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Abstract

Toward the compactification of the stack of Lie(G)-forms using perfect complexes

P4l Zsamboki

Chair of the Supervisory Committee:
Associate Professor Max Lieblich

Department of Mathematics

To establish geometric properties of an algebraic stack, one can find a compactification. This
method has been successfully employed to find irreducible components for example of the moduli
stack of curves [DM69], vector bundles on a surface [O’G96], and Azumaya algebras on a surface
[Lie09].

The latter two are moduli stacks of torsors, but these two classify locally free sheaves with
possibly additional algebraic structure. For an arbitrary algebraic group G, one can study the stack
of Lie(G)-forms, and try to find a compactification via degenerating the underlying locally free
sheaves to perfect complexes.

In order to avoid having to truncate the stack, we define a Lie co-operad, and Lie algebra
objects in the additive symmetric monoidal co-category of perfect complexes. In the special case
Lie(G) = sl,, to get a candidate for a compactification as its essential image, we construct a functor
mapping a perfect totally supported sheaf of rank # to the Lie algebra object of the traceless part

of its derived endomorphism complex, in the setting of higher algebra.



Contents

[Chapter 1. Introduction|........... .. .. .. 7
[I1.1.  Compactification of stacks of torsors|................ ... 7
[1.2.  The need for sheaves of co-groupoids|.........................o i 9
[I1.3.  Lie algebras in additive symmetric monoidal co-categories|........................... 10

[Chapter 2. A summary of higher topos theory|................. ... ... 13
[2.1. Simplicial sets and geometric realizations|................ ... .. ...l 13
[2.2.  co-categories and simplicial categories|............... ... 18
[2.3. Presheaves in simplicial categories and mapping spaces|............................. 23
[2.4.  Cartesian and coCartesian fibrations, classitying maps|............................ ... 26
[2.5.  co-categories of presheaves and representability|...................... ... 32
[2.6.  Adjunction, localization and presentable categories|............... ... .. .o oL 35
[2.7.  n-categories, and truncated objects|............ ... ..o 40
2.8. Groupoid objects, Cech nerves, effective epimorphisms and essential images|. .. ...... 42

[Chapter 3. Constructing the stack of perfect complexes|.............................ooo 45
[3.1. Colored operads and co-operads|....................... . 45
[3.2.  Cartesian symmetric monoidal co-categories|.............................o 48
[3.3. Monoidal co-categories and tensored co-categories|................... ... ..o 50
3.4. Thefunctor @: A > RMOd | ..o oo e 56
[3.5. The stack of perfect complexes|.................. o 65

[Chapter 4. The stack of generalized sl,-forms|................ ... ... ..o 67
f4.1. Lie algebras in an additive symmetric monoidal co-category|......................... 67
2. The functor Er= End(E)|...... ..o 75
{4.3. ‘Irivial forms: sl,(F) for totally supported sheaves|..............................oo 79







Acknowledgements

I would like to thank my advisor Max Lieblich for supporting my roaming in co-land, and
helping me burn my path. I would also like to thank my office-mates Siddharth Mathur, Lorenzo
Prelli, Lucas van Meter and Yajun An for helping me keep my spirits up during the writing of my

thesis.






CHAPTER 1

Introduction

1.1. Compactification of stacks of torsors

Let X A S be a a morphism of schemes. An X-stack 2 is a trivial gerbe, if it classifies objects
locally isomorphic to a given object. More formally, 2" is a trivial gerbe, if it satisfies the following

criteria.

(1) Its sheafification <9 2" is the trivial sheaf hx.

(2) There exists a global section X 5 2.

Examrie 1.1.1. The stack LFx(n) of locally free sheaves of rank n on X is a trivial gerbe with

global section s = 03"

ExamrirE 1.1.2. The stack Azx(n) of Azumaya algebras of rank n on X is a trivial gerbe with

global section s = End(0%").

ExamrLE 1.1.3. Let G be an algebraic group on X. The stack TFx(Lie(G)) of Lie(G)-forms is a

trivial gerbe with global section the Ox-Lie algebra s = Lie(G).

ExampLE 1.1.4. Let G be a sheaf of groups on X. The stack of G-torsors Tors(G/X) is a trivial

gerbe with global section s = Gg.
Stacks of torsors give canonical representing elements for equivalence classes of trivial gerbes:

Prorosition 1.1.5. [Gir71, III, Corollaire 2.2.6]
Let 2" be a trivial gerbe on X, and let G denote the automorphism sheaf Aut(s). Then the morphism of
stacks

x—-Isom(s(p(x)),x)
RIS SN

z Tors(G/X)

is an equivalence.



Corovrrary 1.1.5.1. Via the identification of the automorphism group of the trivial sections, we get

equivalences for the stacks given in Examples and|1.1.2¢

LFx(n) =~ Tors(GL, /X), Azx(n) ~ Tors(PGL,, /X).

Note that all of Examples [1.1.1} [1.1.2] and [1.1.3| classify locally free sheaves with additional

algebraic structure. The method employed to get a compactification which identifies irreducible
components is to relax the locally free condition. It has already been successfully carried out in

the first two cases, provided that f is a surface over C resp. a separably closed field:

TueoreMm 1.1.6. [[O'G96, Theorem D]
Let (X, H) be a smooth projective polarized complex surface. For & = (r,L, c2) let Mg denote the stack
of families of semistable, torsion-free sheaves F with rank r, determinant line bundle L, and second Chern

class cp. Then there exists a positive integer A(r, X, H) such that if
Ag =(y — 7C1(L) > A(T’, X,H),

then the following statements hold.

(1) The stack M is irreducible and proper.

(2) 1t is the closure of the open substack of u-stable vector bundles.

Tueorem 1.1.7. [Lie09, Theorem 6.3.1]

Let (X, H) be a smooth projective polarized surface over a separably closed field. Let ﬂg/s(n) denote
the stack of totally pure S-flat sheaves of rank n on X with trivialized determinant. Let gAzy(n) denote
the category fibered in groupoids of algebra objects in the monoidal category (D(U), ®"), which are locally
quasi-isomorphic to REnd(F) for some F € Qz}zs(n). Then the following assertions hold.

(1) The category fibered in groupoids gAzy(n) is a stack.
(2) The morphism

p:F—REnd(F)
_—

@g (n) gAzy (1)

is a u,-gerbe, where the action of u, is given by the Ox-module structure.

Letc> Oandlet 2 5 X bea W, -gerbe. Let gAzy s(n) denote the pushforward. Let gAz ,-/5(n,c)° C

gAzX/S(n) denote the substack containing those sections U N gAzX/S(n) which fit into a 2-Cartesian
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diagram of the form.
F e
2u — & X/S(n)
S
S
Xu — gAzy(n)
such that moreover F is stable, and degco(F) = c. Then there exists D > 0 such that if c > D, then the

following statements are true.

(1) The stack gAz - 5(n, c) is proper and irreducible.
(2) It is the closure of the open substack of stable Azumaya algebras A with degc2(A) = c.

1.2. The need for sheaves of co-groupoids

One of the reasons the result for Azumaya algebras was restricted to the surface case, is that this
ensures the category fibered in groupoids gAzy(n) is a 1-stack. This is not true in general, which
can be indicated by the following argument. Suppose that we have a covering {U; — U}, and
complexes of quasi-coherent &;-modules E;. If we tried gluing these in the derived category, we
would provide quasi-isomorphisms on the restrictions E; i, E; such that they satisfy the cocycle
condition ¢ o ¢;j = ¢i. But as we have learnt from stack theory, the witnesses of equalities of
equivalence classes need to be retained, because they need to satisfy coherence criteria. Let us
suppose that we have homotopies ¢;j from ¢y to ¢ o ¢jj. These can be pictured as commutative

triangles

ik
E; E;
\ Yo /
¢ij g2
E;.
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Following the pasting diagram

¢>jk/4

E; Mo ke Prt
ij

0 : \(P
/ ﬂ%‘[ : \

Ei (Pit E(

\(P U‘f”ik[ /
ik.
\ (;bkl

U¢ijk Ex

Ex
it.

ij
P
Ej
we get two homotopies
(Pje-Pij)odije
>

Pie - Pke © Qjic © Pij,
(PrePijk)oP ke
which need to satisfy the cocycle condition given by a 2-homotopy between them.

This shows that to avoid having to restrict to situations where all the negative ext groups of the
studied complexes vanish, we need to keep track of all the higher coherence data. One solution is
to formulate the moduli problem with sheaves of co-groupoids. In order to formulate functor of
points-style arguments about these, we need an (oo, 1)-category of them. A very intuitive model
using quasi-categories, which includes a topos theory adapted to this situation has been developed

in [Lur09].

1.3. Lie algebras in additive symmetric monoidal co-categories

The compactifications evoked in Theorems and were not constructed for the stacks
of torsors, but the equivalent stacks classifying locally free sheaves with algebraic structure. For
an arbitrary algebraic group G, we have as algebraic structure that of Lie(G)-forms. That is, via the

adjoint representation G C Lie(G), we can twist the Lie algebra Lie(G) by G-torsors, thus getting a

10



functor

Tors(G/X) — LAlg(X),

which maps into the substack of Lie(G)-forms. We want to compactify the stack of Lie(G)-forms
considering Lie algebras of perfect complexes. We constructed an additive co-operad Lie®, and
defined Lie algebras in an additive symmetric monoidal co-category ¢® as functors Lie® — €@
compatible both with the additive and operadic structures. This required adjoining finite N(Fin.)-
coproducts to the co-category of operators constructed in [Lurl4, Construction 2.1.1.7].

In the case G = SL,, we could construct a functor ﬂ)f erf(n) — LAlg QC(X) mapping a perfect
totally supported sheaf of rank n to the Lie algebra on the traceless part of its derived endomor-
phism complex. This lets us define the stack of generalized sl,-forms as the essential image of this

functor.

Overview

In Chapter 2, we summarize the theory of co-categories and co-topoi, as developed in [Lur09].
In Chapter 3, we summarize parts of the theory of co-operads developed in [Lurl4], and describe
the construction of the symmetric monoidal co-category of perfect complexes, following [Pan11].

In Chapter 4, we construct a Lie co-operad, and the functor F — sI(F).
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CHAPTER 2

A summary of higher topos theory

2.1. Simplicial sets and geometric realizations

In this chapter, we summarize the theory of co-categories modelled by quasi-categories, devel-

oped in [Lur09].

Nortation 2.1.1. The essential image of the fully faithful functor Poset — Cat consists of small
categories where each hom set has at most one element. We will identify the posets with their
images.

Let A C Poset denote the full subcategory with objects the finite nonempty ordinals
[0] = {0}, [1] = {0, 1},...

For any category C, we can represent functors [n] — C as composable chains in C:

fn—l

G Cim s I

DerintTION 2.1.2. The category of simplicial sets Set, is the presheaf category Fun(A°P, Set). For
a simplicial set X, its n-simplices are the objects of the set X,, =4¢ X([n]). Forn > 0and 0 < j <n, we

have the following maps.

B |
(1) The j-th face map X, —> X,_1 is the image by X of the map [ — 1] 5 [n]:

0-1--->(-1)—>(@(+1) > - >n

(2) The j-th degeneracy map X, N Xy+1 is the image by X of the map [n + 1] <, [n]:

0=1-->(-1)>j—=j—=>((+1)> - >n

omy(-,[n])

Nortation 2.1.3. For each n > 0, we will denote the representable presheaf A°P a Set

by A". These are called the standard simplicial sets. Via Yoneda’s lemma, we will refer to n-simplices
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of a simplicial set X using arrows A" — X. For example, the edge f € X; with dy(f) = y and

f
d1(f) = x is going to be denoted by Al XY, X. We will also denote A? by *.
RemaRrk 2.1.3.1. The simplicial set = is a final object of the category of simplicial sets Setx.

Nortation 2.1.4. For any finite nonempty linearly ordered set I of cardinality n + 1, we write
Al' = A". For any inclusion of a nonempty subset ] C I, we get a map A/ — Al, which we will refer
to as canonical. In general, all morphisms of finite nonempty linearly ordered sets I — I’ give a

map Al — Al
ReMARK 2.1.4.1. The restriction map Fun(FinOrd®?, Set) — Set, is an isomorphism.

Derinirion 2.1.5. Let C 5 & and C 5 D be functors between categories. A pair (Lang, &)
titting into the diagram
F
c——6&

{5
Lang F

D

. . . . G
is a left Kan extension of F along K, if for every pair (G, C) of a functor & — & and a natural
transformation F £> G o K, there exists a unique natural transformation Lang F 5 G such that

C=e-¢C

ProrositioN 2.1.6. [Rield], Construction 1.5.1]
Let C be a cocomplete, locally small category, and let A S Chea cosimplicial object of C. If (|lce, &)

denotes the left Kan extension of C* along the Yoneda embedding:

c*

A ——C,

Setp
then the following assertions hold.

(1) The natural transformation & is an isomorphism.

14



(2) The functor ||c- admits a right adjoint:

llce
SN —
Sing e : C—>(Hom¢(C",C))
Corovrrary 2.1.6.1. Since the right adjoint Sing - only depends on the cosimplicial object C*, every left
adjoint Setp L, Cis determined by F|A up to unique isomorphism. In particular, if C is locally presentable,

then every colimit-preserving functor F is determined by F|A up to unique isomorphism.

DeriNtTION 2.1.7. The functor Setx I, Cis called a geometric realization functor. If we don’t
specify C and C*, we mean the cosimplicial topological space mapping the finite ordinal [n] to the
standard n-simplex

A" = {(x0,...,xn) € (Rs0)" : x0+ -+ +x, < 1}.

Here, the target category is usually the full subcategory CGHaus € Top of compactly generated

Hausdorff spaces. In this case, we write |X]| as the geometric realization of a simplicial set X.

DeriniTION 2.1.8. Let C be an object of a category C, and K a set. The copower of C by K, denoted

by K ® C, is the coproduct CZK. We say that the category C is copowered over Set, if there exists a
functor

Set x¢ LAEEC

which moreover sends an arrow (K, C) M (K’, D) to the arrow K® C — K’ ® D determined by

C

the collection of composite arrows

{CLDMK'@)D:UGK}.

DeriniTion 2.1.9. Let CPxC 25 Ebe a functor. The coend of H, denoted by fC H,is a coequalizer

of the form
H(d, f)
Ll H(C,D) —= L|H(C,C) — [“H.
chp G C

Prorosition 2.1.10. [Riel4, Theorem 1.2.1]

Let C be a small category, D a locally small category, and & a cocomplete category. Then there is a left

Kan extension D ~25, & of a functor C Le along a functor C L D, which satisfies, for all objects
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DeD,
CeC

Lang F(D) = D(KC,D) - FC.

Cororrary 2.1.10.1. In case K is the Yoneda embedding A — Seta, and F is the inclusion of the
subcategory of standard simplices with standard maps A — CGHaus, we get that up to a unique natural

isomorphism, for any simplicial set X,
[n]leA
Xi= [ Homa, (30147,

In other words, the geometrical realization |X| is the colimit of the forgetful functor A | X — A, where

A | X is the full subcategory of the overcategory (Seta), x on the standard simplicial sets A".

DerintTioN 2.1.11. An n-simplex A” = X of a simplicial set is called nondegenerate, if it is not in
the image of any degeneracy map.

The boundary simplicial set A" is the largest sub-simplicial set of A", which does not contain
A" 5 A1t has all the other nondegenerate simplices of A".

For 0 <i < n, the i-th horn A} is the largest sub-simplicial set of A", which does not contain the

h i
face A""1 -5 A", Tt has all the other nondenerate m-simplices of A", for m < n.

DeriniTION 2.1.12. Let C be a category, and let S and T be two collections of morphisms. We
say that S has the left lifting property with respect to T, and that T has the right lifting property with

respect to S, if all commutative diagrams in C of solid arrows

X
s
s
Y

—_—

|

f

W~

such that f € S and ¢ € T can be filled in with a dashed arrow keeping it commutative. The
collection of morphisms having the right lifting property with respect to S is denoted by S+, and
the collection of morphisms having the left lifting property with respect to T is denoted by +T.

16



DeriniTION 2.1.13. A morphism of simplicial sets X 2, ¥ is called a Kan fibration, if it has the

right lifting property with respect to the inclusions A? — A™:

AY — X

It
|l
/
A" —— Y.
A simplicial set X is called a Kan complex, if the unique map X — * is a Kan fibration.
A morphism of simplicial sets X Ly is called a weak homotopical equivalence, if the geometric

realization

x1 4y

is a weak homotopical equivalence.

