2
0

∑
i<j

(uiuj)
2

=
2

ρ2ρ
d−1
0

(
d∑

i=1

u4i

)
+

(θ2 − 1)2

ρd0
+

4

ρ21ρ
d−2
0

∑
i<j

(uiuj)
2, (B.15)

where the
∑d

i=1 u
2
i terms are equal to 1 because Φ is unitary. Note that

1 = ∥uuT ∥2F =
∑
i,j

(uiuj)
2 = 2

∑
i<j

(uiuj)
2 +

d∑
i=1

u4i , (B.16)

so the terms involving sums combined are O(ρd0). Specifically for the DCT-II [206], components

ui =
√

2
d cos

(
πf1
d

(
i− 1

2

))
, so for any f1 ∈ {1, . . . (d− 1)}

d∑
i=1

u4i =
4

d2

d−1∑
k=0

cos4
(
πf1
d

(
k +

1

2

))
=

3

2d
,

which implies that
∑

i<j(uiuj)
2 = 1

2 − 3
4d . (For general unit vectors u we have that 1 ≥∑d

i=1 u
4
i ≥

d−1 by Hölder’s inequality.) Thus for DCT-II the norm is

∥f∗∥2H =
3

dρ2ρ
d−1
0

+
(θ2 − 1)2

ρd0
+

2

ρ21ρ
d−2
0

(
1− 3

2d

)
. (B.17)

Comparison of the learning performance in structured and unstructured RKHS

A very standard but rough bound on the generalization performance of kernel ridge regression or

classification can be found by analyzing the Rademacher complexity of the class of linear functions
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in the RKHS [196, 197]. These upper bound the expected loss over new data in terms of the

training loss plus an error term, c.f. Theorem 7.39 in [197] for kernel ridge regression. The error

term controls the generalization gap between test and training losses and is typically proportional

to the ∥f∗∥F (for 0/1 loss) or ∥f∗∥2F (for square loss).1 Thus, a function with small F-norm is easier

to learn in the precise sense that it takes a smaller training set size to achieve a given generalization

gap when the norm is smaller.

We have computed ∥f∗∥2H and ∥f∗∥2H̃ in Eq (B.15) and Eq (B.14). Examining those two

expressions, we see that ∥f∗∥2H ≫ ∥f∗∥2H̃ due to two factors: First, there is the splitting of the

quadratic target into x2i and xixj terms which creates the extra term 4
ρ21ρ

d−2
0

∑
i<j(uiuj)

2 in the

norm. This arises from nonlinear effects of the quadratic target function on the different components

of the input signal. This nonlinear term is O(ρ−d
0 ), the same order as the other terms, but Eq (B.15)

will be larger than Eq (B.14) for d′ = d when ρ21 < ρ0ρ2. Secondly, the dimension reduction from

d to d′ dimensions means that analogous terms in Eq (B.15) and Eq (B.14) scale like cd and cd
′
,

respectively. This means that ∥f∗∥2H ≥ c(d−d′)∥f∗∥2H̃. Note that the projection x 7→ x̃ is a linear

operation but has nonlinear consequences for the norm. The norm in the unstructured kernel space

is exponentially larger than the norm in the structured kernel space.

Interpreting this exponential norm separation in light of the Rademacher generalization bounds,

you would need to train on exponentially more samples with the unstructured versus the structured

kernel to acheive the same bound. The majority of this effect is due to the dimension reduction

factor, since the nonlinear factor only grows the norm by a constant. However, for target functions

with contributions from many higher-order polynomials, the nonlinear factor would have a non-

linearly stronger effect. This is an interesting avenue for future research. More precise estimates

of generalization performance are possible using theories such as [35]. However, the exponential

gap between the performance of these two kernels is fundamental and not an artificial result from

shortcomings of the Rademacher analysis.
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A B

Figure B.1: Simulation results for the simplified frequency detection task. On

the left, test error versus dataset size for kernel ridge regression using structured kernels

(purple lines, by bandwidth) and the unstructured kernel (blue). On the right, test accuracy

versus dataset size for SVM classifier readout trained on structured random features (purple

lines, by bandwidth) and unstructured random features (blue). In both cases, task structural

information improves performance, leading to less error and higher accuracy.

Simulation results support the theory

We ran simulations of the simplified frequency detection task with both kernel methods and random

feature networks to check that this simplified task was similar to the task presented in the main

text and Appendix B.8. These simulations were performed with regression tasks with targets like

Eq (B.9) and classification tasks equivalent to Eq (B.8). The results are consistent for a broad

range of estimators and for both kernel and random feature networks.

