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Abstract. If L is a uniformly elliptic operator in non—divergence form, the boundary
Harnack principle for the ratio of positive L-harmonic functions holds in Holder domains
of order « if @ > 1/2. A counterexample shows that 1/2 is sharp. For Hélder domains of
order a with a € (0, 1], the boundary Harnack principle holds provided the domain also

satisfies a strong uniform regularity condition.
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1. Introduction.

The boundary Harnack principle (BHP) for the ratio of positive harmonic functions
was first proved in Lipschitz domains in 1977 [1], [6], [13]. It is now known that the
BHP also holds for the ratio of positive L-harmonic functions in Lipschitz domains when
L is a uniformly elliptic operator with bounded coefficients in divergence form [5] and
in nondivergence form [7]. Recently it has been shown [2], [4] that for harmonic func-
tions and L-harmonic functions where L is in divergence form, the BHP holds even in
Holder domains.

It is the purpose of this paper to show that the BHP also holds in Holder domains of
order a when L is in nondivergence form, provided either that the domain is strongly uni-
formly regular or that a > 1/2. The proofs of [4], which depend heavily on the symmetry
of the Green function, fail in this case, and a substitute argument is necessary.

We consider uniformly elliptic operators L given by

d 9 d
Lj(a) = 3 oo oA @)+ b)),

where the a;; are symmetric, and for some constant ¢y, € (0, c0),

d d d

d
(L) " DY) <D ag@y'y’ <ed ()2 D |bi@) <en, wy R
=1 j=1

i,j=1 i=1
We suppose the a;; and b; are smooth, but all constants depend on L only through the
constant ¢y, and not on the smoothness of the a;; or b;. A function w is L-harmonic in D
if Lu(z) =0 for all z € D.

For the definition of Holder domain, see Section 2. A domain D is strongly uniformly

regular if there exist a constant ¢; € (0,1) such that
(1.2) |B(z,r) N D°| > cpr, x € 0D,r € (0,1],

where B(z,a) is the ball of radius a about = and |- | denotes Lebesgue measure. It is easy
to see that Lipschitz domains are strongly uniformly regular, and so our results are an
extension of some of those in [7].

One of our main theorems is



Theorem 1.1. Suppose D is a strongly uniformly regular Holder domain of order «,
a € (0,1]. Let K compact be contained in V' open. There exists a constant cy such that
if w and v are positive L-harmonic functions in D that vanish continuously on (0D) NV,
then

u(y)/v(y) < ecgu(x)/v(z) forallz,y € KND.

Our second main theorem is the following.

Theorem 1.2. Suppose D is a Holder domain of order o, o € (1/2,1]. Let K compact
be contained in V open. There exists a constant cy such that if u and v are positive
L-harmonic functions in D that vanish continuously at the regular points of (0D)NV and

are bounded in a neighborhood of (0D) NV, then

u(y)/v(y) < egu(x)/v(z) forallz,y € KND.

The boundedness of u and v in a neighborhood of (0D) NV is essential, as the Remark
following Theorem 3.3 of [2] shows.

The last result is sharp because we have the following counterexample.

Theorem 1.3. For each a € (0,1/2) there exist D, K,V,L,u and v which satisfy the

assumptions of Theorem 1.2 but inf,cxknp u(z)/v(x) = 0.

The coefficients of the operator L in Theorem 1.3 are not smooth; see however Remark
5.1 below.
We now state two results that are concerned with properties of operators in non-
divergence form which are closely related to the boundary Harnack principle.
We denote the diffusion process corresponding to L (see [12]) by (X, P*), and we
define
T(A) =inf{t >0: X; € A}.

For a positive L-harmonic function A in a domain D, an h-process in D is a diffusion with

the transition probabilities
Py (X; € dy) = P*(X; € dy; T(D°) > t)h(y)/h(z).
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Its lifetime is denoted 7, i.e., the h-process is defined on a random time interval [0,7) and

at time 7 it approaches the (Martin) boundary of D.

Theorem 1.4. Suppose that D is a Hélder domain of order o, o € (1/3,1], and L is a
uniformly elliptic operator in non-divergence form. Then there exists ¢ = c¢(D) < oo such
that

Ep(t) < o0

for all x € D and all positive L-harmonic functions h in D.