DeriniTION 2.1.14. The category of simplicial sets can be endowed with a cartesian closed

structure. In this context, we will denote it by S. We define the direct product of the simplicial sets

X
A°P —= Set by the universal property:
Y

Hom(A", X X Y) = Hom(A", X) Xx Hom(A", Y),
and the mapping complex Map(X, Y) by the adjointness property:
Hom(A", Map(X, Y)) = Hom(A" x X, Y).

A simplicial category is an S-enriched category, and their category is denoted by Catax.

Tueorem 2.1.15. [Hov99, Theorem 3.6.5, Proposition 4.2.8]

There exists a cartesian model structure on S with

(1) monomorphisms as cofibration,
(2) weak homotopy equivalences as weak equivalences, and

(3) Kan fibrations as fibrations.

17



Moreover, a morphism of simplicial sets X L Y is a trivial fibration precisely when it has the right

lifting property with respect to all inclusions A" — A™:

IN" — X

.

ANt —— Y.

DeriNITION 2.1.16. The model structure described in Theorem is called the Kan model

structure.

2.2. oco-categories and simplicial categories
Derintrion 2.2.1. Let A <5 Cat be the cosimplicial object which is the restriction to A of the
functor Poset — Cat which maps a poset S to the category with object set S and hom sets

X<y
| Hom(x, y)| =

0 x>uy.

The corresponding singular complex functor is called the simplicial nerve functor, and it’s denoted

by Cat N Seta.

RemaRrk 2.2.1.1. Note that for a category C, the n-simplices of N(C) are the composable chains
inC:
CO_)C1_>”'_)CI’U
the inner face maps are given by composition, the outer face maps by forgetting one of the arrows
at the ends, and the degeneracies by inserting identity maps.

Remark 2.2.1.2. Note also that Cat Sety is fully faithful.

ProrosiTioN 2.2.2. [Lur09, Proposition 1.1.2.2]
The essential image of the nerve functor Cat 4, Sety consists of those simplicial sets K for which for all

0 < i < n, every diagram of solid arrows

18



where the vertical arrow is the inclusion can be extended to a commutative triangle in a unique way.

DerinITION 2.2.3. A simplicial set C is an co-category (or quasi-category), if for all n > 2 and every

0 <i <n, every morphism A} — C factorizes through the inclusion A — A™:

A — X
7

/
/
7/

AV[

DEerINITION 2.2.4. A morphism x LN y in a simplicial category C is called a homotopy equivalence,

if the induced morphism 7p(x) 77O—(f)> 19(y) in the category mp(C) is an isomorphism.

LetC5 Dbea morphism of simplicial categories. The map F is called a DK-equivalence, if the

following conditions hold.

(1) Forall x, y € C, it defines a weak homotopy equivalence on the mapping complexes
Fiy
Mapg(x, y) — Map,(x, y).

(2) The induced functor 11oC LN noD is an equivalence of categories.
The map F is called a local fibration, if the following conditions hold.

(1) Forall x, y € C, it defines a Kan fibration on the mapping complexes
Fuy
Map(x, y) — Map,(x, y).

(2) For all objects X of C and homotopy equivalences x A y in D, there exists a homotopy

equivalence X L Yin C such that F(f) = f.

TaeoreM 2.2.5. [Ber07, Theorem 1.1]
There exists a model structure on the category Caty of simplicial categories such that weak equivalences

are DK-equivalences and fibrations are local fibrations.

DerinITION 2.2.6. The model structure on Caty given by Theorem [2.2.5]is called the Bergner

model structure.

DeriNiTION 2.2.7. The cosimplicial simplicial category A g Catp with C[A"] having [Lur09,
Definition 1.1.5.1]
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e object set [11], and

e for elements 0 < i, j < n, mapping complexes

o 0 j<i,
Mapg (i j) =
N(P;j) i<]
where

Pjj={IC[n]:ijelandforallkel, i<k <j},
defines a geometric realization adjoint pair by Proposition[2.1.6]

5
Setx —_ L Caty ,

~ -
N

where the geometric realization functor € is called the categorical realization functor, and

the singular complex functor N is called simplicial nerve functor.

A morphism of simplicial sets X A Y is called a categorical equivalence, if its categorical realiza-

¢
tion C[X] ﬂ> C[Y] is a DK-equivalence.

TueoreM 2.2.8. [Lur09, Theorem 2.2.5.1]
There exists a model structure, called the Joyal model structure on Seta such that the cofibrations are

monomorphisms, and the weak equivalences are categorical equivalences.
¢
The adjoint pair Sety _ L _ Caty is a Quillen equivalence if we endow Set, with the Joyal model
N
structure, and Catp with the Bergner model structure.

Taeorem 2.2.9. [Lur09, Theorem 2.4.6.1]

The fibrant objects in the Joyal model structure on Setp are precisely the co-categories.

Cororrary 2.2.9.1. Let C be a simplicial category such that all of its mapping complexes Map,(C, D)

are Kan complexes. Then the simplicial nerve N(C) is an oco-category.

DeriniTION 2.2.10. Let X and Y be two simplicial sets. Their join is the simplicial set X = Y with
set of n-simplices

Homser, (A", X + ) = Uy X(1) x X(I).
I<r

20



The left cone is X¥ =4t A * X, and the right cone is X> =4¢ X * A°.

Prorosition 2.2.11. [Lur09, §1.2.8]

Forall i, j > 0, we have natural isomorphisms
Ai *A] — Ai+j_1.

DEerinITION 2.2.12. Let C be an co-category, and K Lca morphism of simplicial sets. The

overcategory of p, denoted by C/,, has as n-simplices the o in

o
A"+ K —= C

|

K,

and the undercategory of p, denoted by C,,, has as n-simplices the o in

K«A" =~ C

|

K.

DerinITION 2.2.13. Let x and y be two objects in an co-category C. The right morphism space
Homg(x, y) is the fiber product

Homg(x, y) —=Cyy

| |

{x} C,

and the left morphism space Homé(x, y) is the fiber product

Homé(x, y) — Cy

o

iy} ——~C.

DerINITION 2.2.14. Let X be an object in an co-category C. It is a final object, if the canonical map
C/x — C is a trivial Kan fibration. It is an initial object, if the canonical map Cx; — C is a trivial

Kan fibration.

21



DeriNITION 2.2.15. Let C be an co-category, and K % ca morphism of simplicial sets. A limit of

p is a final object of the overcategory C,. A colimit of p is an initial object of the undercategory C,,.

DEerInITION 2.2.16. Let K be a simplicial set and C be an co-category. The co-category of functors

K — C is the mapping complex Fun(K,C) =4 Map(K,C). We denote 0¢ =4¢Fun(A!,C). It has
S

source and target morphisms ¢ —= C .
t

ProrositioN 2.2.17. [Lur09, Corollary 2.3.2.2]

Let C be a simplicial set. It is an co-category precisely when the restriction map
Fun(A?,C) — Fun(A?,C)

is a trivial Kan fibration.

ProrositioN 2.2.18. [Lur09, Corollary 4.2.1.8]
Let x and y be two objects in an co-category C. Let Home(x, v) be defined as the fiber product

Home(x, y) Oc¢

|

{x} x {y} —— CxC.

Since the n-simplices in Homg(x, y), Home(x, y) and Homlé(x, y) are the o fitting into the three

respective commutative diagrams

A" —— A0 A" {0} —— A° and A

ALl N

a2 o0 arxaAl ¢ N
T / T lrow ] E
Y
A{n+1} AT x {1} AO A — AO

precomposition with the respective cofiber maps

A" x (1) = A" x AL 255 AP and A7 x {0} — A" x Al 25 AL
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gives two inclusion maps

Homlé(x, y) = Home(x, y) < Homé(x, ).

These two maps are homotopy equivalences of Kan complexes.

DerinITION 2.2.19. Let X and Y be simplicial sets. Their alternative join X ¢ Y is the colimit

X || (xxyxal) || ¥

XxYx{0} XxYx{1}

2.3. Presheaves in simplicial categories and mapping spaces
T

DeriniTION 2.3.1. Let C = 5Set be two simplicially enriched functors. Via [Kel05, §2.2],
S

we can endow Setg with a simplically enriched structure by letting the mapping simplicial set

Mapsetg(T, S) have as n-simplices collections of n-simplices of morphisms
(CeQ) A" =5 Map,,, (TC, SC)

such that for each C, D € C, the diagram

apX(Tcp)

A" x C(C, D) [TD, SD] x [TC, TD]

Scp XShOLC l j °

[SC,SD] x [TC, SC] [TC, SD]

o

is commutative, ie. for all o € C(C, D),;, we have
ap o (To) = (S0) o ac.

ProrosiTioN 2.3.2. [Lur09, Proposition A.3.3.2]

Let C be a small simplicial category. Then the diagram category Setg has the following model structures.

(1) The injective model structure, with pointwise cofibrations and weak equivalences.

(2) The projective model structure, with pointwise weak equivalences and fibrations.

DerINITION 2.3.3. Let S be a simplicial set and X Ly a map of simplicial sets over S.
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(1) The map f is a covariant equivalence, if the induced map

x| |s-ve| |s
X Y
is a categorical equivalence.

(2) The map f is a contravariant equivalence, if the induced map

X>|_|5—>Y>|_|s
X Y

is a categorical equivalence.

ProrosiTiON 2.3.4. [Lur09, Proposition 2.1.4.7]

Let S be a simplicial set. Then the overcategory (Seta),s has the following model structures.

(1) The covariant model structure, where cofibrations are monomorphisms and weak equivalences
are covariant equivalences.
(2) The contravariant model structure, where cofibrations are monomorphisms and weak equiva-

lences are contravariant equivalences.

Tueorem 2.3.5. [Lur09, Theorem 2.2.1.2, Proposition 5.1.1.1]
Let S be a simplicial set, C a simplicial category and €[S] 2, C°P a functor. For a map of simplicial sets
X — S, let

M = G[X"] |_| CoP.
CIX]

Let (Seta),s be endowed with the contravariant model structure, and Setg be endowed with the projective
model structure. Then there is a Quillen adjunction

St¢

_—
(Seta))g —_ L — Setg

UI’1¢,
satisfying the following conditions.

(1) For a map of simplicial sets X — S, the functor Sty X is defined by

C—Map ,((C,00)
- M, Setp .
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(2) If €[S] kA C°P is an equivalence, then (Sty, Uny) is a Quillen equivalence. Moreover, the

unstraightening functor can be endowed with the structure of a simplicial functor.

DerINITION 2.3.6. Let X > Sbe a morphism of simplicial sets.
(1) If p has the right lifting property with respect to all inclusions A? — A" where 0 <i <7,
then it is called an inner fibration.

(2) If p has the right lifting property with respect to all inclusions A" — A" where 0 <i <,
then it is called a left fibration.

(3) If p has the right lifting property with respect to all inclusions A — A" where 0 <i <,

then it is called a right fibration.

AN — X

|

A" —— S.

ProrositioN 2.3.7. [Lur09, Corollary 2.2.3.12]

Let X > Sbea morphism of simplicial sets. Then it is a right fibration precisely when it is a contravariant

fibrant object of (Seta) s.

Prorosition 2.3.8. [Lur09, §2.2.2]

If the simplicial set S is a final object X = {x} and ¢ = idgsor), then the straightification functor

G[X°P] =

=~ S
Set < (Setn),x — Set X" 5 Set,

is isomorphic to the geometric realization functor ||, where the cosimplicial simplicial set Q* is defined as

follows. For each n > 0, let J" be the pushout of simplicial sets

A" ——— A°

dn+l l l x
N +1{n+1}»—>y

_>]

Let the simplicial set Q" be Mapgu;(x, y)-

CororrLary 2.3.8.1. [Lur09, Proposition 2.2.2.13]
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Let X, Y be two objects in a simplicial category C. There is a natural isomorphism of simplicial sets
Homﬁ(c)(X, Y) — Sing . Mapg(X, Y).

Proor. Let n > 0. The n-simplices of the space of right morphisms Homﬁ(c)(X, Y) are the o

fitting into the commutative diagram

A" ——— A9

dnH l l X

An+1 _U> N(C)

A

A{n+1}_

By construction, these are precisely those maps J* — N(C), which map x to X and y to Y. In turn,
these are in natural bijection with those maps €[J"] — C which map x to X and y to Y. As the
categorical realization functor Setx 5 Caty is colimit-preserving, the object set of J" is {x, y}, and

by construction we have

Map (%, X) = Mapgy(y, y) = * Mapgu(y, x) = 0.

Therefore, mapping morphisms €[]"] — C mapping x to X and y to Y to their action on the
mapping complexes

Q" = Mapg(x, y) — Map(x, y)

is a natural bijection.

2.4. Cartesian and coCartesian fibrations, classifying maps
DeriniTion 2.4.1. Let X 5> S be an inner fibration of simplicial sets, and x 1, yand edge in X.

(1) The edge f is a p-Cartesian edge, if the canonical map

X5 = Xy X8, Sin(f)

is a trivial Kan fibration.
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(2) The edge f is a p-coCartesian edge, if the canonical map

Xg1 = Xyj X5, Sp()/
is a trivial Kan fibration.

DEeriniTION 2.4.2. Let X LN S be an inner fibration of simplicial sets.

(1) The map p is a Cartesian fibration, if for all vertices y of X and edges s EA p(y) of S, there
exists a p-Cartesian edge x kA y of X such that p(x) = s.
(2) The map p is a coCartesian fibration, if for all vertices x of X and edges p(x) A t of S, there

exists a p-coCartesian edge x 2, y of X such that p(y) = ¢.

DerINITION 2.4.3. A marked simplicial set is a pair (X, &) where X is a simplicial set, and & is a set
of edges of X containing all degenerate edges. A morphism of marked simplicial sets (X, &) — (X', &)
is a morphism of simplicial sets X L, X’ such that f(&) € &. The category of marked simplicial

sets is denoted by Set}.

Norarion 2.4.4. Let X be a simplicial set. The marked simplicial set X” has as marked edges
the degenerate edges of X. The marked simplicial set X* has as marked edges all the edges of
X. Let S be a simplicial set. The overcategory (Setg) e is also denoted by (Setz) = Let X 5 S
be a Cartesian fibration of simplicial sets. The marked simplicial set X# has as marked edges the

p-Cartesian edges.

Nortartion 2.4.5. Let S be a simplicial set, and X, Y objects of (SetZ) /s Then the simplicial sets
MapZ(X, Y) and Mapg(X, Y) are defined by requiring bijections natural in K:
Homser,) (K Map'(X, Y)) 2 Homsers) (K’ X X, ),
Homser,) (K Map?(X, Y)) 2 Homyseep) (KF X X, ).

ProrosiTiON 2.4.6. [Lur09, Proposition 3.1.3.3]

Let S be a simplicial set and X LN Y a morphism in (Setz) /s The following are equivalent.

(1) For all Cartesian fibrations Z — S, the induced map

Map’(Y, Z") — Map’(X, Z")
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is an equivalence of oco-categories.

(2) For all Cartesian fibrations Z — S, the induced map
Map? (Y, Z") — Maph (X, Z"
ps(Y, Z") = Map(X, Z°)
is an equivalence of oco-categories.

DerINiTION 2.4.7. Let S be a simplicial set. If a morphism X LA Y in (Se’cX)/S satisfies the

0]

equivalent conditions of Proposition 2.4.6| then it is called a Cartesian equivalence. If X°P -, Y°Pis

a Cartesian equivalence in (Setz) , then f is called a coCartesian equivalence.

/5o

ProrosiTioN 2.4.8. [Lur09, Proposition 3.1.3.7]

Let S be a simplicial set. The category (SetZ) g can be endowed with the Cartesian model structure,
which has monomorphisms as cofibrations, and Cartesian equivalences as weak equivalences. The category
(Setg) 5 can also be endowed with the coCartesian model structure, which has monomorphisms as

cofibrations, and coCartesian equivalences as weak equivalences.

ProrosiTioN 2.4.9. [Lur09, Proposition 3.1.4.1]
Let S be a simplicial set. An object X of (Setg) /5 is fibrant in the Cartesian model structure precisely

when it is isomorphic to Y9 for some Cartesian fibration Y — S.
2.4.0.1. Naturality of the unstraightening functor.