For regression tasks, we used a tensor product kernel of the form Eq (B.10) with kernel ridge

1The trace of the kernel matrix also appears in these bounds, but this is unity due to normalization
Eq (B.12).
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regression and the target function f∗(x) = a(|x̃f1 |2 − θ2). The constant a was chosen so that the

labels had standard deviation 1, meaning that a mean square error of 1 is equivalent to chance. For

varying n logarithmically spaced between 24 and 6,400 we generated training and testing sets of size

n/2 in d =1,000 dimensions with f1 = 16. The training set was used to select the ridge parameter

from powers of 10 in the range [10−3, . . . , 103] by 5-fold cross-validation and error was computed

on the test set. Each of these experiments was repeated 20 times. We compare unstructured and

structured kernels by either passing in the raw vectors x (unstructured) or first performing the DFT

and passing in (x̃)f1−band:f1+band. Here, band is a bandwidth parameter determining the number

of components that are used in the structured kernel. When band = 0 we keep only the target

frequency component.

The classification tasks were similar. We used the exact target function Eq (B.8), the range

of n from 24 to 3,200, same split into training and test sets, d = 100, and f1 = 16. We classified

using a random feature network with 2,000 neurons, ReLU nonlinearity, and zero bias trained with

a linear SVM classifier readout. The SVM regularization strength was also swept over the range

[10−3, . . . , 103] by powers of 10 and selected via 5-fold cross-validation on the training set. The

accuracy of the selected estimator was then computed on the test set. We compare both classical

and mechanosensory receptive fields with bandwidth parameter band equivalent to flo = f1− band

and fhi = f1 + band and no decay (γ =∞).

The results are shown in Fig. B.1. For either regression or classification, the best performance is

acheived by the structured method with smallest bandwidth: error increases and accuracy degrades

with bandwidth. The unstructured kernel and unstructured random feature methods both only

perform at chance levels, square error ≈ 1 or accuracy ≈ 0.5. Similar results occur with kernel

SVM on the classification task, kernel support vector regression, and for kernels which are not

tensor product kernels (not shown). Furthermore, the random feature network’s limiting kernel is

an arc-cosine kernel which is not a tensor product kernel.

These simulations show that simplified frequency detection still exhibits the main features of

the other tasks we study while remaining amenable to theoretical analysis. The simulation results

are not sensitive to details of the experiment and are qualitatively similar when assumptions of the

theory are broken. Getting quantitative predictions of training and testing errors from the theory
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A

B

Figure B.2: Receptive fields of mechanosensory neurons. We show (A) biological

receptive fields and (B) random samples from the fitted covariance model.

is left to future work.

B.4 Covariance parameter optimization

Here we describe the details of how the GP covariances were fit to our various datasets.

Mechanosensor covariance

We aim to minimize the difference between the matrix generated by the covariance model Cmodel

and the data Cdata, while keeping flo smaller than fhi. For simplicity, we measure the covariance

mismatch with the Frobenius norm, solving

min
flo,fhi,γ

∥Cmodel(flo, fhi, γ)−Cdata∥F (B.18)

subject to: fhi ≥ flo.
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We use the trust region algorithm provided by the scipy.optimize.minimize to solve Eq (B.18).

V1 covariance

To fit the covariance model to the data, we formulate an optimization problem over the model

parameters s and f , where we minimize the Frobenius norm of the difference between the covariance

matrix Cmodel and Cdata:

min
s,f
∥Cmodel(s, f)−Cdata∥F . (B.19)

We solve Eq (B.19) using the Broyden–Fletcher–Goldfarb–Shannon (BFGS) algorithm provided by

the

scipy.optimize.minimize package.

B.5 Null receptive field models

We construct null GP models for both mechanosensors and V1 for comparison.

Mechanosensor covariance

We compare the data covariance matrix with the unstructured model and the Fourier model:

C(t, t′) =

stationary process︷ ︸︸ ︷
∞∑
k=0

λ2k cos
(
ωk(t− t′)

)
, λk =

bandlimited, flat-power spectrum︷ ︸︸ ︷
1 flo ≤ ωk ≤ fhi

0 otherwise

(B.20)

For the Fourier model, we fit the fhi and flo parameters to data by minimizing the Frobenius error

in the covariance matrix, finding flo = 75 Hz, fhi = 200 Hz. The resulting covariance matrices are

shown in Fig. B.3 and Fig. B.4. Receptive field samples from the null models are shown in Fig. B.5.

