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In large-scale imaging studies, a primary goal is to understand the relationship between
distinct data views of study participants. For example, one data view could consist of
patients’ brain MRI scans, while a second view includes their lifestyle, demographic, or psy-
chometric measures. A significant challenge is that these views are often subject to complex
non-Euclidean constraints. Two settings arise: in some cases, the geometric constraints are
known a priori, such as brain functional connectivity data which lie on the manifold of posi-
tive definite matrices. In other cases, no explicit manifold representation is available, and the
underlying geometry must be learned from the data. Additionally, the relationships between
these views are often weak, further complicating the analysis.

Despite extensive work on data integration, most approaches fail to accommodate non-
Euclidean constraints while providing interpretable embeddings. In this dissertation, we
propose novel frameworks to identify interpretable relationships between heterogeneous data
views, while accounting for their distinct underlying structures.

Specifically, in Chapter 2, we develop a canonical correlation analysis model to inte-
grate time-varying, manifold-valued data with high-dimensional data. Our approach lever-
ages tools from Riemannian geometry to handle non-Euclidean constraints and introduces
a group-sparsity penalty to select important variables. The proposed method shows im-

proved empirical performance over existing approaches and is applied to dynamic functional



connectivity data from the Human Connectome Project. Furthermore, we establish asymp-
totic consistency through both in-sample and out-of-sample error bounds for the estimated
canonical directions and scores.

In Chapter 3, we extend the proposed model to automatically learn interpretable em-
beddings from the data, thereby estimating its underlying geometry. To achieve this, we
formulate a Partially Linear interpretable Canonical Correlation Analysis model (PLiICCA)
and prove the existence of population solutions. We establish formal connections between
PLiCCA and conditional latent-variable models, specifically, conditional variational autoen-
coders and conditional normalizing flows. We show that these latent-variable models can
be interpreted as relaxations of the PLiCCA problem, where difficult global constraints are
replaced by tractable local ones. This perspective enables efficient solving of PLICCA via
‘proxy’ problems derived from contemporary conditional generative models, providing an
alternative to the models proposed in the first project when the underlying structure of the

data is unknown.
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In this figure, we illustrate the process of projecting the Riemannian-valued
functional data and the high-dimensional data to define maximally correlated
variables. We leverage tools from differential geometry to compute linear
tangent representations Log,y of the temporally-indexed Riemannian-valued
data y, which are equipped with a notion of inner product {-,-)),, that is, a
projection operator. For the multivariate data, we use the conventional notion
of projection, i.e., the Euclidean inner product. We therefore seek v and 6
whose respective data projections define maximally correlated variables.

This figure illustrates the first mode of covariation between dynamic connectiv-
ity and behavioral measures. On the top panel, we show (Expﬂ (—cqﬂl) , —cél),
which we refer to as ‘First CCA Mode +’, on the bottom panel we show
(Expﬂ (+czﬂ1) ,+cé1), which we refer to as ‘First CCA Mode -’. These rep-
resent two extremities of the spectrum identified by the first mode of co-
variation. Within each panel, we show the canonical function of SPD co-
variances Exp, (:l:L;l) at three different times, and a subset of the selected

entries of the canonical vector +6;. The depicted mode of covariation sug-
gests that subjects with an increasing variance over time within the vi-
sual (VIS) and default mode (DFN) functional systems, as well as an in-
creasing covariance between these systems, positively correlate with higher
scores in ‘ProcSpeed_AgeAdj’ — assessing processing speed — and ‘PicVo-
cab_AgeAdj’ — evaluating language/vocabulary comprehension and negatively
correlate with using cannabis and opiates (variables THC, SSAGA_Mj_Use,
and SSAGA _Times_Used_Opiates). . ... ... ... ... .. ... ... ....

On the left panel, for both ‘First CCA Mode -’ and ‘First CCA Mode +’,
we show the temporal dynamics of selected entries of the dynamic mode of
connectivity shown in Figure‘2.2. Notably, some of these, e.g., the DFM-PCC
covariance, remain stationary for both ‘First CCA Mode +’ and ‘First CCA
Mode -’, while others, e.g., the DFM-VIS covariance, have markedly different
patterns. On the right panel, we show a complete list of the 39 variables, of
the canonical vector iél, selected by the proposed model out of an initial set
of 150, along with their relative importance. . . ... ... ... ... .. ....
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Results of the VAE formulation of PLICCA applied to 700 subjects from the
Human Connectome Project (Van Essen et al., 2013). Specifically, we con-
sider cortical thickness as the main view and demographic, psychometric, and
behavioral variables as auxiliary views. Both PLICCA and standard VAEs
provide expressive, low-dimensional latent embeddings that achieve satisfac-
tory reconstruction errors. However, when applying an unsupervised VAE to
learn the embedding map g, the canonical correlation model in Theorem 3.3.3
reveals no correlation between the constructed latent representations and the
auxiliary variables. In contrast, PLiICCA yields latent variables that are lin-
early associated (from 300 validation samples) with sparse linear combinations
of the auxiliary variables, thereby providing interpretable and scientifically
meaningful representations. Out of the 150 auxiliary variables, the model se-
lected 50. For simplicity, we show only the first 50 variables in the figure. Red
circles indicate a positive effect, blue circles a negative effect, and no circle
means the variable was not selected. . . . . ... ... ... ... 0oL

(Top left): Performance evaluation using metric A, which measures the nor-
malized Euclidean error in the first high-dimensional canonical vector, on
approaches 1-3. (Top right): Performance evaluation using metric C, which is
the parallel transport error in the first canonical function, on approaches 1-3.
(Bottom left): Performance evaluation using metric B, the F1-score of the first
estimated high dimensional canonical vector compared to the associated pop-
ulation vector, on approaches 1-3. (Bottom right): Performance evaluation
using out-of-sample correlations. We use out-of-sample tangent correlation
(metric D) for approaches 1-3, and out-of-sample Euclidean correlation (met-
ric E) for approach 4. . . . . ...
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Chapter 1

INTRODUCTION

Broadly defined, the problem of Integrative Data Analysis is to understand the relation-
ship between two distinct data views. As a motivating example, consider a medical setting
in which we have access to (1) brain imaging data from patients, such as functional magnetic
resonance imaging (fMRI) scans, and (2) multivariate measurements on the same patients,
including lifestyle, demographic, or psychometric variables. Because the two views differ in
nature, we refer to this setting as asymmetric. This heterogeneity requires distinct regu-
larization strategies to appropriately control estimation complexity. The goal of integrative
data analysis is then to characterize the dependence structure between the two views, by

properly accounting for such asymmetry.

We treat the brain imaging data as the ‘target’ view and seek an interpretable, low-
dimensional embedding that captures its complex, non-Euclidean structure. The multivariate
data serve as the ‘auxiliary’ view, from which we perform variable selection through a sparse
linear embedding designed to produce a latent representation maximally correlated with
that of the target view. The resulting methodologies enable efficient discovery of previously

unknown associations between the two data views of interest.

1.1 Introduction to Canonical Correlation Analysis

The flagship method for integrative data analysis is canonical correlation analysis (CCA),
which we introduce in its classical linear form. Let X € R? and Y € R? be random vectors,

and assume that their covariance matrices X x and >y are invertible.



The population CCA problem between Y and X is formulated as

d

maximize Y Corr (1]Y,0]X), (1.1)
Corr(n;Y,nJT,Y):&j i=1
Corr(@iTX,BJT. X):(sij

where 7; € R? and 0 € R? are the canonical vectors, and d0;; = 1 if i = j and 0 otherwise. The

resulting correlations Corr (7]

Y,0] X)) are called the canonical correlations and are denoted
as 71,...74. Collecting the canonical vectors into matrices, H = [n;...14] € R4 and T =
[01,...04] € RPxd the CCA problem can be equivalently expressed as
;gﬂgz}figliégxd]E[(HTY)TTTX]. (1.2)
Suty =S x=la
Replacing the correlation constraint with a covariance constraint resolves the scaling indeter-
minacy arising from the fact that correlations are invariant to scaling. From this formulation,
we observe that the CCA solution is not unique: if (7, H) is a solution, then so is (RT, RH)
for any orthogonal matrix R € R%? gso that RTR = I;. This rotational ambiguity can be
removed by simply requiring that the cross-covariance matrix gy gry is diagonal. We are
still left with a permutation ambiguity, where reordering the columns of H and 7" does not
change the objective function, but provided that the canonical correlations 7y, ...v4 are dis-
tinct, this ambiguity is resolved by ordering the vectors according to decreasing y; > ¥a....74.
Finally, there is a trivial sign ambiguity: each pair (7, 6x) can be simultaneously multiplied
by —1 without changing the objective, but this can be ignored as the canonical vectors are
interpreted jointly.
More generally, we interpret the matrices H and T as view-specific embeddings H7(y) :
R? > R? and T7(z) : R? - R?, optimized to capture the information shared between the
two data views Y and X. These embeddings are ordered according to the strength of the
correlation found between the learned latent variables H'Y and T7X, referred to as the
canonical variables U = H'Y € R and V = T7X € R4 Since these are linear embeddings,

each canonical variable admits a straightforward interpretation as a linear combination of

the original features from its respective data view.



Linear CCA is appealing thanks to its simplicity and interpretability. However, it strug-
gles to handle data that do not lie on linear subspaces as the learned embeddings are restricted
to linear subspaces. Moreover, when the dimensionality of the data exceeds the number of
available samples, linear CCA overfits the data, and generalizes poorly out-of-sample. In
such high-dimensional settings, the canonical variables also lose their interpretability, as
taking a linear combination of a large number of covariates is not informative.

In this dissertation, we address both of these limitations within a flexible framework that
accommodates heterogeneous data structures. Specifically, we allow the target data view Y
to exhibit an underlying non-Euclidean geometry, while the auxiliary data view X consists
of high-dimensional multivariate measurements. The linear embedding H' is generalized to
a nonlinear mapping ¢ : R - R?, whereas 77 remains linear but is learned with sparsity-
promoting regularization to retain interpretability. We appeal to generalizations of CCA
as they aim to characterize the dependence structure between multiple views, while also
allowing for an asymmetric modeling approach by providing two separate embeddings for
each data view. In the following, we discuss the challenges posed by high dimensionality and

non-Euclidean geometry in greater detail.
1.2 DModeling high-dimensional data

When the number of covariates exceeds the sample size, we enter the high-dimensional
regime, where classical statistical results and guarantees often fail. To make inference possi-
ble, it is common to assume sparsity, that is, only a small subset of covariates meaningfully
contribute to given task. Practically, this assumption typically manifests itself as an ¢;
penalty on the quantities of interest, encouraging the model to fully ignore a large subset
of the covariates. Indeed, the vanilla sparse CCA problem, for the first pair of canonical
directions, is to solve

max Corr(n'Y, 6"X) (1.3)

7,0

st [nli <, [0]1 < e, (1.4)



where for v e R, |v]|, is the sum of the absolute values of the entries of v. Such approaches
are attractive for high-dimensional settings; however, enforcing the orthogonality constraints
Yty = Lrrx = Iy while simultaneously maintaining sparsity is non-trivial.

There is ongoing work on sparse CCA methods that adapt linear CCA to handle high-
dimensional data (Bykhovskaya & Gorin, 2023; Li et al., 2024). Our methodologies build on
this work and borrow strategies from high-dimensional statistics in order to accommodate

the potentially high-dimensional auxiliary data view X.
1.3 DModeling non-linear data

In the asymmetric framework studied in this thesis, one of the data views is assumed to
lie on a nonlinear manifold; in this case, linear models are not sufficient. We consider two
primary settings: one in which the nonlinear geometry of the data is known a priori, and
another in which it must be learned directly from the data. The former can be formalized
as having access to a manifold representation of the data in advance. Such representations
arise naturally in many domains, for instance, when observations are probability densities
(Cho et al., 2022), covariance or correlation matrices residing on the manifold of positive
definite matrices (Kim et al., 2014), or points on a sphere (Zhang & Chen, 2023). Provided
with a manifold representation, we gain access to geometric tools that enable the application
of Euclidean statistical techniques to non-Euclidean data. Of particular importance for
us are the tangent spaces of the manifold, which provide linearizations of the manifold in
local neighborhoods. The exponential and logarithmic maps allow us to move between the
manifold and its tangent spaces, and the Riemannian metric endows these spaces with an
inner-product structure that reflects the manifold’s geometry. In the context of CCA, related
extensions have been developed when such manifold representations are available (Kim et al.,
2014).

In other scenarios, the manifold structure of the data is not known in advance, and we
must learn it from the data. This is a considerably more challenging but general setting, and

has seen extensive work. Classical approaches include dimensionality reduction techniques



that, in an unsupervised manner, usually aim to ensure that a geometric quantity of interest
present in the original data is preserved in the dimension-reduced representation (Meila &
Zhang, 2024). Deep learning methods for dimensionality reduction, especially autoencoder-
based techniques, have gained significant traction in recent years; see Alberti et al. (2024)
for contemporary examples. Adaptation of these unsupervised approaches to the supervised
setting, that is, when auxiliary data is also available, have been explored. However, much of
this work focuses on the so called multi-view data problem rather than the integrative data
analysis problem that we are interested in (Lyu et al., 2022; Senellart et al., 2023). Multi-
view approaches typically seek to find a joint representation of the data views, as opposed
to identifying a representation of the target view that is informed by an auxiliary view.
This dissertation proceeds in two main parts. Chapter 2 addresses the case when man-
ifold representations are known a priori for the target view and we can leverage the many
tools of differential geometry to aid us in characterizing the dependence structure between
the two data views. Chapter 3 considers the complementary setting, where no manifold
representation for the target view is available in advance. In this case, we utilize conditional
latent variable models in order to learn the geometry of the target view directly from the
data. Across both chapters, the auxiliary view is high-dimensional, and by using sparsity-
inducing regularization, we can interpret the target view in terms of a small subset of the

auxiliary variables. The remainder of this section provides an overview of these works.

1.4 Asymmetric canonical correlation analysis of Riemannian and high-
dimensional data

In Chapter 2, we introduce a novel statistical model for the integrative analysis of
Riemannian-valued data and high-dimensional data. Our methodology also extends nat-
urally to time-varying Riemannian-valued data. We apply this model to explore the depen-
dence structure between each subject’s dynamic functional connectivity — represented by a
time-indexed collection of positive definite covariance matrices — and high-dimensional data

representing lifestyle, demographic, and psychometric measures. Specifically, we employ a



reformulation of canonical correlation analysis that enables efficient control of the complex-
ity of the canonical directions using tangent space sieve approximations. Additionally, we
enforce an interpretable group structure on the high-dimensional canonical directions via a
sparsity-promoting penalty. The proposed method shows improved empirical performance
over alternative approaches and comes with theoretical guarantees. Its application to data
from the Human Connectome Project reveals a dominant mode of covariation between dy-
namic functional connectivity and lifestyle, demographic, and psychometric measures. This
mode aligns with results from static connectivity studies but reveals a unique temporal non-

stationary pattern that such studies fail to capture.

1.5 A correlation analysis approach to finding interpretable latent represen-
tations via conditional generative models

In Chapter 3, we extend the model proposed in Chapter 2 to automatically learn interpretable
embeddings from the data, thereby estimating its underlying geometry. Here, the target
view Y is Y € M but where we do not know M in advance. To achieve this, we formulate a
Partially Linear interpretable Canonical Correlation Analysis model (PLiCCA) and prove the
existence of population solutions. The model jointly learns a nonlinear embedding g : R - R¢
for the target view Y together with a linear embedding 77 for the auxiliary view X. This
allows us to learn nonlinear embeddings for the target view that are interpretable thanks to
their linear and sparse association with the auxiliary view. We establish formal connections
between PLICCA and conditional latent-variable models, specifically, conditional variational
autoencoders and conditional normalizing flows. We show that these latent-variable models
can be interpreted as relaxations of the PLiICCA problem, where difficult global constraints
are replaced by tractable local ones. This perspective enables efficient solving of PLICCA
via ‘proxy’ problems derived from contemporary conditional generative models, providing an
alternative to the models proposed in the first project when the underlying structure of the

data is unknown.



Chapter 2

ASYMMETRIC CANONICAL CORRELATION ANALYSIS OF
RIEMANNIAN AND HIGH-DIMENSIONAL DATA

2.1 Introduction

One of the primary goals of large-scale neuroimaging studies, such as the Human Connectome
Project, ABCD, and the UK Biobank, is to understand the relationship between complex
neuroimaging traits and non-imaging high-dimensional variables, including cognitive abili-
ties, neurodegenerative conditions, mental health disorders, psychometric test scores, and
other external factors (Zhu et al., 2023). In the context of functional connectivity studies,
such complex imaging data are typically networks that are derived from fMRI data and are
characterized by a single covariance matrix that captures the temporal correlation between
the fMRI signals of different brain regions. For instance, Xia et al. (2018) study correlation
patterns between functional connectivity and psychiatric symptoms. Other studies, such as
Smith et al. (2015) and Liu et al. (2022b), investigate the relationship between functional
connectivity and behavioral and demographic measures.

Traditional analyses often view brain functional networks as static. Yet, there is growing
evidence that these networks are inherently dynamic and exhibit significant temporal fluc-
tuations (Hutchison et al., 2013), which appear to be linked to various aspects of human
behavior (Liégeois et al., 2019). Therefore, they are best represented by a time-indexed
collection of covariances, that is, a Riemannian manifold-valued function where the manifold
consists of the space of symmetric positive definite (SPD) matrices.

This work seeks to identify joint variation between these functional dynamic networks and
multivariate variables, such as lifestyle, demographic, and psychometric measures. To this

purpose, we develop a novel asymmetric canonical correlation analysis model that allows us



to explore the underlying relationships between two data views: Riemannian manifold-valued
functional data and high-dimensional variables. We refer to this setting as asymmetric due
to the different nature of the data views, which require different approaches to address their
complexity. While our motivation stems from dynamic functional connectivity, the proposed

method is general and can be applied to a variety of other settings.

Numerous models have been developed to model manifold-valued functional data, (see,
e.g., Pigoli et al., 2014; Dai & Miiller, 2018; Masarotto et al.; 2019; Lin & Yao, 2019; Dubey
& Miiller, 2020, 2021; Zhang et al., 2020; Zhou & Miiller, 2022; Ghodrati & Panaretos,
2022; Ghosal et al., 2023; Stocker et al., 2023), which can be more broadly viewed as object
data (Marron & Dryden, 2021) — a generalization of functional data (Ramsay & Silverman,
2015; Hsing & Eubank, 2015; Kokoszka & Reimherr, 2017). Regression models for manifold-
valued data with low-dimensional predictors have been proposed in Petersen and Miiller
(2019), Zhao et al. (2021), and Zhou et al. (2023). See also Petersen et al. (2022) for a
review. Nonetheless, models that facilitate the integration of manifold-valued functional

data with high-dimensional variables have not been extensively explored.

Canonical correlation analysis (CCA) is one of the principal tools for data integration
(Hotelling, 1936; Uurtio et al., 2018; Zhuang et al., 2020; Yang et al., 2021) and can be used
to identify shared structure between two low-dimensional sets of variables by seeking linear
combinations of these sets — with weights referred to as canonical vectors — that exhibit
maximum correlation. CCA methods that go beyond low-dimensional data have largely
focused on the symmetric setting, where both data views have the same structure or form.
Extensions of CCA to high-dimensional data have been proposed, for instance, in Witten
et al. (2009), Lin et al. (2013), Chen et al. (2013), Gaynanova et al. (2016), Gao et al. (2017),
Yoon et al. (2020), and Wang and Zhou (2021a). The setting of functional data has been
considered in He et al. (2010), Shin and Lee (2015), and Huang and Renaut (2015) and that
of more complex imaging data in Cho et al. (2022) and Liu et al. (2021). CCA between data
on Riemannian manifolds has been considered in Kim et al. (2014). Inferential aspects have

been explored in Yang and Pan (2015), McKeague and Zhang (2022), and Kessler and Levina



(2023). Methods that estimate both shared and individual structure have been proposed in
Lock et al. (2013), Feng et al. (2018), Carmichael (2020), Shu et al. (2020), and Yuan and
Gaynanova (2022), and their connection to CCA has been studied in Murden et al. (2022).

Yet, despite the large body of literature on CCA and its extensions, existing approaches
are not able to effectively estimate common structure between Riemannian manifold-valued
functional data and high-dimensional multivariate variables, and more broadly, between
imaging and high-dimensional data. To bridge this gap, we propose a model that lever-
ages a regression-based characterization of CCA which allows us to incorporate appropriate
notions of complexity for the functional and high-dimensional canonical directions. Specifi-
cally, our approach takes advantage of the inherent smoothness and geometric nature of the
functional data, employing tangent space approximations based on a data-driven function
basis computed using the Riemannian Functional Principal Components Analysis (RFPCA)
framework (Dai & Miiller, 2018; Lin & Yao, 2019; Shao et al., 2022). Moreover, it tackles
the high dimensionality of the multivariate data by imposing sparsity. It therefore performs
feature selection, resulting in models that are more interpretable and mitigate overfitting
issues. In the motivating application, this will result in the identification of a small and
interpretable set of multivariate variables linked to specific functional dynamic connectivity
patterns. On the other hand, the tangent-space representation ensures that the estimated
functional canonical directions remain constrained to the non-linear space to which the data

belong, i.e., the space of SPD matrices.

The asymmetric setting considered in this work is of interest not just for its potential
applications but also methodologically, as it has some distinct features that are not found
in the purely sparse or functional settings. Specifically, we show that if the functional data
can be efficiently represented using a finite subspace, the proposed method can consistently
estimate the high-dimensional canonical vectors without requiring the direct estimation of
the precision matrix of the high-dimensional data — a notoriously difficult problem and
typically solvable only under specific structural assumptions (Cai et al., 2016). This feature

renders the proposed methodology novel even in the simpler setting of classical functional
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and high-dimensional data integration.

In addition to accommodating manifold-valued functional data and high-dimensional

data, our proposed method has several other desirable properties in comparison to existing

CCA models, which we highlight below:

1.

It can estimate multiple canonical directions simultaneously, without requiring iterative

deflation strategies and leveraging shared sparsity structure across canonical vectors.

It is computationally efficient, with its complexity essentially reducing to solving a

regularized multivariate linear regression problem.

It does not require a consistent estimator for the precision matrix of the high-

dimensional data.

The canonical vectors satisfy the correct orthogonality conditions, ensuring that the
proposed approach is invariant to data rescaling, while simultaneously enforcing an

interpretable sparsity structure on the high-dimensional canonical vectors.

. When the number of observations is larger than the dimension of the high-dimensional

data and no sparsity is imposed, our approach reduces to classical multivariate CCA.

The rest of the chapter is organized as follows. In Section 2.2, we introduce the proposed

asymmetric CCA model. In Section 2.3, we introduce the associated estimator and in Section

2.4, we explore its theoretical properties. In Section 2.5, we apply our method to data

from the Human Connectome Project to study dynamic functional connectivity. Simulation

studies, proofs, and more technical details are left to the supplementary materials.

2.2

Model

2.2.1 Elements of Riemannian geometry

Let M be an M-dimensional Riemannian manifold and let 7, M denote the tangent space at

a point x € M equipped with Riemannian metric (-,-),. Moreover, for any = € M, denote the



11

exponential map by Exp, : U - M, where U c T, M is an open set containing the origin that
guarantees that this map is a bijection onto its range Im (Exp, ). The logarithmic map at =,
denoted by Log, : Im (Exp,) — U is the inverse of the exponential map Exp,. We denote by
dm(+,-) the Riemannian distance function on M, which generalizes the Euclidean distance
to manifolds. We refer to Lee (2012) and Lee (2018) for an introduction to the differential
geometric concepts used in this work.

In our final application, M will represent the non-Euclidean manifold of SPD matrices
equipped with the affine-invariant metric (see, e.g., Fletcher & Joshi, 2007; Pennec et al.,
2019). This is particularly well-suited to studying covariance matrices thanks to its natural
affine-invariant property: given two random vectors X,Y € RP, let ¥ x and Yy denote their
covariance matrices; for any rotation matrix R € RP*P, the geodesic distance on the manifold
is invariant to the rotation of X and Y by R, i.e. dy (Zx,2y) =dm (Zrx, Xry )-

The affine-invariant metric at P € M between W,Z € TpM is defined as (W, Z)p =
tr (P-'WP-1Z). Let exp and log denote the matrix exponential and logarithm, de-
fined here on the sets of symmetric matrices and positive definite matrices, respectively,
and let |-|r denote the Frobenius norm of a matrix. Then, the affine-invariant Rie-
mannian distance is defined as da(P,Q) = |log(P~12QP~1/2)|r. The logarithmic map
Logp(Q) = PY2log(P12QP-1/2) P12 will allow us to compute unconstrained tangent
space representations of our data, i.e., symmetric matrices. Roughly speaking, the tan-
gent space representations allow us to apply simple Euclidean mathematical operations
without breaking the geometry of the space of SPD matrices and the exponential map
Expp(W) = PY2exp (P~12W P-1/2) P1/2 will allow us to map tangent space elements back
to the manifold M. In this case, the exponential and logarithmic maps Exp and Log are
global bijections between M and the space of symmetric matrices. Alternative metrics that
accommodate positive semi-definite covariances have been defined, for instance, in Dryden
et al. (2009), Pigoli et al. (2014), and Masarotto et al. (2019).

Next, we present the mathematical tools necessary to model Riemannian-valued func-

tions. Let 7 be a compact subset of R and let p: 7 — M be a sufficiently smooth curve
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on M. A vector field V along p is a map from 7 to the tangent bundle TM such that
V(t) € T,;yM for all t € T. The collection of vector fields V' along p defines a vector space.
Define L2(T'1) to be the space of square integrable vector fields V' along p equipped with
inner product (U, V), := [V (t),U(t))urdt and induced norm defined by |- |2 = -,-),,
where U and V' are both vector fields along p. Then, L?(Tu) is a separable Hilbert space
(Lin & Yao, 2019).

For a curve p and Riemannian-valued function y : 7 — M, we denote as Log, y the
function ¢ = Log,, y(t). Similarly, for a vector field V' along ji, we denote as Exp, V' the
function ¢ = Exp,,,y V(t). In our setting, y will be random, and p will represent the mean of
y. Under appropriate assumptions, the vector field Log, y along p will be a random element
of L2(Tu), which intuitively represents a linearized and centered version of y. Indeed, if M
is a Buclidean space M = R?, then Log,, y(t) = y(t) - u(t) for every t e T.

Later, we will need to compare vector fields along different curves p and fji. To this
purpose, following Lin and Yao (2019), we introduce the parallel transport operator. We
denote the parallel transport operator on M along geodesics as P, : T,M — T,M. A
fundamental property of this operator is that it preserves inner products of tangent vectors,
ie., for any u,v € T, M, (u,v); = (Psptt, Pz pv),. We can then define parallel transport for
vector fields U,V along curves f,h:T — M. Specifically, given U € L2(T'f) and V € L2(Th),
we define I'y,U € L2 (Th) as the map t = Py nwyU(t). Therefore, I'y ) can be viewed as a
map from L2(Tf) to L?(Th). Therefore, while U and V' cannot be ‘compared’ directly since
for every ¢, U(t) and V(t) may belong to different tangent spaces, we can compare I'y,U
and V, since they are both elements of L2(Th). In particular, |I';,U — V|, quantitatively
describes the difference between U and V. We refer to Proposition 2 of Lin and Yao (2019)

for additional properties of the parallel transport operator.

2.2.2  Modeling Riemannian-valued data

Let (y,X) be a pair of random variables, where X € R? is a zero-mean random vector,

with covariance Y x € RP*P representing the high-dimensional multivariate variables, and the
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process y is a Riemannian-valued random process with continuous sample paths. We assume
that Yo € M,Vt e T we have E[d3,(y(t),z)] < co.

Next, we define the Fréchet mean of the process y on M as

u(t) = arg rj\ljn E[d3,(y(t),z)].
Te
We assume that the Fréchet mean p(t) exists and is unique for every ¢ € T, and u is a con-

tinuous function. For more details on the Fréchet mean, see Bhattacharya and Patrangenaru

(2003). Following Lin and Yao (2019), we assume
Pr {For all te T :y(t) e Im (Exp#(t))} =1,

which ensures that Log,)y(t) is defined almost surely for all ¢ € 7. This condition is
superfluous for many common manifolds, for example whenever Exp, is surjective onto M
for all x € M. For instance, this holds on the manifold of SPD matrices equipped with the
affine-invariant metric.

Let the tensor product U @ V' : L2(Tu) — L?>(Tw), between U,V € L2(Tu), be defined
as (U V)(W)=(U, W),V for all W e L?(Tp). If E [HLog“yHi] < 00, then the covariance
function C of Log,, y is defined as C = E [Logu y® Log, y] and is nonnegative and trace class.

Therefore, it admits the eigendecomposition
C= ij¢j®¢j’ (21)
j=1
with w; a sequence of real numbers converging to 0, and ¢; € L2(T'u) satisfying (¢;, ¢x ), =
d;k, where 0, = 1 if j = k, and 0 otherwise. The functions {¢;} are called the population
loading functions, or population principal components, of Log,, y. Moreover, with probability
one, we have that the process Log,y admits a Principal Component expansion

Log,uy = Z Y}(bja

j=1
where Y; = (¢;, Log, y)), are pairwise uncorrelated random variables, and satisfy E[Y;] = 0
and Var (Y;) = w;. The variables Y; are called the population principal scores. For further
details on the principal component basis and eigendecomposition of the C, see Lemma A.2.1

in the supplementary materials.
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2.2.83  Asymmetric Riemannian CCA

In this section, we introduce our proposed asymmetric CCA model, which can be naturally
formalized by mirroring the multivariate and functional versions (He et al., 2010) of the
problem. We define the first canonical direction pair (¢1,6;) as a solution, if one exists, to

the following problem

.. 2
wg}%g/l})l’l%eeﬂ{p Corr (<<L0g“ Y, w»#a <X7 0)) ) (22)

where (-,-) is the Euclidean inner product in RP. Analogously, we can define the subsequent
pairs (¢, 0x) to maximize the same objective function, with the condition that each pair is
orthogonal to the previous ones, namely, (¢, Ctp ), = Oper and 0] X x0p = 0. When they
exist, we refer to ¥y as the kth canonical function, and to 6 as the kth canonical vector.
Given the canonical function vy € L?(T), we can map it back to the original space via the

exponential map. This procedure is illustrated in Figure 2.1.

4 ey

Log,y w X 0

Figure 2.1: In this figure, we illustrate the process of projecting the Riemannian-valued
functional data and the high-dimensional data to define maximally correlated variables. We
leverage tools from differential geometry to compute linear tangent representations Log,y
of the temporally-indexed Riemannian-valued data y, which are equipped with a notion of
inner product {-,-),, that is, a projection operator. For the multivariate data, we use the
conventional notion of projection, i.e., the Euclidean inner product. We therefore seek ¢ and

6 whose respective data projections define maximally correlated variables.

While equation (2.2) provides an intuitive formulation of the canonical correlation prob-
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lem, it has been noted in Cupidon et al. (2008) that the maximum of this problem may not
be attained by any v € L?(Tu), 6 € RP. Despite this, the problem can still be reformulated
with respect to the pair of canonical variables (U, V') = (((Logu Y, V), (X,G)), resulting in
the following maximization problem:

maximize Corr® (U,V), (2.3)

Uell, VeV

where U = {(Log, y, ), : ¥ e L*(Tu)}, V={(X,0): 6 cRr}, and U and V are appropriate
closures of U and V), respectively. This guarantees that an optimal canonical variable pair
(U,V) does exist. We emphasize that they cannot necessarily be written in terms of the
canonical directions, i.e., it does not necessarily hold that U € U can be written as U =
(Log, y,9), for some ¢ € L*(T). To simplify the exposition, we defer the details of this
formulation to Section A.2 of the supplementary materials (also see Remark 8). In Theorem
2.4.3, we show that despite the nonexistence of population canonical directions for functional
data, the canonical variables corresponding to estimated canonical directions are consistent
for U and V. To investigate the theoretical properties of the canonical directions, and
in particular, to ensure that their population counterparts are well-defined, we make the

following assumption.

Assumption 2.2.1. There exists a complete orthonormal system {;}32, for L2(T'w), and a

set of indices I ¢ {1,2,...}, with finite cardinality |I| = d(°™ < p, such that

Corr (X, (Log, y,¢)u) =0,  k=1,...p,Vjel",

Corr (<<Logﬂ Y, Gids (Log,, v, CJ»M) =0, Viel Vjel°,
where I¢ denotes the complement of I in {1,2,...}.

Intuitively, Assumption 2.2.1 implies that there are only a finite number of basis el-
ements {(;}i; that capture the correlation between X and Log,y through the scores
{({Logu y,@))u}id. Crucially, through this assumption, we do not limit the dimensional-

ity of the functional data. For more details on this assumption, see also Section A.2.3 of
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the supplementary materials. Let {(; }5’21 be an orthonormal system for L?(Tu) satisfying
Assumption 2.2.1, and reorder the {¢;}32, so that I = {1,...d(™}. Define Y; = (Log, y, ;)
for j =1,...d(®™ so that the {Y;} are random variables with Var (Y;) < co. Note that in
practice, to define the orthonormal system {(; 321, we could employ the principal compo-
nents analysis in Section 2.2.2, or alternatively, we could design its basis functions to capture
specific features of interest. Next, define Y = (Y7, ..., Y o ) and let ¥y be the d(cor) x d(corr)
covariance of Y. Let ||, denote the Euclidean 2-norm of a vector in R4, Without loss
of generality, we suppose that X and Y are mean 0. Under Assumption 2.2.1, the follow-
ing theorem states that the canonical correlation problem in equation (2.3) is equivalent to

solving a suitably formulated finite-dimensional regression problem.

Theorem 2.2.1. Under Assumption 2.2.1, the CCA model in equation (2.2) admits at most
d(cor) nontrivial canonical variable pairs {(Ug, Vi)}, and each pair (Ui, Vi) can be written
in terms of the associated canonical directions: Uy = (Log,y,vx), and Vi, = (X,0;) for
some iy, € L2(Tp) and 0, € RP. Additionally, suppose Sx € RP*P and Sy € RA7xd ™ g
wvertible. Let B be the solution to the multivariate least-squares problem
gigﬁg%E[ugﬂﬁf—leﬁ], (2.4)
and let
B'SxB=HD?H" (2.5)

be an eigendecomposition of B">xB. Define

T = BHD™ e RP<d“"™ (2.6)

H = )20 e R (2.7)

Then, the kth column of H, m., characterizes the kth canonical function 1y through
Y = Z?iclm) MkiCj, and the kth column of T is the kth high-dimensional canonical vector
0. Moreover, the optimum values attained by the mazximization problem in equation (2.3)

are the diagonal entries of D%, which we denote by ~%,.. .'yj(mm.
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The proof of Theorem 2.2.1 can be found in Section A.2.6 of the supplementary materials.

This suggests a novel methodology for deriving estimates of the canonical functions {1}

d(corr)
J=1

and the canonical vectors {6 }. This entails defining a subspace, spanned by {¢;} , onto
which the tangent space representations of the functional data are projected. Subsequently,
the canonical functions and vectors can be characterized by the equations (2.4)-(2.7), using
empirical estimates in place of the theoretical population values. Note that in practice, we
need to choose the dimension of this subspace by choosing a number of (; to use, which we
denote by d. In Theorem 2.4.3 we show that for consistency of the canonical directions, all
that is required is choosing d > d(<°™); we do not need to choose d exactly equal to d(cor).
Crucially, as opposed to other methods in the literature (see, e.g., Chen et al., 2013;
Gao et al., 2017), the proposed model circumvents the direct estimation of X3}, i.e., the
precision matrix of the variable X, which is a notoriously difficult problem in high dimensions
as it can be estimated only under restrictive structural assumptions. Our strategy yields
interpretable results by enforcing sparsity directly on the canonical directions {6} through
an additional penalty term on the estimate of B. The complexity of the functional canonical
direction is controlled by projecting the functional data on a finite-dimensional subspace.
Such an approach leverages the smooth nature of the functional data (and its tangent space
representation) — which is reflected in the eigenvalues of the covariance rapidly decaying

to zero — suggesting that such a projection can serve as an efficient and interpretable

approximation.

2.2.3.1 On the existence of canonical directions and connections with partial least-squares

In Theorem 2.4.3 we show that even without Assumption 2.2.1, given a new independent
sample (Xiest, Ytest ), if we use our canonical direction estimates ’l/A)k and ék to form estimated
scores (Uk,Vk) = (((Logﬂ ytest,zﬂk»ﬂ, (ék,Xtest)), where i has also been estimated from the
data, then (U, V) converge to the true scores (U, V) given a sufficiently large N. However, it
should be noted that similar approximation results do not exist in general for the population

canonical directions ¢, and 6, which, as shown in Cupidon et al. (2008), may not even
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be well defined. In other words, a maximizer of the population problem in equation (2.2)
may not be attained in L?(7'w). This highlights that it is crucial for practitioners to be
cautious in their interpretation of results derived from a CCA model. While the estimated
canonical variables can generally be regarded as estimates of the population counterparts,
the canonical directions should only be interpreted as estimates of the population canonical
directions under a d-dimensional subspace approximation of the process and not necessarily
of the underlying infinite-dimensional process, which, as mentioned earlier, may not even be

well-defined. Table 2.1 summarizes the conditions under which the quantities of interest are

well-defined.

dlcorr) « oo | dlcorr) = oo

Canonical directions (0, ¢r) | V' X

Canonical variables (Ug, Vi) | v/ v

Table 2.1: Existence of canonical directions and variables, depending on d(¢°*) in Assumption

2.2.1.