This result has been essentially proved in [3] as Theorem 1.1(i)(b)(C). The assumption
of the strong uniform regularity made in that theorem is superfluous in view of Remark

3.3(i) of [3]. See [3] for the history of the “lifetime” problem and references.

Example 1.5. For each a € (0,1/3) there is a Holder domain D of order a, x € D, a
uniformly elliptic operator in non-divergence form, and a positive L-harmonic function h
in D such that

Py (1 =00) = 1.

The domain D and operator L may be constructed using the ideas from [3], Section
4, and Section 5 below (and some new ideas as well). We omit the proof as it is extremely
long and complicated.

Section 2 contains some probability estimates for strongly uniformly regular domains.
Section 3 has a Carleson estimate and the proof of Theorem 1.1, while Theorem 1.2 is

proved in Section 4. Our main counterexample, Theorem 1.3, is presented in Section 5.

2. Probability estimates for strongly uniformly regular domains.
We recall the following facts about nondivergence form operators. Throughout the
paper all constants ¢; are in (0, c0).
(2.1) [9] If @ is the unit cube centered at 0 and € > 0, then there exists § > 0 (depending
only on ¢ and ¢r,) such that if A C @ and |A] > ¢, then

Linf PY(T(4) < T(0Q)) = .



(2.2) (Harnack inequality; [10]). There exists ¢; depending only on ¢y such that if » < 1

and h is nonnegative and L-harmonic in B(y, ), then
h(z1) < crh(z2), x1, 22 € B(y,7r/2).

(2.3) (Support theorem; [12], pp. 168-169) If ¢ : [0,] — RY is continuous and ¢ > 0, there
exists 0 > 0 (depending only on v, t,e, and cr,) such that

PYO (X, —(s)| < e for all s € [0,t]) > .

We also use the fact that for any r € (0,1], the operator corresponding to X/, is
another elliptic operator in nondivergence form, with coefficients satisfying (1.1) with the
same constant cy,. We refer to this property as “scaling”. (If the b; are all 0, then scaling
holds for any r € (0, 00).)

An easy consequence of (2.1), (2.3) and scaling is that if c¢; > 0, there exists ¢z > 0
depending only on ¢, and ¢y, such that whenever r < 1, A C B(y, r) with |A| > cor?, then

(2.4) inf  P™(T(A) < T(0B(y,r))) > cs.

lz—y|<r/2

A domain D C R is called a Hélder domain of order «, o € (0, 1], if for every = € 4D,
there exists a neighborhood U of z, an orthogonal coordinate system CS = CS,, and a

function I = T',,, I' : R%~! — R, that is Holder continuous of order « such that
DNU={y=@". ..,y eU:y?>T, ...,y ") in CS}.

As in [2] and [4], to prove the BHP it is enough to restrict attention to a domain D
lying above the graph of a Hélder function. So we write z = (z1,...,2%) = (Z,2%), we
suppose (without loss of generality) that a € (0,1), that M € (1,00), that I : R¥~! —

[— M, M| satisfies
0@) -T@)| < M(lz-g[* AL), Z,5eR"TY

and that D is given by
D={zcR?: z?>T(@)}.
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We suppose throughout this section and the next that D is a strongly uniformly
regular domain. Define d(z) = dist(z,0D). Note that if z € D with d(z) < a, we can
choose zp € 0D so that |z — 29| < a. Then by (1.2),

|B(2,2a) N D¢| > |B(zy,a) N D¢| > ¢ra.
So using (2.4), there exists p € (0, 1) such that
(2.5) P*(T(0B(z,2a)) < T(0D)) < p.

Using (2.5) it is not hard to argue that every point of 9D is regular for the Dirichlet
problem for L.
We define

Q(z,a,7) ={y € D:d(y) <a,|z —y| <r},
*Q(z,a,r) ={y € 0Q(x,a,r) : |T —y| =r},

and

9"Q(x,a,7) = 0Q(x,a,1) — (D U Q(x,a,1)).