The samples from the Fourier model are smooth but do not decay in time like biological receptive

fields.
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Figure B.3: Covariance matrix of mechanosensory receptive fields and unstruc-

tured model. We compare the covariance matrices generated from the (A) receptive fields

of 95 mechanosensory neurons, (B) unstructured GP model and (C) 95 random samples from

the model.

V1 covariance

We compare the data covariance matrix with the unstructured model and the translation invariant

version of the V1 model. Recall that the localized V1 model had covariance

C(t, t′) =

smooth receptive fields︷ ︸︸ ︷
exp

(
−∥t− t′∥2

2f2

)
·

localized to a center c︷ ︸︸ ︷
exp

(
− ∥t− c∥2 + ∥t′ − c∥2

2s2

)
. (B.21)

For the translation invariant model, we remove the localizing exponential and only fit the spa-

tial frequency parameter, f (finding f = 0.73 pixels). The neuron weights are generated from a

covariance function of the following form:

C(t, t′) =

smooth receptive fields︷ ︸︸ ︷
exp

(
−∥t− t′∥2

2f2

)
(B.22)

The resulting covariance matrices are shown in Fig. B.8 and Fig. B.9. Receptive field samples

from the null models are show in Fig. B.10.
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Figure B.4: Covariance matrix of mechanosensory receptive fields and the Fourier

model (B.20). We compare the covariance matrices generated from the (A) receptive fields

of 95 mechanosensory neurons, (B) Fourier GP model and (C) 95 random samples from the

model.

A

B

C

Figure B.5: Receptive fields from mechanosensory neurons, the unstructured

model and the Fourier model (B.20). We show the receptive fields from the (A)

mechanosensory neurons, (B) unstructured GP model and (C) the Fourier GP model.
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Figure B.6: Covariance matrix of V1 receptive fields and our model for white noise

stimuli. We show the full structure of the covariance matrices, which are the 180×180 pixel

region around the centers of these 504 × 504 pixel matrices. .These matrices are generated

from the (A) receptive fields of 8,358 mouse V1 neurons, (B) the GP model Eq (B.21), and

(C) 8,358 random samples from the model.

B.6 Derivation of eigenfunctions of V1 covariance function

The covariance between two pixel locations t = (t1, t2), t
′ = (t′1, t

′
2) ∈ R2 is given by

C(t, t′) = e
− ∥t−t′∥2

2f2 e−
∥t∥2+∥t′∥2

2s2

= e
− (t1−t′1)

2

2f2 e−
(t21+t′21 )

2s2 · e−
(t2−t′2)

2

2f2 e−
(t22+t′22 )

2s2

=

2∏
i=1

e−α(ti−t′i)
2
e−δ(t2i+t′2i ) for α :=

1

2f2
, δ :=

1

2s2
.

Since covariance function factors into a product of functions of variables t1, t
′
1 and t2, t

′
2, the mul-

tidimensional eigenfunctions ϕk(t) and eigenvalues λ2k also factor into a product of 1-dimensional

eigenfunction and eigenvalues, i.e. ϕk(t) =
∏2

i=1 ϕki(ti) and λ2k =
∏

i=1 λ
2
ki

. This holds for d > 2

dimensions as well. So we work in 1-d and search for eigenfunctions and eigenvalues such that,∫ ∞

−∞
C(t, t′)ϕk(t)dt = λ2kϕk(t′),
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A

B

Figure B.7: Receptive fields of V1 neurons from white noise stimuli. We show (A)

biological receptive fields and (B) random samples from the fitted covariance model.

with C(t, t′) = e−α(t−t′)2e−δ(t2+t′2).

