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Abstract: The arithmetic of an algebraic curve X over a field F is captured by it’s scheme-
theoretic closed points. Roughly, a closed point of degree d is a rational point over a degree-d
extension of F. We investigate how Zariski dense degree-d points place restrictions on the
geometry of X. For a curve over a discretely valued Henselian field K which is a cyclic cover
of P!, we describe when the degree-d points are Zariski dense in terms of the ramification of
the cyclic cover. For curves over number fields k, we relate having Zariski dense degree-d points
over a finite extension of k to the Ueno locus of the degree-d effective divisors, and compute the

Ueno locus of an arithmetically interesting class of curves.
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0.1 Attribution of joint work

This work is two separate projects which have been joined together. Both projects, which can
be found in Chapter 3 and Chapter 5, represent original work. While Chapter 5 is attributed
solely to the author, the results in Chapter 3 originate in a long and fruitful collaboration
with Alexander Wang, and have also been included in his dissertation. Although work done
collaboratively is equally shared, for the purposes of their dissertations, Wang and the author
must split their work. We have chosen to attribute the results in Section 3.1, Section 3.3, and
Section 3.4 to Alexander Wang, while the results in Section 3.2, together with Theorem 3.5.4,

are attributed to the author.



Chapter 1

Introduction

The Mordell conjecture, now Faltings’s curve theorem, established that the set of rational points
of a curve X of genus ¢ > 2 over a number field k is finite. Faltings’s curve theorem is an example
of a surprising principle in arithmetic geometry: geometry controls arithmetic. Following this
principle, we seek to describe the arithmetic of X/k in terms of the geometry of X/k.

The set of rational points is a small subset of the set of closed points of X/k. A scheme-
theoretic closed point P € X/k naturally has a residue field k(P) which is a finite extension of
k, and the degree of P is the degree of the extension k(P)/k, see Section 1.0.1. Collecting all

possible degrees of closed points into a single set, we define the degree set of X/k by
D(X/k) := {[k(P) : k] | P € X closed}.

Studying 4(X/k) may require studying Zariski closed subsets, as for example, by Faltings’s
curve theorem, the set of degree 1 points of a curve over a number field is Zariski closed.
Understanding Zariski closed subsets is a difficult undertaking, so following [VV26], we define
the density degree set

0(X/k) := {d | degree-d points are Zariski dense}.

Work of Bourdon, Ejder, Liu, Odumodu, and Viray [BEL*19], building on results of Faltings,
describes the density degree set almost entirely in terms of the geometry of Picy /k. Their result
shows that Zariski dense degree-d points arise for one of two reasons: they are Pl-parametrized
or AV-parametrized [VV26].

The Pl-parametrized points are well-understood: they are fibers of a degree-d map X — PL.
The AV-parametrized points are more difficult to understand. Examples in [DF93, Section 4]

show that AV-parametrized points do not necessarily arise from a morphism of smooth curves.



The description of AV-parametrized points provided by [BEL19] or [VV26] is not purely
geometric. Let Wgé denote the locus of effective divisors in Pic‘;{. A degree-d point x € X is AV-
parametrized if there exists a positive rank abelian variety A C Picy such that [x] + A C ng(.
The condition that [x] + A C ng( is a geometric one, however, we are left with the question:
how do we determine, in terms of the geometry of Picy, if an abelian translate contained in W‘)i(
has a single degree-d point? We give an answer in Theorem 1.0.2.

In order to state our main theorem on AV-parametrized points, we make a definition:

Definition 1.0.1. Let z € ng((k) and let A C Picg( be an abelian variety such that z+ A C
ng(. The abelian translate z + A is decomposable if there exists e < d and abelian translates

u+BC W5, 0v+GC W‘)j{e such that z+ A C u+v+ B+ G. Otherwise, z+ A is indecomposable.

The decomposable translates should be thought of as accounted for by lower degree trans-
lates, while the indecomposable translates are “new”. For a discussion on how Definition 1.0.1
arises from considering degree-d points, see Section 5.1.2. A degree-d point which is not P1-

parametrized is P1-isolated.

Theorem 1.0.2. Let x € X be a degree-d point and let A C Pic% be an abelian variety such
that [x] + A C ng(. If x is Pl-isolated, then [x] + A is indecomposable.

Thus, a decomposable abelian translate does not contain any degree-d points, unless those
points are the fibers of a morphism X — P!. There is a partial converse to Theorem 1.0.2:
one should expect that an indecomposable abelian translate contains many degree-d points, see
Proposition 5.1.4 for a precise statement. As a consequence of Theorem 1.0.2 and Proposi-

tion 5.1.4, we describe when a curve has infinitely many degree-d points over some extension

k' /k.
Theorem 1.0.3. The following are equivalent:
1. There exists a finite extension k' /k such that X/k' has infinitely many degree-d points.

2. There exists a degree-d map X /k = PY/k or there exists a positive dimensional indecom-

posable abelian translate in W‘;(/E.

Applying Theorem 1.0.3 relies on determining if ngg/% contain a positive dimensional inde-
composable translate. Existing results in the literature, such as [HS91], [Tuc02, Appendix A],
[Der25], [KV25], or [VV26, Theorem 6.0.1(2)], can describe the abelian translates in W /k for
d roughly in the interval [1, \/§]. We construct genus-7 curves C for which we can show that

W(5: /k contains only decomposable translates.



Theorem 1.0.4. Let E/k and F/k be non-isogenous elliptic curves, let F — P be a degree-2
map, let E — P be a degree-3 map, and let C/k be the curve E xp1 F. If C is smooth and
J(C) ~ ExFE x A, where AJk is simple, then Wg/% contains only decomposable translates.

In the text, we describe every positive dimensional abelian translate in Wg /k explicitly, see
Theorem 5.3.12. Theorem 1.0.4 is proved in Section 5.2 and Section 5.3. In Section 5.2, we
investigate curves with a degree-2 map ¢: X — E to an elliptic curve. We show that for d < g,
the only indecomposable translate of ¢* Pic% in ng( is ¢~ Pic]lg. In Section 5.3, we analyze
translates of 07 Picg, heavily relying on the geometry of C.

We apply Theorem 1.0.3 and Theorem 1.0.4 to a question of Viray and Vogt [VV26, Question
7.1.1]: if X/k has infinitely many degree-d and degree-e points, does there exist some finite
extension k'/k such that X/k' has infinitely many degree-d + e points? We give a negative

answer:

Corollary 1.0.5. There exists a curve C/Q such that for any number field k, C/k has infinitely

many degree-2 and degree-3 points, but only finitely many degree-5 points.

Although so far we have worked over a number field, the degree set and the density degree
set can be defined over any field. Over a discretely valued Henselian field K, the set of rational
points of a curve X/K is either empty or Zariski dense. Thus, 6(X/K) equals I (X/K), and so
we study D(X/K).

Define the index Ind(X/K) to be the greatest common divisor of the elements of the degree
set. By construction, 4)(X/K) will be contained in Ind(X/K)N. A nice curve X over any field
F will admit maps to P! of all large enough degrees which are multiples of the index, and so
over a finitely generated, infinite field k, Hilbert’s Irreducibility implies that 4)(X/k) contains
all sufficiently large multiples of the index. In other words, 2 (X/k) is cofinite in Ind(X/k)N.
When referring to the complement of I)(X/K), we always do so in Ind(X/K)N. Over a discretely
valued Henselian field K, however, Hilbert’s Irreducibility fails (see Example 2.3.2 for an explicit
example), and thus the degree need not contain sufficiently large multiples of the index. For
example, there exist curves over Qp of index 1 whose degree set is 2N U3N, see [CV25, Equation
1.2]. In other words, 2 (X/K) is not cofinite.

Following [DDMM19], we characterize when the degree set of a superelliptic curve y7 = F(x)
is not cofinite in terms of subsets of the roots of F(x) contained in an open disk; such subsets
are called clusters. As the absolute Galois group Gal(K/K) acts on the roots of F(x), there is
a natural action of Gal(K/K) on clusters (see Definition 3.1.1). Let O(s) denote the orbit of a
cluster s under Gal(K/K). In the special case where the ramification of the cyclic cover C — P!

forms a single Galois orbit, our criterion simplifies to the following;:



Theorem 1.0.6. Suppose that the residue field of K is algebraically closed, that F(x) is irre-
ducible, and that F(x) has a root of non-integer valuation, and that the splitting field of F(x) is
tamely ramified. Let F(x) = Z?:O a;x'. Then, D(C/K) is not cofinite if and only if

1. degF(x) =0 (mod q),
2. v(ag) #0 (mod q), and

3. v(ag) #0 (mod q).

When these conditions are satisfied,
D(C/K) CgN U [ JIO@)IN,
S

where the union is taken over all s which are not Galois invariant.

In the text, at the cost of added notation, we prove a significantly stronger version of
Theorem 1.0.6, see Theorem 3.5.1.

The two main tools used in the proof of Theorem 1.0.6 are Lemma 3.1.4 and Lemma 3.3.1.
Lemma 3.1.4 provides a formula to compute v(F(xy)) as a function of x, € K and the nearest
cluster, and as such may be of independent interest. Lemma 3.3.1 shows that there is an
obstruction arising from the valuation to points of arbitrary degree.

Our methods allow us to produce examples of superelliptic curves with prescribed degree

set.

Theorem 1.0.7. Let K be a discretely valued Henselian field with algebraically closed residue
field of characteristic p. Let q be a prime not equal to p, and let nq,...,ng be positive integers.

Then, there exists a superelliptic curve C/K such that
D(C/K) =gNuUnNU...unN.

We prove a more refined version of Theorem 1.0.7, which allows for control over the genus
of C/K, in Theorem 3.5.4.

As a special case of Theorem 1.0.7, we find that for every pair of odd primes p and g, there
exists a curve C/K such that 2 (C/K) = pN UgN. Thus, the density of 2 (C/K) in Ind(C/K)N

can be arbitrarily small.

1.0.1 Degree-d points

Throughout, we work with the scheme-theoretic closed points of X/k, of which the rational

points X (k) are a small subset. Over an algebraically closed field, there is a bijection from the
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set of closed points of X to X (k), but this is not true if k is not algebraically closed:

Example 1.0.8. Consider Ab = Spec Q[x]. Points of Spec Q[x] are prime ideals in Q[x], and
as Q is a field, every prime ideal is generated by an irreducible polynomial. Specifically, (x%—2)
is a point of AL and in the Zariski topology, the set {(x2 — 2)} is closed. Every irreducible

degree-d polynomial generates prime ideal which is a degree-d closed point of A}Q.
Definition 1.0.9. The degree of a closed point x € X/k is the degree of the extension k(x)/k.

The set of closed points captures the arithmetic over any finite extension k'/k without a
choice of algebraic closure k/k, as for a closed point x € X, the residue field k(x) is independent
of choice of k. Although not necessary, we often fix a choice of algebraic closure k/k, so that a
closed point x € X can be thought of as a Gal(k/k)-orbit of a geometric point P € X (k). The

residue field k(x) is then (isomorphic to) the minimal field of definition k" of P.
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Chapter 2

Degree sets over discretely valued

Henselian fields

2.1 Preliminaries

We will assume throughout that the reader is familiar with local rings. For our local ring (A, m),
we will fix a valuation v : A - Z, and let £ denote A/m. For any unit u in A, we will let i
be the reduction modulo m. We will assume that A is integral, and let K denote the field of
fractions of A.

By definition, a Henselian ring is a ring which satisfies Hensel’s lemma, and a Henselian field
is the field of fractions of such a ring. How exactly to state Hensel’s lemma, however, can vary.

We use the following version.

Definition 2.1.1. A local ring (A, m) is Henselian if the following holds: Let f(x) € A[x] be a
monic polynomial, and let f_ (x) denote the reduction of f(x) modulo mA[x]. If f_ factors as gfl,
where g and & are monic and relatively prime, then f factors as gh, where ¢ and h are monic

and reduce to ¢ and h.

From now on, K will denote a Henselian field. Any complete local ring is Henselian, see
[Mil20, Theorem 7.33]. We can classify n-th powers in a Henselian field K, provided the residue

field has characteristic not dividing .

Lemma 2.1.2. Let K be a discretely valued Henselian field with uniformizer 7t and residue field
0, and let n be a natural number. Suppose that the characteristic of the residue field does not

divide n. Fora € K,

e .

ae K"  gfand only if ©v@) =0 (modn) and
nv(u)
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Proof. If there exists b € K such that b" = a, then v(a) = v(b") = nv(a), and hence the

valuation of a is a multiple of n in Z. Similarly,

a 0" _/ b\ d
o@ T o) — \ o) (mod 77)

a
and hence —— € £*".
7T

For the converse, consider the polynomial f(x) := x" —a € K[x]. We show that if v(a) =0

(mod n) and —2—- € ", then f has a root in K. Let m = v(a)/n € Z. Consider f(n"x) =

nv(a)

g’ (x” — nﬁm) = 9@ (x” — nfm) ) It suffices to show that g(x) = #f{nmx) has a root in

K, as then f does as well. By assumption, % is an n-th power in ¢, and further does not equal
7T

zero by construction. Hence, ¢ has a linear factor in {[x]. The derivative of g equals nx"~1,

and so has a unique root x = 0 as the characteristic of £ does not divide n. Thus, the § has no
repeated roots, as a repeated root is a root of both ¢ and §’. By Hensel’s lemma, ¢ has a linear

factor in A[x], and hence f has a root in K as desired. O

2.2 Structure of degree sets of general schemes over Henselian

fields

Let K be a Henselian field. We establish two lemmas that are crucial to the computation of
degree sets. Both are due to Liu and Lorenzini [LL18]. We state them here in the form we

require.

Lemma 2.2.1. Let X/K be a geometrically integral and smooth scheme of finite type and positive
dimension. Let m € N. If m € (X/K), then mN C D (X/K).