Lemma 2.1. There exist ¢4, ¢5 such that if y € Q = Q(x,a,r) with |T —y| < r/2 and
r < 1, then
PY(T(0Q) =T(0°Q)) < cqyexp(—csr/a).

Proof. Let G, = {y € D : d(y) < a}. Let Uy = inf{t : | Xy — Xo| = 2a}, Ujy1 =
U +U 00y, i=1,2,..., where 6, is the usual shift operator. By the strong Markov
property, if z € G,
P*(Uj41 <T(0G,)) < P*(Uyoby, <T(0G,),U; <T(0G,))
= E*(PYVi (U < T(0G,)); U; < T(9G,))

< sup PU(U; < T(8G.))P*(U; < T(9G,)).
wEG,

So by (2.5) and induction,

(2.6) P*(U; < T(0G,)) < p.
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But if y € Q(z,a,7/2),
PYUT(0Q) = T(8°Q)) < PY(T(0Ga) > Uy jaa)),
which proves the lemma a)

Lemma 2.2. Let R, N € (0,1/2). There exist cg, ¢ (depending on R and N ) so that if
x €D andy € Q(z,2N, R), then

PY(T(0Q(z,4N,2R)) = T(0“Q(z,4N,2R))) > cg exp(—crd(y)* ).
Proof. Let yo = y. Define y;, « = 1,....,n, by y; = v, y@d+1 = yd + r;, where r; =
(R Ad(y;))/3, and n is the first ¢ for which d(y;) > 4N + 1. By elementary geometric

reasoning and the fact that I'" is a Holder function of order «, we see that the exists cg

(depending on R and N) such that
(2.7) n < cgd(y)* .

(This is very similar to the proof of Lemma 2.3 of [2].)

Let B; = B(y;,2r;), B = U?:o B;. Let h be the harmonic function that has boundary
value 1 on 0B N 9dB,, and value 0 on the remainder of 0B. By (2.3), there exists cg with
h(yn) > co. By (2.2), h(y;) > ¢ 'h(yiz1). Hence

(2.8) h(yo) > cocy ™.
But
h(yo) = PY(T(8B) = T(dB,,)) < PY(T(dQ(x,4N,2R)) = T(0"Q(x,4N,2R)),
which, when combined with (2.7) and (2.8) proves the lemma. o
Let A € (0,1/8), R € (24,1/4),

H, ={T(0Q(0,24,2R)) =T(0°Q(0,A,2R))},
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97Q(0,24,2R) = Q(0,24,2R) — (9D U 3*Q(0, A, 2R)),

and

Hy = {T(8Q(0,24,2R)) = T(89Q(0,2A, 2R))}.

Theorem 2.3. There exists ¢1g (depending on A and R) such that if x € Q(0, A, R),

Pm(Hl) S ClOPm(HQ).

Proof. Define by, = 2%, 71, = 2R — (R/8) YF_ (1 414)72,
Ji = {y eD: d(y) c [Abk+1,Abk], |m < Tk}, k= 0,1,....

With this definition of Jj, the proof of Theorem 2.4 of [2] goes through with minor mod-
ifications, provided we replace the A’s by @’s and we use Lemma 2.1 and 2.2 in place of

Lemmas 2.2 and 2.3 of [2]. The estimates of Lemma 2.2 allow us to take « in the full range

(0,1]. o

3. Proof of Theorem 1.1.
We continue to suppose that D is as in Section 2. In place of the path decomposition

argument of [2], Section 3, we prove the following estimate of Carleson type.

Proposition 3.1. Let x € D with1/3 > R > 2d(x). There exists c11 € (0,00) (depending
on M, «, and cp) such that if u is L-harmonic in D and vanishes continuously on 0D N

0Q(x,3R,3R), then u(y) < cjyu(x) for y € Q(z, R, R).

Proof. We normalize u so that u(z) = 1. Let a = d(x). By (2.2), u is bounded by a
constant cj5 on 0“Q(x,a,2R). Without loss of generality assume o < 1.

