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Spatiotemporal systems across various fields are often complex and high-dimensional. This

thesis addresses several key problems related to sparse sensing, focusing on the exploitation

of low-dimensional structures within high-dimensional data to optimize limited sensor usage

for system understanding. We first examine the power grid system and optimize PMU sensor

placements such that the dynamical modes and their properties inferred from measurements

can be used to characterize faults at different locations. Then, we shift our attention to

mobile sensor applications and their associated challenges. Leveraging system observability

as a critical metric for path planning, we employ a Kalman filter estimator to optimize sensor

trajectories. We introduce a greedy path planning method that enhances the conditioning

of system observability along the path, assuming no constraints on sensor movement. We

further extend the exploration of mobile sensor path planning by considering the additional

complexity of sensor control and movement introduced by background flows. We design

an end-to-end model using deep reinforcement learning to simultaneously optimize path

decisions and sensor control for mobile sensors. Lastly, we delve into nonlinear reconstruction

for mobile sensors using decoder networks and address the challenges of long time dependency

and sensitivity to measurement noise. Our proposed robust state space decoder model, with

intricately designed parameter initialization, demonstrates improved performance compared

to existing estimation models.
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Chapter 1

INTRODUCTION

1.1 Sparse sensor problems

In an era dominated by data, the integration of sensors into various systems has ushered in

a new age of insights and possibilities. The point-source sensor measurements has enabled

efficient and accurate real-time monitoring, analysis, and decision-making. However, as the

sensing demand for more sophisticated and large-scale systems grows, the imperative needs

and challenges associated with sparse sensor deployment become increasingly conspicuous.

Numerous scientific disciplines require a profound comprehension of spatio-temporal data

derived from sensor measurements. This understanding serves diverse purposes such as sys-

tem characterization, forecasting, reconstruction, and control. The world we live in is woven

with dynamics, observable across diverse fields, ranging from environmental monitoring and

geospatial analysis, to neural activities in brain and blood circulations, epidemiology, as well

as industrial automation and power grid systems. In the majority of systems, it is rarely

possible or plausible to deploy sensors for full system coverage due to inherent constraints.

Consequently, drawing from prior understanding of the system, whether through theoretical

modeling or empirical data, we oftentimes rely on limited measurements from sparse sensors

in the system to perform the tasks.

The sparse sensor problem, characterized by a limited number of deployed sensors rela-

tive to the spatial extent of the system, present a unique set of challenges and opportunities.

Traditionally, limited stationary sensors are placed at fixed positions in the system of inter-

est. More recently, mobile sensors and autonomous vehicles have gained interest for sparse

sensing. Mobile sensors can be easily moved and deployed in different locations, allowing for

greater flexibility and efficiency in spatio-temporal data collection, providing a more compre-
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hensive understanding of the system. Additionally, mobile sensors can access hard-to-reach

or remote locations where stationary sensors might not be feasible or cost-effective to in-

stall. Mobile sensors can sometimes be more cost-effective than installing and maintaining

stationary sensor networks, particularly in situations where data needs are temporary or

where deploying stationary sensors is impractical. They can also be integrated into various

platforms, such as vehicles and drones, allowing for versatile and adaptive data collection in

different contexts and applications.

While the physical constraints motivate sparse sensing, it is only made possible with the

understanding and assumption that the high dimensional system can be characterized by

dominant dynamic structures in low-dimensional space. A low-rank structure means that

the system’s dynamics can be well-described by a small number of underlying variables or

modes. These patterns and features make up of a dimension space much smaller than the

large-scale, high-precision measurement space of the system, providing an opportunity for

analysis and tasks using sparse sensors. This is generally true for systems of fine spatial and

temporal resolution, allowing information to be well compressed. A few sensors can effectively

and accurately capture the essential information needed to understand and control a system’s

characteristics.

System reconstruction from limited measurements stands out as one of the most de-

manding tasks in the realm of sparse sensing. The ability to reconstruct the full system

state space offers direct insights into its dynamics, making it indispensable for numerous

applications. Thus, achieving accurate and robust system reconstruction is paramount for

effective analysis and decision-making. Meanwhile, categorical tasks such as anomaly detec-

tion and monitoring are also prevalent in both biological and engineered intelligent systems.

These tasks enable the classification of distinct phases and behaviors of the system, as well

as the identification of transient and anomaly events. Much like the challenges encountered

in sparse sensor reconstruction, the classification of states or systems relies on limited mea-

surement information from just a few sensors. However, classification tasks do not require a

comprehensive understanding of the entire state space. Instead, the objective is to identify
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pertinent features within the measurements that distinguish different classes. This charac-

teristic of classification tasks presents opportunities for utilizing even fewer sensors, thereby

enhancing efficiency in sparse sensing applications.

One powerful strategy in sparse sensing is leveraging the compressiveness of high-dimen-

sional systems to promote sensor sparsity. Dimensionality reduction techniques that seek

optimal projections from high-dimensional state spaces to low-dimensional representations

and conversely restorations to the original high dimension, prove particularly effective. Lin-

ear models, despite their simplicity, wield significant power in this context. At a basic level, a

universal linear basis such as the Fourier transform can be employed to map high-dimensional

data into a low-rank representation. However, for more nuanced applications, dimensionality

reduction techniques such as Proper Orthogonal Decomposition (POD) [137, 12], a variant

of Principal Component Analysis (PCA), or more recently, Dynamic Mode Decomposition

(DMD) [128, 150, 71], come into play in finding a more tailored basis to the system of in-

terest. POD, renowned for its capacity to identify low-dimensional spaces within data, may

yield projected representations lacking continuous dynamics. In contrast, DMD, leverag-

ing Koopman operator theory, offers projections to estimated low-dimensional spaces with

proper dynamics, thus providing a more comprehensive understanding of system behavior.

Moreover, the ordered PCA and DMD modes offer valuable insights into system character-

istics. Dominant modes encapsulate the system’s long-term behavior, while transient modes

shed light on short-term dynamics. Modes with high variances are conducive to effective

discrimination between classes, whereas those with low variances represent shared features

across classes, making them less discriminative yet still valuable for classification tasks.

Subsequently, these dimensionality reduction techniques not only enable efficient sensor de-

ployment by promoting low-dimensional representation for reconstruction, but also furnish

crucial insights into system behavior, enhancing the efficacy in classification tasks.

Moving beyond instantaneous estimation from sensor measurements, Kalman filter is a

recursive method that estimates based on collective information from prior knowledge of

the dynamical model and a time-history of sensor measurements [62, 20]. Kalman filtering
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requires a prior model on the system dynamics and knowledge of the covariance of the process

and measurement. However, assuming Gaussian noise, the Kalman filter offers additional

statistical insights on the estimation and is known as the best linear estimator for minimizing

mean squared error [62].

For both direct nonlinear estimations and extended Kalman filters (EKF), dealing with

nonlinear systems becomes more complex. While Koopman theory allows for linear ap-

proximation of nonlinear systems, which makes sparse sensing tasks easier to tackle, most

spatio-temporal data are nonlinear in real applications and are still best represented through

nonliear models. Recent advancements in machine learning and AI algorithms have spurred

numerous nonlinear approaches. In particular, shallow decoder neural networks (SDNs) have

shown the ability to reconstruct high-dimensional state spaces from few sensor measurements

and outperform linear methods in terms of accuracy, noise tolerance, and robustness to sen-

sor locations [43]. A recurrent neural network layer can also be implemented in front of the

shallow decoder to maintain a time history of sensor measurements to further improve the

estimation. This is referred to as SHallow REcurrent Decoders (SHRED) [157].

1.2 Optimal sensing

Achieving optimal performance in sparse sensor tasks requires not only the development and

training of good models but also the strategic collection of measurements from optimal loca-

tions. Even the most sophisticated model may yield poor performance when given inadequate

and uninformative measurements from the system, resulting in a lack of system representa-

tion and information. Therefore, optimizing sensor deployment emerges as an integral part

of sparse sensing problem and has garnered significant attention in past literature.

Optimal sensing plays a pivotal role in achieving high performance by identifying the

most effective sensor locations within the state space with a limited number of sensors. By

strategically determining these locations, we aim to enhance the effectiveness of sparse sens-

ing methodologies, thereby maximizing the utility of available resources and ensuring the

acquisition of informative data. This optimization is essential for tasks such as reconstruc-
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tion, estimation, or classification in the context of sparse sensing. In scenarios involving

stationary sensors, this is termed optimal sensor placement. Meanwhile, for mobile sensors

capable of moving freely within the system, the challenge evolves into optimal sensor path

planning, which involves optimization over both the control and trajectory locations of the

sensors over time. A unique consideration arises in network systems, where the system is

structured in a network or grid format. While sensors are typically immobile in this sce-

nario, a related challenge, analogous to mobile sensor path planning, is known as the sensor

scheduling problem. Here, a limited number of sensors within the network can be scheduled

for activation at any given time, while others remain idle, with the primary goal of minimiz-

ing total energy consumption. All these problems fall under the umbrella of optimal sparse

sensing, particularly relevant for addressing concerns related to limited resource allocation

and energy efficiency.

It is imperative to recognize that the optimal sensing problem must be approached with

an objective and metric that is clearly defined. As summarized in the previous sections,

diverse approaches exist for sparse sensing tasks, each presenting unique metrics for defining

information gain at a sensor location during a specific time. Consequently, a solution derived

for optimized sensor locations based on a metric defined within one model does not necessarily

ensure optimality when applied to another model. In essence, the effectiveness of optimal

sensing strategies is inherently tied to the intricacies of the specific task at hand. The nuances

of each task objective and the associated metrics underscore the need for a tailored approach

when addressing optimal sensor placement and planning.

Stationary sensor placement problem in system estimation and reconstruction have been

well studied in existing literature. The primary objective is to identify the optimal collection

of fixed sensor locations for measurements, rendering the problem inherently combinatorial

and, in general, NP-hard. Numerous algorithms have been developed to find sub-optimal

solutions, often leveraging greedy searches and low-rank subspace representations of the

system for efficient identification of near-optimal solutions [89].

In linear models, the well-conditioning of the estimated linear system for inversion is
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a critical consideration. As a result, the conditionality of the sparse measurement sys-

tem is a commonly used metric in this scenario. Greedy methods [148, 149] are popular

approaches for efficient exploration within the combinatorial set. Techniques such as QR

decomposition [146] with column pivoting [89, 34, 121], (Q)DEIM [28, 126, 39], and Gap-

pyPOD [44, 10, 106], leverage the sub-modularity or near-submodularity of criteria like the

trace, spectral norm, condition number, determinant, and/or its low-rank projection basis.

Greedy searches can be further enhanced by considering cost constraints in the sensor place-

ment problem [34, 35], and refinement techniques, including genetic algorithms [127], can

be applied. Additional metrics, such as the reconstruction error [81] and the observability

matrix [58], offer alternative perspectives for sensor selection. On the other hand, metrics

like entropy or mutual information can be leveraged for optimization when using statistical

models such as Gaussian process models [25, 69]. For nonlinear models, the metrics and

sensor placement optimization can generally be adapted from the linear case, although com-

putational complexity increases significantly. This comprehensive exploration of stationary

sensor placement underscores the multi-faceted nature of the optimization problem across

various models and criteria.

1.2.1 Mobile sensor path planning

The diversity of mathematical methods highlighted above for optimal sensor placement typ-

ically focus on stationary, point sensors. However, in many applications, sensors can be

mobile, in which case sensors are allowed to freely move in the measurement space while

collecting measurements along the way. The problem concerning the design of trajectories

or paths of sensors is called the sensor path planning problem.

In the field of engineering and robotics, path planning problem has been long considered

for the purposes of navigation as well as estimation in a dynamical environment [51, 70, 13,

23, 88]. The task of tracking and estimating a flow field has often been tackled by constructing

a simplified, restricted problem that focuses on a network of sensors with a simple formation

for efficient paramerization and optimization [78, 37, 104, 163, 105]. Different control laws
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for the path of the sensors are considered for different tasks, including a simple circular or

elliptical control [78], gradient climbing control [104], control along level curves [163], or

control based on smoothed particle hydrodynamics [107]. Lynch et al. [87] propose a decen-

tralized mobile network to collectively estimate environmental functions through communi-

cation networks, while the sensors move according to a gradient control law that maximizes

information. Shriwastav et al. [132] built a trajectory by connecting a cost-efficient path

among optimal sensor placement locations under proper orthogonal decomposition (POD)

based reconstruction. For many of these work, the emphasis is on modeling and control of

the sensor positions. Madridano et al. [88] give a comprehensive and detailed review of

the classic path planning methods. However, many of these methods only consider static

or time-invariant environmental flow fields. Thus, they are not directly applicable in dy-

namic environments where unsteady background flows are present. In complex, unsteady,

and multiscale environments, it is challenging to control the sensors precisely to move from

one location to another and efficiently compute trajectories at scale.

In recent years, researchers have studied path planning in a dynamic flow field using

various approaches. A genetic algorithm for path planning in an ocean environment was

developed by Alvarez et al. [6]. Some exploit Lagrangian coherent structures [53, 130] in

the environment to assist path planning in an improved computation [113, 122]. Krishna

et al. [70] established a connection between the trajectories planned by model predictive

control and the coherent structures. Subramani and Lermusiaux [141] leveraged stochastic

dynamically orthogonal (DO) level-sets from the vehicle speed function.

Advances in deep reinforcement learning (RL) have also helped address some of the chal-

lenges of path planning in a complex environment for more optimal and efficient solutions.

Although gaining its popularity in the applications of games and robotics [94, 129], RL is

useful for solving objectives for path planning seen as a sequence of actions and decisions

interacting with the dynamical environment. For example, RL is used as a learnable de-

terministic method for finding cycles in the RRC approach for improved performance and

efficiency [31]. Actor-Critic schemes are used for time-efficient point-to-point navigation,
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also known as Zermelo’s problem, of a fixed speed swimmer in complex flows [13, 23]. The

same problem is also tackled using other deep RL approaches such as the V-RACER algo-

rithm [103, 51] and the adversarial Q-learning [4]. Therefore, deep RL models have shown

to be extremely powerful and useful in addressing complex environment and constraints in

mobile sensor path planning.

1.3 Organization of thesis

This thesis investigates several challenges associated with sparse sensing, with a focus on

mobile sensor models and applications.

In Chapter 2, we consider a specific scenario of PMU placement in the application of

power grid fault detection. We frame it as a stationary sensor placement problem for classi-

fication, and approach it with a tree-based classifier on the dynamic mode signatures of the

systems. The rest of the chapters consider tasks with mobile sensors and trajectory planning

for system reconstruction. In Chapter 3, we introduce system observability as an important

metric for path planning with a Kalman filter estimator by showing the connection between

the observability of the state space model and the Kalman filter performance. We propose

a greedy method that builds up sensor trajectores by optimizing the conditioning of system

observability along the paths. Some fundamental factors in Kalman filter estimation and

mobile sensing and their effects are also discussed in this chapter. Chapter 4 continues the

study of mobile sensor path planning while taking into account the additional complexity

of the effect of a background flow. A strong background flow can affect the movement of

the mobile sensors, making it expensive or impossible to navigate to some regions in the

state space than others. The added complexity is also reflected in the optimization of the

objective, destroying its submodularity and leaving greedy methods less desirable. In this

chapter, we formulate the path planning problem as a partially observed Markov decision

process (POMDP) and tackle with deep reinforcement learning. Our model is end-to-end,

combining the optimization over path decision and control of the sensors. In Chapter 5, we

develop a nonlinear reconstruction for mobile sensors using decoder networks. A recurrent
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structure based on state space model is used with the decoder to learn from historical mea-

surements. When the system is complex, long sequences of sensor measurements need to

be maintained and memorized by the model. Additionally, long sequence memorization can

further reduce the required number of sensors for reconstruction. We address the issue of

long time dependency and sensitivity to measurement noise with a robust S4D model whose

layers are initialization using HiPPO theory and Butterworth filtering. We show improved

performance in numerical experiments compared to SHRED model.

1.4 Published Work

The work presented in this thesis has resulted in the following archival and peer-reviewed

publications. The majority of the content in this thesis are reproduced with permission from

the following:

Jiazhong Mei, Steven L Brunton, and J Nathan Kutz. Mobile sensor path planning for

kalman filter spatiotemporal estimation. arXiv preprint arXiv:2212.08280, 2022.

Jiazhong Mei, J Nathan Kutz, and Steven L Brunton. Observability-based energy

efficient path planning with background flow via deep reinforcement learning. In 2023

62nd IEEE Conference on Decision and Control (CDC), pages 4364–4371. IEEE, 2023.