Proof. Since K is Henselian, K is a large field [Pop10, Theorem 1.1]. If m € 2 (X/K), there exists
some extension L/K of degree m such that X(L) is nonempty, and hence contains a smooth point.
From [LL18, Proposition 8.3], we find that any separable extension M/L contains infinitely many
new points of X. We can then pick a separable extension M,,/L of degree n for each n € N, as
for example, if 7T is a uniformizer for K, then X" + 71X + 7t will be an irreducible and separable

polynomial. Thus, we find that mN C D(X/K). O

Lemma 2.2.2. Let X/K be a geometrically integral and smooth scheme of finite type and positive
dimension. Let W be a Zariski open subset of X. Then, D(W/K) = (X /K).

Proof. As W embeds into X, D(W/K) C ID(X/K). If m € I (X/K), then there exists some L/K

of degree m such that X (L) is nonempty. Since K is Henselian, L is also Henselian, and hence

13



is a large field [Pop10, Theorem 1.1], so that X (L) is Zariski dense. Thus, W(L) is nonempty,
and hence there exists some point of W having degree dividing m. Applying Lemma 2.2.1, we

find that m € D(W/K). O

2.3 Degree Sets and Maps Between Varieties

We would like to study the degree sets of varieties by studying the maps between them.

Lemma 2.3.1. Let X/K and Y /K be geometrically integral and smooth schemes of finite type,
and suppose that X is positive dimensional and that there exists a map X — Y. Then, (X /K) C
DY /K).

Proof. Let P € X(K) be a point of degree d and let Q € Y (K) be the image of P. Let d’ be the
degree of Q. We have an inclusion of residue fields k(Q) — k(P), which shows that d' divides
d. By Lemma 2.2.1, 9 (Y/K) contains all multiples of d’, and hence contains d. O

Consider the case where X and Y are nice curves. A general curve X/K has simple Jacobian,
and hence admits no maps X — Y to a curve Y/K of positive genus. When Y /K has genus 0,
D(Y/K) is either N or 2N. Hence for a general curve X/K, Lemma 2.3.1 is not very helpful for
studying D (X/K).

The containment in Lemma 2.3.1 can be an equality. We give an example which takes
this equality to the extreme: we construct a map X — P! such that for all t € P1(K), the
fiber over t consists only of K-rational points. Note that our example strongly depends on K
being Henselian: over a finitely generated field k, Hilbert’s irreducibility states that for many

t € PL(k), the fiber over t is a closed point of degree equal to the degree of the map.

Example 2.3.2. Let X/Qg be the hyperelliptic curve given by y2 =x6—-52 andlet 7: X - P!
be the x-coordinate map. Let u : Spec Qs — P! be a point, and let U := Spec Qs xp1 X be the
fiber product with 7. We show that U(Qs5) has exactly two distinct elements, so that U/Q5 is
not integral.

To find a smooth projective variety isomorphic to X, we consider the weighted projective
space P = IP(1,3,1) with variables V,W,Z. Then, X is isomorphic to the variety W2 =
V6 — 5276 in P, see [Gall2, Section 10.1.1] for details. The x-coordinate map is given by
[V W:Z]- [V :Z].

First suppose that the image of u is contained in the image of Z = 0. The image of u is then
[1:0] € P! and U(Q5) has two points mapping to [1:1:0] and [1: —-1:0] in P.

Now suppose that u is contained in the image under the x-coordinate map of the affine open

Z # 0. Then, u lies in the image of the affine open in X isomorphic to y? = x® — 5% in A2, the
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x-coordinate map restricts to a map to Al given by (x,y) — x, and there exists uy € Q5 such
that the image of u is uy € Al(Q5). The elements of U((QT5) are i(ug +52)1/2 We show that,

in fact, (ug +5%)1/2 € Q5. By the strong triangle inequality,
s (u§ + 52) < min{6vs (1), 2}.

As uy € Qs, 05(u8) = 605(1y) € 6Z, and as 6 f 2, the minimum is unique and the inequality
becomes an equality. If 05(u8 +52) =2, then v5(u8) > 2 and
u§ +52 52

52 = 5—2 =1 (mod 5)

so that by Lemma 2.1.2, u8 + 52 is a square in Qs. Similarly, if 05(u8 + 52) = 6v5(1y), then

605 (1p) < 2 = U5 (52) and hence

6 2 6
u0+5 Uy _( U

6
5605 (1) = 5605 () = 505<u0)) (mod 5)

so that by Lemma 2.1.2, uS + 52 is a square in Qs. Thus, U(Qsz) consists of two distinct

elements, namely the positive and negative square roots of ug + 52,

As we intend to study when J)(X/K) is not cofinite, we study curves with maps whose
behavior differs from Example 2.3.2 as much as possible. We add further structure by studying

two maps simultaneously:

Lemma 2.3.3. Let X/K, Y/K, and Z/K be varieties with maps ¢ : X =Y and 0 : X — Z. Let
P € X(K). Then, lem{degy @ (P),degy 0(P)} divides the degree of P over K.

Proof. We have inclusions of residue fields k(¢ (P)) into k(P) and k(6(P)) into k(P). Thus,
degy P is divisible by both degy ¢ (P) and degy 6(P), and hence is divisible by the least common
multiple. ]

For a very general curve X/K, both Y/K and Z/K must have genus 0. We thus specialize
further, studying the case where both Y/K and Z/K are HD}(? and use the structure of K to
study points on ]P’}<. As K is a Henselian discretely valued field, we have a unique extension
of the valuation to a map v : K - Q U {oo}. Thus, v induces a Galois equivariant map
v: A1(K) - QU {co}. Fix an affine open W C X not including poles of @ and 6, so that ¢l
and 6],y map to Al. We study the degrees of points P € W(K) by studying their image under
the compositions v o @l and v o 0|y By Lemma 2.2.2, D(W/K) equals 2 (X/K), and hence it
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suffices to only study points in W. Let denom (%) denote the denominator of % when written

in lowest terms.

Lemma 2.3.4. Let X/K be a variety with two maps ¢,0: X — P, and let W C X be an affine
open away from the poles of @ and 6. Let P € W(K). Define

Ap, 9,0 = lem{denom(v(¢(P))), denom(v(8(P)))}.

Then, Ap,,, ¢ divides the degree of P over K.

Proof. We first show that denom(v(¢(P))) divides degy ¢(P). As ¢(P) € A1(K), there exists
some element ¢ € K such that @(P) is the prime ideal (x — %), so k(¢(P)) = K(y) and
v(@(P)) = v(y). As v(y) is an element of the value group of K(7), the denominator of v(y)
divides the ramification degree of K(y)/K, which divides the degree of K()/K, as desired.
The statement is symmetric in ¢ and 6, and thus denom(v(6(P)) divides degy 6(P). Hence,
denom(v(@(P)) and denom(v(8(P)) both divide lem{degy ¢ (P), degy (P)}, and hence Ap,q,,g
divides the least common multiple of degy ¢ (P) and degy 6(P) as well. Finally, Lemma 2.3.3
shows that lem{degy ¢ (P), degy 0(P)} divides degy P, and hence Ap, 9,0 does as well. O

Lemma 2.3.5. Let X/K be a variety with two maps ¢,0: X — P!, and let W C X be an affine
open away from the poles of ¢ and 6. Suppose that there exists a finite set {ry,...,r,} C N such
that for all P € W(K), there exists r; (depending on P) such that r; divides Ap,p,9- Then,

D(X/K) C | JnN.

Proof. By Lemma 2.2.2, D(X/K) = D (W/K), thus it suffices to bound J(W/K). For all
P € W(K), Ap, 9,6 divides degy P by Lemma 2.3.4, and thus by hypothesis there exists r; such
that r; divides degy P. Hence, degy P € ;N and the result follows. O

It follows from Theorem 3.5.1 that if C/K is a superelliptic curve with equation y7 = F(x)
such that F(x) has no roots of integer valuation, then in fact J)(C/K) is cofinite if and only if
there exists a set {rq,...,7,} as in Lemma 2.3.5.

In general, it is not reasonable to expect one pair of maps to completely explain why the
degree set is not cofinite. We can weaken the conditions on Lemma 2.3.5 by letting the pair
of maps vary. As part of the proof of Theorem 3.5.1, we show that if C/K is a superelliptic
curve with equation y7 = F(x) and the roots of F(x) are tamely ramified, then in fact 2 (C/K)
is cofinite if and only if there exists a finite collection of maps (8;, ¢;) obstructing the degrees

of points.
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Lemma 2.3.6. Let X/K be a variety with a finite set of pairs of maps {(¢1,61), ..., (@, )}
to P, and let W C X be an affine open away from the poles of ¢1,01, ..., @, 0, Suppose there
exists a finite set {ry,...,r,} € N such that for all P € W (K), there exists i,j such that r; divides

Ap, 0 Then,
DX/K) € | JnN.
i

Proof. By Lemma 2.2.2, D(X/K) = 2 (W/K), thus it suffices to bound D (W/K). By hypoth-
esis, for all P € W, there exists some pair of maps 7 W — P! and 9]- : W - P! such that r,

divides Ap, ;0 and hence we can apply Lemma 2.3.4. The result follows. O

2.4 General lemmas

In this subsection we collect several lemmas for later use.

Lemma 2.4.1. Let p be a prime, let k be a field, and let a € k*. The polynomial h(y) = y¥ —a

is either irreducible or a € k*P.

Proof. This follows from [Lan02, Chapter VI, Theorem 9.1]. O

Lemma 2.4.2. Let p: %Z - rl—bZ be an affine map defined by

The image of p intersects %Z if and only if ged(a, b) divides rc. If this condition holds, then for

any open interval I of length greater than b+71, im(p) restricted to I N %Z intersects %Z.

Proof. We construct a map ¢: Z — Z from p. Explicitly, let 0: Z — %Z be division by r, and
let ¢ rl—bZ — Z be multiplication by rb. Let ¢(x) := (popo0)(x) = ax +rc, so im(p) intersects
%Z if and only if im(¢) intersects bZ, as bZ is the image of %Z under . The image of ¢

intersects bZ precisely when there is a solution to ax = —rc (mod b), which exists if and only if

b+1

ged(a, b) divides rc. For an interval I, if [I| > ——, by the pigeonhole principle, the numerators

of IN %Z contain a complete set of representatives of congruence classes modulo b. ]

The following is a strengthening of Krasner’s lemma, provided that one works with an

element of K, the tamely ramified closure.

Lemma 2.4.3. Let B be an open ball in K such that BN K is nonempty. There exists BeEB
such that for all x € B, K(B) C K(a). Further, degy(B) equals the size of the orbit of B under
Gal(K!/K).
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Proof. This is the one dimensional case of the main theorem of [Ducl3]. O

Lemma 2.4.4. Assume that the residue field of K is algebraically closed. If r is coprime to the

residue characteristic of K, then K(¥7) is the unique extension of K of degree r.

Proof. This follows from [Lan1l3, Chapter II, Proposition 12]. O
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Chapter 3

Degree sets of superelliptic curves

over Henselian fields

We now begin working towards proving Theorem 3.5.1. We work with a superelliptic curve
C over a discretely valued Henselian field K with algebraically closed residue field such that
the cyclic cover C — P! has prime degree g, and fix an equation y7 = F(x) such that the
variety V(y7 — F(x)) is isomorphic to an affine open U/K of C/K. The key ingredient, which
may be of wider interest, is a good understanding of v(F(xy)) for any xy € K in terms of the
roots of F(x), see Lemma 3.1.4. We then consider a point (xg,1q) € U(K) in Section 3.3. As
v(yg) = v(F(xg))/q, we can determine if v(y,) is an integer in terms of v(F(xy)), a condition
that can be expressed in terms of the roots of F(x). If v(yy) is not an integer, then K(yy)/K
must have degree a multiple of g, thus “obstructing” points of degree relatively prime to g.
Conversely, we use Hensel’s lemma to show that if the roots of F(x) satisfy certain properties,

we can construct points in U(K) of large degree, see Lemma 3.4.1.

3.1 The valuation of a polynomial

In this section we address the question of determining, for any x, € K, the valuation of F(x,)
in terms of the valuation of x;. We give a complete answer in terms of the roots {a;} of the

polynomial F(x). The following definition is [DDMM19, Definition 1.1].

Definition 3.1.1. A cluster is a nonempty subset s C {«;} of the form s = D N {a;} for some
disk D, y = {x € K||x —z| < d} for some z € Kand d € R. Let O(s) denote the orbit of s as

a set under Gal(K*°P/K), and let s denote the complement of s in {«;}.

Lemma 3.1.2. Let xy € K. Let Ry, = min; [xg — a;| and let S be the set of roots that achieve

the minimum. Then, S is a cluster.
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Proof. Choose z = xg and d = R, . We then have that S =D, 4 N {a;}. O]

Definition 3.1.3. Let X, C K be the set
X, ={xe€K|Va€sx—al =R, Va €5°|x—a'| >R,}.
We think of X, as partitioning K by the roots of minimal distance. By construction, the

collection of {X,} covers K as s varies over all clusters.

Lemma 3.1.4. Fiz a cluster s. There exists ¢, € Q such that for all xy € X, and any a € s,
v(F(xg)) =lIs| - v(xg — ) +c,,
where ¢4 is given by

c, = v(ay) + Z v(a —B)

BeEs
and all expressions above are independent of the choice of a € s.

Note that for any choice of & € s, the expression |s|v(xy—a) is equivalent to ) | v(xg—a'),

a'Es

since all roots in s are equidistant from xy. This definition is more symmetric in s but less useful

computationally.

Remark 3.1.5. By Lemma 3.1.4, |s| and ¢, are the coeflicients of the piecewise affine linear

function given by the slope formula, see [BPR13, Theorem 5.15].

Proof of Lemma 3.1.4. For B € s¢,
Rx0 <lIxg— Bl =Ixg —a+a— Pl <max{lxg —al,la — B} = max{RxO, la — Bl}.