Suppose y € Q(x,a,3R/2) and let r = d(y). Let yo = y and define y;,i = 1,...,n and
B; as in Lemma 2.2. Using (2.2) and the chain of balls B;, we get

(3.2) u(y) < ctu(yn) < crzexp(eiar®™)
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for constants c;3, ¢14 depending only on a and R. Hence if u(y) > L, then

IH(L/Clg) ) 1/(a=1)

(33) i < (
C14
Since we can bound u on Q(z, R, R) — Q(z, a, R) by using (2.2), to prove our result it
suffices to bound u on Q(z,a, R).

Note that since o € (0,1),

S = Z[ln(p_(i_l)K/Cl3)/614]1/(a_1) < Q.

i=1
Take K large enough so that S < a A (R/8). We will show that u is bounded by K on
Q(z,a, R).

Suppose not. Then there exists z; € Q(z,a,R) with u(z;) > K. We construct
a sequence 21,2, ... € Q(z,a,3R/2) with u(z,) > p~ ™ VK and |2, — Z,_1| < 2r,_y if
n > 1, where 7, = d(z,). Suppose we have the sequence up to z,. Since u(z,) > p~ " VK,

(3.3) tells us that

(3.4) e e T I A~ I
§R+2T1+...+2Tn_1

< R+2S <3R/2.

Again by (3.3), r, < S < a. Hence z, € Q(x,a,3R/2).
Since u is 0 on 9D N Q(z,3R,3R),

(3.5) p~ VK < u(z,) = E*u(X(T(O(D N B(zn,2rn)))))

<] sup u|P*"(T'(0(D N B(zp,2ry,))) < T(0D))
O(DNB(zn,2ry,))

<pl[ sup ]
O(DNB(zn,27ry))

So there must exist z,+1 € (D N B(zy, 2ry,)) such that u(z,41) > p~" K. Induction gives
us our sequence zi,...,Zn, Znitl,--.. But u(z,) — oo, hence by (3.3), r, — 0. Yet by
(3.4), z, € Q(x,a,3R/2). This contradicts the assumption that u vanishes continuously
on the boundary of 9D N Q(x,3R,3R). Therefore u is bounded by K on Q(z,a, R). o
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Proof of Theorem 1.1 Assume R < 1/4, a = d(x) < R/4, and u and v vanish continu-
ously on 0DNQ(z,3R,3R). By multiplying by constants, we may assume u(x) = v(z) = 1.
We wish to show u/v is bounded in Q(z,a, R). The result of Theorem 1.1 follows from
this special case, using (2.2) and standard techniques.

Let y € Q = Q(x,a, R). Without loss of generality we may assume x = 0. Since u = 0
on 9D NQ(x,3R,3R), Proposition 3.1 and (2.2) yield

(3.6) u(y) = EYu(X(T(9Q)))
= EYu(X(T(0Q))); T(0Q) = T(0°Q)] + EY[u(X(T(0Q))); T(0Q) = T(9"Q)]
< (31515 w)PY(T(0Q) =T(6°Q)) + (g}gg uw)PY(T(0Q) =T(9"Q))
< cufsup ) [PY(T(0Q) = T(2'Q)) + P(T(0Q) = T(0"Q)]

By Theorem 2.3, (2.2), and the fact that u(x) = v(x) = 1, the right hand side of (3.6) is

< cw(ggg u)PY(T(0Q) = T(0"Q))
< cw(aigé v)PY(T(0Q) = T(0"Q))
< e EY[u(X(T(0Q))); T(0Q) = T(9"Q)]

< cir EY0(X(T(0Q))) = crrv(y).
Hence u(y)/v(y) < ¢17. D
4. Proof of Theorem 1.2
As before we may assume that D lies above the graph of a Holder function I', but

now we assume « € (1/2,1) and no longer assume that D is strongly uniformly regular.

Let §(z) = ¢ — T'(z). We define
Az,a,r) ={y € D:4(y) < a7 —y| <7},

PA(z,a,r) ={y € 0A(x,a,r) : |Z —y| =1},

and

"A(z,a,r) = 0A(xz,a,r) — (0D U I*A(z,a,r)).
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Using (2.2) and (2.4) we may follow the proofs of Section 2 of [2] almost exactly to
get the following analogue of Theorem 2.3.