We make the ansatz that ϕk(t) = e−c1t2Hk(c2t), where Hk is the kth Hermite polynomial

(physicists’ convention) [92] and c1, c2 are constants. With this guess for the eigenfunctions,∫ ∞

−∞
C(t, t′)ϕk(t)dt =

∫ ∞

−∞
e−α(t−t′)2e−δ(t2+t′2)e−c1t2Hk(c2t)dt

=

∫ ∞

−∞
e−Xt2+Y t−t′2(α+δ)Hk(c2t)dt (X := α+ δ + c1, Y := 2αt′)

= e−t′2(α+δ)+Y 2

4X

∫ ∞

−∞
e
−(

√
Xt− Y

2
√
X
)2
Hk(c2t)dt (completing the square)

=
1√
X
e−t′2(α+δ)+Y 2

4X

∫ ∞

−∞
e
−
(
u− Y

2
√
X

)2

Hk(u
c2√
X

) (u =
√
Xt)

=

√
π

X

(
1− c22

X

)k/2

︸ ︷︷ ︸
λ2
k

e−t′2(α+δ−α2

X
)Hk

(
c2α

X(1− c22
X )1/2

t′

)
︸ ︷︷ ︸

ϕ̂k(t′)

. ([92], 7.374.8)
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Figure B.8: Covariance matrix of V1 receptive fields and unstructured model for

white noise stimuli. We compare the covariance matrices generated from the (A) receptive

fields of 8,358 mice V1 neurons, (B) unstructured GP model and (C) 8,358 random samples

from the model.
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Figure B.9: Covariance matrix of V1 receptive fields and translation invariant

V1 model (Eq. B.22) for white noise stimuli. We compare the covariance matrices

generated from the (A) receptive fields of 8,358 mice V1 neurons, (B) translation invariant

version of the V1 GP model and (C) 8,358 random samples from the model.
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Figure B.10: Receptive fields from V1 neurons, the unstructured model and the

translation invariant V1 model (B.22). We show the receptive fields from the (A) V1

neurons, (B) unstructured GP model and (C) the translation invariant V1 GP model.

Solving for the unknown constants leads to the equations

c1 = α+ δ − α2

X
=⇒ c1 =

√
δ(2α+ δ),

c2 =
c2α

X
(

1− c22
X

)1/2 =⇒ c2 =

√
(α+ δ + c1)

(
1− α2

(α+ δ + c1)

)
=
√

2c1.

The last step is to find the normalization constant for the eigenfunctions:∫ ∞

−∞
|ϕ̂k(t)|2dt =

∫ ∞

∞
e−2c1t2H2

k(c2t)dt

=
1

c2

∫ ∞

∞
e−u2

H2
k(u)du (u = c2t, c

2
2 = 2c1)

=
2kk!
√
π

c2
. ([92], 7.374.1)

Therefore, our orthonormal eigenfunctions and eigenvalues for the 1-dimensional covariance are

ϕk(t) =
c2

2kk!
√
π
e−c1t2Hk(c2t), λ2k =

√
π

α+ δ + c1

(
1− c22

α+ δ + c1

)k/2

, (B.23)

where c1 =
√
δ(2α+ δ), c2 =

√
2c1. Note that λ2k ∝ ck3 with c3 =

√
1− c2

α+δ+c1
, so that the

spectrum decays exponentially.
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B.7 Distributed receptive field centers imply a sum kernel space

To generate our V1-inspired weights, we first sample a center c uniformly at random from the pixels

in the image; call this set of pixels S. We will now derive the kernel for this weight sampling.

Suppose that all of the weights are sampled with a single center c. Then Eq (B.4) tells us that

the structured kernel associated with the RFN

kstruct(x,x
′; c) = kunstruct(ΛcΦ

T
c x,ΛcΦ

T
c x

′)

= kunstruct(x̃c, x̃
′
c), (B.24)

where we have defined the local basis change

x̃c = ΛcΦ
T
c x. (B.25)

This local basis change projects into a basis of Hermite wavelets Φc centered at c and filters

according to the eigenvalues Λc. The reproducing kernel Eq (B.24) defines an RKHS of functions

Hc which take images as their input and produce a real-valued output. The RKHS is a Hilbert

space and thus has a norm ∥ ·∥Hc . Functions with small Hc-norm are, informally, smooth functions

of the local wavelet coefficients x̃c.

In our experiments, we actually sample weights from all centers c ∈ S with equal probability.

Taking the expectation over the centers, this means that the kernel will be an average over all of

the local kernels Eq (B.24),

kstruct(x,x
′) =

1

|S|
∑
c∈S

kstruct(x,x
′; c). (B.26)

Let H be the RKHS associated with kstruct(·, ·), another space of functions that take in images and

output a real number. The sum Eq (B.26) implies that H =
⊕

c∈SHc, i.e. the RKHS is a direct

sum of local RKHS’s [197]. This means that any function f ∈ H can be written as f =
∑

c∈S fc,

with every fc ∈ Hc. The norm of this function comes from taking a minimum over all such

decompositions

∥f∥H = min
fc:f=

∑
c∈S fc

√
|S|
∑
c∈S
∥fc∥2Hc

.