We must have that | — B| > RxO and thus by strong triangle inequality, |xo — Bl = |« — | and

we have the same equality on valuations. Thus, we have

v(F(xg)) = v(ag) + Y o(xg—a') + ) 0(xg— )

a'es pes*©

=v(ay) + Z v(xg —a) + Z v(a — B)

a'Es BEs®
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=ls|-v(xg —a) + (v(ad) + Z v(x — [3’))

pes*©

which gives the desired formula for xo € X, (note that the choice of @ was arbitrary). O

3.2 Properties of clusters
Lemma 3.2.1. Let s be a cluster. Then, at least one of the following is true:
1. there exists some root a,,;, of § such that s = {a | v(a) = v(ay,)}, or
2. all roots of 5 are contained in By (a) for any « € s, and further X; C By, ().

Proof. Let a denote a root of s of minimal valuation. Suppose that case 1 does not hold,

min
that is, there exists some B € s such that |8 < |ai,l. Let x € X,. As B € s¢, by definition of
a contradiction, and thus x| = |a;,|. As |8l < &yl = |x|, the strong triangle inequality gives

that |x — B| < |x], and hence |x — a ;| < [x — Bl < |x] = |a,;,l, so that x € B\zxminl(”‘min)‘ For all

« € 5, by the definition of X,, |x — a| = |x — a ;| < &l Hence,
& in — &l = 1@, — X +x — a] < max{|x — a il 1x — al} <&l
As all elements of B, _(ay;,) have the same absolute value and any element of the ball can

be chosen as the center, the ball By, (a) does not depend on choice of & € 5. ]

Lemma 3.2.2. Suppose that the residue field of K is algebraically closed and that the roots of
F(x) are tamely ramified. Let s be a Galois-invariant cluster. There exists v, € K and a,;, € 5

such that s = {a | v(a — ¥,) = V(&pin — Vs)}-

Proof. 1f |s| = 1, then we can take 7, = a for the unique « € s, which is an element of K as s is

fixed by the Galois action. Now suppose |s| > 1, and fix some a € s. Define
€, = a—a 0. := min{la — BI}.
s += max{| I} s /grélﬁrg{l Bl}

For the remainder of the proof, let " € s be such that |[x —a'| = €, and let B € s be such that
lo — Bl = 6;. Let x € X, so that by the definition of X,

0y =la— Bl =la —x+x— Bl <max{la — x|, Ix — BI} = Ix— B,

€ =la—a'l =la—x+x—a <max{R,, R} < |x — Bl =,.
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Now, let L/K be the splitting field of F(x). As all roots of F(x) are tamely ramified, by
Lemma 2.4.4, there exists ¥ € N and a uniformizer T for L such that " = 7 and L = K(7).

Expanding «, " and B in T,

a = Zbiri, o = Zi:bgri, and p = Zi:ciri.

i

Let N be the smallest integer such that by # cy, so that 6, = o — Bl = |TN|, and let N’ be the
smallest integer such that by # by, so that €, = o — a'| = TN, As [TV < |TN], N < N'. Let
Vs = le;;ll b;T". Note that by construction of v, and definition of B, for all B’ € s¢ and all

oy €5,
0(B" =) S V(B —7) = No(r) < N'0(T) = v(&' —7,) < v(og — 7s)- (3.1)

Thus, 7, has the desired property. Finally, we show that ¢, € K. As L/K is tamely ramified and
the residue field of K is algebraically closed, char K } [L : K], and hence L/K is separable and thus
Galois. Suppose for the sake of contradiction that 7, & K, so that there exists ¢ € Gal(L/K)
such that o(7y,) # 7s. As the residue field of K is algebraically closed, for all i, o(b;) = b;.
Thus, we see there must exist some M < N’ such that o (tMy + ™ and by # 0. However,
this shows that o(a) # a’, and hence as s is Galois invariant, there exists a,,;,, € s such that
N'| =

le — ol = ™ > |7 la — a'| = €,, contradicting the definition of e,. O

Remark 3.2.3. For a cluster s, there must exist some cluster s’ such that 9, € X,,. From
Equation (3.1), for any « € s and B’ € s, |8’ — | > la@ — 7,l, and thus the collection of roots
closest to v, is a subset of s, that is, s' C s. When v, is closest to some root a, then by Galois-
invariance of the valuation, v(y, — &) is constant for every conjugate a’ of a. We therefore
conclude that s C s must be Galois-invariant, and furthermore if s contains no Galois-invariant

subclusters, then vy, € X,.

Lemma 3.2.4. Suppose that the residue field of K is algebraically closed and that the roots of

F(x) are tamely ramified. Let s be a Galois-invariant cluster. Then c, € Z.

Proof. Note that we can apply any rational change of coordinates: if v € K, consider F(x + 7).
The set 5, = {a —y | « € 5} is a Galois-invariant cluster for F(x + ) and Cs = Cq- Thus, letting
v = 7, from Lemma 3.2.2, we can assume that there exists a,;, such that s = {a | v(a) >
0 (¥ppin) }-

As v(ay) € Z, we must show that Zﬁaﬁ 0(¥min — B) € Z. Both s and the set of roots {«;}

are Galois invariant, s is as well. For each Galois orbit contained in s¢, pick some representative
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1 with minimal polynomial f,, and let M C s° be the set of all 7. The sum }, pese V(min = B)
equals ZryeMU(fﬂ(“min))' We show that for all 7 € M, v(f, (ayin)) € Z.
For all B € 5%, v(B) < v(@,in), specifically, for ally € M, v(y) < v(@pi,)- Asf,7 is irreducible,

all roots have the same valuation. Thus, by the strong triangle inequality,

0(fy (Ain)) = v( [T @i ﬁ>)

BIf,(B)=0
= > v@m-p = )Y v =(degf,) - v(p.
BIf,(B)=0 BIf,(B)=0

As f77 is the minimal polynomial of #, a Newton polygon argument shows that the denominator

of v(y) divides degfﬂ, and hence v(fﬂ(tx )) € Z as desired. O

min

Remark 3.2.5. Neither Lemma 3.2.2 nor Lemma 3.2.4 necessarily hold if the roots of F(x) are
—1+V=3

2
second cyclotomic polynomial, x2+x+1, so that the roots of F(x) are {\/5, —\/§, 3\/5, 533\/5, 53?3\/5},

and let s = {3\/5, §33\/§, 5323\/5} As s = B‘%‘(%) N {a;}, s is a Galois-invariant cluster. For all

wildly ramified. Consider F(x) = (x> — 3)(x? — 3) over Qj;. Let {3 = be a root of the

v € K, either v(y) > 1, in which case v(a — y) = v(a) for all &, or v(y) < 0, in which case
v(w — ) = v(y) for all . Therefore, no 7 can satisfy the conclusions of Lemma 3.2.2 for s.

Further,
¢, =v(l) +v(3\/§— \/5) +v(3\/§+ \/5) = %

Remark 3.2.6. The proof of Lemma 3.2.4 shows that if there exists « € s such that

min

s ={a|v(a) > v(a,)}, then ¢, is an integer.

3.3 Obstructing points of arbitrary degree

We study the degree set of a superelliptic curve C/K via the affine open U C C such that
U=~ VyT—Fx))\{(a;0)}). We consider the x-coordinate map x: C — Pl. We first use the
valuation to show that under certain modular arithmetic conditions, we cannot obtain points

of arbitrary degree.

Lemma 3.3.1. Suppose that the residue field of K is algebraically closed and that every root of
F(x) is tamely ramified. Fix a Galois-invariant cluster s. Let 7y, be constructed from s as in
Lemma 8.2.2. Let r be a natural number not divisible by q. If there exists P € U(K) of degree
r with x(P) € X,, then one of the following holds:

1. 1s| #0 (mod g), or
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2. 1s| =0 (mod q) and ¢, =0 (mod q), or
3. 0€ X, and v(F(0)) =0 (mod q), or
4. s € Xy and v(F(y,)) =0 (mod g).

Remark 3.3.2. The quantities appearing in conditions 1 and 2 in Lemma 3.3.1 are the coeffi-

cients appearing in the slope formula, see Remark 3.1.5.

Proof of Lemma 3.3.1. Let (xg,yo) € U (K) with [K(xp,Y0) : K] = r. By Lemma 2.4.1, either
K(xg,y) is a degree q extension of K(xq), or F(xg) € K(x)*9. The first case is not possible by
assumption, so we must have that F(xy) € K(x)*7 and that K(xg,y9) = K(xg). As the residue
field of K is algebraically closed, K(x() is totally ramified with value group %Z, so that v(F(xq))

is a multiple of g in %Z. As xg € X,, by Lemma 3.1.4, for any & € s,

v(F(xq)) _ Ev(xo w4 C_5
q q q

We consider the possibilities for v(xy — «), which by strong triangle inequality, are as follows:
1. v(xg —a) =v(xy) < v(a)
2. v(xg —a) = v(a) < v(xg)

3. v(xg—a) >v(a) =v(xg).

v(F(xp))
q

given by x %x + % satisfies the conditions of Lemma 2.4.2, so that |s| # 0 (mod g) or |s| =0

Case 1: First suppose that v(xg —a) = v(xg). Then, as S %Z, the map %Z - %Z
(mod g) and ¢; =0 (mod g).

Case 2: Now assume that v(xg — a) = v(a) and v(xg) > v(a). Note that x5 € X, but
Xo & By (@) as v(xg — &) = v(a), so that by Lemma 3.2.1, there exists a,,;, such that s = {a" |
v(a') = v(Ayn)}- As v(xg—a) is independent of the choice of & € s, all roots of s must have the
same valuation, which further must be the maximal valuation among all roots of F(x). Thus,
for any root &’ of F(x), v(xg) > v(a’). We see that 0 € X, as 0 is closest to the roots of maximal

valuation, so
o(F(x0)) = v(ag) + Y v(xg—a;) =v(ag) + Y o) = 0(F(0)).

Thus, v(F(xg)) € Z. As v(F(xy)) is a multiple of g in %Z and g does not divide r, v(F(xp)) =
v(F(0)) = v(F(7,)) is a multiple of g in Z.
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Case 3: Finally, suppose that v(xg—a) > v(a) = v(xg). By Lemma 3.2.2, there exists 7, € K
and a,,;, € s such that s = {&a | v(@ — 7,) = V(@ — 7))} Let G(x) = F(x + 7,), consider the
isomorphic curve y7 = G(x), and let s" be the G(x)-cluster {a& — g | & € s}.

We show that for all « € s, xg — 7, is not contained in Bj,_, | (« —7,). If |s| = 1, then 7, = &
and as P € U(K), x(P) does not equal a, and hence Xo —Ys & Bp(0). Now suppose that |s| > 1,
and let &’ € s be such that |¢ — a’| is maximal as in the proof of Lemma 3.2.2. By construction

of g, I — 4l =l — a'|. As x5 € X,,

IxO_,)/s_([X—()/sN:|x0_lx|:|x0—ﬂél+lxl—ﬂé|

< max{lxg — a&'|, [a' — al} = max{|xy — al, & — Y}

If @ — 9, > |xg — al, then the strong inequality gives a contradiction. Thus, |a — v,| < |xg — al,
and hence xg — 7, & Bla—w("‘ — 7,) as desired. Then, v((xg — ¥s) — (& — ¥,)) < v(a@ — 79,),
and hence xg — 7, must fall in either case 1 or case 2 when considering the G(x)-cluster s'. As
Is'| = Is| and ¢y = ¢, in case 1 the congruence conditions hold. Finally, G(0) = F(v,), and thus

in case 2, v(F(7,)) € qZ. ]

Remark 3.3.3. If there exist a,a’ € s such that v(a) # v(a’), then 9, = 0. Thus, for many

Galois-invariant s, v, is not contained in Xj.

Remark 3.3.4. Define the depth of s by d, := min, ,c;v(a —a’). When |s| > 1 and 7, € X,
v(ys —a;) = d,, and hence v(F(7,)) = Isld, + c,.

3.4 Constructing points of large degree

We prove a strengthening of the converse of Lemma 3.3.1. Using Hensel’s lemma, we show that
if there exists a point P € U(K) with degree not a multiple of g, then the degree set contains

points of all sufficiently large degrees.

Lemma 3.4.1. Suppose that the residue field of K is algebraically closed and that every root of

F(x) is tamely ramified. Fiz a Galois-invariant cluster s. If one of the following holds:
1. Is| #0 (mod g), or
2. 1s| =0 (mod q) and ¢, =0 (mod q), or

3. 0€ X, and v(F(0)) =0 (mod q), or
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4. s € Xy and v(F(y,)) =0 (mod g),

then there exists ry € N such that for allr > rq with ged(r,q) = 1, there exists a point P € U (K)
of degree r with x(P) € X,.

Proof. Following the argument in the proof of case 3 of Lemma 3.3.1, without loss of generality
we can take 7y, = 0, so condition 4 reduces to condition 3. Suppose that condition 3 holds, so
that 0 € X, and hence s is the set of roots of maximal valuation. We let 7y = 1 and construct
points of all degrees r > ry. Let N be an integer greater than max{v(a)}, and let x; = 7‘CN+%.

By construction, x5 € X, and hence by Lemma 3.1.4, for any « € s,
v(F(xg)) = Islv(xg — &) + ¢, = Islv(a) + ¢, =v(F(0)) =0 (mod g).

Thus, (xg, {YF(xg)) is a K-point of degree r over K.
Now suppose that either condition 1 or condition 2 holds. As 7, = 0, by Lemma 3.2.2,

there exists a,,;, such that s indexes the set {«a | v(a) > v(ay;,)}. Let N = v(ay;,) and let

q+1

~—u + 1. We construct a

M = maxﬁesc{v(ﬁ)}. Let ry be the smallest integer greater than

point of degree r for all r > ry. Consider the affine map p: (M,N) N %Z - %Z given by
p(x) = %x + 2—5 By Lemma 2.4.2, there exists % € (M,N) such that p(%) S %Z. Write
a Ssu

7 = 57 with ged(u,t) = 1, and let x3 be a root of xt — 7%, so that x, has degree t. Let T be

a uniformizer for K(x;) and let R be an integer larger than s - % relatively prime to s. Let €

be a root of x* — TR, A Newton polygon argument shows that the degree of & over K(xg) is

s and that v(e) = % > v(xb). Let xp = x’o + ¢, so that K(xg) has degree st = r over K, and

YRS

v(xp) = v(xy) = 7. As M < v(xp) <N, xg € X,, and further

v(F(x 5 o 5 c a 1
M = uv(xo—ct)+—5 = uU(xo)+—5 =p<—> e -Z.
q q q q q r r
Thus, v(F(xg)) is a multiple of g in %Z, and hence (xg, {/F(xp)) has degree r over K. O

Lemma 3.4.2. The degree set 1 (C/K) contains gN.

