
©Copyright 2021

Kendrick Qijun Li





Methods for Agnostic Statistical Inference

Kendrick Qijun Li

A dissertation
submitted in partial fulfillment of the

requirements for the degree of

Doctor of Philosophy

University of Washington

2021

Reading Committee:

Kenneth M. Rice, Chair

Lurdes Y. T. Inoue

Noah Simon

Program Authorized to Offer Degree:
Biostatistics





University of Washington

Abstract

Methods for Agnostic Statistical Inference

Kendrick Qijun Li

Chair of the Supervisory Committee:

Professor Kenneth M. Rice

University of Washington, Department of Biostatistics

A traditional goal of parametric statistics is to estimate some or all of a data-generating

model’s finite set of parameters, thereby turning data into scientific insights. Point es-

timates of parameters, and corresponding standard error estimates are used to quantify

the information provided by the data. However, in reality the true data-generation rarely

follows the assumed model. When the model assumptions are incorrect, though the point

estimates’ target parameters are often still meaningful quantities, the model-based standard

error estimates may be difficult to interpret in any helpful way; they may also be notably

biased.

In light of doubts about model assumptions and the known difficulties of checking mod-

els, agnostic statistics aims to develop statistical inference with only minimal assumptions.

Though agnostic statistics has become popular over the past few decades, methods of ag-

nostic inference are yet to be developed in some fundamental application areas.

One such area is meta-analysis. Meta-analysis of 2×2 tables is common and useful in

research topics including analysis of adverse events and survey research data. Fixed-effects

inference typically centers on measures of association such as the Cochran-Mantel-Haenszel

statistic or Woolf’s estimator, but to obtain well-calibrated inference when studies are small

most methods rely on assuming exact homogeneity across studies, which is often unrealis-

tic. By showing that estimators of several widely-used methods have meaningful estimands

even in the presence of heterogeneity, we derive improved confidence intervals for them un-



der heterogeneity. These improvements over current methods are illustrated by simulation.

We find that our confidence intervals provide coverage closer to the nominal level when

heterogeneity is present, in both small and large-sample settings. The conventional confi-

dence intervals derived under homogeneity are often conservative, though anti-conservative

inferences occur in some scenarios. We also apply the proposed methods to a meta-analysis

of 19 randomized clinical trials on the effect of sclerotherapy in preventing first bleeding

for patients with cirrhosis and esophagogastric varices. Our methods provide a more inter-

pretable approach to meta-analyzing binary data and more accuracy in characterizing the

uncertainty of the estimates.

Another area lacking agnostic methods is adaptive shrinkage estimation. Shrinkage es-

timation attempts to increase the precision of an estimator in exchange for introducing a

modest bias. Standard shrinkage estimators in linear models include the James-Stein esti-

mator, Ridge estimator, and LASSO. However, theories regarding the optimal amount of

shrinkage and statistical properties of these estimators are often based on stringent distribu-

tional assumptions. In Chapter 3, we provide a unified framework of shrinkage estimation –

penalized precision-weighted least square estimation. We demonstrate that the James-Stein

estimator, Ridge and LASSO are all penalized precision-weighted least-square estimators

using model-based precision weights. Using a model-agnostic precision weighting matrix,

we propose three shrinkage estimators in the novel framework: Rotated James-Stein esti-

mator, Rotated Ridge, and Rotated LASSO. As we show, the three proposed estimators

have theoretical properties and empirical performance that are comparable to the standard

shrinkage estimators, while rotated LASSO has improved precision in some situations. We

apply these estimators in a prostate cancer example.

The third area is variance estimation in Bayesian inference. Many frequentist paramet-

ric statistical methods have large sample Bayesian analogs. However, there is no general

Bayesian analog of “robust” covariance estimates, that are widely-used in frequentist work.

In Chapter 4, we propose such an analog, produced as the Bayes rule under a form of bal-

anced loss function. This loss combines standard parametric inference’s goal of accurate



estimation of the truth with less-standard fidelity of the data to the model. Besides being

the large-sample equivalent of its frequentist counterpart, we show by simulation that the

Bayesian robust standard error can also be used to construct Wald confidence intervals that

improve small-sample coverage. We demonstrate the novel standard error estimates in a

Bayesian linear regression model to study the association between systolic blood pressure

and age in 2017-2018 NHANES data.
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Chapter 1

INTRODUCTION

Statistics aims to get insights from data to a scientific problem. A common approach is

to assume the data follow a probabilistic model that is characterized by a few parameters,

to estimate the parameters using the observed data, and to make interpretations based on

the parameter estimate and their uncertainty measures. This approach is often referred to

as parametric statistics [10, §7].

However, more often than not the assumed statistical model does not accurately charac-

terize the data-generating distribution. Although methods exist to detect the discrepancies

between the data and an assumed model, such as the Pearson’s Chi-squared test [49], the

Kolmogorov-Smirnov test [42] and others, the practice of using the test for model assump-

tions to guide estimation has long been controversial [5, 17, 60], not to mention that these

tests often require a large sample size to achieve reasonable power. In the cases when an

analyst resorts to choosing a model among several candidates, the action of selecting a

model itself has non-negligible impact to the following inference and interpretation, and the

impact is difficult to account for [40].

Due to these challenges of model-based statistical analysis and many more, model-

agnostic statistical methods have grown increasingly popular over the past decades. These

methods can roughly be categorized into two groups. One is nonparametric statistics or

semiparametric statistics, of which the methods impose very few restrictions on the sta-

tistical model. Nonparametric statistics methods don’t impose any parametric restrictions

on the data-generating distribution except for some mild restrictions such as smoothness

or monotonicity, whereas semiparametric statistics imposes parametric restriction on some

aspects of the distribution and leaves the rest unspecified. For a formal discussion of these

approaches, see [71, 57, 67]. Although these methods are widely popular in the statistics and

machine learning community, some challenges remain unaddressed, such as long computa-
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tion time, shortage of valid statistical inferential methods, difficulty with the interpretation,

less accessibility of user-friendly software, and most importantly, the well-known curse of

high-dimensionality (See, for example, Wasserman [71, §4.5]). In contrast, the other ap-

proach does not alter the point estimate, which is derived from a statistical model, but

instead re-evaluates the results from the parametric analysis, through the lens of model ag-

noticism, and adjusts for potential model violation. Specifically, this approach acknowledges

that the model can be misspecified, clearly defines the estimand under model misspecifi-

cation, and use an inferential procedure that doesn’t require correct model specifications.

For example, when the probabilistic model is incorrectly specified, Huber studied the limit

of maximum likelihood estimates [29], the interpretation of which was further studied by

Akaike [4]. Huber also showed the asymptotic normality of the maximum likelihood esti-

mates under certain conditions [29], which can lead to valid inference.

In this dissertation, we aim to use the methodology of model-agnostic statistical inference

to re-evaluate several areas that have broad application but have been missed out in the

wave of agnostic statistics research – meta-analysis, shrinkage estimation, and Bayesian

parametric regression analysis. In Chapter 2, we revisit the common approaches in meta-

analysis and develop model-agnostic inference procedures in meta-analysis for two-by-two

tables; in Chapter 3, we propose a novel framework of model-agnostic shrinkage estimation,

with special focuses on shrinkage estimators in linear models; in Chapter 4, we develop a

Bayesian analog of the Huber-White robust variance matrix [29, 73] as the Bayes rule of a

novel loss function.
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Chapter 2

IMPROVED INFERENCE FOR FIXED-EFFECTS META-ANALYSIS
OF 2×2 TABLES

2.1 Introduction

Meta-analysis methods combine information from multiple studies to make inference and

draw conclusions [21], and compared with single studies often have greater statistical power

to detect association between two variables. In the common situation where both variables

are binary, the data can be represented as an easily-shared 2×2 contingency table, meaning

that (unlike most other meta-analyses) we can typically reconstruct individual-level data

within the contributing studies. The association between binary variables can be quantified

in several ways, including risk differences, risk ratios, and—most commonly-used—odds

ratios.

Perhaps the most conventional framework of meta-analysis is common-effect meta-

analysis (sometimes referred to as fixed-effect meta-analysis, singular), where the odds

ratio (or equivalently its logarithm) is homogeneous across studies. In common-effect meta-

analysis, the target of inference is the common log odds ratio. The inference is based on

consistent estimators of the log odds ratio including the Maximum Likelihood Estimator

(MLE) [3], Woolf’s inverse-variance estimator [74] and the logarithm of Cochran-Mantel-

Haenszel statistic (log-CMH) [41]. But homogeneity is unlikely to hold in practice; differ-

ences in study population characteristics and research protocols can induce unequal effect

sizes across studies, particularly as odds ratios are non-collapsible across studies [18]. Small-

study effects [56] can also induce heterogeneity. When baseline risks differ across studies,

risk ratios or risk differences may be homogenous where the corresponding odds ratios are

not. It therefore seems prudent to always at least consider the impact of heterogeneity

across studies, when meta-analyzing 2×2 tables.

Faced with heterogeneity in practice, it is common to adopt a random-effects frame-
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work. This has two primary justifications [26]. First, one can assume that the meta-analyzed

study effects are a random sample from a “super-population”. But the implicit indepen-

dence of studies is dubious, as in many cases later studies’ designs and target populations

will have been influenced by earlier results. Moreover, the appropriateness of distributional

assumptions on the study effects remains debatable [30]. A second justification is to view

the random-effects model as an approximate Bayesian statement of exchangeability of the

study effects. While this justifies the use of the model, it does not justify drawing inference

based on the mean of the random effects distribution. Indeed, it leaves the question of ex-

actly what to estimate unanswered. A distinct concern is the poor performance of inference

based on random-effects analysis of a small number of studies. In this common situation,

inference can be sensitive to distributional assumptions, and confidence intervals (CIs) may

have far from nominal coverage levels.

In light of these difficulties, in this chapter we propose meta-analysis of 2×2 tables

under a fixed-effects (plural) framework, where the effect sizes of single studies are fixed

but may be different, thus allowing heterogeneity. Though using the same estimators as

in common-effect meta-analysis, the target of inference in fixed-effects meta-analysis is an

average effect size across studies, where the exact form of the average depends on the

estimator chosen. The fundamental ideas and justification of fixed-effects meta-analysis are

discussed elsewhere [54, 50, 38]. With careful statement of what the method estimates under

heterogeneity our approach provides inferences, relevant to scientific questions of interest,

with good calibration of their frequency properties.

In Section 2.2 we provide the relevant notation, and define the major fixed-effects es-

timators used in meta-analysis of 2×2 tables. In Section 2.3 we explore the large-sample

properties of these estimators, and show how they can be used to construct novel confidence

intervals. These are explored through simulation in Section 2.4 and via an applied examples

in Section 2.5. We conclude in Section 3.12 with a short discussion.

2.2 Notation

We consider a meta-analysis of k studies where the data in each study has a binary outcome

Y and a single binary covariate X. Following convention, we call the population with X = 1
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Covariate X
1 0 Total

Outcome Y 1 aj bj n1j

0 cj dj n0j

Total m1j m0j Nj

Table 2.1: Notation for a subtable j contributing to a meta-analysis

the treatment group and X = 0 the control group, though the methods are useful well

beyond the setting of controlled trials. The counts of subjects for each combination of levels

of outcome and covariate in study j can be laid out in a 2 × 2 contingency table, as in

Table 2.1.

We denote N =
∑K

j=1Nj as the total sample size. We condition on the column to-

tals m0j ,m1j and assume that aj and bj are independent random variables, drawn from

Binomial(m1j , p1j) and Binomial(m0j , p0j) respectively, where p1j and p0j are the risks in

the treatment group or control group of study j. For convenience we denote δj = m1j/Nj

as the proportion of subjects in treatment group, Nj/N = γj the ratio of sample size of

study j to the total sample size, and also write p̄0j = 1− p0j , p̄1j = 1− p1j and δ̄j = 1− δj .

Within each study j we denote the odds ratio by θj = [p1j p̄0j ] / [p0j p̄1j ] and its log-

arithm by ψj = log(θj). (Adjustments made when zero entries occur are deferred until

Section 2.3.3.) Again for convenience we denote the log odds of the outcome in the con-

trol group of study j by ηj = log (p0j/p̄0j). Throughout, bold letters denote vectors; for

example, p0 = (p01, p02, ..., p0K).

2.2.1 Estimators: CMH

Using these definitions, we can further define the logarithm of the CMH estimator as

ψ̂CMH = log

 K∑
j=1

τj∑K
j′=1 τj′

θj

 , where θ̂j =
ajdj
bjcj

and τj =
bjcj
Nj

,
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which is frequently re-written as

ψ̂CMH = log

∑K
j=1

ajdj
Nj∑K

j=1
bjcj
Nj

 .

For inference, Hauck produced the large-sample variance of the CMH statistic [23], from

which Breslow developed an “empirical Hauck estimator” of the variance of log-CMH esti-

mator [9], in which the use of the logarithmic scale prevents confidence intervals potentially

taking negative values. Breslow’s variance estimator is

V̂arHom[ ψ̂CMH ] =
1

(
∑
bkck/Nk)

2

K∑
j=1

(
bjcj
Nj

)2{ 1

aj
+

1

bj
+

1

cj
+

1

dj

}
, (2.1)

where the subscript “Hom” emphasizes that the variance was derived assuming effect ho-

mogeneity. To construct approximate confidence intervals, we use the standard formulation

ψ̂CMH ± z1−α/2

√
V̂arHom[ ψ̂CMH ],

where z1−α/2 is the (1 − α/2) × 100% quantile of a standard Normal distribution. The

Cochran-Mantel-Haenszel statistics and its confidence interval are available in standard

software packages, such as the mantelhaen.test() function in base R.

2.2.2 Estimators: Woolf

Woolf’s estimator is defined as

ψ̂Woolf =

 K∑
j=1

ŵj∑K
j′=1 ŵj′

ψ̂j

 , where ψ̂j = log

(
ajdj
bjcj

)
and ŵj =

(
1

aj
+

1

bj
+

1

cj
+

1

dj

)−1

,

and is equivalent to the estimate from a fixed-effects, inverse-variance weighted meta-

analysis, that uses the standard point estimate of each subtable’s odds ratio and its corre-

sponding variance estimate.

We note how Woolf’s differs from the CMH estimator. The CMH estimator is the log

of the weighted average of subtable-specific odds ratios, whereas the Woolf estimator is a
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weighted average of subtable-specific log odds ratios estimates. The weights do differ but

both, broadly, upweight tables that provide more information about their corresponding

population-specific odds ratios.

The variance of Woolf’s estimator can be approximated using standard results from

fixed-effect meta-analysis [21], where the precision (i.e. the inverse-variance) of the overall

estimate is the sum of the precisions from each study. Combining odds ratios across 2×2

tables this estimator is

V̂arHom[ ψ̂Woolf ] =
1∑K

j=1

(
1
aj

+ 1
bj

+ 1
cj

+ 1
dj

)−1 . (2.2)

In Section 2.3.2 we will show how, even in large samples, the above estimator of variance

only validly estimate the asymptotic variance of Woolf’s estimator when homogeneity holds

across all studies. Under heterogeneity the standard confidence interval based on (2.2) is

not well calibrated.

2.2.3 Estimators: MLE

The MLE of an assumed-common log odds ratio is not available in closed form, but can

instead be found by maximizing the likelihood of the model (described above) with respect

to the K logit odds in the control each of the subtable — the αj — and the assumed-

common log odds ratio ψ that relates each αj to the risk for its corresponding treatment

group. To maximize the likelihood we solve the score equations

aj + bj −m1jexpit(αj + ψ)−m0jexpit(αj) = 0, for j = 1, ...,K,

K∑
j=1

aj −m1jexpit(αk + ψ) = 0.

where expit() denotes the inverse-logit function, i.e. expit(x) = ex/(1 + ex). Like the log-

CMH and Woolf estimates, the MLE is unconstrained by issues of non-negativity. Equiv-

alently, the MLE can be obtained by fitting a logistic regression model to the counts data

with study-specific fixed-effect intercepts αj and a fixed-effect slope ψ for the indicator of
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treatment. Several authors have criticized the use of the MLE since conventional inference

for it assumes a constant odds ratio (i.e. homogeneity) which is untenable in most cases [41].

For inference under homogeneity, standard likelihood inference applied to generalized

linear models can be applied to obtain asymptotically-justified confidence intervals. We

defer formula to Appendix A, but the basic approach uses the asymptotic Normality of the

MLE of the vector of parameters (α1, α2, ...αK , ψ), where the variance of the MLEs can

be approximated by the inverse of the observed or expected Fisher information. From this

multivariate normality, the approximate variance of the MLE for ψ is used to construct

confidence intervals as

ψ̂MLE ± z1−α/2

√
V̂ar[ ψ̂MLE ],

where z1−α/2 is the (1 − α/2) × 100% quantile of a standard normal distribution. (Other

inference methods for MLE include conditional or exact inference.) These confidence inter-

vals are widely available, for example via the glm() and confint.default() functions in

base R, but it should be noted their derivation does rely on homogeneity.

2.3 Results

As described in Sections 2.2.1, 2.2.2 and 2.2.3, inference for the CMH estimator, Woolf’s es-

timator and the MLE are well-studied under homogeneity. However, as noted in Section 2.1,

while assumptions of exact homogeneity are seldom realistic, corresponding results giving

inference under heterogeneity are not available. In this section we set out the behaviour of

the three estimators under heterogeneity, where each study estimates its own population’s

odds ratio and these parameters are not constrained in any way.