NotartioN 2.4.10. Let T i> S be a morphism of simplicial sets, and X — Sﬂ, Y — Tt morphisms
of marked simplicial sets. We let f*X denote the morphism of marked simplicial sets X xs T LNy
where an edge is marked precisely when its projection onto X is marked. We let f;Y denote the
composite Y — T N S. Note that we get an adjoint pair

fi

(SetX)/T /fTN (Setz)/s )

’ e

¢ ¢
Let ¥ 5 %" be a simplicial functor. We let (Setz) = (Setz) denote the map given by

precomposition, and 7, a left adjoint.
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Prorosirion 2.4.11. Let T 55 S be a morphism of simplicial sets, and C[S]°P 5 Catwa simplicial
functor. Then there is a canonical isomorphism
Ung(F) xs T = UnT(f*F).
0 0]
Proor. Let us denote the simplicial functor €[T] ﬂi]—) ¢[S] by 7, and its opposite €[T]°P o,
C[S]°P by ¢. We claim that both functors

Unromt* o]
(Setg)/s :f*o%ls (SetZ)Q[S] p

are right adjoints of Sty. Let X € (Setz)T. The claim follows from the chains of canonical isomor-

phisms
Hom(X, Unt(f*F)) = Hom(Str X, i°F))
=~ Hom(m, Str X, F)
=Hom(Sty, X, F),
and

Hom(X, f* Ung F) = Hom(f, X, Ung F)
= Hom(Sts(f1X), F)

= HOl‘n(Stqb X, F).

2.4.0.2. Classifying maps.

NotaTioN 2.4.12. Let X i> S be a morphism of simplicial sets, and €[S5°P] 3) % be a functor of

simplicial categories. Since the straightening

St
4 ——li)—]:) Seta
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takes C € ¢ to the mapping space Map%;p(C, +), where the simplicial category %;p is defined as
the pushout
C[X] — ¢[X"]

¢’ =pPoC][f] l L

®“P cg}‘(’P

its action on the mapping spaces
Map.(C, D) — Mapg,,, (Mapcg;()p (C, %), Mapcg;;p (D, %))
is given via the composition map
Map(g)tgp (C, %) x Map(g)rgp (D,C) — Map(g;p (D, *).

For an n-simplex o in Map,(C, D), we will denote by (St £)(C)y, LR (Sty f)(D), the map it induces.

Let c be a vertex in X. It induces a map

Ck
Al _*>be

which ¢’ takes to the map

CIAN] -EL.

The unique vertex of MapgA1(0, 1) is taken to a vertex of Map%;p (G, *) = (Sty £)(C), which we will
denote by ¢.

Letc 5 dbe an edge of X. It induces a map

AZ F el Xl>

7

which ¢’ takes to the map

C[A%] %Y.
The following are true by construction.

(1) The mapping space Mapg,2,(0,2) is the simplicial nerve of the poset {{0, 2}, {0, 1, 2}}.
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(2) The composition map

MapG[AZ](l,Z) X Map@[Azl(O, 1) - Map@[AZ](O, 2)

takes the pair of vertices ({1,2}, {0,1}) to the vertex {0, 1, 2}.

This shows that the map €[A?] — Sf;p takes the unique nondegenerate edge of Map,2(0,2)
to an edge of the mapping space Map(ggp (G *) = (Stg f)(C), which we will denote by ¢ as in the

diagram

DeriNiTION 2.4.13. Let €[SP] i) ¢ be a functor of simplicial categories. The marked straightening

functor
(Sett) ; —5 (setf)

takes a map (X, &) — S* to the simplicial functor 4 — Sety, which maps C € ¢ to the marked
simplicial set (St X, &,(C)), where

6)(C)={F'g:g€ &, d5 G'e, F e Map o (C, D)),

ProrositionN 2.4.14. [Lur09, Theorem 3.2.0.1, Lemma 3.2.4.1]

Let €[S°P] % % bea functor of simplicial categories. Then the marked straightening functor has a right

adjoint, the marked unstraightening functor:

St;’,) )
(sett),, L (set;)’

Un(;

such that the following statements hold.
3
(1) Let (Setz) /s be endowed with the Cartesian model structure, and (Setg) be endowed with the

projective model structure. Then the adjunction (St:;,Un:;) is a Quillen adjunction.

31



(2) If the functor ¢ is an equivalence, then the Quillen adjunction (Stg, Ung) is a Quillen equivalence,
and the restriction

ng

((setg)/s)" i ((Setg)%”)"

can be given the structure of a simplicially enriched functor.

DEeriNITION 2.4.15. Let Cat’ denote the full subcategory of (cofibrant) and fibrant objects of the
simplicial category Sety. The co-category of co-categories is Cato = N (Catd).

Let X 5 S be a Cartesian fibration of simplicial sets. We say that a map of simplicial sets
S N Cat., classifies p, if there exists an equivalence of Cartesian fibrations X — Un{ f’, where f’ is

the composite of the map €[S] — Cat’, corresponding to f, and the inclusion Cat’, — Set}.

ReEmARK 2.4.15.1. Since the unit map X — Un¢ St§ X is a weak equivalence and the fibers of
a Cartesian fibration are co-categories, the straightening St¢ X factorizes throught Cat2, and thus
induces a map S — Cat. classifying p. If p is a right fibration, then its fibers are Kan complexes,

therefore its straightening induces a map S — ., of which we will also say that it classifies p.

2.5. co-categories of presheaves and representability

DeriNiTION 2.5.1. Let S be a simplicial set. The co-category of presheaves on S is the mapping

space Fun(S°P, ). We denote it by Z(S).

Nortation 2.5.2. Let S be a simplicial set. We denote by 2?’(S) the simplicial nerve of the
simplicial category of fibrant and cofibrant objects (Set);s with respect to the contravariant model
structure. Let C[S]°P 2, ¢ be an equivalence of simplicial categories. The simplicial nerve of the
simplicial category of fibrant and cofibrant objects (Setf)c> with respect to the projective model

structure is denoted by &”(¢).

ProrosiTioN 2.5.3. [Lur09, Proposition 5.1.1.1]
Let S be a simplicial set and let €[S]°P 9, € be an equivalence of simplicial categories. Then there exist
categorical equivalences
75 L 27@) S 2(9),

which can be described as follows.
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(1)

(2)

Since in the Quillen equivalence

St¢)
(SetA)/s /—J_\ Setf

~  —
Un¢,

the unstraightening functor is simplicial, it induces an equivalence of simplicial categories
(Se’cf)O — (Seta)js,

the simplicial nerve of which we denote by f.
We can get a functor

N((Set%)°) — 2(S)

acting on simplices as the composite of the following maps

Homser, (A", N((87)°)) = Homcag,,, (C[A"], (Set})°)
via the categorical realization adjunction (€, N)
= Homgy, (C[A"] X €, Set?)
by definition of the projective model structure

o(id
), Homea, (G[A"] x €[S, Set?)

— Homc,e, (E[A" x S°P], Set})
via precomposition with the canonical map C[A" X S°P] — C[A"] x €[S°P]
= Homiger, (A" x S, N(Set?))
categorical realization again

=Homget, (A", Fun(S°P, .%)).

Prorosition 2.5.4 (Enriched Yoneda lemma). [Kel05| §2.4]
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Let S be a symmetric closed monoidal category, € an S-enriched category, X an object in €, and

¢°P — S an S-enriched functor. Then the map
F(X) — Mapger (hx, F)
taking 1g LF (X) to natural transformation which assigns to Y € € the composite
~ id ®n F%x
Map.. (Y, X) < Map. (Y, X) ® 1s — Map..(Y, X) ® F(X) — F(Y),

F
where F&/,X corresponds to Map,.(Y, X) - Mapg(F(X), F(Y)) via the tensor-hom adjunction is an isomor-

phism.
CoroLLARY 2.5.4.1. The enriched Yoneda embedding
T
is a fully faithful S-enriched morphism.

DerinITION 2.5.5. Let S be a symmetric closed monoidal category, 4 an S-enriched category,
% L S an S-enriched functor, X an object of ¢, and 1g 4 F(X) amap in S. We say that F is

representable, and that F is represented by the pair (X, 1), if the enriched Yoneda morphism
F(X) — Mapgor (hx, F)
takes 717 to an S-natural isomorphism.

DEerINITION 2.5.6. Let K be a simplicial set, and let €[KP] %, % be its fibrant replacement map

in the Bergner model structure on Cata. The composite

K = N((Set{)’) » 2(K),
where the left-hand map corresponds to the composite

CKoP] 255 gop Loy (get?ye

via the adjunction (€, N), and the right-hand map is the map g in Proposition is called the
Yoneda embedding.

34



DerINITION 2.5.7. Let € be an co-category, and ¢°P — . a presheaf on it. Suppose that there
is a pair (C, 1) where C € ¢ and 1 € 1o(F(C)) such that the .77-enriched functor

Ho €°P Hof, W

is representable by (C, 17). In this case, we say that F is representable, and that F is represented by (C, ).

ProrosiTioN 2.5.8. [Lur09, Proposition 4.4.4.5]

Let € 5> % bea right fibration of co-categories and C an object of €. Suppose p is classified by
¢r L 7 LetC = p(C) and let 1 € 1o(F(C)) = 11o(€ X {C}) be the connected component containing C.
Then the following are equivalent.

(1) The presheaf F is represented by the pair (C, n).
(2) The object C € € is final.

(3) The inclusion {C} — € is a contravariant equivalence in (Setp) .

DErINITION 2.5.9. Let € 5 ¢ be a right fibration between co-categories. If the co-category ¢’

has a final object, then we say that p is a representable right fibration.

2.6. Adjunction, localization and presentable categories

DEerinITION 2.6.1. Let C and D be co-categories. A correspondence is a triple (p, ho, h1) of a map
of co-categories M %> Al and categorical equivalences C T, p 1o}, O LN p~H1}. In case p is a
Cartesian fibration, we say that a functor O 3, Cisassociated to M, if there exists a map DxA' S5 M

in (Seta) a1 fitting into the commutative diagram with canonical vertical arrows

g ho
Dx{0} —= C ——p {0}

| |

Dx Al M
I
Dx {1} p~H1}

such that the restriction s | {x} X Al is a p-Cartesian edge for all x € D. If p is a coCarte-

sian fibration, then a functor C 4, D is associated to M, if it is associated to the opposite triple
PP ATNP E Al

Mop_>(A) —>A,]’11,]’l0 .
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ProrosiTiON 2.6.2. [Lur09, Proposition 5.2.1.3]
Let D5 Chea functor of co-categories. Then there exists a correspondence (p, ho, h1) such that the
functor M 2, Alis a Cartesian fibration, the maps C fo, p~Ho}, D LN p~H{1} are isomorphisms, and g is

associated to M.

ProrosiTiON 2.6.3. [Lur09, Proposition 5.2.1.4]
Let (M L APALC LN p~Hol, D LN p~H{1}) be a correspondence between co-categories. Suppose the

map p is a Cartesian fibration. Then there exists a functor D 3, C associated to M.

ExisTeNncE oF g. Consider the diagram

h
D x (1) —— Mt

7
S 7
-
e
-

D x (A —— (A,

By [Lur09, Proposition 3.1.2.1 and Remark 3.1.1.11] the dashed arrow exists. Consider the map
D M p‘l{O}. Since in the Joyal model structure on simplicial sets, the cofibrations are the
monomorphisms, the weak equivalences are the categorical equivalences, and the fibrant objects

are precisely the co-categories, we can factor sp through 5 to get g:

* C
l 8 - 7 j
s ho
s
Ve S0
D _

— p Ho}.

DerINITION 2.6.4. Let M 5 Al be part of a correspondence between co-categories C and D.
Suppose that p is both a Cartesian fibration and a coCartesian fibration. In this case, we say that p
is an adjunction. If C N Dand D5 C are associated to M, then we say f is a left adjoint of g, and g
is a right adjoint of f.



f
DerINITION 2.6.5. Let ¥ 2 be a pair of functors between co-categories. An edge
g

id 5 g o fin Fun(¢, %) is called a unit transformation for (f, g), if for all (C,D) € € X 2, the map

Map,,(f(C), D) % Mapy((g o f)(C), g(D)) “=> Map,,(C, g(D))

is an isomorphism in .77

ProrosiTION 2.6.6. [Lur09, Proposition 5.2.2.8]
f

Let € 2 be a pair of functors between co-categories. Then the following are equivalent.
8

(1) The functor f is a left adjoint of g.

(2) There exists a unit transformation for the pair (f, g).

ProrosiTION 2.6.7. [Lur09, Proposition 5.2.2.12]
Let% L & be a functor between co-categories. Then f has a right adjoint precisely when the 7¢-enriched
H
functor Ho¢ o, Ho Z has one.
ProrosiTION 2.6.8. [Lur09, Proposition 5.2.4.2]

Let© 5 P bea functor between co-categories. Then the following are equivalent.

(1) The functor F has a left adjoint.

(2) For every pullback diagram

_—

7

|
F
g

7

GQ';G%

if p is a representable right fibration, then so is p’.

Nortation 2.6.9. Let ¢ and 2 be co-categories. We will denote by Fun(¢, 2) C Fun(¥, 2)
the full subcategory on functors which are left adjoints, and by Fun®(%, 2) € Fun(%, 2) the full

subcategory on functors which are right adjoints.

ProrosiTiON 2.6.10. [Lur09, Proposition 5.2.6.2]
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Let € and 9 be co-categories. The essential image of the fully faithful composite map
FunR(%, 2) — Fun(¥, ) —» Fun(¢, (%)) — Fun(¥ x 2°°,.7)

where the arrows are inclusion, postcomposition with the Yoneda embedding and the isomorphism coming
from the product-hom adjunction, consists of precisely those maps € X Z°P L, which satisfy the
following.

(1) For each C € €, the restriction F | {C} X 2P is representable.

(2) Foreach D € 2, the restriction F | € X {D} is corepresentable.

This essential image is the same as that of the fully faithful composite map
Fun®(2, €)°P — Fun®(2°P, ¢°P) — Fun(2°F, 6°F) — Fun(2°P, 2(¢°F)) — Fun(¥ x 2°P,.7),

where the first isomorphism is gotten by definition, and the rest is the same as above. In particular, we get a

canonical categorical equivalence between Fun®(¢’, 9) and Fun*(2, €)°P.

DerINITION 2.6.11. A functor 4 — 2 between co-categories is a localization functor, if it admits
a fully faithful right adjoint.
Let 6y C ¢ be a subcategory. If the inclusion 6y — % has a left adjoint, we say that %) is a

reflexive subcategory.

DErINITION 2.6.12. Let ¢ be an co-category and « a regular cardinal. We say that ¢ is k-filtered,
if for every x-small simplicial set K, every map K — % extends to a map K — ¥. We say that ¢

is filtered, if it is w-filtered.

NortaTIion 2.6.13. Let 4 be an co-category and « a regular cardinal. We will denote by Ind,(¥¢") C
P (%) the full subcategory on presheaves ¥°P — ., which classify right fibrations ¢ — % such
that the co-category ¥ is x-filtered. We will let Ind(%) = Ind,,(%).

DerINITION 2.6.14. Let x be a regular cardinal and ¢ an co-category which admits small x-
filtered colimits. We say that a functor ¢ — 2 between co-categories is k-continuous, if it preserves
k-filtered colimits.

Let C € ¢ be an object. We say that C is x-compact, if the functor it corepresents ¢ — .7 is

K-continuous.
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DerINITION 2.6.15. Let € be an co-category. We say that ¢ is accessible, if there exists a regular

cardinal «k, a small co-category %y, and a categorical equivalence
Ind, (%) — €.

Let € 4, 2 be a functor between co-categories and suppose that € is accessible. We say that
the functor f is accessible, if it is x-continuous for some regular cardinal «.

We say that € is presentable, if it is accessible, and it admits small colimits.

DEFINITION 2.6.16. Let € be an co-category, and S a collection of morphisms in 4. We say that

an object Z € ¢ is S-local, if for all morphisms X = Y in S, the precomposition map
Map, (Y, Z) = Map(X, Z)

is a weak equivalence. We say that a morphism X L Yin ¢ is an S-equivalence, if for all S-local

objects Z of €, the precomposition map
Map., (Y, Z) -5 Map., (X, 2)
is a weak equivalence.

ProrosiTiON 2.6.17. [Lur09, Proposition 5.5.4.2]
Let € be an oo-category and € L, & a localization functor. Let S denote the collection of morphisms

X3 Y in € such that the morphism Ls is an equivalence. Then the following assertions hold.

(1) An object C € € is S-local if and only if it is in LE .

(2) Every S-equivalence is in S.