Proof. We show that either 1 € D (C/K) (and hence 2 (C/K) equals N) or that g € D(C/K),
which is sufficient by Lemma 2.2.1. Set x = 0 and consider y7 = F(0). By Lemma 2.4.1, either
y7 — F(0) is irreducible, or there exists b € K such that b7 = F(0). If y7 — F(0) is irreducible,
(0, F(0)V/9) has degree g, otherwise, the point (0,b) has degree 1. O

Lemma 3.4.3. Suppose F has a separable irreducible factor of degree r. Then, rN C I (C/K).
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Proof. Let a be a separable root of degree r and let ¢ be the multiplicity of & as a root of
F(x). Since F is assumed to be free of g-th powers, let i be a lift of =1 (mod q). Consider
the isomorphic curve given by y7 = (F(x))t. After eliminating g-th powers from (F(x))%, the

resulting isomorphic curve is smooth at (&, 0), showing that I (C/K) contains deg«. (]

3.5 Proofs of main theorems on superelliptic curves

Theorem 3.5.1. Suppose that the residue field of K is algebraically closed and that every root
of F(x) is tamely ramified. Then, (C/K) is not cofinite if and only if v(F(0)) £ 0 (mod q),

and for every Galois-invariant cluster s of roots of F(x),
1. 1s| =0 (mod ¢q) and c; #0 (mod ¢q), and
2. if v, € X, then v(F(7,)) #0 (mod q).

When these conditions are satisfied,
D(C/K) SgN U 106N,
S

where the union is taken over all s which are not Galois invariant.

Remark 3.5.2. In [Dok21], Dokchitser constructed a regular model from the Newton polytopes
associated to an affine equation f(x,y) = 0, under the assumption that f is A -regular. Thus,
if y7 = F(x) is A,-regular, one could compute 2 (C/K) by first computing the special fiber of a
regular model using [Dok21, Theorem 1.1], and if the special fiber has simple normal crossings,
applying [CV25, Theorem 1.1]. We analyze how such an approach relates to Theorem 3.5.1
Following the construction of [Dok21], for many Galois invariant clusters s (specifically, for
those that fall in case 1 of Lemma 3.2.1), there exists a v-edge L,, and that 0r, equals 1 if
and only if the conditions of Theorem 3.5.1 are not satisfied. When 5L5 equals 1, there are
intersecting copies of P! with coprime multiplicity, and thus [CV25, Theorem 1.1] shows that
for some r, Ny, C D(C/K). We compute the degrees of all points reducing to the Plg arising
from L, simultaneously in Lemma 3.4.1. When C/K is not A,-regular, the methods of [Dok21]
do not give a regular model, see Remark 3.6.2. As in Example 3.6.1, we can often compute the

degree set even when C/K is not A,-regular.

Remark 3.5.3. When C/K is a hyperelliptic curve, [FN20, Theorem 1.2] shows that, if the
curve has potential semistable reduction (which is equivalent to every root of F(x) being tamely

ramified), the special fiber can be computed from a cluster diagram (see [DDMM23] or the
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overview [BBB*22]) and thus the degree set depends only on the cluster diagram. Using an
additional quantity c,, both |s| and v(F(vy,)) can be computed from the cluster diagram (see

Remark 3.3.4). We do not know how ¢, relates to the cluster diagram.

Proof. By Lemma 2.2.2, D(C/K) = D(U/K). Let P € U(K) and consider x(P). As the
collection {X,} covers AY(K), there exists some s such that x(P) € X,. If s is Galois invariant,
then Lemma 3.3.1 shows that either g divides the degree of x(P), or that one of the conditions
1-4 holds. By Lemma 3.4.1, if one of the conditions 1-4 hold, then the degree set contains N>/,
and is cofinite. Thus, 4)(C/K) is not cofinite if and only if the conditions 1-4 do not hold. If s
is not Galois invariant, the degree of x(P) is a multiple of |O(s)|, and degy(P) is a multiple of

the degree of x(P), so that degy(P) € |O(s)IN. O

Proof of Theorem 1.0.6. As F(x) is irreducible, there is exactly one Galois invariant cluster: the
set s of all roots of F(x). Then, |s| = degF(x) and c, = v(ay).

We show that 7, = 0. Let L/K be the splitting field of F(x) and let T be a uniformizer for L
such that " = 7t for some n € N. Let « be the root of F(x) of non-integer valuation, and let
7! be the first non-zero power of T appearing in the expansion of & in terms of 7. As v(«) is not
an integer, i is not a multiple of 1, and 7' is not fixed by the action of Gal(L/K). Thus, there
is a root &' € 5 whose expansion in terms of T has a different multiple of 7/, and as 7, is the
finite sum of powers of 7 such that all roots in s have the same multiple of the power, 7, = 0.

Now apply Theorem 3.5.1 with |s| = deg F(x), ¢, = v(ay4), and ¢, = 0. O

Theorem 3.5.4. Let D be a positive integer divisible by q, and let {n} C N be a finite sequence
such that q (Zk nk) = D. Suppose that q is odd, or that the number of times 1 occurs in the
sequence {ny} is even. Then, there exists a superelliptic curve C/K with equation y1 = F(x),

where D = deg F(x), such that

D(C/K) =gN U | | mN.

i’lk>1

The added condition when g is even is necessary, as [CV25, Lemma 5.8] shows that when
the residue field of K is algebraically closed, there does not exist a curve yz = F(x) such that

D(C/K) = 2N with degF(x) =2 (mod 4).

Proof. We begin with the case where g is odd. Let m; denote the subsequence of 1, where all

elements are greater than 1, and reorder so that both n;, and my are weakly increasing. We
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construct a superelliptic curve C/K with equation y7 = F(x) such that

D(C/K) =qN U | | mN =gN U JmN.
nk>l k
Define ¢ := D — q ), my and let a be relatively prime to c, congruent to 1 (mod gq), and less
than —c. As D is a multiple of g, so is c. Let 7q,..., 7 denote lifts of distinct elements of the

residue field (which exist as the residue field is algebraically closed). Define F(x) by

q
F(x) := m(x® — %) n H(x”k — T;7T) (3.2)

7’lk>1 i=1

and consider the curve C/K defined by y7 = F(x). By Lemma 3.4.2 and Lemma 3.4.3, gN U
Unk>1 N C D(C/K). We show that D(C/K) CgNuU{J mN. Let P € U(K) and let 5 be

such that x(P) € X;. By Lemma 3.2.1, X, C B, (a) or there exists a,;,, such that s indexes the

Ylk>1

set {a | v(a) = v(apmin)}-

Consider the first case. By construction, the roots of F(x) have valuations £ or L and as

c e
x(P) € By (a), v(x(P)) = % or v(x(P)) = nlk Let d denote the denominator of v(x(P)). We
have a chain of divisibility conditions: d divides [K(x(P)) : K], which divides [K(P) : K], and
asd=mngorq|c=d, [K(P):K] €qNUJ, mN.

In the second case, there exists a,;, such that s indexes the set {a | v(a) > v(ay;y,)}. We
see that s is Galois invariant. Note that F(x) may have wildly ramified roots, so that the
assumptions of Lemma 3.3.1 fail. For this specific s, however, all P € U(K) fall into case 1
or case 2, and the proof proceeds as written provided we verify the conclusion of Lemma 3.2.4

1

(that ¢, is an integer). Let ky be the largest index such that e < U(@pin)- We compute
0

¢, = () + Z V(&min—B) =1+ Z v(B)

Bes BEs©

_q a 1 1 7
= +C<E> + qmy (m—1> + ...+qu0 W € 4.

0

Asa=1 (mod g),c, =2 (mod q), and as g > 3, ¢; # 0 (mod q). We compute |s|. The roots of
F(x) have valuations % < m% < Lz < ---. The number of roots of each valuation is a multiple
of g, and thus the number of roots a such that v(a,,;,) < v(a) is a multiple of q. Thus, |s| =0
(mod g). Finally, we check that v(F(0)) # 0 (mod ¢q), which is necessary for case 2. Let k; be
the largest index in the sequence {m;}. By construction, v(F(0)) = v(7‘c”+17r‘7k1) =a+1 (mod q)
and as before, 1+a # 0 (mod g). As|s| =0 (mod gq), ¢, #0 (mod q), and v(F(0)) # 0 (mod q),

we conclude that for all P € U(K) such that x(P) € X,, g | degP, as in (the contrapositive of)
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Lemma 3.3.1.
When g is 2, we construct F(x) as before, with slight modifications. Note that ¢;, =1 +a
(mod 2), and thus if we want 2 } c,;, we must have a = 0 (mod 2). Thus, choose a such that

a =2 (mod 4) and is smaller than —cn; for all k. Then, as

c:D—Zan:Zan

n>1 n=1

and the number of k such that n, = 1 is even by assumption, ¢ = 0 (mod 4), so that % (in

lowest terms) has even denominator. The rest of the proof is similar to when g is odd. O

Proof of Theorem 1.0.7. If there exists k such that n, = 1, pick a superelliptic curve C/K with

a rational point. Otherwise, the proof is immediate from Theorem 3.5.4. 0

3.6 Examples

Our results also provide a method for computing degree sets. Although our lemmas assume
algebraically closed residue field, this example is computed over Q-, as the points constructed
of minimal degree (i.e., do not arise from having degree a multiple of a degree already in the

degree set) are totally ramified, so the degree set is unchanged over Qy™.

1 3 1 3 1 3 —
Example 3.6.1. Let a =72 475, =2-72+75 and 7y =3-72 +75 as elements of Q, and
let f1(x), fo(x), and f3(x) be the minimal polynomials of a, B, and 7 respectively over Q. Let
F(x) = 7f1(x)f>(x)f3(x), and let C/Q be the curve given by y3 = F(x). Then,

D(C/Qy) =3N U2({8,11,13,14} U N.5) U 10N C 3N U 2N.

Proof. Fix a primitive 5th root of unity (5 and let s be a cluster for F(x). By Lemma 3.2.1, all
roots of § are contained in B, (a), or there exists &,,;, such that s = {a | v(a) > vV(ay;,)}

We first consider the case where there exists a,,;, such that s = {a | v(a) > v(wy;,)}- As
all roots of F(x) have the same valuation, s must contain all roots of F(x). Then, |s| = 30 and

¢, = 1, and hence
30 1
o(y(P)) = gv(X(P) —a) + 3

so that by Lemma 2.4.2, 3 divides the denominator of v(y(P)), and hence degP € 3N. Thus,
we can suppose that all roots of s are contained in By, («). Each By, () contains exactly 5 roots

of F(x), and as all roots in By () are equidistant, either |s| =5 or |s| = 1.
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If |s| = 1, then there exists & € s such that x(P) is closer to a than all Galois conjugates of
a, and Krasner’s lemma implies that 10 | degx(P) | deg P, showing that degP € 10N. As the
roots of F(x) have degree 10, by Lemma 3.4.3, 2 (C/K) contains 10N.

Suppose |s| = 5. We detail only the case where s = {7% + §§7%}?:1, as the other cases are
similar. Thus, ¢, = 22—7 Fix « € s. By Lemma 3.2.1, X, C B, («), and applying Lemma 2.4.3,
we find that for all 7 € By (@), K(72) C K(1), so that if x(P) € X,, then K(72) C k(x(P)).
We extend to K (7%) and renormalize the valuation, remembering that we have divided the
degree of our point by 2. Following Lemma 3.4.1 over K(7%), Ys = 7% and (M,N) = (1, g). If
v(x(P) —7,) = %, then

27 5a+27r

5 a
Ll R T

and so 3 divides the denominator of v(y(P)) unless 5a + 27r = 0 (mod 3), which occurs if and

a

only if a = 0 (mod 3). We search for r € N that produce 7 € (1, g) such that a = 0 (mod 3).
For r large enough, by Lemma 2.4.2, this condition is always satisfied, and a computer finds the

condition is satisfied for 8, 11, 13, 14, and all integers greater than 15. ]

Remark 3.6.2. The methods of [Dok21] are unable to fully compute the special fiber of Exam-
ple 3.6.1, and thus is insufficient for computing the degree set in this case. Using the main result
of [CV25] and the fact that Example 3.6.1 will have the same degree set over Qy™, the methods
of [Dok21] show that every component of the special fiber must have multiplicity divisible by 2

or 3.
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Chapter 4

Curves over number fields and their

density degree sets

In this chapter we provide some background for Chapter 5. Following the expository pa-
per [VV26], we define Pl-parametrized and AV-parametrized points, and show how a curve
over a number field has infinitely many closed points of degree d if and only if there exists a
parametrized point of degree d. The key observations are that a degree-d point of a nice curve
X over a number field k is a rational point of Symi and that there is a natural map (the Abel
or Abel-Jacobi map) Sym‘;l( - Picg(. Thus, to study degree-d points on X/k, we can study the
fibers of the Abel-Jacobi map and the image ng( in Picg(.

4.1 Symi, Pic? X, Pici, and Wfi

We begin by defining some spaces associated to X/k which capture much of the geometry of
our curve. We begin with Syna?(7 which will allow us to turn our study of degree-d points
into the study of rational points. We then define the abelian group Div X of divisors on X/k
and construct the Picard group Pic X as a quotient of DivX. In order to give ourselves more
structure, we work with the Picard scheme Picy, which is a variety over k which admits an

injective map of abelian groups Pic X — Picy (k).

Definition 4.1.1. Let X be a nice curve, and let X? be the d-th fold product of X with itself.

The symmetric group S; acts on X% by permuting the factors. Let Sym?c be the quotient X4/ S4.