To obtain large-sample behavior of the estimators in this setting, we consider the limiting

regime where the proportion of subjects in treatment group, δj ’s, and the ratio of sample

size of single studies to the total sample size, γj ’s, remain fixed as the total sample size N

gets large. Less formally, we base inference on the situation where each study is large, not

where there are a large number of studies each of fixed small size.
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2.3.1 Estimands

Under the large-sample regime described above, we can state the large-sample limits of the

three estimators.

Formally, as N →∞ while the δj and γj remain fixed, the log-CMH statistic and Woolf’s

estimator converge to the following values:

ψCMH = log

(∑K
j=1 πjθj∑K
j=1 πj

)
, where πj = p0j p̄1jrj , rj = γjδj δ̄j ; (2.3)

ψWoolf =

∑K
j=1wjψj∑K
j=1wj

, where wj = γj/

(
1

δjp1j p̄1j
+

1

δ̄jp0j p̄0j

)
. (2.4)

The MLE ψ̂MLE converges in probability to the maximizer ψMLE of the expected log like-

lihood,

L(α,ψ) =
∑
j

γj{αj
(
δjp1j + δ̄jp0j

)
+ψδjp1j − δj log[1 + exp(αj + ψ)]− δ̄j log[1 + exp(αj)]}

(2.5)

which is not available in closed form. In (2.5), the scalar ψ is the assumed-common log odds

ratio and the K-vector α consists of the studies’ baseline odds in an assumed-homogeneous

model. (Here we abuse the notation a little since we use ψ to denote both a common log

odds ratio under homogeneity and an assumed-common log odds ratio under heterogeneity.)

One may view the three estimands, broadly, as different versions of average effect size

– the estimand ψCMH is the logarithm of a weighted average of odds ratios with weights

proportional to πj ’s, and the estimand ψWoolf is a weighted average of log odds ratios with

weights proportional to wj ’s. The estimand of MLE ψMLE is not apparent but its value is

between the maximum and the minimum of the study-specific log odds ratios.

Unless homogeneity actually holds, these three large-sample values are all different, i.e.

the estimators estimate different things. It is therefore of interest to know which might be

easiest to estimate, and if inference on any of them is particularly well- or poorly-calibrated

under heterogeneity. From the numerical studies we will see the MLE is more robust to the

presence of heterogeneity compared than log-CMH and Woolf’s estimator, supporting its
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use to infer an overall association. We will detain the discussion until Section 3.12.

2.3.2 Asymptotic distribution

Having established the limiting values of the estimators, we now address the limiting distri-

bution of the estimators – and in particular whether the variance results established under

homogeneity are affected by heterogeneity.

As we establish in Appendix A, all three estimators are asymptotically normal under

heterogeneity, as they are known to be under homogeneity. Formally, for each estimator
√
N(θ̂−θ) tends in distribution to N(0, V ) for some asymptotic variance V that we describe

below. Proofs are deferred to Appendix A.

The asymptotic variance of the log-CMH estimator is

VCMH =
1[∑K

k=1 πk

]2

K∑
j=1

π2
j θ

2
jρj/wj ,

where ρj =
[p̄0j + p0je

ψCMH ]2
p̄1j
p̄0j
δ̄j + [p1j + p̄1je

ψCMH ]2
p0j
p1j
δj

p̄0j
p̄1j
δ̄j +

p1j
p0j
δj

. (2.6)

Unless homogeneity holds—in which case all the ρj terms are 1—this value is not equivalent

to the version derived by Hauck [23] under homogeneity:

VCMH, Hom =
θ2[∑K
j=1 πj

]2

K∑
j=1

π2
j /wj .

Consequently, inference using VCMH,Hom (or inference based on it, such as Breslow’s weighted

variance method [9]) should not be expected to be well-calibrated. Depending on whether

the ρj terms are generally greater or smaller than 1, methods assuming homogeneity can

be expected to give under- or over-coverage respectively, even in large sample sizes.

Similar behavior occurs for the Woolf estimator. Here the asymptotic variance is

VWoolf =
1∑k

j=1wj
(1− 2〈ψ,∆1〉w + 〈ψ,ψ ◦∆2〉w − ξ · 〈ψ,∆2〉w) , (2.7)
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where

∆1j =
(p2

1j − p̄2
1j)t

2
j − (p2

0j − p̄2
0j)s

2
j

(sj + tj)2
;

∆2j =
(p2

1j − p̄2
1j)

2t3j + (p2
0j − p̄2

0j)
2s3
j

(sj + tj)3
;

sj = γjδjp1j p̄1j ;

tj = γj δ̄jp0j p̄0j .

for k = 1, ...,K, with πj and wj as defined in Equations (2.3) and (2.4). The notation also

uses element-wise multiplication: for two K-vectors a and b, the symbol ◦ denotes element-

wise multiplication of vectors, i.e. a ◦ b = (a1b1, a2b2, ..., aKbK). We denote by 〈a, b〉w the

weighted covariance of a and b, i.e.,

〈a, b〉w =

∑K
j=1wjajbj∑K
j=1wj

−

(∑K
j=1wjaj∑K
j=1wj

)(∑K
j=1wjbj∑K
j=1wj

)

=

K∑
i=1

wi∑K
l=1wl

(
ai −

∑K
j=1wjaj∑K
j=1wj

)(
bi −

∑K
j=1wjbj∑K
j=1wj

)

Here again the result departs from that obtained under homogeneity. In this case it is

the weighted covariance terms 〈ψ,∆1〉w, 〈ψ,ψ ◦∆2〉w and 〈ψ,∆2〉w that determine the

impact of heterogeneity on the corresponding inference. Under homogeneity, log odds ratio

elements of vector ψ are all identical and so have zero covariance with all of the other terms.

Exact statement of the MLE’s asymptotic variance is deferred to Appendix A, but

the same pattern holds. In this case the Fisher information matrix under homogeneity is

multiplied by another term, which disappears under homogeneity but is otherwise present.

Based on these results, we propose new confidence intervals that use plug-in estimators

of the variances under heterogeneity. Specifically, we replace p0j and p1j with their esti-

mates p̂0j = bj/m0j and p̂1j = aj/m1j , and replace αj and ψ with their MLEs α̂j and ψ̂,

which are simply the estimated study-specific intercepts and the slope of an indicator of

the treatment in a logistic regression model. The MLEs can be implemented in standard

statistical packages, for example by using glm() function in base R.
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2.3.3 Zero-entry Correction

As is commonly-encountered in this area, zero entries in 2×2 tables lead to infinite or

uncomputable estimates. A common and usually-reasonable ‘fix’ is to add 1/2 (or other

small number) uniformly to all entries in tables with at least one zero, but this procedure

is known to have shortcomings [63]. We instead add the reciprocal of the sample size of the

opposite arm to the cells in tables with zeroes prior to computing the estimators and their

variances, as proposed by Sweeting et al [63] along with several alternative corrections. With

this zero-entry correction, double-zero subtables produce odds ratios close to one, weakly

favoring a conclusion of no association between the covariate X and outcome Y . Full details

are given in Appendix C.

2.4 Numerical studies

In this section, we perform simulation studies to compare the coverage of our proposed con-

fidence intervals, that allow for heterogeneity, versus standard approaches that are derived

assuming homogeneity.

We simulate data from k=4 or 8 studies, each of which has a sample size of Nj=200.

The control group and treatment group in every study both contain 100 subjects. We set

the risks of the control group in all studies to be identically p0j=0.05 or 0.10, representing a

rare-outcome and a moderate event scenario. We vary the log odds ratios ψj in each study;

half the studies have one value of ψj and the other half a potentially different value. We

report the estimand and bias of each estimator for each scenario and the coverage rates of

the confidence intervals for that estimand.

Table 2.2 shows the estimands, biases and coverage probabilities of different confidence

intervals for the three estimators. In this large-sample setting, under homogeneity all con-

fidence intervals have close to nominal coverage. In the presence of heterogeneity, the stan-

dard confidence interval of log-CMH is conservative, while our proposed method maintains

the nominal coverage. Our proposed method for Woolf’s estimator has coverage probability

closer to the nominal level than that of the standard method derived under homogeneity,

except when the baseline risks are moderately low and the effects are strongly negative,
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where both approaches suffer from under-coverage. The behavior of the two confidence

intervals around the MLE is similar.

To further assess the small-sample performance of our proposed confidence intervals,

using complete enumeration we compute the exact coverage probability of the confidence

intervals for k=2 studies, where the treatment group and control group of both studies

both have 20 subjects. The risks of the two control groups are either 0.2 or 0.4. Figure 2.1

shows the results. For such a small sample size and low event probabilities, intervals derived

under homogeneity and heterogeneity are almost always conservative. However, with small

number of studies and small sample sizes, the coverage probabilities for intervals derived

under heterogeneity are closer to nominal than standard methods, that are derived under

homogeneity, regardless of the control group risks.

Intervals for the log-CMH derived under homogeneity are almost always conservative,

with coverage exceeding that of our proposed method by 2 to 3 percentage points in some

cases. For Woolf’s estimate there is no such systematic over-coverage of the standard

intervals, but our proposed method does in general produce closer-to-nominal levels. The

coverage probabilities of the two confidence intervals for the MLE are close in all scenarios

considered.

2.5 Real Data Example: Sclerotherapy

To demonstrate the methods we apply the estimators and their confidence intervals to a

meta-analysis of 19 randomized trials assessing the effectiveness of endoscopic sclerotherapy

in prevention of first bleeding among patients with cirrhosis and esophagogastric varices [46].

The outcome of interest is first bleeding. The full data are attached in the Supplementary

Material, as Supplementary Table B.1. A summary of data and results is shown in Fig-

ure 2.2.

Cochran’s Q statistic [21] from the Woolf-based analysis is 75.62, which compared to

χ2
18 gives p = 4.94× 10−9 for the test of homogeneity. The p-values of the Mantel-Haenszel

test [41] and Exact Conditional test [7] against a “strong null hypothesis” (log odds ratios

of all studies are identically zero) are 6.3×10−7 and 5.5×10−7 respectively, indicating that

sclerotherapy is significantly associated with the bleeding outcome.
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Figure 2.1: Coverage of the confidence intervals, derived under homogeneity or poten-
tial heterogeneity, with varying baseline event probabilities and effect sizes in each study.
The vertical dashed line shows the point where ψ1 = ψ2, i.e. where the effect sizes are
homogeneous.
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Meta-analysis using log-CMH statistics, Woolf’s estimator or MLE, with confidence

intervals that rely or do not rely on homogeneity assumption, lead to the same conclusion

that patients who receive sclerotherapy are less likely to develop first bleeding during follow-

up. The confidence interval for log-CMH derived assuming homogeneity is notably wider

than that without and the confidence interval for Woolf’s estimator assuming homogeneity

is a little wider than the one without, while the two confidence intervals for MLE are

indistinguishable. These observations coincide with the results illustrated in Section 2.4’s

simulations.

As a further comparison, we implement a Bayesian version of fixed-effects analysis:

putting independent Jeffrey’s prior distribution – Beta distribution with parameters 1
2 and

1
2 – on the (p1i, p0i)’s, and directly sampling the posterior for the parameter of interest

(ψCMH , ψWoolf and ψMLE). We obtained 95% credible intervals for three estimators from

the 0.025 and 0.975 quantiles of each posterior samples. With 20,000 draws, the 95% credible

intervals are (-0.744, -0.344) for log-CMH, (-0.704, -0.268) for Woolf’s estimator and (-0.803,

-0.356) for MLE. The prior distribution matters less to the credible interval for MLE than

for log-CMH and Woolf’s estimator. As with the non-Bayesian results this suggests that

estimation of MLE’s target parameter is more robust to heterogeneity than estimation of

the other two average effect sizes, ψCMH and ψWoolf .

2.6 Discussion

We have investigated the large-sample behavior of three widely-used estimators for mea-

suring the association between two random variables from data of several potentially het-

erogeneous studies. We derived their estimands under heterogeneity, and also developed

confidence intervals that do not rely on assumptions of homogeneity.

Conventional inference for the inverse-variance method has been criticized for overlook-

ing the uncertainty in the variance estimates of study effects [54, 30]. In a previous study of

the large-sample behavior of inverse-variance meta-analysis, Domı̀nguez and Rice found that

for normal outcomes the use of estimated standard errors, rather than standard errors that

are known, leads to anti-conservative inference when heterogeneity is present even in large

samples [13]. Our work on Woolf’s estimator shows that Binomial outcomes are different;
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Figure 2.2: Forest plots of meta-analysis of sclerotherapy studies, [46] with confidence in-
tervals of log-CMH statistics, Woolf’s estimator, MLE, derived with or without assuming
homogeneity. We include the confidence interval using DerSimonian-Laird method (DSL)
as comparison. We also show the chi-square statistics and the p-values for testing the value
of chi-square statistics against a chi-square distribution with 1 degree of freedom.
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when homogeneity holds, the large-sample variance (and corresponding confidence interval

width) derived assuming known variances of study effect estimates is indeed consistent.

Therefore the conventional confidence interval has correct large-sample coverage over the

common log odds ratio under homogeneity. However, in the presence of heterogeneity the

large-sample variance of Woolf’s estimator derived assuming homogeneity can, when homo-

geneity does not hold, be larger or smaller than that using no such assumption. While the

formulae of Section 2.3 give a full statement of this behavior, it can be explained intuitively,

at least in part. Unlike the Normal, the Binomial distribution has a non-zero correlation

between the estimated mean and variance. As a result, the fixed-effects confidence interval

for Woolf’s estimator is not always wider or narrower than the confidence interval assuming

known variances.

As we have also shown, the three estimators have different estimands in the presence

of heterogeneity. Which to use therefore becomes an issue for practitioners. Ideally, this

choice would be made based on context: that there would be some scientific reason to

prefer e.g. one form of weighting of study-specific estimates. However having such nuanced

information is unlikely in practice. Our results show that, rather than choosing a procedure

based on the data (a process known to invalidate many inferential methods) use of the MLE

is a pragmatic default, as its coverage seems little affected by whether or not homogeneity

is used to derive the CIs — unlike the CMH and Woolf methods. While the MLE can

be conservative when small cell counts are expected, it otherwise gives close to nominal

coverage, always outperforming at least one of the competing methods.

The question of the meaning of the average effect across studies is an important part of

almost all meta-analyses, but we do not advocate for it being the only line of investigation. In

particular, the heterogeneity of effects is also of interest, and may be addressed numerically

by measures such as Cochran’s Q, I2 and H statistics [25], or graphically via forest plots,

funnel plots, scatter plots and line graphs [36]. We do hope, however, that our careful

definition of what is being estimated by the across-study average may clarify what results

are heterogeneous around. Being clear on this should help focus subsequent analyses of, say,

non-constant variability in effect sizes as that effect size differs between studies.

A formula of the CMH estimator’s variance under heterogeneity was given by Hauck in
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in [23], which was derived by writing the CMH estimator as weighted strata-specific odds

ratio, although their derivation failed to account for the randomness of the weights. Despite

the theoretical shortcoming of the variance formula, in large samples Hauck’s variance es-

timate is indistinguishable to the true variance of the CMH estimator under heterogeneity

in simulation studies [45]. Using a different approach, Noma et. al. derived the asymptotic

variance of CMH estimator under heterogeneity, both in the scenario of a fixed number of

large strata (as is assumed in this article) and in the scenario of many strata with fixed size.

Our work has several limitation. First, though in our methods we use a type of zero-

entry correction motivated by rare-outcome data [63], we see it more as a way to stabilize

computation. Interested readers may find a more thorough discussion on issues and al-

ternative methods of meta-analyses with rare-outcome binary data elsewhere [62, 37, 39].

Second, our use of asymptotic arguments addresses the common situation of meta-analyses

with clinical studies, where each study provides reasonably accurate inference on its own

underlying parameter. With a large number of studies of small size, the proposed confidence

intervals may not have nominal coverage. This issue, known as “Neyman-Scott Problem”,

arises because the number of nuisance parameters increases at the same rate as the sample

size [44]. In such situations one could instead use random-effects models for better infer-

ence [59, 16], though considerable care is needed when choosing the mixing distribution,

and a full resolution is beyond the scope of this paper. Finally, though our work focuses

on (log) odds ratio, the idea of fixed-effects meta-analysis – fixed and potentially different

effect sizes for the studies – can be used for meta-analyses with other pooled effect measures

including risk difference, risk ratio and arcsine difference [56].

Code for our methods, including a vignette illustrating their use in practice, are available

from Github (https://github.com/KenLi93/FEMetaBin).

https://github.com/KenLi93/FEMetaBin
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Chapter 3

SHRINKAGE ESTIMATION IN LINEAR MODELS USING
PENALIZED PRECISION-WEIGHTED LEAST SQUARE

ESTIMATORS

3.1 Introduction

When estimating the mean vector for a multivariate Normal distribution in three or more

dimensions, James and Stein [31] discovered that the maximum likelihood estimator (MLE)

is inadmissable, being dominated by a biased estimator, later called the James-Stein esti-

mator, that can be expressed as the MLE multiplied by a shrinkage factor. This seminal

work showed that pursuit of unbiased estimators alone was misguided, as accepting a little

bias in exchange for better variance could give better performance overall. Since James and

Stein [31], shrinkage estimators – that make the tradeoff of bias for variance in some way –

and their statistical properties have become a major research topic. Baranchik [6] showed

that the James-Stein estimator was itself inadmissible and proposed an improvement by

lower-truncating the James-Stein estimator at zero. Cohen [11] studied the admissibility of

shrinkage estimators and gave the sufficient and necessary conditions for a linear estimator

to be admissible. They further proposed a family of minimax shrinkage estimators. Gruber

[19] provides a comprehensive book-length overview of James-Stein type estimators and

their extensions.

