
©Copyright 2020

Daniel Dylewsky



Data-Driven Methods for

Physics-Constrained Dynamical Systems

Daniel Dylewsky

A dissertation
submitted in partial fulfillment of the

requirements for the degree of

Doctor of Philosophy

University of Washington

2020

Reading Committee:

J. Nathan Kutz, Chair

Gerald Seidler

Gordon Watts

Program Authorized to Offer Degree:
Physics



University of Washington

Abstract

Data-Driven Methods for
Physics-Constrained Dynamical Systems

Daniel Dylewsky

Chair of the Supervisory Committee:

Professor J. Nathan Kutz

Applied Mathematics

As the availability of large data sets has risen and computation has become cheaper, the

field of dynamical systems analysis has placed increased emphasis on data-driven numerical

methods for diagnostics, forecasting, and control of complex systems. Results from ma-

chine learning and statistics offer a broad suite of techniques with which to approach these

tasks, often with great efficacy. With respect to time series data gathered from sequential

measurements on a physical system, however, these generic methods often fail to account

for important dynamical properties which are obscured if the data is treated as a collec-

tion of unordered snapshots without attention to coherence phenomena or symmetries. This

thesis presents three methodological results designed to address particular problems in sys-

tems analysis by taking a physics inspired, dynamics focused approach. Chapter 3 offers a

method for decomposition of data from systems in which different physics phenomena un-

fold simultaneously on highly disparate time scales by regressing separate local dynamical

models for each scale component. Chapter 4 presents a novel representation for complex

multidimensional time series as superpositions of simple constituent trajectories. It is shown

that working in this representation, a large class of nonlinear, spectrally continuous systems

can be effectively reproduced by actuated linear models. Finally, Chapter 5 introduces a

dynamical alternative to existing methods for stability analysis of networked power systems.



Instead of employing graph theory techniques directly on the topological structure of the

power grid in question, a phenomenological graph representation learned directly from time

series data is shown to offer greater practical insight into the structural basis for failure

events. Taken together, these results contribute to a larger push toward effective data-driven

analysis of physical systems which takes explicit account for geometry, scale, and coherence

properties of observed dynamics.
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Chapter 1

INTRODUCTION

The modern era of computation has seen a tremendous proliferation of methodological

development in the fields of statistical learning and data science, due largely to the newfound

availability of extensive data sets in almost every field of scientific inquiry. Among the many

diverse applications for these tools, there is a growing interest in how they might be em-

ployed on sequential data obtained by repeated measurement of some dynamically evolving

system. Whereas time series analysis has historically focused primarily on statistical profil-

ing of observed data, advances in machine learning have lately shifted attention toward the

harder problem of extracting underlying dynamical models directly from measurements. The

successful discovery of governing laws is highly desirable, even when they only approximate

the true dynamics (offering e.g. a coarse-grained representation or a time-local description),

because it opens the door to a suite of diagnostic, forecasting, and control techniques rooted

in dynamical systems theory.

This thesis presents three novel methods in the field of data-driven systems analysis.

All of them leverage time series data for what might be termed a “dynamics-first” analytic

approach: rather than repurposing more generic machine learning approaches, attention is

focused on building and applying algorithms which take into account defining dynamical

properties of the data. Time series measurements on physical systems commonly exhibit

continuity, low-rank spatial structure, or sparse Fourier representation. Moreover, they can

be framed as the output of some (usually unknown) generator function expressible by a

differential equation. More general methods in statistical learning and data science have

a great deal to offer in this domain, but they are unnecessarily hamstrung if they are not
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further tailored to take advantage of these highly constraining properties.

1.1 Simplified Representations in Physics

Understanding of the various symmetries that characterize our universe and subsystems

that it contains is central to the underpinning theories of physics. The invariance of phys-

ical properties under transformations of translation, rotation, charge inversion, etc. (and

the conservation laws which arise from these symmetries) present crucial constraints to the

mathematics that govern all observed behavior. One direct consequence of these constraints

is order reduction in explanatory models: a system with n degrees of freedom subjected

to energy conservation admits a reduced description of n − 1 variables. A dimensionally-

reduced representation can be exact or approximate, depending on the strictness of the

generating symmetry. Thermodynamics, for example, seeks highly simplified models based

on statistical properties which hold in the large-n limit. A system containing on the order of

Avogadro’s number of particles can be described quite accurately by the single-line ideal gas

law pV = NkBT ; the relevant conservation property here is not an ironclad physical law but

rather a set of statistical assumptions which hold under the conditions of thermodynamic

equilibrium. As such the simplified equation of state cannot be expected to give a complete

account of the physics of the system, but for many applications it provides a useful and fully

adequate description.

Physicists’ preoccupation with identifying simplifying dynamical representations for com-

plex phenomena also extends beyond dimensionality reduction. In many cases the right coor-

dinate transformation can greatly simplify a model even without altering the number of free

parameters it contains. The 2nd-century CE Ptolemaic model of the solar system, in which

planets follow nested circular epicycles centered on the Earth, was remarkably successful as

a predictive tool. It was eventually supplanted some 14 centuries later by the heliocentric

Copernican theory, which is now heralded as a revolutionary advance in astronomy. But the

Copernican model was not superior to its predecessor in computational accuracy; even Kepler

acknowledged that the two were “for practical purposes equivalent within a hair’s breadth”
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[196]. The great triumph of the new theory was its naturalness. Where Ptolemy was forced

to introduce unintuitive ad hoc modifications to his laws to fit the apparent retrograde mo-

tion of planets relative to the Earth, Copernicus offered clean elliptical trajectories simply by

changing his observational reference frame. Both models were correct, in the sense that their

predictions could later be reproduced by Newtonian mechanics carried out in their respective

frames, but it is unlikely that Newton’s laws could ever have been deduced from Ptolemy.

The notion of naturalness that distinguishes these theories is difficult to rigourously define,

but it offers a critical guiding principle in the path from empirical observation to explanatory

theory.

1.2 Data-Driven Discovery of Simplified Representations

The lessons of this story have become more salient with the advent of modern computational

methods. Data on evolving physical systems can be collected in quantities much too great for

traditional methods of analysis. Increasingly, we turn to automated techniques to identify

simplifying structure, symmetries, and governing laws with little to no human supervision.

Implementing this programmatically requires attention to the two key aforementioned in-

sights from physics: first, that the right coordinate transformation can bring to light the

obscured underlying structure of complex data, and second that a given system can admit

multiple representations which capture its properties from different scales or perspectives.

Many-body quantum mechanics is in principle capable of describing global weather patterns,

but in practice it is clearly not the right tool for the job: different dynamical representations

are suited to different purposes. As successful as the field of physics has been in producing

governing models for all manner of systems, modern computational methods have engen-

dered new objectives for which these models are not well adapted. Complex fluid flows can

be simulated accurately by numerical integration of the Navier-Stokes equations, but this is

often extremely computationally demanding. Burgeoning interest in online data assimila-

tion, forecasting, and control methods demands new reduced-order representations for these

problems to allow for real-time simulation.
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The interplay between practical use case and mathematical representation is of central

importance to data-driven discovery methods. A low-dimensional approximation to observed

dynamics can be thought of as a delineation between those degrees of freedom which are rel-

evant to a given question and those which are not. The user’s role is to programmatically

distinguish between the two. In a fluids problem, where high-dimensional input data might

consist of a velocity field sampled on densely spaced grid points in space and time, a useful

reduced representation will not be achieved by a simple global affine coordinate transfor-

mation à la Copernicus. If there is a dynamical simplification to be found which preserves

the important physics of the system, it will presumably lie in recurring spatiotemporally

coherent structures in the flow field which can be shown to interact in some reproducible

fashion. Furthermore a reduced coordinate system should naturally encode the symmetries

of the original physics.

The field of data science, organized around the task of automated learning directly from

data, dates back at least to 1962, when John Tukey called for a paradigm shift in statistics

research to make use of the increasingly capable computer systems of the time [192, 53].

In the decades since, statistical and machine learning methods have become ubiquitous in

physics. These approaches are leveraged for model discovery, signal processing, experiment

design, sensor placement, and control applications, among many others. They have par-

ticular currency in problems involving high-dimensional, multiscale, and nonlinear systems.

Learned classifiers are used to reconstruct jets in particle physics, neural networks are used

to understand and simulate many-body quantum systems, material properties are progra-

matically inferred from molecular chemistry, and turbulent fluid flows are controlled using

learned actuators [111, 34]. Learning methods range from simple principal component de-

compositions and linear regression analysis to more sophisticated modern techniques such as

genetic algorithms, support vector machines, regularized and sparse regression models, and

artificial neural networks. Central to all of these approaches is the premise that the data in

question exhibits underlying structure which, under proper coordinate transformation, can

be leveraged to obtain a simpler or more useful representation.
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1.3 Organization and Contributions

The work presented in this thesis seeks to bring these insights to bear on problems with

properties which make them particularly resistant to certain analytic or numerical methods.

In each case, dynamical structure is inferred directly from time series data and leveraged

into an alternate representation designed with a practical objective in mind. The results are

organized in sections as follows: Chapter 2 offers a brief methodological overview of Koopman

theory and Dynamic Mode Decomposition, which form the basis of much of the work of this

thesis. Chapter 3 presents a novel method for data-driven decompositions of systems in

which dynamics unfold simultaneously on multiple highly disparate time scales. This is a

property which seriously undermines the efficacy of most numerical methods for diagnostics

and forecasting, so successful scale separation enables the use of many techniques which

would otherwise fail on such data. The physical intuition that separate time scales exhibit

distinct spatially coherent structure and that dynamical coupling between time scales is often

very weak is essential to the success of the algorithm. Chapter 4 gives a highly generalizable

approach to discovering linear dynamical representations for nonlinear systems using time-

delay embedding. Building on previous work in the field of Koopman theory, this result

presents an intuitive visual interpretation for the delay coordinate basis in which models are

constructed and shows how these models can be extended to reproduce arbitrary nonlinear

dynamics. Linear representation enables the use of many linear algebraic methods for spectral

analysis, state prediction, and control which could not otherwise be implemented. Finally,

Chapter 5 introduces a novel method for analyzing cascading instability events on networked

power systems. Previous work on the subject has made use of results from graph theory to

understand the complex and unpredictable behaviors that arise from large and asymmetric

electrical grids, but this approach on its own has been shown to be largely insufficient in

accounting for the systems’ actual observed activity. The technique presented here seeks to

integrate those network-topological results with a data-driven method which constructs an

alternative graphical representation for the system based on phenomenological analysis of
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the time series data in which cascading instability events play out.
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Chapter 2

BACKGROUND: DYNAMIC MODE DECOMPOSITION AND
KOOPMAN THEORY

Much of the work presented in this thesis makes use of the Dynamic Mode Decomposition

(DMD) algorithm. DMD was first proposed as a method for decomposition of fluid flows

[169], but it has since proliferated as a highly useful tool in data-driven analysis of many

kinds of time series data [108]. Its practical value lies in its ability to represent complex

spatiotemporal signals by a relatively low-dimensional superposition of coherent structures

(or “dynamic modes”). Intuitively, it can be thought of as a hybrid of Singular Value

Decomposition (SVD) and Fourier analysis. Performed on a data matrix of multivariate

measurement snapshots of a system, SVD discovers dominant spatial modes by identifying

the directions of maximal variance in the state space. Temporal information is discarded,

however: reordering the snapshots would not affect the spatial singular vectors obtained.

The Fourier transform accomplishes the opposite: it characterizes the time-frequency content

of a signal, but if it is a multidimensional signal whose coordinates have a known spatial

relationship to one another this information is ignored. DMD offers a marriage of these

methods: each dynamic mode discovered pairs a static spatial vector φ with a complex-

valued temporal frequency ω. These quantities differ from the results one would get from SVD

and Fourier decomposition, respectively, because each is regressed with explicit attention to

coherency along the other space/time dimension. This chapter offers a brief introduction to

DMD and its variants, as well as a discussion of its connection to Koopman theory.
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2.1 The DMD Algorithm

Dynamic Mode Decomposition (DMD) is a model regression algorithm which produces a

best-fit linear operator to reproduce the dynamics observed in some time series data set

[170, 161, 190]. The resulting model offers the benefits of interpretability (via its eigenvalue

spectrum and spatial eigenvectors) and future-state forecasting to arbitrary time. Given a

set of sequential measurements X = [x1,x2, ...xm] ∈ Rn×m, DMD seeks to solve

Ẋ = AX (2.1)

The simplest implementation of the algorithm, known as exact DMD, simply seeks a least-

squares best fit which minimizes ‖Ẋ −AX‖F , solved by A = ẊX† († denotes the Moore-

Penrose pseudo-inverse) [189]. Eq. 2.1 makes use of both the state X and its time derivative

Ẋ. In most circumstances, the latter cannot be directly measured and must therefore by

approximated by numerical differentiation. For this reason, exact DMD is often formulated in

a discrete time representation instead. This can be accomplished by separating the uniformly-

spaced data X ∈ Rn×m into two sequential matrices X1 ∈ Rn×(m−1) and X2 ∈ Rn×(m−1):

X1 =




| | |
X1 X2 · · · Xm−1

| | |




X2 =




| | |
X2 X3 · · · Xm

| | |




(2.2)

The operator A is then simply the matrix which minimizes the Frobenius norm ||X2 −AX1||F ,

solved by A = X2X
†
1. Note that this is equivalent to the continuous-time formulation of

Eq. 2.1 if Ẋ is approximated by the forward difference formula 1
∆t

(X2 −X1) and X1 is

substituted for X. The discrete linear map Ad is then related to the continuous operator Ac

by
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Ad = I + Ac∆t (2.3)

The computation of the Moore-Penrose pseudo-inverse is straightforward, but can become

prohibitively expensive for large state dimension n. It is therefore common to first project

the data into a lower-dimensional space using SVD, and carry out DMD on a low-rank

representation of the full data. For a more detailed overview of the method, see Tu et. al.

(2014) [190]. A more thorough treatment of this discretization procedure and variations

thereof is presented in [190]

2.2 Interpretations and Extensions of DMD

The operator A that DMD regresses defines a first-order linear differential matrix equation

in the state space Rn. Equations of this class generically admit closed-form solutions, which

can be written using the eigendecomposition of A:

x̃(t) =
∑

j

bjφje
ωjt

(2.4)

where φj and ωj are eigenvectors and eigenvalues of the DMD operator and bj are scalar

weighting coefficients. This illustrates the power of linear model regression: the obtained

DMD model admits a closed-form analytic solution which can easily be broken down into

simple exponential modes and can be evaluated over any time domain. Space and time

dependencies are encoded separately for each mode (in φj and eiωjt, respectively), but are

regressed jointly. Spatiotemporal coherency is intrinsic to DMD, unlike SVD or Fourier

decomposition.