As X is one dimensional and smooth, Symfg is smooth as well, see [EH24, Chapter 5.1]. We
denote elements of X4 (E) as tuples (xq,...,%;), where x; € X (E)7 while elements of Symi(%) are

unordered multisets {xq,...,x;}. Our notation differs from convention as elements of Symi(%)
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are more commonly denoted x; + ... + x;. We forgo this notation as Symgi{ (k) does not have a
group structure, making the use of the addition sign confusing.

A closed point x € X/k of degree d gives a point of Symi(k) as follows (see Section 1.0.1
for the definition of a degree-d point). As x is a degree-d point, there exists some x; € X (k)
such that x is the Gal(k/k)-orbit of x1. Let xq,...,x; denote the Galois conjugates of x;.
Then, {xq,...,x4} is a point of Sym‘;l((l_c), and as the set {xq,...,x;} is a complete Gal(k/k)-
orbit, {xq,...,x,} is fixed by Gal(k/k). As Sym’i is a variety, Sym‘;((k) is precisely the subset
of Symi(l_c) fixed by Gal(k/k), and hence {x1,...,x4} is a point of Symgl((k). Thus, if X/k has
infinitely many closed points of degree d, then Symfg(k) is infinite.

We now define a divisor. As we work only with curves X/k, we can significantly simply our

definition.

Definition 4.1.2. Let Div X denote the free abelian group on closed points x € X/k. A divisor
D =}  mnxon Xis an element of Div X. The degree of D is the integer ) n,degx. A divisor

is effective if for all x, n, > 0.

We can relate elements of Sym?i(k) and Div X. Note that the map X"*" — Sym"" X factors
through the product Sym” XxSym™ X, as Sym” XxSym"" X corresponds to the subgroup S,,xS,,,

inside S,, .

Lemma 4.1.3. Letx € (Syrn?{)(k). There exists a unique multiset {y4,...,Y,} of closed points

of X/k of degrees ey, ..., e, such that x is the image of (yq,...,V,) under the map Sym“ X x ...
n d

Sym“ X — SymS.

Proof. As x € (Sym‘)i()(k), we can write x = {xq,..., x4} for some x; € X(k), and as a multiset,
{x1,...,x4} is fixed by Gal(k/k). Each complete Gal(k/k)-orbit contained in {x1,...,x4} is by
definition a closed point of X/k. Let yq,...,y, be the complete Gal(k/k)-orbits contained in
{x1,...,x4}. Then, we see that }_.e; = d as the y; partition the multiset {xq,..., x4}, and that x
is the image of (yy,...,¥;) as the map is the union of multisets.

If there exists a second multiset {y,...,y;,} of closed points of X/k such (y],...,v;,) maps
to x, then each y; is supported on some Xj, and hence y; is the complete Gal(k/k) orbit of Xj.

Thus, we see that the multisets {y3,...,v;,} and {yq,...,¥y,,} must be equal. O

Remark 4.1.4. Over an imperfect field, Lemma 4.1.3 may not hold as the action of the absolute

Galois group is not transitive, see [Ma21, Example 4.4 and Proposition 4.5].

Thus, there is a bijection of sets between (J ;- (Sym‘)i() (k) and the effective divisors in Div X.
Explicitly, we can map x € (Sym;i() (k) to the sum y; + ... + y,. The map is well-defined as the

multiset {yq,...,Y,} is unique as a multiset.

33



In order to make the group Div X more tractable, we quotient by a large subgroup. Given
a map f: X — Y of curves, there exists a natural homomorphism f* : DivY — Div X defined
as follows. For a closed point y € Y/k, we let f*(y) = Zx,—effl(y) er(x;)x;, where er(x;) is the
ramification index of f at the closed point x;. As DivY is generated by the closed points of Y,
we can extend f* to a homomorphism on all of DivY. A divisor D is principal if there exists
a morphism f: X — P! such that D = f*(0 — o). As the degree of f*(0) equals the degree of
f*(00), every principal divisor has degree zero. The subset of principal divisors forms a subgroup
of Div X. Indeed, suppose that Dy and D, are principal. We show that D; — D, is principal.
Let f1,f> be the maps to P! such that f*(0 — co) = D;. We can write f; in coordinates on P!
as [fi1,fi2] and f» as [f»1,f22]. Then, one can verify that the morphism g: X — P! defined by
in coordinates by [f11f22,f12f>1] satisfies div ¢ = D1 — D».

Definition 4.1.5. The abelian group Pic X is the quotient of Div X by the subgroup of principal
divisors. We denote elements of Pic X by [D], where D € Div X is some choice of lift. The
degree of [D] is the degree of D and is independent of choice of D. We let Pic? X denote the
subset of Pic X of degree d.

Over an algebraically closed field, Pic? X is isomorphic to the abelian variety Pic’ X. One
would hope that the construction of Pic X would respect the structure of field extensions. Let X7
denote the base change of X to k. The action of B = Gal(k/k) on X (k) induces an action of B on
Pic XI?' Concretely, for any divisor class [D] € Pic XI?’ we can write [D] = [nypg +... +ny4p,] for
some p; € X(E) and n; € Z, and then 0 € & acts on [D] by o ([D]) = [n10(p1)+...+n40(py) 1.
If [D] is a closed point defined over k, then ¢ will permute the k-points in the support of D
but leave the sum fixed. Thus, any divisor class defined over k will be fixed by the action &.
Ideally, Pic X would equal the fixed points of Pic Xi under the action of &;. As it turns out,

this is too much to ask for.

Remark 4.1.6. The abelian group Pic X does not necessarily equal the points of Pic X3, fixed
by the Galois action. There exists an injective map of abelian groups Pic X — (Pic X,f()ek with

cokernel contained in Brk, the Brauer group of k, see [Pool7, Corollary 6.7.8].

The difficulties in Remark 4.1.6 are due to the fact that the relative Picard functor can fail
to be representable. Thankfully, Grothendieck proved that for many schemes (including every
nice curve) the relative Picard functor is representable in the étale topology [Gro62]. We let
Picx denote this representing scheme. For our purposes, the fact that Picy exists together with
some the basic properties described in the next two paragraphs are sufficient. For details and

proofs, see [Klel4].
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The abelian group Pic X3 is isomorphic to PicX(E). As Picy is a scheme over k, Picx (k) =
(Pic X];)st, and hence we have a map PicX — Picy(k), which can fail to be surjective as in
Remark 4.1.6. See [Klel4, Exercise 2.4] for an example of such a curve.

Just as Pic X and DivX have a notion of degree, so does Picx. We let Picgl( denote the
subset of Picy of degree d. The map Pic X — Picx (k) respects degree, and thus we get a map
Pic? X > Pick (k).

Definition 4.1.7. The Abel-Jacobi map is the map Symgl( - Pic‘;{ of varieties defined by

mapping {xq,..., X5} € Symi(%) to the image of the divisor x; + ... + x4 in Picg((lz).

One can show that the Abel-Jacobi map is defined over k by checking that it is Galois-
equivariant. The fibers of the Abel-Jacobi map are complete linear systems |x| and hence are
geometrically isomorphic to P” for some n > 0. A variety geometrically isomorphic to P”" is
isomorphic to P" over k if and only if it has a rational point, so if a fiber of the Abel-Jacobi
map is non-empty, it is the k-points of P” for some n > 0.

A degree-d point x € X/k maps into Pic‘;i((k), as the image of x under the quotient map

Div X — Pic X is contained in Pic? X, which maps into Pic%(k).

Definition 4.1.8. The locus of effective divisors of degree d, denoted by W%, is the scheme-

theoretic image of Symi - Pic‘gg.

As the map Symi - Picglg is proper, ng( is a closed subvariety of Picg(. The dimension of
Wgz( is min{d, g(X)} by the Jacobi inversion theorem, see [EH24, Corollary 5.10]. The image of
Symfg(k) is contained in ng((k), however, the containment can be strict, as the image of Symfg(k)
equals Wgé(k) N Pic X. By identifying Symi((k) and the degree-d divisors (as in Lemma 4.1.3),

we think of points in W‘)i((k) N Pic X as the image of a divisor under the map Div X — Pic X.

4.2 Pl-paramterized points

In order to motivate Pl-parametrized points, we recall the following consequence of Hilbert’s

Irreducibility from [VV26, Proposition 3.3.1]:

Proposition 4.2.1. Let 1 : X — ]P’,l be a degree-d morphism. Then there exists a Zariski dense

subset of points z € PL(k) such that T 1(z) is a degree-d point on X. In particular, d € §(X/k).

Remark 4.2.2. Over a local field K (or more generally, over not finitely generated fields),
Hilbert’s Irreducibility fails. Indeed, one can construct morphisms ¢ : X — P! such that for all

ty € PL(K), ¢_1(t0) is not integral, see Example 2.3.2.
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From Proposition 4.2.1 we see that one reason we may have d € 6(X/k) is if there exists a

map X — P! of degree d. Points arising in this way are referred to as P!'-parametrized.

Definition 4.2.3 ([VV26]). A closed point x € X/k is P!-parametrized if there exists a mor-
phism 77 : X » P! with deg(7r) = deg(x) and 71(x) € P1(k).

Lemma 4.2.4 ([VV26]). Let x € X be a closed point of degree d. The following are equivalent:
1. The point x is Pl-parameterized.
2. There exists a nonconstant map P! — Symi whose image contains x € (Sym;i()(k).
3. The dimension h9([x]) is at least 2, where [x] denotes the divisor class of x.

4. The linear system |x| is basepoint free.

Definition 4.2.5. Let dp1(X/k) := {deg(x) | x is Pl-parametrized}.

4.3 AV-parametrized points

In Proposition 4.2.1, we constructed infinitely many degree-d points of X /k using a map X — P1.
One key feature of the construction is that the set P1(k) is infinite. Thus, given a map X — Y of
degree d between nice curves such that Y (k) is infinite, one may wonder if there are necessarily
infinitely many closed points of degree d.

Note first that if Y'(k) is infinite, then by Faltings’s theorem (also known as the Mordell
conjecture), g(Y) < 1. We thus consider the case where there exists a map X — E, where E/k
is a positive rank elliptic curve. This question was studied by Thomas Tucker. From [Tuc02,
Remark 2.4], there exist maps ¢ : X — E of degree d such that for all z € E(k), go_l(z) is not a
degree-d point. Tucker proves, however, that after some finite extension k'/k, d € 6(X/k’), see
[Tuc02, Theorem 2.5]. Thus, maps of degree d to positive rank elliptic curves can give infinitely
many closed points of degree d, provided some additional information about the fibers. In
general, these points do not arise from a map X — P!, as for example there exist curves which
are double covers of elliptic curves but are not double covers of P1.

The notion of an AV-parametrized point, which was first hinted at in [BEL*19] and defined
precisely in [VV26], accounts for degree-d points arising from elliptic curves, but is much more

general.

Definition 4.3.1. A degree-d point x € X is AV-parametrized if there exists an abelian subva-
riety A < Pic Xy defined over k of positive k-rank such that [x] + A C ng. A degree-d point

x € X is isolated if it is neither P! or AV-parametrized.
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Definition 4.3.2. Let 64,(X/k) := {deg(x) | x is AV-parametrized}.

The utility of P! and AV-parametrized points become apparent from the following theorem,

due to [BEL*19, Theorem 4.2].
Theorem 4.3.3 ([BEL*19]). Let X be a nice curve over a number field.
1. There are finitely many isolated points in X (regardless of degree).

2. There are infinitely many degree-d points if and only if there exists a degree-d P or

AV-parametrized point.

We give some ideas as to the proof. If d is large enough, then Riemann-Roch implies that
if there exists a degree-d point x, h°([x]) > 2, and then Lemma 4.2.4 implies that x is P1-
parametrized and there are infinitely many degree-d points. Thus to prove 1 and 2, it suffices to
only consider the cases where d is small. We show only that if there are infinitely many degree-d
points, there is a parametrized point. Suppose that there are infinitely many degree-d points.
Then (Symg()(k) is infinite. Let 7t denote the Abel-Jacobi map and let z € Pic’)i((k). Consider
the fiber 7171(z). As the fibers of the Abel-Jacobi map are the complete linear systems, if 7771 (z)
has infinitely many points, we have a map to P" for some n > 1, and hence (after taking a
sub-linear system) a Pl-parametrized point. Thus, if there does not exist a P!-parametrized
point we can assume that the fibers of 7t are finite, so that the image in Picgl((k) is infinite. As
the composition Symg((k) — PicX - Pic‘;i((k) maps into ng((k) and Symi(k) is infinite, ng(
has infinitely many rational points. We now apply Faltings’s Theorem on the Subvarieties of

an Abelian Variety [Fal91] [Fal94], also known as the Mordell-Lang conjecture.

Theorem 4.3.4 (Faltings’s Subvarieties of AV Theorem). Let W C P be a closed subvariety of

an abelian variety over a number field k. Then

N
W(k) = | J(w; + A;(k)),
i=1
where w; € W (k) and A; are abelian subvarieties A; C P such that w; + A; C W.
By Faltings Subvarieties of AV Theorem, for all but finitely many points p € ng((k), there
exists a positive rank abelian variety A; such that w; + A; C W‘;( and p € w; + A;(k). As there

are infinitely many degree-d points in Wgé(k), we see there must be an AV-parametrized point.

37



Chapter 5

Indecomposable translates and the

density degree set

5.1 The geometry of the density degree set

5.1.1 Decomposable and indecomposable translates

Let z € Wgé(k) and suppose there exists a positive dimensional abelian variety A < Picgg such
that z+ A C Wsi(. We describe when there exists a degree-d point x € X such that [x] € z + A.