The James-Stein estimator can be extended to provide shrinkage estimates for linear

regression, as discussed in the Chapter IV of [19]. In the same chapter, the author also

discusses Bayesian and frequentist justifications for the James-Stein shrinkage estimator.

In regression problems, however, penalized least-square estimators are more popular. These

minimize penalized least-square objective functions, and include the Ridge estimator [27]

and LASSO [65]. For discussion of many extensions see Hastie et al. [22].

The aforementioned shrinkage estimators are often motivated and derived under cer-

tain distributional assumptions. For example, the James-Stein estimator was proposed for
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the multivariate Normal mean vector, and can also be motivated from an empirical Bayes

perspective with a multivariate Normal model [14, 15]. The James-Stein estimator is also

an approximate minimizer of MSE among all the scaled ordinary least square estimators

if the data are multivariate Normal [19]. Both the Ridge and LASSO can be seen as pos-

terior modes, under classical linear models with specific priors [19, 47]. When the true

data-generating distribution cannot be assumed to be the classical Normal form, LASSO

and the Ridge are simply viewed as the minimizer of a penalized mean squared error.

In this article, we introduced the penalized precision-weighted shrinkage estimators, that

are the minimizers of penalized precision-weighted squared distance from a preliminary es-

timator. Heuristically, the proposed estimators can be viewed as the shrunken version of

the preliminary estimator, where (1) the entries in the preliminary estimator with higher

uncertainty are shrunken more aggressively, and (2) the shrinkage is induced and regular-

ized by an added penalty. In Section 3.2, we present the penalized precision-based least

square estimators and show that the James-Stein estimator, Ridge and LASSO are all

examples of precision-based shrinkage estimators, adding penalties of different forms. In

Section 3.3, we proposed the Rotated James-Stein estimator (rJS), Rotated Ridge (rRidge)

and Rotated LASSO (rLASSO) as three precision-based shrinkage estimators, that using

a heteroskedasticity-consistent precision weighting matrix in place of the standard weight

derived under homoskedasticity. We study the theoretical properties of rJS, rRidge and

rLASSO in Section 3.5-3.7, and study their empirical performances in simulation studies in

comparison with the standard shrinkage estimators in Section 3.9. In Section 3.6 and 3.10,

we investigate the sign consistency of rLASSO compared with LASSO. We demonstrate the

application of the proposed estimators using the prostate cancer dataset in Section 3.11.

3.2 Penalized Precision-Weighted Least Square Estimators

Suppose the data are independent and identically distributed random variables Z1, Z2, . . . ,

Zn, with probability measure denoted P0. We are interested in learning some summary of

the data generating distribution in the form of a population parameter θ = θ(P0) ∈ Rd.

Assume there exists an initial estimator for θ, denoted by θ̂I . We assume the variance of

θ̂I , denoted by Σ̂n, is either known or can be estimated from the data. We propose the
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penalized precision-weighted least square estimators:

θ̂P = argmin
θ∈Rd

(θ − θ̂I)T Σ̂−1
n (θ − θ̂I) + P(θ), (3.1)

for some penalty P. As we discuss later in Section 3.3, the penalized precision-weighted

least square estimators can be viewed as methods that search for the value of θ that has

the smallest Mahalanobis distance from θ̂I within a constrained parameter space defined by

P(θ).

The definition in (3.1) involves three components:

1. The initial estimate θ̂I that determines the origin of shrinkage;

2. The precision matrix Σ̂−1
n ;

3. The penalizing function P(θ).

The latter two components determine the direction and strength of the shrinkage. While

the form of P is for now left as quite general, we note that – informally – the use of the

precision matrix in (3.1) means we generally shrink components in the initial estimates in

θ̂I more aggressively when they have higher uncertainty. In this way we intend to accept

bias where the payoff in terms of variance reduction can be greatest.

In the linear regression problem, the data are the random sample Zi = (Yi,Xi), i =

1, . . . , n, where Yi ∈ R is a scalar outcome and Xi ∈ Rp is a vector of p covariates. The

parameter of interest is often the “linear trend”

β0 = argmin
β∈Rp

E
[
(Y1 −XT

1 β)2
]

=
[
E(X1X

T
1 )
]−1

E(X1Y1).

Without loss of generality, we omit the intercept term. The default estimator for β0 is the

ordinary least squares (OLS) estimator

β̂LS =

[
1

n

n∑
i=1

XiX
T
i

]−1
1

n

n∑
i=1

XiYi = (XTX)−1XTY
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where Y = (Y1, . . . , Yn)T and X = (X1,X2, . . . ,Xn)T .

The OLS estimator β̂LS is popular for several reasons. It is the maximum likelihood

estimator of β0 if Yi
i.i.d∼ N(XT

i β0, σ
2) and enjoys the corresponding optimalities [69]. With

the common assumptions in linear models that

Yi = XT
i β0 + εi, E(εi|Xi) = 0 (Linear Mean Model) (3.2)

Var(εi|Xi) = σ2 (homoskedasticity) (3.3)

for i = 1, . . . , n, the OLS estimator is the best unbiased linear estimator by the well-known

Gaussian-Markov theorem [33, §7]. Therefore, in terms of shrinkage estimation, we will

consider β̂LS to be the initial estimator θ̂I as in the display 3.1.

Assuming a linear mean model and homoskedasticity, the variance of β̂LS is consistently

estimated by Σ̂0 = σ̂2(XTX)−1, where σ̂2 = (n − p)−1
∑n

i=1(Yi −XT
i β̂LS)2 is an unbiased

estimator of σ2. Therefore, the penalized precision-weighted least-square estimators in linear

regression, using the OLS estimator β̂LS and model-based variance Σ̂0, has the common form

argmin
β∈Rp

(β − β̂LS)TXTX(β − β̂LS)/σ̂2 + P(β) (3.4)

for penalty P(·).

To obtain JS, Ridge and LASSO estimates under this framework, we use penalties

Estimator Penalty, P(β)

JS PJS(β) = λJS
σ̂2 ||Xβ||22,

Ridge PRidge(β, λr) =
λr
σ̂2
‖β‖22,

LASSO PLASSO(β, λl) =
λl
σ̂2
‖β‖1.

(3.5)

where the classic James-Stein estimate that dominates the sample mean is given by setting

λJS =
σ̂2

n−p+2
(n−p)(p−2)β

TXTXβ − σ̂2
.

For proofs see Appendix D.
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3.3 Rotated James-Stein Estimator, Ridge Estimator, and LASSO

Here and throughout, we consider the case where the design matrix X is random. The

presentation above uses the model-based variance Σ̂0 for the OLS estimator β̂LS , under

the assumptions of the linear mean model (3.2) and homoskedasticity (3.3). However,

the model-based variance fails to quantify the variability of β̂LS under heteroskedasticity

(i.e. non-constant variance) and/or non-linearity. This affects the motivation of all three

shrinkage estimators as penalized precision-weighted least square estimators; the inverse-

variance weighting term in the least squares, and also in the penalty for JS, does not reflect

the actual variance under the true data-generation model. Any efficiency or other benefits

that might hold under homoskedasticity should not therefore be expected to apply under

heteroskedasticity.

To consistently estimate the variance of OLS estimates under heteroskedasticity, Huber

et al. [29] and White [73] proposed the model-robust variance estimate

Σ̂n = A−1
n BnA

−1
n , where An = XTX,Bn = XTdiag(e2)X,

and diag(e2) denotes the n× n diagonal matrix with diagonal entries given by the squared

residuals e2
i = (Yi − XT

i β̂LS)2. The model-robust variance estimate, also known as the

Huber-White estimator or the sandwich variance estimate, is consistent with the asymptotic

variance of the OLS estimator β̂LS even in the presence of model violation. In other words,

the convergence

Σ̂
− 1

2
n (β̂LS − β0)→d N(0, Ip) (3.6)

holds even under heteroskedasticity or non-linearity. (If the association is truly nonlinear,

the parameter β0 would indicate the linear trend “closest” to the true data-generating distri-

bution in mean-square error, assuming uncorrelated and homoskedastic residual errors [24]).

Replacing the model-based variance Σ̂0 = σ̂2(XTX)−1 with the model-robust variance Σ̂n,

we therefore obtain model-agnostic precision-weighted variants of the James-Stein estima-
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tor, the Ridge estimator, and the LASSO. We denote them as

β̂0
rJS = argmin

β
(β − β̂LS)T Σ̂−1

n (β − β̂LS) +
λ

n
‖Xβ‖22, (3.7)

β̂0
rLASSO = argmin

β
(β − β̂LS)T Σ̂−1

n (β − β̂LS) + λ‖β‖1, (3.8)

β̂0
rRidge = argmin

β
(β − β̂LS)T Σ̂−1

n (β − β̂LS) + λ‖β‖22, (3.9)

or equivalently

β̂rJS,λn = argmin
β

(Y − Xβ)TX
[
XTdiag(e2)X

]−1
XT (Y − Xβ) +

λn
n
‖Xβ‖22, (3.10)

β̂rLASSO,λn = argmin
β

(Y − Xβ)TX
[
XTdiag(e2)X

]−1
XT (Y − Xβ) + λn‖β‖1, (3.11)

β̂rRidge,λn = argmin
β

(Y − Xβ)TX
[
XTdiag(e2)X

]−1
XT (Y − Xβ) + λn‖β‖22. (3.12)

We call the estimators defined in (3.10), (3.11) and (3.12) the Rotated James-Stein

estimator (rJS), the Rotated Ridge estimator (rRidge), and the Rotated LASSO estimator

(rLASSO) respectively. We use the subscript λn to emphasize that the resulting estimators

depend on the regularizing parameter λn. Note that the regularizing parameter in the

classic James-Stein estimator has a well-known form given in (3.5), but in rJS we consider

selecting λn adaptively.

We denote the estimators as “rotated” due to the Karush-Kuhn-Tucker conditions [8,

Chap 5]). Both the LASSO and rLASSO estimators are the intersection of the some ellipsoid

and the diamond ‖Xβ‖1 = t for suitable tuning parameters t > 0. The ellipsoid for LASSO

is {β : (β − β̂LS)Σ̂−1
0 (β − β̂LS) < t} and for rLASSO is {β : (β − β̂LS)Σ̂−1

n (β − β̂LS) <

t}. Both ellipsoids are centered at β̂LS and yet their axes point to different directions.

Similar distinctions hold for rRidge versus classic Ridge and rJS versus classic JS. Figure 3.1

illustrates all three relationships, for simplicity in two dimensions.

The precision-weighted least square estimators can also be motivated through Wald

tests. To test the null hypothesis H0,β0 : β = β0 versus the alternative hypothesis H1,β0 :

β 6= β0, a Wald test based on the OLS estimator β̂LS rejects H0,β0 if the value of the

Wald statistics (β̂LS − β0)T Σ̂−1
n (β̂LS − β0) is large. On the other hand, the penalty term
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Figure 3.1: Illustration of Rotated James-Stein estimator (left), Rotated LASSO (middle)
and Rotated Ridge estimator (right) in the two-dimension case.

P(β) in the penalized precision-weighted least square estimators can often be viewed as

a constraint on the parameter space. For example, an alternative representation of the

rLASSO optimization problem is as a constrained optimization, where we seek

min
β

(β̂LS − β)T Σ̂−1
n (β̂LS − β) such that ‖β‖1 ≤ t,

for some specified t > 0. We see that rLASSO searches for the value of β0 in the space

{β0 : ‖β0‖1 ≤ t} such that the Wald statistic for testing the null hypothesis H0,β0 has the

smallest value, where this search is also constrained to null values for which {H0,β0 |‖β0‖1 ≤

t}. In other words, from the perspective of a Wald test, the rLASSO estimator gives the null

value of the parameter β within the constrained parameter space that is most concordant

with the OLS estimate. The penalties in rJS and rRidge can also be viewed as constraints

on the parameter space, where the constraints are ‖Xβ‖22 ≤ t and ‖β‖22 ≤ t, respectively,

for some t > 0.

For penalized precision-weighted least square estimators, the rotated shrinkage estimate

are model-agnostic in the following sense. The form penalization applied to the linear

trend estimate β̂LS depends on empirically-derived variance estimates for that linear trend.

Neither the original estimate nor the shrinkage therefore require a prespecified mean model,

or assumptions about the variance such as homoskedasticity. The sole assumption we are
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relying on to motivate the variance estimates used in the shrinkage is independence of the

observations.

In the following sections, we present some findings regarding the theoretical properties

of rJS, rLASSO, and rRidge.

3.4 Computation of rLASSO

Among the proposed estimators, rJS and rRidge have closed-form expressions and are easy

to compute once the regularizing parameter λn is determined. Here we briefly describe the

computation of rLASSO (3.11) given the regularizing parameter λn.

We first note that (3.11) is equivalent to

β̂rLASSO,λn = argmin
β

(β − βLS)T Σ̂−1
n (β − βLS) + λ‖β‖1.

We assume the estimated precision matrix Σ̂−1
n is positive definite and thus allows the

Cholesky decomposition Σ̂−1
n = LnL

T
n , where Ln is a p × p lower-triangular matrix with

positive diagonal entries. Writing γ̃ = LTn β̂LS and γ = LTnβ, we can rewrite the rLASSO

objective function as

‖γ̃ − γ‖22 + λn‖(LTn )−1γ‖.

This is the so-called generalized LASSO problem and can be efficiently solved by the

path algorithm [66].

3.5 Consistency and Asymptotic Distribution

We first assume the observed data form an i.i.d. random sample (X1, Y1), . . . , (Xn, Yn)

where Yi = XT
i β0 + εi, and the residual εi satisfies E(εi|Xi) = 0 and E(ε2i |Xi) = σ2(Xi),

and σ : Rp → (0,∞) is an unknown, positive, and measurable function of Xi.

We further write

Dn =
1

n
XTX(XTdiag(e2)X)−1XTX

and

D = E(X1X
T
1 )
[
E(σ(X1)2X1X

T
1 )
]−1

E(X1X
T
1 ).
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We also write Cn =
1

n
XTX and C = E[X1X

T
1 ]. It is well-known that Dn

p→ D and Cn
p→ C.

The theorems in this section are inspired by the investigation of bridge estimators in

Knight and Fu [35]. Proofs are all deferred to Appendix E.

Theorem 3.5.1 states the convergence of β̂rLASSO,λn , which implies that rLASSO is

consistent if tuning parameter does not grow too quickly with sample size.

Theorem 3.5.1. If D is positive definite and λn/n→ λ0 ≥ 0, then

β̂rJS
p→ argmin

β
(β − β0)TD(β − β0) + λ0β

TCβ = (D + λ0C)−1Dβ0,

β̂rLASSO,λn
p→ argmin

β
(β − β0)TD(β − β0) + λ0‖β‖1,

β̂rRidge,λn
p→ argmin

β
(β − β0)TD(β − β0) + λ0‖β‖22 = (D + λ0Ip)

−1Dβ0.

In Theorem 3.5.1, we see that if λn = o(n), then all three estimators converge in prob-

ability to β0 and are consistent. When λ0 > 0, the three estimators are inconsistent, and

their bias depend on the value of λ0 and the particular form of the penalty.

Studying the asymptotic distribution of the proposed estimators further, we obtain

Theorem 3.5.2. If λn/
√
n→ λ0 ≥ 0 and C and D are nonsingular, then

√
n(β̂rJS,λn − β0)

d→ argmin(V0) = D−1(W − λ0Cβ0) ∼ N(−λ0D
−1Cβ0, D

−1).

√
n(β̂rLASSO,λn − β0) →d argmin(V1)

√
n(β̂rRidge,λn − β0) →d argmin(V2) = D−1(W − λ0β0) ∼ N(−λ0D

−1β0, D
−1),

where

V0(u) = −2uTW + uTDu+ 2λ0β
T
0 Cu,

V1(u) = −2uTW + uTDu+ λ0

p∑
j=1

[ujsign(β0j)I(βj 6= 0) + |uj |I(β0j = 0)],

V2(u) = −2uTW + uTDu+ 2λ0β
T
0 u,

W ∼ N(0, D).
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From Theorem 3.5.2, we see that with λn = O(
√
n), the rJS and rRidge are asymptot-

ically biased, normally distributed estimators, with identical asymptotic covariance matrix

as the OLS estimator. When λn = o(
√
n) or λ0 = 0, however, the rJS and rRidge are

asymptotically equivalent to the OLS estimator. Similarly, the rLASSO is asymptotically

biased unless λn = o(
√
n), under which the rLASSO has the same asymptotic distribution

has the OLS estimator.

3.6 Sign Consistency of rLASSO

When the linear mean model assumption (3.2) holds and there are many candidate covari-

ates, of which only a subset are associated with the outcome, it is desirable that variable-

selection methods have high probability of selecting the truly-associated covariates. For

regression methods, the it is desirable that the signs of the identified nonzero regression

coefficients should, with high probability, match those of the true regression coefficients,

and thus give correction direction of the effects. The LASSO, viewed as a variable-selection

method, is known to have these properties [77]. In this section, we show that rLASSO has

similar properties. That is, under certain conditions, the rLASSO will recover the nonzero

regression coefficients and their signs with high probability, in large samples.

