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Abstract

Sparse Sensing and Modal Decomposition for Unsteady Fluid Flows

Zhe Bai

Chair of the Supervisory Committee:

Steven L. Brunton

This work explores data-driven methods, including sparse sampling, modal decomposi-

tion and machine learning techniques, for high-dimensional systems in fluid dynamics.

Fluid flows are characterized by their nonlinearity, multi-scale structures and unsteady

behaviors. Understanding the patterns and their evolving dynamics is crucial for control

purposes. Robust control calls on fast signal processing and real-time decisions made in

the online stage. Modern data science enables appropriate basis transformations that fa-

cilitate efficient sensing strategies for state-space estimation, prediction and control. This

thesis builds models to save tremendous online experimental and computational power,

by transferring the burden in solving optimization problems to the offline stage. It applies

to a variety of real engineering applications, including, but not limited to PIV/optical data

collection in wind/water tunnel and DNS/LES simulation data.

The data-driven methods developed here apply broadly to high-dimensional com-

plex systems from experiments and simulations, and offer a paradigm shift in our ability

to measure, model, and manipulate fluid flows efficiently. They provide physical inter-

pretability of the data that will hopefully lead to future developments in the use of artifi-

cial intelligence in real systems.
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Chapter 1

INTRODUCTION

Fluid dynamics plays an irreplaceable role in numerous scientific, industrial, and tech-

nological applications, including transportation (airplanes, trains, automobiles), energy

(wind, tidal, combustion), and biomedical (medicine, cardiovascular), to name only a

few. Understanding and controlling fluid flows provides an opportunity to dramatically

improve performance in these systems, resulting in lift increase, drag reduction, and mix-

ing enhancement, all of which further important engineering goals of the modern world.

Rapidly developing methods in data science, largely borne out of the computer science,

statistics, and applied mathematics communities, enables efficient and effective sensing,

modeling and identification for large-scale computations of the fluid flow systems.

1.1 Reduced order modeling for understanding and controlling fluids

Fluid flows are often characterized by high-dimensional, multi-scale, and non-linear phe-

nomena that evolve on an attractor. Although the Navier-Stokes equations provide a

detailed partial differential equation model, it is often difficult to use this representation

for engineering design and control. Within the fluid mechanics community and beyond,

there is a growing need for large data sets with sufficient time support and spatial reso-

lution. As the community continues to investigate more complex flow fields, PIV is an

efficient means of probing flows experimentally, since it is spatially resolved and non-

intrusive. For many applications, a large number of snapshots are desired for statistical

convergence as well as for control purposes.
1
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Instead of analyzing equations in isolation, researchers collect measurements of flows

in relevant configurations and develop a hierarchy of models to describe critical fea-

tures of the flow, rather than every subtle detail. In particular, extracting large coherent

structures in fluids has provided valuable insights. The proper orthogonal decompo-

sition (POD) [5, 6], which is often formulated using the singular value decomposition

(SVD) [7, 8, 9], is a form of dimensionality reduction, which takes high-dimensional data

from simulations or experiments and extracts relevant low-dimensional features. In many

ways, these fundamental techniques in dimensionality reduction for fluids are among the

first use of data-science in complex systems.

Reduced-order modeling has been especially important in obtaining computationally

efficient models suitable for closed-loop feedback control. Many competing design con-

straints factor into effective control design, although one of the most important consid-

erations is the latency in making a control decision, with larger latency imposing funda-

mental limitations on robust performance [10]. Thus, as flow speeds increase and flow

structures become more complex, it becomes increasingly important to make fast control

decisions based on efficient low-order models. Closed-loop feedback control of the sepa-

rated flow over airfoil was investigated using POD with modified linear stochastic mea-

surement in [11]. Robust feedback controllers were designed based on low-dimensional

state-space models for simulations of a rigid flat plate to manipulate the unsteady aero-

dynamical forces [12].

1.2 Recent advances in sparsity and machine learning for fluids

Advanced methods from machine learning and compressed sensing have already begun

to enter fluid dynamics. Powerful new techniques from data-science are poised to trans-

form the analysis of complex data from dynamical systems, such as fluids.

In particular, machine learning [13, 14] provides advanced capabilities to extract fea-

tures and correlations. Sparse sampling techniques, including compressed sensing [15,



3

16, 17, 18, 19, 20], sparse regression [21, 22, 23], and sparse classification [24, 25, 26], allow

for the recovery of relevant large-scale information from surprisingly few measurements.

Unsupervised clustering has proven effective in determining probabilistic reduced-

order models based on data from the mixing layer [27], and it has also been used to de-

termine when to switch between various POD subspaces [28]. Graph theory has recently

been applied to understand the network structure underlying unsteady fluids [29]. Fi-

nally, machine learning control, based on genetic programming [30], has been applied to

numerous closed-loop flow control experiments with impressive performance increases

that exceed many alternative control strategies [31, 32, 33].

Sparse sensing has rapidly been embraced by fluid dynamics researchers, most likely

due to the ability to sample considerably less often than suggested by the Shannon-

Nyquist sampling theorem [34, 35]. Although fluids data is typically quite large, is ex-

pensive to collect and analyze, and has a large separation of spatial and temporal scales,

it generally has dominant low-dimensional structures that are useful for analysis and

control. Compressed sensing has been applied in a variety of contexts in fluid dynam-

ics [36, 37, 38, 39]. Sparsity techniques have also been applied to the computation of the

dynamic mode decomposition (DMD) [40, 41, 42], including promoting sparsity for mode

selection [43], spatial compressed DMD [44], and non-time resolved sampling strategies

designed for particle image velocimetry (PIV) [45, 46]. Sparsity methods have also been

applied more broadly in dynamical systems [47, 48, 49, 50]. Discovery of dynamical sys-

tems mostly relies on a combination of high-quality measurements and presumed mod-

els. The sparse identification of nonlinear dynamics (SINDy) [51] bypasses the intractable

combinatorial search through all possible models and identifies the nonlinear structure

and parameters of a model from the data.
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1.3 Spatio-temporal dynamical decomposition and system identification

Recently, pioneering advances in dynamical systems related to the Koopman operator [52,

40, 53] have resulted in the dynamic mode decomposition [41, 54, 55], which is a data-

driven technique to extract spatial-temporal coherent structures from a time-series of fluid

velocity fields. The DMD is rapidly developing, with data science and machine learning

extensions [56, 57, 58, 59, 60], as well as extensions for compressed sensing [43, 61, 44, 46]

and control [62]. DMD is a system identification algorithm, since it extracts a model from

input–output data. System identification may be thought of as a form of machine learning

for dynamical systems, where training data yields a model that is used to predict new

outcomes.

Dynamic mode decomposition is a dimensionality reduction technique introduced by

Schmid [63] in the fluid dynamics community to decompose high-dimensional fluid data

into dominant spatiotemporal coherent structures [63, 64, 65, 42, 66, 67, 68]. Shortly af-

ter its introduction, DMD was reframed by Rowley et al. [64] as a numerical technique

to approximate the Koopman operator [69, 52, 53, 70], establishing a strong connection

to the analysis of nonlinear dynamical systems. Unlike other dimensionality reduction

techniques, such as proper orthogonal decomposition [6], DMD is designed to extract

modes that are spatially coherent, oscillate at a fixed frequency, and grow or decay at a

fixed rate. Thus, DMD yields a set of modes along with a linear evolution model. Since

being introduced in fluid dynamics, DMD has been widely applied in fields as diverse

as epidemiology [71], neuroscience [72], robotics [73], video processing [74], and financial

trading [75].

DMD may be thought of as a form of system identification, resulting in reduced-

order models that are more tractable than the original high-dimensional dynamics. Low-

order models are especially important for the control of high-dimensional dynamical sys-

tems, such as fluid flow control [27, 76], where fast control decisions must be enacted
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to reduce latency for robust performance. There are a number of excellent overviews of

model reduction [77] and system identification [78, 79] for such high-dimensional sys-

tems. Balanced truncation provides a principled approach to reducing the system di-

mension by identifying a reduced-order model with the most jointly controllable and

observable states [80], and extensions include the balanced proper orthogonal decom-

position (BPOD) for systems with very large state dimension [81, 82]. It was recently

shown [83] that BPOD is equivalent to the eigensystem realization algorithm (ERA) [84].

In Tu et al. [42], it was further shown that DMD may be equivalent to ERA under cer-

tain conditions. Proctor et al. [85], further extended DMD to include inputs and control,

disambiguating internal state dynamics from the effect of actuation.

DMD relies on the fact that even high-dimensional dynamics typically evolve on a

low-dimensional attractor. This low-dimensional behavior suggests sparsity in an appro-

priate basis, so that sparsity-promoting and randomized techniques may be exploited

to reduce measurement resolution, bandwidth requirements, and computational over-

head. Sparsity was first used in DMD by Jovanović et al. [86] to select the dominant DMD

modes. Compressed sensing [87, 88, 89] was subsequently used to compute DMD using

snapshots that were sampled below the Shannon-Nyquist sampling limit in time [45] and

in space [2, 46]. It was shown in Brunton et al. [2] that it is possible to reconstruct accurate

DMD modes with surprisingly few spatial measurements, and if full-state data is avail-

able, performing DMD on compressed data dramatically reduces computation time. In

addition to compressed sensing, randomized linear algebra has been leveraged to accel-

erate DMD computations [90, 91].

1.4 My contribution

Leveraging state-of-the-art data-driven modeling, I investigate the efficiency and effec-

tiveness of these methods in understanding the coherent structure and dynamics for high-

dimensional fluid flow datasets.
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Chapter 2 introduces the fundamental techniques - compressed sensing (CS), proper

orthogonal decomposition (POD), dynamical mode decomposition (DMD) and sparse

identification of nonlinear dynamics (SINDy).

Chapter 3 explores sparse sampling and the representation of high-dimensional data

in a low-rank feature space in supervised learning, for real-time decision making of com-

plex fluid systems. This work has resulted in the following paper:

[92] Data-driven methods in fluid dynamics: Sparse classification from experimental data,

Z. Bai, S. L. Brunton, B. W. Brunton, J. N. Kutz, E. Kaiser, A. Spohn,and B. R. Noack,

invited chapter for Whither Turbulence and Big Data in the 21st Century, 2016.

Chapter 4 identifies the spatio-temporal coherent structures from systems with actu-

ation using heavily subsampled measurements, while the accurate underlying dynamics

is preserved. This work has resulted in the following paper:

[93] Dynamic mode decomposition for compressive system identification,

Z. Bai, E. Kaiser, J. L. Proctor, J. N. Kutz, S. L. Brunton,

invited submission for AIAA Journal (under review), arXiv:1710.07737, 2017.

Chapter 5 constructs nonintrusive parametric PDE solvers and expedites large physics

simulations by approximating the reduced-order model operators using regression tech-

niques from machine learning. This work has resulted in the following paper:

Nonintrusive Galerkin projection via machine learning approximations to low-dimensional

operators,

K. Carlberg, Z. Bai, L. Peng, S. L. Brunton,

to be submitted, 2018.

Chapter 5 explicitly discusses my contribution to this paper.

Chapter 6 builds a scalable algorithm to efficiently extract the network dynamics from

large fluid datasets using modern sparse or randomized techniques in linear algebra, pre-

serving the significant vortical interaction structures. This work has resulted in the fol-
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lowing paper:

Sparse and randomized sampling methods for scalable turbulent flow networks,

Z. Bai, N. B. Erichson, M. Gopalakrishnan Meena, K. Taira, S. L. Brunton,

to be submitted, 2018.
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Chapter 2

BACKGROUND

In this chapter, I discuss the fundamental tools in sparse sensing and modal decom-

position, specifically, compressed sensing (CS), proper orthogonal decomposition (POD),

dynamical mode decomposition (DMD) and sparse identification of nonlinear dynamics

(SINDy) that lay the foundation of pattern recognition and low-rank structure discovery

of high-dimensional systems. Even complex high-dimensional fluid flows often exhibit

low-dimensional patterns. Discovering these patterns from data is a central challenge in

fluid mechanics, and there are many leading methods including POD and DMD, which

will be discussed below. These patterns also enable efficient sensing strategies, as demon-

strated in the field of CS. Finally, it is often necessary to model how these structures evolve

in time, which is possible for example, by Galerkin projection onto POD modes, by DMD,

or by sparse regression. All of these topics will be reviewed in this chapter; see [76, 66]

for additional material.

2.1 Compressed Sensing

Compressed Sensing (CS) was proposed [15, 17, 18, 19, 20] as a novel signal acquisition tech-

nique. It goes beyond the traditional Nyquist sampling theory and allows one to sample

at a slower rate than the signal bandwidth while avoid losing information when captur-

ing a signal. In many modern applications, including, but not limited to aerospace, me-

chanical and biomedical engineering, the signal bandwidth requirements have increased

tremendously, whereas the experimental acquisition capabilities have not scaled as fast.

Handling such large amounts of data is difficult, because it requires large amount of pro-
8
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Figure 2.1: Schematic of compressed sensing framework using single-pixel measurement
and discrete cosine transform matrix (modified from [1]).

cessing power, space for storage and time. It has been observed that lower-dimensional

representations of large datasets are available for many signals. Especially, a signal is said

to be sparse if it can be represented as a combination of fewer basis vectors in an appropri-

ate basis compared to the original signal dimension. The traditional way of representing

such compressible or sparse signals in a lower dimension is to first "sample" and then

"compress" or identify the most significant coefficients with respect to the particular do-

main. A considerable computational effort is consumed at the compression stage, even

though many signals of interest are known to be sparse after representing in an appropri-

ate basis.

CS provides a new way to capture and represent compressible signals at a rate signifi-

cantly below the Nyquist rate. More specifically, in the CS framework, the orignial sparse

signal is projected onto a lower-dimensional subspace via a random projection scheme. It

has been shown in [15, 94, 19] that the sparse signal can be reliably reconstructed based on

a small number of such random projections via optimization techniques (such as l1 norm

minimization).
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For a signal or snapshot data as in Fig. 2.1, it is assumed that there exists a transfor-

mation for the signal x ∈ RN under which it is sparse. Specifically, there is an invertible

transformation matrix Ψ of size N×N such that

x = Ψs (2.1)

where s is an N×1 column vector and the basis Ψ is taken as a sparsifying matrix such as a

discrete cosine transform(DCT) matrix or a discrete wavelet transform(DWT) matrix. We

can regard x and s as equivalent representations of the signal, with x in the space or time

domain and s in the Fourier or wavelet domain. We say that s is K-sparse when it has at

most K non-zero elements, with K < N and x can be represented as the linear combination

of only K vectors in the basis. The observation model is given by,

y = Cx (2.2)

where y is a column vector of size M(< N) and C is an M×N projection matrix. To reliably

reconstruct the length-N column vector x from length M observation vector y in Eq. (2.2),

the projection matrix C has to satisfy a certain stability condition which is commonly

known as Restricted Isometry Property (RIP) [95]. It has been shown that when elements

of the measurement matrix C are taken as realizations of zero mean random variables

(e.g. Gaussian, Bernoulli), the RIP condition is satisfied with high probability when M >

cKlog(N/K) where C is a small constant. By substituting x from Eq. (2.1) into Eq. (2.2), we

have

y = Cx = CΨs = Θs (2.3)

where Θ = CΨ is an M×N matrix as shown in Eq. (2.3). Generally, CS relies on two

principles: 1. sparsity, which pertains to the signals of interest; 2. incoherence, which

pertains to the sensing modality [96]. Sparsity expresses the idea that a discrete time
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or space signal depends on a number of degrees of freedom, which are comparatively

much smaller than its finite length. More precisely, CS exploits the fact that many natural

signals may be sparse or compressible in the sense that they have concise representations

when expressed in the proper basis Ψ. Incoherence extends the duality between time and

frequency and expresses the idea that objects having a sparse representation in Ψ must be

spread out in the domain in which they are acquired. From the sampling point of view,

the sensing waveforms have an extremely dense representation in Ψ, unlike the signal of

interest that might be inherently sparse in the basis representation.

2.2 Proper Orthogonal Decomposition

The proper orthogonal decomposition (POD), also known as principal component analysis (PCA)

or the Karhunen-Koeve (KL) expansion, is a singular value decomposition (SVD) based tech-

nique used to generate a low-rank, orthogonal basis. It chooses the optimal basis (for a

given number) to minimize the L2 residual error. The method has been used in a wide

range of systems with a physical, biological and engineering applications, which usually

contains coherent structures or underlying patterns in the empirical data. Coherent struc-

tures represent spatially organized components in the flow that remain coherent in time,

so that time-averaged statistics can be applied.

POD was first introduced into the turbulence community by Lumley [97] in 1967 as

an unbiased method to study coherent structures in turbulent flows. It is a logical way

to construct the basis functions to capture the most energetic features in a small number

of modes, in which the first principal component (mode) has the largest energy. Thus, it

enables an optimal low-dimensional representation that maximally captures the energy

content in the flow. The resulting POD modes can be paired with the standard Galerkin

projection, orthogonally projected onto the governing equations, to generate a set of ODEs

for the mode amplitudes as the reduced-order equation [98].
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The POD method maximizes the energy content of the flow in a set of orthogonal

basis functions φ (n)(X). These are obtained from the solution of the following integral

eigenvalue problem (1D case shown here)

∫

D
Ri j(x,x′)φ

(n)
j (x′)dx′ = λ

(n)
φ
(n)
i (x) (2.4)

where Ri j is the ensemble averaged two-point spatial velocity correlation tensor, defined

as

∫

D
Ri j(x,x′)φ

(n)
j (x′)dx′ = 〈ui(x, t0)u j(x′, t0)〉 (2.5)

where t0 is a given snapshot time and 〈·〉 denotes the averaged over time. We can then

extract the time-dependent expansion coefficients by projecting the data onto the eigen-

functions, as follows:

an(t0) =
∫

D
ui(x, t0)φ

(n)
i (x)dx (2.6)

where ui(x, t0) is the velocity field from a particular (e.g. PIV) time snapshot. The Hilbert-

Schmidt theory ensures that, if the random field occurs over a finite domain, an infinite

number of orthonormal solutions can be used to reconstruct the original velocity field

data ui(x, t0), by projecting an an(x, t0) onto the eigenfunctions:

ui(x, t0) =
r

∑
n=1

an(t0) = φ
(n)
i (x)dx (2.7)

where r is the number of modes kept for the reconstruction. When the number of snap-

shots is much smaller than the number of grid points, the method of snapshots [9], as a

modification to the classical POD approach, is more widely used to solve the eigenvalues

problem more efficiently.

