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Flow separation is encountered in many engineering devices, e.g., turbines, diffusers, wings
and aftbodies of aircrafts. The physical mechanisms of separated turbulent boundary layers
over curved walls are not yet well understood. The main objectives of the present study are
to: (i) develop an efficient numerical methodology to perform direct numerical simulations
(DNS) of spatially-developing turbulent boundary layers (SDTBLs) over curved walls, and
(ii) enhance our knowledge on the dynamics of turbulence in SDTBLSs separating over curved
walls.

To achieve these objectives, we have developed a new pressure-correction method, called
FastRK3, for simulating incompressible flows over curved walls. FastRK3 solves the incom-
pressible Navier-Stokes (NS) equations written in orthogonal curvilinear coordinates. The
orthogonal formulation of the NS equations substantially reduces the computational cost of
the flow solver and the numerical stencils of its second-order finite difference discretization
mirror that of the Cartesian formulation. This property allows us to develop an FFT-based
Poisson solver for pressure, called FastPoc, for those cases where the components of the
metric tensor are independent of one spatial direction: surfaces of linear translation (e.g.,
curved ramps and bumps) and surfaces of revolution (e.g., axisymmetric shapes). Our re-

sults show that the new FFT-based Poisson solver, FastPoc, is thirty to sixty times faster



than the multigrid-based linear solver, and the new flow solver, FastRK3, is overall four to
seven times faster when using FastPoc rather than multigrid. FastRK3 is an explicit, three-
stage, third-order Runge-Kutta based projection-method which requires solving the Poisson
equation for pressure only once per time step. We show theoretically and numerically that
(i) FastRK3 has the same temporal order of accuracy for pressure and velocity as the stan-
dard RK3 method for both free-shear and wall-bounded flows when the RK3 coefficients and
the pressure extrapolation scheme satisfy specific conditions herein theoretically derived, (ii)
FastRK3 is third-order accurate in time for velocity and second-order accurate in time for
pressure for free-shear flows, and (iii) FastRK3 is second-order accurate in time for veloc-
ity and pressure for ‘stiff’ wall-bounded flows. In summary, given that the computational
mesh satisfies the property of orthogonality, FastRK3 simulates flows over curved walls with

second-order accuracy in both space and time.

Using FastRK3, we perform DNS of a SDTBL separating over a curved wall. We validate
FastRK3 by comparing our numerical results with published experiments. For the first time,
we derive the budget equations of the turbulence kinetic energy and of the Reynolds stresses
in orthogonal coordinates, and report the results from our DNS. We study the dynamics of
turbulence of the separated flow over the curved wall by analyzing these budget equations.
Our analysis shows that, in the separated region over the curved ramp, the TKE production
occurs through the production of (u?) as well as (v?), in contrast to a ZPG SDTBL where
the TKE production is mostly through the production of (u?). In the curved ramp region,
the viscous diffusion and dissipation of (v?) and —(uv) are not zero at the wall, unlike that
for both a ZPG SDTBL over a flat-plate as well as a pressure-gradient induced turbulent
flow separation over a flat plate. And, the curved ramp region of the flow is characterized by
enhanced transport of the Reynolds stresses compared to those of the upstream ZPG SDTBL
due to the mixing layer created in the flow by the flow separation. Finally, our results have

shown, for the first time, that the Reynolds stress profiles and budgets in the orthogonal



curvilinear coordinates are very similar to those in the APG region of the ‘pressure-gradient
induced flow separation’ in a flat-plate turbulent boundary layer. Such a comparison is
only possible because (i) we employ a structured orthogonal grid over the curved ramp
in our simulations, and (ii) FastRK3 solves the governing equations written in orthogonal

curvilinear coordinates.
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Chapter 1

INTRODUCTION
1.1 Background and Motivation

The Paris Agreement, signed in 2016 and built upon the United Nations Framework Conven-
tion on Climate Change (UNFCCC, 2015), urges us to pursue efforts to limit the increase in
global average temperature to a maximum of 1.5°C above pre-industrial levels. The special
report by the Intergovernmental Panel on Climate Change (IPCC, 2018) recognizes that the
pathways to achieving this target will require ‘rapid and far-reaching transitions in energy,
land, urban and infrastructure (including transport and buildings), and industrial systems’.
The global aviation is predicted to account for 1.4% to 2% of the total anthropogenic warm-
ing associated to fossil fuel emissions by 2050, and if no significant emission mitigation is
implemented, the warming from the aviation sector could further increase to 5.2% by 2100
(Terrenoire et al., 2019). The growing aviation sector has been contributing to increased air
traffic and CO2 emissions, therefore further research is needed to improve the commercial
airplane design. For instance, improved design of rear-end of the aft-body of a commercial
airplane has the potential to reduce the airplane fuel consumption by as much as 1% (Lorang
& Carr, 2017). Peak performance of such devices among others, namely, turbines, diffusers,
wings and aftbodies of aircrafts, is often obtained close to flow separation, i.e., at incipient
separation (Ohlsson et al., 2010). Flow separation is referred to the flow reversal that oc-
curs when the wall shear stress vanishes due to the adverse pressure gradient (APG) over
curved bodies, and is accompanied by thickening of the boundary layer, a vortex filled wake
and increased values of wall-normal component of velocity. At the same time, separation
of turbulent boundary layers leads to degradation of performance such as increase of form

drag and lack of maneuverability. Flow separation is also significant in physiological flows,



for e.g., the occurrence of boundary layer separation in blood flow is indicative of a normal
angiogram (Nicholls et al., 1989). The prediction and control of separated flows are compli-
cated due to their unsteadiness, three-dimensionality, and vortex-filled wakes. Wilcox (2006)
regards these flows around curved objects with APG as one of the most challenging fluid
dynamics problems to predict using turbulence models. Reynolds averaged Navier-Stokes
(RANS) models fail in this regime of full separation, making RANS prediction of separated
turbulent flows unreliable (Frohlich et al., 2005; Wang et al., 2004). There is a need to
develop a deeper understanding of the physical mechanisms of separated turbulent flows to
improve the RANS models, which are also employed in wall-modeled large-eddy simulations
(WMLES) (Piomelli et al., 1989) and hybrid RANS/LES methods (Balaras & Benocci, 1994;
Balaras et al., 1996; Spalart et al., 1997).

Figure 1.1: Schematic of flow over curved wall. L is the length of the curved surface in the
streamwise direction, dy is the inflow boundary layer thickness, and (U) (y) the inflow mean

velocity profile.

Numerical methods In order to simulate turbulent flows over curved walls, the incom-
pressible Navier-Stokes (NS) equations can be transformed to a more general formulation that
allows them to be discretized in curved domains (Aris, 1962). Thus far, the incompressible
NS equations in curved domains have been solved using one of the following five techniques:

(i) complete transformation of the governing equations (Ge & Sotiropoulos, 2007); (ii) partial



transformation of the governing equations (Ge & Sotiropoulos, 2007; Choi et al., 1993; Jang
et al., 2011); (iii) finite volume method (Rosenfeld et al., 1991); (iv) finite/spectral element
methods (Fischer et al., 2008) and (v) orthogonal formulation of the governing equations
(Nikitin, 2006a). In all these techniques, the underlying numerical approach is always the
projection-method (Chorin, 1967) which requires solving a Poisson equation for pressure at
every time step for advancing the numerical solution in time. In general, the Poisson solver
is the computational bottleneck of the projection-method. The Poisson equation for pressure
is usually solved using either fast Poisson solvers, which can involve a combination of fast
Fourier transforms (FFT) and Gaussian elimination (e.g., Dodd & Ferrante (2014)), or iter-
ative methods such as multigrid methods (e.g., Jang et al. (2011)) or Krylov methods (e.g.,
Ge & Sotiropoulos (2007); Fischer et al. (2008); Nikitin (2006a)). The Poisson equation for
pressure that arises in a general curvilinear domain consists of variable coefficients and cross
derivatives. As a result, the use of fast Poisson solvers is not feasible for the techniques (i)-
(iii) mentioned above. In method (iv), finite-element or higher-order spectral basis functions
are used to solve the governing equations. However, the usage of unstructured grids in this
case requires iterative solutions to the pressure Poisson equation at every time step which
leads to high computational costs (Kooij et al., 2018). Further, the computational cost of
the iterative methods depends on problem parameters (e.g., grid stretching) and conver-
gence tolerance, while the FFT-based methods have the advantage of fixed operation count
(Dodd & Ferrante, 2014; Aithal & Ferrante, 2018). An alternative way to methods (i)-(iv)
is method (v) in which the incompressible NS equations are expressed in the orthogonal
formulation and discretized with finite-difference (Nikitin, 2006a). However, Nikitin (2006a)
solves the NS equations in the vorticity-formulation for specific orthogonal coordinates such
as cylindrical, spherical, cylindrical-elliptic and bipolar. Therefore, there is a need to develop

numerically efficient and accurate methods to simulate turbulent flows over curved walls.

Flow physics Numerical studies of flow separation in the literature fall into two categories:

(i) geometry induced flow separation and (ii) ‘pressure-gradient induced flow separation’ in



a flat plate boundary layer. Due to the significant computational challenges of simulating
turbulent flows over curved walls discussed above, the latter method is usually preferred
to study turbulent flow separation. Some examples of geometry induced turbulent flow
separation are Wu & Squires (1998); Wasistho & Squires (2005); Frohlich et al. (2005);
Ohlsson et al. (2010); Marquillie et al. (2011); Omidyeganeh & Piomelli (2013); Balakumar
et al. (2014). Mollicone et al. (2017) conducted direct numerical simulation (DNS) to study
the effects of geometry and Reynolds number on a turbulent flow over a bulge in a channel.
Recently, Balin & Jansen (2021) conducted DNS of a turbulent boundary layer separating

over a Gaussian-shaped bump and studied the relaminarization of the flow over the bump.

The seminal study of the ‘pressure-gradient induced flow separation’ in a flat plate bound-
ary layer were conducted by Spalart & Coleman (1997) and Na & Moin (1998). Lee & Sung
(2008) studied the budgets of turbulence kinetic energy (TKE) and the Reynolds stresses
for a ‘pressure-gradient induced flow separation’ in a flat plate boundary layer. Abe et al.
(2012) performed DNS of such flows at Reg = 300,600 and 985 and reported positive val-
ues of (uv) near the top of the separation bubble where the streamline curvature is convex.
Kitsios et al. (2017) studied a flat plate boundary layer on the verge of separation due to
the imposed pressure-gradient and compared the results from (a) zero pressure-gradient, (b)
mild adverse pressure gradient and (c) strong adverse pressure gradient. They study the
balance of mean momentum as well as that of the TKE. Recent DNS studies of these flows
include Abe (2017); Coleman et al. (2018). Abe (2019) used the DNS data of Abe (2017) to
study in detail the role of —(uv). More recently, Wu et al. (2020) performed DNS of a flat
plate turbulent boundary layer with induced separation and compared the characteristics of
the separation bubble for two cases with imposed suction/blowing velocity at the boundary
away from the wall: (a) with suction followed by blowing and (b) with suction only. They
found that the suction-only case exhibits the pressure gradient and Reynolds stress distribu-
tion that are in much better qualitative agreement with separated flows over airfoils and in
diffusers with respect to that produced by the suction followed by blowing case. However,

a detailed study of the budgets of the Reynolds stress tensor, and TKE in separated flows



over curved surfaces are yet to be conducted. Thus, the main goal of our proposed research
is to conduct a numerical study aimed to explain the dynamics of turbulence in a separated

turbulent flow over a curved ramp as shown in Fig. 1.1.
1.2 Objectives
The primary goals of his Ph. D. thesis are to

1. advance the state-of the-art for the simulation of turbulent flows over curved walls, and

2. enhance the understanding of the flow physics of turbulent flows separating over curved

walls.
Specifically, the objectives of the present work are

1. develop an efficient, accurate and scalable numerical methodology to perform direct

numerical simulations (DNS) of turbulent flows over curved walls,

2. develop new analytical tools such as the momentum integral equation and Reynolds
stress budget equations developed in curvilinear coordinates to study turbulent flows

over curved walls,

3. explain the physical mechanisms of a spatially-developing turbulent boundary layer
(SDTBL) over curved ramps using the budgets of turbulence kinetic energy and Reynolds

stresses.



Chapter 2
MATHEMATICAL FORMULATION

2.1 Governing equations in orthogonal curvilinear coordinates

In the present work, we choose to discretize the incompressible NS equations written in
the orthogonal coordinates rather than the general formulation in curvilinear coordinates.
In the orthogonal formulation of the NS equations, there are no cross derivatives in the
advection, diffusion, Laplacian, and gradient operators. To begin with, the absence of the
cross derivatives results in a significant reduction in the number of terms to be resolved in
the transformed NS equations. Further, the absence of the cross derivatives allows us to
develop an FFT-based Poisson solver for pressure.

The NS equations for an incompressible flow in conservative form are

V.U =0, (2.1)

ou 1
EJFV-(UU) :—;Vp+VV2U. (2.2)

In Cartesian coordinates (x = 2'e; = (z,y,2)), V = e, 0/0z + e, 0/0y + e, 0/0z is the
gradient operator, U(x,t) = Ue, + Ve, + We, is the fluid velocity, p(x,t) is the pressure. v
is the fluid kinematic viscosity, and p is the fluid density. It is convenient for our discussion
here to define the following:

(conv) =V - (UU),

(pres) = Vp, (2.3)

(visc) = vV?U.
We define a generalized curvilinear coordinate frame & = &'g; = (€, 7,¢), which correspond
to streamwise, wall-normal and spanwise directions respectively. Consider a point whose

Cartesian position vector is r as shown in Fig. 2.1. A covariant base vector corresponding



to the direction ¢! is given by

_or
= 5

gi (2.4)

The covariant basis vector defined in Eq. (2.4) is tangential to the corresponding coordinate

line £ (Hung, 2002). In Fig. 2.1, the fluid velocity U can be expressed as

where Ut and U’ are the Cartesian and contravariant components of velocity respectively,

and are related to each other as

.0t
U'=U’— 2.6
aé—]J ( )
and inversely as
.o
U'=U"—. 2.7
i (2.7)

In the generalized curvilinear coordinate frame, the governing equations (2.1) and (2.2) take

the following form (Aris, 1962):

vV, U =0, (2.8)

oU o 1. NN
- T ViU = —;g”vjp + gt VAU (2.9)

Here, V), is the covariant derivative operator, ¢ is the inverse of the metric tensor g;;
(gij9™" = 5;? , the Kronecker symbol), and Ui = (U v, W) are the contravariant components
of the velocity vector in the curvilinear coordinate frame. The covariant derivative operator

V. is defined as
Ui

VkUj:a—gk‘i‘

i, (2.10)
where I’ ;k, the Christoffel symbols of second kind are given by

i Lo |99, O9pk _ 09k

k9 ok oxd OxP (2.11)




The metric tensor, g;; which relates distance to the infinitesimal coordinate increments (Aris,

1962) is defined as

3

Ox* Ok
—~ 08" 08

It is numerically expensive to solve the fully generalized incompressible NS equations in gen-
eral curvilinear coordinates (Egs. (2.8) and (2.9)). The eighteen unique Chrisoffel symbols of
second kind are computationally expensive to be computed and stored for each grid point (Ge
& Sotiropoulos, 2007). Furthermore, as noted by Rosenfeld et al. (1991), the discrete form
of the Poisson equation for pressure using a second-order central difference scheme depends
on nineteen points. Thus, computing fast solutions of the Poisson equation is extremely
challenging. However, the fully generalized incompressible NS equations in curvilinear coor-
dinates can be greatly simplified if the axes of the coordinate system satisfy the property of

orthogonality.

91

Figure 2.1: Cartesian and curvilinear coordinates. In Cartesian coordinates, the vector

U = @ + C"ﬁ = Uex + Ve, where ex and e, are Cartesian basis vectors. In curvilinear
— R .

coordinates, U = O'F + O’E? = Ugy + Vga, where g1 and go are covariant basis vectors.



In orthogonal coordinates the off-diagonal terms of the metric tensor are identically zero:
gi; = 0,Vi # j. This results in the absence of cross derivatives in the advection, diffusion,
Laplacian, and gradient operators of the NS equations in orthogonal computational domains.
Consequently, the discrete form of the Poisson equation for pressure using a second-order
central difference scheme depends on seven points, just as in the Cartesian formulation. This
compact stencil allows us to develop an FFT-based Poisson solver, that we call FastPoc (see

Sec. 2.3). It is convenient to define scale factors (he, hy, h¢):

hf = V911,
hy = /922, (2.13)
hc = /033

The determinant of the metric tensor in orthogonal coordinates is given by:
9 = g11gaagss = hZh2h?. (2.14)

Using the property of orthogonality, the governing equations (Eqs. (2.8) and (2.9)) are sim-
plified to the following:

L [ (i) + o (var) + 2 ()| = (215

Ut
ot

+ (conv)" = —%(pres)i + (visc)’ (2.16)

where (conv)¢, (pres), and (visc)® denote the £ contravariant component of the correspond-

ing vectors in orthogonal coordinates and are given in Egs. (2.17), (2.18), and (2.20). The
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convective terms are given by

o= i [ () + 35 (o) . (o)

UV Ohe N UW 0he  V?hy, Ohy  W?h¢ Ohe
he On ' he 9C  hI 06 hE 0¢’

1 0 s 0 ~ 0 -
"= — h,UV — h,V? — h, VW
(con)” = e {ag (vamov) + a1 (vam ) + ac (v, )] o1
+f/W Ohy UV 0h, W?heOhe  UPhe Ohg '
h, OC h, 0 h2  on h2 on’
1 0 s 0 N 0 .
¢ 2
=— | = h — h — h
(eom)* = - L% (Vahow) + o (Vo) + 5 (vaheW )]
WU dhg . VW ohe  Uhe Ohe  Vhy Ohy,
he  0¢ he On h?: ¢ hg oc’
The components of the pressure gradient are
10
I3 p
pres)” = ——,
(pres) hg 0¢
1 dp
(pres)” = -5 =, (2.18)
hz on

(pres)” = h_gﬁ_g
The viscous terms are given by taking the Laplacian of velocity which can be expressed as
VU=V (V- U)-Vx(VxU)=-Vx (VxU), (2.19)

where we have used the incompressibility condition, V- U = 0. The motivation for using this
formulation Eq. (2.19), of the viscous terms is discussed in Appendix A. Using Eq. (2.19),

the components of the viscous term are
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(vise) = 2 { 9 | h, [O30) 0(h§VV)>] 9 [ he (a(th) B amgfn)‘ }
VI | 0C | hehe \ ¢ ¢ on | hehy \ € o )|
(visc)” = v {2 he 0(h727f/) B 0(h§U)> K [ he <(9(th) B G(h%f/)>_ }
VI |98 [ hehy \  O€ on 9¢ | hyhe \ O o )|
fvise)’ — L { o [ he (o) a(h{)) E) [ h, (amgm ) a(hgvv)> }
V9 | 9 [hmhe \ On ¢ 06 | hehe \ OC ¢
(2:20)

2.2 Pressure correction method: FastRK3

The governing equations in orthogonal formulation, Egs. (2.16) and (2.15), are discretized in
space on a staggered Cartesian unigrid (A = An = A¢ = 1) of the computational domain
(see Fig. 12.2 of (Fletcher, 1988)), using second-order central difference scheme Harlow &
Welch (1965):

DU +b(t) =0,

dU

where, U(t) and p(t) are the arrays of the discretized three-dimensional contravariant com-

(2.21)

ponents of velocity and pressure, respectively, D is the discretized divergence operator, b(t)
is a smooth function that accounts for unsteady boundary conditions, F' is the combined
array of discretized terms of convection C' = C(U) and diffusion VU of momentum, where

C(U) is the discrete form of V - uu and VU is the discrete form of Re™!V?u,

F(U) = C(U) + VT, (2.22)

and G is the discretized gradient operator. It should be noted that C' and by extension F
are non-linear functions of U, i.e., F(U) and C(U), whereas V is a linear operator (Re™*V?)
applied to U, i.e., VU. Note that independently of the formulation of the incompressible
NS equations used (e.g., written in Cartesian, orthogonal or generalized coordinates) and

independently from the spatial discretization used (e.g., finite difference and finite volume),
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the numerical method, FastRK3, to integrate Eq. (2.21) in time, remains the same. In
the interest of minimizing computational costs, we use an explicit scheme to integrate the
governing equations in time. The stability regions of three explicit schemes: second-order
Adams-Bashforth (AB2), second-order Runge-Kutta (RK2), and third-order Runge-Kutta
(RK3) are shown in Fig. 2.2. From numerical tests of the Stokes’ first problem (Warsi, 1993),
we observed that the second-order Adams-Bashforth scheme exhibits loss of accuracy and the
resulting solution of velocity is only first-order accurate in time. Also, second-order explicit
schemes are unconditionally unstable for pure convection systems when spatial discretization
is performed using the second-order central difference scheme. The stability regions of the
second-order schemes, AB2 and RK2 shown in Fig. 2.2, do not include any segment of the
imaginary axis (Hirsch, 1990). As noted by Le & Moin (1991) (LM), the stability of such
schemes depends on the viscous term and the Reynolds number. In contrast, the RK3 scheme
is conditionally stable for pure convection since the stability region intersects the imaginary
axis at Im(AAt) = £+/3 as shown in Fig. 2.2. Further, the RK3 scheme has a higher stability
limit for pure diffusion since the point of intersection of its stability region with the real axis
lies to the left of the other two schemes. Therefore, we propose and use a three-stage RK3
scheme for time integration in this work. Runge-Kutta schemes usually require the solution
to the Poisson equation for pressure at each stage (Sanderse & Koren, 2012). The LM method
(Le & Moin, 1991) is a semi-implicit, three-stage Runge-Kutta based method, in which the
Poisson equation for pressure is solved only at the final stage, and which is claimed to be
second-order accurate in time for velocity. We start from the idea of the LM method (Le &
Moin, 1991) of solving the Poisson equation for pressure only once per time step to develop
an explicit, third-order accurate in time, Runge-Kutta based pressure-correction method.

For an explicit RK3 scheme, the Butcher tableau (Butcher, 2016) is given by
010
Co a921 0

(2.23)
c3 | agr aszx 0
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Figure 2.2: Stability regions for the explicit schemes: second-order Adams-Bashforth (AB2),
second-order Runge-Kutta (RK2), and third-order Runge-Kutta (RK3)

Note that ©+ = 1,2, 3 corresponds to the three stages of the RK3 scheme where the numerical
solution is advanced in time from ¢, to t,,; with the time of each i-stage as t; = t,, + ¢; At,
where At = t,, 1 —t,. We define a shifted coefficient matrix a and a shifted vector ¢ similarly

to SK (Sanderse & Koren, 2012):

a921 0 0 Co
a=lay azp 0[; C€=|c|- (2.24)
by by b 1

For the pressure-correction method (Harlow & Welch, 1965), the solution algorithm begins
with the computation of the approximate velocity field U*, which is not divergence free.
U, and U, denote the divergence-free velocity fields at t,, and ¢, 1, respectively. At each
stage i of the RK3 scheme, U} denotes the approximate velocity field, U; the divergence-free
velocity field, and ¢; the pressure-like scalar field. Sanderse & Koren (2012) note that ¢ is a

first-order approximation of the pressure p, therefore, ¢; is a second-order approximation of
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the pressure p at ¢, + ¢;At/2:

¢i =D (tn + é’f) +0 (A%, (2.25)

Standard RK3 U, Ui*, F; and ¢; are the arrays of discretized velocity fields, approximate
velocity fields, flux terms and the pressure-like scalar fields, respectively, computed using the
standard RK3 scheme of SK (Sanderse & Koren, 2012) for which the governing equations

(2.21) are integrated in time as
U =U,+AtY a;;F(Uj_y) fori=123, (2.26)
j=1

where ¢ denotes the stage of RK3, and
U=Uy Uy=Up; c=0; Us=Uspy Us =0, . (2.27)

The approximate velocity fields are then projected onto a divergence free space to satisfy

Eq. (2.21), by applying the pressure-correction as

b, = U7 — e a8
P

for i=1,2,3, (2.28)

where gzgl is obtained by solving the following Poisson equation:

p
G At

DG = (DU;‘ + bi> fori=1,2,3, (2.29)

and, thus, three times per time step.

FastRK3 In FastRK3, in order to solve the Poisson equation for ¢ only once per time step
in FastRK3, instead of three times as in standard RK3, we compute ¢, and ¢5 by performing
a linear extrapolation of ¢ in time, using the known values of ¢,,_g and ¢,_;_g which have

been obtained as Poisson solutions of Eq. (2.34), as

o1 =1+ B+ ca)ppp— (6+ o) dp1-p, (2.30)

$2 = (14 B+ &2a) pp_p — (B + C200) Pr_1-3, (2.31)
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where, the extrapolated ¢; in the intermediate RK stages for ¢ = 1,2 are located at time
instants t = ¢, + ¢;aAt and ¢,,_g and ¢,,_1_g, solutions of the Poisson equation, are thought
as computed at t,_z = t, — fAt and t,_1_p5 = t,—1 — BAL, respectively (De Michele et al.,
2020) as shown in Fig. 2.3.

L =+
= 1
On—p T
| e I !
| 1
1 1 :
d)n_M L
: d '
I I I :
i : : |
! ! GraAt-y | :
1 1 1 1
: : S B —1
I BAt : BAL ' ' |
' ' v
tn-1-8 tn—1 tn— tn  ta [2) tny1
L--ég&At

Figure 2.3: Schematic of the general o — 3 linear extrapolation for ¢.

After extrapolating ¢; and ¢, using Egs. (2.30) and (2.31), we compute the approximate
velocity field U} as

Goj
P

U =U,+ AtY ayF (U;‘_1 — &1 At ) for i=1,2,3. (2.32)
j=1
Finally, the divergence-free velocity field at t¢,,; is obtained by applying the pressure-

correction at the final stage (set i = 3 in Eq. (2.28)), as

Gopi1
Un+1 = ;—1—1 - At%a (233)

where ¢,,11_p is obtained by solving the Poisson equation,

DGpirg = A% (DUZ .y + boya) | (2.34)

which is obtained by taking the divergence of Eq. (2.33) and imposing the divergence-free

condition for U,,.



