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Abstract

Interest Rate Problems: Implied Volatility of Options on Bonds and Forward Rates, and
Optimal Times to Buy and Sell a Home

Natchanon Suaysom

Chair of the Supervisory Committee:
Matthew Lorig

Applied Mathematics

In this Thesis, we examine problems in financial mathematics whose characteristics are sig-

nificantly influenced by the dynamics of the interest rate.

In the first part of the Thesis, we derive an explicit asymptotic approximation for the implied

volatilities of Call options written on bonds and forward rates assuming the instantaneous

short-rates of interest are described by Affine Term-Structure (ATS) models and Quadratic

Term-Structure (QTS) models, respectively. For specific short-rate models, we perform nu-

merical experiments in order to gauge the accuracy of our approximation.

In the second part of the Thesis, we derive the optimal stopping times to buy and sell a

home. We begin by assuming that home prices are set by a representative home-buyer, who

can afford to pay only a fixed cash-flow per unit time for housing. The cash-flow is a fraction

of their salary, which grows at a rate that is proportional to the risk-free rate of interest.

The mortgage rate paid by the home-buyer is fixed at the time of purchase and equal to the

risk-free rate of interest plus a positive constant. In this setting, we consider an investor who

wishes to buy and then sell a home in order to maximize his discounted expected profit. This

leads to a nested optimal stopping problem, which can be solved using nonnegative concave

majorant approach. Additionally, we provide a detailed analytic and numerical study of the

case in which the risk-free rate of interest is modeled by a Cox-Ingersoll-Ross (CIR) process.
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Chapter 1

INTRODUCTION

1.1 Background: Interest Rate and Overview

The research problems we are discussing in this Thesis are centered around the concept of

interest rates, which often refers to the additional rate at which the borrower of assets or

money has to pay back to the loaner. The first recorded use of interest rate dates back to

3000 BC. The collection of old Sumerian documents shows that the systematic loans of metal

and grain required the borrower to pay back a larger amount the longer the loan duration

was. Once the concept of coins and money was invented, modern regimes deployed interest

rates as a tool to govern the finance and economic growth of the realm. Today, interest rate

plays a critical role in determining macroeconomic and microeconomic policies and is a large

part of everyday decision making such as buying a house, car, etc.

Because of how important interest rates are, modeling their movements is a large area of

research in mathematical finance. Mathematically modeling the movement of interest rate

requires taking into account deterministic financial factors along with natural factors that

fluctuate randomly. Thus, one of the best modeling choices is stochastic modeling, which

assumes that the dynamics of interest rates consist of the drift term that is usually deter-

ministic, and volatility term that is usually paired with Brownian motion, which represents

random fluctuation through Gaussian normal distribution. An important family of stochastic

interest rate models is a short-rate model. Some of the most influential and commonly known

are Vasicek’s model [82] and Cox–Ingersoll–Ross model [18]. We will explore the analytical

and numerical differences among these models concerning the implied volatility approxima-

tion of options on bonds and forward rates, and house price dynamics in this Thesis.
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1.2 Fixed-Income Instrument

A type of financial instruments called fixed-income instruments yields a fixed return to

the buyer at a specific time. Many fixed-income instruments have their values linked to

the movement of interest rates and are also the basis for understanding more complicated

types of financial derivatives that we will be discussing in this Thesis. Thus, we begin with

introducing the following types of fixed income instruments: money market account which

represents the amount of money deposited in the saving account, short-rate which represents

the rate of growth of money market account, zero-coupon bond which is a basic and safe

long-term investment tool yielding a fix amount to the owner at maturity, and lastly simple

forward rate which represents loan rates between banks.

1.2.1 Money Market Account and Short-Rate

In a market, we need a notion of how the money grows in a saving account over time. We

denote the value of money market account by a positive stochastic process M = (Mt)t≥0.

Anyone can deposit money into the money market account and always make a profit as time

goes on because otherwise there is no incentive for them to do so and keep their money as

cash at home. Thus, we assume that M is non-decreasing, and for mathematical purposes,

we assume additionally that M is continuous. These properties of M guarantee that there

exists a non-negative process R = (Rt)t≥0 called instantaneous short-rate of interest such

that the dynamics of M are of the form

dMt = RtMtdt, → Mt =M0 exp

(∫ t

0

Rs ds

)
(1.1)

The short-rate R represents the rate at which the money market account grows. Short-

rate is one representation of interest rate and we may use the terms short-rate and interest

rate interchangeably in this Thesis. Because the dynamics of R are different for each specific
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problem we are discussing in this Thesis, they will be separately specified in the corresponding

chapter.

1.2.2 Zero-Coupon Bond

We denote by BT = (BT
t )0≤t≤T the value at time t of T -maturity zero-coupon bond or simply

T -bond, which is a financial instrument that pays 1 unit of currency at time T called maturity

to the buyer. As this is the only type of bond we will be discussing, we will frequently refer

to zero-coupon bond simply as bond. Because the buyer is paid the fixed income at maturity

regardless of the initial price, bonds provide a predictable income stream for the buyer

and are regarded as a risk-averse investment. Additionally, bonds are ideal for long-term

investment that requires a high degree of stability such as a retirement account. Every

personal investment portfolio consists of stocks for risk-seeking investments and bonds for

risk-averse ones.

Bonds can be issued by corporate entities or governments. Because the issuer may, for

example, become bankrupt at maturity and unable to pay the bond owner, the zero-coupon

bonds might not pay exactly 1 unit of currency at maturity. In this Thesis, we do not

consider this event happening. It is also important to point out that the maturities are not

always available at all times T because bonds are usually issued to mature in months or years.

For example, the United States Treasury Security is the type of fixed income instruments

issued by the Department of the Treasury which includes United States Treasury Bond. The

treasury bond can have maturities up to 30 years and is one of the most stable and frequently

traded type of bonds. While the treasury security also includes other types of fixed income

instruments such as treasury notes and treasury bills, they are merely derivatives of bonds

with different maturity. Thus, the mathematical results regarding bonds and option on

bonds presented in this Thesis will naturally extend to all types of treasury securities.

For the computations going forward, we will assume that bonds are traded at all available

maturities and pay exactly 1 unit of currency at maturities. Once we specify the dynamics
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of short-rate, we will be able to write bond prices explicitly, which will be necessary to price

options on bonds later in this Thesis.

1.2.3 Simple Forward Rate

With the goal of introducing simple forward rate in mind, let us first introduce simple interest

rate from time t to T . To begin, suppose that an investor deposits N units of currency to the

bank at time t. Then, a bank would pay, a fixed interest rate r during the period [t, T ], which

means that at time T the investor obtains the extra deposit interest equaling to Nr(T−t). In

such case, the simple interest rate from t to T is defined by the ratio of the final withdrawal

amount to the initial deposit amount

Simple Interest Rate from t to T :=
N(1 + r(T − t))

N
= 1 + r(T − t), (1.2)

which can be considered as the interest gain at future time T that can be locked in at present

time t. As the investor may want to consider a future investment window rather than a fixed

time, an immediate question follows: what is the simple interest rate from time T to time

T > T that can be locked in at time t?. To that end, suppose again that the investor

begins with N units of currency and that the investor performs the following investments on

T -bonds and T -bonds at present time t:

• Sells N units of T -bonds, gaining NBT
t units of currency.

• Buys NBT
t /B

T
t units of T -bonds, spending (NBT

t /B
T
t )(B

T
t ) = NBT

t units of currency.

At time T , the investor needs to pay N units of currency for the amount of T -bonds he sold

at time t, and at time T will receive NBT
t /B

T
t units of currency for the amount of T -bonds he

has bought at time t. In this case, the simple interest rate from T to T is
NBT

t /BT
t

N
= BT

t /B
T
t ,

and this amount must match the form of simple interest rate given by (1.2). Thus, if we

denote the process LT,T = (LT,T
t )0≤t≤T as the simple interest rate from T to T that can be

locked in at time t, which is commonly known as simple forward rate from T to T , we must
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have that

1 + LT,T
t (T − T ) =

BT
t

BT
t

, → LT,T
t =

1

T − T

(
BT

t

BT
t

− 1

)
. (1.3)

Because simple forward rate essentially represents the simple interest rate during a future

period calculated at a present time, it is used to represent the rates at which deposits between

banks are exchanged at a future period called interbank rates. One of the most standardized

and commonly used interbank rate is London Interbank Offered Rate (LIBOR), which served

as the global benchmark of the rate that global banks lend to one another. The importance

of LIBOR motivates the research done in this Thesis regarding option on simple forward

rate.

Once we specify the dynamics of short-rate, we will be able to write simple forward rate

explicitly. As simple forward rate is the only type of forward rate discussed in this Thesis,

we will use the terms interchangeably.

1.3 Risk-Neutral Pricing

We will be pricing multiple assets, such as bonds, forward rates, and the corresponding op-

tions in this Thesis. In practice, accurately pricing assets at a future time is an impossible

task as it requires knowing precisely the dynamics of all factors that drive the price in ad-

vance. Theoretically, however, asset prices can be written as functions of stochastic processes

under appropriate probability measures. Many assumptions are required to ensure that the-

oretical pricing is possible. One of the most important assumptions is that the market is

fair which is loosely defined as nobody in the market can always generate guaranteed profit

with zero initial investment. The act of someone being able to perform such an investment

is called an arbitrage. In any market that we want to price assets theoretically, we must first

ensure that it has no arbitrage. To mathematically define arbitrage, we will first define what

a self-financing portfolio is.

Definition 1.3.1. Suppose that the market consists of finite list of n assets, and the value of

i-th asset at time t is given by the process Ai = (Ai
t)t≥0, for i = 1, 2, . . . , n. A portfolio with
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value represented by the process X = (Xt)t≥0 is a self-financing portfolio if the following

conditions are satisfied:

• The value of portfolio X at a time t is given by

Xt =
n∑

i=1

∆i
tA

i
t,

where ∆i
t represents the number of shares held at time t of i-th asset.

• The changes to the portfolio value are only due to the changes in asset values and not

to any external factors, in other words,

dXt =
n∑

i=1

∆i
tdA

i
t.

This means that any gains or losses in a self-financing portfolio are not the results of,

for example, an addition or removal of cash in the portfolio.

We are now able to introduce the mathematical definition of arbitrage as follows.

Definition 1.3.2. Suppose that a portfolio whose value is represented by a process X =

(Xt)t≥0 is a self-financing portfolio and that the financial market is associated with probability

measure P called physical measure. The portfolio X is an arbitrage if the following properties

are satisfied:

• X0 = 0

• P(XT ≥ 0) = 1

• P(XT > 0) > 0

for some T > 0.

The market we are discussing in this Thesis will not have arbitrage. This condition is

necessary for the first fundamental theorem of asset pricing which we will now introduce and

will be applied repeatedly to price different types of assets throughout this Thesis.



7

Theorem 1.3.3 (The first fundamental theorem of asset pricing). Suppose that a financial

market is associated with a physical measure P. For any positive self-financing portfolio

N = (Nt)t≥0, a market has no arbitrage if and only if there exists a probability measure

P̃ called the risk-neutral measure which is equivalent to P such that for any self-financing

portfolio X, X/N is a P̃-martingale, which means that

Ẽ

(
XT

NT

∣∣∣∣Ft

)
=
Xt

Nt

, for any T ≥ t, (1.4)

where Ẽ is an expectation under P̃ and the filtration Ft represents the information observed

in the market at or before time t such as the historical price of stocks or observed interest

rate.

The proof can be found in, for example, [77, Theorem 5.4.7]. The self-financing portfolio

N used in pricing equation (1.4) is generally called a numéraire. We will be using (1.4)

repeatedly throughout this Thesis with appropriately chosen numéraire. As an example

application of risk-neutral pricing, we will now price the bond.

Example 1.3.4. Define the T -bond BT = (BT
t )t≥0 as in Section 1.2.2. We will use the money

market accountM given in (1.1), which is a self-financing portfolio, as the numéraire. In the

absence of arbitrage, the process BT/M must be a martingale under risk-neutral measure P̃.

Using (1.4) and with the shorthand Ẽt(·) := Ẽ(·|Ft) we have that

BT
t

Mt

= Ẽt

(BT
T

MT

)
= Ẽt

( 1

MT

)
,

where we have used BT
T = 1. Solving for BT

t , we obtain

BT
t = Ẽt

(Mt

MT

)
= Ẽt

(
e−

∫ T
t Rsds

)
, (1.5)

where we have used (1.1) in the second equality. The bond price is now given by an expec-

tation under a risk-neutral measure of function of the short-rate, which will have a closed

form once we specified the short-rate dynamics.
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1.4 Options and Implied Volatililties

An option is defined as a contract between two parties where the buyer of the option owns

the right to buy (call option) or sell (put option) an underlying asset at a certain price on

or before a specified date in the future called maturity date. In this Thesis, we will limit

ourselves to the European option which allows the option to be exercised only exactly at the

maturity date. The call and put options have associated strike price, which is the agreed-

upon price that the asset will be bought or sold at the maturity date, respectively. Thus, if

the underlying asset price at maturity is larger than the sum of the current option price and

the strike price, the call option buyer will earn a profit when they exercise the option. The

same line of reasoning goes for put. Thus, an option is typically used to hedge risk in the

future because the cost of buying/selling is never larger than the strike price.

If the underlying asset is digital, such as stock or bond, then there is no need to consider the

logistics of transferring the underlying assets to the call owner. However, a very rare event

happened when the oil price during COVID 2019 pandemic dropped very low and made the

oil option value decreased to near zero. Due to the logistics of transporting oil to the owner

of the call (which the call owner has to pay for), most investors cannot afford to have barrels

of oil delivered to their residents and pay for shipment costs and maintenance. Thus, the

calls had to price in these costs and the value of the call options became negative, meaning

that the owner of the call would prefer to pay someone else to take the shipment of the

oil. While such a scenario is possible, they are very rare and we will not consider shipment,

maintenance, and transaction costs in this Thesis, thus the price of an option will always be

non-negative.

At this point, we can formally price the European option as follow. Suppose that S = (St)t≥0

denotes the value of an underlying asset of the option and U = (Ut)0≤t≤T denotes the value

of a European option written on S with strike price K > 0 that pays φ(ST ) at time T for

some function φ : R→ R. The function φ is called a payoff function and for a call and put
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option are defined as

Call option: φ(s) = (s−K)+, Put option: φ(s) = (K − s)+. (1.6)

We will once again use the money market account M as a numéraire. With P̃ as the risk-

neutral measure, in the absence of arbitrage, the process U/M must be a P̃-martingale, we

have from (1.4) that

Ut

Mt

= Ẽt

( UT

MT

)
= Ẽt

(φ(ST )

MT

)
, → Ut = Ẽt

(Mt

MT

φ(ST )
)
. (1.7)

Note that while we have chosen the money market account as a numéraire here, at other

points we may use a different self-financing portfolio, such as a bond, as a numéraire.

1.4.1 Option on Bonds

Because bonds are a large part of any personal portfolio, it is important to protect the

portfolio against unfavorable movements of bond price, which, as we have seen in (1.5), is

directly related to interest rate movements. The bonds could have a long time until maturity,

requiring the knowledge of long-term interest rate movements to invest appropriately. The

options on those bonds, however, can mature at any time long before maturity. Thus, options

on bonds can offer short-term protection against long-term interest rate movements. The

payoff for the options written on T -bond that matures at time T with strike price K are

given by

Call option on bonds: φ(BT
T ) = (BT

T −K)+,

Put option on bonds: φ(BT
T ) = (K −BT

T )
+.

Options on bonds are offered as financial products from certain financial groups, such as

CME group 1 who offers options on treasury bond and ICAP’s 2 desks is a market maker for

the global bond options markets.

1CME Group Treasury Bonds Options,https://www.cmegroup.com/markets/interest-rates/
us-treasury/30-year-us-treasury-bond.quotes.options.html

2Option on Bonds product, https://www.icap.com/what-we-do/our-markets-and-products/

products/bond-options.aspx

https://www.cmegroup.com/markets/interest-rates/us-treasury/30-year-us-treasury-bond.quotes.options.html
https://www.cmegroup.com/markets/interest-rates/us-treasury/30-year-us-treasury-bond.quotes.options.html
https://www.icap.com/what-we-do/our-markets-and-products/products/bond-options.aspx
https://www.icap.com/what-we-do/our-markets-and-products/products/bond-options.aspx
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1.4.2 Option on Simple Forward Rates

Call and put options on simple forward rates are known as caplet and floorlet, respectively,

and are important fixed-income derivatives. The payoff for the option written on simple

forward rate from time T to T that matures at time T with strike price K are given by

Caplet: φ(LT,T
T ) = (T − T )(LT,T

T −K)+,

Floorlet: φ(LT,T
T ) = (T − T )(K − LT,T

T )+. (1.8)

The form of caplet and floorlet payoff (1.8) show that the owner of a caplet gains profit

from a rise in forward rates above the strike, which makes it so that caplet offers protection

against a rising forward rate, and similarly, floorlet offers protection against falling forward

rate.

1.4.3 Black-Scholes Option Price and Implied Volatility

In order to discuss the factors that affect option price, we first observe that the option

price (1.7) is directly determined by the dynamics of underlying asset S and money market

account M . To proceed, we will now specify their dynamics under Black-Scholes Market

Model which assumes that the dynamics of S and M are given by the following system of

stochastic differential equations (SDEs)

dSt = rStdt+ ΣStdW̃t,

dMt = rMtdt,

 (1.9)

which assumes that the dynamics of S are given by Geometric Brownian Motion (GBM)

under risk-neutral measure P̃ with drift r and volatility Σ, that r is also the constant short-

rate and that W̃ is a P̃-Brownian motion.

The GBM process is a well-known and frequently used model for the dynamics of risky assets

for multiple reasons:

• Under GBM dynamics, the value of S is always nonnegative, which is the case for

realistic asset pricing. For example, the stock price never goes below zero.
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• The GBM process is a Markov process under P̃, meaning that given the present value

of the asset, the future value only depends on the present value and is independent of

the values in the past. Mathematically, Markov property of S can be stated as follow.

For any function f : R→ R,

Ẽ(f(ST )|Ft) = Ẽ(f(ST )|St), for T ≥ t. (1.10)

This property will be useful in calculating explicit Black-Scholes option prices.

• The asset value S has the following closed-form

St = S0 exp

((
r − Σ2

2

)
t+ ΣW̃t

)
. (1.11)

This closed form is useful for calculating explicit formulas related to risky asset pricing.

The model assumes in (1.9) that the short-rate R is a constant value r > 0, and thus, using

(1.1), the form of M is deterministic and is given by Mt = ertM0.

Next, we will present the Black-Scholes call option price, which is the unique call option

price under Black-Scholes market model. The Black-Scholes price at time t of a call option

with underlying asset S, maturity T and strike K denoted by CBS, is given by

CBS(t, St;T,K,Σ) = Ẽ

(
Mt

MT

(ST −K)+
∣∣∣∣Ft

)
= Ẽ

(
Mt

MT

(ST −K)+
∣∣∣∣St

)
=
(
StΦ(d+)−KΦ(d−)e

−r(T−t)
)
, (1.12)

d± :=
1

Σ
√
T − t

(
log

St

K
+

(
r ± Σ2

2

)
(T − t)

)
,

Φ(d) :=

∫ d

−∞
dx

1√
2π

e−x2/2,

where the first equality of (1.12) followed from (1.6) and (1.7), the second equality followed

from the Markov property (1.10) of S and the third equality is derived from applying (1.11)

and Feynman–Kac formula and solve the corresponding PDE which is the details that we

have omitted here but can be found in many sources such as [77, Section 5.2.5]. Note that



12

the call option price CBS in (1.12) is a function of observable variables, namely, current time

t, the price of asset St, the maturity T , strike price K and an unobservable variable implied

volatility Σ. While Σ is unobserved, it can be calculated from the observed call price as

follow. Suppose that CMarket(T,K) is the observable price at time t of the call option at

maturity T and strike K which is usually the way option price is listed in the market. Then,

Σ is a unique positive solution to the equation

CBS(t, St;T,K,Σ) = CMarket(T,K). (1.13)

While (1.13) is guaranteed to have a unique positive solution for Σ, due to the complicated

form of (1.12), there is no closed form solution. The importance of Σ established a large

area of research in estimating the implied volatility efficiently and accurately. Our research

will present one such estimation, namely, asymptotic approximation to implied volatility of

options on bonds and forward rates. The Black-Scholes option price (1.12) is only a basis for

introducing the concept of implied volatility. The form for the implied volatility of options

on bond and on forward rate will be different. Most importantly, the short-rate R will not be

a constant as it is in (1.9), but will be represented by an appropriate term-structure model.

At this point, we have introduced all necessary basic definitions required to understand the

purpose of this thesis. We will now provide an outline for each chapter.

1.5 Thesis Outline

The rest of this Thesis proceeds as follows: the first part of the Thesis discusses the asymp-

totic approximation of the implied volatility of option on bonds and caplets. In Chapter 2

we first give specifications for short-rates and use them to derive explicit expressions for the

values of options on bonds and on simple forward rates. Next, we provide the connection

between short-rate models and local-stochastic volatility models and determine these options

prices as solutions to certain PDEs. In Chapter 3, we give an overview of how we obtain

an asymptotic approximation to the solution of such PDEs. Then, we explored how the

asymptotic approximation for these lends itself to that of the implied volatility and provide
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numerical examples under certain term-structure models. These conclude the first part of

the thesis.

The second part of the thesis is in Chapter 4 which discusses another problem of finding the

optimal time to buy and sell a home. We take another look at interest rates and how they

affect home prices. Next, we frame the optimal profit an investor would make by buying and

selling a home as a nested optimal stopping problem. Lastly, we solved the nested optimal

stopping problems and perform numerical examples under specific term-structure model.
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Chapter 2

MODELING SHORT-RATE

As discussed in the introduction, our first step to obtaining the explicit form for bonds

price, forward rates, and the corresponding option prices, is to specify a closed form for

short-rate under a term-structure model. One of the most important and well known term-

structure model is an Affine Term-Structure (ATS) model. This model allows the bond

price to be written as an affine function of the factors that drive the short rate. Another

model, Quadratic Term-Structure (QTS) model, allows the bond price to be written as a

quadratic function of the factors that drive the short rate. The main focus of this chapter

will be presenting bonds price, forward rates and the corresponding options price under these

models.