We also remark on how the situation changes when considering the partial least squares
problem, as opposed to the canonical correlation problem. It is straightforward to show that
by replacing equation (2.4) with

inimize B[]V - BTX |3 2.8
minimize B[] HE (2.8)

namely, by omitting the standardization of the random coefficients in the basis expansion,
the proposed reformulation defines a partial least squares model (see, e.g., Boulesteix and
Strimmer (2007)). For this model, the population canonical directions are more broadly
defined, and it can be shown that the d-dimensional approximation of the functional data
results in asymptotically negligible errors for both the canonical variables and directions.

Intuitively, by comparing equations (2.4) and (2.8), one can see that the functional data
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enter the partial least squares model via the unnormalized coefficients Y of the first d basis
functions, leading to negligible ‘residual information’ as d increases, due to the compactness
of the covariance of the functional data. On the other hand, in the CCA model, the functional
data are incorporated through the normalized coefficients E;l/ Y. This normalization step
prevents the residual information from becoming negligible and may cause the canonical
directions to diverge as d increases.

In this work, we focus on CCA due to its ability to detect components of y that are small
in magnitude but correlated with X, as opposed to partial least squares models which are
sensitive to the scale of the signal. Such a feature is particularly critical in neuroimaging

applications (Wang et al., 2020).
2.3 Estimation
Suppose we are given N observations
(i, X;), i=1,...,N,

each being a realization of the pair (y, X). We propose the following estimation procedure,

outlined in four steps.

Step A: RFPCA

We first compute the sample version of the Fréchet mean, defined as
1 N )
At:argmin—gd yi(t),x).

We then estimate the tangent space representations of the functional data observations
using Log, y; € L* (Tj1). Next, we define an orthonormal basis for the tangent space
representations using the RFPCA framework proposed in Dai et al. (2017), Lin and Yao
(2019), and Shao et al. (2022) to estimate a data-driven basis {qgj}?:l. Note that d is
not necessarily equal to d(¢°™) from Section 2.2.3. Specifically, we estimate the tangent-

space covariance operator C using the sample covariance function C = % Zﬁl Log,yi ®
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Log, yi. Each population loading function ¢; and associated eigenvalue w; can be
estimated using the eigenfunction éj and eigenvalue w; of C. The empirical Principal
Component expansion of {Log, y;} is then given by
d
Logﬂ Yi = Z Y/iquja
j=1
where Y;; = <<<;3j,Logﬂ yi); are the PC scores. Here we assume that the rank of the
Principal Component expansion d is such that d < min(p, N). For completeness, in
Section A.7 of the supplementary materials, we provide a detailed description of the
RFPCA algorithm, including a computationally efficient explicit basis construction for

the space of SPD matrices equipped with the affine invariant metric.

Step B: Regularized regression

Next, we use the scores }A/Z-j to represent the manifold-valued functional data and es-
timate the canonical directions leveraging the characterization in Theorem 2.2.1. We
let X e RV and Y € RN*d denote the data matrices (Xij)i; and (Yij)l-j, respectively,

where our notation emphasizes that the entries of Y are estimates.

Define 3y = %YTY and Yy = +XTX. We estimate the matrix B in equation (2.4)

using B , which is derived by solving the following group lasso problem:

B- ag%ﬂgxidrl% [5542 - x| + A|Bl,, (2.9)

where || denotes the Frobenius norm and | B|,, ,, = X%, [b;]2 is a group lasso penalty.
Here, b; refers to the ith row of B. Note that the first term of the minimization problem
in equation (2.9) is an empirical approximation of that in equation (2.4), where the

data matrices X and Y replace the random variables X and Y, respectively.

Step C: Eigenanalysis

Given f);pé , we then compute its right singular vectors H € R%? and singular values
matrix D € R4 that is,

BTSxB = HD*HT.
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Step D: Estimates computation

We define

T=BHD™, (2.10)

H=%7"H, (2.11)

where T' € RP*d and H ¢ R%? are estimates of T and H, respectively. Then, T =
[él, ce éd] is a matrix whose columns ék are the estimates of 0, and H= [M1,...,74] s a
matrix whose columns 7);, are the estimates of . The estimated canonical functions are
therefore given by @/AJk = Z?ﬂ ﬁquigﬁ for k=1,...d, resulting in the estimated canonical

functions and vectors (U, 0;).

Algorithm 1 Asymmetric Sparse-Functional CCA
Input: Pairs (y;, X;)iz1, n of manifold-valued functional data and high-dimensional

data; number of principal components d chosen for the manifold-valued functional data.
1. Obtain ng)j, W;, for j=1,...d, and Y applying Intrinsic REPCA to (v;)i=1,..n-
2. Compute 3y = diag (&;) and Y = +XTX.
3. Compute B solving the group lasso problem in equation (2.9) using the glmnet package
(Friedman et al., 2010).
4. Compute H = [y, ...,7q] and T = [él, . ,éd] in equations (2.10) and (2.11).
5. Compute the estimated canonical functions ﬁk = Z;lzl ﬁk:jggj for k=1,...d.
6. Return {ék}zzl, the estimated canonical vectors associated with X, and {f@}g:l, the

estimated canonical functions associated with y.

The sparsity-promoting regularization norm employed in equation (2.9) encourages entire
rows of the matrix B to be set to zero. From the equation 7'= BHD-!, it follows that the
corresponding rows of T will also be zero. This yields canonical vectors {6} with a group

sparsity structure, meaning they share identical sparsity patterns.
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The main steps of the estimation procedure are summarized in Algorithm 1, which we

refer to as asymmetric sparse-functional CCA.

2.3.1 Selection of hyperparameters

In the RFPCA step of Algorithm 1, it is necessary to select the number of principal compo-
nents d, which needs to be less than or equal to both N and p. Additionally, the regular-
ization parameter A needs to be chosen in the regularized regression step. We recommend
using cross-validation to select these parameters. Specifically, for each choice of d, the op-
timal A in the regression step can be selected via cross-validation, as implemented in the
glmnet package. Then, we select the value of d that yields the largest out-of-sample (or
cross-validated) canonical correlations. For instance, if the user is interested in finding the
top k canonical directions, then we recommend using the sum of the first k£ estimates of
out-of-sample canonical correlations.

If the user believes that the functional data has finite rank, a hypothesis testing approach
can be used to obtain an upper bound on d, for example by adapting the method proposed

in Charkaborty and Panaretos (2022).

2.3.2  Special instances

To demonstrate the versatility of our model, we present a few special cases. Although some
of these settings are simpler than the motivating neuroimaging application, the proposed

method still provides an innovative approach to analyzing such data.

e In situations where y; € M, meaning our imaging data are manifold-valued observations
without a temporal dimension, Algorithm 1 can be adapted by using tangent-space
PCA (Marron & Dryden, 2021) rather than RFPCA, similar to the setting considered
in Kim et al. (2014). This model is especially useful for studying static connectivity

networks.
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e When the imaging data take the form of classical functional data, that is y;(t) e M c R
for all t € T, one can apply Algorithm 1 by replacing RFPCA with classical FPCA
(Ramsay & Silverman, 2015; Yao et al., 2005). In addition, when y;(t) € M c R9,
multivariate FPCA can be employed (Happ & Greven, 2018).

Algorithm 2 Asymmetric Sparse CCA
Input: Pairs (Y}, X;);1. v of low- and high-dimensional data. Let Y = (Y};);; and

X=(Xij)ij-

1. Compute i]y = %YTY and ﬁ)X = %XTX.
2. Compute B solving the group lasso problem

~

_ 2 |l en1/2 2
B = argmin ke —XBHFMHBHMQ (2.12)

using the glmnet package (Friedman et al., 2010).
3. Compute H =[#y,...,74] and T = [él, . ,éd] in equations (2.10) and (2.11).
4. Return {7;}9_,, the estimated canonical vectors associated with {Y;}, and {f;}%_,,

the estimated canonical functions associated with {X;}Y,.

Central to the proposed methodology is a CCA model for pairs of observations (Y;, X;),
where Y; e R?, X; e R, d «< N, and the covariance of Y; is full-rank. In the imaging setting,
we use a dimension reduction model to compute the low-dimensional component. However,
this setting may also be of independent interest and plays a crucial role in the development
of the theoretical results. Therefore, we outline the algorithm for this particular setting in
Algorithm 2, and we refer to it as asymmetric sparse CCA.

In this special case, our approach is closely related to the Eigenvector-CCA model pro-
posed in Wang and Zhou (2021a). Yet, notable differences exist between the two approaches.
For example, we ensure that the estimated canonical vectors satisfy the correct orthogonality
conditions H™Sy H = I; and T7SxT = I,. Furthermore, our proposed model does not rely

on the assumption that the data have been generated from a regression model.
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2.4 Theory

Here we investigate the convergence properties of the proposed estimators. We first study
the asymptotic properties of the asymmetric sparse CCA model outlined in Algorithm 2,
which sets the stage for studying the asymptotic convergence properties of the asymmetric

Sparse-Functional CCA model outlined in Algorithm 1.

2.4.1 FEstimation error rates for Asymmetric Sparse CCA

In this section, we state error bounds for the asymmetric sparse CCA model outlined in
Algorithm 2. We assume N observations Y; € R? and X; € R? are independent copies of the
random variables Y and X, respectively. We denote with ~; the kth canonical correlation
attained in the population version of the problem and recall that T' = [6y,...60,] € Rrxd.
Moreover, we denote with K =max{i € {1,...d} :v; >0} the number of nontrivial canonical
vectors. To simplify the notation, we use the conventions 72,, = —oco and 72 = co. We use
cond (A) = |A|,- | A7, to denote the condition number of an invertible matrix A, and | A,
to denote the operator norm of A, or equivalently, the square root of the largest eigenvalue
of ATA. The norm [A[, ., denotes the maximum Euclidean norm of the rows of A, and
| Ally, o, = 271l @ill2, Where a; is the ith row of A. The notation a $ b indicates inequality up
to an absolute constant, i.e., there exists an absolute constant C' > 0 such that a < Cb. Next,

we introduce the main assumptions.

Assumption 2.4.1. The random variables X andY are strict sub-Gaussian random vectors
with invertible covariance matrices Xx and Xy, respectively. Strict sub-Gaussian random

vectors are introduced in Definition A.3.2 of the supplementary materials.

Assumption 2.4.2. It holds that d < p, dlog(p) = o(N), cond (Sy)*d = o(N), and v, >

...>vk are bounded from below and are distinct.

Assumption 2.4.3. The norms [Xx|ly ., [T, ., are bounded from above and are larger

than 1, |S¢,, |55, > 1, and ﬁTXA);/QZ;Pn >0 fork=1,... K.
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The sub-Gaussian condition in Assumption 2.4.1 ensures that X and Y do not have
heavy tails, allowing us to use standard concentration results for the estimation of ¥y and
Yy. Strict sub-Gaussianity (Kereta & Klock, 2021) facilitates the proofs by allowing the
sub-Gaussian norm of a random variable and its variance to be used interchangeably.

In Assumption 2.4.2, the condition that dlog(p) = o(N) allows p to grow exponentially in
N/d (i.e., p S eN/4) while still retaining consistency of the estimator for the canonical vectors.
The critical component of the condition cond (£y)*d = o(N) is that d = o(N'), which ensures
that Xy can be estimated at a sufficiently fast rate by its sample estimator Sy. The presence
of cond (Zy)? allows us to show that HZAIYHQ < |y, and to ignore lower order terms of 4,
simplifying the theorem statement. We assume that the correlations vy,...vx are distinct
in order to estimate each canonical vector separately instead of estimating entire subspaces.

Assumption 2.4.3 is not essential, and mainly serves to simplify the statement of the
theorem. Since the canonical vectors are defined only up to a sign, we use the condition
fff];mzyzn > 0 to account for the sign ambiguity of the CCA solutions, allowing us to
compare the estimates of the canonical vectors with their population counterparts through

the differences |6, - é’sz and |9 — k|-

Theorem 2.4.1. Suppose Assumptions 2.4.1-2.4.8 hold. Fiz « € (0,1), and for some

absolute constant C' > 0, define the regularization parameter in Algorithm 2 as A =

Ch/ % log(pa). Then, with probability 1 — o, we have that, for k=1,... K,

e (d 1292 | by 1Ty, 155
165 - 6 5(—10g(p0f1)) 12T I M0ty 12 Ty (2.13)
2N ming. y? -2 %
. d VRS e Ty oo
I = e (Nlog(pa 1)) ———2 =, (2.14)
ming, P2 - 77

where 0y and ng denote the high- and low-dimensional population canonical vectors, respec-

tively.

The proof follows directly from Theorem A.3.2 in the supplementary materials. We refer

to this bound as a “slow”-rate bound, as it makes fewer assumptions but results in slower con-
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vergence rates relative to the sample size N. Specifically, we make no sparsity assumptions
on the high-dimensional canonical vectors. In Theorem A.3.3 in the supplementary materi-
als, we provide the “fast”-rate bound, where under more restrictive assumptions, the term

)1/2 is replaced by % log (pa~'), similar to what is observed in lasso regression

(% log (pa™t)
problems (Hastie et al., 2015). The proof of Theorem 2.4.1 hinges on two key components:
firstly, deterministic group lasso bounds for in-sample prediction error (Gaynanova, 2020),
and secondly, the rates at which HZXY - iXYHZoo and HBT(EX - EA]X)BH2 converge to zero
under the sub-Gaussian assumptions for X and Y. Here, Sy and Syy represent the sample
covariance matrices. As an intermediate step in the proof, we show Theorem A.3.1 in the

supplementary materials, which gives similar slow and fast rate bounds for the estimated

canonical correlations Ay.

Under the stated assumptions the canonical vector estimates are consistent. Moreover,
our rates of convergence depend on the dimension of the high-dimensional data, p, only
through log(p). The bounds for the kth canonical directions depend on the nearest canonical

correlation gaps, resembling those concerning the variance in the PCA literature.

We emphasize that our rates are dependent on ¥x only through [Xx |, ,,, and not [Zx|,.
The norm [Xx|,,, can be much smaller than |Xx|,, particularly when many of the X;’s
are correlated with one another. This property highlights the robustness of the proposed
methodology in the high-dimensional setting, where highly correlated covariates are com-

monplace.

We are able to establish our error bounds for each canonical vector 6y, n:, independently,
and these bounds depend on each other only through the norms of the canonical vectors
HTH?1 ¢, and through the neighboring canonical correlation gaps. It is also worth noting that
the error associated with § depends on X3! but not X3!, Similarly, the error associated with
n depends on 3! but not X3'. Hence, Y can be poorly behaved without impacting the

estimation of 6, and vice-versa.
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2.4.2  Estimation error rates for canonical directions from Asymmetric Sparse-Functional

CCA

In this section, we investigate the asymptotic properties of our proposed estimators 1/;k and
ék, outlined in Algorithm 1, for the canonical functions v, and canonical vectors 0. In
this setting, the observations are pairs of Riemannian-valued functional data y; € L?(Tpu)
and high-dimensional multivariate data X; € RP. Given the technical nature of many of the
assumptions, we refer the reader to Assumptions A.4.1-A.4.4 in the supplementary materials
for a complete list.

Asin the multivariate case, we denote with 7 the kth canonical correlation attained in the
population version of the problem, and we denote with K = max {7 € {1,...d(©™} : 4; > 0} the
number of nontrivial canonical vectors. We again use the conventions 7%, , = —oo and 7 = .
Recall that we denote by d the number of principal components we use in the estimation
step and p the dimension of the multivariate data. We denote by d(¢™) the dimensionality
with which the finite-correlation Assumption 2.2.1 holds, with d(co™) < d < p. We suppose
that the canonical vectors {6} are s-sparse with a group sparsity pattern. We let X denote
the random vector where we omit covariates {X,} that do not contribute to the association
structure with Y. For the high-dimensional terms to match the speed of convergence of
the functional terms, we assume that 2;/2 satisfies the group restricted eigenvalue condition
RE(s,3,d), introduced in Definition A.3.3 in the supplementary materials, with parameter
k= K(s,d, E;/Q), which yields ‘fast’-rate bounds.

We do not provide the ‘slow’-rate bounds as in Theorem 2.4.1. The terms resulting from
using Intrinsic RFPCA and estimating the Frechét mean p converge at a rate of 1/N, while
the terms resulting from solving the multivariate CCA problem would converge at a rate of
1/ V/N; considering the ‘slow’-rate bound would amount to ignoring the contribution to the

error from the functional estimation steps.

Theorem 2.4.2. For some absolute constant C > 0, define the regularization parameter in

Algorithm 1 as A = Cy/ % log(p). Then, under Assumptions A.4.1-A.4.4, fork=1,... K, we
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have

2

- d?slog(p) [l & 1Ex ]2 00

|k = Taptbell?, = Op N ‘ — -, (2.15)
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A2
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H k kHz P N min., min {7 = 7%, [y - 7j|}2

, (2.16)

where we have omitted the terms E [HLog“yHi] and Var(((@,LogH y))u) forj=1,...d.

The theorem presented here is a special case of Theorems A.4.2 and A.4.3 in the supple-
mentary materials. As in Theorem 2.4.1, the rate of convergence depends on p only through
the term log(p) and on Xx only through |Xx|,,. Our rate also depends on the dimen-
sionality of the reduced representation of the functional data, d, linearly and quadratically
in the estimation of 6, and 1, respectively. The quadratic term d? is most likely not tight
but arises from our choice to estimate each ¢; via (;Aﬁj, individually, rather than estimating
subspaces. As in Theorem 2.4.1, the convergence rates depend on the neighboring correlation
gaps.

It follows from Theorem 2.4.2 that if terms other than d, s, p, and N are treated as
constants, then, if d2slog(p) = o(N), we have that 1, and 6, are consistent estimators for 1,
and 6y, respectively. Thus, for the proposed methodology, p is allowed to grow exponentially

with respect to % (i.e., p S ea®s) and consistency is retained.

2.4.3 FEstimation error rates for canonical variables from Asymmetric Sparse-Functional

CCA

In this section, we investigate the asymptotic properties of the canonical variables. In general,
without an assumption such as Assumption 2.2.1, the canonical directions v, and 6, do not
necessarily exist. However, even in the absence of such an assumption (equivalently, when
d(co) = o0), using our proposed estimators 1/A)k and ), we still obtain a form of asymptotic

consistency.



29

Recall that we denote by d the number of principal components used to represent the
functional data, and p the dimension of the multivariate data. Given observations (X, yi)ﬁl,
we use Algorithm 1 to obtain the estimates /i, {ng}jﬂ’ H={i,...,1), T = [él, . ,éd], and
by = XL iy for k=1,...d.

We define the out-of-sample scores as follows. Let (Xiest, Ytest) be a new and independent

data point drawn from the same distribution as the sample. We define

(Ukv Vk) = (<<L0gﬂ Ytest @ij»ﬂa (Xtest: ék)) 5 (2.17)

which represent the canonical scores obtained from the new data point using the canonical
vectors estimated from the sample. Moreover, let (Uy, V},) denote the solution to the infinite-
dimensional population problem (2.3), defined with respect to Yes; and Xiest-

Following Theorem 10.2.3 in Hsing and Eubank (2015), we provide a probabilistic bound
for E [(Uk - Uk)2 | (X5, yi)gl] and E [(Vk - Vk)2 | (X5, yi)gl] as the sample size N, the number
of selected principal components d, and the dimension of the high-dimensional data p go to
infinity. We choose this notion of error, where we condition on the sample, because it allows
us to derive a result that is comparable to our canonical vector consistency results, while
also integrating out the randomness of (Xiest, Ysest )-

We make the same assumptions as in Section 2.4.2, with the important exception that we
no longer make Assumption 2.2.1, and therefore allow the case d(¢°™) = +00. In other words,
we allow for all principal scores of the functional data y to be correlated with the components
of X. We denote with 7, the kth canonical correlation attained in the infinite-dimensional
population version of the problem (2.3), and we denote with K =max{ie {l,...p}:~ >0}
the number of nontrivial canonical vectors. We use the conventions ;. +12 = —oc0 and 7;* = co.

In Theorem 2.4.3, which we are about to present, the operator %), appears, which is a
cross-covariance operator containing information about the correlation between Log, y and
X. We defer its definition to equation (A.16) in A.2.4, due to its technical nature. We
also employ its rank-d principal component approximation, which we denote as ‘Kl(Qd ). The

norm of the difference |2 - %1(; )| then represents how well our d-dimensional subspace
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captures the true correlation structure between the infinite-dimensional functional data y

and high-dimensional data X.

Theorem 2.4.3. Let (U, Vi) be the solution pair to the problem in the infinite-
dimensional population version of the problem (2.3) between Yies; and Xyesy. Let (Uk,f/k) =
(((Logﬂ ytest,zﬂk))ﬂ,(Xtest,ék)), where ék, N and i have been estimated via Algorithm 1.
For some absolute constant C > 0, define the reqularization parameter in Algorithm 1 as
A= C’\/%log(p). Then, under Assumptions A.4.1-A.4.}, with the exception of Assumption
2.2.1, fork=1,... K, we have

max {E [(Uk - U;g)2 | (Xi,yi)ﬁl] JE [(Vk - Vk)2 | (X5, yz)f\il]} (2.18)
*2 _ (d) )12 by
B P e e e e IR0
M2 |V 7 MIN ik mln{ Ye —7 Ve T }

where we have omitted the terms E [HLog“yHi] and Var(((@,Log“ y))u) forj=1,...d.

The theorem presented here is a special case of Theorem A.5.1 in the supplementary
materials, whose proof can be found in Section A.5. Here, we recover the classical trade-off
in selecting d: increasing d decreases the first term (a “bias” term arising from approximat-
ing the infinite-dimensional problem using a finite number of principal components), while
increasing the second term (a “variance” term due to estimation error in solving the sample
version of the finite-dimensional problem).

Comparing the variance term of these rates with the rates in Theorem 2.4.2 for the
canonical directions, we observe one primary difference. Focusing on the canonical direction
0y for simplicity, we see that the E;/ ? factors have disappeared. These factors are necessarily
present in the canonical vector rates because the 8 are derived by taking unit-norm vectors
and scaling them by Z;(l/ ®. The canonical variables, on the other hand, are defined from

the canonical directions as 6] X, where the E;/ ? hidden in the definition of 6, “cancels out”

with the Zif in X, removing the factor E;/ ? from the canonical variable rates.
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2.5 Application to dynamic functional connectivity

2.5.1 Data and preprocessing

We analyze resting-state fMRI images from 1003 subjects in the Human Connectome Project
dataset (Van Essen et al., 2012). Throughout the duration of these 15-minute fMRI scans,
participants were at rest and not engaging in any specific activities. Details on the acquisition
process can be found in Glasser et al. (2013) and Smith et al. (2013). The fMRI images have
been pre-processed using the minimal pre-processing HCP pipeline (Glasser et al., 2013),
including spatial artifact, distortion removal, and mapping onto a common reference template
(Smith et al., 2013).

We define 360 spatially localized regions of interest (ROIs) using the multimodal par-
cellation proposed in Glasser et al. (2016). These 360 regions are further aggregated into
10 distinct functional systems following the definition in Power et al. (2011). These are the
somatosensory /motor network (SMH), cingulo-opercular network (COP), auditory network
(AUD), default mode network (DMN), visual network (VIS), frontoparietal network (FPT),
salience network (SAL), ventral attention network (VAT), dorsal attention network (DAT),
and a category for Other Regions (OTH), which includes areas that are not strictly classified
within the aforementioned functional systems.

We partition the fMRI data into 20 time intervals of equal length. For each interval,
we reduce the fMRI data to a ‘functional fingerprint’ representation that is a 10 x 10 SPD
covariance that captures the temporal correlation between the fMRI signals of different
functional systems within a specific time interval. These matrices are denoted as y;(t;)
where 2 = 1,..., N = 1003 represents the subject and 7 = 1,...,20 denotes the time interval.
We conducted sensitivity analysis by repeating the analysis with 10 and 40 time intervals of
equal length. The results are virtually identical, as expected, since the time dynamics of the
estimated mode of covariation, shown in Figure 2.3, does not seem to be constrained by the
number of time points.

In addition, an extensive set of 150 subject traits of lifestyle, demographic, and psycho-
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Figure 2.2: This figure illustrates the first mode of covariation between dynamic connectivity
and behavioral measures. On the top panel, we show (Expﬂ (—01/31) ,—cél), which we refer
to as ‘First CCA Mode +’, on the bottom panel we show (Expﬂ (+c¢1),+cé1), which we
refer to as ‘First CCA Mode -’. These represent two extremities of the spectrum identified
by the first mode of covariation. Within each panel, we show the canonical function of
SPD covariances Exp, (ﬂﬁl) at three different times, and a subset of the selected entries of
the canonical vector +6;. The depicted mode of covariation suggests that subjects with an
increasing variance over time within the visual (VIS) and default mode (DFN) functional
systems, as well as an increasing covariance between these systems, positively correlate with
higher scores in ‘ProcSpeed_AgeAdj’ — assessing processing speed — and ‘PicVocab_AgeAdj’ —
evaluating language /vocabulary comprehension and negatively correlate with using cannabis

and opiates (variables THC, SSAGA_Mj_Use, and SSAGA _Times_Used_Opiates).
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metric measures are also provided for the same cohort of 1003 subjects. We denote these by
X;, withi=1,..., N =1003. To account for potential confounding factors, we regressed out
of the 150 variables nine confounders identified in Smith et al. (2015), and the squares of the

continuous ones, using multivariable linear regression.

2.5.2  Analysis

We apply Algorithm 1 to the pairs (y;(), X;). Specifically, we model the SPD-valued func-
tional data {y;(-)} using the affine-invariant Riemannian metric. The choice of this metric
is primarily driven by its ability to avoid the swelling effect (Dryden et al., 2009). The
affine-invariant metric has been shown to be effective in prediction tasks (Barachant et al.,
2013; Pervaiz et al., 2020).

The Fréchet mean i and tangent space representations {Logﬂ y;} are computed. See
Section 2.3.2 for details. Both the hyperparameters A\ and d, the number of PCs used to
reduce the dimension of the SPD-valued functional data, are chosen by cross-validation.
Specifically, for every candidate d, the parameter A is chosen to minimize the cross-validated
prediction error of the regression model in equation (2.9), while d is chosen by examining the
scree plot of the cross-validated canonical correlations. We chose the smallest d for which the
cross-validated correlations appear to level off, that is, d = 12. The outlined procedure results
in a set of K estimated canonical directions (&k, ék)f: iy where {ék} are the canonical vectors
associated with {X;}, and {¢;} are the (tangent-space) representations of the canonical
functions associated with {y;}. After inspection of the cross-validated correlations and their

associated variance, we decided to retain only the first pair of canonical directions.

2.5.8 Results and Discussion

In Figure 2.2, we display the first canonical direction (@/A)l, 91) by plotting

(Expﬂ (—cg@l) , —cél) , (Expﬂ (+c@21) ,+cé1) ,
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Figure 2.3: On the left panel, for both ‘First CCA Mode -’ and ‘First CCA Mode +’, we
show the temporal dynamics of selected entries of the dynamic mode of connectivity shown
in Figure'2.2. Notably, some of these, e.g., the DFM-PCC covariance, remain stationary
for both ‘First CCA Mode +’ and ‘First CCA Mode -’, while others, e.g., the DFM-VIS
covariance, have markedly different patterns. On the right panel, we show a complete list of
the 39 variables, of the canonical vector iél, selected by the proposed model out of an initial

set of 150, along with their relative importance.

for a fixed positive constant c. In the figure, we refer to (Expﬂ (—cg@l) , —Cél) as ‘First CCA
Mode -’ and to (Expﬂ (+cqﬂ1) , +cé1) as ‘First CCA Mode +’. Intuitively, these represent the
two extremities of the first mode of covariation between functional dynamic connectivity and
lifestyle, demographic, and psychometric measures. The exponential map Expﬂ(-) allows us

to map the canonical function back to the manifold of SPD-valued functions.
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The estimated first pair of canonical directions appears to link subjects with increasing
variance over time within the visual and default mode functional systems, and increasing
co-variance over time between these functional systems, to ‘positive’ lifestyle, demographic,
and psychometric measures, such as better ‘ProcSpeed _AgeAdj’ score, which tests the ‘speed
of processing’ and better ‘PicVocab_AgeAdj’ score, which tests the ability to match an audio
recording of a word to the most closely related picture. On the other hand, a more ‘station-
ary’ connectivity pattern is associated with more ‘negative’ lifestyle traits, such as a positive
test for THC (THC), whether the subject has ever used cannabis (SSAGA_Mj_Use), and
the number of times the subject has used opiates (SSAGA_Times_Used_Opiates). The cross-
validated correlation of the identified mode of covariation is 0.075, whereas its in-sample
correlation is 0.259. These values are relatively high compared to correlation analyses con-

ducted in other studies using the same dataset (Lin et al., 2020).

The multivariate component of the identified mode of covariation resembles the one found
between static functional connectivity and lifestyle, demographic, and psychometric variables
in Smith et al. (2015). However, as illustrated in Figure 2.3, our analysis reveals the non-
stationary nature of this mode, with the latter portion of the scan emerging as the most
informative in terms of functional connectivity. It is during this phase that the differences
between the extremities of the mode of covariation become more evident.

It is possible that a latent variable linked to both the identified dynamic connectivity and
the behavioral components of the first mode of covariation is responsible for the observed
correlation between them. This variable potentially reflects the subjects’ experience, such
as growing impatience or distractions, during the 15-minute resting-state MRI session where
they were instructed not to engage in specific tasks. Indeed, it appears that the ‘First CCA
Mode -’ subjects (who are more likely to test positive for THC and have used opiates)
maintain a consistent ‘wandering mind’, whereas the ‘First CCA +’ subjects (who are likely
to have better pattern completion skills and language/vocabulary comprehension) show a
behavioral drift. This results in a progressive activation of the visual cortex and default

mode network, and their cooperation, which might reflect a growing unease and consequent
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search for external stimuli.

2.5.4  Comparison with other approaches

We also explore replacing our proposed asymmetric sparse CCA model with standard CCA,
incorporating a ridge penalty added to the covariance of the behavioural data, and with
the PMA-sparse CCA model proposed in Witten et al. (2009). Cross-validating standard
CCA yielded an estimated out-of-sample correlation for the first mode of covariation of 0.051,
while applying the PMA-sparse CCA model yielded a correlation of 0.027. However, standard
CCA does not perform selection of the important lifestyle, demographic, and psychometric
measures, and did not show a particularly high level of consistency, both in the weights and
their sign assigned to the behavioural variables, compared to those obtained by our method.
We believe this may be due to overfitting. On the other hand, the first mode of covariation
computed using PMA-sparse CCA showed greater similarity to our mode of co-variation,
although the out-of-sample correlation of the identified mode was lower than that of our
proposed approach, indicating that the mode found might be suboptimal.

Further, we run an analogous analysis on static connectivity, that is, we compute the
functional fingerprints using the whole time series (see also Section 2.3.2 for methodological
details). The results of this analysis are qualitatively similar to those obtained from the
dynamic connectivity analysis. Specifically, a very similar behavioural mode of variation is
identified, and this is associated with a static connectivity mode of variation that resembles
the one in Figure 2.2 at time 15m. However, completely removing the temporal component of
the connectome does not provide insights into the possibility that the observed association
reflects some subjects’ growing unease in the scanner. This highlights the importance of

dynamic connectivity studies.
2.6 Discussion and conclusions

In this chapter, we introduce a novel statistical model for identifying shared variation pat-

terns between manifold-valued functional data and high-dimensional data. We refer to this
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setting as asymmetric due to the differing nature of the data. The proposed asymmetric
CCA approach is designed to control the complexity of the canonical directions associated
with the functional data by using Riemannian FPCA. This facilitates the identification of a
lower-dimensional, smooth subspace onto which these data can be projected. Moreover, our
approach controls the complexity of the high-dimensional canonical directions, which lack
spatial structure, through a sparsity-promoting penalty that leads to the selection of the
important variables. As opposed to other methods in the literature, this is achieved without
requiring the estimation of the precision matrix of the high-dimensional data, which is in
general prohibitive.

We apply asymmetric CCA to explore the association structure between resting-state
dynamic functional connectivity, represented as time-indexed covariance matrices, and high-
dimensional behavioral, lifestyle, and demographic features. Our analysis reveals a non-
stationary pattern in functional connectivity, indicating that the usual assumption of tem-
poral stationarity may not hold, even in resting-state studies. While this work focuses on an
application in dynamic connectivity, the proposed method can be easily adapted to accom-
modate different Riemannian structures and to employ different data representation models,
paving the way for several future extensions.

Yet, our approach has some limitations. For example, the dimension reduction step is
unsupervised, which may result in the loss of small signals that are highly correlated with
the high-dimensional data. In future work, we hope to explore supervised extensions of
our method to address this limitation. Moreover, our theoretical analysis does not directly
generalize to the setting of sparsely observed Riemannian data, as the downstream analysis
of the CCA estimators requires proving the convergence of the Intrinsic RFPCA estimators
in expectation, rather than in probability. While we establish these results for the fully

observed case, extending the proof to the sparsely observed setting is non-trivial.
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Chapter 3

A CORRELATION ANALYSIS APPROACH TO SUPERVISED
DISENTANGLEMENT

3.1 Introduction

Disentangled representation learning (Wang et al., 2024) aims to provide a low-dimensional
representation of data in which distinct factors of variation are captured by separate latent
coordinates. This has been recognized as a fundamental problem in interpretable machine
learning (Rudin et al., 2022). While unsupervised disentanglement, where no auxiliary data
is available, is actively studied (see, e.g., Balabin et al., 2024; Meo et al., 2024), it has
been shown to be unidentifiable (Locatello et al., 2019). This challenge has motivated the
development of supervised (Liu et al., 2022a; Wang et al., 2024) and weakly supervised
approaches (Locatello et al., 2020; Shen et al., 2022; Shu et al., 2019), which construct a
lower-dimensional representation of a ‘target’ data view using another ‘auxiliary’ data view
to guide its construction. Indeed, latent low-dimensional representations are useful for their
own sake, but they are most often used for downstream tasks where supervision may provide

the inductive bias needed for generalization.

Broadly, supervised disentanglement methods follow one of two strategies: (i) a two-stage
approach, first performing unsupervised disentanglement of the target view, and subsequently
regressing the learned latent variables against an auxiliary interpretable view (Adel et al.,
2018; Van et al., 2020)) or (ii) a joint approach, where both steps are carried out simulta-
neously (An & Jeon, 2024; Ding et al., 2020; Inecik et al., 2025; Lu et al., 2024; Nalisnick
et al., 2019; Pati & Lerch, 2021; Zhao et al., 2019). We argue that canonical correlation
analysis (CCA), rather than regression, offers a more principled approach to aligning the

lower-dimensional representation of the target data view with the auxiliary data view.
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Figure 3.1: Results of the VAE formulation of PLiCCA applied to 700 subjects from the
Human Connectome Project (Van Essen et al., 2013). Specifically, we consider cortical
thickness as the main view and demographic, psychometric, and behavioral variables as
auxiliary views. Both PLICCA and standard VAEs provide expressive, low-dimensional
latent embeddings that achieve satisfactory reconstruction errors. However, when applying
an unsupervised VAE to learn the embedding map ¢, the canonical correlation model in
Theorem 3.3.3 reveals no correlation between the constructed latent representations and the
auxiliary variables. In contrast, PLiCCA yields latent variables that are linearly associated
(from 300 validation samples) with sparse linear combinations of the auxiliary variables,
thereby providing interpretable and scientifically meaningful representations. Out of the 150
auxiliary variables, the model selected 50. For simplicity, we show only the first 50 variables
in the figure. Red circles indicate a positive effect, blue circles a negative effect, and no circle

means the variable was not selected.
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Our approach finds a latent representation of the target view that is linearly correlated
with the auxiliary view. Imposing a (partially) linear structure on the latent space offers ad-
vantages for downstream tasks, such as improving interpretation of the latent space (Huben
et al., 2023), enabling latent space interpolation (Bodin et al., 2025), facilitating conditional
sampling (Hérkonen et al., 2020; Jahanian et al., 2020), and supporting few-shot regression
(Nitzan et al., 2022).

Our contributions are as follows:

1. We propose both joint and two-stage approaches to the supervised disentanglement prob-
lem via a novel partially linear invertible canonical correlation analysis (PLiCCA). PLiICCA
constructs invertible, nonlinear latent representations of the target view that are maximally
associated with sparse linear combinations of the auxiliary view, yielding embeddings that
are ordered by interpretability.

2. We prove the existence of population solutions to PLiICCA, and provide a rigorous theo-
retical characterization of the problem as a nonlinear regression. Using this characterization,
we show its connection with conditional latent variable models, in particular, conditional
variational autoencoders and conditional normalizing flows. We demonstrate formally how
both models can be viewed as relaxations of PLiICCA problems, replacing hard to enforce
global constraints with local ones. This enables the efficient solving of PLiCCA via ‘proxy’

problems derived from contemporary conditional generative models.
3.2 Background and related work

CCA (Chapman & Wang, 2021; Guo & Wu, 2019; Hotelling, 1936; Yang et al., 2019) is a
classical statistical method that, given two data views, aims to find latent variables defined
as linear transformations of the variables in each view such that the resulting representations
are maximally correlated. Hence, it provides an efficient basis (latent representations) for
both data views, but unlike principal components analysis, each basis is informed by the
other data view.

An important advantage of linear CCA over more complex methods is its simplicity, and
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thus its interpretability (Gosiewska et al., 2021). To preserve this property and to ease
estimation even for high-dimensional views, sparse CCA approaches have been proposed,
which typically employ sparsity-inducing penalties to perform variable selection (see, e.g.,
Buenfil & Lila, 2024; Bykhovskaya & Gorin, 2023; Li et al., 2024, and references therein). The
supervised disentanglement approach considered in this chapter, PLiCCA, builds on sparse
CCA, but treats the two data views asymmetrically: one data view is modeled linearly, while
the other data view is modeled nonlinearly.