16

For the Runge-Kutta time integration scheme, we use the coefficients for a three-stage,

third-order explicit Runge-Kutta as described by SK (Sanderse & Koren, 2012):

1 1
3 00 3

a=|-12 0|; ¢=]1 (2.35)
0 2 3 1

The pressure field p,; can then be computed using the update equation of SK (see Eq. (67)
of Sanderse & Koren (2012)), as

Pnt1 = —g {2+28+a(é+¢e)bnp—[28+a(Ci+ )} dn1-p] +4dni1-p.  (2.36)

SK (Sanderse & Koren, 2012) note that the pressure field p,; is at best second-order accu-
rate.

In summary, our new pressure-correction algorithm advances the numerical solution of
the velocity field in time by integrating Eq. (2.21) with the following steps using Eqgs. (2.32)-
(2.34):

1. At the first stage (i = 1) of FastRK3, compute F(U,), and then compute U; using
Eq. (2.32),

2. For the second stage (i = 2) of FastRK3, compute G¢; using Eq. (2.30) and F(U; —
1 AtG ¢y ), and then compute Uj using Eq. (2.32),

3. At the third stage (i = 3) of FastRK3, compute G¢o using Eq. (2.31) and F(U; —
CoAtG ), and then compute Uy, = Us using Eq. (2.32),

4. Compute ¢n41-5 by solving the Poisson equation (2.34) using U, , and a Poisson

solver, e.g., the FastPoc method described by Aithal & Ferrante (2020) and in Sec. 2.3,

5. Compute U,;; using Eq. (2.33), and, if the pressure is desired for post-processing,
compute p,4; using Eq. (2.36).
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In order to perform the computations in parallel, the computational domain is decomposed
such that the data is distributed in memory in the n-direction and contiguous in memory
among computing cores in &- and (-directions. Also, we have implemented the numerical
algorithms described in this section using Fortran 90, the message passing interface (MPI),
FFTW (Frigo & Johnson, 2005), METIS (Karypis & Kumar, 2009), and HSL ME57 serial,
direct linear-solver (HSL, 2013) for the parallel FFT-based Poisson solver, FastPoc described
in Sec. 2.3.

2.2.1 Comparison of FastRK3 with LM and SK methods

The LM (Le & Moin, 1991), SK (Sanderse & Koren, 2012) and FastRK3 methods are
schematically represented in Fig. 2.4. The schematic diagrams are analogous to Fig. 1 of Le &
Moin (1991), where vertical lines correspond to the projection step which requires solving the
Poisson equation for pressure. The typical implementations of RK3-based pressure-correction
methods involve solving the Poisson equation thrice at every time step as indicated by the
three solid vertical lines in figures 2.4a and 2.4b. The LM and FastRK3 schemes (dotted
lines), on the other hand, require solution to the Poisson equation only once per time step
at the last stage of RK3 (i = 3). In contrast with the LM method, however, we use the
SK coefficients. A detailed comparison of the LM and FastRK3 algorithms are given in Ap-
pendix B. Further, we use linear extrapolation for pressure in time (Egs. (2.30) and (2.31))
whereas LM method makes use of the constant extrapolation. Furthermore, LM method
is semi-implicit, while FastRK3 is explicit. As a consequence, the time step At has to be
restricted by the convective and viscous limits to ensure numerical stability of FastRK3. The

time step At is given by

At < min <\/§Atc, Aty> : (2.37)
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where,

1
At. = min (7, i, é) : (2.38)
uv w
5A2 .
At,, = 2Zmin 2.
t, 5 (2.39)

and A, is the minimum spatial grid size and non-dimensional variables are used. It should
be noted that convective time limit At. implicitly depends on the grid resolution via the con-
travariant velocity components <U v, W) (see Eq. (2.7)). The present scheme is developed
with the purpose of computing the solution of wall-bounded turbulent flows (i.e., high Re).
The stability restriction imposed by the convective limit is more stringent than that imposed
by the viscous limit, i.e., At. < At, for those wall-bounded turbulent flows for which the
following condition is satisfied:

V3Az < %, (2.40)

Sy

where, for simplicity, we have assumed uniform grid spacing in the streamwise direction, Ax.

Note that Az and Ay, in terms of wall units, Az and A*

min?

are given by

+ +
Ax = vA ; Amin = VAmin. (241)
U+ Ur

Substituting Eq. (2.41) in Eq. (2.40) gives the upper bound of friction velocity, w.:

) Artin ’
Ur < ﬁ%, (242)

which can be evaluated using the recommended guidelines for grid spacing to resolve the
turbulence scales. Using FastRK3 vs LM has the advantage of reducing the computational

time for being explicit vs semi-implicit without reducing the time-stepping.
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Typical RK3 implementation with Uiy Typical RK3 implementation Uity
LM coefficients Uy ..---=—7:  with SK coefficients (Eq. (32)) U3
7 | Ui
U2 Un+1 U U2 Un+1
| U’n/ll///
t; tn+1 tn ty t; tnt1
(a) LM method (Le & Moin, 1991) (b) SK method (Sanderse & Koren, 2012)

Only one projection step per timestep \U*
n+1

Us =5
Ul |
: i
. U Un+1
U, Uy 2
tn tl t2 tn+1

(c) Present method, FastRK3

Figure 2.4: Schematic diagrams of RK3 based pressure-correction methods: solid line, typical
implementations with three projection steps per time step; dashed line, modified methods

with one projection step per time step

2.3 FastPoc: a parallel fast Poisson solver for orthogonal curvilinear coordi-
nates

Solution of the governing equations (2.15) and (2.16) with the projection-method described

in Sec. 2.2 requires the numerical solution of the Poisson equation for pressure (2.34). By
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expanding Eq. (2.34) in the orthogonal curvilinear coordinates, we obtain:
1 {i (hnhc 5¢n+1—5) +i (hghg 5¢n+1—5) L9 (hghn 5¢n+1—,8):| _
V9 LOE \ he 3 on \ hy on 0C \ he¢ 0C

p 1 |6 5. 4] 5 i 5,

VT {% (vate,,,) + 5 (vaU;,,.) + e (vate,..)|.  (243)

which upon dropping 1/,/g from the two sides of the equation, takes the following form:

J 5¢n+lfﬁ 0 5¢n+1fﬂ 0 5¢n+1fﬂ p
9 O (g0Pnt1=p ) , O ( OPnt1-p) _ P 9.44
5% (“ 5% ) o (ﬁ s )T\ )T a4
where
_hyhe o hehe o hehy
a = hg 9 ﬁ - hn 9 ’7 - hg Y (245)
5 5 5 (s
=5 (Vi) + g5 (Vi) + 5 (VAU ) (240

For the flows over curved surfaces here considered, such as: surfaces of linear translation
(e.g., curved ramps, Fig. D.2a, and bumps, Fig. D.2b) and surfaces of revolution (e.g.,
axisymmetric ramps, Fig. D.2c), the computational domain does not present variations in

the azimuthal ¢ direction, thus the coefficients «, £, and 7 of Eq. (2.44) are independent of
¢, ie.,

a=a(&n),
B=pEmn), (2.47)
v =7(mn).

The Poisson equation for pressure Eq. (2.44) can then be expressed as

0 OPnt1-p 0 OPnt1-p 52¢n+1—6 _ P
6_5(0‘ 5 )*%(ﬁ 5 )” e (2.48)

Eq. (2.48) is a variable-coefficient Poisson equation. Variable coefficient Poisson equations
for pressure are typically solved using multigrid methods but these are computationally more
expensive than direct FFT-based methods (e.g., Dodd & Ferrante (2014)). Thus, we have
developed a direct FFT-based Poisson solver called FastPoc to solve Eq. (2.48).



21

Using the second-order central difference scheme and omitting the explicit indication of

the time level (n + 1) of p, Eq. (2.48) is written in discretized form as
ae [O‘H%,j((bvﬂrl,j,k — Gigk) = 1 (D — ¢ifl,j,k)} +

A—nQ [ﬁi,j+%(¢i,j+l,k - ¢z’,j,k:) - 5',‘ %(@gk ¢i,j—1,k)i| + (2-49)

Vi P

A—é [Pijkr1 + Pije—1 — 20i k] = EQ’[J,’W

where «a, 3, and v depend on i, j (indices for £ and ) and do not depend on k (index for ()
in accordance with Eq. (2.47). Consequently, we can perform real-to-complex FFT along the
(-direction to reduce the three-dimensional system of linear equations to two-dimensional
systems of linear equations whose coefficient matrices, A,,, are sparse, symmetric, and neg-

ative definite as follows:

- A\ Yitdi , NYi-d o Bijer Bij—1
¢m(Z + 17]) A£22 + ¢m(Z - 17.7>A—;2 + ¢m(27] + 1) A7722 _'_pm(Z?j 1) A7722
T /. . 2’)/13 2mm P A .o
=m0 [ gy By + By + o (1= o8| 5| ) | = Snti)
(2.50)
which can be expressed in matrix notation as
Ap®ry = b, (2.51)
for m = 0,...,N; — 1, and where the overbar denotes the Fourier modes of the variable
(real-complex FFT) such that
Ne—1
2w/ —1
Gijk = Z Pm (i, 7) ch’ WN, = exp ( N ) : (2.52)

We take advantage of the Hermitian symmetry of the Fourier modes and solve for only the
non-redundant N¢/2 + 1 planes: m = 0,..., N;/2. The three-dimensional complex-valued
data is then transposed such that it is distributed in the (-direction and contiguous in the
n-direction. We have developed a 3D transpose algorithm, similarly to the all-to-all zero-

copy method of Hoefler & Gottileb (Hoefler & Gottlieb, 2010) to perform such required
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3D transpose of data among processors. The resulting two-dimensional systems of linear
equations, Eq. (2.50), are then solved using the HSL ME57 direct, serial, linear-solver (HSL,
2013) which uses the LDLT decomposition implemented using a multifrontal approach. The
method consists of factorization of the coefficient matrix A,, into L,,D,,LL factors, where
L,, are lower triangular matrices and D,, are diagonal matrices. The unknowns ¢, are
then obtained by performing forward substitutions L,,D,,z,, = b, and finally backward
substitutions L ¢ = Z,,. We use the fill-in reducing nested-dissection ordering (George,
1973; LeVeque, 2007) produced by METIS (Karypis & Kumar, 2009) for the sparse coefficient
matrices to reduce the storage and computational costs of matrix factorization. Since the
computational grid does not change during our simulations, we only need to perform the
factorization of the coefficient matrix once during the initialization stage of the algorithm.
Subsequently, we have to perform one serial forward and backward substitution each for
every Fourier mode m at every time step to solve Eq. (2.50). The algorithm to solve for

pressure, ¢,1_p in parallel is here summarized.

1. Perform real-to-complex FFT along the (-direction of the right-hand side of Eq. (2.48),

2. Transpose the three-dimensional complex-valued data from being distributed in the 7-
direction such that the resulting data is distributed in the (-direction (and contiguous
in the n-direction) since we need to solve the resulting N;/2 + 1 independent two-

dimensional systems of linear equations, Eq. (2.50), for m =0, ..., N¢/2,

3. Solve the local (to the computing core) two-dimensional systems of linear equations
for m =0, ..., N;/2 using the HSL ME57 linear-solver (HSL, 2013) by performing one

serial forward and backward substitution each for every Fourier mode m,

4. Transpose back the three-dimensional complex-valued data from being distributed
in the (-direction to being distributed in the n-direction (and contiguous in the (-

direction),
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5. Perform complex-to-real inverse FFT of the resulting data along the (-direction to

obtain ¢p41-3.

2.3.1 Comparison of FastPoc with multigrid methods

We compare the computational performance of the new direct Poisson solver FastPoc with
hypre semi-coarsening multigrid (SMG) (Falgout et al., 2006) for solving the variable coeffi-
cient Poisson equation, Eq. (2.49), to compute p. We chose the hypre SMG solver because
in our computational tests it outperformed the other solvers included in the hypre library.
Further, the hypre SMG has been shown to scale up to 100,000 cores Baker et al. (2012) and
was also used to benchmark the performance of an FFT-based fast Poisson solver in Dodd
& Ferrante (2014). We recognize that there are several multigrid methods and the present
comparison is limited to hypre SMG.

For our test cases, we simulated the laminar flow over a curved ramp (Fig. D.2a) for
which we prescribed a Blasius velocity profile Blasius (1908) at the inlet. Similarly to Dodd
& Ferrante (2014), for the multigrid solution we used the previous p field (p,) as an initial
guess of the solution p,, 11 to minimize the number of multigrid iterations. Table 2.1 shows
the number of grid points, N¢, N,, and N, in the streamwise, wall-normal, and spanwise
directions respectively, and the grid stretching parameter v as defined in Ferrante & El-
ghobashi (2004) for three test cases A-C. In order to assess the suitability of these grids to
study turbulent wall-bounded flows, we have also listed the distance of the closest grid point
to the wall n'. in terms of wall units calculated at the used values of Reg, also listed in Table
2.1. Cases B and C possess adequate grid resolutions required to perform direct numerical
simulations of spatially developing wall-bounded turbulent flows. The simulations were per-
formed on a supercomputer using Intel Xeon E5-2680v3 processors. We performed strong
scaling analysis of the two Poisson solvers for cases A and B by keeping the problem size
fixed and increasing the number of cores from 32 to 256. The hypre SMG solver required four
iterations to converge to the tolerance of 107 for all core counts. Fig. 2.5 shows the average

time taken by the two Poisson solvers to solve the discretized Poisson equation, Eq. (2.49),
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for cases A and B. We observed that the performance of the hypre SMG depends on the
degree of grid compression near the wall, determined by the grid stretching parameter ~.
For example, when we used 256 cores (16 nodes, 16 cores per node), case B required about

13% more time than case A to converge to the tolerance of 107°.

FastPoc, being a direct solver, ensures that the velocity field is divergence-free to machine
precision at each time step and at every grid point (viz., the maximum velocity divergence,
| DUy 1| max, of O(1071) or smaller). The multigrid solver, in contrast, requires lowering its
tolerance to achieve higher precision. However, we found that the hypre SMG solver was
unable to converge to the tolerance of 10~ in O(10) iterations, therefore we restricted the
tolerance for the multigrid convergence to 107!2. Table 2.2 shows the wall clock time and
the speedup of FastPoc and FastRK3 with respect to the multigrid solver for tolerances of
1079 and 1072 for case B: for |DU,11|max of O(107%) or smaller, FastPoc is about thirty
times faster than the multigrid solver and when the tolerance was reduced to | DU, 41 |max <
107'2, the speedup increases to sixty. This is because the hypre SMG solver requires twelve
iterations to converge to the tolerance of 10712, Likewise, FastRK3 is about four times faster
than the multigrid based NS solver for |[DU,, 1 1|max < 107% and about seven times faster when
the tolerance was reduced to |DU, 41 |max < 102, Table 2.2 also shows that the solution
to the Poisson equation requires more than 76% of the total solution time in the case of
the multigrid based NS solver, while FastPoc takes about 10% of the total solution time of
FastRK3.

Finally, Table 2.3 shows the total memory required by FastRK3 and the multigrid based
NS solver. For case B when 256 cores (16 nodes, 16 cores per node) were used, FastRK3 and
the multigrid solvers require about 342 GB and 336 GB of total memory, respectively. For
case C, the total memory requirement of FastRK3 was 2651 GB, when 512 cores (32 nodes,
16 cores per node) were used. In contrast, the multigrid solver was unable to initialize for
case C as the memory requirement exceeded the memory limit of 4096 GB using 512 cores
(32 nodes, 16 cores per node). Table 2.4 shows the wall clock time per time step for FastPoc

and FastRK3 for case C using 512 computing cores (32 nodes, 16 cores per node).
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Ne Ny N g Res,  Mhin
Case A 1024 256 512 0.33 19,000 3.79
Case B 1024 256 512 0.66 19,000 0.28
Case C 2048 512 1024 0.66 38,000 0.26

Table 2.1:  Number of grid points, N¢, N,, and N¢, in the streamwise, wall-normal, and
spanwise directions respectively, the grid stretching parameter v (Ferrante & Elghobashi,
2004), the location of the closest grid point to the wall in wall units 7}, for the two Reynolds

numbers Regs,, where dy is the inflow boundary-layer thickness.
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Wall time (s) per time step
Wall time (s) per time step

+—+  Multigrid +—+  Multigrid
e— FastPoc e— FastPoc
—1 X -1 L
10 10! 102 103 10 10! 102 103
No. of cores No. of cores
(a) Case A: v =0.33 (b) Case B: v = 0.66

Figure 2.5: Strong scaling of multigrid solver and FastPoc on Intel Xeon E5-2680v3 (cases
A and B)
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SMG tolerance Poisson solver FastRK3 NS solver
SMG (s) FastPoc (s) Speedup With SMG (s) With FastPoc (s) Speedup
| DUy 41| max < 1076 23.48 0.80 29.35 30.59 7.93 3.86
|DUp 41 max < 10712 48.02 0.80 60.03 55.11 7.93 6.95

Table 2.2: Wall clock time per time step (s) and speedup factor for the solution of the Poisson
equation (middle column) and the NS equations (right column) on a 1024 x 512 x 256 grid
(case B) using 256 computing cores (16 nodes, 16 cores per node) using Intel Xeon E5-2680v3.

Case B Case C

FastRK3 with multigrid 336 GB Insufficient node memory
FastRK3 with FastPoc 342 GB 2651 GB

Table 2.3: Total memory requirement for cases B (using 256 cores, 16 nodes) and C (using

512 cores, 32 nodes) of FastRK3 and multigrid based solver

FastPoc (s) FastRK3 (s)
Case C 3.44 31.7

Table 2.4: Wall clock time per time step (s) for the solution of the Poisson equation (middle
column) and the NS equations (right column) on a 2048 x 1024 x 512 grid using 512 computing
cores (32 nodes, 16 cores per node) on Intel Xeon E5-2680v3 (case C).

2.4 Temporal accuracy of FastRK3

Table 2.5 provides a summary of the RK-based projection methods in chronological order,

and their order of temporal accuracy for free-shear and wall-bounded flows. The temporal
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accuracy of RK-based projection methods for which the Poisson solver for pressure is not
solved for each stage of the RK integration method, similarly to FastRK3, depends on the
accuracy of the extrapolation of the pressure-like scalar field ¢ at the intermediate stages
of RK time integration. Le & Moin (1991) (LM) proposed a zeroth-order, i.e., constant
extrapolation of ¢ while solving the Poisson equation for pressure only once per time step
at the final stage of RK3. Capuano et al. (2016) proved numerically that the constant
extrapolation of ¢ in combination with an explicit RK3 method, using the RK coefficients
of Griffiths & Higham (2010), achieves second-order temporal accuracy for velocity of the
Taylor-Green vortex flow. Sanderse & Koren (2012) noted that the pressure-like scalar field
¢ is a first-order approximation of the pressure p and is, thus, a second-order approximation
at the midpoint of the stencil. Capuano et al. (2016) showed numerically, for a free-shear
flow, that the temporal convergence rate of the underlying RK3 method can be recovered by
using the midpoint rule while performing the linear extrapolation of ¢. Recently, De Michele
et al. (2020) analyzed numerically a family of linear extrapolation formulas to approximate
¢ at the intermediate stages of the RK method. Their general linear extrapolation formula
depends on two parameters: « and 3, as shown in Fig. 2.3. In order to advance the numerical
solution in time of At from time ¢, to t,.; with the time instant of each RK stage as
t; = t, + ¢;At, the extrapolated ¢; in the intermediate RK stages for i = 1,2 is located at
time instants ¢ = t,, + ¢;aAt where ¢; are the shifted RK3 coefficients (Sanderse & Koren,
2012). For the purpose of the extrapolation, in Fig. 2.3, ¢,,_s and ¢,,_1_g, solutions of the
Poisson equation, can be thought as computed at ¢,_3 =t,, — BAt and t,,_1_5 = t,,_1 — AL,
respectively. Through numerical tests, De Michele et al. (2020) determined that the following
a — (3 relationship,
2 5

ﬁ = —gOé + 6, (253)

has to be satisfied in order to preserve the temporal convergence rate of the underlying RK3
method for the velocity. However, a theoretical proof for the existence of such criterion,
given in Eq. (2.53), was not provided. Furthermore, Capuano et al. (2016) and De Michele

et al. (2020) reported temporal convergence results for free-shear flows and not wall-bounded
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flows (Table 2.5). Sanderse (2013) observed that there is an order reduction in the temporal
accuracy for the case of wall-bounded flows due to the ‘stiff’ nature of the governing equa-
tions. To make their point, Sanderse (2013) studied the flow through a corner using grids
with increasing refinement (see Sec. 7.3 of (Sanderse, 2013)). The computational problem
becomes increasingly ‘stiff’ as the grid is refined. The test-case with a coarse, uniform grid
showed no order reduction as the problem was non-stiff. Upon stretching the grid near the
walls, Sanderse (2013) observed order reduction due to the numerical stiffness of the flow
problem (Table 2.5). Prior to Sanderse (2013), the theoretical proof for such order reduction
was given by Hairer & Wanner (1996) and Ascher & Petzold (1998), as well, more recently
by Butcher (2016). Sanderse (2013) adopted an implicit RK method to solve the Navier-
Stokes equations, while we adopt an explicit RK method in FastRK3 (Aithal & Ferrante,
2020). The derivation for order reduction given by Hairer & Wanner (1996) is agnostic to
the type of the RK method employed, i.e., it applies to both implicit and explicit methods.
Also, Sanz-Serna et al. (1986) showed the phenomenon of order reduction, both analytically
and numerically, specifically for explicit RK methods like FastRK3. More recently, Karam
et al. (2021) also developed a family of RK-based methods that do not require solving the
Poisson equation for pressure at every stage (Table 2.5). Karam et al. (2021) developed these
methods using the Stokes equation in order to eliminate the non-linear convection terms in
the incompressible NS equations from their analytical derivation. Karam et al. (2021) re-
ported numerical results showing 3rd-order temporal accuracy for velocity in a wall-bounded
flow, i.e., the laminar channel flow (see Sec. 4.3 of (Karam et al., 2021)). However, in this
test-case, the divergence-free condition is satisfied identically, and, therefore, the r.h.s. of
the Poisson equation for pressure in the projection method is theoretically zero making this
test-case trivial. In our simulations of the laminar channel flow as in (Karam et al., 2021),
we observed that for the transient phase of the flow, the r.h.s. of the Poisson equation of
pressure, is of O(107!2) in every cell of the computational domain except at the cells next to
the inflow and outflow boundaries where it is of O(1072). Since, as we will show in Sec.2.4.1,

it is the order of the temporal accuracy of pressure that limits the order of accuracy of ve-
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locity, such test-case is trivial since the solution of the Poisson equation for pressure in the
transient phase is practically inactive (V¢? ~ 0 = V¢ ~ constant) everywhere in the flow
domain except near the inflow and outflow boundaries. Thus, we have italicized the 3™ order
temporal convergence of Karam et al. (2021) for wall-bounded flows in Table 2.5 since it was
obtained for a trivial test-case, and placed it under the non-stiff wall-bounded flows column
since it used the same Reynolds number and a uniform grid with comparable grid refinement
to the ‘non-stiff” wall-bounded case studied by Sanderse (2013).

FastRK3 was developed to perform direct numerical simulations of turbulent flows, thus,
we are primarily concerned with the temporal convergence rate for ‘stiff’ problems. In the
present work, first we derive analytically the temporal convergence rate of FastRK3, and,
then, we derive analytically the o — ( relation, Eq. (2.53), in order to preserve the temporal
convergence rate of the underlying RK3 method for the velocity. Finally, we report the
results of the numerical analysis of the temporal convergence of FastRK3 obtained from
simulating a free-shear and a ‘stiff’ wall-bounded flow, specifically, the Taylor-Green vortex
and the lid-driven polar cavity flow.

In Aithal & Ferrante (2020), for FastRK3 we used the endpoint formulation (EP) for the
extrapolation of ¢;, for i = 1,2, where ¢; were defined at t,, + ¢; At as shown in Fig. 2.6a.
Herein, for FastRK3 we use the general linear extrapolation formula for ¢, shown in Fig. 2.3
and expressed in Egs. (2.30) and (2.31). In Sec. 3.3, we report results of the temporal conver-
gence of FastRK3 using EP (a = 1, 8 = 0), midpoint formulation (MP) (o =1/2,8 = 1/2)
Capuano et al. (2016), shown in Figs. 2.6a and 2.6b, respectively, and a new extrapolation

that we call standard approximation (SA) (a = 1,5 = 1/6).

2.4.1 Theoretical analysis on the temporal accuracy of FastRKS3

In order to derive the ‘global’ temporal accuracy of FastRK3 over a period T, first, we derive
the ‘local error’ introduced in one time step to advance the solution in time from ¢, to time
tnr1. We assume that the RK3 coefficients are those provided by SK (Sanderse & Koren,

2012), who derived certain order conditions for the standard RK3 method. The way we
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Reference RK3 method Temporal order of accuracy

# of Poisson solvers Temporal Free-shear Wall-bounded

per time-step integration flows flows

Non-stiff  Stiff

Le & Moin (1991) 1 Implicit - - -
Sanderse & Koren (2012) 3 Explicit 3rd - -
Sanderse (2013) 3 Implicit 3rd 3rd 2nd
Capuano et al. (2016) 1 Explicit 3rd - -
De Michele et al. (2020) 1 Explicit 3rd - -
Karam et al. (2021) 1or2 Explicit 3rd 3r -

Table 2.5: Summary of RK3 methods for solving the incompressible Navier-Stokes equations

and their order of temporal accuracy for velocity.

derive the error introduced at each of the three stages in FastRK3, Eqgs. (2.30)-(2.34), is
by deriving its error with respect to standard RK3 of SK (Sanderse & Koren, 2012), i.e.,
Egs. (2.26)-(2.29). This approach was inspired by the proof provided by Nikitin (20066) to

study the temporal accuracy of their method.

First stage of RK3 The first stage (i = 1) of standard RK3 (Sanderse & Koren, 2012) is

given by
Us —U,
UL-U Gh
— =,
At p

= an F,
(2.54)

where, U, and U, are the arrays of discretized velocity components at t, and ¢, = t, + & At,

respectively, and U{‘ is the array of the approximate velocity at t;. E, represents the sum of
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(a) EP extrapolation scheme: o = 1,8 = 0. (b) MP extrapolation scheme: a =1/2, =1/2.

