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An observational epidemiologic study often follows a large amount of participants for occur-
rence of diseases. If every covariate is measured for every participant, then the study can
be highly expensive. Two-phase sampling reduces costs by oversampling more informative
subjects from a large phase I sample into a small phase II subsample; only subjects in the
subsample are measured for the expensive covariates. Analyzing this type of data is chal-
lenging, particularly for association study and risk prediction based on a semiparametric
model. It requires new theoretical tools, methods, software and data analysis examples.
This dissertation answers these timely challenges. We provide statisticians with a new the-
ory to develop new tools for two-phase studies. This theory is general. It is not specific
to a particular model or a two-phase study design. It can be used for association study
via estimating regression parameters or for risk prediction via estimating the entire model,
including both parametric and nonparametric parts of a model. It encompasses both like-
lihood and non-likelihood based inference. It provides correct inference in the presence or
absence of model misspecification. Because a broad problem area is taken into account by
this theory, the theory can be also considered as a framework to guide a researcher through

a model development process for a two-phase study.



Next, we use our theoretical results to develop a semiparametric additive hazards model
for general two-phase designs. We are able to obtain a collection of results systematically.
These results include estimators for regression parameters, cumulative baseline hazards, and
individual specific cumulative hazards from random sampling, two-phase sampling, two-
phase sampling incorporating auxiliary information embedded in the phase I sample, as well
as these estimators’ model-based and robust asymptotic variances. Lastly, we apply our
analyzing tools to an Atherosclerosis Risk In Community (ARIC) case-cohort study, we are
able to use the biomarker information to create a new risk prediction function of coronary
heart disease even though these biomarker information is only available for a selected sam-
ple. The individual risk profile calculated from this function can help physicians identify
new patients who may not be discovered by traditional risk evaluation tools for prevention
therapies. We then further improve prediction precision by incorporating additional infor-
mation on standard risk factors in the main cohort. With these new tools for two-phase
designs implemented in our software, researchers can use a new and expensive biomarker for

risk prediction with substantially reduced costs.
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Chapter 1

INTRODUCTION

Epidemiologic cohort studies often follow a large amount of participants for a number
of years for occurrence of diseases. If every covariate is measured for every participant,
then the study can be highly expensive, especially when a disease is rare, the measurement
of a covariate is labor-intensive or the measurement requires a new technology instrument.
Two-phase sampling reduces costs substantially by arranging sampling in two stages so
that expensive covariates are only assembled for a selected Phase II small sample, which
is obtained by oversampling more informative subjects in the initial Phase I large cohort.
However, a theoretical foundation and general methodology for analyzing this type of data

are underdeveloped. My dissertation answers this timely challenge.

For example, the Atherosclerosis Risk In Community (ARIC) study as a prospective
cohort study followed approximately 16,000 middle aged men and women in four US com-
munities to investigate the etiology and natural history of atherosclerosis. In one substudy,
Ballantyne et al.| [2004] was interested in investigating whether elevated levels of high sensi-
tivity C-reactive protein (hs-CRP) was associated with the increased risk of Coronary Heart
Disease (CHD), particularly among patients without elevated low density lipoprotein choles-
terol (LDL-C). The motivation behind this investigation is that many CHD events occur
among people without elevated LDL-C. Risk evaluation based on traditional risk factors can
not identify patients with low LDL-C but at a high risk of CHD. It is believed hs-CRP
measurements may identify these patients for subsequent preventive therapies. However, the
hs-CRP assay was a newly developed biochemical technology, which is usually expensive.
Performing hs-CRP assays on plasma samples from every participant in such a large cohort

was prohibitive. To save costs, two-phase sampling was implemented. hs-CRPs were only



measured for 608 subjects who subsequently developed CHD or stroke and a cohort random

sample (CRS) of 785 subjects. To analyze this data, Ballantyne et al. |[2004] considered

fitting the semiparametric Cox’s regression model due to its simplicity and flexibility. The

parametric part of the semiparametric model offers a simple summary on association be-

tween hs-CRP levels and CHD events, while the nonparametric part of the model allows the

baseline hazard function to be flexible.