Nonlinear CCA (Breiman & Friedman, 1985; Hannan, 1961; Lancaster, 1958; Michaeli
et al., 2016) replaces linear transformations with nonlinear classes of functions, such as re-
producing kernel Hilbert spaces (Akaho, 2006), and, more recently, neural networks (Andrew
et al., 2013; Friedlander & Wolf, 2023). However, these approaches do not preserve the in-
vertibility of the nonlinear mappings, hindering interpretability. To address this, Wang et
al. (2015) proposed modifying the CCA objective function to additionally minimize a recon-
struction error term using autoencoders. However, it takes a deterministic form and therefore
does not leverage the advantages of variational autoencoders over standard autoencoders.

An approach more closely related to our own is that of Gundersen et al. (2019), who
propose learning nonlinear latent representations of each view that maximize the likelihood
of a linear probabilistic CCA model, although they do not explicitly maximize correlation.
Zhang et al. (2023) also propose a related idea to maximize a classical CCA between the
learned latent representations, but their method is more specialized to audio/visual appli-
cations. However, neither work provides a formal theoretical treatment of the underlying
model.

There is a large body of work on CCA-inspired approaches to solving the multi-view
data problem, a problem related to but distinct from supervised disentanglement (Aguila
& Altmann, 2024; Guo et al., 2019). The general goal in multi-view learning is to find
shared structure between two (or more) data views, often in the form of a learned shared
subspace that embeds the views simultaneously. A large subset of these approaches relies on

latent variable models (He et al., 2020; Karami & Schuurmans, 2021; Lyu et al., 2022; Qiu
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et al., 2022; Senellart et al., 2023; Wang et al., 2016). Superficially, these approaches appear
closely related to ours in that they combine CCA with latent variable models, but there
are two major differences. First, these approaches primarily aim to solve the multi-view
data problem, which is related to but distinct from the supervised disentanglement problem,
as they learn shared embeddings of the views simultaneously. Second, they are typically
inspired by CCA but lack a theoretically justified connection to the CCA formulation.
There is also a recent line of work relating conditional latent variable models to indepen-
dent component analysis (ICA), enabling the application of ICA to disentanglement problems
(see, e.g., Hyvirinen et al., 2023; Khemakhem et al., 2020; Zheng et al., 2025, and references
therein). Our approach is related in that we also leverage the connection between conditional
latent variable models and a component analysis problem. However, we advocate the use of
CCA to provide more interpretable embeddings. The work of Basile et al. (2025) defines a

notion of nonlinear correlation between manifolds and is thus tangentially related to ours.

3.3 Partially linear invertible canonical correlation analysis

3.3.1 Population Problem

In this section, we define the population problem of interest and establish that it is well-
defined. We are interested in solving the partially linear CCA problem (Michaeli et al., 2016),
but with the additional constraint that the nonlinear embedding is approximately invertible.
We refer to the partially linear invertible CCA problem as PLICCA. See Appendix Section
B.2 for background on the non-invertible partially linear CCA problem.

We observe two random vectors Y € M € R?, where M is a manifold embedded in RY, for
which we seek a nonlinear invertible latent representation (i.e., the target view), and X € RP
represents the high-dimensional auxiliary data. Without loss of generality, X and Y satisfy
E[X]=0and E[Y]=0. Throughout the manuscript, we denote the covariance of a random
vector Z as Xz, and we call Z isotropic if Xz = 1.

We can formalize PLiICCA using a constraint set C, which will formalize the notion of
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invertibility of the latent representation and will be specified momentarily:

d
.. ) T 2
 amize | 2 Bla(V)OIXT, (3.1)
o(v)=ErTx=la

geC

where T = [61,...,04].

Intuitively, we can think of U; = ¢;(Y) and V; = 6] X, as nonlinear and linear transforma-
tions of Y and X, respectively, which have maximal correlation between them while being
pairwise uncorrelated, enforced through Yy = ¥y = I;. The variables (U;,V;) are referred
to as canonical variable pairs, and we can order them so that the maximizing correlations
v = E[g:(Y)0] X] are descending with i. The ~; are referred to as the canonical correlations.
The columns of T" are referred to as the canonical vectors for X, and g is referred to as the
canonical embedding for Y.

We remark that we have squared the correlations in contrast to the original partially
linear CCA formulation. It can be shown that when g is linear, maximizing the squared
correlations is equivalent to maximizing the sum of the correlations (see Appendix Section
B.3). This minor modification of the objective allows us to draw closer connections to

regression and latent variable models (see Theorem 3.3.3).

3.3.2  Supervised disentanglement via PLiCCA

Before specifying C, we clarify how solving the PLiCCA problem provides an approach to
the supervised disentanglement problem. The goal of supervised disentanglement is to find

a low-dimensional, interpretable latent variable U € R? and a decoder f:R? — RY such that
Y =f(U)+e, (3.2)

where ¢ is small in magnitude and where the second data view X aids in the interpretability

of U.
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Suppose we have solved the PLICCA problem with g invertible and inverse f. Then

Y= f(g(Y)) (3.3)
= f(U). (3.4)

This decomposition of Y has several desirable properties:

1. The variable U disentangles Y: Y = f(U), with U satisfying Xy = I, so that the U;

are uncorrelated with one another.

2. If we estimate the canonical vectors T with a sparse structure, then the associated
Vi = 0] X are easy to interpret as linear combinations of only a few selected X;, while

also being uncorrelated with one another.

3. Thus, the U; are naturally ordered by interpretability, in the sense that the correlation
between U; and sparse linear combinations of X is nonincreasing. Latent traversals (see
e.g. Song et al., 2023, and references therein) via f then allow us to see how changes in

the selected X; are associated with Y on its original scale, not just in its latent space.

3.3.3  Defining the invertibility constraint set C

To formalize PLICCA, we need to specify the set C, which provides the correct notion of
invertibility of the canonical embedding g. Given that ¢ also needs to project the data onto
a lower-dimensional space, ideally we would specify C as the set of diffeomorphisms from
supp(Y') to R?. However, this would require supp(Y) to be contained in a manifold M with
dimension dim(M) = d, which is unrealistic due to noise contamination in the absence of
prior knowledge.

A more realistic approach is to impose the following autoencoder-type condition, which

states that Y lies approximately on a d-dimensional manifold:

Cc{g:RI>R:If: RIS RIst. E[|Y - f(g(Y))]3] <)
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In the following theorem, we are able to establish the existence of a solution to our PLICCA
problem for a class of functions C with this property. We denote the constrained set of
functions as Cyag, in anticipation of the methodology which employs variational autoencoders
(VAEs).

We recall that a function f : K — R? is M-Lipschitz if it satisfies |f(z) - f(y)l, <
M|z -y|, Yo,y e K c R

Theorem 3.3.1. Suppose Yx is invertible and that supp(Y') ¢ K, where K is a compact
subset of R1. Fix constants M,m >0, € >0. If C is chosen to be

Cvap={g: K >R*:E[g(Y)]=0,g is M-Lipschitz,; 3f :R? > R? s.t. E[f(g(Y))]=0

f is m-Lipschitz, and E|Y - f(g(Y))|3 <},
and Cyag N {9 : Byvy = 1a} # @, then there exists a solution (g,T) to the PLiCCA problem

maximize Z]E [0:(Y)OTX]?. (3.5)
Rq—ﬁRd TeRP*4
Sg(v)=Sr7x= 1

9geCvAE

Remark 1. For fized €, we can always find the smallest d such that Cyag s non-empty. In

fact, picking d = q achieves a reconstruction error of 0 with the identity map.

We emphasize that this is the first work to prove this, as many of the proposed methods
only consider finite-sample versions of the problem. Establishing existence at the population
level is important because it guarantees that the underlying problem is well-posed and that

finite-sample methods are approximating a meaningful target.

3.3.4  Special case: a priori dimension reduction

Solving PLiCCA simplifies when Y lies on a known or previously estimated lower-dimensional
manifold M ¢ R4. In particular, if dim(M) = d and M is a connected complete Riemannian
manifold of non-positive sectional curvature, then thanks to the Cartan-Hadamard Theorem

(Lee, 2018), there exists a global chart ¢ : M — R? for M, i.e., M is diffeomorphic to R
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Denoting W = ¢(Y') € R? as the dimension-reduced representation of Y, we can reformulate
the partially linear CCA problem in terms of W rather than Y, using functions g : R% — R¢
in place of g: R? — R

maximize Zd:]E [6:(W)6] X], (3.6)

GRISRE TeRPX i=1
Bgw)=Yr1x=la

The equivalence follows from the invertibility of ¢. To recover g by solving problem (3.1)
over g, we simply set g = g o ¢.

Invertibility of ¢g then follows from invertibility of g. In practice, this can be enforced
by choosing g : R? - R? from a restricted class of functions C that are invertible by design.
This is in contrast to the previous setting where ¢ : R - R¢ mapped from high-to-low
dimensional spaces and where strictly enforcing invertibility was not feasible. Here, we
denote this constraint set C as Cyr, in anticipation of one of the proposed approaches that
employs normalizing flows.

We recall that a function f: K — R? is called bilipschitz with parameters (m, M) if it
satisfies m |z -y, < [f(2) = f(W)l, < M |z -y, Y2,y € K. With C = Cxr, we are able to

establish the existence of a solution to our PLiCCA problem, analogous to Theorem 3.3.1.

Theorem 3.3.2. Suppose Yy is invertible, and that supp(W) ¢ K, where K is a compact
subset of RY. Fiz constants M,m >0. Then, if C is chosen to be

Cnp={§: K-> R©:E[§G(W)]=0,§ is bilipschitz with parameters (m, M)},
there exists a solution (g, T) to the problem

d
maximize E[g(W)0] X 3.7
GRISRY, Te]RPXd; Lg:(W)0; X1, (3.7)
Bgw)=2rTx=la
geCnr

where the 6; € RP are the columns of T € RpPx?,

Remark 2. In Theorem 3.5.2, as well as Theorem 3.3.1, we assume that the random vector
of interest has compact support. This assumption simplifies the proof, allowing us to appeal

to the simplest form of the Arzela—Ascoli theorem (Rudin, 1976), but the statements still hold
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in the non-compact case if we add a vanishing at infinity-type assumption; see Theorem 5 of

Krukowski (2018).

In cases where Y has a known manifold structure, for instance, positive definite matrices
(Buenfil & Lila, 2024; Kim et al., 2014) or probability densities (Cho et al., 2022), (global)
logarithmic maps can be used in place of ¢. Hence, the model in equation (3.7) provides
a natural approach to incorporating this geometry. In cases where the manifold structure
is not known, a two-stage approach to the PLiCCA problem can be used. First, we learn
an unsupervised latent representation of Y, W € R?, via the approximation Y = ¢(W) +¢,
or use pretrained models for this step. Second, we solve the nonlinear problem in equation

(3.7).

3.3.5 Connection to regression models

We have now defined the population problem of interest. To establish the connection between
PLiCCA and conditional latent variable models such as VAEs and normalizing flows, we
first relate PLiICCA to a nonlinear regression. Below, C can refer to either Cyag or Cnr. We
introduce the following notation: for A, B € R%? that are positive semidefinite, we write
A < B to denote the Loewner ordering, meaning that B — A is positive semidefinite. If C is

a set of functions, then for a >0 we denote aC = {af : f €C}.

Theorem 3.3.3. Finding (g,T) that solve the PLiCCA problem,

d
maximize > E [0:(Y)OT X7, (3.8)
gRISRYE TeRP*4 i=1
Zg(Y)ZETszld
gea’l/zc

where the 0; € RP are the columns of T', is equivalent to finding (g, B) that solve the regression
problem

minimize E[[¢'(Y) - B"X|3], (3.9)
g"'RI-RY, BeRP*4
g’eC,Eg/(y)ZaId

for any a > 0.
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Furthermore, we have the following relationship between B, T, ¢’ and g: if HA2H™ is an

eigendecomposition of

-1/2 -1/2
Zg,(y)BTZXBEg,(Y), (3.10)
where H € R4 js orthogonal and A is diagonal, then letting H = E;,l(/ﬁ)]:], we have
T=BHA! (3.11)
9(y) = H'g'(y). (3.12)

While it is well known that CCA has a regression formulation (see Lyu et al. (2022),
for example), here we additionally leverage the fact that one side of PLiCCA is linear,
which results in an optimization over the unconstrained regression matrix B rather than
the constrained canonical vectors T'. Furthermore, this result shows that there is no need
to enforce the strict, and typically computationally expensive constraint ¥,y = I3 during
optimization (Andrew et al., 2013; Friedlander & Wolf, 2023), since the whitening matrix H
can correct for this after the regression. We further explore the relaxing of this constraint in
the following section. Theorem 3.3.3 can also be understood as a generalization of those in

Buenfil and Lila (2024) and Wang and Zhou (2021b), which apply only to the linear case.

3.4 Methodology

Next, we introduce conditional latent variable models—specifically, the conditional varia-
tional autoencoder (VAE) (Harvey et al., 2022; Khemakhem et al., 2020; Sohn et al., 2015)
and conditional normalizing flow (NF) (Papamakarios et al., 2017; Winkler et al., 2019).

3.4.1 Conditional VAE

Let Z € R? be a latent random variable. A standard derivation (see Appendix Section B.4)
shows that if we specify our model as
Z|X ~N (B"X, 1) (3.13)
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and we model q(zly) ~ N (g9(y),1;), then maximizing the evidence lower bound on the

likelihood is equivalent to minimizing

minimize E[[g(Y) - BTX||§] (3.15)

g:RI—>R2 BeRpxd

+BvapkE []Eq(z|Y) [HY - f(2) H;]] : (3.16)

The outermost expectation is taken with respect to the observed variables (X,Y"), and we
have added a tuning hyper-parameter Gyag to the objective function. It is clear that the
introduced conditional VAE objective already closely resembles the PLiICCA objective in
equation (3.9) when choosing C = Cyag. In the next section, we explore this connection more
rigorously.

This model is a vanilla conditional VAE, which allows for a more thorough theoretical
study. In practice, however, we use more flexible distributions, for example by allowing
Yyiz(2) and Xzy(y) to vary with their inputs. We also note that the encoder is chosen
to be only a function of y, and not of the conditioning variable z, to meet our goals of
disentangling the target view Y. In practice, we estimate the expectation of the above
quantity using the sample (X;,Y;)%,.

Our methodology is a direct application of Theorem 3.3.3. However, instead of solving
the problem in equation (3.9), we solve the simpler “proxy problem” of minimizing the
conditional VAE objective (3.15) with respect to g and B. To aid interpretability, we augment
the objective function with a sparsity-inducing group lasso penalty 30, |b;], (Yuan & Lin,
2006), where b; denotes the jth row of B corresponding to covariate X;. In practice, proximal
gradient descent is applied, which is straightforward thanks to the closed-form solution of
the proximal operator of ¥7_, [b;], (see, for instance, Section 6.5.4 of Parikh (2014) for a
derivation and Murray et al. (2019) for an implementation). After obtaining the estimates
g, B, we estimate Y4(vy and Xx via their sample covariance estimates.

Then, as suggested by Theorem 3.3.3 (equations (3.10)-(3.12)), we take the eigendecom-
position HA2HT of 572 B8« BS /2 where H € R is orthogonal and A is diagonal. Let-

g(Y) g(Y)’

ting H= i;gf)]:] , we finally obtain our estimates of the canonical vectors for X, T=BH A‘l,
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as well as our correctly normalized canonical variables for Y, g(y) = HT 9(y).

Note that if the latent dimension of the VAE is misspecified, some latent variables g;(Y")
will collapse to 0 (Bonheme & Grzes, 2023; Zheng et al., 2022). Hence, we inspect f]g(y) for
latent dimensions where Var (¢;(Y)) has collapsed to 0, and we ignore these dimensions in
B, g, and f]g(y).

Our approach offers several advantages over existing methods: it avoids the need to
estimate X3}, and it does not require the enforcement of the global whitening constraint
Ygv) = Iz throughout optimization, enabling the use of standard batch gradient descent.
The group sparsity imposed on B transfers directly to T since T = B (HA™!), retaining the
variable selection done by the group lasso penalty, and if B is fixed at zero, the method
reduces to a standard unsupervised VAE. Finally, because we compute covariance matrices
from sample estimates, the resulting T and g automatically satisfy the correct orthogonality

conditions TTf]XT = f]g(y) =1y

3.4.2  Connection between PLiCCA and conditional VAE

Next, we elucidate the connection between the PLICCA objective function and the ‘proxy’
conditional VAE objective. We begin with the natural regression problem we would be
encouraged to solve by Theorem 3.3.3 for the C = Cyag constraint set:

minimize E[[g(Y) - BTX||§] (3.17)

gRISRY, FRISRY
BeRP*4, 53 yyxaly

“E[Y - f(9()]5] (3.18)

We aim to show how the conditional VAE objective, (3.15), essentially reduces to the latter
PLiCCA regression problem.

Clearly, the first terms in equation (3.15) and (3.17), respectively, are identical. Hence, we
focus on the second term of the conditional VAE objective (3.16), E []Eq(z|y) [||Y - f(z)||§]]
Using the form of the approximating posterior distribution ¢(z|Y") ~N (g(Y), 1), this term
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becomes

E[E.[|Y - f (g(Y) +e)[3]]. (3.19)

where & ~ N'(0,1;). This is clearly a noisy version of the reconstruction term (3.18) in the
PLiCCA problem. More surprisingly, perhaps, is the fact that by adding this noise, the
reconstruction term of the VAE (3.16) encourages the constraint gy > alg.

We first provide some intuition and then state our formal result. From equation (3.19),
we see that if the decoder f wants to use the ith coordinate ¢;(Y") to reconstruct Y, then
the variance of g;(Y) cannot be much smaller than 1, the variance of the noise ¢;. However,
depending on the choice of d, the dimension of the latent space, the VAE may ignore certain
latent dimensions by setting ¢;(y) = 0 for all y and having the decoder f disregard its ith
component. This phenomenon is closely related to the distinction between active and inactive
latent dimensions in (conditional) VAEs (Bonheme & Grzes, 2023; Zheng et al., 2022).
Therefore, the conditional VAE does not, and should not, strictly enforce the constraint
Yg(v) = alg, since it should be free to represent Y with only as many latent dimensions as
necessary. For this reason, in practice, we inspect and drop inactive latent dimensions when
applying Theorem 3.3.3.

However, although the conditional VAE does not enforce ¥,y = aly, it does enforce a
weaker form of this constraint: a lower bound on tr(¥,y)). In line with our prior intuition,
this lower bound depends exactly on the quality of reconstruction by g and f and on the

magnitude of the noise in ¢(z|Y"). Formally, we have the following result.

Theorem 3.4.1. Fiz positive constants 6 and o2 Suppose g and f are such that the

enc-’

reconstruction error E[Eq(z‘y)[HY—f(z)Hg]] < 0, and suppose that we model q(z|y) ~
N (9(y),02.c1a). Then,

enc

tr (Sy(vy) > 02,.C(6), (3.20)

where C(9) is non-increasing in §. We refer to Appendiz Section B.j for the form of the
C(6), which additionally depends on d and the distribution of Y.
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Remark 3. For §y = E[HY—E[Y] Hg], we have C(§) = 0. This reflects the fact that if
the target reconstruction error § exceeds the variance of Y, no active dimensions g;(Y') are

required: the decoder can simply be taken as the constant map f(z) =E[Y].

In solving the conditional VAE as a proxy for PLiCCA where the constraint ¥,y > aly is
relaxed, a concern is that the regression term E [H gY)-B™X ||§] could drive g to the inactive
solution 0. Theorem 3.4.1 says that if Syag is chosen sufficiently large, corresponding to a

small ¢, then this collapse can be avoided.

3.4.3 Conditional normalizing flow

The model introduced here corresponds to the two-stage population problem in equation
(3.6). Specifically, for this problem we propose solving a “proxy” conditional normalizing
flow problem. We assume an a priori dimension-reduced representation of Y, W € R4, such
that Y =¢(W)+e, with an encoder ¢ : R? - R4, trained, for instance, using an unsupervised
VAE. Introducing a latent variable Z € R, a standard derivation (see Appendix Section B.5)

shows that if we choose to specify the model as
ZIX ~N(B"X,1,), (3.21)
then maximizing the likelihood is equivalent to minimizing

minimize E[|g(W) - BTXHg] — Brr E[ln|det (J3(W))I],

GeCnr, BeRP*d
where we have added the hyper-parameter fyr, and J;(w) denotes the Jacobian matrix of
a smooth function g evaluated at w.

After estimating g and B using the proxy NF problem, we estimate the remaining quan-
tities of the model following Theorem 3.3 (equations (10)—(12)), as in the conditional VAE
formulation. The only difference is that here the final encoder is defined as g = §go ¢ and the
final decoder as f = o g~'. In the following, we take W, the latent representation of Y, to
be an isotropic Gaussian. In fact, this choice is not critical and only serves to simplify the

statements of the results.
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3.4.4  Connection between PLiCCA and conditional NF

To elucidate the connection between PLiCCA and the conditional NF objective, we begin
with the natural regression problem we would be encouraged to solve by Theorem 3.3.3 with
C = Cnr:
minimize E[Jg(Y)-B'X 5] (3.22)
BeRP*4, % (yyzaly
Next, we introduce a proxy problem, namely the conditional NF problem in its con-
strained form:
minimize ~ E[|§(W) - B X|3], (3.23)

geCnr, BeRPX
E[In|det(J5(W))|]2b

for some constant b € R. The NF problem we employ in practice corresponds to the La-
grangian form of (3.23).

The objective in both problems is identical. The constraint E [In|det (J3(1W))|] > b does
not immediately appear related to the regression problem (3.22), but in fact, analogous to
the reconstruction term of the conditional VAE, it is closely related to the constraint that

Yg(v) = aly. We make this formal with the following theoretical results.
Theorem 3.4.2. Fiz a>0. If g € Cxr, then we have
Yswy = alqg = E[lnl|det (J3(W))[] > b(a), (3.24)

where b(a) = $In(a) - C where C' is a constant that depends on the bilipschitz constants of
Cnr, as well as the Hessian matrices of the coordinates g; of g. See Supplementary Section

B.5 for the full expression of C.

Using Theorem 3.4.2, we can view the NF problem (3.23) as a relaxation of the regression
problem (3.9). Moreover, since by Theorem 3.3.3 the regression and PLiCCA problems are

equivalent, we have the following corollary.
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Corollary 3.4.1. Fiz a>0. The PLiCCA problem,

maximize ZE [6:;(Y)OT X7, (3.25)
g]Rq—ﬁRd TeRP*d ;=
Bg(vy=2rTx=la
gea™ 2Cnr
can be relaxed into an alternate NF problem via Theorem 3.4.2,
minimize  E[|g(W) - B"X|3]. (3.26)
geCnF ,BGRFXd
E[In|det(J5(W))|]2b(a)
Remark 4. In the definition of Cxr, we could codify an upper bound on a matriz norm of

the Hessian of the coordinates of g € Cngp as an explicit constraint, but we elect not to for

simplicity of the presentation.

In the upcoming Theorem 3.4.3, we establish that a “geometric” variant of the PLiICCA
objective, which maximizes a geometric rather than an arithmetic mean of the canonical
correlations, can be viewed as a relaxation of the NF problem. We first present the following

auxiliary lemma, followed by the main theorem.
Lemma 3.4.1. If g € Cxy, then we have
E [In|det (J3(W))[] 2 b = det (S5am) > c(b). (3.27)
where ¢(b) = e%.
Theorem 3.4.3. The NF problem,

minimize  E[|g(W) - B"X|3], (3.28)
GeCn, BeRPX4
E[In|det(J5(W))|]2b

can be relaxed into a ‘geometric’ PLiC'CA problem via Lemma 3.4.1,
1/d
(1060 (3.29)
ng»]Rd TeRP*4
gw)=2rT x=la

gee(b) ™2 Cnp

where h(x) = =, pi = E[q:(W)0] X], and the 0; e R? are the columns of T.
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Remark 5. We can perform a sanity check on the previous results by applying Theorem
3.4.2 and Lemma 3.4.1 in sequence. We have that det (Eg(W)) > c¢(b(a)) = a%e™2¢. Since
$5(W) = aly implies det (Z5(W)) > a?, we see that the constant C' constitutes the only source

of non-tightness in these inequalities.

Together, Corollary 3.4.1 and Theorem 3.4.3 show that, from an optimization perspective,
the NF problem is sandwiched between two variants of the PLiICCA problem: the standard
PLiCCA problem and the geometric PLiCCA problem. This highlights the intermediate
position of the NF problem, making its use as a proxy for PLICCA well-grounded.

3.5 Demonstration on real data

We use 1000 subjects from the Human Connectome Project (HCP) (Van Essen et al., 2013)
to demonstrate the utility of PLICCA. For each subject i, cortical thickness derived from
MRI is represented by a 32K-dimensional vector y;, corresponding to measurements at 32K
locations on the cortical surface (see Glasser et al., 2013 for preprocessing details). For
each subject, we also have auxiliary variables, such as clinical and demographic features,
represented by a 150-dimensional vector x;. To incorporate spatial information, we expand
the cortical thickness data on the basis of the Laplacian of a template cortical surface and
retain 1000 coefficients. We apply the VAE variant of PLICCA, with a two-hidden-layer
perceptron encoder and decoder and a latent dimension of d = 128. Results are shown in
Figure 3.1. We compare with a standard unsupervised VAE of the same architecture. Both
methods achieve satisfactory reconstruction, but PLICCA constructs latent representations
that are linearly associated with the auxiliary clinical variables, providing more interpretable

embeddings.
3.6 Discussion

In this work, we introduced PLICCA, a correlation analysis approach to the supervised

disentanglement problem, that may also be of independent interest for characterizing the
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dependence structure between two data views. We provided theoretical results for our pop-
ulation model and showed a nontrivial connection to conditional latent variable models,
enabling an efficient computation of its solution. Finally, we demonstrated the utility of our
approach, and of supervised disentanglement more broadly, on real data from the Human
Connectome Project.

The proposed approach lays the foundation for several theoretical and methodological
extensions, such as establishing connections with flow matching conditional generative mod-
els and leveraging these models for supervised disentanglement. On the application side, an

important direction is scaling the approach to larger biomedical imaging datasets.
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Appendix A
APPENDIX TO CHAPTER 2

The appendix for this chapter is organized as follows. In Section A.1, we study the empir-
ical performance of the proposed method by means of simulation studies. In Section A.2, we
formalize the CCA problem for random elements of Hilbert spaces and prove Theorem 2.2.1.
In Section A.3, we present intermediate results and associated proofs, and conclude with
the proof of Theorem 2.4.1, our theoretical result on the asymptotic errors made by the
canonical direction estimates of Asymmetric Sparse CCA. In Section A.4, we prove Theo-
rem 2.4.2, our theoretical result on the asymptotic errors made by the canonical direction
estimates of Asymmetric Sparse-Functional CCA. In Section A.5, we prove Theorem 2.4.3,
our theoretical result on the asymptotic errors made by the canonical variable estimates
of Asymmetric Sparse-Functional CCA, in the absence of a finite-dimensional correlation
structure assumption. In Section A.6, we present several norm and matrix identities that are
utilized throughout the appendix. Finally, in Section A.7, we provide additional details on
the Intrinsic RFPCA algorithm (Lin & Yao, 2019), which is used in the proposed Algorithm
1. We also present an explicit basis construction for the space of symmetric positive defi-
nite matrices equipped with the affine invariant metric, providing a computational speed-up

compared to the Gram-Schmidt procedure proposed in Lin and Yao (2019).

A.1 Simulations

We perform numerical experiments to investigate the finite sample performance of the pro-
posed approach. First, we describe the data generation process. Then, we discuss the
metrics utilized to evaluate the methods’ performance. Lastly, we introduce the alternative

approaches for comparison with our method and comment on the results.
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A.1.1 Data generation

Recall that iy : 7 - M is a random Riemannian process, X € RP is a high dimensional random
vector, and p: T - M is a fixed smooth curve on M modeling the population mean of y.
Here, we fix p = 200 and choose M to be the manifold of m x m SPD matrices, with m = 3.
We let the time domain of y be 7 =[-1,1]. In the following, we aim to generate realizations
of (y,X) according to a model that ensures that the K population canonical vectors and
canonical functions are prespecified vectors {0 }&, c RP and functions {4y}, < L2(Tu),
respectively, with K = 2. We apply our proposed method and alternative approaches to this
data to estimate the canonical vectors and functions, and then compare these estimates with
the prespecified population quantities.

The procedure to generate the data is as follows. Take a random vector Y € R?, a set of
vectors {nx}r ¢ RY, with d = 3, and an orthonormal basis {¢,} ¢ L2(T'). Moreover, define
Log, y = Z;l:l Yj¢; and y = Exp, (Logu y). It follows from Theorem 2.2.1 that if the multivari-
ate data (Y, X) have population canonical vector (n,6;) then the functional /multivariate
data (y, X) will have population canonical pairs (¢, 0y ), with 1y, = Z;il Mij¢;. Additionally,
we impose a group-sparse structure on the canonical vectors {f}. To replicate a realistic
setting, we add an extra mode of variation W¢g,1 to Log,y, with W a random variable
that is independent of X and Y, and with Var (W) = 1/2. This aims to contaminate the
observations without affecting the canonical functions and vectors.

To generate the multivariate data (Y, X) given prespecified canonical pairs {(nx,0k)},
we use the model introduced in Chen et al. (2013). As is stated in Proposition 2.1 in Chen
et al. (2013), this enables us to choose the canonical directions {(7,60x)} and correlations
{v} for k=1,... K freely, while retaining the flexibility to specify Xy € RP? and Xy € Rdxd,

We define (Y, X) as
Y Yy X
~Nlo T T (A1)
X Yxy Xx

where N denotes the multivariate normal distribution and Xy x = Xy (Zszl fyknkég) Yx. It
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is easy to show that the population canonical vectors of (Y, X) are (n,0)) with correlations
Yk, for k=1,... K. The set of canonical vectors {7} is defined by generating K orthogonal
random vectors, which are then normalized to satisfy the constraint 1, ¥y7; = d;;. Similarly,
the canonical vectors {#;} are randomly generated and constrained to satisfy the condition
0¥ x0; = 0. The group sparsity assumption is enforced by ensuring that only k; = 20
elements of each canonical vector (the same elements across all vectors) are non-zero. Ad-
ditionally, the variables X; corresponding to the non-zero components of ¢; have marginal

covariance matrix Yy, = diag(2,...2,1,...1) e Rkv*k1. The covariance Xy is then defined as

—_—— ——
10 10

s 0
Sy = . (A.2)
0 Ip—kl

The covariance Xy is set to be diagonal with diagonal values being 3,2, 1. The true canonical
correlations are chosen to be v; =.95 and ~, = .6.

We let the mean curve p at each ¢ € T be a SPD matrix u(t) € R™™. We set 1(0) by
randomly generating its eigenvectors and setting the associated eigenvalues equal to (1,2, 3).
The mean p(t) at the other time-points ¢ € T is generated by applying a time-variant rotation
to the eigenvectors of 11(0). We choose each principal component ¢; to take the form ¢;(t) =
E(t)P(t), for j=1,...d, where E is chosen at random from a set of orthogonal basis vectors
for L2(Tw), and P is chosen at random from a basis of orthogonal polynomials on [-1,1].
This ensures that {¢;} are orthogonal to one another as elements of L2(T'u).

In our experiments, we generate N i.i.d. pairs (Y;, X;) from the multivariate CCA model
in equation (A.1), for different choices of V. Next, we generate y; via Exp, (2?11 Yijqﬁj) and
evaluate it at L = 50 locations ¢; € [-1, 1], yielding y;(#;) fori=1,...N and [ =1,... L. The

observations
({yi(tl)}hXi)i; 1=1,...,N,

are used to estimate the canonical vectors and functions and compare different approaches.
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A.1.2 Metrics

We use the following metrics to compare the estimated accuracy of the models considered.

A. Normalized Euclidean error for the canonical vector

~

161716111, - 01/ 61

ol

This is a natural metric for evaluating the estimation accuracy.

B. F1l-score for the canonical vector

5 P-R
P+R’
where P = % is the precision, R = % is the recall, TP is the number of true

positives, F'P the number of false positives, F'N the number of false negatives.

C. L? Parallel transport error for the canonical function

ITg,ut01 = V1l

This metric allows us to use the L?(7Tu) norm to compare the estimates to the true

population analog, by parallel transporting v, € L2(Tf) and defining Fmﬂﬂl e L2(Tu).

D. Tangent Correlation
Using a large test set {y;,7;}, generated from the same distribution as the training

data, we compute the sample correlation as follows:

Corr ((((Logu Ui F/J,/ﬂ@l >>u)z g (@Tél)z) :

We refer to this metric as the ‘Tangent’ correlation as it respects the manifold structure

of the data.
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E. Euclidean Correlation
Using a large test set {7;, T;}, generated from the same distribution as the training

data, we compute the sample correlation as follows:
Corr ((vec (7:)" vec (1[11))1 , (izél)l) .

We refer to this metric as the ‘Euclidean’ correlation as it ignores the manifold structure

of the data.

A.1.8 Approaches for comparison

We compare 4 different approaches, detailed below.

1. Proposed approach. We apply Algorithm 1 without modifications. We use cross-
validation to choose the regularization parameter A in the group-lasso regression step

as implemented by the glmnet package (Friedman et al., 2010).

2. Sparse PCA-based approach: Intrinsic RFPCA + sparse PCA + classical CCA. We
use Intrinsic RFPCA, as in our approach, to reduce the dimensionality of the functional
data. We use sparse PCA, using the elasticnet R package (Zou et al., 2006), to reduce
the dimensionality of the multivariate data. Then, we use the estimated PCA scores as
input for classical multivariate CCA. We provide sparse PCA with the exact number
of principal components that are correlated with the functional data, i.e., k; = 20, and

restrict the number of non-zero principal loadings per principal component to be 2.

3. Sparse CCA-based approach: Intrinsic RFPCA + sparse CCA. We again use In-
trinsic RFPCA to reduce the dimension of the functional data. Next, we use the
Penalized Matrix Analysis (PMA) approach to sparse CCA proposed in Witten et al.
(2009) to compute canonical pairs between the PC scores from Intrinsic RFPCA and
the high dimensional data. The PMA approach to sparse CCA assumes that the co-

variance matrices of the data are the identity matrices, giving it a slight disadvantage.
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We choose the amount of penalization for #; using the suggested permutation-type
approach (Witten et al., 2009), and choose the penalization parameter for 7; to induce

virtually no penalization.

4. Multivariate FPCA-based approach: Multivariate FPCA + Asymmetric sparse
CCA in Algorithm 2. This approach is analogous to the one proposed, except that
the Intrinsic RFPCA step is replaced by multivariate FPCA (Happ & Greven, 2018).
Therefore, it disregards the SPD manifold structure of the data. Specifically, it trans-
forms each SPD matrix into a vector extracting the lower triangular part of the matrix.

Then it applies multivariate FPCA to the resulting vector-valued functions.

We have chosen these alternative approaches in order to dissect specific components of
the CCA problem. Specifically, approach 2 isolates the effect of selecting important features
and identifying correlated components in two separate stages, and approach 3 isolates the
effect of not taking advantage of the group sparsity structure in the canonical vectors and
making restrictive assumptions on the covariance of the high-dimensional data. Approach
4 isolates the effect of treating manifold data as if it were Euclidean. Note that Approach
4 is technically solving a different canonical correlation problem than approaches 1-3 as it
aims to maximize the Euclidean correlation rather than the tangent space correlation. For
this reason, the underlying population canonical vectors and functions differ from those in
the proposed model. Therefore, we only use metric E when evaluating the performance of
approach 4.

Moreover, depending on the choice of Xy, either the PMA sparse CCA approach or the
sparse PCA approach is at a disadvantage. Assuming >y to be the identity matrix meets
the assumptions of PMA sparse CCA but renders dimension reduction through sparse PCA
less effective. Conversely, choosing ¥ x to not be the identity matrix benefits sparse PCA at

the expense of the PMA sparse CCA approach.
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A.1.4 Results and Discussion

In our experiments, we set p = 200 and vary N. For each value of N, we run 15 trials. We
provide the Intrinsic RFPCA model with the true rank, indicating the number of functional

principal components associated with the variable X, that is, d = 3.
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Figure A.1: (Top left): Performance evaluation using metric A, which measures the normal-
ized Euclidean error in the first high-dimensional canonical vector, on approaches 1-3. (Top
right): Performance evaluation using metric C, which is the parallel transport error in the
first canonical function, on approaches 1-3. (Bottom left): Performance evaluation using
metric B, the Fl-score of the first estimated high dimensional canonical vector compared to
the associated population vector, on approaches 1-3. (Bottom right): Performance evalua-
tion using out-of-sample correlations. We use out-of-sample tangent correlation (metric D)

for approaches 1-3, and out-of-sample Euclidean correlation (metric E) for approach 4.

In Figure A.1, we present the performance of approaches 1-3 measured using all defined

metrics A-E. As previously mentioned, Approach 4 is assessed using only metric E due to its
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differing underlying model. In the high-dimensional setting, where N = 50 and p = 200, all
four approaches showed similar performance across all metrics. This setting likely identifies
the detectability limits of CCA methods. However, when provided with more samples,
our approach quickly outperforms the other approaches. Differences in performance were
more notable in the estimation of the Euclidean error for the canonical vectors, F1-score,
and out-of-sample correlation. This suggests that the most challenging aspect of the setting
considered is estimating the canonical vectors as opposed to the canonical functions. This can
be explained by the similar modeling strategies adopted for the functional data. Approach
4, while able to find correlated components in the data according to the Euclidean notion of
correlation (E), it suffered from bias due to treating the functional data as Euclidean.