Note that the discrete version of POD is often solved by SVD on the data matrix [66],
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as in Eq. (2.8). The method of snapshots is derived from the continuous version of POD

by solving the eigenvalue problem of the Gram matrix.


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
 (2.8b)

My previous study [37] has shown the feasibility and utility of a compressive-sensing-

based approach for reconstruction of compressed or limited time support particle image

velocimetry flow data. CS was used to compress and reconstruct a turbulent-flow particle

image velocimetry database over a NACA 4412 airfoil. Using the POD/PCA as the spar-

sifying basis, the streamwise and wall-normal velocities were better reconstructed, com-

pared to the basis of general discrete cosine transform. CS preprocessing (filtering) with

a DCT basis was applied to a reduced number of particle image velocimetry snapshots

(to mimic conditions with limited time support) before application of proper orthogonal

decomposition/ principal component analysis. Using only 20 particle image velocimetry

snapshots with a 10% compressive sensing compression, it was found that the proper or-

thogonal decomposition/principal component analysis modes 1 and 2 of the streamwise

velocity component are very close to those extracted from full time support data (1000
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particle image velocimetry snapshots in this case).

2.3 Dynamic Mode Decomposition

Matrix decomposition techniques are ubiquitous in the data sciences. Their fundamen-

tal objective is often to extract low-rank and interpretable patterns from data. Foremost

among matrix decomposition methods is the SVD, which is the computational engine for

the PCA and produces a set of ranked orthonormal modes that capture the dominant

correlation structures in the data. However, the SVD fails to correlate both spatial and

temporal features of the data together. The DMD provides a least-square regression ar-

chitecture whereby both space and time are jointly correlated by merging a spatial SVD

with a temporal Fourier transform [65]. Specifically, the DMD algorithm decomposes the

data matrix X into the rank r approximation

X≈ΦΛb (2.9)

where the columns of Φ are the DMD modes (spatial structures), the elements of the

diagonal matrix Λ are the corresponding DMD eigenvalues (with angular frequency λi =

exp(ωi∆t)), and the vector b determines the weighting of each of the r modes. Thus, each

spatial mode in Φ is associated with a single temporal eigenvalue of Λ.

The DMD method was originally used as a low-rank diagnostic tool for decomposing

fluid flow data into dominant spatiotemporal modes [63, 64, 42, 66], providing a valuable

interpretation of coherent structures in complex systems. Recent innovations have also

made significant progress to employ DMD for robust future-state prediction [86, 99] and

control for input-output systems [85], even when using only a small number of measure-

ments [2].

The exact DMD algorithm formulates the decomposition as a least-squares regression.

Specifically, a series of snapshots xk ∈ Rn sampled at discrete instances in time tk, k =
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0, . . . ,m are arranged into the data matrix

X =


x0 x1 . . . xm−1


 (2.10)

and the time-shifted matrix

X′ =


x1 x2 . . . xm


 . (2.11)

Typically n� m, i.e. there are many more spatial measurements available than temporal.

The vector xk is the state of a high-dimensional system such as a fluid flow. Here, we

assume evenly sampled snapshots, although this is generally not required [42, 99].

The DMD algorithm constructs the leading eigendecomposition of the best-fit operator

A, chosen to minimize ‖xk+1−Axk‖2 over the k = 0,2,3, · · · ,m−1 snapshots, so that X′ ≈
AX. Computationally, the matrix A is obtained as

A = X′X† (2.12)

where A ∈ Rn×n and X† is the Moore-Penrose pseudo-inverse of X. The dominant eigen-

vectors of A are the dynamic modes Φ, and the associated eigenvalues determine how

these modes behave in time.

In practice, the high-dimensional A is not computed directly. Instead, the SVD can

be used to first project to a low-rank subspace and then compute the matrix Ã = U∗AU

which has many of the same eigenvalues as A. This provides an efficient algorithm whose

computational expense is bounded by the rank r of the data. The exact DMD algorithm

of Tu et al. [42] is shown in Algorithm 1. Using a variable projection optimization scheme,
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Algorithm 1 Exact DMD [42]

Input: Data matrix X, shifted data matrix X′, and target rank r.
Output: DMD spectrum Λ and modes Φ.

1: procedure DMD(X,X′,r)
2: [U,Σ,V]← SVD(X,r) . Truncated r-rank SVD of X.
3: Ã← U∗X′VΣ

−1 . Low-rank approximation of A.
4: [W,Λ]← EIG(Ã) . Eigen-decomposition of Ã.
5: Φ← X′VΣ

−1W . DMD modes of A.
6: end procedure

Note: If λi = 0, then φ i = Uwi for step 5. In the original DMD algorithm [100] all modes
are computed as φ i = Uwi.

the exact DMD method can be modified to handle arbitrary temporal spacing between

snapshots. It further produces a more robust, or optimal DMD approximation, for noisy

data [99].

2.3.1 Dynamic mode decomposition with control

The dynamic mode decomposition with control (DMDc) method is a critically enabling

extension of DMD [85]. DMDc disambiguates between the underlying dynamics and

the effects of actuation, modifying the basic assumption of DMD to include the effect of

inputs uk ∈ Rq,

xk+1 = Axk +Buk (2.13)

where B ∈ Rn×q . The matrix form of the actuation is

ϒ =


u0 u1 . . . um−1


 . (2.14)
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The system can be written in matrix form as:

X′ = AX+Bϒ (2.15)

where each column uk of the input snapshot matrix ϒ is the input at each snapshot in

Eq. (2.14) and the data matrices X,X′ are formulated in the same way as in Eq. (2.10).

A least-squares regression algorithm can once again be used to determine the matrix

A and its associated DMD modes and eigenvalues. Two distinguishing cases can be con-

sidered, when B is known and when B is unknown. When the input matrix B is known,

or can be well-estimated, the output is a simple linear combination of states and inputs.

The DMD modes can then be obtained following the procedure of the exact DMD algo-

rithm 1 with X′ replaced with X′−Bϒ. For an unknown B it is possible to compute the

DMD modes and an approximation to the matrix B via regression [85]. For this case, an

augmented matrix containing both the state and input snapshots is constructed

Ω =


X

ϒ


 (2.16)

along with an augmented matrix containing the two unknown system matrices

G =
[
A B

]
. (2.17)

The regression problem is then formulated as

X′ =
[
A B

]

X

ϒ


= GΩ (2.18)

where Ω ∈ R(n+q)×m is the combination of the state and control snapshots. The DMDc

algorithm with an unknown B is shown in Algorithm 2. Importantly, the SVD now con-
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Algorithm 2 DMD with control [85]

Input: Data matrices X, X′, input snapshot matrix ϒ, target rank r of X or X′ and r̃ of Ω.
Optional: Actuation matrix B.
Output: Spectrum Λ, modes Φ, [and actuation matrix B̂].

. Optional outputs in brackets [·].
1: procedure DMDC(X,X′,ϒ,r, r̃, [B])
2: if B is known then
3: [Λ,Φ]← DMD(X,X′−Bϒ,r) . Perform DMD (Algorithm 1) adjusted
4: . for known actuation.
5: else

6: Ω←
[

X
ϒ

]
. Matrix of the state and input snapshots.

7: [Ũ, Σ̃, Ṽ]← SVD(Ω, r̃) . Truncated r̃-rank SVD of Ω.
8: Ũ1, Ũ2← Ũ . Split Ũ into two components.
9: [Û, Σ̂, V̂]← SVD(X′,r) . Truncated r-rank SVD of X′.

10: Ã← Û∗X′ṼΣ̃
−1Ũ∗1Û. . Low-rank approximation of A.

11: B̃← Û∗X′ṼΣ̃
−1Ũ∗2 . Estimate reduced actuation matrix B̃.

12: B̂← X′ṼΣ̃
−1Ũ∗2 . Estimate actuation matrix B̂.

13: [W,Λ]← EIG(Ã) . Eigendecomposition of Ã.
14: Φ← X′ṼΣ̃

−1Ũ∗1ÛW . DMD modes of A.
15: end if
16: end procedure
Note: If λi = 0, then φ i = Ũ1Ũ∗1Ûwi for step 13.

structs a low-rank representation of the state and input variables, both of which are used

to produce approximations of the matrices A and B through low-rank structures. Much

like the DMD algorithm, DMDc relies on least-squares regression of the data to build a

linear model A of the state dynamics that is disambiguated from the discovered actuation

matrix B. DMDc is effective when the input actuation ϒ is dynamically rich, but may fail

if the inputs don’t excite all of the relevant dynamics.

2.3.2 Compressed sensing and dynamic mode decomposition

Another innovation of the DMD algorithm addresses limitations on measurement and ac-

quisition of a dynamical system. Such limited data acquisition is often imposed by phys-
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ical constraints, such as data-transfer bandwidth in particle image velocimetry (PIV), or

the costs of sensors. Given the low-rank nature of the spatiotemporal structures exhib-

ited in many complex systems, we can utilize ideas from Compressed Sensing [88, 87, 89]

to reconstruct the full high-dimensional state x from a small number of measurements.

Compressive DMD (cDMD) develops a strategy for computing the dynamic mode de-

composition from compressed or subsampled data [2].

Consider compressed or subsampled data Y given by

Y = CX, (2.19)

where C is a measurement matrix. There are two key strategies to cDMD as illustrated

in Fig. 2.2. First, it is possible to reconstruct full-state DMD modes from heavily subsam-

pled or compressed data using Compressed Sensing. This is called Compressed Sensing

DMD, and it is appropriate to use when access to the full state space is not possible due

to constraints on physical measurements. Second, if full-state snapshots are available, it

is possible to first compress the data, perform DMD, and then reconstruct by taking a

linear combination of the snapshot data, determined by the DMD on compressed data.

This is called compressed DMD. In this case, it is assumed that one has access to the full

high-dimensional state space data. The theory for either of these methods relies on rela-

tionships between DMD on full-state and compressed data. Importantly, when data and

modes are sparse in some transform basis, then there is an invariance of DMD to mea-

surement matrices that satisfy the restricted isometry property (RIP) from Compressed

Sensing.

In addition to the the data matrices X and X′, it is also now required to specify a mea-

surements matrix C. These three matrices together are required to execute Algorithm 3.

In practice, we often consider point measurements so that the rows of C are rows of the

identity matrix. For DMD modes that are global in nature, point measurements naturally
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Figure 2.2: Schematic of DMD and compressive DMD. Path 1 shows compressed DMD
and path 2 shows Compressed Sensing DMD ( [2]).

satisfy the RIP property as they are incoherent with respect to the global modes. The

success of the method, both the compressive-sampling DMD and the cDMD, has been

demonstrated by Brunton et al. [2] to be an effective strategy for subsampling of data and

the reconstruction of DMD modes and eigenvalues.

2.4 Sparse identification of nonlinear dynamics

The sparse identification of nonlinear dynamics (SINDy) algorithm [51] identifies nonlin-

ear dynamical systems from measurement data. It is based on the fact that many dynam-

ical systems have the dynamics with only a few active terms in the right-hand side of the

governing functions:

d
dt

x(t) = f(x(t)). (2.20)
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Algorithm 3 Compressive DMD [2]

Input: Measurements Y,Y′, measurement matrix C, sparsifying basis Ψ, and target rank
r.

Optional: X,X′.
Output: cDMD spectrum Λ and modes Φ̂.

1: procedure CDMD(Y,Y′,C,r, [X,X′]).
2: [UY,ΣY,VY]← SVD(Y,r) . Truncated r-rank SVD of Y.
3: ÃY← U∗YY′VYΣ

−1
Y . Low-rank approximation of AY.

4: [WY,ΛY]← EIG(ÃY) . Eigendecomposition of ÃY.
5: if X is known then . Perform compressed DMD.
6: Φ̂← X′VYΣ

−1
Y WY . Estimate DMD modes of A.

7: else . Perform Compressed Sensing DMD.
8: ΦY← Y′VYΣ

−1
Y WY . DMD modes of AY.

9: ΦS← Compressed Sensing(ΦY,C,Ψ) . Perform l1 minimization on φYi
10: . to solve for φSi.
11: Φ̂←ΨΦS . Estimate DMD modes of A.
12: end if
13: end procedure
Note: If λi = 0, then φ i = UwY,i,φ Y,i = UYwY,i for steps 6 and 8.

SINDy seeks to approximate the vector field f by a generalized linear model:

f(x)≈
p

∑
k=1

κk(x)ξ k = K(x)ξ (2.21)

with as few non-zero terms in ξ as possible. The relevant terms that are active in the dy-

namics are then solved for using sparse regression that penalizes the number of functions

in the library K(x).

This method is based on measurement data in a matrix X as in Eq. (2.10). The corre-

sponding matrix of derivatives can be obtained from experiments directly or computed

from the data in X numerically,

Ẋ =
[
ẋ(t1) ẋ(t2) · · · ẋ(tm)

]T
. (2.22)
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A library of candidate nonlinear functions K(X) is constructed using polynomial func-

tions of X:

K(X) =
[
1 X X2 · · · Xd · · · sin(X) · · ·

]
, (2.23)

where the matrix Xd denotes a matrix with column vectors given by all possible d-th de-

gree polynomials in the state x. It may also be possible to include trigonometric functions

as in Eq. (2.23). The dynamical system in Eq. (2.20) can then be represented by the data

matrices in Eq. (2.22) and Eq. (2.23) as

Ẋ = K(X)Ξ. (2.24)

Notice that Eq. (2.24) is equivalent to DMD as in Section 2.3 when K(X) = X. The poly-

nomial and trigonometric functions facilitates the approximations to the nonlinearities of

the systems. Here, each column ξ j in Ξ is a vector showing the coefficients of the active

terms in the j-th row of Eq. (2.20). The coefficients Ξ are sparse for most dynamical sys-

tems. Sparse regression is employed to identify a sparse Ξ corresponding to the fewest

nonlinear terms in the library that give a reasonable model performance. The model may

also be formulated as a convex `1-regularized sparse regression:

ξk = argmin
ξ
′
k

‖Ẋk−K(X)ξ ′k‖2 +α‖ξ ′k‖1, (2.25)

where ‖·‖1 promotes sparsity in the coefficient vector ξ k and the parameter α balances

low model complexity with accuracy. It has been shown that for noisy overdetermined

problems, sparse regression techniques, such as the least absolute shrinkage and selection

operator (LASSO) [23]or the sequential thresholded least-squares (STLS) [51] are effective.

SINDy utilities convex optimization on reasonable amounts of measurement data to

discover the most significant terms required to explain the system’s dynamical behavior.
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This architecture avoids overfitting by identifying a parsimonious model, which is more

explainable or predictable than black-box machine learning. However, the framework

may fail if the function library does not contain physically meaningful functions that span

the dynamics.
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Chapter 3

DATA-DRIVEN METHODS IN FLUID DYNAMICS: SPARSE
CLASSIFICATION FROM EXPERIMENTAL DATA

This chapter [92] explores the use of data-driven methods, including machine learn-

ing and sparse sampling, for systems in fluid dynamics. In particular, camera images of

a transitional separation bubble are used with dimensionality reduction and supervised

classification techniques to discriminate between an actuated and an unactuated flow.

After classification is demonstrated on full-resolution image data, similar classification

performance is obtained using heavily sub-sampled pixels from the images. Finally, a

sparse sensor optimization is used to determine optimal pixel locations for accurate clas-

sification. With 5-10 specially selected sensors, the median cross-validated classification

accuracy is≥ 97%, as opposed to a random set of 5-10 pixels, which result in classification

accuracy of 70-80%. The methods developed here apply broadly to high-dimensional data

from fluid dynamics experiments. Relevant connections between sparse sampling and the

representation of high-dimensional data in a low-rank feature space are discussed.

3.1 Experimental description

Experiments are conducted by collaborators in a low-speed water tunnel at the Institute

PPRIME, Poitiers. The closed-circuit, free surface water tunnel has a test section of 2.1m

length, 0.5m width and 0.34m height. The ramp model consists of a flat plate of length

L = 100mm followed by a smooth ramp of height 60mm and length 600mm. The model

is 498mm wide and spans the width of the test section, except for 1mm gaps between the

walls and the ramp. The ramp leading edge divides the oncoming flow into an upper
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Fig. 1 Schematic illustrating experimental set-up, including bubble visualization for separated
flow past a backward facing ramp.

Baseline Controlled

t = 0.118 s t = 0.118 s

t = 0.597 s t = 0.597 s

t = 1.098 s t = 1.098 s

t = 1.598 s t = 1.598 s

Fig. 2 Bubble visualizations for flow past a ramp. The baseline case is without control (left) and
the case with control (right) is used to manipulate the separation length.