Ballantyne et al.| [2004]’s relatively new study designs, combined with their interest in

semi-parametric models and using hs-CRPs to refine risk assessment, pose many new and

practical questions beyond their association analysis. These include:

(1)

In order to use hs-CRPs for individual risk prediction, all the parameters in the semi-
parametric model become our interest. This will involve joint estimation of the coef-
ficients of increased CHD risk associated with each risk factor as well as the baseline

hazards curve. No such risk prediction has been applied to an actual two-phase data.

Cox’s proportional hazards model assumes a multiplicative effect of hs-CRP levels on
the increased risk of CHD. However, Kang et al.| [2013] demonstrated that increased
levels of hs-CRP acted additively rather than proportionally on the baseline risk of
CHD. No statistical software has been developed for fitting the simplest additive haz-
ards model— Lin and Ying’s additive hazards (AH) model —to two-phase sampling

data for applied statisticians to use, for either association analysis or risk prediction.

When the assumed model, for instance, Cox’s regression model in [Ballantyne et al.
[2004], does not correctly specify the true underlying distribution for observed data,
how do we describe the target of a proposed estimator and this estimator’s precision

in a two-phase sampling scenario?

If we only use the selected small sample of 1373 subjects |Ballantyne et al. [2004] in
ARIC for association analysis or building risk prediction function, a wealth of informa-

tion in auxiliary variables embedded in the main cohort is ignored, such as traditional



risk factors of CHD and demographic variables that were measured for every participant
in the main cohort of approximately 16,000 subjects. How can we incorporate these
pieces of information into our estimation procedure to further improve the precision of

coefficients and individual risk estimates?

(5) Although a case-cohort design was implemented in Ballantyne et al. [2004], hs-CRP
measurements were missing among a fraction of CHD cases and these CHD cases were
removed from the sample for association analysis. Ballantyne et al.| [2004] did not take
into account the problem of sampling among cases and used the analyzing method
[Barlow|, |1994], Barlow et al.| [1999] that was proposed for case-cohort designs, which
assumed all the cases are selected. By contrast, Cox’s regression model developed from
weighted likelihood methods for two-phase stratified samples [Breslow and Wellner,
2007) allows more general two-phase designs including the complex sampling scenario
in Ballantyne et al. [2004]. However, if we used the weighted likelihood approach to
develop the AH model for two-phase designs, then the score equations for regression
parameters and cumulative hazards would not be as simple as Cox’s regression model.
Developing weighted likelihood estimators for the AH model would be complex and
difficult. For random sampling, AH models are usually fitted by methods of estimating
equation rather than maximum likelihood estimation. The asymptotic behaviors of
resulting estimators are then studied by martingale central limit theorem. However,
since Ballantyne et al.| [2004]’s study selected their sample for association analysis based
on outcomes, one crucial condition for applying martingale theory does not hold. Hence

new theoretical tools are desired for developing the AH model with two-phase sampling.

From the ARIC study example we see that utilizing two-phase sampling for epidemiologic
studies requires new tools from every aspect of statistics. Not only does this real-life problem
demand extensions of numerous statistical methods used for random sampling to two-phase
sampling, but also alternative theoretical tools that are as general as weighted likelihood

methods [Breslow and Wellner, [2007] for methods development and extension. In addition,



in order to effectively assist epidemiologists to use the cost-effect two-phase sampling designs,
software development is in great need and data analysis examples that illustrate the method
of analyzing this type of data will be useful.

Therefore, this dissertation aims to provide a new collection of theoretical results, a series
of statistical tools, new software, and a data analysis example for general two-phase sampling
problems. This dissertation aims to offer solutions to the five aforementioned questions that
arise from implementing a two-phase sampling design to an ARIC study but not limited to
ARIC. These solutions are designed as simple as possible.

In Chapter 2, I build a Z-estimation system for semiparametric inference with two-phase
sampling. This system is built upon a Z-estimation theorem in van der Vaart [1998] for
infinite-dimensional parameters and modern empirical process theory from van der Vaart
and Wellner| [1996].

The data analysis methods in this system are easy to implement because I draw sim-
ple techniques from surveys, which are commonly used across disciplines. I connect prob-
lems from two-phase epidemiologic studies to survey sampling. I adapt inverse probability
weighted estimating equation (IPW-EE) method Binder| [1983] and the calibration technique
Deville and Sarndal |1992] created for analyzing complex surveys to epidemiologic studies.
Since complex surveys are widely used in broad areas of research such as psychology, political
science, and economics, tools from surveys are often straightforward, general, and easy to
follow. Therefore, my tools inherit these advantages in the ease of implementation.