DOI: 10.1109/CDC49753.2023.10383428
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Chapter 2

DATA-DRIVEN FAULT CLASSIFICATION WITH SPARSE
PMU PLACEMENT

2.1 Introduction

Modern power systems represent the intricate interplay between generation, transmission,

and distribution networks, ensuring a reliable and efficient supply of electricity to consumers.

However, this complexity also introduces vulnerabilities, with faults and disturbances posing

significant challenges to system stability and operation. The ability to swiftly identify and

mitigate these issues is paramount in maintaining grid resilience.

In the dynamic environment of a power system, various scenarios such as load fluc-

tuations and fault occurrences constantly demand vigilant monitoring and prompt action.

Load changes, stemming from shifts in consumer demand or renewable energy integration,

necessitate real-time adjustments to maintain system balance. Meanwhile, faults, ranging

from short circuits to line outages, can disrupt normal operation and escalate into larger

disturbances if left unchecked.

Traditionally, fault detection have relied on extensive monitoring infrastructure placed

at numerous locations across the grid. Phasor Measurement Units (PMUs) represent a sig-

nificant advancement in modern power system monitoring technology. The development of

PMUs traces back to the late 20th century, with early prototypes emerging in research lab-

oratories and experimental power systems [109, 98]. Unlike traditional Supervisory Control

and Data Acquisition (SCADA) systems, which provide steady-state measurements at rel-

atively low sampling rates, PMUs offer high-speed synchronized measurements of voltage

and current phasors. This high-resolution data enables precise monitoring of power system

dynamics, facilitating enhanced situational awareness and faster response to disturbances.
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Additionally, PMUs are capable of giving phasor information that have not been possible

with SCADAs. Over time, advancements in signal processing, communication technologies,

and hardware miniaturization led to the commercialization and widespread adoption of PMU

technology in real-world power grids. Today, PMUs play a crucial role in enabling wide-area

monitoring and control (WAMS) systems, supporting various applications such as oscillation

detection, voltage stability assessment, and fault analysis [57, 86].

We ideally need a full deployment of PMUs on every bus of the power grid system in

order to accurately pinpoint the fault location from the synchronized measurements [110].

However, due to various cost constraints, optimal placement of PMUs is essential for achiev-

ing system observability while minimizing costs. Researchers have extensively studied this

problem, considering factors such as network topology, measurement redundancy, and ob-

servability metrics [83, 110, 138, 108]. These existing work in optimal PMU placement ranges

from heuristic algorithms [102] to mathematical optimization techniques [138, 108], aiming

to determine the most effective locations for PMU installation to ensure comprehensive sys-

tem observability. Ahmed et al. [3] give a comprehensive review of optimal PMU placement

approaches. The methods about aim to maintain full system observability with optimal

PMU placement, such that the operator can observe the entire network operation in the

system. The phasor information at any system bus or transmission line is either directly

measured by a PMU or can be determined using physical formulas. However, depending on

the connectivity of the power grid, they still require an excessive amount of PMUs.

Sparser PMU allocations are considered to approximate full system observability for

monitoring and detection. With recent advances in machine learning and optimization,

the sparse PMU configuration can still optimize fault detection performance in a partially

observable scenario. This approach allows for more cost-effective deployment of PMUs while

maintaining effective fault detection capabilities.

The fault detection is usually based directly on the the PMU measurements at a given

time. In this paper, we approach fault detection through a different lens that is the dy-

namical properties of the system. Instead of monitoring directly through voltage, current,
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and phasor information, we utilize knowledge of the temporal evolution of the power grid

system and characterize its dynamic behavior using Dynamic Mode Decomposition (DMD).

DMD provides a low-rank spatio-temporal decomposition of the system. It has been used

in many power grid applications including disturbance analysis, low-frequency oscillation

mode identification, and anomaly and fault monitoring [114, 159, 97, 5, 99]. Expressing the

system dynamics in low-rank also allows sparse PMU placement for fault detection without

the consideration of system observability.

We pose fault detection as a classification problem and present a novel approach to data-

driven fault classification and sparse PMU placement. We use the dynamical signatures of

the system as features and predict the faulted line. We utilize AdaBoost to perform the

classification task as well as optimal PMU placement. Through numerical experiments, we

showcase the efficacy of our methodology.

2.2 Background

2.2.1 Koopman Modes

Consider a discrete-time nonlinear dynamical system with respect to xt ∈ RN of the form

xt+1 = F (xt). (2.1)

Koopman operator theory suggests that the dynamics can be expressed by an infinite-

dimensional, linear operator. The Koopman operator K advances a scalar function g of

the state forward under the dynamics such that

Kg(xt) = g(F (xt)) = g(xt+1). (2.2)

The function ψ is called a Koopman eigenfunction if

Kψ(xt) = λψ(xt), (2.3)

where λ is the corresponding Koopman eigenvalue.
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Then, any vector-valued measurement function g can be expressed as a linear combination

of these eigenfunctions g(x) =
∑∞

i=0 ψj(x)vj, and the time evolution through Koopman

operator is

Kg(xt) = K
∞∑
i=0

ψj(xt)vj =
∞∑
i=0

λjψj(xt)vj; (2.4)

g(xt) =
∞∑
i=0

λtjψj(x0)vj; (2.5)

where vj are referred to as the Koopman modes. When the Koopman modes vj are normal-

ized, ψj(x0) are the amplitudes, or norms, of the Koopman modes.

Given a sequence of observations of the dynamics at time t = 1, 2, ..., T ,

X1:T =
[
x1 x2 · · · xT

]
,

Koopman modes and eigenvalues can be found via data-driven methods such as the Arnoldi

algorithm [142], dynamic mode decomposition (DMD) [151], and other variants such as the

optimized DMD [9].

DMD aims to fit the best linear matrix A that advances the state forward in time,

xt+1 = Axt. In matrix form, it solves an optimization problem

A = argmin
A
∥X2:T −AX1:T−1∥. (2.6)

DMD solves the objective function and approximates the Koopman operator by leveraging

the low rank structure of the data. Optimized DMD [9] uses variable projection to further

tackle the bias in the standard DMD framework and fit a debiased Koopman decomposition

from the data.

If partial observation is taken, the underlying dynamics remains unchanged, the Koopman

modes are the same at the partially observed location, and the decomposition still holds.

Computationally, in the presence of latent variables, it can be useful to consider a time-
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delayed embedding in the form of a Hankel matrix of the data defined as

H =


x1 x2 · · · xT−d

x2 x3 · · · xT−d+1

...
...

...

xd xd+1 · · · xT

 ,
where d is the time delay dimension. It provides a linear embedding of a nonlinear system

that is approximately invariant to the Koopman operators [7, 18, 27].

The eigenvalue and amplitude of a Koopman mode are informative. The amplitude

suggests the weight, or contribution, of the Koopman mode in the entire dynamics, while the

eigenvalue reveals the evolution of the mode in time. A mode with an eigenvalue lying close

to the unit circle is considered a dominant mode. It exhibits a low damping characteristic and

represents the long-term dominant behavior of the system. On the other hand, a mode with

a small eigenvalue has a fast decay rate and usually represents noise or transient behavior of

the system.

2.2.2 AdaBoost and Feature Selection

We use Adaptive Boosting (AdaBoost) as a tool for both classification and feature selection.

AdaBoost is an ensemble classification method widely used due to its boosted performance

and interpretability. It learns to perform the task more accurately by combining multiple

simple base models. The ensemble classifier C(x) has the form C(x) =
∑c

i=1 αiCi(x), which

is a sum of weak classifiers Ci(x) with weights αi. The AdaBoost algorithm proceeds as

follows in Algorithm 1.

We can determine the importance of features based on their Gini index contributions in

the ensemble classifier, which are calculated by the weighted sum of the feature importance

from each base model. Shallow decision tree model is a base model commonly used as base

model in AdaBoost. Each tree uses only a few of the features for the classification task.

Together, the feature importance in the ensemble model reveals most commonly-used subset

of the features.
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Algorithm 1: AdaBoost [54]

Input: Training data {xj, yj}, j = 1, 2, ..., n.

Output: Classifier C(x).

Initialize training data weights w
(0)
j = 1

n
, j = 1, 2, ..., n;

for i = 1 to c do

Fit a classifier Ci to the training data using weights w(i) and compute error

ϵ(i) =
∑n

j=1w
(i)
j 1 (Ci(xj) ̸= yj);

Compute estimator weight α(i) = ln 1−ϵ(i)
ϵ(i)

;

Update data weights w
(i+1)
j = w

(i)
j exp

(
α(i)

1 (Ci(xj) ̸= yj)
)
and re-normalize;

end

Output C(x) = argmaxk
∑c

i=i α
(i)
1 (Ci(x) = k);

With feature importance, we use a pruning approach for feature selection. Based on

the feature importance from the full model fitted on all features, we can pick out the most

importance features and train a new classifier using only those features. Since each base

tree in the ensemble model uses only a few features, removing least important features is

equivalent to removing trees containing those features in the ensemble that have very small

weights. Therefore, the model performance after pruning is minimally affected. Given a

target number of features, pruning can be done in a single setting where we directly prune

to the required number, or iteratively and slowly reducing the feature used until reaching

the target.

2.3 Method

We consider the task of differentiating a load change from a faulted scenario and locating

the faulted line in the system using the dynamical features of a disturbed power system. We

embed a time-delayed Hankel matrix from the PMU measurements and use optimized DMD

algorithm to approximate the Koopman modes.
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Figure 2.1: Overview.

2.3.1 Load Change vs Fault

In a fully observable system, we can easily identify a load change and a fault by the magnitude

of the disturbance in the system. We usually see a large yet temporary change of voltage in a

faulted system, especially at the faulted bus or line, whereas a load change has a smoother and

more long-term effect to the system. This is also reflected in the amplitudes and eigenvalues

of the Koopman modes. We compare the magnitude of eigenvalue corresponding to the mode

with the largest amplitude. This eigenvalue has a magnitude close to 0 in a faulted system,

reflecting the transient fault disturbance. Yet the magnitude is largest, often close to 1,

when only load change is present. We show an example in Figure 2.2. From the scatter plot
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Figure 2.2: Koopman mode eigenvalues and norms of a power system with (a) random load

change; (b) line-to-line fault.

of eigenvalues, we see the difference in location of the eigenvalue with the largest amplitude

(colored in yellow).

2.3.2 Fault Line Classification and PMU Placement

It is not hard to identify the location of the fault when the PMU measurements are available

at all bus locations. However, when the PMU data is limited, we cannot rely on the strategy

of finding the most disturbed location since the faulted buses may not be measured. Here,

we pose the fault line identification as a classification task. We utilize a classifier to help

capture how the faulted system evolve at different fault lines in a partially observable system.

We use the Koopman modes as signatures, that represent the dynamics and disturbance

present in the power system. We focus on the two types of modes discussed above that show

the dominant and transient behavior of the system. Figure 2.3 shows an example of the

signatures of a faulted scenario in an IEEE 68-bus system.

We use these signatures as feature inputs for the classification task. They are assigned

class labels based on the faulted line, and an AdaBoost model is trained to classify signatures

to their labels. The class of the scenario is predicted collectively from the predicted classes

of its signatures.



18

0 20 40 60 80 100 120 140 160 180 200
0

0.05

0.1

0.15

0.2

0.25

0.3

0 20 40 60 80 100 120 140 160 180 200
0

0.1

0.2

0.3

0.4

0.5

0.6

Figure 2.3: Long-term and short-term signatures of a faulted system with line-to-line fault

at line 1-31. Red marker are features related to fault buses.

We can find a sparse PMU placement by picking a small subset of bus locations based on

the feature importance of the trained classifier. Then, another classifier can be trained using

the sparse signatures from the partially observed system with limited PMU measurements.

While it is possible to infer PMU measurements at a neighboring PMU location in some

cases, as in the OPP approach, we only consider the data directly measured at the limited

PMU locations for the sparse classifier.
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2.4 Numerical Results

2.4.1 Data Generation

GridSTAGE (Spatio-Temporal Adversarial scenario GEneration) is a recently developed

framework for simulation of adversarial scenarios and generation of multivariate spatio-

temporal data in cyber-physical systems [2], and has been used to test real-time attack

identification algorithm [101]. GridSTAGE is developed based on Matlab, and leverages

Power System Toolbox (PST) [32] where the evolution of power network is governed by non-

linear differential equations that includes synchronous machine models, excitation systems,

turbine governors, and automatic generation control. Detailed instructions on generating

data scenarios with different system topologies, attack characteristics, load characteristics,

sensor configuration, control parameters can be found in [2].

We consider the IEEE 68-bus, 16-machine, 5-area power system for our numerical exper-

iment. We use GridSTAGE to generate spatio-temporal time-series data with load changes

across the network for the IEEE 68 bus system. The PMU data is considered to report high

frequency measurements at 50 snapshots per second, including voltage magnitude, relative

voltage angle, and frequency. These measurements represent the dynamics of the power

system.

2.4.2 Scenario Generation

We define a scenario as a simulation instance of a power grid system. Scenarios with different

disturbances are simulated. Each scenario starts with a system in a steady state. At 0.05s,

a disturbance is introduced. For our experiments, we consider disturbances of the following

type:

• Load changes in the system with random magnitudes;

• Line-to-line faults on a given line;
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We consider in total 15 different fault classes, along with the category of system load change,

each containing multiple samples of scenarios. The faults are classified by the faulted line,

with each scenario simulation having different clearing times at both ends. The load change

magnitudes and fault clearing time control the magnitude of disturbance in the system. If

the load changes are large, or the fault passes a critical fault clearing time, the system loses

stability.

2.4.3 Classification and PMU Placement Results

The objective is to classify disturbances in the system, i.e. differentiating between system

faults on different lines as well as load change.

First, we show the AdaBoost classification performance in a fully observable system

with a complete PMU measurement data in Figure 2.4. We see from the confusion charts

that the ensemble model achieves good performance in terms of signature and scenario

prediction accuracy, correctly identifying the fault lines/classes. Even though it mislabels

some signatures, we are able to accurately classify the overall faulted scenario by combining

the predicted information from all signatures from a scenario.

The feature importance of the AdaBoost classifier with complete measurements is shown

in Figure 2.5. From it, we choose the top 10 bus locations with the highest importance

for PMU placements. Figure 2.6 shows the sparse placement of PMUs in the system. The

selected placement does not cover all possible fault lines in the task, that is, some fault lines

does not have a PMU placed at either end.

While our decision of sparse PMU placement does not grant full observability, it is enough

for the fault classification task. In the partially observable system with sparse PMU place-

ment, a new Adaboost classifier is trained on the sparse signatures fitted using the few PMU

measurements. The performance is shown in Figure 2.7. Althoguh there is a drop in per-

formance with the sparse PMU classifier, it is able to label most scenarios correctly with an

overall accuracy of 90%.

We compare the classification performance of our choice of PMU placement with that
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Figure 2.4: AdaBoost classifier performance in confusion charts (a) training accuracy, (b)

testing signature accuracy, (c) testing scenario accuracy.

of a random placement, as well as a manually chosen placement that covers more possible

fault lines in Figure 2.8. Our PMU placement outperforms random and manual placements
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Figure 2.5: Feature importance of buses in power system from fully-observed AdaBoost

model.

in terms of signature classification accuracy. With the collect decision, random and manual

placements are also able to achieve good accuracy in terms of fault line prediction. However,

due to the lower signature accuracy in random and manual placements, our PMU placement

gives overall more accurate and more confident prediction.

2.4.4 IEEE 145-Bus System

Next, we consider the IEEE 145-Bus power system. It is larger and more complex grid

network with 50 generators and 453 total lines. Structures such as parallel power lines

are more common in the 145-Bus system, which adds difficulty in fault line identification.

We perform a fault line classification task on 101 randomly chosen lines and follow the

same routine as above with the 68-bus system. The testing performance with sparse PMU

placement is shown in Table 2.1. The AdaBoost model is able to predict over 80% of the

testing fault scenarios correctly with as few as 30 PMU placements. The accuracy further

increases with more PMU measurements used, but seems to approach a plateau due to the

limitation of the AdaBoost decision tree model.
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Figure 2.6: PMU placements: our approach (top), manual selection (bottom).
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Figure 2.7: AdaBoost classifier performance of sparse PMU classification in confusion charts

(a) training accuracy, (b) testing signature accuracy, (c) testing scenario accuracy.

2.5 Conclusion

In this paper, we tackle the power grid fault line identification problem through the lens

of dynamical systems and Koopman operators. The Koopman operator theory provides us
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Figure 2.8: Testing accuracy in signatures (left) and fault lines (right). The histogram show

the distribution of random PMU placements. The dashed line is manually selected. And the

solid line is our approach.

Table 2.1: Training and testing accuracy using sparse PMUs in the IEEE 145-Bus power

system.