Baseline

Controlled

Figure 3.1: (left) Schematic illustrating the experimental set-up, including bubble visual-
izations of the separated flow past a backward facing ramp. (right) Bubble visualizations
for flow past a ramp are shown for the baseline case (top) and the case with control (bot-
tom).

stream following the ramp contour and a stream below the model. Downstream of the

ramp, a horizontal plate prolongates the separated flow to reduce the impact of temporal

changes in the flow structure during forcing. The stagnation point on the leading edge is

controlled by adjustable pressure losses at the outlet of the upper stream. The Reynolds

number is given as Re = UL/ν with respect to the free-stream velocity U , and the kine-

matic viscosity ν of water. The Reynolds number is fixed to Re = 7900±100. A schematic

is shown in Fig. 3.1 (left).

Beginning from the leading edge, a laminar zero pressure gradient boundary layer de-

velops along the flat plate. Above the smooth ramp this boundary layer separates under

the influence of an adverse pressure gradient which is fixed by the shape of the ramp.

Downstream of the flow detachment, the newly-formed separated shear layer becomes

unstable and undergoes laminar-to-turbulent transition, allowing the flow to reattach.

Between the wall and the separated main flow, recirculating fluid marks the extensions

of the laminar separation bubble (LSB). The ramp contour follows a polynomial shape
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of order 7 for which Sommer [101] numerically determined the position of the laminar

separation bubble.

Locally-controlled forcing is enabled by a stainless steel wire of 0.13±0.01mm in diam-

eter and supported by an oscillating holder. The wire crosses the span of the model and

is located at 90±2.5mm downstream of the leading edge. A vertical sinusoidal motion of

the wire is imposed using a line servo (RS-2 modelcraft) piloted by an Arduino-Due mi-

croprocessor. The frequency is varied between 0.1 and 3Hz and the oscillation amplitude

is set at 3±1mm. In all experiments, the mean vertical position of the oscillating wire was

fixed at 3.5±0.5mm above the ramp model.

Flow visualizations are obtained using the hydrogen bubble technique [102]. For that

purpose, a 0.050± 0.005mm thick stainless steel wire deformed into a zigzag pattern is

fixed in the middle of the ramp at 300± 5mm downstream of the leading edge. When

applying a negative potential, between 30 and 90 Volts, hydrogen bubbles are produced

at the wire and convected downstream. A computer controlled function generator is em-

ployed to trigger the release of bubbles to obtain periodic timelines. These timelines mark

the position of the separated shear layer and patches related to the rolling up of tracer

particles by vortical structures during reattachment, as shown in Fig. 3.1 (right) for the

baseline and controlled cases.

The images have a resolution of 2116× 812 pixels, and they are acquired at 10 Hz.

During the process of recording the image sequence, the bubble diameter increases and

the timely precision of bubble release diminishes due to electrochemical processes close

to the electrodes. Furthermore, during their progression in the downstream direction, the

bubbles shrink. Therefore, the intensity of light reflections and contrast change in time

and space during an image sequence. In the following analysis, we classify baseline and

control cases using the full image data, with lighting changes, etc., and we also use an

isolated data set that consists of a short sequence of images with constant lighting and

bubble density. Throughout, these will be referred to as “Full Data" and “Isolated Data",
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Figure 3.2: Schematic illustrating the use of PCA (feature extraction) and LDA (supervised
classifier) for the automatic classification of data into two categories B and C.

with the modifiers "Baseline" or “Controlled".

3.2 Classification of fluids based on image data

Here, we demonstrate supervised learning techniques to distinguish between the baseline

and controlled fluid flow fields from camera images. Supervised learning requires labeled

training data, where the desired distinction (i.e., baseline vs controlled) is recorded in a

vector of labels (i.e., ‘B’ corresponds to baseline images and ‘C’ corresponds to controlled

images). In contrast, unsupervised learning, such as K-means, seeks to find natural clus-

tering of the data in some feature space.

3.2.1 Methods – machine learning and dimensionality reduction

The methods presented here are general, and may be used to estimate other relevant flow

quantities, as long as there is a labeled set of training data. Fig. 3.2 shows a schematic of

the supervised classification algorithm used in this work. A data matrix X =
[
XB XC

]

is constructed by concatenating image vectors from the baseline (‘B’) and controlled (‘C’)

cases. Each image is reshaped into a large column vector with as many rows as pixels

in the original image, similar to how velocity fields are stacked in the method of snap-

shots [9]. The mean image is subtracted from X.
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Next, a low-rank feature space, Ψ (note that Ψ is the same as U in Chapter 2), is ob-

tained by applying the principal components analysis (PCA), which is closely related to

POD/SVD:

X = ΨΣV∗. (3.1)

In this low-dimensional coordinate system, the data is assumed to separate into clusters

according to the labels. Often the basis Ψ is truncated to only contain energetic modes. A

state x may be approximated in this truncated coordinate system as x≈Ψα , where α are

the PCA/POD coordinates of x in Ψ.

Finally, it is possible to identify the direction w in feature space that optimally sep-

arates the data clusters using the linear discriminant analysis (LDA) [13, 14]. Once the

discriminant vector w is determined, it is possible to project images into a decision space

by taking the inner product of the image PCA coordinates α with w.

η = wT
α = wT

Ψ
T x. (3.2)

The value of η determines whether the image x is classified as category ‘B’ or ‘C’.

The performance of a classifier is determined using cross-validation, whereby the data

is randomly partitioned into a training set (80%) and a test set (20%). The classifier is built

using only training data and it is then used to predict labels in the test set; the percentage

of correctly identified test labels determines the accuracy of the classifier. 1000 rounds of

cross-validation are performed on different 80%/20% random shuffling of the data.

There are many alternatives to the choices above. First, if the data does not cluster in

a PCA feature space, then feature engineering will be critical to determine the transforma-

tions that isolate features to distinguish the data. Next, there is a host of advanced su-

pervised learning techniques including quadratic discriminant analysis (QDA), support

vector machines (SVM), and decision trees, to name a few [13, 14]. However, we prefer
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to use PCA/LDA because of the ease of implementation and their usefulness with opti-

mization algorithms in later sections. And most importantly, the data is well-separated

with LDA in a PCA feature space.

PCA is often computed using an SVD, which is a spatial-temporal decomposition of

data X into a hierarchy of spatial coherent structures, given by the columns of Ψ, and

temporal coherent patterns, given by the columns of V. The importance of each mode is

quantified by the entries of the diagonal matrix Σ. For high-dimensional data the SVD

may be computed using the method of snapshots [9]:

X∗X = VΣ
2V∗ =⇒ X∗XV = VΣ

2. (3.3)

Thus Σ and V may be obtained by an eigendecomposition of the symmetric matrix X∗X.

Afterwards, the modes Ψ may be constructed as: Ψ = XVΣ
−1. Note that Ψ and V are both

unitary matrices.

3.2.2 Classification results on high resolution image data

Fig. 3.3 shows the results of principal components analysis on the high-resolution full

image sequence data. The modal variance decays somewhat slowly, and the modes and

coefficients are shown below. Mode 2 corresponds to a lighting change observed in the

full image sequence, which can also be seen in the spikes in the temporal coefficients

in both the baseline and controlled data. When performing PCA on the isolated image

sequence, there is no longer a mode corresponding to a change in lighting, and the modal

energy decays more rapidly.

Fig. 3.4 shows the baseline and controlled data projected into the first three PCA co-

ordinates, for both the full image sequence data and the isolated image sequence data. In

both cases, the baseline and control sequences are well separated, although the separation

is better for the isolated images, which have more uniform conditions. Fig. 3.5 shows the
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Figure 3.3: PCA results on full image sequence data. The singular values (top) indicate
the energy of each mode. The PCA modes (left) and coefficients (right) show dominant
spatial/temporal features.

separating plane determined by LDA. Table 3.1 quantifies the performance of LDA classi-

fication in a PCA space with 5 modes and with 10 modes. With 10 PCA modes, the LDA

classifier is perfect in both the isolated and full image sequences. Using only 5 modes, the

full image sequence has around 4% error.

3.3 Sparse classification on compressed/subsampled data

After demonstrating in the previous section that flows may be classified accurately using

full-resolution images, here we show that similar classification may be achieved using



31

 

α1

α2 

α
3

Baseline

Controlled

Full Image Sequence Data
 

α1

α2 
α

3

Baseline

Controlled

Isolated Image Sequence Data

Figure 3.4: Data plotted in the first three PCA coordinates α = (α1,α2,α3)
T . The full data

(left) is reasonably well-separated. The isolated data (right) is very well separated.

Table 3.1: Performance of LDA classification in a PCA feature space with 5 and 10 modes
on the full image sequence data and the isolated image sequence data.

Full Image Sequence Isolated Image Sequence

Er
ro

r 5 Modes 3.82±1.79% 0.00%
10 Modes 0.00% 0.00%

heavily subsampled or compressed image data. This is important to reduce the data ac-

quisition and processing required for high-level decisions. Reducing processing is impor-

tant for mobile applications, where on-board computations are power constrained, and

for control, where the fastest decision is desirable.
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Figure 3.5: The LDA separating plane is shown for one instance of cross-validation. Al-
though all controlled data are correctly classified, any purple squares to the right of the
plane are misclassified, and are also labeled with black crosses.

3.3.1 Methods – sparsity and low rank structures

In this section, we assume that we take subsampled or compressed measurements Y,

which are related to the full resolution data X by:

Y = CX. (3.4)

The matrix C ∈ Rp×n is a measurement matrix. It may consist of p random rows of the

identity matrix, which would correspond to p single-pixel measurements at those loca-

tions. Alternatively, C may be a matrix of independent, identically distributed Gaussian

or Bernoulli random variables. Random Gaussian measurements are generically power-

ful for signal reconstruction [17], but single pixel measurements are particularly useful

for engineering purposes. Beyond their use in classifying images, we may consider point
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sensor placement on a wing or in the ocean or atmosphere to accumulate information

about complex time-varying flows.

Even with a significant reduction in the data, accurate classification is possible, since

the relevant information exists in a low-dimensional subspace. Nearly all natural images

are sparse in a discrete Fourier transform (DFT) basis, meaning that most of the Fourier

coefficients are small and may be neglected; this is the foundation of image compression.

Fluid velocity fields are also sparse in the Fourier domain [37].

If the data X is sparse in a basis Ψ (either DFT or PCA), then we may write:

Y = CX = CΨS, (3.5)

where the columns of S are sparse vectors (i.e., mostly zero), and the basis Ψ is a unitary

matrix. Compressed sensing is based on the observation that under certain conditions

on the measurement matrix C, the projection CΨ will act as a near isometry on sparse

vectors [16, 17, 18]. This means that inner products of the columns of Y will be similar

to the inner products of corresponding columns of S. Further, since Ψ is unitary in the

case of a DFT or PCA basis, these inner products of columns of Y will also resemble inner

products of columns of X. Thus, using the method of snapshots, we recover the dominant

correlations in the data X from the SVD of Y:

Y∗Y≈ X∗X = S∗S. (3.6)

3.3.2 Classification results on subsampled data

Fig. 3.6 shows the PCA projection of the baseline and controlled data for random single-

pixel subsampling of the data. In the top row, p = 1718 random pixels are used, which

account for 0.1% of the total pixels in the image. Decreasing the number of random pixels

causes the clusters to merge, making classification more difficult.
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Figure 3.6: Subsampled data plotted in the first three PCA coordinates for the full image
sequence (top) and isolated image sequence (bottom). The number of random single-pixel
sensors range from 1718 (left), to 172 (middle), to 17 (right). With more compression, the
clusters begin to merge.

Fig. 3.7 shows the cross-validated classification error versus the number of random

sensors chosen. In both the top and the bottom plots, LDA classification is applied in a

PCA feature space with 10 modes, and 1000 instances were used for cross-validation. For

the isolated image sequence data, the median error is 0% for as few as 34 random sensors,

and for the full image sequence data, the median error is 0% for 344 random sensors. As

might be expected, it is easier to classify baseline and control images in the isolated image

sequence, because it is more uniform and coherent. However, depending on the 80%/20%

partition used for cross-validation, the classification error may be nearly 50%.
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Figure 3.7: Error vs. number of random single-pixel sensors on full image sequence (top)
and isolated image sequence (bottom) for 10 PCA modes. 1000 instances are used for
cross-validation. The red line is the median, and the dashed lines and blue box boundaries
denote quartiles of the distribution.

The ability to perform accurate classification with p ∼ O(10)–O(100) randomly se-

lected single-pixel sensors has significant implications in the data-driven processing and

control of fluid systems from optical measurements. First, less spatial data must be col-

lected, reducing data transfer and making improved temporal sampling rates possible.

Second, all computations are done in a low-dimensional subspace, making it possible to

make control decisions with low latency.
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3.4 Optimal sensor placement and enhanced sparsity

In the previous section, we demonstrated that machine learning may be applied to heavily

subsampled data, although performance was degraded at large compression ratios. Here,

we demonstrate an algorithm that optimizes sensor locations for categorical decisions,

resulting in accurate classification with an order of magnitude less sensors than achieved

with random placement [26].

3.4.1 Methods – optimal sensor placement

One of the cornerstone advances in compressed sensing is that it is now possible to solve

for the sparsest solution vector to an underdetermined system of equations

Ax = b, (3.7)

using convex optimization. Previously, solving for the sparsest vector x would involve a

combinatorial brute-force search to find the x with smallest `0 norm, where ‖x‖0 is equal

to the number of nonzero elements in x. However, it is now known that we may approxi-

mate the sparsest solution with high probability by minimizing the `1 norm, ‖x‖1 =∑
N
k=1 |xk|,

which is a convex minimization. Therefore, it is now possible to solve increasingly large

systems in a way that scales favorably with Moore’s law of exponentially increasing com-

puter power. There are a number of technical restrictions on the sizes of x and b as well

as the spectral properties of the matrix A [16, 17, 18].

Recently, the `1 convex-minimization architecture has been leveraged to solve for op-

timal sensor placement for categorical decision making [26]. This optimization seeks to

find a small number of pixels that are able to capture as much information as possible

about the position of an image in the decision space. Specifically, we seek to find the
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sparsest vector s ∈ Rn that satisfies the following relationship:

s = argmin
s′
‖s′‖1 such that Ψ

T s′ = w. (3.8)

The vector s is the size of a full image, but it contains mostly zeros. Since w is in an r-

dimensional feature space, Eq. (3.8) may be solved with a vector s with at most r nonzero

components. Thus, it is possible to sample the image data at these r critical pixel locations,

and perform classification in an r dimensional subspace. This is called the sparse sensor

placement optimization for classification (SSPOC) algorithm. We will demonstrate that

accurate classification may be achieved using an order of magnitude fewer sensors, as

compared with randomly placed sensors.

3.4.2 Classification on optimized sensors

Fig. 3.8 shows the PCA clustering of data using 6 optimal sensor locations (top) and 6

randomly chosen pixels (bottom). The cluster separation with optimal sensors is striking,

when compared with the clusters from random sensors. The cross-validated classification

performance is shown in Fig. 3.9. The optimal 6 sensor locations provide a significant

improvement over random.

Fig. 3.10 shows the ensemble of sensor locations determined by the SSPOC algorithm

over 100 instances of cross-validation. A number of interesting features are found in this

data, including sampling of the boundary layer profile and the shear layer. The boundary

layer sampling is more pronounced in the isolated image sequence data. In the baseline

case, the shear layer remains steady and is nearly horizontal, as opposed to the controlled

case, where the Kelvin-Helmholtz instability causes vortex roll-up to occur much sooner

(see Fig. 3.11).

In the image sequence of the controlled case, the disturbance propagation can be ob-

served close to the ramp wall before the flow actually separates. This may explain why
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Figure 3.8: PCA clustering of data using optimal sensors (top) and using random sensors
(bottom).

so few sensors are along the separation line in the isolated image sequence.

3.5 Summary

In this analysis, we demonstrate that methods from machine learning and sparse sam-

pling may be applied to classify fluid flows from inexpensive camera images. In par-
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Figure 3.9: Comparison of cross-validated error using optimal sensor locations (black)
and random sensors (red) on the full image sequence (top) and the isolate image sequence
(bottom). Here, the LDA classification is done directly in the pixel space.

ticular, we use linear discriminant analysis (LDA) clustering techniques in a POD/PCA

reduced subspace to classify images of a transitional separation bubble with and without

forcing. Sparsity techniques are used to demonstrate that similar classification perfor-

mance can be obtained with many fewer pixel measurements. Finally, a sparse sensor

optimization algorithm is used to determine the fewest pixel sensors required for classi-

fication. We find that a small handful of sensors (between 5 and 10) result in a median
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Figure 3.10: Optimal sensor locations (red) for full image sequence data (top) and isolated
image sequence data (bottom). A single cross-validation instance is shown on the left,
and the ensemble of sensor locations are shown on the right. In each case, the second
row provides a zoom-in near the ramp. The size of the circle denotes how frequently this
location was chosen in the ensemble.

cross-validated classification performance of ≥ 97%.

There are numerous avenues to extend this work in fluid dynamics. First, it would
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Figure 3.11: Bubble visualizations for flow past a ramp with zoom-in around inlet.

be natural to apply these methods to multi-way classification in flows with more distinct

states. It may also be possible to estimate the phase of a periodic or quasi-periodic flow

for use in a closed-loop feedback control strategy. The sparse estimation of bifurcation

regimes may also be useful for parameterized reduced-order modeling techniques [27,

28].