(3) Suppose moreover that € is accessible. Then the following conditions are equivalent.
(a) The oo-category L€ is accessible.
(b) The localization functor € L, ¢ is accessible.

(c) There exists a small subset Sy C S, such that every So-local object of € is S-local.

TueoreEM 2.6.18. [Lur09, Theorem 5.5.1.1]

Let € be an oo-category. Then the following are equivalent.

(1) € is presentable.

39



(2) There exists a small co-category & such that € is an accessible localization of Z(2).

THEOREM 2.6.19. [Lur09, Proposition 5.5.2.2, Corollary 5.5.2.4, Proposition 5.5.2.7]

Let € be a presentable co-category. Then the following statements are true.

(1) A presheaf €°P 5 7is representable precisely when it preserves small colimits.
(2) The oo-category ¢ admits small limits.

(3) A functor € L .7is corepresentable precisely when it is accessible and it preserves small limits.

THEOREM 2.6.20 (Adjoint functor theorem). [Lur09, Corollary 5.5.2.9]

Let© 5 D bea functor between presentable co-categories. Then the following statements hold.

(1) The functor F admits a right adjoint precisely when it preserves small colimits.

(2) The functor F admits a left adjoint precisely when it is accessible and it preserves small limits.

2.7. n-categories, and truncated objects

DeriNITION 2.7.1. Let A, LN Seta denote inclusion of the full subcategory on {0,...,n}. There

are adjunctions
iy

PSh(A,) S Seta,

Iy

and we write

sk = 1}iy., cosk, = i;in*.
We call the sk, skeleton maps, and the cosk,, coskeleton maps.

DEerINITION 2.7.2. Let ¢ be an oco-category. For n > -1, we say that ¢ is an n-category, if the

following conditions hold.

o
(1) If two n-simplices A" ——= ¥ are homotopic relative to JA”, then o = ¢’.

o

o

(2) For any m > n, if for two m-simplices A™ —= ¥ , we have o | JA™ = ¢’ | JA™, then

o’

o=0'.

We say that € is a (—2)-category, if it is a final object of Setx.

ProrosiTioN 2.7.3. [Lur09, Proposition 2.3.4.7]

Let € be an oo-category and n > —1. The following are equivalent.
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(1) € is an n-category.
f
(2) For every pair of maps K —= € , if f | sk, Kand f’ | sk, K are homotopic relative to sk,_1 K,
f/
then we have f = f’.

ProrosiTiON 2.7.4. [Lur09, Proposition 2.3.4.9]
Let € be an co-category and n > 1. The following are equivalent.
(1) € is an n-category.
(2) For every 0 <i <m, every map A" — ¢ can be uniquely extended to an m-simplex.

AY——C
4

l Ve
,
T

Am

Notation 2.7.5. Let ¢ be an co-category, K a simplicial set, and n > 1. We will denote by [K, €],

f

the set of those diagrams sk, K — ¢ which extend to sk;,;1 K. For a pair of maps sk, K —= ¢ ,
8

write f ~ g if they are homotopic relative to sk;,_1 K.
ProrosiTiON 2.7.6. [Lur09, Proposition 2.3.4.12]
Let C be an co-category and n > 1.

(1) The presheaf Set}’ KoK @/~

Set is representable by a simplicial set h,€ .
(2) The simplicial set h,€ is an n-category.
(3) If € is an n-category, then the natural map ¢ S 1% is an isomorphism.

(4) For every n-category 2, composition with 0 induces an isomorphism of simplicial sets
Fun(h,¢, 2) - Fun(¥¢, 2).

DerINITION 2.7.7. Let X be a Kan complex and k > 0. We say that X is k-truncated, if for all i > k
and every point x € X, the group m;(X, x) is trivial. We say that X is (=1)-truncated, if it is either

empty or contractible. We say that X is (-2)-truncated, if it is contractible.

ProrosiTioN 2.7.8. [Lur09, Proposition 2.3.4.18]

Let € be an oo-category and let n > —1. Then the following are equivalent.

(1) There exists an n-category & and a categorical equivalence 9 ~ € .
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(2) For every pair of objects X, Y € €, the mapping space Map (X, Y) € A is (n — 1)-truncated.

2.8. Groupoid objects, Cech nerves, effective epimorphisms and essential images

DerintTION 2.8.1. Let A, denote the 1-category A”. It is equivalent to the category of possibly
empty finite linearly ordered sets. Let € be an co-category. A groupoid object of ¢ is a simplicial

object N(A)°P LN ¢ such that for partitions [n] = S U S’ such that SN S’ = {s}, the diagram

U([n]) —— u(s)

I

ues’) —— udsh)

is Cartesian.
A Cech nerve in € is an augmented simplicial object N(A,)°P L % such that U} |N(A)°P is an
co-category, and the diagram
U, — U

.

Uy — U,

is Cartesian. Let N(A)°P % ¢ bea groupoid object. We say that U, is effective, if it can be extended
to a Cech nerve.
A Cech nerve N(A,)°P L, @is called a simplicial resolution, if it is the colimit of the groupoid

object U,. In this case, we say that the morphism U|N(AC)°P is an effective epimorphism.

ProrosiTiON 2.8.2. [Lur09, Proposition 6.1.2.11]
Let € be an co-category, and let N(A)°P 1, € be an augmented simplicial object. Then the following
are equivalent.
(1) Uz is a Cech nerve.

(2) U} is a right Kan extension of UF|IN (AEO)OP.

DerINITION 2.8.3. Let 2 be an co-category. We say that 2 is an co-topos, if if there exists a small

co-category ¢, and an accessible left exact localization functor 2" — Z(%).

Tueorem 2.8.4. [Lur09, Theorem 6.1.0.6]

Let 2 be an oo-category. Then the following are equivalent.
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(1) Z is an co-topos.
(2) The following conditions hold.
(a) Z is presentable.
(b) Colimits in & are universal.
(c) Coproducts in 2 are disjoint.
(d) Every groupoid object in 2 is effective.

DeriNiTION 2.8.5. Let X Ly be a morphism in a presentable category ¢. We say that f is

n-truncated, if for all Z € €, all homotopy fibers of the map of Kan complexes
Map..(Z, X) — Map_(Z,Y)

are n-truncated. We say that f is O-connective, if it is an effective epimorphism, and the truncation

T<0(f) € €}y is a final object.

THEOREM 2.8.6. [Lur09, Example 5.2.8.16]

Let 2 be an co-topos, and let X LA Y be a morphism in Z". Then f factorizes as a composite

N

where g is 0-connective, and h is (—1)-truncated.

X Y

DeriNITION 2.8.7. In the situation of Theorem we call Z the essential image of f.

43






CHAPTER 3

Constructing the stack of perfect complexes

In this chapter, we will summarize a part of the theory developed in [Lurl4], and how itis used
in [Pan11] to construct the co-stack of perfect complexes Perf X on a scheme X. We also explicitly
describe how can this stack be given the structure of a closed symmetric monoidal co-category,
which is going to be used in the next chapter to define co-Lie algebras and the functor E + sl,(E)

on Perf X.

3.1. Colored operads and co-operads

The framework developed in [Lurl4] uses the Grothendieck construction to encode higher

coherence diagrams for algebraic structures.

DerintTION 3.1.1. A colored operad ¢ consists of the following.

(1) A set of objects, which we will also denote by &.
(2) For each finite set of objects {X;};er and another object Y, a set of morphisms Mul s ({X}ier, Y).
(3) For each morphism of finite sets I 5 J, finite sets of objects {Xi}ic, {Y}je) and another

object Z, a composition map

[ [ Mulo ((Xibica, Y1) X Mulo (1Y) ieg, Z2) = Mulg({Xikier, 2),
j€l

which is associative in the appropriate sense.
(4) For each object X € €, an identity morphism idx € Muls({X}, X), which is a left and right

unit for composition.

Remark 3.1.1.1. The collections {X;}ic; are actually finite sequences (X;)e;, but I would like to

keep the notation in [Lur14].

Variation 3.1.2. A simplicial colored operad admits the same axioms in the Cartesian category
of simplicial sets.
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DerintTION 3.1.3. We define a category Fin. equivalent to that of pointed finite sets as follows.

(1) Its objects are the finite pointed sets (n) = {+,1,...,n}, forn > 0.

(2) Its morphisms are the morphisms of pointed sets.

For each n > 0, we denote by (n)° the subset {1,...,n} C (n). Let (m) i> (n) be a morphism.
It is called inert, if for each i € (n)°, the preimage f i} has a unique element. The morphism f is

called active, if f‘l{*} = {#}. For 1 <i <n,welet(n) LR (1) denote the morphism such that

1 ifi=
p'(j) =

+ otherwise.
ConstructioN 3.1.4. Let & be a colored operad. We define a category &® over Fin. as follows.

(1) The objects of 0® over (n) for n > 0 are the finite collections of objects {X;}1<i<, of &.

(2) A morphism {Xi}1<j<m — {Yj}h1<j<n Over a morphism (m) i) (n) is a collection

(¢ € Muly({Xihics, Y

1<j<n”

(3) Composition is defined using composition in 0.

ReEMARK 3.1.4.1. Let & be a colored operad, and consider the functor o® LN Fin.. It satisfies the

following conditions.

(1) Let (m) i> (n) be an inert morphism, and {X;}1<i<,, an object of ﬁ?n)' One can check that
the following is a p-coCartesian arrow over f. Since f is inert, by letting Y¢;) = X;, we get
a well defined object {Y} € ﬁfi). Then the arrow
{idxi}lgjén
{Xih<iscn — (Yjh<j<n
is p-coCartesian.
(2) For any n > 0, any product of induced functors
(P1<i<n)
® ®
ﬁ(n) H ﬁ)(l)
1<i<n

is an equivalence of categories.
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On the other hand, we can reconstruct the colored operad & from the functor ¢® — Fin, using

the above two conditions.

Variation 3.1.5. If 0 is a simplicial operad, then performing Construction in the simpli-
cially enriched setting gives a simplicial category ¢®. We denote the simplicial nerve of ¢® by

N®(0), and call it the operadic nerve of ©.

DeriNiTioN 3.1.6. Let 6° 5 N (Fin.) be a functor of co-categories. We say that it is an co-operad,

if it satisfies the following two conditions.

(1) If (m) L (n) is an inert morphism, and X is an object of ﬁay then there exists a p-
coCartesian edge in &® over f.
(2) Let C € ﬁay C € ﬁé% and (m) N (n) av morphism in Fin.. Choosing p-coCartesian
morphisms over the inert morphisms () LN (1), 1 <i < n, the induced map
Map@@/f(cr C/) - H Map@@/piof(c’ Cl/)
1<i<n
is an equivalence of Kan complexes.
(3) For any n > 0, the induced arrow
5® () o
(my H 1)
1<i<n

is an equivalence of co-categories.

NortaTion 3.1.7. We denote ﬁ% by ¢ and call it the underlying category of &. Let n > 0. Via the
equivalence ﬁ(% ~ 0", an object X € ﬁ{% corresponds to some n-tuple (X3, ..., X,) of objects of
0. In this case, we might write X; @ - - - @ X, for the object in ﬁ’g). Let Y € & be another object. We
will denote by Muls({Xi}1<i<n, Y) the union of those components of Map ;¢ (X1 @ - - - ® Xj;, Y) which

lie over the unique active morphism (1) — (1).

DerinITION 3.1.8. Let f be a morphism in an co-operad 0® 4N (Fin.). We say that f is inert,
if it is a p-coCartesian arrow over an inert arrow in N(Fin.). We say that f is active if it is over an
active arrow in N(Fin.).

47



DeriNITION 3.1.9. A map 0% L, 67 in (Seta) /N(Fin.) between co-operads is an co-operad map, if
it takes inert morphisms into inert morphisms. If moreover f is a categorical fibration, we call it a

fibration of co-operads.

Notarion 3.1.10. Let ® 5 ¢® be a fibration of co-operads, and 6"® < ¢°® a map of co-operads.
We let Alg,,, (%) denote the full subcategory of Funge(6"®, 6®) spanned by the co-operad maps.
If = idy, we let Alg, (%) denote Alg,,,, (7).

DerintTION 3.1.11. Let 0% be an co-operad, and €® Y, 6® a coCartesian fibration. We say thatp
is a coCartesian fibration of co-operads, if the following equivalent conditions hold [Lur14, Proposition
2.1.2.12]

(1) The composite €® L oo 5N (Fin.) exhibits €™ as an co-operad.

(2) For any object T =T 1 ®---®T, € ﬁ?ﬁ’ the inert morphisms T — T; induce an equivalence

‘5?—) H T;.

1<i<n

of co-categories

In this case, we also say that p exhibits ¢ as an 0-monoidal co-category.

Derintrion 3.1.12. Let #° 55 6% and 2° > 6® be coCartesian fibrations of co-operads. A
functor of &-monoidal co-categories €© — 2% is an 0-monoidal functor, if it takes p-coCartesian

edges to g-coCartesian edges.

DerintTioN 3.1.13. Let us define a simplicial category OpZ as follows.
(1) Its objects are the small co-operads.
(2) The mapping space Mapg» (0®, 0 ’®) is the Kan complex of co-operad maps Alg,(0”).

The co-category of co-operads Op,, is the simplicial nerve N(Op2).
3.2. Cartesian symmetric monoidal co-categories

DerintTION 3.2.1. The commutative operad Comm is the colored operad with one object and all
whose morphism sets are singletons. The corresponding co-operad is given by the identity map

N(Fin,) — N(Fin,), which we denote by Comm® and call it the commutative co-operad.

DErINITION 3.2.2. Let €™ is an co-operad such that its structure map is a coCartesian fibration of

co-operads €® % Comm® =N (Fin.). In this case, we say that ¢ is a symmetric monoidal co-category.
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If (2) 5 (1) is the unique active map, then we have a chain

X2 = o M
2 <—So”<2>—><€.

We will denote the image of X® Y € Cﬁé’) by X® Y. Since %) is equivalent to a final object in Set,,
it is contractible. The unique map (0) — (1) induces a p-coCartesian map %& — ©. Therefore

there is a unit object of ¢, which is well defined up to equivalence. We will denote it by 1.

REmMARK 3.22.1. Let € — %g) be a p-coCartesian arrow above the map (1) e (2). Its
composite with the canonical equivalence 5, — %> has the following components. Similarly,

@
starting from the map (1) 122, (2), we can get an equivalence ¢ LoleC, .

(1) The one on the left is a p-coCartesian map over idj).
(2) The one on the right is equivalent to a map factoring through a p-coCartesian map ‘5% -
z.
Therefore, up to equivalence the action on objects of the composite with the product map a; ot

is C = C® 1. Since this map is p-coCartesian over id ), it is an equivalence.

DEeriNITION 3.2.3. A Comm-monoidal functor ¢® — 2% is called a symmetric monoidal functor.

We define a subcategory Cat8, € Op_, as follows.

(1) Its objects are the symmetric monoidal co-categories.

(2) Its morphisms are the symmetric monoidal functors.

We call this category the co-category of symmetric monoidal co-categories.

DerINITION 3.2.4. Let € be an co-category. A symmetric monoidal co-category and an isomor-
phism between its underlying co-category and ¢ is called a symmetric monoidal structure on €. A

symmetric monoidal structure on ¢ is Cartesian, if the following statements hold.

(1) The unit object 14 € ¢ is final.

(2) Forany C, D € %, the canonical maps
C5C®l«C®D—>1®D <D

exhibit C® D as a product of C and D in the co-category %'

ProrositioN 3.2.5. [Lurl4, Corollary 2.4.1.9]
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Let Caty* C Cat® denote the full subcategory spanned by the Cartesian symmetric monoidal co-
categories, and CatS™ denote the full subcategory spanned by the co-categories which admit finite products.
Then the forgetful functor

Cat®* - Catgo"’lrt

is an equivalence of co-categories.

NorarioN 3.2.6. Let € be an co-category which admits finite products. We will denote by ¢

a choice of a Cartesian symmetric monoidal co-category with underlying set isomorphic to %'

DerINITION 3.2.7. Let 4® ©5 N(Fin.) be an co-operad. A lax Cartesian structure on €® is a functor

%® 55 9 between co-categories, such that it satisfies the following condition.