DMD has become a heavily used algorithm in the analysis of spatiotemporal data analy-

sis, with many recent innovations including a sparsity promoting variant [90], an optimized

framework [9], extensions to control [157], a Bayesian formulation [182], a variational for-

mulation [147, 146, 11], a higher-order formulation (HO-DMD) [120], a stochastic formula-

tion [203] and a multi-resolution analysis [112, 56].
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A well-known deficiency of the exact DMD approach is the adverse effect of the mea-

surement errors (sensor noise) on its performance [9, 82, 51]. Previous studies indicate that

presence of sensor noise can negatively influence the computation of eigenvalues and they

would be biased, presenting a serious problem for studies that rely upon exact DMD to

distinguish between stable and unstable modes. This is primarily because exact DMD treats

data sequentially rather than as a whole, and thus favors the forward time direction. Recent

studies have addressed this issue and proposed several techniques to mitigate this problem

through employing various forms of ensemble averaging, cross-validation, windowing, and

rank reduction. However, Hemati et al. [82] showed that the resulting analysis from the

aforementioned techniques are subject to systematic bias errors when the measurements are

inexact due to sensor noise or other effects.

Many of the results in this thesis make use of a variation on the standard DMD algo-

rithm known as Optimized DMD, which seeks to address these shortcomings. Optimized

DMD recasts the minimization problem outlined above as a task of exponential curve-fitting

making use of the variable projection method. This comes at the price of convexity, but

yields a decomposition which much more faithfully reconstructs the input data series. A full

exposition of the Optimized DMD algorithm and its advantages is presented in [9].

2.3 Connections to Koopman Theory

Much of the current interest in the DMD algorithm stems from the observation that it

functions as an efficient numerical approximator of the Koopman operator. Koopman theory,

first introduced by B. O. Koopman in 1931, states that nonlinear dynamical systems can be

reproduced by linear evolution in a space of observables on the state variables [101, 102]. In

most cases, this dual representation is infinite dimensional. Consider the system defined by

xj+1 = f(xj) (2.5)

for some nonlinear function f : Cn → Cn. The Koopman operator K acts on a space of

observables g(xj) : Cn → Ck where k is the (possibly infinite) dimension of the Koopman
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invariant space. In this space, the evolution of Eq. 2.5 is expressed by the composition of g

with f :

g(xj+1) = Kg(xj) = g (f (xj)) (2.6)

This confers all the advantages of linear algebraic and spectral analysis that come with linear

dynamics, but does so at the price of finite representation. The existence of the Koopman

operator which accomplishes this is in some sense trivial: any continuum state space can

be discretized onto a grid of infinite resolution, and the nonlinear map which steps forward

in time by ∆t → 0 can then be quite simply represented by an infinite-dimensional binary

operator. Though theoretically simple, the practical implementation of this procedure is

entirely infeasible. Consequently, Koopman’s result was an obscure mathematical curiosity

for decades until numerical methods caught up to it.

Beginning in 2004, the works of Mezić et. al. raised the possibility of finite approxi-

mations of the Koopman operator, which could reasonably accurately reproduce nonlinear

dynamics while retaining all of the analytic benefits of linearity [133, 137]. Following the

2008 introduction of DMD by Schmid and Sesterhenn [169], Rowley, Mezić et. al. observed

the Koopman-theoretic underpinning of this result [161]. DMD produces a linear operator

which provides the least-squares optimal fit to any time series data, which is precisely the

objective of a finite Koopman approximation. In its simplest form DMD acts directly on

the measurement space, whereas the Koopman operator is free to act on any number of

observable functions on the measurement space. DMD applied directly to observation data

can be thought of as a regression for K in the case that g is the identity on the space of f .

Much of the active methodological development that has taken place since the resur-

gence of interest in Koopman theory has centered on the discovery of alternate formulations

for g which lift measurements into a higher- (but still finite-) dimensional space that is

more amenable to linear representation, even for highly nonlinear dynamics. A variety of

approaches have been taken, including constructing libraries of simple monomial functions

evaluated on the data and regressed densely [200] or sparsely [30, 27], kernel methods such as
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diffusion mapping [74], and deep learning of coordinate transformations [183, 127, 130, 198].

The work presented in Chapter 4 focuses on the use of time-delay embedding, taking inspi-

ration from the seminal Takens’ theorem [185].

With all of these promising Koopman approximation techniques being developed, it is

also important to acknowledge the limitations of this approach. There are nonlinear sys-

tems for which finite linear representations necessarily fail to capture crucial properties of

the dynamics. Chaos, for example, is a manifestly nonlinear phenomenon which cannot be

reproduced linearly in any finite dimension. This can be understood more generally in the

context of spectral theory. Any linear operator K ∈ Ck×k admits at most k distinct eigenval-

ues, and any non-transient dynamics it generates are guaranteed to be sparsely represented

in Fourier space. Many nonlinear systems also generate discrete (point) Fourier spectra, but

others produce continuous spectra which densely cover the frequency space. While a finite

Koopman representation might plausibly reproduce their true dynamics over some length of

time, it will inevitably fail in the long-time limit. Methods to circumvent this issue have

sought to extend the DMD approach in a variety of ways. Brunton et. al., for example,

showed how an intermittently-applied forcing signal could be used to actuate an otherwise-

linear system and faithfully reconstruct the chaotic dynamics of the Lorenz attractor [31].

The algorithms introduced in Chapters 3 and 4 both offer such variations on DMD, repre-

senting nonlinear dynamics by piecewise combination of local models or by parametrically

forced linear evolution.
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Chapter 3

DYNAMIC MODE DECOMPOSITION FOR MULTISCALE
NONLINEAR PHYSICS

Physical systems whose dynamics evolve on a broad range of scales simultaneously (spatial

or temporal) have been the subject of much study in the development of diagnostic and

modeling tools. These multiscale systems are ubiquitous in physics, so there is a great deal

of practical interest in methods which are accommodating to scale disparities spanning orders

of magnitude. Of particular note are those systems whose behavior can be decomposed into

a finite number of discrete scales, as this lends an additional structural constraint which

can be exploited in modeling. For instance, atmospheric climate data and/or simulations

can be characterized by developing separate models for variations on the order of one day

and one year, respectively, and then coupling them. Mathematical methods for exploiting

these distinct and disparate scales can greatly simplify the problem of state estimation and

forecasting. The method of dynamic mode decomposition (DMD) is extended in order to

characterize multiscale physics and their coupling dynamics, showing that such a data-driven

strategy provides a viable and adaptive strategy for diagnostics and dynamical modeling.

The task of identifying distinct multiscale temporal physics directly from data in a way

that allows the signal to be decomposed into its constituent scale-separated components is a

subject of ongoing investigation. Well-established methods use Fourier- and wavelet-based

techniques to separate coarse-grain and fine-grain features in space or time (but generally

not both at once) [50, 69, 199]. These approaches, though often useful, are purely diagnos-

tic. They do not directly produce dynamical models from data. Moreover, their focus on

exclusively temporal (or exclusively spatial) coherencies limits their utility as precursors to

model discovery for state estimation and forecasting. Regardless, such techniques form the
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mathematical basis of multiresolution analysis (MRA) [129, 111] which provides a rigorous

foundation for multiscale decomposition.

To address the dynamical limitations of MRA, researchers have put forth a number of

equation-free, data-driven modeling techniques tailored to multiscale spatio-temporal sys-

tems. Indeed, there is a significant body of research focused on modeling multiscale systems

and linking scales: notably the heterogeneous multiscale modeling framework, equation-free

methods, and structure preserving versions known as FLAVORs [97, 59, 58, 186]. Addi-

tional work has focused on testing for the presence of multiscale dynamics so that analyzing

and simulating multiscale systems is more computationally efficient [66, 67]. Many of the

same issues that make modeling multiscale systems difficult can also present challenges for

model discovery and system identification [35]. This motivates the development of special-

ized methods for performing model discovery on problems with multiple time scales, taking

into account the unique properties of multiscale systems. A purely data-driven approach was

recently introduced by Kutz. et. al.[107] which recursively applies DMD to build closed-

form linear models to approximate dynamics at all scales simultaneously. DMD was first

proposed as a decompositional technique for complex fluid flows [171, 161, 168], but it has

since been adopted more widely as a method for finite approximation of the Koopman oper-

ator in a large variety of data sets [190]. DMD produces a linearized model for a (generically

nonlinear) data set. It can be thought of as a best-fit approximation of a signal generated

by a linear combination of static spatial modes whose time-varying weights follow complex

exponential trajectories of oscillation, growth, or decay. The technique proposed by Kutz

et. al., dubbed multi-resolution Dynamic Mode Decomposition (mrDMD), builds on MRA

wavelet techniques by recursively subdividing the data set to access different regimes of the

time-frequency domain. The length of the window over which DMD is applied is repeatedly

halved, and the most salient components of each iteration are interpreted as a simplified

local model for the dynamics at that scale.

Decomposition of a multiscale signal can also be cast as a Blind Source Separation (BSS)

problem by treating each time scale as an independent source contributing to the composite
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signal being measured. Typical methods for BSS include Principal Component Analysis

(PCA) and Independent Component Analysis (ICA). A comparison of these methods to

DMD is presented in [106]. When the source signals occupy fairly narrow frequency bands, as

is assumed to be the case here, DMD is shown to drastically outperform the other techniques.

For this reason it is an obvious candidate for the decompositional method used in the sliding

window framework presented here.

This work aims to extend and generalize the mrDMD algorithm. The essential insight

of mrDMD is the sensitivity of results to duration of the input signal: given a time series

containing dynamics on widely-varying time scales, the eigenfrequencies obtained by DMD

could reflect any of these time scales depending on the duration and resolution of sampling.

The window lengths tested in mrDMD are limited to some base time span and power-of-two

subdivisions thereof. This can be problematic in systems whose multiscale frequency content

does not follow that pattern—the ability of DMD to robustly identify a persistent component

at a particular time scale turns out to be fairly sensitive to window size. The simple halving

scheme could easily fail to resolve a component whose characteristic time scale falls between

those given by powers of two. This problem is addressed by 1) implementing a protocol using

sliding, overlapping windows on the data set to generate spectral bands of DMD eigenvalues,

and 2) developing a diagnostic to use the narrowness of these bands to tune the window size

for optimal resolution of a particular scale component. The method proposed here effectively

identifies and isolates the constituent time scale components of two test systems. In addition

to providing diagnostic information on the frequency content of a signal, it produces 1)

faithful reconstructions of each constituent component with minimal cross-pollution between

them, 2) closed-form expressions for these reconstructions which can be used for low-cost

forecasting at any time scale, and 3) statistics on the parameters of windowed DMD models,

whose distributions can be sampled for stochastic ensemble forecasting.

The method presented bears some similarity to the Frequency Map Analysis (FMA)

technique often used in analysis of time series generated by nonlinear dynamics [118]. Both

seek to identify dominant frequencies in a multivariate signal and fit the data to a linear
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combination of sinusoids at these frequencies. However, FMA does this with a static basis

of spatial modes (corresponding to the canonical coordinates of Hamiltonian mechanics)

whereas the DMD approach allows spatial modes to vary over time using a sliding-window

framework. This makes it more versatile in its ability to reconstruct a wide variety of

input signals. Moreover, FMA typically restricts its analysis to real-valued frequencies which

produce purely sinusoidal dynamics. The DMD method can be similarly constrained, but

in general it admits complex-valued frequencies which also allow for exponential growth or

decay in its local windowed reconstructions.

The rest of the chapter is outlined as follows: Sec. 3.1 outlines the protocol for the

sliding-window scale separation technique and demonstrates it on a simple toy model. Sec.

3.2 briefly discusses the advantages of this method over traditional temporal filtering tools.

A fully-fledged recursive, many-scale example using data from a three-body planetary system

is presented in Sec. 3.3. The chapter is concluded in Sec. 3.5 with a discussion of theoretical

context for the algorithm and possibilities for its future application.

The work presented in this chapter is based on a paper entitled “Dynamic mode de-

composition for multiscale nonlinear physics” written in collaboration with Molei Tao of the

Georgia Institute of Technology and J. Nathan Kutz of the University of Washington. The

paper was published in Physical Review E in 2019 [56].

3.1 Methods: Time Scale Separation using DMD

The decomposition method introduced in this chapter consists of the following steps:

1. A sliding-window implementation of DMD to extract a large number of (complex)

frequencies ωkj associated with spatially-coherent dynamics in the input time series

2. A clustering algorithm to identify the most highly-represented frequencies in the pop-

ulation of
{
|ωkj |

}
. These clusters represent the multiple time scale regimes present in

the input data
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3. Retroactive labeling of modal components of each windowed DMD identified in Step 1

with labelling based on the cluster assignments of their associated frequencies

4. For each distinct scale regime identified in Step 2, a separate DMD reconstruction is

produced by summing over the components assigned to that cluster. These reconstruc-

tions are produced separately for each iteration of the sliding-window DMD from Step

1

5. A single global reconstruction is produced for each time scale regime by combining

weighted contributions from each windowed reconstruction

Note that Steps 1-3 are offline computations. Having carried them out on a representative

data set for a given system, the clustering results can be used to label new data from the

same system.

3.1.1 A Simple Toy Model

The decomposition method is introduced using a simple system with nonlinear dynamics on

two distinct time scales. The model is given by the equations

v̇1 = v2

v̇2 = −w2
1v

3
1

ẇ1 = w2

ẇ2 = −ε−1w1 − δ−1w3
1

(3.1)

The parameters which set the time scale separation were assigned the values δ = 0.25 and

ε = 0.01, respectively. The system is initialized at t = 0 in the state (v1, v2, w1, w2) =

(0, 0.5, 0, 0.5). Taken alone, the w variables (i.e. the “fast scale”) form an undamped Duffing

oscillator in which the cubic nonlinearity term can be considered a small perturbation from

simple harmonic motion. The v variables (representing the “slow scale”) also take the form
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of a cubic oscillator (sans linear term), but with a coefficient (w2
1) which is dependent on the

state of the w variables.

This construction separates the fast and slow dynamics for the sake of interpretability.