Let A€ (0,1/8), R € (24,1/4),
Hy = {T(0A(0,2A,2R)) = T(9°A(0, A, 2R))},

99A(0,24, 2R) = dA(0,24,2R) — (9D U 9°A(0, A, 2R)),

and

H, = {T(0A(0,2A,2R)) = T(89A(0,24, 2R))}.

Theorem 4.1. There exists c1s (depending on A and R) such that if € A (0, A, R),
P*(Hy) < c1sP*(Hs).

We can now obtain a Carleson estimate in this case also, but the reasoning is slightly

more delicate.

Proposition 4.1. Let x € D with 1/3 > R > 26(x). There exists c19 € (0,00) such that
if w is L-harmonic in D, vanishes continuously at the regular points of 0D NOA(z,3R,3R),
and is bounded in a neighborhood of 0D N 0A(z,3R,3R), then u(y) < cigu(z) for y €
Az, R, R).

Proof. We normalize u so that u(x) = 1. Let a = §(z). By (2.2), u is bounded by a
constant cog on " A(z,a,2R). Without loss of generality assume o < 1.

Suppose y € A(z,a,3R/2) and let s = 6(y). Let yo = y and define y;,i = 1,...,n and
B; as in Lemma 2.3 of [2]. Using (2.2) and the chain of balls B;, we get

(4.1) u(y) < co1 exp(cazst ™)

for constants co1, co2 depending only on a and R. Hence if u(y) > L, then

(12) (1) < (M)a/(a_”.

C22
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By Lemma 2.2 of [2] and (2.4), there exists ca3 € (1,00) such that for each A <1,
P*(T(0A(z, A, co3A)) = T(0°A(z, A, ca3A))) < 1/4.

Choose N large so that 3 = N'~%/® < 1. This is possible since 1 — 1/a < 0. Then
take K large so that if

S = Z[ln(2i_1K/021)/ng]a/(a_l),

i=1
then S < a A (R/8Nca3). Take K larger if necessary so that K12 > 2¢377.

As in Proposition 3.1, it suffices to bound v on A(z,a, R). If u is not bounded by K
on A(z,a, R), we construct a sequence 21, 29, ... with u(z,) > 2" 'K and |z, — Z,_1| <

Ncoss,—1 if n > 1, where

Sy = [ln(u(zn)/021)/022]0‘/(0‘_1).

Suppose we have the sequence up to z,. Just as in (3.4), z, € A(z,a,3R/2). Now
consider A = A(z,, Nsp,c23Nsy,). If y € O%A, then 6(y) = Ns,. So by (4.1),

u(y) < e exp(czg(Nsn)l_l/o‘) = co1 exp(BIn(u(zy)/co1))
= &3 Mu(zn)? < ulzn)/2,
recalling u(z,) > K.

Let L’ be the operator in divergence form defined by
D) = N~ 0 of
=3 o (0575 ) (@
Since we are assuming the a;; and b; are smooth, by the Girsanov transformation (see
[12]), the law of the diffusion corresponding to L’ started at z is equivalent to the law of
the diffusion corresponding to L started at x, for each € R%. Hence a point is regular for
a set with respect to L if and only if it is regular for the set with respect to L, and a set
is polar with respect to L if and only if it is polar with respect to L’. By the argument of
[11], p. 44, trivially modified to apply to divergence form operators, the irregular points
of D¢ (with respect to L) are polar (with respect to L’). Hence the same is true with L’

replaced by L. In particular,
(4.3) u(X(T(0A))) =0on {T(OA) =T(0D)}.

12



We then write

u(zn) = Eu(X(T(0A)))
= B (uw(X(T(0A))); T(0A) = T(0°A)) + E™ (w(X(T'(9A))); T(0A) = T(8"A))
< (Szp u)P*(T(0A) = T(9°A)) + (sup u)

OvA
< (1/4)(supu) + u(zn) /2.