More generally, we envision an increasing role for innovations in data-science for com-

plex fluid flows. With increasingly large data sets, methods to distill meaningful features

from subsampled data will become more important. Furthermore, bio-inspired engineer-

ing and control design will likely favor low-dimensional computations that evolve on

subspaces or manifolds that capture relevant information for control and decision tasks.

The simultaneous explosion of data, the miniaturization of sensing and actuation hard-

ware, and the renaissance of techniques in applied mathematics make this an exciting

time for data-driven control in fluid dynamics.
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Chapter 4

DYNAMIC MODE DECOMPOSITION FOR COMPRESSIVE SYSTEM
IDENTIFICATION

In this chapter [93], we integrate and unify two recent innovations that extend DMD

to systems with actuation [85] and systems with heavily subsampled measurements [2].

When combined, these methods yield a novel framework for compressive system identi-

fication 1. It is possible to identify a low-order model from limited input–output data and

reconstruct the associated full-state dynamic modes with compressed sensing, adding in-

terpretability to the state of the reduced-order model. Moreover, when full-state data is

available, it is possible to dramatically accelerate downstream computations by first com-

pressing the data. We demonstrate this unified framework on two model systems, inves-

tigating the effects of sensor noise, different types of measurements (e.g., point sensors,

Gaussian random projections, etc.), compression ratios, and different choices of actuation

(e.g., localized, broadband, etc.). In the first example, we explore this architecture on a

test system with known low-rank dynamics and an artificially inflated state dimension.

The second example consists of a real-world engineering application given by the fluid

flow past a pitching airfoil at low Reynolds number. This example provides a challenging

and realistic test-case for the proposed method, and results demonstrate that the domi-

nant coherent structures are well characterized despite actuation and heavily subsampled

data.

1Code is publicly available at: https://github.com/zhbai/cDMDc

https://github.com/zhbai/cDMDc
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4.1 Compressive system identification

A major benefit of dynamic mode decomposition is that it provides a physically inter-

pretable and highly extensible linear model framework, which enables the incorporation

of actuation inputs and sparse output measurements. When combined, these innovations

result in the compressive DMD with control (cDMDc) architecture for compressive system

identification, where low-order models are identified from input–output measurements.

In contrast to traditional system identification, the reduced states of the cDMDc mod-

els may be used to reconstruct the high-dimensional state space via compressed sensing,

adding physical interpretability to the models. Thus, cDMDc relies on the existence of a

few dominant coherent patterns, which in turn facilitates sparse measurements.

We now consider a general input–output system with high-dimensional state x:

xk+1 = Axk +Buk (4.1a)

yk = Cxk. (4.1b)

As in DMD, the goal is to obtain the leading eigendecomposition of A, resulting in a low-

order model in terms of a few DMD modes. However, now we must account for limited

measurements in the output y and disambiguate internal state dynamics from the effect

of actuation u. Writing Eq. (4.1) in terms of data matrices yields:

X′ = AX+Bϒ (4.2a)

Y = CX. (4.2b)

Under certain conditions it is possible to apply DMDc to the compressed data Y and

then recover full-state DMD modes via compressed sensing. As in the compressive DMD

algorithm [2], if full-state data X is available, significant computational savings may be

attained by compressing the data and working in the compressed subspace. If full-state
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X, X′, ϒ, [B]

C

Y, Y′, ϒ, [B]

DMDc

X′ = AX+Bϒ
Λ, Φ, [B̂]

ΛY, ΦY, [B̂Y]

Path 1:
Compressed DMDc

Path 2: Compressed sensing DMDc

Figure 4.1: Schematic of compressive DMD control. Path 1 shows compressed DMDc and
path 2 shows compressed sensing DMDc.

data is unavailable, it may still be possible to reconstruct full-state modes via convex opti-

mization, exploiting sparsity of the modes in a generic basis, such as Fourier or wavelets.

The cDMDc framework is shown in Fig. 4.1, and is described in algorithm 4.

We now prove that when compressed, DMD eigenvectors of the full data X become

DMD eigenvectors of the compressed data Y. This section relies on notation developed

above, which is consolidated in the nomenclature. Matrices with a subscript Y are com-

puted on compressed data, and matrices with a tilde are computed from the SVD of the

augmented matrix Ω.

Assumption 1. The measurement matrix C preserves the temporal information in Ω so that

ṼYṼ∗YṼ = Ṽ. This requires the columns of Ṽ to be in the column space of ṼY and will only be

approximately satisfied with measurement noise.

Assumption 2. The columns of the full-state output matrix X′ are in the subspace of the upper
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Algorithm 4 Compressive DMD with control

Input: Measurement snapshot matrices Y,Y′, sensing matrix C, input snapshot matrix ϒ,
and target rank r, r̃.

Optional: Full-state data matrices X,X′ and actuation matrix B.
Output: cDMDc spectrum Λ and modes Φ̂, [B̂].

1: procedure CDMDC(Y,Y′,C,r, r̃, [X,X′,B])
2: if X is known then
3: if B is known then
4: Λ,Φ̂← cDMD(Y,Y′−CBϒ,C,X,X′,r) . Perform compressed DMD.
5: else
6: ΛY, ÛY, ŨY,1, ŨY,2, Σ̃Y, ṼY,WY
7: ← DMDc(Y,Y′,ϒ,r, r̃,X,X′−Bϒ) . Perform DMDc.
8: Φ̂← X′ṼYΣ̃

−1
Y Ũ∗Y,1ÛYWY . Estimate DMD modes of A.

9: B̂← X′ṼYΣ̃
−1
Y Ũ∗Y,2 . Estimate actuation matrix B̂.

10: end if
11: else
12: if B is known then
13: Λ,Φ̂← cDMD(Y,Y′−CBϒ,C,r) . Perform compressed sensing DMD.
14: else
15: ΛY,ΦY, B̂Y← DMDc(Y,Y′,ϒ,r, r̃) . Perform DMDc.
16: Φ̂← Compressed Sensing(ΦY,Ψ) . Estimate DMD modes of A.
17: B̂← Compressed Sensing(B̂Y,Ψ) . Estimate actuation matrix B̂.
18: end if
19: end if
20: end procedure
Note: If λi = 0, then φ i = ŨŨ∗Y,1ÛYwY,i for step 7.

left singular vectors Ũ1 of the full-state augmented matrix Ω so that Ũ1Ũ∗1X′ ≈ X′.

Lemma 1. If Assumption 1 holds, we have an identity ṼΣ̃
−1

= ṼYΣ̃
−1
Y Ũ∗Y,1CŨ1, similar to that

derived in [2]:

Proof.



46

Y = CX

ŨY,1Σ̃YṼ∗Y = CŨ1Σ̃Ṽ∗

Ṽ∗YṼΣ̃
−1

= Σ̃
−1
Y Ũ∗Y,1CŨ1

ṼYṼ∗YṼΣ̃
−1

= ṼYΣ̃
−1
Y Ũ∗Y,1CŨ1

ṼΣ̃
−1

= ṼYΣ̃
−1
Y Ũ∗Y,1CŨ1.

The next theorem uses the following definitions of A and AY from the DMDc and

cDMDc algorithms:

A = X′ṼΣ̃
−1Ũ∗1

AY = Y′ṼYΣ̃
−1
Y Ũ∗Y,1.

Theorem 1. If Assumption 1 and 2 hold, then

CAX′ = AYCX′. (4.3)

Proof. Using Lemma 1, we have

CAX′ = C(X′ṼΣ̃
−1Ũ∗1)X

′

= Y′(ṼYΣ̃
−1
Y Ũ∗Y,1CŨ1)Ũ∗1X′

= AYCŨ1Ũ∗1X′

= AYCX′.

Thus, the compression matrix C commutes with the dynamics in A, when applied to
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data X′. We use this to obtain the central result: compressed dynamic modes of the full

data are dynamic modes of the compressed data.

Theorem 2. If Assumptions 1 and 2 hold, then compressing a full-state DMDc eigenvector φ

yields a DMDc eigenvector of the compressed data with the same eigenvalue:

AYCφ = λCφ . (4.4)

Proof.

AYCφ = AYCX′ṼΣ̃
−1Ũ∗1Ûw

= CAX′ṼΣ̃
−1Ũ∗1Ûw

= CAφ

= λCφ .

If C is chosen poorly so that φ is in its nullspace, then Theorem 2 applies trivially.

This theorem does not guarantee that every eigenvector of AY is a compressed eigenvec-

tor of A, although under reasonable assumptions the dominant eigenvalues of AY will

approximate those of A, as shown in [2]. We then have

φ Y = Cφ X = CΨφ S, (4.5)

where φ S is the sparse representation of φ X in a universal basis Ψ, such as a Fourier or

wavelet basis. Thus, it is possible to recover φ S, and hence φ X, from compressed DMD

modes φ Y, given enough incoherent measurements [2].
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Compressed recovery of the actuation matrix. We now establish a similar relationship

between the full-state actuation matrix B and the compressed matrix BY.

Assumption 3. The columns of ŨY,2 are spanned by those of Ũ2, so Ũ2Ũ∗2ŨY,2 = ŨY,2 and

Ũ∗Y,2Ũ2Ũ∗2 = Ũ∗Y,2.

Lemma 2. We have an identity ṼΣ̃
−1

= ṼYΣ̃
−1
Y Ũ∗Y,2Ũ2.

Proof. Expanding ϒ in the SVD bases of ΩY and Ω, we find:

ŨY,2Σ̃YṼ∗Y = Ũ2Σ̃Ṽ∗

Ṽ∗YṼΣ̃
−1

= Σ̃
−1
Y Ũ∗Y,2Ũ2

ṼYṼ∗YṼΣ̃
−1

= ṼYΣ̃
−1
Y Ũ∗Y,2Ũ2

ṼΣ̃
−1

= ṼYΣ̃
−1
Y Ũ∗Y,2Ũ2.

The next theorem uses the following definitions of B and BY from the DMDc and

cDMDc algorithms:

B = X′ṼΣ̃
−1Ũ∗2

BY = Y′ṼYΣ̃
−1
Y Ũ∗Y,2.

Theorem 3. If Assumptions 1 and 3 hold, then

CB = BY. (4.6)
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Proof. Using Lemma 2, we have

CB = CX′ṼΣ̃
−1Ũ∗2

= Y′ṼYΣ̃
−1
Y Ũ∗Y,2Ũ2Ũ∗2

= Y′ṼYΣ̃
−1
Y Ũ∗Y,2

= BY.

Therefore, we can first compute the DMD modes ΦY and the compressed actuation

matrix BY and then reconstruct the full-state Φ and B through compressed sensing.

4.1.1 Relationship to system identification

The result from Theorem 1 above also carries over to general impulse response parameters

in the following theorem. These impulse response parameters, also known as Markov

parameters, are used extensively in system identification, for example to construct Hankel

matrices in the eigensystem realization algorithm (ERA) [84].

Theorem 4. If Assumptions 1 and 2 hold, then

CAB = AYCB. (4.7)

Proof. Using Lemma 1, we have

CAB = C(X′ṼΣ̃
−1Ũ∗1)B

= Y′(ṼYΣ̃
−1
Y Ũ∗Y,1CŨ1)Ũ∗1B

= AYCŨ1Ũ∗1X′ṼΣ̃
−1Ũ∗2

= AYCX′ṼΣ̃
−1Ũ∗2

= AYCB.
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Corollary 1. Theorem 4 can be expanded to further steps in dynamics, for k ∈ Z+, such as:

CAkB = AY
kCB = AY

kBY. (4.8)

This theorem and corollary establish a surprising result: under certain conditions the

iterative dynamics in the impulse response parameters commute with the measurement

matrix. Impulse response parameters are a cornerstone of subspace system identification

methods, such as ERA, and the above results simplify the dynamics.

Corollary 1 also has implications for the controllability of the projected and full-state

systems. Given the controllability matrix

C =
[
B AB · · ·An−1B

]
(4.9)

we have the following relationship:

CC = C
[
B AB · · ·An−1B

]
(4.10a)

=
[
BY AYBY · · · An−1

Y BY

]
= CY. (4.10b)

Therefore, if the full-state systems is controllable, i.e. the controllability matrix C is full

rank, and the compressed measurement matrix C is not in the null space of Eq. (4.9), then

the compressed system is also controllable. The controllability is preserved after com-

pression under certain conditions. The observability property regarding the compressed

sensing framework was discussed in [103].

4.1.2 Computational considerations

Similar to cDMD, there are two main paths presented in compressive DMD with control,

depending on the availability of the full-state data matrix X. Specifically, we refer to the
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first path as compressed DMDc (Path 1 in Figure 4.1) if X is known and the second path

as compressed sensing DMDc (Path 2 in Figure 4.1) if X is only partially known due to

the lack of full state measurements:

1. If the full-state measurements X are available, compressed DMDc is advantageous

as the expensive calculations are performed on the compressed data Y and the full-

state modes are obtained by linearly combining the snapshots of X.

2. Without access to full-state measurements X, compressed sensing DMDc extracts

the inherent dynamics from sub-sampled/compressed data in the matrix Y, disam-

biguating the effect of actuation. Full-state modes may then be recovered, under the

standard conditions of compressed sensing.

In addition, two approaches are considered in each path considering the prior knowl-

edge of B. Generally, the cDMDc algorithm can be simplified as a corrected cDMD al-

gorithm if B is known. Otherwise, DMDc is utilized to extract the underlying dynamics

from the compressed states Y,Y′ and then the modes Φ and actuation matrix B are recon-

structed by either projecting onto the full states X′ or through compressed sensing.

In Algorithm 4, these four scenarios are discussed. When both X and B are known,

the spectrum ΛY and modes Φ are obtained by performing compressed DMD on the pre-

compressed data Y and the shifted matrix correcting for the effect of control Y′−CBϒ.

When X is known and B is unknown, DMDc is computed on Y,Y′ and the dynamic

modes Φ and actuation matrix B are reconstructed as a linear combination of the full-

state data X′. When X is only partially known and B is known, compressed sensing DMD

is performed on Y and Y′−CBϒ and the full-state modes Φ are reconstructed from the

compressed ΦY. When both X and B are unavailable, DMDc is computed on Y,Y′ and the

dynamic modes Φ and actuation matrix B are reconstructed using compressed sensing.



52

-0.5 -0.25 0 0.25
-0.5

-0.25

0

0.25

0.5
(a)

x̃1

x̃2

(b)

i

t

xi

0 256 512 768 1024
-0.1

0

0.1
(c)

Pi,1

0 256 512 768 1024
-1

0

1
(d)

P̂i,1

0 256 512 768 1024
-0.1

0

0.1

i

Pi,2

0 256 512 768 1024
-1

0

1

i

P̂i,2

Figure 3: Two-dimensional system with known dynamics: (a) phase portrait (color denotes the progression of time), (b)
x-t diagram of inflated high-dimensional system, X 2 R1024⇥301 (first 31 snapshots shown), (c) two orthogonal modes
of P and (d) DCT coefficients of the two modes of P.

4 Results

In this section, we present two numerical experiments
that illustrate compressive DMD with control. In the first
example, we investigate a spatially high-dimensional
system that is lifted from a two-dimensional system with
known dynamics and random control input. In the sec-
ond example, we model the vorticity field of a fluid flow
downstream of a pitching plate at low Reynolds num-
ber. In both examples, we investigate the effectiveness
of different random measurement matrices, compression
ratios, and actuation input vectors.

4.1 Stochastically forced linear system

This experiment is designed to test the compressive DMD
with control framework on an example where the low-
rank dynamics are known. Thus, it is possible to directly
compare the true eigenvalue spectrum and spatiotempo-
ral modes with those obtained via compressed DMDc
and compressed sensing DMDc.

The state matrix Ã and input matrix B̃ are designed to
yield a stable, controllable system:


x̃1

x̃2

�

k+1

=


0.9 0.2
�0.1 0.9

�

| {z }
Ã


x̃1

x̃2

�

k

+


0.1
0.01

�

| {z }
B̃

uk. (22)

The dynamics are excited via Gaussian random input ex-
citation in uk, starting from an initial condition x0 =⇥
0.25 0.25

⇤T . The system is integrated from t = 0 to
t = 30 with a time-step of �t = 0.1, resulting in 301 snap-
shots. A sample trajectory of the low-dimensional system
is shown in Fig. 3 (a).

To inflate the state dimension, we associate each of
the two states x̃1 and x̃2 with a high-dimensional mode
that is sparse in the spatial wavenumber domain. These
modes, shown in Fig. 3 (c), are given by the columns of
P 2 R1024⇥2, where each column is constructed to have
K = 4 non-zero elements in the discrete cosine trans-
form (DCT) basis. The nonzero DCT coefficients of each
mode have the same wave number with different magni-
tudes, as shown in Fig. 3 (d). Thus, it is possible to use

9

Figure 4.2: Two-dimensional system with known dynamics: (a) phase portrait (color
denotes the progression of time), (b) x-t diagram of inflated high-dimensional system,
X ∈ R1024×301 (first 31 snapshots shown), (c) two orthogonal modes of P and (d) DCT
coefficients of the two modes of P.

4.2 Results

In this section, we present two numerical experiments that illustrate compressive DMD

with control. In the first example, we investigate a spatially high-dimensional system

that is lifted from a two-dimensional system with known dynamics and random control

input. In the second example, we model the vorticity field of a fluid flow downstream of

a pitching plate at low Reynolds number. In both examples, we investigate the effective-

ness of different random measurement matrices, compression ratios, and actuation input

vectors.
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4.2.1 Stochastically forced linear system

This experiment is designed to test the compressive DMD with control framework on

an example where the low-rank dynamics are known. Thus, it is possible to directly

compare the true eigenvalue spectrum and spatiotemporal modes with those obtained

via compressed DMDc and compressed sensing DMDc.

