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Thermally-buckled composite panels in aircraft may experience dynamic snap-through due to

aerodynamic loading, which can accelerate damage growth (or delamination) in these struc-

tures. Therefore, characterizing post-buckled dynamic response and corresponding stress

fields can be an important step to help assure the structural integrity of composite struc-

tures. To address this issue, this work experimentally and numerically investigates nonlinear

dynamics and snap-through of post-buckled laminated composite plates under harmonic

loading. In addition, stress fields induced by these phenomena are simulated to explore their

potential impact on the fatigue failure of composite structures.

The experimental investigation made in this work is intended to lead to a better funda-

mental understanding of the aforementioned phenomena and to provide benchmark data for

robust model validation in the nonlinear regime. The dynamic response of a post-buckled

composite specimen under various harmonic scenarios is captured using a full-field digital

image correlation system. The spatio-temporal complexity and parameter sensitivity of the

dynamic response are explored and the snap-through boundaries of the specimen are char-

acterized.

Several numerical models are built using in-house finite element codes written in MAT-

LAB and are calibrated using the static full-field measurement of the buckled shape of the



specimen. The primary objectives of the modeling done in this work are to develop reliable

simulation tools for numerical analysis of nonlinear dynamics, and to investigate the impact

of nonlinear dynamics and snap-through on stress fields. A model based on the classical lam-

inated plate theory and nonconforming (semi-C1 continuity) cubic Hermite elements (free

of shear locking) is shown to achieve excellent agreement with the experimental observa-

tions including the snap-through boundaries. As a ‘truth’ model in the thin plate limit, this

model provides a new tool for developing benchmark data (displacement fields) for validation

of computationally-demanding models which involve high computational costs or potential

locking issues.

For accurate and direct computation of stress fields, another model is generated based

on the first-order shear deformation theory and bi-linear elements (C0 continuity). The

shear and membrane locking issues of this model are exposed through linear and nonlinear

analyses of its displacement and stress fields. To address these locking issues, two types

of assumed strain methods are employed: the mixed interpolation of tensorial components

(MITC4) and the enhanced assumed strain (EAS) method. The geometrically-nonlinear

analysis presented herein shows that the EAS method effectively controls both shear and

membrane locking, whereas the MITC4 method alleviates only shear locking with strong

oscillations of membrane stresses which imply the occurrence of membrane locking.

The simulation results obtained using the EAS model reveal that post-buckled response

generates larger-amplitude stresses than the pre-buckled cases and that snap-through can

induce a significant increase in stress amplitudes, thereby potentially affecting fatigue life.

By developing reliable simulation tools for analysis of nonlinear dynamics and consequent

stress fields, this work makes an important step forward in investigating the impact of these

phenomena on the structural integrity of composite structures for supersonic- or hypersonic-

speed flight.
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Chapter 1

INTRODUCTION

1.1 Motivation

Constrained panels of airplanes and space shuttles can buckle due to thermally-induced

axial loading such as aerodynamic heating during high-speed flight [83]. Such post-buckled

structures may also experience conventional fatigue in linear regimes. However, in extreme

cases represented by dynamic snap-through, the structures are subjected to large-amplitude

deformations, which could potentially lead to low-cycle fatigue failure of the structures.

While this phenomenon is important in both metallic and composite structures, this work

focuses on laminated composites. The applications of composite materials have significantly

grown over the last two decades in diverse industrial fields such as aerospace, automotive, and

civil engineering [25, 26, 54, 104]. For example, 50 % of the airframe and primary structure

(including the fuselage and wings) of the Boeing 787 (see Fig 1.1) is made up of composite

materials [29]. For military aircraft, the Lockheed Martin F-35 has a composite fuselage and

wing structure, and composites comprise 35 % of its airframe weight [26, 61].

The aforementioned aerodynamic phenomenon poses a potential threat to structural in-

tegrity of these composite structures. For example, potentially high strains (and consequent

high stresses) that post-buckled composite structures experience under dynamic loading may

accelerate initiation and propagation of delamination in these structures, which can lead to

loss of the global stability [1]. Delamination appears as debonding of adjacent layers and

is one of the most dominant failure-modes of laminated composite structures [105]. There-

fore, characterizing post-buckled dynamic response and corresponding stress fields can be

a pivotal step in developing reliable simulation tools to predict consequent damage growth,

thereby improving the safety of composite structures.
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Figure 1.1: Materials in the airframe and primary structure of the Boeing 787. This figure
was reproduced based on Ref [29].

Despite such importance, simulation of dynamic snap-through of post-buckled plates

remains challenging and in the case of composite laminates, to the best of the author’s

knowledge, very little research has been done. Furthermore, most of the studies on nonlinear

dynamics focus on characterizing the dynamic response of structures in terms of displace-

ment fields but do not cover its impact on stress fields and fatigue. To address this issue, this

work experimentally and numerically investigated nonlinear dynamics and snap-through of

post-buckled composite plates under harmonic loading conditions. In addition, stress fields

induced by these phenomena were analyzed through dynamic simulation using reliable nu-

merical models, which were developed in-house for this work.

The primary focus of this work is on investigation of nonlinear dynamics and correspond-

ing stress fields which post-buckled composite structures can experience. The potential

impact of these phenomena on the structural integrity of composite structures is of partic-

ular interest with respect to fatigue. Some of the fundamental concepts relevant to these

topics are introduced in the following sections.

1.2 Nonlinear dynamics of post-buckled systems

Post-buckled structures can demonstrate nonlinear and potentially chaotic behavior, includ-

ing snap-through between their stable equilibria as illustrated in Fig 1.2. These phenomena
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Figure 1.2: Schematic drawings of a structure under axial loading and its equilibrium path.
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Figure 1.3: Schematic drawings of the energy contour and projected phase portrait of the
post-buckled (bi-stable) structure shown in Fig 1.2. The contour and portrait were drawn
based on the work of Strogatz [85].

are not observed in familiar linear systems. Previous works have investigated the nonlinear

dynamics of bi-stable metallic systems such as single degree-of-freedom (DOF1) linkage sys-

tems [97] and post-buckled beams (or shallow arches) [18, 96, 98]. Some results relevant to

the work herein are summarized in this section.

1Its plural ‘degrees of freedom’ is denoted by DOFs in this work.
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The characteristic behaviors of post-buckled structures under harmonic loading are il-

lustrated in Fig 1.3. The energy contour forms two attracting potential wells around two

stable equilibria (static) due to the bi-stability of the structures. With small energy input

(i.e., small-amplitude loading), such structures oscillate around one of their stable equilibria

inside one of the two wells. These oscillations are projected onto the phase plane as elliptical

trajectories and are called the single-well response of the structures. As forcing amplitudes

increase at the same forcing frequency (i.e., larger energy input), the response trajectories

may jump into the other well (i.e, snap-through) and the structures oscillate around the

stable equilibrium within this well. This transition can intermittently occur in a chaotic

manner and thus is called chaotic snap-through (c-snap). With further increase in the forc-

ing amplitude, the structures can demonstrate persistent snap-through in a (nearly) periodic

manner, which is named periodic snap-through (p-snap). In this case, the response trajec-

tories travel ‘above’ the two wells encompassing both of the stable equilibria. The forcing

parameters which cause transitions between the single-well and snap-through response types

form boundaries between the response regions in the harmonic forcing parameter (HFP)

space. These thresholds are named snap-through boundaries. These nonlinear systems are

extremely sensitive to initial conditions and thus co-existing responses are usually present

in the HFP space [95]. The work herein explored these phenomena for bi-stable composite

plates.

Crucially, these complex nonlinear responses possible in post-buckled systems make model

validation using only a small set of experimental data insufficient. For a more robust val-

idation, this work characterized and compared experimental and numerical snap-through

boundaries in the HFP space. This ensures that the model is capable of accurately captur-

ing the rich and complex behaviors observed in bi-stable systems.

1.3 Fatigue of composite structures

Fracture and fatigue induced by mode-I delamination (see Fig 1.4 for fracture modes) have

been extensively covered in the literature. However, mode-II delamination still remains
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Mode I
(Opening)

Mode II Mode III
(In-plane Shear) (Out-of-plane Shear)

Figure 1.4: Fracture modes. This figure was drawn based on the work of Anderson [4].

obscure due to its unstable crack propagation and difficulties in measuring mode-II delami-

nation growth [82]. Nonetheless, delamination propagates predominantly in mode II in many

practical circumstances as shown in the case of composite plates under low velocity impact

[19]. For example, the first editions of the ASTM standard test methods for mode-I fracture

and fatigue were published in 1994 [5] and 1997 [6], respectively. On the other hand, the

first ASTM manual for mode-II fracture testing [7] was released in 2014, and there still is no

standard test manual for mode-II fatigue.

One of the primary focuses of this work is on investigating the impact of stress fields in-

duced by nonlinear dynamics on delamination growth in fatigue of composite structures. For

constrained composite panels under transverse loading, delamination is expected to propa-

gate primarily in mode II. This work made a preliminary investigation of mode-II fatigue

through lab testing. Some results are discussed here; however, they are a part of a larger

project that will be completed in the future. The tests were conducted using an end-notched

flexure (ENF) test setup (see Fig 1.5), which was based on ASTM D7905/D7905M-14 [7].

The loading condition for the test and delamination growth with loading cycles are illus-

trated in Fig 1.6. The digital image correlation (DIC) analysis of transverse shear strains
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Figure 1.5: Schematic drawings of an ENF test setup. The figure was drawn based on Ref [7].
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Figure 1.6: Loading condition for a fatigue test using the experimental setup shown in Fig 1.5
and resulting crack growth. (a) Quasi-static cyclic loading in a wave form applied to the
midspan of the specimen. The forcing frequency was 2 Hz. (b) Crack growth with loading
cycles. The crack length was estimated by a compliance method proposed in the ASTM
manual [7] and well matched the DIC measurement shown in Fig 1.7.

in the crack growth stages is shown in Fig 1.7. These test results indicate that composite

structures under inertially-applied transverse dynamic loading can also experience fatigue

predominantly in mode II depending on loading amplitudes. Using the data collected in
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Figure 1.7: DIC analysis of transverse shear strains εxz at the crack growth levels shown
in Fig 1.6b: (1) the initial state, (2) 620 cycles, and (3) 850 cycles. The numbers in the
parentheses correspond to the numbers indicated in Fig 1.6b. The crack tip is expected to
be located in the cyan regions.

these tests, delamination in mode-II fracture and fatigue will be further investigated in fu-

ture work to characterize fracture process zones using cohesive crack models [12]. In addition,

based on stress analysis using numerical models developed in this work, fatigue tests with

inertially-applied loading will be designed and be conducted in future work.

1.4 Overview

In Chapter 2, experimental results are presented and relevant physics are discussed. The

experimental investigation made in this work was intended to acquire a better fundamental

understanding of nonlinear dynamics and snap-through, and to create benchmark data for



8

model validation. For experimental characterization of nonlinear dynamics and snap-through

boundaries, a post-buckled composite plate specimen was tested under various harmonic

loading scenarios. The static full-field2 measurement of the buckled shape of the specimen

was made using a DIC system. Using the system, the three-dimensional (3-D) snapshots of

the specimen’s characteristic behaviors under harmonic loading were taken and the spatio-

temporal complexity of the behaviors was analyzed. In addition, to explore the parameter

sensitivity of the specimen, frequency-sweep tests were performed using a double-point laser

vibrometer. Finally, damping of the specimen was investigated through free-decay tests.

In Chapter 3, a numerical model of the post-buckled specimen is introduced, and its

simulation results are presented. Based on the static full-field measurement of the buckled

shape of the specimen, the model was generated by adopting the classical laminated plate

theory along with nonconforming (semi-C1 continuity) cubic Hermite elements and Rayleigh

damping. The theory is comparable to Euler–Bernoulli beam theory and thus disregards de-

formations induced by transverse shear strains. Therefore, the model cannot directly predict

transverse shear strains using strain-displacement relations. The damping was calibrated

based on the experimental data of the free-decay tests. The nonlinear dynamic behaviors

of the model were simulated under various harmonic loading scenarios and were compared

with the experimental observations in displacement fields.

In Chapter 4, the model is extended to a shear-deformable model based on the first-order

shear deformation theory, which is comparable to Timoshenko beam theory and assumes con-

stant transverse strain fields through the plate thickness. This extension was done to achieve

direct and accurate computation of transverse shear strain and stress fields. The model was

built using four-node elements and bi-linear interpolations (C0 continuity). The performance

of the model was assessed by comparing it with closed-form solutions to cylindrical bend-

ing problems. The comparison results and relevant issues, in particular shear locking, are

2The term ‘full-field’ here denotes a full displacement field (i.e., displacements in all of x-, y-, and z-axes
in Cartesian coordinates) and full coverage of the surface of specimens in contrast to single-/multiple-point
measurement.
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discussed. The models presented in Chapters 3 and 4 are based on the displacement-based

variational principle and thus these two chapters are combined in ‘Part I. Modeling and

simulation: displacement-based approach’.

In Chapter 5, remedies for locking issues and their implementation are introduced. To

address locking, this work adopted assumed strain methods. Numerical implementation of

these methods and their effectiveness in alleviating shear locking are discussed.

In Chapter 6, geometrically-nonlinear models of the post-buckled specimen are generated

based on the assumed strain methods. The modeling results are compared with the full-field

DIC measurement for validation. The initial static stress fields of the post-buckled specimen

(i.e., at time t = 0) are predicted using the models. The stress analysis shows another locking

issue called membrane locking and its remedy is discussed.

In Chapter 7, dynamic simulation and stress analysis results are presented. Using the

model introduced in Chapter 6, the nonlinear dynamic behaviors of the specimen under

harmonic loading were simulated and the corresponding stress fields were analyzed. Based

on the stress analysis, the impact of nonlinear dynamics and snap-through on fatigue of

composite structures is discussed. The models introduced in Chapters 5 to 7 are based on

assumed strain methods and thus these chapters are included in ‘Part II. Modeling and

simulation: assumed strain-based approach’.

Finally, in Chapter 8, a summary of the findings and contributions is made with a brief

description of future work.
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Chapter 2

EXPERIMENTAL NONLINEAR DYNAMICS OF
POST-BUCKLED PLATES

2.1 Introduction

The nonlinear dynamics and characteristic response types of bi-stable metallic systems such

as single DOF linkage systems and post-buckled beams were introduced in the previous

chapter. In this chapter, these phenomena are experimentally investigated for post-buckled

composite plates in order to discuss relevant physics and obtain benchmark data for modeling.

For the experimental investigation, a laminated plate specimen in the post-buckled state

was tested under high-frequency harmonic loading, which was inertially applied by an elec-

trodynamic shaker. The initially-buckled shape of the specimen was measured in 3-D full

field prior to the dynamic tests. This measurement was intended to provide data required for

calibration of the initial static equilibrium of numerical models. For full-field measurement,

this work employed the DIC technique, particularly the binocular stereovision technique [28].

Using a DIC system, the dynamic response of the post-buckled specimen under harmonic

loading scenarios was captured in full field. The spatio-temporal complexity of the dynamic

response of the specimen is discussed based on the DIC data.

In addition, the sensitivity of the dynamic response of the specimen to forcing parameters

was explored through frequency-sweep tests. A laser vibrometer (velocity-sensing) was used

for these tests instead of the DIC system because the DIC technique inherently generates

large data sets and thus was not suitable for this type of prolonged test. Based on the test

results, the snap-through boundaries of the specimen are characterized in the HFP space.

The snap-through boundaries provide a robust tool for model validation, especially given the

complex response possible in post-buckled systems.
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Figure 2.1: The test article with clamped-clamped-free-free boundary conditions. The spec-
imen was post-buckled (not visible at photograph scale).

Finally, damping of the specimen was investigated through free-decay tests using a

displacement-sensing laser sensor. These tests were intended to obtain parameters required

for damping calibration of numerical models.

2.2 Experimental setup for forced dynamic tests

2.2.1 Fabrication and mounting of the specimen

A laminated composite plate specimen was fabricated using a plain-weave prepreg1, T800H-

6K/3900-2. The weave prepreg has orthotropic material properties:

E11 = E22 = 75.9 GPa, G12 = 3.96 GPa, and ν12 = ν21 = 0.037. (2.1)

These in-plane properties were obtained from previous work [37], in which out-of-plane plane

properties were not covered. Shear-deformable plate models generated in this work, however,

require transverse shear moduli (G13 and G23). Therefore, these properties of the prepreg

1A prepreg is an abbreviation of pre-impregnated fibers. Prepregs are manufactured in a form of sheets
which contain fibers in designed orientations and are impregnated with resin [86].
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were estimated in this work following the method used for the in-plane properties in the

previous work. This estimation process is described in Appendix A, in which the properties

are shown to be

G13 = G23 = 3.32 GPa. (2.2)

The specimen was laid up as [45]4 (i.e., four prepreg layers with 45 degree fiber angle2).

The dimensions were 228.6× 127.0× 0.72 mm for length, width, and thickness, respectively.

The lamina and laminate constitutive relations are presented in detail in Appendix B. Us-

ing the relations, the nonzero laminate stiffness components of the specimen required for

modeling are given by

A11 = A22 = 31.2 MPa-m, A12 = 25.5 MPa-m,

A44 = A55 = 2.39 MPa-m, A66 = 26.3 MPa-m,

D11 = D22 = 1.35 Pa-m3, D12 = 1.10 Pa-m3, D66 = 1.14 Pa-m3,

(2.3)

where A and D are extensional and bending stiffness, respectively, and the bending-

extensional coupling stiffness B = 0.

As shown in Fig 2.1, the post-buckled specimen was under clamped-clamped-free-free

boundary conditions: clamped at x = 0, 228.6 mm but free at y = 0, 127.0 mm. The

mounting frame provided the clamped boundaries. The initially-flat specimen was mechan-

ically buckled by setting the boundary at x = 228.6 mm free to move along the x-axis and

applying mechanical pressure to the plate. The specimen had random speckles of white and

black on its surface for DIC measurement.

2.2.2 Equipment setup

The equipment setup for the dynamic tests is shown in Fig 2.2. The frame was mounted

onto the slip table of an electrodynamic shaker, which inertially applied harmonic loading

2For the layup [45]4, the weave prepreg layers used in this work had fibers oriented in ±45 degrees (i.e.,
generally orthotropic laminae, see Appendix B).
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DIC cameras

Electrodynamic
Shaker System

Motion

(a)

Reference

Point

Sampling Point

(b)

Figure 2.2: The experimental setup for: (a) the DIC measurement, and (b) the vibrometer
measurement.

to the specimen. Two DIC cameras, Photron FASTCAM SA5 (see Fig 2.2a), were used for

full-field measurement. For frequency-sweep tests, a double-point laser Doppler vibrometer,

Polytec OFV 512, was used. As shown in Fig 2.2b, one of the vibrometer’s laser points (the

sampling point) was pointed on the specimen, while the other point (the reference point)

was pointed on the bottom of the frame to allow for measurement of the specimen’s velocity

relative to the frame.

2.2.3 Static measurement of the post-buckled specimen

The initially-buckled shape of the specimen prior to dynamic tests (i.e., at time t = 0)

was captured by the DIC cameras with 13475 sampling points. The resolution of the static

images was 1024 × 1024 pixels. The static images were processed with a facet (or subset

[28]) size of 20× 20 pixels with a 5-pixel overlap. The z-axis resolution was 8.4 µm.

The reconstructed shape is illustrated in Fig 2.3. A part of the shape near the boundary

at x = 228.6 mm was not captured since the speckle pattern was not painted on this region

to ensure smooth movement and adjustments of the boundary between the clamps during
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Figure 2.3: The static DIC measurement of the initially-buckled shape of the specimen prior
to dynamic tests. The z-axes are exaggerated for interpretation of the depth measurement.
The blue dotted rectangle indicates the position of the initially-flat specimen. (a) The 3-D
buckled shape of the specimen. (b) View 1: the shape along the x-axis. (c) View 2: the
shape along the y-axis.

the buckling process. It can be observed from View 1 (see Fig 2.3b) that the buckled shape

was slightly asymmetric along the x-axis. In addition, View 2 (see Fig 2.3c) shows that the

buckled depth (i.e., transverse displacement along the z-axis) was asymmetric along the y-

axis and the largest buckled depth varied from 1.3 to 2.1 mm along this axis. It is suspected

that these phenomena occurred because the pressure applied to buckle the specimen could not
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on the frame and are not drawn here. The red-circular point between the points number 75
and 94 is the vibrometer sampling point.

be carefully controlled. This spatial complexity made modeling more challenging; however,

buckling is hardly expected to occur perfectly or symmetrically in reality and thus analysis of

dynamic behaviors exhibited by this asymmetrically-buckled specimen can provide a better

insight into realistic problems.

2.2.4 Methodology for dynamic DIC measurement

The number of DIC sampling points used for the static measurement could not be maintained

for dynamic tests due to a drastic increase of data size with time. Instead, 99 points were

chosen as shown in Fig 2.4; however, those points were enough to capture the 3-D deflected

shapes of the specimen with a 2000 Hz sampling frequency. The points numbered 1 to 4 are

the reference points tracing the movement of the frame (i.e., the base motion) to allow for

measurement of the relative displacement of the specimen. The resolution of the dynamic

images was 1024×1024 pixels. The images were processed with a facet size of 20×20 pixels.

For the dynamic DIC measurement, overlap was not implemented due to a large number of

images. The z-axis resolution was 8.4 µm.
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Figure 2.5: Comparison between the vibrometer and DIC measurements of the vibrometer
sampling point (wvibro and zvibro, respectively) under the harmonic loading cases: (a, d) 4
g–180 Hz, (b, e) 5 g–85 Hz, and (c, f) 7 g–75 Hz.

2.2.5 Methodology for vibrometer measurement

The potential for intermittent snap-through leads to challenges in integrating laser vibrome-

ter velocities to obtain displacements which are needed to identify snap-through (see Ref [18]

for discussion on this issue).

The relative displacement of the vibrometer sampling point (see Fig 2.2b) was obtained

by numerically integrating its relative velocity (sampled at 5000 Hz). To provide some level

of mutual validation of both sensing methods, the integrated displacement wvibro, which was

obtained using the vibrometer data collected during the dynamic DIC tests, was compared
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to the corresponding DIC measurement zvibro
3 of three characteristic response types: single-

well, c-snap, and p-snap, as shown in Fig 2.5. The DIC measurement of the response of

the vibrometer sampling point was obtained by interpolating the data of the DIC sampling

points number 75 and 95 (see Fig 2.4).

In the singe-well (see Figs 2.5a and 2.5d) and p-snap (see Figs 2.5c and 2.5f) cases, wvibro

and zvibro were precisely synchronized showing the identical curves and peak-to-peak dis-

placement although the datum of the vibrometer data was arbitrary. For the c-snap case

(see Figs 2.5b and 2.5e), the vibrometer measurement appeared less dependable because the

bi-stability of the intermittent snap-through could not be captured in the integrated displace-

ment due to the local drift of the mean caused by irregular transitions between cross-well

and single-well responses, as shown in Fig 2.5b. However, wvibro and zvibro were nevertheless

synchronized, demonstrating the same trend (i.e., large or small oscillations), and crucially,

the same peak-to-peak displacements. Therefore, the peak-to-peak displacement obtained

from the vibrometer measurement could be used as an important indication of the occurrence

of snap-through.

2.2.6 Methodology for frequency-sweep tests

For investigation of parameter sensitivity and characterization of snap-through boundaries,

forcing frequency-sweep tests were conducted. The vibrometer was used in these tests to

measure the dynamic response of the specimen under various harmonic forcing amplitudes:

0.5, 1, 2, 3, 4, 5, 6, and 7 g. For all of these forcing cases, the target forcing frequency range

was 50–200 Hz. The forcing frequency increased (or swept up) from 50 to 200 Hz.

3The vibrometer measurement is labeled wvibro because the displacement w of the vibrometer sampling
point along z axis was obtained using the vibrometer data. On the other hand, the DIC measurement
is named zvibro because the DIC data provided the z-coordinate of the position vector of the vibrometer
sampling point (along with the other two (x and y) coordinates).
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2.3 Experimental results and discussions

This section presents the full-field measurement of the dynamic response of the post-buckled

specimen under harmonic loading scenarios to discuss the spatio-temporal complexity of

this response. In addition, based on the frequency-sweep test results, the sensitivity of

the dynamic response to forcing parameters is explored and the experimental snap-through

boundaries of the specimen are characterized in the HFP space. Finally, free-decay tests of

the specimen in the pre- and post-buckled states are introduced and the damping parameters

of the post-buckled specimen are characterized.

2.3.1 Spatio-temporal complexity

Using the DIC system for full-field measurement, the post-buckled specimen was tested

under three harmonic loading scenarios: 4 g–180 Hz, 5 g–85 Hz, and 7 g–75 Hz. These

cases were chosen to investigate characteristic response types such as single-well, c-snap, and

p-snap. The time series of the response near the midpoint of the specimen (x = 114.3 mm,

y = 63.5 mm) and phase projections for the time series are illustrated in Fig 2.6.

4 g–180 Hz case (single-well)

For the first loading scenario (4 g–180 Hz), snap-through was not observed (see Fig 2.6a). As

shown in the projected phase portrait (i.e., z52 vs. v52, see Fig 2.6b), z52 settled down in one

of the stable equilibria and oscillated around the point in a periodic manner. Consequently,

z52 showed periodic single-well response in the phase space; that is, z52 traveled inside one

of the two attracting wells tracing an elliptical and hollow shape.

For 3-D spatial analysis of this phenomenon, some snapshots of the deflected shapes of

the specimen are illustrated in Fig 2.7. For investigation of the impact of the asymmetrically

buckled shape, a DIC sampling point slightly away from the midpoint of the specimen was

chosen for Figs 2.7a and 2.7b. Therefore, the time series of transverse response and its

projected phase portrait shown in Fig 2.7 are different from Figs 2.6a and 2.6b. The specimen
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Figure 2.6: The DIC measurement of the response near the midpoint of the specimen and
phase projections for the time series under the harmonic loading cases: (a, b) 4 g–180 Hz,
(c, d) 5 g–85 Hz, and (e, f) 7 g–75 Hz. The response and velocity of the DIC sampling point
number 52 (see Fig 2.4) are represented by z52 and v52, respectively.

experienced the (local) maximum bending about the positive y-axis at point (1) (see Figs 2.7c

and 2.7d). The influence of twisting (or torsional) deformation about the negative x-axis

began growing at point (2). The twisting deformation reached the maximum at point (3)

(see Figs 2.7e and 2.7f) and started decreasing by rotating about the other direction (the

positive x-axis). At point (4), z50 escaped from the small inner trajectory of the projected
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Figure 2.7: The dynamic DIC measurement (single-well) under 4 g–180 Hz harmonic loading.
(a) The time series of z50. (b) The projected phase portrait of the time series. The response
and velocity of the DIC sampling point number 50 (see Fig 2.4) are represented by z50 and
v50, respectively. The snapshots of the deflected shapes of the specimen were taken: (c, d)
at (1), and (e, f) at (3).

phase portrait (i.e., z50 vs. v50, see Fig 2.7b) and bending dominated the specimen’s response

again. This cycle was continuously repeated along the orbit of the phase portrait under this

loading case. Somewhat surprisingly, despite the presence of noise in the applied forcing and

measurement of the response, the time series of z50 (see Fig 2.7a) shows an intricate response

type (Period 4) that might be the result of a period-doubling cascade.
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Figure 2.8: The dynamic DIC measurement (c-snap) under 5 g–85 Hz harmonic loading. (a)
The time series of z52. (b) The projected phase portrait of the time series. The snapshots of
the deflected shapes of the specimen were taken: (c, d) at (1), (e, f) at (3), and (g, h) at (4).
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5 g–85 Hz case (c-snap)

For the second loading scenario (5 g–85 Hz), steady-state c-snap was observed (see Fig 2.6c);

that is, the specimen occasionally jumped between the stable equilibria in a chaotic manner.

As shown in the projected phase portrait (see Fig 2.6d), the orbit of z52 inside one of the two

attracting wells traced small inner ellipses, while its cross-well response (i.e., the occasional

snap-through) appeared as the large characteristic ‘peanut’ shapes encompassing the small

ones. The c-snap response showed a significantly larger peak-to-peak displacement and phase

portrait than did the previous single-well case.

Some snapshots of the deflected shapes under this loading case are illustrated in Fig 2.8.

The specimen showed the (local) maximum negative and positive bending about the y-axis

at points (1) and (2), respectively (see Figs 2.8c and 2.8d). These points are located at the

opposite ends of the projected phase portrait shown in Fig 2.8b. At point (3), the specimen

was about to snap through the neutral plane (i.e., the position of the initially-flat specimen

at z = 0) and a strong influence of the higher modes on the response of the specimen was

observed (see Figs 2.8e and 2.8f). The dominance of the higher modes near the neutral plane

is not surprising since these modes have lower potential energy. At point (4), a large twisting

deformation was observed (see Figs 2.8g and 2.8h).

7 g–75 Hz case (p-snap)

Finally, for the third loading scenario (7 g–75 Hz), steady-state p-snap was observed (see

Fig 2.6e); that is, the specimen continuously snapped between the two stable equilibria in

a nearly periodic manner. As shown in the projected phase portrait (see Fig 2.6f), since

z52 periodically traveled ‘above’ the two attracting wells, the trajectory traced a thick and

hollow ellipse in the phase space. The p-snap response showed a larger peak-to-peak dis-

placement and phase portrait than did the previous c-snap case. In addition, the p-snap

case demonstrated a significantly higher number of snap-through events than did the c-snap

case in the same time window. Therefore, such high-frequency p-snap cases could possi-
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bly accelerate damage growth in composite structures due to large-amplitude deformations

(consequently, high strains and stresses) occurring during snap-through events along with

quickly increasing fatigue cycles. The deflected shapes of the p-snap case (not presented)

showed similar patterns as observed in the c-snap case.

2.3.2 Parameter sensitivity

For analysis of the frequency-sweep test data obtained using the vibrometer, the peak-to-

peak response of the numerically integrated displacement was taken due to the presence of

c-snap (see the discussion in Section 2.2.5).

The peak-to-peak displacement wp-p of the vibrometer sampling point (see Fig 2.4) is il-

lustrated in Fig 2.9. The frequency-sweep rate was not constant; however, the frequency axes

of the figures were continuously defined only for the purpose of visualization. The vibrome-

ter occasionally failed to trace the sampling point when the point exhibited large-amplitude

snap-through (see Figs 2.9g and 2.9h). The corresponding wp-p extended beyond the figure

frames. The peak-to-peak static buckled depth zp-p of the sampling point, which was mea-

sured as zp-p = 1.69 mm from the reconstructed buckled shape, is demarcated as red dotted

lines in the figures. The lines could potentially be used as a threshold to determine occurrence

of snap-through. In this context, snap-through is taken as the sampling point passing beyond

its remote stable equilibrium; however, this definition can be deemed somewhat inadequate

given the response complexity. Moreover, as observed from the full-field measurement of the

single-well response (see Fig 2.7f), some DIC sampling points exceeded their peak-to-peak

buckled depths without obvious snap-through due to the twisting deformation.

To define a reasonable threshold of snap-through, the sensitivity of the snap-through

boundaries to changes in the threshold level of snap-through was investigated as shown in

Figs 2.10 and 2.11. The frequency-response plots (see Figs 2.10a to 2.10d and 2.11a to 2.11d)

show the maximum wp-p under discrete forcing frequencies. The threshold sensitivity plots

(see Figs 2.10e and 2.11e) illustrate the relationship between the threshold level and the

number of snap-through points which form snap-through regions in the HFP space.
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Figure 2.9: The peak-to-peak displacement wp-p of the vibrometer sampling point under the
forcing amplitudes: (a) 0.5 g, (b) 1 g, (c) 2 g, (d) 3 g, (e) 4 g, (f) 5 g, (g) 6 g, and (h)
7 g. The vertical axes of the figures are not all the same. The red dotted lines indicate the
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Figure 2.10: The frequency-response plots of the vibrometer measurement under the forcing
amplitudes: (a) 0.5 g, (b) 1 g, (c) 2 g, and (d) 3 g. (e) The threshold sensitivity plots under
these forcing amplitudes.
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Figure 2.11: The frequency-response plots of the vibrometer measurement under the forcing
amplitudes: (a) 4 g, (b) 5 g, (c) 6 g, and (d) 7 g. (e) The threshold sensitivity plots under
these forcing amplitudes.
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The snap-through boundaries at forcing amplitudes 0.5–3 g were very sensitive to a

marginal increase from the zero threshold. Consequently, the number of snap-through points

significantly dropped with such increase and most of the snap-through points vanished before

the threshold level reached 1.0×zp-p. Fortunately, the number of snap-through points at

larger amplitudes 4–7 g was relatively constant at the thresholds between 0.7×zp-p and

1.6×zp-p. This indicates that the responses at these forcing amplitudes are either small or

large since the responses are filtered by the unstable potential energy barrier. The frequency-

response plots at these amplitudes first formed steep cliffs at 60–80 Hz and then gradual

descending slopes at 120–160 Hz.