The theoretical results in this system are general and can be used for a variety of scenarios.
Using this system, I can estimate both Euclidean and infinite-dimensional parameters, and
these two types of parameters jointly. In the context of epidemiology, it means I can use
semiparametric models to study risk factors associated with a disease as well as build a
risk prediction function to predict future incidence of a disease for each individual based
on his/her measurements of risk factors. This system encompasses both likelihood |Breslow
and Wellner| [2007] and non-likelihood based inference. In addition, it allows for model

misspecification. It is not restricted to a particular model. It can be applied for various



two-phase sampling designs, not only for the most familiar case-cohort study.

The development of my analysis methods is systematic. I am able to make it systematic
because 1) Z-estimation is applicable to solving problems across different circumstances; 2)
the Z-estimation theorem due to [Huber, 1967 Pollard} [1985| van der Vaart, [1998], on which
my theoretical tools are based, has a systematic asymptotic analysis of estimators— a large
asymptotic study is decomposed to small components, and these components are connected
to each other working together as a complex whole; 3) the preservation theorems [van der
Vaart and Wellner|, 2000, 1996] in modern empirical results allow existing results in some
of these components to be easily extended to complex scenarios; 4) I connect estimation
problems in two-phase sampling to Z-estimation. Then I adapt Z-estimation to new two-
phase sampling problems for the development of new theoretical tools. As a result, I am able
to use this Z-estimation system to obtain a collection of results systematically, rapidly, and
ready to use for two-phase sampling.

Although this system is general, easy to implement, and systematic, it does bear some
limitations. I limit myself to the estimating equations that are in the form of or could be
transformed to an average of i.i.d. functions; I only consider the scenarios that both types
of parameters have root-N convergence rates; I assume data are collected by two-phase i.i.d.
variable probability sampling (Bernoulli sampling) [Lawless et al., [1999]. However, by these
restrictions, I am able to simplify the application of modern empirical process theory. I
sacrifice some generality in return for accessibility .

In Chapters 3 & 4, I apply my Z-estimation system to Lin & Ying (1994)’s additive
hazards (AH) model. Due to the systematic nature and generalizability of this system, I am
able to develop nine estimators based on the AH model and their model based and robust
standard errors. On the other hand, Chapters 3 & 4 are examples to illustrate the theoretical
framework and results from Chapter 2.

Additive hazards model is an important tool to study survival outcomes, and particularly
useful if epidemiologists would like to study the risk difference attributable to an exposure.

The attributable risk tells the amount of absolute risk that could be reduced if an exposure



were removed from the population. This interpretation makes a statistical result from the
AH model well communicated among public health practitioners for policy making. However,
due to the shortage of software for fitting Lin & Ying’s additive hazards (AH) model and the
lack of knowledge of it in the applied statistics research community, this important model was
seldom used. Therefore, I also implement my results for the AH model in computer software
R, so that this model can be easily implemented for scientific and clinical investigations.
With these tools available in R, public health research community may start to recognize
the importance and usefulness of this model.

In Chapter 5, I conduct simulation studies to validate numerically various results I derived
in Chapters 3 & 4 for the AH model with two-phase sampling. I also demonstrate the two-
phase sampling and the calibration technique’s ability to substantially improve estimation
efficiency compared to random sampling by simulations in various settings. Then I study
the performance of these methods under model misspecification.

In Chapter 6, I apply the AH model I developed in Chapters 3 & 4 for two-phase sampling
to re-analyze the ARIC study I introduced at the beginning of this chapter. With these new
tools, I demonstrate I am able to use additional information in the whole cohort to improve
both association analysis and risk prediction precision. I am able to use the ARIC case-
cohort data to make risk profiles for individuals with different levels of hs-CRPs at a reduced
cost—which has never been done before. These new risk profiles including the new biomarker
information may help physicians to discover new patients at high risk of the coronary heart
disease. These new patients, who may be missed by traditional tools of risk evaluations
but now can be identified, will benefit from therapies in the prevention of coronary heart
diseases. The new risk prediction tool is not restricted to a particular disease such as the

coronary heart disease or a particular two-phase study such as ARIC.