The state matrix Ã and input matrix B̃ are designed to yield a stable, controllable sys-

tem:


x̃1

x̃2




k+1

=


 0.9 0.2

−0.1 0.9




︸ ︷︷ ︸
Ã


x̃1

x̃2




k

+


 0.1

0.01




︸ ︷︷ ︸
B̃

uk. (4.11)

The dynamics are excited via Gaussian random input excitation in uk, starting from an ini-

tial condition x0 =
[
0.25 0.25

]T
. The system is integrated from t = 0 to t = 30 with a time-

step of ∆t = 0.1, resulting in 301 snapshots. A sample trajectory of the low-dimensional

system is shown in Fig. 4.2 (a).

To inflate the state dimension, we associate each of the two states x̃1 and x̃2 with a high-

dimensional mode that is sparse in the spatial wavenumber domain. These modes, shown

in Fig. 4.2 (c), are given by the columns of P ∈ R1024×2, where each column is constructed

to have K = 4 non-zero elements in the discrete cosine transform (DCT) basis. The nonzero

DCT coefficients of each mode have the same wave number with different magnitudes, as

shown in Fig. 4.2 (d). Thus, it is possible to use the DCT matrix as the sparsifying basis for

compressed sensing. With the spatial modes in P, it is possible to lift the low-dimensional

state x̃k to a high-dimensional state xk = Px̃k. The lifted state is shown in Fig. 4.2 (b) for

the first 31 snapshots, from t = 0 to t = 3. Note that the high-dimensional actuation vector

B is chosen to be in the span of the columns of P, i.e. B = PB̃, so that the actuation only

excites low-dimensional dynamics; other types of actuation will be examined further in
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DMDc c-DMDc cs-DMDc

B known
C-type 1 3.631e-13 3.627e-13 3.627e-13

C-type 2 3.631 e-13 3.443 e-13 3.443 e-13

C-type 3 3.631e-13 4.210e-13 4.210e-13

B unknown
C-type 1 4.481e-13

1.758e-16
5.396e-13

4.840e-17
5.926e-13

9.558e-17

C-type 2 4.481e-13
1.758e-16

4.159e-13
4.731e-17

3.872e-13
2.845e-16

C-type 3 4.481e-13
1.758e-16

4.322e-13
3.022e-16

5.691e-13
2.785e-16

Table 4.1: Normalized error of ‖Φ− Φ̂‖F and ‖B− B̂‖2 using DMDc, compressed DMDc,
and compressed sensing DMDc. Three types of compression are shown: uniform random
projections (C-type 1), Gaussian random projections (C-type 2) and single pixel measure-
ments (C-type 3). When B is unknown, the error of the estimated B̂ is given in the upper
triangle, and the error of Φ̂ is given in the lower triangle. In all cases, B is a linear combi-
nation of columns of P.

Fig. 4.5.

To investigate the proposed cDMDc algorithm, we now consider compressed mea-

surements y given by Eq. (4.1b). Specifically, the compression matrix C can be built with

entries drawn from uniform (C-type 1), Gaussian (C-type 2) or Bernoulli (C-type 3) distri-

butions. Fig. 4.3 shows the DMDc mode reconstruction using compressed DMDc (Path 1

in Fig. 4.1) and compressed sensing DMDc (Path 2 in Fig. 4.1) for p = 128 Gaussian mea-

surements. In both cases, it is assumed that the high-dimensional actuation input vector B

is known, and the reconstructed modes faithfully reproduce the true coherent structures

of the underlying system (i.e., the DMD modes are a linear combination of the columns

of P). The results remain unchanged when B is unknown and must also be reconstructed.

Table 4.1 shows the error in the reconstructed eigenfunctions Φ̂ and estimated actua-

tion vector B̂ (when unknown) for DMDc, compressed DMDc, and compressed sensing
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DMDc c-DMDc cs-DMDc

B known
C-type 1 3.631e-13 3.627e-13 3.627e-13

C-type 2 3.631 e-13 3.443 e-13 3.443 e-13

C-type 3 3.631e-13 4.210e-13 4.210e-13

B unknown
C-type 1 4.481e-13

1.758e-16
5.396e-13

4.840e-17
5.926e-13

9.558e-17

C-type 2 4.481e-13
1.758e-16

4.159e-13
4.731e-17

3.872e-13
2.845e-16

C-type 3 4.481e-13
1.758e-16

4.322e-13
3.022e-16

5.691e-13
2.785e-16

Table 1: Normalized error of k� � �̂kF and kB � B̂k2 using DMDc, compressed DMDc, and compressed sensing
DMDc. Three types of compression are shown: uniform random projections (C-type 1), Gaussian random projections
(C-type 2) and single pixel measurements (C-type 3). When B is unknown, the error of the estimated B̂ is given in the
upper triangle, and the error of �̂ is given in the lower triangle. In all cases, B is a linear combination of columns of P.

the DCT matrix as the sparsifying basis for compressed
sensing. With the spatial modes in P, it is possible to lift
the low-dimensional state x̃k to a high-dimensional state
xk = Px̃k. The lifted state is shown in Fig. 3 (b) for the
first 31 snapshots, from t = 0 to t = 3. Note that the
high-dimensional actuation vector B is chosen to be in
the span of the columns of P, i.e. B = PB̃, so that the
actuation only excites low-dimensional dynamics; other
types of actuation will be examined further in Fig. 6.

To investigate the proposed cDMDc algorithm, we now
consider compressed measurements y given by Eq. (12b).
Specifically, the compression matrix C can be built with
entries drawn from uniform (C-type 1), Gaussian (C-type
2) or Bernoulli (C-type 3) distributions. Fig. 4 shows
the DMDc mode reconstruction using compressed DMDc
(Path 1 in Fig. 2) and compressed sensing DMDc (Path 2
in Fig. 2) for p = 128 Gaussian measurements. In both
cases, it is assumed that the high-dimensional actuation
input vector B is known, and the reconstructed modes
faithfully reproduce the true coherent structures of the
underlying system (i.e., the DMD modes are a linear com-
bination of the columns of P). The results remain un-
changed when B is unknown and must also be recon-
structed.

Table 1 shows the error in the reconstructed eigen-
functions �̂ and estimated actuation vector B̂ (when un-
known) for DMDc, compressed DMDc, and compressed
sensing DMDc, compared against the true values. In
addition, we investigate the effect of different sensing
strategies discussed above. In all cases, the reconstruc-
tion error is small, as no noise is added to the simulated
data.
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Figure 4: Reconstruction of (a) actuation vector B, (b)-(c)
modes from DMDc, compressed DMDc and compressed
sensing DMDc. For compressive DMD, 128 Gaussian ran-
dom measurements are collected from 1024 state dimen-
sions.

Compressed sensing DMDc is able to uncover the
underlying dynamics and spatio-temporal modes from
noiseless subsampled data, relaxing the requirement of
high-dimensional measurements. However, in realis-
tic experimental conditions, measurement noise will al-
ways be present and is known to effect DMD compu-
tations. Figure 5 shows the performance of DMDc and
compressed DMDc for varying levels of measurement
noise, averaged over 100 different noise realizations in
each case. Note that compressed sensing DMDc and com-
pressed DMDc have identical eigenvalues, as both meth-
ods compute the DMD spectrum from the same com-

10

Figure 4.3: Reconstruction of (a) actuation vector B, (b)-(c) modes from DMDc, com-
pressed DMDc and compressed sensing DMDc. For compressive DMD, 128 Gaussian
random measurements are collected from 1024 state dimensions.
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Figure 6: Estimated B̂ and mode magnitudes for different choices of B for DMDc, compressed DMDc and compressed
sensing DMDc. For compressive DMDc, the same number of measurements is employed as for Fig. 4.

pressed data. For moderate noise levels, the compressed
DMDc algorithm provides reasonably accurate eigenval-
ues, although they are less accurate than those predicted
by DMDc. As the noise intensity is increased to 10%, both
the DMDc and cDMDc eigenvalues have significant er-
rors, and in some cases, complex conjugate eigenvalues
are miscomputed as purely real eigenvalues. Although
the effect of noise is exacerbated by compression, sensi-
tivity of DMD eigenvalues with measurement noise is a
known issue, and has been extensively studied and char-
acterized [4, 23, 32]. There are a number of algorith-
mic extensions that improve the eigenvalue prediction
with noise, including using the total least squares [32],
a forward-backward symmetrizing algorithm [23], sub-
space DMD [68], Bayesian DMD [69], or an optimal DMD
based on variable projection methods [2]. Each of these
methods may be effectively combined with the proposed
cDMDc architecture to yield more accurate eigenvalues.

4.1.1 Effect of Actuation

Finally, we investigate the performance of cDMDc for dif-
ferent choices of the actuation vector B in Fig. 6. In ad-
dition to the cases presented so far, where B is in the
subspace of P, we now explore scenarios when B is ran-
domly generated or in the complementary subspace of P.
For all types of actuation B, and regardless of whether
or not B is known, compressed DMDc and compressed
sensing DMDc both accurately identify the true modes
�1 and �2, which is also consistent with DMDc. When B
is unknown, cDMDc and csDMDc both accurately iden-
tify B, regardless of the subspace it belongs to, as long as
the columns of B are sparse. The algorithms do not ac-
curately capture the B matrix when it is not sparse (i.e.,
random actuation vector); however, in this case, DMDc
also misidentifies the actuation vector.

11

Figure 4.4: Noise dependency of DMD spectrum for the true system, DMDc and cDMDc
based on 100 different noise realizations. Rows correspond to different noise levels η ∈
{0.1,0.25,0.5} with σnoise = η max(σi), where σi denotes the standard deviation of each
spatial measurement.

DMDc, compared against the true values. In addition, we investigate the effect of differ-

ent sensing strategies discussed above. In all cases, the reconstruction error is small, as
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pressed data. For moderate noise levels, the compressed
DMDc algorithm provides reasonably accurate eigenval-
ues, although they are less accurate than those predicted
by DMDc. As the noise intensity is increased to 10%, both
the DMDc and cDMDc eigenvalues have significant er-
rors, and in some cases, complex conjugate eigenvalues
are miscomputed as purely real eigenvalues. Although
the effect of noise is exacerbated by compression, sensi-
tivity of DMD eigenvalues with measurement noise is a
known issue, and has been extensively studied and char-
acterized [4, 23, 32]. There are a number of algorith-
mic extensions that improve the eigenvalue prediction
with noise, including using the total least squares [32],
a forward-backward symmetrizing algorithm [23], sub-
space DMD [68], Bayesian DMD [69], or an optimal DMD
based on variable projection methods [2]. Each of these
methods may be effectively combined with the proposed
cDMDc architecture to yield more accurate eigenvalues.

4.1.1 Effect of Actuation

Finally, we investigate the performance of cDMDc for dif-
ferent choices of the actuation vector B in Fig. 6. In ad-
dition to the cases presented so far, where B is in the
subspace of P, we now explore scenarios when B is ran-
domly generated or in the complementary subspace of P.
For all types of actuation B, and regardless of whether
or not B is known, compressed DMDc and compressed
sensing DMDc both accurately identify the true modes
�1 and �2, which is also consistent with DMDc. When B
is unknown, cDMDc and csDMDc both accurately iden-
tify B, regardless of the subspace it belongs to, as long as
the columns of B are sparse. The algorithms do not ac-
curately capture the B matrix when it is not sparse (i.e.,
random actuation vector); however, in this case, DMDc
also misidentifies the actuation vector.

11

Figure 4.5: Estimated B̂ and mode magnitudes for different choices of B for DMDc, com-
pressed DMDc and compressed sensing DMDc. For compressive DMDc, the same num-
ber of measurements is employed as for Fig. 4.3 .

no noise is added to the simulated data.

Compressed sensing DMDc is able to uncover the underlying dynamics and spatio-

temporal modes from noiseless subsampled data, relaxing the requirement of high-dimensional

measurements. However, in realistic experimental conditions, measurement noise will

always be present and is known to effect DMD computations. Figure 4.4 shows the per-

formance of DMDc and compressed DMDc for varying levels of measurement noise, av-

eraged over 100 different noise realizations in each case. Note that compressed sensing

DMDc and compressed DMDc have identical eigenvalues, as both methods compute the

DMD spectrum from the same compressed data. For moderate noise levels, the com-

pressed DMDc algorithm provides reasonably accurate eigenvalues, although they are

less accurate than those predicted by DMDc. As the noise intensity is increased to greater

than 50%, both the DMDc and cDMDc eigenvalues begin to deviate, and in some cases,

complex conjugate eigenvalues are miscomputed as purely real eigenvalues. Although

the effect of noise is exacerbated by compression, sensitivity of DMD eigenvalues with

measurement noise is a known issue, and has been extensively studied and character-

ized [104, 105, 106]. There are a number of algorithmic extensions that improve the

eigenvalue prediction with noise, including using the total least squares [105], a forward-

backward symmetrizing algorithm [106], subspace DMD [107], Bayesian DMD [108], or

an optimal DMD based on variable projection methods [99]. Each of these methods may
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be effectively combined with the proposed cDMDc architecture to yield more accurate

eigenvalues.

Effect of Actuation

Finally, we investigate the performance of cDMDc for different choices of the actuation

vector B in Fig. 4.5. In addition to the cases presented so far, where B is in the subspace

of P, we now explore scenarios when B is randomly generated or in the complemen-

tary subspace of P. For all types of actuation B, and regardless of whether or not B is

known, compressed DMDc and compressed sensing DMDc both accurately identify the

true modes φ 1 and φ 2, which is also consistent with DMDc. When B is unknown, cDMDc

and csDMDc both accurately identify B, regardless of the subspace it belongs to, as long

as the columns of B are sparse. The algorithms do not accurately capture the B matrix

when it is not sparse (i.e., random actuation vector); however, in this case, DMDc also

misidentifies the actuation vector.

4.2.2 Fluid flow past a pitching plate

In the second example, we apply the proposed compressive DMD with control algorithm

to model the vorticity field downstream of a pitching plate at Reynolds number Re = 100.

This pitching airfoil has been studied previously in the context of reduced-order models

for flow control [109, 110, 111, 12, 112]. The flow is simulated using the immersed bound-

ary projection method (IBPM)2 method [109, 110] with a grid resolution of 799×159 on a

domain of size 10× 2, nondimensionalized by the plate length L. The flow is simulated

with a time-step of ∆t = 0.01 dimensionless convective time units, nondimensionalized by

the length L and free-stream velocity U . 251 snapshots are sampled at a rate of ∆t = 0.1. In

this example, the airfoil is rapidly pitched up and down between±5◦ at irregular intervals

2Code available at https://github.com/cwrowley/ibpm
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Figure 7: Simulation of a pitching airfoil: (a)-(c) Instantaneous vorticity fields at different times t = 0, 11.5, 21.5 and
showing the measurement window, (d) time series of the actuation inputs specifying the pitching of the plate. Black
filled circles depict the time instants of the shown vorticity plots in (a)-(c).

4.2 Fluid flow past a pitching plate

In the second example, we apply the proposed compres-
sive DMD with control algorithm to model the vorticity
field downstream of a pitching plate at Reynolds num-
ber Re = 100. This pitching airfoil has been studied pre-
viously in the context of reduced-order models for flow
control [15, 17, 22, 31, 67]. The flow is simulated us-
ing the immersed boundary projection method (IBPM)1

method [22, 67] with a grid resolution of 799 ⇥ 159 on a
domain of size 10 ⇥ 2, nondimensionalized by the plate
length L. The flow is simulated with a time-step of �t =
0.01 dimensionless convective time units, nondimension-
alized by the length L and free-stream velocity U . 251
snapshots are sampled at a rate of �t = 0.1. In this exam-
ple, the airfoil is rapidly pitched up and down between
±5� at irregular intervals in time, using the canonical
1Code available at https://github.com/cwrowley/ibpm

pitch maneuver described in [56]. Six rapid pitch maneu-
vers are performed, and then the data is symmetrized by
concatenating a mirror image of these 251 snapshots with
the opposite signed vorticity, in an attempt to identify un-
biased modes. Figure 7 illustrates the vorticity field at dif-
ferent times, t = 0, 11.5, 21.5. We focus on a downstream
measurement window of the size 399 ⇥ 141 to mimic a
PIV window. The actuation input takes 4.6 convective
time units to reach the observation window, and the ac-
tuation input, that used as input for cDMDc and DMDc,
is shifted accordingly. Similar small amplitude pitching
motions have been shown to be well-approximated with
linear models [15].

The eigenvalues of Ã and ÃY given by DMDc and cD-
MDc are shown in Fig. 8. The cloud of cDMDc eigen-
values is generated from an ensemble of 50 realizations
using 10% compressed measurements (i.e., p = 0.1n)
based on Gaussian random projections. We use r = 9 in

12

Figure 4.6: Simulation of a pitching airfoil: (a)-(c) Instantaneous vorticity fields at differ-
ent times t = 0,11.5,21.5 and showing the measurement window, (d) time series of the
actuation inputs specifying the pitching of the plate. Black filled circles depict the time
instants of the shown vorticity plots in (a)-(c).

in time, using the canonical pitch maneuver described in [113]. Six rapid pitch maneu-

vers are performed, and then the data is symmetrized by concatenating a mirror image of

these 251 snapshots with the opposite signed vorticity, in an attempt to identify unbiased

modes. Figure 4.6 illustrates the vorticity field at different times, t = 0,11.5,21.5. We focus

on a downstream measurement window of the size 399×141 to mimic a PIV window. The

actuation input takes 4.6 convective time units to reach the observation window, and the

actuation input, that used as input for cDMDc and DMDc, is shifted accordingly. Similar
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small amplitude pitching motions have been shown to be well-approximated with linear

models [111].
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Figure 8: Comparison of the spectrum in (a) discrete time and (b) continuous time, both obtained using DMDc and
cDMDc with 10% Gaussian random measurements. The first r = 9 modes are shown, ordered by their real part.

this study to identify the spatiotemporal coherent DMD
modes, and they capture 96% of the total energy, based
on the singular values. These nine modes are ordered
by their decay rate (i.e., the real part) and the higher-
order modes have larger frequencies of oscillation. The
discrete-time eigenvalues are located close to the unit cir-
cle, and they are slightly stable, as seen in the continuous-
time plot. The DMDc eigenvalues appear to have a decay
rate that is too small, although the dynamics of transients
are captured quite well. Nevertheless, the cDMDc eigen-
values agree well with the DMDc eigenvalues, which is
the goal.