For approach 2, the differences in performance can be explained by its two-step strategy
that involves first selecting the important features and reducing the dimension of the mul-
tivariate data, followed by identifying correlated components. Specifically, the sparse PCA
step is based solely on the variance structure of X, and not on its correlation with the func-
tional data. In our simulation, the variables of X correlated with Y have the same or smaller
variance than those not correlated with Y. As a result, sparse PCA, which is unsupervised,

struggles to tease them apart.
A.2 Canonical Correlation Analysis of Random Elements of Hilbert Spaces

In this section, we provide a more rigorous formalization of the CCA model. We mirror
the development of Hsing and Eubank (2015) and Huang and Renaut (2015), but provide
a less technical presentation by emphasizing the role of the canonical variables rather than
the canonical vectors when formulating the general CCA problem. For an introduction to
Hilbert space concepts and random elements taking values in Hilbert spaces, we refer to
Hsing and Eubank (2015). For an introduction to classical CCA, we refer to Uurtio et al.
(2018).

In Section A.2.1, we define the infinite-dimensional version of the CCA problem, and

establish the existence of solutions in our asymmetric setting (Theorem A.2.1). In Section
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A.2.2, we state preliminary definitions and results for the subsequent sections. In Sec-
tion A.2.3, we state the necessary assumption (Assumption A.2.1) to reduce the infinite-
dimensional CCA problem to a finite-dimensional CCA problem (Theorem A.2.2). In Sec-
tion A.2.4, we study the difference between the canonical variable solutions of the finite- and
infinite-dimensional CCA problems (Theorem A.2.3). In Section A.2.5, we prove the results

of the section and additionally prove Theorem 2.2.1.

A.2.1 Problem Statement

Let x7 and y»2 be measurable functions from a probability space (2, F,P) to separable Hilbert
spaces H; and Hs, respectively (See Section 7.2. of Hsing & Eubank, 2015). Here, H; and
Hy are arbitrary Hilbert spaces, but throughout the paper they correspond to Hy = L2(T')
and Hy = RP, and similarly x; and x2 correspond to x; = Log,, y and x» = X. Hilbert space
inner products are denoted by (-,-), with associated norms |-|. The specific choice of the
norm or inner product will be clear from the context. We assume that E[|y;[?] < oo so that
the mean and covariance of y; are well-defined for 7 = 1,2. The mean element of y; is defined
as h; = E[x;] € H;, and for simplicity, we assume h; = 0 for i = 1, 2.

A seemingly natural way to formalize the canonical correlation problem for the infinite-

dimensional case, which is analogous to the finite-dimensional case, is

.. 2
maximize Corr”({x1, f}, {x2,9)) (A.3)

where Corr is the usual correlation defined between two finite-variance real-valued random
variables defined on (€2, F,P). If they exist, the solution (f,g) would be the first canonical
vector pair. Equivalently, we can write this problem in terms of the canonical variables U, V'
as

maximize Corr? (U, V) (A4)
Ueld, VeV

where U = {(x1, f): feH}, V={(x2,9): g€ Hy}. However, the maximum of this problem
may not be attained by any U e, V €V (Cupidon et al., 2008).
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It turns out we can amend this by simply taking the closures of & and V. Let L2 (2, F,P)
denote the Hilbert space of square-integrable random variables on 2 with inner product
(U, V) = Cov(U,V) for U,V € L2(Q,F,P). Note that U being square-integrable means
that Var(U) < oco. If we replace U, V in the problem above with their closures as subsets
of L2 (Q, F,P), denoted U, V, (for further discussion of U, V, see the discussion following
Example 7.6.5 of Hsing and Eubank (2015)) then it can be shown that the maximum will
be attained for some U € U, V €V, provided that a certain linear operator is assumed to
be compact. In our setting, this compactness condition holds because we use H, = RP, a
finite-dimensional space. The result can be found in Theorem 10.1.2 of Hsing and Eubank
(2015), which we restate in our context here.

The following result establishes the existence of solutions to the general CCA problem
in our asymmetric setting where dim(H;) = co but dim(Hs) = p < oo, and that there are at

most p nontrivial solutions.

Theorem A.2.1. If dim(H,) = co and dim(Hy) = p < oo, then there exists Uy €U and Vy €V
which are solutions to

sup Corr® (U, V),
Ueld, VeV

with Var(U,) = Var(Vy) = 1. For k = 2,...p, there exists Uy € U and Vi, € V, which are

solutions to

sup Corr® (U, V),
Ueld:Cov(U,U;)=0,i=1,...,k—1
VeV:Cov(V,V;)=0,i=1,...,k—1
with Var(Uy,) = Var(Vy,) = 1. Moreover, for all U el and V €V which are uncorrelated with
Uy,...Up, V1,... V), respectively, the pair (U, V') is a trivial solution, that is,
sup Corr? (U, V) = 0.
Ueld:Cov(U,U;)=0,i=1,....k
VeV:Cov(V,V;)=0,i=1,....k

The pairs {(Ug, Vi) }s_, are called the canonical variable pairs. We refer to the problem of

finding {(Uy, Vi) }i_, as the population canonical correlation problem.
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Remark 6. Intuitively, we must cast the problem in terms of the canonical variables U € U,
V eV rather than canonical vectors f € Hy, g € Hy because U = {{x1,f): feH,} and
V = {{x2,9): geHy} are not large enough for the supremum of the CCA problem to be
attained. To emphasize this point, given an optimal U € U of the form U = lim; e (X1, f5)
for some sequence (fj)j € Hy, then U can not necessarily be written as an inner product
U=(f.x1), because (f;); may not even be a Cauchy sequence in Hi, and thus not converge

in Hy. For further intuition on this property of the problem, see Remark 8.

In the next section, we introduce an assumption that allows us to make the infinite-
dimensional CCA problem finite-dimensional, and furthermore formulate the CCA problem
in terms of the canonical vectors rather than the canonical variables. From now on, we

assume dim(Hy) = p < oo as in Theorem A.2.1.

A.2.2  Background

We begin with preliminary definitions and properties of the random element y;. In particular,
we introduce the covariance operator J#;. The eigenvectors of J#7, also known as the principal
components of xi, are fundamental to our approach for two reasons: they provide a data-
driven subspace for projecting x; and their properties simplify our proofs.

Given that E[||x1]?] < oo and y; has mean 0, the covariance operator of y; is well-defined
as 1 = E[x1 ® x1]. Here, the tensor product f ® g : H — H between f, g € H for a Hilbert
space H, is defined as (f ® g) (h) = (f, h)g for all h e H.

In the lemma below, we collect the properties of x; and %] used in what follows. An
orthonormal sequence of elements {ej};il of a Hilbert space H such that m =H is
referred to as a complete orthonormal system (CONS) for H. For convenience, we state this
result supposing that .#] has infinitely many eigenvalues, but an analogous result holds if

21 has only finitely many eigenvalues.

Lemma A.2.1. Let Im (%) denote the image of 1 and Im (J#1) € H; denote its closure

in Hy. Then, the following statements hold.
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1. With probability 1, x; € Im (J#7), and for any f € Im (J4)*, (f,x1) =

2.\ has the eigendecomposition ) = Y72, wje; ® e, where e; € Hy for j=1,...00 and
wr 2wy ... >0. {e;}52, forms a CONS of Im (1), and wj » 0 as j > co. We refer
to {(ej,wj)}j:l as the eigensystem of 1, with eigenvectors e; and eigenvalues w;. The

e; are also referred to as principal components of xi.

8. With probability 1, x1 = ¥721(x1,e5)e;. We refer to the {(x1,e;)}32, as the prin-
cipal scores, and they are uncorrelated random variables with E[(x1,e;)] = 0 and

Var ({x1, €;)) = wj.
4. U= {Z;’jlaj(xl,ej) Y wjal < o} and {(Xl,ej)/wjl./Q};’jl forms a CONS for U.

Remark 7. Item 1 elucidates the role ofm as the subspace of Hy where x, resides.
Item 2 shows that the eigenvectors {e;} are a CONS for W, which implies Item 3, that
the principal scores {(x1,e;)} characterize x1. Item 4 establishes that the set of potential
canonical variables, U, is equivalent to the set of linear combinations of the principal scores

with finite variance.

Remark 8. Item 4 sheds light on why it is necessary to take the closure of U in order to
guarantee a solution to the infinite-dimensional CCA problem in Theorem A.2.1, and further
on why the canonical vectors are not defined in the infinite-dimensional CCA problem.

From Items 1 and 2 it follows that
U={(f,x1): feH} {Za] €, X1) Za§<oo}. (A.5)
j=1

For an element (f,x1) € U defined by f = Y32, aje; € Hy, since Var ({e;, x1)) = w;, we have
that Var ({(f,x1)) = X724 a?wj. Since the w; decay to 0 as j approaches infinite, there are
sequences {a;} that do not satisfy 72 a? < oo but do satisfy 372, a?wj < 00, in other words,

there are finite variance linear combinations of the (ej, x1) that are not contained inU. These
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are the elements of U that are missing in U:

U= {Zaj(ej,xl) Pyak< oo} clU= {Z ajlej, x1): Y. aiw; < oo}. (A.6)
Jj=1 j=1 j=1 j=1

If the canonical variable solution to the infinite-dimensional CCA problem (A.14) belongs to

U but not U, then it has no corresponding canonical vector.

For an arbitrary CONS {e;}-, for Im (.#]), the associated scores {(e;, x1)} may not be

J
orthogonal in U, but as the following result shows, the associated scores still span ¢. This
is the property that allows us to not rely on the principal component basis and instead use

an arbitrary CONS for H; in Assumption A.2.1.

Lemma A.2.2. For any complete orthonormal system {ej};il of Im (), U =

span {(ej, x1)}. Thus, any element of U € U can be written as .52y a;{(x1,e;) where the
a; are such that Var (U) < oo.

A.2.8  Reduction to a finite-dimensional problem

We can now introduce Assumption A.2.1 on the correlation structure between y; and xs.

Assumption A.2.1. There exists a complete orthonormal system {e;}32, for Hy and a set

of indices I c {1,2,...}, with finite cardinality |I| = d, such that

Corr (V,(x1,¢€;)) =0, YV eV, jel, (A.7)

Corr ({x1,€i),(x1,€5)) =0, Viel,VjelC, (A.8)
where I1¢ denotes the complement of I in N={1,2,...}.

Remark 9. The complete orthonormal system {ej}j 15 not required to be the principal com-

ponent basis. In the case when Hy =RP and x2 = X, equation (A.7) can be rewritten as
COI'I'(Xi,<X1,€j>):O, V’izl,...p,jEIC. (A9)

Intuitively, this assumption states that all elements ¢ of Hy whose projections (x1,v%) are

correlated with X belong to a d-dimensional subspace.
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Remark 10. Assumption A.2.1 is weaker than the assumption that x1 admits a finite-

dimensional representation x1 = 2?21()(1, e;)e;, for a set of vectors {ej}?zl c H;. To see this,

we first note that the elements {e; };.lzl c H; are orthonormal. Then, we complete {ej};l:l c Hy
to form a CONS {e;}52, for Hi, and take I = {1,...d}. Given that the elements {e;} are
orthonormal, we have that (x1,e;) = 0 for all j € I¢, with probability 1. Hence, conditions

(A.7) and (A.8) are satisfied.

Making this assumption enables us to reduce the infinite-dimensional CCA problem to
a finite-dimensional CCA problem; moreover, it allows us to formulate the CCA problem in
terms of the population quantities of interest, the canonical vectors, rather than the canonical
variables (Theorem A.2.2). Theorem A.2.2 can be viewed as a generalization of Theorem
1 of Krzysko and Waszak (2013). There, it is assumed that y; has a finite-dimensional

representation, whereas here we make the weaker Assumption A.2.1.

Theorem A.2.2. Reorder the complete orthonormal system {e; paty for Hy in Assump-
tion A.2.1 so that I = {1,...d}. Then, under Assumption A.2.1, the solution to the
population canonical correlation problem in Theorem A.2.1 is found for a U € Uy =
{Zf:l a;i(X1,€;) : a; € R}-

Moreover, when Hy = RP and xo = X, the problem is equivalent to the following multivari-
ate (finite-dimensional) canonical correlation problem, where Y is the d-dimensional random

vector such that Y; = (x1,e;), the jth score associated with e;, for j=1,...d:

(a1,b1) = arg max Corr? (a"Y,b"X), (A.10)
aeR? beRP Var(aTY )=Var(b" X )=1
(ag,br) = arg max Corr? (a"Y,b"X), k=2,...min(p,d). (A.11)

aeR? beRP Var(aTY )=Var(bT X)=1
Cov(aTY,aZTY)=O,i=1,‘..,k
Cov(bT X,b] X )=0,i=1,....k

We call the pair (Z;l:l akjej,bk) the kth canonical pair, since a'Y = (Z;-lzl agje;, X1), and

b™X = (b, x2), where ay; is the jth entry of ai, for k=1,...min(p,d).

This result is central to the proof of Theorem 2.2.1.
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A.2.4  Error between finite- and infinite-dimensional problems

In this section, we analyze the error between the finite- and infinite-dimensional CCA prob-
lems. In particular, we quantify the error between the canonical variables obtained from
solving these problems. We continue to write as (U, Vi) the canonical variable solutions
to the infinite-dimensional CCA problem in Theorem A.2.1, while we denote as (U, éd), Vk(d))
the canonical variable solutions to the finite-dimensional CCA problem in Theorem A.2.2
where we have used a d-dimensional Assumption A.2.1. Thus, by definition, U, éd) =Y and
AREY)S'E

The relationship between these problems is well-understood, and we refer to Chapter 10
of Hsing and Eubank (2015) for further background. We now introduce the notation and
machinery necessary to write down the error between Uy, and U ,gd), and Vj, and Vk(d), provided
in Theorem A.2.3. This result is used to show Theorem A.5.1.

For the remainder of this section, we suppose that the complete orthonormal system

{ej}]?’jl for H; in Assumption A.2.1 are the principal components of x; (extended from a

CONS for Im (#)).

A.2.4.1 Background

The idea central to deriving our bound is that there are spaces G; € H; and Gs € H, that
are congruent to I and V), respectively, so that the infinite-dimensional CCA problem in
Theorem A.2.1 can be written over G; and G, instead of & and V, and subsequently in
terms of an operator, %12, between G; and G,. The infinite-dimensional CCA solution is
then derived from the singular vector decomposition of %5, while the solution to the finite-
dimensional CCA problem is derived from the singular vector decomposition of a principal
component-approximation of %7, ‘51(; ). The error between %12 and ‘51(2‘1 ) quantifies the error
between the canonical variable solutions for the two problems.

Define
Gy =1Im (%1/2) = {Z wjl./2ajej Py ai< oo}, (A.12)
j j1
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where (wj,e;) are the eigenvector-eigenvalue pairs of J#;. We define a new inner product
on Gy € H;, which is not the one inherited from H;. For f,g € G; with representations
f=2% w;/Qajej and g = 7% w;/zbjej, we define (f,g)c, = X721 a;b;. It is straightforward
to verify that G; with this inner product is a Hilbert space with a CONS {élj};il where
- 12
€15 = (JJ] €.

We have the following congruency between U and G,. We say that two Hilbert spaces,
H; and H, with norms |-|; and ||, respectively, are congruent if there exists a bijective

function 7 : H; — Hy such that | f - g|1=||7(f) — 7(g)|2 for all f,g € Hj.

Lemma A.2.3. G, is congruent toU, with w: Gy, - U defined as the map which takes f € Gy

with representation f = ¥.22, a;é1; to its image T(f) € U:

(f) = zaj 05:{/?). (A.13)

The proof of this result follows directly from Theorem 2.4.16 of Hsing and Eubank (2015),
recalling that {(Xl, ej)/wjl./Q};; form a CONS for & by Item 4 of Lemma A.2.1.

We define Gy and w5 : Gy - V analogously based on the covariance operator for y, for
clarity of our presentation, but note that since Hy is assumed to be finite-dimensional, G is
also finite-dimensional, with dim (Gz) = p. We similarly define a CONS {égj}§:1 for Go.

We can now write the problem over U, V', which reads as

maximize Corr? (U, V), (A.14)

Ueld, VeV,
Var(U)=Var(V)=1

in terms of elements of G; and G4 instead:

maximize Corr? (m1(f),m(g)). (A.15)
feG1, geGao,

Var(r (f))=Var(r2(g))=1
We define an operator %12 between GGy and G such that the following property holds. For
any f € Gy, g € Gy, we have

Cov (m1(f),m(g)) = (f, €129)c, - (A.16)
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This operator exists, is bounded, and has |%2|< 1 by Theorem 10.1.1 of Hsing and Eubank
(2015). We denote by @; : G — Gy the adjoint of %2, which satisfies Cov (m1(f),m2(g)) =
(Ca1f,9)c,-

In our setting where Gy is finite-dimensional, %75 is immediately compact, so that we can
solve (A.15) in terms of the singular vector decomposition of €}5. In fact, taking the singular
vector decomposition of %o and applying equation (A.16) comprise the proof of Theorem

A.2.1. We note that if Gy were infinite-dimensional, we would need to assume compactness

of (512.

A.2.4.2 Equivalence of finite-dimensional canonical variables

Before stating our error bound, we need one more result on an equivalent definition of
the canonical variables U,Ed) and Vk(d). We additionally introduce a principal component
approximation of %s.

Since we have CONS {éy;};-, and {égj}§:1 for G; and G, respectively, we can write 4o
as

p oo
(512 = Z Z 62],%12611 (Al?)

g=11=1

We then define its finite-dimensional approximation by the first d principal components of
J as
S _
12 - Z 62]7%&12611 (A18)
1

:’L=

We define ‘52(16[ ) in an analogous way.

Lemma A.2.4. Recall (Uéd),Vk(d)>, the canonical variables obtained by solving the finite-
dimensional CCA problem in Theorem A.2.2 obtained by making a d-dimensional Assumption
A.2.1:
(Uéd), Vk(d)) = argmax Corr? (U, V). (A.19)
Ueldg,VeV,

Var(U)=Var(V)=1

Let (fr,gr) be the kth pair of right and left singular vectors of ‘fl(gd), respectively. Let
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(U,gd),vk(d)) be defined by

O =m0 (f), (A.20)

VD =y (i) (A.21)
Then, U™ = U and VP = v?.

Remark 11. In this paper, we have defined (U,gd), Vk(d)) directly as the solution to a finite-
dimensional CCA problem. In Hsing and FEubank (2015), finite-dimensional canonical vari-
ables are studied and defined as (Uéd), Vk(d)>. This result shows that these two definitions are

equivalent.

A.2.4.3 Error bound

We can finally state the following result about the error in making a d-dimensional Assump-
tion A.2.1. The proof follows directly from Theorem 5.2.2 and the proof of equation (10.19)
in Theorem 10.2.3 in Hsing and Eubank (2015), the triangle inequality, and Lemma A.2.4.

Theorem A.2.3. Let (U, Vi) be the infinite-dimensional canonical variables obtained by
solving the problem in Theorem A.2.1. Let (U,gd),Vk(d)) be the canonical variables obtained
by solving the finite-dimensional CCA problem in Theorem A.2.2 obtained by making a d-
dimensional Assumption A.2.1 with the principal components of x1. Then for k < d, as
d — oo, we have

2 2 *2 _co(d) )2
maX{E[(Uk_Ué@) ]7E[<Vk_v]€<d>) ]}s gl vl (A.22)

3 *2 *2
Mk |V —7;

where v} denote the infinite-dimensional canonical correlations, i.e. the singular values of

6512 .

This result is used in the proof of Theorem A.5.1.
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A.2.5 Proofs

Proof of Lemma A.2.1:

The first item is part 3 of Theorem 7.2.5 of Hsing and Eubank (2015). The second and third
items are Theorem 7.2.6 and Theorem 7.2.7 of Hsing and Eubank (2015), respectively. For
the fourth item, equation (A.5) gives

UE{(f,Xl):feHl}:{iaj(ej,xl):2a§<oo}. (A.23)

J=1

From this, it is clear that U ¢ {Z;’ilaj(xl,ej) YR wjad < oo}, because Y.77;a; implies

Yo wjaZ. We also have that

8

span (e 1) = {5t} s <oof, (A.21)

7=1 7=1

from the definition of the norm in L2 (Q,F,P) and because we can calculate the norm
squared as Var(z;il aj(xl,ej)) = Y wja? by the continuity of the inner product.
In particular, this set is closed, so U ¢ {Z;’ilaj(xl,ej):z;ilea?<oo} implies U C
{Z;; a;{X1,€j) X5 chﬁ < oo}. To show the reverse inclusion, it suffices to show that
span ({(x1, ej)};’jl) c U, which is clear from equation (A.5).

That {(x1,€,) /wjl./z};’jl forms a CONS for U follows from U = span ({( X15 ej)};i1) as was

just shown, and normalizing the already orthogonal (x1,e€;) to have norm 1. O

Proof of Lemma A.2.2:
We begin by employing the fourth item of Lemma A.2.1, which states that {({x1, ej)/w;/Z}
is a CONS for U, where the e; are the eigenvectors of %7, and w; are the corresponding

eigenvalues. Therefore, given an arbitrary CONS for Im (), {f;};-1...c0, to complete the

proof it suffices to show that span {(f;, x1)} = span {(e;, x1)}

To show the C direction, it suffices to show that (fi,x1) € span{(e;, x1)}, for every k,
by the definitions of closure and span of a set of vectors. Since the functions {e;} form

a CONS for Im (#7), there exists a sequence (aj);zl of scalars such that f, = Y72, a;e;.
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Therefore, {fi,x1) = X321 aj{x1,¢;) by continuity of the inner product on Hj, and we have

(fi x1) € span{(e;, x1)}-
To show the 2 direction, we must show that (ey, x1) € span{(f;, x1)} for every k, which

follows by similar arguments. O]

Proof of Theorem A.2.2:
We prove the statement for the first canonical pair; the proof for the remaining canonical
pairs follows from a similar argument. Let (U, V') be the first canonical pair of the population
canonical correlation problem in Theorem A.2.1. We consider the CONS {e;}52, for H; from
Assumption A.2.1, and reorder its elements so that I = {1,...d}. By Lemma A.2.2, we
write U e as U = Y521 a;{x1,¢e;). We will show that under Assumption A.2.1, we can find
a @ =Y72q(x1,e5) € U, with g; = 0 for j > d, that attains the same maximum value as
U. Thus we will have Q € U, = {Zle ai{x1,€;):a;€ R}, completing the proof of the first
statement of the Theorem. For random variables with variance 1, such as U and V', we have
that Cov(U, V') = Corr(U, V). We use these interchangeably throughout the proof.
If the optimum value of Corr*(U, V) is 0, then we can select any () with qg; =0for j>d
and Var(Q) = 1. Therefore, from now on, we focus on the case where Corr®(U, V) # 0. Let
d oo
U=>aj{xi.e;)+ Y aj{xi,e)=W+Z. (A.25)
j=1 jed+1
Then, from continuity of the inner product and Assumption A.2.1, it follows that Cov(Z, V') =
0 and Cov(W, Z) =0, from conditions (A.7) and (A.8) respectively. Before constructing @,

we note that the variance of W must be less than or equal to 1. To see this, we use
1=Var(U) = Var(W + Z) = Var(W) + 2Cov(W, Z) + Var(Z) = Var(W) + Var(Z), (A.26)

since Cov(W,Z) = 0. Then, Var(WW) < 1 since both Var(W) and Var(Z) are positive and
sum to 1.

Now, we construct a canonical variable () with the desired property. The optimal value
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of the CCA population problem in Theorem A.2.1 under assumption A.2.1 is

Corr*(U, V) = Cov*(W + Z,V) (A.27)
= (Cov(W, V) + Cov(Z,V))? (A.28)
= Cov?(W,V) (A.29)
= Corr*(W, V') Var(W). (A.30)

Having established Var(W) < 1, there are three cases, either Var(W) =0, 0 < Var(W) < 1,
or Var(W) = 1. In the case Var(W) = 1, we take @) = W, and using equation (A.30), we see
that the pair (W, V') attains the same maximum correlation as (U, V). This completes the
proof as W is of the desired form. Now, we will show that the other two cases, Var(W) =0,
0 < Var(W) < 1, are not possible. Var(W) = 0 cannot hold since, by equation (A.30), we
would have Cov(U, V') = 0, which we have already ruled out. Assume towards a contradiction
that 0 < Var(W) < 1, let ¢ = > 1, and define ) = ¢W. Then, we have that
Var(Q) = ¢ Var(W) =1, and

1
Var(W)1/2

Corr?*(U, V') = Corr® (W, V) Var(W) < Corr* (Q, V), (A.31)

by equation (A.30), Corr® (W, V) = Corr?(Q,V), and Var(W) < 1. However, this is a
contradiction as it would imply that the pair (Q,V’) attains a larger value of the objective
than (U,V'). This completes the proof of the first statement.

Having established the existence of a solution of the stated form for @), that we are able
to reformulate the CCA problem in terms of the finite-dimensional vectors {ay } rather than
U €U follows from the definition of U, and the bilinearity of the inner product (-,-) on H;. In
the case that Hy = RP and x2 = X, that we are able to reformulate the problem in terms of the
finite-dimensional vectors {by }; rather than V €V is due to the following argument. We have
V={(x29): g<cHy} =span{(x2,e;),j=1,...p} (where the e; here are the standard unit
vectors for RP) is isomorphic to RP, which is complete. Thus, {(x2,9): ¢ € Hy} is complete, so
its completion in L2 (Q, F,P) is itself, i.e. V = V. Therefore, V = span {{xa2,¢;),j = 1,...p} =
{9g7X : g e RP}, ie. the set of linear combinations of Xj,...X,.
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The number of nontrivial canonical variables has changed from p in Theorem A.2.1 to
min(p,d). This is because, in a finite-dimensional CCA problem concerning random vectors
of dimensions p and d, the smaller of the two dimensions is the upper limit for the number

of nontrivial canonical variables (Uurtio et al., 2018). This completes the proof. [

Proof of Lemma A.2.4:
Using the congruency of I with G, and V with Gy, the optimization problem in (A.19) can
be rewritten as

maximize Corr? (m1(f),m(g)). (A.32)

fespan(€éii,...€14),9¢Ga,
Var(m1(f))=Var(rz2(g))=1

Using the definition of %72, we have

Cort® (m1(f), m2(9)) = (€21 f, 9)%,- (A.33)

Because f € span (é11,...€14), we obtain (%51 f, g)g, = <(52(1d)f,g>@,2 =(/f, %1(;)9)@,1. Therefore,
the maximum of this problem is determined by the singular vectors of ‘51(;[ ), and we see that

U =1 (fi) and VY = 1y (gi). O

A.2.6 Proof of Theorem 2.2.1

Given that Assumption 2.2.1 is equivalent to Assumption A.2.1, by applying Theorem A.2.2,
we readily derive the first part of the theorem. This establishes that there are at most d(¢or)
nontrivial canonical variable pairs (U, Vi). Moreover, each pair (U, V) can be written in
terms of the canonical directions U, = (Log,, y,¥r ), and Vi = X706y, for some vy € L*(T)
and ), € R*. Additionally, (¢, 05) = (X9, ax;;,by,), where the pairs (ay,by) are defined in
Theorem A.2.2 as the solution to a multivariate CCA problem, and the functions {¢;} form
the CONS for L?(T'u), defined in Section 2.2.3.

It remains to be shown that the solutions (ag, bx) to the multivariate CCA problem can be

characterized by the equations (2.4)-(2.7). We focus on the finite-dimensional optimization
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problem, in equation (A.10), that defines the first canonical pair. This is equivalent to

sup ajXxybs.
alSxar=1=b]Sy by

Now using the assumption that ¥y and ¥y are invertible, we make a change of variables

a = Z¥2a1, l~)1 = Zyzbl and obtain the equivalent problem

~rm1/2 ~1/25
sup CLIEX/ EXYZY/ by
alay=1=blb

Let UTVT = 2;/22)“/2;1/2 be a singular value decomposition of Z;/ZEXYE;I/Q, where
U € Rpxd©™ g RAIxd™ 1y ¢ RdC™xd ™ oy = [ = VTV, and where T is a
diagonal matrix with the diagonal elements i, ...V o, in descending order. Note that
p > do) Then it follows from standard properties of the SVD that the first columns
of U and V', denoted as u; and v, respectively, are the solutions to the above problem,
i.e. (@1,b1) = (uy,vy). Similarly, it can be shown that the kth columns of U and V, wuy
and vy, respectively, are such that (dg,by) = (ug, vg), and that the optimal correlations are
the singular values 71, ...vcomy. Undoing the change of variables, it can be seen that the
solutions to the original problems in equation (A.10) are the pairs formed by the kth columns
of the matrices Z;(l/ U and Z;,l/ V. The associated squared correlations are the diagonal
entries of I'2.

Now let B be the solution to the optimization problem

minimize E[[S3%Y - BTX3]. (A.34)

BERPXd(corr)

It is straightforward to show that B = 23(1 PN XYE;,I/ 2, Therefore, we have

SVPB=UTVT, (A.35)
B'SxB=VI2VT (A.36)

and
BVT =2 U (A.37)

Identifying H, H, and T in equations (2.4)-(2.7) with V, 2;1/2‘/, and Z;/QU, respectively,

completes the proof.



96

A.3 Asymmetric Sparse CCA: Proof of Theorem 2.4.1

A.3.1 Notation

For a vector x € RP with entries {z;} we define its infinity norm |z|, = max;(|z;|), its
Euclidean norm |z, = m, and its ¢, norm |z, = ¥%_, |z;|. For a matrix A e Rpxd
with singular values oy,... 0y, its operator norm is |A[, = max;(|;|). To denote the ith
row of the matrix A, we use A;, and for the entry in the ith row and jth column, we
use a;;. We define the matrix norms ||A|, = ( Poyea? )1/2, 1Al ., = X0 [ Ailly, and

j=1 3
| Allmax = max(iy @il
Given the normed spaces (R, ||-|,) and (R?,|-|5), and a matrix A e RP*4, we define the
matrix norm induced by |-, and ||z as
| Allas= sup |Az]s. (A.38)
|za=1
For additional properties of the matrix norms used throughout the paper, we refer to Section
A.6. We use the notation x <y for z,y € R to indicate that = < C'y, with C' some positive

absolute constant.

A.3.2 Sub-Gaussian random wvectors

Now we briefly define sub-Gaussian random vectors and state basic properties that we use in
the proofs. We refer the reader to Vershynin (2018) for a more comprehensive introduction
to sub-Gaussian random variables and vectors.

A random variable X is sub-Gaussian if, for some constant C' > 0, it satisfies
P{|X|>t} <2exp(-t?/C) forall t>0. (A.39)
The sub-Gaussian norm of X is defined as

12X s :inf{t>0:EeXp (Xz/tZ) 32}. (A.40)
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A random vector X € RP is called sub-Gaussian if (X, x) is sub-Gaussian for all z € RP. The
sub-Gaussian norm of X is defined as

[ XMy, = sup (X, 2)]y,. (A.41)

xz€RP:|z[5,=1

From its definition, it is clear that |Xi[,, < [X],,, where X; is the ith element of X. To
simplify our analysis, we will also assume that sub-Gaussian vectors X satisfy the variance-

proxy condition defined below.

Definition A.3.1. A sub-Gaussian random vector X satisfies the variance-proxy condition

if there exists a constant Kx such that for any x € R?, [(X,z)|,, < Kx Var ((X,x))1/2.

Intuitively, this condition implies that the sub-Gaussian norms of the one-dimensional
marginals of X can be used as proxies for their standard deviations. Note that the reverse
inequality Var ((X,z))"? < K |(X, z)|,, for K = /2 is always satisfied when X has mean 0
(Proposition 2.5.2. (ii) of Vershynin (2018)). Moreover, for a Gaussian random vector X,
this proxy assumption holds with Ky = 1. If X is a zero-mean sub-Gaussian random vector
that satisfies the variance-proxy condition and has covariance matrix X x, it follows from the
definition above that | X, < Kx [% XH;/ ?. Additionally, it is straightforward to show that
max; ([ Xil,,) < Kx ||EXH;/°20, where X is the ith entry of X. The proxy assumption allows
us to compare sub-Gaussian norms of vectors to one another through their variances.

Throughout our proofs, we assume that the variance-proxy condition applies to the ran-
dom vectors X, B"X, Y, Z;,l/ 2Y, and X3'Y. To simplify our assumptions, for the main

theorems in this section, we conveniently assume that X and Y are strict sub-Gaussians, as

defined in (Kereta & Klock, 2021):

Definition A.3.2. A sub-Gaussian random vector X is called strict sub-Gaussian if there

exists a constant Kx such that for any matriz U € RF*P | the following inequality is satisfied:

2
|UX],, < Kx |Zux]y. (A.42)
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A.3.8  Proof of Theorem 2.4.1

Recall that the matrices X e RV*P and Y € RV*4 consist of N samples of the random vectors
X e RP and Y € RY, respectively. We assume that Y x and Xy are invertible, and without
loss of generality, we assume that X and Y have mean 0.

To estimate > x and Xy, we use their respective sample covariance estimates Sy = YTY/N
and Yy = XTX/N. Define B = ZEQZXYE;I/Q, let B be the solution to the sample group
lasso problem (2.9), and let A be the associated penalization constant. In the setting of

Theorem 2.2.1, if we define H by the eigendecomposition B™Xx B = ﬁ]DW?T, then by letting
T =BHD "' e RP*, (A.43)
H=x,"HeR™, (A.44)

it follows that the kth column of H, 7, is the kth canonical vector associated with Y, and
the kth column of T, 6, is the kth canonical vector associated with X. Moreover, the
diagonal entries of D? are the squared population canonical correlations v; > ... > 74, which
we assume are distinct. This allows us to focus on estimating individual canonical vectors
rather than subspaces spanned by canonical vectors sharing identical correlations.

We denote the columns of H as 7, and denote by {#;} and {7} the estimates of the
canonical vectors, and by {4x} the estimated canonical correlations, that is, the diagonal
entries of D. Note that by definition, the squared population correlations 77 ...~2 are the
eigenvalues of BTYx B and the estimated squared correlations 47,...43 are the eigenvalues
of BTSxB. In the remainder of this section, we derive bounds on the estimation error for

the canonical correlations, quantified by |vZ — 47|, and the canonical vectors, quantified by

I = 3 andl 6~ ).

A.3.83.1 Deterministic bounds

We begin by presenting our deterministic results. To establish fast-rate bounds, we use the
Group restricted eigenvalue condition, analogously to the lasso regression problem (Hastie

et al., 2015) and similar to Gaynanova (2020) in the context of penalized optimal scoring.
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Definition A.3.3 (Group restricted eigenvalue condition). A matriz Q) € R?P satisfies the
Group restricted eigenvalue condition RE(s,c,d) with parameter k if for all sets S c {1,...p}

with |S| < s, we have that, for all A e RP*? such that |Agl,, ,, < c|Aslly, 4,

A 2
oAl EIE (A.45)

Here, |S| denotes the cardinality of S, and S ={1,...p}\S.

The following lemma establishes a deterministic bound for the 2-norm of the difference
between the linear operators B> x B and BTS¢ B. In turn, this quantity will be used to

2 _ 22 - i (1?
bound the errors |v; =47, ||k — k|5 and HQk - «9kH2.

Lemma A.3.1. The following inequality holds:
1 1
— |XB|, —= |IX
5 1XBl = [X(
~ 9 o ~
XB-B)|, +|B-B|,, [(Ex-20)B],,.

|BTSxB - B'SxB|, < B=B)|,+[B(Sx - 2x)B|,+ [(B- B)=|,
1
1
N
In the equation above, the first-order terms appear on the first line while the second-order
terms appear on the second line of the equation. In this section, wherever possible, we will
keep the convention.

Let F = Yﬁ};l/ ’_XB. Next, we derive ‘slow’- and ‘fast’-rate deterministic bounds.

Lemma A.3.2. IfA\> Z|X"E|,,, then the following slow-rate bound holds:
1
VN
2 A
# Bl (VBle, g, + 15 - Ex]

|BTSxB - B'SxB|, s — [XB|,VX|B|,%, + |B"(Sx - Sx) B,

/2
)1

max

FMBlgy g+ 1Bly0 | (Bx - 3x) B, -

If, additionally, B has at most s non-zero rows, and \/—INX satisfies the Group restricted

eigenvalue condition RE(s,3,d) with parameter kx, then the following fast-rate bound holds:

|B"SxB - B'Sx B, 5 LN [XB, 5522+ | BT(Sx = £x) B, + 1 [Sx 3/ excs'2A

+ hxsA? + H(ZX - f)X)B“Q L RXSA
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Note that in the fast-rate bound v/X and |B| 0,4, are replaced with A and kxs, respec-

tively. Next, we derive a bound for  |[XTE], ..
Lemma A.3.3. The following inequality holds:

% IXTE|,., < H(ixy -Yxy) 2;1/2"2700 + ”ZXY (2;1/2 _ EQQ)HQ,OO +[(Sx - Zx) B, .

‘|

(o) (57557,

Denote the right-hand side of the equation in Lemma A.3.3 as Ag. Given that
* IXTE|, ., < 2Xo, choosing A > 2)g ensures that A > % [XTE], . Thus, we can replace
the assumption A > % |XTE], , with the assumption A > 2X,. Later, we will establish a
high-probability bound for \,.

Due to the fact that H(Z X - f]X)B H 2,00 S Ao, we obtain the following simplification of

Lemma A.3.2, where the fourth and fifth terms are combined.