Because no such separation is guaranteed in measurements made on a real multiscale physical

system, a random linear mixing is applied to the above coordinates:




x1

x2

x3

x4




= Q




v1

v2

w1

w2




(3.2)

where Q is a randomly generated 4 × 4 orthogonal matrix. This system is numerically

integrated (using Matlab’s ode45 solver) for a duration of 48 time units with a sampling

interval of ∆t = 4× 10−4. The results are aggregated into a data matrix X ∈ CN×M where

N = 4 and M = 120, 000.

3.1.2 Sliding Window DMD

The sliding window approach takes advantage of DMD’s sensitivity to the duration and

sampling rate of the time series input it receives. Consider an N -variable system measured

over M time points. An application of DMD to the full data matrix X would identify a

frequency spectrum that would likely look quite different from that of the same algorithm

applied to a subset X̄ ∈ CN×W , (W << M). For the purposes of this investigation, the

“correct” sample length is defined by the multiscale properties of the data: it must be long

enough to capture variations on the slowest scale, but not so long as to fail to resolve the

fastest scale. In the example model, the sample length TW that most cleanly separated the

two distinct time scales was TW ≈ 2 Tfast and TW ≈ Tslow/20 (The approximate periods

of oscillation associated with the fast-scale and slow-scale dynamics, respectively). This is

illustrated in Fig. 3.1 (though the width of the window drawn has been increased slightly

for visual clarity). The step size for the foreward motion of the window is chosen to be much
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Figure 3.1: Sliding a window filter across a longer time-series data set. For each step of the

window’s movement, a new DMD result is obtained. Note that the width of the window is

such that it contains multiple complete oscillations of the fast scale but only a fraction of a

period of the slow scale.

smaller than the width of the window (about 4%) so that any given time point is contained

by a large number of windows.

DMD approximates the dynamics contained in each window with a linear operator. The

best-fit reconstruction of the windowed data can then be expressed in the standard form for

solutions to a first-order linear system, using the eigendecomposition of that operator:

x̄k(t) =
r∑

j

φk
j e
iωk

j tbkj + ck (3.3)

Here k is used to index the steps of the sliding window (i.e. x̄k(t) is the time series contained
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by the kth window position). j indexes the eigenvalues (ω) and eigenvectors (φ) of the

linear DMD operator (numbered from 1 to r for a rank-r decomposition). ck denotes the

(constant) mean of the input data, which must be reintroduced only if it was subtracted off

before applying the DMD algorithm.

Note that while the form presented in Eq. (3.3) is manifestly complex, applying DMD to

a real-valued input signal leads it to identify oscillatory modes in complex conjugate pairs

whose imaginary components cancel each other out in the reconstruction process. In the

discussion that follows, all x̄k(t) can be taken to be real.

3.1.3 Frequency Clustering

The spectral results of the sliding-window DMD procedure are then clustered to discover

their dominant frequency content. Concatenating the set of all |ωkj |2 into a single vector,

cluster centroids are obtained using the k-medians algorithm [138] (i.e. k-means using an

L1 distance metric to limit the influence of outliers). The choice to cluster in |ωkj |2 rather

than |ωkj | has the effect of inflating the separation of higher frequencies and compressing that

of lower frequencies. For this example, this has no practical effect. In Sec. 3.3, however, a

recursion method is introduced which uses multiple clustering iterations working sequentially

from the fastest time scales to the slowest. In this case, improved differentiation between

higher frequencies is an asset, and the compression of the lower frequencies is inconsequential

because they can simply be dealt with on the next iteration.

Plotted in Fig 3.2 are the spectra obtained by applying DMD to each windowed subset

of the sample data. The multiscale structure is immediately obvious: there are two strong

bands at |ω|2 ≈ 100 and |ω|2 ≈ 1. Although there are a number of outliers from these

dominant bands (particularly in regions where the slow-scale dynamics are relatively flat),

the full set of
{
|ωkj |2

}
is unambiguously peaked about two centroids (depicted in Fig. 3.3).

The clustering results are used to retroactively label each frequency (and, by association,

each windowed DMD mode) based on its k-medians categorization.

A brief digression regarding clustering parameterization: k-medians requires that the
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number of clusters be supplied a priori. In the above case the choice of k = 2 seemed quite

obvious from the band structure of Fig. 3.2. But the window size was specifically tuned to

be sensitive to the fast-scale dynamics at |ω|2 ≈ 100 (as described in Sec. 3.1.2). If there

had been a third, even slower time scale (e.g. at |ω|2 ≈ 0.01), it would have gone entirely

unnoticed—fully subsumed by Cluster #1—resulting in an incomplete separation of scales.

This apparent failure is resolved by the recursion method which is outlined in Sec. 3.3. In the

meantime, it bears noting that for any system with persistent dynamics on multiple, discrete

time scales, each of these scale components can be resolved into a clean frequency band with

an appropriate choice of DMD window length. Thus, for a given window size, choosing the

number of clusters for k-medians can be easily accomplished by visual inspection or using

the statistical cluster ennumeration method of your choice. Fully isolating all time scale

components may require multiple clusterings at multiple window lengths (see Sec. 3.3.2),

but the choice of k for each of these will be independent and greatly simplified by a well-

delineated band structure.

3.1.4 Scale-Separated Reconstruction

Global Reconstruction from Windowed Results

Each windowed dynamic mode decomposition admits a linearized reconstruction of the signal,

given in Eq. (3.3). The reconstruction x̄k(t) (green) is overlaid on the original data xk(t)

(black) in Fig. 3.4. Results are only plotted for four non-overlapping windows (demarcated

by vertical dotted lines) to avoid visual clutter.

x̄global(t) =

∑
k e
−(t−µk)2/σ2

x̄k(t)∑
k e
−(t−µk)2/σ2

(3.4)

It is evident from the plot that the reconstructions tend to diverge from the true signal

near the edges of each window. Converting an ensemble of windowed reconstructions into a

single global reconstruction calls for a linear combination of results from all windows that
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Figure 3.2: Spectra of the (modulus squared) frequencies obtained by the sliding-window

DMD procedure. Frequencies are plotted at the midpoints of the windows from which they

were computed. Colors denote the cluster labels assigned to each point retroactively.
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Figure 3.3: Histogram of all |ωkj |2 with the k-medians cluster centroids overlaid in color.

Note that the outliers visible in Fig. 3.2 are vastly outnumbered by in-band data points
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Figure 3.4: DMD reconstructions x̄k(t) plotted over input data x(t) for four non-overlapping

windows (delineated by dotted lines)
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Figure 3.5: Global DMD reconstruction x̄global(t) plotted over the input data x(t)

contain a given point. But clearly they should not be weighted equally—to estimate the

system state at t = 12, for example, the result from the window centered on t = 12 is

more likely to be accurate than the result from a window whose boundary lies near t = 12.

To address this issue, each windowed result is weighted using a Gaussian centered on the

midpoint of the window µk and with standard deviation σ equal to one eighth of the window’s

width (see Eq. 3.4). The denominator simply acts as a normalization factor ensuring unit

net contribution to every time point. The result of this method, plotted in Fig. 3.5, hews

closely to the ground truth signal for the full duration of the simulation.
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Separation of Time Scales

Having labeled the individual modes according to the clustering results, it is straightforward

to separate this summation to obtain separate reconstructions for each identified time scale:

x̄kslow(t) =
r∑

i∈{slow}

φk
j e
iωk

j tbkj

x̄kfast(t) =
r∑

i∈{fast}

φk
j e
iωk

j tbkj

(3.5)

In the same fashion, Eq. (3.4) can be separated to produce fast- and slow-scale global recon-

structions (plotted in Fig. 3.6). This result has a number of desirable properties:

� Fidelity: The separated reconstructions sum to a very close approximation of the

original time series (Fig. 3.5)

� Excellent time-scale separation: There is very little mixing of frequency content be-

tween the identified regimes. Plots of the signals’ power spectra (Fig. 3.7) show that

the separated reconstructions closely mirror the spectral content of the input signal

near their respective peaks, and they contribute very little elsewhere.

� Spatial interpretability: Unlike other frequency filtering approaches, sliding-window

DMD identifies spatial modes corresponding to dynamics of a given frequency. Con-

catenating the results from all windowed decompositions, one can construct time series

of (complex) mode vectors which are already labeled by time scale category using

the clustering results. Identifying patterns in the evolution of these modes presents a

promising approach for model-building or forecasting

� Closed analytic form: The reconstructions x̄global
slow (t) and x̄global

fast (t) are simply weighted

sums of exponentials. They therefore represent models for scale-separated variables

whose values can be computed directly for arbitrary t (without need for any iterative

integration scheme).
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Figure 3.6: Scale separated reconstructions x̄global
slow (t) (blue) and x̄global

fast (t) (red) plotted over

the input data x(t) (black)
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Figure 3.7: Power spectra of the input signal (black) and fast- and slow-scale reconstructions

(red and blue, respectively). The 4 variables of each signal are summed to compute frequency

content
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These properties make this decomposition method a powerful tool for data-driven anal-

yses of systems with multi-scale dynamics, with potential for application towards a variety

of modeling and forecasting tasks.

3.2 Scale Separation Performance

Given the task of separating out time-scale regimes from a multiscale signal, one standard

and well-known approach is Fourier filtering. Peaks in the power spectrum could be used

to identify the constituent frequencies, and each component could then be isolated using

an appropriately-designed bandpass filter. This method differs from the one presented here

in that the former identifies only temporal coherencies in the signal, whereas the latter

incorporates spatial coherencies as well. A brief example is presented here of a case in which

the sliding-window DMD technique outperforms Fourier filtering.

Two separate signals with different characteristic time scales are generated using two

simple models:

FitzHugh-Nagumo

v̇ = v − 1

3
v3 − w + 0.65

ẇ =
1

τ1

(v + 0.7− 0.8w)

Unforced Duffing

ṗ = q

q̇ = − 1

τ2

(
p+ p3

)
(3.6)

Characteristic time scales are set to τ1 = 2 and τ2 = 0.2, a factor of 10 apart. The FitzHugh-

Nagumo model, used as a simple model for biological neuron dynamics, spikes sharply at

intervals determined by its characteristic time scale. The Duffing model, on the other hand,

is a simple nonlinear oscillator whose dynamics resemble a distorted sinusoid. Therefore,

despite the disparity between τ1 and τ2, the “slow” component periodically acquires a rate

of change comparable to that of the “fast” component. A combined signal x is generated

from these by a randomized linear mapping into R4:

x = A ·


v
p


 (3.7)
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where A is a 4× 2 Gaussian-random orthonormal matrix.

Signal separation is carried out using a simple Fourier filtering approach and the sliding-

window DMD method. The Fourier processing uses Matlab’s built-in low- and high-pass

filter functions with passband frequencies of 0.04 Hz and 0.15 Hz, respectively. Results are

plotted in Fig. 3.8.

Note that while the sliding-window DMD approach clearly performs better, neither

method’s reconstruction conforms perfectly to the ground truth (plotted underneath in

black). Disambiguating truly overlapping scales without error is a highly nontrivial prob-

lem, beyond the scope of this work. This result is presented as evidence that sliding-window

DMD is at least superior to purely-temporal methods in the case of a problem with nearly-

overlapping scales, e.g. closely-spaced frequencies or nonlinear oscillations with spiking be-

havior.

It is also worth commenting that the data requirements for this method (i.e. duration

and frequency of sampling) are at most only slightly greater than those for a Fourier-based

decomposition. From an information theoretic perspective, DMD is subject to the same

sampling rate restriction that applies to discrete-time Fourier analysis, i.e. the Nyquist

criterion that sampling frequency must be greater than twice the highest frequency present

in the signal. The lower bound on sampling duration is less strictly defined, but qualitatively

it should of course be long enough to capture dynamical evolution of the lowest-frequency

content of the signal. The DMD method introduces the additional requirement that there

be enough distinct positions for the sliding window to obtain a sufficient set of frequency

points for clustering. Windows can overlap with one another though, so this would (at most)

perhaps double the requisite sampling duration relative to that of Fourier decomposition.
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Figure 3.8: Comparison of two scale separation techniques. The measurement signal (top) is

constructed from two components, generated by the FitzHugh-Nagumo (center) and Duffing

(bottom) models. The ground-truth signal separation is plotted in black, with the results of

the two data-driven methods overlaid in color. The sliding-window DMD approach is much

more successful in recovering the true components
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3.3 Application: A Three-Body Planetary System

3.3.1 Multiscale Properties of Nearly Keplerian Orbits

This section presents an application of the sliding-window decomposition technique to a

real physical system with multiscale properties: three bodies interacting gravitationally in

bounded orbits, with relative masses comparable to those of Jupiter, Saturn, and the Sun.

Because the Sun is larger than the planets by several orders of magnitude, the system resem-

bles two fairly stable elliptical orbits which interact weakly with one another. This suggests

the presence of at least three well separated time scales in the dynamics: two “fast” frequen-

cies corresponding to the planetary orbits, and one “slow” regime capturing the evolution of

the orbits over much longer durations (which may itself have a multiscale makeup).

3.3.2 Recursive Application and Results

Data was generated for the three-body planetary system using a 4th-order symplectic in-

tegrator in Cartesian coordinates over a time span of 1,000,000 years. Applying the same

sliding-window DMD procedure outlined in the previous section (window size ∼ 600 years),

the frequency content very cleanly separated into the three expected regimes (Fig. 3.9).

This highlights a key limitation of the sliding-window DMD approach as it has been

presented thus far. The technique is sensitive to the chosen window duration, and data

spanning 600 years simply does not contain sufficient information to characterize processes

taking place over many millennia. Dynamics unfolding on a scale of 10,000 years would

be indistinguishable from those unfolding over 100,000 years: both would just appear as

a constant-valued background. While the window size used here does an excellent job of

separating out the orbital frequencies of the two planets, it relegates everything taking place

on time scales longer than those to a single “slow” regime. Zooming out on Fig. 3.10 to see

the evolution of this component, it is evident that it itself constitutes a rich multiscale signal

with nontrivially complex dynamics (Fig. 3.12).