Figure 2.6: Endpoint (EP) and midpoint (MP) extrapolation schemes for ¢.

discretized convection and diffusion of momentum, Eq. (2.22), at t,, and, 1 is the array of

the discretized pressure-like scalar. Summing the two equations of Eq. (2.54) gives
L G Fy - e (2.55)

In standard RK3, in order to solve for U, using Eq. (2.55), the pseudo-pressure qu is obtained

by solving the Poisson equation

~ p ~
DGo, = L <DU* b ) , 2.56
¢1 élAt 1 + 1 ( )
where by = b(t;). Instead, in FastRK3, we use an approximation of ¢~>1 at t = t, + ciadt
computed via linear extrapolation Eq. (2.30) (i.e., ¢1 = ¢1(dn—p, dn_1-5) as depicted in

Fig. 2.3), such that the velocity array U; of FastRK3 can be evaluated at time ¢; as

u,-U, . = .G
R, - q%. (2.57)
Subtracting Eq. (2.55) from Eq. (2.57), we get
U1 — Ul . él ~
= (ngl - G¢1> . (2.58)

Therefore, the instantaneous error (U U 1) depends directly on how well ¢ is approximating

$1. Since ¢; is a linear extrapolation of ¢, we can relate G¢; and G, as

Gy — Gy = cy At + O(AL?), (2.59)
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where cg4, is a vector with no dependence on At as shown in C. In our analysis of the third
stage of FastRK3, we will determine the condition that cy, has to satisfy in order to preserve
the convergence rate of the underlying RK3 method. Substituting Eq. (2.59) in Eq. (2.58),
and by multiplying the resulting equation by At, we get

U, — U, = C—pl (co, A + O(AP)] (2.60)

which shows that the velocity U; is a second-order approximation of Uy.
Next, we derive the difference between the discretized divergence of velocity DU; and

DU,. Applying the discrete divergence operator D to Eq. (2.58) gives

DU, — DU, ¢ .
- - — 2.61
2 =D (00 -6a). (261)
and using Eq. (2.59) in Eq. (2.61) gives
DU, — DU, ¢ )
—————— = —D (¢, A A 2.62
T ; (cs, At + O(AF)) (2.62)
and, thus,
DU, — DU, ~ O(A#?), (2.63)

which shows that DU is a second-order approximation of DU.
Next, we compare the fluxes computed using FastRK3 and standard RK3, using the
definition of F given in Eq. (2.22),

F—F=[CU)-CcO))+VU, - VU,. (2.64)

Since V' is a linear operator and using Eq. (2.60), we have

VU, -V, =V [Ul - 171} ~ % [cs, A2 + O(AF)] . (2.65)

Further, since U, is a second-order approximation of U; from Eq. (2.60), it can be shown

that

C(Uy) — C(T) ~ % [Con AT + O(A1)] . (2.66)

Therefore, using Egs. (2.60), (2.65) and (2.66) in Eq. (2.64), we get

Fy— F o~ % [co, AP?] + O(AF). (2.67)
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Second stage of RK3 Next, the second stage (i = 2) of standard RK3 (Sanderse &
Koren, 2012) is given by

% = a9 F, + annFy — @%, (2.68)
where (72 is the discretized velocity at to = t,, + ¢ At. Fl represents the combined discretized
convective and diffusion of momentum, Eq. (2.22), at ¢; computed using U;, and gz~52 is the
array of discretized pseudo-pressure. Similarly to the first stage of standard RK3, the second
stage would also require solving the Poisson equation, Eq. (2.29), to obtain (;32. Instead, we
use an approximate discretized array for ¢q at t = t,, + oAt (i.e., ¢y = 9252(@71—5, ggn_l_g) as
depicted in Fig. 2.3), such that the velocity array Us of FastRK3 can be evaluated at time
to, as

u,-U, . = B .G
QT = CLQan + CL22F1 - 02%, (269)

where, F7 represents the combined discretized convective and diffusion terms computed using
Uj. Subtracting Eq. (2.68) from Eq. (2.69) results in

Uy — Uy
At

— dig <F1 - Fl) n %2 (Gggg - ng2> . (2.70)

Similarly to the first stage of FastRK3, since ¢, is a linear extrapolation of ¢, we can relate
G and G as
Gy — Gy = cyy At + O(AL?), (2.71)

where ¢y, is a vector with no dependence on At similarly to ¢4, as proved in C. In our analysis
of the third stage of FastRK3, we will determine the condition that cy, has to satisfy in order
to preserve the temporal accuracy of the underlying RK3 method. Hence, the instantaneous
error of the discretized velocity U, at ¢y is given by substituting Eqgs. (2.67) and (2.71) in
Eq. (2.70) as

U2 - ﬁg ~ % [C¢2At2} + O(Atg) (272)

and, thus,
Uy — Uy ~ O(A?). (2.73)
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Further, similarly to the first stage of FastRK3 above in Eq. (2.63), it can be shown that

the accuracy of the discretized divergence of velocity U, is given by
DU, — DU, ~ O(A#?). (2.74)

Next, we compare the fluxes computed using FastRK3 and standard RK3, using the
definition of F given in Eq. (2.22),

Fo—Fp = [C(U2) - 0(02)} + [VUQ - vUQ] . (2.75)
Similarly to the analysis in the first stage of FastRK3, using Eq. (2.72), it can be shown that
C(Us) — O(Us) ~ %2 (co, A + O(AF)] . (2.76)

Thus, using Egs. (2.65), (2.72) and (2.76) in Eq. (2.75), we get

Fy— Fy ~ 2[5, A] + O(AF), (2.77)
p

Third stage of RK3 Finally, the third stage (i = 3) of standard RK3 (Sanderse & Koren,
2012) is given by

U1 —U, _ -~ _ - Go
HT = Gao ) + g3 Fy — %, (2.78)

where Un+1 is the discretized velocity at ¢, = t,, + At, and QE3 is the array of the discretized
pseudo-pressure. Note that the discretized velocity at the third stage of RK3, Un+1, differs
from the exact velocity, denoted as U,,1, at t,.1 by O(At?) as reported in Sec. 312 of
(Butcher, 2016), i.e.,

Ups1 = Upp1 + O(AY). (2.79)

The velocity field at the third stage of FastRK3, using Eqs. (2.32) and (2.33), is given by

Ui —U, } G
HT = (o By + Az Fy — %, (2.80)

where, F represents the combined discrete convection and diffusion of momentum, Eq. (2.22),
computed using Us. It should be noted that we do solve the Poisson equation for pseudo-

pressure, ¢, only at this final stage of FastRK3. In order to compute the accuracy of the
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third stage of FastRK3, we first determine the difference (DGQ;?) — DG¢3) as shown below.
Applying the discrete divergence operator D to Eqgs. (2.78) and (2.80) gives, respectively,

DUn-i—l - DUn - DG&S

= -D (aggﬁl n a33F2> - = (2.81)
D — DU D
U"“At Un _ D (agsFy + gy ) — 2622, (2.82)
p

and, thus, using Eq. (2.21) in Eq. (2.81) and (2.82) and rearranging the terms in the resulting

equations gives the following Poisson equations for ¢3 and ¢, respectively,

DG s o= =N bapr — by
_D ( j2 F) Ontl = On 2.
P a3z f1 + G33fs | + A (2.83)
DG bn - bn
% _p (GgoFy + g3 Fy) + —H—" (2.84)

P At
Note that the solution ¢5 of Eq. (2.84) for FastRK3, varies from the solution ¢3 of Eq. (2.83)

for standard RK3 in the interior grid points, while satisfying the prescribed boundary con-
ditions. This is because the terms appearing on the r.h.s. of Eq. (2.84) are F; and F, rather
than F} and F, as in Eq. (2.83). Subtracting Eq. (2.83) from Eq. (2.84) gives
DGé3; DGy
P
Using Egs. (2.67) and (2.77) in the r.h.s. of Eq. (2.85) gives

- D [dgg(Fl ~ )+ gy (Fy — ﬁz)] . (2.85)

D DG (3¢ (i33¢
ij¢3 - i% ~D {%261 (cor AF?) + 22 (%2&2)} +0(Ar), (2.86)
and, rearranging the r.h.s. of Eq. (2.86) gives
DG DG¢s D
,0g253 B p% ~ [d32¢1Cg, + Ga3ace,] At* + O(AL). (2.87)

This result, Eq. (2.87), shows that, for general RK3 coefficients, a;; and ¢;, the difference
between DG¢ of FastRK3 and of standard RK3 is of O(A#?). However, the RK3 coefficients
we use in FastRK3, specified in Eq. (2.35) in accordance to (Sanderse & Koren, 2012), satisfy

the relation

(32¢1 = (33C3, (2.88)
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and, thus, substituting Eq. (2.88) in Eq. (2.87) gives

D DG¢s D
i% N Cj@ ~ a2t [es, + co,] AL + O(AL). (2.89)

Therefore, Eq. (2.89) shows that the accuracy of DG¢ of FastRK3 vs standard RK3 in the
third stage depends on the sum cy, + c4,, i.e., the sum of the of errors introduced by linear
extrapolations of G¢ in the first two stages of RK3, Eqgs. (2.59) and (2.71). Depending on
the type of linear extrapolation of ¢ used, the possible values of the vector coefficients cg,

and cy, are such that

Case A: ¢y, + ¢y, # 0,
Case B: ¢y, + ¢4, =0, ¢4, # 0 and ¢y, # 0 (2.90)

Case C: ¢y, = ¢4, = 0.

For cases B and C of Eq. (2.90), i.e., ¢4, + ¢4, = 0, Eq. (2.89) gives
D (G¢3 - GQE;,,) ~ O(AP). (2.91)

Equation (2.91) shows that, for the cases B and C of Eq. (2.90), the error on pressure
gradient introduced by FastRK3 (by computing the Poisson equation for pressure and using
the linear extrapolation for stage 1 and 2 for ¢;) versus the standard RK3 (for which the
Poisson equation is solved at each stage of RK3) is of third order. In Sec. 2.4.2, we show the
conditions for which the linear extrapolations of G¢ satisfy the conditions of cases B and C
of Eq. (2.90).

The instantaneous error Uy, 11 —U, 11 is computed by subtracting Eq. (2.78) from Eq. (2.80),

= 32 <F1 - F'1> + as3 (Fg - Fg) - M, (2.92)

Un+1 - Un+ 1
At

and, then, by using Eqgs. (2.67), (2.77), (2.88) and (2.91) in Eq. (2.92) gives

Un+1 - Un+1

o~ o(ar), (2.93)
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to finally give
Upit — Uns1 ~ O(ALY), (2.94)

which shows that U, is a fourth-order approximation of U, ;. Given Eq. (2.79), Eq. (2.94)
implies that U, is still a fourth-order accurate approximation of the exact velocity U, 1,
ie.,

Ups1 — Ups1 ~ O(AY). (2.95)

Thus far, we have derived the error of FastRK3 to advance the numerical solution of one
time-step. Next, we determine its global error at time 7. When the stability constraints of
the method discussed in Eq. (34) of (Aithal & Ferrante, 2020) are satisfied, as well as, the
RK3 coefficients satisfy Eq. (2.88), and the linear extrapolation of ¢ satisfies cases B or C of
Eq. (2.90), then, the error introduced at each time step of FastRK3 is of O(At?), according
to Eq. (2.95), without growing or diminishing in time (LeVeque, 2007). In order to integrate
the governing equations from time t = 0 to t = T' = N At, FastRK3 performs the RK3 steps
(2.32)-(2.34) for N times. Therefore, the resulting global error of FastRK3 at time 7" is the
sum of the one time-step error for all N time steps i.e.,

_ T
Uy — Uy ~ N O(At*) = v O(AtY) = O(AP). (2.96)

Therefore, under the specified conditions above, FastRK3 is third-order accurate in the global
temporal error for velocity. As verification of the main theoretical results of this section,
we provide the numerical verification of Eqs. (2.59), (2.71), (2.79), (2.91) and (2.96) by
reporting the temporal errors computed from simulating the Taylor-Green vortex flow using
FastRK3 and standard RK3 in Sec. 3.3.2. Similarly to Sanderse & Koren (2012), we note
that the third-order temporal convergence rate for velocity, derived in Eq. (2.96), is valid
for numerically ‘non-stiff’ problems. The numerically ‘stiff” problems, however, exhibit order
reduction as proved analytically by Hairer & Wanner (1996) for RK methods independently
of being implicit or explicit, and by Sanz-Serna et al. (1986) specifically for explicit RK
methods.
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2.4.2  Theoretical derivation of the o — [ relation

In this section, first, we derive analytically the a — 8 relation, Eq. (2.53), that was found
numerically using the four-stage RK4 method by De Michele et al. (2020). Then, we show
that the a — 8 relation is equivalent to the condition that the linear extrapolation of ¢ needs
to satisfy to ensure that FastRK3 recovers the temporal convergence rate of the underlying
RK3 method, i.e., the condition specified in Eq. (2.90) for cases B and C.

Let us now derive the a — 3 relation for a general RK method with s (> 3) number of
stages, such that the results can be applied to the RK3 and RK4 methods. We start from
generalizing the constraint to ensure that the final-stage DG¢ of FastRK3, expressed via

Eq. (2.87), is third-order accurate, i.e., GsaCics, + A33¢2cs, = 0 for RK3, as

s—1
Z d5i+1éi6¢i = 0. (297)
i=1

Similarly to Eq. (2.88) for RK3, also for the coefficients used by De Michele et al. (2020)
for RK4, the products dg;1¢; (no sum on i) are equal to each other for all t =1,...,s — 1.

Therefore, for such choice of RK coefficients, i.e.,
(s 11C; = constant for i =1,...,s—1, (2.98)

where i is the stage of the RK method, Eq. (2.97) simplifies to

s—1

> ey, =0, (2.99)

i=1
which is a generalization of cases B and C of Eq. (2.90) for an RK method with s steps.

Next, the exact solution of ¢, ¢(t), is given in (Sanderse & Koren, 2012) from the exact

pressure solution, p(t), as

o(t:;) = ! / tip(t)dt, (2.100)

&AL ),
of which ¢; are first-order approximations at t; in general when using the coefficients of

explicit RK methods (Sanderse & Koren, 2012), e.g., Eq. (2.35) for RK3 (s = 3). By the



39

midpoint method (Fig. 2.6b) we know that ¢; are second-order approximations for the exact
¢ at t, + &5

S At 9

¢ =0\ tat iy + O (A%). (2.101)
In order to maintain this second-order accuracy at the midpoint for FastRK3 in which we

do not solve Eq. (2.29), we linearly extrapolate from gz;n_% at t, 1 and &n_ s at f, s to b; at
tn + ¢;5E (as depicted in Fig. 2.6b) as

¢i = (1 i ; 1) Gt — (C ; 1) s (2.102)

The general linear extrapolation of ¢ (Fig. 2.3) is given in (De Michele et al., 2020) as

¢i = (L4 B+ aé)d, 1 — (B+aé)g, s. (2.103)

As the ¢; defined in Eq. (2.102) are second-order approximations to ¢(t, + éi%), the stage-
wise first-order error, ¢;, introduced by the general linear extrapolation (2.103) is given by

subtracting Eq. (2.102) from Eq. (2.103) as

) [ Y e

In order to limit the total error relative to the exact ¢ introduced at each time step by the
linear extrapolation, Eq. (2.103) to O(At?), which we will show is identical to the condition
imposed in Eq. (2.99), we impose that the sum of the errors ¢;, as expressed in Eq. (2.104),

for the s stages of RK to be zero, i.e.,

> e=0. (2.105)

Eq. (2.105) represents a generalization of case B of Eq. (2.90) and therefore ensures that the
error on DG¢ introduced by FastRK3 versus the standard RK3, given in Eq. (2.91), is of
third order. Substituting Eq. (2.104) in Eq. (2.105) gives

(s 1) (B - %) + (a _ %) ic 0. (2.106)
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Substituting the corresponding ¢; of RK3, Eq. (2.35), or RK4 (De Michele et al., 2020) and
s =3 or s = 4, respectively, into Eq. (2.106), we get

f=-Za+g, (2.107)

which is identical to Eq. (2.53), i.e., the a — 3 condition that De Michele et al. (2020) found
numerically using the forth-order RK scheme, RK4. Therefore, for any linear extrapolation
of ¢ that satisfies the o —  relation Eq. (2.106), it follows that the sum of errors introduced
by pressure extrapolation in each time step is O(At?), and, thus, from Eqgs. (2.92) and (2.96)

the ‘local’ and ‘global’ temporal accuracy of velocity are fourth and third order, respectively.

Let us now consider the equivalence of Egs. (2.99) and (2.105). We know from Egs. (2.59)
and (2.71) that the intermediate pressure gradients G¢; of FastRK3 are, at worst, first-order
approximations of G¢; of standard RK3. However, for the specific type of linear extrapolation
corresponding to case C of Eq. (2.90), in which ¢, = 0 and ¢4, = 0, G¢; will be second-order
approximations of G¢;, according to Eqs. (2.59) and (2.71). Further, in Sec. 3.3.2 we show
numerically that this linear extrapolation of ¢; that corresponds to case C of Eq. (2.90) and
approximates standard RK3 with second-order accuracy, also satisfies the a — [ relation,
Eq. (2.106), viz., a = 1, § = 1/6. This means that the errors with respect to the exact
values, Go(t, + ¢4t), of this standard RK3 approximation (SA) of G¢; sum to O(At?).
Thus, we can say that the errors of G¢; with respect to the exact values, Go(t, + éi%), also
sum to O(At?). This implies that Eqs. (2.99) and (2.105) are interchangeable constraints
since they can be derived from each other. It then follows that any extrapolation formula
satisfying Eq. (2.105), and therefore Eq. (2.106), will also satisfy Eq. (2.99). For the specific
case of the FastRK3 method (s = 3) with any extrapolation formula satisfying Eq. (2.107),
the coefficients ¢, and ¢y, of Eqgs. (2.59) and (2.71) will follow the relationship given by case
B of Eq. (2.90), such that the sum of the errors of G¢; with respect to the exact values,

Go(t, + ¢i4L), is ~ O(AL).
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2.4.3 Summary of theoretical results

Herein, we provide a summary of the main theoretical results of Sec. (2.4.1) and (2.4.2).

1. For a general three-step RK method where the pseudo-pressure ¢ is linearly extrapo-
lated with ¢,, and ¢4, defined in Eqgs. (2.59) and (2.71), the following condition, derived
from Eq. (2.87),

é32610¢1 + d33620¢2 = 0, (2108)

must be satisfied in order for the method to be third-order accurate in time for velocity
as expressed by Eq. (2.96). For an s-step RK method, by understanding how the error
introduced by pressure extrapolation propagates through its stages, in Eq. (2.108) can

be generalized as

s—1
> dipaéicy, = 0. (2.109)
i=1
2. For an s-step RK method (s > 3) in which
Ga1C1 = Gaaly = .. = Ggala_1, (2.110)

(e.g., the RK3 coefficients given by SK (Sanderse & Koren, 2012) or the RK4 method
used by De Michele et al. (2020)), the condition expressed in Eq. (2.109) simplifies to

s—1
> ey =0. (2.111)
=1

Satisfying Eq. (2.111) ensures that the net error of DG¢, — DGg, in the final stage
of RK is of O (At®) as shown for s = 3 in Eqgs. (2.87)-(2.91). Therefore, the ‘local’
and ‘global’ temporal accuracy of velocity are fourth and third order, respectively,
independently of the number of stages s of RK as shown for s = 3 in Eqs. (2.92)
and (2.96). Note that such upper bounds on the order of the temporal accuracy are

determined by the choice of linearly extrapolating the pressure at the intermediate RK

stages, Egs. (2.30) and (2.31).
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3. For a general s-step RK method, we have derived the generalized form of the a — f3

relation, i.e., Eq. (2.106),

(s —1) (ﬁ—%) + (a—%)zéi—o. (2.112)
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Chapter 3

VERIFICATION, VALIDATION AND CONVERGENCE
RATES OF FASTRKS3

3.1 Verification and spatial convergence rates

In this section, we verify FastRK3 by simulating three canonical flows, two of which have
analytical solutions. From these test-cases, we compute the temporal and spatial orders of
accuracy of FastRK3 and determine if FastRK3 conserves the discrete kinetic energy. We
present results from the lid-driven polar cavity in Sec. 3.1.1 and 3.1.1, the laminar boundary-
layer over a flat plate in Sec. 3.1.2, and the Jeffery-Hamel flow in Sec. 3.1.3. We compute
the temporal convergence rate of the solver for an unsteady problem by simulating the
unsteady lid-driven polar cavity flow (Sec. 3.1.1), the conservation of discrete kinetic energy
in the inviscid limit (Sec. 3.1.1), and the spatial convergence rate for steady problems by
simulating the laminar boundary-layer over a flat plate (Sec. 3.1.2) and the Jeffery-Hamel
flow (Sec. 3.1.3).

3.1.1  Unsteady lid-driven polar cavity

We simulated the lid-driven polar cavity flow with a velocity magnitude of the lid that is
sinusoidal in time. The computational domain was given by R; < r < R, and —«a/2 <
0 < a/2 with a mesh of 256 x 192 grid points. No-slip boundary conditions, as described
in Sec. 4.1.2, were applied at the four boundaries of the domain. For the moving wall at
r = R; we prescribed an azimuthal velocity of Uy = U, cos(wt). The flow was simulated up to
tmax = 40 corresponding to 87,869 time steps. The time step At was set as At/A, = 0.25.

The fluid flow in the azimuthal direction, 6, is caused by viscous diffusion of momentum in
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the radial direction, r. The dimensionless physical and flow parameters were set as:

Uz Rz
R; =10, R,=20, a=1, Uj=1, w=2r/T, T=10, Re; = =280. (3.1)
14

In order to prove whether or not there is a loss of accuracy in FastRK3 by not performing
the Poisson solver at each stage as in standard RK3, we computed the relative error between

FastRK3 and the standard RK3 method (Sanderse & Koren, 2012) for this unsteady test

case. The relative error for a generic flow variable o at t,,,x was computed as

_ HO’RK?, - UFastRK3||2 (32)

|lors]]2
The relative errors, €, for U,, Uy and p are 2.06x 1073, 8.75x10~* and 3.65x 1073, respectively.
Figure 3.1 shows excellent agreement between the streamlines of the numerical solution from
standard RK3 and FastRK3. Figures 3.2 and 3.3 show the radial (U,) and azimuthal (Uy) ve-
locity profiles and pressure profiles respectively along four radial lines § = 7 /18, —7/18,7/9,
and —7/9 from the two methods. All these results show excellent agreement between the

solutions of FastRK3 and the standard RK3 (Sanderse & Koren, 2012).

Conservation of kinetic energy in the inviscid limit We have analyzed numerically
whether FastRK3 is energy conserving in the inviscid limit. We used the solution of the un-
steady lid-driven polar cavity at Re=280 and ¢t = 40, with the same parameters as described
in Sec. 3.1.1, as the initial condition of a new simulation in which we set Re = oco. Figure. 3.4

shows the time development of the change in kinetic energy

Ng N, NC
212 212 212

£=1 n=1 (=1
where Ug, U, and U; represent the discrete contravariant velocity component along &-, n-
and (- directions respectively, normalized by the initial kinetic energy K,. The plot of
Fig. 3.4 shows that the kinetic energy in the inviscid limit slightly decreases in time of 0.24%
in 10,983 time steps due to the dissipative nature of the explicit third-order Runge-Kutta
based schemes (Nikitin, 2006a).
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Uy = Uicos(wt> Ug = Uicos(w% UTAN

(a) Streamlines of the numerical (b) Streamlines of the numerical
solution for Re; = 280 from stan- solution for Re; = 280 from Fas-
dard RK3 at t.c = 40 tRK3 at . = 40

Figure 3.1: Lid-driven polar cavity flow

3.1.2  Lamanar boundary-layer over a flat plate

Next, we verified FastRK3 by simulating the laminar boundary-layer over a flat plate and by
comparing with the velocity profiles obtained from the numerical simulation to the Blasius
solution (Blasius, 1908). We prescribed a uniform flow, U, at the inlet upstream of the
leading edge of the plate. We set up a rectangular computational domain with streamwise
and wall-normal lengths L, = 10 and L, = 3.6, respectively. At the bottom boundary,
the section 0 < 2 < 5 was a plane of symmetry (0U/dy = dp/dy = 0), and the section
5 < x < 10 was the no-slip wall (flat plate). We used a computational mesh of 192 x 96
grid points gradually stretched in the wall-normal ( = y) direction with the grid stretching
parameter v = 0.66 (Ferrante & Elghobashi, 2004) and in the streamwise direction with
the grid stretching parameter v = 0.33 (Ferrante & Elghobashi, 2004), to have finer mesh
in the regions of highest velocity gradients near the bottom boundary and near the leading
edge of the flat-plate at z = 0. The time step At was set as At/At, = 0.125. Fig. 3.5

shows the streamwise and wall-normal components of velocity where the Reynolds number



1.0
—ea Uy Std. RK3
08 e« U, Std. RK3
0.6k — Uy FastRK3
—— U, FastRK3
5, 04}
g
< o
0.0
0.2}
0.4
1.0 1.2 14 1.6 1.8 2.0
T
(a) 0 = /18, Re; = 280
1.0
—— Uy Std. RK3
08 e« U, Std. RK3
061 — Uy FastRK3
U, FastRK3

-Velocity

1.0 1.2 1.4 1.6 1.8 2.0
r

(c) 0 =/9, Re; = 280

-Velocity

-Velocity

46

1.0
- Uy Std. RK3
08 e« U, Std. RK3
0.6 — Uy FastRK3
—— U, FastRK3
0.4

0.2

—0.2
—04
1.0 1.2 14 1.6 1.8 2.0
T
(b) @ = —7/18, Re; = 280
1.0
—— Uy Std. RK3
08 e« U, Std. RK3
0.6 —— Uy FastRK3
U, FastRK3

1.0 1.2 1.4

(d) 6= 77‘-/97

1.6 1.8 2.0

Re; = 280

Figure 3.2: Comparison of FastRK3 and standard RK3 solutions for Uy and U, along radial

lines for the lid-driven polar cavity at t,,., = 40.
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Figure 3.3: Comparison of FastRK3 and standard RK3 solutions for p along radial lines for

the lid-driven polar cavity at t,., = 40.
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Figure 3.4: Time development of the change in kinetic energy, K — Ky, normalized by the
initial kinetic energy, K, for the sinusoidal lid-driven polar cavity for Re= oo and setting at
t = 0 as initial condition the solution at ¢ = 40 of the sinusoidal lid-driven cavity at Re=280

with the same parameters as described in Sec. 3.1.1.

is Re, = 764. The relative error for a generic flow variable o between the analytical solution,

Oex, and its numerical approximation, o, was computed as follows:

_ ||Uex - Unum||2 (3 4)
||oex] |2 .