(1) Foranyn>0andC~C1®---®C, € %5), the images of p-coCartesian edges 11(C) — 7(C;)
exhibit 77(C) as a product of the n(C;) in Z.
We also call w an €-monoid. We say that 7t is a weak Cartesian structure, if moreover the following
conditions hold.
(2) The co-operad ¢® is a symmetric monoidal co-category.
3) IfC i) C’ is a p-coCartesian edge over an active morphism of the form (1) — (1), then
nt(f) is an equivalence.
We say that 7 is a Cartesian structure, if in addition to all this, the following condition is satisfied.
(4) The functor 7 restricts to an equivalence ¢ — Z.
Depending on the context, we denote the full subcategory of Fun(¢®, 2) spanned by lax

Cartesian structures or ¢-monoids by Fun!® (€%, 2) or Mong(2).

ProrosiTioN 3.2.8. [Lurl4, Proposition 2.4.2.5]
Let €® 55 9 be a Cartesian structure, and 0® an co-operad. Then postcomposition with 1t induces an
equivalence of co-categories

Alg ;(¢) = Mong(2).

3.3. Monoidal co-categories and tensored co-categories

DerintTiON 3.3.1. The associative operad Ass is defined as follows.

(1) Its object set is the singleton {+}.
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(2) For each finite set I, the morphism set Mulcomm({*}icr, *) is the set of linear orderings on
(n)°.

(3) LetI LN ] be a morphism of finite sets. The composition map

[ [ Mulcomm({Xiic 145, ) X Mulcomm(1Y e, Z)
jel
is defined as follows. Suppose given linear orderings <; on f~!{j} for each j € ], and
another one <’ on J. Composition takes this to the linear ordering < on I, where i < i’ if
f@) < f(@"),or f()) = f(I') = j,and i <; 7",
We denote by Ass® — Fin, the corresponding cofibered category, and by Ass® the co-operad
N(Ass®). We call it the associative co-operad.
Since the hom sets ¢ € Mulym({Xi}ier, Y) are defined by linear orderings on I, we have a

canonical map LM — Ass, inducing a canonical map LM® — Ass®.

DeriniTion 3.3.2. Let 6 5 Ass® be a fibration of oo-operads. Then we call it a planar co-operad.

If moreover p is a coCartesian fibration of co-operads, then we call it a monoidal co-category.

ReMARK 3.3.2.1. One can describe the cofibered category Ass® — Fin, as follows.

(1) Its objects are those of Fin,.
(2) A morphism over (m) 5 n) is given by linear orderings <; on each preimage f~{i},

1<i<n.

Notation 3.33. Let ¥® 5> Ass® be a monoidal oo-category. Consider a p-coCartesian map
%5’) — ¢ over the morphism (2) — (1) in Ass®, which is the unique active morphism, and (2)° is
given its canonical ordering. We will denote the action of this map on objects by C®& D — C® D.

DerINITION 3.3.4. Let ® 5> Ass® be a monoidal oco-category. We say that ¢ is left closed, if for

any C € €, any composite of up to equivalence canonical arrows

D—(C,D) CeD—C®D
_— _—

which we denote by D — C®D admits a right adjoints. We define right closed and closed monoidal
co-categories similarly.
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DeriNITION 3.3.5. Let ¢ be an co-category. A monoid object of € is a functor N(A)°P X & such

that for each 1 < i < n, the maps
X({0,...,i) « X([n]) — X{i,...,n})

exhibit (X[n]) as a product X({0, ...,i}) X X({i,...,n}). We denote by Mon(%) the full subcategory
of Fun(N(A)°P, €) spanned by monoid objects.

RemaARrk 3.3.5.1. Let X be a group object of ¥. Then in addition to being a monoid object, it

satisfies conditions of the following type. The square

d
X, — Xj

S

X1 — Xo

is Cartesian, and Xj is a final object of ¢, which can be interpreted as follows. Let T i> X1 be a
morphism of simplicial sets, and let T L, X1 be one factoring through the degeneracy map Xy — Xj.
Via the equivalence X, ~ XTZ, the map X» LN X1 can be interpreted as a projection map, the map

X5 d—1> X1 as a multiplication map, for which images of the map Xy LN X1 are left and right units.

f
In this setting, the pair of maps T —= X; induce a map T — X, which can be interpreted as
1

describing a pair (f, g) such that fg = 1.

ProrosiTioN 3.3.6. [Lurl4, Proposition 4.1.2.6]
There exists a functor N(A)°P o Ass®, which satisfies the following property. For any co-category

¢ which admits finite products, precomposition with Cut induces an equivalence
Monpgs (%) — Mon(%).

DeriNITION 3.3.7. Let us define a colored operad LM as follows.

(1) It has two objects a and m.
(2) Let {Xi})ier be a finite collection of objects, and Y an another one. The morphism set

Mulpm({Xiti<i<n, Y) is defined as follows.
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(@) Suppose Y = a. Then Mulpm({Xi}i<i<n, Y) is the set of all linear orderings on the set I
if every X; = a, and empty otherwise.

(b) Suppose Y = m. Then Mulpm({Xihi<i<n, Y) is the set of all linear orderings {i; < ... <1i,}
on the set I such that Xi], =aforalll <j<mnand X; =m.

iil
(3) The composition law is determined by the composition of linear orderings.

We denote by LM® — Fin, the corresponding cofibered category, and by LM® the correspond-

ing co-operad. The inclusion {a} —» LM® determines a morphism of co-operads Ass® — LM®,

which is the inclusion of the full subcategory spanned by the objects of the form a®".

Nortarion 3.3.8. Let 6® — LM® be a fibration of co-operads. We denote by €& the fiber product

€ X\ Ass®, by €, its underlying category %72 (0), and by € the fiber product 477 . {m}.

DeriNiTioN 3.3.9. Let ¥® — Ass® be a planar co-operad, and .# an co-category. A weak
enrichment of .# over €® is a fibration of co-operads O® 5 Lm® together with isomorphisms

0% = 6%, Oy, = . In this case, we also say that g exhibits .4 as weakly enriched over € .

DeriNtTioN 3.3.10. Let €® — Ass® be a planar co-operad, and .# an co-category. Suppose that
a fibration of co-operads 0® I, LM® exhibits ./ as weakly enriched over ¥®. We let LMod(.#) de-
note the co-category Alg (&), and call it the co-category of left module objects of .# . Precomposition

with the inclusion map Ass® — LM® induces a categorical fibration
LMod(.Z) — Alg(?%).

For A € Alg(%’), we let LMod4(.#) denote the fiber product LMod(.#) Xaig«) {A}, and call it the
oco-category of left A-module objects of . .

Derinrrion 3.3.11. Let € -5 LM® be a fibration of oo-operads. We say that g exhibits 6, as

left-tensored over 6, if q is a coCartesian fibration of co-operads.

DerintTION 3.3.12. Let € be an co-category and M a monoid object of 4. A morphism of
simplicial objects M 5 Misa left M-action object of €, if for each n > 0, the maps M’'([n]) — M’({n})
and M’([n]) — M([n]) exhibit M’ ([n]) as a product M’ ({n}) xM([n]). We let LMon(%’) € Fun(N(A)°Px
A!, %) the full subcategory spanned by left action objects.

53



ProrositioN 3.3.13. [Lurl4, Proposition 4.2.2.9]
There is a functor N(A)°P x Al 2y LM® such that precomposition with y induces an equivalence of
co-categories

Monpm (%) — LMon(%).

Variation 3.3.14. We define the colored operad of right modules RM, the corresponding oo-
operad RM®, weak enrichments of co-categories by planar co-operards from the right, co-categories
of right module objects RMod(.#), and co-categories right-tensored over monoidal co-categories

accordingly.

DerintTION 3.3.15. One can define a colored operad BM as follows.

(1) It has 3 objects a_, m and a,.

(2) Let{Xj}ics be afinite collection of objects, and Y another one. If Y = a_, then Mulpm({Xi}ic1, Y)
is the set of all linear orderings on I is X; = a_ for all i € I and empty otherwise. If Y = a,,
then Mulgm({Xi}icr, Y) is the set of all linear orderings on I is X; = a, for alli € I and empty
otherwise. If Y = m, then Mulpm({Xi}ic1, Y) is the set of all linear orderings {i; < --- < i}
on [ such that there is a unique 1 < j < n such that X; = m, we have Xl-], = a_ for all
1 Sj<k,andwehaveXi]. =ayforallk<j<n.

(38) Composition is defined as composition of linear orderings.

The colored operad BM is called the bimodule operad. The corresponding co-operad BM® is
called the bimodule co-operad.

Here also we have a canonical map BM® — Ass®.

Nortation 3.3.16. We have two inclusions of full subcategories LM®, RM® — BM® spanned
by finite sequences of objects of BM all of which are in {a_, m} and {m, a,} respectively. These
two embedding restrict to two different embeddings of Ass®, which we denote by Ass® and Ass?

respectively.

Nortarion 3.3.17. Let €® — BM® be a fibration of co-operads. We let ® denote the fiber
product €® xgye Ass® with underlying category 4- = 6™ xpy {a-}, and similarly for € and %,.

We let €, denote €® xpy {m}.
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DeriniTioN 3.3.18. Let €® — BM® be a fibration of co-operads with .# = ¢,,. We denote by
BMod(.#) the co-category Alg, ),(¢), and call it the co-category of bimodule objects on A .

Composition with the inclusions Ass®, Ass® — BM® determines a categorical fibration
BMod(.Z) — Alg(€-) x Alg(%.).

Its fiber over (A, B) € Alg(¢-) x Alg(%) is denoted by 4BModp(.#) and called the co-category of
A-B-bimodule objects of A .

DeriNiTioN 3.3.19. Let 4® — BM?® be a fibration of co-operads. We say that g exhibits 6y, as

bitensored over € and €, if the map g is a coCartesian fibration.

ConstrucTION 3.3.20. Let 6 <> BM® be a fibration of co-operads. Let LM® x RM® 2%,
RM® denote the projection map, and let LM® x RM® 2L, BM® denote the functor defined in
[Lur14, Construction 4.3.2.1]. Let LMod(%,)® — RM® denote the co-category (prgpe)- Pr* € over

RM®. Then we have a natural isomorphism
Hom(setA)/RM® (K, LMod(%n)) = Hom(setA)/BM® (LM® XK, %‘3)
Let LMod(%)® denote the full simplicial subset spanned by vertices corresponding to co-operad

morphisms LM® — ¢*® over BM®.

ProrositioN 3.3.21. [Lurl4, Proposition 4.3.2.5]
Let €° 2 BM® be a fibration of co-operads. Then the following assertions hold.

(1) The induced map LMod(%,)® 2, RM® is also a fibration of co-operads.

(2) If q is a coCartesian fibration of operads, then so is p.

Tueorem 3.3.22. [Lurl4, Theorem 4.3.2.7]

Let €° 2 BM® be a fibration of co-operads. Then the morphism induced by precomposition by Pr:
BMod(%n) = RMod(LMod (%))

is an equivalence of co-categories.
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3.4. The functor ®: A — RMody4

DeriniTION 3.4.1. Let Sbe a simplicial setand & an co-operad. Let €® I, 6®xSbea coCartesian
fibration. We will say that g is a coCartesian S-family of €-monoidal co-categories, if for each vertex
s € S, the fiber €® xg {s} %, 6% is a coCartesian fibration of co-operads. If 0® = Ass®, we call g a

coCartesian S-family of monoidal co-categories.

ConstrucTION 3.4.2. Consider the evaluation map Ass® X Monags(Catoo) =% Cate, which cor-

responds to the inclusion Monags(Cate) — Fun(Ass®, Cate). It classifies a coCartesian fibration
mASS(CatOO) I, Ass® x Monpgs(Cateo).

RemARk 3.4.2.1. We will now show how g is a universal coCartesian family of monoidal co-
categories. Suppose that ¢® 7, Ass® XS is a coCartesian S-family of monoidal co-categories. It
is classified by a map Ass® XS z, Cate. Since the fibers g, are monoidal objects, the naturality of
the covariant unstraightening functor (Proposition [2.4.11PP) implies that the map f” factors as a
composite

Ass® XS 55 Ass® x Monass(Catoo) — Cateo,

so that evoking naturality of unstraightening again implies that we have a Cartesian square of the

form

¢® Ass® xS

| E

— q
Monpgs(Cateo) — Ass® X Monags(Cateo).

CoNSTRUCTION 3.4.3. Let ©® - Ass® xS be a coCartesian S-family of monoidal co-categories.

By Lemma [3.4.3.1} the simplicial set over S defined by
;:1%(% ) =q¢ Fun(Ass®, ¢®) X Fun(Ass®, Ass® xS) S

can be described by the following universal property. We have an isomorphism natural in maps

of simplicial sets K — S:

Homset,) s (K, Alg(%)) = Homset 2) ass® x5) (Ass® xS, €°®).
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In particular, its vertices over s € S are sections of the monoidal co-category €2 %, Ass®. We let
Alg(%) C Alg(?)

denote the full subcategory spanned by the vertices of the form A € Alg, (%2).
We let Catf:,lg denote Alg(mlAss(Catoo)). Note that for €® € Monps(Cats), we have a Carte-

sian square

¢® Ass® x{€®)

| |

Monass(Cate) — Ass® X Mongs(Cateo).

Therefore, the fiber of the map Catfolg(Catoo) — Mongs(Cateo) over €® € Monpgs(Cateo) has vertex

set Alg, . (€°).

Lemma 3.4.3.1. Let Q 4 XxSbea morphism in a closed Cartesian category €. Consider the object
Q=4r Q% X(xxsyx S, where QX LN (X x S)X is the postcomposition map, and S s (X x S)X is the unit
map. The object Q with its projection map satisfies the following universal propery. We have a natural
isomorphism

Homy;s(K, Q) = Homy;, (X X K, Q),

where X X K ﬁ X x S is the base change of f.

Proor. We have a natural isomorphism

Homs(K, QX X(XXS)X S) = HOm(XXS)X (K, QX)
by the adjunction (ns): 4 (1s)*. Then we have a natural isomorphism

Hom,x,g)x(K, Q%) =Homxyxs(X x K, Q),
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since naturality of the adjunction (e X X) - (¢¥X) implies commutativity of the diagram of Hom sets

in%:

X)o

Hom(K, Q%) Hom(K, (X x $)%)

L

Hom(X X K, Q) — Hom(X X K, X X S),

and the right vertical arrow takes s to (id X f) by the commutativity of the diagram

of
Hom(S, (X X $)X) —— Hom(K, (X x S)¥)

L o(id xf) l

Hom(X x §,X X S) —— Hom(X X K, X X S).

O

VArIaTION 3.4.4. Let .#/® — LM® XS be a coCartesian S-family of co-categories left-tensored

over €® =q; ME. We let
LMOd(%) g Ful’l(LM®, %®) XFUD(LM®,LM® XS) S

denote the full subcategory spanned by vertices of the form M € Alg, ,,(.#F) for some s € S.

Note that the collection of restriction maps
Hom; yso s (LM® XK, .#®) — Hom .o s(Ass® XK, €"®)
induces a functor LMod(.#) — Alg(%).

DEFINITION 3.4.5. Let ©® 2> Ass® xS be a coCartesian S-family of monoidal co-categories. An
S-family of algebra objects of €® is a section S 4 Alg(%). In this situation, if .Z® 4 LM® xS is a
coCartesian S-family of co-categories left-tensored over ¢®, then we let LModa(.#) denote the

fiber product LMod(.#) X aig#) S-

ConstrucTiON 3.4.6. Let A be the Cartesian model category of marked simplicial sets. Then

A° can be endowed with a simplicial colored operad structure via the mapping sets

Mulae({Silicr, T) = Map, [H Si T),
i€l
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and these mapping sets are fibrant [Lur14, Proposition 4.1.3.10, Remark 4.1.3.11]. We let Cat®,
denote the operadic nerve N®(A°), which is a symmetric monoidal co-category. Let P denote the
poset of subsets of the set of small simplicial sets. We define a subcategory .# C Cat®> xXN(P) as

follows.

(1) Its objects are the pairs (X; & - -- @ X,,, . #") such that each X; admits K-indexed colimits.
(2) A morphism (X1 ®---®X,,, %) = (Y1®---® Yy, H) over (n) 5 (m) is in . if for all
1 < j < m, the induced functor
[T xi-v;
ica1{j}
commutes with J#-indexed colimits separately in each variable (note that .#* C #” by
construction).

For #" € P, we denote by Catw(#)® the fiber .# Xyp) {#}. It is a symmetric monoidal

oco-category, and the inclusion Cate(#)® — Cat® is a lax symmetric monoidal functor [Lurl4,

Corollary 4.8.1.4].