Lemma A.3.4. If A > 2)\g, then the following slow-rate bound holds:

1
VN
1Bl (M Bl g, + [2x ~Zx|

|BTSxB - B'SxB|, s — [XB|,VX|B|,%, + |B"(Sx - Sx) B,

)1/2

max

A Bl e,

If, additionally, B has at most s non-zero rows, and ﬁX satisfies the Group restricted

eigenvalue condition RE(s,3,d) with parameter kx, then the following fast-rate bound holds:

. 1 .
|B"SxB-B"Sx B, s 7 IXBl; kSN + | BT(Sx - Sx) B,

+71/<;¥231/2 (1 +KxS Hle - EXH

)1/2)\

max

+ KxSAZ.

Lemma A.3.4 shows that the rate of convergence will ultimately be determined by A,

|B™(Zx - 2X)BH2, and |[Ex - Xy

max :
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A.3.8.2 Probabilistic bounds

From now on, we assume that X and Y are sub-Gaussian random vectors and that the
variance-proxy condition in Definition A.3.1 holds for the random vectors X, BTX, Y,
Z;l/ 2Y, and XJ'Y. We will repeatedly use the union bound and omit for simplicity the
absolute constants arising from its applications.

First, we present an intermediary result that will be used to derive a probabilistic upper

bound for Ag.

Lemma A.3.5. Let X € RP and Z € R? be zero-mean random vectors with covariance
matrices Xx and Xy and cross-covariance matrix X xz. Assume the entries of X and Z are
sub-Gaussian random variables with norms |Xi|,, = g; and |Z;|,,, = hi, for i =1,...p and
j=1,...d. Let g =max(g;) and h = max(h;). Let X e RV*? and Z ¢ RN*? be data matrices
such that the pairs of rows {(X],Z])} are independent samples from the joint distribution

(X,Z). If d < p and log(p) = o(N), then for any fized n € (0,1), with probability at least
HZXZ - —X"Z

[d
< _ -1
R gl |+ los(pn™). (A.46)

Remark 12. In Lemma A.3.5, it is stated that for a fized n, if lim (log(p)/N) =0 as p and

1_777
1

N go to infinity, then, eventually, the stated bound holds.
Next, we derive probabilistic upper bounds for A\, bounding the terms in Lemma A.3.3.

Lemma A.3.6. If d < p and log(p) = o(N), then for any fixzed n € (0,1), with probability

1- 1,
. _ d
|Sxy = 2v) 57, s max(1Xi],)1 57 los(on ) (A47)
and
. d
H(EX -3x) BHZOO S max; (| Xif 4, )m N log(pn~1). (A.48)

Moreover, if d=o(N), then

HEXY (2;1/2 _ 2;1/2)“2700 S 1Zx ||§,/fo 71\/@ (A.49)
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and
T ) Y C R = JUe
Remark 13. As noted in Section A.5.1, max;([| Xil,,) $ HZXH;/SQ

Using Lemmas A.3.3 and A.3.6, and Remark 13, it straightforward to derive the following

result.

Lemma A.3.7. If d < p, log(p) = o(N), and d = o(N), then for any fized n € (0,1), with
probability 1 —n,

d
Mo £ [Sx ]y /57 los(en™). (A51)

Next, we establish bounds on the other terms appearing in A.3.4.

Lemma A.3.8. Iflog(p) = o(N), then for any fixed n € (0,1), with probability 1 —n,

[2 - S, 5 max(l 2, 0 ) (A.52)

If d=0o(N), then for any fized n € (0,1), with probability 1 —n,

. d+log (7-!
HBWEX—EXﬂﬂBSWﬁ/—iE%QLl, (A.53)

b
VN

Before presenting our final bounds, we establish that the group-restricted eigenvalue

and

IXBI, s . (A.54)

condition holds for the design matrix ﬁX, with high probability, assuming that the same

1/2

condition holds for X ¢~

Lemma A.3.9. Suppose E%z

satisfies the group restricted eigenvalue condition RE(s,3,d)
. 1/2 4

with parameter k = k(s,d, EX/ ). If maxioy (| Xi,,)k?s*log (p) = o(N) and s*log(p) =

o(N), then for any fixved n, with probability 1-n, ﬁx satisfies the group restricted eigenvalue

condition RE(s,3,d) with parameter kx, where

0< Ky < 2. (A.55)
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Next, we state our probabilistic bound for HBTiXB - BTEXBH2. The proof of the slow-
rate bound follows straightforwardly from Lemmas A.3.4, A.3.7 and A.3.8. The proof of the
fast-rate bound follows similarly from Lemmas A.3.4, A.3.7 and A.3.8, with the addition of
Lemma A.3.9.

Theorem A.3.1. Assume X and Y are sub-Gaussian random vectors and that X, BTX,
Z;,UZY satisfy the variance-prozy condition A.3.1. Moreover, assume that d < p, log(p) =
o(N), and d = o(N). Fiz n € (0,1), and for some absolute constant C > 0, let X\ =

ClEx]3 12 \/%log(pn‘l). Then, with probability 1 —n, the following slow-rate bound holds:
|B"SxB-B'SxB|, s
L rog(pn™) 1/4[ 1532 1Bl g, + 1 15 S 1B, (141815, + 15x150%)] -
N Og p/r’ X 61 52 ,yl X 51 62 51752 X

Under the additional assumption that B € RP*? has at most s nonzero rows, E%Q satisfies the
group restricted eigenvalue condition RE(s,3,d) with parameter k = k(s,d, Z%z), s?log(p) =
o(N), and HZXH;M k2s2log(p) = o(N), then the following fast-rate bound holds:

d 1/2
|BTSxB - B'SxB|, s (—log (on )) [ (3 + w2221 132)] - (A.56)
Corollary A.3.1. In the setting of Theorem A.3.1, under the additional assumption that
|Xx 0500 s I Bllg, 0, 2 1, then the expression of the slow-rate bound simplifies as follows:
o d 1/4
HBTEXB - BTZXBH2 S (Nlog (pr]_l)) [fyl ||ZXH2 HBHZ1 82] (A.57)

Under the additional assumption that |Sx|, .,k > 1, then the expression of the fast-rate

bound simplifies as follows:
PR 1/2
\\BTEXB—BTEXB\\2S(%bg(pn-l)) [ = [3/2 1726172 (A.58)

Remark 14. The eigenvalues of the matrices BTSxB and BTSxB are {32} and {v}}
respectively. Then by Weyl’s inequality (Bhatia (2013) Corollary II1.2.6.), because we have
bounded the operator morm of the difference between these two matrices, we immediately

obtain bounds on the estimation error of i by 42 in Algorithm 2.
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To establish bounds for H@k - ékH2 and |ng — M[,, we first introduce a few supporting

lemmas.

Lemma A.3.10. Under the slow-rate bound assumptions stated in Corollary A.5.1, for any

fizred n € (0,1), with probability at least 1 —n, we have

. d 1/4 ~
B8], 5 (5 1os (o)) =], 1810, 15012 (A.50)

Under the fast-rate bound assumptions stated in Corollary A.3.1, for any fized n € (0,1),
with probability at least 1 —n, we have

R d 1/2
|B-B|,s (N log (pn‘l)) rst/? Hzxﬂé/i : (A.60)

Lemma A.3.11. Suppose that Y € R? is a sub-Gaussian vector, d = o(N) and thatY satisfies
the variance-prozy condition. Then, for any fixed n € (0,1), with probability 1 -7, we have

~ dl -1
|2y - Sy, 5 ||Eyl|2\/%n). (A.61)

Additionally, suppose that Y'Y satisfies the variance-prozy condition, and |Sy |3 d = o(N).
Then for fixed € (0,1), with probability 1 —n, we have

i - 550 s ), 2 (A0

Studying the theoretical properties of CCA through the lens of regression, using the
matrix B, has been convenient thus far. However, for our final results, we bound B =
Z;(l/ *TDH =TDH in terms of quantities that are more directly related to the CCA problem.
Using identity 12 in Section A.6, along with the standard properties of the 2-norm, and noting
that T, H are orthogonal matrices and D is a diagonal matrix with diagonal values no greater

than 1, we observe that

IBle, g, <170, <557, (A.63)

1Bl <71, < |5 (A.64)
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Hence, in Corollary A.3.1, we can replace the assumption that ||B||€17€2 > 1 with the assump-
tion that |77, ,, > 1.

Next, we state our probabilistic bounds on the estimated canonical vectors. We denote
with K = max{i € {l,...d}:~; >0} the number of nontrivial canonical vectors. Moreover,

to simplify the notation, we use the conventions 7%, = —co and 73 = oco.

Theorem A.3.2. Under the slow-rate bound assumptions stated in Corollary A.53.1 and
assuming that the canonical correlations 7, ...vx are bounded from below, Y and X'V
satisfy the variance-proxy condition, and ﬁTEAI;/QE%/pn >0, fork=1,...K.

If dlog (p) HZXH;M ||T||Z7£2 =o(N), then, for any fixved n € (0,1), with probability 1 -n,

1/2 -1/2
i 1Sx 32 T e, 257

Vi Min (713—1 -~V Me - 7/3+1) ’

; d
|6k 0], (Nlog (pn—l)) k=1,.. K. (A.65)

If |Sy|3d = o(N) and |Zy |2 |27 ||§ d=0(N), then, for any fixzed n € (0,1), with probability

1_77;

1/2 -1/2
1 18x 132 1T g, | 297

d
o =Ll S (—log(pn‘l)) , . k=1,...K. (A.66)
N min (v, =277 = 7.1)

Theorem A.3.3. Under the fast-rate bound assumptions stated in Corollary A.53.1 and as-
suming that the canonical correlations 1, ... vk are bounded from below, Y and 3'Y satisfy
the variance-proxy condition, and ﬁ;i;ﬂz;pmc >0, fork=1,...K.

If dlog (p) [Xx|4.0 sk = 0(N), then for any fived n € (0,1), with probability 1 -n,

1 Sx 1 1T, 12

2,00
1o, L k=l K. (A6T)
yemin (7 =929~ )

. d 1/2
6= 611, % (57 o (o0 ™))

If |2y |5d = o(N), then for any fized n € (0,1), with probability 1 -1,

1/2
R

min (713—1 -~ Me - 713+1) 7

(| <(ilog(pn_1))1/2 HZ_WH max{ 21/2H HE‘l/QH
2~ Yo, Yoo 7Y o

N
(A.68)

with k=1,... K.
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A.3.4  Proofs for the deterministic bounds in Section A.3.3.1 and for the probabilistic bounds

in Section A.5.3.2

Proof of Lemma A.3.1:

The triangle inequality is used repeatedly without comment. By adding and subtracting

BTEXB, we have

|B"SxB - B'SxB|, < |B"(SxB-%xB)|,+ (B - B)'SxB|,.

Since

ix.é— E)(B = i)X(E—B) + (iX —Zx)B

by adding and subtracting S x B, we deduce that

|BTSx B - B'Sx B, < |B™>x (B - B)|,+

"(Sx - Xx)B|,+|(B-B)'ExB|,.

~

Term I Term 11 Term IIT

We bound each term individually. Recall that Xy = + XX
Term I: We have

|BS(B-B), <~ T
using |AB, < [Al, [ B, < [Al, [ B - Since
|XB|, < IXB|, + [X(B - B)|,,
we have
|BSx(B - B, < —= IXBLL|X(B - B)|, = + + [X(B - B[

75 rUNTN

Term II: We have

|BT(Zx - Sx)B|, < |B™(Zx - Sx) B, + |(B-B)(2x - Sx)B|,

<||B"(Zx - Zx)

742 H

(Sx —EX)BHM

(A.69)

(A.70)

(A.71)

(A.72)

(A.73)

(A.74)

(A.75)
(A.76)
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using [ATB|, < [Aly, 4, [ Bl
Term 3: We have

|(B-B)=xB], < |(B- B)TZ¥2H2 HzﬁfBHZ <7 [(B- B)TZ¥2H2 (A.T7)

since E¥2B = TDH where T and H are orthogonal and D is diagonal.
Combining these results we obtain the statement of the lemma. O]
Proof of Lemma A.3.2:
For reference, Lemma A.3.1 gives the bound
1
VN
+31 |Bli, (M Bl g, + | 5x - Zx |

|BTSxB - B"SxB|, s — |XB|,VX|B|,%, + | B"(Sx - £x) B, (A.78)

)2 (A.79)

max

+ A Bllgy ¢, + 1Bley e, [(Ex = ) B, - (A.80)

Proof of slow-rate bound:

Assuming that A > ¥ [XTE|, ,, then by Theorem 1 and Corollary 1 of Gaynanova (2020)

we have
1 N
~IX(B=B)[; S XBl, (A81)
. 2 .
|B=-BY S| $1Blu (A + 1Bl g 12x - 2x,.) (A.82)
and
1B, ,, $ 1Bl (A.83)

This last equation implies that HB - BH b S | Bll, ¢, by the triangle inequality. Applying
these bounds to the terms in Lemma A.3.1 establishes the slow-rate bound.

Proof of fast-rate bound:

Assuming that A > £ [XTE], , that B has at most s nonzero rows, and assuming the group

restricted eigenvalue condition on ﬁX, then by Theorem 2 and Corollary 2 of Gaynanova



108

(2020) we have

S IX(B - B} s sy (A.84)
H(B B)'S 1/2H Skxs (14 kys |[Sx - Zx| ) (A.85)

and
|B-B],,,, srxs\ (A.86)

Applying these bounds to the terms in Lemma A.3.1 establishes the fast-rate bound. O
Proof of Lemma A.3.3:
From the definition of E, E = Yﬁ;l/ 2 XB, we have

1 1
LXTE - Lxys2 - 1xxB A.
N N N (A.87)
B L (A.88)
= (S 57 - Sy 572) + (Sxv By - SxB)) (A.89)

Now considering the first term in equation (A.89), by adding and subtracting EXYZ 1/2 and

1/2

subsequently adding and subtracting %, 12 to Z , we have

Sy S - Sy B3 = (Sxy - Sy ) 597+ By (5717 - 5317) (A.90)

= (XA]XY - EXY) (2;1/2 - 2;1/2) + (2XY - Exy) 2;1/2 + EXY (2;1/2 - 2;1/2> .

(A.91)
For the second term, we have
Sxy Sy - SxB = Sx S Sxy 577 - Sx B (A.92)
=(Zx -3x)B. (A.93)
Combining these equalities and using the triangle inequality completes the proof. O]

Proof of Lemma A.3.5:

The proof is adapted from Lemma 7 of Gaynanova (2020) but considers cross-covariance
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matrices rather than the covariance matrices. Let X;; denote entry (i,j) of X and Z;

denote entry (i,7) of Z. Then

1 1 X
N(XTZ)kl:NZ;XikZih kzl,...p, lzl,d (A94)

Let ¥ x 7 be the cross-covariance matrix of X and Z with (k,1) entry equal to oy = E [ X1 Z;].

Then, X;,Z; — 01, are each mean 0 subexponential random variables, since

| XixZally, < 1 Xikly, | Zal,, = grha < gh

le

by Lemma 2.7.7. of Vershynin (2018), and because
| XixZin = ol y, S [ XinZall,

by Exercise 2.7.10. of Vershynin (2018). Thus, (EXZ - %XTZ)M is a sum of independently

and identically distributed (i.i.d.) subexponential random variables, since each for fixed k

and [, the X;,Z; — o) are mean 0 subexponential i.i.d. random variables over ¢ =1,... V.
By Corollary 2.8.3. of Vershynin (2018), (Berstein’s inequality), for each & and [, and for

every t >0,

> t) < 2exp [—CN min (ﬁ i)] : (A.95)

1 T
P(‘(EXZ_NX Z) K2 K

kl

where K = C'gh, for absolute constants ¢ and C'. Applying a union bound, we have

1
P(HEXZ -=X"Z

2
N > t) < 2dpexp [—CN min (t— i)] . (A.96)

K2 K

P(HZXZ ! XTZ‘ >t) < 2dp xp[ N min r ] (A9])
—_— — e _C 1 — . .
N max 1(2

since t2/K? < t/K if and only if ¢t < K. Letting the right-hand side of equation (A.97) be

denoted as 7, we solve for ¢ in terms of 7 to obtain

K2
t= \/log (2dpn1) N (A.98)
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and so that, for € (0,1), if \/log (2dpn~1) f—]\i < Cgh, then with probability at least 1 -7 we

have

1
< gh\/log (2dpn=) N (A.99)

log (2dpn=) < log(2) + 2log (pn') since d < p, and because we suppose log(p) = o(N), it

1
|=x2- %72

max

follows that for fixed n € (0,1), with probability 1 -7,

1
S ghy [ log (pn71) N (A.100)

for any A € RP*¢ completes the proof. O

1
|=x2- %72

USng “AHQ,oo < \/C_Z HA”max
Proof of Lemma A.3.6:

To establish
- _ d
|Exr - ) 5 s maxi(1Xil )/ 5 log(on ), (A.101)

we can use Lemma A.3.5 where X = X and Z = 2;1/21/, since ZXYZ;I/z =X

> 7Y
(=)

illep

x5y

), where
2

Then, the sub-Gaussian norms are g = max;([|X;|,,) and h = maxi(

(2;1/2}/)' is the ith entry of Z;,le € R?. Using Definition A.3.1 for Z;UQY, we have
~1/2 _1/2|| M2
B Kyopy, [S3°8 S0 7 = Ky, (A.102)

Treating K -1/2,. as an absolute constant establishes equation (A.101).
Y

Establishing

. d
|(Zx - 2x) BHZOO s max; (] X; [, )7 ~ log(pn™) (A.103)

follows an identical argument except that we let Z = BT X, so
h<Kpx |BSxB|Y?

in the final step. The identity |BTXx B||, = 7% establishes equation (A.103).
To deduce that

[Zxv (552 _2;1/2)"2700 < I=x Y2 107 /%(’71)7 (A.104)
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we begin by using |AB|, . <A, | B, and £y*2/% = I, to obtain

I D M e (4.105)

HZoo

Term 1 Term II

Considering Term I, we have

|2 s, == e s, (A.106)
|, ] e
- zﬁfumyl. (A.108)

In the below, we are able to bound Term II without incurring unnecessary factors of
HE;/ 2H2 using the results of Kereta and Klock (2021) which pertain to precision matrix
estimation along subspaces. The main idea is to bound HEUQ (2;1/2 - Z;I/Q)HQ in terms of
HEW f]‘l -39 )21/2 to which the results of Kereta and Klock (2021) can be applied.
That H21/2( Y1/2 1/2)H is not simply equal to HE /2 Z ! Z; ;/QHQ is due to Xy and

3y not necessarily commuting with one another. We begin with
e 5= s a0

Using identity 15 in Section A.6 and that both 2;/2 and 2¥2 are positive definite along with

their inverses,

. 1/2
Term 11 = H(z:;/?z;}z;/?) -1 (A.110)

_ H(E;/Qi;lz;/z)m - (2%/22;,1231/2)1/2

2 2

Using | AY2 - B2|, < imax (| A™,, HB‘1H2)1/2 |A- B|, for positive definite matrices A
and B, we deduce that

1/2 A
TermHS%maX( 151“2) |[2sr st -mteesy?|) (A

‘(21/22 121/2) ‘2’

)" )= (5 - = (A.112)

= - max (|57

Term II.1 Term II.1
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We bound HZ;}ZA]YH2 in Term II.I with

IS, < 55 (S -2, + |57 (A113)

= [532 (By -3y ) 27 1. (A.114)

We apply a result concerning covariance estimation along subspaces, Lemma 2 of Kereta and

Klock (2021), to deduce that for fixed n € (0,1) with probability 1 -7,

2 2d +log(n=') 2d+log(n™!)
" max(\/ N : N . (A.115)

From Definition A.3.1 for E;,l/ ’Y combined with the assumption that d = o(N), we have

=7 (8 -2 )= s =Y

that in the limit this term is bounded by 1. Therefore, for fixed n € (0,1), with probability
1-mn, HZ;lf]yHQ S 1. From this, Term ILI <1 as well.

Having bounded ”E%,/Q (2;1/2 - 2;1/2>||2 in terms of Term IL.IT = HZ%,/z (f];,l - E;l) E%,/Q
we will bound the latter term. We use Theorem 10 of Kereta and Klock (2021) directly,

27
4
implying that for fixed n € (0,1), if N 2 (d+log(n') HE;I/QYHwQ, then with probability 1 -1,

2 [rank (Xy) +log(n™!)
N \/ - . (A.116)

3 550347 5

By Definition A.3.1 for 2;1/21/,

2;1/2YH¢Q < 1, so that the assumption d = o(/N') ensures
that for fixed n, N 2 (d +log(n=')) HZYI/QYH; eventually.

With our bounds for both Term II.I and Term IL.II, we deduce that for fixed n € (0,1),
with probability 1 -7,

Term 11 = |52 (5312 - 5317) | \/%(”_1). (A.117)

Now having bounded both Term I and Term II, we finally establish that for fixed n € (0,1),
if d = o(N'), with probability 1 -7,

HEXY (2;1/2 _ 2;1/2)”2700 S IZx ||§,/i ’Yl\/@’ (A.118)
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completing the proof of (A.104).

To show

(f]xY - Exy) <i;1/2 - 2;1/2) HZOO S H (ixy - EXY) E;l/QHQ,oo , (A.119)
we begin with

Y

[y =) (5722 - 52, < Sy - m) 5527, |90 (5742 - 52))
(A.120)
200 < [Alge [Bl- From equation (A.117) we obtain that

using 2;1/22¥2 = I; and |AB

with probability 1 -7, the second factor in (A.120) is bounded by an absolute constant as
d =0o(N), completing the proof. ]

Proof of Lemma A.3.8:
That for fixed n € (0,1), if log(p) = o(N), then with probability 1 -7,

[2 - S, 5 max(1, 12,/ £ L) (A121)

follows from Lemma 7 of Gaynanova (2020).

That for fixed n € (0,1), if d = o(N), then with probability 1 -7,

- rank (B™Xx) + log (n~1
HBT(EX—Zx)BHQS%Q\/ ( )j\; e(n”) (A.122)

follows from Lemma 2 of Kereta and Klock (2021) in addition to Definition A.3.1 ap-
plied to B'X, which implies that |BTX|, < Kpx|B"SxB|y?. Using rank(AB) <
min (rank (A) ,rank (B)), we have

rank (B"Xx) =rank (X xB) = rank (EXYE;}/Q) <d, (A.123)

which establishes the desired result.
To show that for fixed 1€ (0,1), if d = o(N), then with probability 1 -7,
1

Wi IXBly $ 7, (A.124)
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we begin with
1 1
VN VN

which holds since ||A], = ||ATA||§/2. Adding and subtracting BT x B and using the triangle

1/2
2 Y

IXB|, = |BX"X By = |B"Sx B| (A.125)

inequality, we obtain that for fixed n € (0, 1), with probability 1 -7,
|85 Bl, < 1B Bl,+ |8 (S - 5x) Bl, 571 (A120)

In the last inequality, we have used d = o(N) and equation (A.122) to deduce that

”BT (f] X -2 X) BH2 becomes smaller that v# eventually. This completes the proof. O]

Proof of Lemma A.3.9:

By Lemma 6 of Gaynanova (2020), if suffices to show that under the condition s?log(p) =
o(N), that for fixed n, with probability 1 -7, we have s HZX - 2X”max < (32k)71. By the
first item of Lemma A.3.8, we then have that for fixed n with probability 1 -7,

log (pn1)
£ (A.127)

[ = Bl € msmass (112,

It therefore suffices that maxi(|\XiHi2)/<;232 log (p) = o(N), since then with probability 1 -7,
KS HZ -3 XHmax is arbitrarily small. But this is the assumed condition, so the proof is

complete. O

Proof of Lemma A.3.10:

Proof of slow-rate bound:

Under the slow-rate assumptions of Corollary A.3.1 and by Corollary 1 in Gaynanova (2020),
for fixed 7, with probability 1 -n, we have

|B= B s |2, 1Bl s (A+ 1 Blyy s, [£x - x|

(A.128)

max) ’

Then

A< IS (L )" A.129
SIExly s Nog(p'rz )] (A.129)
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and by Lemma A.3.8,

R d 1/2
[~ Sl 15 (7 08 (7)) (A130)

The last two equations bound HB - B

,» and since |Xx|, B, ,, 2 1, the proof of the
slow-rate bound is complete.

Proof of fast-rate bound:

Under the slow-rate assumptions of Corollary A.3.1 and by Theorem 2 in Gaynanova (2020),

for fixed 7, with probability 1 —n, we have
|B-B|, s rs'2\. (A.131)

Again using A S HEXH;/SO (Llog (pn‘l))l/z, the result is shown. O

Proof of Lemma A.3.11:

The proof of the first statement follows from Lemma 2 of Kereta and Klock (2021) and
Definition A.3.1 applied to Y.

To show the bound on HE;/Q - 2;1/2
to ¥y' and 331, We have

, We begin by using identity 13 in Section A.6 applied

_ AL 1 - A
|57 - 5372, < s max (12wl [Sv],) " |53 - 571, (A.132)

To bound HE;} - f];,l

,» we use Corollary 11 of Kereta and Klock (2021): if

4

rank (2y) + log (n71)) ||y
(vank (Zy) +log (7)) [/

SN

eventually, then with probability 1 -7,

57 =55, 5 55y, el sl aam

The variance proxy condition on E¥2Y (Definition A.3.1) implies that HZ;}/ Yy

2
is bounded by an absolute constant. The condition d = o(N) then ensures
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4
(rank (Xy) +log (n71)) HE;,/ZYHU} $ N eventually. The variance proxy condition on X'V
2
implies |31V, < Hz;1/2||2.
To bound Hiy

we use the triangle inequality to obtain HinQ < |5y - EyH2 + [ Zy |,

2’

Then, using the first statement of the lemma and with the additional assumption that

|2y |2 d = o(N), we have with probability 1 -7,
[Svll, s 12v ;- (A.134)
Combining these results together establishes the statement of the lemma and the proof is

complete. 0

Proof of Theorems A.3.2 and A.3.3:
Proof of bounds for 6:
By definition, we have that

0, = Bt (A.136)

We bound HQk - ékH2 by bounding all three of HB -B

o ”ﬁk — 50 and h,;l —&,;1|. For ease

of notation, we denote 7 by v. We begin with

|64 - 6,

, < | Bvy;,t - Bm,;l\\Q + | Bvagt - ém,;IHQ (A.137)

<Pt =3 1Buly + e[ | B - Bol . (A.138)
Examining || Bv - B@HQ on the right-hand side of (A.138):

|Bv - Bb|, < |Bv- Bi|, +||Bi - Bi

(A.139)

2

<||Bly o -l + |B - B, I3, (A.140)
Using (A.138) and since |0, = 1, we have

|64 - 61

o <Pt =3 1Bl + [t (1Bl lo =6l + [ B - BY,).- (A.141)
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" and

Tk — T

where we note that we now have bounded Hﬁk - ék”z in terms of HB -B 5

Yot = 47t]. To bound |yt = 45|, we can use identity 16 from Section A.6, giving us that

e = 4| < min (v, 307 i =42 (A.142)

Bounding the two factors in equation (A.142) amounts to establishing that -, is close to 4.

For this, we apply Weyl’s inequality (Bhatia (2013) Corollary II1.2.6.) to obtain
hi-42|<|B"SxB-B'SxB|,. (A.143)

since 77 is the kth eigenvalue of BT x B, and 47 is the kth eigenvalue of BTS < B. We then
deduce that
W -|BSxB-BTSxB|, <42 (A.144)

From equation (A.144) we establish that 372 <472 by using
Aol 1
|B'SxB-B"SxB|, s SR (A.145)

which holds asymptotically in both the fast and slow rate cases under our assumption that

the v are bounded from below and from Corollary A.3.1. From %vi <42 we also deduce

_ 1
min (v, 9) " $ 5, (A.146)
Tk
and additionally that
1 1
—S—. (A.147)
Ve o Ve

We now use our results thus far regarding 7 and 7 to obtain a simplified equation (A.141):
A 1 e 1 ) 5
|6k — 0, = |B"xB - B"%xB|, | B, + o (1B, lv-2l,+|B-B]|,) (A.148)
k
To bound |v-0|,, we can use the Davis-Kahan theorem (Corollary 3 of Yu et al. (2015)).
Assuming that 7,77, > 0, then
2%2|BTY.xB - B'SxB|,

min (v_; =797 = i)

735 = 1

, < , (A.149)
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because 7 is the kth eigenvector of BTYx B, and 1j;, is the kth eigenvector of B™SyB. From
this and equation (A.148), we obtain

A 1 L 1 |B™SxB - B™Sx B .
0, -0 — |B'SxB-B"XxB]|, |6 —1\IB 2 B-B
[6:~0ul, =5 1572 xBl, | ku2+%(| Sy o e Bl Lt
(A.150)
where we have also used the definition of 0y, 0, = Bvy;'. Rearranging this expression, we
have
i < [ 19l 1B, sree pr L 1B Bl
O — Ok, S B™>xB-B'YxB  —
ol (%3 " (3~ 7 |57 S M
(A.151)

Now we use our bounds for HBTEXB - éTixé“z and HB - BH2 depending on if we are

in the slow or fast rate case. In the slow rate case, we also use

1061, = =570, < =], o, = =] (A.15)

X
where we have used the standard result of classical CCA that 6, = E;(l/ 2«9~k for some unit
vector ), (Uurtio et al., 2018).

The proofs for both the fast and slow rate then follow directly from Lemma A.3.10, The-
orem A.3.1, and rearranging of terms. This completes the proof of the bounds on HQk - ékH 5
Proof of bounds for n:

By definition, we have

e = 2921, (A.153)
A = 590 (A.154)

We bound |n — 7|, with the triangle inequality:

I =l < 5572 = 5720 |+ 27720 - 50 (A.155)
< |2, I = il + |22 = 552 el (A.156)

To simplify this expression, we can use Hn:kH , = 1, the Davis-Kahan Theorem for Hﬁk - ﬁkH )

as in the proof for the € bounds, and the second statement of Lemma A.3.11. For clarity,
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we state the assumptions required for these results: d = o(N), |Zy|3d = o(N), the variance

proxy condition (Definition A.3.1) for Y and X3V, and 7,71, > 0 for k=1,... K. Then, for

BTS«B-B'YxB
) H X X H ”E H1/2 ||E 1/2“ leg (77 1):| A 157
min (Y2, = V2.7 = V241) v

Now we apply Corollary A.3.1 to equation (A.157) under the fast and slow rate assumptions.

ne (0,1), we have

I =l S [552)

In the slow rate case, we have

i 1 =x13% B a z
I = el % & WHI et (Sog (o)

min (72, —72,72 = 72) \ N

+ 215" HE;”Q\L(MTW)W].

. 1/4 .
Factoring out ( %) / we obtain

i vi[ oy [2x )52 1B
||77k—77k||2~H2 1/2H( ) [ ' 12l el,e; )log(pn_1)1/4

min (77, =2, = Vi

st () ]

In the bracketed expression we are able to combine the first and second terms, since we assume
~1 is bounded from below, using the additional assumption that | Sy |5 ||Z§,1H§ d=o0(N), and

because the other terms in the first term are greater than or equal to 1. Then, with probability

1_777

1/2 -1/2

M ||ZX||2,/00 “BHKI,EQ EY/ ”2 (dlog (pn™Y) )1/4 (A.158)
in (Y21 =929 ~ V) N

completing the proof of the slow-rate bound for 7.

(i P

In the fast-rate case, under the fast-rate bound assumptions of Corollary A.3.1 and ap-

plying Corollary A.3.1 to equation (A.157), we establish

1/2 _1\y 1/2
1/2 N [Ex 500 9 1/2 12\ (dlog (pn")
e HE H (min (713—1 - 7]37 ’Y}% 7k+1) vl HZYI H ( N ) ’

1/2,1/2

(A.159)
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completing the proof of the fast-rate bound for 7. O

A.4 Asymmetric Sparse-Functional CCA: Proof of Theorem 2.4.2

In this section, we prove Theorem 2.4.2. Recall that we use Assumption 2.2.1 where the
{¢; }5’21 are the principal components of Log, y, and without loss of generality suppose that
I={1,...do™}. We suppose that d, the number of principal components we use in practice,
satisfies d > d(®™). Define Y; = (Log, y,$;) for j = 1,...d, so that the {Y}} are random
variables with Var (Y;) = w;. Let Y = (Y,...,Yy)". Then, by Theorem 2.2.1 the canonical
pairs {(¢x, %)} can be computed by solving a d(¢°)-dimensional multivariate CCA problem
between X and Y4 = (Y1,...,Yyeon)T. It is straightforward to show that thanks to

Assumption 2.2.1 and the properties of the singular value decomposition, we can equivalently

solve a d-dimensional multivariate CCA problem between X and Y':

maximize Corr? ()Y, 01 X), (A.160)
Var(n]Y)=Var(6] X )=1

with subsequent canonical pairs defined analogously, where Y has replaced Y. We
denote with K = max{i € {1,...d(©™} :~; >0} the number of nontrivial canonical vectors
in this problem, and to simplify the notation, we use the conventions 7%, = —oo and 3 =
oo. Here, 1, € R4 and 0, € RP for k = 1,... K. The canonical pairs are then given by
(@/}k = Z;-lzl OiNMkj Gk), where ny; = 0 for j > d(®™). Recall that C = E [Loguy ® Log,, y] admits
the expansion C = Y72, w;¢; ® ¢;, where {¢;} are the eigenfunctions of C with associated
eigenvalues {w;}. We let 47...~% denote the squared canonical correlations attained by the
pairs (¢1,601),... (Y, 0k).

We denote by @/A)k, and 6, the canonical vectors estimated using our proposed Algorithm 1.

In practice, we are given a sample of N independent pairs
(yi,Xi), izl,...,N, (A161)
where each pair (y;, X;) is an independent observation of the pair (y, X). Here, the functions

{y;} are assumed to be fully observed on 7. We denote 7 = |T], the length of the time interval

of the functional data. We store the observations {X;} in a matrix X e RV>?.
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In Algorithm 1, we estimate p using the sample Fréchet mean, denoted as i, and estimate
the eigenfunctions {¢;} using éj, which are the eigenfunctions of the sample covariance
function C = % >N Log, y; ® Log, y;. Hence, the functional data can be represented using

the vector Z € R?, where its jth element is

Z; = (Log; y1, 93 )i (A.162)

We note that in the definition of Z, both i and qgj depend on y; since their estimation
depends on the full sample y1,...yy. We also note that the distribution of Z depends on
the sample size N. In practice, we solve the following problem for the first pair of canonical

variables:

maximize  Corr® (a] Z,b] X). (A.163)
Var(a] Z)=Var(b] X )=1

The subsequent canonical pairs can be defined analogously. We denote the solutions to these
problems as (a1,b1),...(ax,bx). We let 4%...4% denote the squared canonical correlations
attained by the pairs (a1,b1),...(ak,bx). We expect that, under appropriate assumptions,
aj and by will closely approximate 7, and 6y, respectively, provided that i and {éj} closely
approximates p and {¢;}, respectively.

We assume that the canonical vectors {6} are group s-sparse, and that the associated
vectors {b;} are also group s-sparse. Let the support S € {1,...p} represent the indices of
non-zero elements of 0y or by, with cardinality |S| < 2s. This sparsity condition allows us to
simplify equations (A.160) and (A.163) by replacing X with Xg € RIl, the random vector
consisting of only the entries {X : j € S}. Moreover, 0 and by can be replaced with 6 ¢ and
bi,s, respectively.

We begin by deriving an error bound for the estimation of v using ﬁk Since the
population quantity v belongs to L?(Tu) and our estimate Ui, belongs to L?(Tp), we use
the parallel transport operator I',, ; to define estimation error, as proposed in Lin and Yao
(2019). For ease of notation, we denote 'y ;U -V as UorV € L?(Tg), for any vector fields
UelL?(Tf)and VeL?(Tyg).
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A.J.1 Bounding the canonical function error

Next, we derive a bound for ¥y, € L2(Tw). Recall that, by definition, ¢ = Z;l:l GiMkj
and ¥y, = Y4, b

Lemma A.4.1. The following inequality holds:

d 2
~ R 9 9 ~
b 25 I - aul? + ax — el + (unk 1) H@émﬁjuu) - (A164)
7=1
Te:m 1 Term I Ter; 117

Remark 15. Term II, that is ||a, — np ||;, captures differences between the population CCA
problem described in equations (A.160) and that in (A.163). The non-random nature of this
term complicates the analysis, as it requires deriving bounds for the expectation rather than

establishing probability bounds.

The first term, |7y — ax,, will be bounded using our multivariate CCA arguments. The

second and third terms will be bounded in the following section.

A.4.1.1 Bounding Terms II and III of Lemma A.4.1

Assuming that Xy and X7 are invertible, and from the definitions of a; and 7, as the solutions

to the problems in equations (A.163) and (A.160) respectively, we have that
ar, = %y, (A.165)

e = 2y i, (A.166)

where ay, is the kth eigenvector (unit vector) of ATA and 7 is the kth eigenvector (unit vector)

of C7C', where we have

A=3P08, (A.167)

O =27 8y 52 (A.168)
Applying inequality 17 in Section A.6, we have that

2
Jai = mell3 5 5572 = S22+ 1952, law - el (A.169)
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Noting that ATA has the same eigenvectors as |A|, where |A| = (ATA)I/Q, we can apply the
Davis-Kahan theorem (Corollary 3 of Yu et al. (2015)) and obtain
[A] =]l

=y § — ooy bk (A.170)
where we assume a7, > 0 and we use the conventions v, = —o0, and 7y = co. Next, note
that

[1AI=ICll; < 1Al = [C/|p < V2] A= C (A.171)

where the second inequality is identity 19 from Section A.6. We can then bound |A - C|?

in terms of Hzg/? - E;I/QHZ and E[[[Y - Z||?] using the following lemma.
Lemma A.4.2. Under the group s-sparsity assumptions on by and 6y, we have that
|4-Cl; <25 [B[1213] =52 - 57 + =5, E (1 - 213]] (A172)
Next, we bound [,/ - 2;1/2Hz in terms of E[Y - Z|] using the following lemma.
Lemma A.4.3. It can be shown that
|57 - E;WHz SE[|Z - Y[3]max (|=7],. [2],) max (E[1Z 2] E[IY]3]). (A.173)
Additionally, we have that
ISy - 215 s max (E[| Z15] E[IVI5]) E[1Z - Y[5]- (A.174)

Combining the results of this section we obtain the following bound on | ay, — 7|3 in terms

2
of E[|Z-Y3]).
Lemma A.4.4. Under the group s-sparsity assumptions on by and 0y, we have

lax = ml3 SE[1Z - Y5]

SHLE[IZ);
X[(1+ sISHLENZ]] Q)max(“2§l‘|2’

min (Ye-1 = Yk, Ve — Vk+1)
112
s|1Z522 ]

) 2
min (%—1 — Yk Ve — 7k+1)

22],) max (B[ 2], E[1V]2])
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Additionally, if we assume that |, S |53y, E [||Z||§] <E [HY||§], and |33, E [||YH§] >
1, then the statement simplifies as follows:

14 272
sIZH L E[IY]5)

2 2
lak =l SE[1Z - Y ]3] — 5
min (%—1 — Yk Ve — 71s+1)

(A.175)

Remark 16. In subsequent discussions, we will detail the conditions necessary for the ad-

ditional assumptions stated here to hold.