Therefore, as dictated by the observed responses, thresholds between 0.7×zp-p and

1.6×zp-p appear to represent snap-through. In this more general definition, snap-through

is a natural ‘shelf’ in the threshold sensitivity plots (see Fig 2.11e). The consequence of

snap-through in this context is a disproportionate increase in mean response amplitude un-

der small parameter changes.

2.3.3 Experimental snap-through boundaries

The experimental snap-through boundaries of the post-buckled specimen were generated

in the HFP space based on the frequency-sweep test results, as illustrated in Fig 2.12.

Four layers of snap-through boundaries were formed using four thresholds of snap-through:

0.7×zp-p (a lower bound), 1.0×zp-p, 1.3×zp-p, and 1.6×zp-p (an upper bound). The edges of

the discrete snap-through points were connected to visualize the snap-through regions.

In Region 1, the left boundary (or the low-frequency boundary) at 4–7 g consistently

appeared in the almost identical position on every layer due to an abrupt change in the re-

sponse amplitude across the boundary as observed in the sensitivity study of the boundaries.

However, there was wide variance in the right boundaries (or the high-frequency boundaries)

defined by the thresholds due to a gradual change in the response amplitude near the bound-

ary. In Region 2, a single snap-through point appeared in the 1.0×zp-p level. In Regions 3

and 4, the snap-through boundaries appeared only in the lower bound.
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Figure 2.12: The experimental snap-through boundaries of the post-buckled plate specimen
in the HFP space.

It would not be simple to define one of these snap-through boundaries as a true boundary

of the specimen; however, the range can be narrowed. From the visual inspection during the

test, a single snap-through event was observed at 1 g, several snap-through events at 2 g,

and many snap-through events at 3 g. These events were observed as violent excursions.

Therefore, the actual snap-through boundaries at 1–3 g were possibly located at somewhere

between the layers defined by the thresholds 0.7×zp-p and 1.0×zp-p.
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Figure 2.13: The free-vibration response of the midpoint of the specimen for the first mode.
(a) The flat (or pre-buckled) case. (b) The post-buckled case.

2.3.4 Experimental measurement of damping ratio

For characterization of the damping parameters of the specimen, free-decay tests were con-

ducted using a single-point displacement-sensing laser sensor, Micro-Epsilon optoNCDT

2300-20 (not used in the forced vibration tests). The free-vibration response of the midpoint

of the specimen was measured with a 20000-Hz sampling frequency as shown in Fig 2.13. The

post-buckled state of the specimen was reconstructed to approximately match the full-field

measurement shown in Fig 2.3.

The natural frequencies of the first mode were obtained as 73 Hz for the flat case and

113 Hz for the post-buckled case. This result indicates that the system was well into the

post-buckled regime, as near buckling the frequency drops.

Based on the logarithmic decrement [20, 58], the damping ratio ζ was determined from

ζ =
1

2πj
ln
( ui
ui+j

)
, (2.4)

where ui and ui+j are the ith and (i+ j)th peak displacements (maxima), respectively. Using
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the peak-to-peak displacements of the response shown in Fig 2.13, ζ was estimated as 0.32 %

for the flat case and 0.45 % for the post-buckled case. This result shows that ζ of the

specimen grew indicating stiffness dependence.

2.4 Summary

In this chapter, the experimental results of an asymmetrically-buckled composite plate un-

der inertially-applied harmonic loading were presented. The nonlinear dynamics and snap-

through boundaries of the specimen were experimentally investigated in order to understand

the nonlinear dynamic behaviors of post-buckled composite plates and obtain experimental

data for robust validation of numerical models.

The static full-field measurement of the post-buckled specimen prior to the dynamic tests

revealed the spatial complexity of its asymmetrically-buckled shape, making modeling more

challenging. Given that buckling is hardly expected to happen perfectly or symmetrically in

reality, however, the experimental and simulation results obtained in this work can provide

a better insight into real-world problems than those of symmetric cases. In addition, the

static full-field measurement provides geometric data required for calibration of the initial

static equilibrium of numerical models.

The dynamic response of the specimen captured in the full-field measurement showed

its spatio-temporal complexity. The analysis of these nonlinear dynamic behaviors showed

that the previous discussions on bi-stable metallic structures such as single DOF linkage

systems, shallow arches, and post-buckled beams can be extended to composite structures

such as post-buckled laminated plates and shells. In addition, based on the frequency-sweep

test results, the sensitivity of the dynamic response of the specimen to forcing parameters

was investigated and the experimental snap-through boundaries were characterized in the

HFP space. These snap-through boundaries provide extensive benchmark data for robust

validation of numerical models.

Finally, damping of the specimen in the pre- and post-buckled states was characterized

through the free-decay tests. The damping parameters obtained from these tests enable
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damping calibration of numerical models.

In the following chapters, various types of numerical models of the post-buckled speci-

men are developed and their simulation results are compared to the experimental data for

validation.
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Part I

MODELING AND SIMULATION: DISPLACEMENT-BASED
APPROACH
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Chapter 3

CLPT MODEL AND SIMULATION RESULTS

3.1 Introduction

In the previous chapter, the spatial complexity of the asymmetrically-buckled specimen was

observed from the static full-field measurement of its initially-buckled shape (see Fig 2.1).

Numerical models of the specimen are required to reproduce this complexity to accurately

capture the spatio-temporal complexity and parameter sensitivity of the specimen’s dynamic

response. In this section, the first numerical model of this work is introduced and its simu-

lation results are presented.

Various types of laminated composite plate theories have been proposed and their per-

formance has been discussed in the literature. Generally, the theories can be categorized

as either equivalent single-layer (ESL) or 3-D elasticity theories (e.g., layerwise theories

[52, 67]). In ESL theories, 3-D elasticity problems are reduced to 2-D ones based on as-

sumptions on the kinematics of deformations through the thickness of laminated plates [68].

Geometric nonlinearity can be included in ESL theories by employing von Kármán strains

[90]. Commonly-used ESL theories are the classical laminated plate theory (CLPT), the

first-order shear deformation theory (FSDT), and higher-order shear deformation theories

(HSDTs). As an extension of the Kirchhoff plate theory into laminated plates, CLPT is

based on the well-known Kirchhoff hypothesis and thus disregards transverse shear deforma-

tions in its kinematics. The transverse shear stress field of CLPT, however, can be computed

using the equilibrium equations of 3-D elasticity [17, 26]. The exclusion of transverse shear

deformations makes the applications of CLPT limited to thin laminated plates. On the other

hand, FSDT is an extension of the Reissner-Mindlin theory [51, 72] to laminated plates and

thus incorporates transverse shear deformations in its kinematics [68]. Therefore, FSDT is
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applicable to moderately thick plates and its transverse shear stress field can be obtained

directly through constitutive equations [68]. The uniform distribution of its transverse shear

strain field through thickness, however, requires a shear correction factor, which affects the

accuracy of FSDT [35]. More accurate and realistic transverse shear strains and stresses can

be obtained from HSDTs and 3-D elasticity theories; however, the numerical implementation

of these theories incurs significantly higher computational cost than that of FSDT [68].

As the first attempt, this work adopted CLPT to model the specimen (its length-to-

thickness ratio: 3.15×10−3) because CLPT can accurately determine the global response of

thin laminated composite plates at a relatively low computational cost [35, 68]. In addition,

the numerical implementation of CLPT has an enormous advantage over that of the other

theories in that CLPT models are free of shear locking.

In this chapter, the nonlinear equations of motion and the finite element models (FEMs)

for CLPT are introduced. In addition, the numerical implementation of the FEMs to generate

a CLPT model of the specimen is presented with its simulation results and numerical snap-

through boundaries. The numerical boundaries are compared with the experimental ones

for robust validation of the model.

3.2 Nonlinear equations of motion and FEM for CLPT

The detailed derivation of the nonlinear equations of motion and FEMs for CLPT are pre-

sented in previous work [37] based on the work of Reddy [68]. Therefore, only the results

are introduced with the distinctive characteristics of CLPT in this chapter.
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Figure 3.1: The coordinate system of plates. The displacements along the x, y, and z axes
are denoted by u, v, and w, respectively. The unit normal and tangential vectors of a point
on the boundary Γ are given by n and s, respectively. The undeformed midplane is denoted
by Ω0. This figure was drawn based on the work of Reddy [68].
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Figure 3.2: The undeformed and deformed configurations of CLPT on the x-z plane. This
figure was drawn based on the work of Reddy [68].
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3.2.1 Nonlinear equations of motion for CLPT

Following the coordinate system of plates illustrated in Fig 3.1, the displacement field of

CLPT is given by

u(x, y, z, t) = u0(x, y, t)− z∂w0

∂x
,

v(x, y, z, t) = v0(x, y, t)− z∂w0

∂y
,

w(x, y, z, t) = w0(x, y, t),

(3.1)

where (u0, v0, w0) are midplane displacements along the x, y, and z axes, respectively. The

deformations induced by this displacement field are illustrated in Fig 3.2.

This work adopted von Kármán strains to include geometric nonlinearity in CLPT. More

details about the von Kármán nonlinear strains are introduced in Appendix C. Using the

displacement field in Eq (3.1), the von Kármán nonlinear strains for CLPT are given by

εxx =
∂u

∂x
+

1

2

(∂w
∂x

)2

=
∂u0

∂x
+

1

2

(∂w0

∂x

)2

− z∂
2w0

∂x2
= ε(0)

xx + zε(1)
xx , (3.2)

εyy =
∂v

∂y
+

1

2

(∂w
∂y

)2

=
∂v0

∂y
+

1

2

(∂w0

∂y

)2

− z∂
2w0

∂y2
= ε(0)

yy + zε(1)
yy , (3.3)

εzz =
∂w

∂z
=
∂w0

∂z
= 0, (3.4)

γxy = 2εxy =
∂u

∂y
+
∂v

∂x
+
∂w

∂x

∂w

∂y

=
∂u0

∂y
+
∂v0

∂x
+
∂w0

∂x

∂w0

∂y
− 2z

∂2w0

∂x∂y
= γ(0)

xy + zγ(1)
xy ,

(3.5)

γyz = 2εyz =
∂v

∂z
+
∂w

∂y
= −∂w0

∂y
+
∂w0

∂y
= 0, (3.6)

γxz = 2εxz =
∂u

∂z
+
∂w

∂x
= −∂w0

∂x
+
∂w0

∂x
= 0, (3.7)

where (εxx, εyy, εzz) are normal strains and (γxy, γxz, γyz) are shear strains. The in-plane
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strains (εxx, εyy, γxy) can be divided into membrane strains (ε
(0)
xx , ε

(0)
yy , γ

(0)
xy ) and bending

strains (ε
(1)
xx , ε

(1)
yy , γ

(1)
xy ).

Using the typical displacement-based variational principle1, the governing equations of

motion for CLPT can be obtained as

∂Nxx

∂x
+
∂Nxy

∂y
= I0

∂2u0

∂t2
− I1

∂2

∂t2
(
∂w0

∂x
), (3.8)

∂Nxy

∂x
+
∂Nyy

∂y
= I0

∂2v0

∂t2
− I1

∂2

∂t2
(
∂w0

∂y
), (3.9)

∂2Mxx

∂x2
+ 2

∂2Mxy

∂y∂x
+
∂2Myy

∂y2
+

∂

∂x
(Nxx

∂w0

∂x
+Nxy

∂w0

∂y
) +

∂

∂y
(Nxy

∂w0

∂x

+Nyy
∂w0

∂y
) + q = I0

∂2w0

∂t2
− I2

∂2

∂t2
(
∂2w0

∂x2
+
∂2w0

∂y2
) + I1

∂2

∂t2
(
∂u0

∂x
+
∂v0

∂y
),

(3.10)

where q is distributed transverse (i.e., along the z-axis) loading, (I0, I1, I2) are mass moments

of inertia, (Nxx, Nyy, Nxy) are in-plane stress resultants, and (Mxx, Myy, Mxy) are bending

stress resultants. The details about these stress resultants are described in Appendix B. The

mass moments of inertia are given by
I0

I1

I2

 =

∫ h/2

−h/2


1

z

z2

 ρ0dz, (3.11)

where ρ0 is the material density.

1Another type of variational principle is discussed in Chapter 5
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3.2.2 FEMs for CLPT

Applying the gradient and divergence theorems [69], the modified weak forms of Eqs (3.8)

to (3.10) are given by

0 =

∫
Ωe

[∂δu0

∂x
Nxx +

∂δu0

∂y
Nxy + I0δu0

∂2u0

∂t2
− I1δu0

∂2

∂t2

(∂w0

∂x

)]
dxdy

−
∮

Γe
(Nxxnx +Nxyny)δu0ds,

(3.12)

0 =

∫
Ωe

[∂δv0

∂x
Nxy +

∂δv0

∂y
Nyy + I0δv0

∂2v0

∂t2
− I1δv0

∂2

∂t2

(∂w0

∂y

)]
dxdy

−
∮

Γe
(Nxynx +Nyyny)δv0ds,

(3.13)

0 =

∫
Ωe

[
− ∂2δw0

∂x2
Mxx − 2

∂2δw0

∂y∂x
Mxy −

∂2δw0

∂y2
Myy

+
∂δw0

∂x

(
Nxx

∂w0

∂x
+Nxy

∂w0

∂y

)
+
∂δw0

∂y

(
Nxy

∂w0

∂x
+Nyy

∂w0

∂y

)
− δw0q + I0δw0

∂2w0

∂t2
+ I2

(∂δw0

∂x

∂3w0

∂x∂t2
+
∂δw0

∂y

∂3w0

∂y∂t2

)
− I1

(∂δw0

∂x

∂2u0

∂t2
+
∂δw0

∂y

∂2v0

∂t2

)]
dxdy −

∮
Γe
Qnδw0ds

+

∮
Γe

[∂δw0

∂x
(Mxxnx +Mxyny) +

∂δw0

∂y
(Mxynx +Myyny)

]
ds,

(3.14)

where Ωe is the element domain, Γe is the closed boundary of Ωe, (nx = cosθ, ny = sinθ)

are the direction cosines of the unit outward normal vector n on Γe (see Fig 3.1), and Qn is

given by

Qn =
(∂Mxx

∂x
+
∂Mxy

∂y
+Nxx

∂w0

∂x
+Nxy

∂w0

∂y

)
nx

+
(∂Mxy

∂x
+
∂Myy

∂y
+Nxy

∂w0

∂x
+Nyy

∂w0

∂y

)
ny

+
(
I1
∂2u0

∂t2
− I2

∂3w0

∂x∂t2

)
nx +

(
I1
∂2v0

∂t2
− I2

∂3w0

∂y∂t2

)
ny.

(3.15)

The midplane displacements u0, v0, and w0 can be expressed in terms of the nodal
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displacements uej , v
e
j , and ∆e

j , respectively:

u0(x, y, t) =
m∑
j=1

uej(t)ψ
e
j (x, y), (3.16)

v0(x, y, t) =
m∑
j=1

vej (t)ψ
e
j (x, y), (3.17)

w0(x, y, t) =
n∑
k=1

∆e
k(t)ϕ

e
k(x, y), (3.18)

where ψej are Lagrange interpolation functions, and ϕej are Hermite interpolation functions

satisfying C1 continuity of w0. Substituting these equations into Eqs (3.12) to (3.14), the

weak forms can be expressed in terms of the nodal displacements. Rearranging the weak

forms in a coupled matrix form, a nonlinear FEM based on CLPT is given by

Mü + Ku = F, (3.19)

where u is a nodal displacement vector, K is a geometrically nonlinear stiffness matrix (i.e.,

K = K(u)), M is a mass matrix, and f is a force vector. The components of K, M , and

f are presented in Ref [37]. Including a damping term in this equation results in

Mü + Cu̇ + Ku = F, (3.20)

where C is a damping matrix, which is discussed in Section 3.4.

For four-node elements, m = 4 in Eqs (3.16) and (3.17) and the bilinear Lagrange inter-

polation functions ψej in the reference (or isoparametric) element are given by [36]

ψe1 =
1

4
(1− ξ)(1− η), ψe2 =

1

4
(1 + ξ)(1− η),

ψe3 =
1

4
(1 + ξ)(1 + η), ψe4 =

1

4
(1− ξ)(1 + η).

(3.21)
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Figure 3.3: Nodal DOFs for CLPT on: (a) a real element, and (b) a reference element.

There are two types of four-node Hermite elements for w0 in Eq (3.18) [22, 68]: conforming

[15] and nonconforming [50, 103] elements. The conforming element satisfies complete C1

continuity of w0 while the nonconforming element does not guarantee the continuity of ∂2w0

∂x∂y

(i.e., semi-C1 continuity of w0) [22]. The advantage of using the nonconforming element,

however, is that it allows quadrilateral discretization of structures, while the application

of the conforming element is confined to only rectangular discretization. As a result, the

models composed of the conforming elements are incapable of reproducing the asymmetric

buckled shape of the specimen (see Refs [37, 39] for discussion on this issue). Therefore,

this work employed the nonconforming elements in conjunction with the associated Hermite

interpolation functions.

Applying the nonconforming elements into w0 in Eq (3.18), the nodal displacements ∆e
k

for k = 1, 2, ..., 12 (n = 12) are given by

∆e
3i−2 = (w0)i, ∆e

3i−1 =
(∂w0

∂x

)
i
, ∆e

3i =
(∂w0

∂y

)
i
, (3.22)

where the node numbers i = 1, 2, 3, 4. The corresponding Hermite interpolation functions
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ϕek are given in the reference element [22]:
ϕe1

ϕe2

ϕe3

 =


1
8
a(α− ξ − η)

1
8
a(1− ξ2)

1
8
a(1− η2)

 ,


ϕe4

ϕe5

ϕe6

 =


1
8
b(α + ξ − η)

−1
8
b(1− ξ2)

1
8
b(1− η2)

 ,


ϕe7

ϕe8

ϕe9

 =


1
8
c(α + ξ + η)

−1
8
c(1− ξ2)

−1
8
c(1− η2)

 ,


ϕe10

ϕe11

ϕe12

 =


1
8
d(α− ξ + η)

1
8
d(1− ξ2)

−1
8
d(1− η2)

 ,

(3.23)

where

a = (1− ξ)(1− η), b = (1 + ξ)(1− η), c = (1 + ξ)(1 + η),

d = (1− ξ)(1 + η), α = 2− ξ2 − η2.
(3.24)

The nodal DOFs of the nonconforming elements are illustrated in Fig 3.3. The imple-

mentation of the nonconforming elements requires transformation of the nodal DOFs ∂w0

∂x

and ∂w0

∂y
between the real and reference elements (see Refs [22, 37] for discussion on this

issue).

3.3 Modeling of the post-buckled specimen

Using an in-house FEM code written in MATLAB [49], the post-buckled plate specimen

was modeled with 200 nonconforming elements as illustrated in Fig 3.4. To reproduce the

asymmetrically-buckled shape of the specimen, the elements surrounded by the nodes number

210 to 231 were trapezoidal but the others were rectangular. To buckle the initially-flat

model, the boundary at x = 0 (along the nodes number 1 to 11) was set clamped while the

other boundary along the nodes number 221 to 231 (the blue dashed lines shown in Fig 3.4b)

was made free to move along the x-axis. Axial loading was applied to the moving boundary

until the deformed boundary (the red solid lines) matched the physical boundary used in the

experiment at x = 228.6 mm. This numerical buckling process is illustrated in Fig 3.5. In
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Figure 3.4: The element mesh of the CLPT model. (a) The red circular point at around
the node number 64 corresponds to the vibrometer sampling point. (b) A part of the mesh
around the moving boundary is illustrated with the exaggerated x-axis. The blue dashed
lines illustrate the undeformed trapezoidal elements of the initially-flat model. The deformed
elements of the post-buckled model are drawn with red solid lines.
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Figure 3.5: Numerical buckling process. A part of the mesh shown in Fig 3.4b is redrawn
with the extremely exaggerated x-axis for illustration of the process.

Stage 1, uniformly distributed loads were applied to the moving boundary using a linearized

arc-length method [78] (i.e., a force-displacement control). In Stage 2, unevenly distributed

loads were indirectly applied to the boundary by implementing a displacement control using

the Newton-Raphson method; that is, larger-amplitude loads were applied to higher node
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Figure 3.6: The CLPT model of the post-buckled specimen is superimposed on the DIC
measurement shown in Fig. 2.3. The z-axis is exaggerated for interpretation of the buckled
depth. The blue rectangle indicates the position of the initially-flat model.

numbers. This stage was intended to reproduce the asymmetricity of the specimen and to

match the physical boundary at x = 228.6 mm.

The CLPT model of the post-buckled specimen is illustrated in Fig 3.6. The boundaries

at x = 0 and x = 228.6 mm were clamped whereas the boundaries at y = 0 and y = 127.0 mm

were set free as in the experiment.

The buckled shapes of the specimen and CLPT model are compared as shown in Fig 3.7.

It can be observed from Views 1 and 2 that the model successfully reproduced the asymmetric

buckled shape of the specimen showing the identical largest buckled depth 1.3–2.1 mm along

the y-axis.

The quantitative analysis of the comparison is shown in Fig 3.8. The DIC data were

interpolated to obtain the depth values at the location of the nodes of the model. The DIC

measurement obtained around the free boundaries was irregular and thus the interpolated

values on the boundaries were not reliable. Therefore, the buckled depths near the boundaries

were indicated but were not used for comparison (e.g., the DIC marker between the nodes
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Figure 3.7: Comparison between the buckled shapes of the specimen (a, c, e) and CLPT
model (b, d, f). The z-axes are extremely exaggerated for comparison. The blue rectangles
indicate the position of the initially-flat plate. (a, b) The 3-D buckled shapes. (c, d) View 1:
the shapes along the x-axis. (e, f) View 2: the shapes along the y-axis. Views 1 and 2 are
indicated in Fig. 3.6.

number 111 and 112 in Fig 3.8a). In addition, a part of the buckled shape of the specimen

at x = 190.0–228.6 mm could not be captured in the DIC measurement as mentioned in
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Figure 3.8: The quantitative analysis of the comparison between the buckled shapes of the
CLPT model and specimen in View 2. (a) Comparison 1: the nodes number 12 to 121. (b)
Comparison 2: the nodes number 133 to 187. The numbers in brackets indicate the node
numbers of the model. The discrepancies (the nodal values minus the DIC measurements)
are written in a millimeter unit (mm) around the nodes. View 2 and Comparisons 1 and 2
are indicated in Fig. 3.6.

Section 2.2.3 and thus comparison could not be made at the nodes number 188 to 220.

Despite the irregularity of some of the DIC measurements, the model showed an excellent

agreement with the buckled shape of the specimen.

Therefore, these comparison results confirm that the CLPT model successfully captured

the spatial complexity of the post-buckled specimen.
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3.4 Damping

In this section, damping calibration of the CLPT model based on the free-decay tests of the

specimen (see Section 2.3.4) is introduced. In addition, the performance of several damping

options is investigated.

3.4.1 Natural frequencies and modes of the CLPT model

The first six modes of the post-buckled model and the corresponding natural frequencies were

analyzed for damping calibration. The natural frequency of the first mode (post-buckled),

107.92 Hz, showed a reasonable agreement with the experimental measurement (4.5 % error).

The natural frequencies of the second through the sixth modes are 164.97, 197.01, 316.53,

387.42, and 398.54 Hz, respectively.

3.4.2 Impact of damping on dynamic simulation

To investigate the impact of damping on the performance of the CLPT model, the dynamic

response under 5 g–85 Hz harmonic loading was simulated with three damping scenarios:

no-damping, mass-proportional damping, and Rayleigh damping. The simulation results

showed c-snap in all of these damping cases.

As illustrated in Fig 3.9, the fast Fourier transform (FFT) analysis of the simulation re-

sults was compared to the FFT of the corresponding DIC measurement (c-snap, see Fig 2.6c).

The node number 116 of the model (see Fig 3.4) corresponds to the DIC sampling point num-

ber 52 (see Fig 2.4). The sampling frequency of the DIC measurement was 2000 Hz and thus

the FFT plot of the measurement (see Fig 3.9) does not extend beyond 1000 Hz.

Damping options 1 and 2: no-damping and mass-proportional damping

The mass-proportional damping C [20, 58] is given by

C = aM, where a = 2ζω1. (3.25)
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Figure 3.9: The FFT analysis of the dynamic response of the specimen and CLPT model
under 5 g-85 Hz harmonic loading. (a) The DIC measurement of the response of the specimen.
(b) The simulation result for no-damping. (c) The simulation result for mass-proportional
damping. (d) The simulation result for Rayleigh damping with ωj = ω3. (e) The simulation
result for Rayleigh damping with ωj = ω6. The FFT values are written in a normalized log-
scale. The transverse displacements of the DIC sampling point number 52 (see Fig 2.4) and
model node number 116 (see Fig 3.4) are represented by zDIC,52 and zmodel,116, respectively.
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The coefficient a was determined using the experimental damping ratio for the post-buckled

case (ζ = 0.45 %) along with the first-mode natural frequency of the CLPT model (f1 =

107.92 Hz or ω1 = 678.08 rad/sec).

For the no-damping case (see Fig 3.9b), a significant impact of high-frequency modes

on the response was observed. Such a strong influence of high-frequency modes was not

shown in the FFT of the DIC measurement (see Fig 3.9a). The mass-proportional damping

(see Fig 3.9c) marginally subdued the high-frequency modes, whose strong influence was

still observed. The simulations under both damping scenarios consequently encountered

convergence issues and failed to converge during the Newton-Raphson iterations within a

time step after 220 loading cycles (t = 2.60 sec) and 480 loading cycles (t = 5.65 sec) for the

no-damping and mass-proportional damping cases, respectively.

Damping option 3: Rayleigh damping

In order to obtain physically-realistic dynamic response, address the convergence issue, and

include the stiffness-proportional damping as observed from the experiment, Rayleigh damp-

ing was employed in the CLPT model. The Rayleigh damping matrix C [20, 58] is given

by

C = a0M + a1K. (3.26)

The coefficients a0 and a1 can be determined from

a0 = ζ
2ω1ωj
ω1 + ωj

, a1 = ζ
2

ω1 + ωj
, (3.27)

where ζ = 0.45 % and ω1 = 678.08 rad/sec. The natural frequencies of the third and sixth

modes of the model (corresponding to the typical second and third beam modes, respectively)

were tried for ωj.

During the simulation for both cases, no convergence issues were observed. Furthermore,



49

as shown in Figs 3.9d and 3.9e, the FFT of the simulation results demonstrated a similar

trend as shown in the FFT of the DIC measurement (see Fig 3.9a). However, it was observed

that the Rayleigh damping with ωj = ω3 excessively controlled high-frequency modes at

700–900 Hz. On the other hand, the Rayleigh damping with ωj = ω6 showed a reasonable

agreement with the experimental measurement.

Based on the evaluation of the damping options, Rayleigh damping with ωj = ω6 was

finally adopted in the CLPT model. While only a single loading case was discussed in

this section, Rayleigh damping with ωj = ω6 performed well over a broad range of forcing

parameters.

3.5 Dynamic simulation results

This section presents the simulation results obtained using the CLPT model. In addition, the

spatio-temporal complexity and parameter sensitivity of the model are assessed by comparing

the simulation results to the experimental observations. In the nonlinear regime, model

validation using only one or a small set of experimental tests is not sufficient. To address

this issue, the numerical snap-through boundaries were characterized in the HFP space and

were compared to the experimental results for robust validation of the model.

3.5.1 Simulation method

For time integration, the Newmark-beta method [53], particularly the average acceleration

method β = 1
4

[58], was applied to the FEM shown in Eq (3.20). Within each time step tn,

the Newton-Raphson method was used to solve the nonlinear equation. These steps were

processed using MATLAB.

The time step size ∆t for each loading scenario was determined by

∆t =
1

b× f
=

1

320× f
sec, (3.28)

where f is a forcing frequency and b is the number of time steps per loading cycle (for this
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Figure 3.10: The simulated midpoint response of the CLPT model and phase projections for
the time series under the harmonic loading cases: (a) 4 g–200 Hz, (b) 5 g–85 Hz, and (c)
7 g–75 Hz. The response and velocity of the node number 116 (see Fig 3.6) are represented
by z116 and v116, respectively.

work, b = 320). For the 85 Hz forcing frequency case, for example, ∆t = 1/(320× 85 Hz) =

3.6765× 10−5 sec.



51

t (sec)
0 0.02 0.04 0.06 0.070.01 0.03 0.05

-1.8

-1.7

-1.6

-1.5

-1.4

-1.3

z
1

3
9

(m
m

)

(1)

(3)

(a)

-1.8 -1.7 -1.6 -1.5 -1.4 -1.3

z
139

(mm)

-200

-100

0

100

200

v
1
3
9
(m
m
/s
e
c
)

(1) (3)

(b)

100
50-3

-2

x-axis (mm)

-1

0 0

z-
ax

is
 (

m
m

)

50 100

0

150 200

1

(c)

0 50 100 150 200
x-axis (mm)

-3

-2

-1

0

1

z-
ax

is
 (

m
m

)

(d)

100
50-3

-2

x-axis (mm)

-1

0 0

z-
ax

is
 (

m
m

)

50 100

0

150 200

1

(e)

0 50 100 150 200
x-axis (mm)

-3

-2

-1

0

1

z-
ax

is
 (

m
m

)

(f)

Figure 3.11: The simulation result (single-well) of the CLPT model under 4 g–200 Hz har-
monic loading. (a) The time series of z139. (b) The projected phase portrait of the time
series. The response and velocity of the node number 139 (see Fig 3.6) are represented by
z139 and v139, respectively. The snapshots of the deflected shapes were taken: (c, d) at (1),
and (e, f) at (3).

3.5.2 Simulation of the spatio-temporal complexity

The dynamic response of the CLPT model was obtained through dynamic simulations under

the same harmonic loading scenarios as used in the dynamic DIC tests. The simulation

results showed the same characteristic response types as observed from the experiment:

steady-state single-well, c-snap, and p-snap responses for the 4 g–180 Hz, 5 g–85 Hz, and
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Figure 3.12: The simulation result (c-snap) of the CLPT model under 5 g–85 Hz harmonic
loading. (a) The time series of z116. (b) The projected phase portrait of the time series.
The snapshots of the deflected shapes were taken: (c, d) at (1), (e, f) at (3), and (g, h) at
(4). The angle of the snapshots taken at (4) was rotated 180o for comparison with the DIC
snapshots taken at the corresponding point.
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7 g–75 Hz loading cases, respectively. However, while 4 g–180 Hz did produce a single-well

response, the response of the model under 4 g–200 Hz loading was more comparable to the

experimental observation at 4 g–180 Hz; thus, these two cases were compared in this section.

Shifts in behaviors are not surprising given the system complexity.

The time series of the midpoint response of the model and phase projections for the time

series are illustrated in Fig 3.10. The node number 116 of the model (see Fig 3.6) corresponds

to the DIC sampling point number 52 (see Fig 2.4). In all of the three loading scenarios, the

response and projected phase portraits of the CLPT model showed a reasonable agreement

with the corresponding DIC measurement shown in Fig 2.6.

For 3-D spatio-temporal comparison, some snapshots of the deflected shapes of the CLPT

model under the 4 g–200 Hz and 5 g–85 Hz harmonic loading cases are illustrated in Figs 3.11

and 3.12, respectively. These snapshots well match the snapshots of the experimentally

measured deflected shapes of the specimen taken at the corresponding points (see Figs 2.7

and 2.8).

Therefore, these comparisons confirm that the model successfully captures the spatio-

temporal complexity of the dynamic response of the specimen. While there was some shift

in the HFP for the single-well response, the overall agreement over a broad range of HFPs,

which is discussed in the following section, was excellent.

3.5.3 Simulation of the parameter sensitivity

The simulation of the forcing frequency-sweep tests involves a high computational cost.