2.1 Assumptions

To begin, we will impose certain assumptions that allows us to effectively use the tools

introduced so far. We consider a financial market over a time horizon from zero to T < ∞

with no arbitrage and no transaction costs, which enables the use the risk-neutral pricing

formula per Theorem (1.3.3). We fix a complete probability space (Ω,F, P̃) and a filtration

F = (Ft)0≤t≤T . The probability measure P̃ represents risk-neutral measure taking the money

market account M = (Mt)0≤t≤T as numéraire. The filtration F represents the history of the

market.

2.2 Short-Rate and Bond Price

We further suppose that the short-rate R defined in (1.1) is given by

Rt = r(Yt), (2.1)
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for some function r : Rd → R+ and some Markov diffusion process Y = (Y
(1)
t , Y

(2)
t , . . . , Y

(d)
t )⊤,

where ⊤ denotes the matrix transpose. The process Y represents the auxiliary factors that

drive the short-rate, and we further suppose that Y is the unique strong solution of a stochas-

tic differential equation (SDE) of the form

dYt = µ(t, Yt)dt+ σ(t, Yt)dW̃t, (2.2)

for some functions µ : [0, T ] × Rd → Rd and σ : [0, T ] × Rd → Rd×d, where W̃ =

(W̃
(1)
t , W̃

(2)
t , . . . , W̃

(d)
t )⊤t≥0 is a d-dimensional (P̃,F)-Brownian motion. Thus, the ith com-

ponent of Y is given by

dY
(i)
t = µi(t, Yt)dt+

d∑
j=1

σi,j(t, Yt)dW̃
(j)
t . (2.3)

Next, for any T ≤ T , let us define Γ( · , · ;T, ζ) : [0, T ]×Rd → Cd by

Γ(t, Yt;T, ζ) := Ẽt exp
(
−
∫ T

t

r(Ys)ds+ α(YT ; ζ)
)
, α(YT ; 0) = 0, (2.4)

where Ẽt is the Ft-conditional expectation under P̃ and the parameter ζ and the function

α(·; ζ) : Rd → Cd for each term-structure model are defined by

ζ := ν, α(y; ν) := ν⊤y, for ATS model, (2.5)

ζ := (ν,Ω), α(y; ν,Ω) := ν⊤y + y⊤Ωy, for QTS model, (2.6)

where ν ∈ Cd×1 and Ω ∈ Cd×d. While we have used the parameter ν in both (2.5) and (2.6)

the parameters from these two models will always be discussed separately. Note that the

existence of the function Γ follows from the Markov property of Y .

Formally, Γ satisfies the Kolmogorov backward partial differential equation (PDE)

(∂t +A(t)− r)Γ(t, · ;T, ζ) = 0, Γ(T, y;T, ζ) = exp
(
α(y; ζ)

)
, (2.7)

where the operator A is the generator of Y under P̃. Explicitly, the generator A is given by

A(t) = µ(t, y)⊤∇y +
1
2
Tr
(
σ(t, y)σ⊤(t, y)∇y∇⊤

y

)
, (2.8)
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where ∇y = (∂y1 , ∂y2 , . . . , ∂yd)
⊤, and “Tr” denotes the trace operator. Using (1.5) ,(2.1) and

(2.4) the price of T -bond at time t is given by

BT
t = Ẽt

(
e−

∫ T
t r(Ys)ds

)
= Γ(t, Yt;T, 0). (2.9)

To explicitly specify the bond price (2.9), it is left to obtain the solution Γ of the PDE (2.7).

At the moment, the solution to (2.7) depends on the form of function r and of the functions

µ and σ that define the generator (2.8). Thus, the functions (r, µ, σ) define the solution to

(2.7). Because defining term-structure model also requires specifying the functions (r, µ, σ),

we are now in a position to introduce ATS and QTS models, and give the solution to PDE

(2.7) for explicit bond price (2.9).

2.3 Affine Term-Structure Model

Affine term-structure models refer to a class of term-structure models in which the price

of any zero-coupon bond can be expressed as the exponential of affine function of the in-

stantaneous short-rate. Well-known affine term-structure models include the Vasicek [82],

Cox-Ingersoll-Ross (CIR) [18], Hull-White [35] and Fong-Vasicek [27] models, as well as their

multi-factor versions. Such models enjoy wide popularity among practitioners and academics

alike because they show high degree of model flexibility due to the closed-form expression

for bond prices.

Suppose that the short-rate R is described by an ATS model, meaning that the functions

(r, µ, σ) defined in (2.1) and (2.2) satisfy

r(y) = q + Ξ⊤y, µ(t, y) = b(t) + β⊤(t)y, σ(t, y)σ⊤(t, y) = ℓ(t) +
d∑

i=1

λi(t)yi,(2.10)

for some constants q ∈ R and Ξ ∈ Rd and some functions b, βi : [0, T ] → Rd×1 and ℓ, λi :

[0, T ] → Rd×d. It can be confirmed by substitution that the function Γ for ATS model defined

by (2.4) and (2.5) is given by

Γ(t, y;T, ν) = exp
(
−F (t;T, ν)−G⊤(t;T, ν)y

)
, (2.11)
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where the functions F (·;T, ν) : [0, T ] → C and G(·;T, ν) : [0, T ] → Cd×1 are the solution of

the following system of coupled ordinary differential equations (ODEs)

∂tF (t;T, ν) =
1

2
G⊤(t;T, ν)ℓ(t)G(t;T, ν)− b⊤(t)G(t;T, ν)− q,

F (T ;T, ν) = 0, (2.12)

∂tGi(t;T, ν) =
1

2
G⊤(t;T, ν)λi(t)G(t;T, ν)− β⊤

i (t)G(t;T, ν)− Ξi,

Gi(T ;T, ν) = −νi. (2.13)

The solution to the system (2.12)-(2.13) exists and is unique.

2.4 Quadratic Term-Structure Model

A somewhat lesser-known class of term-structure models are the quadratic term-structure

(QTS) models, which, as the name suggests, model the short-rate as an quadratic function

of the auxiliary factor process. QTS models include some ATS models as special cases and

also offer some additional modeling flexibility due to the fact that the zero-coupon bond

price can be written as exponential quadratic functions of the auxiliary factors. Moreover,

empirical results from [3] indicate that QTS model better captures historical bond price

than ATS models. Thus, in addition to ATS models, we consider QTS models for options

on bonds and forward rates pricing in this Thesis.

We now define QTS model mathematically. Suppose that the short-rate R is described by

a QTS model, meaning that the functions (r, µ, σ) defined in (2.1) and (2.2) satisfy (while

we reuse some of the variables from (2.10) in (2.14), there will be no confusion for ATS and

QTS models as we will always be specifying which models we are discussing)

r(y) = q + y⊤Ξ y, µ(t, y) = b+ βTy, σ(t, y) = ℓ, (2.14)

for some constant q ∈ R+ and some matrix Ξ ∈ Rd×d that is positive semidefinite and

satisfies Ξi,i = 1 for i = 1, 2, . . . , d (note that the restrictions on q and Ξ guarantee that

the short-rate R is non-negative) and b ∈ Rd×1
+ is a column vector, the matrix β ∈ Rd×d is
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diagonalizable and has negative real components of eigenvalues, the matrix ℓ ∈ Rd×d. Then,

following [3, Section 2], every equivalence class of QTS models can be written in this unique

canonical representation form. Thus, it is sufficient to consider the form (2.14) to cover all

possible QTS models.

It can be confirmed by substitution that Γ for QTS model defined by (2.4) and (2.6) is given

by

Γ(t, y;T, ν,Ω) = exp
(
−F (t;T, ν,Ω)−G⊤(t;T, ν,Ω)y − y⊤H(t;T, ν,Ω)y

)
, (2.15)

where, from [17, Theorem 3.6], the scalar-valued function F ( · ;T, ν,Ω) : [0, T ] → C, the

vector-valued functionG( · ;T, ν,Ω) : [0, T ] → Cd×1 and the matrix-valued functionH( · ;T, ν,Ω) :

[0, T ] → Cd×d solve the following system of ODEs

∂tF (t;T, ν,Ω) =
1
2
G⊤(t;T, ν,Ω)ℓℓ⊤G(t;T, ν,Ω)

− Tr(ℓℓ⊤H(t;T, ν,Ω))−G⊤(t;T, ν,Ω)b− q,

F (T ;T, ν,Ω) = 0, (2.16)

∂tG(t;T, ν,Ω) = 2H⊤(t;T, ν,Ω)ℓℓ⊤G(t;T, ν,Ω)− βG(t;T, ν,Ω)

− 2H⊤(t;T, ν,Ω)b,

G(T ;T, ν,Ω) = −ν, (2.17)

∂tH(t;T, ν,Ω) = 2H⊤(t;T, ν,Ω)ℓℓ⊤H(t;T, ν,Ω)− βH(t;T, ν,Ω)

−H⊤(t;T, ν,Ω)β⊤ − Ξ,

H(T ;T, ν,Ω) = −Ω. (2.18)

The solution to the system (2.16),(2.17) and (2.18) exists and is unique.

2.5 Pricing Option on Bonds

In the sections that follow, for conciseness we will present the form of bond price and the

corresponding option price that are applicable to both ATS and QTS models. To begin,
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note that for ATS models, the functions (F,G) are used to express the form of Γ given in

(2.11) and for QTS models, the functions (F,G,H) are used to express the form of Γ given

in (2.15). With that in mind, we begin by introducing the shorthands

F(t;T ) :=

F (t;T, 0), for ATS model,

F (t;T, 0, 0), for QTS model,

and define G(t;T ) similarly. We also define H(t;T ) := H(t;T, 0, 0) for QTS model. Next,

let us define

χ(t;T ) :=

−G(t;T ), for ATS model,

(−G(t;T ),−H(t;T )), for QTS model.

Using the introduced shorthands, (2.5), (2.6), (2.11) and (2.15) we can rewrite the bond

price (2.9) as

BT
t = exp

(
− F(t;T ) + α

(
Yt;χ(t;T )

))
. (2.19)

With the expression of the bond price (2.19) that is applicable to both ATS and QTS models,

we now proceed to give the expression for option on bond price.

Let U = (Ut)0≤t≤T denotes the value of a European option that pays ψ(logBT
T ) at time T

for some function ψ : R− → R. With the aim of finding Ut, let ψ̂ : C → C denote the

generalized Fourier transform of ψ, which is defined as follows

ψ̂(ω) :=

∫ ∞

−∞
dx e−iωxψ(x), ω = ωr + iωi, ωr, ωi ∈ R. (2.20)

We can recover ψ from ψ̂ using the inverse Fourier transform

ψ(x) =
1

2π

∫ ∞

−∞
dωr e

iωxψ̂(ω). (2.21)

Now, noting that, in the absence of arbitrage, the process U/M must be a (P̃,F)-martingale.

We have from (1.7) that

Ut = Ẽt

(Mt

MT

ψ(logBT
T )
)
.
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Then, using the form of money market account (1.1), we obtain

Ut = Ẽt exp
(
−
∫ T

t

ds r(Ys)
)
ψ(logBT

T ) (2.22)

=
1

2π

∫ ∞

−∞
dωr ψ̂(ω)Ẽte

−
∫ T
t ds r(Ys)+iω logBT

T

=
1

2π

∫ ∞

−∞
dωr ψ̂(ω)Ẽte

−
∫ T
t ds r(Ys)Ẽte

iω logBT
T

=
1

2π

∫ ∞

−∞
dωr ψ̂(ω)e

−iωF(T ;T )Ẽte
−

∫ T
t ds r(Ys)+α(YT ;iωχ(T ;T ))

=
1

2π

∫ ∞

−∞
dωr ψ̂(ω)e

−iωF(T ;T )Γ
(
t, Yt;T, iωχ(T ;T )

)
(2.23)

=: u(t, Yt;T, T ), (2.24)

where the fourth and fifth equalities follow form (2.4) and (2.19), respectively. In general,

the inverse Fourier integral (2.23) that defines u must be computed numerically.

Example 2.5.1. For the particular case of a T -maturity European call option written on

BT we have

ψ(x) = (ex − ek)+, ψ̂(ω) =
−ek−ikω

ω2 + iω
, ωi < −1, (2.25)

where k is the log of the strike. The option on bond price Ut can now be computed by

inserting the expression (2.25) for ψ̂ into (2.23) and evaluating the integral numerically.

Remark 2.5.2. As logBT
T ≤ 0 P̃-a.s., values of ψ(x) for x > 0 do not affect the conditional

expectation (2.22) and thus do not affect the value Ut of the option. The values of ψ(x) for

x > 0 do, however, affect convergence properties of the Fourier transform (2.20) and inverse

Fourier transform (2.21). As such, it makes sense to choose values of ψ(x) for x > 0 so that

these integrals converge for some value of ωi ∈ R.

2.6 Pricing Options on Simple Forward Rates

Let V = (Vt)0≤t≤T denotes the value of a European forward rate option with reset date T and

settlement date T that pays φ(logLT,T
T ) at time T for some function φ : R→ R where LT,T
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represents simple forward rate from T to T defined in (1.3). Because the payoff φ(logLT,T
T )

to be made at time T is known at time T we have

VT = BT
Tφ(logL

T,T
T ). (2.26)

To see this, simply note that VT = BT
T
φ(logLT,T

T ) = φ(logLT,T
T ). Using (1.3), BT

T = 1, and

with the shorthand τ := T − T , we can express VT as a function of BT
T as follows

VT = BT
Tφ
(
log
[1
τ

( 1

BT
T

− 1
)])

= elogB
T
T φ
(
log
[1
τ

(
e− logBT

T − 1
)])

=: ψ(logBT
T ).(2.27)

Thus, we can view a forward rate option on LT,T with reset date T , settlement date T and

payoff φ(logLT,T
T ) as a European option on BT with expiration date T and payoff ψ(logBT

T ),

where ψ is defined in (2.27). It follows that

Vt = u(t, Yt;T, T ), where ψ(x) = exφ
(
log
[1
τ

(
e−x − 1

)])
, (2.28)

with u given by (2.24).

Example 2.6.1. An important example of a European forward rate option is a caplet, which

we introduced in Section 1.4.2 which has a payoff

φ(logLT,T
T ) = τ(elogL

T,T
T − ek)+.

Here, k := logK is the log strike of the caplet. We have from (2.28) that

ψ(x) = (1 + τek)
( 1

1 + τek
− ex

)+
,

and thus, from (2.20), the generalized Fourier transform of ψ is given by

ψ̂(ω) =
− (1 + τek)iω

ω2 + iω
, ωi > 0. (2.29)

The caplet price Vt can now be computed by inserting the expression (2.29) for ψ̂ into (2.23)

and evaluating the integral numerically.
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2.7 Local Stochastic Volatility Model

While (2.24) in conjunction with (2.25) can be used to compute option on bond prices, and

(2.28) in conjunction with (2.29) can be used to compute option on forward rate prices,

the resulting expression tells us very little about the corresponding implied volatilities. In

this section, we will establish a precise relation between term-structure models and local-

stochastic volatility models. This relation will be used in subsequent sections to find an

explicit approximation for the corresponding implied volatilities.

We begin by deriving the dynamics of BT/M . Using (1.1) and (2.19), we have by Itô’s

Lemma that

d
(BT

t

Mt

)
=
(BT

t

Mt

)
γ⊤(t, Yt;T )dW̃t, (2.30)

where we have introduced the vector-valued function γ( · , · ;T ) : [0, T ]×Rd×1 → Rd×1, which

is defined as follows

γ(t, Yt;T ) := σ(t, Yt)
⊤∇y log Γ(t, Yt;T, 0),

=

−σ(t, Yt)⊤G(t;T ), for ATS model,

−σ(t, Yt)⊤
(
G(t;T ) +

(
H(t;T ) + H⊤(t;T )

)
Yt

)
, for QTS model.

(2.31)

Observe that BT/M is a (P̃,F)-martingale, as it must be.

Now, let us denote by P̃T the T -forward probability measure, whose relation to P̃ is given by

the following Radon-Nikodym derivative

dP̃T

dP̃
:=

M0B
T
T

BT
0 MT

= exp
(
− 1

2

∫ T

0

∥γ(t, Yt;T )∥2dt+
∫ T

0

γ⊤(t, Yt;T )dW̃t

)
, (2.32)

where ∥γ∥2 = γ⊤γ. Observe that the last equality follows from (2.30). We note that, by

Girsanov’s theorem and (2.32), the process W̃ T := (W̃
T,(1)
t , W̃

T,(2)
t , . . . , W̃

T,(d)
t )⊤

0≤t≤T
, defined

as follows

W̃ T
t := −

∫ t

0

γ(s, Ys;T )ds+ W̃t, (2.33)

is a d-dimensional (P̃T ,F)-Brownian motion. The following lemma will be useful.
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Lemma 2.7.1. Let Π = (Πt)0≤t≤T denote the value of a self-financing portfolio and let

ΠT = (ΠT
t )0≤t≤T , defined by ΠT

t := Πt/B
T
t , be the T -forward price of Π. Then the process

ΠT is a (P̃T ,F)-martingale.

Proof. Define the Radon-Nikodym derivative process Z = (Zt)0≤t≤T by Zt := Ẽt(dP̃
T/dP̃).

Using the fact that Π/M is a (P̃,F)-martingale as well as [77, Lemma 5.2.2] we have for any

0 ≤ t ≤ s ≤ T that

Πt

Mt

= Ẽt

(Πs

Ms

)
= ZtẼ

T
t

( 1

Zs

Πs

Ms

)
=
BT

t

Mt

ẼT
t

(Ms

BT
s

Πs

Ms

)
, (2.34)

where ẼT denotes an expectation under P̃T . Dividing both sides of equation (2.34) by BT
t

and canceling common factors of Mt and Ms, we obtain

ΠT
t =

Πt

BT
t

= ẼT
t

Πs

BT
s

= ẼT
t Π

T
s ,

which establishes that ΠT is a (P̃T ,F)-martingale, as claimed.

2.7.1 Option on bonds

Now, let us denote by X = (Xt)0≤t≤T the log of the T -forward price of a T -bond BT . We

have from (2.19) that

Xt := log
(BT

t

BT
t

)
= F(t;T )− F(t;T ) + α(Yt;χ(t;T ))− α(Yt;χ(t;T )). (2.35)

Next, we derive the PDE for the price of option on T -forward price of a T -maturity bond

BT under stochastic volatility settings in the next Proposition.

Proposition 2.7.2. Let V T = V/BT denote the T -forward price of an option that pays

ψ(logBT
T ) at time T . Then there exists a function v( · , · , · ;T, T ) : [0, T ] × R− × Rd → R

such that

V T
t = v(t,Xt, Yt;T, T ).
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Moreover, the function v satisfies the following PDE

(∂t + Ã(t))v(t, · , · ;T, T ) = 0, v(T, x, y;T, T ) = ψ(x), (2.36)

where Ã is the generator of (X, Y ) under P̃T . Explicitly, Ã is given by

Ã(t) =
1

2
∥γ(t, y;T )− γ(t, y;T )∥2(∂2x − ∂x)

+
(
µ(t, y) + σ(t, y) γ(t, y;T )

)⊤
∇y +

1

2
Tr
(
σ(t, y)σ⊤(t, y)∇y∇⊤

y

)
+
(
σ(t, y)

(
γ(t, y;T )− γ(t, y;T )

))⊤∇y∂x. (2.37)

Proof. Noting that V T is a (P̃T ,F)-martingale, we have

V T
t =

Vt
BT

t

= ẼT
t

( VT
BT

T

)
= ẼT

t ψ(logB
T
T ) = Ẽ

T
t ψ(XT ) =: v(t,Xt, Yt;T, T ),

where the existence of the function v follows from the Markov property of (X, Y ). The

function v satisfies the Kolmogorov backward PDE (2.36) where Ã denotes the generator of

(X, Y ) under P̃T . Thus, we have from (2.3), (2.31) and (2.33) that

dYt =
(
µ(t, Yt) + σ(t, Yt)γ(t, Yt;T )

)
dt+ σ(t, Yt) dW̃

T
t . (2.38)

Similarly, using (2.30) and (2.35), we find using Itô’s Lemma that

d

(
BT

t

BT
t

)
=

(
BT

t

BT
t

)(
γ(t, Yt;T )− γ(t, Yt;T )

)⊤
dW̃ T

t

thus,

dXt = −1

2
∥γ(t, Yt;T )− γ(t, Yt;T )∥2dt+

(
γ(t, Yt;T )− γ(t, Yt;T )

)⊤
dW̃ T

t . (2.39)

The explicit expression (2.37) for the generator Ã follows from (2.38) and (2.39).

Remark 2.7.3. We note using (2.35) that

Xt = F(t;T )− F(t;T ) + α(Yt;χ(t;T ))− α(Yt;χ(t;T )) =: ξ(t, Yt;T, T ). (2.40)



25

Let Ỹ := (Y
(2)
t , Y

(3)
t , . . . , Y

(d)
t )⊤0≤t≤T . In the case of ATS models, the function ξ(t, y;T, T )

defined in (2.40) is invertible with respect to y1. Thus, we can write Y
(1)
t = η(t,Xt, Ỹt;T, T )

where η is the inverse of ξ with respect to y1. The process (X, Ỹ ) is a d-dimensional Markov

process with a non-singular instantaneous covariance matrix and thus, a uniformly elliptic

generator. We present in Proposition 2.7.5 the steps to reducing the dimension of Ã to only

involve (X, Ỹ ), which effectively eliminates the need of Y (1).