We say an estimate β̂ is equal in sign with β0, written as β̂
s
= β0, if sign(β̂j) = sign(β0j)

for β0j 6= 0 and β̂j = 0 for β0j = 0. We say an estimator β̂ is sign consistent if P (β̂
s
= β0)→ 1

as n→∞.

We denote the support of β0 as S = {i ∈ {1, . . . , p} : β0i 6= 0}. Without loss of generality,

we assume S = {1, . . . , q} for some q ≥ 1 and less than p. For a p-vector v, we denote the

subvector with entries {vi : i ∈ S} as vS . We write

Dn =
1

n
XTX[XTdiag(e2)X]−1XTX =

Dn
11 Dn

12

Dn
21 Dn

22

 ,

where Dn
11 ∈ Rq×q, Dn

12 ∈ Rq×(p−q), Dn
21 ∈ R(p−q)×q and Dn

22 ∈ R(p−q)×(p−q). Similarly we
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decompose D as

D =

D11 D12

D21 D22

 .

Theorem 3.6.1 below states the Generalized Irrepresentable Condition that is suf-

ficient for rLASSO’s sign consistency. This condition is similar to the Irrepresentable Con-

dition (due to Zhao and Yu [77]) which is sufficient for LASSO’s sign consistency.

Theorem 3.6.1. For fixed p, q and β0, define the Generalized Irrepresentable Condition as

|D21D
−1
11 sign(β0S)| < 1 (3.13)

where the absolute value and the inequality applies elementwise. If this condition holds than

for any λn that satisfies λn/n→ 0 and λn/n
1+c
2 →∞ with 0 ≤ c < 1, we have

P (β̂rLASSO,λn
s
= β0)→ 1.

Theorem 3.6.1 shows implies that under the Generalized Irrepresentable Condition, in

large samples rLASSO will identify the covariates that are associated with the outcome with

high probability and the direction of their effects. In Section 3.10, we show that the Gen-

eralized Irrepresentable Condition is numerically indistinguishable with the Irrepresentable

Condition in [77] under a wide range of scenarios, indicating that rLASSO and LASSO

perform similarly in terms of sign consistency.

3.7 Large Sample Behavior of rJS, rRidge, and rLASSO under Nonlinearity

In Sections 3.5 and 3.6 we have assumed the mean model is linear, i.e. that E[Y |X =

X ] = XTβ0, for some fixed β0 ∈ Rp. In reality, however, this linearity is unlikely to hold

except when all covariates are binary. In this section, we consider the general setting where

Yi = µ(Xi)+εi for i = 1, . . . , n for some measurable function µ : Rp 7→ R, with E(εi|Xi) = 0

and V ar(εi|Xi) = σ2(Xi) for some positive measurable function σ : Rp → R. We write

Y = µ(X) + ε, where µ(X) = (µ(X1), . . . , µ(Xn))T .

With large samples, the ordinary least square estimator β̂LS converges to
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β∗ = E(X1X
T
1 )−1E(X1µ(X1)), a p-vector describing the linear trend that quantifies asso-

ciation between outcome and covariates. Under homoskedasciticy the variance function is

σ2(·) = σ2
0 > 0 and the OLS estimator β̂LS gives the best linear unbiased prediction [24].

In large samples for random X the Huber-White estimator Σ̂n = (XTX)−1XTdiag(e2)X(XTX)−1

will generally provide a good approximation of the covariance matrix of β̂LS , but its large-

sample limit:

Σ̂n/n→p E(X1X
T
1 )−1E

{
X1X

T
1 [(µ(X1)−XT

1 β
∗)2 + σ2(X1)]

}
E(X1X

T
1 )−1,

involves a term describing model-misspecification, and not variance directly. For fixed X

this leads to conservative statements of the asymptotic variance, albeit usually only very

mildly conservative.

We denote the inverse of the large-sample limit as D∗; that is,

D∗ = E(X1X
T
1 )
(
E
{
X1X1[(µ(X1)−XT

1 β
∗)2 + σ2(X1)]

})−1
E(X1X

T
1 ).

Following Theorem 3.5.1, it is natural to speculate that β̂rJS,λn , β̂rRidge,λn , and β̂rLASSO,λn

converge to β∗ in large samples with certain regularizing parameters (for proof, see Ap-

pendix E.4).

Theorem 3.7.1. For any λn ≥ 0 such that λn/n→ λ0 ≥ 0, we have

β̂rJS,λn
p→ argmin

β
(β − β∗)TD∗(β − β∗) + λ0β

TCβ = (D∗ + λ0C)−1D∗β∗,

β̂rLASSO,λn
p→ argmin

β
(β − β∗)TD∗(β − β∗) + λ0‖β‖1,

β̂rRidge,λn
p→ argmin

β
(β − β∗)TD∗(β − β∗) + λ0‖β‖22 = (D∗ + λ0Ip)

−1D∗β∗.

The following theorem further gives the asymptotic distributions of the three estimators

if λn = O(
√
n).
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Theorem 3.7.2. If λn/
√
n→ λ0 ≥ 0 and D∗ is nonsingular, then

√
n(β̂rJS,λn − β∗)

d→ argmin(V ∗0 ) = (D∗)−1(W ∗ − λ0C
∗β0) ∼ N(−λ0(D∗)−1Cβ∗, (D∗)−1).

√
n(β̂rLASSO,λn − β∗) →d argmin(V ∗1 )

√
n(β̂rRidge,λn − β∗) →d argmin(V ∗2 ) = (D∗)−1(W ∗ − λ0β

∗) ∼ N(−λ0(D∗)−1β∗, (D∗)−1),

where

V ∗0 (u) = −2uTW ∗ + uTD∗u+ 2λ0(β∗)TCu,

V ∗1 (u) = −2uTW ∗ + uTD∗u+ λ0

p∑
j=1

[ujsign(β∗j )I(β∗j 6= 0) + |uj |I(β∗j = 0)],

V ∗2 (u) = −2uTW ∗ + uTD∗u+ 2λ0(β∗)Tu,

W ∗ ∼ N(0, D∗).

Theorems 3.7.1 and 3.7.2 imply that with large samples and small enough regularizing

parameters, the proposed three shrinkage estimators converge to the “best linear estimator”

β∗. However, with large regularizing parameters, the three shrinkage estimators converge

to different quantities and have different asymptotic distributions.

3.8 Selecting the Regularizing Parameters

The proposed estimators in (3.10), (3.11) and (3.12) all involve a regularizing parameter

λn. In general, the optimal regularizing parameter λn differs with the optimality criteria

considered, as is the case in LASSO [78].

Shrinkage estimators are often used to improve prediction accuracy. With this goal

in mind, we propose selecting the regularizing parameters to minimize the predictive risk

E[(µ(X̃)− X̃β̂λ)2], where β̂λ is an estimator of regression coefficients computed using Y , X

that involves the regularizing parameter λ, and X̃ is a p-dimensional random vector drawn

from the same distribution of Xi’s and independent with the data (Yi, Xi), i = 1, . . . , n.

Writing Ỹ as the outcome variable and ε̃ as the residual error associated with X̃, then we
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can decompose prediction error of the outcomes as

E[(Ỹ − X̃T β̂λ)2] = E[(µ(X̃)− X̃T β̂λ)2] + E[σ2(X̃)].

To minimize the predictive risk we will therefore select the optimal regularizing parameter

λ from a grid of candidate values, choosing the one that minimizes the mean out-of-sample

error E[(Ỹ − X̃T β̂λ)2]. This quantity can be approximated using, for example, cross-

validation [51] or nonparametric bootstrap [20].

3.9 Simulation Study: Point Estimates

In this section we investigate the risk properties of the novel shrinkage estimators – rJS,

rRidge, and rLASSO – through simulation. With sample size n ranging from 100 to 1000,

we simulate 10 observation-specific covariates Xi,1-Xi,10 that are independent standard

normal random variables. Each observation’s outcome is then generated from Yi|Xi ∼

N(XT
i β0, σ(Xi)

2), where the true regression coefficients are one of the following;

Name Regression coefficients Description

(A) β0,1 = · · · = β0,4 = 2, β0,5 = · · · = β0,10 = 0 A few covariates have nonzero effects

(B) β0,1 = · · · = β0,10 = 0.4 All covariates have small effects

(C) β0,1 = · · · = β0,10 = 2 All covariates have medium effects

We consider three forms of the residual variance given the covariates:

Name σ(x)2 Description

(i) 0.5 homoskedastic

(ii)
1

4
(|x1|+ |x2|))2 heteroskedastic; residual variance increases with |x1|+ |x2|

(iii) exp (−2 (|x1|+ |x2|)) heteroskedastic; residual variance decreases with |x1|+ |x2|

We simulate and analyze 2000 datasets from each scenario, and report the L2-error of the

estimates ‖β̂−β0‖22 =
∑p

j=1(β̂j−β0j)
2 and the predictive risks for the following estimators:
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(1) the OLS estimator: β̂LS = (XTX)−1XTY ;

(2) James-Stein estimator: β̂JS =

[
1− (n− p)(p− 2)σ̂2

(n− p+ 2)β̂TLSX
TXβ̂LS

]
β̂LS ;

(3) Positive-part James-Stein estimator: β̂JS+ =

[
1− (n− p)(p− 2)σ̂2

(n− p+ 2)β̂TLSX
TXβ̂LS

]
+

β̂LS , where

(a)+ = max(a, 0);

(4) LASSO: β̂LASSO,λn = argmin
β
‖Y − Xβ‖22 + λn‖β‖1;

(5) Ridge estimator: β̂Ridge,λn = argmin
β
‖Y − Xβ‖22 + λn‖β‖22.

(6) rJS: β̂rJS,λn = argmin
β

(Y − Xβ)TX
[
XTdiag(e2)X

]−1
XT (Y − Xβ) +

λn
n
‖Xβ‖22.

(7) rLASSO: β̂rLASSO,λn = argmin
β

(Y − Xβ)TX
[
XTdiag(e2)X

]−1
XT (Y − Xβ) + λn‖β‖1;

(8) rRidge: β̂rRidge,λn = argmin
β

(Y − Xβ)TX
[
XTdiag(e2)X

]−1
XT (Y − Xβ) + λn‖β‖22.

Among the above estimators, the last three are penalized precision-weighted least square

estimators. Estimators (4)-(8) involve regularizing parameters, the values of which are

chosen to minimize the five-fold cross validation errors.

The prediction risks are computed by drawing an additional B = 10, 000 covariate

vectors X̃b (b = 1, . . . , B) from the same distribution as the Xb’s and are calculated as

B∑
b=1

(β̂ − β0)TXTX(β̂ − β0).

Figures 3.2 and 3.3 respectively show the estimators’ predictive risks and L2-losses. The

investigated methods perform similarly in most scenarios, and are essentially indistinguish-

able in the scenarios where all the regression coefficients are moderate and nonzero. When

only some of the regression coefficients are nonzero (scenario (A)), LASSO and rLASSO

outperform the other estimators, and rLASSO further has smallest predictive risks and L2-

loss if the residual variance σ(Xi)
2 decreases with (|Xi1| + |Xi2|). When all the covariates
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have small and nonzero effects (scenario (B)), Ridge and rRidge appear to have the smallest

predictive risks L2-losses on average. The differences between the estimators disappear with

moderate to large samples.

3.10 Simulation Study: Sign Consistency

In Section 3.6 we showed that the Generalized Irrepresentable Condition is a sufficient

condition for rLASSO to be sign consistent. In this section, we demonstrate by simulation

the relationship between the Generalized Irrepresentable Condition and the sign consistency

of rLASSO.

The simulation setting is based on that of Zhao and Yu [77]. We have p = 10 covariates,

out of which the support of true regression coefficients is S = {1, 2, 3} and the values of

nonzero coefficients are β0S = (5, 4, 1). We consider three residual variance functions :

Name σ(x)2 Description

(i) 0.12 homoskedastic

(ii) σ(x)2 = (0.01 + 0.05(|x1|+ |x2|))2 σ(x)2 increases with |x1|+ |x2|

(iii) σ(x)2 =

(
min(0.01 +

0.2

|x1|+ |x2|
, 10)

)2

σ(x)2 decreases with |x1|+ |x2|

.

For b = 1, . . . , 100, we generate X of different designs as follows:

1. Generate a wide range of the covariance matrices ofX, Sb = Cov(X), from Wishartp(Ip, p)

2. Compute E(σ(Xi)
2XiX

T
i ) by Monte Carlo approximation. That is, we draw an ad-

ditional sample of x∗j ∼ Np(0, SB), j = 1, . . . ,M = 10, 000, and calculate the quantity

by E(σ(Xi)
2XiXi) = 1

M

∑M
j=1 σ(X∗i )2X∗j (X∗j )T

3. Compute the matrix D = S−1
b E(σ(Xi)

2xiX
T
i )S−1

b

4. For the b-th design, compute the criterion for rLASSO’s sign consistency η1 = 1 −

‖D21(D11)−1sign(βS)‖∞. We expect sign consistency in large samples if η1 > 0.

5. Let C = S−1
b . For each design also compute the criterion for LASSO’s sign consistency

η0 = 1− ‖C21(C11)−1sign(βS)‖∞ as given in [77]
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(A) (B) (C)

(i)

(ii)

(iii)

Figure 3.2: Predictive risks of the ordinary least square estimator (LS), James-Stein estima-
tor (JS), the Positive-Part James-Stein estimator (JS+), LASSO, Ridge, Rotated James-
Stein estimator (rJS), Rotated LASSO (rLASSO), and Rotated Ridge (rRidge). See the
text for detailed simulation settings.
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(A) (B) (C)

(i)

(ii)

(iii)

Figure 3.3: L2-loss of the ordinary least square estimator (LS), James-Stein estimator (JS),
the Positive-Part James-Stein estimator (JS+), LASSO, Ridge, Rotated James-Stein esti-
mator (rJS), Rotated LASSO (rLASSO), and Rotated Ridge (rRidge). See the text for
detailed simulation settings.
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6. For the b-th design, we draw n = 100 samples of Xi from Np(0, Sb) and draws the

outcome yi from N(XT
i β0, σ(Xi)

2) for i = 1, . . . , 100

For each design, we draw 100 replicates, and plot against η1 the frequency of those cases

where the solution path of rLASSO or LASSO contains the true support and the signs of

the estimates match those of the true coefficients.

Figure 3.4 shows the results. We first notice that the sign consistency criteria for rLASSO

and LASSO have almost identical values for all scenarios considered. For each variance

function, the frequency with which both the support and the signs are contained in the

solution path is close to zero when η1 < 0 and close to one when η1 > 0, for both LASSO

and rLASSO. In the neighborhood of η1 = zero we see a rapid growth of both LASSO and

rLASSO’s sign recovery rate, as η1 increases.

3.11 Data Application: Prostate Cancer Data

To demonstrate the practical use of penalized precision-weighted least square estimators,

we apply the proposed estimators to a prostate cancer dataset.

The prostate cancer dataset, from a small observational study, contain 97 observations.

The recorded variables are cancer volume, prostate weight, age, benign prostatic hyper-

plasia amount, seminal vesicle invasion, capsular penetration, Gleason score, and prostate

specific antigen [61]. Our goal is to identify the demographic or clinical variables associated

with cancer volume. We dichotomized benign prostatic hyperplasia amount and capsular

penetration by their presence, where the value is one if benigh prostatic hyperplasia or

capsular penetration is present for the patient. As Figure 3.5 shows, the data exhibits het-

eroskedasticity and the outcome may have a nonlinear association with the covariates such

as age.

We randomly split the data 7 : 3 into training (n = 67) and testing (n = 30) data. We

estimated the regression coefficients with the training data using the standard shrinkage es-

timators as well as the proposed penalized precision-weighted least square estimators, where

we determined the optimal regularizing parameters λn of LASSO, Ridge, rJS, rLASSO and

rRidge via three-fold cross validation. We computed the prediction error of the estimators
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Figure 3.4: Sign consistency of LASSO and rLASSO. (a), (c), (e): Frequencies of LASSO
or rLASSO solution path containing the true support versus the rLASSO sign consis-
tency criterion η1 = 1 − ‖D21(D11)−1sign(βS)‖∞, with the variance function σ2(·) given
by (i), (ii) or (iii); (b), (d), (f): Relationship of LASSO sign consistency criterion
η0 = 1− ‖C21(C11)−1sign(βS)‖∞ versus rLASSO sign consistency criterion η1.
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on the testing data.

Table 3.11 shows the coefficients of the different estimators using the training data, as

well as the optimal regularization parameters, training error and testing error. With the

prostate cancer data, all the estimators give similar regression coefficients, among which

rLASSO has the smallest testing error. Compared with LASSO, the optimal rLASSO by

cross validation shrunk the regression coefficients for prostate weight and benigh prostatic

hyperplasia to zero. Among all the covariates considered, PSA appears to have the strongest

association with the prostate cancer volume, whereas the prostate weight and benign pro-

static hyperplasia appear to have the weakest, if any, association.