The relative error € between the numerical and analytical z- and y- components of velocity
are 8.9 x 1073 and 9.5 x 1073, respectively.

Then, we assessed the spatial accuracy of FastRK3 by simulating the laminar boundary-
layer flow over a flat plate. We simulated the flow on meshes of 32 x 8, 64 x 16, 128 x 32, and
256 x 64 grid points. We prescribed a Blasius velocity profile at the inlet and the Reynolds
number based on the inlet boundary-layer thickness is Res, = 1000. For this test, we set
up a rectangular computational domain with streamwise and wall-normal lengths L, = 104
and L, = 3.60¢, respectively. The CFL number was kept constant with At/Az = 0.01. The
spatial accuracy of the solver, n, was computed as follows (Oberkampf & Roy, 2010):

n(Ba) i (Ea)

" In <8Ay74Ay> B In(2)

4At—2Ay
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Figure 3.5: Comparison of FastRK3 vs. Blasius solution for flat plate boundary layer for
Re, = 764: (a) U/Uy and (b) V+y/Re, /Uy as functions of the self-similar variable, n =

yvRe, /.

where, Egayany, Fiay24y and Eoay a, are the Lo norms of the errors between successive

grids for a generic flow variable o:

ESAyAAy - ||0-8Ay - 0-4Ay|’27
Einyoay = ||0any — 0244]l2, (3.6)
Eonyny = [lo2ay — 0ayl]2-

Figure 3.6 shows L, norms of errors between successive solutions as a function of the number
of grid points in y for the streamwise and wall-normal velocity components (U(y)/Uso, V(y)/Uso)-
Table 3.1 shows Ly norms of Fyny 24, and Eyay Ay, and the computed order of accuracy, n,
for the streamwise and wall-normal velocity components (U(y)/Us, V(y)/Us). The con-
vergence rates for the streamwise U(y) and wall-normal V(y) components of velocity are
1.94 and 2.03, respectively. These results confirm that FastRK3 is second-order accurate in

space, consistently with our second-order spatial discretization of the governing Eqgs. (2.15)
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and (2.16).

E4Ay,2Ay EQAy,Ay n
Uly)/Us 145¢-2  3.79¢-3 1.94
V(y)/Us 4.52-1 1.1le-l 2.03

Table 3.1: Ly norm of spatial errors and spatial convergence rate (or spatial order of accu-
racy), n, for streamwise velocity (U) and wall-normal velocity (V') for laminar boundary-layer

flow over a flat plate.

. e Ey
. «~--+ By
10! T
~«.—— Slope=-2
K 1072
.
1073
e
—4
10 10! 102
N

Figure 3.6: Spatial error convergence for laminar boundary layer flow over a flat plate.

3.1.3  Jeffery-Hamel flow

Our last verification case of FastRK3 was the Jeffery-Hamel flow (Jeffery, 1915; Hamel, 1917)
for which the flow schematic is shown in Fig. 3.7a. The test is defined by the radial flow

generated by a point source and bounded by two walls diverging from the point source with



ol

a semi-aperture angle a. The generated grid is curved in the azimuthal direction 6 as shown

in Fig. 3.7b.

bine source at O\M

(a) Jeffery-Hamel flow schematic (b) Computational grid for Jeffery-Hamel

flow

Figure 3.7: Jeffery-Hamel flow

The similarity solution of the radial flow U,. as a function of the similarity variable n = 0/«
is given by White & Corfield (2006) as

U(r,0)
Umax(7)

where Upax(r) is the maximum radial velocity U,.(r,8) for a fixed r, which corresponds

= f(n), (3.7)

t0 Unax(r) = U.(r,0 = 0) o 1/r, and f(n) satisfies the following third-order nonlinear
differential equation,

" 4+2a Re ff +4a*f =0, (3.8)
with the appropriate boundary conditions:
f(0)=1, f/(0)=0and f(1)=0. (3.9)

For our numerical test-case, we simulated the flow in the computational domain defined by

R; <r <R,and 0 < 6 < « using a mesh of 128 x 32 grid points (Fig. 3.7b). We imposed the
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condition of symmetry at the bottom boundary of the domain representing the centerline of
the flow, and no-slip boundary conditions at the top of the computational domain (Fig. 3.7a).
The inflow conditions at r = R; were prescribed by assigning the similarity solution, Eq. (3.7),
computed for r = R; and we prescribed convective conditions (see Sec. 4.1.2) at the outflow

(r = R,). We set the following computational and flow parameters:

R, =1, R,=10, a=7/10,Re= Ym0 _140/7 (a Re = 10),

At/At, = 0.25. (3.10)

Fig. 3.8a shows the radial velocity profile as a function of the similarity variable n obtained
using FastRK3 and the analytical solution, Eq. (3.7). The numerical solution is in excellent
agreement with the analytical solution of the Jeffery-Hamel flow with the relative error

e = 3.1 x 1073, which also verifies FastRK3 over curved meshes.

1071

— Analytical solution e-o Ey
08 e o FastRK3 . v~ E,
107 EREN —  Slope=-2
h .
, 0.6 _
3 SE A .
= 04 )
107
0.2
0.( 1072 )
0.0 0.2 0.4 0.6 0.8 1.0 10! 102
n N

(a) Comparison of velocity (U,) with solution to (b) Spatial error convergence for Jeffrey-Hamel flow.

Jeffery-Hamel flow: U, /Unax as a function of 7.

Figure 3.8: Jeffery-Hamel flow

We also assessed the effect of curved grid lines on the spatial convergence rate of FastRK3

with the Jeffery-Hamel flow. The dimensionless physical and flow parameters are given in
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Einoon0  Fonoaw 1
U.(0)/Usn 461e-3  1.15¢-3  2.02
p(0)/pU%  217e-4  5.33¢-5  2.00

Table 3.2: Ly norm of spatial errors and spatial convergence rates (or spatial order of

accuracy), n, for radial velocity (U,) and pressure (¢) for Jeffery-Hamel flow.

Eq. (3.10). We simulated the flow on meshes of 32 x 8, 64 x 16, 128 x 32 and 256 x 64 grid
points. Figure 3.8b shows Ly norms of errors between successive solutions as a function of
number of grid points in r for radial velocity and pressure (U,.(6)/Us., ¢(0)/pUZ%). Table 3.1
shows Lo norms of Fingons and Esap a¢, and the observed order of accuracy, n, for radial
velocity and pressure (U,(6)/Us, p(0)/pUZ%). The computed convergence rate n for the
radial component of velocity U, and pressure ¢ are 2.02 and 2.27, respectively. This verifies
that, consistently with the discretization of Egs. (2.15) and (2.16), FastRK3 is second-order

accurate in space for velocity and pressure.
3.2 Validation

3.2.1 Lid-driven polar cavity

In order to validate FastRK3, we performed simulations of the lid-driven polar cavity flow
for which experimental data by Fuchs & Tillmark (1985) is available, and we used the same
geometrical and grid parameters as described in Sec. 3.1.1. The dimensionless physical and

flow parameters matching the experiments (Fuchs & Tillmark, 1985) were set as:

Rl:10, ROZQ.O, 04:1, Ulzl, Rei:UORi
14

= 280, 340, 380, and 410, (3.11)

and the time step At was prescribed as At/At, = 0.125. The flow was initialized with zero
velocity in the interior of the cavity and was advanced in time until reaching the steady

state solution with a residual computed using the infinity-norm, ||¢, — ¢n—_1||o smaller than
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(a) Streamlines of the numerical solution for Re; = 350 (b) Flow visualization from the experiments of
Fuchs & Tillmark for Re; = 350 (Fig. 7 of Fuchs
& Tillmark (1985))

Figure 3.9: Lid-driven polar cavity flow

2 x 1078, Figures 3.9a and 3.9b show very good agreement between the streamlines of the
numerical solution and the flow visualization of the experiments of the lid-driven polar cavity
flow, respectively. The position of the center of the largest vortex in the numerical solution
and experiments differs by about 3%. Figure 3.10 shows the radial (U,) and azimuthal (Up)
velocity profiles along four radial lines § = 7/18, —7/18,7/9, and —7/9 and Re; = 410, 280,
380, and 340, respectively, in comparison with the experimental data of Fuchs & Tillmark
(1985). In all four cases, we obtained very good agreement with the experimental results of

Fuchs & Tillmark (1985), which also validates FastRK3.
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Figure 3.10: Comparison of Uy and U, along radial lines for the lid-driven polar cavity.
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3.3 Numerical analysis on the temporal accuracy of FastRK3

3.3.1 Definition of errors

In this section, in order to verify numerically the order for the temporal accuracy of FastRKS3,
which was derived theoretically in Sec. 2.4.1, we define three types of errors that we report
for our numerical tests in Sec. 3.3.2 and 3.3.3. First, the error, Fj; or E, for standard RK3
or FastRK3, respectively, between two successive time step sizes At; and Aty for a generic

flow variable 7 is defined as follows:

Ey = [nan = nae|l; (3.12)

where ||-||, is the Ly norm. Next, to determine the relative error E, between the values of a
generic flow variable 1 computed using FastRK3 and 7) computed using standard RK3, we

first calculate the errors, E,; and B, 5, as

En,1 = |72, — naelly (3.13)

E77,2 = ||ﬁAt2 - 77At2||27 (314)

and, then, take the absolute value of their difference to compute En as

(3.15)

Finally, when comparing the solution of FastRK3 with the analytical solution, 7, the error

E,, is computed as follows. First,

Epr =117 —naully, (3.16)

Eﬂ,Q = Hﬁ_nAtsza (317)
and, then, En is calculated as

E,=|E,2— E,1|. (3.18)

The error Ej; of the standard RK3 solution 7 with respect to the analytical solution 7 is
computed analogously to Egs. (3.16)-(3.18) by replacing n with 7.



57

3.3.2  Numerical verification of theoretical results: Taylor-Green vortex

Periodic boundary conditions In this section, we report numerical results to verify
the key results of the theoretical analysis on the temporal accuracy of FastRK3 provided
in Sec. 2.4.1, specifically Egs. (2.59), (2.71), (2.91), and (2.96). For this purpose, we have
performed numerical simulations of the two-dimensional Taylor-Green vortex Taylor (1923)
using standard RK3 (SK Sanderse & Koren (2012), Egs. (2.26), (2.28), (2.29)) and Fas-
tRK3 (Aithal & Ferrante (2020), Egs. (2.32), (2.33), (2.34)) methods while applying periodic
boundary conditions. The analytical solution of the Taylor-Green vortex flow for z- and z-

components of the non-dimensional velocity components, u and w, respectively, are given by

k. : _

u= ~Wo7 COS (kyx)sin (k,z)e K*t/Re (3.19)
ks . _

w = —Wo 75 Sin (kyz) cos (kyz) e FH/Re, (3.20)

where wg is the amplitude of the initial non-dimensional vorticity, k, and k, are non-
dimensional wave-numbers of the vortices in the z and z directions such that k? = k2+k2. In
our test cases, we used wy = 100, k, = k, = 27 and Re = 200. By requiring ¢,, 3 in order to
advance the solution in time, FastRK3 is not a self-starting method, thus, we use standard
RK3 to perform the time integration of the first time step from the set initial conditions.
All simulations were performed using a 1282 mesh over a square domain of non-dimensional
side-length of unity, for six different time steps, up to a non-dimensional time 7" = 1.75008,
at which the magnitude of the maximum vorticity has decayed to about half of its initial
value. The smallest non-dimensional time step used was Aty = 1.5 x 10~° which corre-
sponds to a total number of time steps N = 116,672 and CFL ~ 0.015. The time step of the
other five simulations was sequentially doubled up to Aty = 4 x 10~* which corresponds
to N = 3,646 and CFL ~ 0.5. Further, for FastRK3, we performed simulations using three
different linear extrapolations of ¢ for the first two-stages of RK3: endpoint extrapolation
(EP) (Fig. 2.6a), midpoint extrapolation (MP) (Fig. 2.6b), and standard RK3 approximation
(SA). The summary of these three extrapolations and their o — 3 coefficients are given in

Table 3.3. These three cases were chosen to show that the theoretically predicted accuracy of
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FastRK3 for cases A, B and C of Eq. (2.90) is matched by the numerical results of FastRK3
using the EP, MP and SA linear extrapolations, respectively.

Linear extrapolation a B «a— B relation, Eq. (2.106) Eq. (2.90)  Egg, Ey, ..

Endpoint (EP) 1 0 No Case A O (At?) O (A#)
Midpoint (MP) : 3 Yes Case B O(A#3) O(A#)
Std. RK3 approx. (SA) 1 £ Yes Case C O (A?) O (A8

Table 3.3: FastRK3 test-cases: type of linear extrapolation of ¢, @ and 8 values, whether
the a — [ relation, Eq. (2.106), is satisfied or not, case of Eq. (2.90), and theoretical global

convergence rates of the errors Fgg, and Ly, . ;.

Figure 3.11 shows the global error EUZ, for : = 1,2, and 3 of the velocity fields computed
using the standard RK3 method, for the comparison with the analytical solution of the
Taylor-Green vortex. Figure 3.11 shows that Uy, Uy and Us = Un+1 are, respectively, first-,
second- and third-order approximations of the exact solution U(t). Note that for the third
stage, the convergence rate flattens for At < 5 x 107° because the error is reaching the zero-
machine value. These results verify Eq. (2.79) used in the theoretical proof of Sec. 2.4.1.

Next, we analyze the stage-wise accuracy of the gradient of pseudo-pressure, EG¢1, EG¢2
and Egg, of FastRK3 relative to standard RK3. Figures 3.12a and 3.12b show that the
convergence rates of the first and second stages, EG¢1 and ENG@, are first order for both
the endpoint and midpoint formulations. Since the midpoint extrapolation of G¢, given in
Egs. (2.30) and (2.31) for a = 1/2 and § = 1/2, satisfies the o — 3 relation, Eq. (2.106), the
sum of errors of G¢ introduced by the pressure extrapolation at each time step is O(At?),
Eq. (2.90, Case B). Therefore, EG¢3 for the midpoint formulation is third-order accurate, in
agreement with the analytical relation Eq. (2.91) and Table 3.3. In contrast, the endpoint

formulation does not satisfy the a — § relation, Eq. (2.106), and hence shows a reduction
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1072 1074 3x 1074

Figure 3.11: Stage-wise error Ey; of velocities Uy, Uy and Us = U,y (Eq. (2.79)) computed
using standard RK3 in comparison with the analytical solution of the Taylor-Green vortex

with periodic boundary conditions.

in the convergence rate at the third stage of FastRK3 Eg¢n w15 BEq. (2.90, Case A). We also
performed a parametric study of a and S to minimize the errors EG¢1 and EG¢2. Figure
3.12¢ shows that for « = 1, f = %, which also satisfies the a — 8 relation Eq. (2.106),
G¢, and G¢, are both second-order approximations of nggl and GQEQ, Le., ¢y = Cp, = 0,
Eq. (2.90, Case C). As a result, the error EG¢3 of FastRK3 SA is third-order accurate, in
agreement with the analytical relation (2.91) and Table 3.3. Since we have shown numerically
that standard RK3 G¢; and Ggs can be approximated to second-order by an extrapolation
which satisfies the o« — 3 relation, we can say that the errors of Gé; and G, relative to the
exact solutions @(t, + & 4) and ¢(t, + &3t) sum to O(At?). Now that we have established
this relationship between the standard RK3 solutions and the exact solutions, it follows that
any extrapolation formulation that produces errors relative to standard RK3 which sum to
O(At?), ie. Eq. (2.90, case B), must also produce errors relative to the exact solutions
which sum to O(A¢?). Thus, we can confirm the point made in Sec. 2.4.2 that Egs. (2.99)

and (2.105) are interchangeable constraints.

Figure 3.13 shows the pressure error (E,, comparing successive solutions) and velocity

error (Ey, comparing the numerical solution against the analytical solution) for the sim-
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ulations of the Taylor-Green vortex using FastRK3 with EP, MP, and SA extrapolations,
and standard RK3 methods. Figure 3.13a shows that FE, for the midpoint formulation is
second-order accurate similarly to standard RK3, while the endpoint formulation shows
order-reduction to first-order. This order reduction is due to the fact that the net extrapola-
tion error for the endpoint formulation is first-order. Conversely, the midpoint formulation
(MP) and the standard RK3 approximation (SA) which produce third-order solutions for
G5 achieve third-order accuracy for velocity (Fig. 3.13b, MP and EP), confirming Eq. (2.96)
(Figs. 3.12b and 3.12c). Further, Fig. 3.13b shows that the endpoint formulation (EP) is
limited to a second-order solution for the velocity as a result of its second-order solution for
Goni1 (Fig. 3.12a). Also, Fig. 3.13b, shows that there is an increase in the magnitude of
error between standard RK3 and FastRK3 MP as a result of not satisfying the divergence
free constraint on U; and Us to machine precision. However, FastRK3 MP and FastRK3
SA are able to maintain the order of accuracy of standard RK3 for both velocity and pres-
sure as shown in Figs. 3.13b and 3.13a, respectively. Additionally, the relative error for the
x—component of velocity between the FastRK3 MP solution and the standard RK3 solution,
is negligible, e.g., for At =6 x 1075:

|7 -]
2 =595 x 10" (3.21)
[l

Note that the SA coefficients, o = 1, 8 = é, minimize the errors of ¢—extrapolation for
the Taylor-Green vortex and may vary for other flows. Because of such dependence, we
recommend implementing the FastRK3 MP as it is generally third-order accurate in time for

velocity and second-order for pressure for free shear flows.
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Figure 3.12: Stage-wise error EG@. of the pressure gradient with respect to standard RK3
for FastRK3 using EP, MP and SA extrapolations of ¢ in (a), (b) and (c), respectively,
corresponding to cases A, B and C of Eq. (2.90) and Table 3.3 for the Taylor-Green vortex

with periodic boundary conditions.
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Figure 3.13: Pressure and velocity errors, E, (compared with successive solutions) and FEy
(compared with analytical solution), at the final third-stage of FastRK3 with EP, MP and SA
extrapolations and of standard RK3 (Table 3.3) for the Taylor-Green vortex with periodic

boundary conditions.

Unsteady Dirichlet boundary conditions Additionally, we have performed numerical
simulations of the two-dimensional Taylor-Green vortex flow with unsteady Dirichlet bound-
ary conditions using FastRK3 while keeping the same parameters of the TGV test-case
which had periodic boundary conditions and was discussed above. Figure 3.14, similarly to
Fig. 3.13, shows the pressure (E,) and velocity (Ey) errors at the third-stage of FastRK3
using EP, MP and SA extrapolations of ¢. Figure 3.14a shows that £}, is first-order accurate
for EP extrapolation and second-order accurate for MP and SA extrapolations. Further,
Fig. 3.14b shows that Ey is second-order accurate for EP extrapolation and third-order ac-
curate for MP and SA extrapolations. Therefore, also with the choice of unsteady Dirichlet
boundary conditions (Fig. 3.14), the order of temporal accuracy of FastRK3, for both pres-
sure and velocity, remains the same as that obtained using periodic boundary conditions

(Fig. 3.13).
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Figure 3.14: Pressure and velocity errors, E, (compared with successive solutions) and FEy
(compared with analytical solution), at the final third-stage of FastRK3 with EP, MP and
SA extrapolations (Table 3.3) for the Taylor-Green vortex with unsteady Dirichlet boundary

conditions.

3.3.3 Lid-driven polar cavity

In order to test the temporal accuracy of FastRK3 for wall-bounded flows, we have simulated
the transient phase of the flow in a lid-driven polar cavity (Fig. 3.15) for which the lid is
impulsively started from rest and kept at a constant velocity in time, i.e., quiescent initial
conditions Up(r,t = 0) = U,(r,t = 0) = 0, and the lid azimuthal velocity Uy(r = R;,t >
0%) = U; = 1. The computational domain was given by R; <r < R, and —a/2 < 0 < «/2
with an orthogonal grid of 256 x 192 grid points, in the radial and azimuthal directions,
respectively. No-slip boundary conditions, as described in Aithal & Ferrante (2020), were
applied at the four boundaries of the domain. The fluid flow in the azimuthal direction, 0,
is caused by viscous diffusion of momentum in the radial direction, r. The dimensionless
physical and flow parameters were set as:
U; R;

R, =10, R,=20, a=1, U =1, Re; = = 280. (3.22)
14
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Figure 3.15: Flow schematic of the lid-driven polar cavity

All simulations for five different time steps were performed up to a non-dimensional time
T = 1.0. The smallest time step used was Atin = 1.1x107% which corresponds to N = 17572
time steps and CFL= 3.125 x 1072, The CFL of the other four simulations was sequentially
doubled up to CFL,.x = 0.5 which corresponds to N = 1097 and At = 9.1 x 107*. We
performed simulations using FastRK3 MP and standard RK3. Figure 3.16 shows the global
errors By, , Ey, and E,, as defined in Eq. (3.12), between successive solutions respectively for
U, /U;, Ug/U; and p computed using standard RK3 (Fig. 3.16a) and FastRK3 MP (Fig. 3.16b).
The average temporal convergence rates of Std. RK3 and FastRK3 are given in Table 3.4.
We observe a loss of accuracy from third-order to second-order for both methods from the
Taylor-Green vortex results of Fig. 3.13 to the lid-driven cavity flow results of Fig. 3.16,
which is consistent with the temporal order reduction discussed in ‘stiff” wall-bounded flows
for RK-based methods by Sanderse (2013), for the Adams-Bashforth method by Aithal &
Ferrante (2020), and for explicit RK methods as shown by Sanz-Serna et al. (1986). We
should also mention that for trivial and non-stiff problems such as the Stokes’ first problem or
the laminar channel flow, FastRK3 produces 3rd-order temporal accuracy as standard RK3.

In summary, FastRK3 with MP shows the same order of temporal accuracy for velocity and
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pressure at the last stage of standard RK3, and the results are consistent with the results

summarized in Table 2.5.

Std. RK3 FastRK3
U@ 01" p UG Ur p
194 191 1.74 194 191 1.94

Table 3.4: Average temporal order of accuracy for Std. RK3 and FastRK3
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Figure 3.16: Global errors between successive solutions of the radial and azimuthal velocities,

and pressure for (a) standard RK3 and (b) FastRK3 using MP extrapolation for the lid-driven

polar cavity flow.

3.4 Summary

We have developed a new projection-method, called FastRK3 to integrate the NS equations

in time for simulating incompressible flows over curved walls. FastRK3 solves the orthogonal

formulation of the incompressible NS equations in curvilinear coordinates rather than the
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general curvilinear coordinates. This choice has allowed us to develop an FFT-based Poisson
solver for pressure, called FastPoc, for the grids whose components of the metric tensor are

independent of one spatial direction. In summary, we have:

e adopted the orthogonal formulation of the incompressible NS equations in curvilinear

coordinates, Eqs. (2.15)-(2.16),

e developed an explicit and direct pressure-correction method, FastRK3, that requires

solving the Poisson equation for pressure only once per time step, Eqgs. (2.32)-(2.34),

e developed FastPoc, an FFT-based, direct Poisson solver for pressure (Sec. 2.3) for the
grids whose components of the metric tensor are independent of one spatial direction:
surfaces of linear translation (e.g., curved ramps, and bumps) and surfaces of revolution

(e.g., axisymmetric ramps),

e shown that FastPoc is thirty to sixty times faster than hypre SGS multigrid for tolerance
set at 1079 and 107'2, respectively, and the entire NS solver, FastRK3, is four to seven

times faster when using FastPoc rather than multigrid accordingly to these set tolerance

values (Sec. 2.3.1),
e verified and validated FastRK3 for wall-bounded flows (Sec. 3.1 and 3.2.1),

e shown that FastRK3, while solving the Poisson equation for pressure only once per
time step versus thrice of standard RK3, produces nearly identical results as those of

standard RK3 with an Ly norm difference for the velocity components and pressure of

O(107?) (Sec. 3.1.1),
e shown that FastRK3 is second-order accurate in space for velocity and pressure (Sec. 3.1),

e shown that reduction of the kinetic energy in the inviscid limit for the unsteady lid-

driven polar cavity flow is 0.24% in 10,983 time steps (Sec. 3.1.1),
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e derived analytically the temporal accuracy of FastRK3 (Sec. 2.4.1),

— derived the condition that the RK coefficients need to satisfy in order to preserve

the temporal accuracy of the underlying RK3 method, Eq. (2.88),

— shown analytically that the temporal accuracy of velocity in the final stage of

FastRK3 depends on the sum of errors introduced by the linear extrapolation of

G, Eq. (2.89),

— derived the condition that the linear extrapolation of G¢ needs to satisfy in order

to preserve the temporal accuracy of the underlying RK3 method, i.e., cases B

and C of Eq. (2.90),

— derived analytically the a— 3 relation, Eq. (2.107), using the conditions Eqs. (2.98)
and (2.99), and, generalized it to an s-stage RK method as in Eq. (2.106) (Sec. 2.4.2),

e verified numerically the temporal accuracy of FastRK3 (Sec. 3.3)

— verified the key analytical results of the proof of the temporal accuracy of Fas-

tRK3 by reporting the numerical results obtained for the Taylor-Green vortex

flow (Sec. 3.3.2),

— shown numerically that FastRK3 (MP and SA) is third-order accurate in time for
velocity and second-order accurate in time for pressure for free-shear flows with

both periodic and unsteady Dirichlet boundary conditions (Sec. 3.3.2),

— shown numerically that FastRK3 MP is second-order accurate in time for velocity

and pressure for ‘stiff” wall-bounded flows (Sec. 3.3.3).