To address this issue, the dynamic response of the CLPT model under various HFPs (or

discrete points in the HFP space) was separately simulated with at-rest (or zero-energy)

initial conditions. In this section, some of the simulation results which were used to form

the numerical snap-through boundaries of the CLPT model in the HFP space are presented

in the form of the time series of z64, which denotes the transverse displacement of the node

number 64 (see Fig 3.6). The node number 64 of the model corresponding to the vibrometer

sampling point (see Fig 2.4) was chosen because the parameter sensitivity of the specimen’s
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dynamic response (see Fig 2.9) was investigated using the vibrometer data.

Simulation results at 4–7 g

For the 7 g loading case (see Fig 3.13a), steady-state p-snap and c-snap were observed at

70–90 Hz and at 90–145 Hz, respectively. At the interface (90 Hz) between the two regions,

transitions between c-snap and p-snap were observed: the response started with c-snap,

switched to p-snap at t = 0.7 sec, and reverted to c-snap at t = 1.8 sec. At the end of

the c-snap region (145 Hz), the number of snap-through occurrences significantly decreased.

In the high frequency range, another c-snap region was observed at 195–197 Hz, where a

single snap-through event occurred at a time interval of two seconds. Similarly, for the 6 g

loading case (see Fig 3.13b), steady-state p-snap and c-snap were observed at 75–80 Hz and

at 80–140 Hz, respectively; in addition, transitions between the two responses (p-snap to

c-snap at t = 1.0 sec and the reverse transition at t = 1.7 sec) occurred at the interface,

80 Hz. In contrast to the 7 g case, snap-through was not observed in the high frequency

range at 6 g while large-amplitude responses were observed at 193–200 Hz.

The 5 g loading case (see Fig 3.13c) demonstrated a different response pattern from

the previous two cases. Steady-state p-snap did not appear but steady-state c-snap was

observed in the two regions: at 78 Hz and at 82–130 Hz. At the interface (80 Hz) between

the two c-snap regions, the start-up transient c-snap response settled down in the steady-

state single-well response at t = 1.0 sec. The start-up transient c-snap was observed again at

the interface (135 Hz) between the c-snap and single-well regions. Similarly, the 4 g loading

case (see Fig 3.13d) showed the two c-snap regions (at 83–105 Hz and at 115–125 Hz) and

the start-up transient c-snap at the interface (110 Hz).

Simulation results at 0.5–3 g

For the 3 g loading case (see Fig 3.14a), steady-state c-snap was observed at 87–100 Hz. At

102 Hz, after the start-up transient c-snap stopped at t = 1.3 sec, the model experienced

extremely chaotic response and finally settled down into the nearly-periodic response at
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Figure 3.13: The simulated time series of the response of the CLPT model under the forcing
amplitudes: (a) 7 g, (b) 6 g, (c) 5 g, and (d) 4 g. The transverse displacement of the node
number 64 (see Fig 3.6) is represented by z64.
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Figure 3.14: The simulated time series of the response of the CLPT model under the forcing
amplitudes: (a) 3 g, and (b) 2 g. The transverse displacement of the node number 64 (see
Fig 3.6) is represented by z64.

t = 2.6 sec. The start-up transient c-snap was also observed at 85 and 120 Hz. The 2 g

loading case (see Fig 3.14b) demonstrated steady-state c-snap at 90–93 Hz and start-up

transient c-snap at 95–97 Hz. For the 0.5 and 1 g loading cases, snap-through was not

observed through simulation.

3.5.4 Numerical snap-through boundaries of the CLPT model

Based on the simulation results, the numerical snap-through boundaries were characterized

in the HFP space as illustrated in Fig 3.15. The occurrence of steady-state snap-through was

determined by analyzing the responses at all of the nodes. The HFPs at 2, 3, 4, 5, 6, and 7 g

are the primary data points, where the dynamic response was simulated for longer than two

seconds for the snap-through cases and one second for the single-well cases. The investigation

of the other HFPs (the secondary points) was exploratory and thus the simulation for the

secondary points was run for not as long as done for the primary cases. It was assumed that
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Figure 3.15: The dynamic simulation results and numerical snap-through boundaries of the
CLPT model in the HFP space. The experimental snap-through boundaries were replicated
from Fig 2.12.

the numerical boundaries existed between the single-well and snap-through regions.

In Region 1, the left boundary (or the low-frequency boundary) of the CLPT model

well matched the experimental boundaries at all of the threshold levels. Along the left

boundary, the response of the model displayed an extreme sensitivity to frequency changes.



58

-3 -2 -1 0 1 2 3

z
116

(mm)

-2000

-1000

0

1000

2000

v
1
1
6
(m
m
/s
e
c
)

7 g-65 Hz

7 g-70 Hz

Figure 3.16: Phase projection for the simulated time series of z116 under 7 g–65 Hz and
7 g–70 Hz harmonic loading (see Fig 3.13a).

For example, as illustrated in Fig 3.16, a marginal frequency increase (5 Hz) across the

boundary at 7 g resulted in the two extremely different projected phase portraits: a single-

well response at 65 Hz and p-snap at 70 Hz. Furthermore, co-existing responses of the model

were observed in the vicinity of the left boundary at 5–7 g as shown in Fig 3.17. In all of the

three cases, the model showed steady-state single-well response with at-rest initial conditions

and steady-state p-snap that could be ‘found’ by using high-energy initial conditions. In

contrast to the left boundary, characterization of the right boundary (or the high-frequency

boundary) of the model was complicated due to the long time interval between snap-through

events (e.g., at 7 g–145 Hz in Fig 3.13a) and the prolonged chaotic response (e.g., at 3 g–

102 Hz in Fig 3.14a) along the boundary. The numerical right boundary nonetheless showed

a reasonable agreement with the lower bound (0.7 ×zp-p) at 3.5–5.5 g and with all of the

threshold levels at 5.5–7 g.

In Region 2, the model exhibited large-amplitude response (close to zp-p) at 193–200 Hz

but snap-through was observed only at 7 g (195–197 Hz), which possibly corresponds to

the experimental snap-through boundary of the threshold 1.0×zp-p at 6 g–193 Hz. Snap-

through of the model was not observed in Regions 3 and 4, where the experimental snap-

through boundaries appeared only in the lower bound. However, the simulation results

showed significantly larger amplitude single-well response in these regions than the response

observed in the vicinity of the regions.
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Figure 3.17: The simulated time series of co-existing responses z116 under (a) 7 g–65 Hz, (b)
6 g–70 Hz, and (c) 5 g–75 Hz harmonic loading with at-rest (red solid lines) and high-energy
(blue dotted lines) initial conditions.

Therefore, the CLPT model successfully captured the parameter sensitivity of the dy-

namic response of the specimen. Furthermore, given the difficulties in identifying the exact

experimental boundaries, the numerical snap-through boundaries showed a remarkable agree-

ment with the experimental ones, thereby providing robust validation of the CLPT model.

3.6 Summary

In this chapter, the CLPT model and its simulation results were presented. The CLPT model

of the post-buckled specimen was generated by calibrating only its initial static equilibrium

to match the initially buckled shape of the specimen. It should be highlighted that the

simulations of the forced dynamic response using the model required neither modification

nor curve-fitting to match the experimental data. The model adopted Rayleigh damping with

the damping parameters obtained from the free-decay tests of the specimen. The simulation

results confirmed that the model successfully captured the spatio-temporal complexity and

parameter sensitivity observed in the dynamic response of the specimen. In addition, the

model demonstrated complex co-existing responses along its snap-through boundary. Finally,

the comparison between the numerical and experimental snap-through boundaries in the

HFP space provided robust validation of the CLPT model.
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Given that CLPT has not been a preferred choice over shear deformation theories to in-

vestigate nonlinear dynamics and snap-through, this work provided a new perspective on the

capabilities of CLPT models. Furthermore, the numerical data obtained through extensive

dynamic simulations using the CLPT model provide a useful benchmark for validation of

computationally-demanding models (e.g., models involve high computational costs or locking

issues).
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Chapter 4

FSDT MODEL AND NUMERICAL LOCKING

4.1 Introduction

In the previous chapter, the simulation results of the CLPT model showed excellent agree-

ment with the experimental data including snap-through boundaries and thus robust val-

idation of the model was achieved for thin plates. This successful characterization of the

nonlinear dynamic response and snap-through of the post-buckled specimen in the displace-

ment fields naturally leads to another objective of this work: analysis of stress fields induced

by these phenomena and their impact on fatigue of composite structures. For accurate and

direct computation of transverse shear stress fields, the CLPT model is extended to shear

deformation models, which are applicable to both thin and moderately thick plates.

This work adopted FSDT as the first step in developing reliable simulation tools for

stress analysis because numerical implementation and validation of FSDT models are easily

achieved compared to the other shear deformation models. In addition, once a reliable

implementation of FSDT models including accurate prediction of displacement and stress

fields is validated, the formulation can be readily extended to higher-order shear deformation

and layerwise models.

This chapter presents in detail the nonlinear equations of motion for FSDT and the

FEM formulation for an FSDT model. The performance of the FSDT model is investigated

through linear analysis of cylindrical bending problems and relevant issues are discussed.

4.2 Nonlinear equations of motion for FSDT

This section presents the equations of motion for FSDT based on the work of Reddy [68].
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by n and s, respectively. The undeformed midplane is denoted by Ω0.
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Figure 4.2: The undeformed and deformed configurations of FSDT on the x-z plane. This
figure was drawn based on the work of Reddy [68].
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4.2.1 Displacement and strain fields

In FSDT, constant transverse shear strain distribution through the plate thickness is as-

sumed; thus, the Kirchhoff hypothesis for the normality of transverse planes1 is relaxed.

Following the coordinate system of plates illustrated in Fig 4.1, the displacement field of

FSDT is given by

u(x, y, z, t) = u0(x, y, t) + zφx(x, y, t),

v(x, y, z, t) = v0(x, y, t) + zφy(x, y, t),

w(x, y, z, t) = w0(x, y, t),

(4.1)

where (u0, v0, w0) are midplane displacements along the x-, y-, and z-axes, respectively, and

(φx, φy) are the rotations of transverse normal planes about the y- and x-axes as illustrated

in Fig 4.2 for φx.

The rotations φx and φy are defined as

∂u

∂z
= φx,

∂v

∂z
= φy. (4.2)

As an alternative, the rotations about the x- and y-axes (θx and θy, respectively) following

the right-hand rule are also frequently used for the Reissner-Mindlin theory. The relationship

between the two definitions is given by

θx = −φy, θy = φx. (4.3)

This work adopted von Kármán strains2 to include geometric nonlinearity in FSDT fol-

lowing the works of Timoshenko and Reddy in Refs [89] and [68], respectively. Using the

1A straight line which is initially perpendicular to the midplane of the plate remains straight and per-
pendicular to the midplane of the plate after deformation [90].

2More details about the von Kármán nonlinear strains are discussed in Appendix C.
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displacement field in Eq (4.1), the von Kármán nonlinear strains for FSDT are given by

εxx =
∂u

∂x
+

1

2

(∂w
∂x

)2

=
∂u0

∂x
+

1

2

(∂w0

∂x

)2

+ z
∂φx
∂x

= ε(0)
xx + zε(1)

xx , (4.4)

εyy =
∂v

∂y
+

1

2

(∂w
∂y

)2

=
∂v0

∂y
+

1

2

(∂w0

∂y

)2

+ z
∂φy
∂y

= ε(0)
yy + zε(1)

yy , (4.5)

εzz =
∂w

∂z
=
∂w0

∂z
= 0, (4.6)

γxy = 2εxy =
∂u

∂y
+
∂v

∂x
+
∂w

∂x

∂w

∂y

=
∂u0

∂y
+
∂v0

∂x
+
∂w0

∂x

∂w0

∂y
+ z
[∂φx
∂y

+
∂φy
∂x

]
= γ(0)

xy + zγ(1)
xy ,

(4.7)

γyz = 2εyz =
∂v

∂z
+
∂w

∂y
= φy +

∂w0

∂y
, (4.8)

γxz = 2εxz =
∂u

∂z
+
∂w

∂x
= φx +

∂w0

∂x
, (4.9)

where (εxx, εyy, εzz) are normal strains, (γxy, γxz, γyz) are shear strains, (ε
(0)
xx , ε

(0)
yy , γ

(0)
xy ) are

membrane strains, and (ε
(1)
xx , ε

(1)
yy , γ

(1)
xy ) are bending strains.

4.2.2 Equations of motion

Using the typical displacement-based variational principle3, the governing equations of mo-

tion for FSDT can be derived from the principle of virtual work:

0 =

∫ T

0

(δU + δV − δK)dt, (4.10)

where the virtual strain energy, the virtual work done by applied forces, and the virtual

kinetic energy are denoted by δU , δV , and δK, respectively. Following the coordinate system

3Another type of variational principle is discussed in Chapter 5
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of plates illustrated in Fig 4.1, δU , δK, and δV can be expressed as

δU =

∫
Ω0

∫ h
2

−h
2

[
σxxδεxx + σyyδεyy + τxyδγxy + τxzδγxz + τyzδγyz

]
dzdxdy, (4.11)

δK =

∫
Ω0

∫ h
2

−h
2

ρ0

[
u̇δu̇+ v̇δv̇ + ẇδẇ

]
dzdxdy, (4.12)

δV =−
∫

Ω0

[
qb(x, y)δw

(
x, y,−h

2

)
+ qt(x, y)δw

(
x, y,

h

2

)]
dxdy

−
∫

Γσ

∫ h
2

−h
2

[
σ̂nnδun + σ̂nsδus + σ̂nzδw

]
dzds,

(4.13)

where h is the plate thickness, ρ0 is the material density, (qb, qt) are transverse load applied

to the bottom and top surface, respectively, and q = qb + qt is the total transverse load.

The closed boundary and undeformed midplane of the total domain Ω are denoted by Γ

and Ω0, respectively. The portion of Γ on which applied stress components (σ̂nn, σ̂ns, σ̂nz)

are specified is denoted by Γσ, while the portion of Γ whose displacements are prescribed is

denoted by Γu. The stress resultants applied on Γσ are given by

N̂nn =

∫ h
2

−h
2

σ̂nndz, N̂ns =

∫ h
2

−h
2

σ̂nsdz, Q̂nz =

∫ h
2

−h
2

σ̂nzdz,

M̂nn =

∫ h
2

−h
2

zσ̂nndz, M̂ns =

∫ h
2

−h
2

zσ̂nsdz.

(4.14)

The nonlinear equations of motion for FSDT can be derived4 from Eqs (4.10) to (4.13)

and are given by

∂Nxx

∂x
+
∂Nxy

∂y
= I0ü0 + I1φ̈x, (4.15)

∂Nyy

∂y
+
∂Nxy

∂x
= I0v̈0 + I1φ̈y, (4.16)

4The detailed derivation is presented in Appendix D.
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∂

∂x

(
Nxx

∂w0

∂x
+Nxy

∂w0

∂y

)
+

∂

∂y

(
Nxy

∂w0

∂x
+Nyy

∂w0

∂y

)
+
∂Qxz

∂x
+
∂Qyz

∂y
+ q = I0ẅ0, (4.17)

∂Mxx

∂x
+
∂Mxy

∂y
−Qxz = I1ü0 + I2φ̈x, (4.18)

∂Myy

∂y
+
∂Mxy

∂x
−Qyz = I1v̈0 + I2φ̈y. (4.19)

The in-plane stress resultants (Nxx, Nyy, Nxy), bending stress resultants (Mxx, Myy, Mxy),

and shear stress resultants (Qxz, Qyz) are given in Eqs (4.20), (4.21), and (4.22), respectively,

with respect to the displacement fields and laminate stiffness5.
Nxx

Nyy

Nxy

 =
[
Aij

]
∂u0
∂x

+ 1
2
(∂w0

∂x
)2

∂v0
∂y

+ 1
2
(∂w0

∂y
)2

∂u0
∂y

+ ∂v0
∂x

+ ∂w0

∂x
∂w0

∂y

+ B


∂φx
∂x

∂φy
∂y

∂φx
∂y

+ ∂φy
∂x

 , where i, j = 1, 2, 6. (4.20)


Mxx

Myy

Mxy

 = B


∂u0
∂x

+ 1
2
(∂w0

∂x
)2

∂v0
∂y

+ 1
2
(∂w0

∂y
)2

∂u0
∂y

+ ∂v0
∂x

+ ∂w0

∂x
∂w0

∂y

+ D


∂φx
∂x

∂φy
∂y

∂φx
∂y

+ ∂φy
∂x

 . (4.21)

Qyz

Qxz

 = K
[
Amn

]φy + ∂w0

∂y

φx + ∂w0

∂x

 , where m,n = 4, 5. (4.22)

The coefficient K in front of the shear stiffness in Eq (4.22) is the well-known shear correction

factor for FSDT. As shown in Eqs (4.8) and (4.9), FSDT assumes that the transverse shear

strains are constant through the laminate thickness and thus the corresponding transverse

shear stress fields are also constant through the thickness. To correct the discrepancy be-

tween the actual stress distribution and the one based on the FSDT assumption, the shear

correction factor is introduced to compute the transverse shear stress resultants Qxz and

Qyz of FSDT [68, 92]. The shear correction factor for homogeneous, isotropic plates can

be evaluated using the 3-D elasticity theory. However, it is difficult to obtain the shear

5The laminate stiffness is discussed in Appendix B.



67

correction factor of composite structures because it depends on the lamination scheme, ge-

ometry, and material properties [68, 92]. This work adopted K = 5/6, which is derived from

homogeneous, isotropic plates. This issue will be further investigated in future work.

For the laminated composite specimen used in this work (see Eq (2.3)), A16 = A26 =

A45 = D16 = D26 = 0, and B = 0; thus, Eqs (4.20) to (4.22) can be reduced into Eqs (4.23)

to (4.25), respectively.
Nxx

Nyy

Nxy

 =


A11 A12 0

A12 A22 0

0 0 A66




∂u0
∂x

+ 1
2
(∂w0

∂x
)2

∂v0
∂y

+ 1
2
(∂w0

∂y
)2

∂u0
∂y

+ ∂v0
∂x

+ ∂w0

∂x
∂w0

∂y

 . (4.23)


Mxx

Myy

Mxy

 =


D11 D12 0

D12 D22 0

0 0 D66




∂φx
∂x

∂φy
∂y

∂φx
∂y

+ ∂φy
∂x

 . (4.24)

Qyz

Qxz

 = K

A44 0

0 A55

φy + ∂w0

∂y

φx + ∂w0

∂x

 . (4.25)

4.3 FEM formulation for an FSDT model

To generate an FEM based on FSDT, the weak forms of Eqs (4.15) to (4.19) were taken as

shown in Eqs (4.26) to (4.30).

0 =

∫
Ωe

{
Nxx

∂δu0

∂x
+Nxy

∂δu0

∂y
+
(
I0ü0 + I1φ̈x

)
δu0

}
dxdy

−
∮

Γe
δu0

{
nxNxx + nyNxy

}
ds.

(4.26)

0 =

∫
Ωe

{
Nyy

∂δv0

∂y
+Nxy

∂δv0

∂x
+
(
I0v̈0 + I1φ̈y

)
δv0

}
dxdy

−
∮

Γe
δv0

(
nxNxy + nyNyy

)
ds.

(4.27)
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Figure 4.3: Nodal DOFs for FSDT on: (a) a real element, and (b) a reference element.

0 =

∫
Ωe

{∂δw0

∂x

(
Nxx

∂w0

∂x
+Nxy

∂w0

∂y
+Qxz

)
+
∂δw0

∂y

(
Nxy

∂w0

∂x
+Nyy

∂w0

∂y
+Qyz

)
+ δw0I0ẅ0 − δw0q

}
dxdy

−
∮

Γe
δw0Qnzds.

(4.28)

0 =

∫
Ωe

{∂δφx
∂x

Mxx +
∂δφx
∂y

Mxy + δφxQxz + δφx

(
I1ü0 + I2φ̈x

)}
dxdy

−
∮

Γe
δφx

(
nxMxx + nyMxy

)
ds.

(4.29)

0 =

∫
Ωe

{∂δφy
∂x

Mxy +
∂δφy
∂y

Myy + δφyQyz + δφy

(
I1v̈0 + I2φ̈y

)}
dxdy

−
∮

Γe
δφy

(
nyMyy + nxMxy

)
ds.

(4.30)

The midplane displacements (u0, v0, w0) and rotations (φx, φx) can be expressed in

terms of the nodal displacements (uej , v
e
j , w

e
j) and rotations (Xe

j , Y
e
j ), respectively, as shown

in Eqs (4.31) to (4.35).

u0(x, y, t) =
m∑
j=1

uej(t)ψ
e
j (x, y), (4.31)
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v0(x, y, t) =
m∑
j=1

vej (t)ψ
e
j (x, y), (4.32)

w0(x, y, t) =
n∑
j=1

wej(t)ψ
e
j (x, y), (4.33)

φx(x, y, t) =
m∑
j=1

Xe
j (t)ψ

e
j (x, y), (4.34)

φy(x, y, t) =
m∑
j=1

Y e
j (t)ψej (x, y), (4.35)

where m = 4 for four-node elements and ψej denotes the bilinear Lagrange interpolation

functions. The nodal displacements and rotations on the real and reference elements are

illustrated in Fig 4.3. In contrast to the nonconforming elements of the CLPT model (see

Fig 3.3), the nodal variables in both the real and reference elements are identical for the

FSDT elements. The bilinear interpolation functions in the reference element (see Fig 4.3b)

are given by

ψe1 =
1

4
(1− ξ)(1− η), ψe2 =

1

4
(1 + ξ)(1− η),

ψe3 =
1

4
(1 + ξ)(1 + η), ψe4 =

1

4
(1− ξ)(1 + η).

(4.36)

Finally, the nonlinear FEM of FSDT is obtained by applying the displacement fields in

Eqs (4.31) to (4.35) into the weak forms in Eqs (4.26) to (4.30) and rearranging them in a

coupled matrix form. The FEM is given in a compact form by

Mü + Ku = F, (4.37)

where u is a nodal displacement and rotation vector, K is a geometrically nonlinear stiffness

matrix (i.e., K = K(u)), M is a mass matrix, and F is a force vector. The components of K,
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Figure 4.4: A long rectangular plate and its elemental strip cut, which is colored gray. The
elemental strip cut demonstrates cylindrical bending.

M, and F are presented in Appendix E. Including a damping term in the equation results in

Mü + Cu̇ + Ku = F, (4.38)

where C is a damping matrix, which is discussed in Section 3.4.

4.4 Demonstration of locking issues for cylindrical bending problems

This section investigates the performance of FSDT models which are generated using four-

node elements with bilinear interpolations. The numerical, linear static analysis of cylindrical

bending problems is presented and is compared to the analytical solutions of FSDT. Finally,

the relevant locking issues and their impact on the global behaviors of plates are discussed.

4.4.1 Analytical solutions

A long rectangular plate, which is long along the y-axis and has a significantly shorter

dimension along the x-axis, is illustrated in Fig 4.4. In the event that the plate is subject

to a transverse load q(x) that is uniform at any section parallel to the x-axis, the deflected

surface of an elemental strip cut from the plate at a considerable distance from the ends
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can be assumed cylindrical [89]. In such a case, the displacements and rotations of the plate

strip are functions of only x and thus all derivatives with respect to y are zero [68]. Based

on these assumptions, the equations of motion for FSDT can be reduced to solve cylindrical

bending problems.

For a plate strip clamped at both ends and subject to a uniformly distributed transverse

load q0, the analytical solutions are derived in detail in Appendix F, by following the work of

Reddy in Ref [68]. As shown in Eqs (F.13) and (F.14), the transverse midplane displacement

w0 and rotation φx are given by

w0(x) =
q0a

4

24D

[(x
a

)2

−
(x
a

)]2

+
q0a

2

2KA55

[(x
a

)
−
(x
a

)2]
, (4.39)

φx(x) = − q0a
3

12D

[
2
(x
a

)3

− 3
(x
a

)2

+
(x
a

)]
. (4.40)

In addition, as shown in Eq (F.22), the buckling load Ncr for the first mode is given by

Ncr =
(2π

a

)2

D
[
1− D(2π/a)2

KA55 +D(2π/a)2

]
. (4.41)

4.4.2 FEM analysis and comparison

For linear, numerical analysis of the cylindrical bending problem, a long rectangular plate

was modeled as illustrated in Fig 4.5. The plate was clamped along x = 0, a (black, solid

lines) and free along y = 0, b (black, dotted lines) while a uniformly distributed transverse

load q0 =-7 g was applied. The material properties and geometric dimensions (except for

length b) of the laminated composite specimen (see Section 2.2.1) were used for modeling.

An FSDT model was generated using four-node rectangular elements with bilinear inter-

polations as illustrated Fig 4.6. The element size is 11.43× 12.70 mm and 20× 50 elements

were used to mesh the plate. As shown in the deformed shape of the model illustrated in

Fig 4.7, the deflected surface away from the free boundaries y = 0, 635.0 mm is cylindrical.

As illustrated in Fig 4.8, the FEM model considerably underestimates the transverse
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Figure 4.5: The geometric dimensions and boundary conditions of a cylindrical bending
problem.
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Figure 4.6: The element mesh of the FSDT model for the cylindrical bending problem (see
Fig 4.5). The displacement and stress fields of the model were obtained on the pink elements.

displacement w0 and rotation φx compared to the analytical solution. This kind of over-

stiffening phenomenon of FEMs based on shear deformation theories is named shear locking.

Shear locking occurs when numerical elements cannot represent physical deformation in

which transverse shear strain should vanish and consequent spurious shear absorbs a large

part of the energy generated by external forces [14]. The maximum transverse displacement



73

-0.02

0

-0.015

-0.01

z-
ax

is
 (

m
m

) -0.005

0

100

x-axis (mm)

600

y-axis (mm)

200 5004003002001000

Figure 4.7: The deformed shape of the FSDT model (see Fig 4.6) under q0 =-7 g. The
z-axis is extremely exaggerated for interpretation of deflection. The colored circles indicate
the nodes of the element mesh. The blue rectangle indicates the position of the initially-flat
model.

0 50 100 150 200
x-axis (mm)

-0.4

-0.35

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0

w
 (

m
m

)

Analytical
FEM: bilinear

(a)

0 50 100 150 200
x-axis (mm)

-5

0

5

x

10-3

Analytical
FEM: bilinear

(b)

Figure 4.8: The transverse displacement w0 and rotation φx of the FSDT model using the
mesh shown in Fig 4.6 for the cylindrical bending plate (see Fig 4.5) under q0 =-7 g. (a)
The transverse displacement w0. (b) The transverse rotation φx

w0 and rotation φx, and the first-mode buckling load NCR of the analytical solution and

FSDT model are tabulated in Table 4.1. The buckling load Ncr of the FSDT model is

significantly overestimated due to the over-stiffening phenomenon induced by shear locking.
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Field Analytical FEM: bilinear

|w0|max (mm) 0.4165 0.02439 (94.14 %)
|φx|max ×103 (rad) 5.463 0.3199 (94.14 %)
|σxx|max (MPa) 3.413 0.1993 (94.16 %)
NCR (N/m) 1018.5 17533.4 (1621.5 %)

Table 4.1: The maximum transverse displacement w0, rotation φx, and bending stress σxx,
and the first-mode buckling load NCR of the FSDT model using the mesh illustrated in
Fig 4.6. The values in the parentheses indicate the percent error of the numerical predictions.
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Figure 4.9: The stress fields analyzed at the Barlow points of the FSDT model using the
mesh shown in Fig 4.6 for the cylindrical bending problem. (a) The transverse shear stress
τxz. (b) The bending stress σxx at the top of the plate.

To explain this phenomenon, the stress fields of the FSDT model were analyzed at the

Barlow points [9], which is a common method for stress analysis and has been adopted in

many commercial FEM packages. As shown in Fig 4.9, the transverse shear stress τxz of

the model agrees with the analytical solution at the Barlow points. On the other hand,

the bending stress σxx of the model at the top of the plate is significantly smaller than the
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Figure 4.10: The full-field stress over the elements of the FSDT model using the mesh shown
in Fig 4.6 for the cylindrical bending problem. (a) The transverse shear stress τxz. (b) The
bending stress σxx at the top of the plate.

analytical solution. The maximum bending stress σxx of the model is tabulated in Table 4.1.

Considering the substantially underestimated displacement and rotation of the model, the

agreement between τxz of the model and analytical solution seems surprising.

For a better explanation of the phenomenon, the stress fields were analyzed along the

entire length (along x-axis) of the elements as presented in Fig 4.10. While the bending

stress is constant on each element, the shear stress exhibits violent stress oscillation [63].

Considering the shear energy term in Eq (4.11), that is,

1

2
γxzτxz =

1

2C̄55

τ 2
xz, (4.42)

spurious shear induced by the stress oscillation absorbs a large part of the external energy

input, and consequently the rest of the energy input generates significantly underestimated

bending strain and stress fields (as shown in Fig 4.9b for the bending stress). Thus, the

stress fields obtained at the Barlow points can be accurate when there are no violent stress
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Figure 4.11: The refined element mesh of the FSDT model for the cylindrical bending
problem. The displacement and stress fields of the model were obtained on the pink elements.
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Figure 4.12: The transverse displacement w0 and stress τxz fields of the FSDT model using
the refined mesh (see Fig 4.11) for the cylindrical bending problem. (a) The transverse
displacement fields w0. (b) The transverse shear stress fields τxz.

oscillations. In cases where stress oscillations are present over elements, however, the stress

analysis method relying on the Barlow points can disguise the occurrence of locking.

To investigate the impact of mesh refinement on shear locking, the element mesh illus-

trated in Fig 4.6 was refined as shown in Fig 4.11. The simulation using the refined mesh
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Field Analytical FEM: bilinear

|w0|max (mm) 0.4165 0.08297 (80.08 %)
|φx|max ×103 (rad) 5.463 1.0881 (80.08 %)
|σxx|max (MPa) 3.413 0.7343 (80.09 %)
NCR (N/m) 1018.5 5107.9 (401.5 %)

Table 4.2: The maximum transverse displacement w0, rotation φx, and bending stress σxx,
and the first-mode buckling load NCR of the FSDT model using the refined mesh (see
Fig 4.11). The values in the parentheses indicate the percent error of the numerical pre-
dictions.

substantially increased the computational cost. The simulation results of the model using

the refined mesh are illustrated in Fig 4.12 and are tabulated in Table 4.2. The mesh re-

finement improved the results; however, serious errors remain. As shown in Fig 4.12b, the

stress oscillations were not resolved by the mesh refinement; furthermore, the oscillations

were intensified with the increase of the transverse displacement (i.e., the increase of the

external energy input).

4.5 Summary

In this chapter, the nonlinear equations of motion and corresponding FEM were presented.

To investigate the performance of FSDT models, cylindrical bending problems were analyti-

cally and numerically analyzed. The analysis results showed that a shear locking phenomenon

of FSDT models leads to a significant underestimate of deflections and an overestimate of

buckling loads. Such an overestimate of structural capacity from numerical analysis can

cause a serious problem in structural design if the occurrence of locking phenomenon fails to

be identified. However, the full-field stress analysis revealed that the common stress anal-

ysis method using the Barlow points can disguise shear locking occurrence in case of stress

oscillations over elements. Moreover, it was shown that mesh refinement is not effective in

resolving this shear locking issue. In the following chapter, remedies for shear locking are

discussed and their performance is investigated.
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Part II

MODELING AND SIMULATION: ASSUMED STRAIN-BASED
APPROACH
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Chapter 5

ASSUMED STRAIN THEORIES

5.1 Introduction

The previous chapter discussed shear locking phenomena and their impact on the global

behaviors of FSDT models. It was shown that mesh refinement does not resolve the issue.