Figure 3.6 shows the solution trajectory of the estimates that involve an regularizing

parameter: the scaled OLS estimator, LASSO, Ridge, rJS, rLASSO, and rRidge. We include

the solution trajectory of a simple scaled OLS estimator

β̂sLS,λn = argminβ∈Rp‖Y −Xβ‖22 + λn‖Xβ‖22 =
1

λn + 1
β̂LS

as a comparison to rJS, since the regular James-Stein estimator is the scaled OLS estimator

with

λn =
(n− p)(p− 2)σ̂2

(n− p+ 2)β̂TLSX
TXβ̂LS − (n− p)(p− 2)σ̂2

.

When λn = 0, there is no shrinkage and all five estimates are equal to those of ordinary

least squares. Similarly to LASSO, rLASSO has piecewise linear solution trajectories and

all the coordinates become zero with a sufficiently large λn. In contrast, rRidge has smooth

linear solution trajectories that converge to but never reach zero. The relative size of

rLASSO coordinates are a little different from those of LASSO, and similar differences

can be seen between rRidge and Ridge. While both the scaled OLS estimate and rJS

have smooth solution trajectories and coordinates that approach but never reach zero, the

relative magnitude of the scaled OLS estimates remain the same for every value of λn. The

trajectories of rJS have changing relative magnitude and crossovers that are not present in

the scaled OLS trajectories.
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Figure 3.5: Scatter plots of the outcome versus each covariate in the prostate dataset,
with univariate LOESS curves. The outcome is standardized to have mean zero; all the
covariates are normalized to have mean zero and variance one. BPH: benign prostatic
hyperplasia amount; SVI: seminal vesicle invasion; CP: Capsular penetration.
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Figure 3.6: Solution trajectories relative for scaled OLS, rJS, LASSO, Ridge, rLASSO and
rRidge relative to the regression coefficient of log(PSA) using the training dataset.
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Table 3.1: Point estimates, training error and testing error of the ordinary least square es-
timator (LS), James-Stein estimator (JS), the Positive-Part James-Stein estimator (JS+),
LASSO, Ridge, Rotated James-Stein estimator (rJS), Rotated LASSO (rLASSO), and Ro-
tated Ridge (rRidge). We also showed the optimal regularization λn of LASSO, Ridge, rJS,
rLASSO, and rRidge by three-fold cross validation.

LS JS JS+ LASSO Ridge rJS rLASSO rRidge

log(Prostate weight) 0.090 0.084 0.084 0.019 0.119 0.090 0 0.099
Age 0.122 0.113 0.113 0.035 0.089 0.122 0.004 0.067

BPH -0.171 -0.158 -0.158 -0.022 -0.117 -0.171 0 -0.087
SVI 0.131 0.121 0.121 0.122 0.170 0.131 0.154 0.172
CP 0.206 0.191 0.191 0.160 0.191 0.206 0.160 0.196

log(PSA) 0.720 0.666 0.666 0.693 0.568 0.720 0.634 0.581
Gleason≥7 0.083 0.077 0.077 0.047 0.118 0.083 0.103 0.130

λn / / / 16.528 11.505 0 19.283 18.273
training error 0.591 0.597 0.597 0.622 0.606 0.591 0.634 0.607
testing error 0.473 0.445 0.445 0.412 0.481 0.473 0.393 0.463

3.12 Discussion

In this chapter we have proposed a unified framework of shrinkage estimation in linear

models – penalized precision-weighted least square estimation – in which a preliminary esti-

mator is shrunk based on the precision with which we can estimate the coefficients. Unlike

previous work on shrinkage estimators, the proposed framework of shrinkage estimation

does not rely on distributional assumptions. Using a heteroskedasticity-consistent variance

estimate, we propose ‘rotated’ variants of three popular shrinkage estimators: James-Stein

estimator, LASSO, and Ridge, and in particular investigated a sufficient condition for the

sign consistency of rLASSO. Our simulation studies show that the proposed estimators have

comparable performances with the traditional shrinkage estimators under a wide range of

scenarios. In particular, when the data is heteroskedastic and only a few covariates are as-

sociated with the outcome, rLASSO can have lower predictive risks than other estimators.

To our knowledge, by far no one else has expressed the James-Stein estimator as a

penalized least square problem with the penalty proportional to the L2-norm of the predicted

value ‖Xβ‖22. This is tantamount to introducing a bias to the OLS estimator so that the

predictive value is shrunk towards zero, and in turn shrinking the OLS estimator towards
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zero if the matrix XTX is positive definite.

To improve the efficiency of high-dimensional linear regression under heteroskedasticity,

Wagener and Dette [70] proposed Penalized Weighted Least Squared Estimator (WLSE).

Their method estimates the variance function σ2(·) using nonparametric regression and

solves a constrained weighted least square problem. The WLSE outperforms LASSO in

their simulation studies in terms of mean squared errors. The estimator of σ2, however,

may not perform well when p is large and is badly biased if the linear mean model is

misspecified. In contrast, our method does not attempt to estimate σ2(·) and simply views

the resulted estimator as a shrunken β̂LS , so should provide better robustness, albeit at the

potential cost of using a noisier estimate of the variance of the OLS estimator.

An important limitation of our approach is that the three proposed estimators (rJS,

rLASSO and rRidge) rely on the availability of the OLS estimator β̂LS and the Huber-White

sandwich estimator Σ̂n, which can only be applied to problems with p < n and ideally with

n much larger than p. In situations where n ≥ p, the analog of the penalized precision-

weighted least square estimator framework is unclear. One possible shrinkage estimator

in linear model is given by choosing debiased LASSO [68, 76] as the initial estimator θ̂I .

However, to the authors’ knowledge there doesn’t exist a variance estimate for the debiased

LASSO estimators that doesn’t assume the homoscedasticity of the data.



45

Chapter 4

BAYESIAN VARIANCE ESTIMATION AND HYPOTHESIS
TESTING USING INFERENCE LOSS FUNCTIONS

4.1 Introduction

Standard parametric statistics assumes a probabilistic model determined by a finite num-

ber of parameters. Those parameters characterize the data generating distribution, and the

parameters or some transformation of them represent quantities of interest. Frequentist

parametric statistical methods view the parameters as fixed quantities and use statements

about replicate datasets to make inference, while Bayesian parametric methods uses the

“language” of probability to directly describe uncertainty about parameters. This philo-

sophical distinction can lead to practical differences in analytic methods, computation, and

interpretation.

Yet despite their differences, in analysis of large samples many frequentist approaches

have close Bayesian analogs. For example, maximum likelihood estimates and posterior

means, or standard error estimates and posterior standard deviations — fundamentally due

to Bernstein-von Mises’ theorem [69, §10.2].

Under model violations, it is known that in large samples the posterior mean approaches

the point in the model family closest (in Kullback-Leibler divergence) to the true data-

generating distribution [34]. While the point estimates can therefore be interpreted as some

form of ‘best guess’, the corresponding posterior variance is extremely hard to interpret,

even in large samples. This contrasts sharply with frequentist use of “robust” covariance

estimates [55], which are widely-used and provide valid large-sample inference for the pa-

rameter estimated consistently by the MLE, even under model misspecification. A general

parametric Bayesian analog of this popular frequentist method is yet to be developed.

In this article, we proposed a Bayesian analog of robust covariance estimates, as the

Bayes rule with respect to a form of balanced loss function [75]. The balanced loss function

comprises two terms, penalizing estimation error and lack of model fit respectively. We show
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by analytic examples and simulation studies that the proposed Bayesian robust covariance

matrix converges asymptotically to the true covariance matrix of the posterior mean of the

parameter of interest. We also show by simulation studies how, in small samples, the Wald-

type confidence interval obtained using Bayes robust standard deviations can improve the

frequentist coverage, compared to some standard methods.

4.2 Inference Loss functions

For general observations we denote Zn = (Z1, . . . ,Zn) as an independent and identically

distributed random sample from distribution Pθ0 with density pθ0 with respect to a measure

µ, indexed by a real parameter θ0 ∈ Θ ⊂ Rp. In our major focus on regression models, the

Zi’s are the combined outcome and explanatory variables, i.e. Zi = (Yi,Xi) where Yi ∈ R is

the outcome variable andXi is a real vector of explanatory variables. For Bayesian analysis,

we use ϑ to denote the parameter, and write π(·) as the density function of the assumed

prior, supported on Θ. We write πn(·|Zn) as the posterior density of ϑ, given the observed

data. We denote EΠn and CovΠn as the posterior expectation and posterior covariance

matrix, respectively, with respect to the posterior measure Πn.

Suppose θ ∈ Rp is the parameter of interest and d a corresponding estimate. Using

decision theory, optimal Bayesian estimates, known as Bayes rules, are obtained by min-

imizing the posterior risk EΠn [L(ϑ, d)|Zn], where L(·, d) is a loss function describing the

discrepancy between the decision rule and the parameter. Common loss functions include

the L1-loss ‖θ−d‖1 and L2-loss ‖θ−d‖2, for which the Bayes rules are the posterior median

and posterior mean, respectively. For a more comprehensive review of decision theory and

optimality of Bayes rules, see Parmigiani and Inoue [48].

To give rules that estimate θ but also give an indication of the precision of that estimate,

we need more general loss functions. To achieve both those goals we consider what we shall

call the inference loss function

LI(θ, d,Σ) = log |Σ|+ (θ − d)TΣ−1(θ − d), (4.1)

where Σ is a p × p positive definite matrix. The right-hand term is a sum of adaptively-
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weighted losses, each of the form (Σ−1)ij(θi−di)(θj−dj), where the weights are determined

by the elements of the matrix Σ−1. To discourage the weight for any combination of the

(θi−di)(θj−dj) from reaching zero, we penalize by the left term, the log of the determinant

of Σ.

By Theorem F.0.1 in the Appendix, the Bayes rules for d and Σ with respect to LI are

d̂n = EΠn [ϑ|Zn] and Σ̂n = CovΠn [ϑ|Zn], i.e. the posterior mean and variance. Bernstein

von Mises Theorem implies that, in the frequentist sense, the posterior covariance matrix

and the covariance matrix of the posterior mean are asymptotically equivalent, or Σ̂n =

CovΠn [ϑ|Zn] ≈ CovPθ0 (d̂n). As a result, the inference loss function returns estimates and

approximations of those estimates’ error in both the Bayesian and frequentist senses.

We note that the inference loss function is not new: it was previously discussed in

Dawid and Sebastiani [12], who noted that it corresponds to using the log-determinant

of the covariance matrix as a criterion to compare study designs. Holland and Ikeda [28]

also considered the inference loss as an example of a proper loss function. However, to

our knowledge, the simple and general form of its Bayes rule is not known, nor are the

extensions we provide below.

4.3 Balanced Inference Loss functions for model-robust variance estimation

We extend the inference loss function and present a Bayesian analog of robust covariance

matrices, as Bayes rules for a loss which penalizes both the lack of model fit and estimation

error. Our loss function is motivated by the balanced loss functions, originally proposed by

Zellner [75]. Balanced loss functions have since been developed considerably, but all share a

common form in which the loss is a weighted average of a term indicating lack-of-fit in some

way, and one indicating estimation error. The general form of the balanced loss function

we will consider is

LBI(θ, d,Σ,Ω) = log |Σ|+ (θ − d)TΩΣ−1(θ − d)︸ ︷︷ ︸
Estimation error

+
1

n

n∑
i=1

l̇i(θ)
T (ΩIn(θ))−1 l̇i(θ)︸ ︷︷ ︸
Lack of fit

, (4.2)
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where l̇i(θ) = ∂
∂θ log [pθ(Zi)] is the score function based on a single observation, In(θ) =

−
∑n

i=1
∂2

∂θ2
log [pθ(Zi)] is the Fisher information, and we make decisions d ∈ Rp, and Σ and

Ω which are p× p positive-definite weighting matrices. We call (4.2) the balanced inference

loss function.

The first term in LBI is essentially the inference loss from (4.1), described earlier. How-

ever the balanced inference loss describes an additional decision, matrix Ω, that sets rates

of tradeoff between elements of the estimation component of the inference loss versus the

penalty 1
n

∑n
i=1 l̇i(θ)

T In(θ)−1 l̇i(θ), a form of ‘signal to noise’ ratio for deviations from the

model; the score evaluated at any θ ∈ Rp describes discrepancies between the data and

corresponding model, and the Fisher information matrix describes the uncertainty in those

deviations. Furthermore, the penalty term is invariant to one-to-one transformations of θ.

In Theorem ?? of the Appendix, we show that the balanced inference loss function’s Bayes

rules are

d̂n = EΠn(ϑ|Zn), Ω̂ = E

(
1

n

n∑
i=1

l̇i(ϑ)l̇i(ϑ)T In(ϑ)−1|Zn

)
, Σ̂n = CovΠn(ϑ|Zn)Ω̂.

In Appendix H, we further show that Σ̂n is asymptotically equivalent to the asymp-

totic covariance matrix of d̂n, under only mild regularity conditions that do not require

fully-correct model specification, and is thus a Bayesian analog of the frequentist “robust”

covariance matrix estimate.

As well as providing a Bayesian approach to these empirically-useful methods, our work

also allows us to construct Bayesian analogs of Wald-type confidence intervals. We define

the two-sided Bayesian robust confidence interval at level (1− α) for the jth entry of d̂n as

d̂n,j ± z1−α
2
Σ̂

1
2
n,jj ,

where z1−α
2

is the (1 − α
2 )-quantile of the standard normal distribution. As we describe

below, intervals constructed in this way can have appealing operating characteristics.
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4.4 Examples and simulation studies

In this section we show that the Bayesian robust covariance matrix quantifies the variability

of the Bayes point estimates in large samples, even in the presence of model misspecification,

through analytic examples or simulation studies.

4.4.1 Estimating a normal mean, but misspecifying the variance

As a deliberately straightforward first example, suppose a random sample X1, . . . , Xn is

drawn from a normal distribution with unknown mean θ and variance σ2
0. We are interested

in estimating the mean θ but wrongly assume the observations have variance 1. In other

words, we use the model Xi|ϑ = θ0 ∼ N(θ0, 1), in which the variance is mis-specified. The

analysis also uses prior ϑ ∼ N(µ, η2), for known µ, η.

The balanced loss function in this setting is

LBI(θ, d, σ
2, ω) = log |σ2|+ ω(θ − d)2/σ2 +

1

nω

n∑
i=1

(Xi − θ)2

and the Bayes rule sets

d̂n =
µ+ η2

∑n
i=1Xi

nη2 + 1
, σ̂2

n =
η2

n(nη2 + 1)

n∑
i=1

(Xi − X̄)2 +

(
η2

nη2 + 1

)2

+
η2(µ− X̄)2

(nη2 + 1)3
.

Letting n go to infinity, the point estimate is equivalent to 1
n

∑n
i=1Xi and the variance

estimate is equivalent to σ2/n, i.e. the asymptotic inference that would be obtained under

a correct model-specification. The underlying approach remains fully parametric, and re-

tains the (valuable) coherence of Bayesian analysis, together with the appealing normative

element of decision theory, where a clear statement about the goal of the analysis (here,

balancing estimation of θ with fidelity to the data) makes the optimal choice of what to

report automatic.

4.4.2 Estimating the variance of Generalized Linear Model regression coefficients

The balanced inference loss function takes an appealingly straightforward form when the

data are independent observations Y1, . . . , Yn, from a generalized linear model (GLM), i.e.
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an exponential family where the distribution has the density

p(Yi|θ, α) = exp

(
Yiθi − b(θi)

α
+ c(Yi, α)

)
for functions b(·), c(·, ·) and scalars θi and α [43]. We assume the presence of p-dimensional

explanatory variables xi augmenting each observation yi, with a link function g(·) connecting

the mean function µi = E[Yi|θi, α] and the linear predictor xTi β via g(µi) = xTi β, where β is

a p-vector of regression coefficients. We write Y = (Y1, . . . , Yn)T and X = (X1, . . . ,Xn)T .

With a GLM, the score function with respect to β for a single observation is l̇(β;Xi) =
∂µi
∂β

yi − µi
αVi

and the empirical Fisher information is In(β) = E[S(β)S(β)T ] = DTV−1D/α,

where D is the n× p matrix with elements ∂µi/∂βj , i = 1, . . . , n, j = 1, . . . , p and V is the

n×n diagonal matrix with the i-th diagonal element Vi =
∂µi
∂θi

. The balanced inference loss

is therefore

LBI(β, d,Σ,Ω) = log |Σ|+ (β − d)TΩΣ−1(β − d)+

n∑
i=1

(Yi − µi)2

αVi
·
(
∂µi
∂β

)T Ω

n∑
j=1

(
∂µj
∂β

)(
∂µj
∂β

)T−1(
∂µi
∂β

)
, (4.3)

in which we observe that the data only enters the balancing term via the terms (Yi−µi)2/αVi,

which can be thought of as a Bayesian analog of (squared) Pearson residuals. The other

components in the balancing term determine how much weight these squared ‘’ terms receive.

The balanced inference loss’s Bayes rule sets d to be the usual posterior mean, and

Σ̂n = CovΠn(β|Zn) · EΠn

{
DTV−1diag{[Y − µ]2}V−1D[DTV−1D]−1/α

∣∣∣Zn},

which can be thought of as the model-based posterior variance ‘corrected’ by a term that

assesses fidelity of the data to the model. As with the general case, asymptotic equivalence

with the classical “robust” approach holds.