Number of PMUs 30 40 50

Training Accuracy 99.53% 99.98% 100%

Testing Accuracy (Signatures) 78.71% 81.90% 85.21%

Testing Accuracy (Scenarios) 80.67% 84.14% 85.95%

the foundation to represent the dominant and transient dynamical signatures of nonlinear

disturbances in a power grid system in the form of linear Koopman modes. We utilize

optimized DMD and time-delayed, Hankelized embedding to numerically approximate these

Koopman modes. We approach the fault line identification problem as a classification task

and propose a decision tree-based AdaBoost ensemble model in order to promote sparse
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PMU placement. We have shown that the approach gives satisfactory classification results

using very few PMU measurements with simulations on the IEEE 68-bus power system, as

well as a more complex IEEE 145-bus power system. However, the approach contains some

limitations. We have focused only on scenarios where faults occur in a stable system, while

at the point of operation loads may be different than at the data generation stage. The

effect of load changes on a faulted system and on the sparse PMU fault identification task

shall be further explored in the future. Furthermore, the problem emphasizes the use of

sparse PMU measurements for fault line classification, so the interpretability of the model

plays an important role in our choice of AdaBoost model. Classifiers with more complicated

structures, such as the neural nets, shall be considered carefully in future work for improved

performance with model interpretability in mind.
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Chapter 3

MOBILE SENSOR PATH PLANNING FOR KALMAN FILTER
SPATIOTEMPORAL ESTIMATION

3.1 Abstract

The estimation of spatiotemporal data from limited sensor measurements is a required task

across many scientific disciplines. In this paper, we consider the use of mobile sensors for

estimating spatio-temporal data via Kalman filtering. The sensor selection problem, which

aims to optimize the placement of sensors, leverages innovations in greedy algorithms and

low-rank subspace projection to provide model-free, data-driven estimates. Alternatively,

Kalman filter estimation balances model-based information and sparsely observed measure-

ments to collectively make better estimation with limited sensors. It is especially important

with mobile sensors to utilize historical measurements. We show that mobile sensing along

dynamic trajectories can achieve the equivalent performance of a larger number of stationary

sensors, with performance gains related to three distinct timescales: (i) the timescale of the

spatio-temporal dynamics, (ii) the velocity of the sensors, and (iii) the rate of sampling.

Taken together, these timescales strongly influence how well-conditioned the estimation task

is. We draw connections between the Kalman filter performance and the observability of the

state space model and propose a greedy path planning algorithm based on minimizing the

condition number of the observability matrix. This approach has better scalability and com-

putational efficiency compared to previous works. Through a series of examples of increasing

complexity, we show that mobile sensing along our paths improves Kalman filter performance

in terms of better limiting estimation and faster convergence. Moreover, it is particularly

effective for spatio-temporal data that contain spatially localized structures, whose features

are captured along dynamic trajectories.
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3.2 Introduction

Many scientific disciplines require the estimation of spatio-temporal data from limited, point-

source sensor measurements for the purpose of characterization, forecasting, reconstructing,

and/or controlling a given system. Traditionally, limited stationary sensors are placed in the

system of interest, while mobile sensors and autonomous vehicles have also gained interest

lately. In this paper, we consider the task of estimating the spatio-temporal system given

measurements from limited mobile sensors, by utilizing Kalman filtering and low-dimensional

representation of the system. Under this setup, our goal is to efficiently plan sensor trajec-

tories so that estimation can be achieved with very few sensors.

The goal of optimal sensor placement, also known as sensor selection, is to find the

optimal locations in the state space to place only a few sensors so as to achieve the best

performance in one or more of the above listed metrics. The combinatorial optimization

problem of sensor selection is NP-hard, so most algorithms aim to find sub-optimal solu-

tions by leveraging greedy searches and low-rank subspace representations of the system in

order to efficiently find a near-optimal solution [89]. Greedy methods [148, 149] are compu-

tationally efficient and include QR decomposition [146] with column pivoting [89, 34, 121],

(Q)DEIM [28, 126, 39], and GappyPOD [44, 10, 106], all of which take advantage of the

sub-modularity, or near-submodularity, of criteria such as the trace, spectral norm, condi-

tion number, determinant and/or its low-rank projection basis. Greedy searches can also

be modified to include cost constraints in the sensor placement problem [34, 35]. Greedy

solutions can also be further refined, such as through a genetic algorithm [127]. Other ob-

jectives, such as the reconstruction error [81] and the observability matrix [58], can also be

used for sensor selection. Statistical methods using Gaussian process models [25, 69] also are

effective in leveraging entropy or mutual information as the main objective for optimization.

And more recently, shallow decoder networks can be trained within the context of greedy

algorithms [43, 156].

In contrast to instantaneous estimation from sensor measurements, Kalman filtering pro-
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Figure 3.1: Overview of proposed approach to sensor path planning for dynamic estimation.

The panels are divided into two main steps for estimating spatio-temporal data under a

Kalman filter setting. The top panel shows the construction of a low-rank representation of

the data as the prior model for Kalman filter through dynamic mode decomposition (DMD).

The DMD modes and eigenvalues make up a linear dynamical model in a reduced dimension

and a projection back to the original diemsnion. The dimension of the observability matrix

is also reduced by the low-rank representation for efficient computation. The bottom panel

illustrates the greedy path finding algorithm that optimizes the observability matrix along

the path and improves Kalman filter estimation performance. It leverages a greedy row

selection on the projected full observability matrix. Conceptually, at each time step, based

on the historical selection of sensor locations, the sensors are led to the next valid locations

within a velocity constraint.
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vides a recursive method that estimates based on collective information from prior knowledge

of the dynamical model and a time-history of the sensor measurements [62, 20]. In the sen-

sor placement problem, it is often required to have the number of sensors to be at least

the same or more than the latent rank of the system in order to be able to capture enough

information for reconstruction [89]. But with Kalman filter estimation, fewer sensors can be

used to achieve the same performance given that the system is observable with these sensor

measurements [20]. Commonly, the Kalman filter sensor selection (KFSS) problem studies

the objective based on a posteriori error covariance, which is a metric in Kalman filtering for

how much the estimates deviate from the truth. The metric can be considered within an ob-

servation period [152], but it is more commonly taken to the limit at the infinite-time horizon

when the full convergence of Kalman filtering is reached. Although optimization over the

trace of the error covariance matrix, which represents the mean squared error (MSE), does

not have a constant-factor polynomial-time approximation [160, 164, 38], greedy methods

are still near-optimal [26].

The diversity of mathematical methods highlighted above for optimal sensor placement

typically focus on stationary, point sensors. However, in many applications, sensors can be

mobile, in which case sensors are allowed to freely move in the measurement space while

collecting measurements along the way. The problem concerning the design of trajectories

or paths of sensors is called the sensor path planning problem. In the field of engineering and

robotics, path planning problem has been long considered for the purposes of navigation as

well as estimation in a dynamical environment [51, 70, 13, 23, 88]. The task of tracking and

estimating a flow field has often been tackled by constructing a simplified, restricted problem

that focuses on a network of sensors with a simple formation for efficient paramerization and

optimization [78, 37, 104, 163, 105]. Different control laws for the path of the sensors are

considered for different tasks, including a simple circular or elliptical control [78], gradient

climbing control [104], control along level curves [163], or control based on smoothed particle

hydrodynamics [107]. Lynch et al. [87] propose a decentralized mobile network to collectively

estimate environmental functions through communication networks, while the sensors move
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according to a gradient control law that maximizes information. Shriwastav et al. [132] built

a trajectory by connecting a cost-efficient path among optimal sensor placement locations

under proper orthogonal decomposition (POD) based reconstruction. For many of these

work, the emphasis is on modeling and control of the sensor positions. Sensor scheduling [85,

131] is a similar problem that concerns a schedule of densely placed sensors. Unlike the path

planning problem, the sensors do not move in the scheduling problem, although it still can

be formulated and solved as a special case of the path planning problem.

While many consider the sensor path in an infinite-time horizon, theoretical studies [165,

166, 95] show that the optimal infinite-time schedule is independent of the initial error co-

variance and can be approximated arbitrarily closely by a periodic schedule. This provides

a mathematical foundation for studying problems that consider the planning of a periodic

sensor trajectory for spatio-temporal estimation with Kalman filtering. Lan and Schwa-

ger [73, 74] approach the periodic path planning problem with a rapidly exploring random

cycles (RRC) method that constructs and evaluates cycles found by randomly exploring the

state space using a tree structure; Chen et al. [31] utilize deep reinforcement learning instead

as a learnable deterministic method for finding cycles. The problem extends to multiple

sensors that do not have a set network formation, each following its individual path. These

works are most closely related to the problem considered here. They approach the combina-

torial optimization with a randomized or active search method, first searching for possible

cycles, then evaluating their costs. By assumption, the sensors move to a different location

at each discrete time step based on the trajectory found in this way.

In this paper, we investigate the task of estimating the spatio-temporal system given

measurements from limited mobile sensors, by utilizing Kalman filtering and low-dimensional

representation of the system. Under this setup, our goal is to efficiently plan sensor trajec-

tories so that estimation can be achieved with very few sensors. In particular, we focus on

planning a periodic sensor trajectory that optimizes estimation. We consider the condition

number of the observability matrix of the model as a metric for the Kalman filter estimation.

The study of observability is not new and has been discussed previously in different sensor
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problems [37, 58, 90, 8, 111]. In particular, Manohar et al. [90] present a balanced model

reduction for sensor and actuator selection through observability and controllability in a

linear quadratic Gaussian (LQG) controller setting. We build on these ideas, developing an

optimization for the path planning of mobile sensors with the objective of dynamic Kalman

filter estimation. We identify three distinct timescales related to Kalman filter design and

estimation with mobile sensors: (i) the timescale of the spatio-temporal dynamics, (ii) the

velocity of the sensors, and (iii) the rate of sampling. We propose an approach for greedy se-

lection based on the empirical observability matrix for path planning, and leverage low-rank

representation of the system to promote efficient computation complexity. Figure 3.1 shows

how our overall strategy leverages low-rank approximations in order to determine trajectories

in the spatio-temporal fields of interest. Compared with previous works, our approach does

not restrict the formation of the sensor network nor the shape of the trajectory and builds

the path by leveraging a low-rank system representation and greedy optimization. Our ap-

proach provides a scalable and efficient periodic path planning procedure for multi-sensor

and high-dimensional problems. We conduct a series of experiments on synthetic data, the

Kuramoto-Sivashinsky system, and sea surface temperature data to show that mobile sens-

ing improves Kalman filter performance in terms of better limiting estimation and faster

convergence.

3.3 Problem Formulation and Background Methods

The mathematical formulation of the sensor selection problem considers a discrete-time linear

system model

xt+1 = Axt +wt, (3.1)

where xt ∈ Rn, A ∈ Rn×n, and wt ∈ Rn is the system disturbance following a Gaussian

distribution with zero mean and a covariance matrix 0 ≺ Q ∈ Rn×n. The measurements

from k sensors are of the form

yt = Ctxt + vt, (3.2)
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where yt ∈ Rk, Ct ∈ Rk×n, and vt ∈ Rk is the measurement noise following a Gaussian

distribution with zero mean and a covariance matrix 0 ≺ R ∈ Rk×k. Directly measuring

in the state space, we write the matrix Ct as a selection matrix made up of standard unit

vectors as columns. We further assume that the measurement noise are independent and

identical across sensors with variance ρ, so the covariance matrix for vt is R = ρI. In a

time-invariant system with a stationary sensing scenario at fixed locations, then Ct = C.

We denote a sensor trajectory σ = {σ1, σ2, ...} of k sensors. σt ⊆ [n], |σt| = k is a

set containing sensor locations at time t, which determine the selection matrix Ct = C(σt)

responsible for collecting measurements along the trajectory. In general, σ can extend to

an infinite-time horizon. Zhang et al. [165, 166] show that any infinite-time trajectory

can be approximated by a periodic trajectory. Therefore, we focus on a periodic trajectory

of fixed cycle rather than a trajectory over infinite-time. In practice, periodic trajectories

also make sense since many systems contain some periodic or quasi-periodic characteristics.

Furthermore, it is often favorable to plan a trajectory such that the sensor can return to

a specified location periodically for maintenance and sensor recharging. Then, we write

σ = {σ1, σ2, ..., σl} to be a periodic trajectory of length l, so that σl+1 = σ1, σl+2 = σ2, and

so on.

In Sec. 3.3.1, we discuss the use of low-rank representation of the system for sparse

sampling. We then introduce observability of the system in Sec. 3.3.2 and relate it to Kalman

filter estimation performance in Sec. 3.3.3. Finally, we give attention to three key timescales

in the Kalman filter model design in Sec. 3.3.4.

3.3.1 Reduced-Order Model and Sparse Sampling

In order to promote efficient computation and better model representation for sparse sam-

pling, we consider a reduced-order model (ROM). Specifically, we consider a system with a
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low-rank linear representation,

xt = Ψzt, zt+1 = Λzt +wt,

yt = Ctxt + vt = CtΨzt + vt,
(3.3)

where zt ∈ Rm (m < n) is the internal low-rank dynamics state, Λ ∈ Rm×m is the low-

rank dynamical system, and Ψ ∈ Rn×m is the linear projection basis. Measurements yt are

collected in the original high-dimensional state space.

One can define a projection basis to be a universal basis for compressed sensing, or a

tailored POD basis for a data-driven approach [89]. However, such basis does not necessarily

project to a proper low-rank dynamical system. To find a low-rank representation, suppose

that the dynamics A is known, we can take a spectral decomposition of A and truncate

the eigenvalues and eigenvectors to a low-rank representation. Alternatively, a data-driven

approach is to find a close estimation of the model from the data by using dynamic mode

decomposition (DMD) and its many variants [150, 71, 61, 9, 19] that can be useful in sparse

sensing [68]. DMD modes constitute the linear projection from high-dimensional data to the

low-rank representation. The DMD eigenvalues form a diagonal dynamics matrix for the

low-rank system.

ROMs are commonly utilized in the stationary sensor placement problem [89, 39, 106].

Assuming no disturbance and noise, the measurements can be expressed as yt = CΨzt.

Then, we can obtain xt through a simple linear reconstruction via the Moore-Penrose pseu-

doinverse, x̂t = Ψẑt = Ψ(CΨ)†yt. It is clear that the reconstruction depends on the

conditioning of matrix CΨ. Given a tailored basis, Q-DEIM [39] uses QR factorization with

column pivoting (QRcp) to greedily find near optimal selections. At each step, QRcp selects

a new pivot column with the largest norm and removes the orthogonal projections onto the

pivot column from the remaining columns. Controlling the condition number by maximizing

the matrix volume, QRcp enforces a diagonal dominance structure through column pivoting

and expands the sub-matrix volume. In a more recent work, GappyPOD+E [106] extends the

Q-DEIM method to an “oversampling” case where the sample/selection size is larger than



35

the basis rank to improve stability. Based on the theory of random sampling in GappyPOD

[10], it is a deterministic method that utilizes a lower bound for the smallest eigenvalue of

the submatrix to continue sensor selection over model rank.

3.3.2 Observability

Observability is concerned with the possibility of finding the states of the system from the

observations. A time-varying system of the form xt+1 = Axt,yt = Ctxt, or a pair (A,Ct), is

observable at time t if the system state can be determined from the observations in [t, τ ] for

some τ > t [63]. The system is said to be observable if it is true for all time. Observability

of a system is examined through the observability Gramian. In our discrete-time system, it

is equivalent to study the observability matrix,

Ot =


Ct

Ct+1A

...

Ct+n−1A
n−1

 .

The system is observable if and only if the observability matrix has full (column) rank. When

all states are measured, Ct = I, the full observability matrix isO =
[
I A⊤ ... (An−1)⊤

]⊤
.

In the reduced-order model representation, the projected full observability matrix is

OΨ =
[
Ψ⊤ (ΨΛ)⊤ ... (ΨΛn−1)⊤

]⊤
.

In a time invariant system where Ct = C is fixed in time, it may need multiple sensors

or a long period in time to achieve full rank of the observability matrix. For example, for

a fully measured system, O is trivially full rank and the system states can be determined

immediately at each time step. But for sparse sensing on a state space of large dimension,

observability of the system is harder to achieve. By considering mobile sensing, it opens up

possibilities to generate better observability with limited sensors.

A fully observable system is necessary for an accurate estimation using sparse measure-

ments. In particular, it allows Kalman filter estimation to converge to steady-state values



36

on an infinite-time horizon. We discuss in more detail the connection between observability

and Kalman filter estimation in the following section.