Various theories and techniques have been proposed to alleviate shear locking. They

can be broadly categorized as reduced/selective integration, assumed strain and stress, and

enhanced strain methods. Reduced/selective integration methods are the simplest among

them. This method reduces the number of integration (or Gauss) points for shear stiffness

terms to achieve consistent interpolation over elements. This method can resolve shear

locking without increasing the matrix size; however, instability and spurious zero-energy

modes of models can occur. Assumed strain and stress methods provide more stable solutions

to locking issues. These methods include the incompatible modes introduced by Wilson [99]

and Taylor [88] and the Hellinger-Reissner element of Pian-Sumihara [62]. These methods

had been labeled a ‘variational crime’ for many years until Simo and Hughes [80] provided the

variational foundations of these methods. One of the most popular assumed strain theories

was proposed by Hughes and Tezduyar [32]. Their theory successfully alleviates shear locking

of the four-node Reissner-Mindlin plate element using full integration. Bathe and Dvorkin

[11, 23] formulated the theory of Hughes and Tezduyar using tensor components, which

is called the MITC4 (Mixed Interpolation of Tensorial Components) method. Commercial

FEM packages such as Abaqus [87] and ADINA [66] still use this method to manage shear

locking. However, this method cannot handle membrane locking. To address this issue,

Bathe et al. [41, 42, 43, 44] have been making efforts to improve the MITC4 method to

resolve membrane locking. Finally, the enhanced assumed strain (EAS) method of Simo and
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Rifai [81] is capable of managing overall (e.g., shear, membrane, and volumetric) locking

issues and is adopted in the commercial FEM packages for membrane locking. The EAS

method can incorporate the aforementioned methods by selecting appropriate interpolation

functions for the enhanced strains.

In this chapter, the MITC4 and EAS theories are introduced and FEM formulations

for MITC4 and EAS models are presented. The performance of these models is investigated

through linear analysis of the cylindrical bending problem introduced in the previous chapter.

The detailed descriptions of the numerical implementation of the MITC4 and EAS meth-

ods are not available in the literature or textbooks to the best of the author’s knowledge.

Therefore, in order to contribute to the future works of researchers using these methods, this

work provides the complete formulation of the MITC4 and EAS models by presenting the

components of their stiffness matrices.

5.2 MITC4 method

The MITC4 method focuses on alleviating shear locking. In the method, transverse shear

strains (γxz, γyz) are interpolated based on an assumed strain method, while typical bilinear

interpolation is applied to bending strains (ε
(0)
xx , ε

(0)
yy , γ

(0)
xy ) and transverse displacement and

rotation fields (w0, φx, φy). Thus, MITC4 employs mixed interpolation, which the first

two letters of the acronym originated from. In addition, MITC4 is formulated using tensor

components, which make up the last two letters of the acronym. In this section, MITC4 is

presented based on the work of Bathe and Dvorkin [11] and the FSDT model is improved

by incorporating the MITC4 method.

5.2.1 Tensor components of transverse shear strains

In a Cartesian coordinate system, the position and displacement vectors (P, u, respectively)

of a particle can be expressed as

P = xi + yj + zk, (5.1)
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Figure 5.1: An MITC4 element in Cartesian (x, y) and natural (ξ, η) coordinate systems.
The angles between these coordinate systems are denoted by (α, β). The two systems share
the same z-axis.

u = ui + vj + wk. (5.2)

In the reference (or natural) coordinate system, a strain tensor is given by

ε = ε̃ijg
i ⊗ gj for i, j = ξ, η, z, (5.3)

where gi is the contravariant basis vector set and ε̃ij represents the tensor components

measured in the natural coordinate system, which are given by

ε̃ij =
1

2

[
1gi · 1gj − 0gi · 0gj

]
, (5.4)

where 0gi and 1gi are the covariant base vectors of initial (undeformed) and deformed con-
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figurations, respectively. The base vectors for the undeformed configuration are given by

0gξ =
∂P

∂ξ
=
∂x

∂ξ
i +

∂y

∂ξ
j, (5.5)

0gη =
∂P

∂η
=
∂x

∂η
i +

∂y

∂η
j, (5.6)

0gz =
∂P

∂z
= k. (5.7)

The basis vectors for the deformed configuration are given by

1gξ =
∂(P + u)

∂ξ
=
(∂x
∂ξ

+
∂u

∂ξ

)
i +
(∂y
∂ξ

+
∂v

∂ξ

)
j +

∂w

∂ξ
k, (5.8)

1gη =
∂(P + u)

∂η
=
(∂x
∂η

+
∂u

∂η

)
i +
(∂y
∂η

+
∂v

∂η

)
j +

∂w

∂η
k, (5.9)

1gz =
∂(P + u)

∂z
=
∂u

∂z
i +

∂v

∂z
j + k = φxi + φyj + k. (5.10)

Using the assumptions for the von Kármán strains, the transverse shear strains in the

natural coordinate system are given by

ε̃ξz =
1

2

[
1gξ · 1gz − 0gξ · 0gz

]
=

1

2

[∂x
∂ξ
φx +

∂y

∂ξ
φy +

∂w

∂ξ

]
, (5.11)

ε̃ηz =
1

2

[
1gη · 1gz − 0gη · 0gz

]
=

1

2

[∂x
∂η
φx +

∂y

∂η
φy +

∂w

∂η

]
. (5.12)

The strain tensor components in the real and natural coordinates can be related by

ε = ε̃ijgi ⊗ gj = εklek ⊗ el for k, l = x, y, z, (5.13)

where εkl is the tensor components measured in the real coordinate system and ek represents

the unit normal base vectors of the real coordinates. Using tensor calculus, εkl can be
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expressed as

εkl = ε̃ij(g
i · el)(gj · ek). (5.14)

Thus, the shear strains in the real coordinates can be obtained as

εxz =ε̃ij(g
i · ez)(gj · ex) = ε̃zj(g

z · ez)(gj · ex) = ε̃zξ(g
ξ · ex) + ε̃zη(g

η · ex), (5.15)

εzx =ε̃ij(g
i · ex)(gj · ez) = ε̃iz(g

i · ex)(gz · ez) = ε̃ξz(g
ξ · ex) + ε̃ηz(g

η · ex), (5.16)

εyz =ε̃ij(g
i · ez)(gj · ey) = ε̃zj(g

z · ez)(gj · ey) = ε̃zξ(g
ξ · ey) + ε̃zη(g

η · ey), (5.17)

εzy =ε̃ij(g
i · ey)(gj · ez) = ε̃iz(g

i · ey)(gz · ez) = ε̃ξz(g
ξ · ey) + ε̃ηz(g

η · ey), (5.18)

γxz = εxz + εzx =(ε̃zξ + ε̃ξz)(g
ξ · ex) + (ε̃zη + ε̃ηz)(g

η · ex)

=γ̃ξz(g
ξ · ex) + γ̃ηz(g

η · ex),
(5.19)

γyz = εyz + εzy =(ε̃zξ + ε̃ξz)(g
ξ · ey) + (ε̃zη + ε̃ηz)(g

η · ey)

=γ̃ξz(g
ξ · ey) + γ̃ηz(g

η · ey),
(5.20)

where the following relations are used:

gξ · ez = 0, gη · ez = 0, gz · ez = 1. (5.21)

The unit covariant base vectors of the natural coordinates are given by

êξ =
gξ√
gξξ

= cosαi + sinαj, (5.22)

êη =
gη√
gηη

= cosβi + sinβj, (5.23)

êz = k, (5.24)
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while the unit contravariant base vectors of the natural coordinates are given by

êξ =
gξ√
gξξ

= sinβi− cosβj, (5.25)

êη =
gη√
gηη

= −sinαi + cosαj, (5.26)

êz = k. (5.27)

Thus, the contravariant base vectors can be expressed as

gξ =
√
gξξêξ =

√
gξξ(sinβi− cosβj), (5.28)

gη =
√
gηηêη =

√
gηη(−sinαi + cosαj), (5.29)

gz =
√
gzz êk =

√
gzzk, (5.30)

where

gij =
Dij

g
, (5.31)

Dij and g are the cofactor and determinant of the matrix [gij].

g11 = gξξ = gξ · gξ =
(∂x
∂ξ

)2

+
(∂y
∂ξ

)2

, (5.32)

g12 = gξη = gξ · gη =
∂x

∂ξ

∂x

∂η
+
∂y

∂ξ

∂y

∂η
, (5.33)

g13 = gξz = gξ · gz = 0, (5.34)

g22 = gηη = gη · gη =
(∂x
∂η

)2

+
(∂y
∂η

)2

, (5.35)

g23 = gηz = gη · gz = 0, (5.36)
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g33 = gzz = gz · gz = 1. (5.37)

Thus, the determinant g is given by

g = g11D
11 + g12D

12 + g13D
13, (5.38)

where

D11 =
(∂x
∂η

)2

+
(∂y
∂η

)2

, (5.39)

D12 = −
[∂x
∂ξ

∂x

∂η
+
∂y

∂ξ

∂y

∂η

]
, (5.40)

D13 = 0. (5.41)

The Jacobian matrix for the transformation can be defined as

J =

∂x∂ξ ∂x
∂η

∂y
∂ξ

∂y
∂η

 . (5.42)

Thus, the determinant g can be expressed as

g =
[∂x
∂ξ

∂y

∂η
− ∂x

∂η

∂y

∂ξ

]2

= (detJ)2. (5.43)

gξξ =
D11

g
=

(
∂x
∂η

)2

+
(
∂y
∂η

)2

(detJ)2
=
J2

21 + J2
22

(detJ)2
, (5.44)

gηη =
D22

g
=

(
∂x
∂ξ

)2

+
(
∂y
∂ξ

)2

(detJ)2
=
J2

11 + J2
12

(detJ)2
, (5.45)

gzz =
D33

g
=

[(
∂x
∂ξ

)2

+
(
∂y
∂ξ

)2][(
∂x
∂η

)2

+
(
∂y
∂η

)2]
−
(
∂x
∂ξ

∂y
∂η

+ ∂y
∂ξ

∂y
∂η

)2

(detJ)2
=

(detJ)2

(detJ)2
= 1. (5.46)
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Substituting Eqs (5.28) to (5.30) into Eqs (5.44) to (5.46), the contravariant base vectors

can be expressed as

gξ =
√
gξξ(sinβi− cosβj) =

√
J2

21 + J2
22

|detJ |
(sinβi− cosβj), (5.47)

gη =
√
gηη(−sinαi + cosαj) =

√
J2

11 + J2
12

|detJ |
(−sinαi + cosαj), (5.48)

gz =
√
gzzk = k, (5.49)

Finally, Eqs (5.19) and (5.20) can be expanded as

γxz =γ̃ξz(g
ξ · ex) + γ̃ηz(g

η · ex)

=γ̃ξz

√
J2

21 + J2
22

|detJ |
sinβ − γ̃ηz

√
J2

11 + J2
12

|detJ |
sinα,

(5.50)

γyz =γ̃ξz(g
ξ · ey) + γ̃ηz(g

η · ey)

=− γ̃ξz
√
J2

21 + J2
22

|detJ |
cosβ + γ̃ηz

√
J2

11 + J2
12

|detJ |
cosα.

(5.51)

5.2.2 Mixed interpolations for transverse shear strains

In the MITC4 method, transverse shear strains are interpolated using the strains at tying

points in the natural coordinates (see Fig 5.2):

γ̃ξz(ξ, η) =
1

2

[
(1− η)γ̃A

ξz + (1 + η)γ̃C
ξz

]
, (5.52)

γ̃ηz(ξ, η) =
1

2

[
(1− ξ)γ̃D

ηz + (1 + ξ)γ̃B
ηz

]
, (5.53)

where (γ̃A
ξz, γ̃

C
ξz) and (γ̃B

ηz, γ̃
D
ηz) are transverse shear strains at typing points (A, C) and (B,

D), respectively. This interpolation method was originally proposed by Hughes and Tezduyar

[32].
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ξ

η

4 3

21 A

B

C

D

Figure 5.2: An MITC4 reference element in the natural (ξη) coordinate system. The tying
points of MITC4 elements for the interpolation of transverse shear strains are denoted by
(A, B, C, D).

Using nodal variables (wej , X
e
j , Y

e
j , see Eqs (4.33) to (4.35)) and the bilinear interpolations

(ψej , see Eq (4.36)), the transverse shear strains in the natural coordinates (see Eqs (5.11)

and (5.12)) can be expressed as

γ̃ξz = 2ε̃ξz =
∂x

∂ξ
φx +

∂y

∂ξ
φy +

∂w

∂ξ

=
( 4∑
j=1

∂ψej (ξ, η)

∂ξ
xej

)( 4∑
k=1

ψek(ξ, η)Xe
k

)
+
( 4∑
j=1

∂ψej (ξ, η)

∂ξ
yej

)( 4∑
k=1

ψek(ξ, η)Y e
k

)
+

4∑
j=1

∂ψej (ξ, η)

∂ξ
wej ,

(5.54)



88

γ̃ξz = 2ε̃ηz =
∂x

∂η
φx +

∂y

∂η
φy +

∂w

∂η

=
( 4∑
j=1

∂ψej (ξ, η)

∂η
xej

)( 4∑
k=1

ψek(ξ, η)Xe
k

)
+
( 4∑
j=1

∂ψej (ξ, η)

∂η
yej

)( 4∑
k=1

ψek(ξ, η)Y e
k

)
+

4∑
j=1

∂ψej (ξ, η)

∂η
wej .

(5.55)

Thus, the transverse shear strains at tying points can be expressed as

γ̃A
ξz = γ̃ξz(0,−1) =

(xe2 − xe1
2

)(Xe
2 +Xe

1

2

)
+
(ye2 − ye1

2

)(Y e
2 + Y e

1

2

)
+
we2 − we1

2
, (5.56)

γ̃C
ξz = γ̃ξz(0, 1) =

(xe3 − xe4
2

)(Xe
3 +Xe

4

2

)
+
(ye3 − ye4

2

)(Y e
3 + Y e

4

2

)
+
we3 − we4

2
, (5.57)

γ̃B
ηz = γ̃ηz(1, 0) =

(xe3 − xe2
2

)(Xe
3 +Xe

2

2

)
+
(ye3 − ye2

2

)(Y e
3 + Y e

2

2

)
+
we3 − we2

2
, (5.58)

γ̃D
ηz = γ̃ηz(−1, 0) =

(xe4 − xe1
2

)(Xe
4 +Xe

1

2

)
+
(ye4 − ye1

2

)(Y e
4 + Y e

1

2

)
+
we4 − we1

2
. (5.59)

Thus, Eqs (5.52) and (5.53) can be expanded as

γ̃ξz(η) =
1− η

2

[(xe2 − xe1
2

)(Xe
2 +Xe

1

2

)
+
(ye2 − ye1

2

)(Y e
2 + Y e

1

2

)
+
we2 − we1

2

]
+

1 + η

2

[(xe3 − xe4
2

)(Xe
3 +Xe

4

2

)
+
(ye3 − ye4

2

)(Y e
3 + Y e

4

2

)
+
we3 − we4

2

]
,

(5.60)

γ̃ηz(ξ) =
1− ξ

2

[(xe4 − xe1
2

)(Xe
4 +Xe

1

2

)
+
(ye4 − ye1

2

)(Y e
4 + Y e

1

2

)
+
we4 − we1

2

]
+

1 + ξ

2

[(xe3 − xe2
2

)(Xe
3 +Xe

2

2

)
+
(ye3 − ye2

2

)(Y e
3 + Y e

2

2

)
+
we3 − we2

2

]
.

(5.61)

Finally, substituting Eqs (5.60) and (5.61) into Eqs (5.50) and (5.51), the transverse shear
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strains in the real coordinates are given by

γxz =
{1− η

2

[(xe2 − xe1
2

)(Xe
2 +Xe

1

2

)
+
(ye2 − ye1

2

)(Y e
2 + Y e

1

2

)
+
we2 − we1

2

]
+

1 + η

2

[(xe3 − xe4
2

)(Xe
3 +Xe

4

2

)
+
(ye3 − ye4

2

)(Y e
3 + Y e

4

2

)
+
we3 − we4

2

]}
×
√
J2

21 + J2
22

|detJ |
sinβ

−
{1− ξ

2

[(xe4 − xe1
2

)(Xe
4 +Xe

1

2

)
+
(ye4 − ye1

2

)(Y e
4 + Y e

1

2

)
+
we4 − we1

2

]
+

1 + ξ

2

[(xe3 − xe2
2

)(Xe
3 +Xe

2

2

)
+
(ye3 − ye2

2

)(Y e
3 + Y e

2

2

)
+
we3 − we2

2

]}
×
√
J2

11 + J2
12

|detJ |
sinα,

(5.62)

γyz = −
{1− η

2

[(xe2 − xe1
2

)(Xe
2 +Xe

1

2

)
+
(ye2 − ye1

2

)(Y e
2 + Y e

1

2

)
+
we2 − we1

2

]
+

1 + η

2

[(xe3 − xe4
2

)(Xe
3 +Xe

4

2

)
+
(ye3 − ye4

2

)(Y e
3 + Y e

4

2

)
+
we3 − we4

2

]}
×
√
J2

21 + J2
22

|detJ |
cosβ

+
{1− ξ

2

[(xe4 − xe1
2

)(Xe
4 +Xe

1

2

)
+
(ye4 − ye1

2

)(Y e
4 + Y e

1

2

)
+
we4 − we1

2

]
+

1 + ξ

2

[(xe3 − xe2
2

)(Xe
3 +Xe

2

2

)
+
(ye3 − ye2

2

)(Y e
3 + Y e

2

2

)
+
we3 − we2

2

]}
×
√
J2

11 + J2
12

|detJ |
cosα.

(5.63)

5.2.3 FEM formulation for an MITC4 model

Because MITC4 employs the same interpolation method as the FSDT model for bending

strains but a special interpolation for transverse shear strains, an MITC4 model can be

obtained by simply manipulating only shear stiffness terms of the FSDT model. To be

specific, the shear stiffness terms in the stiffness matrices K33, K34, K35, K43, K44, K45, K53,

K54, and K55 (see Eq (E.1)) need to be calculated based on the shear strain formulation in

Eq (5.63). These stiffness components are presented in Appendix G.

The MITC4 model does not require additional DOF or stiffness components to allevi-
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ate shear locking; consequently, the model is computationally efficient and thus has been

employed in many FEM packages for linear numerical analysis.

5.3 EAS method

It is well-known that the MITC4 method successfully handles shear locking. However, ge-

ometrically nonlinear models can suffer membrane locking, which the application of the

MITC4 method is not sufficient to alleviate. Thus, this issue necessitates more general

remedies for locking, one of which is the EAS method [79, 81]. In this section, the EAS

method is presented and the FSDT model is modified to embrace the method.

5.3.1 Assumed strain fields

In the EAS method, an assumed strain field ε is defined as

ε = ∇su+ ε̃, (5.64)

where∇su is a symmetric gradient of a displacement field u and ε̃ is the enhanced part of the

strain field. The enhanced strain ε̃ is not subject to any interelement continuity requirement,

while the symmetric gradient ∇su forms a compatible strain field.

This work employs von Kármán strains1; thus, ∇su is replaced with BNL(u) for the

compatible nonlinear strain field in Eqs (4.4) to (4.9). Therefore, the assumed strain field ε

is given by

ε = BNL(u) + ε̃, (5.65)

where

εxx = ε(0)
xx + ε̃(0)

xx + z
[
ε(1)
xx + ε̃(1)

xx

]
=
∂u0

∂x
+

1

2

(∂w0

∂x

)2

+ ε̃(0)
xx + z

[∂φx
∂x

+ ε̃(1)
xx

]
, (5.66)

1The symmetric gradient of displacements field can form only the linear part of von Kármán strains.
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εyy = ε(0)
yy + ε̃(0)

yy + z
[
ε(1)
yy + ε̃(1)

yy

]
=
∂v0

∂y
+

1

2

(∂w0

∂y

)2

+ ε̃(0)
yy + z

[∂φy
∂y

+ ε̃(1)
yy

]
, (5.67)

γxy =γ(0)
xy + γ̃(0)

xy + z
[
γ(1)
xy + γ̃(1)

yy

]
=
∂u0

∂y
+
∂v0

∂x
+
∂w0

∂x

∂w0

∂y
+ γ̃(0)

xy + z
[∂φx
∂y

+
∂φy
∂x

+ γ̃(1)
xy

]
,

(5.68)

γyz = γ(0)
yz + γ̃(0)

yz = φy +
∂w0

∂y
+ γ̃(0)

yz (5.69)

γxz = γ(0)
xz + γ̃(0)

xz = φx +
∂w0

∂x
+ γ̃(0)

xz . (5.70)

Thus, the stress resultants of the compatible strains in Eqs (B.10), (B.12) and (B.14) are

modified for the assumed strain field as
Nxx

Nyy

Nxy

 =


A11 A12 A16

A12 A22 A26

A16 A26 A66



ε

(0)
xx + ε̃

(0)
xx

ε
(0)
yy + ε̃

(0)
yy

γ
(0)
xy + γ̃

(0)
xy

+


B11 B12 B16

B12 B22 B26

B16 B26 B66



ε

(1)
xx + ε̃

(1)
xx

ε
(1)
yy + ε̃

(1)
yy

γ
(1)
xy + γ̃

(1)
xy

 , (5.71)


Mxx

Myy

Mxy

 =


B11 B12 B16

B12 B22 B26

B16 B26 B66



ε

(0)
xx + ε̃

(0)
xx

ε
(0)
yy + ε̃

(0)
yy

γ
(0)
xy + γ̃

(0)
xy

+


D11 D12 D16

D12 D22 D26

D16 D26 D66



ε

(1)
xx + ε̃

(1)
xx

ε
(1)
yy + ε̃

(1)
yy

γ
(1)
xy + γ̃

(1)
xy

 , (5.72)

Qyz

Qxz

 =

A44 A45

A45 A55

γ
(0)
yz + γ̃

(0)
yz

γ
(0)
xz + γ̃

(0)
xz

 . (5.73)

5.3.2 Transformation and interpolation of enhanced strain fields

Using the Jacobian matrix J(ξ, η)2 (see Eq (5.42)), Simo and Rifai defined in Ref [81] a

transformation matrix of enhanced strains between real and reference elements (see Fig 4.3):

Ẽ(ξ, η) =
j(ξ, η)

j0

F T
0 ε̃(ξ, η), (5.74)

2Simo and Rifai used deformation (φ) gradient for the Jacobain matrix: JSimo
αβ = ∂φα

∂ξβ
. Thus, J =

[JSimo]T .
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where

J0 = J(0, 0), j(ξ, η) = detJ(ξ, η), j0 = detJ0, (5.75)

and ε̃ and Ẽ are enhanced strain fields in real and reference elements, respectively. For

enhanced in-plane strains ε̃ = [ε̃xx, ε̃yy, γ̃xx]
T , F 0 is given by

F 0 =


J2

11 J2
21 2J11J21

J2
12 J2

22 2J12J22

J11J12 J21J22 J11J22 + J12J21


(ξ,η)=(0,0)

. (5.76)

For enhanced transverse shear strains ε̃ = [γ̃xz, γ̃yz]
T , F 0 is given by

F 0 = J0. (5.77)

The interpolation matrix E(ξ, η) for enhanced strains Ẽ in reference elements can be

defined [81] as

Ẽ(ξ, η) = E(ξ, η)αe, (5.78)

where E is an m×n matrix3, and αe is an n×1 column vector. The elemental variable αe is

free of interelement continuity requirements as is Ẽ. Thus, the interpolation matrix G(ξ, η)

for enhanced strains ε̃ in real elements is given by

G(ξ, η) =
j0

j(ξ, η)
F−T0 E(ξ, η). (5.79)

For enhanced in-plane strains ε̃xy = [ε̃xx, ε̃yy, γ̃xx]
T , Andelfinger and Ramm [3] proposed

3For enhanced in-plane strains, m is equal to 3, while m is equal to 2 for enhanced transverse shear
strains.
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the seven-parameter (or seven-mode) interpolation:

E7
m(ξ, η) =


ξ 0 0 0 ξη 0 0

0 η 0 0 0 ξη 0

0 0 ξ η 0 0 ξη

 , (5.80)

and the eleven-parameter (or eleven-mode) interpolation:

E11
m (ξ, η) =


ξ 0 0 0 ξη 0 0 3ξ2 − 1 0 0 0

0 η 0 0 0 ξη 0 0 3η2 − 1 0 0

0 0 ξ η 0 0 ξη 0 0 3ξ2 − 1 3η2 − 1

 . (5.81)

For enhanced transverse shear strains ε̃xy = [γ̃xz, γ̃yz]
T , Simo and Rifai [81] proposed the

four-parameter interpolation:

E4
s(ξ, η) =

ξ 0 ξη 0

0 η 0 ξη

 , (5.82)

which generates the transverse shear strain field identical to the one of MITC4.

This work applied the EAS method to all of the three strain fields (membrane, bending,

and shear strains):
ε̃

(0)
xx

ε̃
(0)
yy

γ̃
(0)
xy

 = Gm(ξ, η)αem, where Gm(ξ, η) =
j0

j(ξ, η)
F−T0 Em(ξ, η), (5.83)


ε̃

(1)
xx

ε̃
(1)
yy

γ̃
(1)
xy

 = Gb(ξ, η)αeb, where Gb(ξ, η) =
j0

j(ξ, η)
F−T0 Em(ξ, η), (5.84)
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γ̃
(0)
xz

γ̃
(0)
yz

 = Gs(ξ, η)αes, where Gs(ξ, η) =
j0

j(ξ, η)
J−T0 Es(ξ, η). (5.85)

5.3.3 Three-field variational formulation

The EAS theory is based on the Hu-Washizu three-field variational principle [93, 94]. The

principle is presented in detail in Appendix H. Substituting the assumed strain field into

the variational principle in Eqs (H.7) to (H.9), the three-field variational formulation for the

EAS theory is obtained as

∫
Ω0

∫ h
2

−h
2

[
BNL(δu) · σ

]
dzdxdy + Fext(δu) = 0, (5.86)

∫
Ω0

∫ h
2

−h
2

[(∂A(BNL(u) + ε̃)

∂ε
− σ

)
· δ
(
BNL(u) + ε̃

)]
dzdxdy = 0, (5.87)

∫
Ω0

∫ h
2

−h
2

ε̃ · δσdzdxdy = 0, (5.88)

where Fext(δu) is the virtual work done by external loading (i.e., Fext = δV , see Eq (D.3)),

a state function A is given in Eq (H.3), and

u =



u

v

w

φx

φy


, σ =



σxx

σyy

τxy

τxz

τyz


, ε =



εxx

εyy

γxy

γxz

γyz


. (5.89)

Equation (5.87) can be expanded as

∫
Ω0

∫ h
2

−h
2

[(∂A
∂ε
− σ

)
·BNL(δu)

]
dzdxdy +

∫
Ω0

∫ h
2

−h
2

[(∂A
∂ε
− σ

)
· δε̃
]
dzdxdy = 0. (5.90)
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Setting the first integral term zero as shown in Eq (5.91), two new equations arise:

∫
Ω0

∫ h
2

−h
2

[(∂A(BNL(u) + ε̃)

∂ε
− σ

)
·BNL(δu)

]
dzdxdy = 0, (5.91)

∫
Ω0

∫ h
2

−h
2

σ · δε̃dzdxdy =

∫
Ω0

∫ h
2

−h
2

∂A(BNL(u) + ε̃)

∂ε
· δε̃dzdxdy. (5.92)

Substituting Eq (5.92) into Eq (5.86) and replacing Eq (5.87) with Eq (5.91), a modified

three-field varational formulation [81] is obtained as

∫
Ω0

∫ h
2

−h
2

[
BNL(δu) · ∂A(BNL(u) + ε̃)

∂ε

]
dzdxdy + Fext(δu) = 0, (5.93)

∫
Ω0

∫ h
2

−h
2

[(∂A(BNL(u) + ε̃)

∂ε
− σ

)
· δε̃
]
dzdxdy = 0, (5.94)

∫
Ω0

∫ h
2

−h
2

ε̃ · δσdzdxdy = 0. (5.95)

The stress field σ can be eliminated from the three-field (u-ε-σ) formulation by enforcing

the orthogonality between σ and ε̃ [80]:

∫
Ω0

∫ h
2

−h
2

σ · ε̃dzdxdy = 0. (5.96)

Thus, Eqs (5.81) to (5.83) can be reduced to a two-field (u-ε) formulation [81]:

∫
Ω0

∫ h
2

−h
2

[
BNL(δu) · ∂A(BNL(u) + ε̃)

∂ε

]
dzdxdy + Fext(δu) = 0, (5.97)

∫
Ω0

∫ h
2

−h
2

[∂A(BNL(u) + ε̃)

∂ε
· δε̃
]
dzdxdy = 0. (5.98)
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5.3.4 FEM formulation for an EAS model

Using Eqs (5.66) to (5.73) and Eqs (5.83) to (5.85), the first term of Eq (5.91) can be

expanded:

∫
Ω0

∫ h
2

−h
2

[
BNL(δu) · ∂A(BNL(u) + ε̃)

∂ε

]
dzdxdy

=

∫
Ω0

∫ h
2

−h
2

[
σxx

{(∂δu0

∂x
+
∂δw0

∂x

∂w0

∂x

)
+ z

∂δφx
∂x

}
+ σyy

{(∂δv0

∂y
+
∂δw0

∂y

∂w0

∂y

)
+ z

∂δφy
∂y

}
+ σxy

{(∂δu0

∂y
+
∂δv0

∂x
+
∂δw0

∂x

∂w0

∂y
+
∂w0

∂x

∂δw0

∂y

)
+ z
(∂δφx
∂y

+
∂δφy
∂x

)}
+ σxz

(
δφx +

∂δw0

∂x

)
+ σyz

(
δφy +

∂δw0

∂y

)]
dzdxdy

=

∫
Ω0

[
Nxx

(∂δu0

∂x
+
∂δw0

∂x

∂w0

∂x

)
+Mxx

∂δφx
∂x

+Nyy

(∂δv0

∂y
+
∂δw0

∂y

∂w0

∂y

)
+Myy

∂δφy
∂y

+Nxy

(∂δu0

∂y
+
∂δv0

∂x
+
∂δw0

∂x

∂w0

∂y
+
∂w0

∂x

∂δw0

∂y

)
+Mxy

(∂δφx
∂y

+
∂δφy
∂x

)
+Qxz

(
δφx +

∂δw0

∂x

)
+Qyz

(
δφy +

∂δw0

∂y

)]
dxdy,

(5.99)

and thus Eq (5.97) yields

kuuu+ kuαα = f , (5.100)
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where kuu and f are identical to the stiffness matrix K and force vector F of the FSDT

model (see Eq (4.37)), respectively. Similarly, Eq (5.92) can be expanded:

∫
Ω0

∫ h
2

−h
2

[
BNL(δu) · ∂A(BNL(u) + ε̃)

∂ε

]
dzdxdy

=

∫
Ω0

∫ h
2

−h
2

[
σxx

(
Gxx
m δα

m
e + zGxx

b δα
b
e

)
+ σyy

(
Gyy
m δα

m
e + zGyy

b δα
b
e

)
+ σxy

(
Gxy
m δα

m
e + zGxy

b δα
b
e

)
+ σxzGxz

s δα
s
e + σyzGyz

s δα
s
e

]
dzdxdy

=

∫
Ω0

[
NxxGxx

m δα
m
e +MxxGxx

b δα
b
e +NyyGyy

m δα
m
e +MyyGyy

b δα
b
e

+NxyGxy
m δα

m
e +MxyGxy

b δα
b
e +QxzGxz

s δα
s
e +QyzGyz

s δα
s
e

]
dxdy.

(5.101)

and gives

kαuu+ kααα = 0, (5.102)

where the components of kuα, kαu, and kαα are presented in Appendix I.

Equations (5.100) and (5.102) can be written in a matrix form:

kuu kuα

kαu kαα

uα
 =

f0
 . (5.103)

The variable α can be removed from this matrix through static condensation [81]:

K̄u = f , (5.104)

where

α = −k−1
ααkαuu, (5.105)
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Figure 5.3: The transverse displacement w0 of the MITC4 and EAS models for the cylindrical
bending plate problem (see Fig 4.5) using (a) the normal mesh (see Fig 4.6) and (b) the
refined mesh (Fig 4.11).

and

K̄ = kuu − kuαk
−1
ααkαu. (5.106)

This static condensation process can be performed at the element level because α is not

subject to any interelement continuity requirement.

5.4 Linear static analysis using MITC4 and EAS models

Based on the FEM formulation introduced in the previous sections, in-house FEM codes were

written using MATLAB to generate MITC4 and EAS models. In this section, the perfor-

mance of the MITC4 and EAS models is investigated by simulating the cylindrical bending

problem introduced in Section 4.4. The same element size, applied load, and boundary con-

ditions of the FSDT models were adopted for these models (see Figs 4.6 and 4.11). The

EAS model having only enhanced transverse shear strain field is named ‘EAS1’ while the
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Figure 5.4: The rotation φx of the MITC4 and EAS models for the cylindrical bending plate
problem using (a) the normal mesh and (b) the refined mesh.

one employing both enhanced transverse shear and bending strain fields is named ‘EAS2’.