Remark 2.7.4. In the case of QTS models, however, the function ξ(t, y;T, T ) defined in

(2.40) is not invertible with respect to any yj for j ∈ {1, 2, . . . , d}. Thus, the generator Ã

defined in (2.42) is not uniformly elliptic. The setting here is similar to the settings in [44]

and [8] where the authors use the approximation methods described in Chapter 3 to find

explicit approximations of implied volatility for options on leveraged exchange traded funds

and the volatility index, respectively. As the authors of those papers point out, the lack

of a uniformly elliptic generator does not complicate the construction of a formal implied

volatility approximation.

As mentioned in Remark 2.7.3 we will use the fact that ξ is invertible in the case of ATS

models, to rewrite the generator Ã given in (2.37) more efficiently in the following Proposition

2.7.5.

Proposition 2.7.5. Suppose that the short rate R given in (2.1) is defined under ATS model

(2.10). Let V T = V/BT denote the T -forward price of an option that pays ψ(logBT
T ) at time

T . Then there exists a function v( · , · , · ;T, T ) : [0, T ]×R− ×Rd−1 → R such that

V T
t = v(t,Xt, Ỹt;T, T ).

Moreover, the function v satisfies the following PDE

(∂t + Ã(t))v(t, · , · ;T, T ) = 0, v(T, x, ỹ;T, T ) = ψ(x), (2.41)

where Ã is the generator of (X, Ỹ ) := (Xt, Y
(2)
t , . . . , Y

(d)
t )0≤t≤T under P̃T . Explicitly, Ã is
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given by

Ã(t) =
1

2
∥σ̃⊤(t, x, ỹ;T, T )

(
G(t;T )−G(t;T )

)
∥2(∂2x − ∂x)

+
d∑

i=2

(
µ̃i(t, x, ỹ;T, T )−

d∑
j=1

(
σ̃(t, x, ỹ;T, T )σ̃⊤(t, x, ỹ;T, T )

)
i,j
Gj(t;T )

)
∂yi

+
1

2

d∑
i=2

d∑
j=2

(
σ̃(t, x, ỹ;T, T )σ̃⊤(t, x, ỹ;T, T )

)
i,j
∂yi∂yj

+
d∑

i=2

d∑
j=1

(
σ̃(t, x, ỹ;T, T )σ̃⊤(t, x, ỹ;T, T )

)
i,j

(
Gj(t;T )−Gj(t;T )

)
∂x∂yi , (2.42)

where the functions µ̃( · , · , · ;T, T ) : [0, T ]×R− ×Rd−1 → Rd and σ̃( · , · , · ;T, T ) : [0, T ]×

R− ×Rd−1 → Rd×d are given by

µ̃(t, x, ỹ;T, T ) := µ(t, η(t, x, ỹ;T, T ), ỹ),

σ̃(t, x, ỹ;T, T ) := σ(t, η(t, x, ỹ;T, T ), ỹ), (2.43)

the function η( · , · , · ;T, T ) : [0, T ]×R− ×Rd−1 → R is defined as follows

η(t, x, ỹ;T, T ) =
F(t;T )− F(t;T )− x+

∑d
i=2(Gi(t;T )−Gi(t;T ))yi

G1(t;T )−G1(t;T )
, (2.44)

and the functions F and Gi satisfy the system of coupled ODEs (2.12) and (2.13).

Proof. Noting that V T is a (P̃T ,F)-martingale, we have

V T
t =

Vt
BT

t

= ẼT
t

( VT
BT

T

)
= ẼT

t ψ(logB
T
T ) = Ẽ

T
t ψ(XT ) =: v(t,Xt, Ỹt;T, T ),

where the existence of the function v follows from the Markov property of (X, Ỹ ). The

function v satisfies the Kolmogorov backward PDE (2.41) where Ã denotes the generator of

(X, Ỹ ) under P̃T . Thus, we have from equations (2.3), (2.31) and (2.33) that

dYt =
(
µ(t, Yt)− σ(t, Yt)σ

⊤(t, Yt)G(t;T )
)
dt+ σ(t, Yt) dW̃

T
t .

=
(
µ̃(t,Xt, Ỹt;T, T )− σ̃(t,Xt, Ỹt;T, T )σ̃

⊤(t,Xt, Ỹt;T, T )G(t;T )
)
dt

+ σ̃(t,Xt, Ỹt;T, T ) dW̃
T
t . (2.45)
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where, in the the second equality, we have used Y
(1)
t = η(t,Xt, Ỹt;T, T ), which follows from

(2.44). Similarly, using (2.30) and (2.35), we find using Itô’s Lemma that

dXt = −1

2
∥σ⊤(t, Yt)

(
G(t;T )−G(t;T )

)
∥2dt

+ σ⊤(t, Yt)
(
G(t;T )−G(t;T )

)
dW̃ T

t

= −1

2
∥σ̃⊤(t,Xt, Ỹt;T, T )

(
G(t;T )−G(t;T )

)
∥2dt

+ σ̃⊤(t,Xt, Ỹt;T, T )
(
G(t;T )−G(t;T )

)
dW̃ T

t . (2.46)

The explicit expression (2.42) for the generator Ã follows from (2.45) and (2.46).

Observe that eX = BT/BT is a strictly positive (P̃T ,F)-martingale. Thus, the process (X, Ỹ )

has the same form as a local-stochastic volatility model where X represents the log of the

T -forward price of an risky asset (e.g., stock, index, etc.) and Ỹ represents (d− 1) non-local

factors of volatility.

Example 2.7.6. Consider a one-factor ATS model (d = 1). Then X has the form of a

(pure) local volatility model with generator (2.42) simplified to

Ã(t) = c(t, x)(∂2x − ∂x), c(t, x) := 1
2
σ̃2(t, x;T, T )

(
G(t;T )−G(t;T )

)2
, (2.47)

where we have omitted the argument ỹ as it plays no role.

Example 2.7.7. Consider a two-factor ATS model (d = 2). Then the process (X, Y (2)) has

the form of a local-stochastic volatility model with a single non-local factor of volatility. The

generator (2.42) in this case, is given by

Ã(t) = c(t, x, y2)(∂
2
x − ∂x) + f(t, x, y2)∂y2 + g(t, x, y2)∂

2
y2
+ h(t, x, y2)∂x∂y2 , (2.48)
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where the functions c, f , g and h are given by

c(t, x, y2) :=
1
2

(
σ̃2
1,1(t, x, y2;T, T ) + σ̃2

1,2(t, x, y2;T, T )
)(

G1(t;T )−G1(t;T )
)2

+
(
σ̃1,1(t, x, y2;T, T )σ̃2,1(t, x, y2;T, T ) + σ̃1,2(t, x, y2;T, T )σ̃2,2(t, x, y2;T, T )

)
×
(
G1(t;T )−G1(t;T )

)(
G2(t;T )−G2(t;T )

)
+ 1

2

(
σ̃2
2,1(t, x, y2;T, T ) + σ̃2

2,2(t, x, y2;T, T )
)(

G2(t;T )−G2(t;T )
)2
,

f(t, x, y2) := µ̃2(t, x, y2;T, T )−
(
σ̃2
2,1(t, x, y2;T, T ) + σ̃2

2,2(t, x, y2;T, T )
)
G2(t;T )

−
(
σ̃1,1(t, x, y2;T, T )σ̃2,1(t, x, y2;T, T )

+ σ̃1,2(t, x, y2;T, T )σ̃2,2(t, x, y2;T, T )
)
G1(t;T ),

g(t, x, y2) :=
1
2

(
σ̃2
2,1(t, x, y2;T, T ) + σ̃2

2,2(t, x, y2;T, T )
)
,

h(t, x, y2) :=
(
σ̃2
2,1(t, x, y2;T, T ) + σ̃2

2,2(t, x, y2;T, T )
)(

G2(t;T )−G2(t;T )
)

+
(
σ̃1,1(t, x, y2;T, T )σ̃2,1(t, x, y2;T, T )

+ σ̃1,2(t, x, y2;T, T )σ̃2,2(t, x, y2;T, T )
)(

G1(t;T )−G1(t;T )
)
.

2.7.2 Option on Forward Rates

Note from (1.3) that LT,T is the T -forward price of a static portfolio consisting of 1/τ shares

of BT and −1/τ shares of BT . As such, we have from Lemma 2.7.1 that LT,T is a (P̃T ,F)-

martingale.

It will be helpful to write the dynamics of LT,T under the T -forward measure P̃T . Using

Itô’s Lemma, (1.3), (2.30) and (2.33), we obtain

dLT,T
t =

1

τ
d
(BT

t

BT
t

)
=

1

τ
d
(BT

t /Mt

BT
t /Mt

)
=

1

τ

(BT
t

BT
t

)(
γ⊤(t, Yt;T )− γ⊤(t, Yt;T )

)
dW̃ T

t

=
(
LT,T
t +

1

τ

)(
γ⊤(t, Yt;T )− γ⊤(t, Yt;T )

)
dW̃ T

t . (2.49)
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Now, let us denote by X̃ = (X̃t)0≤t≤T the log of the simple forward rate from T to T , that is

X̃t := logLT,T
t .

Next, we derive the PDE for the price of option on simple forward rate under stochastic

volatility settings in the next Proposition.

Proposition 2.7.8. As in Section 2.6, let V = (Vt)0≤t≤T denote the value of a European

forward rate option with reset date T and settlement date T that pays φ(logLT,T
T ) = φ(X̃T )

at time T for some function φ : R→ R. Let V T = (V T
t )0≤t≤T denote the T -forward price of

V . Then, there exists a function v( · , · , · ;T, T ) : [0, T ]×R ×Rd×1 → R such that

V T
t = v(t, X̃t, Yt;T, T ).

Moreover, the function v satisfies the following PDE

(∂t + Ã(t))v(t, ·, ·;T, T ) = 0, v(T, x, y;T, T ) = φ(x), (2.50)

where the operator Ã is given by

Ã(t) =
1

2

(
1 +

e−x

τ

)2
∥γ(t, y;T )− γ(t, y;T )∥2(∂2x − ∂x)

+
(
µ(t, y) + σ(t, y) γ(t, y;T )

)⊤
∇y +

1

2
Tr
(
σ(t, y)⊤σ(t, y)∇y∇⊤

y

)
+
(
1 +

e−x

τ

) (
σ(t, y)

(
γ(t, y;T )− γ(t, y;T )

))⊤ ∇y∂x. (2.51)

Proof. We begin by writing the dynamics of X̃ and Y under the T -forward probability

measure P̃T . First, using Itô’s Lemma and (2.49), we obtain

dX̃t = −1

2

(
1 +

e−X̃t

τ

)2
∥γ(t, Yt;T )− γ(t, Yt;T )∥2dt

+
(
1 +

e−X̃t

τ

)(
γ⊤(t, Yt;T )− γ⊤(t, Yt;T )

)
dW̃ T

t .

Next, using (2.2) and (2.33), we find

dYt =
(
µ(t, Yt) + σ(t, Yt) γ(t, Yt;T )

)
dt+ σ(t, Yt) dW̃

T
t .



30

The pair (X̃, Y ) is a Markov process whose generator Ã under P̃T is given by (2.51). Now,

using the fact that T -forward prices are (P̃T ,F)-martingales and the fact that the process

(X̃, Y ) is Markov, there exists a function v such that

V T
t =

Vt

BT
t

= ẼT
t

VT

BT
T

= ẼT
t φ(X̃T ) = v(t, X̃t, Yt;T, T ), (2.52)

where, in the third equality, we have used (2.26). We have from (2.52) that the function v

satisfies the Kolmogorov backward PDE (2.50).

Remark 2.7.9. Under ATS model setting, we can follow the same process introduced in

Remark 2.7.3 and shown in detailed in Proposition 2.7.5 to obtain the simplified form of the

generator Ã given by (2.51) with Y1 eliminated for ATS model.

Remark 2.7.10. The Remark 2.7.4 also applies to the generator Ã given by (2.51). As

such, while the generator is not uniformly elliptic under the QTS model, this fact does not

complicate the construction of a formal implied volatility approximation.

Remark 2.7.11. As LT,T = eX̃ is a positive (P̃T ,F)-martingale, the process (X̃, Y ) can

be seen as a classical LSV model, where Y represents non-local factors of volatility. For

example, under QTS model and for d = 1 we have from (2.51) that

Ã(t) = c(t, x, y)(∂2x − ∂x) + f(t, x, y)∂y + g(t, x, y)∂2y + h(t, x, y)∂x∂y, (2.53)

where the functions c, f , g and h are given by

c(t, x, y) = 1
2
ℓ2
(
1 +

e−x

τ

)2(
G(t;T )−G(t;T ) + 2

(
H(t;T )− H(t;T )

)
y
)2
,

f(t, x, y) = b+ βy − ℓ2
(
G(t;T ) + 2H(t;T )y

)
,

g(t, x, y) = 1
2
ℓ2,

h(t, x, y) = ℓ2
(
1 +

e−x

τ

)(
G(t;T )−G(t;T ) + 2

(
H(t;T )− H(t;T )

)
y
)
.
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Chapter 3

ASYMPTOTIC OPTION PRICING AND IMPLIED
VOLATILITY

While we have obtained the PDEs that the value of option on bonds and forward rates

satisfy, there is no closed form for the solution of those PDEs. Thus, we will present the

asymptotic approximation to the solution of those PDEs, which is based on [68] and subse-

quently extended to d-dimensional diffusions in [55, 59]. The asymptotic approximation of

price can be extend to that of the implied volatility, as we will see in the later part of this

chapter.

3.1 Option Price Asymptotics

We have from (2.41) and (2.50) that the function v satisfies a parabolic PDE of the form

(∂t + Ã(t))v(t, · ) = 0, Ã(t) =
∑
|α|≤2

aα(t, z)∂
α
z , v(T, · ) = φ, (3.1)

where, for brevity, we have omitted the dependence on T and T . Note that we have intro-

duced standard multi-index notation

α = (α1, α2, . . . , αd+1), ∂αz =
d+1∏
i=1

∂αi
zi
, zα =

d+1∏
i=1

zi
αi , |α| =

d+1∑
i=1

αi, α! =
d+1∏
i=1

αi!.

In general, there is no explicit solution to PDEs of the form (3.1). In this section, we will show

in a formal manner how an explicit approximation of v can be obtained by using a simple

Taylor series expansion of the coefficients (aα)|α|≤2 of Ã. The method described below was

introduced for scalar diffusions in [68] and subsequently extended to d-dimensional diffusions

in [59, 55].
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To begin, for any ε ∈ [0, 1] and z̄ : [0, T ] → Rd+1, let vε be the unique classical solution to

0 = (∂t + Ãε(t))vε(t, · ), vε(T, · ) = φ, (3.2)

where the operator Ãε is defined as follows

Ãε(t) :=
∑
|α|≤2

aεα(t, z)∂
α
z , with aεα := aα(t, z̄(t) + ε(z − z̄(t))),

Observe that Ãε|ε=1 = Ã and thus vε|ε=1 = v. We will seek an approximate solution of (3.2)

by expanding vε and Ãε in powers of ε. Our approximation for v will be obtained by setting

ε = 1 in our approximation for vε. We have

vε =
∞∑
n=0

εnvn, Ãε(t) =
∞∑
n=0

εnÃn(t), (3.3)

where the functions (vn)n≥0 are, at the moment, unknown, and the operators (Ãn)n≥0 are

given by

Ãn(t) =
dn

dεn
Ãε|ε=0 =

∑
|α|≤2

aα,n(t, z)∂
α
z , aα,n =

∑
|η|=n

1

η!
(z − z̄(t))η∂ηzaα(t, z̄(t)).

Note that aα,n(t, · ) is the sum of the nth order terms in the Taylor series expansion of aα(t, · )

about the point z̄(t). Inserting the expansions from (3.3) for vε and Ãε into PDE (3.2) and

collecting terms of like order in ε we obtain

O(ε0) : 0 = (∂t + Ã0(t))v0(t, · ), v0(T, · ) = φ, (3.4)

O(εn) : 0 = (∂t + Ã0(t))vn(t, · ) +
n∑

k=1

Ãk(t)vn−k(t, · ), vn(T, · ) = 0. (3.5)

Now, observe that the coefficients (aα,0)|α|≤2 of Ã0 do not depend on z. Thus, Ã0 is the

generator of a (d+ 1)-dimensional Brownian motion with a time-dependent drift vector and

covariance matrix. As such, v0 is given by

v0(t, z) = P0(t, T )φ(z) =

∫
Rd+1

dz′ p0(t, z;T, z
′)φ(z′). (3.6)
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where P0 is the semigroup generated by Ã0 and p0 is the associated transition density (i.e.,

the solution to (3.4) with φ = δζ). Explicitly, we have

p0(t, z;T, ζ) =
1√

(2π)d+1|C(t, T )|
exp

(
−1

2
(ζ − z −m(t, T ))⊤C−1(t, T )(ζ − z −m(t, T ))

)
,

where m and C are given by

m(t, T ) :=

∫ T

t

dsm(s), C(t, T ) :=

∫ T

t

dsA(s), (3.7)

and m and A are, respectively, the instantaneous drift vector and covariance matrices

m(s) :=


a(1,0,··· ,0),0(s)

a(0,1,··· ,0),0(s)
...

a(0,0,··· ,1),0(s)

 , A(s) :=


2a(2,0,··· ,0),0(s) a(1,1,··· ,0),0(s) . . . a(1,0,··· ,1),0(s)

a(1,1,··· ,0),0(s) 2a(0,2,··· ,0),0(s) . . . a(0,1,··· ,1),0(s)
...

...
. . .

...

a(1,0,··· ,1),0(s) a(0,1,··· ,1),0(s) . . . 2a(0,0,··· ,2),0(s)

 .

By Duhamel’s principle, the solution vn of (3.5) is

vn(t, z) =
n∑

k=1

∫ T

t

dt1 P0(t, t1)Ãk(t1)vn−k(t1, z)

=
n∑

k=1

∑
i∈In,k

∫ T

t

dt1

∫ T

t1

dt2 · · ·
∫ T

tk−1

dtk

P0(t, t1)Ai1(t1)P0(t1, t2)Ai2(t2) · · ·P0(tk−1, tk)Aik(tk)P0(tk, T )φ(z), (3.8)

In,k = {i = (i1, i2, · · · , ik) ∈ Nk : i1 + i2 + · · ·+ ik = n}. (3.9)

While the expression (3.8) for vn is explicit, it is not easy to compute as written because

operating on a function with P0 requires performing a (d + 1)-dimensional integral. The

following proposition establishes that vn can be expressed as a differential operator acting

on v0.

Proposition 3.1.1. The solution vn of PDE (3.5) is given by

vn(t, z) = Ln(t, T )v0(t, z), (3.10)
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where L is a linear differential operator, which is given by

Ln(t, T ) =
n∑

k=1

∑
i∈In,k

∫ T

t

dt1

∫ T

t1

dt2 · · ·
∫ T

tk−1

dtkGi1(t, t1)Gi2(t, t2) · · ·Gik(t, tk),

the index set In,k is as defined in (3.9) and the operator Gi is given by

Gi(t, tk) :=
∑
|α|≤2

aα,i(tk,Z(t, tk))∂
α
z , Z(t, tk) := z +m(t, tk) +C(t, tk)∇z. (3.11)

Proof. The proof, which is given in [59, Theorem 2.6], relies on the fact that, for any 0 ≤

t ≤ tk <∞ the operator Gi in (3.11) satisfies

P0(t, tk)Ai(tk) = Gi(t, tk)P0(t, tk). (3.12)

Using (3.12), as well as the semigroup property P0(t1, t2)P0(t2, t3) = P0(t1, t3), we have that

P0(t, t1)Ai1(t1)P0(t1, t2)Ai2(t2) · · ·P0(tk−1, tk)Aik(tk)P0(tk, T )φ(z)

= Gi1(t, t1)Gi2(t, t2) · · ·Gik(t, tk)P0(t, t1)P0(t1, t2) · · ·P0(tk−1, tk)P0(tk, T )φ

= Gi1(t, t1)Gi2(t, t2) · · ·Gik(t, tk)P0(t, T )φ

= Gi1(t, t1)Gi2(t, t2) · · ·Gik(t, tk)v0(t, · ), (3.13)

where, in the last equality we have used P0(t, T )φ = v0(t, · ). Inserting (3.13) into (3.8)

yields (3.10).

Having obtained expressions for the functions (vn)n≥0 as differential operators (Ln)n≥0 acting

on v0, we define v̄, the nth order approximation of v, as follows

v̄n :=
n∑

k=0

vk.

Note that v̄n depends on the choice of z̄. In general, if one is interested in the value of v(t, z)

a good choice for z̄ is z̄(t) = z.
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3.2 Option on Bonds Implied Volatility Asymptotics

Throughout this section, we fix a short rate model (2.1)-(2.2), an initial date t, an option ma-

turity date T > t, a bond maturity date T > T , the initial values (Xt = log
(
BT

t /B
T
t

)
, Yt) =

(x, y) and a Call payoff ψ(XT ) = (eXT −ek)+. Our goal is to find an approximation of implied

volatility for this particular option on bond. To ease notation, we will sometimes hide the

dependence on (t, x, y;T, T , k). However, the reader should keep in mind that the implied

volatility of the caplet under consideration does depend on (t, x, y;T, T , k), even if this is not

explicitly indicated. Below, we remind the reader of the Black model and provide definitions

of the Black price and Black implied volatility, which will be used throughout this section.

In the Black model, the dynamics of T -forward price of BT which is BT
t /B

T
t = eXt are given

by

d
(BT

t

BT
t

)
= Σ

(BT
t

BT
t

)
dW̃ T

t , and thus dXt = −1
2
Σ2dt+ ΣdW̃ T

t , (3.14)

where Σ > 0 is the Black volatility and W̃ T is a scalar (P̃T ,F)-Brownian motion. Equation

(3.14) leads to the following definitions.

Definition 3.2.1. The T -forward Black price of an option on bond, denoted vBS, is defined

as follows

vBS(t, x;T, T , k,Σ) := ẼT [(eXT − ek)+|Xt = x] =
(
exΦ(d+)− ekΦ(d−)

)
, (3.15)

where the dynamics of X are given by (3.14) and

d± :=
1

Σ
√
T − t

(
x− k ± Σ2(T − t)

2

)
, Φ(d) :=

∫ d

−∞
dx

1√
2π

e−x2/2.