Using the canonical link function is used, i.e. where θi = xTi β, the Bayesian rule further

simplifies to

Σ̂n = CovΠ(β|Zn) · EΠn

{
XTdiag

{
[Y − µ]2

}
X[XTVX]−1/α|Zn

}
,
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where the interpretation above can also be seen to hold.

Example: Linear regression

For observations Y1, . . . , Yn and the explanatory variables X1, . . . ,Xn, a Bayesian linear re-

gression model assumes Yi|Xi, β, σ
2 ∼ N(XT

i β, σ
2). The corresponding balanced inference

loss is

LBI(β, d,Σ,Ω) = log |Σ|+(β−d)TΩΣ−1(β−d)+
n∑
i=1

(Yi −XT
i β)2

σ2
·XT

i

Ω
n∑
j=1

XjX
T
j

−1

Xi,

in which the novel penalty term is a sum of squared Pearson errors, weighted by a modified

form of leverage ([43] Section 12.7.1, page 405) which includes a term Ω inside the familiar

‘hat’ matrix X(XTX)−1XT . The Bayes rule for Σ is the Bayesian robust covariance matrix

Σ̂n = CovΠn(β|Zn) · EΠn

(
XTdiag

(
(Y − Xβ)2

)
X(XTX)−1/σ2 |Zn

)
.

We perform a simulation study to investigate the performance of Bayesian robust covari-

ance matrices for linear regression. We generate univariate explanatory variablesX1, . . . ,Xn

as Xi = (1, Ui)
T where Ui ∼ U(0, 3) independently, and generate outcome variables as

Yi|Xi ∼ N(Ui + aU2
i , 1) for i = 1, . . . , n, for various constants a. When a 6= 0, the mean

model, E(Y |X = x) is quadratic in x, and hence the model is misspecified.

We suppose interest lies in linear trend parameter β2 and d̂n is the posterior mean, i.e.

the Bayes rule for its estimation. We use weakly informative priors βj ∼ N(0, 103) for

j = 1, 2 and σ−2 ∼ Gamma(0.1, 0.1). For 1000 simulation under each setting, we report

the average of posterior mean (Ave(d̂n)), the standard error of d̂n (SE(d̂n)), the average

posterior standard deviation of ϑ (Ave(SDΠn(ϑ|Zn))), and the average Bayesian robust

standard error (Ave(B̂RSE(d̂n))).

Table 4.1 compares the posterior standard deviation and the Bayesian robust standard

error in estimating the standard error of the Bayes rule. In all the scenarios except when

a = 0 (noted in grey, indicating that the linear regression model is correctly specified), while

there is a recognizable difference between the true standard error and the posterior standard

deviation, the Bayesian robust standard error is notably closer to the true standard error.
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n a Ave(d̂n) SE(d̂n) Ave(SDΠn(ϑ|Zn)) Ave(B̂RSE(d̂n))

50 -2 -4.996 0.332 0.282 0.331
50 -1 -2.000 0.216 0.203 0.220
50 0 1.009 0.171 0.167 0.167
50 1 3.999 0.227 0.203 0.220
50 2 6.997 0.349 0.282 0.334

100 -2 -4.980 0.233 0.198 0.233
100 -1 -2.001 0.150 0.141 0.153
100 0 1.001 0.115 0.117 0.117
100 1 4.008 0.152 0.141 0.153
100 2 6.994 0.223 0.197 0.231

Table 4.1: Comparison between posterior standard deviation and the Bayesian robust
standard error to the true standard error of the Bayes point estimate d̂n in linear regression.
Gray rows indicate where the model is correctly specified.

Example: Poisson regression

Poisson regression is a default method for studying the association between count data and

the explanatory variables ([43] Chapter 6). With count observations Y1, . . . , Yn and cor-

responding explanatory variables (which may contain an intercept) X1, . . . ,Xn, a Poisson

regression model assumes Yi|Xi ∼ Poisson
(
exp(XT

i β)
)
. The balanced inference loss is

LBI(β, d,Σ,Ω) = log |Σ|+ (β − d)TΩΣ−1(β − d)+

n∑
i=1

(Yi − exp(XT
i β))2XT

i

 n∑
j=1

XjX
T
j exp(XT

j β)

−1

Xi,

which is again interpretable as a weighted sum of squared Pearson errors, and the weights

are again modified versions of leverage. The Bayes rule for Σ is another Bayesian robust

covariance matrix,

Σ̂n = CovΠn(β|Zn) · EΠn

{
XTdiag([Y − exp(Xβ)]2)X

[
XTdiag(exp(Xβ))X

]−1 |Zn

}
where Y = (Y1, . . . , Yn)T and X = (X1, . . . ,Xn)T . As before, we generate explanatory

variables Xi = (1, Ui)
T , where Ui ∼ U(−3, 3), and generate the outcomes as Yi|Xi ∼

Poisson(Ui+aU2
i ), for various constants a and i = 1, . . . , n. The model is misspecified when
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a 6= 0.

We assume the parameter of interest is the log risk ratio θ = β1 and d̂n is the posterior

mean, the corresponding Bayes rule. We use weakly informative priors βj ∼ N(0, 103) for

j = 1, 2. For each setting we perform 1000 replicates, and report the same measures as for

linear regression.

Table 4.2 shows the results. Again, the Bayesian robust standard error is a notably

better estimate of the true standard error of d̂n than the posterior standard deviation of ϑ;

it performs better when the model is misspecified and no worse when correctly specified.

n a Ave(d̂n) SE(d̂n) Ave(SDΠn(ϑ|Zn)) Ave(B̂RSE(d̂n))

50 -0.50 0.348 0.101 0.115 0.100
50 -0.25 0.576 0.091 0.098 0.090
50 0.00 1.014 0.086 0.085 0.084
50 0.25 1.788 0.134 0.070 0.118
50 0.50 2.870 0.296 0.049 0.181

100 -0.50 0.344 0.066 0.080 0.068
100 -0.25 0.567 0.060 0.068 0.062
100 0.00 1.005 0.059 0.058 0.058
100 0.25 1.808 0.089 0.049 0.084
100 0.50 2.954 0.163 0.034 0.136

Table 4.2: For a Poisson model, comparison of the posterior standard deviation and the
Bayesian robust standard error to the true standard error of the posterior mean d̂n. Gray
rows indicate where the model is correctly specified.

4.4.3 Estimating the variance of log hazards ratio with an exponential proportional hazards
model

We demonstrate how our framework can be extended beyond GLMs with an association

analysis for time-to-event outcomes and explanatory variables.

Suppose the observed data are (Ti,Xi,∆i) for i = 1, . . . , n), where Ti = min(Si, Ci) is

the observed survival time, ∆i = I(Si ≤ Ci) is the event indicator, Si is the true survival

time, Ci is the censoring time and Xi is a p-vector of covariates.

Suppose we intend to model the association between the survival time and the covariates
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using the exponential proportional hazards model

Si|Xi, β ∼ Exponential(exp(XT
i β)).

The balanced inference loss is

LBI(β, d,Σ,Ω) = log |Σ|+ (β − d)TΩΣ−1(β − d)+

1

n

n∑
i=1

(∆i − Ti exp(XT
i β))2XT

i

Ω

 n∑
j=1

Tj exp(XT
j β)XjX

T
j


−1

Xi

In this case, the interpretation of the balancing term is less clear than before. We note,

however, for those subjects who experienced events (i.e. ∆i = 1), their contribution to the

balancing term can be written as

(Ti −∆i exp(−XT
i β))2

exp(−2XT
i β)

XT
i

Ω

 n∑
j=1

Tj exp(XT
j β)XjX

T
j


−1

Xi,

which, again, is their Pearson residual weighted by some version of their leverage.

The Bayes rule for Σ is a Bayesian robust covariance matrix

Σ̂n = CovΠn(β|Zn)EΠn

{
XTdiag

(
(∆i − Ti exp(XT

i β))2
)
X
[
XTdiag

(
Ti exp(XT

i β)
)
X
]−1 |Zn

}
We conduct a simulation study to investigate the robustness of different variance esti-

mates in exponential proportional hazards models. We generated the covariates as Xi =

(1, Ui)
T where Ui ∼ U(0, 3), for i = 1, . . . , n, and the survival times by a Weibull propor-

tional hazards model

Si|Xi, β ∼Weibull(κ, exp(XT
i β)),

where the pdf of a Weibull(κ, λ) random variable is given by

f(t) = λκtκ−1 exp(−λtκ), t > 0.

Our use of Exponential proportional model deviates from the true data generating distri-

bution if κ 6= 1.

We further performed administrative censoring at Ci = 10, i = 1, . . . , n.
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We suppose the parameter of interest is the log hazards ratio θ = β2 in the model. We

use the prior distribution β1 ∼ N(0, 103) and β2 ∼ N(0, 103).

Again, we conduct 1000 simulation under each setting considered. We report the average

of posterior mean (Ave(d̂n)), the standard error of d̂n (SE(d̂n)), the average posterior

standard deviation of ϑ (Ave(SDΠn(ϑ|Zn))), and the average Bayesian robust standard

error (Ave(B̂RSE(d̂n))). Results are given in Table 4.3. Again, although slightly under

estimating the standard error of the Bayes estimator d̂n when the model is correctly specified,

in general the Bayesian robust standard error is a better estimate of the true standard error

of d̂n than the posterior standard deviation of ϑ.

Table 4.3: For an Exponential Proportional Hazards Model, comparison of the posterior
standard deviation and the Bayesian robust standard error to the true standard error of
the posterior mean d̂n. Gray rows indicate where the model is correctly specified. #events:
Average number of events.

n κ β #events Ave(d̂n) SE(d̂n) Ave(SDΠn(ϑ|Zn)) Ave(B̂RSE(d̂n))

50 0.8 0.00 49.9 -0.004 0.187 0.151 0.164
50 0.8 -0.25 49.8 -0.317 0.179 0.150 0.165
50 0.8 -0.50 49.4 -0.608 0.185 0.152 0.165
50 1.0 0.00 50.0 0.000 0.146 0.148 0.132
50 1.0 -0.25 49.8 -0.250 0.151 0.149 0.134
50 1.0 -0.50 49.9 -0.503 0.146 0.149 0.134
50 1.5 0.00 50.0 0.006 0.101 0.148 0.094
50 1.5 -0.25 50.0 -0.165 0.101 0.148 0.093
50 1.5 -0.50 50.0 -0.337 0.102 0.146 0.093

100 0.8 0.00 99.8 0.003 0.130 0.103 0.119
100 0.8 -0.25 99.6 -0.311 0.131 0.103 0.119
100 0.8 -0.50 98.8 -0.614 0.128 0.105 0.119
100 1.0 0.00 100.0 -0.006 0.102 0.102 0.095
100 1.0 -0.25 100.0 -0.248 0.102 0.103 0.096
100 1.0 -0.50 99.8 -0.497 0.104 0.102 0.097
100 1.5 0.00 100.0 -0.001 0.071 0.102 0.066
100 1.5 -0.25 100.0 -0.170 0.070 0.102 0.066
100 1.5 -0.50 100.0 -0.332 0.072 0.102 0.067
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4.4.4 Bayesian robust confidence intervals

While appealingly robust in large samples, standard frequentist model-agnostic variance

estimates often have unstable behavior in small samples. We investigate whether their

Bayesian analog might produce better small sample behavior, by the shrinkage/stability

provided through the prior distribution. Using the posterior mean as estimate d̂n and

Bayesian robust covariance matrix estimate Σ̂n, we construct the Bayesian analog of Wald-

type “robust” confidence intervals. The proposed Bayesian robust confidence interval at

confidence level 1− α for θj , j = 1, . . . , p, is

d̂n,j ± z1−α
2
Σ̂

1
2
n,jj .

Figure 4.1 shows the coverage probabilities of these intervals, together with standard

model-based 95% credible intervals and standard robust confidence intervals. We assume

the same models and data distributions as in the previous sections. In all three regression

examples, when the model is correctly specified, the posterior credible intervals has nomi-

nal coverage, whereas the Frequentist and Bayesian robust confidence intervals suffer from

slight under coverage in small samples. When the model is misspecified, the posterior cred-

ible intervals will, as expected, suffer from under- or over-coverage even in large samples,

depending on the specific form of model violation. With moderate to large sample sizes, the

coverage probabilities of both the Frequentist and Bayesian robust confidence intervals tend

to the nominal levels. With small sample sizes, compared with the standard robust confi-

dence intervals, the Bayesian robust confidence intervals have coverage probabilities closer

to the nominal level. This suggests that the stability provided by even the relatively weak

priors we have used is sufficient to improve the performance of the standard purely-empirical

frequentist methods.

4.5 Balanced Loss Function for quasi-likelihood regression

The Balanced Inference Loss function can easily be modified to provide a Bayesian analog

for the variance estimate in a quasilikelihood regression model. Consider the same setup as

in Section 4.4.2, with the additional assumption that E[Yi|Xi] = αVi for some α > 0. We
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Figure 4.1: Coverage probabilities of 95% credible interval (red), frequentist (blue) and
Bayesian (green) robust confidence intervals. From top to bottom: linear regression, Poisson
regression and exponential proportional hazards model. The middle column shows the
results with correctly-specified models. θ∗0 denotes the limit of the estimator of interest in
each scenario.
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propose the following balanced inference loss function

LBI(β, d,Σ, ω) = log |Σ|+ (β − d)TωΣ−1(β − d) +
p

nω

n∑
i=1

(Yi − µi)2

Vi
, (4.4)

where ω > 0 is a scaling factor. In contrast to the general loss function for GLMs (4.3),

in (4.4) the correction term accounting for lack of model fit is proportional to the average

Pearson residual
1

n

∑n
i=1

(Yi − µi)2

Vi
. The Bayes rules for the loss function (4.4) set d to be

the usual posterior mean of β, ω to be the posterior mean of average Pearson residual

ω̂ = EΠn

[
1

n

n∑
i=1

(Yi − µi)2

Vi

∣∣∣∣Y ,X
]
, (4.5)

and Σ to be the posterior variance scaled by ω̂n, i.e. Σ̂n = ω̂n ·VarΠn [β|Y ,X]. It is easy to

see that Σ̂n gives a Bayes analog of the variance estimate of the frequentist quasi-likelihood

method [72].

4.6 Application: Association of Systolic Blood Pressure and Age in 2017-2018
NHANES Data

We demonstrate the Bayesian robust standard error estimator using data from 2017-2018

National Health and Nutrition Examination Survey (NHANES) data. We are interested in

the association between subjects’ systolic blood pressure systolic and their age among the

subpopulation with age between 18 and 60 years old. To make the difference between the

variance estimates more distinguishable, we randomly select a subset of 200 subjects for our

analysis.

We used a simple linear regression model as a working model, with the average of two

systolic blood pressure readings as the outcome and age and gender as covariates (Figure

4.2 left panel). We computed both the model-based standard error estimates (assuming ho-

moscedasticity) and robust standard error estimates (resistent to heteroscedasticity and/or

model misspecification) of the regression coefficients. For the corresponding Bayesian model,

we postulate a normal linear regression model with the same outcome and covariates. We

use weakly informative prior distributions for the unknown regression coefficients and the

residual variance (Figure 4.2 right panel). We report the posterior mean as point estimates,
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and compute the posterior standard deviations and Bayesian standard errors for the re-

gression coefficients. For the Bayesian analysis, we used Gibbs sampling with 3 chains and

30,000 iterations for each chain, where the first 18,000 iterations in each chain are burn-in

and discarded from the analysis. We carried out the Bayesian analysis using JAGS [52].

Frequentist Bayesian

E[SBP] = β0 + β1MALE + β2AGE

SBP ∼ N(β0 + β1MALE + β2AGE, σ2)

βj ∼ N(0, 1, 000), j = 0, 1, 2

σ2 ∼ InvGamma(0.01, 0.01)

Figure 4.2: Frequentist and Bayesian regression models for analyzing the association be-
tween systolic blood pressure and age, adjusting for subjects’ gender. SBP: systolic blood
pressure; MALE: the indicator for male; AGE: subjects age in years.

In Table 4.4, we report the point estimates and the variance estimates of the regression

coefficients for the frequentist and the Bayesian linear regression models. We focus on the

comparison of the variance estimates. The model-based standard errors/Bayesian posterior

standard deviations given higher estimates of the standard error for all three regression

coefficients than the frequentist/Bayesian robust standard errors. For the intercept and

the regression coefficient for age, the Bayesian posterior standard deviations are nearly

equal to the corresponding frequentist model-based standard errors, whereas the Bayesian

robust standard error are approximately equal to the frequentist robust standard error. The

four versions of standard error estimates for the regression coefficient of gender is not as

distinguishable.

Code for the analysis and the dataset are available on GitHub (https://github.com/

KenLi93/BRSE).

4.7 Discussion

In this chapter, we have proposed a balanced inference loss function, whose Bayes rules

provide an Bayesian analog of robust covariance matrix. We have proven how the Bayesian

robust covariance matrix converges to the true covariance matrix of the estimator of interest

https://github.com/KenLi93/BRSE
https://github.com/KenLi93/BRSE
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Table 4.4: Point estimates and standard error estimates of regression coefficients in Frequen-
tist and Bayesian linear regression models using the NHANES data. Post. SD: posterior
standard deviation; BRSE: Baysian robust standard error.