Therefore

supu > 2u(z,) > 2" K.
A

Hence we can use induction and construct our sequence z1,...,2,, Zpt1,... With
u(zn) — oo and z, € A(x,a,3R/2) for all n. By (4.2), 6(z,) — 0. But this contradicts
the assumption that u is bounded in a neighborhood of 9D N JA(x,3R,3R). Therefore u
must be bounded by K on A(z,a, R). o

Proof of Theorem 1.2. The proof is almost exactly the same as the proof of Theorem 1.1
in Section 3. We need to replace the Q’s by A’s, to use Theorem 4.1 in place of Theorem
2.3, to use Proposition 4.2 in place of Proposition 3.1, and to recall (4.3) in the analogue

of (3.6). o

5. Counterexample.

Proof of Theorem 1.3. Fix some o € (0,1/2). We will construct a Holder domain
D, of order a and a uniformly elliptic operator L, in non-divergence form such that the
boundary Harnack principle (in the sense of Theorem 1.2) fails for D, and L. In order to
simplify the notation we will discuss only the 3-dimensional case. The same idea works in

higher dimensions.

Step 1. First we discuss some properties of a certain class of operators and their associated
diffusions. The drift coefficients b;(x) will be identically 0 for all operators considered in

this section and will not be mentioned further. Let 5 € (0,1) U (1,2) U (2,00) and set
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v=(8—2)/(3—1). Suppose that the coefficients of an operator L are given by

aij(x) =0 ifi=3orj=3, i#}
633(1‘):1/2, R,
(5.1) Gii(z) = 1_2?1(95_@5;‘) : i=1,2,
g 2
aij(x):;.f(li1$—_/y‘i)1§"7 i,jzlor 27 7'7&]5

for z € R3, T # 0. The value of a;;(z) for T = 0 is irrelevant to us but for the sake of
definiteness let a;;(z) = 6;; for T = 0. Note 5= (2—v)/(1 —v).

The process (Xt,ﬁf”), Xy = (X} XE XD = ()?t,XE’), corresponding to L has 2
independent components, )?t and X?. The latter is a standard Brownian motion. The
first one has a skew-product decomposition (see [8], 7.15). Its radial part is a $-dimensional
Bessel process. The angular part of )?t is a Brownian motion on a circle run with a clock
determined by the radial part but otherwise independent of the radial part.

We will consider only positive 3 # 2. It is standard to check that |)A(:t]2_5 is a local
martingale and, therefore, f(r) = r2~# is a harmonic function for the 3-dimensional Bessel

process. Let

F(g)={z e R’: |7 = q}.

Then
5 ¢ " —a "
(5.2) P*(T(F(q0)) < T(F(g2))) = 2P _ 2

for x € F(q1), 0 < go < ¢1 < g2. In particular, X hits F(0) with probability 1 if 8 < 2.
Bessel diffusions have the scaling property, i.e., |r5(:t /r2| is also a (-dimensional Bessel

process. Hence, if § < 2 then
(5.3) PE(T(F(0)) < ¢%) > ¢1 >0
for z € F(q), where ¢; does not depend on g.

Step 2. The domain D, will be assembled from an infinite number of building blocks. In

this step we define such a block.
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Recall that o < 1/2 and fix some ¢ € («,1/2). We will define a domain D = D(r) for
all r > 0; the estmates in Steps 2-4 are valid, however, only if » < 1 and r/* < r1/5/4.
Let

Y = Y(r,d) df {(mr'/? nrt/%) : m,n integers}.

Let

filz) =r—|z|* for z € R?,
A={zeR?:|z'|>2o0r |2?| >},

fa(x) = sup (fi(z—y)V0)  forzeR?
yeEYUA

D=D(r)={x cR>: 2% > fo(z' 2*)}.

Next we define an operator L = L,. Its coefficients a;;j(x) are defined by (5.1) with
B = 3/2 for x € R? such that |z'| < 71/9/2, |#2| < r'/%/2 and 23 > r/2. For x such that
|zt < r/%/2 22| < r/9/2 and 2% < r/2 we let a;;(z) be defined by (5.1) with 3 = v,
where v is a large number which will be specified later. We extend a;;’s periodically by
letting a;;(z) = a;;(z —y) for all z € R3 and all y such that y> = 0, € Y. On the set

of x for which a;;(x)’s are still undefined (the set consists of the union of planes) we let

CLij (1’) = 5”

Step 3. We will estimate the probability that the L-diffusion X will hit Z & {x € R?:
x3 = r} before hitting D°. Let

Z; ={zxeR®: X®=r— jrt/°}.