Definition 3.2.2. The Black implied volatility corresponding to the T -forward price v of an

option on bond is the unique positive solution Σ of the equation

vBS(t, x;T, T , k,Σ) = v. (3.16)

where the Black price vBS is given by (3.15).
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As in the previous section, we will seek an approximation of the implied volatility Σε

corresponding to vε by expanding Σε in power of ε. Our approximation of Σ will then be

obtained by setting ε = 1. We have

Σε = Σ0 + δΣε, δΣε =
∞∑
n=1

εnΣn.

Next, expanding vBS(Σε) in powers of ε we obtain

vBS(Σε) = vBS(Σ0 + δΣε)

=
∞∑
k=0

1

k!
(δΣε∂Σ)

kvBS(Σ0)

= vBS(Σ0) +
∞∑
k=1

1

k!

∞∑
n=1

εn
∑
In,k

( k∏
j=1

Σij

)
∂kΣv

BS(Σ0)

= vBS(Σ0) +
∞∑
n=1

εn
∞∑
k=1

1

k!

∑
In,k

( k∏
j=1

Σij

)
∂kΣv

BS(Σ0)

= vBS(Σ0) +
∞∑
n=1

εn
(
Σn∂Σ +

∞∑
k=2

1

k!

∑
In,k

( k∏
j=1

Σij

)
∂kΣ

)
vBS(Σ0),

where In,k is given by (3.9). Inserting the expansions for vε and vBS(Σε) into vε = vBS(Σε)

and collecting terms of like order in ε we obtain

O(ε0) v0 = vBS(Σ0), (3.17)

O(εn) vn =

(
Σn∂Σ +

∞∑
k=2

1

k!

∑
In,k

( k∏
j=1

Σij

)
∂kΣ

)
vBS(Σ0). (3.18)

Now, from (3.6) we have

v0 = vBS

(√
C1,1(t, T )/(T − t)

)
,

where C is defined in (3.7). Thus, it follows from (3.17) that

Σ0 =
√

C1,1(t, T )/(T − t). (3.19)
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Having identified Σ0, we can use (3.18) to obtain Σn recursively for every n ≥ 1. We have

Σn =
1

∂ΣvBS(Σ0)

(
vn −

∞∑
k=2

1

k!

∑
In,k

( k∏
j=1

Σij

)
∂kΣv

BS(Σ0)

)
. (3.20)

Using the expression given in (3.10) for vn, one can show that Σn is an nth order polynomial

in log-moneyness k−x with coefficients that depend on (t, T ); see [59, Section 3] for details.

We provide explicit expressions for Σ0, Σ1, and Σ2 for the cases d = {1, 2} in Appendix A.

Having obtained expressions for (Σn), we define Σn, the nth order approximation of Σ, as

follows

Σn :=
n∑

k=0

Σk.

Note that Σn depends on the choice of z̄. In general, the best choice for z̄ is z̄(t) = (x, y).

In this case, we have under mild conditions on the generator Ã that

|Σ(t, x, y;T, T , k)− Σn(t, x, y;T, T , k)| = O((T − t)(n+1)/2), as |k − x| = O(
√
T − t).

by [69, Theorem 5.1].

3.3 Option on Forward Rates Implied Volatility Asymptotics

Throughout this section, we fix a short rate model (2.1)-(2.2), an initial date t, a reset

date T > t, a settlement date T > T , the initial values (X̃t = logLT,T
t , Yt) = (x, y) and

a caplet payoff φ(X̃T ) = τ(eX̃T − ek)+. Our goal is to find an approximation of implied

volatility for this particular caplet. To ease notation, we will sometimes hide the dependence

on (t, x, y;T, T , k). However, the reader should keep in mind that the implied volatility of

the caplet under consideration does depend on (t, x, y;T, T , k), even if this is not explicitly

indicated. Below, we remind the reader of the Black model and provide definitions of the

Black price and Black implied volatility, which will be used throughout this section.

In the Black model, the dynamics of the simple forward rate LT,T = eX̃ are given by

dLT,T
t = ΣLT,T

t dW̃ T
t , and thus dX̃t = −1

2
Σ2dt+ ΣdW̃ T

t , (3.21)
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where Σ > 0 is the Black volatility and W̃ T is a scalar (P̃T ,F)-Brownian motion. Equation

(3.21) leads to the following definitions.

Definition 3.3.1. The T -forward Black price of a caplet, denoted vBS, is defined as follows

vBS(t, x;T, T , k,Σ) := τ ẼT [(eX̃T − ek)+|X̃t = x] = τ
(
exΦ(d+)− ekΦ(d−)

)
, (3.22)

where the dynamics of X̃ are given by (3.21) and

d± :=
1

Σ
√
T − t

(
x− k ± Σ2(T − t)

2

)
, Φ(d) :=

∫ d

−∞
dx

1√
2π

e−x2/2.

Definition 3.3.2. The Black implied volatility corresponding to the T -forward price v of a

caplet is the unique positive solution Σ of the equation

vBS(t, x;T, T , k,Σ) = v.

where the Black price vBS is given by (3.22).

Now, suppose that v ≡ v(t, x, y;T, T , k) is the T -forward price of a caplet corresponding to a

short rate model, where we have now indicated the dependence on the log strike k explicitly.

We can now proceed similarly to 3.2 to obtain the approximation (3.20). If we set z̄(t) = (x, y)

in the price approximation, then the corresponding implied volatility approximation (3.20)

satisfies the following asymptotic accuracy result that, as (T, k) → (t, x),

|Σ(t, x, y;T, T , k)− Σn(t, x, y;T, T , k)| = O((T − t)(n+1)/2), (3.23)

within the parabolic region {(T, k) : |k − x| ≤ ℓ
√
T − t} for some ℓ > 0. The proof of (3.23)

is a direct consequence of [8, Theorem 3.10].

3.4 Example: Option on Bond Implied Volatility Under ATS Model

In this section we use the results from Section 3.2 to compute approximate implied volatilities

for T -forward Call prices written on BT for the following four ATS models:

• Section 3.4.1: Vasicek model,
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• Section 3.4.2: Cox-Ingersoll-Ross model,

• Section 3.4.3: Two-factor Cox-Ingersoll-Ross model,

• Section 3.4.4: Fong-Vasicek model.

Note that, given (Xt, Ỹt) = (x, ỹ), exact T -forward Call prices can be computed using

v(t, x, ỹ;T, T ) =
u(t, y;T, T )

Γ(t, y;T, 0)
, y1 = η(t, x, ỹ;T, T ), (3.24)

where Γ, u and η are given in (2.4), (2.24)-(2.25) and (2.44), respectively. The corresponding

“exact” implied volatilities can be obtained by inserting (3.24) into (3.16) and solving for Σ

numerically. We will use this in what follows below in order to gauge the numerical accuracy

of our implied volatility approximation Σn.

3.4.1 Vasicek

In the short-rate model developed in [82], the dynamics of R = r(Y ) are given by

dYt = κ(θ − Yt)dt+ δdW̃t, Rt = Yt. (3.25)

Comparing (3.25) with (2.1) and (2.3), we see that the functions r, µ, and σ are given by

r(y) = y, µ(t, y) = κ(θ − y), σ(t, y) = δ, (3.26)

and comparing (3.26) with (2.10) we identify

q = 0, Ξ = 1, b(t) = κθ, β(t) = −κ, ℓ(t) = δ2, λ(t) = 0,

where we have dropped the subscripts from Ξ, β and λ as d = 1. With the above parameters,

the solution G of ODE (2.13) is

G(t;T, ν) = −e−κ(T−t)ν +
1− e−κ(T−t)

κ
. (3.27)
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While the solution F of ODE (2.12) is needed to compute exact Call option prices, we shall

see that it is not needed to compute implied volatilities in the Vasicek setting. As such, we

do not provide a formula for F here. From (2.43), (2.44), and (3.26), we have

σ̃(t, x;T, T ) := δ. (3.28)

And thus, using (2.47), (3.27) and (3.28), the generator Ã is given by

Ã(t) = c(t, x)(∂2x − ∂x), c(t, x) =
1

2
δ2
(1− e−κ(T−t)

κ
− 1− e−κ(T−t)

κ

)2
.

The explicit implied volatility approximation Σn up to order n = 2 can now be computed

using the formulas in Appendix A. Because the coefficient c does not depend on x in the

Vasicek setting, the zeroth order implied volatility approximation is exact

Σ = Σ0 =

√
1

T − t

∫ T

t

ds δ2
(1− e−κ(T−s)

κ
− 1− e−κ(T−s)

κ

)2
=

δ

κ3/2

√
e2κT − e2κt

2(T − t)

(
e−κT − e−κT

)
.

From the above, it is easy to identify the following limits

lim
t→T

Σ =
δ

κ

(
1− e−κ(T−T)

)
, lim

T→T
Σ = 0, lim

T→∞
Σ =

δ

κ3/2

√
1− e−2κ(T−t)

2(T − t)
, lim

t→T,T→∞
Σ =

δ

κ
.

In Figure 5.1 we plot Σ as a function of t for various valued of T with T fixed.

3.4.2 Cox-Ingersoll-Ross

In the Cox-Ingersoll-Ross (CIR) short-rate model developed in [18], the dynamics of R =

r(Y ) are given by

dYt = κ(θ − Yt)dt+ δ
√
YtdW̃t, Rt = Yt. (3.29)

Comparing (3.29) with (2.1) and (2.3), we see that the functions r, µ, and σ are given by

r(y) = y, µ(t, y) = κ(θ − y), σ(t, y) = δ
√
y, (3.30)
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and comparing (3.30) with (2.10) we identify

q = 0, Ξ = 1, b(t) = κθ, β(t) = −κ, ℓ(t) = 0, λ(t) = δ2,

where we have dropped the subscripts from Ξ, β and λ as d = 1. With the above parameters,

the solutions F and G of coupled ODEs (2.12) and (2.13) are

F (t;T, ν) = −2κθ

δ2
log
( 2Λ exp

(
(Λ + κ)τ/2

)
−δ2ν

(
exp(Λτ)− 1) + Λ(exp(Λτ) + 1) + κ(exp(Λτ)− 1)

)
,

τ := T − t,

G(t;T, ν) =
2(exp(Λτ)− 1)−

(
Λ(exp(Λτ) + 1)− κ(exp(Λτ)− 1)

)
ν

−δ2ν
(
exp(Λτ)− 1) + Λ(exp(Λτ) + 1) + κ(exp(Λτ)− 1)

,

Λ :=
√
κ2 + 2δ2.

From (2.43), (2.44), and (3.30), we have

σ̃(t, x;T, T ) = δ

√
F(t;T )− F(t;T )− x

G(t;T )−G(t;T )
, (3.31)

And thus, using (2.47) and (3.31), the generator Ã is given by

Ã(t) = c(t, x)(∂2x − ∂x), c(t, x) =
δ2

2

(
F(t;T )− F(t;T )− x

)(
G(t;T )−G(t;T )

)
.

Introducing the short-hand notation cj(t, x) := ∂jxc(t, x)/j!, we have

c0(t, x) =
δ2

2

(
F(t;T )− F(t;T )− x

)(
G(t;T )−G(t;T )

)
,

c1(t, x) ≡ c1(t) = −δ
2

2

(
G(t;T )−G(t;T )

)
,

cn(t, x) = 0, n ≥ 2.
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The explicit implied volatility approximation Σn can now be computed up to order n = 2

using the formulas in Appendix A. We have

Σ0 =

√
2

τ

∫ T

t

ds c0(s, x),

Σ1 =
2(k − x)

Σ3
0τ

2

∫ T

t

ds c1(s, x)

∫ s

t

dq c0(q, x),

Σ2 =
6(k − x)2

Σ7
0τ

4

(
− 2
(∫ T

t

ds c1(s)

∫ s

t

dq c0(q, x)
)2

+ Σ2
0τ

∫ T

t

ds1

∫ T

s1

ds2 c1(s1)c1(s2)

×
∫ s1

t

dq c0(q, x)

)
+

(Σ2
0τ + 12)

2Σ5
0τ

3

((∫ T

t

ds c1(s)

∫ s

t

dq c0(q, x)
)2

− Σ2
0τ

∫ T

t

ds1

∫ T

s1

ds2 c1(s1)c1(s2)

∫ s1

t

dq c0(q, x)

)
.

In Figure 5.2 we plot our explicit approximation of implied volatility Σ̄n up to order n = 2

as a function of log-moneyness k− x with t = 0 and T = 2 fixed and with option maturities

ranging over T = { 1
12
, 1
4
, 1
2
, 3
4
}. For comparison, we also plot the exact implied volatility

Σ. We observe that the second order approximation Σ2 accurately matches the level, slope,

and convexity of the exact implied volatility Σ near-the-money for all four option maturity

dates. In Figure 5.3 we plot the absolute value of the relative error of our second order

approximation |Σ2 −Σ|/Σ as a function of log-moneyness k− x and option maturity T . We

observe that the error decreases as we approach the origin in both directions of k− x and T

and the best approximation region is within 0.2% of the exact implied volatility.

3.4.3 Two-factor Cox-Ingersoll-Ross

In the Two-factor Cox-Ingersoll-Ross (2-D CIR) short-rate model developed in [18], the

dynamics of R = r(Y ) are given by

dY
(1)
t = κ1(θ1 − Y

(1)
t )dt+ δ1

√
Y

(1)
t dW̃

(1)
t ,

dY
(2)
t = κ2(θ2 − Y

(2)
t )dt+ δ2

√
Y

(2)
t dW̃

(2)
t ,

Rt = Y
(1)
t + Y

(2)
t . (3.32)
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Comparing (3.32) with (2.1) and (2.3), we see that the functions r, µ, and σ are given by

r(y1, y2) = y1 + y2,

µ(t, y1, y2) =

κ1(θ1 − y1)

κ2(θ2 − y2)

 , σ(t, y1, y2) =

δ1√y1 0

0 δ2
√
y2

 , (3.33)

and comparing (3.33) with (2.10) we identify

q = 0, Ξ =

1

1

 , b(t) =

κ1θ1
κ2θ2

 , β1(t) = −

κ1
0

 ,

β2(t) = −

 0

κ2

 , ℓ(t) = 0, λ1(t) =

δ21 0

0 0

 , λ2(t) =

0 0

0 δ22

 .

With the above parameters, the solutions F and G = (G1, G2) of coupled ODEs (2.12) and

(2.13) are

F (t;T, ν) = −
2∑

i=1

2κiθi
δ2i

log
( 2Λi exp

(
(Λi + κi)τ/2

)
−δ2i νi

(
exp(Λiτ)− 1) + Λi(exp(Λiτ) + 1) + κi(exp(Λiτ)− 1)

)
,

Gi(t;T, ν) =
2(exp(Λiτ)− 1)−

(
Λi(exp(Λiτ) + 1)− κi(exp(Λiτ)− 1)

)
νi

−δ2i νi
(
exp(Λiτ)− 1) + Λi(exp(Λiτ) + 1) + κi(exp(Λiτ)− 1)

,

i = {1, 2},

Λi :=
√
κ2i + 2δ2i .

From (2.43), (2.44), and (3.33), we have

η(t, x, y2;T, T ) =
F(t;T )− F(t;T )− x+

(
G2(t;T )−G2(t;T )

)
y2

G1(t;T )−G1(t;T )
,

σ̃(t, x, y2;T, T ) =

δ1√η(t, x, y2;T, T ) 0

0 δ2
√
y2

 , (3.34)

and thus, using (2.48) and (3.34), the generator Ã is given by

Ã(t) = c(t, x, y2)(∂
2
x − ∂x) + f(t, x, y2)∂y2 + g(t, x, y2)∂

2
y2
+ h(t, x, y2)∂x∂y2 ,
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where the functions c, f , g and h are given by

c(t, x, y2) =
1
2
δ21

(
F(t;T )− F(t;T )− x+

(
G2(t;T )−G2(t;T )

)
y2

)
×
(
G1(t;T )−G1(t;T )

)
+ 1

2
δ22

(
G2(t;T )−G2(t;T )

)2
y2,

f(t, x, y2) = κ2(θ2 − y2)− δ22y2G2(t;T ),

g(t, x, y2) =
1
2
δ22y2,

h(t, x, y2) = δ22y2

(
G2(t;T )−G2(t;T )

)
.

Introducing the notation χi,j(t, x, y2) := ∂ix∂
j
y2
χ(t, x, y2)/(i!j!) where χ ∈ {c, f, g, h}, we

compute

χ0,0(t, x, y2) = χ(t, x, y2),

c1,0(t, x, y2) = −1
2
δ21

(
G1(t;T )−G1(t;T )

)
,

c0,1(t, x, y2) =
1
2
δ21

(
G2(t;T )−G2(t;T )

)(
G1(t;T )−G1(t;T )

)
+ 1

2
δ22

(
G2(t;T )−G2(t;T )

)2
,

f0,1(t, x, y2) = −(κ2 + δ22)G2(t;T ),

g0,1(t, x, y2) =
1
2
δ22,

h0,1(t, x, y2) = δ22

(
G2(t;T )−G2(t;T )

)
,

and χi,j(t, x, y2) = 0, for any term not given above. The explicit implied volatility approxi-

mation Σn can now be computed up to order n = 2 using the formulas in Appendix A. We

have

Σ0 =

√
2

τ

∫ T

t

ds c0,0(s, x, y2),

Σ1 =
(k − x)

τ 2Σ3
0

(
2

∫ T

t

ds c1,0(s, x, y2)

∫ s

t

dq c0,0(q, x, y2) +

∫ T

t

ds c0,1(s, x, y2)

∫ s

t

dq h0,0(q, x, y2)
)

+
1

2τΣ0

∫ T

t

ds c0,1(s, x, y2)
(
2

∫ s

t

dq f0,0(q, x, y2) +

∫ s

t

dq h0,0(q, x, y2)
)
,
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where we have omitted the 2nd order term Σ2 due to its considerable length.

In Figure 5.4 we plot our explicit approximation of implied volatility Σ̄n up to order n = 2

as a function of log-moneyness k− x with t = 0 and T = 2 fixed and with option maturities

ranging over T = { 1
12
, 1
4
, 1
2
, 3
4
}. For comparison, we also plot the the exact implied volatility

Σ. As is the case with the (1-D) CIR model, we observe in the 2-D CIR model that the

second order approximation Σ2 accurately matches the level, slope, and convexity of the exact

implied volatility Σ near-the-money for all four option maturity dates. In Figure 5.5 we plot

the absolute value of the relative error of our second order approximation |Σ2 − Σ|/Σ as a

function of log-moneyness k−x and option maturity T . We observe that the error decreases

as we approach the origin in both directions of k − x and T and the best approximation

region is within 0.1% of the exact implied volatility.

3.4.4 Fong-Vasicek

In the Fong-Vasicek short-rate model developed in [27], the dynamics of R = r(Y ) are given

by

dY
(1)
t = κ1(θ1 − Y

(1)
t )dt+

√
Y

(2)
t dW̃

(1)
t ,

dY
(2)
t = κ2(θ2 − Y

(2)
t )dt+ δ2ρ

√
Y

(2)
t dW̃

(1)
t + δ2ρ̄

√
Y

(2)
t dW̃

(2)
t , ρ̄ =

√
1− ρ2

Rt = Y
(1)
t . (3.35)

Comparing (3.35) with (2.1) and (2.3), we see that the functions r, µ, and σ are given by

r(y1, y2) = y1, µ(t, y1, y2) =

κ1(θ1 − y1)

κ2(θ2 − y2)

 , σ(t, y1, y2) =

 √
y2 0

δ2ρ
√
y2 δ2ρ̄

√
y2

 ,(3.36)

and comparing (3.36) with (2.10) we identify

q = 0, Ξ =

1

0

 , b(t) =

κ1θ1
κ2θ2

 , β1(t) = −

κ1
0

 ,

β2(t) = −

 0

κ2

 , ℓ(t) = 0, λ1(t) =

0 0

0 0

 , λ2(t) =

 1 δ2ρ

δ2ρ δ22

 .
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With the above parameters, we find using (2.12) and (2.13) that the ODEs satisfied by F

and G = (G1, G2) are

∂tF (t;T, ν) = −κ1θ1G1(t;T, ν)− κ2θ2G2(t;T, ν),

F (T ;T, ν) = 0, (3.37)

∂tG1(t;T, ν) = κ1G1(t;T, ν)− 1,

G1(T ;T, ν) = −ν1, (3.38)

∂tG2(t;T, ν) =
1
2
δ22G

2
2(t;T, ν) +

(
δ2ρG1(t;T, ν) + κ2

)
G2(t;T, ν)

+ 1
2
G2

1(t;T, ν),

G2(T ;T, ν) = −ν2. (3.39)

Although one can obtain explicit expressions for F (t;T, ν), G1(t;T, ν) and G2(t;T, ν), these

expressions are given in terms of confluent hypergeometric fuctions (CHFs). As numerical

evaluation of CHFs is time-consuming, computing explicit Call prices using (3.24) is not

practical because it involves integrals with respect to ν. By contrast, in order to compute

our explicit approximation of implied volatility Σn, we need only expressions for F(t;T ),

G1(t;T ) and G2(t;T ), which we provide in Appendix B.

From (2.43), (2.44), and (3.36), we have

η(t, x, y2;T, T ) =
F(t;T )− F(t;T )− x+

(
G2(t;T )−G2(t;T )

)
y2

G1(t;T )−G1(t;T )
,

σ̃(t, x, y2;T, T ) =

 √
y2 0

δ2ρ
√
y2 δ2ρ̄

√
y2

 , (3.40)

And thus, using (2.48) and (3.40), the generator Ã is given by

Ã(t) = c(t, x, y2)(∂
2
x − ∂x) + f(t, x, y2)∂y2 + g(t, x, y2)∂

2
y2
+ h(t, x, y2)∂x∂y2 ,
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where the functions c, f , g and h are given by

c(t, x, y2) =
1
2
y2

(
G1(t;T )−G1(t;T )

)2
+ ρδ2y2

(
G1(t;T )−G1(t;T )

)
×
(
G2(t;T )−G2(t;T )

)
+ 1

2
δ22y2

(
G2(t;T )−G2(t;T )

)2
,

f(t, x, y2) = κ2(θ2 − y2)− δ22y2G2(t;T )− ρδ2y2G1(t;T ),

g(t, x, y2) =
1
2
δ22y2,

h(t, x, y2) = δ22y2

(
G2(t;T )−G2(t;T )

)
+ ρδ2y2

(
G1(t;T )−G1(t;T )

)
.