Frequentist Bayesian
Est. SE Robust SE Est. Post. SD BRSE

(Intercept) 94.067 2.350 1.781 93.481 2.307 1.767
Male 4.817 2.063 2.032 5.005 2.062 2.050

Age (yrs) 0.570 0.046 0.042 0.580 0.046 0.042

in large samples, under only mild regularity conditions. In several examples, including GLMs

and other forms of models, the corresponding loss function is seen to be a straightforward

balance between losses for standard model-based inference, and a term that assesses how

well the corresponding model actually fits the data that have been observed; the penalty

employs terms and components that are familiar from diagnostic use of Pearson residuals,

and from study of leverage. Using these methods we also proposed the Wald confidence

intervals using Bayesian robust standard error, and found more stable behavior than their

frequentist counterparts.

Our development of the robust covariance estimates is fully parametric, pragmatically

adjusting the standard model-based inference with a measure of how the corresponding

model fits the data. This is not the only motivation available for robust covariance esti-

mates however; focusing only on linear regression, Szpiro et al. [64] proposed a Bayesian

model-robust variance estimate by using highly-flexible models for the data distribution

and clearly defining the parameter of interest in a model-agnostic manner. The extension of

this essentially non-parametric approach beyond linear regression is unclear, and moreover

its motivation can be challenging – much like the challenge of a frequentist development

built purely on estimating equations, without parametric assumptions. In comparison, our

proposed framework is general and can be applied to obtain the Bayesian robust covariance

matrix in any regular parametric models. In comparison, our proposed method does not re-

quire redefining the parameter of interest during the modeling, and the interpretation of the

point estimates stays the same as in regular parametric statistics. The proposed Bayesian

variance estimates do not require nonparametric Bayes components in the model specifica-
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tion as in Szpiro et al. [64], thus greatly reducing the computation time and increasing the

algorithmic stability. Our framework is general and can be applied to obtain the Bayesian

robust covariance matrix in any regular parametric models.

Our work demonstrated that robust standard error estimates are ubiquitous both in

Frequentist and in Bayesian statistics. Our approach enables the proper quantification of

the variability of parameter estimates in Bayesian parametric models. The proposed balance

inference loss function, through which the Bayesian robust standard error was derived, also

provides insights on the source of discrepancy between the model-based and model-agnostic

variance estimates.
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Chapter 5

CONCLUSION

In this dissertation, we added to the rich literature of model-agnostic statistics novel

methods in several overlooked areas and provided improved methods. These methods in-

clude heterogeneity-resistant variance estimates and confidence intervals in meta-analysis,

shrinkage estimators in linear models with model-agnostic motivations, and a model-robust

Bayesian variance estimate. We hoped these methods have model-agnostic motivations,

model-violation robust properties, and are easily computable for practitioners.

The raising complexity in the real world applications calls for novel statistical methods.

The study of model-agnostic methods may continue to facilitate more principled inference

and data-driven decision making.
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Appendix A

LARGE-SAMPLE PROPERTIES OF THE ESTIMATORS

The probabilistic limits of log-CMH, Woolf’s estimator and MLE can be found using

Slutsky’s Theorem. Below we show the sketch proof of results stated in Section 2.3.2.

A.1 log-CMH and Woolf results

The asymptotic distribution of log-CMH and Woolf’s estimator are obtained by multivariate

Delta-method[69] and the fact that

√
N(



a1
m11

b1
m01

...

aK
m1K

bK
m0K


−



p11

p01

...

p1K

p0K


)→d

N2K(0,



p11(1−p11)
δ1γ1

)

p01(1−p01)
(1−δ1)γ1

. . .

p1K(1−p1K)
δKγK

p0K(1−p0K)
(1−δK)γK


).

A.2 MLE results

For MLE, under effect homogeneity the standard likelihood inference theory [69] gives

√
N(


α̂1

...

α̂k

ψ̂

−


α1

...

αk

ψ

)→d NK(0, J−1), (A.1)
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where J is the Fisher information matrix

J ≡ J(α, ψ)

=


u1 + v1 0 ... 0 u1

0 u2 + v2 ... 0 u2

...
...

...
...

u1 u2 ... uK
∑

k uk

 (A.2)

and

uj = −γjδj
exp(αj + ψ)

[1 + exp(αj + ψ)]2

vj = −γj δ̄k
exp(αj)

[1 + exp(αj)]2
.

We denote the plug-in Fisher information by Ĵ ≡ J(α̂, ψ̂). Assuming homogeneity, the

estimator of variance of ψ̂, ˆvar(ψ̂), is given by the entry in Ĵ−1 corresponding to ψ divided

by
√
N .

Under heterogeneity, we proceed as follows:

If we wrongly assume effect homogeneity, i.e. ψ1 = ... = ψK = ψ, we have logit(p0k) = αk

and logit(p1k) = αk + ψ for k = 1, ...,K, where logit(x) = log( x
1−x) and expit(x) = exp(x)

1+exp(x)

The mis-specified likelihood is given by

R(X;α, β) =

K∏
k=1

 m1k

ak

 m0k

bk

 [expit(αk + ψ)]ak [1− expit(αk + ψ)]ck

[expit(αk)]
bk [1− expit(αk)]

dk

The log-likelihood is

ρ(X;α, ψ) =
K∑
k=1

(αk(ak + bk) + ψak −m1k log(1 + exp(αk + ψ))−m0k log(1 + exp(αk)))
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The score equations are given by

∂

∂αk
ρ(X;α, ψ) = ak + bk −m1kexpit(αk + ψ)−m0kexpit(αk) = 0

∂

∂ψ
ρ(X;α, ψ) =

K∑
k=1

[ak −m1kexpit(αk + ψ)] = 0

The second-order derivatives of ρ(X;α, ψ) are

∂2

∂αi∂αj
ρ(X;α, ψ) = 0

∂2

∂αk∂ψ
ρ(X;α, ψ) = −m1k

exp(αk + ψ)

[1 + exp(αk + ψ)]2

∂2

∂α2
k

ρ(X;α, ψ) = −m1k
exp(αk + ψ)

[1 + exp(αk + ψ)]2
−m0k

exp(αk)

[1 + exp(αk)]
2

∂2

∂ψ2
ρ(X;α, ψ) = −

∑
k

m1k
exp(αk + ψ)

[1 + exp(αk + ψ)]2

We expect the true value of (α, ψ) maximizes

E

[
1

N
ρ(X;α, ψ)

]
=
∑
k

γk{αk (δkexpit(ηk + ψk) + (1− δk)expit(ηk)) +

ψδkexpit(ηk + ψk)− δk log[1 + exp(αk + ψ)]−

(1− δk) log[1 + exp(αk)]}

and that (α̂, ψ̂) maximizes 1
N ρ(X;α, ψ).

Let

Ψ(X;α, ψ) ≡ ∇α,ψ
(

1

N
ρ(X;α, ψ)

)

=
1

N


a1 + b1 −m11expit(α1 + ψ)−m01expit(α1)

...

aK + bK −m1Kexpit(αK + ψ)−m0Kexpit(αK)∑
k ak −

∑
km1kexpit(αk + ψ)


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We expect that

0 = Ψ(X; α̂, ψ̂)

=
1

N


a1 + b1 −m11expit(α̂1 + ψ̂)−m01expit(α̂1)

...

aK + bK −m1Kexpit(α̂K + ψ̂)−m0Kexpit(α̂K)∑
k ak −

∑
km1kexpit(α̂k + ψ̂)


By Taylor expansion of Ψ(X; α̂, ψ̂) around (α, ψ),

0 = Ψ(X; α̂, ψ̂)

= Ψ(X;α, ψ) + Ψ̇(X;α∗, ψ∗)(


α̂1

...

α̂K

ψ̂

−

α1

...

αK

ψ

)

where (α∗, ψ∗) is between (α̂, ψ̂) and Ψ̇(X;α∗, ψ∗) is the Hessian matrix of ρ(X;α, ψ)

evaluated at (α∗, ψ∗).

We have

√
NΨ(X;α, ψ) =

1√
N


a1 + b1 −m11expit(α1 + ψ)−m01expit(α1)

...

aK + bK −m1Kexpit(αK + ψ)−m0Kexpit(αK)∑
k ak −

∑
km1kexpit(αk + ψ)


→d N(0, U)

where

U =


s1 + t1 0 ... 0 s1

0 s2 + t2 ... 0 s2

...
...

...
...

s1 s2 ... sK
∑

k sk


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and

sk = γkδkp1k(1− p1k)

tk = γk(1− δk)p0k(1− p0k)

for k = 1, ...,K.

Furthermore,

Ψ̇(X;α, ψ) =
1

N



∂2

∂α2
1
ρ(X;α, ψ) 0 ... 0 ∂2

∂α1∂ψ
ρ(X;α, ψ)

0 ∂2

∂α2
2
ρ(X;α, ψ) ... 0 ∂2

∂α2∂ψ
ρ(X;α, ψ)

...
...

...
...

∂2

∂α1∂ψ
ρ(X;α, ψ) ∂2

∂α2∂ψ
ρ(X;α, ψ) ... ∂2

∂αK∂ψ
ρ(X;α, ψ) ∂2

∂ψ2 ρ(X;α, ψ)



→d


u1 + v1 0 ... 0 u1

0 u2 + v2 ... 0 u2

...
...

...
...

u1 u2 ... uK
∑

k uk


≡ J ≡ J(α, ψ)

where

uk = −γkδk
exp(αk + ψ)

[1 + exp(αk + ψ)]2

vk = −γk(1− δk)
exp(αk)

[1 + exp(αk)]2

for k = 1, ...,K. We conclude that

√
N(


α̂1

...

α̂k

ψ̂

−

α1

...

αk

ψ

)→d NK(0, J−1UJ−1) (A.3)
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Appendix B

META-ANALYSIS OF SCLEROTHERAPY STUDIES

Table B.1 shows the data of a meta-analysis of 19 sclerotherapy studies.[46]

Table B.1: Meta-analysis of 19 studies on the effectiveness of sclerotherapy in preventing
first bleeding in cirrhosis[46]. Data are shown as number of first bleeding cases/sample sizes.

Study Sclerotherapy Control

Paquet et al. 3/35 22/36
Witzel et al. 5/56 30/53
Koch et al. 5/16 6/18
Kobe et al. 3/23 9/22
Wordehoff et al. 11/49 31/46
Santangelo et al. 18/53 9/60
Sauerbruch et al. 17/53 26/60
Piai et al. 10/71 29/69
Potzi et al. 12/41 14/41
Russo et al. 0/21 3/20
Andreani et al. 9/42 13/41
Triger et al. 13/33 14/35
Gregory et al. 31/143 23/138
NIEC 20/55 19/51
PROVA 13/73 13/72
Saggioro et al. 3/13 12/16
Fleig et al. 3/21 5/28
Strauss et al. 4/18 0/19
Planas et al. 6/22 2/24
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Appendix C

ZERO-CELL CORRECTION

If study j with four cell counts aj , bj , cj and dj contains at least one zero cell, we replace

the cell counts with a′j , b
′
j , c
′
j and d′j prior to computing the approximate variances, where

a′j = aj + kT , b′j = bj + kC ,

c′j = cj + kT , d′j = dj + kC .

The added numbers kT and kC satisfy

kT /kC = m1j/m0j , kT + kC = .01

We choose kT + kC to be small so that the added number would only lead to a small bias

of the estimator.
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Appendix D

PRESENTATION OF JAMES-STEIN ESTIMATOR, LASSO AND
RIDGE ESTIMATOR AND AS PRECISION-WEIGHTED

LEAST-SQUARE ESTIMATORS

The LASSO is

β̂LASSO = argmin
β
‖Y − Xβ‖22 + λ‖β‖1

= argmin
β

(β̂LS − β)TXTX(β̂LS − β) + λ‖β‖1

= argmin
β

σ̂2(β̂LS − β)T Σ̂−1
0 (β̂LS − β) + λ‖β‖1

= argmin
β

(β̂LS − β)T Σ̂−1
0 (β̂LS − β) + λ′‖β‖1

where λ′ = λ/σ̂2 and Σ̂0 = σ̂2(XTX)−1. The same calculation gives

β̂Ridge = argmin
β
‖Y − Xβ‖22 + λ‖β‖22

= argmin
β

(β̂LS − β)T Σ̂−1
0 (β̂LS − β) + λ′‖β‖22.

Finally, the James-Stein estimator is

β̂JS =

[
1− (n− p)(p− 2)σ̂2

(n− p+ 2)β̂TLSX
TXβ̂LS

]
β̂LS .

On the other hand, the solution for the optimization problem

min
β

(β̂LS − β)T Σ̂−1
0 (β̂LS − β) +

λ

n
‖Xβ‖22 (D.1)

is

(
λ

n
Σ̂nX

TX + Ip

)−1

β̂LS =
n

λσ̂2 + n
β̂LS . (D.2)



79

The James-Stein estimator is recovered by letting

n

λσ̂2 + n
= 1− (n− p)(p− 2)σ̂2

(n− p+ 2)β̂TLSX
TXβ̂LS

in (D.2).
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Appendix E

PROOFS OF THEOREMS ABOUT THE LARGE-SAMPLE
PROPERTIES OF THE PRECISION-WEIGHTED LEAST SQUARE

ESTIMATORS

E.1 Proof of Theorem 3.5.1

Proof. Define
Z0(β) = (β − β0)TD(β − β0) + λ0β

TCβ

and
Zj(β) = (β − β0)TD(β − β0) + λ0‖β‖jj , j = 1, 2.

For brevity, we write β̂jn = argminβZnj(β), j = 0, 1, 2, where

Zn0 =
1

n
(Y −Xβ)TX(XTdiag(e2)X)−1XT (Y −Xβ) +

λn
n
βT
(

XTX

n

)
β

and

Znj =
1

n
(Y −Xβ)TX(XTdiag(e2)X)−1XT (Y −Xβ) +

λn
n
‖β‖jj , j = 1, 2.

Then β̂0
n = β̂rJS,λn β̂

1
n = β̂rLASSO,λn and β̂2

n = β̂rRidge,λn .
Now we have

Zn0(β)− Z0(β) = (β0 − β)T [
1

n
XTX(XTdiag(e2)X)−1XTX−D](β0 − β)+

1

n
εTX(XTdiag(e2)X)−1XT ε+

2

n
(β0 − β)TXTX(XTdiag(e2)X)−1XT ε+

λn
n
βT (Cn − C)β +

(
λn
n
− λ0

)
βTCβ

p→ 0

Znj(β)− Zj(β) = (β0 − β)T [
1

n
XTX(XTdiag(e2)X)−1XTX−D](β0 − β)+

1

n
εTX(XTdiag(e2)X)−1XT ε+

2

n
(β0 − β)TXTX(XTdiag(e2)X)−1XT ε+

(
λn
n
− λ0)‖β‖jj

p→ 0, j = 1, 2

By Convexity Lemma in [53], we have supβ∈K |Znj(β)−Z(β)| →p 0, j = 1, 2, for every open
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and convex set K and β̂jn = Op(1). Therefore β̂jn = argmin(Znj)→p argmin(Zj).

E.2 Proof of Theorem 3.5.2

Proof. Define

Vn0(u) = (ε−Xu/
√
n)TX(XTdiag(e2)X)−1XT (ε−Xu/

√
n)− εTX(XTdiag(e2)X)−1XT ε+

λn
[
(β0 + u/

√
n)TCn(β0 + u/

√
n)− βT0 Cnβ0

]
and

Vnj(u) = (ε−Xu/
√
n)TX(XTdiag(e2)X)−1XT (ε−Xu/

√
n)− εTX(XTdiag(e2)X)−1XT ε+

λn

p∑
k=1

[|β0k + uk/
√
n|j − |β0k|j ], j = 1, 2.

Note that
argminu∈RpVn0(u) =

√
n(β̂rJS,λn − β0),

argminu∈RpVn1(u) =
√
n(β̂rLASSO,λn − β0),

and
argminu∈RpVn2(u) =

√
n(β̂rRidge,λn − β0).

Some calculation leads to

Vn0(u) = −2uT
(

XTX

n

)[
XTdiag(e2)X

n

]−1

· 1√
n

XT ε+ uT
(

XTX[XTdiag(e2)X]−1XTX

n

)
u+

λn
[
(β0 + u/

√
n)TCn(β0 + u/

√
n)− βT0 Cnβ0

]
and

Vnj(u) = −2uT
(

XTX

n

)[
XTdiag(e2)X

n

]−1

· 1√
n

XT ε+ uT
(

XTX[XTdiag(e2)X]−1XTX

n

)
u+

λn

p∑
k=1

(|β0k + uk/
√
n|j − |β0k|j), j = 1, 2.

By CLT, we have 1√
n
XT ε→d N(0, E(σ(xi)

2xix
T
i )−1). Since we also have

λn
[
(β0 + u/

√
n)TCn(β0 + u/

√
n)− βT0 Cnβ0

]
=

λn√
n

(
2βT0 Cnu+ uTCnu/

√
n
) p→ 2λ0β

T
0 Cu,
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λn

p∑
k=1

[|β0k + uk/
√
n| − |β0k|] =

λn√
n

p∑
k=1

[|
√
nβ0k + uk| − |

√
nβ0k|]

→ λ0

p∑
k=1

[uksign(β0k)I(β0k 6= 0) + |uk|I(βk = 0)],

and

λn

p∑
k=1

[|β0k + uk/
√
n|2 − |β0k|2] =

λn√
n

p∑
k=1

(2β0kuk +
u2
k√
n

)→ 2λ0β
T
0 u.

we have Vnj(u) →d Vj(u), j = 0, 1, 2. Since all Vnj ’s are convex and Vj ’s have a unique
minimum, we conclude that

argminu∈RpVnj(u)→d argminu∈RpVj(u), j = 0, 1, 2.