Chapter 2

A Z-ESTIMATION SYSTEM FOR TWO-PHASE SAMPLING
DATA

Two-phase sampling reduces costs substantially in prospective epidemiological studies.
It uses outcomes and/or inexpensive covariates obtained for each individual to determine
their following sub-sampling probabilities, so that certain expensive and difficult to be ob-
tained covariates are only measured for the most informative individuals in the subsamples.
Epidemiology usually concerns with the incidents and determinants of diseases. To study
them, previously parametric model and now semiparametric models are often used for an-
alyzing data collected by random sampling. However, when the data are from a two-phase
design, how do we fit these models? Both general methods and the theory for developing
these methods are lacking. Thus, in this chapter, we provide statisticians a new theory to
develop new tools for two-phase study. This theory is very general. It is not specific to a
particular model or a two-phase study design. It can be used for association study via esti-
mating regression parameters or for risk prediction via estimating the entire model, including
both parametric and nonparametric parts of a model. It encompasses both likelihood and
non-likelihood based inference. It provides correct inference in the presence or absence of
model misspecification. Because a broad problem area is taken into account by this theory,
the theory can be also considered as a framework to guide a researcher through a model

development process for a two-phase study.



2.1 Background, Motivation, Contribution

This dissertation carefully selects and consolidates results from survey sampling, Z-estimation
and the modern empirical process theory, so that it provides a systematic and easy-to-access

theoretical foundation for analyzing two-phase studies.

From Survey Sampling

Neyman| [1938] proposed two-phase sampling, also called double sampling, for field sur-
veys. A field survey is usually conducted at the local level to estimate an average of a
population quantity, for instance, the household food expenditure, and it often requires in-
terviews by experienced surveyors. The variable collected through a field survey is usually
expensive. Thus, within budget the sample size can be small for obtaining an estimate of a
desired accuracy. Neyman| [1938]’s idea is to use a second inexpensive variable that is corre-
lated with the expensive variable to select the subjects for expensive variable measurements.
In the first phase, a relatively large random sample is collected to ascertain the inexpen-
sive variable. In the second phase, based on the phase I variable, the sample is stratified
and subsamples are randomly drawn from each stratum for the expensive variable of inter-
est. Because the variation of expensive variable within each stratum is less than it is for
the whole population, a more accurate estimate will be produced. This two-phase design
was later further generalized by Horvitz and Thompson| [1952] through the use of unequal

probabilities to select a sample.

Similar ideas on the two-phase design appeared in epidemiology separately. [Walker| [1982]
and White, |1982] first considered it for study of association between dichotomized diseases
and exposures. Association analysis often requires collecting covariates to adjust for con-
founders and effect modifiers. To reduce costs in the collection of these covariates, both
authors proposed to divide the sample into four groups based on the dichotomized diseases

and exposures first and then use unequal sampling fractions for different exposure-disease



categories to select subsamples, so that smaller categories will be oversampled for covari-
ate measurements. Their intuition were that additional observations from a smaller group
should add more information than additional observations from a larger group. Driven by
the same cost concern, Prentice| [1986] proposed a case-cohort design for follow-up stud-
ies, in which covariate histories are only assembled for a random subcohort and all cases.
Since then various two-phase designs were proposed such as exposure stratified case-cohort
designs [Borgan et al., |2000], generalized case-cohort designs that do not require sampling
all the cases [Cai and Zeng, [2004, Kang and Cai, 2009], and cohort sampling that allows
sub-sampling for both cases and controls |Gray, 2009]. Each of these designs was proposed
for a specific sampling situation with a particular data analysis method, but each can be
also considered as a special case of the two-phase survey sampling we described at the end
of the last section. Connecting two-phase epidemiologic designs to the original two-phase
survey sampling [Breslow and Wellner, [2008| provides us a systematic outlook on these epi-
demiologic designs — they all involve drawing random subsamples for expensive variables
measurements within each stratum from a stratified large random sample like a two-phase
survey.

This connection of two-phase epidemiologic studies to surveys suggests that analyzing
methods for complex surveys could be adapted to many two-phase epidemiology studies and

a common analysis approach will exist.