Suppose 1 < j < (r/2)/r'/? —1 and z € Z;. Find y, € Y such that |(y,,2?) — x| < 2r'/?

and let
Jo(z)={z € R3:% = Yo }s

Ji(z) = {z e R3: |25 — 23| < r1/9)2,|7 — y.| < r'/%/4}.
It follows easily from the support theorem (2.3) that there is ¢ > 0 such that
(5.4) P*(T(Ji(x)) <T(Z;j-1)) > c2
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forx € Z;. For all z € Z;

(5.5) P*( sup X2 — X3 <rl/2/2) =c5>0
0<s<(rt/8/4)2

where ¢35 does not depend on r, by Brownian scaling. By (5.3), for z € Jy(z),
P*(T(Jo(x)) < (r'/°/4)%) > c1.
This, (5.5) and the independence of X and X3 imply
P*(T(Jo(x)) <T(Zj—1)) > c1cs  for z € Jy(x),
which combined with (5.4) and the strong Markov property applied at T'(J1(x)) yields
P*(T(D°) <T(Zj—1)) > PY(T(Jo(x)) <T(Zj—1)) > cic3¢2 L >0

for x € Z;. A repeated application of the last inequality and the strong Markov property
at the stopping times 7(Z;),1 < j < (r/2)/r'/? — 1 4 ., shows that

P*(T(Z) < T(D?)) < (1 — e4)™ = exp(—esri~1/%)
for some c5 > 0.

Step 4. Consider an operator L with coefficients a,;(z) d a;j((z,7/4)). The probabilities
corresponding to L will be denoted P*. By (5.2), for x € F(r'/%/4),

(/3 /)7 — (713 2

(2-v)(1/é-1/a)
(ri/a)2= — (y1/0 /2)2— < cer :

(5.6) PH(T(F(r'/®)) < T(F(r'/°/2))) =

We have assumed that /@ < ¢1/9 /4, so ¢g may be chosen independently of r.

It follows from the support theorem (2.3) and scaling that
P*(T(F(2q)) < T(F(q/2))) > ¢7 > 0

for x € F(q), ¢ > 0. This inequality, when applied repeatedly at the stopping times
T(F(27 -r1/9/2)) for j < ko 4y log, (8r/(r1/9/2)), yields, for r sufficiently small,

A

(5.7) P (T(F(8r)) < T(F(T1/6/4))) > 61760 > p—es(1-1/9)
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for x € F(r'/?/2) and some cg > 0.
Let 51 = 0,
Ty = inf{t > Sy : X, € F(r*/°/2)}, k>1,
Sy =1inf{t > Tp_1: X, € F(r'/9/4)}, k>2.

The event {T(F(r'/®)) < T(F(8r))} is the union of events
Co L{Sp < T(F(r'/®))obs, < Tp <T(F(8r))}, k> 1,

Pr.as. for x € F(r'/9/4), where  is the usual shift operator. By the strong Markov
property, (5.6), and (5.7),

pm(ck) < (1 _ T—c8(1—1/6))k—lCGT(2—'y)(1/6—1/a)
and so

(5.8)  PUT(F(r'/*)) < T(F(8r))) < cor MA@ N7 (1 pmesio1/0))k
k=1
— C6r(2—7)(1/5—1/a)rc8(1—1/5)

for z € F(r'/%/4). By the strong Markov property applied at T'(F(r'/% /4)), formula (5.8)
remains true for || > r1/9 /4.
Let

M=|J{zeR: [5—y| <r'/},
yeY

Dy ={z e R3: |z! <r 422 2% < r/2} — M.