The advancements stated above prove that FastRK3 is apt for simulations of wall-
bounded laminar and turbulent flows over curved walls. FastRK3 can be employed in existing
incompressible and low-Mach number NS solvers (e.g., DNS and RANS solvers) to simulate
flows over curved surfaces (e.g., Aithal & Ferrante (2019)), and improve their computa-

tional performance. The new method can also be extended to simulate particle-, droplet-,
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and bubble-laden flows in wakes and over curved surfaces with the use of the appropriate
methodology to simulate the multiphase flow (e.g., Dodd & Ferrante (2014)). Finally, the
time integration methodology of FastRK3, Egs. (2.32)-(2.34), to solve the discretized incom-
pressible NS equations, Eq. (2.21), can be used independently from the formulation used to
write the governing equations (e.g., Cartesian, orthogonal, etc.) and to perform its spatial

discretization (e.g., finite difference and finite volume).
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Chapter 4

DNS OF TURBULENT BOUNDARY LAYER SEPARATING
OVER A CURVED WALL

4.1 Simulation setup

4.1.1  Computational domain and grid

In this chapter, we investigate the turbulent flow of a spatially developing turbulent boundary
layer (SDTBL) separating over the circular arc experimentally studied by Song & Eaton
(2004). First, we validate FastRK3 by comparing our DNS results with the experimental
results of Song & Eaton (2004). Next, we analyze our DNS results to explain the physical
mechanisms of turbulent flow separation.

Song & Eaton (2004) studied experimentally the Reynolds number effects on the sep-
aration, reattachment, and recovery of turbulent flows over a ramp. Figure 4.1 shows a
schematic of the flow domain used in their experiments. The ramp is a circular arc with a
radius R of 127 mm. The ramp height h and length L were 21 mm and 70 mm, respectively.
Song & Eaton (2004) define a reference station (x,.) two ramp-lengths upstream of the ramp.
They varied the Reynolds number based on the momentum thickness at x, from Reg, = 1100
to 20,100. We use their results at Rep, = 1100 in the present validation study. We place the
inflow plane of the DNS at the reference station with the Reynolds number based on inflow
boundary layer thickness Res, = (70050 /v = 9000 where, (?OO, 50 and v are the dimensional
free-stream velocity, the dimensional inflow boundary layer thickness at the inflow plane and
the dimensional kinematic viscosity, respectively. Since we use the free-stream velocity and
inflow boundary layer thickness as reference velocity and length scales to non-dimensionalize
the NS equations, Res, = 1/v = 9000, where the quantities not accented with ~ are di-

mensionless: Uy, = 1, o = 1 and v is the dimensionless kinematic viscosity, such that the
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resulting inflow Rep, = 1100. This is the result of performing a separate ”Code A” simulation
of the SDTBL over a flat plate to generate the turbulent inflow conditions at the desired
Reg, (see Sec. 4.1.3). The dimensional inflow boundary layer thickness at the inflow plane
is 50:25.6 mm. All dimensions are non-dimensionalized by UOO and 50. Throughout this
chapter, all variables are dimensionless unless they are accented with ~. The ramp profile
used in the experiments has a discontinuity of its first-derivative at the location where the
circular arc ends intersecting the horizontal wall (Fig. 4.1). We eliminate this discontinuity
by using spline interpolation in a small region (0.9 < x/L < 1) in order to generate a smooth
orthogonal mesh over the ramp (Fig. 4.2). Figure 4.2 shows the computational domain used
in our simulations. The length scales non-dimensionalized by the boundary layer thickness

at the inflow plane are
L, =5.476y, L =2.730y, Ls = 13.6769, R = 4.960y, h = 0.824. (4.1)

The dimensions of the computational domain, L¢, L, and L., normalized by ¢y, and the num-
ber of grid points, N,, N, and N, in the streamwise, wall-normal and spanwise directions,
respectively, are listed in Table 4.1. The orthogonal grid generator is discussed in detail in
Appendix D. As shown in Fig. 4.2, we define the coordinate system such that the stream-
wise coordinate (£ or z) of the leading edge of the ramp is set to zero and the wall-normal
coordinate (1 or y) are always zero at the wall. The non-dimensional quantities in wall-units
carry the superseript “*’, ie., (U)" = (U)/u, and gt = nu, /v, where (...) represents the
spatial averaging in the spanwise (-direction in addition to time averaging of the enclosed
quantity, u, = m is the friction velocity, 7, is the wall shear stress, and p is the fluid
density. The zero subscript refers to the conditions at the inflow plane where Rey, = 1100
at ©/L = —2 from the ramp as in the experiments.

The grid spacing is AT = 8, Apt. = 0.7 and AT = 12, where the grid in the wall-
normal direction is stretched gradually to have a fine grid close to the wall. We use the grid-
stretching function given by Ferrante & Elghobashi (2004) and the grid stretching parameter

is v = 0.66. The turbulent inflow conditions were generated with the method of Ferrante &
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Figure 4.1: Flow schematic of the experiment of Song & Eaton (2004).

Elghobashi (2004). In order to have enough grid resolution to resolve the mixing layer created
by the flow separation over the curved ramp, we keep the maximum value of A < 3.58n,
where A = J/AEARAC and n; is the Kolmogorov scale. Pope (2000) notes that the peak
dissipation occurs at 247 and the bulk of the dissipation occurs in the range [8ny, 607y].
Therefore, the employed computational grid resolves most of the dissipation spectrum. The
timestep size is At = 0.03 v/u? and we advance the solution up to 7" = 450 ~ 8100v/u?
and compute the statistics every ten timesteps during the time interval 150 < ¢ < 450 which

corresponds to 25 flow-throughs at a non-dimensional velocity of 0.9 U,.

L. L, L. N, N, N.
205, 46, 106, 1024 128 512

Table 4.1: The dimensions of the computational domain, L., L, and L., and the num-
ber of grid points, N,, N, and NN, in the streamwise, wall-normal and spanwise directions,

respectively.
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Figure 4.2: Computational domain used in the present DNS.

4.1.2  Boundary conditions

Figure 4.3 shows a schematic of the boundaries of the computational domain on which
we impose the following boundary conditions to simulate SDTBL over the ramp. Note that
FastRK3, described in Sec. 2.2 requires special considerations for imposing convective outflow
boundary conditions which is described herein. Since for spatial discretization FastRK3 uses
the second-order central difference scheme, only one plane of ghost cells is required at each

boundary.

Spanwise planes Periodic boundary conditions are applied in the spanwise (-direction for
¢; and the three velocity components U; and Ul* for the three stages i = 1, 2,3 of the RK3

scheme.

Inflow plane At the inflow plane, we impose a Neumann condition for ¢;:

‘i;? =0 at £€=—-2L, for i=1,2,3, (4.2)

where §/d¢ is the finite difference operator in the ¢-direction. For simulating turbulent flows

we extend the method of Ferrante & Elghobashi (2004) to orthogonal coordinates in order
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Figure 4.3: A schematic of the computational domain for the simulation of incompressible

flows over curved walls, the boundary conditions are also shown.

to generate and apply turbulent inflow conditions, as described in Sec. 4.1.3.

Free-stream plane We impose the Neumann condition for ¢; and the velocity components

at the free-stream plane,

5 sU; U ,
5 =0 and o = 5 =0 at n=1L,, for 1=1,2,3, (4.3)

where §/9n is the finite difference operator in the n-direction.

Outflow plane At the outflow plane, a zero pressure gradient in the streamwise ¢-direction
(0¢; /0 = 0) is applied at & = L¢ for i = 1,2, 3 of the RK3 scheme. In order to apply the
outflow boundary conditions to the velocity components, we consider the following convective

condition (Lowery & Reynolds, 1986):

A

d N A
4 Un1) Gl =0, (1.4

where G¢U is the é&-component (normal to the outflow plane) of GU, and U,(n,t) is the
convective velocity at the outflow plane which is computed as the instantaneous streamwise

velocity component averaged in the homogeneous spanwise (-direction. We use the same
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coefficients a and ¢ defined in Eq. (2.24) to integrate Eq. (4.4) in time. We first define the
array f(U) as
f(U) =U.GU, (4.5)

and then advance the velocity U; at the outflow plane in time by integrating Eq. (4.4) using
the RK3 scheme, Eq. (2.26), as

Ui=U,— AtY ayf(Uj_y) for i=1,23. (4.6)
j=1
No-slip wall The no-slip boundary condition is applied to the velocity field at the wall
(Fig. 4.3) for the three steps of RK3 (i = 1,2, 3):

U,=0U; =0. (4.7)
We apply a zero pressure gradient in the wall-normal 7-direction (d¢;/én = 0) for i = 1,2,3
of the RK3 scheme.

4.1.3  Generating turbulent inflow conditions

The DNS of a spatially-developing turbulent boundary layer (SDTBL) requires that the
inflow velocity satisfy the three-dimensional, unsteady Navier-Stokes equations. The pre-
scribed inflow values of the three time-dependent velocity components, therefore, must be
obtained a priori by an auxiliary DNS of the same flow. This auxiliary DNS, denoted as
Code A, must be synchronized with the main simulation, denoted as Code B, such that at
each time step, the values of the three velocity components on a plane at a fixed streamwise
location in the auxiliary domain are copied to the inlet plane of the main simulation. Fer-
rante & Elghobashi (2004) developed a method for generating inflow conditions for DNS of
SDTBLs where the instantaneous fluctuating velocity field on a selected plane in Code A is
used as the instantaneous inflow conditions for Code B.

In order to perform DNS of SDTBLs separating over curved walls, we have incorporated

in FastRK3, the method of Ferrante & Elghobashi (2004) for generating turbulent inflow
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Figure 4.4: Schematic of the computational domains of the auxiliary simulation (Code A)

and the main simulation (Code B).

conditions. Figure 4.4 shows the schematic of the computational domains of the auxiliary
simulation (Code A) and the main simulation (Code B). The Cartesian components of the
instantaneous fluctuating velocity field on the selected plane in Code A, (u,v,w) are trans-
formed to the contravariant components (u,0,w) using Eq. (2.7). The mean streamwise
velocity at the inflow plane of Code B, denoted as U (y), is then computed using the
law-of-the-wall (Coles, 1956; Prandtl, 1925; von Karmén, 1930). The procedure to compute
Uset (y) is explained in Appendix A of Ferrante & Elghobashi (2004). Note that we use a
non-dimensional free-stream velocity U, = 1 in our simulations similarly to Ferrante & El-
ghobashi (2004). The velocity Uyt (y) is then transformed to its contravariant components
Ulfef. Finally, the fluid velocity at the inlet is given by the sum of the mean and fluctuation

components, U = U, + 0.
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4.2 Results

In this section, we analyze the DNS results of a SDTBL separating over the circular arc of
Song & Eaton (2004) at Reg, = 1100. Since we solve the governing equations in orthog-
onal curvilinear coordinates, we obtain the contravariant components of the velocity field
from FastRK3. Therefore, we can analyze the flow physics in both orthogonal curvilinear
coordinates and Cartesian coordinates. However, we need to transform the contravariant
components of the flow properties of interest to their Cartesian components. The transfor-
mation equation for vectors is given in Eq. (2.7). In the case of a second-order tensor, say
A% the Cartesian components A% are given by

I
0" 0

- OEm OEn

ij

(4.8)

Further, the Cartesian coordinates all have the physical dimensions of length but this is not
true in general for curvilinear coordinates (for e.g., polar coordinates r and 6 have different
physical dimensions). Thus, the contravariant components of velocity Ut = 9¢'/dt would
not all have the same dimensions. The physical components of the contravariant velocity

vector U *, which has the same physical dimensions as velocity U are given by (Aris, 1962)
U;; = U'h;, (no sum on i), (4.9)

where, h; are the scale factors defined in Eq. (2.13). The above equation can be extended to

a second-order tensor, say A. The physical components 121;,] are given by
fl;j — ANk, (no sum on i and 7). (4.10)

Note that this conversion of curvilinear components to physical components ensures that
they have the same physical dimensions as their Cartesian counterparts. The physical com-
ponents are then non-dimensionalized as any other Cartesian variable. Henceforth, we omit
the explicit indication of the subscript -, for physical components of the quantities in the

orthogonal curvilinear coordinates for simplicity of notations. We distinguish the Cartesian
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components of tensors from the physical components in the orthogonal curvilinear coordi-
nates by denoting the former with subscript, for example A;;, while we denote the latter

with a hat and superscript, for example, AL,

In Sec. 4.2.1, we validate FastRK3 by comparing with the experimental results of Song &
Eaton (2004). In Secs. 4.2.2 and 4.2.3, we discuss the mean profiles of pressure and velocity,
and the profiles of turbulence kinetic energy and Reynold stresses, respectively, in both
Cartesian and curvilinear orthogonal coordinates. In Secs. 4.2.4 and 4.2.6, we analyze the
budgets of the turbulence kinetic energy and Reynold stresses to identify the key mechanisms
of turbulence in the separated flow over the curved ramp. Finally, we summarize all the

findings in Sec. 4.3.
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4.2.1 Validation for a turbulent separated flow

Reynolds stresses Figure 4.5 shows the comparison for the vertical profiles of the Reynolds
stresses between the experiments by Song & Eaton (2004) and our DNS at the leading edge
of the ramp z/L = 0. The DNS profiles are obtained by spatial averaging in the spanwise
(¢) direction and time-averaging over a nondimensional time ¢ = 150 &~ 5400v/u?. We see

that the Reynolds stress profiles are close to the experimental profiles.

ot

u?)* FastRK3

u?)* Song & Eaton (2004)
)

%)

4] —— (%" FastRK3
v+ Song & Eaton (2004)
uv) " FastRK3
uv)® Song & Eaton (2004)
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(
(

B

1071 100 10! 102 10%

Figure 4.5: Comparison of the Reynolds stress profiles at the leading edge of the ramp,
x/L = 0 with the experimental data of Song & Eaton (2004). Experimental error bars are

also shown in magenta.

Coefficient of friction Figure 4.6 shows the streamwise development of mean skin friction
coefficient c¢;. We get good agreement with the experimental values up to the trailing edge
of the ramp, x/L = 1. The mean skin friction coefficient in (Song & Eaton, 2004) was
computed using the log-law fitting of the mean velocity profile to estimate the wall-shear

stress, which is inaccurate for separated flows considering that the mean velocity profile
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deviates significantly from the log-law in the separated and post-reattachment (recovery)
regions. Indeed, in Sec. 4.2.2, the DNS results show that the mean velocity profiles differ
significantly from the log-law in such regions. Further, part of the discrepancy in the cy
values downstream of the trailing edge of the ramp may also be due to the slight changes we
applied to smoothen the geometry with the spline interpolation to avoid the discontinuity in

its first derivative as described in Sec. 4.1.1.

— FastRK3
1 Song & Eaton (2004)

—0.008 T
-2.0 -1.5 -1.0 =0.5 0.0 05 1.0 15 20 25 30 35 40 45 50 55 6.0
x/L

Figure 4.6: Comparison of the ¢y profile for the flow over circular arc with experimental

values of Song & Eaton (2004).

Separation bubble properties The mean separation and reattachment locations, Zgep,/L
and Z,e./L, respectively, are listed in Table 4.2. We get good agreement of xgp,/L with the
experimental value. Due to the smoothening of the ramp profile using spline interpolation
at x/L = 1, we see a discrepancy in the value of x..,/L with respect ot the experimental
values. Table 4.2 also shows the good agreement of the DNS and experimental results for
the separation bubble properties at /L = 1: separation bubble, S, height at which the
maximum reverse flow velocity Uy is reached, N and the ratio Uy /U,, where U, is the edge

velocity of the boundary layer.
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Tsep/ L Tyea)L S N Un/U,
Song & Eaton (2004)  0.40 1.36  0.2169 0.076, -0.12
FastRK3 0.37 1.49 0.216 0.060p -0.10

Table 4.2: Comparison of the DNS results with the experiments of Song & Eaton (2004)
of the mean separation and reattachment locations, xgp/L and w,,/L, respectively, and
the separation bubble properties at /L = 1: separation bubble, S, height at which the
maximum reverse flow velocity Uy is reached, N and the ratio Uy /U,, where U, is the edge

velocity of the boundary layer.

4.2.2  Mean velocity profiles

Figure 4.7 shows the contours of the mean Cartesian streamwise ((U)/Us) and wall-normal
((V)/Us) components of velocity. Figure 4.7b shows the separation bubble along with the
streamlines and the isoline where (U) = 0. The mean pressure contour (p) is shown in
Fig. 4.8a. Figure 4.8 shows the profiles of mean Cartesian streamwise ((U)/Us) and wall-
normal ((V')/Us) components of velocity. We identify eight streamwise stations (A-H) where
each station is represented by a different color as shown in Fig. 4.8. The separation zs, and
reattachment x.., points are denoted by magenta and green, respectively. The streamwise
locations of the stations (A-H) are shown in Table 4.3. Figure 4.10 also shows the spatial
development of the skin friction coefficient ¢;. Figure 4.11 shows the profiles of mean Carte-
sian z-component of velocity, (U)/Us (Fig. 4.11a), and y-component of velocity, (V') /Ux
(Fig. 4.11b). Figure 4.13 shows the profiles of mean Cartesian z-component of velocity, (U)g
(Fig. 4.13a), and y-component of velocity, (V)¢ (Fig. 4.13b), normalized by the viscous scales
at station A. The log-law is indicated by the solid black line in Fig. 4.13a. We notice that the
profiles of mean z-component of velocity, (U){, deviates considerably from the log-law in the

separation and recovery regions, i.e., at stations C-H. The velocity profiles at B are already

affected by the presence of the ramp and show deviations from the flat-plate behavior of sta-
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tion A. Typically, (V) /Uy < 1 for flat-plate TBL, however, we see that [(V)|/Us ~ O(1) at
stations B-G. The flow decelerates due to the adverse pressure gradient and eventually sepa-
rates at C. We observe reversed flow ((U) < 0) at stations D and E and the flow reattaches at
F. The flow, then, starts to returning towards its characteristics (e.g., mean velocity profiles
and Reynolds stresses) of a zero-pressure-gradient (ZPG) SDTBL, as seen in stations G and
H. Figure 4.9 shows the profiles of mean contravariant streamwise ((U) /U, ) and wall-normal
((V)/Us) components of velocity. Figure 4.14 shows the profiles of mean é-component of
velocity, (U)/Us (Fig. 4.14a), and n-component of velocity, (V)/Us (Fig. 4.14b). Figure
4.16 shows the profiles of mean &-component of velocity, (U o (Fig. 4.16a), and n-component
of velocity, (V)¢ (Fig. 4.16b), normalized by the viscous scales at station A. The behavior of
Cartesian and contravariant component of mean streamwise velocity are similar. However,
(V) /Uy is affected more by the presence of the ramp than (V) /U, stations B-H (Figs. 4.11b
and 4.14b).

Station A B C D E F G H
Location (z) —2L/dy 0 wsp 0.5L/6g L/6o xrea 2L/6o 4L/do

Table 4.3: Streamwise locations of eight stations (A-H) identified in Fig. 4.9.
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(b) The subdomain of Fig. 4.7a showing the separation bubble along with the streamlines and
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(c) Color contours of the mean Cartesian y-component of velocity (V) /Usx.

Figure 4.7: Color contours of z- and y-components of mean Cartesian velocity.
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(c) Mean Cartesian y-component of velocity (V)/Us (solid lines) at streamwise stations: A-H (dotted lines).

Figure 4.8: (a) Color contours of mean pressure, and (b) and (c) profiles of the mean Carte-

sian z- and y- components of velocity, respectively, at streamwise stations A-H.
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(a) Mean contravariant &-component of velocity (U)/Us (solid lines) along the grid lines (dotted lines) at

streamwise stations: A-H.
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(b) Mean contravariant n-component of velocity (V)/Us (solid lines) along the grid lines (dotted lines) at

streamwise stations: A-H.

Figure 4.9: (a) and (b) profiles of the mean contravariant - and n-components of velocity,

respectively.
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Figure 4.10: Spatial development of the skin friction coefficient c¢; along the streamwise

direction.. The streamwise stations (A-H) are also shown.
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Figure 4.11: Profiles of the (a) mean z-component of velocity, (U)/Us and (b) mean y-

component of velocity, (V)/Us, at stations A-H.
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Figure 4.12: Zoomed-in profiles of the (a) mean z-component of velocity, (U)/Us, and (b)

mean y-component of velocity, (V') /Us, at stations A-H.
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Figure 4.13: Profiles of the (a) mean z-component of velocity, (U)s, and (b) mean y-
component of velocity, (V){, at stations A-H. The dashed black line in (a) indicates the

von Kdarmén (1930) log-law. Wall units are normalized by viscous scales at o = —2L.
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Figure 4.14: Profiles of the (a) mean &-component of velocity, (U)/Us, and (b) mean 7-
component of velocity, (V)/Us, at stations A-H.
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4.2.8  Turbulence kinetic energy and Reynolds stresses

Turbulence kinetic energy Figures 4.17 and 4.18 show the profiles at stations A-H and
color contours, respectively, of the turbulence kinetic energy (TKE), k¢, normalized by the
viscous scales at g = —2L. In the region upstream of the ramp (x < 0), the peak values
of TKE are observed at yj = 10. The TKE profile at station A, as shown in Fig. 4.17, has
the typical shape and magnitude of that for ZPG-SDTBL at this Reynolds number (see,
e.g., Spalart (1988); DeGraaff & Eaton (2000); Pope (2000); Ferrante & Elghobashi (2004)).
However, in the separated region and in the recovery region of the flow (x > 0.4L), the peak
TKE shifts away from the wall at y; = 200. The maximum value of TKE, out of the stations
A-H, is obtained in the separted region at station E at distance of yj ~ 200 from the wall
as shown in Fig. 4.17. Further, as seen in Fig. 4.18, the peak TKE increases by at least a
factor of three in the separated region when compared with the attached region, i.e., from
kg~ 3.5 at station A to kj_~ 13 at station E. Downstream of the reattachment location,
at station F, the profiles of TKE tend to recover towards the ZPG flat-plate boundary layer
profiles. As the flow begins to recover, the TKE profile at station H in the near-wall region
of y; < 20 begins to resemble that of a ZPG flat-plate boundary layer by showing a peak at
yg =~ 10, while showing another peak at y; & 265 being advected from the TKE produced

upstream in shear-layer region.

Reynolds stresses in Cartesian coordinates The Cartesian components of Reynolds
stresses (u;u;)¢ shown in Figs. 4.19 and 4.20 (left column) also exhibit a similar behavior
to the TKE. At station A and B, the profiles of the Reynolds stresses are very similar to
those of a ZPG flat-plate boundary layer (see, e.g., Spalart (1988); DeGraaff & Eaton (2000);
Pope (2000); Ferrante & Elghobashi (2004)). From station C down to station F, such profiles
deviate from their ZPG counterparts, and their peaks shift away from the wall from yg ~ 20
to yg = 200 due to the hear layer initiated by the ramp at /L = 0. Downstream of the reat-
tachment location (station G and H), we see the Reynolds stress profiles gradually returning

towards the shape of the profiles characteristic of a ZPG SDTBL. The profiles of (u?)¢ and
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(w?)¢ in the near wall region of yj < 20 resembles that of a typical ZPG flat-plate boundary
layer. The return of the profiles of (uv)d and (v?){ to their ZPG flat-plate boundary layer be-
havior is slower as the profiles still exhibit peaks in the region away from the wall at y = 200.
This is consistent with the observation of Song & Eaton (2004) that the recovery rate of the
Reynolds stresses to their characteristic ZPG flat-plate boundary layer profiles, ordered from
fastest to slowest, is (u?), (uv), and (v?). Similarly to the TKE, we see the peak values of the
Reynolds stresses increase by at least a factor of two in the separated region when compared

with the attached region, i.e., from [(u?){ . (v?)§ . (w?){ ,—(w){ ] ~[6,1,1.5,0.75]

Omax On’lax Omax Olnax
at station A to [(u?)§ (03§ (w?)g —(uw)i |~ [12,6.5,7.5,5.5] at station E. For

the stations A-H, the maximum value of (u?){ is at station D, while the maximum values

of (v¥)¢, (w?)§, —(uv)d are all at station E. Further, Table 4.4 shows the exact positions of

the peak values for the Cartesian components of the Reynolds stresses.

(W) (%) (W) —(uv)g
z-location (x/L) 0.6 0.9 1.1 0.8
y-location (yg) 69.5 121.9 201.3  95.0

Table 4.4: Positions identified by the x- and y-locations of peak values for the Cartesian

components of the Reynolds stresses: (u?){, (v?)¢, (w?)d and —(uv){.

Reynolds stresses in orthogonal curvilinear coordinates The physical components of
the contravariant Reynolds stresses (4'@/)§ are shown in Figs. 4.19 and 4.20 (right column).
Since TKE is a scalar and 2k is an invariant of the Reynolds stress tensor, the profile of
kg is the same in Cartesian and orthogonal curvilinear coordinates. Also, due to the linear
translation of the computational domain along the ¢ direction, the profile of (w?){ is also

unaffected by the coordinate transformation (Figs. 4.20a and 4.20b). The profiles of the

physical components of the contravariant Reynolds stresses over the ramp, i.e., at stations C,
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D and E, differ from the Cartesian components due to the fact that the grid lines are curved
and so the Cartesian and curvilinear components of velocity differ from each other. The
profile of (4?) at stations C, D and E have greater magnitudes than the Cartesian profiles
but show the same qualitative behavior (Figs. 4.19a and 4.19b). On the other hand, profile of
(%) at stations C, D and E have smaller magnitudes than the Cartesian profiles (Figs. 4.19¢
and 4.19d) since the TKE is an invariant with coordinate transformation. The profiles of
(0%)g and —(a0)§ (Figs. 4.20c and 4.20d) differ the most from their corresponding Cartesian
< 50 at stations C, D and E is smaller than that of

~

profiles. The magnitude of (92) for y
(v¥)¢ and the maximum value of (9%){ is obtained at the reattachment location, station F
while for (v?){ its peak is at station E. Further, Table 4.5 shows the exact positions of the
peak values for the physical components of the Reynolds stresses in orthogonal curvilinear
coordinates.

At the separation location (station C, Fig. 4.20d), the profile of —(@0); has a negative
value, i.e., (1) > 0 in the region 7j < 26. Abe et al. (2012) and Abe (2019) also report
obtaining positive values in the profile of (uv) in the case of the so-called ‘pressure-gradient
induced flow separation’ in a flat-plate turbulent boundary layer. In their case, the positive
values in the profile of (uv) were near the top of a ‘large’ separation bubble where the
streamlines have a convex curvature (see Figs. 3(e) and 5(b) of Abe et al. (2012)).