The transverse displacement and rotation fields of the MITC4, EAS1, and EAS2 mod-

els are illustrated in Figs 5.3 and 5.4. The simulation results showed good agreement with

the analytical solution on both the normal and refined meshes and the over-stiffening phe-

nomenon of the FSDT model is not observed in the results. Therefore, the models can be

deemed free of shear locking (in the linear case). The maximum transverse displacement w0

and rotation φx, and the first-mode buckling load NCR of the MITC4 and EAS models on

the normal and refined meshes are tabulated in Table 5.1. The MITC4 and EAS1 models

demonstrate identical results as expected; however, the EAS2 model shows a slightly better

|w0|max with negligibly worse |φx|max and NCR. Therefore, these comparisons do not clarify

the impact of the enhanced bending strain of the EAS2 model. The comparison between the

results of the normal and refined meshes reveals that the mesh refinement makes a marginal

impact on the simulation results of these models with a substantially higher computational

cost.

For stress analysis using assumed strain methods, Simo and Rifai [81] proposed a stress
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Field Mesh Analytical FEM: MITC4 & EAS1 FEM: EAS2

|w0|max Normal 0.41653 0.41323 (0.792 %) 0.41328 (0.778 %)
(mm) Refined 0.41653 0.41648 (0.012 %) 0.41650 (0.008 %)

|φx|max Normal 5.463 5.475 (0.220 %) 5.476 (0.235 %)
×103 (rad) Refined 5.463 5.477 (0.251 %) 5.477 (0.256 %)

NCR Normal 1018.53 987.65 (3.032 %) 986.20 (3.174 %)
(N/m) Refined 1018.53 973.22 (4.449 %) 972.80 (4.490 %)

Table 5.1: The maximum transverse displacement w0 and rotation φx, and the first-mode
buckling load NCR of the MITC4 and EAS models on the normal and refined meshes for the
cylindrical bending problem. The values in the parentheses indicate the percent error of the
numerical predictions.
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Figure 5.5: The transverse shear stress τxz of the MITC4 and EAS models for the cylindrical
bending plate problem using (a) the normal mesh and (b) the refined mesh.

recovery method based on the orthogonality condition in Eq (5.96) and demonstrated that

the recovered stress σR shows good agreement with the true solution at the center of elements

but not over the entire elements. They pointed out that the stress field evaluated using the
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Figure 5.6: The bending stress σxx of the MITC4 and EAS models at the top of the plate for
the cylindrical bending plate problem using (a) the normal mesh and (b) the refined mesh.

assumed strain field (see Eq (5.65)) and lamina constitutive relation (see Eq (B.8)):

σC = C̄
[
BNL(u) + ε̃

]
, (5.107)

does not satisfy the orthogonality condition; however, σC is identical to σR obtained at the

center of elements. This work evaluated the stress fields of the MITC4 and EAS models using

Eq (5.107) over elements (i.e., σC) because the method provides a variationally correct stress

at the center of elements and additional information on stress oscillations over elements.

The transverse shear and bending stress fields of the three models for the cylindrical

bending problem are plotted in Figs 5.5 and 5.6. Both of the stress fields of the models are

constant over each element and show good agreement with the analytical solutions at the

center of the elements as intended. Therefore, the models do not exhibit the shear stress

oscillations of the FSDT model, which is closely related to shear locking. The stress fields

evaluated using the refined mesh are closer to the continuous stress fields of the analytical

solutions; however, the fields obtained from the normal mesh provide enough information to
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Figure 5.7: The in-plane shear stress τxy of the MITC4 and EAS models at the top of the
plate for the cylindrical bending plate problem using (a) the normal mesh and (b) the refined
mesh. The multiple plots of the MITC4 and EAS1 models were generated by changing the
y-coordinates of the stress τxy. The plots of the EAS2 model obtained at these y-coordinates
were identical.

interpolate the true solutions at a significantly lower computational cost.

The interpretations of the displacement, rotation, and stress fields of the MITC4 and EAS

models confirm that these models are free of shear locking and stress oscillations. However,

these do not explain the discrepancy between the results of the MITC4, EAS1, and EAS2

models; thus, other stress fields were explored. The assumptions of the cylindrical bending

problem do not allow nonzero in-plane shear stress fields τxy in the analytical solution;

however, the numerical models are not completely free of the influence of the free boundaries

(i.e., ∂/∂y can be nonzero). The in-plane shear stress fields of the models illustrated in Fig 5.7

provide useful information on the impact of the enhanced bending strain. The stress fields

of the MITC4 and EAS1 models vary along both the x- and y-axes while the EAS2 model

produces constant stress fields over the elements. This explains the reason for the discrepancy

of the results between these models and the contribution of the enhanced bending strain.

This work employed both enhanced bending and shear strains because constant stress fields
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can guarantee the locking-free behaviors of numerical models.

5.5 Summary

In this chapter, the MITC4 and EAS methods were presented and the FSDT model was

improved by incorporating these methods. Moreover, the FEM formulations for the MITC4

and EAS models were presented in detail for other researchers to employ the methods for

their future works. To investigate the performance of the MITC4 and EAS models, their

simulation results for the cylindrical bending problem (linear) were analyzed. The models

showed good agreement with the analytical solutions; therefore, their locking-free behaviors

were validated in terms of shear locking. In addition, the models produced the constant

stress fields over the elements, which prevented the occurrence of stress oscillations and

potential shear locking. The following chapter will discuss the effectiveness of these models

in simulating geometrically nonlinear problems and alleviating membrane locking.
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Chapter 6

NONLINEAR STATIC MODELING AND STRESS FIELDS OF
THE POST-BUCKLED SPECIMEN

6.1 Introduction

In the previous chapter, it was demonstrated that the MITC4 and EAS models are capable

of successfully alleviating shear locking for the linear static problems. However, geomet-

rically nonlinear problems, in particular for curved structures [84], can engender another

locking phenomenon called membrane locking. This chapter discusses the performance of

geometrically nonlinear models and relevant locking issues.

There have been recent efforts for geometrically nonlinear static analysis using the EAS

method [13, 40, 65, 71]. All of these studies focused on composite structures and investigated

locking-free models in displacement fields through patch tests and comparison with numerical

results available in the literature. None of them, however, validated their models based on

experimental data or evaluated their performance in terms of stress analysis. To address this

issue, this work focuses on developing locking-free, geometrically nonlinear models, which

are validated by comparing their performance with the experimental results presented in

Chapter 2 and by analyzing global stress fields. In addition, the impact of the 11-mode

interpolation (see Eq (5.81)) on the nonlinear terms of the membrane strains, which is not

covered in the aforementioned works, is investigated.

This chapter presents a methodology for static numerical modeling of the post-buckled

plate specimen (see Fig 2.3). The MITC4 and EAS methods are utilized for the modeling

and their performance is evaluated in terms of locking by investigating their displacement

and stress fields and first-mode buckling load and natural frequency. Using the models, the

stress states of the specimen, which were not acquired from the experiment, are predicted
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Figure 6.1: The element mesh of the FSDT, MITC4, and EAS models. (a) The black numbers
around the blue solid circles indicate node numbers. The pink numbers in brackets indicate
element numbers used for dynamic stress analysis in Chapter 7. The red circular point around
at the node number 64 corresponds to the vibrometer sampling point (see Fig 2.2b). (b) A
part of the mesh is illustrated. The blue dashed lines illustrate the undeformed trapezoidal
elements of the initially-flat models. The deformed elements of the post-buckled models are
drawn with red solid lines.

and analyzed.

6.2 Modeling of the post-buckled specimen

6.2.1 Methodology

One of the objectives of this chapter is to develop locking-free, geometrically-nonlinear nu-

merical models which can successfully reproduce the displacement fields of the post-buckled

plate specimen (see Fig 2.3) and generate constant stress profiles on elements (but possibly

discontinuous at the interfaces between the elements) to satisfy the stress recovery condition

of assumed strain methods [80] at the center of each element (see Section 5.4). In addition,

the models developed in this chapter are intended to be used to investigate their dynamic

response and corresponding stress states; thus, it is important to employ efficient element
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meshes, which can capture global displacement and stress fields with reasonable accuracy

and computational cost.

For locking-free behaviors, the MITC4 and EAS methods were adopted. Using in-house

FEM codes written using MATLAB, nonlinear MITC4 and EAS models were generated.

The EAS models adopted the seven- and eleven-parameter interpolations (see Eqs (5.80)

and (5.81), respectively) for membrane strains and are named EAS7 and EAS11, respectively.

In addition, the interpolation functions in Eqs (5.80) and (5.82) were applied to bending and

shear strains, respectively. For comparison, a nonlinear FSDT model also was generated

using bilinear elements.

These models adopted the same element mesh as the CLPT model (see Fig 3.4) because

the model successfully captured the spatio-temporal complexity of the dynamic response

of the post-buckled specimen. In addition, the modeling result of the cylindrical bending

problem in Section 5.4 showed that the element size of the CLPT model, which the normal

mesh for the problem adopted, was enough to capture the displacement and stress fields

(for the first mode) of the plate strip having the same span as the post-buckled specimen

(i.e., a = 228.6 mm). The element mesh used for the FSDT, MITC4, and EAS models is

illustrated in Fig 6.1. Like the CLPT model, the element mesh was composed of rectangular

elements; however, the elements surrounded by the nodes number 210 to 231 (see Fig 6.1b)

were extended to allow for in-plane displacement during buckling process. These extended

lengths were adjusted through a trial-and-error basis to match the DIC measurement of the

asymmetrically-buckled shape of the specimen (see Fig 2.3). The resulting lengths of the

MITC4 and EAS models were shorter than those of the CLPT model due to additional

transverse displacement induced by shear deformation1. The FSDT model used for compar-

ison adopted the same mesh. The numerical buckling process described in Section 3.3 was

applied to the MITC4, EAS, and FSDT models.

1In Fig 6.1b, the extended lengths of the MITC4 and EAS models are 16.03 µm and 67.16 µm for the
bottom and top, respectively (i.e., the nodes number 221 and 231, receptively), while those of the CLPT
model were 16.70 µm and 69.96 µm for the bottom and top, respectively.
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Figure 6.2: The EAS11 model of the post-buckled specimen is superimposed on the DIC
measurement shown in Fig 2.3. The z-axis is exaggerated for interpretation of the buckled
depth. The blue rectangle indicates the position of the initially-flat model.

6.2.2 Model comparison

The EAS11 model of the post-buckled specimen is illustrated in Fig. 6.2. The MITC4 and

EAS7 models look identical to the EAS11 model in this figure scale and thus only the latter

is illustrated in the figure. The FSDT model did not buckle with the current geometric

configuration and thus the model requires longer extension of the trapezoidal elements to

generate larger in-plane stress resultants for buckling.

The displacement fields of the MITC4 and EAS models are quantitatively compared

with the DIC measurement of the post-buckled specimen in Figs 6.3 and 6.4. The EAS7

and EAS11 models produced identical results and thus they were illustrated together as a

single figure. Despite the irregularity of some of the DIC measurements, all of the models

showed an excellent agreement with the specimen’s buckled shape. Therefore, the models

successfully captured the spatial complexity of the post-buckled specimen.

For further comparison, the first-mode buckling loads and natural frequencies of the

models were investigated as tabulated in Table 6.1. The FSDT model incorporating no

remedy for locking showed a significantly higher buckling load and natural frequency than

the other models due to the over-stiffening phenomena discussed in Section 4.4. The MITC4
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Figure 6.3: The comparison between the buckled shapes of the models and specimen for the
nodes in Comparison 1 in View 2 (see Fig 6.2). The numbers in brackets indicate the node
numbers of the model. The discrepancies (the nodal values minus the DIC measurements)
are written in a millimeter unit (mm) around the nodes. (a) The MITC4 model. (b) The
EAS7 and EAS11 models.

model showed a marginally higher buckling load and natural frequency than the EAS models.

This implies that the MITC4 model slightly overestimates its stiffness when compared to

the EAS models. The two EAS models exhibited the identical buckling loads and natural

frequencies.

To investigate the discrepancies between the results of the MITC4 and EAS models,

their stress fields were analyzed as shown in Figs 6.5 to 6.7. The MITC4 model showed no

oscillations in transverse shear stress fields (see Fig 6.5a for τxz) but strong oscillations in
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Figure 6.4: The comparison between the buckled shapes of the models and specimen for the
nodes in Comparison 2 in View 2 (see Fig 6.2). The numbers in brackets indicate the node
numbers of the model. The discrepancies (the nodal values minus the DIC measurements)
are written in a millimeter unit (mm) around the nodes. (a) The MITC4 model. (b) The
EAS7 and EAS11 models.

all of the membrane stress fields (σ0
xx, σ

0
yy, τ

0
xy) as illustrated in Fig 6.5b for σ0

yy. For further

investigation of the impact of membrane locking, uniformly distributed transverse loading

was applied to the models of the buckled specimen. The resulting load-displacement curves

are illustrated in Fig 6.8. The EAS7 and EAS11 models exhibited the identical curves and

thus a single curve is drawn for the models in the figure. The transverse displacement w of the

midpoint was measured from the buckled position of the plate. At q =-82 g, the transverse

displacements of the MITC4 and EAS models were -0.8585 and -0.8705 mm, respectively
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Field Experiment FEM: FSDT FEM: MITC4 FEM: EAS7 FEM: EAS11

NCR (N/m) - 17529 857.4 852.9 852.9

fflat
11 73 305.6 68.3 68.1 68.1

(Hz) (318.6 %) (6.44 %) (6.71 %) (6.71 %)

fbuckled
11 113 - 106.9 106.3 106.3
(Hz) (5.40 %) (5.93 %) (5.93 %)

Table 6.1: The first-mode buckling loads NCR and natural frequencies f11 of the FSDT,
MITC4, and EAS models. The natural frequencies of the initially-flat and buckled configures
are denoted by fflat

11 and fbuckled
11 , respectively. The values in the parentheses indicate the

percent error of the numerical predictions. The experimental value of buckling load NCR was
not measured.
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Figure 6.5: The stress fields of the MITC4 model. (a) The transverse shear stress τxz at
y = 120.65 mm along the x-axis. (b) The membrane stress σ0

yy at x = 97.15 mm along the
y-axis.

and thus the MITC4 model demonstrated marginal over-stiffening compared to the EAS

models. Therefore, the MITC4 model can be deemed to be subject to membrane locking,

which seems to be responsible for the aforementioned over-stiffening phenomena observed

in NCR, fflat
11 , and fbuckled

11 and the erroneous membrane stress fields. However, the impact
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Figure 6.6: The stress fields of the EAS7 model. (a) The transverse shear stress τxz at
y = 120.65 mm along the x-axis. (b) The membrane stress σ0

yy at x = 97.15 mm along the
y-axis.
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Figure 6.7: The stress fields of the EAS11 model. (a) The transverse shear stress τxz at
y = 120.65 mm along the x-axis. (b) The membrane stress σ0

yy at x = 97.15 mm along the
y-axis.
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of membrane locking on the global response of the MITC4 model (a shallow arch) is not as

significant as the effect of shear locking shown in Section 4.4.2 for a flat (or pre-buckled)

plate. For deep arches, on the other hand, membrane locking could possibly make significant

impact on their global response.

The EAS7 and EAS11 models generated the identical transverse shear stress fields as

shown in Figs 6.6a and 6.7a. However, the in-plane stress fields of the EAS7 model exhibit a

strong influence of the quadratic (nonlinear) terms in the von Kármán strains as illustrated

in Fig 6.6b for σ0
yy. For example, as shown in Eq (4.5), the membrane strain ε

(0)
yy is given by

ε(0)
yy =

∂v0

∂y
+

1

2

(∂w0

∂y

)2

. (6.1)

The 7-mode interpolation successfully enhances the linear term ∂v0
∂y

but not the quadratic

term
(
∂w0

∂y

)2

. This result is not surprising given that the interpolation consists of linear

terms. Therefore, the stress profiles are not consistently maintained constant on the elements,

making the EAS7 model susceptible to stress oscillations and membrane locking. On the

other hand, the EAS11 model produced constant in-plane stress fields on its elements as

illustrated in Fig 6.6b for σ0
yy. Therefore, the quadratic terms in the 11-mode interpolation
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Model CLPT MITC4 EAS7 EAS11

Normalized cost ∼3 ∼0.5 ∼0.9 1

Table 6.2: The computational costs of the models. The costs were normalized using the cost
of the EAS11 model.

adopted in the EAS11 model successfully enhance the membrane strains. The contribution

of the 11-mode interpolation to enhancing nonlinear strains is not discussed in the literature

to the best of the author’s knowledge. As mentioned at the beginning of this section, such

constant stress profiles are required to satisfy the stress recovery condition at the center

of each element. Therefore, the EAS11 model ensures global behaviors free of shear and

membrane locking and thus was chosen over the other models for stress analysis and dynamic

simulation.

The computational costs of the models presented herein are compared in Table 6.2. The

costs were approximately estimated based on the computation time spent simulating the

buckling process to reconstruct the post-buckled specimen using identical computing power.

The CLPT model requires the highest cost due to implementation of cubic elements for

semi-C1 continuity and transformation of the nodal DOFs between the real and reference

elements (see Section 3.2.2). The MITC4 model shows the lowest cost because the model

employs bi-linear elements for C0 continuity and requires no additional DOF to control shear

locking of the FSDT model. The EAS models involve additional DOFs to enhance assumed

strains and thus require higher computational costs than the MITC4 model. The extra four

modes of the EAS11 model, however, cause a marginal increase in the cost compared to the

EAS7 model.

6.3 Results: stress fields of the post-buckled specimen

In this section, the stress states of the post-buckled specimen are predicted with the EAS11

model. Unfortunately, these results are not directly comparable with experimental data. In
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Figure 6.9: In-plane normal stress field σxx predicted by the EAS11 model for the post-
buckled specimen. (a) σxx at the top of the plate (z = h

2
). (b) σxx at the bottom of the plate

(z =-h
2
).

future work, experimental data of strain fields in composite structures will be collected using

a DIC system for validation of strain (and stress) fields predicted with the EAS11 model.

As discussed in the previous section, the constant stress fields on the elements of the

EAS11 model are expected to coincide with (or closely match) the true values at the center

of its elements. Therefore, using the stress fields obtained at the center of the elements, the

global stress fields are interpolated as illustrated in Figs 6.9 to 6.13. The stress fields near

the boundaries were disregarded (or were not extrapolated). The in-plane strain fields have

their maximum and minimum values at the top and bottom of the plate; for example, as
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Figure 6.10: In-plane normal stress field σyy predicted by the EAS11 model for the post-
buckled specimen. (a) σyy at the top of the plate (z = h

2
). (b) σyy at the bottom of the plate

(z =-h
2
).

shown in Eq (4.4), in-plane normal strain εxx is given by

εxx = ε(0)
xx + zε(1)

xx . (6.2)

Therefore, the maxima and minima of the in-plane stress fields, which can be interpreted as

the maximum tensile and compressive stresses respectively for the normal stresses σxx and

σyy, can be obtained on the top and bottom surfaces of the plate as illustrated in Figs 6.9

to 6.11. On the other hand, the transverse shear stress fields of the EAS11 model (see

Figs 6.12 and 6.13) are uniform through thickness due to the FSDT assumption on the
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Figure 6.11: In-plane shear stress field τxy predicted by the EAS11 model for the post-buckled
specimen. (a) τxy at the top of the plate (z = h

2
). (b) τxy at the bottom of the plate (z =-h

2
).

distribution of the transverse shear strain fields through thickness (see Eqs (4.8) and (4.9)).

The maximum in-plane tensile and compressive normal stresses were predicted to occur near

the midspan and the moving boundary. The maximum in-plane and transverse shear stresses

are anticipated along the free boundary at y = 127.0 mm where the largest buckled depth is

observed from the experimental measurement.

Considering that these maximum stress values are expected to be observed on the surfaces

(i.e., the x–y surfaces at z = ±h
2

and the x–z surface at y = 127.0 mm) of the post-buckled

specimen, once the experimental measurement of strain fields on these surfaces is obtained

using DIC, these stress values could be verified.
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Figure 6.12: Transverse shear stress field τxz predicted by the EAS11 model for the post-
buckled specimen.
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Figure 6.13: Transverse shear stress field τyz predicted by the EAS11 model for the post-
buckled specimen.

6.4 Summary

This chapter presented the performance of geometrically nonlinear MITC4 and EAS models

and the relevant locking phenomena.

For validation, the displacement fields, buckling load, and natural frequency of these

models were compared to the experimental data. The comparison showed that these mod-

els successfully reproduced the post-buckled specimen. However, the MITC4 model, which

incorporated no remedy for membrane locking, exhibited strong oscillations of membrane

stress fields. This potentially leads to membrane locking of the MITC4 model. Consequently,
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the transverse displacement, buckling load, and the natural frequency of the MITC4 model

showed the impact of over-stiffening induced by membrane locking. However, it was shown

that for shallow arches, membrane locking does not engender locking (or over-stiffening) as

severe as shear locking (even though the former still can cause an adverse effect on the accu-

racy of modeling). In addition, the contribution of the 11-mode interpolation for enhanced

assumed strains to nonlinear membrane stress fields was discussed. It was shown that this

interpolation is more effective than the commonly-used 7-mode interpolation to achieve con-

stant membrane stress fields on elements. The locking-free behavior ensured by the 11-mode

interpolation may be important in cases of extreme deformations involving large membrane

strains. Finally, the stress states of the post-buckled specimen were anticipated using the

EAS11 model which adopted the 11-mode interpolation for the enhanced membrane strains.

Given that previous works in the literature validated their geometrically-nonlinear EAS

models relying only on the displacement fields of numerical data available in the literature,

the model validation of this work based on the experimental data can be deemed more robust

than that of those works. In addition, this work adds to the literature a new perspective on

enhancing nonlinear strains with the 11-mode interpolation and extends the studies of EAS

modeling to global stress analysis. In future work, strain and stress fields predicted with the

EAS model will be validated through experimental full-field characterization of strain fields

in composite structures.

In the following chapter, the dynamic simulation result of the EAS11 model is presented

and its spatio-temporal complexity is evaluated in the harmonic forcing parameter space.

The impact of the nonlinear dynamic behaviors, in particular that of snap-through, on the

stress fields of the post-buckled specimen is of primary interest.
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Chapter 7

SIMULATION OF NONLINEAR DYNAMICS AND STRESS
FIELDS OF THE POST-BUCKLED SPECIMEN

7.1 Introduction

In the previous chapter, the post-buckled specimen was reproduced using the EAS model

and its stress fields were analyzed. In this chapter, the impact of nonlinear dynamics on the

stress fields of the specimen is simulated using the model.

Post-buckled composite structures under dynamic loading can experience potentially high

strains (and consequent high stresses) due to large deformations, which were observed in the

snap-through cases in Chapters 2 and 3. These phenomena can possibly accelerate initiation

and propagation of delamination in these structures, thereby posing a potential threat to their

structural integrity. However, regarding the impact of nonlinear dynamics on the stress fields

of structures, very little research has been done. To address this issue, this work investigates

through dynamic simulation the stress fields induced by nonlinear dynamic behaviors of

post-buckled structures including snap-through.

In this chapter, the dynamic response of the EAS model is first validated in displacement

fields using snap-through boundaries in the HFP space. The stress fields of the post-buckled

plate are simulated in single-well and snap-through cases to investigate the impact of large

deformations induced by snap-through on the stress fields. In addition, these stress fields are

compared to those exhibited by a flat (or pre-buckled) plate to highlight the amplification

caused by buckling.
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7.2 Dynamic simulation and validation of EAS model

7.2.1 Methodology for dynamic simulation

The EAS11 model introduced in the previous chapter was used for dynamic simulation and

is simply called the EAS model in this chapter. For the simulation, the methodology used for

the CLPT model (see Section 3.5.1) was adopted. The Newmark-beta method, particularly

the average acceleration method β = 1
4
, was applied to the model for time integration. Within

each time step tn, the Newton-Raphson method was used to solve a nonlinear equation which

resulted from the time integration. These steps were processed using MATLAB. The time

step size ∆t for each loading scenario was determined by Eq (3.28), which is reproduced

here:

∆t =
1

b× f
=

1

320× f
sec, (7.1)

where f is a forcing frequency and b is the number of time steps per loading cycle (for

this work, b = 320). To include damping in the model, the Rayleigh damping method was

applied to the nonlinear FEM in Eq (4.38). The Rayleigh damping matrix C for the CLPT

model (see Eq (3.26)) was also adopted for the EAS model with ω1 = 668.0 rad/sec and

ω6 = 2536.0 rad/sec.

7.2.2 Snap-through boundaries of the EAS model

The dynamic response of the EAS model under harmonic loading was simulated with at-rest

initial conditions (see Section 3.5.3 for the discussion on the at-rest and high-energy initial

conditions). The forcing parameters were chosen to find the low-frequency (or left) snap-

through boundary (see Section 3.5.4 for the discussion on the low-frequency snap-through

boundary) in the HFP space.

The dynamic simulation results are illustrated in Fig 7.1 with the experimental boundaries

and the numerical ones of the CLPT model (see Fig 3.15). Only steady-state response was
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from Fig 3.15.

considered to determine occurrence of snap-through. The response of the EAS model at

3 g–87 Hz switched from c-snap to single-well at t = 2.3 sec. However, the response of

the CLPT model at the parameter (c-snap) was simulated up to t = 2.0 sec and thus the

response of the EAS model was marked as c-snap at the parameter for purpose of comparison.

The EAS model predicted a larger p-snap region than that of the CLPT model at 5–7 g,

while the EAS model exhibited transient c-snap at some parameters at 3–5 g with which
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Figure 7.2: The simulated time series of co-existing responses z116 of the EAS model under
(a) 7 g–65 Hz, (b) 6.5 g–70 Hz, and (c) 4.5 g–80 Hz harmonic loading with at-rest (red solid
lines) and high-energy (blue dotted lines) initial conditions.

the CLPT model showed steady-state c-snap. The transient c-snap response of the EAS

model is observed on the experimental boundary at the threshold 1.0× zp-p where zp-p is the

peak-to-peak static buckled depth of the post-buckled specimen at the vibrometer sampling

point and is elaborated in Section 3.5.3. However, this transient c-snap response could have

been counted as c-snap in the experimental results (see Fig 2.9) due to the difficulties in

identifying transient response from the vibrometer data having short time frames at each

forcing frequency. Moreover, as shown in Fig 3.17, single-well and transient c-snap along the

low-frequency boundary can switch to steady-state p-snap with high-energy initial conditions.

The co-existing responses of the EAS model are illustrated in Fig 7.2. In the loading cases 7 g–

65 Hz, 6.5 g–70 Hz, and 4.5 g–80 Hz, the model showed steady-state single-well response with

at-rest initial conditions. With high-energy initial conditions, however, the model produced

steady-state p-snap at 7 g–65 Hz and 6.5 g–70 Hz and steady-snap c-snap at 4.5 g–80 Hz.

Therefore, the EAS model showed good agreement with the experimental and CLPT

results overall and this result provides validation of the model.
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Figure 7.3: The time series of the transverse displacement of the midnode (wmid, the node
number 116 in Fig 6.1) under 7 g harmonic loading at: (a) 65 Hz (single-well), (b) 70 Hz
(c-snap), and (c) 95 Hz (p-snap).
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Figure 7.4: The time series of the in-plane normal stress σxx of the EAS model at the bottom
of the plate (z =-h

2
) under the response illustrated in Fig 7.3. (a) 7 g–65 Hz, Element 189.

(b) 7 g–70 Hz, Element 9. (c) 7 g–95 Hz, Element 199.

7.3 Stress analysis: single-well vs. snap-through cases

In this section, the impact of snap-through on stress fields is investigated using the dynamic

simulation results. The potential contribution of the amplified stresses to fatigue is also

discussed.

Three forcing parameters at 7 g were chosen to obtain the three characteristic response

types: 65, 70, and 95 Hz for single-well, c-snap, and p-snap responses, respectively. The
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Figure 7.5: The time series of the in-plane normal stress σyy of the EAS model at the bottom
of the plate (z =-h

2
) under the response illustrated in Fig 7.3. (a) 7 g–65 Hz, Element 199.

(b) 7 g–70 Hz, Element 9. (c) 7 g–95 Hz, Element 199.
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Figure 7.6: The time series of the in-plane shear stress τxy of the EAS model at the bottom
of the plate (z =-h

2
) under the response illustrated in Fig 7.3. (a) 7 g–65 Hz, Element 160.

(b) 7 g–70 Hz, Element 180. (c) 7 g–95 Hz, Element 180.

transverse displacement and stress fields of the model at these parameters are illustrated in

Figs 7.3 to 7.8. These plots were obtained from the steady-state response and demonstrate

the maximum stress fields under the parameters. In some of the stress fields, the location

of the maximum (magnitude) stresses moved with changes in the forcing parameters. For

example, the maximum in-plane normal stresses σyy at the bottom of the plate at 65, 70,

and 90 Hz (see Fig 7.5) were obtained on the elements number 189, 9, and 199, respectively
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Figure 7.7: The time series of the transverse shear stress τxz of the EAS model under the
response illustrated in Fig 7.3. (a) 7 g–65 Hz, Element 9. (b) 7 g–70 Hz, Element 9. (c)
7 g–95 Hz, Element 9.
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Figure 7.8: The time series of the transverse shear stress τyz of the EAS model under the
response illustrated in Fig 7.3. (a) 7 g–65 Hz, Element 10. (b) 7 g–70 Hz, Element 10. (c)
7 g–95 Hz, Element 200.

(see Fig 6.1).

The stress fields induced by the single-well response oscillated around the static stress

fields of the buckled model with relatively small amplitudes. These stress fields did not

change their signs; for example, the in-plane normal stresses at the bottom of the plate (see

Figs 7.4 and 7.5) remained compressive under the single-well response.

On the other hand, the p-snap case exhibited significantly larger stress amplitudes and its
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Figure 7.9: Schematic S-N curves for the single-well and p-snap cases at 7 g-65 Hz and
7 g-70 Hz, respectively. (a) Scenario 1: a shift from a no-failure state to high-cycle failure.
(b) Scenario 2: a transition from high-cycle failure to low-cycle failure. The S-N curves were
drawn based on the work of Bannantine [8].

stress fields changed signs at least once per loading cycle (multiple changes also occurred due

to twisting deformations). The transverse displacement induced by p-snap showed nearly

periodic response at the midnode. However, the corresponding maximum stress fields, which

were obtained near the free boundaries, demonstrated non-periodic stress oscillations due to

the strong influence of twisting deformations.

The c-snap case also showed significantly larger stress amplitudes than the single-well

case; however, the amplitudes were smaller than those of the p-snap case. In addition,

the stress fields of the c-snap case did not alternate sign within every loading cycle. This

phenomenon was expected because snap-through occurred in an intermittent manner.

For the variable-amplitude stress fields induced by snap-through, interpreting their im-

pact on fatigue would not be straightforward. Many methods have been proposed to analyze

fatigue induced by variable-amplitude stress fields. For example, to reduce a complex load

history into a number of constant-amplitude events [8], the ASTM manual [33] presents

standard practices for cycle counting in fatigue analysis using rainflow counting.
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It is nonetheless obvious that a marginal frequency increase from 65 Hz to 70 Hz across

the low-frequency boundary at 7 g can result in significantly higher stresses and consequently

larger impact on fatigue. To discuss possible scenarios of this case, schematic stress-life (or

S-N) curves [8] are illustrated in Fig 7.9. Based on the initial (static) stress state of post-

buckled plates, a small frequency increase (5 Hz) can generate a transition from a no-failure

state to high-cycle failure (see Fig 7.9a) or from high-cycle failure to low-cycle failure (see

Fig 7.9b). Therefore, along the low-frequency boundary, the fatigue life of the specimen can

be extremely sensitive to frequency changes.

The impact of variable-amplitude stress fields induced by snap-through on multiaxial

fatigue of laminated composite structures will be further investigated in future work.

7.4 Stress analysis: flat vs. post-buckled plates

In this section, the stress fields of the post-buckled plate are compared to those of a flat (or

pre-buckled) plate to characterize the amplification of stresses caused by buckling. For this

comparison, an EAS model for a flat plate was generated using a mesh illustrated in Fig 6.1

without extended lengths for the boundary elements (i.e., all elements are rectangular). The

comparison was made for the three characteristic response types of the post-buckled plate:

single-well, c-snap, and p-snap cases.