Having established a bound for |ay _77kH3 in terms of E[HZ —YH;], we now turn our
attention to bounding E[[Z - YH;] using 'known’ quantities. In the process, we will derive
a bound for E||¢;0r6;] ], which will enable us to derive a probabilistic bound. This, in
turn, will be used to bound Term III in Lemma A.4.1.

To establish a bound for E[[Z - YH;], we first begin by introducing a lemma to bound
1Z-vI2

Lemma A.4.5. It can be shown that

d A~
|Z - V|5 < 2d |Log; yior Log,, yzHi +2)" |Log, yzHi ¢j5F¢jHi : (A.176)
j=1

Next, we aim to establish a bound for nggjépgiji. Consider an operator C on LX(Th).
We use parallel transport to define ®C as the operator on L2(Tw) such that ®C (V)
I (é (T.2V)) € L2(Tp), for every V e L*(Ty). We also define the operator C, =

v Log, y; ® Log, y; on L*(Tu). Moreover, we use ||-[|o, to denote the operator norm

on L2(Tp).

Lemma A.4.6. For any 5 > 1, we have that

I€ - Cl3+]C,i — ©CI3,

. 2°
min (w;_1 — wj,w; — Wj+1)

éjérd)jHZ S (A.177)

We introduce the following lemma to bound the expectation of the terms in the previous

lemma.
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Lemma A.4.7. IfE [HLogu ylui] < oo, then

E[|c-CI3,] < E[[Log,u],]- (A.178)

1
N
Additionally, under the assumption that E [H Log, yior Log,, y; Hi]m S
E [HLogﬂ yior Log,, y; Hi], we have

. . 1/2
E [“Cu - @Cng] < (]E [HLog# yZHi] +E [HLogﬂ Y;Or Log, yZHZ]) E [HLogﬂ Y;0r Log,, ylHZ] )
(A.179)

The lemma above shows that, in order to bound E [“(%jép(j)j“i], it is first necessary to
bound E[HLogﬂ y;0r Log,, yzHi] To do this, we need the following more technical results.
But first, we state some preliminary definitions. Let T'M denote the tangent bundle of M,
and let V denote the Riemannian connection on M. The next result, which is a mean value

theorem for the parallel transport operation, is used in the proof of Lemma A.4.9.

Lemma A.4.8. For a smooth vector field U : M - TM, x,y € M, with minimizing geodesic
v(t) between x and y (so that v(0) =z and v(d(z,y)) =y ), we have that

|Py2U(y) = U(z)]o< d(y, ) Sup )]||Vv<c>U(7(0))||7<c)' (A.180)
ce[0,d(z,y

Remark 17. When the vector field U has bounded Hessian H, defined below, we can use
this result to bound the parallel transport error by the geodesic distance d(x,y) between the

base points of the vector field.

For x € M and t € T, define fi(z) = 1d? (x,y1(¢)). Let H; be the Riemannian Hessian
of f;, i.e. Hy(x): T, M — T, M such that for all z € M, t € T, and v € T, M, Hy(x)(v) =
Vo grad fi(z). For a mapping A(x), which for each z is an operator A(z) : T,M - T, M, we
define the operator norm at x of A: |A|op.= sup  [|A(z)(v)].. Recall that 7 =|T] is

’UETvaHUHx:l
the length of the time interval of the functional data.

Lemma A.4.9. Assume that
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1. M s a complete, simply-connected Riemannian manifold with nonpositive sectional

curvature.

2. stng E[d (yl(t),yg(t))3] < 00.

8. sup |H(x)||%, .51 with probability 1.
teT ,xeM
Then,
(A.181)

E [HLOgg yior Log,, Z/zHi] S %

The next lemma combines the results of Lemmas A.4.6, A.4.7, and A.4.9.

Lemma A.4.10. Under the assumptions of Lemma A.4.9, and additionally assuming that
1/2
E [HLogﬂ yior Log,, ylHi] SE [HLogﬂ yior Log,, ylHi], and E [HLog# Y1 Hi] > 1, we have

_1 TE[[rog,ul,]

"N min (OJj_l — Wy, Wy — w]'+1)2 .

I [Héﬂr%\\i] (A.182)

From Lemma A.4.10 and Markov’s inequality, we obtain the following inequality, which

we can use to bound Term III in Lemma A.4.1.

Corollary A.4.1. Under the assumptions of Lemma A.4.10, we have that

1 B[]

Nl’IliIl (wj_l — Wy, Wy —Cdj+1)2 ‘

(A.183)

500051, = Or

Now we can combine the results of Lemmas A.4.5, A.4.9 and A.4.10 to obtain a bound

on E[|Z-Y?].

Lemma A.4.11. Under the assumptions of Lemma A.J.10 and additionally assuming that

. 1/2 .
E[H%%@Hi] S E[ @%%Hi], we have that

d 3/2 I
E[12- V1) s T8 [Log, )] max (—) | (A184)

jzl,...d w] — w]+1
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The proof follows from applying the Cauchy-Schwarz inequality and collecting similar
terms.

Now we can state the conditions under which the additional assumptions of Lemma A.4.4
will hold. From now on, we keep tracking the terms 7 and E [HLogu Y1 Hi] in the error bounds,

but we assume they are constant.

Lemma A.4.12. We have that |33, = w3, [Zy |, =wi, and E [HYHg] =9 w;. Addition-
ally, fE[Y 5], 151, 2 1, and

d Y w; I
42 7 max (—) = o(1), (A.185)
N wy  hed \ Wy — Wi

then E[|Z =Y 3] = o(1), [S7'], $ 125, 182l S 1Sy ], and E[1Z]5] SE[IY [3]-

Now we can combine Lemmas A.4.4, A.4.11, and A.4.12 to obtain a final bound on

k=il

Theorem A.4.1. Under the assumptions of Lemmas A.4.11 and A.J.12, we have that

2 4

9 _Tsd 1 2 Z?ﬂ Wi E [HLogH ylHM

H@k—nkﬂgﬁwiﬁaXd 3 - 5
e —wion ) 7wl ) min (e = m - o)

]3/2

(A.186)

Before we combine the bounds for the three components detailed in Lemma A.4.1, we
show that 4, and v, are asymptotically equivalent, which allows us to simplify the expression
of our final bounds. Recall that the correlations {7y} are defined using equation (A.163) as
the canonical correlations between X and Z, while the correlations {7;} are the canonical
correlations between X and Y. To this end, we first state the following bound, which follows
directly from Lemmas A.4.2 and A.4.3. This will also be used later to derive a bound for
|65 = O],

Lemma A.4.13. Under the assumptions of Lemma A.J.12, we have that
113 2
[A-Clp s s[RIV E[1Z- V). (A187)

We can prove the next lemma by using Lemmas A.4.11, A.4.12, and A.4.13.
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Lemma A.4.14. Under the assumptions of Lemmas A.4.11 and A.J.12, and further assum-
ing that 7 and E [HLog# Y1 Hi] are absolute constants, that the canonical correlations {y} and
{7k} are bounded from below and that

d 2 2
d =1 Wj
—SM max | — | =o(1), (A.188)
N Wy J=ld \ Wy — W1
then vy and 4y, are asymptotically equivalent, i.e., g S Yk and Ay S . Additionally, v $ A7

and 72 $A3.

Now we are now in a position to establish bounds for all three terms in Lemma A.4.1,
using Theorem A.3.3 (applied to X and Z and using the bound for ), Theorem A.4.1, and
Corollary A.4.1 for Term I, II, and III, respectively. This will yield our final bound for the

canonical functions ||g@k5p¢k||i, which is presented in Section A.4.3.

A.4.2  Bounding high-dimensional canonical vector error

In this section, we derive a bound for the estimation error of the high-dimensional canonical

vectors,

Oy — ékHz Having already derived a bound for the canonical functions, the proof is

straightforward. We start with an application of the triangle inequality. For k=1,... K,
- 9 ~ 2

where by, is the high dimensional canonical vector given by the solution to problem (A.163).
Assuming s-group sparsity for 6, and b, we represent the associated vectors with non-zero
entries as 0j g and b g. Recall that these are at most 2s-dimensional. By definition, we then

have |6y — by, = [|0k,s — bi,s]l,, hence
|0x - ekHi $ 10k = brs |5+ [[bx - 9kH§ . (A.190)

To bound the second term, we can use Theorem A.3.3, applied to the random vectors X and

Z. To bound the second term, we can make the following argument which is similar to the
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one made to bound ||n; — ax|,. Let

A=3P08, (A.191)

O =2 x5 2 (A.192)

Then, from classical CCA (Uurtio et al., 2018), we have that 0, g = E;(lfék,g, where ék,s is
the kth eigenvector of CCT, and b = Z;S/ 25;6,5, where Bkys is the kth eigenvector of AAT.

Therefore,
0,5 = bisly, = | £X2 0k - 2_1/25k,5H (A.193)
= 2}1/2 (ka bi.s H (A.194)
< |z (A.195)

Since ATA has the same eigenvectors as |A| = (AAT)I/ ®, we can then use the Davis-Kahan

theorem (Yu et al., 2015) to derive the following bound. If é,;sl;hg > 0, then

~ ~ ATl - |CT
[6k,5 = bis], $ — At-leml, (A.196)
min (V-1 = Ve, Ve = Ve1)
The term [|AT|-|C7||, can be bounded as follows:
AT = 1O, < AT = |CTll < V2] AT = CT]lp = V2] A= O, (A.197)

where the second inequality is identity 19 from Section A.6. Having established a bound for
”éks - INJ;%SHQ in terms of |A - C|, we can apply similar arguments to those used to bound
lag — M|, in order to derive a bound for HékS - 6’65“2 in terms of E[|Z - Y||§] Combining

the results of this section, using Lemmas A.4.11 and A.4.13, we establish the following result.

Lemma A.4.15. Under the assumptions of Lemmas A.4.11 and A.4.12, and if é,;sl;kyg >0,

we have that

e

SISPBE[YIET .

s~ sl e (s, ul! ] s (5 ) - aos
R min (Ye-1 = Yoo Y = Yrer)” N o “Led\wj—wjen ) .
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Next, by applying Theorem A.3.3, Lemma A.4.15, and equation (A.190), we can establish
the final bound for the high-dimensional canonical vector error Hek — 0, Hz, which is presented

in Section A.4.3.

A.4.8 Final rates

In this section, we present our final results. Recall that we denote as K =
max {i € {1,...d(®©™} :~, >0} the number of nontrivial canonical vectors and we use the
conventions 7%, = —o0 and 72 = +oo. The random vector Z was defined in equation (A.162)
and represents a ‘sample’ version of ¥ where ¢; and p are replaced by their finite-sample
estimates.

For clarity, we first provide a comprehensive list of our assumptions. For the definitions

of the quantities that appear below, please see the beginning of Section A.4.

Assumption A.4.1 (Manifold Properties).

1. The manifold M is a complete simply-connected Riemannian manifold with nonpositive

sectional curvature.

2. The curvature sup |Hy(x)|2, . is bounded with probability 1.
teT ,xeM

Assumption A.4.2 (Distributional Assumptions).

1. The random wvectors X and Z are strict sub-Gaussian random wvectors (Definition

A.3.2).
2. The covariance matrices Xx, Xy, and Xz are tnvertible.
3. The group s-sparsity assumption holds for {by} and {6}.

4. The matrix E%Q satisfies the group restricted eigenvalue condition RE(s,3,d) (Defini-
tion A.3.3) with parameter k = k(s,d, 2;/2) .
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The functional data are such that sup E [d (yl(t),yg(t))3] <00,
teT

Assumption A.4.3 (Rate Assumptions).

<

There exists a complete orthonormal system for L*(Tu), {¢;}52,, such that a d(corr) -
dimensional Assumption 2.2.1 holds with p > d > d(¢™) , where d is the chosen number

of principal components in Algorithm 1;
cond (Zy)?d = o(N);

k2s2dlog(p) = o(N);

) ds—(z?:la»wj)2 max ( L )2 =o(N);

Wa j=1,...d \WiTWi+1

The correlations v1,...vk are bounded from below and distinct from one another, as

well as 1, ... Yk -

E[|dsres]' ] <E

@%@HZ];

1/2
E [HLOgg Yi0r Logu Yi Hi] SE [HLOg,} Yi0r Logu Yi Hi]

Assumption A.4.4 (Minor Assumptions).

1.

2.

3.

/.

The quantities |Xx |y, |1y, 4, are bounded from above and are > 1.
. 4
The variables T and E [HLogM ylHu] are constants.

The following quantities are larger than 1: k,wi,w;", (1] 2%, IZ7 -

/2

a,ZEIZ/QE;/an >0 and ﬁ;izl EIZ/Qak >0 fork=1,... K.

Next, we present our main results.
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Theorem A.4.2 (Canonical Function Error Bound). Under Assumptions A.}.1-A.4.4, we

have
N d?slo T
(e =Op( Ng(p )) , , — . (A.199)
min ., min {|ve2 = ;%[ [y - 5}
2 2
Z?:le 1 2 473/2
-(—wg () w19 I E JLog ] (a200)
withk=1,... K.

Theorem A.4.3 (Canonical Vector Error Bound). Under Assumptions A.4.1-A.4.4, and

additionally assuming that HZ,SEXsbk,S >0, we have

.2 dslog(p) T
16064’ = O ( X ) T . (A.201)
min ., min {72 - 72|, |7 — v}

[M )Q]E[HLOgM?JHi]S/Z (o

3 max

Wy j=1,---d(wj — Wjt1 2

(2) 1 I97L
Vk 200 2
(A.202)
with k=1,... K.

Here we make a few remarks on the assumptions of Theorems A.4.2 and A.4.3. Some
of the more technical assumptions arise from avoiding overly simplifying assumptions. For
instance, with the exception of the curvature-related quantity H,(x), we do not assume that
the random variables/functions are bounded. Furthermore, we avoid assuming Gaussianity
of the random variables of interest and instead assume these are sub-Gaussians. As in
Lin and Yao (2019), we do not assume that the Frechét mean p is known and instead
estimate it using its sample version ji; this choice introduces significant complexity, making
it necessary to use the parallel transport operator to compare estimates and estimands,
which are defined in different tangent spaces. These challenges are further compounded
by the dimensionality reduction step that takes place before CCA, which requires that we
derive bounds in expectation rather than in probability. Specifically, this requires showing
that E[d(,&(t),,u(t))z] $ &+, Le., equation (A.253), using the results of Schotz (2019) as
opposed to those of Lin and Yao (2019). See also Remark 15.
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Remarks on Assumption A.4.1:

Assumption A.4.1 is required to bound the term E[d (fi(t), u(t))Q]. See also Lemma A.4.9.
Here, H,(x) is the Riemannian Hessian of the random function d?(z,y(t)), and is related to
curvature on the manifold (Pennec, 2017). Assuming this quantity is bounded allows us to
bound the parallel transport distance in terms of the geodesic distance, as shown in Lemma
A438.

Remarks on Assumption A.4.2:

Items 1-4 of Assumption A.4.2 are used to facilitate the application of our multivariate CCA
results in Section 2.4.1 to the sparse-functional setting considered here. Specifically, Items
3-4 are used in particular to get fast-rate bounds, which match the root-n estimation rate
of the functional quantities. We note that in item 3, we do not require that 6, and by have
the same sparsity structure, but only that they are both s-sparse. Item 4 is a generalization
of the standard restricted-eigenvalue condition in Lasso theory (Hastie et al., 2015) and is
equivalent to the one proposed in Gaynanova (2020). Item 5 is a weak assumption about
the boundedness of the variance of y(¢) on the manifold and along with Assumption A.4.1
is necessary to show that E [d (a(t), u(t))2] is root-n consistent.

Remarks on Assumption A.4.3:

Item 1 of Assumption A.4.3, that the correlation with the high-dimensional data is captured
in a finite-dimensional subspace of the functional data, is necessary to even define the canon-
ical directions for functional data, as stated in the main manuscript. The condition that
d < p formalizes our asymmetrical treatment of the data, and allows for the CCA problem
to become a sparse regression problem. d > d(¢°™) is necessary to ensure we capture all of
the components of Log, y which are correlated with X. Ttems 2 - 5 are mainly used to sim-
plify the theorem statements by allowing us to bound norms of estimated quantities using
the corresponding population quantities. In particular, Item 2 is used in conjunction with
Lemma A.4.12 to show that Hiﬂb S |y ly. Item 3 allows us to only make a group restricted

1/2
X

eigenvalue assumption on X~ rather than the data matrix \/—%X (see Lemma A.3.9). Item

4 states that the variances w; of the principal scores Y should not shrink too quickly as



134

N and d grow. Note that if d is assumed constant, the condition reduces to s = o(N).
This is used to establish the simplifying bounds given in Lemmas A.4.12 and A.4.14. Item
5 is used to replace 4; and 7, with the population canonical correlations 7 (see Lemma
A.4.14 and the discussion in the proof of Theorem A.3.2). Items 6 and 7 are technical
conditions. These mainly arise from the complexity of the setting considered here. The as-

sumption E [H@ép@”i]m < ]E[

- 2
(bjépqﬁjHu] could be replaced with a boundness assumption

on HLogM yz‘ or alternatively, by adopting a sample splitting strategy to estimate fi, the

u
principal components {ggj}, and to carry out CCA. This can be seen from the second term
of equation (A.176), where the absence of one of these assumptions requires that we use the
Cauchy-Schwarz inequality, introducing fourth moments. Note that if we were to assume
that ft = p, then E [HLogﬂ yior Log, yiHi]l/Z = 0, immediately satisfying the condition in item
7.

Remarks on Assumption A.4.4:

Items 1-3 are not critical and only serve the purpose of simplifying the theorem statements.

Item 4 is introduced to account for the sign ambiguity of the CCA solutions.

A.4.4 Proofs for results in Section A.j

Proof of Lemma A.4.1:
We define vy, = Z?zl ngﬁjakj. For ease of notation, we drop the %k in writing @/A)k, U and Uy, 0,
etc. We have

||@ZJ(5F¢”,2F Hrﬂ,;ﬂj’ - @bHi <2 HF/LMZ} - Fﬂwi’“i +2 Hrfwﬂz - @DHZ . (A-203)
The first term in equation (A.203) is
2

V=9,

I

=2

2
it

R 2 “ -
2T (0 =), = [T (T (= 9))|
Define 1 as Z;;:1 ¢;m;. Then the second term in equation (A.203) is

< 4| = Tt + 4T -]
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Therefore,
[bovpl2s [ - + &= B[ + [ware]. (A.204)

The first term in equation (A.204) is

d d
> i~ . a;9;
j=1 j=1

2 2

= |7 -alZ, (A.205)

m

~ ~n2
[ -9, = -

d A~
Z;@' (7 — a;)

where in the third equality we have used that the ngSj are orthonormal in L?(T[1). Similarly,

the second term is

~ 2
[ =, = la=nl5. (A.206)
By the triangle inequality, the third term is
— 2 d A 2
[bory ], < (||n||w > @MH”) : (A.207)
j=1
completing the proof. O

Proof of Lemma A.4.2:
For ease of notation, we write Xg as X throughout the proof of the lemma. From the

definition of A and C', we have

[A-Clp = |2378x227 " - 23 P 0 5| = |55 (B (X 27) 35 - B (XY 7] 53|

(A.208)
From the linearity of expectation, this is
- [E[27x (2757 -vTs)| - H]E [2;/2)( (3772 - 2;1/2Y)T] (A.209)
r F

By Theorem 2.6.7 of Hsing and Eubank (2015), using the Frobenious norm of an outer

product, and the Cauchy-Schwarz inequality, we have

[A-c|, <E[|[s32x (572 -57v) ] (A.210)
| F
-E[|55"x | |22 - 5y | ] (A.211)
- 971/2 971/2
<E EQ/QXH?] E [HE;”QZ - E;”ZYHQ] . (A.212)
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2
We have that E [HZX1/2XH2] =E[tr (5} XXT)] =tr(I;) = s. Using this along with identity

271/2
17 from Section A.6 to upper bound E [HZ;”Z - E;I/QYHZ] completes the proof.

Proof of Lemma A.4.3:
The first statement follows from the second statement, by identity 14 from Section A.6 and

Lemma A.4.3. To show the second statement, we begin with
Xy =3zl, = [E[YYT]-E[227]], = [E[YYT - ZZ7]],, (A.213)
and using Theorem 2.6.7 of Hsing and Eubank (2015), this is

<E[|YY - ZZ|,)=E[|YY - 2YT+2Y" - ZZ"|,] =E[|2(Z-Y) +(Z-Y)Y"|,].
(A.214)

From this, the triangle inequality, and using the two-norm of an outer product, we have

1%y =220, <E[| 2 (Z-Y)|,]+E[I(Z -YV) YT L] =E[|1Z],1Z - Y [L,]+ E[1Z - Y], [ Y]]

(A.215)
By the Cauchy-Schwarz inequality, the right-hand side is
271/2 271/2
=E[(I1Z], + 1Y) 1Z - Y L,]<E[(1Z],+ Y ])°] " E[]Z - Y]] (A.216)
The second statement of the lemma follows, and the proof is complete. ]

Proof of Lemma A.4.5:
Define W € R? as the random vector with W = (Log,, y1, Tsuéi ), for j=1,...d. Then

|1Z-Y;<21Z-W|;+2|W-Y];. (A.217)

We have
Z; - W; = (Log y1, ;)5 — (Log, y1, i) (A.218)
= (Logsy1, &) — (Thi Log, 11, 6;) (A.219)

= (Log;y1 - T Log, y1, &), (A.220)
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and therefore, by the Cauchy-Schwarz inequality, and because the ggj are orthonormal along

~

fy
|2 = Wil < |Logs 1 = Ty Logy, w9l (A.221)
= HLogu Y101 Log, yng (A.222)
= HLogﬂ y10r Log, yl‘ W (A.223)

where in the last equality we have used that |UdpV|,= |VorU|; for U € L2(T'1) and V €
L2(Tw). We also have

W;-Y;= <<Logu Y1, Fﬂ,uéj»u - ((Logu Y1, ¢j>>u (A.224)

= (Log,, y1, 9;0rd; ), (A.225)

so that again by the Cauchy-Schwarz inequality,

Wi =Yl < [Log,w |, [ 4;006;] - (A.226)
Thus,
|2 VI3 <2512, - Wil + ;- v (A227)
<3 i [Log, y16c Log, | + [Log, ]| |:6065]” (A.228)
from which the statement of the lemma follows, and the proof is complete. 0

Proof of Lemma A.4.6:
From Lin and Yao (2019) (page 3551), Fﬂ,uggj are the eigenvectors of ®C. By definition, the
¢; are the eigenvectors of C. Thus, we can use the Davis-Kahan Theorem for Hilbert spaces

(Jirak & Wahl, 2020) to obtain that

L uds = 65 < 2v2max ((wjo1 —w;) ™, (W) = wjer) ) [€ = BCllop, (A.229)
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where wp = oo and |C|op= sup ICU[,,. Adding and subtracting C, in |C - ®C|op
UeL2(Tp), U] =1
and using identity 18 from Section A.6, the proof is complete. O

Proof of Lemma A.4.7:
The first statement is equivalent to Lemma 5.2 of Cardot et al. (1999). To show the second
statement, we begin with the definition of C and Proposition 2 item 5 of Lin and Yao (2019),

from which we deduce that

.1 X
®C = v > (TiuLog, vi) ® (Ts Log, i) - (A.230)
i=1
This implies
¢ .~ 1 X
dC = — Z ®a; — bz ® bi, (A231)
N =

where we denote a; = Log, y; and b; = I'; , Log, y;. It is straightforward to show that a ® a -
beb=a®(a-b)+(a-b)®(b—a)+ (a-b)®a, where a,b e L?(Tp). From Theorem 3.4.7.
of Hsing and Eubank (2015), |la ® b|op= ||a],[b]l,, and therefore,

la®a-boblops2al, a=-b],+a-b],. (A.232)
Then,

(A.233)

R R 1
IC, — PCop | < N ; 2 HLogM yl-H# HLogﬂ yior Log,, yiHu + HLogﬂ yior Log, v i,

so that
2

R R 1 N 2 1 N
(Cu 0l (5 352 Los, ] Lo i oy, ) +( % 35 Lo i o,
) ) (A.234)

It is straightforward to show that, for any i.i.d. random variables W; with finite variance we

" [( ZW)] E[W?], (A.235)

where the W; are not required to have mean 0. Taking the expectation in equation

(A.234), applying this last result on each term, using the Cauchy-Schwarz inequality, and
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subsequently using the assumption stated in the Lemma concerning HLogﬂ yior Log,, i 0

the proof is complete. n

Proof of Lemma A.4.8:
We start with a mean value theorem result for smooth functions f from [0, ;] into a normed

vector space V', where t; € R. By Theorem 1.1.1. of Hérmander (2015), we have

I f(t:) = £(0)[=1]b-al sup ]f’(C)- (A.236)
We set
f@) =Ty U (v(1) - U (7(0)), (A.237)

where U is a smooth vector field on M, U : M - T M, and 7(t) is the minimizing geodesic
between two points z,y € M (y(0) = z,7 ((x,y)) = y. Letting t; = d(x,y), then v: [0,¢;] —
M, and f:[0,t1] - T, M. Letting |W|, denote the norm of W e T, M, and using f(¢) in
equation (A.236), we have

ITyU(y) - U(z)|<d(z,y) sup [ f'(c)]. (A.238)
ce[0,d(z,y)]
We can determine f(c):
f'(e) = lim flex ti — /) (A.239)
_ tlir(g F'y(c+t),xU (7(6 + t)) B U("Z) - F'y(c),a:U (’Y(C)) + U(‘T) (A240)
_ tlir(% I‘7(c+t),:v[] (7(0 + t)t) - F'y(c),xU (7(0)) ‘ (A241)

Using that I, ,U(z) =T, (I, ,U(2)), where x =z, y = v(c), and z = y(c+1), we have

Dy [Daena@U (e + 1) = U (1(e))]

f'(c) = 1tlir(g ; (A.242)
| aU t))-U
— F‘y(c)7x lg})%} y(c+t),y(c) (V(i—i_ )) (’Y(C)) (A243)

= F’y(c),z [V’Y'(C)U] . (A244)
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Since for any smooth vector field W, [T, . (W) |.= [|[W]||y, the proof is complete. O

Proof of Lemma A.4.9:
We apply Lemma A.4.8 to the vector V;(p) = Log, y1(t) for fixed t. We have that (equation
(25) of Kendall and Le (2011))

1

Vi) = grad (~3d (3 (1))°) = grad () ). (4.245)

Then, by the definition of the Riemannian Hessian H; of f;, for a smooth curve v on M at

time c,

[V51) Vi (7(€)) (o= V(o) grad (f) () [5(0= [He (7(c)) (7/(€)) (o) (A.246)

Using Lemma A.4.8, we choose = = u(t) and y = i(t), and we denote v,(s) as the minimizing

geodesic between p(t) and fi(t):

IT )0 L0g gy y1(8) = Log, oy yr ()| < d (a(t), u(t))  sup  [Hy (7:(c)) (3(€)) luce)
ce[0,d(a(t),u(t))]
(A.247)

Sd(pdt), p(t)) (A.248)

for all ¢ € 7 with probability one, where in the last inequality we have used Assumption
3 in the Lemma statement along with the fact that, since v,(s) is a minimizing geodesic,

17 (5)[4(s)=1 for all s. Then,
E[|Log, y10r Log, v (] = E [ fT”Fﬂ(t),u(t) Log,,;y ¥1(t) = Log,,y y1(t) |2dt] (A.249)
sE[ [T d(ﬂ(t),u(t))th]. (A.250)
By Tonelli’s theorem,
2| [aGiw.nw)*at|= [E[aGi).me)dr (A.251)

Next, we will apply Corollary 4 of Schotz (2019) to bound E[d (ﬂ(t),,u(t))z]. To do so,

we need the following definitions related to the metric entropy of geodesic balls in M. Let
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Bs(a) = {x e M :d(x,a) <6} be the ball of radius r centered at a on M, and N(B,r) =
min (k eN|3q1,...que M: B¢ U;?:l Br(qj)) be the covering number of a set B using radius
r. Then, the entropy assumption in the statement of Corollary 4 of Schétz (2019), that
there exists 0 < 8 < 1 such that, for all &,7 > 0, log (N (Bs (u(t)),r))"* < (2)5, is satisfied
(Ahidar-Coutrix et al. (2020) Example 2.3).

Now additionally using Assumption 1 made in the statement of the Lemma, we can apply

Corollary 4 of Schotz (2019) with € = 1 to obtain

£ [ (1), w(0)*] S E[d (o (1), 0(0)" ] - (A.252)

forallteT.

Using Assumption 2 made in the statement of the Lemma, we have

£ [d (1), n(1))°] 5 (A.253)

which we can combine with equation (A.250) to establish

T

1
2 _
E[IILOgﬂylérLoguylll,t]szth—N, (A.254)

completing the proof. O

Proof of Lemma A.4.12:

Note that E[|Y[3] =E[YTY] =E[tr (YYT)] = tr (E[YYT]) = tr(Sy). Then, the first two
statements of the Lemma follow from observing that Xy is diagonal with entries w;, the
eigenvalues of the covariance operator of Log, y, by the results of Lemma A.2.1.

To show E [HZH;] SE [||Y||§], we begin with the triangle inequality:
E[I1Z15] sE[1Z - Y[5] +E[IY]5]. (A.255)

Using Lemma A.4.11 and E[|Y3] = Y9 wj, we observe for E[|Z]3] s E[|Y]3] to hold,
2 _
it is necessary that % 'Ir%axd< : ) (Zd ) "< 1. This follows from assumption (A.185)
]= bR

Wj—Wj+1 _7:1

provided in the Lemma, because under the other assumptions provided in the Lemma, both



142

(Z?:le) Jw? and Z;lzle are greater than or equal to 1. From this, we also deduce that
2
E[1Z-Y]2] = o(1).
To show that |X'], $ [27'],, a more involved argument is required. We again begin

with the triangle inequality:

IS s |27 -5 + 15 (A.256)
<[S2L =z - Sy la |52 + =55 (A.257)

This implies
I=20s - 1S21 1S - Sy 2 |=5 s s [532 (A.258)

so that

[=205 (1= 12 - e I 127]5) < 1575 (A.259)

and therefore, if |2, - Sy |3 ||E§,1H§ = 0(1) held, then we would have |3}, $ [¥3}], and

the proof would be complete. Thus, to show |3, $ [}, it suffices to show that

4w 2 . . _ :
%%ﬁ%(w;ﬂ) = o(1) implies |z - Sy |2 [S5]2 = o(1). From the second item of

Lemma A.4.3 and from E [||Z||;] SE [||Y||§] which has already been shown, we have

I£2 =Sy [5 <max (B[ 23] E[IVI3]))E[1Z2 - V3] (A.260)
SE[”Z—YH;];%. (A.261)

Thus, for |2, - Sy |3 ||Z];1H§ =0(1) to hold, it suffices to show that wAgE [1Z - Y||§] Z?zl wj =
o(1). From Lemma A.4.11, we have made exactly the assumption so that
wl;E [1Z - YHS] >9 1 w; =o(1) holds, completing the proof that |7, S |7,

To show the final statement of the Lemma, that X[, $ [Xy],, we can make an

argument similar to the one used to show ||, < [X7'],. From this, it suffices to show

that 4ZEL2 oy g o(1). Since wy < wy RSN g o(1) holds
Nowi o T \wimwin ' SN w4 g \wiwie

under our assumptions and the proof is complete. O
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Proof of Lemma A.4.14:
To bound |k — x|, we can use Weyl’s inequality (Bhatia (2013) Corollary II1.2.6.), because
v and Jx are the k eigenvalues of the matrices |C| and |A| respectively (Uurtio et al., 2018):

=l < 1141 = 1Ol < AL = IC11p 5 [ 4=l (A:262)

where in the second inequality we have used identity 19 from Section A.6. Combining
Lemmas A.4.11, A.4.12, and A.4.13, we observe that the stated assumption in the Lemma
implies |yx — x| $ min{~g, 3%}, establishing the stated conclusion using the assumption that
v, and 4y are bounded from below. That 72 and 47 are asymptotically equivalent follows
from the same argument, in addition to the function f(x) = 22 being Lipschitz continuous

on the interval [0,1].

A.5 Asymmetric Sparse-Functional CCA: Proof of Theorem 2.4.3

In this section we prove Theorem 2.4.3, which shows that our sample estimates of the canon-
ical variables, derived from our proposed estimates of the canonical vectors, grow asymp-
totically close to the population canonical variable solutions of the infinite-dimensional
CCA problem in Theorem A.2.1. We denote by (Ug, Vi) the kth canonical variable so-
lution pair to the infinite-dimensional problem in Theorem A.2.1. We denote by {’y,: }ZZ )
the canonical correlations that are attained by these solution pairs. We denote with
K =max{ie{l,...p}:v >0} the number of nontrivial canonical vectors in this problem,

2 = —co. We often

and to simplify the notation, we use the convention v;? = co and Vic+1
refer to canonical variables as canonical scores or simply scores, which are distinct from the
principal scores derived from the principal component expansion of x;. The difference will be
clear from context, but in general, ‘scores’ with no preceding modifier refers to the canonical
scores.

Since we are showing that two random variables are close, we need to specify the prob-

ability spaces and random variables of interest. In this section we suppose that we observe

realizations of (Xi,yi)ﬁl which is used in the Sparse-Functional Asymmetric CCA (Algo-
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rithm 1). We assume these are i.i.d samples that all live on the probability space (€2, F,P).
d denotes the number of principal components we choose to approximate Log,y by. We
obtain estimates of fi, {(]Bj}il, B, {d)j};.l:l, {%}?21, Sy, Sx, H= [, 04, T = [él, .. ,éd],
and 1y, = Z?ﬂ ﬁkj(ﬁj for k=1,...d.

We will define the scores from the sample procedure as follows. Observing a new and
independent data point (Xiest, Ytest) from the same distribution as the sample, which also

lives on (92, F,P), we define

(Uk7 V}f) = («Logﬂ Ytest Q@k»[u é;Xtest) ) (A263)

which are the canonical scores we would obtain from the new data point and our sample
canonical vector estimates. To be precise, we denote by (U, Vi) the kth canonical variable
solution pair to the infinite-dimensional problem in Theorem A.2.1, between x; = Logu Ytest
and xo = Xiest, for £k =1,... K. We would like to show that Uk becomes close to U and \A/k
becomes close to Vj in an asymptotic sense.

Throughout the proof, we make the same assumptions in Section A.4.3, with the impor-
tant exception that, we no longer make a finite-dimensional correlation structure Assumption
A.2.1 between X and y. Thus, we allow for all principal scores of the functional data y to
potentially be correlated with the components of X.

The main idea of the proof of the bounds is similar to that of the canonical vectors, and
indeed we rely on the results of the previous sections. We define several intermediate scores
in order to show that the sample score and the infinite-dimensional score are close together.

The first intermediate scores come from the population d-dimensional canonical cor-
relation problem described in Theorem A.2.2 and equation (A.19), which we denote as

(U ,Ed), Vk(d)). By Theorem A.2.2, these can equivalently be derived from the canonical vector
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solutions given by the following CCA problem:

(n1,071) = arg max Corr? (N Yiest, 07 Xiest) 5 (A.264)
neR® 0eRP Var(nT Yiest )=Var(07 Xiest )=1
(M, Or) = arg max Corr® (0 Yiest, 0T Xiest ) k=2,...K (A.265)

neR? R Var(nT Yiest )=Var(07 Xtest )=1
COV("?Tthst,n;ncst)zo,iil,...,k
COV(QTXtestﬁZXtest)=0,i=1,.‘.,k

Here, Yiest is the d-dimensional random vector such that (Yies) ;= (Log,, Ytest, i)y, the
Jth principal score associated with the population principal component ¢; of Log, Ytest, for
j=1,...d. By definition, (U,gd), Vk(d)) = (n;KeSt, H;Xtest). We refer to {’yk}f:l as the canonical
correlations attained in this problem.

The second intermediate scores are derived from the population canonical correlation

problem derived from the ‘estimates’ of Y that we make when using ji and ngSj:

(ar,b1) = argmax Corr® (a"Z,0"X), (A.266)
aeR? beRP Var(aT Z)=Var(bT X )=1
(ag,by) = arg max Corr® (a"Z,0"X), k=2,...K. (A.267)

aeR? beRP Var(aT Z)=Var(b” X )=1
Cov(aZ,a] Z)=0,i=1,....k
Cov (b7 X,b] X)=0,i=1,....k

Here, Z is defined as
(Z); = (Logzy1, & )i (A.268)
We let 4f...4% denote the squared canonical correlations attained by the pairs

ai,by),...(ag,brx). We also define the random variable Z,. € R so that
( 9 9 b

(Ztest)j = <<L0gﬂ ytesta (ij >>[L (A269)

Note that the distribution of Zi. is not equal to that of Z, since yies is independent of i
and the ngﬁj, while y; is not.