The behavior of the turbulence kinetic energy and the Reynolds stresses in both Cartesian
and curvilinear coordinates will be explained in subsequent sections, Sec. 4.2.5 and Sec. 4.2.6,
by analyzing the budget equations of the Reynolds stresses.

For the first time, we notice that the profiles of the Reynolds stresses in orthogonal
curvilinear coordinates over the curved region of the ramp share some similarities with the
Reynolds stresses, the terms of their budget equations, and mean velocity gradient (Sec. 4.2.6)
in the region with suction velocity (APG) of a pressure-gradient induced turbulent flow
separation over a flat plate (Abe et al., 2012; Abe, 2017; Kitsios et al., 2017). This is
because in the computational domain after the coordinate transformation of the curved

physical domain is equivalent to a Cartesian domain over a flat plate with imposed APG
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conditions. Such a comparison is only possible because (i) we employ a structured orthogonal
grid (Appendix D) over the curved ramp in our simulations, and (ii) FastRK3 solves the
governing equations written in orthogonal curvilinear coordinates. That said, we will note in
Sec. 4.2.5 and 4.2.6, the differences between the Reynolds stress budgets and mean velocity
gradients in Cartesian coordinates and those in orthogonal curvilinear coordinates over the
curved ramp due to the curvature that would not be possible to simulate using a flat wall

with an imposed APG to force separation.

(@) (0%)g (@ —(ad)g
&-location (/L) 0.7 1.5 1.1 1.3
nlocation (7)  81.0 1432 201.3  182.5

Table 4.5: Positions identified by the &- and n-locations of peak values for the physical
components of the Reynolds stresses in orthogonal curvilinear coordinates: (a%)g, (9?)d,

(02T and — (@)
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4.2.4  Turbulence kinetic energy budget

The budget equation of the turbulence kinetic energy k can be obtained by taking the dot
product of the velocity fluctuation u(x,t) with the momentum equation for the velocity
fluctuation (Eq. (5.138) of Pope (2000)) and then by taking the mean, (...), of each term of
the resulting equation which for a statistically stationary turbulent flow results in:

(U)VE -V () 4wV () 4P T —e=0,  (411)
—_—— 2 —_——

J/

-

. viscous diffusion
turbulent convection

mean flow convection

where u(x, t) is the velocity fluctuation:
u(xz,t) = Uz, t) — (U(x,t)), (4.12)

and s = s = 1/2 (Vu + VuT) is the strain rate tensor of the velocity fluctuation u, &2
and e are the production and dissipation of k, respectively. Note that for the SDTBL
separating over a curved wall that we study (Fig. 4.2), the flow is statistically stationary
and homogeneous in the spanwise direction z, thus, the mean (...) is taken as average in
time and in the spanwise direction of the enclosed quantity. The terms corresponding to the
mean and turbulent convection and the viscous diffusion of k are indicated in Eq. (4.11).
The production of k, &2, is

P = —(uu) : S, (4.13)

where the strain rate tensor of the mean flow, S, in Eq. (4.13) is defined as

S == (V(U)+Vv(U"). (4.14)

DN | —

the pressure transport of k, 11, is
1 /
==V (up), (4.15)
P
where p’ is the pressure fluctuation,

P =p—(p), (4.16)
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and the dissipation of k, €, is

e=2v(s:s). (4.17)

FastRK3 solves the orthogonal formulation of the incompressible NS equations and computes
the contravariant components of the fluid velocity (Sec. 2.2). In order to compute the
turbulence statistics of the flow over the curved wall, we derive, for the first time, the budget
equations of the turbulence kinetic energy and of all components of Reynolds stresses in
orthogonal coordinates using the analytical techniques introduced in Sec. 2. We transform
the transport equations for the TKE and all the components of the Reynolds stresses to the
orthogonal curvilinear coordinates and these equations are derived in Appendix F. Each of the
terms of the transport equations of the TKE and the Reynolds stresses are then transformed
to their Cartesian components as discussed in Sec. 4.2 using Eq. (4.8). Figures 4.21 and 4.22
show the budget of TKE, k;, at the stations A-H. The positions of maximum values of ,
—(uv) and O(U)/0y are denoted by triangles on horizontal axis. Further, we examine the
budgets of the individual components of TKE, i.e., (v?), (v?) and (w?), in Sec. 4.2.5 and

4.2.6, in order to explain the physical mechanisms of turbulence in a separated flow.

TKE budget at station A and B (x = —2L and x = 0) Figures 4.21a and 4.21b show
the budget of TKE, kj, at A(x = —2L) and B (z = 0), respectively. The budget of k; at
stations A and B exhibit similar characteristics as that of a flat-plate turbulent boundary
layer of Spalart (1988) discussed by Pope (2000) in their Chapter 7, Sec. 7.3.5, Fig. 7.34.
Dissipation reaches its peak value at the wall, while production peaks in the buffer layer
at ya ~ 11. TKE production is larger than viscous dissipation around the y-location of
peak TKE and the transport terms take care of balancing the budget by carrying the excess
energy produced and not dissipated to other regions of the flow. The viscous diffusion term

diffuses TKE primarily towards the wall.

TKE budget at station C and D (x = Xsp and x = 0.5) Figures 4.21c and 4.21d show
the budget of TKE, kg, at stations C (z = Zgp) and D (2 = 0.5L), respectively. The location
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of peak production of TKE, at stations C and D, shifts away from the wall and is obtained at
Yy ~ 23 and yg ~ 40, respectively. Further, the maximum value of production, at stations
C and D, are, respectively, three times and four times their counterparts at station A. The
pressure transport term is still smaller than the other terms, while the mean and turbulent

convection are more significant in the separated region.

TKE budget at station E and F (x = L and x = X,e,) Figures 4.22a and 4.22b show
the budget of TKE, kq, at stations E (z = L) and F (2 = x4,), respectively. The budget
of ki at station E (x = L) differs greatly from that of a ZPG SDTBL. The peak production
is obtained at yg ~ 240 which is indicative of the fact that the strongest turbulence in the
flow has shifted away from the wall due to the shear layer created in the flow by the flow
separation over the curved ramp. The peak dissipation is still obtained at the wall, and the
viscous diffusion term transports kinetic energy primarily towards the wall. The budget of
ki at station F (2 = @,¢,) mostly follows the same trend as that at station E (z = L), except
the peak value of TKE production at station F is smaller than that at station E, and peak

the value of viscous dissipation at the wall is greater at station F than at station E (z = L).

TKE budget at station G and H (x = 2L and x = 4L) Figures 4.22¢ and 4.22d show
the budget of TKE, kg, at stations G (x = 2L) and H (z = 4L), respectively. In the near
wall region (yg < 70), the TKE budgets tend to return towards the ZPG SDTBL. However,
the peak production of TKE at station G (z = 2L) is still obtained at ygi a~ 220. The TKE
budget at station H (z = 4L) resembles that of a typical ZPG SDTBL albeit with values
about half of those at station A (z = —2L).
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Figure 4.21: Budget of turbulence kinetic energy, k, at stations A-D, normalized by viscous
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triangles on horizontal axis.
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4.2.5 Reynolds stress budget in Cartesian coordinates

Next, we explain the changes occurring to the terms of the Reynolds stress budget due to

flow separation with respect to a ZPG SDTBL.

Reynolds stress budgets in Cartesian coordinates We investigate the Reynolds stress
balances to better understand the dynamics of turbulence in this separated flow over the
curved wall. The transport equation for the Reynolds stresses in a statistically stationary
turbulent flow is (Pope, 2000)
— (U)-V(uu) — V-{(uuu) + vV?*(uu) +@ +1II —€ =0, (4.18)
NI —_——

——

mean flow convection  turbulent convection  viscous diffusion
where where u(z, t) is the velocity fluctuation from its mean (U(x4,t)) as shown in Eq. (4.12).

The terms corresponding to the mean flow convection tensor, the turbulent convection tensor

and the viscous diffusion tensor are indicated in Eq. (4.18). & is the production tensor
P = — (uu) - V(U) — (uu) - V(U)" (4.19)
I1 is the velocity-pressure-gradient tensor
= —% <qu’ + qu'T> , (4.20)

where p’ is the pressure fluctuation which is defined in Eq. (4.16), and € is the dissipation

tensor

e=2v(Vu-Vu'). (4.21)

The transformation of each of the terms of Eq. (4.18) to orthogonal curvilinear coordinates
is discussed in Appendix F.

We start he analysis of the Reynolds stress budgets by looking at the production tensor
(4.19). Since production of Reynolds stresses is mainly affected by the mean shear, we first

analyze the gradient of mean velocity, V(U).
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Gradient of mean velocity Figure 4.23 shows the profiles of the four terms of the gra-
dient of mean velocity, V(U), normalized by the viscous scales at A (zg = —2L) for the
stations A-H. At stations A, B, G and H, the derivatives of the mean velocity components
in the y-direction are greater than those in the z-direction, i.e., |O(U)g /0y| > [0(V )¢ /0y
> |0(U)¢ /0z| > |0(V){ /Oz|, which is characteristic of a ZPG TBL. The velocity derivatives
V)¢ /0r < 1 and O(V)d /0y < 1 at stations where the wall is flat, namely, stations A, B,
F, G and H. At station A, 9(U){ /9y is unity and maximum at the wall since we used the

viscous scales at that location for the normalization of such term.

Over the curved ramp, at stations C, D and E, we have [0(U)g /0yl > |0(V){ /0y
> |0(U) ¢ /0x| > |0(V)d /0z|. Therefore, (U)d /0y and O(V){ /Oy are the two significant
components of the velocity gradient in the separated region over the curved ramp. The
velocity gradient at the wall where separation (station C) occurs is zero. At stations D
and E, O(U)§ /0y < 0 for y < 10 and y < 45, respectively, due to the reversed flow in
the separated region. At these stations, the adverse pressure gradient decelerates the flow,
thus, 9(U)g /Ox is negative for y < 6 and y < 25, respectively. The mean shear gradually
O(U)d /Oy increases, from zero in the case of station C, and from negative values in the
case of stations D and E, at the wall to positive values farther away from the wall, past the
inflection point of the mean velocity profile of (U) (Fig. 4.13a). Therefore, in the separated
region, the maximum value of 9(U)§ /0y occurs away from the wall for yi > 10. At station
C, the velocity derivative O(V)d /0y starts from the value of zero at the wall and takes
on negative values away from the wall, i.e., (V){ /0y < 0 as the flow turns downwards
(V) <0 (Fig. 4.13b). At stations D and E, where the separation bubble near the wall occurs
(Fig. 4.7b), the flow is reversed ((U) < 0) and, thus, it moves upwards, i.e., (V') > 0 in the
near-wall region (Fig. 4.13b). Therefore, the velocity derivative 9(V)§ /0y > 0 for yj < 6
and yg < 30 at stations D and E, respectively. The profile of (V') /dy then changes its
sign from positive to negative past this location of maximum (V') velocity as the flow along

y gradually changes its direction to flow downward, i.e., (V') <0 (Fig. 4.13b).

In the reattachment (station F) and the recovery region (stations G and H), we have
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0(U) /0y > |0(V)§ /oyl > |o{U)d /0x| > |0(V)§ /Ox|. Therefore, d(U)§ /Oy is the most
significant component of the mean velocity gradient tensor. The velocity gradient at the
wall where reattachment (station F) occurs is zero. At stations G and H, i.e., downstream of
the reattachment location, the peak values of O(U)d /Oy are obtained at the wall, similarly
to stations A and B. However, unlike as at stations A, B and H, the profile of d(U)s /0y
does not smoothly decay to zero for y; > 60 at stations F and G. The velocity derivative
O(V')g /Oy is only significant at stations F and G. Therefore,downstream of station G, the
flow gradually regains the chief characteristic of a ZPG SDTBL where 0(U){ /dy is the only

significant mean velocity derivative.
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Reynolds stress budget at station A and B (x = —2L and x = 0) Figures 4.24 and
4.25 show the budgets of the Reynolds stress components at stations A and B. The triangles
on the horizontal axis in the figures denote the yd positions where the maximum values of
relevant flow properties occur. The Reynolds stress budgets at stations A and B exhibit
similar characteristics as that of a turbulent boundary layer over a flat-plate as discussed by
Pope (2000) in their Chapter 7, Sec. 7.3.5, Figs. 7.35-7.38. The main source of production of
Reynolds stress in a flat-plate turbulent boundary layer is £;, production of (u?), as shown
in (Figs. 4.24a and 4.24b), while Y5, (Figs. 4.24c and 4.24d) and P33 (Figs. 4.25a and
4.25b) are negligible. Therefore, most of the TKE production in this region occurs through
the production of (u?). Over most of the boundary layer, the velocity-pressure-gradient
term, 11, is the main sink of (u?), while Ty, and I35 are the main sources of (v?) and (w?),
respectively. Therefore, the primary role of the velocity-pressure-gradient tensor is as a sink
of (u?) and as a source of (v?) and (w?). Further, the dissipation of (v?) and (w?), viz., €
and €33, are approximately balanced by Iy and [l33. Finally, in the shear-stress budget,
—(uv), the production — %), is approximately balanced by — 115, while the dissipation —ejy

is negligible, except near the wall or y; < 10.
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Figure 4.25: Budget of (w?) (in (a) and (b)) and —(uv) (in (c) and (d)) at stations A and
B, normalized by viscous scales at zo = —2L (Eq. 4.18). Colored triangles on the horizontal

axis denote the positions of maximum values of (w?) (in (a) and (b)) as well as (u?), (v?),

—(uv) and 9(U)/dy (in (c) and (d)).
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Reynolds stress budget at station C and D (x = Xsp and x = 0.5L) Figures 4.27
and 4.28 show the budgets of the Reynolds stress components at stations C and D. The
budgets of the Reynolds stress are quite different from those of a ZPG SDTBL as those just
described of station A. For example, the peak value of production of (u?) at stations C and
D is at least two times that of at stations A and B. In order to analyze further such change,

we notice that the production of (u?), 9y, is written from (4.19) as

Py =2 (—<u2>aég> - ww%) | (4.22)

The two terms on the r.h.s. of Eq. (4.22) at stations C and D are shown in Figs. 4.29a and
4.29b, respectively and the main source of &y, is 9(U)/0x. The peak production of (u?) at
stations C (yg ~ 22) and D (y; ~ 40) are obtained further away from the wall compared
to A and B (yg ~ 10). The production of (u?) at C and D peaks close to the position of
maximum mean shear (U)/dy (yg ~ 16 for station C, and yg =~ 36 for station D).
Similarly to stations A and B, also at stations C and D (4.27 and 4.28) the velocity-
pressure-gradient term, [Ty, is a sink of (u?), and [Ty and II33 are sources of (v?) and (w?),
respectively. The pressure term [133 is the main source of (w?) since its production 33
is zero. However unlike stations A and B, at stations C and D, the production of (v?) is

non-negligible. The production of (v?), sy, is written from (4.19) as

Py =2 (—(uv)% - (02)%) : (4.23)
The terms of Eq. (4.23) at stations C and D are shown in Figs. 4.29¢ and 4.29d, respectively.
Since, —(uv) > 0 (Fig. 4.20c) and 9(V)/0x < 0 for y5 > 7 for both stations C and D
(Fig. 4.23c), the first term —(uv)d(V)/0x < 0 and does not contribute to the bulk of
production of (v?). Therefore, (V') /y is the main source of production since —(v?) is always
negative and 9(V)/0y < 0 at station C and for y; > 6 at station D (Fig. 4.23d). Hence,
the production of (v?) peaks at ys ~ 20 and 32 for stations C and D, respectively, around
the location of minimum (V') /dy at ys ~ 12 and 25 for stations C and D, respectively, as
shown in Figs. 4.27c and 4.27d.
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Further, at stations C and D where the wall is curved, the viscous diffusion and dissipation
of (v?) and —(uv) are not equal to zero as in the upstream flat-plate regions of the flow, i.e.,
at stations A and B. In order to explain that, next, we analyze the behavior of such terms in
a turbulent flow over a flat-plate and curved-wall regions. In a flat-plate turbulent boundary
layer, the velocities

u=v=w=0VY(x,z) at the wall (y = 0). (4.24)

Therefore, the velocity derivatives at the flat-wall

0 0
a2 o, (4.25)
x|,y 07|,
and the continuity equation, V - u = 0, yields
0
Sl -} (4.26)
Y | ,—o
Further, from Eq. (4.24) we have
0 0
A (4.27)
ox|,_o 0z,

The viscous diffusion of (v?) and —(uv) are, respectively, written from Eq. (4.18) as
d [ Ov? [ v? d [ Ov?
2,2y _ [/ 9 [9U N I el
vV <U>_V<(9J: <8x>+8y <8y> "oz ((‘9z)>7
0 ov 0 Jv 0 ov
o () <3 (5) <3 (25))
d [ Ouv 9 [ Ouv 0 [ Ouv?
ge\oe) "ay\ay) o= \o: )/
J (4.29)
0
o (

Ov 6u> 0 < ov 0u> 0 ( v 8u)>
U+ UV — +a—y U—+v— |+~ (u—+v ,

which, using Eqgs. (4.26) and (4.27), result in

(4.28)

dy dy 0z

vV (v?) = —vV*(uv) = 0 V(z, 2) at the wall (y = 0). (4.30)

The viscous dissipation of (v?) and —(uwv) are, respectively, written from Eq. (4.18) as

aman (8 (%) + (), "
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ou Ov Ou v Ou v
~an=-2{(Grr) + (o) + (5202) ) 3

which, using Eqgs. (4.26) and (4.27), result in
€90 = —€12 = 0 V¥(x, 2) at the wall (y = 0). (4.33)

Hence, from Egs. (4.30) and (4.33), the viscous diffusion and dissipation of (v?) and
—(uv), at the wall in the flat-plate regions of the flow, i.e., stations A and B and as we
shall see later in this section, at stations F, G and H, are zero (Fig. 4.24c¢ and 4.24d). In
the curved wall region 0 < x < L, instead, we have the contravariant component of velocity
fluctuation @ =

v =w = 0V(2) at the wall (n = 0). However, the velocity derivatives at
the curved wall (n = 0)

0 0
T 20 and 22| =0 (4.34)
o |, _g 0z |,
and, thus, from the continuity equation, V -u = 0, we get
ov
— # 0. (4.35)
Jy =0

Hence, from Egs. (4.28) and (4.31), the viscous diffusion and dissipation of (v?) and —(uv),
at the curved-wall section, i.e., stations C and D are not equal zero (Fig. 4.27c and 4.27d).

The viscous diffusion of (w?) is written from Eq. (4.18) as
L0 (0 (e o (o
Ox \ Ox oy \ Oy 0z \ 0z ’
v ﬁ Qwa—w + ﬁ 2wa—w + 2 2w0_w
Ox Ox oy oy 0z 0z ’

and, the viscous dissipation of (w?) is written from Eq. (4.18) as

€33 = 2 < (%’)2 + @—3)2 + (g—f)z> : (4.37)

Since w = 0 Vz at the wall in the curved-wall section, the viscous diffusion and dissipation

vV (w?)

(4.36)

of (w?), Egs. (4.36) and (4.37), at the curved-wall section, as well, are zero (Fig. 4.28a and

4.28b). Figure 4.26 summarizes these different results regarding the derivatives of velocity
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fluctuations at the wall in a SDTBL over a flat-wall versus a curved-wall, just discussed
through Eqs. (4.24)-(4.37). In this regard, we notice that differently from what we observe
in the turbulent flow separating over a curved wall, in the case of ‘pressure-gradient-induced
turbulent flow separation’ over a flat-plate, as studied for example by Abe (2017), the viscous
diffusion and dissipation of (v?) and —(uwv) at the wall are zero since u = v =w = 0 V(z, 2)
at the wall (y = 0). Later in this section, we will discuss the similarities and differences of
the Reynolds stress budgets of our DNS from the SDTBL separating over the curved wall
in orthogonal curvilinear coordinates with those of ‘pressure-gradient-induced turbulent flow
separation’ over a flat-plate.

The mean flow convection and turbulent convection of the Reynolds stress in Figs. 4.27
and 4.28 indicate enhanced transport compared to that at station A and B, shown in
Fig. 4.24 and 4.25, due to the shear layer created by the flow separation over the curved
ramp (Fig. 4.8b). Since the mean flow convection depends on the gradient of the Reynolds
stress and [(V)| > 0 at y§ > 10 and 20 at station C and D, respectively, the bulk of mean
flow convection is obtained above the peaks of their respective components of Reynolds
stress, Le., at yg > (wu; ), (Figs. 4.27 and 4.28). Note that the profiles of the mean flow
convection and turbulent convection in the shear layer region of the flow, 10 < y4 < 100 of
stations C and D in Figs. 4.27 and 4.28 are similar to that of the turbulent mixing layer,
Fig. 21 of Rogers & Moser (1994).

Finally, regarding the budget of —(uwv), its production, — %, is written from (4.19) as

— Py = ((u%% + (uv)% + <uv>%‘y/> + (v%%) : (4.38)
Figures 4.28¢c and 4.28d show that — 5 is approximately two and six times larger at stations
C and D, respectively, that that at station A. In order to understand such increase, we show
the terms of Eq. (4.38) at stations C and D in Figs. 4.30a and 4.30b. Since (uv) < 0 and
(v*) > 0, —P, is sustained by the mean shear d(U)/dy > 0 and the velocity derivative
(V) /0y < 0. Since (u?) > 0 and (uv) < 0, the mean shear terms 9(V)/0x < 0 and the

velocity derivative 0(U)/0z > 0 contribute to reducing the production —%25 as shown in
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Figs. 4.30a and 4.30b. The dissipation, —e1, is negligible except near the wall while the

production is balanced by the velocity-pressure transport, —I15.

SDTBL over flat plate

No-slip at the wall: w = w = O for allz and 2

ou ow

= — = — =0

x|,y 02|,

Hence, the continuity equation, V - u = 0, yields @ =0
ay y=0
Yy

SDTBL over curved wall

No-slip at the wall, = 0: 4 = @ = 0 for all z and 2

But, over the curved wall, u # 0 and gw =0
ox 5=0 oy =0
Hence, V - u = 0, yields @ £0
dy =0
Y ¢ U

~L ~L 5

Figure 4.26: Derivatives of velocity fluctuations at the wall in Cartesian coordinates at the

wall for flat plate (left) and curved plate (right).
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Figure 4.27: Budget of (u?) (in (a) and (b)) and (v?) (in (c) and (d)) at stations C and D,

normalized by viscous scales at zyp = —2L (Eq. 4.18). Colored triangles on the horizontal

axis denote the positions of maximum values of (u?), —(uv), (U)/dy (in (a) and (b)) and

maximum values of (v?), —(uv) and d(V')/dy (in (c) and (d)).
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—(uv) and 9(U)/dy (in (c) and (d)).
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Figure 4.30: Terms contributing to — %%, (4.38), production of —(uv), at stations C and D,
normalized by viscous scales at xg = —2L. Colored triangles on the horizontal axis denote

the positions of maximum values of (u?), (v?), —(uv) and O{U)/dy.

Reynolds stress budget at station E and F (x =L and X = Xyea) Figures 4.31 and
4.32 show the budgets of the Reynolds stress components at stations E and F. The terms
contributing to the production of (u?), Z2;, given in Eq. (4.22), at stations E and F are
shown in Figs. 4.33a and 4.33b. The peak values of &, at stations E and F are comparable
to that of station A. The peak £2;; at stations E and F (yg = 240) occur further away from
the wall compared to stations A and B (yj ~ 10). The balance of (u?) at the location of
peak production at station E, i.e., &1 — €11 — Il11, is smaller than that at station D, and,
hence, the maximum value of (u?) is obtained at station D from all the stations analyzed
A-H (Fig. 4.19a). The production of (u*) peaks near the position of maximum mean shear
O(U) /Dy in the case of station E (yg ~ 235) and near its local maxima at station F (y5 =~ 230,
Table 4.4).

Similarly to the other stations the velocity-pressure-gradient term, I1;y, is a sink of (u?),
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and, ITy and II33 are sources of (v?) and (w?), respectively. The pressure term I35 is the
main source of (w?) since the production P33 is zero. Similarly to stations C and D, the

production of (v?), at stations E and F, is non-negligible.

The terms contributing to the production of (v?), Py, given in Eq. (4.23), at station E
and F are shown in Figs. 4.33c and 4.33d. The velocity derivative 0(V')/0y is a source of
production of (v?) in the region where 9(V)/dy < 0, i.e., for 20 < y; < 300 at E and for
2 < yg < 300 at station F (Fig. 4.23d). However, unlike C and D, 9(V')/0z is also source
of P4y in the region where 9(V)/dy > 0, i.e., for yi > 210 at E and for y5 > 20 at station
F (Fig. 4.23c). As a result, the balance of (v?) at the location of peak production at station
E, ie., Ilys + P59 — €99, is greater than that at station D, and, hence, the maximum value
of (v?) is obtained at station E from of all the analyzed stations A-H (Fig. 4.19¢ and Table
4.4).

Further, similarly to station C and D, the viscous diffusion and dissipation of (v?) and
—(uv) at the wall at station E are not equal to zero (Fig. 4.31¢). However, this is not the case
at station F since that is in a flat-plate region and is not located in the curved-wall region as
stations C, D and E (Fig. 4.31d). Further, the mean flow convection and turbulent convection
of the Reynolds stress in Figs. 4.31 and 4.32 indicate enhanced transport compared to that
at stations A and B due to shear layer created by the flow separation over the curved ramp
and these profiles resemble those of the turbulent mixing layer, e.g., see Fig. 21 of Rogers &
Moser (1994) for 60 < y§ < 500. The bulk of mean flow convection is obtained above the

peaks of their respective components of Reynolds stress, i.e., at yi > (uu;)_ (Figs. 4.31

and 4.32). Finally, in the shear-stress budget, the peak production —%2;5 is approximately
three times greater at stations E and F than at station A. The terms contributing to — %,
given in Eq. (4.38), at stations E and F are shown in Figs. 4.34a and 4.34b which show
that the main term contributing to — %, at stations E and F is the last term of Eq. (4.38),
ie., (vV)O(U)/dy. Also, at stations E and F, the dissipation, —ejy, is negligible and the

production, — %5 is balanced by —II,.
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Figure 4.31: Budget of (v?) (in (a) and (b)) and (v?) (in (c) and (d)) at stations E and F,
normalized by viscous scales at zyp = —2L (Eq. 4.18). Colored triangles on the horizontal
axis denote the positions of maximum values of (u?), —(uv), (U)/dy (in (a) and (b)) and

maximum values of (v?), —(uv) and d(V')/dy (in (c) and (d)).
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Figure 4.32: Budget of (w?) (in (a) and (b)) and —(uv) (in (c) and (d)) at stations E and
F, normalized by viscous scales at g = —2L (Eq. 4.18). Colored triangles on the horizontal

axis denote the positions of maximum values of (w?) (in (a) and (b)) as well as (u?), (v?),

—(uv) and 9(U)/dy (in (c) and (d)).
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viscous scales at g = —2L. Colored triangles on the horizontal axis denote the positions of

maximum values of (u?), (v?), —(uv) and (U)/dy.