Once again using the short-hand notation χi,j(t, x, y2) := ∂ix∂
j
y2
χ(t, x, y2)/(i!j!) where χ ∈

{c, f, g, h}, we compute

χ0,0(t, x, y2) = χ(t, x, y2),

c0,1(t, x, y2) =
1
2

(
G1(t;T )−G1(t;T )

)2
+ ρδ2

(
G1(t;T )−G1(t;T )

)
×
(
G2(t;T )−G2(t;T )

)
+ 1

2
δ22

(
G2(t;T )−G2(t;T )

)2
,

f0,1(t, x, y2) = −κ2 − δ22G2(t;T )− ρδ2G1(t;T ),

g0,1(t, x, y2) =
1
2
δ22,

h0,1(t, x, y2) = δ22

(
G2(t;T )−G2(t;T )

)
+ ρδ2

(
G1(t;T )−G1(t;T )

)
,

where χi,j(t, x, y2) = 0 for any term not given above. The explicit implied volatility approx-

imation Σn can now be computed up to order n = 2 using the formulas in Appendix A. We

have

Σ0 =

√
2

τ

∫ T

t

ds c0,0(s, x, y2),

Σ1 =
k − x

τ 2Σ3
0

(∫ T

t

ds c0,1(s, x, y2)

∫ s

t

dq h0,0(q, x, y2)
)

+
1

2τΣ0

∫ T

t

ds c0,1(s, x, y2)
(
2

∫ s

t

dq f0,0(q, x, y2) +

∫ s

t

dq h0,0(q, x, y2)
)
. (3.41)

where we have omitted the second order term Σ2 due to its considerable length.

In Figure 5.6 we plot our second order approximation of implied volatility Σ2 as a function of
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log-moneyness k−x with the maturity date of the bond fixed at T = 2, the maturity date of

the option taking the following values T = { 1
12
, 1
4
, 1
2
, 3
4
} and the correlation parameter taking

the following values ρ = {−0.7,−0.3, 0.3, 0.7}. We can see the convexity near-the-money

changes from concave to convex as we increase ρ. From the expression of Σ1 in (3.41) we

observe that the slope of Σ1 with respect to k−x is controlled by the sign of c0,1 and h0,0. As

G(t;T, 0) is an increasing function in T , the expression Gi(t;T, 0) − Gi(t;T , 0) is negative,

which means that, fixing all other parameters, ρ controls the sign of c0,1 and h0,0. As a result,

as we change ρ from −1 to 1 the slope of Σ1 changes accordingly. A similar analysis can be

done on the sign of coefficients of (k− x)2 of Σ2 to show that ρ controls the convexity of Σ2

with respect to k−x. This is in contrast to the CIR and 2-D CIR models, where the implied

volatility curve near-the-money is concave.

3.5 Example: Caplet Implied Volatility Under QTS Models

Throughout this section, we consider a QTS model, whose dynamics are as follows

dYt = κ(θ − Yt)dt+ δdW̃t, Rt = r(Yt) = q + Y 2
t , (3.42)

where the constants κ, δ are positive and θ, q are nonnegative. Noting that Y is an Ornstein-

Uhlenbeck process, we refer to the model (3.42) as the Quadratic Ornstein-Uhlenbeck (QOU)

model.

Remark 3.5.1. If we consider the special case θ = q = 0. then we have by Itô’s lemma that

dRt = 2κ(
δ2

2κ
−Rt)dt+ 2δ

√
RtdW̃t. (3.43)

Note that (3.43) is a Cox-Ingersoll-Ross (CIR) process with a mean δ2

2κ
, rate of mean-reversion

2κ and volatility 2δ. Thus, the QOU model contains as a special case, some (but not all)

CIR short-rate models.

Comparing (3.42) with (2.2) and (2.14) we obtain

b = κθ, β = −κ, ℓ = δ, Ξ = 1.
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Next, we can obtain from (2.16), (2.17), and (2.18) that (F,G,H) satisfies the following

system of ODEs

∂tF (t;T, ν,Ω) =
1
2
δ2G2(t;T, ν,Ω)− δ2H(t;T, ν,Ω)− κθG(t;T, ν,Ω)− q,

F (T ;T, ν,Ω) = 0,

∂tG(t;T, ν,Ω) =
(
2δ2H(t;T, ν,Ω) + κ

)
G(t;T, ν,Ω)− 2κθH(t;T, ν,Ω),

G(T ;T, ν,Ω) = −ν,

∂tH(t;T, ν,Ω) = 2δ2H2(t;T, ν,Ω) + 2κH(t;T, ν,Ω)− 1,

H(T ;T, ν,Ω) = −Ω.



(3.44)

Solving (3.44), we obtain

F (t;T, ν,Ω) =

∫ t

T

ds
(

1
2
δ2G2(s;T, ν,Ω)− δ2H(s;T, ν,Ω)− κθG(s;T, ν,Ω)− q

)
,(3.45)

G(t;T, ν,Ω) = −Q1(T − t)ν +Q2(T − t)Ω +Q3(T − t)

Q4(T − t)Ω +Q5(T − t)
,

H(t;T, ν,Ω) = −Q6(T − t)Ω +Q7(T − t)

Q4(T − t)Ω +Q5(T − t)
, (3.46)

where the functions Qi(t) for i ∈ {1, 2, . . . , 7} are given by

Q1(t) := 2µe
1
2
µt,

Q2(t) :=
8δ2

µ

(
e
1
2
µt − 1

)2(−κ2θ
δ2

)
− κθQ4(t)

δ2
,

Q3(t) := −κθ
δ2

(
κ

µ
Q7

(
t

2

)
Q5

(
t

2

)
−Q1(t) +Q5(t)

)
,

Q4(t) := 4δ2(1− eµt),

Q5(t) := µ(eµt + 1) + 2κ(eµt − 1),

Q6(t) := µ(eµt + 1)− 2κ(eµt − 1),

Q7(t) := 2(1− eµt),

µ := 2
√
κ2 + 2δ2.

Next, from (2.53) we have the form of the generator

Ã(t) = c(t, x, y)(∂2x − ∂x) + f(t, x, y)∂y + g(t, x, y)∂2y + h(t, x, y)∂x∂y,



50

where the functions c, f , g and h are given by

c(t, x, y) = 1
2
δ2
(
1 +

e−x

τ

)2(
G(t;T )−G(t;T )

+ 2
(
H(t;T )− H(t;T )

)
y
)2
,

f(t, x, y) = κθ − κy − δ2
(
G(t;T ) + 2H(t;T )y

)
,

g(t, x, y) = 1
2
δ2,

h(t, x, y) = δ2
(
1 +

e−x

τ

)(
G(t;T )−G(t;T ) + 2

(
H(t;T )− H(t;T )

)
y
)
.

Introducing the notation

χi,j(t, x, y) :=
1

i!j!
∂ix∂

j
yχ(t, x, y) where χ ∈ {c, f, g, h},

the explicit implied volatility approximation σn can now be computed up to order n = 2

using the formulas in Appendix A. We have

σ0 =

√
2

T − t

∫ T

t

ds c0,0(s, x, y2),

σ1 =
(k − x)

(T − t)2σ3
0

(
2

∫ T

t

ds c1,0(s, x, y2)

∫ s

t

dq c0,0(q, x, y2)

+

∫ T

t

ds c0,1(s, x, y2)

∫ s

t

dq h0,0(q, x, y2)
)

+
1

2(T − t)σ0

∫ T

t

ds c0,1(s, x, y2)
(
2

∫ s

t

dq f0,0(q, x, y2) +

∫ s

t

dq h0,0(q, x, y2)
)
,

where we have omitted the 2nd order term σ2 due to its considerable length.

In Figures 5.7 and 5.8, using different parameters for (κ, θ, δ, q, y), we plot our explicit ap-

proximation of implied volatility σn up to order n = 2 as a function of log-moneyness k − x

with t = 0 and T = 2 fixed and with reset date ranging over T = { 1
64
, 1
32
, 1
16
, 1
8
}. For compar-

ison, we also plot the “exact” implied volatility σ, which can be computed using T -forward

caplet prices using (2.28) and inverting the Black formula (3.22) numerically. In both fig-

ures, we observe that the second order approximation σ2 accurately matches the level, slope,

and convexity of the exact implied volatility σ near-the-money for all four reset dates.
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In Figures 5.9 and 5.10, using the same values for (κ, θ, δ, q, y) as in Figures 5.7 and 5.8,

respectively, we plot the absolute value of the relative error of our second order approxima-

tion |σ2 − σ|/σ as a function of log-moneyness k − x and reset date T . Consistent with the

asymptotic accuracy results (3.23). we observe that the errors decrease as we approach the

origin in both directions of k − x and T .

3.6 Example: Calibration to Market Data

In this section we show how to calibrate the QOU model, described in Section 3.5, to market

data. To this end, let

LT,T
t ≡ LT,T

t (Φ), Φ := (κ, θ, δ, q, y).

denote simple forward rate (1.3) as computed in the QOU model using the unobservable

model parameters Φ. Note that LT,T
t (Φ) can be computed explicitly using (1.3), (2.9), (3.45)

and (3.46). Next, let

Li := LTi,Ti+τ
t , τ = 0.5 years, Ti := t+ τi,

denote the Forward LIBOR Curve data on the 18 November 2008, which we obtained from

[26, Table 11.3]. We define the optimal parameter set Φ∗ as the minimizer of the following

least-squares optimization

Φ∗ := argmin
Φ

n∑
i=1

(
LTi,Ti+τ
t (Φ)− Li

)2
.

Using Wolfram Mathematica’s NonlinearModelFit1, we obtain

Φ∗ ≡ (κ∗, θ∗, δ∗, q∗, y∗) = (0.158, 1.451, 0.008,−2.041, 1.437),

In Figure 5.11, we plot the fitted simple forward rate curve using the optimal parameter set

LT,T+τ
t (Φ∗) as well as the market data Li.

1The function performs nonnegative least square fit using Levenberg-Marquardt variant of the Gauss-
Newton method. The documentation can be found in https://reference.wolfram.com/language/ref/

NonlinearModelFit.html

https://reference.wolfram.com/language/ref/NonlinearModelFit.html
https://reference.wolfram.com/language/ref/NonlinearModelFit.html
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In order to see how well our implied volatility approximation performs using the calibrated

parameters Φ∗, we plot in Figure 5.12 our explicit approximation of implied volatility σn up

to order n = 2 as a function of log-moneyness k − x with t = 0 and T = 2 fixed and with

reset date ranging over T = { 1
64
, 1
32
, 1
16
, 1
8
}. For comparison, we also plot the “exact” implied

volatility σ, which can be computed using T -forward caplet prices using (2.28) and inverting

the Black formula (3.22) numerically. We observe that the second order approximation σ2

accurately matches the level, slope, and convexity of the exact implied volatility σ near-the-

money for all four reset dates.

In Figure 5.13 we plot the absolute value of the relative error of our second order approxi-

mation |σ2 − σ|/σ as a function of log-moneyness k − x and reset date T . Consistent with

the asymptotic accuracy results (3.23). we observe that the errors decrease as we approach

the origin in both directions of k − x and T .
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Chapter 4

OPTIMAL TIMES TO BUY AND SELL A HOME

4.1 Introduction

While many consider a home merely as a place to live, it is also financial asset, the pur-

chase and subsequent sale of which can generate a significant profit. The problem of buying

and/or selling a home in order to minimize purchase price and/or maximize sale price or

profit has been widely studied in academic literature. Various mathematical tools have been

used to solve this problem, including multivariate probability theory, game theory, and op-

timal stopping theory. For example, [12] assumes home prices follow a specific probability

distribution, and derives the optimal stopping rules for buying and selling homes. [6] derives

an optimal stopping strategy from the perspective of a representative-home buyer who is

observing multiple other homes to purchase. [23] and [11] use an optimal stopping approach

to optimize the profit in a home bidding process. [4] considers house buying and selling in

game theoretic framework and derive prices at equilibrium. And [40] use a housing market

search model to derive prices at equilibrium.

When deriving the optimal home-buying or home-selling strategy, one must consider a num-

ber of factors such as, e.g., interest rates, transaction costs, an investor’s discount rate, the

demand and supply of homes in certain locations, quality of nearby schools, etc.. Among

the many factors one might consider, perhaps the most important is the interest rate. To

illustrate the important role interest rates play in home prices, in Figure 5.14, we plot the

Monthly S&P/Case-Shiller U.S. National Home Price Index 1 and the Weekly 30-Year Fixed

1S&P Dow Jones Indices LLC, S&P/Case-Shiller U.S. National Home Price Index, Jan 2022, https:
//fred.stlouisfed.org/series/CSUSHPINSA

https://fred.stlouisfed.org/series/CSUSHPINSA
https://fred.stlouisfed.org/series/CSUSHPINSA
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Rate Mortgage Average in the U.S.2 and in Figure 5.15 the Overnight Bank Funding Rate in

the U.S. from January 2019 to January 2021.3 The figures clearly shows during this period

that home prices were inversely related to interest rates and overnight bank funding rate.

This data is consistent with the theoretical results of [40] who show that, in equilibrium,

home prices are inversely related to interest rates.

In the present paper, we present a framework that describes how the risk-free rate of interest

affects home prices. Briefly, we suppose that home prices are set by a representative home-

buyer, who can afford to pay only a fixed cash-flow per unit time for housing. The cash-flow

is a fraction of the representative home-buyer’s salary, which grows at a rate that is propor-

tional to the risk-free rate of interest. As a result, in the long-run, higher interest rates lead

to faster growth of home prices. The representative home-buyer finances the purchase of a

home by taking out a mortgage. The mortgage rate paid by the home-buyer is fixed at the

time of purchase and equal to the risk-free rate of interest plus a positive constant. As the

home-buyer can only afford to pay a fixed cash-flow per unit time, a higher mortgage rate

limits the size of the loan the home-buyer can take out. As a result, the short-term effect of

higher interest rates is to lower the value of homes. In this setting, we consider an investor

that wishes to maximize his expected discounted profit from buying a home and selling it

at a later time. As the optimal time to buy a home depends on the optimal time to sell a

home, this leads to a nested optimal stopping problem. The main purpose of this paper is to

solve this nested optimal stopping problem by providing an explicit characterization of the

optimal buying and selling times when the risk-free rate of interest is modeled as a Markov

diffusion and to provide a detailed study of the case in which the risk-free rate of interest is

modeled as a Cox-Ingersoll-Ross (CIR) process.

Mathematically, our problem formulation falls within a class of optimal stopping problems

2Freddie Mac, 30-Year Fixed Rate Mortgage Average in the U.S., Jan 2022, https://fred.stlouisfed.
org/series/MORTGAGE30US

3Overnight Bank Funding Rate in the U.S. from January 2019 to January 2021., Jan 2022, https:
//fred.stlouisfed.org/series/OBFR

https://fred.stlouisfed.org/series/MORTGAGE30US
https://fred.stlouisfed.org/series/MORTGAGE30US
https://fred.stlouisfed.org/series/OBFR
https://fred.stlouisfed.org/series/OBFR
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with stochastic discounting studied in [19]. To obtain the investor’s value function, we use the

nonnegative concave majorant approach developed by [19]. This approach has been applied

to a variety of optimal stopping problems. For instance, [42] uses this approach to derive

optimal strategies for the problem of starting-stopping a CIR process. And [41] uses this

approach to derive the optimal timing for trading with transaction costs where the trading

price spread between two assets is modeled by an Ornstein–Uhlenbeck (OU) process.

The rest of this chapter proceeds as follows. In Section 4.2 we present a model for how the

risk-free rate of interest affects home values. Next, in Section 4.3, we define the investor’s op-

timal home-buying and home-selling problems. The optimal home-buying and home-selling

problems fall into a larger class of optimal stopping problems with stochastic discounting.

We provide a general solution to these optimal stopping problems in Section 4.4. In Section

3.4.2 we focus specifically on the case in which the risk-free rate of interest is described by a

CIR process. We derive expressions for the value functions and optimal stopping times that

correspond to the investor’s optimal buying and selling problems. Additionally, we calculate

the expected time the investor waits to buy and then holds a home before selling, assuming

he follows the optimal buying and selling strategies. Lastly, in Section 4.7, we offer some

thoughts on future directions of research.

4.2 The Relation Between Interest Rates and Home Values

Throughout this chapter, we fix a probability space (Ω,F,P) and a filtration F = (Ft)t≥0.

The probability measure P represents the physical probability measure. In this setting, let

R = (Rt)t≥0 denotes the risk-free rate of interest. We shall suppose that R is a regular

diffusion that lives on an interval I := (x, y), where the end points x and y are natural and

satisfy 0 ≤ x < y ≤ ∞. Specifically, we suppose that R is the unique strong solution to an

SDE that is of the form

dRt = µ(Rt)dt+ σ(Rt)dWt, (4.1)
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where W = (Wt)t≥0 is a one-dimensional (P,F)-Brownian motion and the functions µ and

σ satisfy

µ : I → R, σ : I → R++,

with R++ := (0,∞).

The aim of this section is to develop a framework that captures how the dynamics of R affect

home values. To this end, we consider a representative home-buyer seeking to purchase a

primary residence, whose actions capture the typical home-buyer within a given economic

class in the broader population. At time t, we suppose the home-buyer can afford to pay a

cash flow of (Ct)t≥0 per unit time for housing. As time passes, the home-buyer’s wages will

increase and, as such, so will the amount of money he can afford to pay for housing. To

capture this effect, we suppose that the dynamics of the cash flows are as follows

Ct = Ceγ
∫ t
0 Rsds, C > 0, γ > 0. (4.2)

Equation (4.2) assumes that the amount of money the representative home-buyer can allocate

to housing per unit time grows at a rate γR that is proportional to the risk-free rate of

interest. If one considers the risk-free rate R to be a proxy for inflation, then γ captures

how quickly the home-buyer’s wages grow in real (as opposed to nominal) terms. If γ > 1

the home-buyer’s wages grow faster than inflation and he is getting richer over time. On

the other hand, if γ < 1 the home-buyer’s wages are not keeping up with inflation and, over

time, he is becoming poorer.

Now, suppose that, at time t, the representative home-buyer has found a home he wishes

to purchase. In order to finance this purchase, he takes out a loan from a bank with a

repayment period of T years at a fixed interest rate Rt + ρ where ρ > 0. The constant

ρ captures the fact that home-buyer may default on his loan payments and, thus, should

be charged an interest rate that is higher than the risk-free rate of interest. As, at time t,

the representative home-buyer can only afford to pay a cash-flow of Ct per unit time, the
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maximum value of the home he can afford is∫ t+T

t

Cte
−(Rt+ρ)(u−t)du =

Ct

Rt + ρ

(
1− e−(Rt+ρ)T

)
.

Although home-buyers of different economic classes will be able to afford different cash-flows

for housing, the relationship between the value of a home and the interest rate R will be

the same for all homes in the economy. Thus, the value V = (Vt)t≥0 of any homes in the

economy is given by

Vt = v(Rt)e
γ
∫ t
0 Rsds, v(Rt) :=

C

Rt + ρ

(
1− e−(Rt+ρ)T

)
, (4.3)

where C is a constant that captures the relative expense of a particular home; it will play

no role in the analysis that follows. It is important to notice that the interest rate R has

both a long-term and a short-term effect on the value V of a home. In the long-term, higher

interest rates have the effect of raising the value of a home due to the term eγ
∫ t
0 Rsds. In the

short-term, the effect of interest rates on home values is captured by v(Rt). Using the fact

that ex > 1 + x for any x > 0, we have that

v′(r) = −Ce
−(r+ρ)T

(r + ρ)2
(
e(r+ρ)T − 1− (r + ρ)T

)
< 0. (4.4)

This means that v(r) is a decreasing function of r, and that in the short-term, higher interest

rates have the effect of lowering the value of a home. The dynamics of V is given by

dVt =

(
γRt +

1

v(Rt)

(
µ(Rt)v

′(Rt) +
1

2
σ2(Rt)v

′′(Rt)
))

Vtdt+
v′(Rt)σ(Rt)

v(Rt)
VtdWt.

Note that while V alone is not a Markov process, the pair (R, V ) is Markov.

Remark 4.2.1. Note that we have modeled the mortgage rate obtained by the home-buyer

as an affine function of the short rate: Rt + ρ. An alternative choice would be to model the

mortgage rate as a function the forward rate F t,t+T
t where

F T1,T2
t :=

1

T2 − T1

(BT1
t

BT2
t

− 1
)
,
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and BT
t is the value at time t of a zero-coupon bond that matures at time T . Note that,

as we have assumed that R is a time-homogeneous diffusion process, the price of a bond is

given by a function of Rt and the time to maturity T − t, that is, BT
t = B(T − t, Rt) for

some function B. As such, the forward rate at the time a home is purchased

F t,t+T
t =

1

T

( 1

B(T,Rt)
− 1
)
,

is simply a function of Rt. Thus, a more general modeling framework, which would allow for

the mortgage rate to be a function of either the forward rate or the short rate would be to

set the mortgage rate equal to some arbitrary function of the short-rate Rt.

4.3 Optimal Home Buying and Selling Problems

Having described the relationship between the risk-free rate of interest R and home values

V , we now consider an investor who wishes to buy and then sell a home in order to maximize

the present value of these transactions. Note that the investor’s profit-maximizing aim is

different from that of a representative home-buyer in the broader population, who typically

purchases a home as a primary residence. In this sense, the investor can be considered an

outlier in the population. As such, his actions do not affect home prices.