To better characterize these dynamics, the sliding-window DMD approach is re-applied
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Figure 3.9: Histogram of frequency results of sliding window DMD on the three-body plan-

etary system. k-medians cluster centroids (k = 3) are overlaid in color

recursively to identify and isolate signals present in this slow component at different time

scales. The methodology is identical to that of the first iteration, but now uses a window

of length ∼ 4, 600 years. Repeating this process with successively longer windows yields a

decomposition of the original data into 5 distinct time scale components. These components

are plotted separately in Fig. 3.13. The full reconstruction obtained by summing them is

plotted against the input data in Fig. 3.14. It successfully captures the true dynamics across

all time scales.
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Figure 3.10: Scale-separated reconstructions of three components (color) overlaid on the

Cartesian input data (black). Note that for the short domain plotted (150 years), the slow-

scale component in blue looks like a constant
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Figure 3.11: Power spectra of the scale-separated reconstructions (color) overlaid on the

spectrum of the input data (black). The latter contains peaks not captured by the recon-

structions (mostly corresponding to higher harmonics of the base frequency components),

but these are mostly quite small compared to the three primary peaks (the vertical scale is

logarithmic)
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Figure 3.12: The isolated slow-scale component obtained by the first pass of sliding-window

DMD on the three-body planetary system. Plotted in blue as Component 1 in Fig. 3.10, the

full scope of its dynamics is revealed over this longer time domain. The multiscale behavior

evident within this single component motivates a recursive approach to scale separation

3.3.3 Physical Interpretation of Results

This example was chosen in part because it is a well-studied system with a known set

of scale-separated parameters: the six Keplerian Orbital Elements provide the minimum

information necessary to unambiguously define a (two-body) orbit. For each planet, these

quantities are computed over the duration of the simulation: eccentricity (e), semimajor axis

(a), inclination (i), longitude of ascending node (Ω), argument of periapsis (ω), and true

anomaly (θ). The multiscale properties of the planetary orbits can be observed by plotting

these elements over different time scales. Fig. 3.15 suggests three distinct scale regimes: θ
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Figure 3.13: Scale-separated reconstructions obtained from 4 recursive applications of the

sliding-window DMD procedure to the three-body planetary system. Dotted lines are used

to indicate the relative time scales between each successive recursion. Only the x coordinates

are plotted. Solid lines denote xJupiter and dot-dashed lines denote xSaturn.
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and a vary at a time scale corresponding to the planetary year, Ω, e and i oscillate at some

precessional frequency with a period of about 53,000 years, and the outer envelope of sin(ω)

has a period of over 300,000 years.

While the DMD components identified (Fig. 3.13) do not all correspond precisely to

the dominant frequencies of these elements, they mostly fall neatly into the same three

regimes. Like θ, components 1 and 2 have periods corresponding to the revolutions of the

two planets. Components 4 and 5 have periods of 47,000 and 383,000 years, respectively,

which fall neatly into the two slowest regimes of the orbital elements. Physically, these

oscillations seem to relate to the eccentricity cycles of the planets, whose periods have been

estimated from numerical models to be 45,900 years (Saturn) and 305,000 years (Jupiter)

[117]. The discrepancy between these reported values and those obtained from the simulation

likely results from the tertiary effects of other planets and moons in the solar system (which

were omitted from the numerical model).

The only DMD component that is not closely matched to any of the orbital elements is

the third, with a period of 107 years. This may represent some minor resonance phenomenon

of the planetary revolution (it is almost exactly 9 Jovian years), but its specific origin is not

clear. In any case it is not a dominant effect; this component has the smallest amplitude of

all those identified and it could be omitted entirely without dramatically affecting the full

reconstruction.

3.3.4 Limitations

From the power spectra in Fig. 3.11, it is clear that the scale-separated reconstruction has

captured the most dominant frequency content of the input data but missed lesser peaks

at a few other discrete frequencies. This is further evident in comparison of the slow-scale

reconstruction to the “ground truth” of the slow-varying Keplerian Orbital Elements. The

singular value spectra of their respective time series (Fig. 3.16) match very closely for the

first few modes, but the latter has a fatter tail resulting from the additional frequencies not

present in the reconstruction.
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This difference demonstrates a key limitation of the scale-separated decomposition method

as it has been implemented here: for a system of N variables it returns at most N/2 os-

cillatory modes (in complex conjugate pairs). While it correctly identified the three most

dominant peaks in the power spectrum, it entirely passed over the less-prominent harmonics

present in the data. This will occur in any system whose dynamics occur at a number of

discrete frequencies larger than half the number of measured variables. If a scale-separated

reconstruction with more than N/2 components is required, it is advised that the input data

set be augmented via time-delay coordinate embedding. This approach is discussed at length

in Chapter 4.

3.4 Multiscale Forecasting

This section offers a brief example of how the sliding-window DMD approach might be put

to practical use. While the decomposition process can be somewhat costly in computa-

tional overhead, the execution of the resulting dynamical model is quite efficient (it is simply

a closed-form sum of complex exponentials which can be evaluated at arbitrary t). The

cost-benefit assessment therefore favors applications in which many calls are made to the

predictive model. It is thus quite a natural fit to explore the use of this technique as a

precursor to Ensemble Kalman Filtering (EnKF). EnKF is a well-established data assimila-

tion technique that integrates measurement data with an ensemble of modeled forecasts [63].

For many models, this ensemble must be built by stochastically perturbing the parameters

of some governing differential equation and then numerically integrating out to the target

time. With a DMD-based model, however, no integration is necessary. Perturbations can be

applied directly to the model parameters bkj , φ
k
j , and ωkj according to distributions obtained

from the spread of those values over all windowed iterations. A very large ensemble could

therefore be built quite efficiently, which would be of particular use for online EnKF. A

sample of such an ensemble is plotted component-wise in Fig. 3.17.
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3.5 Conclusions

This chapter has introduced a data-driven method for separating complex, multiscale systems

into their constituent time-scale components using a recursive implementation of dynamic

mode decomposition (DMD). The method provides a robust mathematical architecture for

regressing to a hierarchy of linear models approximating the nonlinear dynamics at different

temporal scales. It even applies to multiscale dynamics produced by coupled, strongly non-

linear oscillators. For integrable systems, for instance, it can extract the constant frequencies

of nonlinear oscillations. For nearly integrable systems, these frequencies may no longer be

constant, but they change slowly and such variations can be captured by the sliding win-

dows. If there are fast chaotic dynamics, however, then it has no theoretical guarantee to

work. In addition to providing diagnostic information on the frequency content of a signal,

the sliding-window DMD method produces 1) faithful reconstructions of each constituent

component with minimal cross-pollution between them, 2) closed-form expressions for these

reconstructions which can be used for low-cost forecasting at any time scale, and 3) statis-

tics on the parameters of windowed DMD models, whose distributions can be sampled for

stochastic ensemble forecasting.

3.5.1 Connection to Koopman Theory

The underlying DMD algorithm exploited has a well-documented relationship to the field of

Koopman theory, so the scale-separation method presented here can be expressed in those

terms. The Koopman operator is a linear operator in some measure space which is fully

represents the nonlinear dynamics in the original state space of some system. It is typically

infinite-dimensional, but can sometimes be well-approximated in finite dimensions. DMD

is one of a number of methods which accomplish this: the matrix A which steps the data

forward in time plays the same role in r dimensions that the full Koopman operator would

in infinite dimensions.

The sliding-window approach presented in this work generates a new approximator to
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the Koopman operator for each DMD iteration. As such, the scale discovery protocol can

be viewed as an ensemble approach to building a statistical distribution for the Koopman

eigenvalue spectrum and identifying peaks that correspond to discrete time scales present

in the original data. While the eigenvectors of A vary from one window to the next, and

so cannot be interpreted as global Koopman eigenfunctions, the spectral distribution of

eigenvalues could serve as a valuable starting point for an algorithm seeking these functions.

3.5.2 Utility and Applications

The recent ascendance of machine learning techniques for analyzing complex systems, along

with advances in hardware to support these techniques, has dramatically overhauled engi-

neering approaches for diagnostics and control of such systems. These methods of course

require high quality data sets, but also often rely heavily on an interstitial preprocessing step.

For time series data with highly disparate time scale content, scale separation is an integral

preprocessing procedure for many tasks. Modeling, forecasting, and control of discretely-

multiscale systems are much more effective when the scale components can be treated sepa-

rately. This is particularly true in the common case where the governing dynamics of these

components are only weakly coupled to one another: modeling them independently can

produce excellent approximations to the true dynamics at a fraction of the computational

cost.

With this in mind, the method outlined in this chapter is presented as a possible precursor

to any data-driven application seeking to exploit a system’s multiscale properties. While its

output is not entirely dissimilar from well-established multiresolution analysis methods, its

differences from other approaches render it particularly well-suited to this role. Its synthesis

of spatial and temporal coherencies in the data integrate well into dynamics-focused appli-

cations; it can more robustly separate components even when one briefly encroaches on the

other’s characteristic time scale. Clean separation on this basis is crucial for scale-separated

model discovery. Furthermore, it generates a closed-form parametric model for time-local

dynamics, which opens up possibilities for forecasting explored in Section 3.4. The example
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presented there is fairly rudimentary, but a more nuanced approach might prove a useful

forecasting tool in and of itself. One possible approach is a two-step algorithm which first

predicts time evolution of DMD eigenvectors and then builds a full data prediction from

those results.
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Figure 3.14: The full reconstruction to the three-body planetary system obtained by summing

the scale-separated components (xJupiter in solid green, xSaturn in dot-dashed green) plotted

over the original simulation data (black). Each plot here contains the same result, visualized

over progressively longer timespans. In the last two plots, only the upper-bound envelope

has been plotted for ease of visualization. The final plot shows moving averages to show the

conformity even over the longest time scales
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Figure 3.17: Ensemble component-wise forecasts from the sliding-window DMD model on

the three-body planetary system. The dotted vertical lines represent the “current time;”

everything to their right is the forecasted trajectory. At each scale, the unperturbed DMD

forecast (black) is overlaid by an ensemble of predictions generated by sampling bkj , φ
k
j , and

ωkj according to their statistics in the preceding windowed iterations (constraining all φk
j to

maintain unit length). Note that these trajectories are all nearly identical in the fast-scale

components, where the variance of DMD parameters is minimal
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Chapter 4

DELAY-COORDINATE LINEARIZATION MODELS

Modern time series analysis has been transformed by emerging and innovative mathe-

matical methods from machine learning and data science. The ubiquitous availability of

measurement data across the sciences, coupled with advances in storage and processing

power, has led to a resurgence of interest in the question of how diagnostic and predictive

models can be discovered directly from time series data. Using a dynamical systems per-

spective allows one to take advantage of a broad variety of existing systems analysis methods

with applications to forecasting and control. Of particular interest are techniques which are

able to map an observed measurement series into a space where it can be accurately repro-

duced by a set of linear governing equations. This is the central tenet of Koopman theory,

as discussed in Chapter 2. This linear representation typically comes at the price of dimen-

sionality: finite-dimensional nonlinear evolution generically requires an infinite-dimensional

lifting to be accurately recreated by a linear operator. Linear models are desirable because

they allow for the use of many powerful linear algebraic methods for estimation, prediction,

and control, all of which can be extended to nonlinear systems if one is able to construct

an accurate finite-dimensional coordinate system for the Koopman operator [28]. Time-

delay embeddings are shown to provide such a coordinate system, providing a mathematical

framework for the extraction of principal component trajectories (PCT) which allows for the

construction of dynamics, actuated or not, via superposition.

Dynamic Mode Decomposition (DMD) is the leading approach to approximating Koop-

man operators through regression [170, 161, 108]. As outlined in Chapter 2, it offers a means

of efficiently discovering a finite-rank linear approximator to nonlinear dynamics directly

from observation data, even in very high dimensions. The simplest implementation of the
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algorithm regresses an operator which acts directly on the measured state variables, but

there is no reason, a priori, to expect this space to admit a faithful linear representation.

Central to the successful implementation of DMD is the problem of identifying a space of

Koopman observables into which the dynamics can be lifted to better suit the assumption

of linearity [137, 133, 33, 134]. The approach of interest in this work is the use of time-delay

embedding of measurement data, which has been used to great effect in the HAVOK [31]

and the subsequent Hankel DMD [6] algorithms. DMD on time-delay coordinates offers ad-

vantageous properties with respect to Koopman approximation which are universal to any

input data [94].

Time-delay embedding refers to a coordinate transformation in which a time-localized

measurement x(t) is augmented by time-shifted copies of itself x(t − τ). The use of this

technique for data-driven modeling dates back to the seminal Takens embedding theorem,

which showed that a chaotic attractor can be reconstructed, up to a diffeomorphism, from

the time series of a single measured variable [185]. The method has since found purchase

in a number of widely-used algorithms, including singular spectrum analysis (SSA) [24],

nonlinear Laplacian spectral analysis (NLSA) [75], and the eigensystem realization algorithm

(ERA) [91]. Particular attention has been devoted to the use of techniques such as singular

value decomposition (SVD) to identify dominant modal content of data represented in delay

coordinates [81, 94]. For a time-delayed scalar measurement series, the principal components

obtained by SVD form a temporal basis, with functions similar to those in a Fourier or wavelet

basis. Indeed, it has been demonstrated that for sufficiently long embedding windows the

delay coordinate SVD converges to the discrete Fourier decomposition [193]. This property

suggests a strong compatibility with the Koopman operator-theoretic approach to systems

modeling, in which the eigenvalue spectrum of the desired operator has been shown to relate

to the same harmonic averages used to compute the Fourier transform [133]. This connection

has been borne out by recent work on time-delay DMD [189, 26], variations on which form

analogous models on their SVD projections [31, 6] or on exact Fourier basis projections [153].

The fidelity of a DMD model depends heavily on the Fourier spectral properties of the
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true dynamics. A finite-dimensional linear operator generates dynamics on a discrete set of

frequencies determined by its eigenvalues; if the input data has a continuous spectrum it

cannot be fully reproduced by DMD (time-delayed or otherwise). Moreover, the number of

discrete spectral peaks that can be captured by a linear model depends on its dimension.

DMD represents oscillatory modes by complex conjugate eigenvalue pairs, so a rank-r model

will admit at most r/2 distinct frequency components. This offers one perspective on the mo-

tivation for building models in delay coordinates: a discrete eigenvalue spectrum of arbitrary

finite length can be obtained simply by embedding additional shifted copies of the data to

increase the dimension of the augmented space. It can be shown that for scalar time series,

the minimum number of such embeddings is determined fully by the sparsity of the Fourier

spectrum [124, 153]. The continuous spectrum case, however, presents a much greater chal-

lenge for Koopman modeling. While a sufficiently dense point spectrum can approximate a

continuous one in the high-dimensional embedding limit [49], the practical utility of this for

numerical methods is limited. It has long been suggested [133] that a Koopman approach

might be taken for the “almost periodic” (i.e. spectrally discrete) portion of dynamics, and

augmented somehow to account for the continuous remainder. Previous attempts at this

have used intermittent parametric forcing derived from rank-reduced SVD time series [31] or

direct translational manipulation of eigenvalues [127] to fill out the spectrum. In this work

this problem is approached by incorporating the DMD with Control (DMDc) algorithm [157],

which fits measurement data to a linear control model using a known control signal. A fully

unsupervised method is presented to learn a control model and a concomitant forcing sig-

nal which together fully reproduce the observed dynamics, with discrete-spectrum behavior

modeled by endogenous linear evolution and the continuous-spectrum remainder isolated in

the exogenous control.