3.3.3 Kalman Filter

We use a Kalman filtering for spatiotemporal estimation on a linear model. Under the as-

sumption of Gaussian noise, it is known to be the best linear estimator for minimizing mean

squared error [62]. Kalman filter algorithms combine the information from the prior knowl-

edge of the system and the observed measurements over time to find an optimal estimate

of the system. Let Σt denote the error covariance matrix at time t in the Kalman filter

estimation. By definition, its trace is the expected squared estimation error at time t. The

error covariance follows a recurrence relation

Σt+1 = AΣtA
∗ −AΣtC

∗
t (CtΣtC

∗
t +R)−1CtΣtA

∗ +Q.

In the time-invariant case, when t→∞, the limiting error covariance satisfies Σ = AΣA∗−
AΣC∗(CΣC∗ +R)−1CΣA∗ +Q, which is known as the discrete algebraic Riccati equation

(DARE). When the system is observable, the error covariance is guaranteed to converge to

a limit or a limit cycle in a periodic schedule [165].

The limiting error covariance is a common metric to evaluate a Kalman filter model.

However, finding this limit by solving the DARE is difficult and computationally expensive

since it does not have a closed-form solution. Therefore, knowing that observability is a

necessary condition for Kalman filter estimation performance, we further show how the con-

ditioning of the observability matrix drives better estimation. We first relate the limiting

expected squared error to the conditioning of C in a time-invariant model with full-rank mea-

surements. We then show that any model with sparse measurements or periodic trajectory

can be reformulated at a larger time step to a time-invariant representation with full-rank

measurements. And the reformulated selection matrix is the same as the observability matrix

in the original form.

The expected squared error is represented as the trace of the error covariance matrix,
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whose limit is the solution of a DARE. Since the DARE does not have a closed-form solution,

we consider an upper and a lower bound for the trace of the solution. While various works

have derived different bounds on the DARE solution [36, 72], we utilize the following results

for our analysis:

Theorem 1 Consider the DARE Σ = AΣA∗ − AΣC∗(CΣC∗ + R)−1CΣA∗ + Q with

dimension n, assuming that C∗R−1C ≻ 0, Q ≻ 0. We then have bounds:

• [66] tr(Σ) ≤ 2tr(Q)

a1+
√
a21+4λn(C∗R−1C)tr(Q)/n

, a1 = 1− λ1(A∗A)− λ1(Q)λn(C
∗R−1C);

• [67] tr(Σ) ≥ 2tr(Q1/2)2

a2+
√
a22+4nλ1(C∗R−1C)tr(Q1/2)2

, a2 = n−∑i |λi(A)|−tr(Q1/2)2λ1(C
∗R−1C).

λi(X) represents the i-th largest eigenvalue of X.

We can easily show that the lower bound is monotonically decreasing with λ1(C
∗R−1C),

and the upper bound is monotonically decreasing with λn(C
∗R−1C) given that λ1(A

∗A) ≥
1− tr(Q)

nλ1(Q)
. In the special case Q = qI, λi(Q) = q, tr(Q) = nλ1(Q), λ1(A

∗A) ≥ 0 is trivially

satisfied. The condition is usually satisfied as well for a stable system in general when the

disturbance covariance does not have a heavily dominant eigenvalue.

Since we consider the model with independent and identical measurement noise, R = rI,

so λi(C
∗R−1C) ∝ λi(C

∗C) =
√
σi(C), where σi(C) is the i-th largest singular value of C.

Therefore, in a time-invariant model where C is full rank, we can minimize the condition

number κ(C) = σ1(C)
σn(C)

in order to achieve lower squared error.

However, in most scenarios the system model is more complicated. When using limited

sensors, the measurements C will not be full rank. In the mobile sensor with periodic

trajectory scenario where Ct depends on time, the system is not time-invariant. We can

show a reformulation of these models to a time-invariant representation in which C is full

rank. Then, the above result applies to these models as well. Consider the general model

xt+1 = Axt+wt, yt = Ctxt+ vt. Let k = nt be a larger time step where n is the dimension

of the state space or multiples of the sensor trajectory period. Then we can follow [15] and

rewrite the system in the form (3.4)-(3.5).
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x̂k+1 = xn(t+1) = Anxnt +
n∑
i=1

Ai−1wnt+n−i := Âx̂k + ŵk, (3.4)

ŷk :=


ynt

ynt+1

...

yn(t+1)−1



=


Cntxnt + vnt

Cnt+1(Axnt +wnt) + vnt+1

...

Cn(t+1)−1(A
n−1xnt +

∑n
i=2 A

i−2wnt+n−i) + vn(t+1)−1



=


Cnt

Cnt+1A

...

Cn(t+1)−1A
n−1

xnt +


vnt

Cnt+1wnt + vnt+1

...

Cn(t+1)−1

∑n
i=2A

i−2wnt+n−i + vn(t+1)−1


:= Ĉx̂k + v̂k. (3.5)

In the reformation, Ĉ is time-invariant, and it is exactly the observability matrixO in the

original form. If the system is observable, O has full rank, and so does Ĉ. By representing

a time-variant system of mobile sensors in a time-invariant form, we can draw the same

conclusion as the time-invariant system that the condition number of the observability matrix

bounds the limiting error covariance matrix of Kalman filter estimation. Thus, lowering the

condition number of the observability matrix leads to better estimation performance.

3.3.4 Kalman Filter Design Factors

In the mobile sensor scenario, besides planning the trajectory of the sensors, we should also

consider in the model design the following key factors: the system Nyquist rate, discrete
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sampling rate, and sensor speed. These three timescales relate to the conditioning of the ob-

servability matrix of the system and the performance of Kalman filter estimation. Although

not a definite guide, the following provides useful heuristics for estimation performance based

on these timescales.

The Nyquist rate represents the internal time scale of the continuous-time dynamics. It is

defined to be twice the highest frequency of the spatiotemporal dynamics. The discretization

of the continuous-time system is considered good if it samples faster than the Nyquist rate.

We believe the same applies to mobile sensing with Kalman filter estimation. At least one

measurement should be collected within Nyquist rate to capture the highest frequency feature

of the system at the most relevant location.

The sampling rate refers to the rate at which the measurements are collected. It also

represents the time step of the discrete model. Faster sampling rate above Nyquist adds more

measurements in a fixed time interval. In the stationary sensor setting, this improves stability

of the estimation. With mobile sensors, faster sampling rate further adds more information

since the measurement locations change. This leads to better system observability and

Kalman filter estimation until the statistical independence of the measurements no longer

holds.

The sensor speed determines the maximum region a sensor can measure in a fixed time

interval. A faster sensor can reach and observe at a farther location in the state space to

achieve better observability. More importantly, when the data contains local structures, it

is essential to plan the sensor trajectories to capture those structures. Faster sensors can

achieve this purpose when local structures are well separated in the state space, without the

need to assign additional sensors.

The effect of these timescales will be further discussed in the numerical experiments in

Section 3.5.
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3.4 Computing Mobile Sensor Trajectories

With the problem formulation 3.3, and the discussion in Section 3.3.3, we consider the

objective to minimize the condition number of the observability matrix under the schedule

σ:

min
σ:|σ|=l,|σi|=k

κ(Oσ). (3.6)

The observability matrix with respect to trajectory σ of length l is written as

Oσ =


C(σ1)Ψ

C(σ2)ΨΛ

...

C(σl)ΨΛl−1



=


C(σ1)

C(σ2)
. . .

C(σl)




Ψ

ΨΛ

...

ΨΛl−1


:= CσOΨ,

where OΨ is the projected observability matrix with full measurements, and Cσ is a block-

diagonal selection matrix determined by σ. Problem 3.6 becomes a submatrix selection

problem minimizing the condition number. In the special case when the length of the pe-

riodic trajectory is 1, the objective becomes minσ:|σ|=k κ(CσΨ), which is identical to that

of a stationary sensor placement problem under the DMD basis. Solving such a problem is

in general NP-hard, but just as in the stationary sensor placement problem, we can lever-

age greedy algorithms and utilize the same idea as QRcp/Q-DEIM for under-sampling and

GappyPOD+E or over-sampling to solve it approximately.

We introduce our greedy time-forwarding algorithm in Section 3.4.1 and illustrate on a

synthetic example of sparse linear dynamics on a torus in Section 3.4.2 before presenting the

main results in Section 3.5.
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Algorithm 2: Greedy Time-forwarding Observability-based Path Planning Algo-

rithm
Input: low-dimension dynamics matrix Λ, projection basis Ψ, number of sensors k,

trajectory period l.

Output: trajectory σ.

Initialize X← Ψ, σ ← [], Oσ ← [].

for i = 1 : l do

for j = 1 : k do

Find/update candidate rows S in X.

Calculate scores and select the next valid row s ∈ S by Algorithm 3.

Assign the closest and previously unassigned sensor s′ ∈ σi−1 to move to s,

and put s to corresponding position in σi.

Append the selected row X[s, :] to Oσ.

end

Add σi to σ.

Update X← XΛ.

end

3.4.1 Algorithm

The projected full observability matrix OΨ is by definition segmented into blocks, so for the

purpose of efficient computation, we propose a greedy algorithm that finds sensor locations

σ1, σ2, ..., σl by sequentially focusing on each block Ψ,ΨΛ, ...,ΨΛl−1.

The algorithms are as follows:

In the selection step, we want to find a row in X from the candidate set S to append

to the current observability matrix in order to minimize κ(Oσ). We use the same selecting

rules as in QRcp and GappyPOD+E. The candidate set S is critical when sensor movement

constraints are present. When the sensor is unrestricted to move in time, we can simply

set S = [n]\σi. However, in practice, the sensors have a limit on their speed so there is a
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Algorithm 3: Selection Step

Input: target matrix X, current observability matrix Oσ, candidates S.

Output: row index s.

p← row size of Oσ

if p < m then

(under-sampling, use QRcp rule)

[Q,∼] = qr(O⊺
σ)

U = Q⊤X⊤

r ←∑m
i=p U [i, p :]

2

else

(over-sampling, use GappyPOD+E rule) [∼,Σ, V ] = svd(Oσ)
g ← Σ2

m − Σ2
m−1

U ← V ⊤X⊤

r ← g +
∑m

i=1 U [i, :]
2

r ← r −
√
r2 − 4gU [m, :]2

end

Sort r in descending order and select s be the first valid ordered index in S.

restricted region in which the sensors can move between time steps. Additionally, the state

space can have special multiply-connected topological structure such that not all locations

are accessible from every other. Future work will incorporate the background flow field in

this estimated restriction region, although this is neglected for simplicity in the present work.

Under a sensor speed constraint, we only consider the locations where

• a sensor can move to within a time step from its current location;

• it can go back to its initial location at the end of the period to form a cycle.

These requirements guide the selection of the candidate set S in the algorithm. When the

topology of the state space is regularly shaped, a simple Euclidean distance can be used;
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while it is irregular with obstructions or complex network structures, we can resolve to other

types of distance functions.

3.4.2 Illustrative Example: Sparse Linear Dynamics on a Torus

To show the effectiveness of mobile sensors, we demonstrate the algorithm with a random

simulation of sparse linear dynamical system on a torus [22]. We design the system to contain

two types of structures: the 2D discrete inverse Fourier transform function and the Gaussian

basis function. A Fourier mode is a global feature present across the state space, while a

Gaussian mode is a local feature that only concentrates in a small neighbor around a center.

On a 128x128 spatial grid, we build the sparse system with 2 conjugate Fourier modes

and 3 conjugate Gaussian modes by generating randomly their oscillation frequencies and

damping rates (Figure 3.2). This is a system of size n = 1282 = 16384 with a low-dimensional

linear representation of rank m = 10, where the projection basis Ψ contains the modes, and

the low-dimension linear dynamics matrix Λ is diagonal with the oscillation and damping

information. We generate the data by adding system disturbances and measurement noise.

Since all parameters in the model are known in the synthetic example, we use the trace of

the error covariance matrix as an accurate representation of the expected squared error to

evaluate the estimation.

First, we estimate the system with sensors at fixed locations selected by applying QRcp

on the basis Ψ, a common sensor placement strategy. We see from Figure 3.3 there is

significant performance improvement as we increase the number of fixed sensors up to 3. At

least 3 sensors are needed to obtain a good estimation of the system so that they can be

placed to observe the local regions of the Gaussian modes.

We then show that equivalent performance can be achieve using only one mobile sensor

with the same sampling rate and fast enough speed. We choose a trajectory period such that

the cycle is complete within the Nyquist rate of the system. When the sensor is slow, there

is no significant improvement since the sensor cannot move to other local features within a

cycle. But, with fast enough speed, our algorithm is able to direct the sensor to reach the
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Figure 3.2: A snapshot of the random system in 2D (left) and on a 3D torus (right).

localization of all three Gaussian modes and make better estimation (Figure 3.4). Under

the same sampling rate, three sensors collect three times as many measurements as only one

sensor within any time interval. This fundamental differences in measurement size due to

number of sensors contributes to the difference between three stationary sensors and one

mobile sensors. We can narrow this performance gap by increasing the sampling rate. At a

sampling rate of 0.001, the difference in estimation error is minimal.

Through this synthetic experiment we see that a mobile sensor can indeed improve

Kalman filter estimation, and the trajectory planned by our greedy method is effective to

pinpoint local structures and achieve good observability.

3.5 Numerical Experiments

In practice, it is often the case that for spatiotemporal data and systems, the underlying

low-rank dynamic model, the disturbance, and the noise are not known. In this case, we

would fit an estimated model representation from data via DMD, and approximate distur-

bance and noise covariances either from data or through hyper-parameter tuning. Here, we

look at two examples: (i) the Kuramoto Sivashinsky (KS) system, and (ii) the Sea Surface

Temperature (SST) dataset from NOAA [1, 116]. We study the performance when we use

a DMD approximated model for Kalman filter estimation and sensor path planning by our



45

0 5 10 15 20
Time

0.25

0.50

0.75

1.00

1.25

1.50

E
xp

ec
te

d 
Sq

ua
re

d 
E

rr
or

1e 6

0

2

4

6

8

10

nu
m

be
r 

of
 s

ta
tio

na
ry

 s
en

so
rs

(a)

0 5 10 15 20
Time

0.25

0.50

0.75

1.00

1.25

1.50

E
xp

ec
te

d 
Sq

ua
re

d 
E

rr
or

1e 6

0

5

10

15

20

25

30

35

40

m
ob

ile
 s

en
so

r 
ve

lo
ci

ty

(b)

Figure 3.3: Expected squared error of the KF estimation in time, (a) stationary sensor

placement by number of sensors; (b) one mobile sensor by velocity constraints.
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Figure 3.4: Planned sensor trajectory in black arrows with speed of 5 (left) and 37 (right)

units per time step of 0.01.

greedy algorithm. In both examples, we fit a linear DMD model with a chosen low rank. The

dynamics matrix Λ is diagonal with DMD eigenvalues and the basis Ψ consists of the DMD

modes. We further add a white measurement noise with variance R = I to the data, and we

set the system disturbance to be Q = qI where the uniform variance q is a hyperparameter

tuned by experiment.

These two examples are representative in different aspects. The KS system is known for

its chaotic behavior. Therefore, a linear representation of the system is extremely difficult.

Additionally, the modes from the linear approximated model are mostly local since linear

correlation between locations is small, so that full observability is hard to achieve with few

fixed sensors. We show in Section 3.5.1 that mobile sensors can perform particularly well

comparing to fixed sensors by reaching more locations and capturing more local structures.

The SST dataset from NOAA contains weekly mean optimum interpolated sea surface

temperature measurements from global satellite data. The dataset can be well approximated

by a linear model and most modes in the approximated system are global so that observability

is easily achieved with even just one stationary sensor. We show then in Section 3.5.2 mobile

sensors further accelerate the convergence of error.



47

3.5.1 Kuramoto Sivashinsky System

The KS system is given by the equation ut+uux+uxx+uxxxx = 0. We consider the numerical

solution of the system on a spatial grid of size 2048 over x ∈ [0, 2π]. The initial condition is

randomly generated over a standard normal distribution. With a random initial condition,

we numerically solve the KS equation and collect data on the time interval t ∈ [0, 10] with a

time step of dt = 10−4. We first perform singular value decomposition (SVD) to find a low

rank representation of the data. The first 100 singular values capture 99.99% of the energy,

so we estimate a low-dimensional linear representation of the system by fitting a standard

DMD model [150] with an SVD rank of 100.

Because of the chaotic nature of the system, accurate estimation is not possible with a

limited number of 10 sparse fixed sensors. Indeed, we need 100 fixed sensors, equivalent to

the full rank of our approximated linear system, to effectively estimate the system (Figure

3.5). Additionally, we see that there is no significant improvement in performance with

increasing sampling rate using fixed sensors since more frequent measurements at the same

locations add little information of the unobserved states.

On the other hand, mobile sensors can move to measure different locations and gain more

information of the entire state space. With fast enough sensor speed, 10 moving sensors can

achieve a significantly improved estimation comparing to 10 fixed sensors by increasing the

sampling rate (Figure 3.5). The improvement in performance is limited by the sensor speed.