7.4.1 Single-well response

In cases where the flat plate switches to the post-buckled state and shows single-well response,

the largest amplification of the stress field was observed at 2 g–88 Hz. The transverse

displacement and stress fields of the post-buckled and flat models under 2 g–88 Hz are

illustrated in Figs 7.10 to 7.15. Among the stress fields obtained on all of the elements, the

largest ones were chosen and shown in these figures. As illustrated in Fig 7.10a, the flat

plate oscillated around wmid = 0 with the peak-to-peak displacement 0.967 mm, while the

post-buckled plate oscillated around wmid =-1.487 mm with the peak-to-peak displacement

0.562 mm. The phase portraits of these time series appeared as single-well response in the
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Figure 7.10: The response of the post-buckled and flat models under 2 g–88 Hz harmonic
loading. (a) The time series of the transverse displacement of the midnode (wmid). (b) The
projected phase portrait of the time series in the phase space.
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Figure 7.11: The time series of the in-plane normal stress σxx of the post-buckled and flat
models at the top of the plate (z = h

2
) illustrated in Fig 7.10.

phase space as shown in Fig 7.10b.

This case would be simpler to interpret for fatigue than snap-through cases. For mean
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Figure 7.12: The time series of the in-plane normal stress σyy of the post-buckled and flat
models at the top of the plate (z = h
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Figure 7.13: The time series of the in-plane shear stress τxy of the post-buckled and flat
models at the top of the plate (z = h

2
) under the response illustrated in Fig 7.10.

stress effects, alternating stress σa, mean stress σm, and stress ratio R are required [8]:

σa =
σmax − σmin

2
, σm =

σmax + σmin

2
, R =

σmax

σmin

. (7.2)

Using these equations, alternating and mean stresses, and stress ratio of the in-plane normal

stress σtop
yy of the post-buckled and flat models are tabulated in table 7.1. These stress fields

are not consistent; however, the variations are not significant and acquisition of accurate σa,

σm, and R is outside of the scope of this work. Thus, the maximum and minimum stresses

were simply used. The post-buckled model showed seven times higher σmax and significantly
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Figure 7.14: The time series of the transverse shear stress τxz of the post-buckled and flat
models under the response illustrated in Fig 7.10.
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Figure 7.15: The time series of the transverse shear stress τyz of the post-buckled and flat
models under the response illustrated in Fig 7.10.

higher σm than the flat model. On the other hand, σa of the post-buckled model was just

1.5 times higher than that of the flat model.

To explore the impact of these values, fatigue life prediction methods for composite

materials under constant-amplitude stress fields were considered: for example, Goodman,

Gerber, bell-shaped, and anisomorphic diagrams [91]. Kawai and Koizumi [34] proposed an

anisomorphic constant fatigue life diagram for a T800H/3631 [45/90/-45/0]2S carbon/epoxy

laminate with experimental results as illustrated in Fig 7.16. For specimen fabrication,

they used the carbon fiber used in this work (T800H). On the other hand, their lamina

was unidirectional while this work used woven prepreg and the stacking sequences of the two
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Figure 7.16: Possible scenarios of the impact of stress amplification induced by buckling on
fatigue. An anisomorphic constant fatigue life diagram for a T800H/3631 [45/90/-45/0]2S
carbon/epoxy laminate in the work of Kawai and Koizumi [34] is reproduced here.

Stress Flat Post-buckled Ratio
field model model (Post-buckled/Flat)

σmax (Pa) 2.125× 106 1.513× 107 7.12
σmin (Pa) -2.003× 106 8.780× 106 -4.38
σa (Pa) 2.064× 106 3.175× 106 1.54
σm (Pa) 6.082× 104 1.196× 107 196.57

R -1.061 1.723 -1.62

Table 7.1: The alternating stress σa, mean stress σm, and stress ratio R of the in-plane
normal stress σtop

xx of the post-buckled and flat models illustrated in Fig 7.11.

works were also different. Therefore, their diagram could not directly be applied to this work.

However, the diagram still provides an idea on a possible correlation between the alternating

and mean stresses, stress ratio, and fatigue life of the specimen used in this work. Kawai

and Koizumi applied in-plane normal cyclic loading (mode I) to their specimens to induce

fatigue failure. As shown in the diagram, a rise in alternating or mean stresses induced by

buckling can contribute to reducing predicted fatigue life (i.e., failure is expected at fewer
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Figure 7.17: The response of the post-buckled and flat models under 2 g–90 Hz harmonic
loading. (a) The time series of the transverse displacement of the midnode (wmid). (b) The
projected phase portrait of the time series in the phase space.

cycles). Therefore, the post-buckled model could have a reduced fatigue life compared to the

flat model. The figure also illustrates possible scenarios of the impact of stress amplification

induced by buckling on fatigue. As shown in Table 7.1, a pre-buckled (or flat) plate would

have a stress ratio R close to –1, while a post-buckled plate showing single-well response

can have R ' 2. In cases where the flat plate in a no-failure state experiences buckling and

transits into a post-buckled state with single-well response, a consequent increase in mean

stresses (with a potential drop in alternating stresses (see Fig 7.14)) could possibly result in

high-cycle failure.

7.4.2 Chaotic snap-through

For the transition from the single-well response of the flat plate to the c-snap response of the

post-buckled plate, the largest amplification of the stress fields was observed at 2 g–90 Hz.
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Figure 7.18: The time series of the in-plane normal stress σxx of the post-buckled and flat
models at the bottom of the plate (z =-h

2
) under the response illustrated in Fig 7.17.
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Figure 7.19: The time series of the in-plane normal stress σyy of the post-buckled and flat
models at the bottom of the plate (z =-h

2
) under the response illustrated in Fig 7.17.

The transverse displacement and stress fields of the post-buckled and flat models under

2 g–90 Hz are illustrated in Figs 7.17 to 7.22. Among the stress fields obtained on all of the

elements, the largest ones were chosen and shown in these figures. As illustrated in Fig 7.17a,

the flat plate oscillated around wmid = 0 with the peak-to-peak displacement 0.564 mm, while

the post-buckled plate exhibited four snap-through events within the time window, which

occurred in an intermittent and chaotic manner. In the phase space, the c-snap response of

the post-buckled model appeared as a large double-well trajectory encompassing the single-

well response of the flat model as shown in Fig 7.17b.

The post-buckled model demonstrated larger-amplitude alternating and mean stresses in
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Figure 7.20: The time series of the in-plane shear stress τxy of the post-buckled and flat
models at the bottom of the plate (z =-h

2
) under the response illustrated in Fig 7.17.
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Figure 7.21: The time series of the transverse shear stress τxz of the post-buckled and flat
models under the response illustrated in Fig 7.17.

all the stress fields than the flat model. In the first snap-through case, the alternating in-plane

normal stress of the buckled model was (σbottom
xx )a = 2.60 × 107 Pa while the corresponding

stress of the flat model was (σbottom
xx )a = 2.22 × 106 Pa. However, the post-buckled model

exhibits wild fluctuation in the alternating and mean stresses and thus it would not be

straightforward to compare the impact of the stress fields of the two models on fatigue.

Given that c-snap exhibits both single-well response and snap-through in a chaotic manner,

the impact of stress amplification induced by buckling with c-snap on fatigue can be a

complex combination of the scenarios for single-well and p-snap cases illustrated in Fig 7.16.
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Figure 7.22: The time series of the transverse shear stress τyz of the post-buckled and flat
models under the response illustrated in Fig 7.17.
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Figure 7.23: The response of the post-buckled and flat models under 7 g–70 Hz harmonic
loading. (a) The time series of the transverse displacement of the midnode (wmid). (b) The
projected phase portrait of the time series in the phase space.
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Figure 7.24: The time series of the in-plane normal stress σxx of the post-buckled and flat
models at the bottom of the plate (z =-h

2
) under the response illustrated in Fig 7.23.
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Figure 7.25: The time series of the in-plane normal stress σyy of the post-buckled and flat
models at the bottom of the plate (z =-h

2
) under the response illustrated in Fig 7.23.

7.4.3 Nearly periodic snap-through

For a shift from the flat plate to the post-buckled one showing p-snap response, the largest

amplification of the stress fields values was observed at 7 g–70 Hz. The transverse displace-

ment and stress fields of the post-buckled and flat models under 7 g–70 Hz are illustrated in

Figs 7.23 to 7.28. Among the stress fields obtained on all of the elements, the largest ones

were chosen and shown in these figures. As illustrated in Fig 7.23a, the flat model showed a

significantly higher peak-to-peak displacement (2.114 mm) than in the previous two cases,

while the post-buckled plate exhibited snap-through in a nearly periodic manner with the
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Figure 7.26: The time series of the in-plane shear stress τxy of the post-buckled and flat
models at the bottom of the plate (z =-h

2
) under the response illustrated in Fig 7.23.
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Figure 7.27: The time series of the transverse shear stress τxz of the post-buckled and flat
models under the response illustrated in Fig 7.23.

peak-to-peak displacement 4.0–5.0 mm. Both of the plates oscillated around wmid = 0. As

shown in the phase space (see Fig 7.23b), the projected phase portrait of the post-buckled

plate formed a nearly single-well response encompassing the phase portrait of the flat model.

The post-buckled model exhibited larger-amplitude (5–7.5 times) peak stresses than the

flat model; however, the corresponding alternating and mean stresses are more complex

due to wild fluctuations in the stress fields. A possible scenario of the impact of stress

amplification induced by buckling with p-snap is illustrated in Fig 7.16. As described in

this figure, a consequent increase in alternating stresses could possibly result in low-cycle

failure.
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Figure 7.28: The time series of the transverse shear stress τyz of the post-buckled and flat
models under the response illustrated in Fig 7.23.

7.5 Summary

In this chapter, the impact of nonlinear dynamics on the stress fields of the model is inves-

tigated in terms of fatigue.

The dynamic response of the EAS model was validated in displacement fields by com-

paring its simulation results with the experimental results and the numerical data obtained

using the CLPT model in the HFP space. The simulation results revealed that the occur-

rence of snap-through results in a significant increase in stress amplitudes which could affect

fatigue life. In addition, it was shown that stress fields (and potentially fatigue life) can

be extremely sensitive to frequency changes across low-frequency snap-through boundaries.

The comparison between the stress fields of the buckled and flat models showed that a tran-

sition from pre-buckled states to post-buckled ones can amplify stress fields and can make

changes in alternating and mean stresses, and stress ratio. It was shown that buckling can

have different impacts on fatigue depending on post-buckled response types (i.e., single-well,

c-snap, or p-snap). The stress fields of the post-buckled model exhibited wild fluctuations

with the presence of snap-through. Therefore, for further investigation of the impact of these

stress fields on fatigue, the complex stress profiles need to be reduced to simpler ones (e.g.,

multiple constant-amplitude stress fields) using various methods and experimental results
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are required in the form of Goodman, Gerber, bell-shaped, and anisomorphic diagrams.

By investigating the stress fields induced by nonlinear dynamics, particularly snap-

through, of post-buckled systems, this work made an important step forward in investigating

the impact of the stress fields on fatigue. This work will be further developed to simulate

damage growth in composite structures subject to high-frequency dynamic loading using the

EAS model.
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Chapter 8

SUMMARY AND FUTURE WORK

8.1 Summary

The primary focus of this work was on investigation of nonlinear dynamics and corresponding

stress fields which post-buckled composite structures can experience under high-frequency

dynamic loading. The potential impact of these phenomena on the structural integrity of

composite structures was of particular interest.

For experimental investigation, an asymmetrically-buckled composite plate was tested

under inertially-applied harmonic loading. Full-field measurement of the dynamic response

of the specimen revealed that post-buckled, bi-stable systems can exhibit spatio-temporally

complex behaviors in the nonlinear regime. These behaviors were represented by the three

characteristic response types: single-well, chaotic snap-through, and (nearly) periodic snap-

through. As shown by frequency-sweep tests, the specimen showed a strong sensitivity to

changes in forcing parameters and initial conditions. This phenomenon can be represented

by a transition of response from single-well to periodic snap-through with a 5-Hz increase in

forcing frequency, and co-existing responses at the identical forcing parameters. These ex-

perimental observations showed that the previous discussions on bi-stable metallic structures

such as single-degree-of-freedom linkage systems, shallow arches, and post-buckled beams can

be extended to more complex composite structures such as post-buckled laminated plates

and shells. Finally, the experimental snap-through boundaries of the post-buckled speci-

men were established in the harmonic forcing parameter space as benchmark data for model

validation.

Numerical modeling done in this work was intended to: (i) accurately reproduce the

initially-buckled shape of the specimen through numerical buckling process, (ii) produce dy-



141

namic simulation results matching the experimental data including snap-through boundaries,

and (iii) predict the stress fields which the specimen experienced under dynamic loading. To

achieve these objectives, different types of finite element models (FEMs) were built using

in-house FEM codes written in MATLAB. The models were generated by calibrating only

their static equilibrium states to match the full-field geometric data of the initially-buckled

shape of the specimen. The dynamic simulation results obtained using these models required

neither modification nor curve-fitting to match the experimental results.

The first numerical model was generated based on the classical laminated plate theory

(CLPT) and cubic Hermite elements. The theory disregards transverse shear deformation

and thus its application is limited to thin laminated composite plates. Its numerical im-

plementation, however, is free of shear locking and thus the CLPT model has an enormous

advantage over other models despite its limitations. In addition, the dimension of the spec-

imen was well below the thin-plate limit. The CLPT model developed in this work suc-

cessfully captured the spatio-temporal complexity and parameter sensitivity observed in the

dynamic response of the specimen. In addition, the model demonstrated complex co-existing

responses along its snap-through boundary. Robust validation of the model was achieved

by excellent agreement between the numerical and experimental snap-through boundaries.

Given that CLPT models have not been a preferred choice over shear deformation models

to investigate nonlinear dynamics and snap-through boundaries, this work provided a new

perspective on the capabilities of CLPT models. Furthermore, the numerical data obtained

through extensive dynamic simulation using the CLPT model provide a useful benchmark

(displacement fields) and a ‘truth’ model for validation of other computationally demanding

models (e.g., models involving high computational costs or locking issues).

The CLPT model showed impressive performance in predicting displacement fields within

the thin-plate limit. One of the principal objectives outlined in this work, however, is to de-

velop reliable simulation tools for stress analysis of both thin and moderately-thick composite

structures. To meet this requirement, the CLPT model was extended into a shear-deformable

model based on the first-order shear deformation theory (FSDT) and bi-linear elements. The
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theory allows for transverse shear deformation and thus can be applied to moderately thick

plates. In addition, the theory enables accurate and direct computation of transverse strain

and stress fields (as opposed to indirect approaches based on 3-D equilibrium). A simple

analysis of cylindrical bending problems using the FSDT model showed that the incorpora-

tion of additional shear energy induced by the shear deformation engendered a shear locking

phenomenon, which resulted in a significant underestimate of deflections and an overestimate

of buckling loads. Such an overestimate of structural capacity from numerical analysis can

cause a serious problem in structural design if the occurrence of locking phenomenon fails to

be identified. This work showed that a commonly-used stress-analysis method using Barlow

points can disguise shear locking occurrence in cases where stress oscillations are present in

elements. Moreover, it was shown that mesh refinement is not effective in resolving the shear

locking issue.

To address locking, this work applied assumed strain methods to the FSDT model. The

performance of two different types of assumed strain methods was explored: the mixed inter-

polation of tensorial components (MITC4) and the enhanced assumed strain (EAS) method.

For linear cylindrical bending problems, these models showed locking-free behaviors. In ad-

dition, the models produced a constant stress field within each element, which prevented the

occurrence of stress oscillations and consequent shear locking. The numerical implementa-

tion of these models is more complicated than that of the conventional CLPT and FSDT

models, and is not covered in the literature for laminated composite plate theories. This

work presented in detail the nonlinear FEM formulations of the MITC4 and EAS models for

other researchers to employ these methods for their future works.

For simulation of the stress fields in the post-buckled plate specimen, geometrically-

nonlinear MITC4 and EAS models of the specimen were constructed. The MITC4 model

exhibited strong oscillations of a membrane stress field which imply the occurrence of mem-

brane locking. Consequently, the influence of over-stiffening induced by membrane locking

was observed in the transverse displacement, buckling load, and natural frequency of the

MITC4 model. However, the membrane locking phenomenon did not engender over-stiffening
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as severely as did shear locking, even though membrane locking still can damage the accu-

racy of models. On the other hand, the EAS model produced constant stress fields along

elements and thus exhibited neither shear nor membrane locking. This work showed that for

nonlinear von Kármán strains, an 11-mode interpolation for enhanced membrane strains is

more effective than a commonly-used 7-mode interpolation in obtaining a constant membrane

stress field along elements. Given that most of previous works validated their geometrically-

nonlinear EAS models relying only on the displacement fields of numerical data available

in the literature, the model validation of this work based on the experimental data can be

deemed more robust than that of those works. In addition, this work added to the literature

a new perspective on enhancing nonlinear strains with the 11-mode interpolation method

and extended the studies of EAS modeling into global stress analysis.

Finally, the impact of nonlinear dynamics on the stress field of the post-buckled specimen

was simulated using the EAS model. The EAS model was validated by comparing its snap-

through boundary with the experimental and CLPT boundaries. The stress-analysis results

revealed that snap-through can induce a significant increase in stress amplitudes and possibly

affect fatigue life. Therefore, fatigue life could be extremely sensitive to frequency changes

along snap-through boundaries. In addition, it was shown that post-buckled states generate

larger-amplitude stresses than pre-buckled cases. By simulating the stress fields induced by

nonlinear dynamics, particularly snap-through, this work made an important step forward

in investigating the impact of these phenomena on the structural integrity of composite

structures for supersonic- or hypersonic-speed flight. To the best of the author’s knowledge,

this work introduced the most robust and complete study of stress fields induced by snap-

through.

This work will be further developed to simulate damage growth in composite structures

under high-frequency aerodynamic loading (i.e., loads with significant random content) using

the models developed in this work with additional fracture and fatigue models.
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(a) (b)

Figure 8.1: ENF test setup for fracture and fatigue in mode II. (a) Fracture test setup with
Instron 5585H and VIC-3D DIC cameras. (b) Fatigue test setup with MTS 8511 and VIC-3D
DIC cameras.

8.2 Future work

For further investigation of degradation induced by nonlinear dynamics, the dynamic models

developed in this work will need to incorporate fracture and fatigue mechanisms based on

experimental characterization of these phenomena. In addition, high computational costs

associated with using the current models need to be reduced for extensive simulation of

damage growth under various dynamic loading conditions. To address these issues, more

experimental and numerical studies are required. Some topics for future work are introduced

in this section.
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(a) (b)

Figure 8.2: 3-D X-ray CT scan system and scanned delamination. (a) 3-D X-ray CT scan
system NSI X5000. (b) A post-processed scanned image of delamination inside a composite
beam.
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Figure 8.3: A CZM of mode-I fracture. (a) A stress-elongation curve obtained from a tensile
test (assuming the bulk material behavior is linear elastic). The tensile strength of the
specimen is denoted by f ′t. (b) A stress-displacement curve under softening (i.e., a cohesive
law) corresponding to the stress-elongation curve shown in Fig 8.3a. These curves were
drawn based on the work of Bazant [12].
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8.2.1 Experimental and numerical characterization of fracture process zones (FPZs)

Composite structures under transverse dynamic loading, as briefly introduced in Section 1.3,

can experience fatigue predominantly in mode II depending on loading amplitudes. For ex-

perimental characterization of FPZs in mode II, end-notched flexure (ENF) tests (see Fig 1.5)

will be conducted following a standard test method instructed in ASTM D7905/D7905M-

14 [7]. To overcome difficulties in measuring mode-II delamination, advanced measurement

technique such as digital image correlation (DIC) and three-dimensional (3-D) X-ray com-

puted tomography (CT) methods will be employed as shown in Figs 8.1 and 8.2. In addition,

size effects on FPZs in composite structures [76, 77] will be studied by testing geometrically-

scaled specimens. These tests intend to show the relationship between the size of specimens

having the identical dimension ratios and the development of FPZs in mode II.

Based on the experimental data, cohesive zone models (CZMs) will be developed. In

CZMs, a fictitious cohesive crack is capable of transferring stresses between adjacent crack

surfaces (see Fig 8.3a) and the corresponding FPZ is characterized in the form of a stress-

displacement curve under softening (i.e., a cohesive law, see Fig 8.3b) [12]. For charac-

terization of quasi-brittle fracture, CZMs have been widely implemented [101]. Numerical

implementation of CZMs requires neither the existence of a precrack nor exact crack-front

shapes [100], both of which are the major disadvantages of the linear elastic fracture me-

chanics represented by the virtual crack closure technique.

8.2.2 Numerical implementation of CZMs with node-dependent variable kinematics

(NDVK)

The models developed in this work are based on the laminated plate theories which can be

categorized as equivalent single-layer (ESL) theories, in which 3-D elasticity problems are

reduced to 2-D ones based on assumptions on the kinematics of deformation through thick-

ness [68]. Numerical implementation of CZMs, however, requires 3-D elasticity formulations

(e.g., layerwise (LW) theories [52, 67]). To resolve this issue, NDVK [102] will be employed
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Figure 8.4: Schematic drawings of mesh discretization of a precracked composite specimen
using NDVK ESL/LW [102] with CZMs.

in future work.

A variable kinematic global-local model was initially proposed by Robbins and Reddy [74,

75] using hierarchical displacement fields at the element and global levels. In this model, the

total displacement field u can be expressed by superposing multiple assumed displacement

fields:

u(x, y, z, t) = uESL(x, y, z, t) + uLW(x, y, z, t), (8.1)

where uESL and uLW are displacement fields obtained using ESL and LW kinematics, respec-

tively. For the global-local analysis of multilayered structures, Zappino et al. [102] recently

proposed NDVK by combining node-dependent kinematics of Carrera [16] with variable

ESL/LW capabilities shown in Eq (8.1).

In future work, the models developed in this work will be improved by incorporating

NDVK ESL/LW and CZMs as illustrated in Fig 8.4. In the model, the regions across which

the initial crack could potentially propagate will have CZMs extended from the crack tips

between two sublaminates. The zones including the crack and CZMs (named a refined zone)

will be discretized by elements having LW kinematic nodes. On the other hand, the other
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Figure 8.5: A flow chart for a hybrid simulation method using FEMs and ROMs.

parts (named less-refined zones) where crack propagation is not expected to occur will have

elements comprising ESL kinematic nodes. At the interface between the two zones, transition

zones will be made to ensure continuity of the two different kinematics.

8.2.3 Nonlinear reduced-order models (ROMs)

The numerical models developed in this work provided reliable simulation results; however,

high computational costs of using the models can be a serious hindrance to extensive sim-

ulation of damage growth under dynamic loading. To address this issue, nonlinear ROMs

will be built based on the numerical models. Nonlinear ROMs require proper orthogonal

decomposition or nonlinear normal modes methods [2] and appear in the form of analytical

ESL-type solutions. The applications of ROMs are extensively discussed in Refs [27, 31, 59].

In future work, fatigue induced by dynamic loading will be investigated using a hybrid
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Figure 8.6: Fatigue tests under clamped boundary conditions. The white line near the left-
side clamped boundary indicates a precrak. (a) Flat specimens under quasi-static cyclic
loading. (b) Post-buckled or curved specimens under quasi-static cyclic loading. (c) Flat
specimens under inertially-applied dynamic loading induced by a shaker movement. (d)
Post-buckled or curved specimens under inertially-applied dynamic loading induced by a
shaker movement.

simulation method using FEMs and ROMs. An example of the hybrid simulation method is

illustrated as a flow chart in Fig 8.5. The process can be briefly described: (i) an FEM is

generated using NDVK and CZMs, (ii) a ROM of the FEM is built with partially degraded

stiffness for the precrack region, (iii) the dynamic response of the specimen in a specified

time window is simulated using the ROM, (iv) the corresponding time series of displacements

are applied to the FEM for analysis of the stress field at FPZs in front of the crack tips, (v)

fatigue damage to CZMs at the FPZs and consequent degradation of the CZMs are analyzed,
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(vi) the number of cycles required for crack propagation at the CZMs is obtained, (vii) the

FEM is updated with increased crack length and decreased cohesive zones, and (viii) the

steps (ii) to (vii) are repeated.

This hybrid simulation method will provide a new paradigm of simulation of damage

growth under dynamic loading.

8.2.4 Experimental investigation of fatigue under realistic boundary and loading conditions

The ENF test illustrated in Figs 1.5 and 8.1 is an efficient and practical experimental con-

figuration for characterization of mode-II fracture and fatigue parameters. However, its

roller-roller boundary condition is not applicable to real world problems. Thus, in future

work, fatigue of both flat and post-buckled/curved specimens under clamped boundary con-

ditions will be experimentally investigated for characterization of crack growth under realistic

boundary conditions as illustrated in Fig 8.6. The experimental observations from these tests

will provide a better understanding in realistic problems than those from conventional ENF

tests.

Fatigue induced by inertially-applied high-frequency dynamic loading will also be inves-

tigated (see Figs 8.6c and 8.6d). Given that a majority of fatigue tests are conducted in a

quasi-static manner (see Figs 8.6a and 8.6b) and that most of studies on dynamic delami-

nation growth focus on impact loading conditions, these tests can provide a new perspective

on experimental characterization of fatigue. The loading amplitudes required for these tests

will be estimated based on stress analysis using the EAS model developed in this work.

The experimental results obtained from these tests will provide more practical benchmark

data for model validation.
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Appendix A

ESTIMATIONS OF THE TRANSVERSE SHEAR MODULI OF
A PLAIN-WEAVE PREPREG T800H-6K/3900-2

The material properties of woven prepregs are typically not found in the literature due to

difficulty in obtaining them from the complex 3-D patterns of their fibers. The plain-weave

prepreg T800H-6K/3900-2 used in this work is unfortunately not an exception. To address

this issue, previous work [37] estimated the in-plane properties of the plain-weave prepreg

using the reported properties of a unidirectional prepreg which consists of the fibers and

epoxy of the plain-weave one. In this appendix, the transverse shear moduli (G13 and G23)

of the plain-weave prepreg are estimated.

The material properties of the unidirectional prepreg are reported in the work of

Kobayashi et al. [46]:

Eu
11 = 143 GPa, Eu

22 = Eu
33 = 7.99 GPa, Gu

12 = Gu
13 = 3.96 GPa,

νu
12 = νu

13 = 0.345, and νu
23 = νu

32 = 0.490,
(A.1)

where the superscript u denotes the material properties of the unidirectional prepreg. It

was assumed in Ref [37] that the material properties of the weave prepreg (thickness h)

can be estimated by calculating the material properties of a symmetric laminate having n

unidirectional layers (thickness h/n) as illustrated in Fig A.1. The laminate comprises n
2

layers of 0-degree fibers and n
2

layers of 90-degree fibers. The estimated in-plane properties

(E11, E22, G12 and ν12, see Eq (2.1)) were validated in the work using the experimental data

of tensile-load (or pulling), static-cantilever, and free-vibration tests of specimens which were

fabricated with the plain-weave prepreg.

This work adopted this assumption to estimate the transverse shear moduli (G13 and
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Figure A.1: A symmetric laminate consisting of n unidirectional laminae and its correspond-
ing orthotropic lamina. The material axes are denoted by 1-, 2-, and 3-axes. The fiber angles
are calculated from the 1-axis.

G23) of the plain-weave prepreg. The unidirectional prepreg is transversely isotropic (i.e.,

isotropic in the 2-3 plane) and thus the following well-known relation of isotropic materials

is valid for the unidirectional one in the 2–3 plane [26]:

Gu
23 =

Eu
22

2(1 + νu
32)

= 2.68 GPa. (A.2)

Considering that the plain-weave prepreg was assumed to comprise an identical number of

layers of 0- and 90-degree fibers, the transverse shear moduli of the prepreg can be estimated

as

G13 = G23 =
Gu

13 +Gu
23

2
= 3.32 GPa. (A.3)
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Appendix B

LAMINA AND LAMINATE CONSTITUTIVE RELATIONS

The laminated composite specimen introduced in Chapter 2 has orthtropic material prop-

erties. This appendix presents lamina and laminate constitutive relations for orthotropic

materials following the works of Reddy [68] and Tuttle [90].

B.1 Lamina constitutive relation for a specially orthotropic lamina

In the case where the material axes of an orthotropic lamina (1-, 2-, and 3-axes) coincide

with the spatial axes (x-, y-, and z-axes), the lamina is called a specially orthotropic lamina

[26]. Hooke’s law for a specially orthotropic lamina is given by



ε11

ε22

ε33

γ23

γ13

γ12


=



S11 S12 S13 0 0 0

S12 S22 S23 0 0 0

S13 S23 S33 0 0 0

0 0 0 S44 0 0

0 0 0 0 S55 0

0 0 0 0 0 S66





σ11

σ22

σ33

τ23

τ13

τ12


, (B.1)

where

S11 =
1

E11

, S22 =
1

E22

, S33 =
1

E33

,

S44 =
1

G23

, S55 =
1

G13

, S66 =
1

G12

,

S21 = S12 =
−ν12

E11

=
−ν21

E22

, S31 = S13 =
−ν13

E11

=
−ν31

E33

,

S32 = S23 =
−ν23

E22

=
−ν32

E33

.

(B.2)
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To obtain a stress-strain relationship, that is,

σ = Cε, (B.3)

Eq (B.1) is inverted into



σ11

σ22

σ33

τ23

τ13

τ12


=



C11 C12 C13 0 0 0

C12 C22 C23 0 0 0

C13 C23 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66





ε11

ε22

ε33

γ23

γ13

γ12


, (B.4)

where the elastic coefficients Cij of a specially orthotropic lamina are given by

C11 =
S22S33 − S2

23

Ŝ
, C12 =

S13S23 − S12S33

Ŝ
, C13 =

S12S23 − S13S22

Ŝ
,

C22 =
S11S33 − S2

13

Ŝ
, C23 =

S12S13 − S11S23

Ŝ
, C33 =

S11S22 − S2
12

Ŝ
,

C44 =
1

S44

, C55 =
1

S55

, C66 =
1

S66

,

Ŝ = S11S22S33 − S11S
2
23 − S22S

2
13 − S33S

2
12 + 2S12S13S23.

(B.5)

B.2 Lamina constitutive relation for a generally orthotropic lamina

In cases where the material and geometric axes of an orthotropic lamina differ, the lamina

is called a generally orthotropic lamina [26]. The elastic coefficients matrix C̄ of a generally

orthotropic lamina can be obtained by transforming C in Eq (B.4) as

C̄ = TCT T , (B.6)
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where

T =



cos2θ sin2θ 0 0 0 −sin2θ

sin2θ cos2θ 0 0 0 sin2θ

0 0 1 0 0 0

0 0 0 cosθ sinθ 0

0 0 0 −sinθ cosθ 0

sinθcosθ −sinθcosθ 0 0 0 cos2θ − sin2θ


, (B.7)

where θ is an angle between the material and geometric axes.

Using this transformation, the stress-strain relationship of a generally orthotropic lamina

is given by 

σxx

σyy

σzz

σyz

σxz

σxy


=



C̄11 C̄12 C̄13 0 0 C̄16

C̄21 C̄22 C̄23 0 0 C̄26

C̄31 C̄32 C̄33 0 0 C̄36

0 0 0 C̄44 C̄45 0

0 0 0 C̄45 C̄55 0

C̄16 C̄26 C̄36 0 0 C̄66





εxx

εyy

εzz

γyz

γxz

γxy


. (B.8)

In the event that εzz is small and can be neglected (consequently, σzz also disappears from

the strain energy formula), Eq (B.8) can be reduced to

σxx

σyy

σxy

σxz

σyz


=



C̄11 C̄12 C̄16 0 0

C̄12 C̄22 C̄26 0 0

C̄16 C̄26 C̄66 0 0

0 0 0 C̄55 C̄45

0 0 0 C̄45 C̄44





εxx

εyy

γxy

γxz

γyz


. (B.9)
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B.3 Laminate constitutive relation

In this section, membrane, bending, and shear stress resultants (N , M , andQ, respectively)

of a laminate having N layers of orthotropic laminae and thickness h are presented in terms

of a transformed elastic coefficient matrix C̄ and strain fields.