DeriniTION 3.4.7. Let JZ be a set of simplicial sets. A coCartesian S-family of monoidal co-
categories €® RN Monpgs(Cateo) X S is compatible with 22 -indexed colimits, if the following assertions

hold.

(1) For each s € S, the fiber ¢*° admits .# -indexed colimits.
(2) For each s € S, the tensor product functor é; X &, %; commutes with ¥ -indexed
colimits separately in each variable.

(3) Foreachedget — sin S, theinduced functor 6; — %; commutes with .#-indexed colimits.

VariaTion 3.4.8. Let 7" be a set of simplicial sets. We denote by Mon’f{ss (Cate) € Monags(Catoo)
the subcategory with objects the monoidal co-categories 4® — Ass® which are compatible with
A -indexed colimits, and morphisms the monoidal functors ¢® — 2® such that the underlying
functor ¥ — 2 commutes with 7 -indexed colimits. Let MNOIIASS(CatDO) denote the fiber product
mASS(Catm) XMon e (Cateo) Monf’;s(Catoo). The induced map mﬁs — Ass® x Mon’fss(Catoo) isa
universal family of monoidal co-categories compatible with % -indexed colimits. We let Catfolg(% )

denote the fiber product Catf;lg XMonps(Cateo) Monfss(Catoo).
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ConstrucTION 3.4.9. Let # be a set of simplicial sets containing N(A)P, €® — Ass® xS a
coCartesian S-family of monoidal co-categories compatible with J#-indexed colimits, and S 4

Alg(%) an S-family of algebra objects of ¥®. Letting Pry denote the composite
LM® x RM® 25 BM® — Ass®
we get get a diagram of two Cartesian squares of solid arrows

e &% @®

4 4 4
All I Allg
\ \ \

inclxid; e g Pry X idg
® ® ® ® ®
Ass® X LM® xS RM® X LM*® xS Ass® XS.

That is, ¢® is an (LM® XS)-family of co-categories right-tensored over ¢, which commutes with
J -indexed colimits. By construction, the S-family of algebra objects A corresponds to a section
of g depicted in the diagram as the rightmost dashed arrow. Since the solid squares are Cartesian,
this section can be lifted to give an (LM® xS)-family of algebra objects LM® xS 4, Alg(€E). Now

we can form the following diagram of Cartesian squares.

©"® —~ RModA(%)® — RMod(%)

| —

® inclxidg ® _
Ass® xS LM® xS Alg(%y).

The rightmost vertical arrow is a coCartesian fibration [Lurl4, Lemma 4.8.3.15], thus so are the
other two vertical arrows. In other words, RMod4(%)® is a coCartesian (LM ® xS)-family of
co-categories left-tensored over ¢’®. By construction, the identity map RMod(4) — RMod(%)

corresponds to a map RM® x RMod(%) — ¢, which fits into the commutative diagram

©'® —~ {m} x RMod(%) — RM® x RMod(%) ¢ &

| ] |

® ® ® ® id ® o broxids ®
SS — {m —_— — ASS .
Ass® xS {m} x LM*® xS RM® x LM® xS RM® x LM® xS Ass® xS

The composite of top horizontal arrows ¢’® — ¢® is a categorical equivalence [Lur14, Construction

4.83.21].
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Notation 3.4.10. We let CatM°? denote the co-category of LM®-monoid objects Mon p(Cate).
Let % be a set of simplicial sets. We denote by Cat}°d(_#") ¢ Cat¥°d the subcategory with objects
those pairs (¢, .#) of co-categories .# left-tensored over monoidal co-categories ¢® which satisfy

the following conditions.

(1) The underlying co-categories ¢ and .# admit .# -indexed colimits.
(2) The product functors

EXEC > Cand C X M > A

commute with % -indexed colimits separately in each variable.

Anedge (6%, #) — (¢'®, #") in CatMd js contained in CatM°d(.¢), if the underlying functors

¢ — ¢’ and A — .#’' commute with colimits over /7.
ReMARk 3.4.10.1. The inclusion CatM°d(.¢) — Fun(LM®, Cat.,) classifies a universal coCarte-
sian family of LM®-monoidal co-categories which commutes with .# -indexed colimits
T ® 4
Mony \;(Cate) — LM® X Mony},(Cate).

ConstrucTION 3.4.11. Suppose that J# is a set of simplicial sets, which contains N(A)°P. Con-

sider the Cartesian square of solid arrows

©® Mon 1., (Cateo)

1 -
N - l
\ -7

Ass® x Catan8(#) — Ass® x Mon?. (Cat.).

By construction, the identity map Caty® (H) - Catin® (") corresponds to a map which is depicted
as the dashed diagonal arrow in the diagram. It induces the Cat/;lg(% )-family of algebra objects
Catvolg () 4, Alg(%¢), which is depicted as the vertical dashed arrow in the diagram. Using this,
we can construct the coCartesian Catilg(% )-family of LM®-monoidal co-categories RMod 4(%)® —

LM® x Catilg(%/ ), which in turn is classified by a map

Cat8(7) 2 CatMod(x).
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RemaRrk 3.4.11.1. Note that up to equivalence, the action of ® on vertices can be described as
follows. Over a monoidal co-category 6® € Mon‘/f;s(Catoo), it takes an algebra A € Alg(%®) to the
category left-tensored over € of right A-modules RMod 4(%) € Monym(%).

ReEMARK 3.4.11.2. Let usleave the set of simplicial sets .%#” out of the notation. Composition with
the inclusion Ass® — LM® induces a map Monags(Cats) — Monpy(Cate), which corresponds to
viewing monoidal co-categories as left-tensored over themselves. This map classifies a coCartesian
Monass(Cate)-family of LM®-monoidal co-categories .# — LM® x Monss(Cate). Consider the

diagram of Cartesian squares

©'® Monass(Catoo)
RMod4(%)® Mony p(Cateo) M
Ass® x Ca’cvolg — | = Ass® x Monym(Cate) —— | — Ass® X Monags(Catoo)
\ id; \@ XG\ id; @ X Tes

Alg

LM® x Cat,,® ———— LM® x Mony m(Cato) LM® x Monags(Cateo)

Since the Catilg—family of monoidal co-categories " ® is equivalent to ¢® [|Lur14, Construction
4.8.3.21], the back face of the diagram shows that the composite res 0@ classifies ¢*®. This implies
that the diagram

)
Cat?olg CatMod

\ res

Monpgs(Catoo)

is commutative up to equivalence.

To get a tensor structure on the stack of perfect complexes, we need to promote ® to a functor

of symmetric monoidal co-categories.

Norarion 3.4.12. Let % be a set of small simplicial sets. Let Mon’ffss(Catoo)‘X’ C Monpgs(Cateo )™

denote subcategory defined as follows.
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(1) Its objects are those (%18’, ..., 62) € Monpgs(Catoo)* such that the following conditions are

satisfied.
(a) The underlying co-categories ¢; admit % -colimits.

(b) The tensor product morphisms
G X G < (6°) ) = G

are compatible with .#"-indexed colimits separately in each variable.
(2) Its morphisms over (m) = (1) are those (6F,..., €)= (Z2,...,2;) such that for each

1 <j<n,the map

commutes with J# -indexed colimits separately in each variable.

We define CatMd(¢)® c (CatMod)x similarly. We let Catf;lg(% ) denote the fiber product

Al
(Cates ®) XpMon res(Cateo) Mon’ffss(Catw)@’.

ConstrUCTION 3.4.13. Let J# be a set of small simplicial sets containing N(A)°P. Then the

functor

CataB(N(A)P}) 2 CatMod((N(A)°P))

lifts to a symmetric monoidal functor
CatuB(IN(A)P)* = Catdo (IN(A)P)*,
which in turn restricts to a symmetric monoidal functor
Cat8(r)® &, catMod( )@

[Lurl4, Theorem 4.8.5.16].

ConsTruCTION 3.4.14. Let J# be a set of small simplicial sets containing N(A)°P, and let ¥® €

Monéimm(Catoo). By Lemma [3.4.14.1) we can lift €® to a commutative monoid object N(Fin.) —
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MonﬁiS (Cate)®. We can then form the following diagram with commutative squares

Alg(%)® LMody (Cateo(%)®

Monis(Catoo)‘g’

®

Applying Lemma [3.4.14.1| again, the precomposition by the bifunctor Comm® x Ass® L, Comm

gives a trivial fibration CAlg(Alg(¥)) — CAlg(¥), thus choosing a quasi-inverse, we get a functor

defined as the composite

CAlg(©2,)
CAlg(%) — CAlg(Alg(%)) ——%% CAlg(LMody(Cateo()))-
Lemma 3.4.14.1. The unigue oo-operad bifunctor Comm® X Ass® — Comm® exhibits Comm™ as a

tensor product of Comm® and Ass®.

Proor. LetComm® x Ass® i) Comm® be the unique co-operad bifunctor, and let Comm® x Ass® LN
Comm® be the projection map. Let 4"® be an co-operad. Let CAlg(%)® C pr, f*¢"® denote the full
subcategory over Comm® the vertices of which over (m) € Comm® correspond to commutative

algebra objects via the chain of natural isomorphisms coming from adjunctions

Homyme (A%, pr, f*€®) = Homeypme « asee (P AY, F7€%)
=Homypme( f;pr*AO, €®)
=Homc,me (Comm® x{(m)}, €%).

By [Lurl14, Proposition 3.2.4.10], the co-operad CAlg(¥) is a coCartesian symmetric monoidal co-

category. Therefore, by [Lurl4, Proposition 2.4.3.9], the restriction map Alg(CAlg(¥)) RiatilBIR

CAlg(%) is an equivalence.
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We have embeddings
Alg(CAlg(%)) — Funcme (Ass®, CAlg(%)®) — Funggpme(Comm® X Ass®, %)

by construction, such that moreover the image of Alg(CAlg(%)) is precisely BiFun(Comm, Ass; %).
Let Comm® x({[1]} <5 Comm®x Ass® denote the inclusion map. Then precomposition gives an
equivalence

BiFun(Comm, Ass; %) LN Alge ().

Since we have f oi = id.,,,me by construction, this implies that the precomposition map
Alge,. (€) <5 BiFun(Comm, Ass; %)

is also an equivalence, as claimed.

3.5. The stack of perfect complexes

From now on, we will fix a commutative ring k.

ConstrucTiON 3.5.1. Let Ch(k) denote the category of cochain complexes over k. Tensor
products of complexes endow Ch(k) with a symmetric monoidal structure, which can be promoted
to a symmetric monoidal model structure, which is determined as follows [Lurl4, Proposition

7.1.2.11].

(1) A morphism of complexes C* — D* is a weak equivalence, if it is a quasi-isomorphism.

(2) A morphism of complexes C* — D* is a fibration, if it is a componentwise surjection.

This model structure is referred to as the projective model structure. As in Construction it
induces a symmetric monoidal co-category, which we will denote by Z(k). We will also denote it

by Modi. Note that its homotopy category is the unbounded derived category D(k).

ConstrucTioN 3.5.2. Let # denote the set of all small simplicial sets. Applying Construction

3.4.14{to ¢ = Mody, we get a functor

IM®
CAlg(Mody) — CAlg(LModyog, (Cate(4))).
65



We let CAlg, denote CAlg(Mody). Let Pr}; denote the module category LModpoq, (PrY), and let
Pr(];/k c Pr% denote the full subcategory spanned by compactly generated k-linear categories. By
Lemma[3.5.2.1} we can write
me
CAlg, —> CAlg(Pry ).

Lemma 3.5.2.1. Let A € Mody. Then the presentable co-category RMody € Prl is compactly

generated.

Proor. Let ¢ be a stable co-category. The proof of [Lurl4, Corollary 1.4.4.2] implies that if
there exists a k-compact object X € € which generates ¢ in the sense that for any Y € ¢, if
o Map..(X,Y) = *, then Y =~ 0. On the other hand, by [Lurl4, Theorem 7.1.2.1], the co-category
RMod, contains a compact object X, which generates it in the sense that for any Y € RMody,, if
EXti{ModA (X,Y) = mp MapRModA (X, Y[i]) = O for all integers i, then Y =~ 0. Taking }.,.z(X[7]), we get
a compact generator in the stronger sense.

O

ConstrucTioN 3.5.3. Let Affy = CAlg;p. Since precomposition by the opposite of the Yoneda
embedding restricts to an equivalence Fun®(Z(Aff;)°P, CAlg(Pry, ) — Fun(Aff)*, CAlg(Pry, )
[Lur09, Theorem 5.1.5.6], the functor Aff]c:p ﬁ CAIg(PrCLU,k) has an essential preimage &7 (Affy)°P £C®>
CAlg(Prbk). Let Sty 4 P (Affy) denote the canonical inclusion of the co-topos of derived stacks, and
let QC® = 5é® 0 i°P. This presheaf satisfies flat hyperdescent, because its restriction to underlying

categories St;:p <« Pr;,k does [Pan11, Proposition 2.2.17], and that is enough [Lur14, Corollary
3.2.2.4].

®
DerintTION 3.5.4. Let Perf? denote the postcomposite of the functor St]fp =, CAlg(Prz ) with
the restriction to full subcategories of compact objects functor Pr{;’k i LModj(Cats). It still
satisfies flat hyperdescent [Pan11, Lemmas 2.3.1 and 2.3.5]. For X € Sty, the stack of perfect complexes

on X is a representing object for the sheaf defined as the composite

(St — (5% 25 CAlg(LMody(Catu)).
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CHAPTER 4

The stack of generalized sl,-forms

We will construct the stack of generalized sl,-forms on a smooth, proper S-scheme X as the

essential image of the functor f)?/esrf EiaklGN LAlg (QCx(X)), mapping a totally supported sheaf to
the traceless part of its endomorphism complex. In §3.1, we define the additive co-operad Lie®,
and prove that the Lie-algebra objects it induces give weak Lie algebras in the homotopy category.

In §3.2 and §3.3, we define the two functors

E—End(E) A-sl(A)
_

QC(X)” Alg(QC(X)) —— LAIg(QCK(X)).

4.1. Lie algebras in an additive symmetric monoidal co-category

In this section, we define the Lie co-operad, and prove that algebras on it in any additive sym-
metric monoidal co-category are weak Lie algebras. The classical Lie algebra operad is defined in
any additive symmetric monoidal 1-category, and in [Lur14], the category of operators of a classical
operad, the nerve of which is an co-operad, is only defined for operads in the Cartesian symmetric
monoidal 1-categories (Set, X) and (Seta, X). However, additive co-categories are defined in [ibid.,

§2.4.5], and we can build up on the following machinery for 1-categories.

DeriNiTION 4.1.1. Let C be a 1-category. We say that C is pre-additive, if it satisfies the following

conditions.

(1) C admits finite products and coproducts.
(2) Cis pointed.

(3) Forall X, Y € C, the canonical map X U Y — X X Y fitting into the commutative diagram

X Xuy Y

Tk

XX{)} — XXY ~—0XY

is an isomorphism.
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In this case, finite products and coproducts are referred to as biproducts, and the biproduct
operation is denoted by the symbol ®. We say that C is additive, if moreover, for any X € C, the
shear morphism
(01),

XoX XoX

is an isomorphism.

RemARK 4.1.1.1. If 0® is an co-operad, and X € 0® is an object over (n), the image of which by

the canonical map

ﬁ® N ﬁxn
(n)

is (X1, ..., X;), then in the notation of [Lurl4], we write X = X; @ - -- ® X,,. It will be clear from the

context, in which meaning are we using ©.

Prorosition 4.1.2. [Wei9%4]

The following assertions hold.

(1) Let C be an additive 1-category. Then there is a unique way to promote C to an Ab-enriched
f

category: the sum of the morphisms X ——= Y can be gotten as the composite
8

x5 xex Y x

(2) Let C be an Ab-enriched 1-category. Then it is an additive 1-category precisely when it admits
finite coproducts.
(3) Let C 5 Dbea functor between additive categories. Then it is Ab-enriched precisely when it

commutes with finite coproducts.

DerINITION 4.1.3. Let € be an co-category. We say that ¢ is additive, if the following assertions

hold.

(1) € admits finite products.
(2) € admits finite coproducts.

(3) The homotopy category h%’ is additive.
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Let ¥ 5 2 be a functor between additive oco-categories. We say that F is additive, if it is
compatible with finite coproducts. We let Fun™ (¢, ) € Fun(¥, 2) denote the full subcategory

spanned by additive functors.

ConstrucTION4.1.4. Let the classical symmetric operad Lie in the additive symmetric monoidal

1-category of abelian groups be defined as follows.