The remainder of this chapter is structured as follows: Sec. 4.1 summarizes the process

by which delay coordinate representations are obtained from data. The approach is modeled

on that of SSA, but focuses on the less common case of multivariate state delay embedding.

A novel interpretation is presented for the coordinate bases that this generates and illustrate
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the information-richness of the resultant modes relative to the highly generic output of the

same approach on scalar data. Sec. 4.2 discusses the regression of linear DMD models in the

learned delay-coordinate space, using data with discrete and mixed spectra. A procedure is

introduced for the extraction of an external forcing signal to account for observed nonperiodic

dynamics, with results validating its success on systems with known exogenous forcing.

Sec. 4.4 joins this method with the existing DMDc algorithm, allowing these results to

be integrated into a single unified linear control model. Finally, Sec. 4.5 offers an example

of how this technique might be applied to a real-world data set as an informative diagnostic

tool.

The work presented in this chapter is based on a paper entitled “Principal Component

Trajectories (PCT): Nonlinear dynamics as a superposition of time-delayed periodic orbits”

written in collaboration with Eurika Kaiser, Steven Brunton, and J. Nathan Kutz, all of the

University of Washington. The paper is still under review, at the time of submission of this

thesis, but a preprint is available on the ArXiV: https://arxiv.org/abs/2005.14321.

4.1 Full-State Embedding: Methods and Interpretations

This section outlines a procedure for time-delay analysis of a measurement time series. The

steps taken are similar to those of SSA. But where SSA typically entails delay embedding on

a scalar signal, focus is here extended to the case of a multivariate vector signal and briefly

discuss the interpretation of the principal components that this produces.

4.1.1 Time Delay Embedding

Delay embedding is the process of lifting a time series signal into a higher dimensional space

by stacking it with time-shifted copies of itself. For a scalar y(t) ∈ R, the lifted Hankel

matrix H is obtained as follows:

Y =
[
y(t0) y(t1) · · · y(tm)

]
(4.1)

https://arxiv.org/abs/2005.14321
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Figure 4.1: Protocol for extracting delay-embedded SVD trajectories, or principal component

trajectories (PCT), from time series data.
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becomes

H =




y(t0) y(t1) · · · y(tm−d)

y(t1) y(t2) · · · y(tm−d+1)
...

...
. . .

...

y(td) y(td+1) · · · y(tm)



. (4.2)

The matrix H contains d shifted copies of the original signal Y, each offset from the last by

one time step. If Y had dimension 1 × m, H has dimension d × (m − d + 1). Note that

there is considerable redundancy in the elements of H: all elements belonging to diagonal

sets {Hij} such that i+ j = (const) are equal.

The extension of this procedure to a vector signal y ∈ Rn is straightforward. Each column

of H now consists of d vectors in Rn stacked on top of each other with the same time shifting

scheme as before:

Y =




| | |
y(t0) y(t1) · · · y(tm)

| | |


 (4.3)

becomes

H =




| | |
y(t0) y(t1) · · · y(tm−d)

| | |
| | |

y(t1) y(t2) · · · y(tm−d+1)

| | |
...

...
. . .

...

| | |
y(td) y(td+1) · · · y(tm)

| | |




. (4.4)

The vectorized Hankel matrix is often used for linear system identification in control applica-

tions via ERA [91]. This procedure offers two tunable parameters to be independently chosen.
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Firstly, the number of delay embeddings d performed on the input signal. This determines

the dimension of the delay coordinate space into which the columns of y are lifted. Previous

work on this topic has sought to quantify the lowest value d can take while still admitting a

linear dynamical model which faithfully reproduces observed dynamics [25, 76, 153, 124]. For

the purposes of this analysis, however, it is assumed that input data of arbitrary duration is

available, so there is no need for parsimony in the selection of d. While a high value of d does

lead to a high-dimensional embedding space, the subsequent model-building efforts will be

carried out in a rank-reduced basis spanned by r principal component vectors, or the prin-

cipal componant trajectories (PCT) of the time-series. Thus a large number of embeddings

d does not carry with it any risk of causing the model regression to be underdetermined.

The second parameter to be selected is the embedding period T d. In Eq. (4.4) the time

lag introduced in each successive embedding is equal to the sampling resolution of y(t), so

T d = td − t0 = d∆t, assuming the columns of Y are sampled at evenly spaced intervals of

∆t. However, the time shift per embedding could just as easily be set to any integer multiple

of ∆t, leading to a modified embedding period T d = qd∆t, where q ∈ Z+. The governing

principle for making this choice should be to match the time scale of the dynamics of interest:

in the low-T d limit the stacked state vectors which comprise the columns of H will be highly

redundant, encoding the passage of a time interval too short for any meaningful dynamical

evolution of the system. In the high-T d limit, the delay coordinate sampling resolution is

too coarse to resolve the dynamics; unless y(t) is perfectly periodic the delay registers of H

will become completely uncorrelated. If the system in question contains multiscale dynamics

with periods separated by orders of magnitude, multiple sets of embedding parameters may

be required. A more extensive discussion of this case with respect to the application of

dynamic mode decomposition can be found in [56]. For the purposes of this work, analysis

is restricted to monoscale dynamics and choose T d such that it spans a few periods of the

lowest-frequency peak of the Fourier spectrum of y(t). A more detailed discussion of this

parameter selection is available in [76].
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4.1.2 SVD and Full-State Embedding

Of central importance to the signal processing technique of SSA [25, 65, 193], and to more

recent dynamical systems work with time delay coordinates [6, 31, 94], is the application of

singular value decomposition (SVD) to the delay-embedded Hankel matrix H (as defined in

Eq. (4.4)). This section presents a brief discussion of the motivation for this step, convergence

properties of the results, and interpretations of the modes in delay space specifically for the

case of full-state vector embedding.

The SVD of a matrix Y yields Y = USVT . If Yn×m is a time series with state dimension

n and time dimension m, then the columns (or modes) of U form an orthonormal basis for the

state space, the columns of V are time series representing normalized projections of the state

onto the U modes, and the elements of the diagonal matrix S carry the energetic (correlation)

weight of each mode’s contribution to the full signal Y. Because modal amplitudes are

encoded entirely by S, modes can be hierarchically ranked by energy (variance). Truncating

the decomposition to contain only the top r modes yields a rank-reduced representation

which produces a least-squares optimal reconstruction of Y.

The SVD can be applied to a time series lifted into delay coordinates, as in Eq. 4.4, to

obtain a decomposition of the same form:

H = USVT (4.5)

Resultant modes have additional degree of interpretability owing to the temporal structure

embedded in H . Columns of U are vectors in the input state space, which in this case is the

high-dimensional delay space. If H was constructed from a scalar time series y(t), the SVD

modes can be treated as d-element time series spanning a duration of T d. If H were instead

the full-state embedding of a vector times series y(t) ∈ Rn, its modes can be interpreted as

trajectories in Rn, also of duration T d. An intuitive parallel for these decompositions can be

found in time-frequency analysis methods such as windowed Fourier and wavelet transforms,

both of which have been applied to the DMD method [112, 56]. Thus a vector projection

of H onto the columns of U in delay coordinates is analogous to a time-localized projection
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onto some template function, e.g. a wavelet confined to a length of T d.

This procedure is shown in Fig. 4.1. Note that when the input signal is multivariate,

vectors in the delay embedding space have elements spanning both spatial coordinates x, y, z

and measurement times tj, tj+1, ..., tj+d. To treat this as a normed vector space (as SVD does)

is to make an implicit assumption about the relative weighting of spatial versus temporal

coordinate separations. This assumption is carried in the choice of time spacing between

delay embeddings, or equivalently in the choice of embedding period T d.

4.1.3 Interpreting SVD Modes in Delay Coordinates

The result of the decomposition process outlined in Fig. 4.1 depends heavily on the structure

of H. By construction, elements of H are represented redundantly up to d times (specifically,

all Hij where i+n× j = (const) are equal). This property holds regardless of the dynamical

content of the signal in question, and leads to certain guarantees on the SVD modes of H.

In particular, it can be shown that for embeddings of a scalar time series (n = 1), modes

converge to simple functions in the limiting cases of T d. For small T d, the columns of U

resemble Legendre polynomials, while for large T d they become sinusoidal [25, 193]. Indeed,

in some circumstances exact instantiations of these functions have been used instead of the

data-driven approximations obtained with the SVD [76, 153]. This work focuses on the

large-T d limit, in which delay-coordinate SVD can be thought of as reproducing the discrete

Fourier transform on a sparsified frequency basis: the near-sinusoidal U modes resemble the

projection basis used in the DFT, but instead of a large number of basis functions densely

populating frequency space, only the (SVD rank) r most prominently represented frequencies

are retained.

Shifting attention to the case of multivariate vector embeddings, similar behavior is ob-

served in the long embedding time limit. Some sample modes obtained for the chaotic Lorenz

system are plotted in Fig. 4.2. The trajectories in R3 traced out by the modes result from

sinusoidal oscillation in x, y, and z. The frequencies of oscillation for different state vari-

ables within the same mode are typically equal or related by an integer ratio, but the relative
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Figure 4.2: Time-delayed SVD modes for a chaotic Lorenz system. Full 3D representations of

the PCTs (left) are composed of approximately sinusoidal oscillation in the x, y, z coordinates

with (often) incommensurate frequencies and amplitudes.

phases and amplitudes are free to vary. Consequently, modes which in the scalar high-T d

case could be completely defined by a single frequency value take on much richer geometric

structure in the vector high-T d case. The figures which can be thus formed by paramet-

ric sinusoids belong to the class of generalized N -dimensional Lissajous figures [2], in the

special case where frequencies differ by integer ratios. Note that the periods of oscillation

are independent of the embedding period T d, so these curves do not in general form closed

orbits.

The SVD reconstruction (4.5) can be equivalently written as a sum over individual modes:

H(t) =
∑

j

ujsjv
∗
j (t) (4.6)

Each column of H, which represents a windowed snapshot of the dynamics over a period of
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T d, is reproduced by a linear combination of the orbits {uj} weighted by the singular values

{sj} and the time series projections {vj(t)}. The delay-coordinate SVD therefore functions

as an automated means of decomposing a complex trajectory into simple orbital components

(Fig. 4.3), or the PCT coordinates of interest. The result is reminiscent of the Ptolemaic

model of the solar system, in which the apparent retrograde motion of planets in the sky is

explained using a hierarchy of superimposed epicycles in geocentric coordinates.
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4.1.4 PCT of a Nonlinear Oscillator with Discrete Fourier Spectrum

A more concrete illustration of the analogy to multivariate Fourier decomposition can be

found in the example of the Van der Pol system. This canonical nonlinear oscillator is

defined by the coupled first-order equations:

ẏ1 = y2

ẏ2 = µ
(
1− y2

1

)
y2 − y1

(4.7)

with µ, which controls the strength of the nonlinearity, taken to be 1 from here on. This

system admits solutions which form a closed periodic orbit, so the Fourier spectrum of the

trajectory it generates is discrete (only integer harmonics of the base periodic frequency are

present). Applying the procedure from Fig. 4.1 with T d = 20 produces the delay-coordinate

modes plotted in Fig. 4.4. The state space of Eq. 4.7 is represented by the x − y plane,

and the time coordinate on the interval [0, T d] is extended up the z axis to better illustrate

frequency distinctions. In the rightmost column, Fourier spectral content of each (combined)

mode pair is overlaid on the spectrum of the full Van der Pol trajectory.

The results for this simple example are illustrative of three key features of vector-

embedded PCT. First, the modes naturally adhere to the frequencies present in the power

spectrum of the input signal. In other words, the PCT not only converge to a sinusoidal

basis, but it discovers a sparse Fourier basis made up of those sinusoids most strongly rep-

resented in the data. Second, the ordering of the modes corresponds to the heights of their

corresponding spectral peaks. This follows from the fact that in the limit as the columns of

U converge to sinusoids, the singular values associated with them become directly analogous

to Fourier power measurements in that both represent a magnitude of the energetic content

of the full dynamics contained in a projection onto a given oscillatory mode. Third, the PCT

modes naturally self-organize into pairs which share a common frequency and singular value,

which is often observed in the fluid flow past bluff bodies [145, 181]. In each row in Fig.

4.4, the modes are identical up to a 90◦ rotation. This again suggests a parallel to Fourier

analysis: a pair of out-of-phase sinusoids of equal frequency (e.g. sin(ωt) and cos(ωt)) form
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Figure 4.3: Pointwise linear combinations of simple modal orbits can reconstruct complex

trajectories in Rn.
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a complete basis for dynamics of arbitrary phase at that frequency.

4.1.5 PCT and Continuous-Spectrum Dynamics

As the spectral plots in Fig. 4.4 suggest, PCT is a method suited to systems whose dynamics

admit a discrete Fourier representation. In the long-embedding limit in which PCT modes

converge to sinusoids, a decomposition of finite rank r can at most reproduce r/2 spectral

peaks in its reconstruction. For a system with a continuous spectrum, this is clearly insuffi-

cient: no finite number of discrete frequencies can densely cover a continuous interval on the

frequency space. Thus, while the delay method of Fig. 4.1 can be applied to any uniformly-

sampled time series data in n dimensions, its utility as a means of sparsely representing the

dynamical content of the given signal is limited to the discrete-spectrum case.

This is a highly restrictive condition, given that many systems of mathematical interest

and almost all real-world systems do not exhibit fully discrete Fourier spectra. Even when

dynamics are very nearly periodic, the introduction of any measurement noise or stochas-

tic/chaotic forcing will populate the gaps in the spectrum and undermine any attempt to

build a linear model for the system in delay coordinates. This is illustrated in Fig. 4.5, in

which the Van der Pol oscillator from Eq. 4.7 is subjected to different types of weak para-

metric forcing on the y2 variable. Though the magnitude of forcing is sufficiently small that

the state-space trajectories (top) look nearly identical, the differences in the power spectra

(bottom) are quite obvious. The consequences of this spectral contamination are evident

when the plotted time series are subjected to linear model discovery using DMD, which is

discussed in the next section. Even when the exogenous forcing is an order of magnitude

weaker than the intrinsic dynamics, it yields a model whose reconstruction error is many

times greater than that of the unforced system. Because the base periodic oscillation still

dominates the observed dynamics, a linear delay-coordinate model should offer a useful ap-

proximation to the true behavior. The remainder of this chapter is devoted to understanding

how such a model can be obtained by isolating the continuous-spectrum forcing from the

underlying periodic motion and combining them in the framework of linear control.
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Figure 4.4: First 6 SVD modes for the delay-embedded Van der Pol oscillator. Each mode

can be thought of as a trajectory in R2, with the z coordinate here representing the delay

time. They organize into pairs 90◦ out of phase in order to form a complete orthogonal

basis for a given frequency. Power spectra plotted on the right show that the dominant SVD

modes naturally correspond to the frequencies most prominently represented in the signal.
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Figure 4.5: Power spectrum of a Van der Pol oscillator system subjected to different types

of forcing.