Note that, as short-selling of homes is not allowed, we will not consider cases in which the

investor first sells and then later buys back a home. We will suppose that for a payment Pt

received at time t the investor assigns a present value of E(e−χ
∫ t
0 RsdsPt), where χ > 0 is a

discount rate that is specific to the investor. The larger the value of χ, the more heavily the

investor discounts future payments. One can alternatively consider constant discounting of

the form E(e−χtPt). This case is discussed in Appendix C.3.

Let us denote by τb and τs, respectively, the times at which the investor buys and sells a

home. In general, τb and τs will be (random) F-stopping times. Because the investor is not

purchasing a primary residence, the interest rate he would pay were he to take out a loan

for a home would be very high. As such, we will suppose that the investor pays cash for a
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home. The amount of money the investor will need to pay at time τb to buy a home will be

Cost of home purchase = Vτb(1 + δb) +Kb,τb , δb > 0,

Kb,t := Kbe
γ
∫ t
0 Rsds, Kb > 0, (4.5)

where δb represents a transaction cost that is proportional to the value of a home price

(e.g., a fee to a realtor) and Kb,τb represents fixed transaction costs (e.g., fees paid to a

title company). Note that the fixed transaction cost Kb,τb grows over time due to inflation

whereas the proportional transaction cost δbVτb scales with the value of a home. Similarly,

when the investor sells a home he has purchased, he will receive

Revenue from home sale = Vτs(1− δs)−Ks,τs , δs > 0,

Ks,t := Kse
γ
∫ t
0 Rsds, Ks > 0, (4.6)

where δs and Ks,τs capture proportional and fixed transaction costs, respectively.

Although chronologically, the investor must buy a home before he sells it, we will consider

the optimal selling problem first. Let T be the set of F-stopping times. For a fixed selling

strategy τs ∈ T the expected discounted revenue the investor will receive from selling the

home is

Jτs
s (r) := E

[
e−χ

∫ τs
0 Rsds(Vτs(1− δs)−Ks,τs)

∣∣∣R0 = r
]
.

Recalling the relationship (4.3) between V and R, and introducing the process Λ = (Λt)t≥0,

defined by

Λt := (χ− γ)

∫ t

0

Rsds, (4.7)

we can re-write Jτs
s (r) more compactly as follows

Jτs
s (r) = E

[
e−Λτsfs(Rτs)

∣∣∣R0 = r
]
, fs(r) := v(r)(1− δs)−Ks. (4.8)

In order to maximize the present value of the revenue received from selling a home, the

investor will need to maximize Jτs
s over all stopping times τs ∈ T. We therefore define the
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selling value function Js and optimal selling strategy τ ∗s (assuming it exists) as follows

Js(r) := sup
τs∈T

Jτs
s (r) =: Jτ∗s

s (r). (4.9)

Now, let us assume that the investor will follow the optimal selling strategy τ ∗s . Then, for

a fixed buying strategy τb, the expected discounted profit he will receive from buying and

then selling a home is given by

Jτb
b (r) := E

[
e−χ

∫ τb
0 RsdsJs(Rτb)− e−χ

∫ τb
0 Rsds(Vτb(1 + δb) +Kb,τb)

∣∣∣R0 = r
]
.

Recalling the relationship (4.3) between V and R, the definition (4.7) of Λ and the definition

(4.9) of Js, we can express Jτb
b (r) more compactly as follows

Jτb
b (r) = E

[
e−Λτbfb(Rτb)

∣∣∣R0 = r
]
, fb(r) := Js(r)−

(
v(r)(1 + δb) +Kb

)
. (4.10)

In order to maximize the present value of the purchase and sale of a home, the investor will

need to maximize Jτb
b over all stopping times τb ∈ T. We therefore define the buying value

function Jb and the optimal buying strategy τ ∗b (assuming it exists) as follows

Jb(r) := sup
τb∈T

Jτb
b (r) =: J

τ∗b
b (r). (4.11)

Note that Js and Jb are the special cases of a class of optimal stopping problems with stochastic

discounting of the form

J(r) := sup
τ∈T

Jτ (r) =: Jτ∗(r), Jτ (r) := E
[
e−Λτf(Rτ )

∣∣∣R0 = r
]
. (4.12)

Note also that, in order for a nontrivial optimal stopping time of (4.12) to exist, we must

have Λ > 0. Thus, we assume that χ > γ throughout this paper. We shall refer to J and

τ ∗ (with no subscripts) as the value function and optimal stopping time, respectively. For

ease of notation, in the sections that follow, we will use J in an expression that holds true

for both Jb and Js, τ
∗ in an expression that holds true for τ ∗b and τ ∗s and f in an expression

that holds true for fb and fs.

Before deriving explicit characterizations of the optimal buying and selling times, let us
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examine qualitatively what τ ∗b and τ ∗s should look like. Recall that the short-term effect of

the risk free rate of interest R on home prices is captured by v(Rt), which is a decreasing

function of Rt. As the investor will want to buy a home when prices are relatively low, we

expect that the optimal buying strategy τ ∗b will involve waiting until interest rates R rise to

a value rb called the buying threshold. Similarly, as the investor will want to sell when home

prices are relatively high, we expect that the optimal selling strategy τ ∗s will involve waiting

until the risk-free rate of interest R falls to a value rs call the selling threshold, where rs < rb.

In other words, we expect the optimal buying and selling strategies to be of the form

τ ∗b := inf{t ≥ 0 : Rt ≥ rb}, τ ∗s := inf{t ≥ 0 : Rt ≤ rs}, (4.13)

where x < rs < rb < y.

As typically happens in optimization problems, we have neglected to include some features

from our modeling framework in order to make the problem analytically tractable. A few of

the features we have omitted are listed in the following remarks.

Remark 4.3.1. In our framework, we have not included the possibility of the investor

renting out the home he as purchased. There is, however, an important reason for why the

investor may not wish to rent out his home for additional income. Consider the form of

the optimal selling strategy given in (4.8)-(4.9). We can see that optimal selling time τ ∗s is

heavily influenced by the movement of the risk-free rate of interest R. As we can see from

Figure 5.14 and 5.15, the mortgage rate and overnight bank funding rate in the United States

during a period of a year could fall quickly. Because rental contracts are usually signed for

a fixed period (e.g., one year), if the investor were to rent out his home, it is likely that

the optimal selling time τ ∗s would overlap with the time in which the home is being rented

out, leading to the investor missing the opportunity to sell the home at the optimal time.

Moreover, because renter-occupied homes sell for less than homes that are vacant (and staged

for sale), if this investor tried to sell the home while the renter was occupying it, he would

receive a lower price for the home than he would have had the home not been occupied.
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Remark 4.3.2. Note that, as the investor acts to maximize his utility of terminal wealth,

we have implicitly assumed that his utility function is linear and that he is not risk-averse.

While it would perhaps be more realistic to consider a risk-averse investor with a non-linear

utility function, this assumption would preclude framing the investor’s optimal buying and

selling strategy as the (analytically tractable) solution of a nested optimal stopping problem.

Remark 4.3.3. A possible alternative model for the dynamics of the cash flow C is

Ct = Ceγt+
∫ t
0 dsRs .

In this case, γ > 0 means that the home-buyer’s wages grow faster than inflation, and γ < 0

means the opposite. These alternative cash-flow dynamics can be recast into the framework

previously discussed with a modified interest rate process R = (Rt)t≥0. To see this, observe

that

Ct = Ceγ
∫ t
0 ds (1+ 1

γ
Rs) = Ceγ

∫ t
0 dsRs ,

where we have defined Rt := 1 + 1
γ
Rt. If we now set

µ(r) :=
1

γ
µ (γ(r − 1)) , σ(r) :=

1

γ
σ (γ(r − 1)) ,

then the dynamics of R are given by

dRt = µ(Rt)dt+ σ(Rt)dWt.

Thus, by replacing R by R we are able to analyze the home-buying problem in the framework

outline above.

4.4 Expressions for the Value Function J and Optimal Stopping Time τ ∗

In this section, we present the expressions for the value function J and optimal stooping

time τ ∗, which are defined in (4.12). The expressions can be applied to the optimal selling

problem (4.9) and optimal buying problem (4.11).
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To begin, let A denote the infinitesimal generator of the risk-free rate of interest process R.

We have

A = µ(r)∂r +
1
2
σ2(r)∂2r . (4.14)

Consider the following ordinary differential equation (ODE) for a function u : I → R(
A− (χ− γ)r

)
u(r) = 0. (4.15)

Suppose that (4.15) has two independent solutions u = (u+, u−) such that u+ is positive

and strictly increasing and u− is positive and strictly decreasing. It is well-known (see [19,

Equation (5)], for instance) that the functions u+ and u− are related to the hitting times of

the process R as follows

E
[
e−Λτc

∣∣∣R0 = r
]
=

u+(r)/u+(c) r ≤ c

u−(r)/u−(c) r > c

, τc := inf{t ≥ 0 : Rt = c},

where c, r ∈ I.

Next, we define the functions g : I → g(I) and h : g(I) → R, which will be used in the

expression of J by

g(r) := −u−(r)
u+(r)

, r ∈ I, h(q) :=
f(g−1(q))

u+(g−1(q))
, q ∈ g(I). (4.16)

We define hb and hs from fb and fs, respectively, in the same way we define h from f . To ease

the notation, we use h to represent expressions that hold true for both hb and hs. Because

u+ is strictly positive increasing and u− is strictly positive decreasing, g is strictly negative

increasing, which means that g−1 is well defined. The following proposition shows that the

value function J can be written in terms of u+, u−, g, and h.

Proposition 4.4.1. Suppose that the risk-free rate of interest R is defined by (4.1) on an

interval I = (x, y) where x and y are natural boundaries. Let the functions f , u+, u−, g and

h be as defined in (4.12), (4.15) and (4.16). If both of the following limits are finite

ℓx := lim
r→x+

f+(r)

u−(r)
, ℓy := lim

r→y−

f+(r)

u+(r)
, f+(r) := max(f(r), 0),
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then the value function J defined in (4.12) can be written as

J(r) = u+(r)ĥ
(
g(r)

)
, r ∈ I, (4.17)

where ĥ is the smallest decreasing nonnegative concave majorant (NCM) of h.

Proof. See [19, Proposition 3.4].

It is well-known (see, for instance [76, Appendix D]) that the optimal stopping time τ ∗ can

be computed from J as follows

τ ∗ := inf{t ≥ 0 : Rt /∈ C}, where C := {r ∈ I : J(r) > f(r)}. (4.18)

We refer to the set C as the continuation region.

4.5 Detailed Analysis: CIR Process Risk-Free Rate

In this section, we derive the expressions of J and τ ∗ when the risk-free rate of interest

is modeled by a CIR process. Specifically, suppose that the dynamics of risk-free rate of

interest R is given by

dRt = κ(θ −Rt)dt+ σ
√
RtdWt, (4.19)

where κ, θ, σ > 0. We shall assume the Feller’s condition 2κθ ≥ σ2 is satisfied, which

guarantees that R never reaches zero. Note that R is regular on I = (0,∞) and both

boundaries 0 and ∞ are natural. Using (4.14), the infinitesimal generator A of the CIR

process is given by

A = κ(θ − r)∂r +
1
2
σ2r∂2r . (4.20)

Using this specific infinitesimal generator (4.20), the ODE (4.15) can be written as(
κ(θ − r)∂r +

1
2
σ2r∂2r − (χ− γ)r

)
u(r) = 0. (4.21)
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In Appendix C.1, we derive explicit expressions for positive increasing and positive decreasing

solutions, u+ and u−, of (4.21), which are given by

u+(r) = e−νrM(α, β, ζr), u−(r) = e−νrU(α, β, ζr), (4.22)

where the constants (α, β, ξ, ζ, ν) are defined as follows

α :=
κθ

σ2

(
1− κ

ξ

)
, β :=

2κθ

σ2
, ξ :=

√
κ2 + 2σ2(χ− γ),

ζ :=
2ξ

σ2
, ν :=

αζ

β
=
ξ − κ

σ2
, (4.23)

and where M and U are the confluent hypergeometric function of the first kind and second

kind, respectively, as defined in (C.3). As κ, θ, σ > 0 and χ > γ, all parameters in (4.23) are

positive, which allows us to write the following limit properties of u+ and u−

lim
r→0+

u+(r) = 0, lim
r→∞

u+(r) = ∞, lim
r→0+

u−(r) = ∞, lim
r→∞

u−(r) = 0.(4.24)

We will use the limits in (4.24) to verify the limit conditions of Proposition 4.4.1.

In order to apply Proposition 4.4.1 to determine the expressions for the value function J , it

is necessary to determine ĥ, the NCM of h. To that end, we need to know the sign of the

slope and convexity of h throughout g(I). Using the definition of h in (4.16) directly, the

first and second derivative of h are given by (with the shorthand r := g−1(q))

h′(q) =
1

g′(r)

u+(r)f
′(r)− u′+(r)f(r)(
u+(r)

)2 , (4.25)

h′′(q) =
2

σ2ru+(r)
(
g′(r)

)2(A− (χ− γ)r
)
f(r). (4.26)

Equations (4.25) and (4.26) will be used to identify the critical and inflection points of h,

which will then be used to calculate ĥ, the NCM of h. We now have the necessary tools to

derive the expressions for buying and selling value functions.

4.5.1 Optimal Home Selling Problem

Although chronologically the investor will have to buy a home before being able to sell it,

the optimal selling problem must be solved before the optimal buying problem due to the
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fact that the form of fb in (4.10) requires having known the selling value function Js. To

derive the expression of Js, we first define hs from fs the same way we define h from f in

(4.16) by

hs(q) :=
fs
(
g−1(q)

)
u+
(
g−1(q)

) , q < 0. (4.27)

It is straightforward to check using (4.8) and (4.24) that

lim
r→0+

f+
s (r)

u−(r)
= 0, lim

r→∞

f+
s (r)

u+(r)
= 0.

This shows that the limit conditions in Proposition 4.4.1 are satisfied. Next, we need to

identify ĥs, the NCM of hs, which is done in Appendix C.2.1. We have from (C.12) that

ĥs(q) =

hs(q), q ≤ qs

q hs(qs)
qs

, q > qs

, qs := g(rs),

where the selling threshold rs is the unique positive solution to equation (C.11), which we

repeat here for the reader’s convenience

u′−(rs)

u−(rs)
=
f ′
s(rs)

fs(rs)
.

Having confirmed that the limit conditions are satisfied and identified the NCM of hs, we

now apply Proposition (4.4.1) to explicitly write Js using (4.17) and (C.12) as

Js(r) = u+(r)ĥs
(
g(r)

)
=

u+(r)hs
(
g(r)

)
= fs(r) r ≤ rs

u+(r)g(r)
hs

(
g(rs)
)

g(rs)
= fs(rs)

u−(r)
u−(rs)

r > rs

. (4.28)

Next, from (4.18) we can calculate the selling continuation region and optimal selling time

as

Cs := {r : Js(r) > fs(r)} = (rs,∞), τ ∗s := inf{t ≥ 0 : Rt ≤ rs}. (4.29)

In words, the investor’s optimal selling strategy is to sell his home the first time the risk-

free rate of interest is at or below rs. Note that the form of τ ∗s agrees with our previous

speculation of the form of the optimal selling strategy in (4.13).
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4.5.2 Optimal Home Buying Problem

Having obtained the optimal selling strategy τ ∗s , we now turn our attention to finding the

optimal buying strategy τ ∗b . To begin, we define hb from fb in the same way we define h from

f in (4.16) by

hb(q) :=
fb
(
g−1(q)

)
u+
(
g−1(q)

) , q < 0. (4.30)

Using the form of fb (4.10), the limit expressions (4.24), and the explicit form of Js (4.28),

it is straightforward to confirm that

lim
r→0+

f+
b (r)

u−(r)
= 0, lim

r→∞

f+
b (r)

u+(r)
= 0.

Thus, the limit conditions in Proposition 4.4.1 are satisfied. Next we need to identify ĥb, the

NCM of hb, which is done in Appendix C.2.2. We have from (C.13) that

ĥb(q) =

hb(qb) q ≤ qb

hb(q) q > qb

, qb := g(rb),

where the buying threshold is the unique positive solution to the following equation (C.14),

which we repeat here for the reader’s convenience

u′+(rb)

u+(rb)
=
f ′
b(rb)

fb(rb)
.

Having confirmed that the limit conditions are satisfied and identified the NCM of hb, we

now apply Proposition 4.4.1 to explicitly write Jb using (4.17) and (C.13) as

Jb(r) = u+(r)ĥb
(
g(r)

)
=

u+(r)hb
(
g(rb)

)
= fb(rb)

u+(r)
u+(rb)

r ≤ rb

u+(r)hb
(
g(r)

)
= fb(r) r > rb

. (4.31)

Next, from (4.18) we calculate the buying continuation region and the optimal buying time

as

Cb := {r : Jb(r) > fb(r)} = (0, rb), τ ∗b := inf{t ≥ 0 : Rt ≥ rb}. (4.32)
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In other words, the investor’s optimal buying strategy is to purchase a home the first time

the risk-free rate of interest is at or above rb. Note again that the form of the optimal buying

rule agrees with our speculation of the optimal buying strategy as described in (4.13).

4.5.3 Density of Waiting Time

The goal of this section is to derive the densities and expected values of the optimal selling

and buying times τ ∗s and τ ∗b , which are characterized by (4.29) and (4.32), respectively. These

quantities are important because, for example, if the expected value of either τ ∗b or τ ∗s are on

the order of 100s of years, then it would not be practical for an investor to implement the

optimal buying and/or selling strategies.

To begin our analysis, let us define the probability density functions of τ ∗b and τ ∗s . We have

pτ∗b (t; r) :=
d

dt
P(τ ∗b ≤ t|R0 = r), r < rb,

pτ∗s (t; r) :=
d

dt
P(τ ∗s ≤ t|R0 = r), r > rs.

Note that we have restricted the definitions of pτ∗b and pτ∗s to cases in which r < rb and

r > rs because if r ≥ rb we have trivially that τ ∗b = 0 and if r ≤ rs we have trivially that

τ ∗s = 0. Note also that pτ∗b is the density of the first hitting time of R to level rb from below

and pτ∗s is the density of the first hitting time of R to level rs from above. The first hitting

time densities for the CIR process are computed explicitly in [46, Proposition 1], which we

present below using the notation of the present paper.

Proposition 4.5.1. Suppose that the risk-free rate of interest (Rt)t≥0 is a CIR process defined

in (4.19) with parameters (κ, θ, σ) that satisfies Feller’s condition. Suppose that the initial

interest rate r, the buying threshold rb, and the selling threshold rs are such that rs < r < rb.

Let
(
kb,n(rb)

)
n≥1

,
(
ks,n(rs)

)
n≥1

be the decreasing negative sequences that are all negative roots

of the equations

M(kb,n(rb), β, ωrb) = 0, U(ks,n(rs), β, ωrs) = 0, β :=
2κθ

σ2
, ω :=

β

θ
,
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respectively,and
(
mb,n(r, rb)

)
n≥1

,
(
ms,n(r, rs)

)
n≥1

by

mb,n(r, rb) := − M(kb,n(rb), β, ωr)

kb,n(rb)
∂
∂k
M(k, β, ωrb)|k=kb,n(rb)

,

ms,n(r, rs) := − U(ks,n(rs), β, ωr)

ks,n(rs)
∂
∂k
U(k, β, ωrs)|k=ks,n(rs)

.

Then the probability density functions of τ ∗b and τ ∗s are given by

pτ∗b (t; r) = −κ
∞∑
n=1

mb,n(r, rb)kb,n(rb)e
κkb,n(rb)t, (4.33)

pτ∗s (t; r) = −κ
∞∑
n=1

ms,n(r, rs)ks,n(rs)e
κks,n(rs)t, (4.34)

respectively. The uniform convergence of the infinite series (4.33) and (4.34) are proven in

[46, Proposition 2].

From [46, Equation 19 and 20] the coefficients kb,n(rb) and mb,n(r, rb) have the following

large-n asymptotics

kb,n(rb) = O(−n2), |mb,n(r, rb)| = O(
1

n
), (4.35)

and using [46, Equation 23 and 24], the coefficients ks,n(rs) and ms,n(r, rs) have the following

large-n asymptotics

ks,n(rs) = O(−n), |ms,n(r, rs)| = O(
1

n
). (4.36)

The large-n asymptotics of the coefficients in (4.35) and (4.36) guarantee that the infinite

sums in the computation of expectations, which we perform below in (4.37), (4.38) and

(4.41), converge absolutely. Thus, the infinite sums and integrals can be exchanged.