(1) For n > 0, let L(n) denote the free Z-Lie algebra on {xi,...,x,}. Let Lie(n) C L(n) denote
the Z-submodule generated by the monomials in which all of xy,...,x, appear. These
generators can be represented by the binary trees having {x1, ..., x,} as the set of leaves.

Consider the following example.

[[x2, [x3, x1]], x4]

[x2, [x3,x1]] x4

/N

x2 [x3,x1]

/\

X3 X1

Note this set of generators is not linearly independent if n > 1. Moreover, Lie(0) is the
0 module. If I is a finite set of cardinality n, then we let Lie(I) denote Lie,,.
(2) The S,-action on Lie(n) is given by permuting the x;.

(3) For a morphism of finite sets I 5 ], let the composition morphism

(f.8;:7€D f(gj:j€)

H Lie(a™{j}) x Lie(]) Lie(])

jel
be defined by substitution in the appropriate free Z-Lie algebra. In the binary tree repre-
sentation, this can be pictured as grafting. Note that including a 0 makes the entire Lie

product 0, therefore composites can be nonzero only if « is surjective.
Let Lie® — Fin. denote the corresponding category of operators, that is, it is defined as follows.

(1) It has a single object over each (1) € Fin..

(2) Its morphism sets are of the form
| | Lie(@ ).
Iy}
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(38) Composition is induced from that on Lie.

®,Ab

Variation 4.1.5. We introduce an enlargment Lie — Fin, of Lie® — Fin,, the fibers of

which are additive categories. It is defined as follows.

(1) Over each (n), it has a countable set of objects {(n)@k} Loz
>0

(2) The morphism sets are defined as follows.

Homy ; o0 ((n)@k (m)er LI Mat{Xk(@ Lie(a™'{j} ]

(my=>¢n) I<jsn

(3) Composition is defined by that on Lie® and matrix multiplication. It can be described as

follows. Suppose given a pair of composable morphisms
() S ) s (),
and two morphisms over these:
A € Mat™ " (@1 <y, Lie(a ' K))), B € Mat'™ "2 (@1, Lie(8~ (k})).

We define A o B € Mat®* (691<k<m3 Lie((Boa)™ k})) using the formula

(a0By), 2}&ao%m,kealm»

where1<i<{3,1<j<{;,and1 <k <ms3.

We will denote its nerve by Lie® — N(Fin.), and call it the co-Lie operad.

REMARK 4.1.5.1. Let f, g be maps in Lie® over (m) = (n). The sum f + g is the composite of the

horizontal arrows in the diagram

(n)

Ay oo

(my — ()22 e (.

Nt

(n)
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PrOPOSITION 4.1.6. Let (m) = (n) be an inert morphism, and k > 0. Then there exists a p-coCartesian

edge with source (m)® € Lie®A over a.

Proor. Since a is inert, for each 1 < j < 1, there exists a unique 1 < i; < m such that a(i;) = j.

Therefore, a p-coCartesian edge (m)y® — (n)® in Lie®*P can be given as

Ie Mathk[@ Lie(a j})] ~ Mat™>k z&n,

1<j<n

DerinITION 4.1.7. Let €® be a symmetric monoidal co-category. We say that it is additive, if it is

compatible with small coproducts.

RemARrk 4.1.7.1. Let # denote the set of all small sets. Then a symmetric monoidal category €®
is additive precisely when a coclassifying map Comm® — Cat, factors through Cate(-#"). Note
that this implies that if €”® is an additive symmetric monoidal co-category, then its underlying co-
category ¢ is additive, and for any edge (m) < (1) in N(Fin.), the pushforward functor <€<f1> NG

(n)
is additive.

DEeriNITION 4.1.8. Let ¢ be an additive symmetric monoidal co-category, let (m) % (1) be an

edge in N(Fin.), and let f, g, h be three edges C — D over a. Let
K =A? L1 A3 Lafo1 A?,
and let K % %*® be a functor of the form

D

ya
(£.8) B \Y

C—DXxD —DubD —D,

RN

D

such that the longest horizontal edge in the diagram is /1, and f§ is a quasi-inverse to the canonical

map DUD — DxD. In this case, we say that o exhibits h as a sum of f and g, and we write f + ¢ = h.
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Note that this endows the set of homotopy classes of maps Homy¢«(C, D), with an abelian group

structure.

DEerINITION 4.1.9. Let ¢ be an additive symmetric monoidal co-category. A Lie algebra object of

% is a functor Lie® = €®, which satisfies the following criteria.

(1) The functor L is over N(Fin.).
(2) It takes inert morphisms to inert morphisms.

(3) The images of the canonical maps (n) — (n)® exhibit L((n)®") as a coproduct of n copies

of L({(1)).

We let the co-category of Lie algebras on € be the full subcategory LAlg(%¢) C Fun}f,(Fim)(Lie@, %)
spanned by the Lie algebra objects.

Proposition 4.1.10. Let € 5 N (Fin.) be an additive symmetric monoidal co-category, and Lie® L

a Lie algebra on €. Then L defines a weak Lie algebra on €.

Proor. Let E denote the image L({1)) € €. By construction, there exists a p-coCartesian arrow
L({2)) 2, E®E over the active edge (2) LN (1). Therefore, by the coCartesian property, there exists

a factorization unique up to equivalence

EQ®E

P\
L([x1,x2])

L(2)) E.

Let (2) 5 (2) be the edge which swaps 1 and 2. We get a diagram

L([x2,x1])

®F
L) —= E®E

| . I\
OE sh
[]

®E

L(2) — E®QE —— E.
V
L([x1,%2])
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By construction, we have [x1, x2] + [x2,x1] = 0 in Hom; ea6((2),(1)),. This implies L([x1, x2]) +
L([x2,x1]) = 0 by Lemma4.1.10.1, which in turn implies [, [+[, ]" =[, ]+ ([, ] osh) = 0by Lemma
4.1.10.2l The Jacobian property can be proven a similar way:.

LemMa 4.1.10.1. Let (m) = (1) be an edge in N(Fin.). Then L induces a morphism of abelian groups

Hom, ; e.a0((m),(1))a = Hompge(L(1m), L(1))a-

f

Proor. Let the sum of two edges (m) —= (1) in Lie® be exhibited by a diagram o of the
8

form
(1)
f
s V
(my — (1) x(1) —= (Hu(l) —= (1),

N

ey

where f is a quasi-inverse to the canonical map. Since L is additive, we get a diagram of the form

E

2

Lm) —— L)X (1)) —— EXE ——~ ELE ——~ E,

o

E

where f is a quasi-inverse to the canonical map. Why restricting to the subdiagram without the
L({1) x (1)) does not exhibit L(f) + L(g) = L(f + g) on the nose is that its long vertical edge is not
L(f + g). But as f o c is homotopic to L(8) by construction, we can replace the diagram by an

appropriate one if we graft a homotopy diagram

EULE

e
id

L((1)x (1)) —= EUE
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on it.

Lemma 4.1.102. Let €° 5 N(Fin.) be an additive symmetric monoidal co-category, let {m) 5 1)
be an edge in N(Fin,), and let C 2> a,C be a p-coCartesian map over o. Then the bijection induced by
precomposition by f:

Homy¢(a1C, D) M Homy4s(C, D),

is an isomorphism of abelian groups.

f
Proor. Let C == D be two edges over a. Suppose that K 5 €® exhibits f + ¢ = h. Let
8

2 denote N(Fin,). Since s is an a-coCartesian edge, the following diagram of solid arrows can be

completed with a dashed arrow.

, 4o,consty)
K ——s CKC/ X Dty Dy

The diagram 6 has the form

/

D
a,C DxD —= DUD —= D,
D

\

Let /i denote its edge a;C — D. Then restriction to the appropriate triangles proves that k) takes

f,g§and i to f, g and h respectively, and restriction to the sub-simplicial set without the C exhibits
+

f

OQI
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4.2. The functor E — End(E)

ConsTtrUCTION 4.2.1. Let JZ be a set of small simplicial sets. Let .(.%") C . be the smallest
subcategory containing AY, and closed under colimits over .#". Then for every functor A° 5, 2 to

an co-category which admits colimits over %/, the following hold [Lur09, Remark 5.3.5.9]

(1) There exists a left Kan extension .#(K) i) 2 of fp.
(2) A functor . (K) i> 2 is a left Kan extension of fj precisely when it commutes with colimits

over J .

Since the product functor . X. — . commutes with % -colimits separately in each variable,
the category .#(.#") admits Cartesian monoidal co-category structure, and we can choose A” as
a unit object 1. Then .7(%) € Monﬁs(Cato@) and (L(%),1) € Cat?olg(% ) are initial objects
[Lurl4, Lemma 4.8.5.3].

Let M € Monﬁ,[(Catoo) be defined by the action of .’(.#)* on its underlying category. Then
the forgetful functor RMody(# (%)) — (') gives an equivalence ©((.#)*,1) — M in
LMod »(»)(Catw) [Lurl4, Corollary 4.2.3.3 and Proposition 4.2.4.9]. Let us denote by O. the
composite

Cat®(#) — CataB( ) y1) — Catiod(r)

where the arrow on the left is a quasi-inverse of the projection map, and the arrow on the right is

induced by ©.

ProrosiTiON 4.2.2. Let J¢ be a set of small simplicial sets. Consider the map given in Construction
4.2.1]

Cat8(r) 2 CatMod (7).
Let (6%, #®) € CatMod(¢). Then the fiber (Cat%"d(%/ ) /sm) P is equivalent to the classifying space ./4~.

Proor. Let .7/ C . denote the smallest subcategory which contains A, and closed under
¢ -colimits. We have

(CatMed () /im)% = Homgatgod oy O, ) = Map cysiod ) (O, )

75



by [Lur09, §2.2]. Since the restriction map CatMod( ) - Cat?olg(a"i/ ) is a Cartesian fibration by
Lemma(4.2.2.1, we get a fiber sequence [Lur09, Proposition 2.4.4.2]

Mapyton; Cate) o Mo 4 = MaPyont cat ) W #) = Mapygonr car ) (7 €)-

Since .’ € Monﬁgs(Catm) isaninitial object [Lur14, Proposition 4.8.5.3], the rightmost Kan complex
is contractible, so the left arrow is a weak equivalence.

By construction,

Mapy o cat) B fA) S Mapg e cat) O f4)

is the connected component with vertices corresponding to natural morphisms M — f*.# which
commute with JZ-colimits on the underlying co-categories. We have a natural equivalence

[GHNT15, Proposition 5.1]

Mapg,nwve cat) W f* ) = f

Mapc,, (M(X), (f"4)(X)).
XeLM®

Since we have isomorphisms by construction [Lur09, Definition 3.0.0.1 and §3.1.3]
Mapc.,, (M(X), (f*.#)(X)) = Fun™(MN(X), (f".#)(X)) = Mapietg (M, (fA)(X)F),

the mapping complex Mapg,,,. ; me car,) (W, f*#) is equivalent to the interior Hom object [, f*.#]
of the simplicial functor category (Set;)'™ [Kel05, §2.2]. This in turn is naturally isomorphic to

the mapping complex Map((setpLM)o(im, f*#) given in [Lur09, §3.2.4] by Lemma Via the

co-unstraightening functor we get an equivalence
Map((setZ)LM)o (SUE, f*%) st Map((SQtZ)LM@v )o (COUH(SUE), COUn(f*//)),

and by construction the latter mapping complex is naturally isomorphic to the interior of the

category of monoidal functors Funi’;® (coUn(IM), coUn(f*.#)).
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The same argument works for the associative operad also. Let Ass LN LM denote the canonical
map. Restricting to the functors which commute with .#"-colimits, the naturality of the co-

unstraightening functor [GHN15, Corollary A.31] gives a homotopy commutative diagram

coUn

Mapyont (a4, ) ——= Fun £~ (coUn(I), coUn(f*.#/))

f l f

Mapygon o) (7 #) — = Fun®”(coUn(#”), coUn(:#"))
We get an equivalence of homotopy fibers
Mapyont (cat).,, (W f4) = LinFun = (O, f.2).
Since M ~ O(.’,1), we have

LinFun,~ (W, f*.) ~ LMody (f'.#),

which in turn is equivalent to (f*.#)~ [Lurl4, Proposition 4.2.4.9]. We can finish by evoking that

the Cartesian edge f*.# — ./ is an equivalence on the underlying co-categories.

Lemma 4.2.2.1. Let # be a set of small simplicial sets. Then the restriction map Mony (Cate) —

Monis(Catoo) is a Cartesian fibration.
Proor. For any operad ®, postcomposition with the composite of canonical maps

Catw(#) — Cat}, — Catwo

gives an equivalence Alg ,(Cato (%)) — Mon’g (Catw) [Lurl4, Proposition 2.4.2.5 and Remark

4.8.1.9]. Letting the horizontal arrows in the diagram

Alg; y(Cateo(#)) — Mon/; (Cateo)

P l q
Alg, . (Catew(#)) — Mon?, (Cate)
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be like this, and let the vertical arrows be given by precomposition with the canonical inclusion

Ass® — LM®. Since p is a Cartesian fibration [Lur14, Corollary 4.2.3.2], so is g.

Lemma 4.2.2.2. Let C be a simplicial category, let C 5 Sety be a functor, and let K be a simplicial set.

Let F ® K* denote the functor

Cr>FCxKH
C 22, et

LetCS Set} be another simplicial functor. Let Map'(F, G) denote the simplicial set defined by
Homsey, (K, Map'(E, G)) = Homseiy c(F B K, G).

Then there exists a natural isomorphism

Map'(F,G) — f Map}_. (FC,GO).
CeC A

Proor. By definition, an end is an equalizer of the form

MapgetX(FC, GC) > HMapgetz(FC, GO) 3 H Maps,, (C(C,D), Mapgetz(FC, GD)),
CeC CeC C,DeC

where the two arrows on the right are given by precomposition and postcomposition respectively.

To be precise, the precomposition map
Mapgetz (FC, GC) — Mapy,, (C(D, C),Map{,, (FD, GC))
corresponds to the simplicial map

C(C,D) x Map‘;etg (FC,GC) — Map?., (FC,GD),

SetA
which takes a map K LN C(C,D) x Mapget+ (FC, GC) to the composite
A
kL cc, D)y x Map! , (FC,GC) C2, Man? (GC,GD) x Map! . (FC,GC) = Map’ . (FC, GD)
’ pSetX 4 pSetX 4 pSetX ’ pSetX ’ ’
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Let Map™(FC, GC) denote the marked mapping complex. Let us define a map Map’(F,G) —

[lcec Maptstetz (FC,GC) as follows. Its component over C € C is given by the composite

Homgy, (K, Map'(F, G)) = Homsy)c (K* 8 F, G) =5 Homgy: (K* x FC, GC)
A p ( A) A

= Homg,; (Kf, Map* (FC, GC)) = Homgey, (K, Mapgetz (FC,GC)).

By definition, a collection of maps {K¥ x FC — GC)cec determines a natural map KixF > G

precisely when its images by the precomposition and postcomposition maps agree.

4.3. Trivial forms: sl,(F) for totally supported sheaves

®,Ab

ConstrucTion 4.3.1. Let us construct an extension Ass®**® of the category of operations Ass® —

Fin. similar to the Lie case.

(1) The objects over (n) € Fin. are denoted by (n)® for k > 0.

(2) The hom sets are of the following form.

HomAss&Ab (<m>€Bk’ <n>€Bf) — |_| MatéXk (EBlSjSl’lZ ASS(Tl)) .

(my=>(n)

(38) Composition is defined by matrix multiplication and the composition in Ass.

Note that as Ass(n) is the set of linear orderings on the set {xy, ..., x,}, the free abelian group
Z Ass(n) can be regarded as the subgroup T;(x1,...,xs) C Tz(x1,...,xn) of the tensor algebra on
the free abelian group x1Z & --- @ x,Z. Let Ass®*® — N(Fin,) denote the simplicial nerve of

Ass®AP s Fin,.

DerINITION 4.3.2. Let ¢ be an additive symmetric monoidal co-category. An additive associative

algebra object is a functor Ass® 4 %¢®, which satisfies the following criteria.

(1) The functor A is over N(Fin.).
(2) It takes inert morphisms to inert morphismes.
(3) The images of the canonical maps (1) — (n)® exhibit L((n)®") as a coproduct of n copies

of L((n)).
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We let the co-category of additive associative algebras on € be the full subcategory Alg*®(€) C

FunN(Fim)(Ass&Ab, %) spanned by the additive associative algebra objects.