Surveys are primarily designed to estimate the mean of some quantity from a finite pop-
ulation. The standard analyzing technique is inverse probability weighting [Horvitz and
Thompson, 1952]: the finite population quantity was estimated by weighting each observa-
tion with its inverse probability of inclusion in the sample. Later regression models started to
be used for surveys. How to make inference about model parameters from surveys became a
new issue, especially when a survey was multi-staged and stratified. Binder| [1983] considered
to define this type of parameters as an implicit function on a finite population. This implicit
function was motivated but not defined by the model. When the model was misspecified,

Binder’s parameters were still well-defined. Subsequently, Binder| [1992] proposed a weighted
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estimating equations method to estimate these parameters when a sample was drawn with
a complex design. The resulting estimators were still consistent when the assumed model
was wrong. In two-phase surveys, a large amount of information on auxiliary variables is
often obtained at the initial phase. Survey statisticians have developed various methods
to use these variables for efficiency improvement. Calibration [Deville and Sarndal, 1992],
for instance, provides a systematic approach to take into account auxiliary information by
adjusting the sampling weights. In both survey theory and practice, calibration has estab-
lished itself as an important instrument because it is transparent, easy to understand and
not specific to a specialized situation [Sarndal, 2007].

I am interested in using all these techniques created for complex surveys for analyzing
two-phase epidemiologic studies. From a classical survey perspective, the population is fixed
and finite; the parameter is an explicit or implicit function of this finite population. The
modern population-based studies such as epidemiologic studies, however, adopt a superpop-
ulation perspective. The phase I population is considered to be a random sample from a
superpopulation defined by a probability distribution; the parameter is an explicit or im-
plicit function of this probability distribution instead. Therefore, adaptation of inference
methods for the finite population to the superposition is required. (Godambe and Thomp-
son| [1986] related superpopulation model parameters to survey population parameters. Lin
[2000] extended Binder’s method of weighted estimating equation for the finite population
to the superpopulation and claimed the robustness of Binder’s estimators remained for the
estimators obtained in the superpopulation inference. Breslow et al.| [2009a,b| adapted cali-
bration techniques to further improving precision of semiparametric inference, which is often
desired for epidemiologic studies, by adjusting the weights in the inverse probability weighted
likelihood equations. They used these new tools to analyze dataset obtained or simulated
by two-phase designs and found the precision of estimators was dramatically improved.

Inspired by these works, in this dissertation I will follow Binder’s definition of parameters
for survey populations and will consider my parameters as an implicit function on probability

models. The function is motivated by an assumed model but does not reply on the correct-
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ness of the model. This construction is in line with Newey| [1994]’s treatment of a parameter
as a functional allowing for general misspecification. I will adopt the method of weighted
estimating equation as my inference method due to its robustness and ease of implementa-
tion for complex sampling designs. In the presence of auxiliary variables, I will incorporate
calibration into my inference procedure for further efficiency improvement due to its ease
of implementation and transparency. In summary, by connecting to statistical methods for

surveys I find a general approach to analyze the two-phase sampling epidemiologic data.
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From Z-estimation and modern empirical process theory

To fully develop this general approach for analyzing two-phase sampling studies, I also
need theoretical tools to study the asymptotic properties of my estimators obtained from
weighted estimating equations and calibration methods. I choose to build my theoretical tools
upon a Z-estimation theorem from van der Vaart| [1998] and results from modern empirical
process theory. I make this choice because semiparametric inference with two-phase sampling
data creates new problems for which the traditional theoretical tools can not solve. It is also
because the Z-estimation theorem from jvan der Vaart| [1998] is an extension of [Huber| [1967]’s
Z-estimation, and therefore it preserves the robustness and systematic approach of Huber’s

Z-estimation.

Z-estimation, together with modern empirical process results, can solve many new prob-
lems traditional tools can not solve. Because epidemiologic studies often collect censored
survival data, semiparametric models are frequently used for data analysis. The standard
way to make semiparametric inference for censored survival data with random sampling is to
use martingale theory. To show asymptotic normality of estimators, this approach formulates
the model in the framework of counting processes and then applies the martingale central
limit theorem to a martingale integral [Andersen and Gill, 1982]. However, when the model
is misspecified, the martingale integral does not exist. When outcome based sampling occurs,
weights, which adjust the bias introduced by the sampling, depend on a complete history of
the study. One crucial condition for the martingale central limit theorem that the integrand
of the martingale integral needs to be predictable is violated. Therefore, martingale theory
does not apply. |Self and Prentice| [1988] and |Lin| [2000] considered the Taylor expansion tech-
nique for proportional hazards models with case-cohort sampling. However, an important
tightness condition was left without further exploration or treated as an assumption because
tightness was very difficult to prove algebraically. Z-estimation combined with modern em-
pirical process theory, on the other hand, can solve the problem of semiparametric inference