In Fig. 9, we present the spatial structure of the DMDc
mode pairs and the B matrix. Similar DMD modes have
been observed in the flow past a cylinder [20]. As the tem-
poral frequency associated with an eigenvalue increases,
the modes are characterized by higher spatial wavenum-
bers, which is characteristic of bluff-body flows. The
accuracy of mode reconstruction is similar for Gaussian
random projections and single-pixel measurements, as
indicated in Fig. 10. However, single pixel measurements
may be less expensive and more realistic in real-world
applications, and sampling 10% of the original measure-
ments results in a reconstruction accuracy of 90% in this
example.

Taking the DMDc results as the reference, Fig. 11 shows
the error of the eigenvalues with increasing number of
measurements used in cDMDc. Note that the eigenval-
ues are the same for compressed DMDc and compressed
sensing DMDc, as shown in Algorithm 4 . The eigenvalue
�0 corresponding to zero frequency is estimated with the

greatest accuracy from the fewest measurements, pre-
sumably because this mode contains the most energy in
the flow. The error in eigenvalues associated with other
modes decreases logarithmically with increasing com-
pression ratio. Single pixel measurements have similar
performance compared with Gaussian random measure-
ments for small compression ratios. When p = n, the
error goes to zero for single pixel measurement, since the
measurement is an invertible permutation of the identity
matrix, and cDMDc is equivalent to DMDc in this case.

Successful reconstruction using compressed sensing
relies on the sparsity of the state in some transform ba-
sis. Indeed, both � and B are sparse in the DCT basis.
In general, the DMDc modes are more sparse than the
actuation matrix, and we choose K = 300 to ensure a
good reconstruction of the modes and B achieving an er-
ror of about 1%. In particular, we use the CoSaMP algo-
rithm [55] to perform the l1-minimization with 10 itera-
tions and the desired sparsity of K = 300. The L2 er-
rors between the compressive DMDc and DMDc modes
are shown in Fig. 10. The convergence of error versus
compression ratio in compressed sensing DMDc is much
slower than that in compressed DMDc, especially for the
zero frequency mode.

The necessary number of measurements is given from
theory to be p ⇠ 4K log10(n/K) ⇡ 2728, which cor-
responds to a compression ratio of 5%. This matches
the observation that the error curves plateau at around
p/n = 0.05. Overall, the error for compressed measure-
ments using Gaussian random projections is comparable
with using single pixel measurements.

13

Figure 4.7: Comparison of the spectrum in (a) discrete time and (b) continuous time, both
obtained using DMDc and cDMDc with 10% Gaussian random measurements. The first
r = 9 modes are shown, ordered by their real part.

The eigenvalues of Ã and ÃY given by DMDc and cDMDc are shown in Fig. 4.7. The

cloud of cDMDc eigenvalues is generated from an ensemble of 50 realizations using 10%

compressed measurements (i.e., p = 0.1n) based on Gaussian random projections. We use

r = 9 in this study to identify the spatiotemporal coherent DMD modes, and they capture

96% of the total energy, based on the singular values. These nine modes are ordered by

their decay rate (i.e., the real part) and the higher-order modes have larger frequencies

of oscillation. The discrete-time eigenvalues are located close to the unit circle, and they

are slightly stable, as seen in the continuous-time plot. The DMDc eigenvalues appear

to have a decay rate that is too small, although the dynamics of transients are captured

quite well. Nevertheless, the cDMDc eigenvalues agree well with the DMDc eigenvalues,

which is the goal.

In Fig. 4.8, we present the spatial structure of the DMDc mode pairs and the B ma-
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trix. Similar DMD modes have been observed in the flow past a cylinder [65]. As the

temporal frequency associated with an eigenvalue increases, the modes are characterized

by higher spatial wavenumbers, which is characteristic of bluff-body flows. The accu-

racy of mode reconstruction is similar for Gaussian random projections and single-pixel

measurements, as indicated in Fig. 4.9. However, single pixel measurements may be less

expensive and more realistic in real-world applications because the collection of sensor

measurements is significantly reduced, and sampling 10% of the original measurements

results in a reconstruction accuracy of 90% in this example.

Taking the DMDc results as the reference, Fig. 4.10 shows the error of the eigenval-

ues with increasing number of measurements used in cDMDc. Note that the eigenvalues

are the same for compressed DMDc and compressed sensing DMDc, as shown in Algo-

rithm 4 . The eigenvalue λ0 corresponding to zero frequency is estimated with the great-

est accuracy from the fewest measurements, presumably because this mode contains the

most energy in the flow. The error in eigenvalues associated with other modes decreases

logarithmically with increasing compression ratio. Single pixel measurements have sim-

ilar performance compared with Gaussian random measurements for small compression

ratios. When p = n, the error goes to zero for single pixel measurement, since the mea-

surement is an invertible permutation of the identity matrix, and cDMDc is equivalent to

DMDc in this case.

Successful reconstruction using compressed sensing relies on the sparsity of the state

in some transform basis. Indeed, both Φ and B are sparse in the DCT basis. In general, the

DMDc modes are more sparse than the actuation matrix, and we choose K = 300 to ensure

a good reconstruction of the modes and B achieving an error of about 1%. In particular,

we use the CoSaMP algorithm [114] to perform the l1-minimization with 10 iterations

and the desired sparsity of K = 300. The L2 errors between the compressive DMDc and

DMDc modes are shown in Fig. 4.9. The convergence of error versus compression ratio

in compressed sensing DMDc is much slower than that in compressed DMDc, especially



61

for the zero frequency mode.

The necessary number of measurements is given from theory to be p∼ 4K log10(n/K)≈
2728, which corresponds to a compression ratio of 5%. This matches the observation

that the error curves plateau at around p/n = 0.05. Overall, the error for compressed

measurements using Gaussian random projections is comparable with using single pixel

measurements.

4.3 Summary

In summary, we have presented a unified framework for compressive system identifica-

tion based on the dynamic mode decomposition. First, we describe the previously devel-

oped compressed sensing DMD (csDMD) and DMD with control (DMDc) algorithms in a

common mathematical framework, providing algorithmic implementation details. Next,

we show how it is possible to construct reduced-order models from compressed mea-

surements and then reconstruct full-state modes corresponding to the reduced states via

compressed sensing. This lifting procedure adds interpretability to otherwise black-box

models. The compressed DMD with control algorithm is demonstrated on two example

systems, including a high-dimensional discretized simulation of fluid flow past a pitching

airfoil. In both cases, accurate modal decompositions are achieved with surprisingly few

measurements, showcasing the efficacy of the proposed method. In addition, we have

released our entire code base to promote reproducible research and reduce the barrier to

implement these methods.

There are a number of important extensions and future directions that arise out of this

work. First, it will be interesting to further investigate the relationship between the con-

trollable and observable subspaces and full-state recovery via compressed sensing. The

goal is a generalized theory that combines the notion of controllability and observabil-

ity, based on the structure of the A, B, and C matrices, and the notion of sparse signal
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recovery, via the structure of the low-rank embedding P. It may also be possible to ex-

tend results to nonlinear estimation [115, 116] and control [117, 118, 119] through the con-

nection to the Koopman operator. In addition, the methods described here are directly

applicable to experimental measurements [120], as they do not require access to a model

of the system. It may be possible to significantly reduce the required spatial resolution

in experiments, improving the effective bandwidth and enabling the characterization of

faster flow phenomena. A sparsifying POD basis may be obtained first with non-time-

resolved measurements at full resolution. It is then possible to collect many fewer spatial

measurements at much higher temporal resolution, identify a reduced-order model, and

characterize the full-state modes in the offline library. This also suggests that it may be

possible to combine space and time compressed sensing strategies for DMD.

The growing intersection of dynamical systems, machine learning, and advanced opti-

mization are driving tremendous innovations in the characterization and control of com-

plex systems [121, 66]. Although data is becoming increasingly abundant, there remain

applications such as feedback flow control, where real-time measurements are costly and

control decisions must be made with low latency to ensure robust performance. In these

applications, techniques that strategically select sensor data into the most relevant infor-

mation will enable higher performance in more sophisticated flow control applications.

It is likely that the methods developed here may be combined with principled sensor

selection methods to promote enhanced sparsity based on learned structures and pat-

terns [122, 92, 123, 124]. Moreover, it may also be possible to enforce known physics or

symmetries in the regression procedure, as in [125], to improve model performance and

accelerate learning from data.
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Figure 9: Estimation of mode pairs (real and imaginary parts) and B using DMDc, compressed DMDc and compressed
sensing DMDc. The cDMDc modes and actuation matrix B (two columns, B1 and B2) are constructed using p Gaussian
random projections, where p/n = 0.1 (i.e., 10% compression ratio). Note that the results of single pixel measurements
are very similar (not shown).

14

Figure 4.8: Estimation of mode pairs (real and imaginary parts) and B using DMDc, com-
pressed DMDc and compressed sensing DMDc. The cDMDc modes and actuation matrix
B (two columns, B1 and B2) are constructed using p Gaussian random projections, where
p/n = 0.1 (i.e., 10% compression ratio). Note that the results of single pixel measurements
are very similar (not shown).



64

0.001 0.01 0.1 0.5 1
10

-10

10
-5

10
-3

10
-1

10
0

(a)

k�
i
�

�̂
ik

2

Compression ratio p/n

cDMDc csDMDc

0.001 0.01 0.1 0.5 1
10

-10

10
-5

10
-3

10
-1

10
0

(b)

k�
i
�

�̂
ik

2

Compression ratio p/n

Figure 10: Error of estimated modes �̂i and actuation matrix B̂ for increasing compression ratio using compressed
DMDc and compressed sensing DMDc for (a) Gaussian random projections and (b) single pixel measurements. The
DMDc modes and actuation matrix are used as the reference, denoted by � and B, respectively.
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pixel measurements. The DMDc eigenvalues are used as the reference �i.

5 Conclusions
In summary, we have presented a unified framework
for compressive system identification based on the dy-
namic mode decomposition. First, we describe the pre-
viously developed compressed sensing DMD (csDMD)
and DMD with control (DMDc) algorithms in a common
mathematical framework, providing algorithmic imple-
mentation details. Next, we show how it is possible to
construct reduced-order models from compressed mea-
surements and then reconstruct full-state modes corre-
sponding to the reduced states via compressed sens-
ing. This lifting procedure adds interpretability to oth-
erwise black-box models. The compressed DMD with
control algorithm is demonstrated on two example sys-
tems, including a high-dimensional discretized simula-
tion of fluid flow past a pitching airfoil. In both cases,
accurate modal decompositions are achieved with sur-
prisingly few measurements, showcasing the efficacy of

the proposed method. In addition, we have released our
entire code base to promote reproducible research and re-
duce the barrier to implement these methods.

There are a number of important extensions and future
directions that arise out of this work. First, it will be in-
teresting to further investigate the relationship between
the controllable and observable subspaces and full-state
recovery via compressed sensing. The goal is a gener-
alized theory that combines the notion of controllability
and observability, based on the structure of the A, B, and
C matrices, and the notion of sparse signal recovery, via
the structure of the low-rank embedding P. It may also
be possible to extend results to nonlinear estimation [65,
66] and control [36, 42, 58] through the connection to
the Koopman operator. In addition, the methods de-
scribed here are directly applicable to experimental mea-
surements [64], as they do not require access to a model
of the system. It may be possible to significantly reduce

15

Figure 4.9: Error of estimated modes φ̂ i and actuation matrix B̂ for increasing compression
ratio using compressed DMDc and compressed sensing DMDc for (a) Gaussian random
projections and (b) single pixel measurements. The DMDc modes and actuation matrix
are used as the reference, denoted by φ and B, respectively.
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Figure 10: Error of estimated modes �̂i and actuation matrix B̂ for increasing compression ratio using compressed
DMDc and compressed sensing DMDc for (a) Gaussian random projections and (b) single pixel measurements. The
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Figure 11: Error of eigenvalues for increasing compression ratio using (a) Gaussian random projections, and (b) single
pixel measurements. The DMDc eigenvalues are used as the reference �i.

5 Conclusions
In summary, we have presented a unified framework
for compressive system identification based on the dy-
namic mode decomposition. First, we describe the pre-
viously developed compressed sensing DMD (csDMD)
and DMD with control (DMDc) algorithms in a common
mathematical framework, providing algorithmic imple-
mentation details. Next, we show how it is possible to
construct reduced-order models from compressed mea-
surements and then reconstruct full-state modes corre-
sponding to the reduced states via compressed sens-
ing. This lifting procedure adds interpretability to oth-
erwise black-box models. The compressed DMD with
control algorithm is demonstrated on two example sys-
tems, including a high-dimensional discretized simula-
tion of fluid flow past a pitching airfoil. In both cases,
accurate modal decompositions are achieved with sur-
prisingly few measurements, showcasing the efficacy of

the proposed method. In addition, we have released our
entire code base to promote reproducible research and re-
duce the barrier to implement these methods.

There are a number of important extensions and future
directions that arise out of this work. First, it will be in-
teresting to further investigate the relationship between
the controllable and observable subspaces and full-state
recovery via compressed sensing. The goal is a gener-
alized theory that combines the notion of controllability
and observability, based on the structure of the A, B, and
C matrices, and the notion of sparse signal recovery, via
the structure of the low-rank embedding P. It may also
be possible to extend results to nonlinear estimation [65,
66] and control [36, 42, 58] through the connection to
the Koopman operator. In addition, the methods de-
scribed here are directly applicable to experimental mea-
surements [64], as they do not require access to a model
of the system. It may be possible to significantly reduce

15

Figure 4.10: Error of eigenvalues for increasing compression ratio using (a) Gaussian ran-
dom projections, and (b) single pixel measurements. The DMDc eigenvalues are used as
the reference λi.
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Chapter 5

NONINTRUSIVE NONLINEAR MODEL REDUCTION VIA
MACHINE LEARNING

The objective of this work is to develop data-driven, nonintrusive approximations to

operators associated with reduced-order models (ROMs) of different nonlinear dynam-

ical systems. We investigate state-of-the-art regression methods from machine learning,

as well as other techniques (e.g. sparse identification of nonlinear dynamics (SINDy))

to develop the approximations. By reasonably selecting the time step size for the ROM

simulation, the parametric partial differential equations (PDEs) can be solved in an effi-

cient and accurate way. The online running time is significantly reduced with the specific

model obtained from the training data, compared to the conventional Galerkin ROMs us-

ing finite volume methods. Because different dynamical systems and model-reduction

approaches yield reduced operators with different properties, a variety of approximation

techniques may be required for constructing an appropriate online model.

5.1 Problem formulation

Many complex physical processes require high-fidelity numerical simulations to resolve

the many spatial and temporal scales. However, these system often exhibit low-dimensional

phenomena that may be approximated with reduced-order models. These reduced-order

models generally attempt to approximate the dynamics of a high-dimensional state x∈Rn

with those of a low-dimensional proxy state x̂ ∈Rr, where r� n. There is a rich history in

model reduction, and machine learning has the potential to address several long-standing

challenges.
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5.1.1 General nonlinear dynamical systems

Assume the full-order model corresponds to a system of nonlinear ODEs,

ẋ = f (x, t; µ) (5.1a)

x(0) = x0, (5.1b)

where x ∈ Rn is the state, µ ∈ Rp is the set of parameters of the ROM, x0 : Rn is the initial

condition, and f : Rn×R×Rp is the velocity vector. Further assume that we have low-

dimensional basis V ∈ Rn×Rp for the system state (e.g. via POD) such that the solution

can be approximated as x̃ =V x̂≈ x with x̂ ∈ Rn denoting the reduced states.

5.1.2 Model reduction by Galerkin projection

A common model-reduction strategy is Galerkin projection of the high-dimensional sys-

tem onto the subspace describing the reduced state:

˙̂x =V T f (x0 +V x̂, t; µ) (5.2a)

x̂(0) =V T x0. (5.2b)

The reduced vector field f r is a function that maps the reduced state and inputs to a low-

dimensional vector. This approach is, however, intrusive to implement in computational-

mechanics codes, as it requires querying the full-order model to compute f (x, t; µ) for

every instance of x,µ during the ROM simulation.

5.1.3 Nonintrusive nonlinear model reduction

In order to avoid the intrusiveness querying the full-order model to compute V T f and
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then project it back to the reduced space, we aim to construct a mapping

f r : (x̂, t; µ) 7→V T f (x0 +V x̂, t; µ) (5.3a)

: Rn×R×Rp→ Rn, (5.3b)

such that

f̃ r(x̂,µ)≈ f r(x̂,µ), ∀(x̂,µ) ∈ Rn×Rp. (5.4)

In particular, we approximate the nonlinear functions correlating the reduced states x̂ and

reduced velocities f r via regression.