We can think of functions with small H-norm, which will be easiest to learn, as sums of smooth

functions of local wavelet coefficients. This is equivalent to using convolutions, i.e. [144].
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B.8 Timeseries data generation

We detail how the two frequency classification tasks from (detection and XOR) are generated.

In both tasks, each example is an L ms timeseries sampled at f Hz, making each x a vector of

length d = L × f . Thus in the discrete setting, we only have d total frequencies. While the math

below show continuous signals, in our code we generate analagous discrete signals using the discrete

Fourier transform basis.

Frequency detection

The frequency detection task is a binary classification task. The positive examples contain a pure

sinusoidal signal with frequency f1 and additive Gaussian noise. The negative examples are just

white noise. They are generated in the following way:

x+(t) = a

pure frequency︷ ︸︸ ︷√
2

L
(ηf cos(f1t)− ξf sin(f1t)) +

additive Gaussian noise︷ ︸︸ ︷√
1− a2

√
2

(d− 1)L

d−1∑
j=0

j:ωj ̸=f1

(ηj cos(ωjt)− ξj sin(ωjt))

x−(t) =

√
2

dL

d−1∑
j=0

(ηj cos(ωjt)− ξj sin(ωjt))

where ωj = 2πj/L is the j-th natural frequency, a is a parameter that sets the SNR, and the

coefficients ηj , ξj , ηf , ξf are random variables uniformly sampled from the unit circle (which gives

each frequency component a random phase).

We define

SNR :=
a2

1− a2 , (B.27)

with a ∈ [0, 1]. Larger a means a larger contribution of the pure tone and smaller amplitude noise.

Note that ∥x−(t)∥2L2([0,L]) = ∥x+(t)∥2L2([0,L]) = 1. The generation process ensures that the L2 energy

of both the negative and positive examples are matched and that the SNR is equal to the ratio of

energy captured in frequency flo to the total energy in all other components.

We generate a balanced dataset with 7,000 timeseries signals which we split into a training set

with 5,600 examples and a test set with 1,400 examples. We tuned the GP covariance parameters
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flo, fhi, and γ from

C(t, t′) =

localized︷ ︸︸ ︷
exp

(
−(t+ t′)

γ

) stationary process︷ ︸︸ ︷
∞∑
k=0

λ2k cos
(
ωk(t− t′)

)
, λk =

bandlimited, flat-power spectrum︷ ︸︸ ︷
1 flo ≤ ωk ≤ fhi

0 otherwise

, (B.28)

using 3-fold cross validation on the training set. We found the optimal parameters for a network

with 20 hidden neurons and used them for all hidden layer widths. We tested flo and fhi parameters

from 10 Hz to 200 Hz at increments of 10 Hz. For γ, we set the parameter range to be from 10

ms to 100 ms and used all parameters at increments of 10 ms. Using grid search, we tested all

combinations of these parameters. The optimal model was refit using all training 5,600 samples,

and the errors we report were measured on the test set.

Frequency XOR

We use a similar set up to generate the timeseries for the frequency exclusive-or (XOR) task. The

positive examples are either frequency f1 or f2 Hz pure sinusoids with additive Gaussian noise. The

negative examples are either mixed frequency timeseries (with both f1 and f2 Hz signals) or pure

Gaussian noise. They are generated in the following way:

x+,k(t) =

pure frequency︷ ︸︸ ︷
a

√
2

L
(ηf cos(fkt)− ξf sin(fkt)) +

additive Gaussian noise︷ ︸︸ ︷√
2(1− a2)
(d− 1)L

d−1∑
j=0

j:ωj ̸=fj

(ηj cos(ωjt)− ξj sin(ωjt))

x−,noise(t) =

√
2

dL

d−1∑
j=0

(ηj cos(ωjt)− ξj sin(ωjt))

x−,mixed(t) =
a√
L

∑
j∈{1,2}

(ηj cos(fjt)− ξj sin(fjt)) +

√
2(1− a2)
(d− 2)L

d−1∑
j=0

j:ωj ̸=f1,f2

(ηj cos(ωjt)− ξj sin(ωjt)) ,

for k ∈ {1, 2} in the x+,k(t) function. The constants, random variables, and details of SNR are

identical to the frequency detection section. The datasets we generate have balanced proportions

of x+,1, x+,2, x−,noise, and x−,mixed signals.
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B.9 SNR amplification via filtering

Let’s consider the simple frequency detection task with stationary bandpass features. Since these

features are stationary, their eigenvectors are Fourier modes, i.e. Φ is the discrete Fourier transform

(DFT) matrix. Assume the features encode a bandpass filter, which means that Λ = diag(λi),

i ∈ {0, . . . , d− 1}, with λi = 1 for ilo ≤ i ≤ ihi and 0 otherwise.