We set the minimum speed in this example to be vmin = 2π
2048
∗ 104 so that the sensor is able

to move to its left and right neighbor at a discrete sampling time step of 10−4. With higher

sensor speed, sensors can make observations over a wider spatial range, thus giving better

estimation. As v → ∞, the performance of 10 moving sensors approaches that of 100 fixed

sensors with fast enough sampling rate.

Due to the greedy nature of our algorithm, it selects based on the immediate reward at

the next time step and cannot look ahead. When the sampling is sufficiently fast, the greedy

algorithm makes a decision based on the closest neighbors of the current location. Such a
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Figure 3.5: (a) True spatiotemporal dynamics of the KS system in T ∈ [9, 10]; (b) Bode plot

of estimation error against sampling rate; (c) Estimated x-t plot by 10 mobile sensors with

sampling rate dt = 0.001, 0.005, 0.01, 0.02 (corresponding with the dashed vertial lines on the

bode plot).

decision is not informative, and the trajectory planned fails to have a good performance. One

way to reduce the greediness of the algorithm is to perform a multiscale path completion.

We start by finding a trajectory at a slower sampling rate. Then, we gradually decrease the

time step and apply the same path planning algorithm, except using the previously found

trajectory as guidance and filling in the gap to construct a more complete trajectory at the

faster sampling rate. We apply this multiscale expansion procedure on the KS example,

initiated at the sampling rate with the smallest error, and expand to faster sampling rate

based on that path. We see the performance is no longer worse with a fast sampling rate

in the KS experiments, but it flattens and reaches a limit determined by the sensor speed

(Figure 3.6).
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Figure 3.6: Estimation error against sampling rate with multiscale expansion plotted in full

transparency connected by line.

3.5.2 Sea Surface Temperature

The SST dataset contains weekly collection from satellite data of sea surface temperature

measurements on the 1 degree latitude by 1 degree longitude (180 by 360) global grid from

1990 to the present. We fit a standard DMD model and obtain a r = 10 low-dimensional

representation.

First, we perform Kalman filter estimation using stationary sensor measurements and

observe that one stationary sensor achieves comparable performance in the end to ten sta-

tionary sensors (Figure 3.7). This verifies that the approximated linear model contains

mostly global features that can be observed well with very few sensors. However, with a bad

initial estimation, Kalman filtering with 10 fixed sensors converges to low error very quickly

(below 0.1 within one year), while it takes 1 sensor almost 28 years to reach a comparable

error.

The issue of slow Kalman filter convergence can be solved using a mobile sensor instead,
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Figure 3.7: Estimation error over (a) all time; (b) first two year (104 weekly measurements).

while still maintaining a good limiting estimation. The DMD eigenvalues suggest the max

frequency of the system to be around a half-year, so we choose the period of mobile sensor

trajectory to be about a quarter-year (14 weeks). Since the globe has continental land as
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obstructions, we need to ensure the planned trajectory does not cross any land as the sensor

moves in water. We build a connectivity graph and adjacency matrix for the candidate

selection step in our algorithm instead of a simple Euclidean distance function.

Figure 3.7 shows the results of one mobile sensor with different sensor speed limits.

Mobile sensor estimation indeed produces much faster convergence compared to a stationary

sensor. As the speed limit increases, the sensor can move to farther locations with better

observability, further improving the convergence of estimation. Figure 3.8 shows the paths of

the sensor. When v is small, the initial location plays an important role since the trajectory

does not move far from it. The first location picked by the algorithm is close to Alaska, so the

first two trajectories with low speed center around the North Pacific and the Arctic Ocean.

As v increases, the sensor explores the equator and south hemisphere regions, especially the

El Nino regions around the equatorial Pacific, which is an important local feature. Figure

3.9 shows the planned trajectory using 2 mobile sensors.

Convergence speed also matters when the underlying dynamics is nonstationary and

changes over time. If the estimation does not reach a meaningful error in time, the shifting

dynamics will further slow down the convergence and increase the limiting error. To show

this, we instead fit a DMD model using only the first half of the SST data and use it as the

approximated linear model for Kalman filter estimation. In this case, the fitted linear model

is representative and relevant only in the first training half, and does not reflect any possible

changes in the data dynamics afterwards. Then, one stationary sensor performs significantly

worse due to slow convergence (Figure 3.10). On the other hand, the error from one mobile

sensor converges fast enough within the training period so that in the second half the error is

still relatively low. Therefore, fast convergence with mobile sensors ensures a fast adjustment

in estimation when the dynamics change in time.

3.6 Conclusion and Future Work

In this work, we developed a mathematical strategy for planning a periodic trajectory for

limited mobile sensors to estimate a spatiotemporal system using Kalman filter estimation.
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Figure 3.8: Planned sensor trajectory (black dots connected by yellow arrows) with a cycle
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degree of latitude or longitude). Zoomed in map on the right.
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Figure 3.9: Planned sensor trajectory for 2 sensors with a cycle period of 14 weeks, with

sensor speed limit at 15 spatial units (1 degree of latitude or longitude).
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We examine the system observability as a metric that influences the estimation performance

in terms of the limiting squared error as well as the convergence rate. We consider an

objective to minimize the condition number of the discrete observability matrix along the

trajectory and formulate it as a submatrix selection problem. We then propose a time-

forwarding greedy algorithm that selects sensor locations along the trajectory using the

same rules as QRcp and GappyPOD+E from a carefully chosen candidate subset.

The experiments show that the method is able to plan a trajectory that locates the

local features and improves the estimation performance. In these experiments, we explore

Kalman filter design factors and their impact on estimation as they relate to the three

important timescales: the Nyquist rate of the underlying dynamics, the rate of sampling,

and the velocity of the sensors. We find that mobile sensors are especially beneficial for

a complex, non-linear system to capture local features in an approximated linear model,

without deploying a large amount of sensors. We also see an improvement in estimation

convergence rate using mobile sensors, which more rapidly reaches an accurate estimation.

In future work, a weighted cost function can be added to the objective to better incorpo-

rate different costs to the path planning. Sensor speed can be formulated as a cost instead

of a hard constraint imposed in the selection process. Furthermore, energy consumption

caused by sensor movement can also be included to plan a trajectory that is also more en-

ergy efficient. For example, as in the flow field applications, we can consider the flow field

information and the energy cost associated with it as the sensor moves with or against the

flow. Incorporating the background flow velocity in the set of possible next locations is an

important future extension of this work. We can also refer to many different sensor control

laws as cost constraints for incorporating other tasks such as simultaneous structure tracking.

For multi-sensor planning, it will be interesting to consider different asynchronous peri-

odic trajectory for each individual sensor instead of all having the same period. This will be

particularly useful for multiscale systems so that each sensor can be responsible for estimat-

ing features of different timescales. As shown in the numerical experiments, the performance

of Kalman filter estimation fundamentally depends on the accurate modeling of the linear
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system and the correct choices of hyper-parameters. Better data-driven linear system iden-

tification can be explored. An alternating model fitting and estimation approach can be

explored to update both the model and the sensor trajectory continuously to achieve even

better performance.
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Chapter 4

EFFICIENT PATH PLANNING WITH BACKGROUND FLOW
THROUGH DEEP REINFORCEMENT LEARNING

4.1 Abstract

In many sensor estimation and monitoring tasks, the mobile sensor travels through the state-

space under the influence of a complex background flow environment. System observability

is commonly used to assess the performance of the sensor-based estimation, although for a

mobile sensor there are other important metrics. We consider the path planning problem

under the environmental background flow and focus on a cyclic trajectory that (i) maximizes

the log determinant of the observability matrix, (ii) minimizes total energy consumption, and

(iii) returns close to the initial location at the end of the period. We formulate a reinforcement

learning (RL) scheme and define a reward function that justifies multiple objectives. We

investigate the performance of a policy-based proximal policy optimization (PPO) algorithm

and address the issue of partially observed states with an additional recurrent module. We

present our results on two complex unsteady fluid dynamical systems.

4.2 Introduction

Mobile sensors and autonomous vehicles are becoming increasingly important in many geo-

physical and engineering applications for tackling a wide range of tasks such as estimation,

monitoring, and tracking. It is essential to plan optimal sensor trajectories to better guide

sensors on these tasks. In many cases, the sensors are moving in an unsteady fluid envi-

ronment so that the sensor motion is affected by environmental forces such as wind and

ocean currents. Although these environmental flows complicate the sensor motion, they also

provide opportunities for sensors to exploit the background flows for more efficient naviga-
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tion [70, 13].

The classical path planning problem has been extensively studied. For instance, in graph-

based approaches, the environment is represented in a graph with accessible free space as

nodes and energy costs as weighted edges. This decomposition allows the use of graph-related

shortest path algorithms such as Dijkstra’s algorithm for navigation of the sensors [11]. Alter-

natively, sampling-based methods are more often applied in a large-scale, high-dimensional

environment. The planning is performed on a randomly sampled mapping of the environ-

ment. In particular, the rapidly exploring random tree (RRT), and its cyclic variant rapidly

exploring random cycle (RRC), are complete and efficient algorithms for path planning by

growing a random tree in the environment rooted at the initial location [76, 75]. Madridano

et al. [88] give a comprehensive and detailed review of these methods. However, many of

these methods only consider static or time-invariant environmental flow fields. Thus, they

are not directly applicable in dynamic environments where unsteady background flows are

present. In complex, unsteady, and multiscale environments, it is challenging to control the

sensors precisely to move from one location to another and efficiently compute trajectories

at scale.

In recent years, researchers have studied path planning in a dynamic flow field using

various approaches. A genetic algorithm for path planning in an ocean environment was

developed by Alvarez et al. [6]. Some exploit Lagrangian coherent structures [53, 130] in

the environment to assist path planning in an improved computation [113, 122]. Krishna

et al. [70] established a connection between the trajectories planned by model predictive

control and the coherent structures. Subramani and Lermusiaux [141] leveraged stochastic

dynamically orthogonal (DO) level-sets from the vehicle speed function.

Advances in deep reinforcement learning (RL) have also helped address some of the chal-

lenges of path planning in a complex environment for more optimal and efficient solutions.

Although gaining its popularity in the applications of games and robotics [94, 129], RL is

useful for solving objectives for path planning seen as a sequence of actions and decisions

interacting with the dynamical environment. For example, RL is used as a learnable de-
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terministic method for finding cycles in the RRC approach for improved performance and

efficiency [31]. Actor-Critic schemes are used for time-efficient point-to-point navigation,

also known as Zermelo’s problem, of a fixed speed swimmer in complex flows [13, 23]. The

same problem is also tackled using other deep RL approaches such as the V-RACER algo-

rithm [103, 51] and the adversarial Q-learning [4].

Many complex systems in the real world exhibit some periodic or quasi-periodic char-

acteristics. It is practically useful for a sensor trajectory to return to a specified location

periodically for maintenance and sensor recharging. However, few existing works consider

path planning with these additional structural constraints, with most studies considering

point-to-point navigation. In this work, we focus on planning a cyclic path for a mobile

sensor to maximize system observability under a complex environment with background

flow. Historically, system observability has been a popular choice of metric in many sen-

sor placement [136, 90] and planning problems [37, 8, 111]. Not only is observability good

for instantaneous spatio-temporal estimation, but it is also a necessary condition that is

useful in improving Kalman filter recursive estimation of the complex system [91]. Some

alternative choice of metrics include the reconstruction error [81] as well as the a posteriori

error covariance [152], which are more accurate yet less efficient comparing to the system

observability.

In most studies, the task is generally separated from the path planning process. When

given a task such as estimation, it is common to first find optimal waypoints and then

apply point-to-point path planning methods to efficiently navigate. Shriwastav et al. [133]

search over random sequences of optimal waypoints for efficient trajectories. Although the

approach simplifies the problem, it can introduce new issues. Splitting the optimization

may result in waypoints that are costly to navigate between. As such, it is preferable to

directly optimize the task objective and energy-efficient path planning simultaneously. We

describe energy efficiency in terms of the energy expenditure within a fixed cycle of the

path. The conflicting goals of maximizing observability and minimizing energy cost lead to

a multi-objective optimization trade-off. We construct a linear combination of the objectives
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and investigate the effect of the weights on the resulting trajectories. We apply deep RL

algorithms for solving our optimization problem and address the partially observable process

with a recurrent component. Finally, we validate the performance on two complex flow

environments: the double-gyre flow field and global sea surface temperature data.

4.3 Background

In this section, we first motivate reduced order modeling and system observability concerning

the environmental feature of interest. Then, we recall Markov decision processes for mobile

sensor path planning to apply RL algorithms.

4.3.1 Reduced Order Modeling

Reduced order models (ROMs) are commonly used to represent high-dimensional dynamical

systems in a more simple and efficient formulation. The high-dimensional data xt ∈ Rn

from the system is projected to a low-rank representation zt ∈ Rm (m < n) through a

linear basis Ψ ∈ Rm×n, xt = Ψzt. Often zt is assumed to be approximated by linear

dynamics zt+1 = Λzt + wt, where wt ∈ Rm is a vector accounting for system disturbance

and nonlinearity. Then, the high-dimensional data can be approximately decomposed as

xt ≈ ΨΛtz0.

Classical approximation approaches to find the projection basis include the Fourier or

wavelet transforms, as well as the proper orthogonal decomposition (POD). However, these

approaches generally do not guarantee that there is a simple dynamical system in the low-

rank representation. Suppose that the high-dimensional dynamics is known, with linear

dynamics represented by a matrix. Then one could use a truncated matrix eigenvalue decom-

position to obtain a linear basis and low-rank dynamics with good approximation. However,

in most cases the dynamics of the high-dimensional system is not given directly nor is it

linear. Modern Koopman theory provides conditions under which a nonlinear system can

be rewritten as an infinite-dimensional linear operator, and dynamic mode decomposition

(DMD) is a data-driven approach to obtain a low-rank approximation of the model from
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data [118, 128, 150, 71]. In particular, the DMD modes constitute the linear projection basis

from high-dimensional data to the low-rank representation. The DMD eigenvalues form a

diagonal matrix capturing the dynamics of the low-rank system. We use in our experiments

optimized DMD that fits a debiased Koopman decomposition from the data [9].

4.3.2 Observability

In a complex system, it is usually not possible to collect measurements from all locations

in the state space. Additionally, what we observe can be a transformation of the original

system states. Observability defines how well the measurements we observe may be used to

reconstruct and estimate the system state. It is typically examined through the observability

Gramian or the observability matrix. In a time-varying setting, the measurements can be

defined as yt = Ctxt, where the selection matrix Ct depends on time. In particular, Ct has

standard unit vectors as columns if directly measured from the state space. We define the

observability matrix of a time-varying system xt+1 = Axt,yt = Ctxt as:

Ot =


Ct

Ct+1A

...

Ct+n−1A
n−1

 .

The system is observable if and only if the observability matrix has full (column) rank.

In many problems, it is helpful to look to the conditionality of the observability matrix,

such as condition number, trace, or determinant, as a more continuous measure of system

observability. The system is considered to be better observed when the observability matrix

is well-conditioned.

4.3.3 Markov Decision Process

The motion and decisions of the mobile sensor can be described as a Markov decision process

(MDP). It is represented by the state space S, the action space A, and the observation space
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Ω. In a partially observable MDP (POMDP), the agent (sensor) cannot observe the full

state but rather a function o : S → Ω. At each step, the agent chooses an action based

on its observation through a policy function π : Ω → A. The state transition model

T : S × A → S determines the next state from the current state and action. In general,

the agent receives rewards r : S × A × S → R for its actions, the current state, and the

next state. The objective is to optimize the total expected rewards over a time horizon T ,

E[
∑T−1

i=0 γ
tr(st, at)], where 0 ≤ γ ≤ 1 is a discount factor. With this framework, we apply

RL algorithms to optimize the path planning of the mobile sensor.

4.4 Problem Formulation

4.4.1 Path Planning

In this paper, we focus on planning a trajectory for a single mobile sensor in an unsteady

background flow. We model the environmental feature with a low-rank representation and

examine the log determinant of the observability matrix along the path. Specifically, consider

the following low-rank representation of the large-scale spatio-temporal data xt:

xt = Ψzt, zt+1 = Λzt +wt,

yt = Ctxt + vt = CtΨzt + vt,
(4.1)

with the observability matrix

O =


C0Ψ

C1ΨΛ

...