˙̂x = f̃ r(x̂; µ) (5.5a)

x̂(0) =V T x0(µ). (5.5b)

In the offline step, we first construct the reduced basis V using typical methods (e.g. POD).

Then we query the code to produce training data needed to generate approximations of

the reduced operators; the inputs of the reduced operators are the state and parameters,

and the output is the velocity. This can be projected onto the reduced basis to generate a

training set to approximate the reduced velocity in the Galerkin case. Once the approx-

imated operator f̃ r is constructed, we can then simulate a ’black-box’ nonlinear ROM in

the reduced space via numerical integration (e.g. Newton-Raphson method).

5.2 Numerical experiments

In this section, we demonstrate the regression-based reduced operator approximation on

the 1-D inviscid Burgers’ equation.



68

∂U(x, t)
∂ t

+
1
2

∂ (U2(x, t))
∂x

= 0.02ebx, (5.6a)

U(0, t) = a,∀t > 0, (5.6b)

U(x,0) = 1,∀x ∈ [0,100] (5.6c)

5.2.1 Burgers’ equation

This experiment first simulates the 1-D parameterized inviscid Burgers’ equation Eq. (5.6).

The problem setup is described in [126] where the input parameters µ = (a,b) lie in

the space [3,9]× [0.02,0.075]. In this experiment, the parameters online are fixed to be

µ = (5.5,0.02). In the full-order model (FOM), the problem requires the solution of a con-

servative finite-volume formulation with a Backward Euler integration in time. The 1-D

domain is discretized using a grid with 501 nodes, corresponding to xi = i× (500/500), i =

0, · · · ,100. The solution U(x, t) is computed in the time interval t ∈ [0,25] using different

time step size ensuring convergence of the integration time step. In the reduced-order

model (ROM), the POD basis V is constructed with the first 20 modes on four training set

of parameters, µ = [3,5,7,9], in which case the POD basis is expected to span the space as

needed for the parameter input.

The solution U(x, t) is computed in the time interval t ∈ [0,25] using a uniform compu-

tational time-step size ∆t = 0.0625, resulting in T = 1600 total time steps.

5.2.2 Data sampling and training

The training data is sampled from a Latin-hypercube, generating a near-random sample

of parameter values from a multidimensional distribution. In the sampling, m = 1000 in-

stances of the state, time and parameters are generated following the criterion that the

minimum distances between the data points are maximized. The reduced state samples
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are mapped to the range of the corresponding solution space from the solver; the in-

put parameters are mapped to the space [3,9]× [0.02,0.075] as described in the setup in

Section 5.2.1. The correlation coefficients of the sampled reduced states x̂, and that of the

reduced velocities f r, a.k.a., the output function in 5.5a are shown in Fig. 5.1. The sampled

x̂ are uncorrelated, although the output function f̃ r is correlated, indicating an underlying

mapping pattern for the function.

-0.2

20

0

0.2

15 20

0.4

0.6

15

Correlation of reduced states

x̂

10

0.8

x̂

10

1

5
5

0 0

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

-1

20

-0.5

15 20

0

15

Correlation of the function output

0.5

f̃ r

10

f̃ r

10

1

5
5

0 0

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Figure 5.1: Correlation coefficients of the (a) reduced states and (b) reduced velocities. x̂
are independent and uncorrelated; however, the derivatives ˙̂x are correlated.

5.2.3 Cross-validation performance of the tested regression methods

In this section, we construct a regression model based on the data matrix X ∈ Rm×(n+1+p)

and the response Y ∈ Rm×n obtained in Section 5.2.2. We treat each component y ∈ Rm

and construct the regression model using different machine learning methods, e.g. sup-

port vector regression (SVR) based on several well-known kernel functions (Gaussian,

polynomial kernels), tree-based methods (boosted decision trees, bagged decision trees,

which invokes Breiman’s random forest algorithm) and SINDy [127]. Boosting combines

the outputs of many weak learners (high bias and low variance) to produce a powerful
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committee; in decision trees, weak learners are shallow trees, sometimes even as small

as decision stumps. Random forests do not reduce bias, but instead, trees (fully grown)

are made uncorrelated to maximize the decrease in variance. More explanation of these

machine learning methods in details can be found in [128]. Fig. 5.2 shows the 10-fold

cross-validated (relative) error εvalidation on the training set and the relative error on the

test data εtest , where we see that SINDy excels over all the other general machine learning

methods for this problem. SINDy performs well because the library we construct con-

tains all of the inherent dynamics for this problem, where general methods either overfit

or underfit the model. If the library does not contain the dynamics of the system, we do

not expect this method to perform well.
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Figure 5.2: (a) 10-fold Cross-validated error εvalidation = ‖x̂val− ˜̂xval‖
‖x̂val‖ and (b) test error using

different regression models εtest =
‖x̂test− ˆ̂xtest‖
‖x̂test‖ .

5.2.4 Timestep analysis results for each integrator

A rigorous timestep analysis is investigated for an accurate solution. In particular, we use

SINDy [127] as a benchmark regression model to approximate ˙̂x in each time step, and

then solve the ODE problem in the reduced space. Both explicit and implicit methods are
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implemented using different number of time steps T = [100,200,400,800,1600,3200]. For-

ward Euler and 4th-order Runge-Kutta solvers are used for the explicit scheme. Newton-

Raphson and fixed-point iteration are implemented in the backward Euler time integra-

tor. V is computed from the FOM using 100 time steps (∆t = 0.25) and fixed for the other

number of time steps in the regular and approximated Galerkin ROM. We report the nu-

merical results are compared w.r.t. ROM and FOM in the corresponding number of time

steps in the following section.

5.2.5 Tolerance for the convergence criteria of the iterations in backward Euler:

In order to obtain a reasonable tolerance for the convergence criteria of the iterations in

Backward Euler, we set the convergence criteria based on (1) absolute/relative residual is

smaller than the tolerance, (2) the correction in each iteration is smaller than the tolerance.

err1 =
‖U(∆t)−UROM,given∆t‖F

‖UROM,given∆t‖F
(5.7a)

err2 =
‖U(∆t)−UROM,smallest∆t‖F

‖UROM,smallest∆t‖F
(5.7b)

err3 =
‖U(∆t)−UFOM,given∆t‖F

‖UFOM,given∆t‖F
(5.7c)

err4 =
‖U(∆t)−UFOM,smallest∆t‖F

‖UFOM,smallest∆t‖F
. (5.7d)

The relative error is quantified, using the corresponding/smallest time step size with

respect to the ROM and FOM solutions respectively. Four error metrics are defined fol-

lowing referential solutions in Eq. (5.7): ROM solution using the given ∆t (UROM,given∆t);

ROM solution using the smallest ∆t (UROM,given∆t); FOM solution using the given ∆t (UFOM,given∆t);

FOM solution using the smallest ∆t (UFOM,given∆t).

Figures 5.3 to 5.4 show the convergence of the relative error of different time integra-
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Figure 5.3: Relative error using Forward Euler (red circle), 4-th order Runge-Kutta (blue
star), backward Euler-fixed point (magenta sqaure) and backward Euler-Newton’s (green
cross), w.r.t. ROM/FOM solution at tol = 1E− 7. Top left, right, bottom left, right: err1,
err2, err3, err4.

tors, (i.e. forward Euler, Runge-Kutta, backward Euler using fixed-point iteration and

Newton-Raphson method), with the specific tolerance as the number of time steps in-

crease. The relative error is bounded by the tolerance set for the Backward Euler method.

The same accuracy is achieved using fixed point iteration and Newton-Raphson when the

tolerance is set close to the machine precision.

Based on the FOM and ROM solutions collected at the increasing number of time
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Figure 5.4: Relative error using Forward Euler (red circle), 4-th order Runge-Kutta (blue
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steps, the timestep-refinement study results for the explicit and implicit time integrators

are shown in Fig. 5.5 and 5.6. For a Runge-Kutta integrator, we see a fourth-order accuracy

for the first reduced state and the specific spatial state. For Backward Euler using fixed

point iteration, a first-order accuracy is obtained by observing the first reduced state at

tol=1E−14. Similar behavior was seen for the Backward Euler integrator using Newton-

Raphson method, whereas the error is not not sensitive to the tolerance.
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Figure 5.5: Timestep-refinement study for 4th-order Runge-Kutta. We select a time step of
1.56E−2, as the approximated convergence rate for the selected time step is close to one.
Also note that it leads to an approximated convergence rate of 2E − 6 and an averaged
approximated error of 3E−8 for the selected spatial state and 2E−4 for the first reduced
state.

As a result, we select ∆t = 0.25/32= 0.0078 for forward Euler integrator, ∆t = 0.25/16=

0.0156 for Runge-Kutta integrator, and ∆t = 0.25/16 = 0.0156 for backward Euler integra-

tor. The same time step size is used for the backward Euler in the FOM as a reference.
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Figure 5.6: Timestep-refinement study for backward Euler/fixed-point iteration, tol =
1E − 14. We select a time step of 1.56E − 2, as the approximated convergence rate for
the selected time step is close to one. Also note that it leads to an approximated conver-
gence rate of 1 and an averaged approximated error of 4E−4 for the selected spatial state
and 2E−4 for the first reduced state.

5.3 Simulation of the surrogate ROM

Now we can solve the problem using the surrogate model along the trajectory in the dy-

namical system. After applying time integration to the regression-based ROM, we obtain

the surrogate solution.

All the ROM and FOM solutions are simulated using the verified backward Euler
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Table 5.1: Online computational cost (seconds) using the surrogate ROM of different train-
ing models vs. the FOM, the Galerkin ROM, the least-square Petrov-Galerkin (LSPG) and
Gauss–Newton with approximated tensors (GNAT) methods.

Method FE RK BE(fp, tol=1E−7) BE(fp, #iter) BE(Newton-Raphson)
SVr/3rd poly 2.51E1 4.86E1 3.46E3 - x
SVr/2nd poly 2.74E1 5.20E1 5.38E1 5.92E0 x

SVr/rbf 2.64E1 5.14E1 2.74E1 2.04E0 x
Boosting 5.32E3 9.70E3 1.90E3 2.34E0 x

Random Forest 3.61E3 5.60E3 1.33E3 2.01E0 x
SINDy 2.49E−1 4.6E−1 6.94E−1 5.92E0 1.21E0
FOM x x x x 2.93E2

Galerkin x x x x 7.54E1
LSPG x x x x 7.41E1
GNAT x x x x 1.78E0

time step. For random forest models, the online computational complexity depends on

the O(T ·D), where T is the number of trees and D is the maximum depth. 50 trees are

used in this experiment. Table 5.1 reports the computational cost (in seconds) in solving

the ODE online. This nonintrusive solver can speed up the computation by 240 times

that of the FOM and 60 times that of the Galerkin ROM and least-square Petrov-Galerkin

(LSPG) [129, 130]; it is slightly faster than the Gauss–Newton with approximated tensors

(GNAT) method for nonlinear model reduction [126].

The state-space error w.r.t. the full-order model and the reudced-order model over

time using the forward, backward Euler and Runge-Kutta integrators are shown in the

Fig. 5.7, 5.8 and 5.9. With SINDy [127] (polynomial functions) regression and the back-

ward Euler method, we successfully reconstruct the Galerkin model solutions with the

error ≈ 1E−14, which outperforms all the other common machine learning methods for

this task. SVM with a 2nd-degree polynomial kernel generates comparable results with

SINDy in both explicit and implicit integrators, however, a 3rd-degree polynomial kernel

function in SVM fail to yield a converged solution.
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Figure 5.8: Relative error w.r.t. (a) ROM model as a function of time, err(t) = ‖u(t)−uROM(t)‖2
‖uROM(t)‖2

,

(b) FOM model as a function of time, err(t) = ‖u(t)−uFOM(t)‖2
‖uFOM(t)‖2

using 4th order Runge-Kutta
integrator.
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Figure 5.9: Relative error w.r.t. (a) ROM as a function of time, err(t) = ‖u(t)−uROM(t)‖2
‖uROM(t)‖2

,

(b) FOM as a function of time, err(t) = ‖u(t)−uFOM(t)‖2
‖uFOM(t)‖2

using Backward Euler integrator-
Newton-Raphson/fixed point iteration.

5.4 Summary

In this study, we demonstrate the effectiveness of data-driven methods for numerically

solving parametric PDEs. The approach successfully avoids the cost and intrusiveness

of querying the FOM and ROM in the simulation, by approximating the operators using

regression methods. In the offline stage, regression models are built from the training

set using state-of-the art techniques from machine learning, for the specific dynamical

system and ROM method. In the online stage, the ROM simulation can be run outside of

the original simulation, as all the reduced operators have been modeled. The framework

is expected to be extended to extreme-scale high performance computing.

Further directions involve solving a more complex nonlinear dynamical systems, e.g.

Euler’s equation. For nonlinear Lagrangian dynamical systems, we need to develop

structure-preserving approximations for all reduced Lagrangian ingredients in the model

reduction. Rather than apply Galerkin projection to obtain the ROM, one can alternatively
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employ a least-square Petrov-Galerkin (LSPG)[129, 126, 130], which requires a regression

method predicting non-negative values.
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Chapter 6

SCALABLE METHODS FOR CHARACTERIZING LARGE-SCALE
FLUID NETWORKS

This work demonstrates the effective use of scalable algorithms in randomized and

sketched linear algebra to analyze large networks arising in fluid dynamics. We gener-

alize the idea of efficiently extracting the dynamical information for high-dimensional

turbulent flows. Network theoretic approaches can help reveal the structural connectiv-

ities amongst a set of elements and analyze their collective dynamics. We propose ef-

fective methods to compute the leading eigenvalue/eigenvector of the adjacency matrix

AG using sparse or randomized techniques from linear algebra. We explore importance

sampling on the vortical field by considering the probability distribution of the clusters

characterizing the vortical interaction structures. The aim is to save superfluous storage

and expensive computations in the network analysis for large graphs while preserving

coherent physical correlations.

6.1 Network in fluids

Recently, studies of network analysis for representing vortical interactions [29] and char-

acterizing turbulent flows [131] have drawn attention as a complementary perspective

to the classic techniques in fluid dynamics. In [29], a sparsified-dynamics model was

developed based on spectral theory to capture the full nonlinear dynamics of the flow.

Taira etc. [131] demonstrated the scale-free behavior for the vortex interactions in two-

dimensional isotropic turbulence. Network community detection was also applied to

vortical wake interactions to predict the unsteady fluid forces in [132]. These findings
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serve as a network-analytic foundation to examine fluid flows in different scales.

A canonical graph or network G consists of three components, sets of vertices (nodes)

V , connecting edges E and the associated edge weights W . The network-theoretic model

for fluid flows takes individual point vortices as the network nodes and vortical induced

velocities as the edge weights based on the Biot-Savart law [29]. The strength of the vor-

tical interactions, between fluid elements i and j is quantified through the induced veloc-

ities ui→ j and u j→i, forming an adjacency matrix AG with,

AG =




(ui→ j +u j→i)/2di j if i 6= j

0 otherwise
(6.1)

where di j is the Euclidean distance between the nodes in the graph.

Network analysis for unsteady fluid flows provides a potential tool that combines

graph theory and dynamical systems for characterizing the nonlinear behaviors in the

flow field. A variety of useful measures quantifying networks structure, such as eigen-

vector centrality, Katz centrality and PageRank, play a significant role in capturing partic-

ular features of the network. Eigenvector centrality extends degree centrality, considering

the importance of a vertex by weighting each vertex a score proportional to the sum of

the scores its neighbors. Katz centrality further adds a second term for the vertices with

zero in-degree so that the vertices they point to have advantages, which complements

eigenvector centrality. PageRank is defined as a variation of Katz centrality in that it

takes the out-degree of the network neighbors into consideration. All of these methods

involve computing the dominant eigenvector of the adjacency matrix, making it an inten-

sively studied problem. For a high-dimensional fluid flow field, network analysis requires

tremendous computational storage and memory for the eigen-decomposition process of

the adjacency matrix AG . The dimension of AG scales as n4 for a two-dimensional and n6

for a three-dimensional flow field, which requires significant computational power.
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In general, it is computationally demanding to compute the eigendecomposition for a

dense symmetric matrix. However, provided that the largest eigenvalue is real and dis-

tinct, the dominant eigenvector can be efficiently computed using the power method [133].

Indeed, adjacency matrices have the nice property that all of their eigenvalues are real,

since AG is a symmetric matrix and all entries are nonnegative. For instance, Google

is using the power method to compute the PageRank of documents in their search en-

gine [134]. The costs to compute the leading eigenvalue and eigenvector is of the order

O(n2), since the power method requires only matrix-vector operations. Thus, the power

method is particularly efficient for large-scale sparse matrices.

6.2 Randomized methods

Randomized linear algebra has been particularly successful, as it leverages the fact that

many large matrices exhibit low-rank structure, facilitating algorithms that scale with

this intrinsic rank, rather than the matrix dimensions [135, 136, 137, 138]. In addition to

the randomized SVD [139, 140], randomized algorithms have been developed for prin-

cipal component analysis [141, 142], the pivoted LU decomposition [143], the pivoted

QR decomposition [144], and the dynamic mode decomposition [145, 138]. Although

randomized algorithms provide tunable error bounds and provide significant computa-

tional speed-ups, they still require at least a single pass over the large adjacency matrix.