4.2 Dynamic Mode Decomposition and Time-Delay Embedding

4.2.1 Time-Delay DMD

A resurgence of interest in Koopman theory and consequently in DMD in recent years has

led to a variety of extensions of the algorithm focusing on two principal tasks: modifying the

optimization objective function to redefine what constitutes a “best fit” for A and identifying

lifting transformations which render the data more amenable to linear representation [200,

74, 127]. The results presented in this work remain agnostic on the former issue and focus on

a particular solution to the latter: namely, the use of delay-embedding coordinates, or PCT.

The lifting procedure described in Eq. (4.2) has been shown to quite generically improve

DMD representations for continuous time-series data [133, 120]. Of particular note is the

original Hankel alternative view of Koopman (HAVOK) formulation [31], and the subsequent

and closely related Hankel DMD [6].
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Figure 4.6: Procedure for building linear models from the delay-coordinate SVD illustrated

in Fig. 4.1. DMD performed on the time series V matrix yields a linear model whose stepwise

prediction error is interpreted as a learned forcing signal udisc. The same V matrix can then

be fed to the DMD with control (DMDc) algorithm along with udisc in order to construct a

linear control model of the form shown.
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The procedure for constructing a delay-coordinate linear model is diagrammed in the

first two rows of Fig. 4.6. Starting from the SVD approach illustrated in Fig. 4.1, a linear

DMD operator A is regressed using data from the first r rows of the time-series projection

matrix V:

V̇ = AV (4.8)

The resultant model can reproduce the dynamics in the space of the SVD modes by integrat-

ing this differential equation (or using the analytic solution from Eq. 2.4). It also enables

state forecasting simply by integrating further out to some future time. Results can be trans-

formed back into the original delay-coordinate space via matrix multiplication: Ĥ = USV̂T ,

where V̂ is the DMD reconstruction of the data matrix V.

The Hankel matrix formed by the embedding procedure of Eq. (4.4) is guaranteed by

construction to have redundant values along matrix diagonals {Hij where i+j = (const)}. No

such property is assured for the DMD reconstruction Ĥ, so the task of collapsing the resultant

signal back down into the original state space is nontrivial. There is an approach used in

SSA known as Hankelization, or diagonal averaging, in which a state-space reconstruction x̂

is obtained from Ĥ by averaging over the elements which would in a true Hankel matrix be

redundant [81]. However, in the case of model forecast residuals discussed in the following

section, there is often coherent oscillatory behavior observed along these diagonals which

can be obfuscated by averaging. In these cases, the first n rows of Ĥ are instead sampled

to compress results back into the state space. The delay registers largely differ from one

another only by a global phase factor, so the choice to use the first register is not particularly

consequential.

4.3 Data-Driven Decomposition of Nonlinear Systems into Forced Linear Mod-
els

DMD generates models with complex eigenvalues, but for real and stationary input data its

modes converge to pure-imaginary conjugate pairs. In this case, a rank-r DMD model yields
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dynamics at at most r/2 distinct frequencies. Thus, while Hankel DMD can produce a linear

model which reproduces a discrete-spectrum nonlinear oscillator to arbitrary precision, it

will unavoidably fall short when it comes to systems with continuous spectra. This section

presents an extension of Hankel DMD to model nonlinear dynamics as a forced linear sys-

tem, for which the model and the forcing signal are learned simultaneously. This approach

retains the benefits of linearity for the portion of the model which captures the dominant,

(quasi)periodic dynamics, while adding the versatility to simulate a much broader class of

nonlinear systems.

A standard delay-coordinate DMD model is first generated as explained in the previous

section. Working in the space of PCT modes, this means learning the linear operator A

which offers a best-fit solution to v̇(t) = Av(t) over the full duration of available data.

The resulting model is then used for stepwise forecasting: given some v(tj), the succeeding

observation v(tj+1) can be approximated as follows:

v̂(tj+1) = v(tj) + ∆tAv(tj) (4.9)

(This simple Euler time step could be replaced by any forward numerical integration method).

Iterating over the first (m− 1) columns of V, this approach can be used to construct a full

single-step prediction matrix V̂:

V̂ =




| | |
v̂(t1) v̂(t2) v̂(t3) · · ·
| | |


 (4.10)

The discrepancy between V and V̂ can be thought of as a quantitative account of the

shortcoming of the DMD representation. The true dynamics can be asserted to take the

form

v̇ = Av + u(t) (4.11)

for some parametric exogenous forcing u(t). In this case a forward Euler step would yield

v(tj+1) = v(tj) + ∆tAv(tj) + ∆tu(tj) (4.12)
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Figure 4.7: Extracting stepwise DMD forecast error to construct a forcing time series. Ac-

tuated by this signal, the linear DMD model will perfectly reproduce the true nonlinear

dynamics over the observation interval. The model error shown in red has been scaled up

for visual clarity.

and so

v(tj+1)− v̂(tj+1) = ∆tu(tj) (4.13)

leading to

u(t) =
v(t+ ∆t)− v̂(t+ ∆t)

∆t
. (4.14)

An inferred forcing signal can thus be extracted simply by computing the stepwise forecast

V̂ using Eq. (4.9). This process is illustrated schematically in Fig. 4.7. In one sense
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this process is tautological: the learned u(t) takes on whatever value is required to match

prediction to reality at a given time. The control model posited in Eq. (4.11) is fully accurate

by construction. However, the decomposition it achieves is nontrivial. For any system whose

dynamics are dominated by near-periodic evolution (or linear combinations thereof), Hankel

DMD can generate a model which captures a large fraction of observed behavior. Under these

circumstances, and assuming the rank of A is sufficient to account for all prominent spectral

peaks, the discovered forcing consists solely of the continuous-spectrum mixing dynamics

which lie beyond the reach of DMD. In other words, to the extent that Hankel DMD can be

considered an optimal means of discovering a set of r observables in whose space dynamics

are most nearly linear (known as a Koopman invariant subspace), u(t) offers a window into

the residual dynamics which unfold in the orthogonal complement to this subspace.

The following forced Van der Pol system offers an instructive example:

ẏ1 = y2

ẏ2 =
(
1− y2

1

)
y2 − y1 + u(t)

(4.15)

As plotted in Fig. 4.5, cases are considered where the forcing u(t) is zero (unforced), where

it is sinusoidal, and where it is a chaotic oscillatory signal derived from the z coordinate of a

trajectory on the canonical Lorenz attractor. In each case, a Hankel DMD model is generated

from data generated over an interval of 1000 time units sampled at a resolution of 0.01 time

units. The Hankel matrix is constructed using d = 256 delay embeddings spaced q = 4 time

steps apart, for an embedding period of T d = qd∆t = 10.24 (which is on the same order

as the Van der Pol oscillatory period). The results of the forcing discovery procedure are

plotted side by side with the true forcings used to simulate the data in Fig. 4.8. While the

phases of the corresponding signals clearly do not match, their structures are quite similar

and their autocorrelations plotted on the right match very closely.

The DMD models used to generate Fig. 4.8 were selected from models with ranks varying

from 2 to 48. The results plotted (models of r = 12 and r = 6, respectively) were chosen

as particularly clean representations of the desired results. Some of the models of other
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ranks produced forcing signals which were somewhat obfuscated by additional high-frequency

oscillation. This is because the ability of this method to separate periodic and aperiodic

contributions to observed dynamics is limited by the capacity of DMD to fully capture the

periodic behavior without any additional, spurious oscillatory modes. The strength of a DMD

model in this regard can be evaluated by comparison between its eigenvalue spectrum and

the Fourier spectrum of the input data: there should be eigenfrequencies corresponding to

all prominent Fourier peaks no more than that. In Fig. 4.5 it is apparent that the sinusoidal

forcing introduced additional peaks at half-integer harmonics of the base frequency, so it is

not surprising that a higher-rank DMD model was required to isolate a clean forcing signal

relative to the chaotically forced system.

It should also be noted that in the case of sinusoidal forcing, the separation that has

occurred is not between periodic and aperiodic dynamics: the forcing signal itself is, of

course, periodic. But u(t) oscillates at a frequency orders of magnitude lower than those

which dominate the Fourier power spectrum, and DMD is well known to be ill-equipped to

capture dynamics at such disparate time scales [56]. The obtained linear model therefore

ignores that slow oscillatory behavior and fully relegates it to the exogenous forcing.

4.4 Integration with DMDc: Discovering Linear Control Systems Without
Prior Knowledge of the Forcing Signal

DMD with control (DMDc) extends traditional DMD to fit a model of the form [157]:

ẋ = Ax + Bu(t). (4.16)

The algorithm offers a means of simultaneous regression of the intrinsic linear dynamics A

and the control mapping B, but requires a known control signal u(t) in addition to the

state data x(t). In many circumstances this information is not available, either because

a known forcing variable cannot be measured or because the exogenous influence on the

system is carried by many environmental variables which cannot even be enumerated, much

less measured. The control architecture can be extended to a Koopman theoretic framework
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Figure 4.8: Discovered forcing signals (red) plotted alongside the true signals (blue) used

in the simulations. Autocorrelation profiles (right) illustrate their similarity up to a global

phase factor.
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(black). ũ is the same control signal lifted into delay embedding space and projected onto

the top r SVD modes of the state Hankel matrix H. ũdisc is the discovered forcing obtained

by the procedure diagrammed in Fig. 4.7.
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as well [104, 154, 92, 158].

Incorporating the PCT method for unsupervised forcing discovery into the DMDc ap-

proach allows for the construction of linear control models from time series measurements

of the state alone. This is accomplished by first running the standard DMD algorithm and

collecting the stepwise forecast errors as explained in the previous section, and then per-

forming a second decomposition this time using the DMDc formalism to obtain a modified

A approximating the intrinsic linear dynamics and a control mapping B. The latter is not

strictly necessary; the method by which the control signal is generated implicitly assumes

equally-weighted forcing on all state variables, so working in the space of the truncated SVD

on delay coordinates it can be assumed that B is the identity Ir. There exists a variation on

DMDc which assumes B is known, but even the general algorithm reliably discovers this to

a good approximation, so there is little practical difference.

Figure 4.9 shows results from the application of this method to the chaotically forced

Van der Pol system used in the previous section. Two DMDc models are trained: one using

the ground truth forcing used in the initial simulation, and one using the discovered forcing

obtained from the delay DMD method. In order to apply the original forcing to the model in

rank-reduced SVD delay coordinates, it is transformed u(t) ∈ R2 → ũ(t) ∈ Rr by time-delay

embedding and projecting the result onto the top r PCT modes.

4.5 Application: Discovering forcing on real-world data with inherent peri-
odicity

As an example of the practical diagnostic utility of this method, it is applied to power grid

demand data published as part of the RE-Europe data set [89]. Electrical load is sampled

hourly over a period from 2012 through 2014. Data is presented for many geolocated nodes

of a reduced network representation of the European grid, which are averaged over to obtain

a single time series for each country surveyed.

This subject was chosen as an example of a real-world data series which contains strong

periodic signatures: daily, weekly, and yearly cycles are all quite obviously present, and in-
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Figure 4.10: Discovered forcing signal for mean grid demand per network node in Germany

(top) and Italy (bottom). The most obvious feature of the forcing signal is a large annual

spike around Christmas in both countries, and an additional annual spike in late summer in

Italy. Many businesses in Italy close in August. For reference, the weeks around Christmas

(Dec. 11 - Jan. 8) are notated in green and the month of August (Aug. 1 - Sept. 1) in red.
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deed dominate much of the observed behavior. But the dynamics are of course not entirely

periodic; electricity demand is mediated by collective human behaviors, which are in turn

influenced by weather patterns, economic trends, and uncountably many other variables.

Casting these dynamics as a linear control system in time-delay coordinates effectively sep-

arates these factors, with predictable periodicities represented in eigenvalues of the DMD

A matrix and everything else contained in the discovered control signal ũ(t). There is no

ground truth against which to validate results, as the “true” forcing is not a measurable

quantity, but some qualitative observations can be made to corroborate the idea that ũ(t)

should encode anomalies in human behaviors as they pertain to electricity consumption.

Results are plotted in Fig. 4.10 for the load data from Germany and Italy. As discussed

previously, DMD (like most numerical methods) cannot easily accommodate models with

dynamics on highly disparate timescales, such as daily and yearly oscillations. To circum-

vent this issue decompositions are performed on a sliding window of approximately 2 weeks

over the full sampling period. This is a sufficiently narrow domain to render seasonal vari-

ations negligible over the course of any given sub-series. Forcing signals are then inferred

individually for each windowed iteration and then averaged to form a global ũ(t) for the full

two-year span.

The most salient features in the results are large annual spikes in which forcing takes on

an anomalously high value followed immediately by an anomalous low. Both nations exhibit

this pattern once per year in December, and Italy additionally evinces a similar phenomenon

(albeit slightly horizontally stretched) in the late summer of every year. This is highly con-

sistent with known behavioral signatures in these countries: both celebrate Christmas with

school holidays, business closures, etc., and August is widely observed as a national vacation

month in Italy. That these breaks in human routine lead to by far the most prominent spikes

in the learned forcing signals (while their influence is overshadowed by standard daily oscil-

lations in the original data) suggests even in the absence of ground truth that this method

has to some nontrivial extent successfully disambiguated the quasilinear oscillations which

dominate the load data from anomalous activity resulting from more complex environmental
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variables. This could have far-reaching implications for forecasting of time series such as

these, in that it separates the more easily predicted, relatively deterministic dynamics from

aperiodic factors which may be better modeled stochastically.