CT−1ΨΛT−1

 . (4.2)

Ct is defined by the location of mobile sensor at time t. The dynamic feature of interest xt

can be the unsteady flow field, but it can also be other environmental features in general

such as sea surface temperature in the ocean model. Regardless, the unsteady background

flow affects the motion of the mobile sensor in terms of state transition in the RL algorithm,

which we discuss in detail in Section 4.4.2.
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We aim to find a sensor path that: (i) maximizes the log determinant of the observability

matrix of the system; (ii) minimizes the energy cost; (iii) completes a cyclic path by returning

to the region close to the initial location at the end of the period; and (iv) is collision-free

in an environment with obstacles. We incorporate these objectives into the RL formulation

next.

4.4.2 RL Formulation

We formulate the path planning problem as a POMDP. We define the trajectory to be the

sequence of states and actions {s0, a0, s1, ..., aT−1, sT} of the sensor. The time horizon T is

set to be the predefined cycle length. Based on the study of Gunnarson et al. [51] showing

velocity information are effective in navigation in flow fields, we give the agent access to the

position of the mobile sensor, local background velocity, as well as time. The continuous

action space represents the velocity vector of the sensor. It can be unbounded in general

or closed within an interval to provide limits to the sensor speed. The transition of the

mobile sensor is influenced by the unsteady background flow. We define u(st, t) as the vector

function of background flow, which can either be a precise equation or an interpolation from

data. Then, the transition follows the equation of motion ṡt = u(st, t) + at.

It is non trivial to translate our objectives listed in the previous section into a reward

function to guide the learning of the RL agent. With different objectives acting together, it

is important to formulate a reward that is learnable and convergent. Typically, a reward that

is sparse in the process is harder to learn by the RL agent. For example, the observability

matrix is not completed until the end of the process, and the return penalty depends on

the final state of the mobile sensor. Instead, it is better to design the reward function to

track the step-wise changes, while the total reward is still representative of the objectives.
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Therefore, we define a reward function with the following components:

rt = r1t + r2t + r3t + r4t , (4.3a)

r1t = log det(O:t+1)− log det(O:t), (4.3b)

r2t = −λ∥at∥2, (4.3c)

r3t = −ρ(d(st+1, s0)− d(st, s0)). (4.3d)

Each component denotes a marginal change with respect to our objectives. Conceptually, r1t

represents the marginal information gain of observability from the new location compared to

the previous step, r2t is the energy cost weighted by a hyperparameter λ, and r3t is the step-

wise change in return distance weighted by a hyperparameter ρ. d is the distance function,

which we take as the squared Euclidean distance between the locations. A hard constraint

on the precise return of the mobile sensor by objective (iii) is generally a difficult task in a

dynamic environment, so we relax it to be a soft penalty to minimize the distance between

the starting and ending location of the sensor within the time horizon.

r4t denotes all other sparse situational penalties to ensure the validity of the resulting path

such as collision avoidance. For example, when moving in an environment with obstacles, r4t

can be defined to give a constant negative reward for hitting the obstacle and 0 otherwise. A

good path solution should completely eliminate this component and have r4t to be 0. With

a discount factor of γ = 1, the total reward becomes

T−1∑
i=0

rt = log det(O)− λ
T−1∑
i=0

∥at∥2 − ρd(sT , s0) +
T−1∑
i=0

r4t , (4.4)

which matches all of our objectives.

This problem is a POMDP. r1t depends not only on the current and next sensor locations

but all previously visited locations in the trajectory as well, resulting in a partially observed

process. One solution is to append the location history to the state so that the process

is Markovian, but the additional dimensions increase model and computation complexity.

Alternatively, a common approach to tackle this issue is to include a recurrent component
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such as a recurrent neural network (RNN) or long short-term memory (LSTM) module in the

model to internally memorize the previous states in the recurrent hidden layer [55, 161, 82].

Additionally, objective (i) and (ii) are usually conflicting with each other, given that

the optimal locations with the most information are typically far apart from one another,

resulting in higher energy costs. In this case, the optimal solution over the objectives is

not unique. A path that uses more energy to explore farther regions and achieves better

system observability may have the same total reward as a path that only observes in a

close neighborhood but consumes minimal energy. These equivalent solutions make up a

Pareto front through multi-objective optimization. Finding the entire Pareto optimal set is

extremely difficult, which has been addressed in the past [153]. For simplicity, we focus on

efficiently finding one solution in the Pareto front of these objectives.

4.4.3 Deep Reinforcement Learning Algorithms

Modern reinforcement learning algorithms generally fall under one of the two main ap-

proaches: Q-learning or policy optimization. In Q-learning, the RL agent learns a Q-function

that evaluates each state-action pair and chooses the best actions based on Q values. In pol-

icy optimization, the RL agent directly learns a policy function that chooses an action given

the state. Typically, when the state and action space are continuous, it is tedious to learn a

good Q-function, and policy methods are usually preferred.

Therefore, in this paper, we consider the framework of Proximal Policy Optimization

(PPO) [129] for path planning. PPO is commonly seen in intelligent control for its simplic-

ity and easy convergence. It uses the Actor-Critic architecture where we have two neural

networks, the Actor and the Critic. The Actor network is in charge of learning the optimal

policy and actions, while the Critic network estimates a value function to evaluate the states.

PPO uses a clipped surrogate objective:

LCLIP (θ) = Êt
[
min(rt(θ)Ât, r

c
t (θ)Ât)

]
. (4.5)

rt(θ) := πθ(at|st)
πθold (at|st) is the probability ratio of choosing the action under the current policy
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Figure 4.1: Double-gyre flow at t = 0. The arrows are the velocity field, and the colored

background represents vorticity values.

versus the previous policy. rct (θ) = clip(rt(θ), 1− ϵ, 1 + ϵ) clips the probability ratio outside

the interval [1 − ϵ, 1 + ϵ]. Ât is an estimator of the advantage function that evaluates the

chosen action. This clipped objective prevents any large policy changes from the old policy

and adds stability and reliability to the algorithm. Along with an MSE loss of the value

function and an entropy term, they contribute to the final loss function to optimize over.

Typically, during training, PPO assumes a stochastic policy under a Gaussian distribution

with a mean learned from the algorithm and variable standard deviations. While in testing, a

deterministic policy is used to find a single trajectory by choosing the mean action generated

from PPO. Implementation details matter in PPO, and we follow the study by Engstrom et

al. [42] when setting up our algorithm in the experiments.

4.5 Experiments

We examine the use of the RL framework for efficient path planning on two complex systems.

For simplicity, we focus on the scenario where the initial location is known and fixed. How-
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Figure 4.2: Sensor trajectories in double-gyre flow. In each column, the sensor starts at a

different initial time, which affects the background flow and the resulting planned path by

PPO and PPO-LSTM. The trajectories are colored by the energy spent. Those with higher

transparency are from repeated experiments.

ever, the initial time is randomly set so the time-dependent background flow that the sensor

experiences is different in each iteration. We apply PPO and PPO-LSTM algorithms to both

experiments. The reinforcement learning agents are trained on an NVIDIA A40 GPU, while

the environment state transitions are computed with a differential equation solver on CPU.

The code is available at github.com/frankmei33/DRLPathPlanning.

github.com/frankmei33/DRLPathPlanning
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Figure 4.3: Greedy sensor trajectory ignoring the effect and energy cost of the background

flow. This is found by optimizing only the log determinant of the observability matrix using

a greedy algorithm.

4.5.1 Double-Gyre Flow

A double-gyre flow (Figure 4.1) is a flow pattern that is often seen in many geophysical flows

and well studied for its coherent structures [93, 100]. It is described by the following stream

function

ψ(x, y, t) = A sin(πf(x, t)) sin(πy),

f(x, t) = ϵ sin(ωt)x2 + x− 2ϵ sin(ωt)x,
(4.6)

defined on a closed and bounded domain [0, 2]× [0, 1]. The background flow is given by the

velocity field

v(x, y, t) =

−∂ψ
∂y

∂ψ
∂x


=

 −πA sin(πf(x, t)) cos(πy)

−πA cos(πf(x, t)) sin(πy) df
dx

 (4.7)
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Figure 4.4: Distribution of log det(O) and energy cost along PPO and PPO-LSTM trajec-

tories. The blue dashed lines represent values from a free-flowing, and the red dashed lines

represent values from a greedy trajectory.

We take the parameters with values A = 0.5, ω = 2π, ϵ = 0.25 such that the flow has a period

1 and a max velocity of πA ≈ 1.57. We model the vorticity measurements (curl of velocity

field) on a 201× 101 discretized grid with a step size of 0.01. The discrete time step is 0.1.

The vorticity field is highly compressible, so we find a low-rank representation by fitting an

optDMD approximation with rank r = 10 to the sampled measurements. The action space

is bounded in a box region with ∥a∥∞ ≤ 1 to ensure that the sensor velocity is on the same

scale as the background flow field velocity.

We aim to find energy-efficient, cyclic trajectories of length T = 20 using PPO and

PPO-LSTM. The Actor-Critic networks are set with 2 hidden layers of size 16. A hyperbolic
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Figure 4.5: The relative velocity of mobile sensor versus the background flow velocity with

different regularization weights on energy cost. The top row of histograms are the distribu-

tions of the magnitude of actions (in blue) and the magnitude of background velocity (in

orange) taken at the sensor locations. The second row of histograms are the distributions

of the sensor orientation against background flow. The trajectories planned by PPO-LSTM

are shown in the bottom row.

tangent activation function is used to connect between layers. In PPO-LSTM, a separate

LSTM module with one hidden layer is appended before the regular Actor and Critic net-

works. The initial weights are set by orthogonal initialization. The continuous actions are

sampled with annealing state-independent standard deviation and clipped to be smaller than
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the max flow velocity. We fix the initial sensor location to be at (1, 0.8). Then, as the initial

time varies, the horizontal component of the background flow changes direction as the gyres

oscillate in the x-direction. We set the hyper-parameters λ = 1, ρ = 100.

We first examine energy-efficient trajectories for an active mobile sensor. For references,

we compare them with the free-flowing trajectories in Figure 4.2. The background flow

carries the sensor under a path in the left or right half of the region depending on the starting

time. However, the observability under free flowing trajectories is far from ideal as shown

in Figure 4.4. In comparison, PPO and PPO-LSTM agents are able to find trajectories that

explore the same half of the region and follow a similar shape as the free flowing trajectories in

most cases of the repeated experiments. And with minimal learned actions, these trajectories

return much closer to the initial location and achieve much better observability along the

path.

We also generate a trajectory from optimizing only the conditionality of the observabil-

ity matrix with a greedy QR column pivoting approach and ignoring background flow [91],

with the max distance between time steps to be 0.1 in consistent with mobile sensor speed

constraint (Figure 4.3). The resulting path is then used as waypoints in a model predic-

tive control (MPC) optimization to efficiently navigate from one point to the next with a

quadratic cost function. To successfully reach within a close distance of each waypoint, the

sensor requires much larger speed and energy than the given constraint. In comparison, the

trajectories planned by the RL agents achieve similar observability to the greedy trajectory,

while consuming much less energy (Figure 4.4). Interestingly, the additional recurrent struc-

ture in PPO-LSTM only results in marginal improvement in terms of total rewards, path

observability, and total energy spent. The difference is further narrowed as the weights in-

crease. Since the partially observed component is only present in r1t , as the other objectives

gain larger weights, the RL algorithms are less likely to be affected by the partially observed

process.

We then compare the trajectories by adjusting the hyper-parameter weight of the energy

cost in Figure 4.5. As λ increases, it is more costly to exert large controls on the sensor, so
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Figure 4.6: HYCOM SST data in the background. Zoomed-in map and planned sensor

trajectories starting near Los Angeles (left), Rio (middle), and Shanghai (right). Higher

transparency paths are from repeated experiments. (λ = 1, ρ = 10)

we see that the actions are smaller in magnitude and more frequently in the same direction

as the background flow. The direction of the control is more often in the same or opposite

direction of the flow for reduced variation. When the sensor moves directly along or against

the flow, its future location is more predictable. Moreover, the sensor spends extra energy

exploring the center of the right gyre for better observability when the λ is small, while

staying close to the perimeter moving along the flow with larger value of λ.

4.5.2 Sea Surface Temperature

Next, we study a real-world application concerning the sea surface temperature and find

efficient trajectories under oceanic current flow. We acquire the ocean data from the HYbrid

Coordinate Ocean Model (HYCOM) including sea surface temperature, eastward velocity,
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Figure 4.7: Box plots of log determinant of SST observability along the learned trajectories

starting in Rio, Shanghai, and LA.

and northward velocity. The daily data is collected on a uniform 1.2-degree lat/lon grid

(134× 300) from 2001 to 2012. The weekly sea surface temperature data is used to fit a low-

rank representation with optDMD approximation with rank r = 52. The ocean flow is very

chaotic and difficult to model as shown in Figure 4.8, so we fit a continuous interpolation

from the data for the transition model. Historically, sensors are deployed in the ocean

to provide high-quality observations and validations to the satellite-measured sea surface

temperature. These sensors can be carried on in situ moorings, drifting buoys, as well as

ships. In our experiment, to obtain large spatial coverage for the estimation of global sea

surface temperature, we set a bound on the action space with ∥a∥∞ ≤ 5 degrees per day, or

equivalently 23 knots, to model the speed of the sensor on a ship. Additionally, the complex

geographical layout requires a safe trajectory of the mobile sensor that avoids crashing into

the land. We define rt4 to be −100 if the sensor hits land and 0 otherwise.

We consider a trajectory with a length of 1 year (52 weeks) that matches the natural

cycle of the ocean. The Actor-Critic networks are set with 2 hidden layers of size 32. Other

model setups remain similar to the double-gyre flow experiment. We focus on a few major
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Figure 4.8: Path planning in Rio starting on the same day of different years. The first row

shows the HYCOM ocean flow velocity field at initialization, the middle row is the paths

planned by PPO, and the last row is the paths planned by PPO-LSTM. (λ = 5, ρ = 10)

coastal cities and ports in the world on different continents and oceans, such as Rio, Los

Angeles, and Shanghai, as the bases and initial locations for the mobile sensor. The planned

trajectories are shown in Figure 4.6. In most cases, we observe that the RL agent first directs

the sensor away from the land and into the ocean to avoid the possibility of land collision.
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This behavior is most significant when the path starts near Shanghai where there are many

lands in close proximity with the risk of collision. By our setup of the max speed limit,

the ship carrying the sensor can overcome the background flow quite easily with a larger

speed. Although the ocean consists of features with natural cycles, the changes in the ocean

flow field in time are more complex as they do not repeat in a pattern like the double-gyre

system. If we consider the span of multiple cycles, the background flow behaves differently

within each cycle, even though the sensor starts its path at the same time of the year. The

RL agent adjusts with the flow and plans a different trajectory in each cycle as shown in

Figure 4.8 to ensure a similar performance in the objectives.

Through repeated experiments, we do not see significant difference in total rewards

learned using PPO or PPO-LSTM algorithm, but the converged paths exhibit different pat-

terns with focuses on different component of the reward function. While paths from PPO are

mostly clustered and close to shore, those from PPO-LSTM more often extend further into

the ocean. Aided by the historical information stored in the recurrent layer, PPO-LSTM is

more confident in moving away and returning from a farther location compared with PPO.

Additionally, we observe that in general PPO-LSTM finds paths with better system observ-

ability and energy cost than PPO, while returning further away from the staring location.

The results are summarised in Table 4.1.

In our experiments, the initial location of the sensor is fixed. We observe from repeated

experiments that the initial sensor location affects the overall observability of the planned

trajectory (Figure 4.6). In future work, a more general RL agent can be trained to optimally

place the initial location of the sensor in the first step and followed by forming a cyclic path

around the chosen location.