There are no more than (4r'=1/%)2 points y € Y such that |y'| < 7+7'/9/2 and |y?| < r/2.
The estimate (5.8) may be applied to each set {x € R3 : |7 — y| < r'/®}, y € Y, by the
periodicity of the coefficients of L, so that

P*(T(M) < T(D$)) < cgr?=m1/0=1/a)pes(1=1/0) (45.1=1/9)2
for & such that dist(z, M) > r'/% /4. Now we choose large v so that

n @2 —)(1/6 - 1/a) + cs(1 = 1/8) +2(1 — 1/6) > 0.
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Then for small 7 > 0, some cg > 0 and z such that dist(x, M) > r'/% /4 we have

A

(5.9) P*(T(M) <T(DY)) < cor".
Let
Dy ={zeD;:2%c(0,r/2)},
Ny ={z eR®:z! =r'/%/2 |2? < r/4,2° € [r/8,3r/8]},
Ny = Ny + (k — 1)(r,0,0), k> 2.
By the support theorem (2.3),

A

PT(T(Ny) < T(DS)) > 10 > 0

for z € Ny. For small r > 0, in view of (5.9),

N

PE(T(No) = T(DS) < T(M)) > e11 2 ¢10/2 > 0

for x € Ny. Since Dy — M C D and L and L have identical coefficients on Dy — M, we see
that
PI(T(NQ) < T(DC)) > Cc11

for x € N7 and for similar reasons
Pw(T(Nk+1) < T(DC)) > c11

for © € Ni, k > 1, assuming Ngy; C D. There are fewer than 3/2r such k’s. If
Q = {x € OD : 2 = 1} then the last estimate and the repeated application of the strong
Markov property at the stopping times T'(Ny) show that for some ¢4 > 0,

P*(T(Q) < T(D®)) > ¢3)”" > exp(—crar?)
for x € N;.

Step 5. For each r > 0 we have defined a domain D = D(r) in Step 2. Let

D, ={zeR?: |z[ <100, |2'| <1} n [ J[DE27F) + (0,2 - 27+ —27F)].
k=2
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Let L, be an operator whose coefficients are defined by

ai;(z) = af(z — (0,2 —27FF2 _27F))

ij J
for 2 € D(27%) 4 (0,2—27%+2,—27F) where af; are the coefficients of L = Lo (see Step
2). For the remaining x, we let a;;(z) = d;;. The probabilities corresponding to L. will be
denoted PY. Let
Z,={x€dD,:2>>1},
Q.={rcoD,:z' =1},
a = ((27F)0)2,2 — 27FF2 ok 4 o7k /g,
u(z) = PA(T(Z.) < T(DY)),
v(z) = PA(T(Qx) < T(D5)).

By the results of Steps 3 and 4,
u(zr) < exp(—cs2 )

and

v(zk) > exp(—clg2k)

for large k. Since § < 1/2,
lim wu(zg)/v(z) = 0.

k—oo

Let
V={zecR?:|z| <99, |z < 1/2},

K={xcR?:|z| <98, |zt < 1/4}.
It is easy to check that D,, L., V, K, u and v satisfy the assumptions of Theorem 1.2
(except that a < 1/2). But the ratio u/v takes arbitrarily small values in D, N K. So

Theorem 1.3 is proved. a]

Remark 5.1. (i) In Theorem 1.2 we assume that the coeflicients a;; and b; of the op-
erator L are smooth, but the operator L, in the above counterexample has non-smooth
coefficients. One may slightly modify the example so that it gives some information about

operators with smooth coefficients.
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For a fixed n, it is possible to modify the coefficients of L, in D, to obtain a new
operator L7, which has smooth coefficients which satisfy (1.1) with the same constant cy,

and such that the estimates of Steps 3 and 4 for the hitting probabilities in
D) + (0,2 — 27542, —o-ky]
k=2

remain essentially unchanged. In this way we obtain a sequence of operators L7 such that
inf,ep,nr u(z)v(0,0,1)/v(x)u(0,0,1) goes to 0 as n tends to co. This shows that Theorem
1.2 cannot be true for v < 1/2 and operators with smooth coefficients if we insist that cg
depend on L only through cy .

(ii) Our proof of Theorem 1.3 relies heavily on operators with large ellipticity constant cy,.

This suggests the following

Problem 5.1. What is the critical value of @ = «()\) in Theorems 1.2-1.3 if we limit

ourselves to operators L with ellipticity constant c¢;, bounded by A?
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