Reynolds stress budget at station G and H (x =2L and x =4L) Figures 4.35
and 4.36 show the budgets of the Reynolds stress components at stations G and H. The
stations E and F are approximately 0.5L and 2.5L downstream of the reattachment location
Trea = 1.49L. The budgets of (u?) and (w?) in the near-wall region at y; < 60 for stations G
and H tend towards their respective characteristic shapes of a ZPG SDTBL. The budgets of
(u?) and (w?) in the outer boundary layer at y; > 60 for station G are similar to those of the
turbulent mixing layer, Figs. 21a and 21 of Rogers & Moser (1994). The terms contributing to
the production of (u?), 21, given in Eq. (4.22), at stations G and H are shown in Figs. 4.37a
and 4.37b. The peak of &, at station F (y; = 240) is obtained further away from the wall
compared to station A (y; = 10). The profiles of O(U)/dy at stations G and H peak at
the wall. However, unlike in the ZPG region as at station A, the profiles do not smoothly

decay to zero in the outer region of the turbulent boundary layer. Consequently, there is
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a local peak of production at station H at yj ~ 350, which leads to the two peaks in the
profile of (u?). Similarly to the other stations, over most of the boundary layer, the velocity-
pressure-gradient term, ITy; is a sink of (u?) and 15y and II33 are sources of (v?) and (w?),
respectively. The pressure term I35 is the main source of (w?) since the production P33 is
zero. The local maxima of the pressure term IT33 at yg = 250 and yg = 320 for stations G
and H, respectively, combined with the high rate of dissipation e33 in the near wall region
results in the peak of (w?) occurring farther away from the wall at yj = 130 for station G,
and at yg = 255 for station H. The terms contributing to the production of (v?), Py, given
in Eq. (4.23), at stations G and H are shown in Figs. 4.37c and 4.37d. The production of
(v?) at station H is negligible, which is not the case at station G. The mean vertical velocity
derivatives at station G are (V') /9y < 0 for 2 < y§ < 250 (Fig. 4.23d) and 9(V')/0z > 0 for
vy > 20 (Fig. 4.23c). As a result, the production of (v?) at station G is non-negligible. The
budgets of (v?) and —(uv) at station G are similar to that of the turbulent mixing layer, e.g.,
see Figs. 21b and 21d of Rogers & Moser (1994). The budget of (v?) at station H exhibits a
similar trend to that of a ZPG SDTBL albeit with the pressure-velocity-gradient term 159
reaching its maximum value at y; ~ 300 and with enhanced transport terms, compared
to those at stations A and B. Finally, in the shear-stress budget, the dissipation, €1, is
negligible except in the near-wall region and the production is balanced by I1;5. The terms
contributing to the production of —(uv), s, given in Eq. (4.38), at stations G and H are
shown in Figs. 4.38a and 4.38b. Therefore, we see the same trends as that of a ZPG flat-plate
boundary layer in the near wall region, however the peak production of —(uv) occurs farther
away from the wall, at yj & 220 for station G. At station H, the production 9, peaks at
Yy ~ 20 and has another local maximum at yi ~ 220, which results in producing the peak

of —(uv) occurring at y; ~ 300.
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Figure 4.35: Budget of (u?) (in (a) and (b)) and (v?) (in (c) and (d)) at stations G and H,

normalized by viscous scales at zyp = —2L (Eq. 4.18). Colored triangles on the horizontal

axis denote the positions of maximum values of (u?), —(uv), (U)/dy (in (a) and (b)) and

maximum values of (v?), —(uv) and d(V')/dy (in (c) and (d)).
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—(uv) and 9(U)/dy (in (c) and (d)).
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4.2.6  Reynolds stress budgets in orthogonal curvilinear coordinates

In this section, we analyze the budgets of the physical components of contravariant Reynolds
stresses over the curved ramp, i.e., at stations C, D and E (Table 4.3, Figs. 4.9 and 4.10).
Specifically, we study the budgets of (4?), (9?) and —(a®), since the profile of (w?)§ is
unaffected by the coordinate transformation since ( = z. The transport equation for the
Reynolds stresses in a statistically stationary turbulent flow is given in Eq. (4.18) and the
orthogonal formulation of each of the terms of this equation is given in Eqs. (F.1)-(F.6) of
Appendix F. Similarly to the analysis of the Reynolds stress budgets in Cartesian coordinates

of Sec. 4.2.5, we first analyze the orthogonal curvilinear components of the gradient of mean

velocity.
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Gradient of mean velocity in orthogonal curvilinear coordinates at stations C,
D and E (2 = 2sep, * = 0.5L and x = L) Figure 4.39 shows for stations C, D and E,
the profiles of the four physical components of the gradient of mean contravariant velocity,
VZ<U 7y, normalized by the viscous scales at station A. Similarly to the Cartesian components,
at stations A, B, G and H, the derivatives of the mean velocity components in the n-direction
are greater than those in the &-direction, i.e., V() > V,(V)§ > V(U)F > V(V)§.
Similarly to the Reynolds stresses discussed in Sec. 4.2.3, the profiles of physical components
of the gradient of the mean contravariant velocity (Fig. 4.39) over the curved ramp, i.e.,
at stations C, D and E, are the ones that differ from their corresponding Cartesian profiles
(Fig. 4.23). The velocity gradient at the wall where separation occurs (station C) is zero.
Away from the wall, at (g > 5) for station D and (57 = 20) for station E, V¢(U)§ < 0 and
Vn<f]>5r > 0 (Figs. 4.39a and 4.39b). Finally, Vn(f/)a“ > 0 and it is non-negligible farther
away from the wall, and VJ/O+ < 0 and it is the least significant component of the mean
velocity gradient (Figs. 4.39¢ and 4.39d). The physical components of the mean velocity
gradients in orthogonal curvilinear coordinates at C, D and E exhibit similar behavior to

those reported for the region of pressure-gradient-induced separation over a flat-plate via

suction velocity APG, see Figs. 7b and 7d of Kitsios et al. (2017).
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normalized by viscous scales at xqg = —2L, for stations A-H.

Reynolds stress budgets in orthogonal curvilinear coordinates at stations C, D

and E (z = Zsep, © = 0.5L and =z = L) Figures 4.40, 4.42 and 4.44 show the Reynolds

stress budgets, at stations C, D and E, of (a?), (92

) and —(u0), respectively. Herein, we

analyze the changes occurring in the budgets of these Reynolds stresses over the curved

wall due to the coordinate transformation over the curved ramp. The triangles on the

horizontal axis in the figures denote the 7y positions where the maximum values of relevant
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flow properties occur.

For stations C, D and E, the budget of (4?), shown in Fig. 4.40, is similar to its Cartesian
counterpart of (u?), shown in Figs. 4.27a, 4.27b and 4.31a. Further, we have seen in Sec. 4.2.3
that the (4?)¢ profiles (Fig. 4.19b) at stations C, D and E have greater magnitudes than that
of the Cartesian profiles (Figs. 4.19a) but show the same qualitative behavior. We notice
that this increased magnitude of the (42){ profile is due to the greater production of (a?)

compared to (u2). The production of (i2), 2, is written from (F.4) as

~

PU =9 [_<a2>v§<0> - <a@>vn<0>] . (4.39)

The two terms on the r.h.s. of Eq. (4.39) at stations C, D and E are shown in Fig. 4.41.
The first term of Eq. (4.39), —(4?)V,(U), is the main source for the production &' of
(4?) at stations C and D, and is also significant at station E. This is because —(4?) is
always negative and Vg(f] ) < 0 at station C, and for ny = 5 and 20 at stations D and E,
respectively (Fig. 4.39a). At station C, the second term of Eq. (4.39), —(a0)V,(U), is a
sink for the production 21 of (%) because it is negative, since for n < 26, (40) > 0 and
VU(U> > 0 (Fig. 4.39b). However, at stations D and E, this term is positive and contributes
as a source to the production of (42) since V,(U) < 0 and V,(U) > 0 for nf > 5 and 20 at
stations D and E, respectively (Fig. 4.39b). At stations C, D and E, due to greater production
P compared to 2!, the balance of PN N gl g greater than 2211 — [T'1 — ¢!l and,
hence, (4?) is greater than (u?).

Over the curved ramp, at stations C, D and E, the budgets of (¢?) (Fig. 4.42) and —(u9)
(Fig. 4.44) differ greatly from the budgets of their Cartesian counterparts, (v?) (Figs. 4.27c,
4.27d and 4.31c) and —(uv) (Figs. 4.28¢c, 4.28d and 4.32c), respectively. Firstly, the viscous
diffusion and dissipation of (#?) and — (@) are zero at the wall (y = 0), analogously to the
Cartesian profiles in a turbulent flat-plate boundary layer, since 90/0¢ = 00/0n = 00/9¢ = 0
(Fig. 4.26, Egs. (F.3) and (F.6)). The velocity-pressure-gradient term, I722, is the major

source of (92), analogously to Iy for (v2). Strikingly, the production 9?2 is negative
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indicating that it is a sink of (#2). The production of (#2), 222, is written from Eq. (F.4) as
P2 =2 [~ (@)Ve(V) — (%) V,(V)]. (4.40)

The profiles of the two terms on the r.h.s. of Eq. (4.40) at stations C, D and E are shown
in Fig. 4.43. Figure 4.43 shows that the contribution of the first term on the r.h.s. of
Eq. (4.40) to 22 is negligible with respect to the second term. Ve(V), which appears in
the first term on the r.h.s. of Eq. (4.40), —(00)V¢(V'), has the smallest magnitude of all the
components of mean velocity gradient (Fig. 4.39) and is mostly negative at stations C, D
and E (Fig. 4.39¢). Therefore, in the zones where — (i) > 0, —(i0)Ve(V) is negative and
is a sink for the production, #?2. This occurs for Yy > 26 at station C and over most of
the boundary layer at stations D and E (Fig. 4.20d). In the second term on the r.h.s. of
Eq. (4.40), (%) is always positive as well as V,(V') > 0 over the boundary layer at stations
C, D and E. Therefore, the second term on the r.h.s. of Eq. (4.40), —(02)V, (V) < 0, and,
is the major cause of negative production of (#?) (Fig. 4.43). Hence, the profile of (9?){ at
stations C, D and E have smaller magnitudes than the Cartesian profiles (Figs. 4.19¢ and
4.19d). The negative production of (¢?) was also reported in Figs. 14b and 14d of Abe (2017)
in the APG region of a pressure-gradient-induced turbulent flow separation over a flat-plate.
The smaller value of (92) than (v?) also results in its diminished convection with respect to

that of its Cartesian counterpart .

The production of —(ad), — P2, is written from (F.4) as
— P2 = [(@)V(V) + (ad)V(U) 4 (00)V, (V) + (03 V, (U) | . (4.41)

The profiles of the terms on the r.h.s. of Eq. (4.41) at stations C, D and E are shown in
Fig. 4.45. In the first term on the r.h.s. of Eq. (4.40), (4®)V¢(V), we have seen that V¢ (V)
has the smallest magnitude of all the components of mean velocity gradient (Fig. 4.39)
and is mostly negative at stations C, D and E (Fig. 4.39¢c). At the same time, (4?) is
always positive and is the largest component of the Reynolds stresses. Therefore, we see

from Fig. 4.45 that (a2)V¢(V) < 0 and is a sink of —2712. In the second term on the



134

~ A~

r.hs. of Eq. (4.40), (40)Ve(U), V¢(U) is mostly negative at stations C, D and E (Fig. 4.39a).
Therefore, (i0)V¢(U), is positive and is a source for the production —22'2 of — () when
—(ad) > 0. This occurs for yj > 26 at station C and over most of the boundary layer at
stations D and E (Fig. 4.20d). Since —(u0) is the least significant component of the Reynolds
stresses (Fig. 4.20d), Figure 4.43 shows that the second term on the r.h.s. of Eq. (4.40) is a
minor contributor to —2'2. In the third term on the r.h.s. of Eq. (4.40), (40)V,(V), V, (V)
is mostly positive at stations C, D and E (Fig. 4.39d). Therefore, (710)V¢(U) is negative and
is a sink of the production —2'2 when — () > 0, which occurs for yi > 26 at station C
and over most of the boundary layer at stations D and E (Fig. 4.20d). Therefore, Figure 4.43
shows that this term is a minor sink of —2'2. In the final term on the r.h.s. of Eq. (4.40),
(0®)V,(U), (0?) is always positive. Further, V, (U) has the largest magnitude among all the
components of mean velocity gradient (Fig. 4.39), and is mostly positive at station C, and
positive for 75 > 5 at station D and for i > 20 at station E (4.39b). Therefore, (#2)V, (U)
is positive and is the main source of —J712 (Fig. 4.45). This term was also identified as the
primary source of — 2" in Sec. 3.3, pp 582 of Abe (2017) in the APG region of a pressure-
gradient-induced turbulent flow separation over a flat plate. At station C, the magnitude
of the two terms (02)V,(U) and (42)V¢(V) are comparable, resulting in a smaller —2'2
than at stations D and E. Since there are two sources of production &5, of —(uv), namely,
(v1Ho(U) /0y and (uv)d(V)/dy, the magnitude of —(uv) is greater than its contravariant
counterpart —(u9) at stations C, D and E (Figs. 4.20c and 4.20d). The dissipation —é'2

is negligible and the production — P2 g mainly balanced by the velocity-pressure-gradient

term, —I1'2.
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4.2.7 Physical mechanisms in SDTBL separating over a curved ramp

In Sec. 4.2.5, we have explained the changes occurring to the terms of the Reynolds stress
budget due to flow separation with respect to a ZPG SDTBL. Further, in Sec. 4.2.6, we
analyzed the differences between the Reynolds stress budgets in Cartesian and orthogonal
curvilinear coordinates over the curved ramp, i.e., at stations C, D an E. Herein, we sum-
marize the key physical mechanisms of turbulence in SDTBL over a curved ramp based on

our findings of the present study.

Flat plate region upstream of the ramp: stations A and B At stations A and B,
upstream of the ramp, the Reynolds stress budgets exhibit similar characteristics as that of
a ZPG SDTBL over a flat plate. In this region, 9(U)/dy is the only significant component
of the mean velocity gradient as shown in Fig. 4.23. Therefore, &7;; is the main source
of production of TKE while &5, and P33 are negligible (Figs. 4.24 and 4.25). The peak
production, £;, occurs close to the wall at y; =~ 10, which is the region of maximum
TKE. Over most of the boundary layer, the velocity-pressure-gradient term, IIy;, is a sink
of (u?) while ITy; and II33 are the main sources of (v?) and (w?), respectively. Therefore,
the primary role of the velocity-pressure-gradient tensor is as a sink of (u?) while being a
source of (v?) and (w?). The dissipation of (v?) and (w?), i.e., €39 and €33, respectively, are
approximately balanced by Il5, and I/33. Finally, in the shear-stress budget, the production
P15, whose main source is the mean shear d(U) /0y, is approximately balanced by ;5 while
the dissipation €15 is negligible, except near the wall. These pathways of production and

dissipation of the Reynolds stresses in this region are shown in Fig. 4.46a.

Curved ramp region: stations C, D and E (Cartesian coordinates) The convex
shape of the ramp leads to the APG (Fig. 4.8a) in the turbulent flow. Due to the APG, the
streamwise velocity (U) in the boundary layer decreases in the x-direction over the ramp,
i.e., the flow slows down (Fig. 4.7a) and separates (9(U)/dn = 0 for n = 0) at station C,

Tsep = 0.37L. After that for z > x4, the flow is reversed in the near-wall region and forms
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a separation bubble (Fig. 4.7b) until it reattaches (9(U)/dn = 0 for n = 0) at station F,
Trea = 1.49L (Fig. 4.10). Because of the separation bubble over the curved (Fig. 4.7b), the
flow moves upwards in the section of the bubble closer to the wall where the flow is reversed,
thus, the y-component of the mean velocity, (V)4 > 0 for yg < 5 at station D and yi < 100
at station E (Fig. 4.13b). Above this region in the upper section of the bubble, the flow turns
downwards, thus (V) < 0 (Fig. 4.13b). Therefore, in addition to the mean shear d(U)§ /9y,
the mean velocity derivative —9(V)§ /0y is significant in this curved ramp region. As a
result, the production of (v?), 59, is non-negligible (Figs. 4.29¢, 4.29d and 4.33c) when
(V) /oy < 0 (Fig. 4.23d). Similarly to station A, 9(U)d /dy is the main source of &y,
(Figs. 4.29a, 4.29b and 4.33a) and I1; is a sink of (u?) while Iloy and Il33 are sources of
(v?) and (w?), respectively. In the case of (w?), II33 is its main source since the production
P33 is zero. Therefore, the TKE production in this curved ramp region occurs through
the production of both (u?) and (v?). Further, the viscous diffusion and dissipation of (v?)
and —(uw), in the curved ramp region, are not equal to zero at the wall, since dv/dy # 0,
for n = 0 (Fig. 4.26). The profiles of the mean flow convection and turbulent convection
in the shear layer region of the flow (y; < 100 for stations C and D and y4 < 500 for
station E) are similar to those reported for a turbulent mixing layer in Fig. 21 by Rogers
& Moser (1994). Hence, this curved ramp region of the flow is characterized by enhanced
transport of the Reynolds stresses compared to that at station A, due to the mixing layer
created in the flow by the flow separation. Finally, in the budget of —(uv), the main sources
of production — %5 are the mean shear O(U)/0y as well as the mean velocity derivative
(V)& /0y (Figs. 4.30a, 4.30b and 4.34a). The dissipation —e;5 is negligible except near the
wall while the production is balanced by —II15 (Figs. 4.28¢, 4.28d and 4.32c). The pathways
of production and dissipation of the Reynolds stresses explained herein for the separated

flow over the curved ramp in this region are summarized in the schematic of Fig. 4.46b.

Curved ramp region: stations C, D and E (orthogonal curvilinear coordinates)

The budget of (4?) (Fig. 4.40) is similar to its Cartesian counterpart of (u?) (Figs. 4.27a,
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4.27b and 4.31a), but with increased production of (4?) compared to (u?). This is because
the velocity derivative V¢(U) contributes to the production of (42) (Figs. 4.41), in addition
to the mean shear V,(U), which is not the case for (u®) (Figs. 4.29a, 4.29b and 4.33a).
Therefore, at stations C, D and E, due to greater production P than 2 the balance of
P 11— & s greater than 2! — [T — ¢! and, hence, (42) is greater than (u?).

We notice that the budgets of (¢%) and —(u9) differ greatly from the budget of their Carte-
sian counterparts (v?) and —(uv), respectively. First, the viscous diffusion and dissipation
of (9?) (Fig. 4.42) and —(ud) (Fig. 4.44) are zero at the wall, analogously to the Cartesian
profiles in a turbulent flat-plate boundary layer, since 0v/0¢ = 9v/0n = 0v/0( =0 at n =0
(Fig. 4.26, Egs. (F.3) and (F.6)). In the budget of (9?), the velocity-pressure-gradient term
IT%2 is the major source of (92) analogously to Iy for (v2). However, the production 2?22
is negative (Fig. 4.43) indicating that it is a sink of (¢2). The main source of negative 2?22
is the velocity derivative Vn<17> > 0. The negative production of (v?) was also reported in
Figs. 14b and 14d of Abe (2017) in the APG region of a pressure-gradient-induced turbulent
flow separation over a flat plate. Hence, the profile of (9?){ at stations C, D and E have
smaller magnitudes than their respective Cartesian counterparts. In the budget of —(uv),
the mean shear V,(U) > 0 is the main source of —2'2 (Fig. 4.45). This term was also
identified as the primary source of —2712 in Sec. 3.3, pp 582 of Abe (2017). However, the
mean shear V¢ (V) < 0 for most of the boundary layer at stations C, D and E (Fig. 4.39¢),
and decreases — 212, Further, at station C, the magnitude of these two competing terms
are comparable resulting in a smaller — P than at stations D and E. Since there are two
sources of production — %5 of —(uv), namely, 9(U)/dy and 9(V')/dy (Figs. 4.30 and 4.34b),
whose combined magnitude makes — %15 > — P2 (Figs. 4.28¢, 4.28d, 4.32c and 4.44), —(uv)
is greater than the contravariant —(4v) at stations C, D and E (Figs. 4.20c and 4.20d). The
pathways of production and dissipation of the Reynolds stresses in the region over the ramp

are shown in Fig. 4.47.

Herein, in Sec. 4.2.6, we have shown, for the first time, the similarities between the pro-

files of the Reynolds stress budgets and mean velocity gradients in orthogonal curvilinear
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coordinates over the curved region and those in the APG region of a pressure-gradient in-
duced turbulent flow separation over a flat plate. Such a comparison has been possible only
because (i) we employ a structured orthogonal grid (Appendix D) over the curved ramp in
our simulations, and (ii) FastRK3 solves the governing equations written in orthogonal curvi-
linear coordinates.That said, we have also in Sec. 4.2.5 and 4.2.6, the differences between the
Reynolds stress budgets and mean velocity gradients in Cartesian coordinates and those in

orthogonal curvilinear coordinates over the curved ramp.

Reattachment and recovery region: stations F, G and H The Reynolds stress
budgets at the reattachment location, station F, are similar to those at stations C, D and
E, in the curved ramp region of the flow, with the exception that the viscous diffusion and
dissipation of (v?) and —(uv) are equal to zero at the wall (n = 0) (Figs. 4.31 and 4.32). This
is because station F is located in the flat-plate region downstream of the ramp (Figs. 4.8b and
4.26). Downstream of the reattachment location, at stations G and H, the budgets of (u?)
and (w?) at yg < 60 tend towards their shapes characteristic of ZPG SDTBL. The budgets
of (u?) and (w?) at yg > 60 for station G are similar to those reported for a turbulent
mixing layer in Figs. 21a and 21c by Rogers & Moser (1994). The profiles of the mean shear
0(U)/0y at stations G and H peak at the wall, however, unlike in the ZPG region (station
A), the profiles do not smoothly decay to zero at yg > 50 and exhibit a local maximum
at yg =~ 240 since the profile of mean z-component of velocity is still yet to regain its
characteristic ZPG SDTBL shape. Therefore, the peak production of (u?) at F (yg = 240)
is obtained further away from the wall compared to A (y; ~ 10). Consequently, there is a
local peak of production at station H at y5 ~ 350 (Fig. 4.35b), which leads to the two peaks
in the profile of (u?) (4.19a). Similarly to the stations A and B, upstream of the curved
ramp, O(U){¢ /0y is the main source of £y, (Figs. 4.33b, 4.37a and 4.37b) and IIy; is a sink
of (u?), while Ty, and II33 are sources of (v?) and (w?), respectively. In the case of (w?), I133
is its main source since its production &35 is zero. The production of (v?), non-negligible

at station G (Figs. 4.35¢ and 4.37¢), gradually reduces to zero at station H (Figs. 4.35d and
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4.37d) as the mean velocity derivative eventually decays to zero at station H (4.23d). The
budgets of (v?) and —(uv) at station G (Figs. 4.35c and 4.36a) are similar to those reported
for a turbulent mixing layer in Figs. 21b and 21d by Rogers & Moser (1994). Even if the
budgets of (v?) and —(uv) tend towards their shapes characteristic of a ZPG SDTBL, this
happens more slowly than for those of (u?) and (w?). This is consistent with the observation
of Song & Eaton (2004) that the recovery rate of the Reynolds stresses to their characteristic
ZPG behavior, ordered from fastest to slowest, is (u?), (uv), and (v?). The pathways of
production and dissipation of Reynolds stresses in this reattachment and recovery region is
represented by a transition from the behavior of Fig. 4.46b to that of Fig. 4.46a as the flow

recovers downstream of the reattachment location.
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Figure 4.46: Schematic of pathways of production, velocity-pressure-gradient transfer and
dissipation of Reynolds stresses in (a) attached flow over the flat-plate region upstream of
the ramp (e.g., stations A and B) and (b) curved ramp region (stations C, D and E) of a
SDTBL separating over a curved ramp (Fig. 4.2).



147

Mean flow Reynolds stresses Internal energy

Figure 4.47: Schematic of pathways of production, velocity-pressure-gradient transfer and
dissipation of Reynolds stresses in curvilinear coordinates over the curved ramp region of the

flow (Fig. 4.2), e.g., stations C, D and E (Fig. 4.9a).

4.3 Summary

We have performed direct numerical simulation (DNS) of a spatially developing turbulent
boundary layer (SDTBL) separating over a curved ramp (Figs. 4.1 and 4.2) with the goal
to study the dynamics of turbulence of the separated flow. Since most Reynolds averaged
Navier-Stokes (RANS) models fail to model accurately fully separated flows, understanding
the key mechanisms of turbulence in SDTBL over curved ramps is crucial to improving
these models, as well, for training neural networks for machine learning tools for separated
turbulent boundary layers. We have studied via DNS the SDTBL over the curved ramp
(Fig. 4.1) experimentally studied by Song & Eaton (2004) with the Reynolds number based
on momentum thickness at = —2L (inflow plane) from the beginning of the curved ramp,
Rey = 1100. We have performed these simulations using FastRK3, that has been developed
by Aithal & Ferrante (2020) and has been presented in Chapter 2. The temporal accuracy of
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FastRK3 has been analyzed by Aithal, Tipirneni & Ferrante (2022) and has been presented
in Chapters 2 and 3. Once we performed the DNS, we have identified eight streamwise
stations (A-H, Table 4.3) to analyze the turbulence characteristics of the separated flow.