4.6 Conclusion

In this work, we used PPO and the recurrent variant PPO-LSTM as RL agents to plan cyclic

paths for a mobile sensor to maximize system observability while minimizing energy con-

sumption navigating in the environment with unsteady background flow. We acknowledged
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Table 4.1: Testing results from repeated experiments using PPO and PPO-LSTM planning

trajectories starting from Rio. (λ = 5, ρ = 10)

Model PPO PPO-LSTM

log det(O) −484.19(±35.10) −482.78(±32.94)

Energy 12.24(±5.94) 7.15(±2.75)

Return Distance 2.61(±2.59) 6.62(±11.09)

the partially observable nature of the path planning problem and adopted a recurrent policy

to account for the history of observations. We demonstrated with numerical experiments on

double-gyre system and realistic ocean model that RL agents learn to plan efficient trajecto-

ries starting at a fixed location as the background flow changes. They achieve near-optimal

system observability while significantly reducing total energy consumption comparing to the

strategy of finding optimal waypoints and planning efficient paths separately. We may ex-

tend to a more general objective with complex objectives and learnable initial locations for

future work. The framework can also be adapted to a multi-sensor setup where we shall

consider the effect of local information and communication among multiple sensors on the

performance of RL agents.
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Chapter 5

LONG SEQUENCE DECODER NETWORK FOR MOBILE
SENSING

5.1 Abstract

The reconstruction and estimation of spatio-temporal patterns pose significant challenges

when sensor measurements are limited. Additionally, mobile sensors pose additional chal-

lenges since sensor locations vary with time. In such cases, historical measurement and sensor

information are useful for better performance, including models such as Kalman filters, re-

current neural networks (RNNs) or transformer models. However, many of these approaches

often struggle to efficiently handle long sequences of data in such scenarios and are sensitive

to noise. In this paper, we consider a model-free approach using the structured state space

sequence (S4D) model as a deep learning layer in traditional sequence models to learn a

better representation of historical sensor data. Specifically, it is integrated with a shallow

decoder network for reconstruction of the high-dimensional state space. We also introduce a

novel initialization of the S4D model using a Butterworth filter design to reduce noise in the

inputs. Consequently, we construct a robust S4D (rS4D) model by appending the filtering

S4D layer before the original S4D structure. This robust variant enhances the capability to

accurately reconstruct spatio-temporal patterns with noisy mobile sensor measurements in

long sequence. Numerical experiments demonstrate that our model achieves better perfor-

mance compared with previous approaches. Our results underscore the efficacy of leveraging

state space models within the context of spatio-temporal data reconstruction and estimation

using limited mobile sensor resources, particularly in terms of long-sequence dependency and

robustness to noise.
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5.2 Introduction

In recent years, sensor technologies have become ubiquitous in various domains, revolution-

izing the way we collect and analyze data. From static installations for environmental mon-

itoring to the emergence of mobile sensors for applications in domains such as autonomous

vehicles and wearable health trackers, these sensors play a pivotal role in modern data-

driven systems [21, 162, 115]. In many cases, measurements of the full state are impossible,

impractical, or not even desired. More commonly, limited sensors are used to infer the full

characteristic of the system of interest in high dimension from the measurements they collect.

Thus the fundamental mathematical problem is to approximate the full state space from the

limited collected data. We consider the problem of state estimation through time sequence

measurements from limited mobile sensors by combining a structured state space sequence

(S4D) model with a decoder network, further leveraging a novel initialization scheme and long

temporal sequences to produce a robust model with improved performance in comparison

with existing methods.

Mobile sensors are becoming more popular and ubiquitous in many applications, for

example human biomechanics motion tracking, ocean dynamics monitoring buoys, drone

monitoring, and weather balloons [6, 117, 78]. The mobility of the sensors provide more

flexibility and lower cost compared to installing fixed sensors [107, 41, 91]. However, unlike

stationary sensors, state estimation from mobile sensors brings additional challenges. Tra-

ditional techniques, while effective for static sensor arrays, often fall short when applied to

mobile sensors operating in dynamic environments. These models typically employ linear or

non-linear mappings from sensor measurements at the current time step to the full system

state. For instance, leveraging the inherent low-rank features of the system, methodologies

such as singular value decomposition (SVD), also referred to as proper orthogonal decompo-

sition (POD), identify dominant modes of the system and construct a linear mapping from

measurements to high-dimensional state space [44, 158, 12, 21]. Similarly, dynamic mode

decomposition (DMD) extracts linear modes for reconstruction while simultaneously captur-
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ing the temporal evolution of these modes in low-rank representation [150, 71, 19]. More

complex approaches like shallow decoder networks (SDN) learn nonlinear reconstructions be-

tween measurements and high-dimensional state spaces, exhibiting exceptional performance

even with a minimal number of sensors [43, 24, 120]. However, given that the location of each

measurement collected by a mobile sensor varies over time, relying solely on such mappings

proves inadequate. Considering the impracticality of learning separate models for each sen-

sor location within a high-dimensional state space, there arises a necessity for a generalized

model that incorporates sensor location information. Other approaches, such as the Kalman

filter, incorporates historical values alongside current measurements [140]. By considering

the time history of measurements, additional insights into the system dynamics are gained,

enhancing reconstruction performance and robustness to noise. Notably, the Kalman fil-

ter naturally accommodates the mobile sensor scenario, where the measurement matrix can

vary with the sensor trajectory over time [91]. Despite its adaptability, the Kalman filter

is fundamentally a statistical model, necessitating prior knowledge of system dynamics or

an approximation, as well as statistical priors regarding noise and disturbances for optimal

performance. Furthermore, the effect of the historical measurements has a compound decay

in time depending on the observation noise covariance, lacking the flexibility and ability of

memorization in the long run.

The recurrent neural network (RNN) [119] has emerged as a powerful tool for preserv-

ing information from past inputs in sequential data commonly seen in a variety of tasks

such as speech recognition [46], machine translation [143], spatiotemporal predictive learn-

ing [139, 155], and much more [123]. By iteratively applying a series of learnable transfor-

mations to input sequences, RNNs adeptly capture temporal dependencies, allowing them

to encode and interpret patterns spanning across time. A notable approach applying RNN

layers to sensing is the SHallow REcurrent Decoder (SHRED), which has shown promising

performance in both stationary and mobile sensor scenarios [157, 41]. Unlike approaches such

as Kalman filter whose performance relies heavily on an approximated model of the system

dynamics, SHRED is model-free and directly reconstructs the full system from sensor mea-
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surement sequences. SHRED leverages long short-term memory networks (LSTM) [56], a

variant of RNN architecture, in conjunction with a fully-connected, shallow decoder to pro-

cess time series of sensor measurements for effective reconstruction. Chen et al. [29] used a

similar deep learning approach combining a recurrent network and a reconstruction network.

Nevertheless, previous research has yet to address several key challenges inherent in mobile

sensor reconstruction.

It has been shown that most conventional sequence models such as RNNs and transform-

ers fail to scale to sequences with long time dependencies [49, 144]. They perform poorly

on tasks such as byte-level text classification and retrieval, image classification on sequences

of pixels, and finding valid paths connecting two points that are benchmarked by the Long

Range Arena [144]. Long-range dependencies are also very common in a limited mobile

sensor reconstruction problem to understand a complex system in a high dimension. A mo-

bile sensor would need to take frequent measurements over an extended time to capture

the transient and dominant dynamical characteristics of a complex system, which results

in a long sequence. Therefore, specialized models that address the challenge of long-range

dependency should be used. Second, the model should be robust to sensor failure and dis-

turbances. Rather than looking at small sensor measurement noise, we are also interested in

the case of large measurement error due to failure and disturbance, which could potentially

throw off the model and its entire time history memory. Finally, the study of SHRED on

mobile sensors restricted itself to fixed, predetermined sensor trajectories. This introduces

additional complications in the control of mobile sensors for a system under the presence

of background flows or dynamics. An excessive amount of energy may be spent to guide

the sensors to follow the same trajectory exactly. In this work, we aim for a more general

model that is independent of the sensor trajectory (unlike mobile SHRED [41]), giving more

flexibility and freedom to the sensor control and trajectories.

To address the challenges outlined above, in this paper we propose to employ a state space

model in place of the LSTM layers in SHRED as shown in Fig. 5.1. Specifically, the structured

state space sequence (S4) model [49, 50] is leveraged since it has demonstrated efficacy in
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handling long-range dependency data, leveraging HiPPO theory for memorization [47]. A

simplified yet effective variant known as S4D [48] utilizes diagonal form approximation to

reduce computation complexity and parameterization. In this study, we introduce a robust

variant of the S4D model. Inspired by the use of HiPPOmatrix initialization in S4(D) for long

dependency memorization, we propose initializing the SSMs using filtering design to enhance

robustness. Our robust S4D (rS4D) block structure comprises multiple S4D layers, with the

first layer initialized using a Butterworth filter for noise filtering and the remaining layers

initialized using HiPPO matrix for memorization. The rS4D block is seamlessly integrated

into the SHRED model, replacing the LSTM block. Through numerical experiments, we

demonstrate that our model achieves superior performance in long sequence estimation and

exhibits reduced sensitivity to measurement noise and disturbances.

5.3 Sensing Architecture

In the following subsections, the mathematical infrastructure is detailed for the proposed

architecture of Fig. 5.1. Specifically, the proposed mobile sensing structure in comprised of

various components which when integrated lead to robust and improved performance.

5.3.1 State Space Models and S4

The state space model is defined by the following 1-dimensional input-output, continuous-

time, time-invariant system:

x′(t) = Ax(t) +Bu(t)

y(t) = Cx(t)
(5.1)

where x(t) ∈ RN , u(t), y(t) ∈ R, B ∈ RN×1, and C ∈ R1×N . It can also be represented in

convolution form as:

K(t) = CetAB

y(t) = (K ∗ u)(t)
(5.2)
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(a)

(c)

(b)

Figure 5.1: Model architectures. (a) Standard depiction of state space model SSM ; (b) struc-

tured state space sequence (S4D) model block; (c) Integration of shallow recurrent decoder

with S4D architecture to produce the SHRED-(r)S4D model. The SHRED-(r)S4D model is

demonstrated to produce robust and improved performance with arbitrary mobile trajecto-

ries.

The convolutional form provides computational benefit since it can be converted into a tem-

poral recurrence that is substantially faster for autoregressive applications. Gu et al. [49]

showed that the näıve state-space model does not work well in practice, possibly due to

the fact that the exponential solution to the continuous-time system suffers from vanish-

ing/exploding gradients in a long sequence. However, the S4 model leverages high-order

polynomial projection operators (HiPPO) theory for parameter initialization and achieves

outstanding performance in long-range dependency tasks.

HiPPO theory of continuous-time memorization was first introduced for online function

approximation. Given a measure that weights the past and some basis functions, HiPPO
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projects arbitrary functions onto the bases with respect to the measure. Additionally, the

optimal coefficients evolve as a linear ODE with controlling inputs from the target function.

Therefore, these state coefficients serve as a compressed memorization of the inputs. HiPPO

matrices refer to a class of transition matrices in the state space models that can memorize

the history of input u(t) in the state x(t). In particular, a specific HiPPO matrix is defined

as follows:

Ank = −


(2n+ 1)1/2(2k + 1)1/2 n > k

n+ 1 n = k

0 n < k

(5.3)

The model can be transformed to diagonal plus low-rank (DPLR) form for efficient compu-

tation of the convolution.

The structure of the S4 block is then set up as follows. A separate state-space model

with 1D input and output is considered for each feature element in the multi-dimensional

feature input. A DPLR dynamics is used, so A = diag(a) − pp∗, a,p ∈ RN . Along with

B,C ∈ RN , they make up of the parameters in a S4 block. The low rank component can

be expressed more generally as the outer product of two separate vectors, but it suffers from

numerical instability [45]. Additionally, the output can have multiple values in the form

of channels, where y(t) ∈ RC and C ∈ RC×N . The parameters are initialized using the

HiPPO matrix. Then, the continuous SSM is discretized by a step size △ and the outputs

are efficiently computing using convolution. Suppose we have feature inputs of size H. S4

handles multiple features by simply defining H independent copies of the state-space model,

and then mixing the CH outputs with a position-wise linear layer. The total number of

parameters in a S4 layer is O(CHN) +O(CH2).

5.3.2 S4D

Instead of using a DPLR matrix, Gu et al. [48] utilize diagonal matrices for further improved

efficiency and comparable performance. The initialization can be the diagonal component
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of HiPPO matrix decomposition, or other forms of approximation of the HiPPO matrix.

We can write the kernel as a Vandermonde matrix-vector multiplication, whose discrete

convolution kernel depends only on the element-wise product B ◦Ci for each channel i of C.

Therefore, we can train just on C while keeping B = 1 constant. However, it is shown from

experiments that training B and C independently gives minor but consistent improvement

in performance.

There are many initializations of the S4D dynamics to approximate tge HiPPO matrix

detailed in [48]. For example, S4D-LegS directly takes the diagonal values from the HiPPO-

LegS matrix; S4D-Inv and S4D-Lin simplify and approximate HiPPO-LegS and HiPPO-FouT

matrices with the diagonal values defined as follows:

(S4D-Inv) an = −1

2
+ i

N

π
(

N

2n+ 1
− 1) (5.4)

(S4D-Lin) an = −1

2
+ iπn (5.5)

In this paper, we use S4D using S4D-Lin initialization as it has a simpler form and has shown

to be slightly better empirically in the original work.

5.3.3 Robust S4D and S4D-BW layer

An approach to control system robustness and sensitivity to noise is through filtering. Low

pass filtering is a method common is signal processing to remove signals with frequencies

higher than a cutoff frequency. The Butterworth filter is a type of low pass filter designed to

have a frequency response that is as flat as possible in the passband. The transfer function

of a Nth-order Butterworth low-pass filter is given by

GBWN
(s) =

N∏
n=1

ωc

s− ωce
i(2n+N−1)π

2N

, (5.6)

where ωc is the cutoff frequency. The poles lie on a circle of radius ωc at equally-spaced

points, sn = ωce
i(2n+N−1)π

2N .

S4 models uses HiPPO theory and matrices to initialize the dynamics of the SSMs for

memorization. Then, S4D approximates the dynamics in a diagonal form to promote more
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efficient computation. Similarly, if the objective of the SSM changes to act as a low-pass

filter, we can set up the initialization differently using the transfer function of the filter. We

consider the general Butterworth filter for low-pass filtering. The transfer function of the

diagonal dynamics in S4D is given by

G(s) = C(sI−A)−1B =
N∑
n=1

cnbn
s− an

. (5.7)

It has poles at sn = an. Therefore, we can set the diagonal values to be the poles of the

Nth-order Butterworth low-pass filter. The order of the filter is represented by the state size

of the dynamics. The cutoff frequency ωc is controlled by training the discrete step size △
in S4D model. We call this S4D-BW.

(S4D-BW) an = e
i(2n+N−1)π

2N (5.8)

S4D-BW can be introduced in front of the regular S4D-Lin layers to filter out high-frequency

noise in the inputs before memorization. More generally, this opens up possibilities of ini-

tialization to the S4D model for filtering purpose, such as high-pass Butterworth filter, and

other types of filters. The general combined structure of filtering S4D layers and HiPPO

S4D layers is called robust S4D (rS4D).

5.3.4 SHRED-rS4D for Mobile Sensors

We append the rS4D block with a shallow decoder network, similar to the SHRED model. To

differentiate these models, we note the original SHRED model as SHRED-LSTM, a shallow

decoder network with a S4D block as SHRED-S4D, and a shallow decoder network with

a rS4D block as SHRED-rS4D. The inputs contain sensor measurements as well as sensor

locations. The outputs are the full high-dimensional state of the system. We consider the

reconstruction loss in terms of the mean squared error (MSE) loss over the last t time steps.

This is to promote continuous reconstruction performance after some warmup time.
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5.4 Experimental results

To demonstrate the SHRED-rS4D method, a number of challenging example problems are

considered. This includes both computational examples of complex spatio-temporal systems

(double gyre dynamics, 2D Kolmogorov flow, 2D detonation waves) as well as real data

sources (sea-surface temperature data). The results are compared across architectures.

5.4.1 Double Gyre

A double-gyre flow is a flow pattern that is often seen in many geophysical flows and well

studied for its coherent structures [93, 100]. We define it using the following stream function

ψ(x, y, t) = A sin(πf(x, t)) sin(πy),

f(x, t) = ϵ sin(ωt)x2 + x− 2ϵ sin(ωt)x,
(5.9)

on a closed and bounded domain [0, 2] × [0, 1]. We take the parameters with values A =

0.5, ω = 2π, ϵ = 0.25 such that the flow has a period 1 and a max velocity of πA ≈ 1.57. We

model the vorticity (curl of velocity field) on a 201× 101 discretized grid with a step size of

0.01.

We consider one passive mobile sensor floating with the background flow of the system

for a total time of T = 4 covering 4 system periods. The flow is given by the velocity field

v(x, y, t) =

−∂ψ
∂y

∂ψ
∂x


=

 −πA sin(πf(x, t)) cos(πy)

−πA cos(πf(x, t)) sin(πy) df
dx

 (5.10)

The trajectory of the sensor is varied by initial sensor location and time, both of which

are generated randomly. An example is shown in Figure 5.2. Vorticity measurements are

collected with a discrete time step of 0.005 to obtain long sequence dependency. The vorticity

values are standardized and the sensor locations are normalized between 0 and 1. We generate

2048, 512, 512 random samples for training, validation, and testing repectively.
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The models are set as follows. We set the main structure of the recurrent component for

memorization to be consistent across models for comparison. That is, the LSTM block in

SHRED-LSTM and the S4D-Lin block in SHRED-(r)S4D each contains 2 hidden layers with

a hidden dimension of 64. The feed-forward decoder component contains 2 layers with a

hidden dimension of 128. MSE loss is computed over the second half of the trajectory, with

the belief that enough spatio-temporal information is collected by sensor for reconstruction

in the first half.

First, we compare the reconstruction performances of the models in a noise-free setting.