We define the secondary intermediate scores as U, kZ 1 = a; Yiest, UkZ 2 = ay Zyest, and VkZ =
b, Xtest- The additional score for Uy arises due to the complexity of estimating fi and éj,

whereas the proof for the bound on V}, is slightly simpler.
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Following Hsing and Eubank (2015) Theorem 10.2.3, our goal is to show a probabilistic
bound on E [(U;C - Uk)Q | (Xi,yi)ﬁl] and E [(Vk - Vk)Q | (Xi,yi)le] as the sample size N, the
number of principal components we select d, and the dimension of the high-dimensional data
p go to infinite. We choose this notion of error, where we condition on the sample, because
we can derive a result which is comparable to our results for the canonical vectors while also
integrating out the randomness of (Xiest, Ytest )-

We begin with the proof of the bound for V} since it is slightly simpler than that of
Uy. For convenience throughout the proofs, we drop the &k in the notation of the scores and

. . Z1
canonical vectors. For example, we write Uy, U;"", i, as U, U%1,n.

A.5.1 Proof of bound for high-dimensional score

The proof strategy is to decompose the quantity of interest (V - V)z into three parts:
(V-V) s (V-VO)Y+ (V@ _v2)* L (vZ_7Y (A.270)

so that

E[(V-V) [(Xuw)h | SE[(V - V@) 4 (VO V)4 (V2 -V) (X)) ] (A271)

=Term I + Term IT + Term III (A.272)

Term I:
Term I=E [(v ~ V@Y (X, yi)jil] - (V-v®)? (A.273)

since V and V(9 are independent of the sample. Then, Theorem A.2.3 gives the probabilistic
bound

(A.274)

%2 _ (d) 2
Term 1 O, (fh |12 - )

*2 *2
e — 7

since bounds in expectation imply probabilistic bounds. See Section A.2.4 for definitions of

min ;.

the operator %12 and its principal component approximation ‘51(; ).
Term II:
Term 1= E[(VD - V)" | (X, 5)], ] (A.275)
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Let the support S ¢ {1,...p} represent the indices of non-zero elements of 6 or b, with
cardinality |S| < 2s. Denote Xiest s € RIS as the random vector consisting of only the entries
{(Xtest); : j € S}. Similarly, we define 5 and bg from 6 and b respectively, as well as ¥x,., s
from Xy, , following Section A.4.

By definition,

VD V7 = 7 Xy = b7 Xpest (A.276)
= 05 Xiest.5 — D5 Xiest.s (A.277)
= (05— bs)" Xiest.s- (A.278)
Therefore,
Term 11 = E [(05 — bs)" Xiest,s X (s (05— bs) | (Xinyi) N, ] (A.279)
= (05 -bs)" Tx.s (05 —bs) (A.280)
= [ =3 (05 - bs) H (A.281)

We can bound this by appealing to equation (A.195) and Lemma A.4.15, so that we can

remove the factor of HE Y QH We obtain

-1 3 2 2
Term II = Op s |2y ”2 [”YHZ] Log v, Nk max ; _ (A.282
gy ( )

min (f}/k 1~ Yy Vk _7k+1)2 N d Wi — Wj+1
Term I1I:
Term 1= E[(VZ - V) [(X:00), | (A.283)
By definition,
VZ -V = 0" Xyest = 0" Xiest (A.284)
= (b - é) Xtest- (A285)

Similarly to Term II, we obtain

Term 111 = | 2 (6 - b)Hz. (A.286)
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We can appeal to equation (A.151) following the same argument used to bound 6 — 0 in the

proof of Theorem A.3.3, but where we place a E;f in front of the relevant terms throughout
to obtain
>0 VB >V (B-B
ST = S
2 v Fmin (72, =37, 5% = Y1) v
(A.287)
Here, B = %3!Yx,%,/*. Noting that
SVPB =2 Pe g,y (A.288)

SO ||E§(/QBH2 =4 and HZ%@”Q =1, we have

Term III 1

~ ~ ~_ A A ~ AN (12
|B7SxB- B Sy B[+ 452 |[SY2(B-B)| . (A.289)
min (:yl%—l - :le’ :le B :YZ+1)2 i H . ”2

Now we bound the two relevant terms on the right-hand-side. By equation (A.85), Lemma

A.3.8, Remark 13, and Lemma A.3.7, we have

SN dlo
||E§</2(B - B)HF =Op (/fxs 122,00 %) : (A.290)
By Corollary A.3.1,
PTy P TS Pl <2 dlogp
|B"SxB - B"SxB|, = Op (37 |Zx 5,0 5 ~ ) (A.291)

Putting the last three equations together,

Y 1Ex ||2,oo SK dlogp
N

- dlo
+’Y2HX5|ZXﬂzm'—j§£) (A.292)

Term HI:OP( >

min (33, =% 55 = Vi)

0 ( [2x 15,00 55 dlogp)

TP\ i 22 2 V2 N )
min (37, = %37 = 7.1)

Final bound for Vj:

(A.293)
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Now we can combine our bounds for terms I, II, and III to obtain

" d
72| % —%19”2)

*2 *2
Te — 7

IE[(V—V)2 | (Yo ) | = Op( (A.294)

min .

SBR[ Y]2)
=1d \ Wj

)

Wy —Wjs1

min (Ye-1 = Yk, Yo = Yhe1)” NV Led \Wj = Wi
(A.295)
122,00 55 dlo
Op( — e ]\fp . (A.296)
min (37, = 8,38 = 7.1)
Simplifying this, we obtain
2 *2| g _cg(d) 2
E[(Vk—vk) |(Xi,yi)§j1]:op n 1. 12 L (A.297)
Mg |V — 7
2 413/2
[ 00 o0z (£ ;) B[ [Log ] drogp |
+Op . . 2 s max
ming., min {[y2 =%, [y = %} N j=1.d
(A.298)

A.5.2  Proof of bound for Riemannian-functional score
The proof strategy is to decompose the quantity of interest (U -U )2 into four parts:
(U-0)"s(U-UDY + (U@ -v21)* + (U2 - U22)* + (U22-1)’ (A.299)

so that

)2

B[(0-0)" | () | SB[ =00 4 (U0 -0 (020 0%2)"+ (U2 - 0)' | (X

(A.300)
=Term I + Term II + Term III + Term IV (A.301)
Term I:

Following the same argument used in the proof for the bound on V', Theorem A.2.3 gives

the probabilistic bound

(A.302)

%2 _ (d) |2
TermI:Op(’yl [%ro G, ” )

*2 *2
e — 7

M.,
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Term II:
Term 11 = E [ (U@ - UZt)?| (Xim)i |- (A.303)
By definition,
U(d) - UZ = UTKest - aTKest (A304)
= (- a) Yiest, (A.305)
so that
Term 1T =E[(n-a) Vet Vit (0= ) | (X, 5:) 12y (A.306)
2
= | =y (77—@)‘ - (A.307)
2
_ 7-51/2% ‘2 (A.308)
2
= q- 21/222/%“2 (A.309)
2
S |i-al?+ ](I— 25, a ‘2 (A.310)

The first term on the right-hand side shares the same bound as Term II in the proof for the
bound for V', using Lemma A.4.15 and equation (A.170):

-t - o EREIEL S, s () ) v

min (Ye-1 = Yk, T _'Yk:+1)2 N ed \ Wi = Wjs1

To bound H(I - E;/QE;/Z) &“z, we use |al, =1, Lemma A.4.3, and

[(r-se)a], <[22 (527 - 5) (A-312)
< ISvILE[1Z - YI2] S L E[IYI2). (A.313)
By Lemma A.4.11, we then have
2
(052l < i ) S s e ()

(A.314)
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Combining these bounds and simplifying, we finally obtain

-3 d ) 2 2
Term 11=0p( ri0p? (X ) g [|Log, ui[!]”” max (;) ) (A.315)
I

min (Ye_1 — i, ¥k~ Yee1)” NV Liwd \ Wj = Wi
Term I11:
Z1 Z,2\2 N
Term 111 = E [ (U4 - U72)" | (X;, 50) 2, | (A.316)
By definition,
[]Z’1 - UZ’2 = aTKeSt - GTZteSt (A317)
=a’ (Y;est - Ztest) ) (A318)

so that by the Cauchy-Schwarz inequality and Lemma A.4.12,

(UZ1 - U%2)" < Jal; [YViest = Zuest 3 (A.319)
~1/2||2 2

< HZZ HQ Hycest - Ztest”g (A320)

S HZ;}H2 ”Y:cest - Ztest ||§ . (A321)

Despite the fact that here we have Zi, we can appeal to Lemma A.4.11 to bound
| Yiest — Ztest H;, since replacing y; with st does not change the proof. Using Lemma A.4.11

and the law of total expectation we obtain

Term I S [S3, E [ Viest = Zeest 3 | (X 9:) 4] (A.322)
7 17302 1\
=0p (wdlﬁ]E[HLog# y1HN] ]E?Xd(m) ) . (A323)
Term IV:
Term IV:IE[(UZ’Q—U)2 | (Xi,yi)ﬁl]. (A.324)
By definition,
U?2~U = 0" Ziess — 1" Ziest (A.325)

= (a=10)" Ziests (A.326)
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so that similarly to Term III we obtain
Term IV fla =05 E[| Ziest 5 [ (X3, 9215, ] - (A.327)

While E [ | Zest H;] + E[HZH;], we can use the same argument we used to show E[HZH;] S
E[]Y 3] to show that E[| Ziest|2] SE[|Y ]3] = %1 w; (Lemma A.4.12). Then by the law of
total expectation and Theorem A.3.3 applied to Z and X, we have

52 |5 d
Termmop(dlogp)uz;u { 2 LN }) o(5)
mln( 2 52 2) j=1

71%1 Yier e = Viesa

d 2|9
:Op(dlogm(z ) Pl o ) A329)
=1

1 (712—1 e 71%+1)
Final bound for Uy:

Now we can combine our bounds for terms I, IT, IIT and IV to obtain

#2 ()12
7\ 2 N Y7 C2 - 6 |
JE[(U—U) |(Xi,yi)i:1]20p( L 2 (A.330)
min;., —vj
wlwd 4, Wj )2 Tsd 3/2 1 ?
5 Lo, ] o (——
min (Ye-1 = Ve, Ve = Vi+1) Wj — Wjs1
(A.331)
2
4 7d 413/2 1
+0P( Wy ]E ’Log#ylHu] PN Wi — Wyt (A.332)
8 LT WP LS, [
N ot Wi Je1®a 2 2.2 .2 )2 '
min (%—1 Vier Vi ’Yk+1)
Simplifying this gives
2 (d) )2
fN2 V7 || 612 — €,
E[(Uk—Uk) I(Xi,yz-)fil]=0p - % R L) (A.334)
Mg 7
2 473/2
+0 |2l o Tsmerez® (S5 3) B [Log, ], (A.335)
P : : :
minj. min {32 - 7,3, | - 31}

2
dlogp 1
-0 _ : A.336
P( N qu?-}-(d(Wj —wj+1) ) ( )
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We note that the second term on the right-hand side is nearly identical to the bound on
E[(V— V)z |(Xi,yi)£1], except here we have an additional w; term. Therefore, we may
concisely write the final bound on the score errors for both U and V' together using the
bound for U, since we have already assumed for convenience that w; > 1.

Before stating the final bounds, we state a final lemma which allows us to use the infinite-

dimensional canonical correlations.

Lemma A.5.1. For every k =1,2,... K, v; is asymptotically equivalent to 7 as d goes to

infinite.

The proof follows directly from Theorem 4.2.8 of Hsing and Eubank (2015) applied to
G126 and ‘51(; )(52(1‘1 ) which gives that

W =2 < [612Cu - €S 6. (A.337)

sup
k>1

For bounded operators A and B with adjoints A* and B*, we have
AA*-BB*=(A-B)A* - B(A* - B"), (A.338)

so that
|AA™ - BB*|< ([A]+]B]) [A-BJ. (A.339)
Applying this inequality with A = €12 and B = %1(; ), the quantity on the right-hand side of

equation (A.337) converges to 0 as d grows to infinity since
|12 =615 1< |12 - 615 s (A.340)

which decays to 0 as d grows since %12 being finite-dimensional means is it necessarily Hilbert-
Schmidt.
We finally state the error bound on the convergence of the estimated canonical variables

to the population infinite-dimensional canonical variables.

Theorem A.5.1 (Convergence of canonical variables). Let (Uy, Vi) be the solution pair to

the problem in Theorem A.2.1 between x1 = Log, Ytest and xao = Xyest, fork=1,...K. Let
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(Uk,f/k) = (((Logﬂ ytest,@@k»ﬂ,(Xtest, ék)), where Oy, e and [i have been estimated via Algo-
rithm 1. Then, under Assumptions A.4.1-A.4.4, but without assuming a finite-dimensional

correlation structure on X and y in Assumption A.4.3, we have

max {E[(Ux - 0x)" [ (Xew) % | E[(Vie - V) 15, ]} (A.341)
3/2
o[-0 | dsiogp TIEx s RE[[Log, ], wr (T w;)’
_op| 2 .
T e, %:2 - 7;2 N min ., min{ 7,;*2 - 7;2 e = }2 wﬁjgll}?d (wj - wj+1)2

(A.342)
A.6 Additional identities and inequalities

In the proofs, we use several identities and inequalities involving matrices. For definitions of
the various matrix operations used below we refer to Section A.3.1. In the following, A and

B denote matrices for which the specified matrix multiplications are valid.

L For xR, ], <[], < |,

(\V]

el < pleles Il < /P lly and 2], <plaf.,.

3 [Allmax < 1Al < 1Al < 1Al £ < [ Al 4,

max —

4. For induced norms, |AB|ga< |Al+,al Bl sy (Trefethen and Bau (2022) equation (3.14)).
In particular, |AB|2= |AB|2.2< | A co2]| B 2,c0-

5. For any matrix A, |All, = HATAIIi/Z-

6. In addition to its definition as the largest singular value, | A, is the norm induced by

[, and -]

7. In addition to its definition as the norm induced by the |2 and || norms, ||A], ., =

max; (|| A;]ly), where A; is the ith row of A. (Cape et al. (2019) Proposition 6.1.)



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
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|AB|y o < [Allyo [ Bl (Cape et al. (2019) Proposition 6.5.)

For BeRP, B, <Vd|B]|

max’

For the induced norm |-[eo.2, | B[l 2< | By, 4,-

If AR, and B e R, then |AB, < |AT],.. |B], ,. Additionally, |AB], <

[ Aoy 5 1Bl 2,00-

|AB,, 4, < Al 0, 1B,

If AB e R are positive definite,  then [|AY2- BY?|, <
. TNV

smax (|45, [B11)" | A~ B,

If AB € R™ are positive definite, then ||AY/2-B712|, <

Lmax (A7, | B7],)**|A - B|,.

For any positive definite matrices A, B of the same size, the product AB is diag-

onalizable with positive eigenvalues. Additionally, AB has the same eigenvalues as
(AB?A)'2. In particular, |AB-I||, = |[(AB?A)'/2 - I|,. Note that AB may not be

symmetric, and therefore is not necessarily positive definite.

For positive real numbers z and y, [z~ -y~ < min(z,y) " |o2 - 2.
For A, B eR™, a,beR?, |Aa~Bbl; < |A-Bls|als + Bl la- bl
For any norm |-, [a +b[< 3 (a|?+[b]?).

For matrices A, B of the same dimensions, ||A|-|B||; < V2|A- B|,, where |A| =
(ATA)Y?, (Bhatia (2013) equation VII.39)
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Proof. We prove the non-standard or non-straightforward results.
Proof of 10:
To show | B[ e 2< | B, 4,, we use the definition:
| B™[[oo 2= Sup | BT, (A.343)
x| =1
Without loss of generality, let B be an element of RP4. |BTz|, = | X7, bz, |, where b; is the

ith row of B, and z; is the ith entry of z € RP. For x e R? with |z =1, we have

p
i=1

p p
<D lail 1billy < 3 1billy = 1B, g, (A.344)
i=1 i=1

2
using the triangle inequality and because |z, = 1. This completes the proof.
Proof of 11:

To show [AB|, < [AT], o [ Bly, 4, We begin by using item 4 to obtain

[ABly =[BT ATy < [ Bloo 2| ATl 2,00- (A.345)

Using item 10 we have

[B oo 2| ATll2,00< [ Bl g, [ AT 2,00, (A.346)

completing the proof of the first statement. To show the second statement, we proceed
similarly but apply item 4 to |AB|, instead of | BTAT|,.

Proof of 12:

To show |AB],, ,, < [Aly, 4, |Bl,, we begin with the definition. Without loss of generality,
A eRr*? and B € RP*". We have

p p p
|ABl, g, = 2 1(AB), ]l = > AT By < 3 llaily [Blly = [ Al g, 1Bl - (A.347)
i=1 i=1 i=1

where (C), denotes the ith row of a matrix C' and we have used item 6.
Proof of 13:
The statement follows from equation X.46 of Bhatia (2013) by choosing r = 1/2 and since

the 2-norm is unitarily invariant.
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Proof of 1/:
We begin with the equality A~1-B~! = A-1 (B - A) B~!, which holds for any square invertible

matrices A and B of the same size. This implies
|A =B, < |AY, 1A= B, [ B, (A.348)
We apply this to the matrices A2 and B/2 to obtain
4= B < A [ ave - g2, | B, (A.349)
Using item 13 on |AY2 — BY/2||, in the last inequality, we deduce that

a2 B, < L () LA - B e |5, (A

2 Y

1
=3 | A7), | B2, max (A2, | B|,) 1A - Bl, (A.351)

One of |A™1/2|, and | B~'/2|, is larger, and in either case, the statement to be proven holds.
Proof of 15:

The first claim, that AB is diagonalizable with positive eigenvalues, follows from Proposition
6.1 of Serre (2010). To show that AB has the same eigenvalues as (AB2A)/2, let C = AB,
so that (AB2A)Y/2 = (CCT)I/Q. Letting UXVT = C' be a singular value decomposition of C,
we have

(COT)1/2 = (UZVTVEUT)IN _ (UZQUT)l/Q - USUT, (A.352)

where in the last line we have used that C has positive singular values from the first claim.
The last claim follows from the previous claim, since for diagonalizable matrix C' where

C =WDW-1 with D diagonal, we have
C-I=WDW ' '-WIW'=W(D-T)W, (A.353)

so that C' — I has eigenvalues equal to those of C' minus 1.
Proof of 16:

Letting f(z) = /2, the mean value theorem implies

() = f(y)] < min (z,y) |z - y]. (A.354)
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Plugging in 22 for x and y? for y, we obtain the result.

Proof of 17

The statement follows from adding and subtracting Ba and the inequality|a + b5 < 2 |3 +
2 o]

Proof of 18:

From the triangle inequality, we have
2 2 2 2
la+0l5 < (faly +[6l,)" = lals +2]al, o], + 5[5 (A.355)

One of |a, or [b], is larger than the other, and in either case, we deduce that |a|3 +

2lall, [, + 6], < 3 (lal3 + [b]2). completing the proof. 0

A.7 Intrinsic RFPCA algorithm

For completeness, in this section, we outline the main steps of the Intrinsic RFPCA algo-
rithm. Let M be the dimension of M, d the number of principal components to compute,

N the number of observations, and L the number of time-steps.

1. Estimate p : 7 — M, the functional Frechét mean of y, by computing the Frechét
mean of {y;(#;)}; separately for each point in {¢;},-;, ., where the functional data are

observed.

2. Compute the linear representations Log, y; € L*(T'/j1), for i = 1,... N. In practice, this
can be done by computing Logy ) Yyi(t1) € T yM for every t; by using the Log map
on M.

3. Let E(x) be an orthonormal frame for the tangent space centered at x € M (see
Section A.7.1 for an example). An orthonormal frame is a collection of tangent bases
E(z) ={E(x),... Ex(x)} for T,M, with x € M, which varies smoothly with z, i.e.
foreach k=1,... M, E(x) is a smooth map from M to TM. For any fixed x € M, the

functions { Ej(z)} are orthonormal with respect to the inner product on T, M, that is,

<a>:c
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Compute the functional ‘coefficients’ Z; « T - RM of the expansion of Log,y; :
T - TM relative to E, for each ¢ = 1,...N. In practice, Zi(tl) e RM is com-
puted separately for every [ = 1,...L. The kth entry of Z-(tl) e RM is computed
as (Log ) vi(t), Ex(2(t)) ) for k=1,... M. The resulting {Z:} are estimates of the
realizations of a real vector-valued random process Z : T — RM  with kth component

Zy+ T —» R given by Z;(t) = (Log,,) y(t), Ex(1(t)) uet)-

The process Z is a real vector-valued process with the same principal scores as the
process Log, y, and the jth principal component of Z, m; : T — RM, is related to the
jth principal component of Log, y, ¢; € L*(Tu), via ¢; = M 7k Ey. Here, 7)), denotes
the kth entry of 7; for k=1,... M.

4. Apply Multivariate Functional Principal Component Analysis (MFPCA) (Happ &
Greven, 2018) to the functions {Z}} to estimate d principal component functions 7; of

the functional coefficients.

Estimate the principal component functions {¢;} of the Log representations of the
functional data as ¢2j = > A Er(ft), for j = 1,...d. Then, estimate the associated
scores as Yy; = LS Zi(t) 7;(t), for j=1,...d and i = 1,... N. The score estimates
do not depend on the choice of the orthonormal frame E (Proposition 5, item 2 of Lin

and Yao (2019)). Compute variance estimates @; = Var(Y;;).

5. Return the estimated scores {Yij}, variances {w;} and principal component functions

{0}
A.7.1 An orthonormal frame for the manifold of SPD matrices

Here we provide an explicit construction of an orthonormal frame in the setting where M is
the manifold of R™ symmetric positive matrices equipped with the affine invariant met-

ric, as in our application setting. The maps Log and Exp maps are defined as Logp(G) =
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F12log (F-12GF-12) F'2 and Expp(W) = FY2exp (F~'12W F-1/2) F1/2. Moreover, the in-
ner product at F' € M between W, Z € Tr M is defined as (W, Z) p = tr (F-'W F-1Z). In this
setting, we can use the result from Section 3.3.3.3. of Pennec et al. (2019), which provides
an explicit construction of an orthonormal frame E(F') for the tangent bundle, evaluated at
an arbitrary F' € M. This can be defined as

1/2¢, 1/2¢,)" i=j<m
E; (F) = (£ () (L<i=j<m) (A.356)

L ((F12e) (F12e;)" + (F'2ey) (F'2e;)T)  (1<i<j<m),
where e; denotes the ¢th standard unit vector in R™, and F' € R™™. For a fixed F' € M,
there are M = m(m + 1)/2 unique E;; (F), where M is the dimension of M. We also note
that the iterative algorithm proposed in Cheng et al. (2016) can be used to estimate the
Fréchet mean p, and is detailed in equations (13) and (14) of Cheng et al. (2016).
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Appendix B
APPENDIX TO CHAPTER 3

B.1 Simulations

In this section, we provide a detailed analysis of the proposed methods on a synthetic data
set. We take inspiration from the rings and discs example of Chadebec and Allassonniere
(2022) and generate a dataset of 250 greyscale images. The images are 80 x 80 pixels, with
independent Gaussian noise with 0 mean and variance 0.005 added to each pixel’s greyscale
value. This is the ‘target’ data view, referred to as Y. The rings and discs are parameterized
by r1 =“radius of the hole” and ry =“width of the ring” parameters. For a disc, r; is equal
to 0, since there is no hole at its center, and 7 is the radius of the disc. For the rings,
we set 7y equal to a constant ro = 0.2. The dataset is comprised of 125 images of discs,
with 79 sampled uniformly between 0.2 and 0.5, and 125 images of rings, with r; sampled
uniformly between 0.1 and 0.5. The second, auxiliary, data view is then X = (0.5-r; +0.5-
r9,0.5-71 —0.5-79,0,0,---0) + ex € RP with p = 10, where ey is independent Gaussian noise
with variance 0.005. The objective of this simulation is to learn latent representations for
Y, while leveraging the dataset X to guide these representations. From the data generative
model adopted, it is clear that in this setting X contains information relevant to defining
interpretable latent representations for Y. However, its sparse and noisy form makes such a
task non-trivial.

For all methods, hyperparameters are chosen through K-fold cross-validation on a com-
puting cluster, with K equal to 4 or 5. We run each method until the the in-sample loss has
effectively stopped decreasing. Each method uses a d = 2 dimensional latent space, and all
VAE approaches use the same encoder and decoder architectures, 4 layer perceptrons with

ReLu nonlinearities. Notably, the last layer of the decoder is fed into a sigmoid, reflecting
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Disc Images Ring Images

Figure B.1: Example of discs and rings generated using the proposed data generation process.

True Latent Space Visualization (observed)
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Figure B.2: The true latent space of the image dataset, hidden and observed. The observed

latent space is found by adding Gaussian noise to the noiseless latent space.
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the structure of the underlying (binary) image data.

We compared three different approaches. The first is to train a vanilla unsupervised VAE
on the image dataset, and subsequently apply the sparse asymmetric CCA of Buenfil and
Lila (2024), which is a linear sparse CCA approach also encouraging group sparsity on the
estimated T', between the latent representation learned by the VAE and X. In training the
VAE + sparse CCA model, we use the sum of the first two canonical correlations as the
cross-validation metric. The model is then retrained on the full training set.

The second approach is the proposed conditional VAE, applied to X and Y jointly. In
training the conditional VAE, we performed cross-validation again over the sum of first two
canonical correlations. The model is then retrained on the full training set.

The third approach is the proposed conditional normalizing flow, applied to X and Y
jointly. To reflect a realistic scenario, where we have access to an unsupervised pretrained
model, we train an unsupervised vanilla VAE on the image data with hyperparameters
selected through cross-validation based on reconstruction error. Then, we train a conditional
normalizing flow based on Dinh et al. (2017). We construct the NF model by modifying the
real NVP model provided by the normflows package of Stimper et al. (2023). Then, we select
the hyperparameters of the conditional NF using cross-validation over the sum of the first

two canonical correlations. The model is then retrained on the full training set.
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Original Image Reconstructed Image

Original Image Reconstructed Image

Original Image Reconstructed Image

Figure B.3: Typical in-sample reconstructions of rings and discs, which were consistent across

the methods compared.

We compare the methods based on their out-of-sample performance on a much larger
dataset of 2500 images that follows the same distribution as the training data. The out-of-
sample metrics we use are the image reconstruction error, the sum of first two canonical cor-
relations, and the F'1 score between the sparsity pattern of T , the estimated high-dimensional

canonical vectors, and the true sparsity pattern ((1,1,0,0,0,0,0,0,0,0)).
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Figure B.4: The in-sample canonical variables U; versus Vi and U, versus V5, where U =
HT g(Y), while V' = T7X , for each approach. Here, we plot U; versus V; colored by r1, and U,
versus V5 colored by 79, to demonstrate how the different latent dimensions captured different
notions of interpretability. In this synthetic example, the latent representation learned from
the unsupervised VAE happened to be quite linear, leading to perhaps uncharacteristically
high correlations for the VAE + sparse CCA approach, in contrast with our connectome

application.
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Figure B.5: The in-sample canonical variables U and V', for each approach, where U =
H Tg(Y), while V = T7X. In this synthetic example, the conditional latent variable models
are able to capture more global linear structure than the linear sparse CCA approach. How-
ever, the inherent nonlinearity in the latent representations, due to the limited encoder and

decoder structures, makes linearizing the latent space more challenging.

In Figures B.4-B.6 we show both in-sample and out-of-sample comparisons. In Table B.1
we show the out-of-sample metrics computed for each approach. As the validation set is very

large, the entries in the table are very close to the population quantities being estimated.
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Table B.1: Out-of-sample metrics.

Approach/out-of-sample metric | Sum of Correlations | Reconstruction error | F1 score for T
VAE + sparse CCA 1.02 0.0071 0.66
Conditional VAE 1.19 0.0070 0.80
Conditional NF 1.20 0.0069 0.5

We make several remarks on the results. The conditional latent variable models we
proposed clearly outperform the VAE + sparse CCA approach. The VAE + sparse CCA
approach still does well, and we attribute this to the simplicity of the example, where a
vanilla VAE is already disentangling both r; and ro effectively. However, in more complex
settings, as in our real-world application, guiding the latent representations jointly during
training turned out to be essential.

Despite the fact that the conditional latent VAE was cross-validated over correlation,
not reconstruction error, its reconstruction error is still comparable to both other methods
which used unsupervised VAEs, which do not have to balance minimizing multiple competing
objectives. We attribute the relatively high F'1 score of the VAE + sparse CCA approach
to the fact that the sparse CCA approach performs its own cross-validation over its sparsity
parameter. In this setting, with a high signal-to-noise ratio, the advantage the conditional
models have, performing variable selection jointly while learning the latent representations,

is less critical than in more challenging settings.
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(c) Conditional NF (d) Ideal correlations

Figure B.6: The out-of-sample canonical variables U and V', for each approach, where U =
H Tg(Yya1), while V' = TTXval. We also include the ideal correlation analysis between X and

0.5-71+0.5-75,0.5-r1 —0.5-r5, which each approach tries to approximate.

B.2 Non-invertible nonlinear and partially linear CCA

In this section we provide background on both the (non-invertible) nonlinear and partially
linear CCA problems. We are given two observed random vectors X € R? and Y € R9, which
without loss of generality we suppose each have mean 0. We define the function classes of

interest, the square integrable functions with respect to Y and X:
L3(RE,RY) ={g:RI>R":E[g(Y)]=0and Vi=1,...d, E[g;(Y)?] < o0},
LR, RY) ={f:RF > R:E[f(Y)]=0and Vi=1,...d, E[fi{(Y)?] < oo}.

Then, the nonlinear, or nonparametric CCA problem, is defined as

maximize );E[gz(Y)fz(X)] (B.1)

geL? (R7R?), feL% (RP,RY
Lg(vy=2p(x)=la
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It has been shown (Breiman & Friedman, 1985; Michaeli et al., 2016) that the nonpara-
metric CCA problem is equivalent to finding the singular value decomposition (SVD) of an
operator Sz between L3 (RP,R) and L2 (R?,R), sometimes referred to as the conditional
mean operator (Mehta & Harchaoui, 2025)). This operator is in general not compact, and
thus the existence of a SVD (and thus a solution to the problem) depends on the dependence
structure between X and Y.

The partially linear canonical correlation analysis (PLCCA) problem, coined by Michaeli
et al. (2016), is defined as follows:

d
geL%I(l]ggflgdr;,iZTeeRPXd Z;]E [g:(Y)0[ X1, (B.2)
Syry=Ermx=l4
where 0, € R? is the ith column of 7" € RP*?. We remark that we have altered the formulation
in Michaeli et al. (2016) by imposing the constraint that E[g(Y)] =0 and E[f(X)] = 0; this
only has the effect of eliminating the first trivial canonical variable solution fi(z) = g;(y) =1,
and removing the first trivial singular value of S (see Michaeli et al. (2016) for more details).

PLCCA is a special case of the more general nonparametric CCA problem, and as such, it
is also equivalent to an SVD problem. However, in PLCCA, due to the additional constraint
that the functions in L3 must be linear, L% becomes a finite-dimensional space, so that the
operator Spy is immediately compact without any assumptions on the dependence structure
between X and Y. Thus, the PLCCA problem is fundamentally simpler and of independent
interest, and we do not view it as only a special case of the more general problem.

Thanks to the compactness of this operator, the solution to the PLCCA problem can be
written down in closed form. Let X = E[X|Y]. Then, T = E;/ T, where T € RP*d contains
the first d columns of the SVD of 23(1/22)22;/2’ and g(y) = E;lT/;TTE [X]Y =y]. We note
that in practice, we cannot necessarily use these formulas to compute the solutions, as the

conditional expectation E[X|Y] is not easy to evaluate.
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B.3 Supporting results and proofs for Section 3.3

B.3.1  Proof of Theorem 3.3.1

The following lemma is used in the proof of Lemma B.3.2 as well as Theorem 3.3.3. We will
also show a more general version of this lemma, Lemma B.5.5, which is used in the proof of

Theorem 3.4.3.

Lemma B.3.1. For a random vector Z € R¢ with X7 = I;, and random vector X € RP with
Yx invertible with p > d, with E[X] =0, E[Z] =0, we have
d 2 ~1/2 “1/2||?
sup Y E[]Z0]X] = |2, P nan s (B.3)
TeRP*? HeRIXE, =1 F
EHTZ:ETsz.[d
where the 6; € RP are the columns of T, and the n; € R¢ are the columns of H. This is

equivalent to the fact that, in classical CCA, if we optimize over the sum of squares of the

correlations, rather than the usual sum of the correlations, then the solution does not change.

Proof of Lemma B.3.1

We begin from

E[0] X Z™n;]? (B.4)

M-

S
1l
—

d
S E[n] Z26]X ] =
=1

(67 Sxzm)” (B.5)

M=

.
Il
—_

1/2

Changing variables from T to T = X T, whose columns we denote by 6, we have

d d
TaTv12 — T 2
sup Z]E[nl Z0/X]" = sup Z(QZ Yxzm:) (B.6)
TeRP*4 HeRI¥d 4=1 TeRP*d HeRI¥d =1
Yt z=3prx=Iq Yt z=3prx=Iq

d .. 2
= sup Z(@: 1/22)(2221/2772) (B.7)
TeRP*4 HeR4%4 =1
HTH=T"T=I,

< sup
TeRP*d FeRI*d,
HTH=T"T=I,

~ 2
T80y s, PH || (B.8)
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where in the last inequality, we have used that the diagonal entries of TTZ;/ Sy ZZ;/ °H
are the éTE_l/ DS Z/ 7i, so that there is equality when this matrix is diagonal.

Taking the singular value decomposition of ¥ 12 YxzX, V2 2 = UAVT, where U € Rpx¢,
A eR¥&d Ve R with UTU = VTV = I; and A diagonal, we have that

sup Z]E [0/ Z6] X sup HTTUAVTHHi (B.9)
TeRP*? HeR¥*? j=1 TeRPXd,HeR‘iXd,
Yyt z=NpT x=1d HTH=TTT=I,
2
<[ Alr (B.10)
2
-1/2 -1/2
= =352, (B.11)

where in the second inequality we have used the fact that multiplication by orthogonal
matrices can only make the Frobenius norm smaller. We can attain this upper bound by
choosing T = U and H =V, which also makes the matrix TTZ;/ Yy ZE;/ ’H diagonal. Thus,
both inequalities are equalities, and the proof is complete. O

The following result is used in proof of several theorems.

Lemma B.3.2. The nonlinear solution g maximizes the PLCCA problem

maximize ZE [0:;(Y)OTX]?. (B.12)
g]Rq—ﬁRd TeRP*d 5=
Bg(v)y=2p7x=14

9eCVAE

if and only if it minimizes the nonlinear regression problem
minimize E[[g(Y) - BTX||§] . (B.13)

gRI-RY, BeRP*?
Eg(vy=ld, 9¢Cvar

Proof of Lemma B.3.2
We start from
minimize E[|B™X -g(Y)][3]. (B.14)

gRI->R?, BeRP*d
Zgv)=la; 96Cvag
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and suppress the constraints in the notation for convenience. We have
i E[|B7X - () 2] = mfE[g(Y) g(Y) -~ 29(Y) B'X + X BE'X) (B.15)
= igrgE [tr (g(Y)"g(Y)-29(Y)'B"X + XTBBTX)] (B.16)
= igI,le tr (E[g(Y)g(Y) -2B"Xg(Y)"+ BT XX"B]) (B.17)
= inf tr (Sy(v) - 2B"Exyv) + B'ExB) (B.18)
= inftr (Syvy) = 2tr (B"Sx,0vy) + tr (B'Sx B). (B.19)

Since this is a least squares problem, we can plug in the optimal B for fixed ¢, which is

simply B = XX x4v):
inf B[ B7X - g(Y)[;] = infinf E[| B7X - g(V)];] (B.20)
= infinf tr (Syvy) = 2tr (B"Sxy(vy) + tr (B'Sx B) (B.21)

= inf [tr (S0 ) = 260 (Zo0) 23 Do) + 11 (Zo0) x 51 Bx X Do) )]

(B.22)
= inf [tr (Sr)) = 01 (g0 x BX Sxgr)) ] (B.23)
and using the fact that Y,y = I;, we obtain
: Ty 21 _ . 172 -1/2]|?
inf E[| B'X - g(Y)[3] = in [d |Z 5500 x =% HF] (B.24)

From classical CCA we recognize the matrix Z;(l{,Q) Yg(v) XE;(I/ ? as the matrix whose singular
value decomposition provides the solutions to the canonical correlation problem between
g(Y) and X. In particular, we can use the Lemma B.3.1 to obtain
d
St sxs? = s Y ERg()EXT (B.25)

TeRP*4 HeRIxd =1
EHTg(Y):ZTTX:Id

where the 6; € R? are the columns of T' and the 7; € R? are the columns of H. Combining
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this with equation (B.24), we obtain

. 21 .| ~1/2 -1/2||?
infE[| B7X - g(¥)[3] = inf - Hzg(y)zg(y)xzx HF] (B.26)
2 2
=inf|d - sup En/g(Y)0 X] (B.27)
g TeRP*d HeRd¥d =1
YuTevy=SrTx=1a
d
=d-sup sup [ZE [ngg(Y)é’;X]g] (B.28)
9 TeRPd HeRdxd | 4=1
EHTg(Y):ZTTX:Id
d
=d-sup sup lZ]E [g(Y)QZ-TX]Q] , (B.29)
9 TerP*d | i=1
S x=la

where in the last step we have absorbed the optimization over H into g. This completes the

proof. O

Proof of Theorem 3.3.1
Uniform convergence of a sequence of R? valued functions on K refers to convergence in the
supremum norm |g||., = sup,x [9(y)|,- From Lemma B.3.2, the maximization problem of
interest is equivalent to
minimize B[|g(Y) - BX]3]. (B.30)
Xyv)=la, 9eCVAE
From this, we can see that given an optimal g, the optimal B is the least-squares solution B =
Y¢ X xg(v), and plugging this B back in (using equation (B.23)), we obtain an optimization

problem over only g,

minimize J(g), (B.31)

9ECVAR,Zg(y)=1d

where
J(g) =d—tr (g0 x XX Sxgr)) - (B.32)

Therefore, finding an optimal pair (g,7") reduces to finding g € Cyag which attains the value

inf J(g), since by Theorem 3.3.3, an optimal T" can be derived from B. This

9ECVAE,Zg(y)=ld
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infimum is not —oo provided that Cyag N {g: Ygv) = I;} #+ @, so that the feasible set is not
empty.