4.6 Conclusions

Since the seminal contributions of Takens, time-delay embeddings of dynamical systems

have long been known to contain critical and representative information about the under-

lying dynamical system measured. In recent years, the advent of high-quality time-series

measurements from spatio-temporal systems have afforded the community unprecedented

opportunities for constructing data-driven models from such measurement data alone. Not

only can time-delay embeddings extract meaningful information from unmeasured latent vari-

ables, but such embeddings can be used as a data-driven coordinate system approximating

the Koopman operator. The work here advocates the use of these time-delay embeddings for

constructing principal component trajectories (PCT) which provide a time-delay coordinate

system which can be used to reconstruct dynamical trajectories via superposition. Indeed,

the PCT provide an ideal representation of many dynamical systems and their time-series,

especially in systems where an unmeasured latent space is critical to the dynamics. The

method is shown to be intimately connected to SSA where various theoretical guarantees are

available for infinite time-delay embeddings.

PCT also provide a coordinate system that can be used in conjunction with the DMD

algorithm for producing good Koopman operator approximations. It can even be augmented

to include external forcing terms in order to model the effects of a continuous spectrum.

Such forcing terms are determined and constructed in a completely unsupervised fashion,

allowing for a data-driven discovery process that can produce Koopman models which ap-

proximate both discrete and continuous spectral dynamics. A demonstration is offered of

this method applied to real-world power grid load data to show its utility for diagnostics and

interpretation on systems in which somewhat periodic behavior is strongly actuated by un-

known and unmeasurable environmental variables. This example illustrates how a completely
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data-driven method and PCT coordinates can be used in practice. It will be interesting to

apply this approach to analyze other complex systems, such as for fluid flow control [29],

which would benefit from the disambiguation of the linear dynamics and external forcing.

Extending these approaches to more complex systems is an area of future research.
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Chapter 5

ENGINEERING STRUCTURAL ROBUSTNESS IN POWER
GRID NETWORKS SUSCEPTIBLE TO COMMUNITY

DESYNCHRONIZATION

Disruptions of power grid systems can have a severe, negative impact on performance

and lead to Coherent Swing Instability (CSI) [175, 180, 176], whereby a subset of machines

in the grid lose synchrony with the rest of the network, thus shutting the entire network

down and leading to unacceptable blackouts. CSI is in essence a manifestation of commu-

nity structure in a networked system, a collective dynamical divergence of one subgroup of

nodal oscillations from another. Instigated by the work of Girvan and Newman on mod-

ular structures in networks [77, 142, 141], a great deal of attention has been devoted to

the development of methods for identification and characterization of modular components.

Community detection has become a broadly-defined term which is used to refer to a variety

of such approaches. A comprehensive review of its uses is presented by Schaub et. al. [167].

Much of the prominent work in the field has focused on topological approaches, i.e. methods

which take as input an adjacency matrix describing a (weighted or unweighted, directed or

undirected) graph. As Schaub notes, however, dynamics on a network are constrained by

topology but cannot be fully described by it.

This distinction has led to work on community detection methods which place primary

importance on dynamics. However, as many networks of interest lack a known set of laws

governing their evolution (e.g. neurological, social, transportation, epidemiological, etc.),

much of this research has modeled dynamics with Markovian diffusion processes describing

random flows on the network [52, 160, 12]. Power grids have an advantage over these systems

in that the physics of generator oscillations and current transmission are well-understood:
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taken in isolation, each node of the network behaves predictably. Only when they are com-

bined on a complex and non-symmetric graph structure do they begin to exhibit the group

behaviors which resist simple characterization. The results presented in this work capital-

ize on this property by applying a dynamics-focused community detection perspective to

simulation data generated by a realistic, machine-level power grid model.

Previous work on applying network-topological analysis to real-world power grids has met

with mixed success. The extensive theoretical framework that has been developed in the field

of Complex Networks has given rise to a variety of methods which assess functional properties

of power grids directly from their network topology, using metrics such as node centrality,

betweenness, degree distribution, community structure, and clustering coefficients [41, 1, 23,

174, 205, 201, 151, 152]. However, topological methods alone have consistently failed to

fully account for observed network vulnerabilities [20, 22, 150, 85]. This has led to a variety

of hybrid approaches which incorporate electrical properties of the system not captured by

its graph structure, often by using them to assign edge weights or to compute modified

versions of existing topological metrics [140, 85, 202, 22, 21]. The goal of these studies has

generally been to develop a heuristic to estimate a power grid’s vulnerability to failure, which

they then validate using historical data or numerical simulations. This work presents an

alternative method which evaluates the functional consequences of structural modifications

directly from simulation data. While this approach has previously been applied to steady-

state systems [13], its use for grid disturbances has generally been dismissed as infeasible

due to the combinatorially large search space of possible faults and network structures [85].

The contribution of this work is a methodology for incorporating topological properties

(specifically, community structure) and statistics on measurement data to significantly reduce

this space. This technique identifies a set of candidate locations for single-line additions to

an existing network; this is a small structural perturbation relative to the size of the full

grid and therefore unlikely to significantly change its global topological characteristics, such

as degree distribution. Robustification occurs not by directly tuning some topological (or

hybrid topological/electrical) metric, but rather by using such a metric to inform a minor
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structural modification. This lends itself to practical engineering application, as it suggests

an inexpensive change that could be made to an existing grid rather than a design principle

for the construction of a new grid from the ground up.

The data-driven approach introduced here is motivated by the proliferation of real-time

monitoring strategies for power grids that have been deployed in recent years [132, 98, 15],

with event location strategies gaining increasing attention in order to localize pernicious

effects [123, 131, 18]. These strategies are directed to provide a system-wide awareness of

events such as faults and other disturbances, taking advantage of the increasing coverage of

wide area measurement systems (WAMS) technology which enables the implementation of

wide area emergency and restorative control applications [123, 131, 18]. Even though these

strategies have achieved positive results, additional technical challenges arise as the modern

WAMS-generated data become high dimensional and more distributed thorough large areas

of the system. This work proposes an additional technique for power grid network robusti-

fication. Specifically, it is shown that the robustness of the network can be diagnosed from

ensemble fault simulations. Moreover, the power grid can be made significantly more robust

to disturbances with proper engineering of the network design and attention to the commu-

nity structure observed in instances of CSI. Such considerations are critical in considering

future power systems deployments, or for upgrading current networks in order to circumvent

susceptibility to CSI.

This chapter details a simulation model used for characterizing the power grid dynamics

and disruptions. It further introduces a procedure for dynamics-based community detection

based on the results of these simulations, showing through diagnostic tools that the net-

work’s sensitivity to CSI depends on the location and severity of a fault. This provides an

engineering approach capable of characterizing network connectivity modifications capable

of robustifying the network to decoherence.

The work presented in this chapter is based on a paper entitled “Engineering structural

robustness in power grid networks susceptible to community desynchronization Daniel” writ-

ten in collaboration with Xiu Yang and Alexandre Tartakovsky of the Pacific Northwest
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National Laboratory, and J. Nathan Kutz of the University of Washington. The paper was

published in Applied Network Science in 2019 [57].

5.1 Numerical Simulations of Power Grids
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Figure 5.1: Stages of a grid simulation in PST: The system is in a steady state until a fault

is applied at 0.1s. The fault is cleared in two stages, at 0.15 and 0.2s. After the fault has

been cleared, the system has been perturbed from its steady state so it continues to evolve

dynamically

This section highlights the numerical simulation architecture used to evaluate power grid

systems and their connectivity structure. Importantly, a prescription of the disturbances
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applied to the network to induce CSI is considered in order to evaluate the network robustness

in a principled way.

5.1.1 The Power System Toolbox

Power grid simulations for this study were produced using Power System Toolbox (PST),

a Matlab software package originally developed by Kwok W. Cheung and Joe Chow of

Rensselaer Polytechnic Institute [36]. Supplied with both the topological structure of a power

network and the specific electromechanical parameters of the grid’s generators, nodes, and

lines, PST performs dynamic simulations of both steady-state and nonequilibrium dynamics.

This study employs system fault simulations structured as follows:

1. The system is initialized in a steady state for power flow through the network by solving

the nonlinear algebraic network equations which specify the load flow problem.

2. The dynamic portion of the simulation is initiated by applying a transient three-phase

fault to a single line in the network, as though the line were brought into momentary

contact with a grounding object such as a tree.

3. When a fault occurs, power system protection equipment acts to isolate the distur-

bance. If the fault is transient, the line can be reconnected after a short time. PST

treats this as a two-step process, clearing the fault first at the near end and then at

the remote end of the line. These two time intervals, labeled here as τ1 and τ2, are

supplied as input parameters in simulations. Figure 5.1 illustrates the two time scales,

τ1 and τ2, for a simulation of the northeastern power grid system. The dynamics of

interest unfold following the fault application and fault clearing time scales.

4. When the fault is cleared, the grid recovers its full original network structure. The

fault has perturbed it from its initial steady-state configuration, so dynamic evolution

continues. The simulation is carried out over a long time (relative to the fault duration)
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and analyze the network’s response to the disturbance. The CSI often is induced by a

disturbance event (fault application) for which the power grid system does not recover

to its original stable (steady-state) behavior.

Figure 5.2: The NPCC 140-Bus system is a reduced model for the power grid of the north-

eastern United States and Canada, plotted here overlaid on a map of the region. In this figure

only, bus types are distinguished by the nodes’ symbols (circles are load buses, squares are

generator buses, and triangles are swing buses).

5.1.2 The NPCC 140-Bus System

Simulations in this study are carried out on the NPCC 140-bus test system, which is a

reduced model based on the power grid of the North American northeast (Fig. 5.2). This
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network was chosen because its machine parameters are representative of those in a major

real-world grid and its graph structure is sufficiently large and complex that it gives rise to

coherent dynamics at subnetwork level.

5.2 Discovering Community Structure in the Grid

Simulations of the northeastern power grid are sufficient to illustrate many of the key features

of power grid networks and their induced CSI. By perturbing the various nodes of this specific

network, one can characterize the instability structures, and their commonalities, induced in

the power grid dynamics.

5.2.1 Identifying Coherent Swing Instabilities

The focus of this specific study is the phenonon of CSI, in which a subgroup of buses which

are strongly coupled to one another, but only weakly coupled to other nodes, collectively

lose synchronicity with the remainder of the network. Real-world power systems implement

controllers to damp the oscillations of relative rotor angles which give rise to CSI, but no such

safeguards are implemented in the PST simulation toolbox. The onset of CSI therefore is

manifested as a clear qualitative transition in the dynamics of a subset of the buses. Specifi-

cally, a group of machines will begin to oscillate with linearly increasing frequency while the

remainder of the network continues to evolve with dynamics on a slower and roughly constant

time scale (Fig. 5.3). Although the PST model does not accurately model the behavior of

the unstable network, since local controllers would activate to dampen growing oscillations,

it does highlight the lack of robustness of the network to the intrinsic dynamics induced by

the disturbances. By engineering a more robust system, the intrinsic dynamics itself acts to

stabilize the system. This aspect of engineering a power grid network is considered below in

the section entitled Engineering Network Structure to Reduce CSI.



83

0 1 2 3 4 5

Time (s)

-1

-0.5

0

0.5

1
R

e
a

l 
B

u
s

 V
o

lt
a

g
e

s
 (

P
U

)

Figure 5.3: CSI in numerical simulations: Plotting bus voltages shows two qualitatively

different types of dynamics. Each bus belongs to one of two coherent groups, one of which

varies at a slow, consistent time scale and the other of which oscillates with linearly increasing

frequency.

5.2.2 Community Detection

To investigate the incidence of CSI, faults are systematically applied to each line of the

network in succession to track which buses (if any) exhibit unstable dynamics as a result.

The results, plotted in Fig. 5.4, suggest that the majority of instabilities take place in a

particular subgroup of buses. To formally characterize this structure it is approached as

a network community detection problem: by treating the buses and fault locations as two

disjoint populations of nodes with (unweighted, undirected) connections given by the nonzero
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Figure 5.4: A systematic exploration of the network locations of unstable dynamics as a

function of the line where the initial fault was applied. Each column represents a different

simulation with a different fault location, with yellow pixels denoting which buses exhibited

instability during that run.

elements in Fig. 5.4, one can build a square adjacency matrix which casts the results as a

bipartite instability matrix (with (Nbus +Nline) rows and columns).

In this form, the results are amenable to any network-topological community detection

scheme desired. Results presented in this chapter use the Adaptive BRIM algorithm, devel-

oped by Michael J. Barber for modularity-based community detection in bipartite networks

[14]. Very similar results were obtained using other bipartite algorithms, including those

introduced in Newman (2008) [141] and Liu and Murata (2009) [126].
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The Adaptive BRIM algorithm detected 12 distinct communities from the bipartite in-

stability matrix. However, many of these were quite small. In the interest of restricting focus

to network-wide swing instabilities, communities containing fewer than 2 buses or lines were

reassigned to a neighboring cluster based on a vote of graphical nearest neighbors. This led

to a reduced population of 3 dominant communities, plotted in Fig. 5.5.

Figure 5.5: Results of Adaptive BRIM community detection on the adjacency matrix of the

bipartite instability graph. Small communities (containing fewer than 2 lines or buses) have

been subsumed into neighboring clusters.

The blue community, which corresponds geographically to New England, is a contiguous

and highly interconnected nodal group with few connections to the rest of the network. A

simple topological community detection scheme applied directly to the NPCC-140 graph
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would almost certainly have identified it as a highly modular cluster. The purple group,

however, is thoroughly embedded within the larger black nodal population. This is a testa-

ment to the importance of a dynamics-based approach to community identification: modular

graphical structure does not necessarily equate to dynamical coherency.

5.3 The Sensitivity of Network Connections

Given the diversity of dynamics observed for disruptions of the network, this work’s analysis

aims to understand the sensitivity of each node in the power grid to fault tolerances. By

varying the fault severity, the nodes can be ranked by their susceptibility to CSI.

5.3.1 Varying Fault Severity

To identify the lines where a system fault is most likely to generate CSI, responses are

measured for faults of varying intensity. Faults in PST simulations are parameterized by two

time durations: τ1 from the application of the fault to the clearing of the near end, and τ2

from the clearing of the near end to that of the remote end. Generally speaking, a longer fault

duration drives the system farther from its initial steady-state configuration, increasing the

likelihood of instability. Indeed, the parametrization of faulty intensity through the (τ1, τ2)

parameter space allows for characterization of the robustness of each node.