The findings of this study are summarized as follows:

1. The convex shape of the ramp leads to the adverse pressure gradient or APG (Fig. 4.8a)

in the turbulent flow.

(a) The streamwise velocity (U) in the boundary layer decreases in the x-direction
over the ramp slows down (Fig. 4.7a) and separates (9(U)/dn = 0 for n = 0) at
station C, xep = 0.37L (Fig. 4.10).

(b) Because of the separation bubble over the curved (Fig. 4.7b), the flow moves
upwards in the section of the bubble closer to the wall where the flow is reversed,
thus, the y-component of the mean velocity, (V)5 > 0 for y; < 5 at station D
and yg < 100 at station E (Fig. 4.13b).

(c) Above this region in the upper section of the bubble, the flow turns downwards,

thus (V) < 0 (Fig. 4.13b).

(d) Therefore, in addition to the mean shear (U)s /Oy, the mean velocity derivative

—9(V) ¢ /0y is significant in this curved ramp region.

2. The Reynolds stress budgets at stations A and B (Figs. 4.24 and 4.25) exhibit similar
characteristics as that of a flat-plate turbulent boundary layer discussed by Pope (2000)
in their Chapter 7, Sec. 7.3.5, Figs. 7.34-7.38.

(a) In this region, d(U)/0y is the only significant component of the mean velocity

gradient in this region as shown in Fig. 4.23.

(b) Therefore, &;; is the main source of production of Reynolds stress while %255 and

P33 are negligible (Figs. 4.24 and 4.25).
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(c¢) Therefore, most of the TKE production in this region occurs through the produc-

tion of (u?).

(d) Over most of the boundary layer, the velocity-pressure-gradient term, I1y;, is a

sink of (u?) while Ty and IT33 are the main sources of (v?) and (w?), respectively.

(e) Therefore, the primary role of the velocity-pressure-gradient tensor is as a sink of

(u?) while being a source of (v?) and (w?).

(f) The dissipation of (v?) and (w?), i.e., €29 and €33, respectively, are approximately

balanced by 155 and [l33.

(g) Finally, in the shear-stress budget, the production &5, whose main source is the
mean shear 0(U) /0y, is approximately balanced by II;5 while the dissipation €;5

is negligible, except near the wall.

(h) These pathways of production and dissipation of the Reynolds stresses in this

region are shown in Fig. 4.46a.

3. The characteristics of the Reynolds stresses budgets in Cartesian coordinates in the

separated region of the flow, at stations C, D and E, are as follows (Figs. 4.27 - 4.32):

(a) In addition to the mean shear O(U){ /dy, the mean velocity derivative d(V)d /0y

is significant in this curved ramp region.

(b) As a result, the production of (v?), P99, is non-negligible (Figs. 4.29¢, 4.29d and
4.33c) when 0(V) /0y < 0 (Fig. 4.23d).

(c) Therefore, the TKE production in this curved ramp region occurs through the
production of both (u?) and (v?).

(d) Further, the viscous diffusion and dissipation of (v?) and —(uv), in this curved

ramp region, are not equal to zero at the wall, since dv/dy # 0 for n = 0

(Fig. 4.26).
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The profiles of the mean flow convection and turbulent convection in the shear
layer region of the flow (ys < 100 for stations C and D and y; < 500 for station
E) are similar to those reported for a turbulent mixing layer in Fig. 21 by Rogers
& Moser (1994).

Hence, this curved ramp region of the flow is characterized by enhanced transport
of the Reynolds stresses compared to that at station A, due to the mixing layer

created in the flow by the flow separation.

Finally, in the budget of —(uv), the main sources of production — %, are the
mean shear O(U) /Oy as well as the mean velocity derivative (V)¢ /dy (Figs. 4.30a,
4.30b and 4.34a).

The pathways of production and dissipation of the Reynolds stresses for the sep-

arated flow over the curved ramp are summarized in Fig. 4.46b.

4. The Reynolds stresses budgets in orthogonal curvilinear coordinates over the curved

ramp, at stations C, D and E, exhibit similar behavior to those in the APG region of a

pressure-gradient-induced turbulent flow separation over a flat plate (Figs. 4.40-4.45):

(a)

(d)

The budget of (4%) (Fig. 4.40) is similar to its Cartesian counterpart of (u?)
(Figs. 4.27a, 4.27b and 4.31a), but with increased production of (4?) compared
to that of (u?).

This is due to the contribution to 2 of the velocity derivative V¢(U) (Figs. 4.41),

in addition to the mean shear V,(U), which is not the case for the counterparts

terms of the production of (u?) (Figs. 4.29a,4.29b and 4.33a).

The viscous diffusion and dissipation of (9?) (Fig. 4.42) and —(a?d) (Fig. 4.44)
are zero at the wall, analogously to the Cartesian profiles in a turbulent flat-plate
boundary layer, since 0v/9¢§ = 00/0n = 00/90¢ = 0 at n = 0 (Fig. 4.26, Eqs. (F.3)
and (F.6)).

The production 222 is negative (Fig. 4.43) indicating that it is a sink of (#2).
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(e) The main source of negative P22 is the velocity derivative Vn(f/> > 0. The
negative production of (9?) was also reported in Figs. 14b and 14d of Abe (2017)
in the APG region of a pressure-gradient-induced flow separation in a flat plate
boundary layer. Hence, the profile of (92); at stations C, D and E have smaller

magnitudes than their respective Cartesian counterparts.

A~

(f) In the budget of —(u0), the mean shear V,(U) > 0 is the main contributor to
— P12 (Fig. 4.45). This term was also identified as the primary source of —22'2 in
Sec. 3.3, pp 582 of Abe (2017) in the APG region of a pressure-gradient-induced

flow separation in a flat plate boundary layer.

A

(g) However, the mean shear V¢(V) < 0 for most of the boundary layer at stations
C, D and E (Fig. 4.39¢), and decreases — 212,

(h) The pathways of production and dissipation of the Reynolds stresses in the region

over the curved ramp are summarized in Fig. 4.47.

5. The characteristics of the Reynolds stresses budgets in Cartesian coordinates in the

reattachment and recovery region of the flow, stations F, G and H, are as follows

(Figs. 4.35 and 4.36):

(a) The Reynolds stress budgets of at the reattachment location, station F, are similar
to those at stations in the curved ramp region of the flow, with the exception that
the viscous diffusion and dissipation of (v?) and —(uv) are equal to zero at the
wall (n = 0) (Figs. 4.31 and 4.32). This is because station F is located in the

flat-plate region downstream of the ramp (Figs. 4.8b and 4.26).

(b) Downstream of the reattachment location, at stations G and H, the budgets of
(u?) and (w?) at yi < 60 tend towards their shapes characteristic of ZPG SDTBL.
The budgets of (u?) and (w?) at y§ > 60 for station G are similar to those reported
for a turbulent mixing layer in Figs. 21a and 21c by Rogers & Moser (1994).
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The production of (v?), non-negligible at station G (Figs. 4.35c and 4.37c¢), grad-
ually reduces to zero at station H (Figs. 4.35d and 4.37d) as the mean velocity

derivative eventually decays to zero at station H (4.23d).

The budgets of (v?) and —(uv) at station G (Figs. 4.35¢ and 4.36a) are similar
to those reported for a turbulent mixing layer in Figs. 21b and 21d by Rogers &
Moser (1994).

Even if the budgets of (v?) and —(uv) tend towards their shapes characteristic of
a ZPG SDTBL, this happens more slowly than for those of (u?) and (w?). This is
consistent with the observation of Song & Eaton (2004) that the recovery rate of
the Reynolds stresses to their characteristic ZPG behavior, ordered from fastest

to slowest, is (u?), (uv), and (v?).

As the flow recovers downstream of the reattachment location from the separated
turbulent flow towards a ZPG flat-plate behavior, pathways of production and
dissipation of Reynolds stresses in this reattachment and recovery region are rep-
resented by a gradually transitional from the behavior of Fig. 4.46b to that of
Fig. 4.46a.
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Chapter 5

CONCLUSIONS

In the present work, we have made advances in direct numerical simulation (DNS) of
spatially-developing turbulent boundary layers separating over curved wall. Specifically,
we have: (i) developed an efficient numerical methodology to perform DNS of spatially-
developing turbulent boundary layers (SDTBLs) over curved walls, and (ii) improved our un-
derstanding of the dynamics of turbulence in SDTBLs separating over curved walls. Herein,

we summarize such advancements.

(i) In Chapter 2, we have described the new explicit pressure-correction method called
FastRK3, that we have developed to simulate incompressible flows over curved walls (Aithal
& Ferrante, 2020). FastRK3 solves the incompressible Navier-Stokes (NS) equations in the
orthogonal curvilinear coordinates. The orthogonal formulation of the NS equations sub-
stantially reduces the computational cost of the flow solver and the numerical stencils of its
second-order finite difference discretization mirror that of the Cartesian formulation. This
property of the orthogonal formulation allowed us to develop an FFT-based Poisson solver
for pressure, called FastPoc, for those cases where the components of the metric tensor are
independent of one spatial direction: surfaces of linear translation (e.g., curved ramps and
bumps) and surfaces of revolution (e.g., axisymmetric shapes). Our results showed that
FastPoc, is thirty to sixty times faster than the multigrid-based linear solver, and FastRK3
is four to seven times faster when using FastPoc rather than multigrid. FastRK3 is an ex-
plicit, three-stage, third-order Runge-Kutta based projection-method which requires solving
the Poisson equation for pressure only once per time step. To that regard, we have shown
theoretically that FastRK3 has the same temporal order of accuracy for pressure and velocity

as the standard RK3 method for both free-shear and wall-bounded flows when the RK3 coef-
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ficients and the pressure extrapolation scheme satisfy specific conditions herein theoretically
derived (Aithal, Tipirneni & Ferrante, 2022).

In Chapter 3, we have verified and validated FastRK3 for wall-bounded flows. We have
also showed numerically that FastRK3 is third-order accurate in time for velocity and second-
order accurate in time for pressure for free-shear flows, and second-order accurate in time
for velocity and pressure for ‘stiff” wall-bounded flows, as the standard RK3 methodology
(Sanderse, 2013) while requiring only one Poisson solver per time-step vs three of standard
RK3. In summary, given that the computational mesh satisfies the property of orthogonality,
FastRK3 simulates flows over curved walls with second-order accuracy in both space and
time.

(ii) In Chapter 4, we have reported the results of our DNS of a SDTBL separating over
a curved wall using FastRK3. We adopted the experimental test-case developed by Song &
Eaton (2004) and have compared our DNS results with theirs for an upstream Rey = 1100 at
x = —2L from the curved wall. We have also derived, for the first time, the budget equations
of the turbulence kinetic energy and of the Reynolds stresses in orthogonal coordinates.
Then, we have studied the dynamics of turbulence of the separated flow by analyzing these
budget equations in both Cartesian and orthogonal curvilinear coordinates. This has allowed
us to explain some of the physical mechanisms of turbulence of SDTBL separating over a
curved ramp. Our analysis shows that, in the separated region over the curved ramp, the
TKE production occurs through the production of (u?) as well as (v?), in contrast to a ZPG
SDTBL where the TKE production is mostly through the production of (u?). In the curved
ramp region, the viscous diffusion and dissipation of (v?) are not zero at the wall, unlike that
for both a ZPG SDTBL over a flat-plate as well as a pressure-gradient induced turbulent
flow separation over a flat plate. And, the curved ramp region of the flow is characterized by
enhanced transport of the Reynolds stresses compared to those of the upstream ZPG SDTBL
due to the mixing layer created in the flow by the flow separation. Finally, our results have
shown, for the first time, that the Reynolds stress profiles and budgets in the orthogonal

curvilinear coordinates are very similar to those in the APG region of the ‘pressure-gradient
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induced flow separation’ in a flat-plate turbulent boundary layer. Such a comparison is
only possible because (i) we employ a structured orthogonal grid (Appendix D) over the
curved ramp in our simulations, and (ii) FastRK3 solves the governing equations written in
orthogonal curvilinear coordinates.

While we have advanced the state-of-the-art for DNS of SDTBLs separating over curved

walls, these findings open up new avenues for further research. We suggest a few here:

e Based on our DNS results, Reynolds stress models for SDTBL separating over curved
walls could be designed in orthogonal curvilinear coordinates, where the computational
domain after coordinate transformation is equivalent to the Cartesian domain over a
flat plate. Further, the DNS data generated herein could be used for the development
and validation of predictive wall-models for LES and RANS modeling of such flows.
The DNS data could also be used to launch an Al campaign to facilitate training of
neural networks for machine learning tools on SDTBL separating over curved walls

(Wu et al., 2018; Duraisamy et al., 2019).

e Recently, Lu, Aithal & Ferrante (2021) discovered a law that predicts the incipience
of flow separation over curved ramps by knowing only a few geometrical parameters of
the ramp and the Reynolds number of the flow. They discovered the law of incipient
separation over curved ramps by solving the Reynolds averaged Navier-Stokes (RANS)
equations. FastRK3 can be used to perform DNS of turbulent flow over the set of
smooth, curved ramps studied by them and provide more accurate coefficients for such

law.

e The unsteadiness of pressure-gradient induced flow separation in a flat-plate turbulent
boundary layer have been extensively studied (Wu et al., 2005; Mohammed-Taifour
& Weiss, 2016; Wu et al., 2020). However, such a study for geometry induced flow
separation over curved walls has not yet been performed. Such a a study can be

performed using FastRK3.
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e FastRK3 can be extended to simulate multiphase flows over curved walls. In order to
study the modulation of separated turbulent boundary layers over curved walls by solid
particles, the Lagrangian tracking algorithm of Ferrante & Elghobashi (2003); Dodd
& Ferrante (2013) could be added. The effects of droplets and bubbles could also be
studied using the volume-of-fluid method of Baraldi et al. (2014) along with the FastP*
method of Dodd & Ferrante (2014). For example, Trefftz-Posada & Ferrante (2022)
have recently developed an explicit and direct pressure-correction method (FastRK3P*)
to solve the incompressible Navier Stokes equations for two-fluid flows under shear-
periodic boundary conditions by combining FastRK3 with FastP* of Dodd & Ferrante
(2014).
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Appendix A

FORMULATION OF THE VISCOUS TERMS IN THE
NAVIER-STOKES EQUATIONS

The Laplacian of U in curvilinear coordinates takes the following form

Ny 0A S o
V2U = g™V, VU = g™ | 4 I AL~ T, A

where A’ is given by

Ai

m_ﬁgm

i

mn*tj| (Al)

oEn jntim

Ui

+ 1, U, (A.2)

Because of the numerical complexity of discretizing and then computing all the terms of

(A.1) using (A.2), we rewrite the Laplacian of the velocity field U as

VU=V (V-U)-Vx (VxU)=-Vx(VxU),

(A.3)

where we have used the incompressibility condition, V - U = 0. The components in the

three curvilinear directions &, n and ¢ of (A.3) are given in Eq.(2.20) and discretized with

the centered second-order finite-difference scheme in FastRK3.
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Appendix B

NUMERICAL COMPARISON OF FASTRK3 WITH THE LM
METHOD

Herein, we list the differences between the Le & Moin (1991) (LM) method and FastRK3
of Aithal & Ferrante (2020):

1. The RK3 schemes used by the two algorithms are different. This difference is high-
lighted in Figs. 2.4a and 2.4c, and by comparing Eqs. (2.30)-(2.36) and Egs. (3.7)-(3.9)
of Le & Moin (1991).

2. We observed that the numerically stiff viscous term in the incompressible Navier-Stokes
equations causes loss of accuracy in the second-order Adams Bashforth method. We
performed numerical tests of the viscous Berger’s equation using the various three-stage
methods described in Sanderse & Koren (2012) and chose the RK3 coefficients that
did not exhibit loss of accuracy. In contrast, the RK3 coefficients of the LM method
were selected on the basis of private communications (see Ref 3 of Le & Moin (1991)).
We have tried to test the Le & Moin (1991) method, however, the numerical solution
obtained with the LM method does not match the experimental solution as FastRK3
does (see Sec. 3.2.1). Figures B.1 and B.2 show the steady-state results of lid-driven
square cavity flow at Re=280 for FastRK3 and LM method.

3. The LM method requires computing the divergence of velocity, 511;-"1 /dzj in Eq. (3.6)
of Le & Moin (1991) at every substep, which is not required for FastRK3.

4. The linear terms L (ﬁf‘l) and the non-linear term N (u*k_l) in Eq. (3.6) of Le & Moin

1

(1991) are computed using two different arrays @' and u*~* whereas for FastRK3
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the fluxes in Eq. (2.32) are computed using F' (U;-'“_1 — éj_lAthSj_l) which greatly

simplifies the computations.

(a) FastRK3 (b) LM

Figure B.2: V/V; velocity contour
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Appendix C

PROOF OF THE INDEPENDENCE OF THE VECTOR
COEFFICIENTS C,;, ON AT

We begin the proof by noticing that the linear extrapolation of ¢ in time can be written
as a second-order approximation of the standard RK3 solution with & and B coefficients,

analogously to Fig. 2.3, as follows:

o1 = (140 +ac1)o, 1 — (5 +ae)g, s +O(AL). (C.1)

N

-~

linear extrapolation of ¢~>
For a general linear extrapolation of ¢; of FastRK3 (Fig. 2.3), Eq. (2.103) gives ¢; as

o1 =(L+ B +ac), 1 — (B +ac)d, s. (C2)

Subtracting Eq. (C.2) from Eq. (C.1) gives:
hi—dn=[F-F+a(@—a) (dy—duy) +O(AL), (C.3)

From the r.h.s. of (C.3), we define the constant ¢; as

a=0—-0+c(@a—a). (C.4)

In (C.3) the difference qgn_% )

.3 is at worst first-order accurate in time, and can be written
2

as:

On_t — 6,3 = EAL + O(AF) (C.5)

where ¢ may have spatial dependence, but is independent of A¢t. Thus, using Egs. (C.4) and
(C.5), Eq. (C.3) can be simplified to:

G — b1 = 1At + O(A). (C.6)
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We then take the gradient of Eq. (C.6), and noting that only ¢ has spatial dependence, this

gives:
Gy — Gy = L AGE + O(At?). (C.7)
By defining,
Copy = ClGE, (CS)
Eq. (C.7) can be written as
Gy — Gy = cy At + O(AL?), (C.9)

which is the proof of Eq. (2.59) which is numerically proved in Fig. 3.12. A similar derivation
can be done for ¢4, as well. Thus, ¢g4, are vectors which have spatial dependence via ¢ but
have no dependence on At. We have updated the text in the current revised manuscript to
reflect the fact that ¢4, are vectors of coefficients which do not depend on At¢. That said, we
should also note that there is a specific case in which ¢y, = ¢y, = 0 (Case C of Eq. (2.90)),
in which the vector coefficients are constant with respect to space and At, and are equal to

Zero.
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Appendix D
GENERATION OF ORTHOGONAL GRIDS

Since the FastRK3 flow solver, described in Sec. 2.3, is designed to solve the NS equations
(2.15) and (2.16) written in the orthogonal curvilinear formulation, we need to generate
orthogonal grids for the computational domain. For simplicity, we describe the method in
two dimensions, allowing uniformity in the third (azimuthal, {) direction of the grid, but the
following method can also be easily extended to three dimensions. An orthogonal grid in
two dimensions has to satisfy the condition of the vanishing off-diagonal term of the metric

tensor gio:

oxdxr  Odydy
= 24 Jd D.1
T TR (DD
In order to generate an orthogonal mesh over a curved surface, we started with the method
described by Eca (1996) which was developed to generate two-dimensional orthogonal grids

over arbitrary geometries. The method involves solving numerically the following coupled

system of non-linear Poisson equations:
O (hydr) 8 (hedr
0& \ he 6& on \ hy, on

5 (hyd2) 8 (hed
0& \ he 0€ on \ hy on

with the appropriate boundary conditions prescribed as:

0,

0,

e Dirichlet boundary conditions at the bottom boundary (7 = 0) by specifying the profile
of the curved wall, denoted as xo(§) and yo(§):

z(&,n=0) = z0(§),
y(&m=0) = wyo(§),
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e Dirichlet boundary conditions at the inflow plane (¢ = 0) by fixing the distribution
of grid points along the wall normal (n) direction, denoted as y,(n), where y;(n) is a

prescribed function, e.g. a hyperbolic tangent function as in (Ferrante & Elghobashi,

2004):
I’(& - 07 77) - x()(O)J
(D.4)
y(€=0,1) =y (n),
e Neumann-Dirichlet boundary conditions at the outflow plane (§ = L¢):
oy (D.5)
sl =0
5 £:L5
e Neumann-Dirichlet boundary conditions at the free-stream plane (n = L,):
J
ol
n n=Ly (D6)

y(&,n = Ly) = y1(Ly).

We write Eq. (D.2) in discretized form using the second-order central difference scheme and
we solve the resulting discretized system by successive overrelaxation (SOR) and the con-
vergence criterion of reaching ||gia|ls < 1077 for the grid solution. We extend the method
described by Eg¢a (1996) to incorporate grid stretching in the wall-normal (n) and stream-
wise () directions according to the analytical stretching function defined by Ferrante &
Elghobashi (2004). Also, the stream-wise (§) discretization of the bottom boundary is car-
ried out on the basis of constant arc length as opposed to constant grid spacing, Axz. This
allows us to generate orthogonal grids over ramp geometries with different degrees of slopes.
In order to demonstrate the usefulness of our orthogonal grid generator, we generate grids
over the three ramp profiles shown in Fig. D.1a and a Gaussian bump shown in Fig. D.1b.
The two-dimensional grid can then be used to generate three-dimensional grids over surfaces
of linear translation (e.g., curved ramps, Fig. D.2a and bumps, Fig. D.2b) and surfaces of

revolution (e.g., axisymmetric ramps, Fig. D.2¢).
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T T
DARPA Suboff Geometry

02- —NASA Axisymmetric Afterbody |
— Half Gaussian

y/Lr
(=}

I | zp/Ly I | Ly/Ly I | Ls/Ly I
0 0.5 1 1.5 2 2.5 3
x/Ly

(a) Ramp profiles: DARPA Suboff geometry by the square-root of a sixth
order polynomial (Groves et al., 1989), NASA axisymmetric afterbody is
defined by a fifth-order polynomial function (Disotell & Rumsey, 2017) and
the, half-Gaussian profile. These profiles have been stretched and include a
“sting” at the end of the ramp. The half-Gaussian profile is described by
y = hs + (h, — hy) exp(—[z — z,]?/[2L?/25]), where hy is the height of the
sting, h, is the height of the ramp, L, is the length of the ramp, and z,

denotes the z-location of the beginning of the ramp.

T
02l —Gaussian Bump |
D 0T T -
= zp/ Ly Ly/Ly

0.2 Le/Ly i

I I I I I I I

0 0.5 1 1.5 2 2.5 3

x/Ly

(b) Bump profile: the Gaussian bump is described by y = hyexp(—[z —
xp)?/[2L2/25]), where hy, is the height of the bump, Ly is the length of the

bump, and x; denotes the xz-location of the peak of the Gaussian bump.

Figure D.1: Profiles of curved walls
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Ly Ly

(a) 3D grid over the NASA curved ramp. (b) 3D grid over the Gaussian bump.

i)
i T i i
) i
e
e
A
T
T
A

(c) 3D grid over NASA axisymmetric ramp.

Figure D.2: Schematic of flow over 3D curved walls
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Appendix E

ORTHOGONAL FORMULATION OF THE TURBULENCE
KINETIC ENERGY EQUATION

The terms of the budget equation (4.11) of the turbulence kinetic energy, k, expressed in

orthogonal curvilinear coordinates (Sec. 2.1), are herein summarized:

1. Mean flow convection

2. Turbulent convection

1 1 -
SV (u(u-u)) = _§Vz‘<ﬁlﬂ]ﬂm9jm> =5 =

3. Viscous diffusion

1 0

2vV - (u-s) = 2Vﬁ8§i (Vg (5mn@"g™)) (E.3)

where s;; are the covariant components of the fluctuating rate of strain
1 [0u; Ou,

Sij = = +
2\0¢6 0§

and the covariant components of the fluctuating velocity u; are

- 2177%) , (E4)

fLZ‘ = ﬁjgij, (E5)

4. Production
(01
0&I

P = —(au): S = —(W'W)V(U;) = — (@) — I (Un) |, (E.6)

and the covariant components of the mean velocity (U;) are

<Ui> = <Uj>9ij, (E7)
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5. Velocity-pressure-gradient

1 | A
II=-V-(u)=--V;(pt’) = —~ <ﬁf 4>, E.8
LV () = 29ty = — (0 (£5)

6. Dissipation

€ =2v(s :8) = 20(8ijSmng"g""). (E.9)
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Appendix F

ORTHOGONAL FORMULATION OF THE REYNOLDS
STRESS EQUATION

The contravariant tensor components of the Reynolds stress transport equation (4.18)

expressed in orthogonal curvilinear coordinates (Sec. 2.1), are herein summarized:

1. Mean flow convection tensor

9 i i
(U) - V(uu) = —a<u W) — (U (a'a?)
8 ~i~d o 8 NN AzAm
Z—QWUU—Wﬂ%ﬂuW><WMuWﬂ’ — (U@ a™) Iy,
(F.1)
2. Turbulent convection tensor
V- (uuu) =V, <@Z€L3dk>
A , W™y 04/g
Fadaky — (amadaty It (aigrty i - S 0VE
g i) = @it Ty — (atanit) 13, - L
(F.2)

3. Viscous diffusion tensor

vV? (uu) = vV (W'd/)
1 0

:ﬁaﬁﬁ@m’“vk (Wa?) \/g) + g™ Vi (@) Ty + g™V (000" ) T,

(F.3)

4. Production tensor

a(U7)

g i g

P = — (00" — (W 0F) T + I (U™ (F.4)
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5. Velocity-pressure-gradient tensor

ij L/..0p 4., ;00
== <“ agrd” ¥ ggrd k> ’ ()

6. Dissipation tensor

- K ) 0J .
€l = 2u < (ggm + ankﬁk> (g—zn + ngak) gm"> . (F.6)
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