We begin by considering which divisors are not degree-d points. By [VV26, Lemma 2.1.3],
a degree-d divisor D which is not a closed point is contained in R, the set of sums of lower
degree effective divisors. We will apply Faltings’s Subvarieties of an Abelian Variety Theorem
By Faltings’s Theorem on the Subvarieties of an Abelian Variety Theorem 4.3.4, for any e < d,

W (k) can be written as finite union of abelian translates with dense k points. Thus,

m
R= Egd Wée (k) + W (k) = e!d Wi (k) + Wi (k) = egd iLZJl ]L:J1<zi +2j+ B~ + BY),
where z; +B‘l-i_e are the subvarieties of W‘;{e arising from Faltings’s theorem, and similarly z; +B]e.
are subvarieties of W§. As z+ A is irreducible and the unions are finite, either there exists some
e,i,jsuch that z+ A Cz; +z; + B;’l_e + B]‘f or (z+ A) \R is a non-empty dense open set in z + A.
This dichotomy is captured by Definition 1.0.1. If (z+ A) \Ris non-empty, then (z 4+ A) \R is
as well, and if (z + A) N R contains a k-point, it is a degree-d point. For a sufficient condition
on an indecomposable translate containing a degree-d point, see Proposition 5.1.4. We make an

additional definition for the base change to k.

Definition 5.1.1. An abelian translate is geometrically decomposable if the base change to k is
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decomposable, and geometrically indecomposable otherwise.

Remark 5.1.2. In general, determining if z + A is indecomposable can be challenging. One
sufficient condition is: If for all e < d, W§ does not contain any abelian varieties of dimension
greater than or equal to (dimA)/2, then z + A is indecomposable. Thus, by the dimension

bounds of [DF93, Proposition 3.3], Pic‘g( is a geometrically indecomposable abelian translate.

Remark 5.1.3. If A is zero dimensional, then z + A C ng( is geometrically indecomposable if

and only if d = 1.

5.1.2 Degree-d points in indecomposable translates

An indecomposable translate may not contain a degree-d point. Indecomposable translates with

enough points, however, will necessarily contain many degree-d points:

Proposition 5.1.4. Ifz+ A C Wgé is indecomposable, h°(X,z) = 1, and A(k) is dense in A,
then there exists an open set U C A such that U(k) is Zariski dense in A and every element of

z + U (k) is uniquely represented by a degree-d point over k.

Remark 5.1.5. If A has positive dimension, then the set z+ U (k) in Proposition 5.1.4 is infinite,
sod € 6,y (X/k). Note we do not assume that z is represented by a degree-d point, only that
h%(X,z) = 1, which by [VV26, Lemma 3.2.1] implies that there exists a unique effective divisor
D over k such that [D] equals z.

We prove three lemmas from which Proposition 5.1.4 follows quickly.

Lemma 5.1.6. Let z € W;i((k) be such that h%(X,z) = 1. The unique effective representative
D for z is a degree-d point if and only if z is not in the image of the sum map W¢ (k) x Wsi(_e(k)
forany0<e<d.

Proof. The “if” statement is [VV26, Lemma 4.3.7]. For the converse, we prove the contraposi-
tive. Suppose there exists some e < d and z; € W (k), z, € ng{e(k) such that z = zq +z,. As
tensoring induces an injective map on global sections, for 1 < i < 2, h%(X,z;) < h%(X,z), and
hence h°(X,z;) = 1. By [VV26, Lemma 3.2.1], z; and z, are represented by effective divisors
D and D, over k. Thus, D = D; + D, is the unique effective representative for z, which is not

a degree-d point. O

Lemma 5.1.7. Ifz4+ A C Wf( is indecomposable and h(X,z) = 1, then there is a Zariski open
U C A such that every element of z + U (k) has a unique effective representative over k which

is a degree-d point.
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Proof. For e < d, consider the image of the sum map W5 (k) x ng(_e(k) - Wg((k). By Faltings’

Subvarieties of Abelian Varieties Theorem,

U Wi + Wt = J Uz +z + Bk + Bk,

e<d e<d 1 ]
As x + A is indecomposable, for all e, i, and j, (z+ A) N (z; + zj + B‘f—e + B;:’) must be a proper
closed subset of z+ A. Hence, RN (z+ A) is contained in a finite union of proper closed subsets
of z+ A, which is a closed set Z. By uppersemicontinuity, there exists an open set V such that
for all v € z+ V, h%(X,v) = 1, and hence the effective representative for any v € z + V (k) must
be defined over k. Let U := Z° N V. Then, every point of z + U (k) is uniquely represented by a

degree-d point by Lemma 5.1.6. O

Lemma 5.1.8. Let X be an irreducible topological space, U C X an open set, and S C X a dense
subset. Then, UNS is dense in X.

Proof. Let V C X be an open set. As X is irreducible, every open set is dense, and so U NV is
non-empty. As U NV is open and S is dense, (SN U) NV =S5SnN (UNYV) is non-empty. O

Proof of Proposition 5.1.4. Let U be the open set of Lemma 5.1.7. As A(k) is dense in A, by
Lemma 5.1.8, U(k) is dense as well. O

We state the following corollary of Proposition 5.1.4 for later use.

Corollary 5.1.9. If D is an effective divisor on X/k, [D]+ A C W‘§< is indecomposable, A has

positive dimension, and A(k) is dense in A, then d € §,v/(X/k).

Proof. If h%(X,D) > 2, then by Hilbert’s Irreducibility, there exists a degree-d divisor linearly
equivalent to D, and then d € é,1(X/k). If h9(X,D) = 1, apply Proposition 5.1.4. ]
5.1.3 Proof of the main theorem

In this subsection we prove our main theorem relating degree-d points and indecomposable

translates, Theorem 1.0.2. Let W;i(’r ={L e Picgg |O(X, L) >r+1).

Lemma 5.1.10. Let wy + Hy, ..., w,, + H,, be effective, geometrically indecomposable, positive
dimensional abelian translates defined over E, and let f = deg(zly.l:1 w;). If the sum map

0: H?:l H; - Z?:l H; has finite kernel, then Z?:l w; + H; C Wgél.

Proof. Let £/k be a finite extension such that for all 1 < i < n, w; + H; is defined over £ and

H;(0) is Zariski dense in H;, and further every element of the kernel of 6 is defined over {. Let
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1<i<mn Letm;: ]_[7:1 H; — H; denote the i-th projection. If for any i, w; + H; C Wiegwi’l,

then the conclusion holds, so we can assume that a generic element of w; + H; does not move,
in particular that h%(X,w;) = 1. Then, by Lemma 5.1.7 there exists a non-empty open set
W, C w; + H; such that every element of W;({) is uniquely represented by a closed point over {.
The intersection w; + H; N w; + H; is closed, and if w; + H; C w; + H;, then an abelian variety
isogenous to H; is contained in the kernel of 6, a contradiction as the kernel of 6 is not positive
dimensional. So, w; + H; N w; + H; is a proper closed subset of w; + H;. As ker6 is finite,
Z; = Upexero (@) + (WF U (U?Zl(wi +H;Nw;+H)))) is also a proper closed subset of w; + H;.
Let U; be the complement of Z; in w; + H;. As Z; is closed under translation by 7;(a) for any
a € ker 6, so is U;.

As U; C W;, any element of U;({) has a unique effective representative, integral over . Let
[x;] € U;(8). Fix some non-trivial a € ker 6. For any [x;] € U;({), let x7 be the effective
representative for [x;] + 7;(a) € U;(0). For any ([x;]) € H?:l U; (L), consider the two sums
of divisors y := Y x; and y? := Y. %% As Y7 m;(a) = 6(a) = 0, [y] and [y*] are equal.
We show that y and y* are not equal as divisors, so h%(X,[y]) > 2. As a is not the identity,
there exists some i such that 77;(a) is not the identity, and hence x; and x are not equal. As
[x;] € U;, for any j, [x;] € (w; + H;) N (w; + Hj), and hence x; does not equal x}l for any j.
So, y* is not supported on x;, and vy # y?. Thus, if y € H(H:.l:l U;(0)), then hO(X,y) > 2. By
Lemma 5.1.8, U;({) is dense in w; + H;, and hence H?:l U;(®) is dense in H?:l w; + H;. As 6
is continuous, §([T'_, U;(0)) is dense in Y, w; + H;, showing that )" w; + H; C ngi’l. O

Proposition 5.1.11. Letu+B C W§ andv+G C ng(—e be abelian tramslates. If the sum map

B x G — B + G is not injective, thenu+U+B+GCW§<’1.

Proof. We first consider the case where the kernel of the map B x G — B + G has positive
dimensional kernel, so that dimB + G < dimB x G. Let €: Sym& - WJ;( be the natural map.
Ifu+Bc W% orvo+Gc Wi then u+v+B+GC W%, so we can assume €, and €_,
are birational over u + B and v + G. Let B and G be the strict transforms of u + B and v + G
under €, and €4_,. Recall that the map o: Sym‘;( X Sym?{e — Symf( has finite fibers, and let
] =0(BxG). As dim] = dim(B x G) > dim(B x G) > dim(B + G), we conclude that the map
€4l: | = u+0v+ B+ G has positive dimensional fibers, which implies that u +v+B+G C ng(’l.

We now consider the case where the kernel is finite. Let wy+Hy,...,w,,+H,, be geometrically
indecomposable abelian translates, ordered such that for 1 < i < n, H; has positive dimension,
while for n + 1 < i < m, H; has dimension zero, such that there exists some I C {1, ..., m} such
that u+B C ., w; + H;. The sum map H:’il H; - Z:’il H; factors
through the partial sum [ H; — Yt Hix Yo Hi = Y Hi. AsBxGC e Hix Y iere Hi

wi+H1~ and v+ G C ZiEIC
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and B x G — B + G has non-trivial kernel, so does } ;_ H; x ... H; = Zzl H;, and hence so
does 0: H:’il H; - Z;Zl H;. If ker 6 has positive dimension, then we proceed as in the positive
dimensional case, so we can assume that 6 has finite kernel. Zero dimensional abelian varieties
are points, and hence H:’il H; = H?:l H; and the map H?:l H; - Z?:l H; has non-trivial
finite kernel. Let f = deg (Z?zl w;). By Lemma 5.1.10, Z?:l w; + H; C ng’l. Translation

defines an injective map on global sections, sou +v+ B+ G C Z:’il w; +H; C W;igl. O

Proof of Theorem 1.0.2. Suppose for contradiction that [x] + A is decomposable. Let u + B C
W and v+ G C WSZ(_E be abelian translates such that [x] + A C u + v+ B + G. If the sum
map B x G — B + G is not injective, by Proposition 5.1.11, h%(X,x) > 2, a contradiction as x is
Pl-isolated. Thus we can suppose the sum map B x G — B + G is injective. Then, there exist

z € u+ B(k) and y € v + G(k) such that z + y = [x], contradicting Lemma 5.1.6. O

As a corollary of Theorem 1.0.2, we give an improvement to [VV26, Proposition 4.3.5] (see

also [BEL*19, Theorem 4.2]).

Corollary 5.1.12. Let x € X be a degree-d point and suppose that there exists a positive rank
abelian variety A such that [x] + A C Wgz(. FEither x is P1-parametrized or there exists an open
set U C A such that U (k) is infinite and every element of [x] + U (k) is uniquely represented by

a degree-d point over k.

Proof. Let B < A be the maximal abelian subvariety such that B(k) is dense in B. Then, the
Zariski closure of [x] + A(k) is contained in a finite union J, z; + B. Re-indexing if necessary, we
can suppose that [x] 4+ B = z; + B. By Theorem 1.0.2, either x is P'-parametrized or [x] + B is
indecomposable. Thus, we can suppose that [x] + B is indecomposable. By Proposition 5.1.4,
there exists an open set V C B such that [x] + V (k) has the desired properties. Let Z C B be
the complement of Vin B. As B C A is closed, Z C A is closed. Let [x] + U be the complement
of [xX]+ZU ;.12 +Bin [x] + A. Then, U C A is open and [x] + U(k) = [x] + V (k). As
[x] + V (k) has the desired properties, [x] + U (k) does as well. O

i>1

5.1.4 Indecomposable but geometrically decomposable translates

We collect several results on indecomposable but geometrically decomposable translates. For
an example of such an abelian translate, see [VV26, Example 5.5.3]. Abelian translates which

are indecomposable but geometrically decomposable exhibit interesting arithmetic.

Corollary 5.1.13. Let x € X be a degree-d, Pl-isolated point. If A is positive rank and

[x]+AC ng( is geometrically decomposable, then there exists a non-trivial finite extension £/k
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and infinitely many degree-d points x; € X such that [x;] € [x] + A(k) and k(x;) contains a

proper subfield isomorphic to L.

Proof. Let U C A be the open set of Corollary 5.1.12. Let k/k be a Galois extension such that
[x] + A is decomposable over k. By Theorem 1.0.2, no element of [x] + U(k) is represented
by a degree-d point over k. Thus, for all x; € [x] + U(k), the fields k(x;) and k are not
linearly disjoint, so as k/k is Galois, k(x;) must contain a subfield isomorphic to a subfield of
k, see [DF04, Corollary 14.4.20] for instance. As there are finitely many subfields of k, by the
pigeonhole principle, there exists some subfield £ such that for infinitely many 7, k(x;) contains
a subfield isomorphic to £, which must a proper subfield by Faltings’s proof of the Mordell

Conjecture. 0

Remark 5.1.14. The proof of Corollary 5.1.13 gives some control over the field {. Let u + B
and v 4+ G be abelian translates over k such that [x] + A C u+v + B+ G, and let k; and k, be
the fields of definition of u + B and v + G, respectively. Let k/k be a Galois extension such that

k contains k; and k,. Then, € is some subfield of k.

Remark 5.1.15. If d is prime and A has positive rank, then Corollary 5.1.13 shows that any
geometrically decomposable [x]+ A C ng{ is decomposable, as prime degree extensions contain

no non-trivial subfields.

Lemma 5.1.16. Ifz+A C ng( is indecomposable but geometrically decomposable, h°(X,z) =1,
and A(k) is dense in A, then there exists some e dividing d such that WS, and ng(—e contain

abelian translates u + B and v + G, defined over k, such that z + ArCu+v+B+G.