5.3.2 Ranking Lines by Sensitivity

Working in (τ1, τ2) parameter space, a domain is identified which captures the onset of

instability for most fault locations. This gives a range of values broad enough so that the

lowest values of τ1, τ2 yield fully stable dynamics, while the highest values of τ1, τ2 lead to

instability at many fault locations. The precise choice of bounds is somewhat arbitrary as

long as they meet these criteria; the performance over the specified (τ1,τ2) region will only

ever be used as a relative metric for comparing lines. For each fault location, simulations

are repeated over a grid in this domain of parameter space. The performance of each run is

quantified by determining the number of buses which go unstable.
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Figure 5.6: Sample results of simulations over a region of fault-time parameter space. Each

box represents a simulation with fault times (τ1, τ2), with its color denoting the number

of generator buses which exhibited unstable dynamics. A set of simulations like this was

carried out for each line in the network. Examples are presented for a) a fault location

likely to induce CSI, and b) a fault location unlikely to induce CSI. Note: the color scale is

produced by ennumerating unstable generator buses (just those marked by squares in Fig.

5.2) so a count of 9 corresponds to the whole New England subnetwork.

The result of this analysis gives an “instability frontier” in the space of (τ1, τ2). As

visualized in Fig. 5.6, the more sensitive lines of the network (e.g. Fig. 5.6a) have a frontier

which extends farther down toward the bottom-left corner, whereas more robust lines (e.g.

Fig. 5.6b) are fully stable until comparatively high values of (τ1, τ2). In the former case, it

is observed that a small perturbation to the fault parameters can lead to a big jump in the

number of unstable generators. This foreshadows the crucial role of community structure in

understanding this behavior: instability often occurs collectively in coherent subnetworks.

Having performed exhaustive simulations for all possible fault locations, lines are ranked
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Figure 5.7: Highlighted in red: the twenty most sensitive lines of the network, i.e. those

where a fault is most likely to induce CSI

according to sensitivity by averaging over the unstable nodes obtained at all (τ1, τ2) parameter

combinations. The numerical values obtained are of course sensitive to one’s choice of the

fault-time domain, but they serve as a functional metric of comparison between different

lines tested on this domain. Figure 5.7 illustrates the results of this process, with the 20

most sensitive lines highlighted in red.

These are the lines whose performance the remainder of this study attempts to improve.

The network modifications considered in the next section belong to a combinatorially large

space, so it is necessary to restrict the scope of analysis wherever possible to avoid having

to do a prohibitively large number of simulations. Restricting simulations to these “worst

offender” fault locations allows the parameter space to be constrained while still treating the
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cases which are of greatest practical concern with respect to grid stability.

5.4 Engineering Network Structure to Reduce CSI

Although the specific criteria which lead a subgroup of buses to coherently desynchronize in

a given network are not generally well understood, it is clear that the observed phenomenon

of community structure is intimately related to the connectivity configuration of the network.

Grids are prone to CSI when they contain a subnetwork which is relatively weakly coupled to

its surrounding nodes. Thus a naive approach to engineering network stability would be to

simply add connections between nodes inside and outside this instability prone community.

The results presented in this section not only support this intuition, but also show that

not all inter-community line additions yield significant improvements to stability. As such,

the full simulation-based approach implemented here is necessary to determine which inter-

community connections contribute the most to the grid’s structural robustness.

5.4.1 Network Modification Protocol

The approach for assessing how the addition of a transmission line affects the incidence of

CSI is as follows:

1. A line connecting the two chosen buses (with resistance and reactance specifications

taken to be the median of those of the existing lines) is inserted into the PST network

specifications.

2. For each of the most sensitive lines in the unmodified network (i.e. those highlighted

in Fig. 5.7), simulations are carried out for all (τ1, τ2) fault-time combinations in the

domain identified previously to obtain an instability frontier (denoted in Fig. 5.8 by a

black dotted line).

3. Overall performance for each fault location is again obtained by averaging over the sum

of unstable generators. These values are then averaged over all tested fault locations
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Figure 5.8: For each line addition considered (connections highlighted in color on the left), the

mean instability frontier of the unmodified network (center, dotted black line) was compared

to that of the network with the new connection (right, solid red line). Some candidates

afforded little to no improvement ((a), with added line in orange), while others robustified

the network so that it was resilient to considerably more severe faults ((b), with added line

in green).

to obtain a single plot of the modified network’s susceptibility to CSI (shown in the

right column of Fig. 5.8).

4. The result of this process is compared to that of the unmodified network to obtain a

ratio measuring the stability improvement afforded by the added connection.

The set of possible single-line additions to the network is combinatorially large (Nadditions =

Nbus (Nbus − 1)−Nline = 19367, in the case of the NPCC-140 system). The number of simu-
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lations necessary to carry out the above steps for a single network modification is such that

it is not computationally feasible to test all possible cases.

Results are presented for a semi-randomly selected subset of these possibilities (“semi-

random” because they were chosen with a penalty on geographic distance between the buses

to be connected, so as to better conform to practical engineering considerations). These

candidates are separated into two groups: those which run between two distinct communities,

and those which are internal to a single community.

5.4.2 Network Modification Results

The candidate lines tested using the above protocol are pictured in Fig. 5.9, colored ac-

cording to their performance relative to the original network configuration. Additionally,

the distributions of the stability change parameter for each of the two populations of line

candidates are presented as histograms and box plots in Fig. 5.10.

It is observed that every line addition that significantly impacted the network’s suscep-

tibility to CSI is one that connects two distinct communities. This suggests that under-

standing the network’s community structure is crucial to identifying candidates for new lines

to robustify the grid. The search space of inter-community lines is substantially smaller

( Nadditions = 1
2

∑Ncommunity

i [N i
bus (N tot

bus −N i
bus)] − N inter

line = 4191, in the case of the NPCC-

140 system, which represents a 79% reduction of the search space). Coupled with practical

distance considerations (and any other logistical criteria such as local topography or infras-

tructure), the number of line candidates for which this extensive simulation process must be

carried out becomes much more tractable.

Within the inter-community population of line candidates, the criteria for significant ro-

bustification are not obvious. Examining the relationship between performance and common

topological metrics such as betweenness and degree centrality reveals little to no correlation,

which supports the literature consensus [20, 22, 150, 85] that these measures are insufficient

as predictors of behavior in real power systems. Nonetheless, the dynamical community

detection method successfully identified a number of lines which do offer a marked improve-
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Figure 5.9: The NPCC 140-bus system with colored lines representing candidates for ad-

ditions to the network. Their coloring denotes the extent to which they improved network

stability relative to the original network. Green lines afforded the greatest improvement,

while red lines left performance largely unchanged. The subnetworks obtained by commu-

nity detection are colored in black, blue, and purple for reference. Line additions have been

separated into a) connections between distinct communities, and b) connections within a

single community

ment even by testing a very small subset of all possible inter-community connections. This

shows that the approach to evaluating robustness of the network presented in this study can

effectively identify potential connections capable of robustifying the power grid network.

5.5 Conclusions

This work has introduced a computational framework for the analysis of the network level

dynamics and stability of power system disturbances. This analysis is critical for understand-

ing how the network architecture itself can lead to subgraphs (communities) that are highly

susceptible to CSI. By systematically parametrizing disturbances according to the temporal
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Figure 5.10: Distributions of stability impact parameter for a) inter-community connections,

and b) intra-community connections. From the histogram outliers and the spread denoted

by the box plot width, it is clear that the line additions between distinct communities are

much more likely to effect significant changes to network stability (positive or negative).

parameters τ1 (the time of the fault until it is cleared) and τ2 (from the clearing time of the

near end to that of the remote end), one can assess the effect of each node on the overall

stability of the power grid network.

Evaluation metrics have been defined to (i) identify dynamics-based community sub-

structures in the power grid network, (ii) determine weak points in the network that are

particularly sensitive to faults, and (iii) produce an engineering approach for the addition of

transmission lines to maximally reduce the incidence of CSI. For the example of the Northeast

power grid, a strong dependence has been identified of line sensitivity on the New England
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subnetwork. It has been shown how modifying the network’s connectivity structure can ro-

bustify the network to CSI. The space of possible connectivity changes is combinatorially

large, so modifications are constrained to a tractably small subset of single-line insertions

to the original network. This work has shown that community detection can be used to

substantially reduce this search space, as line additions which connect separate communities

tend to much more significantly impact global stability. The addition of a line can markedly

improve the grid’s resilience to CSI, but the success is highly dependent on location within

the network.

This analysis provides a versatile diagnostic for the efficacy of adding a particular line to a

power grid which is known to be prone to CSI. This is a particularly relevant problem in large-

scale power systems, where improving stability by increasing overall network connectivity

is not feasible due to financial and infrastructural constraints. The approach presented in

this study focuses principally on network topology, so its results are fairly robust to small

variations in the model parameters used in simulation. This makes it a strong candidate for

use in analyzing real-world power systems, as connectivity structure is a characteristic which

can be perfectly reproduced in the translation from physical system to simulation model.
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Chapter 6

FUTURE DIRECTIONS: GENERALIZATION AND
FORECASTING

As with most data-driven methods, the results presented in this thesis leave open ques-

tions about their generalizability. The success of an approach on a few tested data sets does

not guarantee its efficacy on any new test case. This is a core challenge in all machine learn-

ing applications, and presents a particularly formidable obstacle for extrapolation tasks. An

algorithm trained on some collection of measurements is much more likely to succeed on a

new, yet-unseen data point if that point lies within a domain that is already well populated in

the training set; the new output can be estimated by interpolating between the nearby obser-

vations that have already been made. It is when a new input lies outside the training region

that the learned function is forced to extrapolate, and performance in this regime is much

less reliable. In a sense this problem is unavoidable: a purely data-driven method learns rules

only from its observations, and an input from a region in which no measurements have been

made forces it to generalize those rules without evidentiary guidance. The manner in which

this generalization is carried out is necessarily non-universal; the information content of a

function sampled on some compact input subspace is insufficient to reconstruct its behav-

ior outside that subspace with complete certainty. Whereas for interpolation a conservative

assertion of continuity and smoothness properties can typically assure a degree of accuracy

(assuming enough training points have been provided), extrapolation demands more aggres-

sive intervention by the user. Generic methods for distant extrapolation are therefore mostly

unreliable, but nearby extrapolation is a more tractable problem and remains a subject of

great interest in the field of machine learning.

For the time series analysis problems on which this thesis has primarily focused, the
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desired extrapolative result is usually prediction of the future state of a system. This is

naturally a task of great practical concern, and the nature of temporal causality ensures that

it can never be brought into the interpolative regime (the future cannot be measured from

the present). In many cases time series forecasting presents a better-posed problem than

fully generic extrapolation because training data often exhibits constraining properties such

as stationarity, boundedness, smoothness, etc. For any given learned reduced dynamical

representation (such as those presented in Chapters 3 and 4), the task of prediction amounts

to understanding how such constraints are encoded and how the forward-time mapping

(e.g. DMD) introduces error over time. The inherent difficulty of long-term forecasting

requires that any proposed method offer some evaluation of its horizon of accuracy, typically

by gathering statistics on its deviation from the truth over many trials or by presenting

an ensemble of predicted trajectories to form a future-state probability distribution which

diffuses over time. Implementation of such a scheme offers a fertile research area for extension

of the DMD methods introduced in this thesis.

In the case of the Principal Component Trajectory decomposition outlined in Chapter 4,

the forecastability of a system is in some sense measured by its discovered representation.

The PCT DMD method separates out the (quasi)periodic, spectrally discrete portion of a

signal, whose intrinsic dynamics can be accurately extrapolated to arbitrary future time,

from an external forcing on these dynamics which by construction contains all content of

the signal that frustrates linear extrapolation. Represented thus, the challenge of forecasting

lies entirely in the task of predicting the latter component. Moreover, all forecasting error

lives in the forcing (again, by construction). This suggests that this decomposition may

offer a powerful tool for future state prediction in systems where the forcing is a weak-to-

moderate perturbation to the underlying linear model. In research which is ongoing at the

time of submission of this thesis, forecasting is carried out by modeling the forcing signal

as a stochastic process and using that to actuate the deterministic evolution of the periodic

dynamics. With repeated stochastic realizations, it is expected that an ensemble of future

trajectories can be constructed which shadows the unforced DMD extrapolation but allows
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for amplitude and phase aberrations to occur in statistical accordance with their historically

observed incidence. Recent results have shown the promise of Gaussian Process Regression

(GPR) as a technique for estimating the forcing from the current delay-coordinate state of

the full system.

The multiscale decomposition approach discussed in Chapter 3 also shows potential for

utility in forecasting applications in systems where dynamics play out on multiple disparate

time scales simultaneously. This was explored briefly in Sec. 3.4, wherein an ensemble

Kalman filtering approach was used to demonstrate how data assimilation might be carried

out separately on each discovered scale component. While this produced promising results

for the three body planetary system, it could be rendered much more interpretable by in-

tegration with the linear control approach introduced in Chapter 4. The Kalman ensemble

was constructed by gathering statistics on DMD eigenvalues, eigenvectors, and weight co-

efficients over all previous windowed iterations and generating a collection of autonomous

linear systems which produced a distribution of possible future trajectories. This produces

a highly constrained ensemble, in which members are required to take the form of complex

exponentials (or linear combinations thereof). Incorporating the control system approach

used with PCT decompositions would offer a much more diverse function space from which

to sample these trajectories. A similar Kalman filtering technique could be applied, but

using a model built from statistics on the forcing rather than those on the windowed DMD

parameters. This would preserve the scale-separated property that makes this method so

powerful, but offer a more flexible and robust framework for individual forecasting of time

scale components.

More broadly, future extensions of these results should build on their capacity for decon-

structing time series data based on its forecastability properties. As discussed in Secs. 2.3 and

4.3, Koopman theoretic modeling approaches are limited by the inability of finite-dimensional

linear systems to universally reproduce nonlinear dynamics. From the perspective of future

state prediction, this discrepancy seems to map onto the question of long-term forecasting.

Those elements of a signal which recur on a periodic or quasiperiodic basis and are amenable
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to finite-dimensional Koopman representation are also the only elements which can be reli-

ably extrapolated into the far future. As such, Koopman methods offer a promising angle

for frameworks of forecasting developed with explicit differentiation between components of

the state which are predicted with differing levels of confidence. The work presented in this

thesis (along with a number of referenced DMD and Koopman papers which preceded it)

constitutes a foundation for this prediction methodology, but there remain a multitude of

unanswered questions which will need to be addressed if a fully fledged forecasting framework

is to emerge from it.
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[177] Yoshihiko Susuki and Igor Mezić. Nonlinear koopman modes and power system stability
assessment without models. IEEE Transactions on Power Systems, 29(2):899–907,
2014.
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[179] Yoshihiko Susuki, Igor Mezić, and Takashi Hikihara. Global swing instability in the new
england power grid model. In 2009 American Control Conference, pages 3446–3451.
IEEE, 2009.
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