In frequency detection, a single frequency component (discrete Fourier mode) contains the signal

with energy a2. The other d − 1 components each have energy 1−a2

d−1 , for a total energy of 1 − a2

contained in this white noise. After the basis change is applied to any input x, the transformed

vector x̃ = ΛΦ∗x will have zeros in all entries outside the passband. (We use the conjugate

transpose Φ∗ here rather than the transpose since the DFT matrix is complex; the interpretation

is the same.) This makes the new representation x̃ effectively d′-dimensional, where d′ = ihi − ilo.
Now, first assume that the signal is within the passband. The total noise energy in the trans-

formed representation becomes (1 − a2)d′−1
d−1 , since one of the d′ components is still signal, and no

energy is lost in the retained components because Φ is unitary. The overall noise is shrunk by a

factor of d′−1
d−1 , so the SNR gets boosted by d−1

d′−1 . In the limiting case where d′ = 1, the noise energy

is 0 and SNR is infinite. On the other hand, if the signal lies outside the passband the SNR is

reduced to 0.

B.10 Implementation details and code availability

In all experiments with RFNs, the training algorithm is an SVM classifier with squared hinge loss

provided by the sklearn.svm.LinearSVC package and all other parameters set to their defaults.

We used scipy [221] and numpy [98] to construct both classical unstructured and neural-inspired

structured weights. For the experiments with fully-trained networks, we used pytorch [167]. The

cross entropy loss function was optimized using full batch stochastic gradient gescent (SGD) opti-

mizer, i.e. gradient descent (GD). Our code is available at https://github.com/BruntonUWBio/

structured-random-features.

https://github.com/BruntonUWBio/structured-random-features
https://github.com/BruntonUWBio/structured-random-features
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B.11 Covariance of V1 neurons with other stimuli

We repeat the covariance analysis of the V1-inspired weights on three additional datasets of V1

neurons. Different stimuli were shown in each dataset to calculate the receptive field.

The first dataset was provided by Ringach et al. from their work on characterizing the spatial

structure of simple receptive fields in macaque (Macaca fascicularis) V1 [183]. The spikes of 250

neurons were recorded in response to drifting sinusoidal gratings. The receptive fields were calcu-

lated from the stimuli and responses using subspace reverse correlation. Because of the bandlimited

properties of sinusoidal stimuli, this experiment biases the reconstruction towards smooth receptive

fields. The receptive fields were of various sizes: 32 pixels × 32 pixels, 64 pixels × 64 pixels, and

128 pixels × 128 pixels. We resized them to a common dimension of 32 pixels × 32 pixels using

local mean averaging. We find the optimal covariance parameters that fit the data to be s = 2.41

and f = 0.95 pixels. The covariance matrices and eigenfunctions are shown in Fig. B.11. Examples

of biological receptive fields and random samples from the fitted model are shown in Fig. B.12 in

the Appendix.

The second dataset contains the responses of 69,957 neurons recorded from the primary visual

cortex of mice bred to express GCaMP6s. We presented 5,000 static natural images of 24 ×
27 pixels in random order for 3 trials each. We calculated the receptive fields from the natural

images and calcium responses of cells using ridge regression with an ℓ2 penalty set to 0.1 after

each image pixel was z-scored across images. We used the average receptive field over all three

trials. For the covariance analysis, we picked cells with SNR > 0.4. This gave us 10,782 cells.

The optimal covariance parameters that fit the data are s = 5.40 and f = 1.17 pixels. Examples

of biological receptive fields and random samples from the model are shown in Fig. B.14. The

covariance matrices and eigenfunctions are shown in Fig. B.13. Examples of biological receptive

fields and random samples from the fitted model are shown in Fig. B.14. Repeating this analysis

using receptive fields from individual trials yields identical results.