E.3 Proof of Theorem 3.6.1

Lemma 1. Assume the generalized irrepresentable condition holds with a constant vector
η > 0 then P (β̂rLASSO,λn =s β0) ≥ P (An ∩Bn ∩ Sn ∩Rn) for

An = {|(Dn
11)−1WS | <

√
n

(
|β0S | −

λn
2n
|(Dn

11)−1sign(β0S)|
)
},

Bn = {Dn
21(Dn

11)−1WS −WSC ≤
λn

2
√
n
η},

Sn = {Dn is positive definite},

Rn = {|Dn
21(Dn

11)−1sign(β0S)−D21(D11)−1sign(β0S)| ≤ 1− η − |D21(D11)−1sign(β0S)|}

where W = 1√
n
XTX(XTdiag(e2)X)−1XT ε.

Proof. Write û = β̂rLASSO,λn − β0 and define

Vn(u) = (ε−Xu)TX(XTdiag(e2)X)−1XT (ε−Xu)−εTX[XTdiag(e2)X]−1XT ε+λn‖u+β0‖1.

We have û = argminu∈RpVn(u).

Now we want to find a set of sufficient conditions for β̂rLASSO,λn =S β. Such conditions
can be: |ûS | < |βS | (here the inequality holds elementwise) and ûSC = βSC = 0. When Dn is
positive definite, û = (ûS , 0) is the unique minimizer of Vn and satisfies the zero-subgradient
condition:

Dn
11(
√
nûS)−WS = − λn

2
√
n

sign(β0S)

− λn
2
√
n

1 ≤ Dn
21

√
nûS −WSC ≤

λn
2
√
n

1.
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With the extra condition that |ûS | < |βS |, the above conditions require

| 1√
n

(Dn
11)−1WS −

λn
2
√
n

(Dn
11)−1sign(βS)| < |βS | (E.1)

and

− λn
2
√
n

(1−Dn
21(D11n)−1sign(βS)) ≤ Dn

21(Dn
11)−1WS−WSC ≤

λn
2
√
n

(1+Dn
21(Dn

11)−1sign(βS))

(E.2)
Note that when {|Dn

21(Dn
11)−1sign(β0S)| < 1− η}, Bn implies

|Dn
21(Dn

11)−1WS −WSC | ≤
λn

2
√
n

(1− |Dn
21(Dn

11)−1sign(β0S))|

which further implies (E.2). The event {|Dn
21(Dn

11)−1sign(β0S)| < 1− η} is a result of Rn.
Also An implies (E.1). The conclusion follows.

Below we prove Theorem 3.6.1:

Proof. By Lemma 1 we have

P (β̂rLASSO,λn = β0) ≥ P (An ∩Bn ∩ Sn ∩Rn)

whereas

1− P (An ∩Bn ∩ Sn ∩Rn) ≤ P (ACn ) + P (BC
n ) + P (SCn ) + P (RCn )

≤
q∑
i=1

P (|zi| ≥
√
n(|β0i| −

λn
2n
bi)) +

p−q∑
i=1

P (|ξi| ≥
λn

2
√
n
ηi)+

P (Dn is not positive definite) +

p−q∑
i=1

P (|κi| ≥ di)

where z = (z1, z2, . . . , zq)
T = (Dn

11)−1WS , ξ = (ξ1, . . . , ξp−q)
T = Dn

21(Dn
11)−1WS −WSC ,

κ = (κ1, . . . , κp−q)
T = |Dn

21(Dn
11)−1sign(β0S) − D21(D11)−1sign(β0S)|, b = (b1, . . . , bq) =

(Dn
11)−1sign(βS), d = (d1, . . . , dp−q)

T = 1− η − |D21(D11)−1sign(β0S)|.
By standard large sample theories we have (Dn

11)−1WS →d N(0, D−1
11 ) and

Dn
21(Dn

11)−1WS − WSC →d N(0, D22 − D21D
−1
11 D12). Hence all the zi’s, ξi’s and

√
nκi’s

are assymptotically normal random variables.
We thus have

P (ACn ) + P (BC
n ) + P (SCn ) + P (RCn )→ 0.

The result follows.
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E.4 Proof of Theorem 3.7.1

Proof. Define
Z∗(β) = (β − β∗)TD∗(β − β∗) + λ0β

TCβ

and
Z∗j (β) = (β − β∗)TD∗(β − β∗) + λ0‖β‖jj , j = 1, 2.

We also write β̂jn = argminβZ
∗
nj(β), j = 0, 1, 2, where

Z∗n0 =
1

n
(Y −Xβ)TX(XTdiag(e2)X)−1XT (Y −Xβ) +

λn
n
βT
(

XTX

n

)
β

and

Z∗nj =
1

n
(Y −Xβ)TX(XTdiag(e2)X)−1XT (Y −Xβ) +

λn
n
‖β‖jj , j = 1, 2.

Then β̂0
n = β̂rJS,λn β̂

1
n = β̂rLASSO,λn and β̂2

n = β̂rRidge,λn .

Using the same arguments in Appendix E.1, we can show that β̂jn = argmin
β

Z∗nj(β)
p→

argmin
β

Z∗j (β).

E.5 Proof of Theorem 3.7.2

Proof. Define

V ∗n0(u) = (ε−Xu/
√
n)TX(XTdiag(e2)X)−1XT (ε−Xu/

√
n)− εTX(XTdiag(e2)X)−1XT ε+

λn
[
(β0 + u/

√
n)TCn(β0 + u/

√
n)− βT0 Cnβ0

]
and

V ∗nj(u) = (ε−Xu/
√
n)TX(XTdiag(e2)X)−1XT (ε−Xu/

√
n)− εTX(XTdiag(e2)X)−1XT ε+

λn

p∑
k=1

[|β0k + uk/
√
n|j − |β0k|j ], j = 1, 2.

Note that
argminu∈RpV

∗
n0(u) =

√
n(β̂rJS,λn − β0),

argminu∈RpV
∗
n1(u) =

√
n(β̂rLASSO,λn − β0),

and
argminu∈RpV

∗
n2(u) =

√
n(β̂rRidge,λn − β0).

Using the same arguments as in Appendix 3.7.2, we can conclude that

argminu∈RpV
∗
nj(u)→d argminu∈RpV

∗
j (u), j = 0, 1, 2.



85



86

Appendix F

BAYES RULES FOR THE INFERENCE LOSS FUNCTION

Theorem F.0.1. The Bayes rule with respect to the inference loss in (4.1) is
d̂ = EΠn(ϑ|Zn) and Σ̂ = CovΠn [ϑ|Zn], which gives the minimized posterior risk

EΠn

[
L(ϑ, d̂, Σ̂)|Xn

]
= log |CovΠn [ϑ|Zn]|+ p.

Proof. The posterior risk is

EΠn [L|Zn] = log |Σ|+EΠn

[
(ϑ− d)TΣ−1(ϑ− d)|Zn

]
= log |Σ|+tr

(
Σ−1EΠn

[
(ϑ− d)(ϑ− d)T |Zn

])
.

Writing A = Σ−1EΠn

[
(ϑ− d)(ϑ− d)T |Zn

]
, the posterior risk is

log
∣∣EΠn

[
(ϑ− d)(ϑ− d)T |Zn

]∣∣− log |A|+ tr(A)

in which the last two terms are respectively the sum of the − log eigenvalues and the
eigenvalues of A. This is minimized by setting A so that all eigenvalues equal to 1, which
occurs if and only if A is the identity matrix. Hence Σ = EΠn

[
(ϑ− d)(ϑ− d)T |Zn

]
.

To minimize the posterior risk with respect to d, it remains to consider

log |EΠn

[
(ϑ− d)(ϑ− d)T |Zn

]
|+p = log |CovΠn(ϑ|Xn)+(EΠn [ϑ|Zn]−d)(EΠn [ϑ|Zn]−d)T |+p.

By matrix determinant lemma, the above expression equals

log |CovΠn(ϑ|Zn)|+ log
(

1 + (EΠn [ϑ|Zn]− d)T CovΠn [ϑ|Zn]−1 (EΠn [ϑ|Zn]− d)
)

+ p

which is minimized by setting d = EΠn [ϑ|Zn], which in turn means setting Σ =
CovΠn [ϑ|Zn]. This rule achieves minimized posterior risk EΠn [L|Zn] = log |CovΠn [ϑ|Zn]|+
p.
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Appendix G

BAYES RULE FOR THE BALANCED INFERENCE LOSS

Theorem G.0.1. The Bayes rule with respect to the inference loss in (4.2) is

d̂n = EΠn(ϑ|Zn), Ω̂ = E

(
1

n

n∑
i=1

l̇i(ϑ)l̇i(ϑ)T In(ϑ)−1|Zn

)
, Σ̂n = CovΠn(ϑ|Zn)Ω̂.

Proof. The expected posterior loss is

EΠn [LBI |Zn] = log |Σ|+ EΠn

[
(ϑ− d)TΩΣ−1(ϑ− d)

∣∣∣∣Zn]+ EΠn

[
1

n

n∑
i=1

l̇i(ϑ)T (ΩIn(ϑ))−1 l̇i(ϑ)

∣∣∣∣Zn
]

(G.1)

Similar to the proof of Theorem F.0.1, the minimum of (G.1) with respect to Σ with Ω

fixed is achieved by setting Σ = E

{
(ϑ− d)(θ − d)T

∣∣∣∣Zn}Ω and d = E[ϑ|Zn]. Substituting

E

{
(ϑ− d)(θ − d)T

∣∣∣∣Zn}Ω and d̂ = E[ϑ|Zn] in (G.1), we obtain that the minimal expected

posterior loss with Ω fixed is

log |V arΠn [ϑ|Zn]|+ p+ log |Ω|+ EΠn

[
1

n

n∑
i=1

l̇i(ϑ)T (ΩIn(ϑ))−1 l̇i(ϑ)

∣∣∣∣Zn
]

(G.2)

Again using the same method as in the proof of Theorem F.0.1, the minimum of (G.2)

is achieved by setting Ω = E

[
1

n

∑n
i=1 l̇i(ϑ)l̇i(ϑ)T I−1

n (ϑ)

∣∣∣∣Zn], which in turn gives the Bayes

rule of Σ:

Σ̂ = V arΠn [ϑ|Zn]E

[
1

n

n∑
i=1

l̇i(ϑ)l̇i(ϑ)T I−1
n (ϑ)

∣∣∣∣Zn
]
.
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Appendix H

ASYMPTOTIC EQUIVALENCE OF BAYESIAN ROBUST
COVARIANCE MATRIX AND THE LARGE-SAMPLE COVARIANCE

MATRIX OF THE BAYES POINT ESTIMATE

Let I(θ) = −E0

[
∂2

∂θ2
log pθ(Z1)

]
be the Fisher information. By the Bernstein

von Mises Theorem under model misspecification, nCovΠn(ϑ|Zn) ≈ I−1
θ∗ , which θ∗ =

argminθE0

[
p0(Zi)
pθ(Zi)

]
is the minimal Kullback-Leibler point. We see that

n∑
i=1

l̇i(ϑ)l̇i(ϑ)T In(ϑ)−1 →P0 E0[l̇i(θ)l̇i(θ)
T ]I(θ)−1

for any θ ∈ Θ. By the theorem below, we show that under certain conditions,

EΠn

{
n∑
i=1

l̇i(ϑ)l̇i(ϑ)T In(ϑ)−1

∣∣∣∣Zn
}
→P0 E0[l̇i(θ

∗)l̇i(θ
∗)T ]I(θ∗)−1,

where the right-hand-side is the asymptotic variance of the Bayes point estimate by [34].

Theorem H.0.1. Suppose An(θ) is a random function and measurable on (Z1, . . . , Zn).
Suppose the conditions in [34] Theorem 2.3 and Corollary 4.2 hold. Further assume the
following conditions hold:

1. A is continuous in a neighborhood of θ∗ and |A(θ∗)| <∞.

2. Uniform convergence of An in a neighborhood of θ∗: for any ε, γ > 0, there exists
η0 > 0 and positive integer N such that for any n > N , we have

P0( sup
θ1:‖θ1−θ∗‖<η0

|An(θ1)−A(θ1)| > ε) < γ.

3. Asymptotic posterior uniform integrability: for any ε > 0, we have

lim
M→∞

lim sup
n→∞

P0

(
EΠn

{
‖An(θ)‖I (‖An(θ)‖ > M)

∣∣∣∣Z1, . . . , Zn

}
> ε

)
= 0 (H.1)

Then EΠn(An(ϑ)|Zn)→P0 A(θ∗).

Proof. Step 1:
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We show that Πn(|An(ϑ)− An(θ∗)| > ε|Z1, . . . , Zn)→P0 0 as n→∞, for any ε > 0. In
other words, for any ε, γ, and ξ > 0, there exists a positive integer N > 0, such that for
any n > N , we have

P0

(
Πn

(
‖An(ϑ)−An(θ∗)‖ > ε

∣∣∣∣Z1, . . . , Zn

)
> ξ

)
< 2γ. (H.2)

Note that the additional conditions 1, 2 imply that for any ε, γ > 0, there exists η0 > 0
and positive integer N1 such that for any n > N1, we have

P0( sup
θ1:‖θ1−θ∗‖<η0

|An(θ1)−An(θ∗)| > ε) < γ. (H.3)

By Corollary 4.2 in [34], there exists a positive integer N2 such that

P0

(
Πn

(
‖ϑ− θ∗‖1 ≥ η0

∣∣∣∣Z1, . . . , Zn

)
> ξ

)
< γ

for any n > N2.
Now that the left-hand-side of (H.2) is

P0

(
Πn

(
‖An(ϑ)−An(θ∗)‖ > ε, ‖ϑ− θ∗‖1 < η0

∣∣∣∣Z1, . . . , Zn

)
> ξ

)
+

P0

(
Πn

(
‖An(ϑ)−An(θ∗)‖ > ε, ‖ϑ− θ∗‖1 ≥ η0

∣∣∣∣Z1, . . . , Zn

)
> ξ

)
≤P0

(
sup

θ:‖θ−θ∗‖<η0
‖An(θ)−An(θ∗)‖ > ε,Πn

(
‖ϑ− θ∗‖1 < η0

∣∣∣∣Z1, . . . , Zn

)
> ξ

)
+

P0

(
Πn

(
‖ϑ− θ∗‖1 ≥ η0

∣∣∣∣Z1, . . . , Zn

)
> ξ

)
≤P0

(
sup

θ:‖θ−θ∗‖<η0
‖An(θ)−An(θ∗)‖ > ε

)
+ P0

(
Πn

(
‖ϑ− θ∗‖1 ≥ η0

∣∣∣∣Z1, . . . , Zn

)
> ξ

)
<2γ.

Step 2: We show that

EΠn(An(ϑ)|Z1, . . . , Zn) = An(θ∗) +OP0(1).

Note that the uniform continuity (H.2) also holds for functions An(·) ∧M with M > 0.
The results of Step 1 also applies to An(·) ∧M :

Πn(‖An(ϑ) ∧M −An(θ∗) ∧M‖ > ε|Z1, . . . , Zn)→P0 0 (H.4)

for any ε > 0.
It suffices to show that

EΠn(‖An(ϑ)−An(θ∗)‖|Z1, . . . , Zn)→P0 0.
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By triangular inequality we have

EΠn(‖An(ϑ)−An(θ∗)‖|Z1, . . . , Zn) = EΠn(‖An(ϑ)−An(ϑ) ∧M‖|Z1, . . . , Zn)+

EΠn(‖An(ϑ) ∧M −An(θ∗) ∧M‖|Z1, . . . , Zn)+

‖An(θ∗) ∧M −An(θ∗)‖.

Now on the right-hand side, the third term converges in P0 to ‖A(θ∗) ∧M − A(θ∗)‖ as
n→∞ and then converges in P0 to 0 by letting M →∞.

The first term satisfies

EΠn

(
‖An(ϑ)−An(θ∗)‖

∣∣∣∣Z1, . . . , Zn

)
≤ EΠn

{
‖An(θ)‖I (‖An(θ)‖ > M)

∣∣∣∣Z1, . . . , Zn

}
,

which converges to zero by letting n→∞ followed by letting M →∞.
Finally, the second term is

EΠn

(
‖An(ϑ) ∧M −An(ϑ) ∧M‖I (‖θ − θ∗‖ ≤ η0)

∣∣∣∣Z1, . . . , Zn

)
+

EΠn

(
‖An(ϑ) ∧M −An(ϑ) ∧M‖I (‖ϑ− θ∗‖ ≤ η0)

∣∣∣∣Z1, . . . , Zn

)
≤ sup
θ1:‖θ1−θ∗‖<η0

‖An(θ1) ∧M −An(θ∗) ∧M‖ ·Πn

(
‖ϑ− θ∗‖ < η0

∣∣∣∣Z1, . . . , Zn

)
+

M ·Πn

(
‖ϑ− θ∗‖ < η0

∣∣∣∣Z1, . . . , Zn

)
→P0 0 + 0 = 0

by letting n→∞ followed by letting M →∞.
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