Proof. Let U C A be the open set of Proposition 5.1.4, and let {x;};,cyy be the set of degree-d
points representing elements of [x] + U(k). Let £/k be a Galois extension such that [x] + A is
decomposable over (. By Proposition 5.1.11, the sum map for the decomposition is injective,
and hence every x; is not a closed point over { as it is a sum of lower degree divisors. By [VV26,
Lemma 2.2.1(1)], for all i, every irreducible component of x;/{ has the same degree f; which

divides d. Thus, using Faltings’ Theorem on the Subvarieties of an Abelian Variety,

[x] + U(k) C % Wh®) + W7 (© =H U1 _Ulzi + 2+ B () + Bl(k).
i=1j=

As the union is finite, [x] + A is irreducible, and [x] + U (k) is dense in [x] + A, there exists

some e | d and some 7 and j such that [x] + A C z; + zj + Bf‘e + B]e.. O

Although a geometrically decomposable abelian translate may not be decomposable, we

show that certain geometrically decomposable translates do not contain P!-isolated points.
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Corollary 5.1.17. Let x € X be a degree-d point, let A be a positive rank abelian variety, and
let [x]+ A C W§< be geometrically decomposable. Let u + B C W&/E and v+ G C Wgz(_e/E be

such that [x] + Az Cu+v+B+G. If G is zero dimensional, then x is Pl-parametrized.

Proof. Suppose for contradiction that x is P-isolated. By Corollary 5.1.12, there exist infinitely

many degree-d points x; such that [x;] € [x] + A. Note that G(k) is a point, so v + G = v and
the sum map B x G — B + G is injective. Hence, every x; /k is supported on v, a contradiction
as degree-d points have disjoint support. O

5.1.5 The geometry of the potential density degree set

Define the potential density degree set

Q(X/k) = U S(X/K).
k' /k finite

Analogous to ©(X/k), we define the potential AV-parametrized density degree set and potential

P1-parametrized density degree set by

QavX/k) = | Say(X/K) and @pm(X/k) = | Spi(X/K).
k'’ /k finite k' /k finite

The set Qp1(X/k) can be described in terms of the geometry of X as
©Op1(X/k) = {deg(L) | there exists a base-point free L € Wgé(%)}.

In this subsection, we describe g 41,(X/k) in terms of the geometry of Picy.

Definition 5.1.18. Let ©,,;(X/k) denote the geometrically indecomposable degree set,
Qina(X/k) :={d | ng( contains an indecomposable abelian translate of positive dimension}.

In contrast to §(X/k) and @(X/k), §;,4(X/k) is a finite set, as when d > g, ng( is isomorphic
to Picg(, and so any coset is geometrically decomposable for d > g. Let Zgg denote the Ueno
locus of Wgc, which is defined to be the union of all positive dimensional abelian translates

contained in Wgé.

Theorem 5.1.19.

Pav(X/k) = 9;,0(X/k) U {deg(oC) | there exists base-point free L € Z‘;l((E)}
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We can describe @ (X/k) in terms of only @p1(X/k) and g;,;(X/k).
Corollary 5.1.20 (Theorem 1.0.2). @(X/k) = @p1(X/k) U 9;,4(X/k).

Proof of Theorem 5.1.19. We first show that §;,,;(X/k) C 9 4v(X/k). Let z+A be a positive di-
mensional geometrically indecomposable abelian translate, and let £/k be a finite extension such
that A({) is Zariski dense in A and z has an effective representative over £. By Corollary 5.1.9,
d € dpy(X/0) C Pay(X/0).

Let & be the set of degrees d such that there exists a base-point free L &€ Zgl((E). We show
that & C @4y (X/k). Suppose that x € Zi(l?) is base-point free, and let A/k be an abelian
variety such that x + A C ng(. Let €/k be a finite extension such that x and A are defined over
£, h9(X,x) > 2 over {, and A({) has positive rank. By Hilbert’s Irreducibility, there exists a
degree-d point y/{ such that [y] equals x, and y is AV-parametrized, so that d € © /(X /k).

Finally, we show that @ (X/k) \ £;,4(X/k) C 5. Let x € X be a degree-d AV-parametrized
point. By definition, there exists a positive rank abelian variety A such that [x] + A C W§<.
Taking some abelian subvariety if necessary, we may assume that A(k) is dense in A. As
d & §;,;(X/k), [x] + A is geometrically decomposable. If x is Pl-parametrized, then d € 5,
so we can assume that x is Pl-isolated. By Lemma 5.1.16, there exists an abelian translate
u + B C W such that e divides d. Let n = d/e. Then, by (the proof of) [VV26, Proposition
5.2.1], [nu| € nu + B is base-point free, so that d € 5. d

5.2 Bielliptic curves and effective translates

In this section we investigate bielliptic curves generally. For the remainder of this section,
we will work over an algebraically closed field, and assume that there exists a degree-2 map
¢: X — E to an elliptic curve. As every element of Pic;lg is effective, ¢* Picllg C W2, and so for
any y € W‘;{Z, y+¢* Pic}g C W‘)i(. Note that ¢* PiC]lg is a coset of ¢* Pic% in Picx: leta € PiC]lg,
and consider ¢*a + ¢* Pic% - Picgg. The main result of this section, Proposition 5.2.1, shows

that, for d < g, every coset of ¢* Pic except for o Pic}. is decomposable.

Proposition 5.2.1. Let 2 <d < g and let x € ng(. If x + ¢* Pic} C ng(, then there exists
y € W42 such that x + ¢* Pic} = y + ¢* Pict.

Proposition 5.2.1 improves on [DF93, Lemma 3.4] in the bielliptic case: their results apply
only when d < g/2. The Debarre-Fahlaoui curves (see [DF93, Bottom of p. 242 and Proposition
5.14]) give counterexamples to the analogous statement of Proposition 5.2.1 when the degree of

the map X — E is greater than or equal to 5, and similar constructions yield counterexamples
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when the degree of X — E is 3 or 4. We do not expect statements analogous to Proposition 5.2.1
without strong control of the geometry of X: both the proofs of [DF93, Lemma 3.4] and Propo-
sition 5.2.1 rely on a complete description of P(HY(X, L)) for some suitable choices of L in
terms of E.

We now begin working towards the proof of Proposition 5.2.1. We give an outline as the
method of proof will be used heavily in Section 5.3. First, we find an appropriate coset z+¢* Pic%
such that for a general L € z + ¢* Pic%, we can describe P(HY(X, L)). We then use the fact
that cosets are disjoint or equal to show that an “unexpected” coset x + ¢* Pic% - W‘;l( would

give elements of P(HY(X, L)) not matching our description, a contradiction.

Lemma 5.2.2. Letd < g and let L € ¢* Pic’é be different from wy. Every effective represen-

tative of L is the pullback of an effective divisor on E.

Proof. Let Lg € Pici- be such that ¢* L = L. Suppose first that d = g—1. By Riemann-Roch,
hWO(E, Lg) = ¢ — 1. Pullback induces an injective map HY(E, Lg) — H%(X, ¢*Lg). We show

that this map is surjective by dimension counting. Riemann-Roch on X shows that
WX, ¢* Lpg) =29 -2—-g+1+ M0 (wy®@ L) =¢g—1

as wy ® L1 is degree 0 and L # wy by assumption. As every section of L is a pullback of a
section of L, the divisor of zeroes is a pullback as well.

Now suppose that d < g—1. Let D be an effective representative of L. Let L' € ¢* Pic%_l_d
be different from wy ® L7, and let L} € Pic%_l_d be such that ¢*.L; = L'. Choose an
effective representative Dy for L, so that ¢*D} is an effective representative for L'. Now
consider D 4 ¢*Dp, which is an effective representative for L ® L' € ¢* Pic‘%_l. As the case
d = g — 1 has been proved, any effective representative of L ® L’ is a pullback from E, so that
there exists some effective divisor Dy of degree g —1 on E such that D 4+ ¢*D} = ¢*D. (Note

that this is equality of effective divisors, not linear equivalence.) Comparing supports, we find

that D is the pullback of the (effective) divisor D} — Df. O

Proof of Proposition 5.2.1. As x € ng(, there exist py,...,py € X such that D = py + ... + py
is a representative for x. It suffices to show that D contains a pullback under ¢. Suppose
for contradiction that D does not contain a pullback under ¢. As ¢ has degree two, the
corresponding extension of function fields is Galois, and there exists ¢ € Aut(X) such that for
all p € X, ¢(p) = ¢(c(p)). Extend o to act on divisors. As D does not contain a pullback
under ¢, neither does (D). Consider [o(D) + D] + ¢* Pic%. As [c(D) + D] € ¢* Pic% and

cosets are disjoint or equal, [ (D) + D] + ¢* Pic% = ¢* Pic%l. Let D’ be an effective divisor on X
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such that [D'] € x + ¢* Pic% is different from [D] and [Kyx —D]. Then, D" + ¢ (D) is an effective
representative of L(D" + o(D)) € ¢* Pic%l, and hence by Lemma 5.2.2, there exists an effective
divisor Dg on E such that D'+ ¢ (D) = ¢*(Dg). (Note that this is equality of divisors, not linear
equivalence.) As (D) does not contain a pullback under ¢ and has degree d, any collection of d
pullbacks under ¢ whose support contains ¢ (D) is exactly D+ (D), so D'+ 0(D) = D+c(D),
a contradiction as [D'] # [D]. O

5.3 A fiber product of elliptic curves

Let Zgl( denote Ueno locus of ng(, which is defined to be the union of all positive dimensional
abelian translates contained in W‘;{. We study Z?: for some special genus-7 curves. In this

section we work over an algebraically closed field.

5.3.1 Construction and preliminaries

Let E and F be non-isogenous elliptic curves. Fix a degree-2 map ¢: F — P! and a degree-3
map 6: E —» P!, and let C be the fiber product E xp1 F. Let ¢: C — E be the base change of ¢
to C, and similarly let 6-: C — F denote the base change of . For a map of curves y: X - Y,

let B,, denote the branch divisor of 7.
Lemma 5.3.1. Let p € C. Suppose that By and By have disjoint support. Then,

1. the image of C under the inclusion into E x F is smooth,
2. ¢c is ramified at p if and only if ¢ is ramified at O-(p),
3. Oc s ramified at p if and only if 0 is ramified at ¢-(p), and

4 0(0c() N PE(Pcp)) = p.
Proof. We show that the image of the inclusion C — E x F is smooth. Let ¢ € C and let
x = 0(¢c(q)). The tangent space Tq(E xp1 F) is isomorphic to V = T¢C(q)E X7 pi Tgc(q)F. As
E and F are smooth, T¢ C(q)E and Ty c(q)F are 1-dimensional, and hence V is 2-dimensional if
and only if the maps Ty  E — T,P! and To.F — T, P! are both identically zero. Since
the branch divisors are disjoint, the maps are never both identically zero, so V is 1-dimensional
and C is smooth. Both (2) and (3) follow from general properties of base change. Finally, (4)
follows as at most one of ¢~ and O is ramified at p, and a generic fiber of 8 o ¢~ contains 6

distinct points with fibers of ¢~ and 6 intersecting at a point.

We assume that By, and By have disjoint support so that C is smooth.
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Figure 5.1: A diagram showing C maps onto A in P! x P!

5.3.2 Low degree maps and the canonical divisor

Having established the class of curves we will consider, we compute wc and the low degree maps

to P". Let Wg’r C Picﬂé denote the space of line bundles with at least » + 1 sections.
Lemma 5.3.2. The following hold:

1. There does not exist a map C — P of degree 2, 3, or 5.

2. Every degree 4 map C — P factors through ¢c, that is, Wé’l = ¢¢ Pici—.

3. W' = WL + 9% Pic.

Proof. Suppose that there exists a map 7: C — P! of degree d. If ¢ does not factor through
¢c, then by the Castelnuovo-Severi inequality [ACGHS85, p.366], 7 < d + 1, so that either d > 6
or 7 factors through ¢c. This gives statements (1) and (2). For statement (3), note that every

element of W?:’l must have a base point. O
Lemma 5.3.3. The genus of C is 7 and we = ¢50*Opi (1) @ 05¢*Opi (1) = ¢E0*Opa (2).

Proof. Consider Figure 5.1. Let A denote the diagonal in P! x P!, so that (§x ¢)*(A) = C. The
divisor A determines the Segre embedding P1xP! — P3, and as L(C) = (JAlopx ) (Ops(1)) =
(px0)* (7r7 Opa (1) ®7T§OP1 (1)). By Lemma 5.3.1, C is a smooth curve in ExF, so by adjunction,

we = Wgp®L(C)®O. As ExF is an abelian variety, wg,r is trivial, so we is (¢cx0c)* (L(C)).

By commutativity of the diagram,

we = (pc x 00)* (P x 0)* (17 0p1 (1) ® 71530p1(1)))
= ¢ Op1 (1) ® 059 Opa(1).

The second equality follows as ¢-0* = 0-¢*. Finally, C has genus 7 as w¢ has degree 12. [
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5.3.3 The geometry of Z%

We now begin investigating Z”(lj directly. Having classified all translates of ¢¢ Pic% contained
in Wg for d < 7 by Proposition 5.2.1, we turn to translates of 6 Picg. Let x = p; + ... +
ps be a degree-5 divisor on C, and let pg,p; € C. We begin by applying Riemann-Roch
in Lemma 5.3.6 to show that for most ps and py, for a general L € [pg + p;] + 6 Pic?,
any element of P(HY(C, L)) is a pullback along fc. Then in Section 5.3.3, we show that
under some assumptions on the divisor x, an “unexpected” translate [x] + 67 Picg - W; gives
effective representatives of some line bundle in [pg + p7] + 07 Piclz: which are not pullbacks, a
contradiction. The final step of the proof is to remove the assumptions on x, which is done by
leveraging L = O(py +p2+p3) ® P-0"Opi (1), which is contained in both [py +py+p3]+ P& Pic}
and [py +py +p3] + 0% PiC]ZS. Elements of P(H®(C, L)) are pullbacks from E plus p; + ps + P,
and as before, an “unexpected” translate [x] + 0% Pic?: C W}5< gives effective representatives of
L which are not pullbacks plus base points.