The third dataset contains the responses of 4,337 neurons also recorded from the primary visual

cortex of mice bred to express GCaMP6s. The mice were shown static discrete Hartley transform

(DHT, similar to a real-valued discrete Fourier transform) basis functions of size 30 × 80 pixels, and

the calcium responses of neurons were recorded. The receptive fields were calculated using ridge
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Figure B.11: Spectral properties of V1 receptive fields and our model for Ringach

dataset. We compare the covariance matrices generated from the (A) receptive fields of

250 macaque V1 neurons, (B) the GP model Eq (B.21), and (C) 250 random samples from

the model. The data is from [183]. (D) The leading 10 eigenvectors of the data and model

covariance matrices show similar structure and explain 57% of the variance in the data.

Analytical Hermite wavlet eigenfunctions are in the last row. (E) The eigenspectrum of the

model matches well with the data.

regression without any ℓ2 penalty. Here, we picked cells with SNR > 1 for analysis. We were left

with 2,698 cells. The optimal covariance parameters that fit the data are s = 10.46 and f = 1.20

pixels. The covariance matrices and eigenfunctions are shown in Fig. B.15. Examples of biological

receptive fields and random samples from the fitted model are shown in Fig. B.16.
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Figure B.12: Receptive fields of V1 neurons from the Ringach dataset. We show

(A) biological receptive fields and (B) random samples from the fitted covariance model.

B.12 Initialization of networks with structured weights

We show results of initializing fully trained neural networks across a range of network widths (50,

100, 400, and 1,000) and learning rates (10−3, 10−2, and 10−1) in Figures B.17, B.18, B.19, and

B.20.

B.13 Deep network experiments

We experimented with using the V1-inspired weight initialization in the first two convolutional layers

of AlexNet [126] and training on the ImageNet Large Scale Visual Recognition Challenge from 2012

[189]. Our implementation was based on the example provided by pytorch and torchvision [167]

and used the same optimization routine, parameters, and schedule as in https://github.com/

pytorch/examples/tree/master/imagenet.

All convolutional layers were initialized with weights drawn from a Gaussian distribution with

variance (cindxdy)−1, where cin was the number of input channels, and dx and dy are the dimensions

https://github.com/pytorch/examples/tree/master/imagenet
https://github.com/pytorch/examples/tree/master/imagenet
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Figure B.13: Spectral properties of V1 receptive fields and our model for natural

image stimuli. We compare the covariance matrices generated from the (A) receptive fields

of 10,782 mice V1 neurons, (B) the GP model Eq (B.21), and (C) 10,782 random samples

from the model. (D) The leading 10 eigenvectors of the data and model covariance matrices

show similar structure and explain 39% of the variance in the data. Analytical Hermite

wavelet eigenfunctions are in the last row. (E) The eigenspectrum of the model compared

to the data.

of the filter. This is equal to the reciprocal of the fan-in. In the case of classical initialization, this

Gaussian distribution has covariance proportional to the identity, whereas in the structured case

we use the V1-inspired covariance centered in the center of the filter with independent draws for

each input channel. All biases and weights in the other layers are set with their pytorch defaults.
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Figure B.14: Receptive fields of V1 neurons from natural images stimuli. We show

(A) biological receptive fields and (B) random samples from the fitted covariance model.

The structured weights were only used in the first two convolutional layers of dimensions dx× dy =

11×11 and 5×5. The size parameter was set to s = max(dx, dy) · 3 and frequency bandwidth was

f = max(dx, dy)/5.

We show training and testing loss over the first 10 epochs for both the classical and structured

initializations in Fig. B.21. The structured initialization at first shows an advantage over classical,

with consistently lower losses for the first 4 epochs, but eventually the classical network catches

up. From this point onwards (until the 90 training epochs are complete), the classical network has

the same or lower loss. Both networks end up performing well, reaching accuracies close to those

reported in [126] and the torchvision documentation (https://pytorch.org/vision/stable/

models.html), as shown in Table B.3. The classical initialization performs slightly better overall.