We evaluate the model’s performance on normal measurement samples as well as its imme-

diate response to large disturbances, where the sensor measurement at the last time step

is severely corrupted. The MSE loss is presented in Table 5.1. Notably, SHRED-S4D and

SHRED-rS4D demonstrate superior performance over SHRED-LSTM. Although SHRED-

S4D significantly reduces loss in the noise-free test set, it demonstrates high sensitivity

to measurement disturbance with the loss more than doubled. Conversely, SHRED-rS4D

enhances performance in both noise-free and disturbed test sets compared to the bench-

marks. To delve deeper, we analyze the distribution of the absolute estimation difference

at grid points across the disturbed test sets, as depicted in Figure 5.3. It is evident that

SHRED-rS4D yields estimations closer to the true system state at the time step when the

measurement is corrupted, underscoring its robustness in adverse conditions.

We vary the dimension of the state in the S4D-BW layer to explore potential trade-offs

in performance. Theoretically, while a high-order Butterworth filter offers sharper roll-off

and better flatness in the passband, it often suffers from filter instability, such as overshoots

and ringing, in step response. Thus, we aim to investigate whether a similar trade-off exists

in the performance of rS4D and the S4D-BW layer within. Our findings, illustrated in

Figure 5.4, reveal an improvement in performance as the dimension increases. Additionally,

we examine the bode plots of SSMs in the S4D-BW layer after training. Presented in

Figure 5.5, these plots are examples showcasing the sensitivity in the form of ripples around

the cutoff frequency, which increases with dimension growth. Consequently, while we observe
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Table 5.1: Double Gyre testing RMSE using different models as the recurrent block in

SHRED.

Recurrent Block Noise-free Disturbed Noisy

LSTM (SHRED) 0.6361 0.9267 0.7181

S4D 0.2451 0.6141 0.2910

rS4D 0.2319 0.3559 0.2809

continued performance enhancement with higher filtering dimensions, we believe that the

S4D-BW layer should be carefully monitored to assess sensitivity trade-offs based on the

dynamics depicted in the bode plots.

The H2 norm of a system serves as an additional metric for system sensitivity to white

noise input, representing the average output gain over all frequencies of the input. As

depicted in Figure 5.4, the inclusion of the S4D-BW filtering layer exerts a positive influence

on the H2 norm of the remaining HiPPO S4D-Lin layers. Notably, as the state dimension of

S4D-BW increases, we observe a corresponding decrease in the average H2 norm within the

S4D-Lin layers.

Next, we introduce random noise to the sensor measurements throughout the time se-

quence during training. An illustrative example of the sensor measurements along the trajec-

tory is depicted in Figure 5.2. The experimental findings are summarized in Table 5.1, reveal-

ing that (r)S4D recurrent structures outperform LSTM. Interestingly, there is no discernible

improvement in performance using rS4D over S4D. As depicted in Figure 5.6, the error re-

mains within a similar range across different dimensions of the filtering layer. Nonetheless,

it is noteworthy that the average H2 norm declines as the dimension increases to 32 and 64.

This observation suggests that the system’s sensitivity improves with additional filtering,

rendering the model more resilient to unforeseen disturbances.

Additionally, we note that (r)S4D exhibits significantly better convergence and consis-
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Figure 5.2: An example of sensor trajectories and measurement inputs collected along the

trajectory in the double-gyre system. The line plots are noise-free, disturbed at final step,

and noisy measurements.
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(a)
µ = 0.4827, σ = 0.6855

(b)
µ = 0.3704, σ = 0.5126

(c) µ = 0.2565, σ = 0.3556

Figure 5.3: Distribution of the absolute estimation difference at the disturbed time step. (a)

SHRED-LSTM; (b) SHRED-S4D; (c) SHRED-rS4D.

tency during training compared to LSTM, as shown in Figure 5.7. Notably, the MSE loss of

SHRED-rS4D rapidly decreases close to the optimal value within a few epochs of training,

indicating swift convergence, while SHRED-LSTM learns at a much slower pace. Moreover,
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Figure 5.4: RMSE error and average H2 norm in the HiPPO layers against the dimension of

S4D-BW filtering layer in SHRED-rS4D. 0 dimension refers to the SHRED-S4D model with

no filtering.

SHRED-rS4D maintains consistent performance with random model initialization, whereas

SHRED-LSTM exhibits higher variance. Consequently, SHRED-rS4D surpasses SHRED-

LSTM in terms of model training as well.

5.4.2 Sea Surface Temperature

We study a real-world application regarding the reconstruction of global sea surface temper-

ature from measurements collected by a mobile sensor deployed into the ocean. Historically,

sensors are deployed in the ocean to provide high-quality observations and validations of

the sea surface temperature measured by satellite. These sensors can be carried on in situ

moorings, drifting buoys, and ships. We acquire ocean data from the HYbrid Coordinate

Ocean Model (HYCOM) including sea surface temperature, eastward velocity, and north-

ward velocity. Daily data is collected on a uniform 1.2-degree lat/lon grid (134× 300) from

2001 to 2012.

The sensor floats passively for a total length of 1000 days with the ocean flow, which is

modeled from HYCOM velocity data through continuous interpolation. Some examples of
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(a) (b)

(c) (d)

Figure 5.5: Bode plots of SSMs in trained S4D-BW filtering layer of dimensions: (a) 8; (b)

16; (c) 32; (d) 64.

the sensor trajectories are shown in Figure 5.8. The daily temperature measurement and the

sensor location are used as inputs for the reconstruction of the global sea surface temperature.

The measurements are standardized and the sensor locations normalized between 0 and 1.

MSE loss is computed for reconstruction on the last day. The data is split by time into first

8 years for training and validation and the rest for inference. The testing trajectories are
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Figure 5.6: RMSE error and average H2 norm in the HiPPO layers against the dimension of

S4D-BW filtering layer in SHRED-rS4D. 0 dimension refers to the SHRED-S4D model with

no filtering.

Figure 5.7: MSE loss vs epochs during training.

such that the reconstruction evaluations are in the inference period. 10240 trajectories in

the training period are generated for training and 2560 trajectories for validation. Another

2560 trajectories reaching the inference period are generated for testing.

The sensor trajectories are generated with random initial time and locations. We gener-

ated three datasets based on sensor location initialization: random around the globe, random
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Table 5.2: RMSE of HYCOM dataset with random sensor trajectories in different regions.

Type Recurrent Block
Region

Global West Pacific South Atlantic

Val

LSTM (SHRED) 0.07488 0.06176 0.06963

S4D 0.07349 0.05939 0.06027

rS4D 0.07241 0.05182 0.05438

Test

LSTM (SHRED) 0.08276 0.08808 0.08262

S4D 0.08225 0.08413 0.08536

rS4D 0.08230 0.08493 0.08605

in West Pacific Ocean region, and random in South Atlantic Ocean. Due to the complex

nature of the dynamics of sea surface temperature and the limited coverage of a mobile

sensor comparing with the vast ocean space, it is unlikely that a sensor randomly placed on

the entire globe guarantees to collect enough information of the system in the given period.

West Pacific and South Atlantic are two regions that are known to contain comparably richer

ocean temperature information than others based on dynamic mode analysis.

The results are summarized in Table 5.2. We see that SHRED-rS4D has the lowest loss

for all regions in validation. However, the performance are comparably worse and similar

among models in testing, when the estimation time falls out of the training time frame.

This suggests that extrapolation is difficult given the task. We also note that for all models,

the dataset with trajectories randomly places around the globe has worse performance than

those on a more focused regions. This confirms that the sea surface temperature contains

local information and the design of sensor trajectory matters in reconstruction performance.
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Figure 5.8: An examples of mobile sensor reconstruction from HYCOM dataset. The top

row shows the sensor trajectory and sea surface temperature at the end of the trajectory

in the background on the left, and the sensor measurements over time on the right. The

bottom row shows the model reconstruction on the left, and the absolute error plotted on

the right.

5.4.3 Kolmogorov flow

We investigate the dynamics of Kolmogorov flow in two dimensions, described by the two-

dimensional (2D) Navier–Stokes equations with a sinusoidal body force, across extended

periodic domains. The resulting dynamics exhibit the spatio-temporal complexity ideal for

challenging data sets. The governing equations are expressed as:

▽ · u = 0, ut + u · ▽u = −▽p+ ν▽2u+ f. (5.11)

where u represents velocity, p denotes pressure, ν signifies viscosity, and f stands for the

external force term. The vorticity is modeled on a discretized 128× 128 grid.

We introduce a single passive mobile sensor, which floats with the background flow of the
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system for a total duration of 200 seconds, collecting measurements at intervals of 0.1 seconds.

The system space is wrapped in both directions to accommodate sensor movement. Sensor

location and start time are initialized randomly. We generate 4000, 1000, and 1000 random

samples for training, validation, and testing, respectively. Testing samples are temporally

partitioned from training and validation sets with a later time span.

A model comprising 4 recurrent hidden layers and 3 decoder layers is fitted to the data,

with mean squared error (MSE) loss computed over the last 100 time steps. The summa-

rized results in Table 5.3 and the illustrative estimation example in Figure 5.9 reveal that

SHRED-rS4D achieves best performance in validation. However, all models exhibit compa-

rable performance in testing. Due to the chaotic nature of the system, extrapolation remains

challenging.

Interestingly, we observe a pattern in the eigenvalues (diagonal values) of the dynamics

matrix in the (r)S4D blocks. The trained eigenvalues in the later layers exhibit a much

faster decay, except during low oscillation. This suggests that most memorization occurs in

the earlier layers, with historical patterns of periodicity becoming less useful in later stages

for system reconstruction. This observation aligns with the non-periodic behavior of the

Kolmogorov flow and elucidates the poor performance in extrapolation.

5.4.4 Detonation Wave

We consider the evolution of detonation waves and simulate a variety of explosion scenarios

by varying the parameter ρ0TNT
, which indicates the density of the TNT in the detonation

and thus affecting the strength of the explosion:

ρ0TNT
= [1000, 1250, 1500, 1650, 1700, 1750, 2000]

The simulation videos run from t = 0 to t = 0.001 with a time step dt = 10−6. We consider

the RGB values of the gas concentration as measurements.

We generate random paths originating close to the center of the explosion and radiating

either upward or rightward. Each path spans 500 time steps. The training set comprises
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Figure 5.9: An examples of mobile sensor reconstruction from Kolmogorov dataset. The first

row is the sensor measurements along a trajectory. The second row shows the true system

in physical domain (left) and Fourier domain (right) at the last time step. The sensor

trajectory is overlayed on top. The thrid row shows the estimation from SHRED-rS4D in

physical domain (left) and Fourier domain (right) at the last time step.
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Layer 1 Layer 2

Layer 3 Layer 4

Figure 5.10: Eigenvalues of the dynamics of S4D-Lin layers in SHRED-rS4D.

2000 samples from random trajectories within the first 800 time steps. Among these, 80%

are allocated for training, and the remaining 20% are reserved for validation. The testing

set consists of 400 samples from random trajectories covering time steps beyond 800.

The results are summarized in Table 5.3, and an illustrative estimation example is pre-

sented in Figure 5.11. Once again, we observe that SHRED-rS4D achieves best performance

in validation, whereas the performance is comparable for all models in testing. This suggests

that extrapolation in complex systems expanding from a point source is exceedingly chal-

lenging for these models, particularly when relying on measurements from a single mobile

sensor. Additionally, the dynamics evolve differently for various density values ρ0, further

complicating estimation. We posit that constraining the detonation density parameter and
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Table 5.3: RMSE of Kolmogorov flow and small detonation wave datasets.

Recurrent Block
Kolmogorov SmallDet

Validation Test Validation Test

LSTM (SHRED) 0.2451 0.7074 0.03578 0.07374

S4D 0.1587 0.6867 0.02996 0.07115

rS4D 0.1518 0.6967 0.02849 0.07229

increasing the number of mobile sensors could potentially reduce testing error.

5.5 Conclusion

This paper introduces the SHRED-rS4D model for reconstructing high-dimensional com-

plex systems from limited mobile sensor measurements. Building upon the original SHRED

model with LSTM as the recurrent structure, our model addresses challenges related to

long-range dependency and robustness to noise commonly encountered in mobile sensing

problems. Leveraging the S4D model and initialization based on HiPPO theory for long

sequence memorization, we enhance the model’s performance. Additionally, we introduce

S4D-BW initialization using Butterworth filtering design to reduce sensitivity to noise. The

integrated structure forms the robust S4D model, replacing the LSTM component in the orig-

inal SHRED. Through numerical examples from complex physical systems, we demonstrate

that our model achieves superior performance and exhibits improved training efficiency. We

observe the diminishing effect of the S4D-BW layer as its dimension increases. However,

extrapolation tasks remain challenging for our model, particularly on non-periodic complex

systems. We suggest that incorporating more information about the system, such as the

number of sensors, length of historical sensor measurements, and sensor coverage, has the

potential to reduce extrapolation error.
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Figure 5.11: An examples of mobile sensor reconstruction from a small detonation wave

dataset.
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In this paper, we focus on Butterworth filtering initialization of the S4D model. However,

future research can explore alternative initialization methods, such as Chebyshev or elliptic

filters, to address noise sensitivity more comprehensively. Additionally, investigating different

objectives for initializing the S4D dynamics could provide insights into addressing other

challenges inherent in the reconstruction tasks, which may enhance the model’s ability to

generalize and improve performance in extrapolation tasks.

More broadly, the results show the incredible promise of future mobile sensing platforms.

With the ever increasing usage of drone sensing platforms, the SHRED-rS4D architecture

allows for a flexible and robust framework that does not necessitate a prescribed trajectory.

As such, it gives a more flexible framework that is not easily compromised by noise or

missing/corrupt data. Moreover, the model is lightweight in comparison with most neural

network architectures, thus requiring only modest training data for achieving its superior

performance.
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Chapter 6

CONCLUSION

This thesis presents a comprehensive exploration of the challenges and opportunities

posed by sparse sensing problems across a diverse array of applications. The work spans

various facets of sensor optimization, trajectory planning, and reconstruction modeling.

At the heart of our work lies the fundamental understanding of dynamical properties

within complex systems, serving as a cornerstone for the development of effective sparse

sensing methodologies. This understanding not only facilitates the analysis of the system

but also plays a pivotal role in shaping the methodologies themselves, which prevails through-

out this thesis. In the domain of power grid fault detection, for instance, the discernment

of dominant Koopman modes proves instrumental in distinguishing between line faults and

load changes. Leveraging time-delayed embeddings, we approximate these modes even with

partial observations, facilitating the placement of fewer sensors while maintaining robust

fault detection capabilities. Similarly, in the context of mobile sensor applications, the esti-

mation of underlying low-rank dynamics through DMD offers valuable insights into system

behavior. This prior understanding of system dynamics informs the formulation of Kalman

filter-based trajectory planning methods and guides the definition of objectives such as sys-

tem observability along sensor trajectories. Furthermore, the properties of the state space

model are fully leveraged in the development of the S4D models. It enables us to systemati-

cally design and construct parameter initializations based on these properties such as HiPPO

theory and low-pass filters. As a result, we enhance the robustness and effectiveness of the

reconstruction model for mobile sensors, particularly in scenarios characterized by long-time

dependencies and measurement noise sensitivity.

Mobile sensor problems present additional complexities compared to traditional station-
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ary sensor scenarios. Spatial dependencies in sensor measurement time sequences necessitate

the incorporation of spatial information into models, such as the selection matrix is Kalman

filter and the additional sensor location as inputs in more complex machine learning models.

Integrated learning of historical information becomes essential, as seen in the iterative nature

of the Kalman filter or recurrent structures in deep neural networks. Associated with time

sequence modeling comes the challenges such as long-time dependency and measurement

noise sensitivity. They must be addressed to not only to ensure accurate reconstruction, but

should also be applied in sensor trajectory planning using deep reinforcement learning.

Additionally, considering sensor control alongside optimization introduces further intrica-

cies. The problem may be simplified under the assumption that the sensor can be moved to a

location with precision at no varying costs. Imposing a simple limitation on the reachability

of locations can be achieved with minimal additional complexity by constraining the selection

set. When the background flow is known and well-defined, sensor movement becomes fully

deterministic, allowing for a combined objective with control costs to be entirely solvable.

However, in scenarios with complex background flows, stochastic sensor movement models

become necessary. Leverage deep reinforcement learning and historical sensor data, this

strategy emphasizes a comprehensive approach that integrates decision-making with control

considerations.

Despite significant advancements, challenges persist, particularly in extrapolating chaotic

systems with no clear limiting behavior such as the Kolmogorov flow. A complex model often

overfits the training data and performs poorly outside the seen time domain. Generalization

issues due to the inherent nature of such systems remain an open challenge, warranting

further exploration and study.
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