Using Proposition 4.5.1 we can compute the expected length of time the investor will wait

prior to buying a home assuming he follows the optimal buying strategy. We have

E
(
τ ∗b

∣∣∣R0 = r < rb

)
=

∫ ∞

0

t pτ∗b (t; r)dt = −κ
∞∑
n=1

∫ ∞

0

mb,n(r, rb)kb,n(rb)te
κkb,n(rb)tdt

= −1

κ

∞∑
n=1

mb,n(r, rb)

kb,n(rb)
. (4.37)
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Similarly, the expected length of time the investor will wait prior to selling a home after

buying it assuming he follows the optimal buying and selling strategies is

E
(
τ ∗s

∣∣∣R0 = rb

)
=

∫ ∞

0

t pτ∗s (t; rb)dt = −κ
∞∑
n=1

∫ ∞

0

ms,n(rb, rs)ks,n(rs)te
κks,n(rs)tdt

= −1

κ

∞∑
n=1

ms,n(rb, rs)

ks,n(rs)
. (4.38)

Lastly, we are interested to know the probability density function of τ ∗b + τ ∗s the total time

the investor waits to buy and then sell a home, assuming he follows the optimal buying and

selling strategies. The probability density function of τ ∗b + τ ∗s , given by

pτ∗b +τ∗s (t; r) :=
d

dt
P(τ ∗b + τ ∗s ≤ t|R0 = r),

can be calculated as a convolution of the two probability densities (4.33) and (4.34). We

have

pτ∗b +τ∗s (t; r) =

∫ t

0

pτ∗b (t
′; r)pτ∗s (t− t′; rb)dt

′

= κ2
∫ t

0

(
∞∑
i=1

mb,i(r, rb)kb,i(rb)e
κkb,i(rb)t

′
∞∑
j=1

ms,j(rb, rs)ks,j(rs)e
κks,j(rs)(t−t′)

)
dt′

= κ2
∞∑

i,j=1

eκks,j(rs)t
∫ t

0

mb,i(r, rb)kb,i(rb)ms,j(rb, rs)ks,j(rs)e
κ(kb,i(rb)−ks,j(rs))t

′
dt′

= κ2
∞∑

i,j=1

mb,i(r, rb)kb,i(rb)ms,j(rb, rs)ks,j(rs)
eκkb,i(rb)t − eκks,j(rs)t

κkb,i(rb)− κks,j(rs)
. (4.39)

The expectation of τ ∗b + τ ∗s given by (4.39) is simply the sum of expectations of τ ∗b and τ ∗s ,

which are given in (4.37) and (4.38).
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4.5.4 Numerical Example

Throughout this section we fix the following parameter values

κ = 0.9, θ =
0.08

0.9
, σ =

√
0.033,

γ = 0.4, χ = 0.6, r = 0.08,

C = $100, 000, ρ = 0.01, T = 30 (years),

δb = δs = 0.06, Kb = Ks = $5000.


(4.40)

The parameters specific to the CIR model (κ, θ, σ) and initial risk-free rate of interest r were

taken from [26, Example 10.3.2.2]. Note that the parameters (κ, θ, σ) defined in (4.40) satisfy

the Feller condition (2κθ≥σ2). The duration of the loan (T = 30 years) is standard for a

fixed-rate mortgage in the United States. The fixed and proportional transaction costs are

also typical for a US-based mortgage.

In Figure 5.16, we plot Js and Jb using the expressions of the selling and buying value function

(4.28), and (4.31). Note that Jb(r) is an increasing function of r because the short term home

price is inversely related to interest rate. Likewise, the function Js(r) is a decreasing function

of r. Next, using (C.11) and (C.14), we obtain numerically the selling and buying threshold

rs ≈ 0.026 and rb ≈ 0.167. We plot the probability density function of τ ∗b , the length of time

the investor waits before buying, the probability density function of τ ∗s , the length of time

the investor holds a home before selling, and the probability density function of τ ∗b + τ ∗s , the

sum of both waiting times in Figure 5.19. Finally, in order to compute the expected length

of time the investor waits before buying a home and the expected length of time the investor

holds a home before selling it, assuming he follows the optimal strategies, we truncate the

infinite sums in (4.37) and (4.38) at 100 terms and obtain

E
(
τ ∗b

∣∣∣R0 = r < rb

)
≈ 8.10,E

(
τ ∗s

∣∣∣R0 = rb

)
≈ 11.30,E

(
τ ∗b + τ ∗s

∣∣∣R0 = r
)
≈ 19.41.(4.41)

These expectations are shown as vertical bars in their respective graphs in Figure 5.19.
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4.6 Future Research

Currently, our modeling allows the investor to purchase and sell a single home. We can

instead consider the possibility of the investor buying and selling a home multiple times.

Specifically, suppose that the dynamics of home value is given in (4.3) and the investors buys

the i-th home at time τb,i and sells it at time τs,i, where τb,1 < τs,1 < τb,2 < τs,2 < . . .. Let

τ = (τb,1, τs,1, τb,2, τs,2, . . .). We formulate the repeated optimal buying and selling function J

using cost of home purchase (4.5) and revenue from home sale (4.6) and apply the discounting

as follow

J(r) = sup
τ∈T

E
[ ∞∑

k=1

(
e−χ

∫ τs,k
0 Rsds(Vτs,k(1− δs)−Ks,τs,k)

− e−χ
∫ τb,k
0 Rsds(Vτb,k(1 + δb) +Kb,τb,k)

)∣∣∣R0 = r
]
.

Similar repeated buying and selling problems have been addressed in [24] and [83].

4.7 Conclusion

In this paper, we have provided an expression for home prices as a function of risk-free

rate of interest and its time integral, and the rate of wage growth. In this setting, we have

considered an investor who wishes to maximize the discounted expected profit from buying a

home and selling it at a later time. Using the expression of home prices, we have defined the

optimal home buying and selling problems as a nested optimal stopping problem, for which

its value function and optimal stopping rule can be characterized using a nonnegative concave

majorant approach. When the risk-free rate of interest is modeled by a CIR process, we have

provided an explicit characterization of the optimal buying and selling times. Additionally,

in the case of CIR interest rates, we have analyzed the expected time the investor waits before

buying as well as the expected time the investor waits before selling a home, assuming he

follows the optimal buying and selling strategies. In future work, we plan to extend our

results to include a scenario where the investor repeatedly buys and sells homes.
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Chapter 5

FIGURES
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Figure 5.1: For the Vasicek short-rate model described in Section 3.4.1, we plot implied

volatility Σ as a function of t with the maturity date of the options fixed at T = 0.5 and

with the maturity date of the underlying bond taking the following values T = {1, 3, 5, 10},

which correspond to the blue, orange, green, and red curves, respectively. The following

model parameters remained fixed: κ = 0.9, δ =
√
0.033, and θ = 0.08

0.9
.
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Figure 5.2: For the CIR short-rate model described in Section 3.4.2, we plot exact implied

volatility Σ and approximate implied volatility Σn up to order n = 2 as a function of log-

moneyness k−x with the maturity date of the bond fixed at T = 2 and with the maturity of

the option taking the following values T = { 1
12
, 1
4
, 1
2
, 3
4
}. The zeroth, first, and second order

approximate implied volatilities correspond to the orange, green and red curves, respectively,

and the blue curve correspond to the exact implied volatility. The following parameters,

which were taken from [26, Example 10.3.2.2], remained fixed t = 0, κ = 0.9, δ =
√
0.033,

θ = 0.08
0.9

, y = 0.08.
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Figure 5.3: For the CIR short-rate model described in Section 3.4.2, we plot the absolute

value of the relative error of our second order implied volatility approximation |Σ2−Σ|/Σ as a

function of log-moneyness (k−x) and option maturity T . The horizontal axis represents log-

moneyness (k−x) and the vertical axis represents option maturity T . Ranging from darkest

to lightest, the regions above represent relative errors in increments of 0.2% from < 0.2% to

> 1.4%. The maturity date of the bond is fixed at T = 2. The following parameters, which

were taken from [26, Example 10.3.2.2], remained fixed t = 0, κ = 0.9, δ =
√
0.033, θ = 0.08

0.9
,

y = 0.08.
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Figure 5.4: For the 2-D CIR short-rate model described in Section 3.4.3, we plot exact

implied volatility Σ and approximate implied volatility Σn up to order n = 2 as a function

of log-moneyness k − x with the maturity date of the bond fixed at T = 2 and with the

maturity of the option taking the following values T = { 1
12
, 1
4
, 1
2
, 3
4
}. The zeroth, first, and

second order approximate implied volatilities correspond to the orange, green and red curves,

respectively, and the blue curve correspond to the exact implied volatility. The following

parameters remained fixed t = 0, κ1 = κ2 = 0.9, δ1 = δ2 =
√
0.033, θ1 = θ2 = 0.08

0.9
,

y1 = y2 = 0.04.
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Figure 5.5: For the 2-D CIR short-rate model described in Section 3.4.3, we plot the absolute

value of the relative error of our second order implied volatility approximation |Σ2−Σ|/Σ as a

function of log-moneyness (k−x) and option maturity T . The horizontal axis represents log-

moneyness (k−x) and the vertical axis represents option maturity T . Ranging from darkest

to lightest, the regions above represent relative errors in increments of 0.1% from < 0.1%

to > 0.8%. The maturity date of the bond is fixed at T = 2. The following parameters

remained fixed t = 0, κ1 = κ2 = 0.9, δ1 = δ2 =
√
0.033, θ1 = θ2 =

0.08
0.9

, y1 = y2 = 0.04.
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Figure 5.6: For the Fong-Vasicek short-rate model described in Section 3.4.4, we plot the

approximate implied volatility Σ2 as a function of log-moneyness k − x with the maturity

date of the bond fixed at T = 2, with the maturity of the option taking the following values

T = { 1
12
, 1
4
, 1
2
, 3
4
} and with the correlation parameter taking values ρ = {−0.7,−0.3, 0.3, 0.7}

corresponding to the blue, orange, green and red curves respectively. The following model

parameters remained fixed in all four plots t = 0, κ1 = κ2 = 0.9, δ2 =
√
0.08, θ1 = θ2 = 0.08,

y2 = 0.08.
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Figure 5.7: For the QOU model described in Section 3.5, we plot exact implied volatility Σ

and approximate implied volatility σn up to order n = 2 as a function of log-moneyness k−x

with the initial date and settlement date of the caplet is fixed at t = 0 and T = 2, respectively,

and with the reset date of the caplet taking the following values T = { 1
64
, 1
32
, 1
16
, 1
8
}. The

zeroth, first, and second order approximate implied volatilities correspond to the orange,

green and red curves, respectively, and the blue curve corresponds to the exact implied

volatility. The following parameters remained fixed: q = 0, κ = 0.9, θ = 0.25
0.9

, δ = 0.2

, y =
√
0.08.
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Figure 5.8: For the QOU model described in Section 3.5, we plot the exact implied volatility σ

and approximate implied volatility σn up to order n = 2 as a function of log-moneyness k−x

with the initial date and settlement date of the caplet is fixed at t = 0 and T = 2, respectively,

and with the reset date of the caplet taking the following values T = { 1
64
, 1
32
, 1
16
, 1
8
}. The

zeroth, first, and second order approximate implied volatilities correspond to the orange,

green and red curves, respectively, and the blue curve corresponds to the exact implied

volatility. The following parameters remained fixed: κ = 0.045, δ =
√
0.035, y =

√
0.08,

θ = q = 0.
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Figure 5.9: For the QOU model described in Section 3.5, we plot the absolute value of the

relative error of our second order implied volatility approximation |σ2−σ|/σ as a function of

log-moneyness k − x and caplet reset date T . The horizontal axis represents log-moneyness

k − x and the vertical axis represents caplet reset date T . Ranging from darkest to lightest,

the regions above represent relative errors in increments of 0.002 from < 0.002 to > 0.018.

The initial date and settlement date of the caplet is fixed at t = 0 and T = 2, respectively.

The following parameters remained fixed: q = 0, κ = 0.9, θ = 0.25
0.9

, δ = 0.2, y =
√
0.08.
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Figure 5.10: For the QOU model described in Section 3.5, we plot the absolute value of the

relative error of our second order implied volatility approximation |σ2−σ|/σ as a function of

log-moneyness k − x and caplet reset date T . The horizontal axis represents log-moneyness

k − x and the vertical axis represents caplet reset date T . Ranging from darkest to lightest,

the regions above represent relative errors in increments of 0.005 from < 0.005 to 0.03. The

initial date and settlement date of the caplet is fixed at t = 0 and T = 2, respectively. The

following parameters remained fixed: κ = 0.045, δ =
√
0.035, y =

√
0.08, θ = q = 0.
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Figure 5.11: Using the parameters Φ∗ given in (3.6), we plot the fitted simple forward rate

curve LT,T+τ
t (Φ∗) along with Li, the forward LIBOR curve data on the 18 November 2008

where t = 0 and τ = 1
2
are fixed. The horizontal axis represents T in years and the vertical

axis represents the simple forward rate.
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Figure 5.12: For the QOU model described in Section 3.5, we plot the exact implied volatility

σ and approximate implied volatility σn up to order n = 2 as a function of log-moneyness k−x

with the initial date and settlement date of the caplet is fixed at t = 0 and T = 2, respectively,

and with the reset date of the caplet taking the following values T = { 1
64
, 1
32
, 1
16
, 1
8
}. The

zeroth, first, and second order approximate implied volatilities correspond to the orange,

green and red curves, respectively, and the blue curve corresponds to the exact implied

volatility. The parameters (κ, θ, δ, q, y) = (κ∗, θ∗, δ∗, q∗, y∗) are given by (3.6).
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Figure 5.13: For the QOU model described in Section 3.5, we plot the absolute value of the

relative error of our second order implied volatility approximation |σ2−σ|/σ as a function of

log-moneyness k − x and caplet reset date T . The horizontal axis represents log-moneyness

k − x and the vertical axis represents caplet reset date T . Ranging from darkest to lightest,

the regions above represent relative errors in increments of 0.002 from < 0.002 to 0.012. The

initial date and settlement date of the caplet is fixed at t = 0 and T = 2, respectively. The

parameters (κ, θ, δ, q, y) = (κ∗, θ∗, δ∗, q∗, y∗) are given by (3.6).
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Figure 5.14: We plot, from January 2019 to January 2021, the Monthly S&P/Case-Shiller

U.S. National Home Price Index [1] in orange with the scale on the right vertical axis, and

Weekly 30-Year Fixed Rate Mortgage Average in the United States [2] in blue with the scale

on the left vertical axis. Note that decreasing the federal mortgage rate has an effect of

increasing the home price index during this short-term period.
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Figure 5.15: The graph shows, from January 2019 to January 2021, the Overnight Bank

Funding Rate in percentage. Note the sharp drop in the funding rate in the shaded area.
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Figure 5.16: We plot the optimal selling and buying functions Js(r) and Jb(r) when the

interest rate is modeled by CIR process using (4.28) and (4.31) as a function of risk-free rate

of interest r where 0 < r < 1 using parameters defined in (4.40). We numerically solved for

the selling and buying threshold using (C.11) and (C.14) to obtain rs ≈ 0.026 and rb ≈ 0.167

which is shown as red points in each respective graph.
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Figure 5.17: We plot the graphs of the functions hs(q) defined in (4.27) and its NCM ĥs(q)

defined in (C.12) using parameter (4.40) for −2.5 < q < 0. The red point shows the point qs

which is numerically solved from (C.9), and the orange point shows the inflection point q∗s

of hs which is numerically solved using the expression of h′′s in (4.26).
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Figure 5.18: We plot the graphs of the functions hb(q) defined in (4.30) and its NCM ĥb(q)

defined in (C.13) using parameter (4.40) for −2.5 < q < 0. The red point shows the critical

point qb of hb which is solved numerically using the expression h′b in (4.25) and orange point

shows the inflection point q∗b of hb which is numerically solved using the expression of h′′b in

(4.26).
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Figure 5.19: The following plots used r = 0.08 and other parameters from (4.40). The

selling and buying threshold rs and rb are calculated numerically using (C.11) and (C.14)

to obtain rs ≈ 0.026 and rb ≈ 0.167. We plot the density of the length of time the investor

waits before buying pτ∗b (t; r) defined in (4.33) for 0 < t < 20 using the first 100 terms of the

truncated infinite sum. The density of the length of time the investor waits before selling

pτ∗s (t; rb) defined in (4.34) for 0 < t < 30 is also plotted using the first 100 terms of the

truncated infinite sum. Lastly, the density of the total time the investor waits to buy and

sell a home pτ∗b +τ∗s (t; r) defined in (4.39) for 0 < t < 50 is plotted using the first 100 indices

in the truncated double infinite sum, giving a total of 10000 terms for the approximation.

The expectations for each of the random variable calculated in (4.41) are shown as a vertical

red bar in the respective graphs.
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Appendix A

EXPLICIT EXPRESSIONS FOR σ0, σ1 AND σ2

In this Appendix we give the expressions for the implied volatility approximation using

(3.19) and (3.20) explicitly up to second order for d = 1 in terms of the coefficients c,f ,g, and

h of Ã, given in (2.47) and (2.53), by performing Taylor’s series expansion of the coefficients

around z̄(t) = (x, y). To ease the notation, we define

χi,j(t) ≡ χi,j(t, x, y) =
∂ix∂

j
yχ(t, x, y)

i!j!
, χ ∈ {c, f, g, h}.

The zeroth order term σ0 is given by

σ0 =

√
2

T − t

∫ T

t

ds c0,0(s).

Next, let us define

Hn(Θ) :=
( −1

σ0
√

2(T − t)

)n
Hn(Θ), Θ :=

x− k − 1
2
σ2
0(T − t)

σ0
√

2(T − t)
.

where Hn(Θ) is the nth-order Hermite polynomial. Then the first order term σ1 is given by

σ1 = σ1,0 + σ0,1,

where σ1,0 and σ0,1 are given by

σ1,0 =
1

(T − t)σ0

∫ T

t

ds c1,0(s)

∫ s

t

dq c0,0(q)
(
2H1(Θ)− 1

)
,

σ0,1 =
1

(T − t)σ0

∫ T

t

ds c0,1(s)
(∫ s

t

dq f0,0(q) +

∫ s

t

dq h0,0(q)H1(Θ)
)
.

Lastly, the second order term σ2 is given by

σ2 = σ2,0 + σ1,1 + σ0,2,
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where the terms σ2,0, σ0,2, σ1,1 are given by

σ2,0 =
1

(T − t)σ0

(
1

2

∫ T

t

ds c2,0(s)
(
(

∫ s

t

dq c0,0(q))
2(4H2(Θ)− 4H1(Θ) + 1)

+ 2

∫ s

t

dq c0,0(q)
)
+

∫ T

t

ds1

∫ T

s1

ds2 c1,0(s1)c1,0(s2)
(∫ s1

t

dq1 c0,0(q1)

∫ s2

t

dq2 c0,0(q2)

×
(
4H4(Θ)− 8H3(Θ) + 5H2(Θ)−H1(Θ)

)
+

∫ s1

t

dq1 c0,0(q1)
(
6H2(Θ)− 6H1(Θ) + 1)

))
−
σ2
1,0

2

(
(T − t)σ0(H2(Θ)−H1(Θ)) +

1

σ0

)
,

σ0,2 =
1

(T − t)σ0

(
1

2

∫ T

t

ds c0,2(s)

((∫ s

t

dq h0,0(q)
)2
H2(Θ)

+ 2

∫ s

t

dq1 h0,0(q1)

∫ s

t

dq2 f0,0(q2)H1(Θ) + (

∫ s

t

dq f0,0(q))
2 + 2

∫ s

t

dq g0,0(q)

)
+

∫ T

t

ds1

∫ T

s1

ds2 c0,1(s1)c0,1(s2)

(∫ s1

t

dq1 h0,0(q1)

∫ s2

t

dq2 h0,0(q2)H4(Θ)

+
(∫ s1

t

dq1 f0,0(q1)

∫ s2

t

dq2 h0,0(q2) +

∫ s1

t

dq1 h0,0(q1)

∫ s2

t

dq2 f0,0(q2)

−
∫ s1

t

dq1 h0,0(q1)

∫ s2

t

dq2 h0,0(q2)
)
H3(Θ)

+
(
2

∫ s1

t

dq g0,0(q) +

∫ s1

t

dq1 f0,0(q1)

∫ s2

t

dq2 f0,0(q2)

−
∫ s1

t

dq1 f0,0(q1)

∫ s2

t

dq2 h0,0(q2)−
∫ s2

t

dq1 f0,0(q1)

∫ s1

t

dq2 h0,0(q2)
)
H2(Θ)

−
(
2

∫ s1

t

dq g0,0(q) +

∫ s1

t

dq1 f0,0(q1)

∫ s2

t

dq2 f0,0(q2)
)
H1(Θ)

)
+

∫ T

t

ds1

∫ T

s1

ds2 f0,1(s1)c0,1(s2)
(∫ s1

t

dq h0,0(q)H1(Θ) +

∫ s1

t

dq f0,0(q)
)

+

∫ T

t

ds1

∫ T

s1

ds2 h0,1(s1)c0,1(s2)
(∫ s1

t

dq h0,0(q)H2(Θ) +

∫ s1

t

dq f0,0(q)H1(Θ)
))

−
σ2
0,1

2

(
(T − t)σ0(H2(Θ)−H1(Θ)) +

1

σ0

)
.
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σ1,1 =
1

(T − t)σ0

(
1

2

∫ T

t

ds c1,1(s)

(
2

∫ s

t

dq1 c0,0(q1)

∫ s

t

dq2 h0,0(q2)H2(Θ)

+

∫ s

t

dq1 c0,0(q1)(2

∫ s

t

dq2 f0,0(q2)−
∫ s

t

dq2 h0,0(q2))H1(Θ)

−
∫ s

t

dq1 c0,0(q1)

∫ s

t

dq2 f0,0(q2) +

∫ s

t

dq1 h0,0(q1)

)
+

∫ T

t

ds1

∫ T

s1

ds2 c1,0(s1)c0,1(s2)

(
2

∫ s1

t

dq1 c0,0(q1)

∫ s2

t

dq2 h0,0(q2)H4(Θ)

+

∫ s1

t

dq1 c0,0(q1)
(
2

∫ s2

t

dq2 f0,0(q2)− 3

∫ s2

t

dq2 h0,0(q2)
)
H3(Θ)

+ (

∫ s1

t

dq c0,0(q)(

∫ s2

t

dq h0,0(q)− 3

∫ s2

t

dq f0,0(q)) +

∫ s1

t

dq h0,0(q)
)
H2(Θ)

+
(∫ s1

t

dq1 c0,0(q1)

∫ s2

t

dq2 f0,0(q2)−
∫ s1

t

dq1 h0,0(q1)
)
H1(Θ)

)
+

∫ T

t

ds1

∫ T

s1

ds2 c0,1(s1)c1,0(s2)

(
2

∫ s1

t

dq1 h0,0(q1)

∫ s2

t

dq2 c0,0(q2)H4(Θ)

+
(
2

∫ s1

t

dq1 f0,0(q1)− 3

∫ s1

t

dq1 h0,0(q1)
)∫ s2

t

dq2 c0,0(q2)H3(Θ)

+
(( ∫ s1

t

dq1 h0,0(q1)− 3

∫ s1

t

dq1 f0,0(q1)
) ∫ s2

t

dq2 c0,0(q2)