B.3.1 In-plane stress resultants Nxx, Nyy, Nxy
Nxx

Nyy

Nxy

 =

∫ h
2

−h
2


σxx

σyy

σxy

 dz =
N∑
k=1

∫ zk+1

zk


σxx

σyy

σxy


(k)

dz

=
N∑
k=1

∫ zk+1

zk


C̄11 C̄12 C̄16

C̄12 C̄22 C̄26

C̄16 C̄26 C̄66


(k)

εxx

εyy

γxy


(k)

dz

=
N∑
k=1

∫ zk+1

zk


C̄11 C̄12 C̄16

C̄12 C̄22 C̄26

C̄16 C̄26 C̄66


(k)

ε
(0)
xx + zε

(1)
xx

ε
(0)
yy + zε

(1)
yy

γ
(0)
xy + zγ

(1)
xy


(k)

dz

=


A11 A12 A16

A12 A22 A26

A16 A26 A66



ε

(0)
xx

ε
(0)
yy

γ
(0)
xy

+


B11 B12 B16

B12 B22 B26

B16 B26 B66



ε

(1)
xx

ε
(1)
yy

γ
(1)
xy

 ,

(B.10)

where

Aij =
N∑
k=1

∫ zk+1

zk

C̄
(k)
ij dz, Bij =

N∑
k=1

∫ zk+1

zk

zC̄
(k)
ij dz, (B.11)

where the membrane strains (ε
(0)
xx , ε

(0)
yy , γ

(0)
xy ) and the bending strains (ε

(1)
xx , ε

(1)
yy , γ

(1)
xy ) are

defined in Eqs (4.4), (4.5) and (4.7).
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B.3.2 Bending stress resultants Mxx, Myy, Mxy
Mxx

Myy

Mxy

 =

∫ h
2

−h
2

z


σxx

σyy

σxy

 dz =
N∑
k=1

∫ zk+1

zk

z


σxx

σyy

σxy


(k)

dz

=
N∑
k=1

∫ zk+1

zk

z


C̄11 C̄12 C̄16

C̄12 C̄22 C̄26

C̄16 C̄26 C̄66


(k)

εxx

εyy

γxy


(k)

dz

=
N∑
k=1

∫ zk+1

zk

z


C̄11 C̄12 C̄16

C̄12 C̄22 C̄26

C̄16 C̄26 C̄66


(k)

ε
(0)
xx + zε

(1)
xx

ε
(0)
yy + zε

(1)
yy

γ
(0)
xy + zγ

(1)
xy


(k)

dz

=


B11 B12 B16

B12 B22 B26

B16 B26 B66



ε

(0)
xx

ε
(0)
yy

γ
(0)
xy

+


D11 D12 D16

D12 D22 D26

D16 D26 D66



ε

(1)
xx

ε
(1)
yy

γ
(1)
xy

 ,

(B.12)

where

Dij =
N∑
k=1

∫ zk+1

zk

z2C̄
(k)
ij dz. (B.13)

B.3.3 Transverse shear stress resultants Qyz, QxzQyz

Qxz

 = K

∫ h
2

−h
2

σyzσxz

 dz =
N∑
k=1

K

∫ zk+1

zk

σyzσxz


(k)

dz

=
N∑
k=1

K

∫ zk+1

zk

C̄44 C̄45

C̄45 C̄55

(k)γyzγxz


(k)

dz

=
N∑
k=1

K

∫ zk+1

zk

C̄44 C̄45

C̄45 C̄55

(k)γ
(0)
yz

γ
(0)
xz


(k)

dz

= K

A44 A45

A45 A55

γ
(0)
yz

γ
(0)
xz

 ,

(B.14)
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where K is a shear correction coefficient and the transverse shear strains (γ
(0)
xz , γ

(0)
yz ) are

defined in Eqs (4.8) and (4.9).
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Appendix C

VON KÁRMÁN STRAINS

The CLPT and FSDT models of this work adopted von Kármán strains to include geo-

metric nonlinearity in the models. This appendix presents von Kármán strains following the

works of Malvern [48] and Reddy [68].

C.1 Green-Lagrange (large) strains

Nonlinear strains based on the Green-Lagrange strain tensor are given by

Eij =
1

2

( ∂ui
∂Xj

+
∂uj
∂Xi

+
∂uk
∂Xi

∂uk
∂Xj

)
for i = 1, 2, 3, (C.1)

where ui are displacement components, and Xi are material coordinates. The material

coordinates are related to spatial coordinates xi by

xi = Xi + ui. (C.2)

C.2 Small strains

If the partial derivatives of the displacements ui with respect to the material coordinates Xi

are all small compared to unity, that is,

∂ui
∂Xi

� 1 for i = 1, 2, 3, (C.3)

the squares and products of these derivatives may be neglected in comparison to the linear

terms. Thus, the nonlinear strains in Eq (C.1) can be reduced to linear strains given in
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Eq (C.4).

εij =
1

2

(∂ui
∂xj

+
∂uj
∂xi

)
for i = 1, 2, 3, (C.4)

or in an expanded form,

εxx =
∂u

∂x
, εyy =

∂v

∂y
, εzz =

∂w

∂z
,

εxy =
1

2

(∂u
∂y

+
∂v

∂x

)
, εxz =

1

2

(∂u
∂z

+
∂w

∂x

)
, εyz =

1

2

(∂v
∂z

+
∂w

∂y

)
.

(C.5)

C.3 von Kármán strains

In cases where the rotations ∂w
∂x

and ∂w
∂y

of the transverse normal plane are moderate 10o-15o,

while strains are small, the following terms are small but not negligible:

(∂w
∂x

)2

,
(∂w
∂y

)2

,
∂w

∂x

∂w

∂y
. (C.6)

Therefore, for small strains and moderate rotations, the strain-displacement relations are

given by

εxx =
∂u

∂x
+

1

2

(∂w
∂x

)2

, εyy =
∂v

∂y
+

1

2

(∂w
∂y

)2

, εzz =
∂w

∂z
,

εxy =
1

2

(∂u
∂y

+
∂v

∂x
+
∂w

∂x

∂w

∂y

)
, εxz =

1

2

(∂u
∂z

+
∂w

∂x

)
, εyz =

1

2

(∂v
∂z

+
∂w

∂y

)
.

(C.7)

These relations are called von Kármán strains.
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Appendix D

FSDT: DERIVATION OF NONLINEAR EQUATIONS OF
MOTION

In this appendix, the equations of motion for FSDT are derived from the principle of

virtual displacements given in Eqs (4.10) to (4.14), following the work of Reddy [68].

D.1 Virtual strain energy δU

δU =

∫
Ω0

∫ h
2

−h
2

{
σxxδεxx + σyyδεyy + σxyδγxy + σxzδγxz + σyzδγyz

}
dzdxdy

=

∫
Ω0

∫ h
2

−h
2

{
σxx

[(∂δu0

∂x
+
∂δw0

∂x

∂w0

∂x

)
+ z
(∂δφx
∂x

)]
+ σyy

[(∂δv0

∂y
+
∂δw0

∂y

∂w0

∂y

)
+ z
(∂δφy
∂y

)]
+ σxy

[(∂δu0

∂y
+
∂δv0

∂x
+
∂δw0

∂x

∂w0

∂y
+
∂w0

∂x

∂δw0

∂y

)
+ z
(∂δφx
∂y

+
∂δφy
∂x

)]
+ σxz

(
δφx +

∂δw0

∂x

)
+ σyz

(
δφy +

∂δw0

∂y

)}
dzdxdy

=

∫
Ω0

{
Nxx

[∂δu0

∂x
+
∂δw0

∂x

∂w0

∂x

]
+Mxx

[∂δφx
∂x

]
+Nyy

[∂δv0

∂y
+
∂δw0

∂y

∂w0

∂y

]
+Myy

[∂δφy
∂y

]
+Nxy

[∂δu0

∂y
+
∂δv0

∂x
+
∂δw0

∂x

∂w0

∂y
+
∂w0

∂x

∂δw0

∂y

]
+Mxy

[∂δφx
∂y

+
∂δφy
∂x

]
+Qxz

[
δφx +

∂δw0

∂x

]
+Qyz

[
δφy +

∂δw0

∂y

]}
dxdy.

(D.1)

To relieve the virtual displacements δu0, δv0, δw0, δφx, and δφy from the partial differ-
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ential forms, integration by parts is applied to Eq (D.1) as shown in Eq (D.2).

δU =

∫
Ω0

{
− δu0

∂Nxx

∂x
− δw0

∂

∂x

(
Nxx

∂w0

∂x

)
− δφx

∂Mxx

∂x
− δv0

∂Nyy

∂y

− δw0
∂

∂y

(
Nyy

∂w0

∂y

)
− δφy

∂Myy

∂y
− δu0

∂Nxy

∂y
− δv0

∂Nxy

∂x

− δw0
∂

∂x

(
Nxy

∂w0

∂y

)
− δw0

∂

∂y

(
Nxy

∂w0

∂x

)
− δφx

∂Mxy

∂y
− δφy

∂Mxy

∂x

+ δφxQxz − δw0
∂Qxz

∂x
+ δφyQyz − δw0

∂Qyz

∂y

}
dxdy

+

∮
Γ

{
nxδu0Nxx + nxδw0Nxx

∂w0

∂x
+ nxδφxMxx + nyδv0Nyy

+ nyδw0Nyy
∂w0

∂y
+ nyδφyMyy + nyδu0Nxy + nxδv0Nxy

+ nxδw0Nxy
∂w0

∂y
+ nyδw0Nxy

∂w0

∂x
+ nyδφxMxy + nxδφyMxy

+ nxδw0Qxz + nyδw0Qyz

}
ds

= −
∫

Ω0

{
δu0

[∂Nxx

∂x
+
∂Nxy

∂y

]
+ δv0

[∂Nyy

∂y
+
∂Nxy

∂x

]
+ δw0

[ ∂
∂x

(
Nxx

∂w0

∂x
+Nxy

∂w0

∂y

)
+

∂

∂y

(
Nxy

∂w0

∂x
+Nyy

∂w0

∂y

)
+
∂Qxz

∂x
+
∂Qyz

∂y

]
+ δφx

[∂Mxx

∂x
+
∂Mxy

∂y
−Qxz

]
+ δφy

[∂Myy

∂y
+
∂Mxy

∂x
−Qyz

]}
dxdy

+

∮
Γ

{
δu0

[
nxNxx + nyNxy

]
+ δv0

[
nyNyy + nxNxy

]
+ δw0

[
nxNxx

∂w0

∂x
+ nyNyy

∂w0

∂y
+ nxNxy

∂w0

∂y
+ nyNxy

∂w0

∂x

+ nxQxz + nyQyz

]
+ δφx

[
nxMxx + nyMxy

]
+ δφy

[
nyMyy + nxMxy

]}
ds,

(D.2)

where nx = cosθ and ny = sinθ are the direction cosines of the unit outward normal vector

n on Γ as illustrated in Fig 4.1.
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D.2 Virtual work done δV

δV =−
∫

Ω0

[
qb(x, y)δw

(
x, y,−h

2

)
+ qt(x, y)δw

(
x, y,

h

2

)]
dxdy

−
∫

Γσ

∫ h
2

−h
2

[
σ̂nnδun + σ̂nsδus + σ̂nzδw

]
dzds

=−
∫

Ω0

q(x, y)δw0(x, y)dxdy

−
∫

Γσ

∫ h
2

−h
2

{
σ̂nn

[
δu0n + zδφn

]
+ σ̂ns

[
δu0s + zδφs

]
+ σ̂nzδw0

}
dzds

=−
∫

Ω0

qδw0dxdy

−
∫

Γσ

[
N̂nnδu0n + N̂nsδu0s + Q̂nzδw0 + M̂nnδφn + M̂nsδφs

]
ds.

(D.3)

D.3 Virtual kinetic energy δK

δK =

∫
Ω0

∫ h
2

−h
2

ρ0

[
u̇δu̇+ v̇δv̇ + ẇδẇ

]
dzdxdy

=

∫
Ω0

∫ h
2

−h
2

ρ0

{[
u̇0 + zφ̇x

][
δu̇0 + zδφ̇x

]
+
[
v̇0 + zφ̇y

][
δv̇0 + zδφ̇y

]
+ ẇ0δẇ0

}
dzdxdy

=

∫
Ω0

∫ h
2

−h
2

ρ0

{
u̇0δu̇0 + zφ̇xδu̇0 + zu̇0δφ̇x + z2φ̇xδφ̇x

+ v̇0δv̇0 + zφ̇yδv̇0 + zv̇0δφ̇y + z2φ̇yδφ̇y

+ ẇ0δẇ0

}
dzdxdy

=

∫
Ω0

{
δu̇0

[
I0u̇0 + I1φ̇x

]
+ δv̇0

[
I0v̇0 + I1φ̇y

]
+ δφ̇x

[
I1u̇0 + I2φ̇x

]
+ δφ̇y

[
I1v̇0 + I2φ̇y

]
+ δẇ0I0ẇ0

}
dxdy,

(D.4)

where

In =

∫ h
2

−h
2

ρ0z
ndz , for n = 0, 1, 2. (D.5)
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∫ T

0

δKdt =

∫ T

0

∫
Ω0

{
δu̇0

[
I0u̇0 + I1φ̇x

]
+ δv̇0

[
I0v̇0 + I1φ̇y

]
+ δφ̇x

[
I1u̇0 + I2φ̇x

]
+ δφ̇y

[
I1v̇0 + I2φ̇y

]
+ δẇ0I0ẇ0

}
dxdydt

=

∫ T

0

∫
Ω0

{
− δu0

[
I0ü0 + I1φ̈x

]
− δv0

[
I0v̈0 + I1φ̈y

]
− δφx

[
I1ü0 + I2φ̈x

]
− δφy

[
I1v̈0 + I2φ̈y

]
− δw0I0ẅ0

}
dxdydt

+
[ ∫

Ω0

{
δu0

(
I0u̇0 + I1φ̇x

)
+ δv0

(
I0v̇0 + I1φ̇y

)
+ δφx

(
I1u̇0 + I2φ̇x

)
+ δφy

(
I1v̇0 + I2φ̇y

)
+ δw0I0ẇ0

}
dxdy

]T
0
.

(D.6)

In Eq (D.6), the terms obtained in Ω0 and evaluated at t = 0 and t = T can be set to zero

because the virtual displacements are zero at those times. Thus, Eq (D.6) can be reduced to

∫ T

0

δKdt =

∫ T

0

∫
Ω0

{
− δu0

[
I0ü0 + I1φ̈x

]
− δv0

[
I0v̈0 + I1φ̈y

]
− δφx

[
I1ü0 + I2φ̈x

]
− δφy

[
I1v̈0 + I2φ̈y

]
− δw0I0ẅ0

}
dxdydt.

(D.7)

D.4 Nonlinear equation of motion

Substituting δU , δV , and δK into Eq (4.10), collecting terms with respect to the virtual

displacements (δu0, δv0, δw0, δφx, δφy), and noting that the virtual displacements are zero
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on Γu, Eq (4.10) is reorganized as

0 =

∫ T

0

∫
Ω0

{
− δu0

[∂Nxx

∂x
+
∂Nxy

∂y
− I0ü0 − I1φ̈x

]
− δv0

[∂Nyy

∂y
+
∂Nxy

∂x
− I0v̈0 − I1φ̈y

]
− δw0

[ ∂
∂x

(
Nxx

∂w0

∂x
+Nxy

∂w0

∂y

)
+

∂

∂y

(
Nxy

∂w0

∂x
+Nyy

∂w0

∂y

)
+ q − I0ẅ0

]
− δφx

[∂Mxx

∂x
+
∂Mxy

∂y
−Qxz − I1ü0 − I2φ̈x

]
− δφy

[∂Myy

∂y
+
∂Mxy

∂x
−Qyz − I1v̈0 − I2φ̈y

]
+

∫ T

0

∮
Γσ

[
•
]
dsdt,

(D.8)

where the last term
∫ T

0

∮
Γσ

[
•
]
dsdt provides the boundary conditions, which are presented

in the following section.

The nonlinear equations of motion are obtained by setting the coefficients of the indepen-

dent variables δu0, δv0, δw0, δφx, and δφy over Ω0 to zero separately as shown in Eqs (D.9)

to (D.13).

δu0 :
∂Nxx

∂x
+
∂Nxy

∂y
= I0ü0 + I1φ̈x. (D.9)

δv0 :
∂Nyy

∂y
+
∂Nxy

∂x
= I0v̈0 + I1φ̈y. (D.10)

δw0 :
∂

∂x

(
Nxx

∂w0

∂x
+Nxy

∂w0

∂y

)
+

∂

∂y

(
Nxy

∂w0

∂x
+Nyy

∂w0

∂y

)
+
∂Qxz

∂x
+
∂Qyz

∂y
+ q = I0ẅ0.

(D.11)

δφx :
∂Mxx

∂x
+
∂Mxy

∂y
−Qxz = I1ü0 + I2φ̈x. (D.12)

δφy :
∂Myy

∂y
+
∂Mxy

∂x
−Qyz = I1v̈0 + I2φ̈y. (D.13)
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D.5 Boundary conditions

The transformation between the coordinate systems (n, s) and (x, y) illustrated in Fig 4.1 is

given by

êx = cosθên − sinθês = nxên − nyês,

êy = sinθên + cosθês = nyên + nxês.
(D.14)

Using this transformation, the displacements (u0, v0) can be expressed in terms of (u0n, u0s):

u0 = nxu0n − nyu0s, v0 = nyu0n + nxu0s. (D.15)

Similarly, the normal and tangential derivatives (∂w0

∂n
, ∂w0

∂s
) are related to the derivatives

(∂w0

∂x
, ∂w0

∂y
) by

∂w0

∂x
= nx

∂w0

∂n
− ny

∂w0

∂s
,
∂w0

∂y
= ny

∂w0

∂n
+ nx

∂w0

∂s
. (D.16)

Finally, in-plane stresses and stress resultants in both coordinate systems can be related by

the stress transformation:

σnnσns

 =

 nx
2 ny

2 2nxny

−nxny nxny n2
x − n2

y



σxx

σyy

σxy

 , (D.17)

Nnn

Nns

 =

 nx
2 ny

2 2nxny

−nxny nxny n2
x − n2

y



Nxx

Nyy

Nxy

 . (D.18)

Using the transformation relations in Eqs (D.15) to (D.18), the boundary term in Eq (D.8)
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can be reorganized as

0 =

∫ T

0

∮
Γσ

[
•
]
dsdt

=

∫ T

0

∮
Γσ

{
δu0

[
nxNxx + nyNxy

]
+ δv0

[
nyNyy + nxNxy

]
+ δw0

[
nxNxx

∂w0

∂x
+ nyNyy

∂w0

∂y
+ nxNxy

∂w0

∂y
+ nyNxy

∂w0

∂x

+ nxQxz + nyQyz

]
+ δφx

[
nxMxx + nyMxy

]
+ δφy

[
nyMyy + nxMxy

]
− N̂nnδu0n − N̂nsδu0s − M̂nnδφn − M̂nsδφs − Q̂nzδw0

}
dsdt

=

∫ T

0

∮
Γσ

{
δu0n

[
n2
xNxx + nxnyNxy + n2

yNyy + nxnyNxy − N̂nn

]
+ δu0s

[
− nxnyNxx − n2

yNxy + nxnyNyy + n2
xNxy − N̂ns

]
+ δw0

[
nxNxx

∂w0

∂x
+ nyNyy

∂w0

∂y
+ nxNxy

∂w0

∂y
+ nyNxy

∂w0

∂x

+ nxQxz + nyQyz − Q̂nz

]
+ δφn

[
n2
xMxx + nxnyMxy + n2

yMyy + nxnyMxy − M̂nn

]
+ δφs

[
− nxnyMxx − n2

yMxy + nxnyMyy + n2
xMxy − M̂ns

]}
dsdt

=

∫ T

0

∮
Γσ

{
δu0n

[
Nnn − N̂nn

]
+ δu0s

[
Nns − N̂ns

]
+ δw0

[
nxNxx

∂w0

∂x
+ nyNyy

∂w0

∂y
+ nxNxy

∂w0

∂y
+ nyNxy

∂w0

∂x
+ nxQxz

+ nyQyz − Q̂nz

]
+ δφn

[
Mnn − M̂nn

]
+ δφs

[
Mns − M̂ns

]}
dsdt.

(D.19)

Collecting the terms in Eq (D.19) in terms of δu0n, δu0s, δw0, δφn, and δφs, the natural
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(or force) boundary conditions1 on Γσ are obtained as

δu0n : Nnn = N̂nn, (D.20)

δu0s : Nns = N̂ns, (D.21)

δφn : Mnn = M̂nn, (D.22)

δφs : Mns = M̂ns, (D.23)

δw0 : Qnz = Q̂nz, (D.24)

where

Qnz =nxNxx
∂w0

∂x
+ nyNyy

∂w0

∂y
+ nxNxy

∂w0

∂y
+ nyNxy

∂w0

∂x
+ nxQxz + nyQyz. (D.25)

Thus, the primary variables (displacements) and secondary variables (forces) are given

by

Primary variables: u0n, u0s, w0, φn, φs, (D.26)

Secondary variables: Nnn, Nns, Qnz, Mnn, Mns. (D.27)

1Essential boundary conditions require u and its derivatives (primary variables) to vanish at the boundary
while natural boundary conditions require the specification of the coefficients (secondary variables) of u
and its derivatives [69].
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Appendix E

FSDT: COMPONENTS OF THE STIFFNESS AND MASS
MATRICES AND FORCE VECTOR

This appendix presents the components of the stiffness and mass matrices, and the force

vector of FEM for FSDT shown in Eq (4.37). In this appendix, [ • ]L and [ • ]NL denote

linear and nonlinear components, respectively.

The expanded form of Eq (4.37) is given by



M 11 M 12 M 13 M 14 M 15

M 21 M 22 M 23 M 24 M 25

M 31 M 32 M 33 M 34 M 35

M 41 M 42 M 43 M 44 M 45

M 51 M 52 M 53 M 54 M 55





ü

v̈

ẅ

Ẍ

Ÿ



+



K11 K12 K13 K14 K15

K21 K22 K23 K24 K25

K31 K32 K33 K34 K35

K41 K42 K43 K44 K45

K51 K52 K53 K54 K55





u

v

w

X

Y


=



F 1

F 2

F 3

F 4

F 5


.

(E.1)

E.1 Components of stiffness matrix K[
K11
ij

]L

=

∫
Ωe

[∂ψi
∂x

(
A11

∂ψj
∂x

+ A16
∂ψj
∂y

)
+
∂ψi
∂y

(
A16

∂ψj
∂x

+ A66
∂ψj
∂y

)]
dxdy, (E.2)
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where i, j = 1, ..., 4 for four-node elements.

[
K12
ij

]L

=
[
K21
ji

]L

=

∫
Ωe

[∂ψi
∂x

(
A12

∂ψj
∂y

+ A16
∂ψj
∂x

)
+
∂ψi
∂y

(
A26

∂ψj
∂y

+ A66
∂ψj
∂x

)]
dxdy.

(E.3)

[
K13
ij

]L

=
[
K31
ji

]L

= 0. (E.4)

[
K13
ij

]NL

=

∫
Ωe

1

2

[∂ψi
∂x

{
A11

∂w0

∂x

∂ψj
∂x

+ A12
∂w0

∂y

∂ψj
∂y

+ A16

(∂w0

∂x

∂ψj
∂y

+
∂w0

∂y

∂ψj
∂x

)}
+
∂ψi
∂y

{
A16

∂w0

∂x

∂ψj
∂x

+ A26
∂w0

∂y

∂ψj
∂y

+ A66

(∂w0

∂x

∂ψj
∂y

+
∂w0

∂y

∂ψj
∂x

)}]
dxdy.

(E.5)

[
K14
ij

]L

=
[
K41
ji

]L

=

∫
Ωe

[∂ψi
∂x

(
B11

∂ψj
∂x

+B16
∂ψj
∂y

)
+
∂ψi
∂y

(
B16

∂ψj
∂x

+B66
∂ψj
∂y

)]
dxdy.

(E.6)

[
K15
ij

]L

=
[
K51
ji

]L

=

∫
Ωe

[∂ψi
∂x

(
B12

∂ψj
∂y

+B16
∂ψj
∂x

)
+
∂ψi
∂y

(
B26

∂ψj
∂y

+B66
∂ψj
∂x

)]
dxdy.

(E.7)

[
K22
ij

]L

=

∫
Ωe

[∂ψi
∂x

(
A26

∂ψj
∂y

+ A66
∂ψj
∂x

)
+
∂ψi
∂y

(
A22

∂ψj
∂y

+ A26
∂ψj
∂x

)]
dxdy. (E.8)

[
K23
ij

]L

=
[
K32
ji

]L

= 0. (E.9)

[
K23
ij

]NL

=

∫
Ωe

1

2

[∂ψi
∂x

{
A16

∂w0

∂x

∂ψj
∂x

+ A26
∂w0

∂y

∂ψj
∂y

+ A66

(∂w0

∂x

∂ψj
∂y

+
∂w0

∂y

∂ψj
∂x

)
+
∂ψi
∂y

{
A12

∂w0

∂x

∂ψj
∂x

+ A22
∂w0

∂y

∂ψj
∂y

+ A26

(∂w0

∂x

∂ψj
∂y

+
∂w0

∂y

∂ψj
∂x

)}]
dxdy.

(E.10)

[
K24
ij

]L

=
[
K42
ji

]L

=

∫
Ωe

[∂ψi
∂x

{
B16

∂ψj
∂x

+B66
∂ψj
∂y

}
+
∂ψi
∂y

{
B12

∂ψj
∂x

+B26
∂ψj
∂y

}]
dxdy.

(E.11)
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[
K25
ij

]L

=
[
K52
ji

]L

=

∫
Ωe

[∂ψi
∂x

{
B26

∂ψj
∂y

+B66
∂ψj
∂x

}
+
∂ψi
∂y

{
B22

∂ψj
∂y

+B26
∂ψj
∂x

}]
dxdy.

(E.12)

[
K31
ij

]NL

=

∫
Ωe

[∂ψi
∂x

{∂w0

∂x

(
A11

∂ψj
∂x

+ A16
∂ψj
∂y

)
+
∂w0

∂y

(
A16

∂ψj
∂x

+ A66
∂ψj
∂y

)}
+
∂ψi
∂y

{∂w0

∂x

(
A16

∂ψj
∂x

+ A66
∂ψj
∂y

)
+
∂w0

∂y

(
A12

∂ψj
∂x

+ A26
∂ψj
∂y

)}]
dxdy.

(E.13)

[
K32
ij

]NL

=

∫
Ωe

[∂ψi
∂x

{∂w0

∂x

(
A12

∂ψj
∂y

+ A16
∂ψj
∂x

)
+
∂w0

∂y

(
A26

∂ψj
∂y

+ A66
∂ψj
∂x

)}
+
∂ψi
∂y

{∂w0

∂x

(
A26

∂ψj
∂y

+ A66
∂ψj
∂x

)
+
∂w0

∂y

(
A22

∂ψj
∂y

+ A26
∂ψj
∂x

)}]
dxdy.

(E.14)

[
K33
ij

]L

=

∫
Ωe
K
{∂ψi
∂x

(
A45

∂ψj
∂y

+ A55
∂ψj
∂x

)
+
∂ψi
∂y

(
A44

∂ψj
∂y

+ A45
∂ψj
∂x

)}
dxdy. (E.15)

[
K33
ij

]NL

=

∫
Ωe

{∂ψi
∂x

[M] +
∂ψi
∂y

[�]
}
dxdy, (E.16)

where

[M] =
∂w0

∂x

{1

2

[∂w0

∂x

(
A11

∂ψj
∂x

+ A16
∂ψj
∂y

)
+
∂w0

∂y

(
A12

∂ψj
∂y

+ A16
∂ψj
∂x

)]}
+
∂w0

∂y

{1

2

[∂w0

∂x

(
A16

∂ψj
∂x

+ A66
∂ψj
∂y

)
+
∂w0

∂y

(
A26

∂ψj
∂y

+ A66
∂ψj
∂x

)]}
,

(E.17)

[�] =
∂w0

∂x

{1

2

[∂w0

∂x

(
A16

∂ψj
∂x

+ A66
∂ψj
∂y

)
+
∂w0

∂y

(
A26

∂ψj
∂y

+ A66
∂ψj
∂x

)]}
+
∂w0

∂y

{1

2

[∂w0

∂x

(
A12

∂ψj
∂x

+ A26
∂ψj
∂y

)
+
∂w0

∂y

(
A22

∂ψj
∂y

+ A26
∂ψj
∂x

)]}
.

(E.18)

[
K34
ij

]L

=
[
K43
ji

]L

=

∫
Ωe
K
[(∂ψi

∂x
A55+

∂ψi
∂y

A45

)
ψj

]
dxdy. (E.19)
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[
K34
ij

]NL

=

∫
Ωe

[∂ψi
∂x

{∂w0

∂x

(
B11

∂ψj
∂x

+B16
∂ψj
∂y

)
+
∂w0

∂y

(
B16

∂ψj
∂x

+B66
∂ψj
∂y

)}
+
∂ψi
∂y

{∂w0

∂x

(
B16

∂ψj
∂x

+B66
∂ψj
∂y

)}
+
∂w0

∂y

(
B12

∂ψj
∂x

+B26
∂ψj
∂y

)}]
dxdy.

(E.20)

[
K35
ij

]L

=
[
K53
ji

]L

=

∫
Ωe
K
[(∂ψi

∂x
A45 +

∂ψi
∂y

A44

)
ψj

]
dxdy. (E.21)

[
K35
ij

]NL

=

∫
Ωe

[∂ψi
∂x

{∂w0

∂x

(
B12

∂ψj
∂y

+B16
∂ψj
∂x

)
+
∂w0

∂y

(
B26

∂ψj
∂y

+B66
∂ψj
∂x

)}
+
∂ψi
∂y

{∂w0

∂x

(
B26

∂ψj
∂y

+B66
∂ψj
∂x

)
+
∂w0

∂y

(
B22

∂ψj
∂y

+B26
∂ψj
∂x

}]
dxdy.

(E.22)

[
K43
ij

]NL

=

∫
Ωe

1

2

[∂ψi
∂x

{
B11

∂w0

∂x

∂ψj
∂x

+B12
∂w0

∂y

∂ψj
∂y

+B16

(∂w0

∂x

∂ψj
∂y

+
∂w0

∂y

∂ψj
∂x

)}
+
∂ψi
∂y

{
B16

∂w0

∂x

∂ψj
∂x

+B26
∂w0

∂y

∂ψj
∂y

+B66

(∂w0

∂x

∂ψj
∂y

+
∂w0

∂y

∂ψj
∂x

)}]
dxdy.

(E.23)

[
K44
ij

]L

=

∫
Ωe

[∂ψi
∂x

(
D11

∂ψj
∂x

+D16
∂ψj
∂y

)
+
∂ψi
∂y

(
D16

∂ψj
∂x

+D66
∂ψj
∂y

)
+KA55ψiψj

]
dxdy.

(E.24)

[
K45
ij

]L

=
[
K54
ji

]L

=

∫
Ωe

[∂ψi
∂x

(
D12

∂ψj
∂y

+D16
∂ψj
∂x

)
+
∂ψi
∂y

(
D26

∂ψj
∂y

+D66
∂ψj
∂x

)
+KA45ψiψj

]
dxdy.

(E.25)

[
K53
ij

]NL

=

∫
Ωe

1

2

[∂ψi
∂x

{
B16

∂w0

∂x

∂ψj
∂x

+B26
∂w0

∂y

∂ψj
∂y

+B66

(∂w0

∂x

∂ψj
∂y

+
∂w0

∂y

∂ψj
∂x

)}
+
∂ψi
∂y

{
B12

∂w0

∂x

∂ψj
∂x

+B22
∂w0

∂y

∂ψj
∂y

+B26

(∂w0

∂x

∂ψj
∂y

+
∂w0

∂y

∂ψj
∂x

)}]
dxdy.

(E.26)
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[
K55
ij

]L

=

∫
Ωe

[∂ψi
∂x

(
D26

∂ψj
∂y

+D66
∂ψj
∂x

)
+
∂ψi
∂y

(
D22

∂ψj
∂y

+D26
∂ψj
∂x

)
+KA44ψiψj

]
dxdy.