These null results are perhaps not surprising: The initial layers of AlexNet contain only 64 and

192 output channels (i.e. filters) respectively, making up only a small fraction of the total weights

https://pytorch.org/vision/stable/models.html
https://pytorch.org/vision/stable/models.html
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Figure B.15: Spectral properties of V1 receptive fields and our model for DHT

stimuli. We compare the covariance matrices generated from the (A) receptive fields of

2,698 mice V1 neurons, (B) the GP model Eq (B.21), and (C) 2,698 random samples from

the model. (D) The leading 10 eigenvectors of the data and model covariance matrices. They

explain 29% of the variance in the data. Analytical Hermite wavelet eigenfunctions are in

the last row. (E) The eigenspectrum of the model matches well with the data.

in the network. The deeper convolutional layers contain many more channels and are built with

small 3×3 filters where our initialization is unlikely to help. It is also possible that the effects

of initialization are less important for overparametrized models or with large amounts of training

data.
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Figure B.16: Receptive fields of V1 neurons from DHT stimuli. We show (A) biolog-

ical receptive fields and (B) random samples from the fitted covariance model.

Initialization Loss Top-1 accuracy (%) Top-5 accuracy (%)

Classical 2.059 (1.907) 55.2 (56.5) 76.3 (79.2)

Structured 2.074 (1.920) 53.0 (56.4) 76.0 (79.0)

Table B.3: Results after training AlexNet for 90 epochs on ImageNet. The classical

initialization leads to slightly smaller loss and higher accuracy over the structured initializa-

tion. Test values are shown in parentheses; these are better than the training values due to

dropout.



154

10−3

10−2

10−1

50 100 400 1000
Hidden layer width

Le
ar

ni
ng

 ra
te

epochs epochs epochs epochs

tra
in

 lo
ss

tra
in

 lo
ss

tra
in

 lo
ss

0 1500 3000 0 1500 3000 0 1500 3000 0 1500 3000

0.8

0.4

0.0

2

1

0

2

1

0

unstructured

V1-inspired

incompatible

Figure B.17: Training loss on MNIST for fully-trained neural networks initialized

with V1 weights. We show the average training loss of fully-trained networks against the

number of training epochs across diverse hidden layer widths (50, 100, 400, and 1000) and

learning rates (10−1, 10−2, and 10−3). For every hidden layer width, we generate five random

networks and average their performance. The solid lines show the average training loss while

the shaded region represents the standard error. When the covariance parameters are tuned

properly, V1-initialized networks achieve lower training loss over fewer epochs. The benefits

are more significant at larger network widths and lower learning rates. With incompatible

weights, V1 initialization leads to similar performance as unstructured initialization.
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Figure B.18: Test error on MNIST for fully-trained neural networks initialized

with V1 weights. We show the average test error of fully-trained networks against the

number of training epochs across diverse hidden layer widths (50, 100, 400, and 1000) and

learning rates (10−1, 10−2, and 10−3). For every hidden layer width, we generate five random

networks and average their performance. The solid lines show the average test error while

the shaded regions represent the standard error. When the covariance parameters are tuned

properly, V1-initialized networks achieve lower test error over fewer epochs. The benefits

are more significant at larger network widths and lower learning rates. With incompatible

weights, V1 initialization leads to similar performance as unstructured initialization.
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Figure B.19: Training loss on KMNIST for fully-trained neural networks initial-

ized with V1 weights. We show the average training loss of fully-trained networks against

the number of training epochs across diverse hidden layer widths (50, 100, 400, and 1000) and

learning rates (10−1, 10−2, and 10−3). For every hidden layer width, we generate five random

networks and average their performance. The solid lines show the average training loss while

the shaded regions represent the standard error. When the covariance parameters are tuned

properly, V1-initialized networks achieve lower training loss over fewer epochs. The benefits

are more significant at larger network widths and lower learning rates. With incompatible

weights, V1 initialization leads to similar performance as unstructured initialization.
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Figure B.20: Test error on KMNIST for fully-trained neural networks initialized

with V1 weights. We show the average test error of fully-trained networks against the

number of training epochs across diverse hidden layer widths (50, 100, 400, and 1000) and

learning rates (10−1, 10−2, and 10−3). For every hidden layer width, we generate five random

networks and average their performance. The solid lines show the average test error while

the shaded regions represent the standard error. When the covariance parameters are tuned

properly, V1-initialized networks achieve lower test error over fewer epochs. The benefits

are more significant at larger network widths and lower learning rates. With incompatible

weights, V1 initialization leads to similar performance as unstructured initialization.
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Figure B.21: Initializing AlexNet using structured random features shows little

benefit for ImageNet. Training and testing loss are shown for classical and structured

random initializations of convolutional layers in AlexNet. These losses are initially lower for

structured features, but by 6 epochs the classical initialization catches up and it eventually

reaches a slightly lower loss than the structured initialization. Note that the training losses

are higher than testing due to dropout applied in the training phase.
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