+ 3

∫ s1

t

dq1 h0,0(q1)
)
H2(Θ)

+
(∫ s1

t

dq1 f0,0(q1)(2 +

∫ s2

t

dq2 c0,0(q2))− 2

∫ s1

t

dq1 h0,0(q1)
)
H1(Θ)

−
∫ s1

t

dq1 f0,0(q1)

)
+

∫ T

t

ds1

∫ T

s1

ds2 f1,0(s1)c0,1(s2)

∫ s1

t

dq1 c0,0(q1)
(
2H1(Θ)− 1

)
+ 2

∫ T

t

ds1

∫ T

s1

ds2 h1,0(s1)c0,1(s2)

∫ s1

t

dq1 c0,0(q1)
(
2H2(Θ)−H1(Θ)

))
− σ1,0σ0,1

(
(T − t)σ0(H2(Θ)−H1(Θ)) +

1

σ0

)
,

Note that, although H3(Θ) and H4(Θ) appear in the expressions for σ2,0, σ1,1 and

σ0,2, the 3rd and 4th order terms in k − x cancel the 3rd and 4th order terms resulting

from {σ2
1,0H2(Θ), σ2

1,0H1(Θ)}, {σ0,1σ1,0H2(Θ), σ0,1σ1,0H1(Θ)}, and {σ2
0,1H2(Θ), σ2

0,1H1(Θ)},
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respectively, resulting in a second order implied volatility expansion that is quadratic in

k − x.
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Appendix B

EXPRESSIONS FOR F , G1 AND G2 IN THE FONG-VASICEK
SETTING

We can derive from (3.37) and (3.38) that

F(t;T ) = κ1θ1

∫ T

t

dsG1(s;T ) + κ2θ2

∫ T

t

dsG2(s;T ),

G1(t;T ) =
1− e−κ1(T−t)

κ1
,

and from (3.39) that

G2(t;T ) =
e−κ1(T−t)

δ22κ
3
1

((
ᾱ1 + ᾱ2e

κ1(T−t)
)

+
β̄λ̄U

(
Φ̄ + 1, Ψ̄ + 1, e−κ1(T−t)ζ̄

)
+ γ̄M

(
Φ̄ + 1, Ψ̄ + 1, e−κ1(T−t)ζ̄

)
λ̄U
(
Φ̄, Ψ̄, e−κ1(T−t)ζ̄

)
+M

(
Φ̄, Ψ̄, e−κ1(T−t)ζ̄

) )
,

where we have introduced constants

ᾱ = ᾱ1 + ᾱ2, ᾱ1 = δ2κ
2
1(ρ+ iρ̄),

ᾱ2 = −κ21(δ2ρ+ κ1κ2 + β̄2), β̄ = δ2
(
β̄1 + iρ̄(β̄2 + κ21)

)
,

β̄1 = δ2ρ̄
2 + ρκ1(κ1 − κ2), β̄2 =

√
(δ2ρ+ κ1κ2)2 − δ22,

Φ̄ =
Ψ̄

2
+

β̄1
2iκ21ρ̄

, Ψ̄ =
β̄2
κ21

+ 1,

ζ̄ =
iδ2ρ̄

κ21
, λ̄ = − γ̄M(Φ̄ + 1, Ψ̄ + 1, ζ̄) + ᾱM(Φ̄, Ψ̄, ζ̄)

β̄U(Φ̄ + 1, Ψ̄ + 1, ζ̄) + ᾱU(Φ̄, Ψ̄, ζ̄)
,

γ̄ = −2Φ̄κ41ζ̄

Ψ̄
.
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and where M and U are CHF of the first kind and second kind, respectively. Explicitly, we

have

M(a, b, z) =
∞∑
n=0

a(a+ 1) . . . (a+ n)

b(b+ 1) . . . (b+ n)

zn

n!
,

U(a, b, z) =
Γe(1− b)

Γe(a+ 1− b)
M(a, b, z) +

Γe(b− 1)

Γe(a)
z1−bM(a+ 1− b, 2− b, z),

where Γe is the Euler Gamma function.
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Appendix C

RELEVANT EXPRESSIONS FOR U+, U−, ĤS AND ĤB

C.1 Expressions for u+ and u−

We solve (4.21) following [14]. Consider the substitution u(r) := e−νrv(r) where

ν :=
ξ − κ

σ2
, ξ :=

√
κ2 + 2σ2(χ− γ),

then (4.21) simplifies to

rv′′(r) +
(2κθ
σ2

− 2ξ

σ2
r
)
v′(r) + 2

κθν

σ2
v(r) = 0. (C.1)

Performing the change of variable v(r) := w(ζr) where ζ := 2ξ
σ2 in (C.1) we obtain that w(r)

satisfies

rw′′(r) + (
2κθ

σ2
− r)w′(r)− κθ

σ2
(1− κ

ξ
)w(r) = 0,

which, with the shorthand α := κ
θ
σ2(1− κ

ξ
), β := 2κθ

σ2 , can be written as

rw′′(r) + (β − r)w′(r)− αw(r) = 0. (C.2)

Equation (C.2) is commonly known as Kummer’s Equation which has two independent so-

lutions w = (w+, w−) where

w+(r) =M(α, β, r) =M
(κθ
σ2

(1− κ

ξ
),
2κθ

σ2
, r
)
,

w−(r) = U(α, β, r) = U
(κθ
σ2

(1− κ

ξ
),
2κθ

σ2
, r
)
,
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and where M and U are Confluent Hypergeometric Function (CHF) of the first kind and

second kind, defined by

M(α, β, r) =
∞∑
n=0

α(α + 1) . . . (α + n)

β(β + 1) . . . (β + n)

rn

n!
,

U(α, β, r) =
Γ(1− β)

Γ(α + 1− β)
M(α, β, r) +

Γ(β − 1)

Γ(α)
r1−βM(α + 1− β, 2− β, r),

=
1

Γ(α)

∫ ∞

0

dt e−rttα−1(1 + t)β−α−1, (C.3)

and Γ is the Euler gamma function. Note that since χ > γ, then the parameters

α, β, ν, ξ are all positive. Substitute back w, v into u we obtain u =
(
u+(r), u−(r)

)
=(

e−νrw+(ζr), e
−νrw−(ζr)

)
which is the form of (4.22). It is clear that since each parameter

in the argument of CHF is positive, u+ and u− are positive. Next we will show that u+

and u− are strictly increasing and decreasing, respectively. First we establish some basic

properties of CHFs, which are well known.

Lemma C.1.1. We have that the derivatives of CHF of the first and second kind are

d

dr
M(α, β, ζr) =

αζ

β
M(α + 1, β + 1, ζr),

d

dr
U(α, β, ζr) = −αζU(α + 1, β + 1, ζr). (C.4)

Proof. We can show (C.4) by noting that

d

dr
M(α, β, ζr) =

∞∑
n=0

d

dr

α(α + 1) . . . (α + n)

β(β + 1) . . . (β + n)

ζnrn

n!

=
∞∑
n=1

α(α + 1) . . . (α + n)

β(β + 1) . . . (β + n)

ζnrn−1

(n− 1)!

=
αζ

β

∞∑
n=0

(α + 1) . . . (α + 1 + n)

(β + 1) . . . (β + 1 + n)

ζnrn

n!
=
αζ

β
M(α + 1, β + 1, r).

Using the relationship between M and U in (C.3) and the derivative formula of M , we

perform similar calculation to obtain the derivative formula for U .

Lemma C.1.2. The function u+ is increasing and the function u− is decreasing.
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Proof. Note that using (C.4) we obtain

du+(r)

dr
=

d

dr

(
e−νrM(α, β, ζr)

)
= e−νr

(
− νM(α, β, ζr) +

αζ

β
M(α + 1, β + 1, ζr)

)
= −νe−νr

(
M(α, β, ζr)−M(α + 1, β + 1, ζr)

)
= −νe−νr

∞∑
n=0

(α(α + 1) . . . (α + n)

β(β + 1) . . . (β + n)
− (α + 1) . . . (α + 1 + n)

(β + 1) . . . (β + 1 + n)

)(ζr)n
n!

= −νe−νr(α− β)
∞∑
n=0

(α + 1) . . . (α + n)

(β + 1) . . . (β + n)

( 1 + n

β(β + 1 + n)

)(ζr)n
n!

= e−νrαζ

β

κθ

σ2
(1 +

κ

ξ
)

∞∑
n=0

(α + 1) . . . (α + n)

(β + 1) . . . (β + n)

( 1 + n

β(β + 1 + n)

)(ζr)n
n!

> 0. (C.5)

This means that u+ is increasing. Note that using (C.4) we obtain

du−(r)

dr
=

d

dr

(
e−νrU(α, β, ζr)

)
= e−νr

(
− νU(α, β, ζr)− αζU(α + 1, β + 1, ζr)

)
< 0. (C.6)

Since ν, α, ζ > 0, U(α, β, ζr) > 0 and U(α+1, β +1, ζr) > 0 which is clear from the integral

representation of U in (C.3), u− is decreasing.

C.2 Expressions for ĥs and ĥb

From (4.25) and (4.26), since g is strictly increasing, we know that g′(r) > 0 and we auto-

matically have σ2ru+(r)(g
′(r))2 > 0. It remains to check the sign of (with the shorthand

r := g−1(q))

h∗(r) := u+(r)f
′(r)− f(r)u′+(r), h∗∗(r) :=

(
A− (χ− γ)r

)
f(r), (C.7)

to identify the sign of slope and convexity of h, respectively.

C.2.1 Expressions for ĥs

We first started by determining the slope of hs. From (C.7) and (4.27) we need to consider

the sign of

h∗s(r) := u+(r)f
′
s(r)− fs(r)u

′
+(r).
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Note that from Lemma C.1.2, u+(r), u
′
+(r) > 0 and it is clear that fs(r) > 0 and f ′

s(r) < 0

since fs(r) is a linear function of v(r) which we have proven in (4.4) that it is decreasing in r,

fs(r) must also be a decreasing function of r as well. Thus h∗s(r) = u+(r)f
′
s(r)−u′+(r)fs(r) <

0 and this means that the function hs is strictly decreasing.

To determine the convexity of hs we consider the sign of h∗∗s given by

h∗∗s (r) :=
(
κ(θ − r)∂r +

1
2
σ2r∂2r − (χ− γ)r

)
fs(r)

=
1

2(ρ+ r)3

(
C(1− δs)rσ

2
(
2− e−T (ρ+r)

(
ρ2T 2 + 2ρT (rT + 1) + r2T 2 + 2rT + 2

))
+ 2r(ρ+ r)2(χ− γ)

(
Ks(ρ+ r)− C(δs − 1)

(
e−T (ρ+r) − 1

))
+ 2C(δs − 1)κ(ρ+ r)(r − θ)e−T (ρ+r)

(
−eT (ρ+r) + ρT + rT + 1

) )
. (C.8)

To determine the inflection point r∗s , we solve for h∗∗s (r∗s) = 0. Due to the complexity of

this function, we numerically solved (C.8) using parameters in (4.40) which gives us that the

polynomial has only one real root r∗s ∈ (0,∞). This means that the function hs changes its

convexity at exactly one point q∗s := g(r∗s). Thus the function hs is concave on (−∞, q∗s) and

convex on (q∗s , 0).

With all this information on the slope and convexity of hs, along with the inflection point

q∗s , we can now accurately plot hs using parameters in (4.40) in Figure 5.17. Suppose that

the tangent line of hs passing through 0 intersects hs at a point
(
qs, hs(qs)

)
. We can solve

for qs from (C.9)

hs(qs)

qs
= h′s(qs). (C.9)

Substituting qs = g(rs) and using (4.25) we obtain

hs(qs)

qs
= − fs(rs)

u−(rs)
, h′s(qs) =

f ′
s(rs)u+(rs)− fs(rs)u

′
+(rs)

u′+(rs)u−(rs)− u+(rs)u′−(rs)
. (C.10)

Using (C.10) we can rewrite (C.9) in terms of rs by

u′−(rs)

u−(rs)
=
f ′
s(rs)

fs(rs)
. (C.11)
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Equation (C.11) can be solved numerically to obtain the selling threshold rs. From Figure

5.17 we can see that since qs < q∗s , the NCM of hs is the hs itself on (−∞, qs) and on (qs, 0)

it is the tangent line to hs passing through 0. With all the information we can explicitly

write ĥs as

ĥs(q) =

hs(q) q ≤ qs

q hs(qs)
qs

q > qs

. (C.12)

C.2.2 Expressions for ĥb

We first started by determining the slope of hb. From (C.7) and (4.30) we need to consider

the sign of

h∗b(r) := u+(r)f
′
b(r)− fb(r)u

′
+(r),

which is given by a piecewise function

h∗b(r) =

h
∗
11(r) r ≤ rs

h∗12(r) r > rs

,
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where

h∗11(r) := e−νrM(α, β, ζr)(fs(r)− (v(r)(1 + δb) +Kb))
′

− (fs(r)− (v(r)(1 + δb) +Kb))(e
−νrM(α, β, ζr))′

=
Ce−T (ρ+r)

(
− eT (ρ+r) + T (ρ+ r) + 1

)(
Kb(δs − 1)−Ks(δb + 1)

)
(ρ+ r)2

,

h∗12(r) := e−νrM(α, β, ζr)(fs(rs)
u−(r)

u−(rs)
− (v(r)(1 + δb) +Kb))

′

− (fs(rs)
u−(r)

u−(rs)
− (v(r)(1 + δb) +Kb))(e

−νrM(α, β, ζr))′

=
1

(ρ+ r)2(ρ+ rs)U(α, β, rsζ)(
eν(r−rs)−T (ρ+r)

(
− C(δs − 1)e−T (ρ+rs)

(
eT (ρ+rs) − 1

)
−Ks(ρ+ rs)

)
(
U(α, β, rζ)

(
− C(δb + 1)

(
(ρν + νr + 1)eT (ρ+r) − ρ(ν + T )− νr − rT − 1

)
−Kbν(ρ+ r)2eT (ρ+r)

)
+ αζ(ρ+ r)U(α + 1, β + 1, rζ)

(
C(δb + 1)

(
eT (ρ+r) − 1

)
+Kb(ρ+ r)eT (ρ+r)

)))
.

We numerically identify the critical point rb where h
∗
b(rb) = 0 using parameter (4.40). Since

h∗11 is strictly negative we know that rb > rs. Next, for the convexity of hb, we consider the

signs of

h∗∗b (r) :=
(
κ(θ − r)∂r +

1
2
σ2r∂2r − (χ− γ)r

)
fb(r).

We can write

h∗∗b (r) =

h
∗∗
11(r) r ≤ rs

h∗∗12(r) r ≥ rs

,
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where

h∗∗11(r) =
(
κ(θ − r)∂r +

1
2
σ2r∂2r − (χ− γ)r

)(
fs(r)− (v(r)(1 + δb) +Kb)

)
=

1

2(ρ+ r)3

(
Crσ2(δs + δb)e

−T (ρ+r)
(
ρ2T 2 + 2ρT (rT + 1)

− 2eT (ρ+r) + r2T 2 + 2rT + 2
)

+ 2r(ρ+ r)2(χ− γ)
(
− Cδse

−T (ρ+r) − Cδbe
−T (ρ+r) + ρ(Kb +Ks)

+ Cδs + Cδb +Kbr +Ksr
)

+ 2Cκ(ρ+ r)(δs + δb)(r − θ)e−T (ρ+r)
(
− eT (ρ+r) + ρT + rT + 1

))
h∗∗12(r) =

(
κ(θ − r)∂r +

1
2
σ2r∂2r − (χ− γ)r

)(
fs(rs)

u−(r)

u−(rs)
− (v(r)(1 + δb) +Kb)

)
= −r(χ− γ)

(eν(r−rs)U(α, β, rζ)
(C(δs−1)

(
e−T (ρ+rs)−1

)
ρ+rs

−Ks

)
U(α, β, rsζ)

+
C(δb + 1)

(
e−T (ρ+r) − 1

)
ρ+ r

−Kb

)

+
1

2
rσ2
(α(α + 1)ζ2eν(r−rs)U(α + 2, β + 2, rζ)

(C(δs−1)
(
e−T (ρ+rs)−1

)
ρ+rs

−Ks

)
U(α, β, rsζ)

+
ν2eν(r−rs)U(α, β, rζ)

(C(δs−1)
(
e−T (ρ+rs)−1

)
ρ+rs

−Ks

)
U(α, β, rsζ)

+
2αζνeν(r−rs)U(α + 1, β + 1, rζ)

(
C(δs − 1)e−T (ρ+rs)

(
eT (ρ+rs) − 1

)
+Ks(ρ+ rs)

)
(ρ+ rs)U(α, β, rsζ)

+
CT 2(δb + 1)e−T (ρ+r)

ρ+ r
+

2CT (δb + 1)e−T (ρ+r)

(ρ+ r)2
+

2C(δb + 1)
(
e−T (ρ+r) − 1

)
(ρ+ r)3

)
+ κ(θ − r)

(αζeν(r−rs)U(α + 1, β + 1, rζ)

(ρ+ rs)U(α, β, rsζ)

×
(
C(δs − 1)e−T (ρ+rs)

(
eT (ρ+rs) − 1

)
+Ks(ρ+ rs)

)
+
νeν(r−rs)U(α, β, rζ)

(C(δs−1)
(
e−T (ρ+rs)−1

)
ρ+rs

−Ks

)
U(α, β, rsζ)

− CT (δb + 1)e−T (ρ+r)

ρ+ r
−
C(δb + 1)

(
e−T (ρ+r) − 1

)
(ρ+ r)2

)
.
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Due to the complexity of the above functions, we numerically solve for the inflection point

q∗b := g(r∗b ) of hb by solving for h∗∗b (r∗b ) = 0.

With all the information above, we can now accurately plot hb using the parameters in (4.40)

in Figure 5.18, we can see that the NCM of hb is the horizontal line (note that the NCM of

an increasing function is the horizontal line of the maximum of that function) with value qb

on (−∞, qb). Since q
∗
b < qb, on (qb, 0) the graph of hb is decreasing, nonnegative and concave,

so clearly the NCM of this part of the function is hb itself. With all the information we can

write ĥb as

ĥb(q) =

hb(qb) q ≤ qb

hb(q) q > qb

, (C.13)

where qb can be solved by setting (4.25) to zero which is equivalent to

u′+(rb)

u+(rb)
=
f ′
b(rb)

fb(rb)
. (C.14)

We solve for the buying threshold rb using (C.14) and set qb = g(rb) to obtain qb.

C.3 Constant discount rate

Suppose that, for a payment Pt received at time t the investor assigns a present value of

E
(
e−χtPt

)
instead of E

(
e−χ

∫ t
0 RsdsPt

)
as in Section 4.3. Revising the processes in Section

4.3 to obtain the optimal buying and selling problems, we can see that all steps applied in

Section 4.3 can also be applied in this setting, except that the process Λ is changed to a

modified process reflecting the change in integral discounting rate to constant discounting

rate. The modified process Λ̃ = (Λ̃t)t≥0 is defined by

Λ̃t := χt− γ

∫ t

0

Rsds. (C.15)

Having the form of the modified process, we can define a modified buying value function and

selling function, J̃b and J̃s as

J̃b(r) := sup
τb∈T

E
[
e−Λ̃τbfb(Rτb)

∣∣∣R0 = r
]
, J̃s(r) := sup

τs∈T
E
[
e−Λ̃τsfs(Rτs)

∣∣∣R0 = r
]
,
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and modified optimal selling and buying strategies τ̃ ∗s and τ̃ ∗b are defined in the same way as

(4.29) and (4.32). The functions fs and fb remain unchanged and are given by (4.8) and

(4.10), respectively. In this setting, the ODE (4.15) becomes(
A− χ+ γr

)
ũ(r) = 0. (C.16)

Note that for a given generator A and constant γ, positive strictly increasing and positive

strictly decreasing solutions of (C.16) will only exist if χ is larger than some threshold value.

Remark C.3.1. Still another possible form of discounting would be for the investor to assign

a present value of E
(
e−χt−

∫ t
0 RsdsPt

)
for a payment Pt received at time t. This simply results

in the change γ → γ − 1 in (C.15).

C.3.1 CIR Interest Rate

We now focus on the case in which the interest rate R is modeled by CIR process. In this

setting, (C.16) is given by(
κ(θ − r)∂r +

1
2
σ2r∂2r − χ+ γr

)
ũ(r) = 0.

The solution ũ = (ũ+, ũ−), where ũ+ is positive strictly increasing and ũ− is positive strictly

decreasing are of the form (C.17)

ũ+(r) = e−νrM(α, β, ζr), ũ−(r) = e−νrU(α, β, ζr), (C.17)

where the parameters (α, β, ξ, ζ, ν) are defined as

α :=
κθ

σ2

(
1− κ− σ2χ/κθ

ξ

)
, β :=

2κθ

σ2
, ξ :=

√
κ2 − 2γσ2,

ζ :=
2ξ

σ2
, ν =

ξ − κ

σ2
.

Note that while the form of the functions (C.17) is the same as (4.22), the value of the

constants has been modified, reflecting the change from stochastic to constant discounting.

We would like to find a sufficient condition for positive strictly increasing solutions ũ+ and



114

positive strictly decreasing solutions ũ− to exist. To this end, we note that the derivative of

ũ+ can be written using (C.5) as

du+(r)

dr
= −νe−νr(α− β)

∞∑
n=0

(α + 1) . . . (α + n)

(β + 1) . . . (β + n)

( 1 + n

β(β + 1 + n)

)(ζr)n
n!

.

As ν < 0, ζ > 0, the derivative is guaranteed to be positive if α > β > 0, which is equivalent

to

χ >
β

2

(
κ−

√
κ2 − 2γσ2

)
.

Thus, if χ is large enough, ũ+ will be strictly increasing. Performing similar analysis using

the derivative of u− in (C.6), we can see that this condition is also sufficient to guarantee ũ−

is decreasing.
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