Remark 4.3.2.1. This is a special case of the generalization to adjoining relative colimits of

[Lur09, Proposition 5.3.6.2].

ConstrucTioN 4.3.3 (From algebras to Lie algebras). Let €® 5N (Fin.) be an additive symmet-

ric monoidal co-category which admits all small colimits. Consider the restriction map
Funy(gin,)(Ass®A?, €°®) — Funy(gin,)(Ass®, €®).

It has a quasi-inverse given by taking left Kan extensions over N(Fin.) [Lur09, Proposition 4.3.2.15],

and Lemma implies that by restricting a quasi-inverse we get a map

Alg(€) — Alg’®(%).

Composing this by the precomposition by the canonical morphism of operads Lie® — Ass®*P

map, we get a functor

Alg(%) — LAIg(%).

Lemma 4.33.1. Let A € Alg(%) be an algebra object in €, and let Ass®AP 4, 4% be a left Kan
extension of it over N(Fin.). Then for any n,k > 0, the functor A takes (n)® to an N(Fun.)-coproduct of k

copies of A({n)).

’ A ny®k
Proor. Let Ass®*P L, N (Fin.) denote the structure map. The diagram (Assji’:;;k)l> T, e

®,Ab Ay

induced by A is an N(Fin.)-colimit of the diagram Ass ek %" induced by A by construction.

This gives half of the diagram of Cartesian squares

® E— ® _— 1 "
CgAm)@k H{ei—o0}/ CgAw)@k/ N(Fln )

| | |

® . ® ) /
%Am@kna:/ %AW , — N(Fin)ya,

Q'Am@k/

n)y®dk /

80



The other square is a preimage diagram, where (n) %, (n)® is a standard basis element in

Hom ASS@,Ab’idm)((n), (n)®F) = Mat’g1 Hom, e 4, ((1), (n)). Inspecting the images, the outer Carte-

sian square factors through the Cartesian square

® 5 3 L7
%Aw@kl{ei—m}/ N(Ein.), A

|

®
(gAm)GBk |{E,}/

kel

N(Fin*)q1A<

n)EBkI{Ei}/'

which exhibits A((n)®) as an N (Fun.)-coproduct of k copies of A({n)).

ConstrucTiON 4.3.4 (The trace of an algebra). Let 4 be a symmetric monoidal co-category,
which admits all colimits. Let Ass® 2> N (Fin,) and LM® LN (Fin.) denote the structure maps.
Via the morphism LM® LN Ass® and the natural transformation p’ o f — p defined in [Lur14,

Construction 4.6.3.7], we get a composite functor
Alg(®) <5 Funy, (LM, %®) 2 LMod(%),

which maps an algebra object A € Alg(%) to the evaluation module A® € LMod agarev(%’). Postcom-

posing this functor with the composite
LMod(%¢) < RMod;(LMod ¢) € RMod(LMod ¥) < BMod(%),

where the two left arrows are equivalences of co-categories by [Lurl4, Propositions 4.2.4.9 and
4.3.2.7] respectively, gives us a functor A — sgarevAq. Postcomposition with the reversal functor
BMod (%) — BMod(¢) [Lurl4, Construction 4.6.3.1] gives a functor A - 1Asgarev, the images of
which are called coevaluation modules, and they are denoted by A°.

Let us define a functor
Alg(%) x A' - BMod(%) X alg(4) BMod(%)

with the following components.
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Consider the functor
Alg(%) » RMod(%) Xalg#) Fun(A', Alg %)
with left component the map A — A€, and right component given as the composite
Alg(€) < Alg(¥)Y C Fun(Al, Alg%).
Postcomposing with a section of the functor
Fun(A', RMod )" — RMod(%) Xalg« Fun(A', Alg %)

which exists because of Lemma we get a map

AH(IAI —>1AA®Arev)

Alg(%) Fun(A!, BMod(%)).
The right component is defined as the composite

Alg(%) 225 BMod(%) < BMod(#)™ C Fun(A!, BMod %).
Postcomposing with the relative tensor product functor [Lur14, Example 4.4.2.11]

BMOd((g) XAlg(cg) BMOd((g) - BMOd((g),

we get a functor

®1
A (1A1 &)A(@A@ArevA)

Alg(%) Fun(A!, BMod %)

Levmma 434.1. Let € 5 2 be a Cartesian fibration of co-categories, and let Fun(A!, €)= C

Fun(Al, €) denote the full subcategory spanned by p-Cartesian edges. Then the functor
Fun(A!, )" — € x4 Fun(A!, 2)

is an equivalence of co-categories.
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Proor. We need to prove that all commutative diagrams of solid arrows

IA" —~ Fun(Al, ©)

7
-
-
-
-
-

N J—— X Fun(Al, 2),

can be augmented with a dashed arrow in a commutative manner. This is true for n = 0 because
¢ — 2 is a Cartesian fibration. If n > 0, the diagram can be regarded as diagram of marked

simplicial sets

—
—
—
—
—
—
—

(A™)" x (A1) 173

Since the left vertical arrow is marked anodyne [Lur09, Proposition 3.1.1.5], a dashed arrow exists

[Lur09, Proposition 3.1.1.6].

DerinITION 4.3.5. Let 4" be an additive symmetric monoidal co-category, which admits all small
colimits, and let L € LAlg(%) be a Lie algebra object. We say that L is an abelian Lie algebra, if the

image of every non-inert morphism in Lie® is a zero morphism.

ProrosiTion 4.3.6. Let # C Fun(A', LAlg %) be the full subcategory spanned by functors with targets
abelian Lie algebras, and let %y C LAlg € x4 Fun(Al, €) be the full subcategory on pairs (L, L(1) i> M(1))
such that precomposing f with the image by L of any non-inert morphism, we get a zero morphism. Then
the morphism

H = K

with components the restriction maps to the source and to the underlying categories respectively is a trivial

Kan fibration.

Proor. Let LAlg,(¢) C LAlg(%) denote the full subcategory spanned by abelian Lie algebras.
We claim that the restriction map LAlg,(¢") — ¢ is a trivial Kan fibration. Let Lie;@;iV C Lie® be
the subcategory spanned by inert morphisms, and let LAlg, . (¢) denote the category of additive

Lieyiy-algebras. Then the restrictionmap LAlg, . (¢') — ¢ isatrivial Kan fibration [Lur14, Example
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2.1.3.5], therefore it is enough to show that the restriction map LAlg,, (¢') — LAlg,, (%) is a trivial
Kan fibration. That is, we need to find a dashed arrow in any commutative diagram of solid arrows
of the form

(OA" x Lie®) | | IATXLie®, (A" x Lie®. ) — €®

triv

—
—
—
—
—
—
—

—

A" x Lie® N(Fin.)

—

such that the horizontal morphisms take inert morphisms to inert morphisms, and not inert
morphisms to zero morphisms. We will fill in the simplices by induction on their dimension
m > 0. Since we want to extend from a Lieyiy-algebra, every vertex already has an image, and
similarly for inert edges, so for m = 1 all that remains is to map each non-inert edge to a zero
morphism.

Let us now prove the induction statement for m > 1, assuming that it holds for simplices of all
dimensions less than m. That is, let us be given an m-simplex A" % Lie® not all of which edges
are inert, and such that we know the image of its boundary dA” < €®. We claim that 7(A®™) is
a zero morphism. This is immediate, if o(A19 € Lie® is not inert. If it is, then by Lemma

the edge o(A!%™) is a zero morphism, thus so need to be 7(A%) by additivity.

In order to apply Lemma |4.3.6.2, we need to extend 7 to a diagram dA¥ Lig v skp AF*1 5 %9,

di . . . . . ~ . .
where A — A"*! is the inclusion of an inner face: 0 < i < m + 1, and #({i}) is a zero object. Since
not all edges of o are inert, there exists a 0 < j < m such that G(A{j’j+1}) is not inert. Therefore,
7(AlP7*1)) is a zero morphism. This implies that we can define # on skp A"*! as follows. Since
(A7) is a zero morphism, we can extend it to a 2-simplex of the form

0
/T(A(jﬁl))\\

(/) —————— =({j + 1.
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Starting from k = j — 1 and decreasing it one by one to make the new edges agree (or just replacing

them with equivalent ones), we can use that 0 is a final object to get 2-simplices of the form

/ A{k;}\

t({k})) ——— = t({k+ 1}).

Similarly, we can start from k = j + 1, and increase it one by one so that using that 0 is an initial

object, we get 2-simplices of the form

0
;/T(Nk,m,)\\
w(lkl) ———— (|

T(lk + 1}).

Now we can apply Lemma 4.3.6.2|and restrict along d' to get an extension of 7 as desired.
Let us now prove that the morphism % — . is a trivial Kan fibration. That is, we need to

show that we can lift any diagram of the form

ON" —— &

|

A" —— 4.

That is, we need to lift a diagram
(OA" x Al x Lie®) U (A" x Al x Lie®) U (A" x {0} x Lie®) = ¢®

to A"xAlxLie®. By what we have done above, we can extend o over the simplices over A" x{1} xLie®
to form a simplex of LAlg ,, ¢, and moreover, via the canonical equivalences %f;i} — €™M we can
extend o over the entire 1-skeleton skj(A” x Al x Lie®). We now want to finish the way we did in

the previous claim, and for that, we need to show that for m > 1 and any subsimplex

A™ € (A" x A' x Lie®) \ (A" x A' x Lieg, ) U (A" x sko(A') x Lie®)),

triv

we have that o(A%) is a zero morphism. The edge o(A®™) is a composite of the edges

a(Am=1mhy G(AlO1)), Since ¢ is already defined over the fibers over sky A, we can enlarge this
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composition chain to contain the image of an edge A1} over skg A" x Al x sko N(Fin.). If not
all edges A7+ for 0 < j < i are inert, then the composite of their images is either inert and thus
zero by Lemma or it is not inert and thus the composite of that with Al*1 is zero by
construction. Similarly, if not all edges A1 for i < j < m are inert, then the composite of their
images is either inert and thus zero by Lemma or it is not inert and thus zero, since the
restriction of o to the fiber over {1} c Al is a diagram in LAlg,, . We can finish by applying
Lemma as in the previous claim.

O

Lemma 4.3.6.1. Let A" 25 Lie® be an m-simplex such that not all of its edges are inert, but o(A0")

is inert. Then a(A1%™) is a zero arrow.
Proor. Since not all edges of ¢ are inert, in its image in N(Fin.):
a; a;j
(o) =+ = () =5 (Mig1) = -+ > (1)) =D (Mja1) = -+ > ()

there has to be an a; such that k € (n;,1)° hasn’t got a preimage, and it’s taken to ¢ € (n;)°, which is
not the unique element in its aj-fiber. In the hom set over «a;, the k-component is going to be zero,
and when we compose arrows, that is going to be substituted to an input of the Lie bracketing
given by «, thus the composite is the zero map.

O

Lemma 4.3.6.2. Let k > 2 and let A Uk, At Sk2 A1 C K € A¥1 be an intermediate simplex, where
AR Ly AV s an intermediate face map, that is 0 < i < m + 1. Then every diagram K = €*® such that
10({i}) is a zero object of €® can be extended to an (k + 1)-simplex, up to possibly changing some of the faces

of dimension > 1 containing {i}.

Proor. We prove the statement by induction on k. If k = 2, then we can leave out one of
the 2-dimensional faces containing {i} to get an inner horn, and use that ¢® is an co-category.
Supposing that the statement holds for k, we can prove it for k + 1 by filling in the faces containing
{i} using the induction assumption, then leaving out a k-dimensional face containing {i} to get an

inner horn, from which we can extend again via the co-category property.
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ConstructioN 4.3.7 (Taking kernels). Let & be an co-category, which admits pullbacks and a

zero object 0 € Z. We have a canonical isomorphism
Fun(A2, LAlg 2) = Fun(A!, 2) x5 Fun(Al, 2),

along which the full subcategory .# C Fun(A2, 2) spanned by functors which take 0 to 0 corre-

sponds to the subcategory Fun(A!, ) x4 2°/. Therefore, the restriction map
Fun(A2, 2) 2% Fun(A!, 2)

has a section, which maps into .#". Since an edge in Fun(A!, 2) is Cartesian with respect to
Fun(A!, 2) &5 2 precisely when it is a Cartesian square, Lemma4.3.4.1|{implies that the restriction
map

Fun(A! x Al, 2) — Fun(A2, 2)

has a section which maps into the full subcategory spanned by Cartesian squares. Composing the

two sections, and restricting to the top-left vertex, we get a kernel map
Fun(A!, 2) — 2.

DeriNITION 4.3.8. Let S = Speckbe an affine scheme, and X — S asmooth and proper morphism

of schemes. Let 7. perf

/s () denote the 1-stack of perfect totally supported sheaves on X of rank n

at each maximal point of each geometric fiber of X — S, as defined in [Lie09, §3.2]. The stack of

generalized sl,,-forms is the essential image of the composite of morphisms in the co-topos St;:

E—End(E) Arker(A—AQ®garev A)

9§?f<n) — QC(X)™ ———— Alg(QC«(X))

LAIg(QC(X)).

87






Bibliography

[Ber07] Julia E. Bergner. A model category structure on the category of simplicial categories.
Trans. Amer. Math. Soc. 359 (5):2043-2058, 2007.

[DM69] P. Deligne and D. Mumford. The irreducibility of the space of curves of given genus.
Inst. Hautes Etudes Sci. Publ. Math. 36:75-109, 1969.

[GHN15] David Gepner, Rune Haugseng, and Thomas Nikolaus. Lax colimits and free fibrations
in co-categories, 2015.

[Gir71] Jean Giraud. Cohomologie non abélienne. Springer-Verlag, Berlin-New York, 1971. Die
Grundlehren der mathematischen Wissenschaften, Band 179.

[Hov99] Mark Hovey. Model categories. Mathematical Surveys and Monographs, vol. 63. Ameri-
can Mathematical Society, Providence, RI, 1999.

[Kel05] G. M. Kelly. Basic concepts of enriched category theory. Repr. Theory Appl. Categ.
10:vi+137, 2005. Reprint of the 1982 original [Cambridge Univ. Press, Cambridge;
MR0651714].

[Lie09] Max Lieblich. Compactified moduli of projective bundles. Algebra Number Theory 3
(6):653-695, 2009.

[Lur09] Jacob Lurie. Higher topos theory. Annals of Mathematics Studies, vol. 170. Princeton
University Press, Princeton, NJ, 2009.

[Lurl4] . Higher algebra, 2014.

[O'G96] Kieran G. O’Grady. Moduli of vector bundles on projective surfaces: some basic results.
Invent. Math. 123 (1):141-207, 1996.

[Pan11] Pranav Pandit. Moduli problems in derived noncommutative geometry. ProQuest LLC, Ann
Arbor, MI, 2011. Thesis (Ph.D.)-University of Pennsylvania.

[Riel4] Emily Riehl. Categorical homotopy theory. New Mathematical Monographs, vol. 24. Cam-
bridge University Press, Cambridge, 2014.

[Wei%4] Charles A. Weibel. An introduction to homological algebra. Cambridge Studies in Advanced
Mathematics, vol. 38. Cambridge University Press, Cambridge, 1994.

89



	Abstract
	Acknowledgements
	Chapter 1. Introduction
	1.1. Compactification of stacks of torsors
	1.2. The need for sheaves of -groupoids
	1.3. Lie algebras in additive symmetric monoidal -categories
	Overview

	Chapter 2. A summary of higher topos theory
	2.1. Simplicial sets and geometric realizations
	2.2. -categories and simplicial categories
	2.3. Presheaves in simplicial categories and mapping spaces
	2.4. Cartesian and coCartesian fibrations, classifying maps
	2.5. -categories of presheaves and representability
	2.6. Adjunction, localization and presentable categories
	2.7. n-categories, and truncated objects
	2.8. Groupoid objects, Cech nerves, effective epimorphisms and essential images

	Chapter 3. Constructing the stack of perfect complexes
	3.1. Colored operads and -operads
	3.2. Cartesian symmetric monoidal -categories
	3.3. Monoidal -categories and tensored -categories
	3.4. The functor 2mu-:6muplus1muA`39`42`"613A``45`47`"603ARModA
	3.5. The stack of perfect complexes

	Chapter 4. The stack of generalized sln-forms
	4.1. Lie algebras in an additive symmetric monoidal -category
	4.2. The functor E`39`42`"613A``45`47`"603AEnd(E)
	4.3. Trivial forms: sln(F) for totally supported sheaves

	Bibliography