(E.27)

E.2 Components of mass matrix M

M11
ij =

∫
Ωe
I0ψiψjdxdy. (E.28)

M14
ij =

∫
Ωe
I1ψiψjdxdy. (E.29)

M22
ij =

∫
Ωe
I0ψiψjdxdy. (E.30)

M25
ij =

∫
Ωe
I1ψiψjdxdy. (E.31)

M33
ij =

∫
Ωe
I0ψiψjdxdy. (E.32)

M41
ij =

∫
Ωe
I1ψiψjdxdy. (E.33)

M44
ij =

∫
Ωe
I2ψiψjdxdy. (E.34)

M52
ij =

∫
Ωe
I1ψiψjdxdy. (E.35)

M55
ij =

∫
Ωe
I2ψiψjdxdy. (E.36)

The other mass matrix components are zero.

E.3 Components of force vector, F

F 1
i =

∮
Γe
ψi

{
nxNxx + nyNxy

}
ds. (E.37)

F 2
i =

∮
Γe
ψi

{
nxNxy + nyNyy

}
ds. (E.38)

F 3
i =

∫
Ωe
ψiqdxdy +

∮
Γe
ψiQnzds. (E.39)
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F 4
i =

∮
Γe
ψi

{
nxMxx + nyMxy

}
ds. (E.40)

F 5
i =

∮
Γe
ψi

{
nxMxy + nyMyy

}
ds. (E.41)
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Appendix F

FSDT: DERIVATION OF CLOSED FORM SOLUTIONS FOR
CYLINDRICAL BENDING

In this appendix, analytical solutions to the cylindrical bending problems of FSDT illus-

trated in Fig 4.4 are derived by following the work of Reddy [68].

Based on the assumptions discussed in Section 4.4.1, the equations of motion presented

in Eqs (4.15) to (4.19) can be reduced to Eqs (F.1) to (F.4) for static analysis.

A11
d2u0

dx2
+ A16

d2v0

dx2
+B11

d2φx
dx2

= 0. (F.1)

A16
d2u0

dx2
+ A66

d2v0

dx2
+B16

d2φx
dx2

= 0. (F.2)

B11
d2u0

dx2
+B16

d2v0

dx2
+D11

d2φx
dx2

−KA55

(dw0

dx
+ φx

)
= 0. (F.3)

KA55

(d2w0

dx2
+
dφx
dx

)
+

d

dx

(
Nxx

dw0

dx

)
+ q = 0. (F.4)

For static condensation, Eqs (F.1) and (F.2) can be reorganized to express u0 and v0 in

terms of φx as shown in Eqs (F.5) and (F.6).

d2u0

dx2
=
B

A

d2φx
dx2

, (F.5)

where A = A11A66 − (A16)2 and B = B11A66 − A16B16.

d2v0

dx2
=
(A16B −B16A

A66A

)d2φx
dx2

. (F.6)
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Substituting Eqs (F.5) and (F.6) into Eq (F.3), Eqs (F.1) to (F.3) condense into Eq (F.7).

D
d2φx
dx2

−KA55

(dw0

dx
+ φx

)
= 0, (F.7)

where

D = D11 −B11B̄ −B16C̄, B̄ =
B

A
, C̄ =

C

A
, C = A11B16 − A16B11. (F.8)

F.1 Linear static bending

For a plate strip clamped at both ends and subjected to uniformly distributed transverse

load q0, Eq (F.4) reduces to

KA55

(d2w0

dx2
+
dφx
dx

)
+ q0 = 0 (F.9)

because the in-plane stress resultants Nxx are zero for linear static bending1.

Differentiating Eq (F.7) with respect to x and combining it with Eq (F.9), φx can be

expressed as

D
d3φx
dx3

= −q0. (F.10)

Integrating Eq (F.10) with respect to x, a general solution for φx is obtained as

φx(x) =
1

D

[
− q0

6
x3 + c1

x2

2
+ c2x+ c3

]
, (F.11)

where c1, c2, and c3 are integration constants and can be determined using boundary condi-

tions.

1For nonlinear static bending under transverse loading, the in-plane stress resultants Nxx would not be
zero because in-plane strains and stresses are functions of transverse displacement w0 (see Eq (C.7)).
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Substituting Eq (F.11) into Eq (F.9), a general solution for w0 is obtained as

w0(x) =− 1

D

[
− q0

24
x4 + c1

x3

6
+ c2

x2

2
+ c3x+ c4

]
+

1

KA55

[
−
∫ x

0

∫ ξ

0

q0dζdξ + c1x
]
,

(F.12)

where c4 is an integration constant and can be determined using boundary conditions.

By applying boundary conditions, the solutions to linear static bending at the clamped

boundary conditions can be obtained as

w0(x) =
q0a

4

24D

{(x
a

)2

−
(x
a

)}2

+
q0a

2

2KA55

{(x
a

)
−
(x
a

)2}
, (F.13)

φx(x) = − q0a
3

12D

{
2
(x
a

)3

− 3
(x
a

)2

+
(x
a

)}
. (F.14)

F.2 Buckling

For buckling analysis, q and Nxx are set to zero and −N0
xx, receptively, where N0

xx is a com-

pressive in-plane stress resultant applied to the boundary. Thus, Eq (F.4) can be simplified

to

KA55

(d2w0

dx2
+
dφx
dx

)
−N0

xx

d2w0

dx2
= 0, (F.15)

or

dφx
dx

= −
(

1− N0
xx

KA55

)d2w0

dx2
. (F.16)

Differentiating Eq (F.7) with respect to x and substituting Eq (F.16) into the equation,

a new equation for w0 is given by

D
(

1− N0
xx

KA55

)d4w0

dx4
+N0

xx

d2w0

dx2
= 0. (F.17)
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The general solution to Eq (F.17) is

w0(x) = c1sinλx+ c2cosλx+ c3x+ c4, (F.18)

where

λ2 =
N0
xx(

1− N0
xx

KA55

)
D
, (F.19)

or

N0
xx =

λ2D

1 + λ2D
KA55

, (F.20)

and c1 through c4 are constants of integration and can be determined using boundary con-

ditions.

For a plate strip clamped at both ends, λ is governed by

2(cosλa− 1)
(

1 +
λ2D

KA55

)
+ λasinλa = 0. (F.21)

The first root of Eq (F.21) is λ1 = 2π and thus the buckling load for the first mode is given

by

Ncr =
(2π

a

)2

D
[
1− D(2π/a)2

KA55 +D(2π/a)2

]
. (F.22)
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Appendix G

MITC4: COMPONENTS OF THE STIFFNESS MATRIX K

An MITC4 model can be obtained by manipulating only the shear stiffness terms of the

FSDT model in Eq (E.1). This appendix presents the components of the shear stiffness

terms of MITC4: K33, K34, K35, K43, K44, K45, K53, K54, and K55.

[
K33
ij

]L

=

∫
Ωe
K
[
A44

(
− ∂ψi

∂ξ

√
J2

21 + J2
22

|detJ |
cosβ +

∂ψi
∂η

√
J2

11 + J2
12

|detJ |
cosα

)
×
(
− ∂ψj

∂ξ

√
J2

21 + J2
22

|detJ |
cosβ +

∂ψi
∂η

√
J2

11 + J2
12

|detJ |
cosα

)
+A45

{(
− ∂ψi

∂ξ

√
J2

21 + J2
22

|detJ |
cosβ +

∂ψi
∂η

√
J2

11 + J2
12

|detJ |
cosα

)
×
(∂ψj
∂ξ

√
J2

21 + J2
22

|detJ |
sinβ − ∂ψi

∂η

√
J2

11 + J2
12

|detJ |
sinα

)
+
(∂ψi
∂ξ

√
J2

21 + J2
22

|detJ |
sinβ − ∂ψi

∂η

√
J2

11 + J2
12

|detJ |
sinα

)
×
(
− ∂ψj

∂ξ

√
J2

21 + J2
22

|detJ |
cosβ +

∂ψi
∂η

√
J2

11 + J2
12

|detJ |
cosα

)}
+A55

(∂ψi
∂ξ

√
J2

21 + J2
22

|detJ |
sinβ − ∂ψi

∂η

√
J2

11 + J2
12

|detJ |
sinα

)
×
(∂ψj
∂ξ

√
J2

21 + J2
22

|detJ |
sinβ − ∂ψi

∂η

√
J2

11 + J2
12

|detJ |
sinα

)]
dxdy.

(G.1)
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[
K34
ij

]L

=

∫
Ωe
K
[
A44

(
− ∂ψi

∂ξ

√
J2

21 + J2
22

|detJ |
cosβ +

∂ψi
∂η

√
J2

11 + J2
12

|detJ |
cosα

)
×
(
− ϕηxj

√
J2

21 + J2
22

|detJ |
cosβ + ϕξxj

√
J2

11 + J2
12

|detJ |
cosα

)
+A45

{(
− ∂ψi

∂ξ

√
J2

21 + J2
22

|detJ |
cosβ +

∂ψi
∂η

√
J2

11 + J2
12

|detJ |
cosα

)
×
(
ϕηxj

√
J2

21 + J2
22

|detJ |
sinβ − ϕξxj

√
J2

11 + J2
12

|detJ |
sinα

)
+
(∂ψi
∂ξ

√
J2

21 + J2
22

|detJ |
sinβ − ∂ψi

∂η

√
J2

11 + J2
12

|detJ |
sinα

)
×
(
− ϕηxj

√
J2

21 + J2
22

|detJ |
cosβ + ϕξxj

√
J2

11 + J2
12

|detJ |
cosα

)}
+A55

(∂ψi
∂ξ

√
J2

21 + J2
22

|detJ |
sinβ − ∂ψi

∂η

√
J2

11 + J2
12

|detJ |
sinα

)
×
(
ϕηxj

√
J2

21 + J2
22

|detJ |
sinβ − ϕξxj

√
J2

11 + J2
12

|detJ |
sinα

)]
dxdy,

(G.2)

where

ϕηx1 = ϕηx2 =
(1− η)(x2 − x1)

8
,

ϕηx3 = ϕηx4 =
(1 + η)(x3 − x4)

8
,

ϕηy1 = ϕηy2 =
(1− η)(y2 − y1)

8
,

ϕηy3 = ϕηy4 =
(1 + η)(y3 − y4)

8
,

ϕξx1 = ϕξx4 =
(1− ξ)(x4 − x1)

8
,

ϕξx2 = ϕξx3 =
(1 + ξ)(x3 − x2)

8
,

ϕξy1 = ϕξy4 =
(1− ξ)(y4 − y1)

8
,

ϕξy2 = ϕξy3 =
(1 + ξ)(y3 − y2)

8
.

(G.3)
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[
K35
ij

]L

=

∫
Ωe
K
[
A44

(
− ∂ψi

∂ξ

√
J2

21 + J2
22

|detJ |
cosβ +

∂ψi
∂η

√
J2

11 + J2
12

|detJ |
cosα

)
×
(
− ϕηyj

√
J2

21 + J2
22

|detJ |
cosβ + ϕξyj

(√J2
11 + J2

12

|detJ |
cosα

)
+A45

{(
− ∂ψi

∂ξ

√
J2

21 + J2
22

|detJ |
cosβ +

∂ψi
∂η

(√J2
11 + J2

12

|detJ |
cosα

)
×
(
ϕηyj

√
J2

21 + J2
22

|detJ |
sinβ − ϕξyj

√
J2

11 + J2
12

|detJ |
sinα

)
+
(∂ψi
∂ξ

√
J2

21 + J2
22

|detJ |
sinβ − ∂ψi

∂η

√
J2

11 + J2
12

|detJ |
sinα

)
×
(
− ϕηyj

√
J2

21 + J2
22

|detJ |
cosβ + ϕξyj

√
J2

11 + J2
12

|detJ |
cosα

)}
+A55

(∂ψi
∂ξ

(√J2
21 + J2

22

|detJ |
sinβ +

∂ψi
∂η

(
−
√
J2

11 + J2
12

|detJ |
sinα

)
×
(
ϕηyj

√
J2

21 + J2
22

|detJ |
sinβ − ϕξyj

√
J2

11 + J2
12

|detJ |
sinα

)]
dxdy.

(G.4)

[
K43
ij

]L

=
[
K34
ji

]L

. (G.5)
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[
K44
ij

]L

=

∫
Ωe

[∂ψi
∂x

(
D11

∂ψj
∂x

+D16
∂ψj
∂y

)
+
∂ψi
∂y

(
D16

∂ψj
∂x

+D66
∂ψj
∂y

)
+KA44

(
− ϕηxi

√
J2

21 + J2
22

|detJ |
cosβ + ϕξxi

√
J2

11 + J2
12

|detJ |
cosα

)
×
(
− ϕηxj

√
J2

21 + J2
22

|detJ |
cosβ + ϕξxj

√
J2

11 + J2
12

|detJ |
cosα

)
+KA45

{(
− ϕηxi

√
J2

21 + J2
22

|detJ |
cosβ + ϕξxi

√
J2

11 + J2
12

|detJ |
cosα

)
×
(
ϕηxj

√
J2

21 + J2
22

|detJ |
sinβ − ϕξxj

√
J2

11 + J2
12

|detJ |
sinα

)
+
(
ϕηxi

√
J2

21 + J2
22

|detJ |
sinβ − ϕξxi

√
J2

11 + J2
12

|detJ |
sinα

)
×
(
− ϕηxj

√
J2

21 + J2
22

|detJ |
cosβ + ϕξxj

√
J2

11 + J2
12

|detJ |
cosα

)}
+KA55

(
ϕηxi

√
J2

21 + J2
22

|detJ |
sinβ − ϕξxi

√
J2

11 + J2
12

|detJ |
sinα

)
×
(
ϕηxj

√
J2

21 + J2
22

|detJ |
sinβ − ϕξxj

√
J2

11 + J2
12

|detJ |
sinα

)]
dxdy.

(G.6)
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[
K45
ij

]L

=

∫
Ωe

[∂ψi
∂x

(
D12

∂ψj
∂y

+D16
∂ψj
∂x

)
+
∂ψi
∂y

(
D26

∂ψj
∂y

+D66
∂ψj
∂x

)
+KA44

(
− ϕηxi

√
J2

21 + J2
22

|detJ |
cosβ + ϕξxi

√
J2

11 + J2
12

|detJ |
cosα

)
×
(
− ϕηyj

√
J2

21 + J2
22

|detJ |
cosβ + ϕξyj

√
J2

11 + J2
12

|detJ |
cosα

)
+KA45

{(
− ϕηxi

√
J2

21 + J2
22

|detJ |
cosβ + ϕξxi

√
J2

11 + J2
12

|detJ |
cosα

)
×
(
ϕηyj

√
J2

21 + J2
22

|detJ |
sinβ − ϕξyj

√
J2

11 + J2
12

|detJ |
sinα

)
+
(
ϕηxi

√
J2

21 + J2
22

|detJ |
sinβ − ϕξxi

√
J2

11 + J2
12

|detJ |
sinα

)
×
(
− ϕηyj

√
J2

21 + J2
22

|detJ |
cosβ + ϕξyj

√
J2

11 + J2
12

|detJ |
cosα

)}
+KA55

(
ϕηxi

√
J2

21 + J2
22

|detJ |
sinβ − ϕξxi

√
J2

11 + J2
12

|detJ |
sinα

)
×
(
ϕηyj

√
J2

21 + J2
22

|detJ |
sinβ − ϕξyj

√
J2

11 + J2
12

|detJ |
sinα

)]
dxdy.

(G.7)

[
K53
ij

]L

=
[
K35
ji

]L

. (G.8)

[
K54
ij

]L

=
[
K45
ji

]L

. (G.9)
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[
K55
ij

]L

=

∫
Ωe

[∂ψi
∂x

(
D26

∂ψj
∂y

+D66
∂ψj
∂x

)
+
∂ψi
∂y

(
D22

∂ψj
∂y

+D26
∂ψj
∂x

)
+KA44

(
− ϕηyi

√
J2

21 + J2
22

|detJ |
cosβ + ϕξyi

√
J2

11 + J2
12

|detJ |
cosα

)
×
(
− ϕηyj

√
J2

21 + J2
22

|detJ |
cosβ + ϕξyj

√
J2

11 + J2
12

|detJ |
cosα

)
+KA45

{(
− ϕηyi

√
J2

21 + J2
22

|detJ |
cosβ + ϕξyi

√
J2

11 + J2
12

|detJ |
cosα

)
×
(
ϕηyj

√
J2

21 + J2
22

|detJ |
sinβ − ϕξyj

√
J2

11 + J2
12

|detJ |
sinα

)
+
(
ϕηyj

√
J2

21 + J2
22

|detJ |
sinβ − ϕξyi

√
J2

11 + J2
12

|detJ |
sinα)

)
×
(
− ϕηyj

√
J2

21 + J2
22

|detJ |
cosβ + ϕξyj

√
J2

11 + J2
12

|detJ |
cosα

)}
+A55

(
ϕηyj

√
J2

21 + J2
22

|detJ |
sinβ − ϕξyi

√
J2

11 + J2
12

|detJ |
sinα

)
×
(
ϕηyj

√
J2

21 + J2
22

|detJ |
sinβ − ϕξyj

√
J2

11 + J2
12

|detJ |
sinα

)]
dxdy.

(G.10)
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Appendix H

EAS: HU-WASHIZU VARIATIONAL PRINCIPLE

The EAS method employs the Hu-Washizu principle as its variational basis. The principle

is based on the three-field variational variables (i.e., virtual displacements, stresses, and

strains), and embraces the principles of virtual work and complementary virtual work, and

the Hellinger-Reissner principle as its special cases. This appendix presents the Hu-Washizu

variational principle based on the work of Washizu in Refs [93, 94].

The principle of virtual work for small strains can be stated as:

∫
Ω0

∫ h
2

−h
2

[
σxxδεxx + σyyδεyy + σzzδεzz + τxyδγxy + τxzδγxz + τyzδγyz

]
dzdxdy

−
∫

Ω0

∫ h
2

−h
2

[
f̄xδu+ f̄yδv + f̄zδw

]
dzdxdy −

∫
Γσ

[
T̄xδu+ T̄yδv + T̄zδw

]
ds = 0,

(H.1)

where (f̄x, f̄y, f̄z) are the components of body forces per unit volume, and (T̄x, T̄y, T̄z) are

the components of prescribed external forces per unit area of the boundary surface.

The integrand in the virtual strain energy term can be defined as

δA = σxxδεxx + σyyδεyy + σzzδεzz + τxyδγxy + τxzδγxz + τyzδγyz. (H.2)
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Thus, a state function A can be obtained as

A(εxx, εyy, εzz, τyz, τxz, τxy) =
1

2

[(
C̄11εxx + C̄12εyy + ...+ C̄16γxy

)
εxx

+
(
C̄21εxx + C̄22εyy + ...+ C̄26γxy

)
εyy

+
(
C̄31εxx + C̄32εyy + ...+ C̄36γxy

)
εzz

+
(
C̄41εxx + C̄42εyy + ...+ C̄46γxy

)
γyz

+
(
C̄51εxx + C̄52εyy + ...+ C̄56γxy

)
γxz

+
(
C̄61εxx + C̄62εyy + ...+ C̄66γxy

)
γyz

]
,

(H.3)

where C̄ij are the components of an elastic coefficient matrix C̄ (see Appendix B). Thus, the

total potential energy can be given by

Π =

∫
Ω0

∫ h
2

−h
2

A(εxx, εyy, εzz, τyz, τxz, τxy)dzdxdy

−
∫

Ω0

∫ h
2

−h
2

[
f̄xu+ f̄yv + f̄zw

]
dzdxdy −

∫
Γσ

[
T̄xu+ T̄yv + T̄zw

]
ds.

(H.4)

The principle of virtual work can be generalized by incorporating in it its subsidiary

conditions (i.e., strain-displacement1 and stress-strain relations2) using Lagrange multipliers:

1The strain-displacement relations of this work are described in Eq (C.7) in the form of von Kármán
strains.

2The stress-strain relations of this work are given in Eq (B.9) in the form of lamina constitutive relation.
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σxx, σyy, τyz, τxz, τxy. The functional for the generalized principle can be written as

ΠG =

∫
Ω0

∫ h
2

−h
2

[
A(εxx, εyy, εzz, τyz, τxz, τxy)

−
(
εxx −

∂u

∂x

)
σxx −

(
εyy −

∂v

∂y

)
σyy −

(
εzz −

∂w

∂z

)
σyy

−
(
γyz −

∂v

∂z
− ∂w

∂y

)
τxz −

(
γxz −

∂u

∂z
− ∂w

∂x

)
τxz −

(
γxy −

∂u

∂y
− ∂v

∂x

)
τxy

−
(
f̄xu+ f̄yv + f̄zw

)]
dzdxdy

−
∫

Γσ

[
T̄xu+ T̄yv + T̄zw

]
ds

−
∫

Γu

[(
u− ū

)
Tx +

(
v − v̄

)
Ty +

(
w − w̄

)
Tz

]
ds.

(H.5)

The independent variables subject to variation in the functional are u, v, w, εxx, εyy, εzz,

τyz, τxz, τxy, σxx, σyy, τyz, τxz, and τxy. Taking variations of these variables, a generalized

variational principle can be obtained as

δΠG =

∫
Ω0

∫ h
2

−h
2

[( ∂A
∂εxx

− σxx
)
δεxx +

( ∂A
∂εyy

− σyy
)
δεyy +

( ∂A
∂εzz

− σzz
)
δεzz

+
( ∂A
∂γyz

− τyz
)
δγyz +

( ∂A
∂γxz

− τxz
)
δγxz +

( ∂A
∂γxy

− τxy
)
δγxy

−
(
εxx −

∂u

∂x

)
δσxx −

(
εyy −

∂v

∂y

)
δσyy −

(
εzz −

∂w

∂z

)
δσzz

−
(
γyz −

∂v

∂z
− ∂w

∂y

)
δτxz −

(
γxz −

∂u

∂z
− ∂w

∂x

)
δτxz

−
(
γxy −

∂u

∂y
− ∂v

∂x

)
δτxy

−
(∂σxx
∂x

+
∂τxy
∂y

+
∂τzx
∂z

+ f̄x

)
δu−

(∂τxy
∂x

+
∂σyy
∂y

+
∂τzy
∂z

+ f̄y

)
δv

−
(∂τxz
∂x

+
∂τyz
∂y

+
∂σzz
∂z

+ f̄z

)
δw
]
dzdxdy

+

∫
Γσ

[(
Tx − T̄x

)
δu+

(
Ty − T̄y

)
δv +

(
Tz − T̄z

)
δw
]
ds.

(H.6)
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This generalized principle is called the Hu-Washizu variational principle.

Thus, the stationary conditions of the functional for the Hu-Washizu variational principle

can be obtained as

∫
Ω0

∫ h
2

−h
2

[
∇sδu · σ

]
dzdxdy −

∫
Ω0

∫ h
2

−h
2

f̄ · δudzdxdy = 0, (H.7)

∫
Ω0

∫ h
2

−h
2

[(∂A
∂ε
− σ

)
· δε
]
dzdxdy = 0, (H.8)

∫
Ω0

∫ h
2

−h
2

[(
− ε+∇su

)
· δσ

]
dzdxdy = 0, (H.9)

for

u =


u

v

w

 , σ =



σxx

σyy

σzz

τyz

τxz

τxy


, ε =



εxx

εyy

εzz

γyz

γxz

γxy


, f̄ =


f̄x

f̄y

f̄z

 , (H.10)

where∇su is a symmetric gradient of a displacement field u. The other stationary conditions

on Γσ give natural (or force) boundary conditions:

Tx = T̄x, Ty = T̄y, Tz = T̄z. (H.11)
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Appendix I

EAS: COMPONENTS OF THE STIFFNESS MATRIX K

This appendix presents the components of kuα, kαu, and kαα in Eq (5.103).

[
k11

uα

]L

ik
=
[
k11
αu

]L

ki
=

∫
Ωe

[∂ψi
∂x

(
A11G1k

m + A12G2k
m + A16G3k

m

)
+
∂ψi
∂y

(
A16G1k

m + A26G2k
m + A66G3k

m

)]
dxdy,

(I.1)

where i = 1, ..., 4 for four-node elements and k = 1, ..., n for an m× n matrix Gm.

[
k12

uα

]L

ip
=
[
k21
αu

]L

pi
=

∫
Ωe

[∂ψi
∂x

(
B11G1p

b +B12G2p
b +B16G3p

b

)
+
∂ψi
∂y

(
B16G1p

b +B26G2p
b +B66G3p

b

)]
dxdy,

(I.2)

where p = 1, ..., n for an m× n matrix Gb.

[
k13

uα

]
ip

=
[
k31
αu

]
pi

= 0 (I.3)

[
k21

uα

]L

ik
=
[
k12
αu

]L

ki
=

∫
Ωe

[∂ψi
∂y

(
A12G1k

m + A22G2k
m + A26G3k

m

)
+
∂ψi
∂x

(
A16G1k

m + A26G2k
m + A66G3k

m

)}
dxdy.

(I.4)
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[
k22

uα

]L

ip
=
[
k22
αu

]L

pi
=

∫
Ωe

[∂ψi
∂y

(
B12G1p

b +B22G2p
b +B26G3p

b

)
+
∂ψi
∂x

(
B16G1p

b +B26G2p
b +B66G3p

b

]}
dxdy.

(I.5)

[
k23

uα

]
ip

=
[
k32
αu

]
pi

= 0 (I.6)

[
k31

uα

]NL

ik
=

∫
Ω0

[∂ψi
∂x

∂w0

∂x

(
A11G1k

m + A12G2k
m + A16G3k

m

)
+
∂ψi
∂x

∂w0

∂y

(
A16G1k

m + A26G2k
m + A66G3k

m

)
+
∂ψi
∂y

∂w0

∂x

(
A16G1k

m + A26G2k
m + A66G3k

m

)
+
∂ψi
∂y

∂w0

∂y

(
A12G1k

m + A22G2k
m + A26G3k

m

)]
dxdy.

(I.7)

[
k32

uα

]NL

ip
=

∫
Ω0

[∂ψi
∂x

∂w0

∂x

(
B11G1p

b +B12G2p
b +B16G3p

b

)
+
∂ψi
∂x

∂w0

∂y

(
B16G1p

b +B26G2p
b +B66G3p

b

)
+
∂ψi
∂y

∂w0

∂x

(
B16G1p

b +B26G2p
b +B66G3p

b

)
+
∂ψi
∂y

∂w0

∂y

(
B12G1p

b +B22G2p
b +B26G3p

b

)]
dxdy.

(I.8)

[
k33

uα

]L

iq
=
[
k33
αu

]L

qi
=

∫
Ω0

K
[∂ψi
∂x

(
A45G2q

s + A55G1q
s

)
+
∂ψi
∂y

(
A44G2q

s + A45G1q
s

)]
dxdy,

(I.9)
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where q = 1, ..., n for an m× n matrix Gb.

[
k41

uα

]L

ik
=
[
k14
αu

]L

ki
=

∫
Ω0

[∂ψi
∂x

(
B11G1k

m +B12G2k
m +B16G3k

m

)
+
∂ψi
∂y

(
B16G1k

m +B26G2k
m +B66G3k

m

)]
dxdy.

(I.10)

[
k42

uα

]L

ip
=
[
k24
αu

]L

pi
=

∫
Ω0

[∂ψi
∂x

(
D11G1p

b +D12G2p
b +D16G3p

b

)
+
∂ψi
∂y

(
D16G1p

b +D26G2p
b +D66G3p

b

)]
dxdy.

(I.11)

[
k43

uα

]L

iq
=
[
k34
αu

]L

qi
=

∫
Ω0

Kψi

(
A45G2q

s + A55G1q
s

)
dxdy. (I.12)

[
k51

uα

]L

ik
=
[
k15
αu

]L

ki
=

∫
Ω0

[∂ψi
∂x

(
B16G1k

m +B26G2k
m +B66G3k

m

)
+
∂ψi
∂y

(
B12G1k

m +B22G2k
m +B26G3k

m

)]
dxdy.

(I.13)

[
k52

uα

]L

ip
=
[
k25
αu

]L

pi
=

∫
Ω0

[∂ψi
∂x

(
D16G1p

b +D26G2p
b +D66G3p

b

)
+
∂ψi
∂y

(
D12G1p

b +D22G2p
b +D26G3p

b

)]
dxdy.

(I.14)

[
k53

uα

]L

iq
=
[
k35
αu

]L

qi
=

∫
Ω0

Kψi

(
A44G2q

s + A45G1q
s

)
dxdy. (I.15)
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[
k13
αu

]NL

gj
=

∫
Ω0

1

2

{
G1g
m
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+ A66
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+
∂w0
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∂ψj
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)]}
dxdy,

(I.16)

where j = 1, ..., 4 for four-node elements and g = 1, ..., n for an m× n matrix Gm.
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]NL
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[
B16

∂w0
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∂ψj
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+
∂w0
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∂ψj
∂y

)]}
dxdy,

(I.17)

where f = 1, ..., n for an m× n matrix Gb.
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=
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[
G1g
m

(
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m + A16G3k

m

)
+ G2g

m

(
A12G1k
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m + A26G3k

m

)
+ G3g

m

(
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m + A66G3k

m

)]
dxdy.

(I.18)

[
K12
αα

]L
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=
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αα

]L
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=

∫
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[
G1g
m

(
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b

)
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m

(
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b +B26G3p

b

)
+ G3g

m

(
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b +B26G2p
b +B66G3p

b

)]
dxdy.

(I.19)

[
k13
αα

]
ip

=
[
k31
αα

]
pi

= 0 (I.20)

[
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αα

]L
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=

∫
Ω0

[
G1f
b

(
D11G1p

b +D12G2p
b +D16G3p

b

)
+ G2f

b

(
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b +D22G2p
b +D26G3p

b

)
+ G3f

b

(
D16G1p

b +D26G2p
b +D66G3p

b

)]
dxdy.

(I.21)

[
k23
αα

]
ip

=
[
k32
αα

]
pi

= 0 (I.22)

[
k33
αα

]L

eq
=

∫
Ω0

[
G4e
s

(
A45G2q

s + A55G1q
s

)
+ G5e

s

(
As44G2q

s + As45G1q
s

)]
dxdy, (I.23)
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where e = 1, ..., n for an m× n matrix Gs.


	Introduction
	Motivation
	Nonlinear dynamics of post-buckled systems
	Fatigue of composite structures
	Overview

	Experimental nonlinear dynamics of post-buckled plates
	Introduction
	Experimental setup for forced dynamic tests
	Experimental results and discussions
	Summary

	Modeling and simulation: displacement-based approach
	CLPT model and simulation results
	Introduction
	Nonlinear equations of motion and FEM for CLPT
	Modeling of the post-buckled specimen
	Damping
	Dynamic simulation results
	Summary

	FSDT model and numerical locking
	Introduction
	Nonlinear equations of motion for FSDT
	FEM formulation for an FSDT model
	Demonstration of locking issues for cylindrical bending problems
	Summary


	Modeling and simulation: assumed strain-based approach
	Assumed strain theories
	Introduction
	MITC4 method
	EAS method
	Linear static analysis using MITC4 and EAS models
	Summary

	Nonlinear static modeling and stress fields of the post-buckled specimen
	Introduction
	Modeling of the post-buckled specimen
	Results: stress fields of the post-buckled specimen
	Summary

	Simulation of nonlinear dynamics and stress fields of the post-buckled specimen
	Introduction
	Dynamic simulation and validation of EAS model
	Stress analysis: single-well vs. snap-through cases
	Stress analysis: flat vs. post-buckled plates
	Summary

	Summary and future work
	Summary
	Future work

	Bibliography
	Estimations of the transverse shear moduli of a plain-weave prepreg T800H-6K/3900-2
	Lamina and Laminate constitutive relations
	Lamina constitutive relation for a specially orthotropic lamina
	Lamina constitutive relation for a generally orthotropic lamina
	Laminate constitutive relation

	von Kármán strains
	Green-Lagrange (large) strains
	Small strains
	von Kármán strains

	FSDT: Derivation of nonlinear equations of motion
	Virtual strain energy U
	Virtual work done V
	Virtual kinetic energy K
	Nonlinear equation of motion
	Boundary conditions

	FSDT: Components of the stiffness and mass matrices and force vector
	Components of stiffness matrix bold0mu mumu KKsubappendixKKKK
	Components of mass matrix bold0mu mumu MMsubappendixMMMM
	Components of force vector, bold0mu mumu FFsubappendixFFFF

	FSDT: Derivation of closed form solutions for cylindrical bending
	Linear static bending
	Buckling

	MITC4: Components of the stiffness matrix K
	EAS: Hu-Washizu variational principle
	EAS: Components of the stiffness matrix K