We begin with a sequence {g,} c Cyag for which J(g,) converges to infc,,, J/(g), and
set out to show that {g,} has a subsequence that converges uniformly to a g* € Cyag with
Yg(vy = 1. Having shown this, once we show J(g) is continuous in g with respect to the
supremum norm, the proof will be complete, since continuity implies that the limit of the
subsequence satisfies J(g*) = infyecyrp, s,y =1, (9) With g* € Cyar and Xy (y) = I4.

We show continuity of J(g) with respect to the supremum norm. We need to show
that if {g,} c Cvag and g € Cyap are such that lim, .. sup,x [9.(y) —9(y)[, = 0, then
Yg.(vyx converges to Xgy)x in the Frobenious norm, since the trace function is continuous
with respect to the Frobenious norm and because the composition of continuous functions is

continuous. We have

|26, 01x = Sgnyx | = [E[(9n(Y) = 9(¥)) X" (B.33)
<E[(ga(Y) = 9(¥)) X[ -] (B.34)

=E[]g.(Y) - g(Y) ], [ X],] (B.35)

(B.36)

< gn = gl ELIXI,]-

Therefore, J(g) is continuous.

Now we show that {g,} has a convergent subsequence. Since g is M-Lipschitz, |g(y)|,
is contained within a closed interval I ¢ R with length diam(K)M. Because E[g(Y)] =0, I
necessarily contains 0, so that Cyag is uniformly bounded.

Since the Lipschitz assumption gives equicontinuity of Cyag, uniform boundedness on the
compact set K allows us to use the Arzela—Ascoli Theorem (Rudin (1976) Theorem 7.25) on
each coordinate of {g,} to construct d subsequences, each containing the last, so that the
final subsequence admits a subsequence converging uniformly to some continuous g*.

Corresponding to each ¢, in this sequence is an f, : R? — R¢ which satisfies
E[f.(9.(Y))] = 0, f, is m-Lipschitz, and E|Y - f,(g.(Y))|3 < e. Similarly to {g,}, the
condition that E[f,(g.(Y))] = 0 along with f,, being m-Lipschitz implies that the {f,} are
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uniformly bounded. Since the {g,} are uniformly bounded, their range can be restricted to
a closed ball of R4, which is in particular compact. Therefore, without loss of generality we
can restrict the domain of each f,, to this compact set K7, and again use the Arzela—Ascoli
Theorem to construct a final subsequence {f,,} which uniformly converges to some contin-
uous f* on K, with a corresponding subsequence {g,} retaining its previous properties,
which we do not relabel for notational convenience.

It remains to be shown that g* satisfies ¥,y = I4, and that g* belongs to Cyag. Namely,
we must show that E[¢g*(Y)] = 0, ¢g* is M-Lipschitz, and that f* satisfies the decoder
condition for g*: that E[f*(¢*(Y))] =0, f* is m-Lipschitz, and that E|Y - f*(¢*(Y))|3 < e.

That ¢g* is M-Lipschitz follows directly from the uniform convergence of {g,}, and sim-
ilarly, f* is m-Lipschitz. Since Cyag is uniformly bounded, we can apply the dominated

convergence theorem on ecach coordinate of {g,}, as well as {gng7} to show that
lim B [g,(Y)] =E[g"(Y)] and (B.37)
lim B [g,(Y)g.(Y) ] =E[g"(Y)g"(¥)]. (B.38)
Therefore, g* satisfies E[g*(Y)] = 0 and ¢ (yy = 15 Finally, we have
1£algn(Y)) = [ (g D2 < 1fa(92(Y)) = fulg™ YDy + [ fulg”(Y)) = f*(g" (V)] (B-39)

<mgn(Y) = g"(Y)ly + [ falrer = x| (B.40)

<mgn = 9" + [ falry = F¥ 1k oo (B.41)

Therefore,

E[[(Y = £a(92(Y)) = (V = £ (@ O] <mllgn =07l + 1 fulis = Flics s (BL42)

which converges to 0 by the uniform convergence of {f,} and {g,}. Letting |Z|2=
IE[HZ ||§]1/2 denote the L2 norm of a random vector Z € R4, the reverse triangle inequal-

ity implies that

Y = Falgn (YD 2= Y = £ (g" D2l < IV = fal9n(Y))) = (V = f7(g"(Y))) [ 2, (B.43)
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so that

T E[[Y - fu(g ()" =E[Y - £ ()2 (B.A4)

and squaring, we obtain

E[IY - f*(g"(Y)5] = im E[JY = fu(ga(Y)) 5] <. (B.45)

Similarly,
E[f*(g"(Y)] = lim E[f.(g.(Y))] = 0. (B.46)
This completes the proof. O

B.3.2  Proof of Theorem 3.3.3

The proof is analogous to the proof of Lemma B.3.2. We start with

minimize E[|BTX - g(Y)]|3]. (B.47)
g:RqaRd, BeRP*4
Egvyzcla, geCvar

From equation (B.23), for the optimal B for a fixed g,

E[|B™X - g(Y)[3] = tr (Z40v)) =t (Zeonx Zx Exery) (B.48)
= tr (Zy)) ~ tr (%(Y)Zg(%zgmxﬁ EX9<Y>Z;(1§2>) (B.49)
= tr (S0 [ 2o = 5,5 o x ZR Exon Sy ) ) (B.50)

We denote D = [I; - 27(11/,2)Eg(y)XE‘lEXg(y)Zf(lf) for notational ease. We note that
%05 e x B3 B By 0 = AAT where A = X 72, x 3% From classical CCA, the
singular values of A are the canonical correlations between ¢g(Y) and X, so they are all
between 0 and 1. Therefore, D is positive semi-definite, with eigenvalues equal to 1 -2,
where ~; is the ith canonical correlation between g(Y') and X. Thus,

inf E[|B"X -g(Y)[3] = inf tr (Z,0r)D) (B.51)

gRI-RY, BeRP*4 gRISRY
Eg(vyzcld, geCvar Eg(vyzcld, geCvar
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It is straightforward to show that as a function of X (y), that subject to the constraint that
Yg(v) = ¢l this problem can be minimized by ¥,y = cly, thanks to the fact that D does
not depend on ¥,yy. Therefore,

d
L [ g()]3] nf Z;( 72) (B.52)
Bg(v)=cla, 9Cvar Syryzcla, 9eCvaR
d
=cld- sup Y2, (B.53)
g:]Rq—JRd =1

Bgvyzcla, geCvar

Now using Lemma B.3.1, we have

d
: T 27 _ T Ty 12
inf E[|BTX -g(Y)|;]=c|d-  sup sup E[n]g(Y)0; X]
gRI>R?, BeRP* gRI>RY TeRP*d HeRI*d, =1
Eyvyzcla, geCvar Sgvyzeld, geCvar Syt (vy=Srm x =14

(B.54)

Writing this last supremum over h = H"g completes the proof of the first part of the state-
ment. Additionally, we can see that to obtain h from ¢ (by finding H) as well as find T,
we take the optimal g from the regression problem and solve a linear CCA between ¢ and
X (appealing to Lemma B.3.1 that maximizing the sum of squares of the correlations is the
same as maximizing the sum of the correlations in linear CCA).

Fixing the optimal (g, B) for the regression problem, where g may not satisfy X,y = Ig,
from classical CCA we know that we can find (7', H) that solves the CCA problem between
g(Y) and X via the SVD of the following matrix:

S g By = TAHT, (B.55)

where the solutions are
T=x T (B.56)
H=x {"H. (B.57)
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On the other hand, from its definition, it is straightforward to show that B = XYy v).

Therefore, we have

-1/2 pr -2 _ AT
Eg(y)B EXBEg(Y) =HAH',

and

T=BHA™.

which follow from matrix algebra. This completes the proof.

B.4 Supporting results and proofs for conditional VAEs

B.4.1 Derwation of conditional VAE objective

(B.58)

(B.59)

Introducing the latent variable Z € R?, the conditional density p(y|z) can be written as

p(z,y) p(x,y,2)
p(z) p(x,y,2)

_p(y, ) q(zly)
p(zlz,y) q(2ly)

p(ylr) =

The log-likelihood is
I p(ylr) = In (p(y, z|x)) . m( q(=ly) )
p

q(zly) (zlz,y)

- Ey) [1(M)] + Dt (aCely), a1y, 2)).

q(2ly)

Since the KL divergence is nonnegative, we obtain the ELBO lower bound:

B [P, 2l)
ELBO = E,(.;,) [1 (—q(zw) )]

Supposing p(y, z|z) = p(y|z)p(z|x), we can write this as
ELBO = I['I'q(z|y) [111p(y|2)] —Dgr, (Q(Z|y)7p(z|x)) :
If we choose to specify the model as

Y|ZaXNN(f(Z)7[d)
Z|I X ~N(B"X,1,),

(B.60)

(B.61)

(B.62)

(B.63)

(B.64)

(B.65)

(B.66)
(B.67)
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and we model q(z|y) ~ N (g(Y), 1), then to maximize the ELBO we can equivalently mini-
mize

SE g [IY = 7]+ 5 l9(V) - BXE, (B.68)

where we have used the expression for the KL divergence between two Gaussian distributions
with the same covariance, and where we have plugged in the population quantities X and Y
in place of x and y. In practice, X and Y are observed, and we estimate the expectation of

the above quantity with respect to (X,Y):

minimize E[|g(Y) - BYX3]+ E[Egey [V - F()I2]]. (B.69)

gRI—>R4 BeRrxd

where the outermost expectation is with respect to (X,Y"), the observed quantities.

B.4.2  Proof of Theorem 3.}.1

We introduce tools from information theory that will be used in the upcoming proofs (see
Chapters 2 and 8 of Cover (1999)).

The differential entropy, or just entropy for short, of a random vector Y with probability
density function fy(y), is denoted by

h(Y) =-E[log (p(Y))]. (B.70)

when it exists and is finite.
The mutual information between random vectors X,Y with density functions fx and fy
and joint density fyy is defined as
XY
I(X;Y) EE[IO{;(%)]. (B.71)
when it exists and is finite.
The conditional entropy between X and Y, where fxy(z|y) denotes the conditional

density of X given Y, as

h(Y|X) = E [log (fxy (X|Y))] (B.72)
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when it exists and is finite.
We collect the following results from Cover (1999), in particular Theorems 8.4.1, 8.6.5,
2.8.1, and equation (2.39).

Lemma B.4.1. 1. For a Gaussian random vector Y € R with covariance Xy, we have

the following expression for its differential entropy:

1
h(Y) = glog(Zwe) *5 logdet (Zy). (B.73)

2. Differential entropy is mazimized for Gaussian distributions: for any random vector

Z € R4 with covariance Xz whose entropy exists, we have

d 1
MZ) < 3 log(27me) + 5 logdet (7). (B.74)
3. Data processing inequality: If X =Y — Z is a Markov chain, then I(X;Y) > I(X;Z).

4. I(X;Y) = h(X) - h(X]Y).

We state an additional auxiliary inequality, which will be used in the proofs of Theorems

3.4.1 and 3.4.3.

Lemma B.4.2 (GM-AM Eigenvalue Inequality). For positive semi-definite A € R4 we

have

tr(A)

> det(A)Ye, (B.75)
We have equality when A is a multiple of the identity matriz I4.

Proof of Lemma B.4.2
This is the well-known GM-AM (geometric mean-arithemetric mean) inequality applied to
the eigenvalues of a positive semi-definite matrix. We give a proof for completeness Let \;
be the eigenvalues of A. Then Jensen’s inequality applied to log gives

d d
log (%) = log ( Z’; )\i) > 2in1 l(c)ig (A _ log (Ij )\i/d) =log (det (A)l/d) : (B.76)
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Taking the exponential of each side completes the proof. Equality when A is a multiple of

the identity matrix I; can be seen by evaluating both sides. O

Proof of Theorem 3.4.1
Following Theorem 10.2.1 of Cover (1999), we define the rate distortion function Ry (D) of
Y under the squared error as

Ry (D) = inf I(Y;Y) (B.77)

Py [ V=¥ |2<D]

where Py‘y denotes the set of conditional distributions over a random vector Y € R4 given
Y € R7. We note that for D > E [HYH;] we have Ry (D) = 0, since then Y = 0 satisfies the
given constraint that E [HY - ?’E < D] and I(Y;0) =0. The infimum is then 0 since mutual
information is always nonnegative.

From the distribution ¢(Z[Y"), Z = g(Y') + € where € ~ N (0, [;02,.) and ¢ is independent
from Y. Let Y = f(Z), i.e. the noisy reconstruction of ¥. Then from the definition of
Ry (9),

Ry (8) <I(Y:Y). (B.78)

We have that
I(Y:;Y)<I(Y:Z) (B.79)

by the data processing inequality (Lemma B.4.1) since Y - Z — Y is a Markov chain. Then,

1(Y;2)=1(Z;Y) (B.80)
=h(Z) - h(Z|Y) (B.81)
=h(Z) - h(Z|g(Y)) (B.82)

where we have used the symmetry of mutual information, item 4 of Lemma B.4.1, and the

fact that Z only depends on Y through ¢(Y").
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Since Z = g(Y) + ¢, we have h(Z|g(Y)) = h(e). Because ¢ is Gaussian, Lemma B.4.1
implies that

hZ|g(Y)) = glog(%re) + glog (02.)- (B.83)

Noting that mutual information is invariant to addition by constants, we can suppose that Z

is mean 0 without loss of generality, so that Xz = ¥,(yv)+2. = Xyvy+02, Iq. Since differential

entropy is maximized for Gaussian distributions, Lemma B.4.1 applied to Z implies that

d 1
MZ) < 3 log(2me) + 5 log det (Eg(y) + agncld) : (B.84)
Putting these inequalities together, we have shown that
1 d
Ry (6) < 5 log det (Syvy + 02ela) - 5 log (02.) (B.85)

1 1 d d

= 5 log det (%zg(y) + Id) + 5 log (02,) - 7 log (02.) (B.86)
1 1

= 5 log det O_ng(y) + Id . (BS?)

Applying the GM-AM inequality Lemma B.4.2, this is upper bounded:

tr (J%Eg(Y) + Id) ‘

1 1 1
5 log det (Ugnc Ygv) + ]d) < 5 log 7 (B.88)
d 1
= 5 log (tI' (Wgnczg(y)) + 1) . (B89)
Combining this with equation (B.87) and rearranging for ¥y, we finally have
0 (Syv)) 2 0% (3B 1), (B.90)

so that C'(9) from the statement of the proofis C'(§) = d (egRY(‘S) - 1). Since for D > E [”Y”;]
we have Ry (D) =0, we can check that this translates into C'(D) = 0 as well. This completes

the proof. O

Using equation (B.87) directly, we also have the tighter bound related to the determinant
of Eg(y)Z
1
det (ng(y) + [d) > ¢2fv (0), (B.91)

enc
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This reflects the same intuition as the trace bound: the eigenvalues of ¥,y being large

depends on the reconstruction error § being small and the encoder variance o2, . being large.

B.5 Supporting results and proofs for conditional NF's

B.5.1 Derwation of conditional NF objective

In this case, we already have access to a dimension-reduced Y, which we call W, so that
Y =¢p(W).
We introduce the model
W= f(2) (B.92)
Z=B"X +¢& (B.93)
where f is injective. We would like to derive the form of the conditional distribution p(w|z).

We begin with the joint distribution, and use the standard transformation of variables

formula to obtain

pwx(w,z) =pzx (f(w),x) |det(Jf(w)) , (B.94)

where J;(w) denotes the Jacobian matrix of a smooth function § evaluated at w. Then,

denoting § = f-!, the conditional density is
pwix (w]z) = pzix (§(w)lx) |[det (Jz(w))l, (B.95)
so that the log of the conditional likelihood is
In pyyp (wl) = I pzpx (§(w)le) + Infdet (Jy(w))]. (B.96)

Using the model
ZIX ~N(B"X,1,), (B.97)

and writing the maximization of the log-likelihood in its population form, we obtain

1
masimize E [-5 1§(W) = BTX|? + In|det (Jg(W))|] | (B.98)
g7
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This is equivalent to minimizing

1
minimize E [5 1§(W) = BTX|% - In|det (J,(W))] |, (B.99)

geCnr,BeRP*d

where we have now specified the constraint set for feasible g.

B.5.2  Proof of Theorem 3.4.2

Lemma B.5.1 (Gaussian Poincaré Inequality). For Z Gaussian and isotropic, and f € Cxr,
we have
Yz <E[J(2)J(Z)7] (B.100)

Proof of Lemma B.5.1
We provide the proof for completeness; for the idea of the proof and more general results,
see Theorem 2.4 of Huang and Tropp (2021). The standard Gaussian Poincaré inequality
says that (see Theorem 3.20 of Boucheron et al. (2013)), for differentiable g: R? - R,

Var (9(2)) <E[|v9(2)]5]- (B.101)

To show the desired result, we simply apply this inequality to the function u" f(y) : R - R

for u € R4 to obtain

Var (u” f(2)) <E[|V (u" 1) (2)[]. (B.102)
The left hand side is
Var (u"f(2)) =E[(u"f(2))’] (B.103)
~E[u f(2) f(Z)u] (B.104)
= UTZf(Z)U, (B105)

while the right hand side is
E[|V (") (2] = E[[77(2) ul,] (B-106)
=E[u"J(Z2)J(Z) u] (B.107)
=u'E[J(Z2)J(Z)]u. (B.108)
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Therefore, for all u € R, we have
UTEf(Z)USUTE [Jf(Z)Jf(Z)T] u, (B109)
completing the proof. O

Lemma B.5.2. For g € Cxg with bilipschitz parameters (m, M), we have

S ndet (ELJ5(2)J5(2) D=1 (1:(2) Jo(2)T - ELI(2)15(2) 1[%] < B [ |det (J3(2)]
(B.110)

Proof of Lemma B.5.2
The idea of the proof is that we can lower bound the expectation of Indet(.J;(Z)) in terms
of E[J5(Z)J3(Z)7] and the variance of J;(Z)J3(Z)T. Intuitively, this is like upper bounding
E[f(V)] for convex f: R - R and V € R a random variable in terms of E[V] and the
variance of V; this upper bound will depend on the curvature of f, i.e. its second derivative.
Here, V takes the role of J3(Z).J;(Z)7, and we are flipping the signs to obtain the concave
version of this simpler example.

For fixed symmetric H € R4, let

F(X) = %lndet (X), (B.111)
X,= X +tH, (B.112)
ht) = £(X)), (B.113)

for t € [0,1]. We will use the second order Taylor expansion with integral remainder,
1
h(1) = h(0) +h’(0)+[ (1 t)R"(£)dt, (B.114)
0
and with a lower bound on A”(t) > 1 on [0,1] and integrating (1 —1t), we have

h(1) > h(0) + h'(0) + %z. (B.115)
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Let A= J3(Z)J;(Z)7 for notational convenience. Choosing H = A-E[A] and X =E[A],

ML) = £(X2) (B.116
_ %lndet (E[A]+ (A-E[A])) (B.117)
_ %1ndet(J§(Z)Jg(Z)T) (B.118)
=Indet |J;(Z)]. (B.119)
Similarly,
h(0) = %lndet (E[A]) (B.120)
- 5 Indet (B [J5(2)J5(2)")). (B.121)

so that, taking the expectation, we have

E[Indet|J;(2)[] > = Indet (E[J;(2)J5(2)]) + E[A'(0)] + %E 1]. (B.122)

N | —

The remainder of the proof is finding the expressions of h’(0) and h(t) > [, and subsequently
taking their expectations.

Beginning with A/(t), this is just the directional derivative of f in the direction H,
F'(Xy)[H] (see Section 2.2.1 of Bright et al. (2025)). From Appendix section A.4.1 of Boyd
and Vandenberghe (2004), f'(X)[H] = 3tr (X' H), so that

1
h(t) = 5t (X;'H), (B.123)
and, for H = A-E[A] and X =E[A], #’(0) = 1tr (E[A] ' (A-E[A])), so that
E[h'(0)] =0. (B.124)

Now we evaluate h”(t). Call I/(t) = g(X;), so that g(X) = 2tr (X-'H). We again identify

h"(t) as a directional derivative, in this case of ¢ in the direction H:

h(t) = g'(Xe)[H]. (B.125)
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A short computation shows that, using equation (124) of Petersen, Pedersen, et al. (2008),
g (X)[H] = —%tr (XHX'H), (B.126)

so for H=A-E[A] and X =E[A], we have
R'(t) = —%tr (XM (A-E[A) X (A-E[A)])). (B.127)

To obtain a lower bound on A”(t) for t € [0,1], we note that X; = E[A] +t(A-E[A]) =

tA+ (1-t)E[A], a convex combination of A and E[A], always satisfies X; > m2I;, since

g € Cxr guarantees that the smallest singular value of Jj is always greater than m, so that
-1/2

the smallest singular value of A = J;(Z)J;(Z) is always larger than m2. Thus, X, '~ < =1,

and we have,

2
~h(t) = % | X2 (A—E[A])X;1/2||F (B.128)
1 B 4
< X, 1A - E LA (B.129)
1 )
<53 |A-E[A]l;. (B.130)

where we have used the property of the Frobenious norm that |AC| . < ||A],|C| . From

this, we see that we can take [ = -3 | A - E[A] |2, completing the proof. O

Proof of Theorem 3.4.2
Now, we will relax the constraint that ¥,y > aly for g € Cxp. We start with Lemma B.5.1,

which says that
Zgv) E[J(Y) Jy(Y)']. (B.131)

This along with ¥,y > aly implies
aly<E[J,(Y)J,(Y)]. (B.132)
From Lemma B.5.2, we have

5 ndet (E[J,(V)Jy (V) D)= 1B [y (V1 () = ELJy(V)Jy (V)11 < B [lnfdet (J, (7))
(B.133)
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Using aly <E[J,(Y)J,(Y)T], we can lower bound the first term in equation (B.133):
d 1 .
5111(@) <5 Indet (E[J,(Y)J,(Y)T]). (B.134)

Thus far we have shown that

Sy = als = B[Inldet (J,(1))]] 2 §(a) ~ B (17,00 J,(0) ~E[J,(00) 1,0 )II2],

(B.135)
where we can think of the second term in equation (B.133) as the ‘variance’ of J,(Y")J,(Y)T.
We now derive an upper bound for E[|J,(Y).J,(Y)" - E[J,(Y)J,(Y)] H?,] We denote the

matrix function Jy(y)J,(y)"-E[J,(Y)J,(Y)"] = F(y) € R¥?. We apply the one-dimensional
Gaussian Poincare inequality (equation (B.101)) to each entry of F(y):

Var (Fy(Y)) <E[|[VE,(V)12] (B.136)
[zdj (G%Jy(ky)) ] (B.137)
Therefore,
E[[J,(Y)Jy(Y)" = E[J,(¥)J,(Y) 1] = E[|F (V)] (B.138)
d
Z:: Var (F;;(Y)) (B.139)
d 0F;(Y)
< ; ( 0 ) ] (B.140)
o OF(Y)
->'E l” o F] (B.141)
where agg) denotes the matrix with entry (7, ) equal to the aFg—(Y) Using equations (37)

and (44) of Petersen, Pedersen, et al. (2008), we have

OF (y) _ an(y)Jg(y)T
Oye OYr,

(B.142)

0J (y)

(B.143)
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so that by the triangle inequality, the fact that |A|, = |AT|, and the fact that |AB|, <
[ Al 1Bl £

Hap—(y) ‘ T,y )8‘] o)’ (B.144)
Oy, llp F
<2 J,(y a‘] (y) (B.145)
F
Putting these inequalities together, we have
8J (Y)
H'E[HJQ(Y)Jg(Y)T _E[JQ(Y)JQ(Y)T]H;] <k (B'146)
F4
=E 9J (Y) (B.147)
COyr F
Since g € Cyr, the bound | Jg(Y)HZ < M? holds. We can rewrite
d NoJ,(Y d
522 Sy, (B9
k=1 F o=l

where H,,(y) denotes the Hessian matrix of coordinate g; evaluated at y € R%. Putting these

final inequalities together, we have now shown that
d
E[|J,(Y)J,(Y)" ~E[J,(Y)J,(V)]2] <402 Y B[ | H, (V) 2] (B.149)
i=1

Denoting our lower bound on the right hand side of equation (B.135) as b(a), we finally have

M?2

d
b(a) = ln a)— Zl [1H,,()]3], (B.150)

so that C' = M2 YL E[H, (Y)||§] in the statement of the Theorem. This completes the

proof. O

B.5.8  Proof of Theorem 3.4.1
Theorem 3.4.1 follows immediately from the following Lemma B.5.3, since then

< E[In|det (J;(W))[] (B.151)
1

< 5 log det (Zsm)) s (B.152)
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and therefore,

b<E[In|det (J;(W))[]] = e*=C <det (Zm))- (B.153)

Lemma B.5.3. For g € Cxr and isotropic Gaussian W € R?, it holds that

E [log|det (J;(W))|] < = logdet (S5aw)) - (B.154)

DO | —

Proof of Lemma B.5.3

We denote g by g and W by Z for notational ease. We begin with by using!, for g € Cyag,
h(g(Y)) =h(Y)+E[log|det (J,(Y))]]. (B.155)

Having assumed that Y is an isotropic multivariate Gaussian, we can use Lemma B.4.1 for

the expression of its differential entropy h(Y") = -E [log (p(Y"))]:
d 1 d
h(Y) = §log(27re) + §logdet Zy) = §log(27re). (B.156)

Lemma B.4.1 also says that differential entropy is maximized for Gaussian distributions: for

any random vector Z with covariance Y, whose entropy exists, we have
d 1
MZ) < 3 log(2me) + 5 logdet (Xz) . (B.157)

Combining these facts together, picking Z = g(Y'), we have

W(a(Y)) = h(Y') + E [log det (J,(¥))] (B.159)
_ glog(Zﬂe) +E[log det (J,(Y))]] (B.159)
< glog(Qﬂe) + %log det (Eg(y)) . (B.160)

This implies that

E [log|det (J,(Y))|] < = logdet (Z,0v) (B.161)

N | —

completing the proof. O

See https://statproofbook.github.io/P /dent-noninv


https://statproofbook.github.io/P/dent-noninv

191

B.5.4  Proof of Theorem 3.4.3

We provide some machinery needed for the proof of Lemma B.5.5. It comes from Olkin and
Marshall (2014).

Given two vectors of real numbers of length d, =,y € R?, we say that x majorizes y if
l.xy2ze2...2x5and yy 2 y2 > ... 2 ya;
2. T4+ To+ ...+ XY +Y2+... .ty for k=1,...d;

3. T1+To+ ... +Tag=Y1+Y2+ ...+ Yq-

When the first two conditions hold but in the absence of the third, we say that x weakly
submajorizes y. The result we need is known as Tomic’s inequality (Theorem 4.B.2 of Olkin

and Marshall (2014)).

Lemma B.5.4 (Tomic’s inequality). Suppose x,y € R¢ are both vectors with entries contained
in the interval («,3) € R. Then, if f : (a,5) = R is convex, increasing, and x weakly

submagorizes y, then

if(yi) < if(a:i)- (B.162)

A more well-known version of this theorem is referred to as Karamata’s inequality, where
f is not assumed to be increasing, but where we require that x majorizes y. In this case, the

conclusion still holds (Kadelburg et al., 2005).

In the following lemma, we generalize Lemma B.3.1.

Lemma B.5.5. Let f: R - R be an even function with f(0) =0, f(z) >0 Vz, and such that
f (/) is convex and increasing on Ryg. Then, given a random vector Z € R* with invertible
Yz, and a random vector X € RP with ¥x invertible with p > d, with E[X] =0, E[Z] =0,

we have

d d
sup > F(E[ Z0]X]) =3 f (), (B.163)
TeRP*4 HeRI*d =1 i=1

Eptz=Yprx=ld
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where the 0; € RP are the columns of T, and the n; € R are the columns of H, and the v; are
the singular values of E;/QZZXZ;/Q. In addition, the supremum is attained by the (T, H)
that solve the classical CCA problem between X and Z.

This is equivalent to saying that in classical CCA, for a large class of convex functions,
mazimizing the sum of the function applied to the correlations rather than the usual sum of

the correlations does not change the solution.
Remark 18. Taking f(z) = 22, we recover Lemma B.3.1.

Proof of Lemma B.5.5
We begin by using a similar argument to the proof of Lemma B.3.1. We have, using a change

of variables T = ©°T, H = %,'°H,

d d
Sup Z f(E 20 X]) = sup Z (Q;FEXZWZ‘)2 (B.164)
TeRP*, HeR>?, =1 TeRP*d, HeR 4, =1
Yprz=Xprx=Iq Yprz=Yprx=Iq
d
= swp Y (5, ) (B.165)
TeRP*4 HeRM*4 =1
HTH=T"T=1,

< swp ZZf(QT 8, ) (BA66)
TeRP*4 HeR¥M*4 =1 j=1
AT A=TTT-1,

where in the last inequality we have used that f(x) > 0. Then,

d d B d d _ ~
sip WSS Pexss, )= s SN ((FTUAVTH),), (B.167)

TeRP*d FeRI*4 =1 j=1 TeRP*d FeRI*e =1 j=1
HTH=T"T=I, HTH=T"T=I,

where UAV'T is the SVD of Z;/QZXZE;/Q, where U € RP*P and V' € R%? are orthogonal,
and A € RP*4 is diagonal. Since U and V are orthogonal, we can perform another change of
variables to L=UTT and R=V"H:
d d
sup Z Zf ((TTUAVTH) ) = sup Y>f ((LTAR)U) (B.168)

TeRPd fJeRd*d =1 j=1 LeRP*4 ReR¥*4 =1 j=1
HTH= TTT I, L"L=R"R=1I,

d d
= sup sup ZZf((KTR)ij), (B.169)
LeRP*4 ReR¥*4 =1 j=1
LTL=I; RTR-1,
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where in the last step we let K = ATL € R4 and split the supremum into two suprema.
d
Denote by t; = ((k;rj)2)j=1 e R Then, (KTR);; = kjr; =/ (k{r; 2= /t;j, where k; denotes
the 7th column of K, and r; denotes the jth column of R.
Since R is orthogonal, its columns form a basis of R¢, and the ¢; contain the squared values

Z;’lzl tia

of the representation of k; in the basis of the columns of R. In particular, |k =
and the vector w; = (Hleg ,0,0.. .O) € R? majorizes t. We can then apply Tomic’s inequality,
Lemma B.5.4, to t and w, applied to f(y/x) which was assumed to be convex and increasing.

We obtain, for i =1,...d,

M-

S F((K7R),)

J=1

(V1) (B.170)

(Vi) (B.171)

- f(\/W) (B.172)

where we have used that f(0) =0 in the final equality. Therefore,

sup  sup zdjzd:f((KTR)w)< sup zf(\/wmg) (B.173)

<
1l
—_

M=

.
1]

LeRP*d ReRdxd =1 j=1 LeRP*d =
L'L=1; RTR= [d LTL=I,4
- sup Zf (ViTAATE) (B.174)
LeRP*d =1
LTL=I4

since k; = ATl; where [; is the ith column of L. Letting b(L) = (liTAATli)il, then b(L) is the
diagonal of the matrix B(L) = LTAATL € R where our notation emphasizes that b and B
are functions of L € RP*4. We let A\p.q (AAT) = (’yf)?:l denote the first d eigenvalues of AAT.
We denote the descending eigenvalues of any symmetric matrix A € R4 by A\(A) € R,
and by A;(A) the ith entry of A(A). By Schur’s Theorem, Theorem 4.3.45 of Horn and
Johnson (2012), for every L, A\(B(L)) majorizes b(L). Corollary 4.3.39 of Horn and Johnson
(2012) applied to AAT immediately implies that A;.q (AAT) weakly submajorizes A\(B(L)) for
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every orthogonal L € RP*?. Two final applications of Tomic’s inequality to f(y/x) give that

sup Zf(\/lTAAT )< sup Zd:f( )\Z-(B(L))) (B.175)

LeRP*4 =1 LeRP*4 =1
LTL=I, LTL=I,

< Zf(\/)\ (AAT)) (B.176)
(VA2 (B.177)

f (), (B.178)

Me T

@
I
—

LM&

and we note that we have equality when L € RP*? has 1s on its diagonal and Os elsewhere.
We have now established that
d
sup Zf (En/Z26;X]) <> f(m), (B.179)
i=1

TeRP*d HeR4, =1
Z:HTZ ZJTTX Id

and tracing back the inequalities and changes of variables, we have equality when we choose
L to have 1s on its diagonal with Os elsewhere and R to be I;, corresponding to choices of
T =U and H = V. Equality in equation (B.166) follows from the fact that these choices of T
and H make TTUAVTH diagonal. This corresponds to T" = Z;(I/QT and H = 221/2[:[, which
are exactly the solutions to the classical CCA problem between X and Z, and the proof is
complete. O
Proof of Theorem 3.4.3

We denote g by g and W by Y for ease of notation. We begin with

minimize  E[|g(Y) - BTX|3], (B.180)

gECNFvBERde
E[In|det(Jg(Y))[]2b

the equivalent formulation of the normalizing flow problem. From Theorem 3.4.1, we know
that this problem is a constrained problem relative to

minimize ]E[Hg(Y) BTX]||; ] (B.181)
gECNF BeRP*

det( g(Y))



195

where ¢ = €2 Now, we show that this relaxed problem is equivalent to a partially linear CCA
problem.

Following the proof of Theorem 3.3.3 up until equation (B.51), we have

. Ty 27 _ .
ngq_)RIQfBeRW E[IB7X -] g:nglde (¥ D). (B.182)
det(Eg(y))zc, geCnNF det(Eg(y))zc, geCNF

where we have denoted D = I, - E;(l)/?)Eg(y)XZE(IZXg(y)E;(l)//Z) for notational ease. We note
that 3, /%) x X3 D) By 1) = AAT where A = 5 75,5 x 5/, From classical CCA,
the singular values of A are the canonical correlations between g(Y') and X, so they are all
between 0 and 1. Therefore, D is positive semi-definite, with eigenvalues equal to 1 -2,

where ~; is the ith canonical correlation between ¢g(Y) and X.

Applying the GM-AM inequality Lemma B.4.2, we have

_ 1/2 1/2

tr (Sg0) D) = tr (Sofy, DXty ) (B.183)

1/2 12\
> ddet (313 DY) (B.184)
= ddet (Sy0ry) """ det (D) (B.185)

with equality when Z;@)DZ;@) is a multiple of I;. Therefore,

. Ty _ 2 . 1/d 1/d
ngdqﬁngeRpxd E[|B"X - g(Y)|3] > g:&fﬂ%d ddet (Z,0))" det (D) (B.186)
g<CnF, det(Eg(y))zc geCnNF, det(Eg(y))zc
> inf deMd det (D) (B.187)
gZRd%Rd

geCNF, det(zg(y))zc

Picking gy = (cdet (D))l/d D=1, ¥y(vy satisfies det (Zg(y)) =cand ¥2 DY s a mul-

g(Y) g(Y)
tiple of I;. Therefore the inequalities become equalities and we have
inf E[|B™X - g(Y)|}] = inf dc'd det (D) (B.188)
gRI-R?, BeRP*d gRI-R?
gGCNF7 det(Zg(y))zc QECNF, det(Eg(y))ZC
p 1/d
= dc'/d inf 1-+2 : B.189
g:Rd—ﬁRd i=1 ( P)/l ) ( )

geCnF, det(Zg(y))2c
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Therefore, minimizing the relaxed NF problem (B.181) is equivalent to maximizing

sup Z log (

gRI-RY
geCnNr, det(Eg(y) )20

) (B.190)

1- ”yz

Applying Lemma B.5.5, with Z = g(Y'), observing that f(x) = log(

) satisfies the condi-

tions of the Lemma, namely evenness, that f(x) >0, and that f ( ) (—x) is convex

and increasing on Ry, we have

1 d 1
sup log ( ) sup sup log ( ) ,
gRISRY Z 1- ’71 gRISRY TeRP*4 HeR*?, ; 1-E [UJQ(Y)QJXF

geCnNF, det(Zg(y)) geCnNF, det(Eg(y))ZC EHTg(Y):ETTled

(B.191)
where the 6; € RP are the columns of T, and the 7; € R? are the columns of H. This is

equivalent to

d 1 1/d

i Y I I ) B.192

g:Rd%Rd Te]RPxol7]—[6Rd><d7 (i—l 1-FE [n;g(y)e;rX]Q ) ( )
geCnr, det(Bg(vy)2e BaTo(n) = rTx=la

and writing this problem over h(y) = HTg(y) completes the proof. i
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