We define two functions on C. As the map ¢ has degree 2, there exists an automorphism
t: C — C such that for all p € C, ¢c(1(p)) = ¢c(p). We extend ¢ to act on divisors as a group
homomorphism. Let 3: C — Symé be the map p — 05(0(p)) \ {p}, which is well-defined as
pEOOPp)).

Remark 5.3.4. The map ¢ has the following property. For p,q € C, if p < (g), then there
exists p’ € C such that 65(0c(p)) = {p,q,p'} and (") = {p, q}.

Translates of 6 PiCIZ:‘ in W(S:

We study translates of 67 Pic12: in W(8:. Our goal is Lemma 5.3.7, which relates cosets [x] +

o0& Pic) C W to cosets in WE. Let p,q € C.
Lemma 5.3.5. Let L € [p+q] + 0% Picll: be general. Then h°(C, L) = 1.

Proof. By Lemma 5.3.2, statement (3), h%(C, L) > 1 for general L if and only if [p + q] +
0: Pic} C WL + o5 PicZ. Suppose for the sake of contradiction that [p + q] + 0: Pic} C
Wé + ¢¢ Pic%. By Lemma 5.3.2, every line bundle M & Wé + ¢F Pic% has a (necessarily
unique) basepoint py, € C. Thus, we have a map W} + ¢F Picz — C x ok Pic%, which is
injective as if two distinct M; and M, in Wé + ¢¢ Pic% have the same basepoint p € C, then
My (=p) and M,(—p) are distinct in ¢ Pic%. Restricting to [p +q] + 6% Pic}c and composing
with the projection to C gives a map F — C, which must be constant, but the fibers of the

projection are isomorphic to E, a contradiction as E and F are not isogenous. O
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Lemma 5.3.6. Let L € [p + q] + 0% Pict be general. If p+q & (C), then h°(C, L) = 2 and

every effective representative for L is a pullback from F plus p + q.

Proof. By Riemann-Roch, h°(C, L) = 2+h%(w-®@ L™1). As we € ¢ Picfé by Lemma 5.3.3, the
set we — 05 Pic% equals 0 Pic%. Consider M = wc ® L1 ® O(q), which is a general element
of [p(p)] + 6% Pic}. As we ® L7 = M(—q), h°(C,we ® L™1) = h%(C, M) — 1 unless ¢ is a
basepoint of M. By Lemma 5.3.5, h°(C, M) = 1, so it suffices to show that g is not a basepoint
of M, which is equivalent to ¢ < ¢(p). If g < (p), then by Remark 5.3.4, there exists p’ € C
such that ¢(p’) = p+4, contradicting our assumption. Thus, a general M has a unique effective

representative not supported on g. The result follows. ]

Lemma 5.3.7. Let x be a degree-5 divisor such that [x] + 0% Picg C Wg If there exist
P1,P2,P3,91,92 € C such that [py + po + p3 + x] + GE Pic?: equals [q1 + g1 + 9’& Piclzs and
g1 + G2 & P(C), then [x] + 0% Pic} C W2 + 0% Pict.

Proof. Let y be an effective representative for a general [y] € [x] + 6F Picloc. By Lemma 5.3.6,
there exists a € Syml% such that p; + pp + p3 +y = g1 + g + 0:(a). If y contains a pullback
under 6, then [y] + 07 Picg = [x] + 6F Picg is contained in W% + 0% Pic}c as desired. Suppose
for contradiction that y does not contain a pullback under 6-. Write a = ey + e, and let
05(e1) = pa+ps+pe, 05(e2) = py+ps+pg. Asy does not contain a pullback under 8¢, without

loss of generality, there are two possible cases:
Y=01+tPs+ps+tp7+ps or  Yy=q1+q42+ps+ps+p7.

Either p1 +po +p3 = 4o +pg +Pg O p1 + P2 +P3 = P+ Pg + Po. In either case, {0-(pg), Oc(pg)}
is contained in {0-(p1), 0c(p2), 0c(p3)}. Asa = 0c-(pe) + Oc(pg), there are finitely many choices
of a, a contradiction as [y] is general and a determines [y]. ]

Translates of 6 Picg in W(5:

Equipped with Lemma 5.3.7, we give sufficient conditions for a translate [x] + 67 PiCIQ: to be

contained in W2 + 6% Pic} in terms of x.
Lemma 5.3.8. If there exists ¢ € C such that (q) < x, then [x] + 0% Pic) C W2 + 0 Pic}.

Proof. Let ¥(q) = py + p and write x = p; + ... + p5. First assume that py + ps & ¥(C).
Consider the translate [q + ¥(p3) + x] + 6 Pic), which equals [ps +ps] + 0 Pic} as the two

cosets have non-empty intersection, and apply Lemma 5.3.7. Thus, we can assume there exists
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Pe € C such that ¢(pg) = py+ps. Let p; € C be a point not contained in the support of ¢ (p3).
The translate [q+pg +py +x] + 05 Picg equals [p3 +py] + 0 Piclz:, and apply Lemma 5.3.7. [

Lemma 5.3.9. If there exists a € E such that ¢5-(a) < x, then [x] + 67 Pic[g C W(zj + 0F Pic}:.

Proof. Let y be a degree-3 divisor such that x = ¢(a) +y. Consider the translate [/(y) +
x] + 0% Picg C W(S:. Note that [t(y) + x] € ¢¢ Pic%. By the commutativity of the fiber square,
(o3 Pic% intersects 0 Pic12: in Wg. The difference O (1(y) + x) ® (4>*C€*OP1(1))_1 is an element
of ¢¢ Pict, and so has an effective representative of the form pg + L(pg) for some pg € C.
So, O@(y) +x) = (05¢*Op1(1))(pe + L(pe)), and hence the cosets [L(y) + x] + 65 Picg and
[pe + t(pe)] + 05 Pic? must be equal. By Lemma 5.3.2, statement (4), 05(0c(pe)) is supported

away from i(pg), so we conclude with Lemma 5.3.7. ]

Lemma 5.3.10. If there exists a degree-3 divisor y < x such that (¢c).(Oc(y)) equals
0*Op1 (1), then [x] + 6% Pick C W2 + 6% Pict.

Proof. Write x = y 4+ z. By assumption, ¢5(¢c).(O(y)) equals ¢5-0"Opi (1) = 0:¢*Opa (1) €
0¢ Piclz:, so the cosets [t(y) + x] + 6 Pic?_- and [z] + 6F Piclz: must be equal. If z & ¥ (C), we

conclude with Lemma 5.3.7, while if z € ¥(C), we conclude with Lemma 5.3.8. O

We now prove the main tool used to prove Theorem 5.3.12. We show that any “unexpected”

translate [x] + 0% Pic?: C W(5: must obey strong conditions on the points in the support of x.

Proposition 5.3.11. Let x be an effective degree-5 divisor such that [x] + 0% Piclg C Wg For
any p,q € C such that p + g < x, 0c(L(p)) = 0c(q) or [x] + 0% Piclo; C W(z: + 0¢ Pic}c.

Proof. Let y be a degree-3 divisor such that x = p+g+y. Consider the translate [¢(p) + ¢ (q) +
x]+0¢ Pic?:. As [P(p)+(g) +x]+05 Picg has non-empty intersection with [y]+ 607 Pic%, the two
cosets are equal. By the commutativity of the fiber square, [y]+ 07 Piclz: intersects [y] + ¢¢ Pic‘z
at L = O(y) ®p0*Op1 (1). By Riemann-Roch and Lemma 5.3.3, h%(C, L) = 3+h°(wc®@L71).
We show that if h°(C, we- ® L~1) > 0, then [x] + 0 Picg C W(5:. If i9(C,we ® L71) > 0, then
as we @ L1 = $E0*Opi(1) ® oW, $&0*Opi (1) has an effective representative supported
on y. By Lemma 5.2.2, every effective representative for ¢6*Op1(1) is a pullback from E. If y
contains a pullback of ¢¢, then Lemma 5.3.9 implies that [x]+6F Picg - W%—FGE Pic%, SO we can
assume that y does not contain a pullback under ¢c. Thus ¢-(¢c).(y) is the unique pullback
under ¢ supported on y, and hence ¢p3-6*Opi (1) equals ¢&(Pc).O(y). As ¢ is ramified, the
map @ : Pic% - Picg is injective by [BL04, Proposition 11.4.3], so 8*Op1 (1) equals (¢),O(y).

Applying Lemma 5.3.10 shows that [x] + 6% Pic?—.
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Thus, we can assume that h%(C, L) = 3 and every effective representative of .L is a pullback
from E plus y, so that there exists an effective degree-5 divisor z with [z] € [x] + 6F Picg
and a € Sym% such that P(p) + P(q) +z =y + ¢ (a). (Note that this is equality of divisors,
not linear equivalence.) If the support of y intersects the support of ¥(p) or ¥(q), then by
Remark 5.3.4 and Lemma 5.3.8, [x] + 0 Pic) C W2 + 6% Pict. Thus, there exist p/,q' € C
such that z =y +p' + 4" and Y(p) + ¥(q) +p' +q' = ¢(a). Consider a point 7 in the support
of Y(p) + ¥(g), and note that by Lemma 5.3.1, statement (4), for all ¢ € C, the degree of
¢ (Pc(r)) Np(c) is at most one. Thus, there must exist some r in the support of ¥(p) + ¥(q)
such that ¢ (P (r)) < P(p)+1¥(q). Then, ¢p-(6%(0(Ppc(r)))) must intersect both ¢(p) and ¢(q),
and by the commutativity of the fiber square, must equal p+ ¢ (p) + g+ (). By Lemma 5.3.1,
statement (4), ((p) & P(p) and hence 1(p) < g+ P(q), so that Oc(¢(p)) = 6-(q) as desired. [

Theorem 5.3.12. Let E/k and F/k be non-isogenous elliptic curves, let ¢: F — P! be a degree-2
map, let 8: E - P be a degree-3 map, let C/k be the curve E xp1 F, and let ¢ : C - E and
Oc : C = F denote the base changes of ¢ and 0. If C is smooth and [(C) ~ ExF x A, where AJk

is simple, then
72 = (¢t Picg +W2) | J (0% Picp +W2).

Proof. By assumption, Picg =~ ExFxA, where A is simple of dimension 5. By [DF93, Proposition
3.3], any simple, positive-dimensional abelian translate contained in Wg must be a translate
of ¢¢ Pic% or 6¢ Pic?z. As ¢r Pic,15 and 6F Pic}c are effective, Wg + ¢¢ Pic]lg and W% + 0¢ Pic}c
are contained in W(5: By Proposition 5.2.1, every translate of ¢ Pic% contained in Wg is a
translate of ¢ Pict. We show that any translate of 0% Pic) contained in Wg is a translate of
0¢ Pict.

Let [x] + 6¢ PiCIO:‘ C W(S: and suppose for contradiction that [x] + 6F Pic?_- is not contained
in W% + 07 Pic%. Let z be an effective degree-5 divisor such that [z] € [x] + 0% Picg, and let
p,q € C be points such that p+¢ < z. By Proposition 5.3.11, for any ' € C such that p+q’ < z,
Oc(t(p)) = 0c(q"), and hence (0¢),(z) = 0c(p) +40c((p)). If g < ¢(g), then by Remark 5.3.4
and Lemma 5.3.8, [x] + 0 Pic) C W2 + 0% Picp, and hence g’ = g and z = p+44. Switching the
roles of p and ¢, an identical argument shows that y = 4p +¢, and so y = 5p. Thus [x] + 6 Picg
is contained in the image of the diagonal map A : C — Sym?: - W(S:, a contradiction as by

Lemma 5.3.2, statement (3), A is birational onto its image. O

We now prove Corollary 1.0.5. By Corollary 5.1.20 and Theorem 5.3.12, it essentially suffices
to exhibit a curve C/Q such that C/Q satisfies the conditions of Theorem 5.3.12.
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Proof of Corollary 1.0.5. Let E/Q be the positive rank elliptic curve Y2Z = X3 +2X7%+ 73 and
F/Q be the non-isogenous positive rank elliptic curve U?W = V3 + VIW2 + W3, Let 0 : E — P!
be the map induced by the rational map [X : Y : Z] = [Y : Z], let ¢ : F — P! be the map
induced by the rational map [V : U : W]+~ [W: V], and let C = E xp1 F. The branch divisor
By is supported on [1 : 0] and is supported on t € A1(Q) if and only x3 + 2x 4+ 1 — 2 shares a
root with its derivative 3x% + 2. Similarly, B, is supported on {1/aq,1/ay,1/a3,0}, where the
a; are the roots of v3 + v + 1. As By and By have disjoint support, C is a smooth genus-7 curve
by Lemma 5.3.1.

We show that [(C) ~ ExF x A, where A is absolutely simple. For p € {5,7}, we compute in
Magma [BCP97] to find that the genus of C/F, is 7, so by [Liu02, Corollary 10.1.25], both are
primes of good reduction. For both primes, the numerator of the Zeta function of C/ F, factors
into two quadratics and an irreducible factor Qp(t) of degree 10, which is the characteristic
polynomial of some abelian variety A/Q of dimension 5. We verify in Magma that Qs(¢) and
Q(t) satisfy the conditions of [Sto08, Lemma 3] (which can be applied to any abelian variety
with ¢ = dim A, not just Jacobians), so that End@A®Q embeds into the number field generated
by Qp(t). The number fields generated by Qs and Q, however, are linearly disjoint, so End@A
must be Z, which implies that A/Q is simple.

By Corollary 5.1.20, 9(C/Q) = §,,4(C/Q) U 9p1(C/Q). Riemman-Roch implies that
N.7; C 9p1(C/Q), and as C/Q admits a degree-2 map C — E to a positive rank elliptic curve,
{4,6} C 9p1(C/Q). From Lemma 5.3.2, 2,3,5 & @p1(C/k). By Remark 5.1.2,7 € 9,,;,(C/Q)
We now determine, for d € {2,3,5}, if d € ,,;(C/k). By Theorem 5.3.12, every abelian
translate in Wg is geometrically decomposible, while both ¢ Pic}; and 6 Picll: are geometrically

indecomposable. Thus, 9(C/Q) = N \{1,5}. ]
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