Thus, for the largest fluid systems, where even a single pass over the adjacency matrix

may be intractable, there are sketched methods that randomly subsample columns and

rows of the matrix to approximate the low-rank structure of the full high-dimensional

matrix. In this work, we take advantages of randomized linear algebra to analyze fluid

flow networks of various dimensions and intrinsic complexities.
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Adjacency matrix (symmetric)

Matrix sketching

Sketched matrix Dominant eigenvectors
& eigenvalues

I. Sketched SVD

II. Nyström approx.Vorticity field

Input

Output

Figure 6.1: Schematic for identifying dynamics in high-dimensional adjacency matrix A.
Path I indicates sketch SVD using a subset of columns of A; path II implements Nys-
tröm method for efficient approximation of the leading eigenvalues/eigenvectors. Matrix
sketching means selecting a subset of columns/rows of the original full matrix.

6.3 Spectral decomposition for the adjacency matrix

Spectral decomposition for dense and large AG may be intractable. In many cases, the ad-

jacency matrix is too large to be stored or read. In this section, we introduce two methods,

which have been recently used for approximating the spectral decomposition of a large

matrix, using a subset of the columns of the matrix.
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6.3.1 Column-sampling approximation

The column-sampling method was initially proposed to approximate the SVD of any rect-

angular matrix with bounded error. Let AG ∈ Rn×n be a real symmetric matrix. Then, the

following low-rank approximation can be formed:

AG ≈ CW†C>, (6.2)

where the matrix C ∈ Rn×l consists of a subset of l columns of AG:

C := AG(:,J). (6.3)

The index vector J identifies the l columns used to form C. For now, assume that we are

given an index set J with p elements. We will discuss different strategies to form such an

index set later. Unlike the Nyström method, it approximates the eigendecomposition of

AG by computing the SVD of CG directly. Specifically, given C = UCΣCV∗C, the approxi-

mate eigenvectors of AG are given by the left singlular vectors of CG:

Ũ = UC = CGVCΣ
†
C, (6.4)

and then the corresponding approximate eigenvalues are approximated by scaling the

singular values of CG:

Σ̃ =

√
n
l

ΣC. (6.5)

The time complexity of SVD on C is O(nl2). For parallelized computations, one can com-

pute UC and ΣC by taking the SVD of CT C combining Eq. (6.4), which requires O(nl2) to

be generated and O(l3) for the corresponding SVD.
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6.3.2 Nyström method

The Nyström method provides an efficient approach for low-rank matrix approximations

in large-scale learning applications. It was initially introduced as a quadrature method

for numerical integration, to approximate eigenfunction solutions. Extensive work, more

recently, was involved to speed up kernel computations and demonstrated theoretically

in various sampling schemes, and the Nyström method provides an interesting alterna-

tive in this case [146, 147, 148]. The square matrix W ∈ Rl×l consists of the intersection of

the J rows and columns of AG:

W := C(J, :) = AG(J,J). (6.6)

When AG is positive-semidefinite (PSD), W is also PSD. Then, the small matrix W can be

used to efficiently compute the dominant eigenvectors and eigenvalues of AG . Follow-

ing [149], we first compute the eigendecomposition:

W = ŨlD̃lŨ>l . (6.7)

Then, we reconstruct the dominant eigenvalues as

D =
n
l

D̃l, (6.8)

and the corresponding eigenvectors

U =

√
l
n

CŨlD̃†
l . (6.9)

Note that in general AG is not guaranteed to be PSD , however in this study, Nyström

can be used efficiently to approximate the leading eigenvector, since the corresponding

eigenvalue must be positive. To approximate the leading eigenvector, the runtime can be
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reduced to O(l3 + ln) by decomposing the submatrix of C.

6.3.3 Sampling strategies

Algorithm 5 Importance sampling of pivoting in detected communities based on proba-
bilistic distribution (PCPD).
Input: Data matrix Ω, Detected communities si, Probability density ρi of each community,

Pivot number l, Community number k.
Output: Pivot locations P.

1: procedure PCPD(Ω,si,ρi)
2: Initialize pivot location P . Initialization
3: maxiter = l ∗min(ρi) . Maximum iteration number
4: while j ≤ maxiter do . Iterate up to maxiter times
5: for i = 0 : k−1 do
6: r← round(ρi/min(ρi))∗ ( j−1)+1 : round(ρi/min(ρi))∗ j
7: . Find the sampling range in si
8: if r[0]≤ length(si) then . Check the current pointer index
9: pnew← si(r[0] : min(length(si)),r[−1]) . Locate new pivot pnew

10: else
11: continue
12: end if
13: end for
14: P = {P pnew} . Update the set of pivots
15: j = j+1 . Next iteration
16: end while
17: end procedure

Sampling as a computational strategy to obtain low-rank approximations for large-scale

matrices has been extensively studied. By finding the optimal subsets of the original data,

the complexity in computation required can be reduced by one or two orders of magni-

tude. Sparse sampling has been investigated by fluid dynamics researchers to overcome

the curse of dimensionality, while capable of reconstructing the full coherent structures

and inherent dynamics via off-stage optimization [51, 150, 151, 37, 92, 93, 51]. Kumar

et al. [149] provides an ensemble method to sample rows and columns for the Nyström
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method of a large-scale kernel matrix; however, little work has been done toward physical

interpretation of sampled pivots in terms of preserving the network measures.

For better performance of the column-sampling and Nyström methods in 6.3, we

search for the pivots in the physical field that most contribute to the structure of AG.

Specifically, we investigate different strategies in three scenarios, depending on the size

of the data matrix and the availability of the columns of AG.

1. One can construct the full AG. Power method can be implemented to compute the

leading eigenvector T, which scales as O(n2).

2. One can not construct the full AG, but a large number of columns of A are accessible.

We collect a subset of random pivots drawn from uniform sampling on the original

physical field. When the number of pivots used l is large enough, the estimated

leading eigenvector T̂ accurately approximates the true value well (see Section 6.2).

3. One can only construct a few columns of AG. We need a subset of optimal columns

that contribute to the structure of AG. Importance sampling is used to sample the

points in each communities based on their probability distribution in the physical

field, as explained in Algorithm 5.

6.4 Results

6.4.1 Important Sampling

We test the algorithm on the wake flow of NACA airfoils with the attachment a simple

passive flow control device called Gurney flap. Related research discovered the vortex

dynamics associated with the Gurney flap at the trailing edge of the airfoil at Reynolds

number Re = 104-106 to perform optimal control at different flight conditions. Recent
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Figure 6.2: Vorticity field of two-dimensional DNS of the flow over a NACA 0012 airfoil
with Gurney flap at an angle of attack of 20° and flap height of 0.1 chord length at Re =
1000; the full illustration can be found in [3] (reproduced from data in [3] with permission
from Muralikrishnan Gopalakrishnan Meena). A subdomain of the original vorticity field
is used in this example.

work [3] introduced a parametric study to examine the influence of a Gurney flap on the

aerodynamic characteristics and wake patterns behind different types of NACA airfoils.

Meena further proposed a network community-based ROM that captures interactions

amongst coherent structures in the unsteady vortical flows [4]. We present the results

on two-dimensional DNS of the flow over a NACA 0012 airfoil at an angle of attack of 20°

and flap height of 0.1 chord length at Re = 1000 using the immersed boundary projection

method in [109, 110]. Fig. 6.2 shows the vorticity field, with a grid resolution of 250×150
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Cluster 3

Cluster 4

Cluster 5

Cluster 6

Figure 6.3: Detected communities the vortices in Fig. 6.2, taken from [4] (reproduced from
data in [3] with permission from Muralikrishnan Gopalakrishnan Meena). For simplifica-
tion, the small community at the leading edge of the airfoil is merged the major commu-
nity in Cluster 1.

on a domain of size 5.53× 3.31, nondimensionalized by the chord length of the airfoil.

The vortical elements that behave or interact in a similar pattern are clustered as a vortical

community from a network-theoretic perspective. Inspired by the communities detected

in [4] derived from the modularity maximization algorithm [152, 153, 154, 155, 156, 157],

we further simplify the vortical field to 6 communities as shown in Fig. 6.3.

Importance sampling on the detected communities following Algorithm 5 is imple-

mented using 50 different seeding random generators for the order of sampled pivots in

each community. The angle between the true and estimated leading eigenvector, arccos(〈T, T̂〉)
is measured as the error, using both the column-sampling and Nyström method. The
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Figure 6.4: Convergence of the angle between the true leading eigenvector T and the
estimated leading eigenvector T, using importance sampling vs uniform sampling in es-
timating the leading eigenvector of the adjacency matrix. 50 runs of random generators
were used for the order of sampled pivots in each community in Fig. 6.3.

performance of the corresponding uniform sampling is also presented in Fig. 6.4. We ob-

serve that when the given number of pivots is small, importance sampling outperforms

uniform sampling for a small number of pivots. As more pivots collected from the data,

e.g. l = 2048, the results of these two sampling strategies become comparable. Overall,

column-sampling yields more accurate approximation than the Nyström method; how-

ever, one should consider the trade-off between the approximation accuracy and compu-

tation cost, as indicated in Section 6.3.

Fig. 6.5 shows the leading eigenvector of AG using the four approaches in Fig. 6.4 at

l = 256. The coherent interactions are better reconstructed using importance sampling.
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True T :

Approximated T̂ :

Uniform
sampling

Importance
sampling

column-sampling Nyström method

Figure 6.5: (a) True leading eigenvector of the adjacency matrix; (b)-(e) show estimated
leading eigenvector of the adjacency matrix computed using corresponding subsets of the
total 37282 columns: (b) column-sampling method using 256 columns drawn from uni-
form sampling, error = 0.47; (c) Nyström method using 256 columns drawn from uniform
sampling, error = 0.72; (d) column-sampling method using 256 drawn from importance
sampling, error = 0.20; (e) Nyström method using 256 drawn from importance sampling,
error = 0.22.
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Figure 6.6: Degree distribution of the full AG, two 256/37228 column subsets of AG,random
in uniform sampling and AG,importance in importance sampling. The dashed lines show the
slope of degree distribution γ respectively.

With a limited number of pivots, random sampling fails to capture the weight of the key

structure in the adjacency matrix. Using column-sampling, the error is reduced from 0.47

to 0.20 and a more obvious decrease is observed using the Nyström method.

We compare the degree distribution of the original AG and its subsets AG,random, AG,importance

in Fig. 6.6. For s/N ∈ [0.06,0.16], the slopes of the degree distribution γ , which satisfies

P(s) = s−γ in AG and AG,importance are very close. The nodes with high-degree are well rep-

resented in the importance sampling, while the information regarding low-degree con-

nectedness is lost due to the high compression ratio 256/37228 ' 0.69%.
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Figure 6.7: Illustration of random versus Quasi-random sampling: uniform sampling and
Halton sampling.

6.4.2 Quasi-random sampling

We investigate quasi-random sampling as the sampling strategy for the implementation

of randomized techniques. Specifically, we test our methods on two fluid flow datasets:

two-dimensional isotropic turbulent flows (see [131]) and the wake flow of the wake flow

of NACA airfoils with Gurney flap as shown above. In order to avoid the construction

of a full adjacency matrix, we use uniform and quasi-random sampling on the vorticity

flow field, combined with the sketched SVD and Nyström method for approximating the

dominant eigenvectors of the adjacency matrix.

Quasi-random numbers are a ‘cleverly’ crafted low-discrepancy sequence [158]. Such

numbers have the advantage that they cover some higher-dimensional space quickly and

evenly. This is, because quasi-random numbers are constructed so that they are more

uniformly distributed than pseudo-random numbers. Fig. 6.7 illustrates the advantage of

quasi-random numbers compared to pseudo random numbers in two dimensional space.

Here the famous Halton [159] sequences are used to generate the quasi-random numbers.

The pseudo random numbers show many holes and clumps, whereas the draws from the



94

Halton sequence better cover the space. This property makes quasi-random numbers an

interesting candidate for sampling. The advantage becomes even more pronounced for

sampling in higher dimensional space.

Quasi-random numbers are deterministic, yet they feature a low discrepancy. This

means, they appear random enough for many applications such as sampling. Thus, they

have often some advantage over purely deterministic methods. Indeed, our experiments

show that the accuracy improves continually as more quasi-random numbers are added.

Fig. 6.8 shows that by visual inspection, the Nyström method yields a good approxi-

mation for the leading eigenvector using only 2000 rows and columns of the input adja-

cency matrix. Fig. 6.9 shows the reconstruction error and computational time using uni-

form and Halton sampling with Sketched SVD or the Nyström method, for the 2D turbu-

lent flow (top line) and airfoil wake flow (bottom line). The Nyström achieves substantial

computational gains while attaining a near-optimal accuracy compared to sketched SVD.

The ensemble method over 10 uniform sampling using Nyström method outperforms all

the other approaches.

Based on the approximated leading eigenvectors obtained from the adjacency matrix,

we examine its effectiveness in identifying the clusters of the spectral domain. In Fig. 6.10,

we show the clustering results using the dominant eigenvector of the full adjacency ma-

trix and approximated dominant eigenvectors obtained from Halton sampling combined

with the Nyström method. The vortices involving the similar dynamics are grouped well,

for both the 2D turbulent flow (top line) and airfoil wake flow (bottom line).

6.5 Summary and future work

We proposed a scalable approach to efficiently compute the eigencentrality for large-scale

graphs. Randomized techniques in linear algebra reduce the computational cost with one

or more passes of AG. Efficient spectral decomposition and sparse sampling makes it
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2D turbulent flow

airfoil wake flow
(a) (b) (c)

Figure 6.8: Qualitative comparison of the true (b) and approximated (c) dominant eigen-
vector of the adjacency matrix generated from the fluid network in (a). The shown ap-
proximation in (c) is realized using Nyström method and Halton quasi-random sampling
of 12% (2000/16384) of the data points as pivots. The top line shows the results for the 2D
isotropic turbulence and the bottom shows the results for the airfoil wake flow.

possible to bypass the need to construct the full adjacency matrix for even a single pass.

Combining importance sampling based on the probability distribution of detected com-

munities and the Nyström method, the leading eigenvector can be computed 70 times

faster in an angle error of 0.2, without the necessity of querying the full AG matrix. Quasi-

sampling techniques outperform uniform sampling in both the two-dimensional isotropic

turbulent flow and the airfoil wake flow. The ensemble method based on uniform sam-

pling and Nyström method generate the best accuracy for the approximation of the lead-
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Figure 6.9: Computational performance of different methods for approximating the dom-
inant eigenvector averaged over 50 runs for three different snapshots. (a) shows the acute
angles between the approximated eigenvectors and true eigenvectors for increasing num-
ber of samples; (b) shows the average computational time for increasing number of sam-
ples; (c) shows the acute angle versus computational time.

ing eigenvectors, which may also be applicable for parallel computing to be more efficient.

Further study is required to apply the network based analysis for more complex three

dimensional turbulent flows. Intelligent clustering/community detection techniques may

be necessary, combining parallel computations for subdomains of the entire field. The aim

is to explore the underlying attractor dimension, which may be independent of the large

ambient measurement dimension.
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Figure 6.10: Spectral clustering of the graph based on the full eigendecomposition and
the proposed method based on 6% of the total data points as pivots. (a) 4 clusters de-
tected using the exact dominant eigenvector of the full adjacency matrix, (b) 4 clusters
detected using the approximated dominant eigenvectors, (c) 10 clusters detected using
the exact top 3 eigenvectors of the full adjacency matrix, (d) 10 clusters detected using the
approximated top 3 eigenvectors.
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Chapter 7

CONCLUSIONS

In this thesis, there are four major contributions toward advancing the state of the art

of sparse sensing and model reduction for high-dimensional fluid flow systems.

First, we show that complex flow fields may be differentiated or classified by using

simple machine learning methods on unprocessed images of the flow, for instance, with

linear discriminant analysis (LDA) and quadratic discriminant analysis (QDA). The opti-

mized sensors that contribute most to the classification task can be found by transforming

the discriminant vector from the POD/PCA subspace to the full physical space. The pro-

posed method does not only speed up the computation of classification, but also provides

possibilities to estimate the state of a periodic or quasi-periodic flow or similar systems,

for real-time decision-making and control strategies.

Next, we develop a framework for compressive system identification, to construct

reduced-order models from heavily subsampled measurements of systems with actuation

inputs. The compressed DMD with control algorithm builds on a low-oder model from

limited input-output data and reconstructs the full-state modes offline via compressed

sensing. This framework is connected to the conventional state-space system identifica-

tion, which adds more interpretability to the system dynamics. The developed method

uncovers the underlying dynamics in a computationally efficient way, which may enable

robust control performance.

Further, we investigate data-driven methods to approximate the operators associated

with reduced-order models (ROMs) of nonlinear dynamical systems. State-of-the-art re-
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gression methods, such as support vector regression, random forests, boosted decision

tress and the sparse identification of nonlinear dynamics are explored to train the offline

model. This model is constructed to approximate the dynamics of the reduced state in

a Galerkin ROM used to numerically solve parametric PDEs. Our nonintrusive nonlin-

ear model reduction procedure avoids the need to query the full-order model (FOM) and

ROM in the online simulations. This approach scales well with the state dimension and

is expected to be extended to extreme-scale high performance computing.

Finally, we propose a scalable algorithm to compute the eigencentrality in large-scale

networks for studying complex fluid flows. Randomized linear algebra is applied to ac-

celerate computations while preserving coherent physical correlations. We use efficient

spectral decomposition methods, including column-sampling and the Nyström method,

combined with importance sampling based on the probability distribution of detected

communities, as well as quasi-random sampling to estimate the leading eigenvectors of

the adjacency matrix. This approach bypasses the cost required to construct the full ad-

jacency matrix, which saves storage space, computational time, and may make it feasible

for the network based analysis of high-dimensional turbulent flows.
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