with outcome-based sampling.
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In addition, these two theoretical tools enable us to develop risk prediction function based
on semiparametric models. In epidemiological and clinical studies, model based prediction of
an individual’s outcome is of great interest according to the measurements of this individual’s
risk factors and the time since these measurements. If this model is semiparametric, then
for prediction purposes the entire model needs to be estimated. This means joint estimation
of both Euclidean (finite-dimension) and non-Euclidean (infinite-dimension) parameters are
required (see Bickel et al| [1998, p.1-2] and van der Vaart| [1998, p.358] for definitions).
Estimating these two types of estimators jointly has not been seen when martingale theory
or Taylor expansion techniques were used for developing estimators.

Z-estimation is an estimation method for Z-estimators, which are defined as solutions to
estimating equations [van der Vaart and Wellner] 1996]. Before van der Vaart and Wellner
[1996], they were called M-estimators. An M-estimator refers to an estimator obtained
by maximizing a criterion functions and the “M” means maximum-likelihood-type [Huber,
1981]. In many situations, finding an M-estimator & for a parameter « is sought by solving

a zero valued estimating equation:

U (o) = % D talw) =0 (2.1)

where 1, is the derivative of a criterion function with respect to «. In some cases, solving an
equation for an estimator does not correspond to a maximization problem. To distinguish
such estimator from the estimator obtained by maximizing a criterion function, the name
Z-estimators was invented in [van der Vaart and Wellner| [1996, chap. 3.2], where the “Z”
means zero. However, the name of M-estimators has been widespread in literature.

Huber’s M-estimators and therefore Z-estimators were originally motivated by robustness.
In|Huber|[1964], robustness meant insensitivity to small deviation from assumptions. In 1967,
Huber proved consistency and asymptotic normality of maximum likelihood (ML) estimators
without assuming that the true distribution underlying the observations belonged to the
parametric family defining ML estimators. The meaning of robustness was generalized with

respect to all misspecified models thereof. In 1986, [Royall [1986] showed the asymptotic
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variance in Huber| [1967] could be easily modified so that the asymptotic variance was also
consistently estimated under model misspecification. This paper completed the meaning of
“ robustness” for today’s use: validity of estimators under model misspecification in term of
their consistency and limiting distributions.

Suppose the expectation of ¥y (a) in is ¥(a). The old classic approach studied
asymptotics of Z-estimators by the Taylor expansion on Wy («). In contrast, Huber’s 1967
landmark paper proposed a new approach for proof by separating the contribution to Wy («)
into a deterministic part ¥(«) and a stochastic remainder (see Pollard| [1984] section VII|
and Pollard, [1985] for details). As a result, the conditions for asymptotics were decomposed
into two components: analytical conditions on W and stochastic conditions on the deviation
of ¥ from Wy. By using this systematic approach, Huber was able to relax conditions
on the second and higher order derivatives of likelihood function for ML estimators. This
new approach was not widely appreciated until Pollard [1984, 1985] made the connection
of Huber’s work with empirical process theory, which provides tools to check the stochastic
conditions.

Modern empirical process theory studies empirical process indexed by classes of sets
or functions. It extends classical results for empirical distributions to multidimensional
space and abstract infinite-dimensional space. The connection of these results to asymptotic
statistics was well phrased in [Pollard [1989]: “much asymptotic effort has been devoted to
bounding error terms in Taylor expansions; empirical process theory provides some effective
new tools for doing this”, in short, “asymptotics via empirical processes”. Due to the rapid
developments in abstract empirical process theory in 1970s and 1980s, stochastic conditions
in Z-estimation can be established even when the estimating equation becomes infinite-
dimensional and abstract. This extension is very useful for semiparametric inference since
the non-Eulidean parameters range over an infinite-dimensional space.

Later Huber| [1967] and [Pollard, [1985]’s Z-estimation for finite-dimensional Z-estimators
was generalized to infinite-dimensional Z-estimators [van der Vaart| [1995], also seen in

[van der Vaart and Wellner, 1996, theorem 3.3.1]. The Z-estimators they considered were
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very general. In the case of i.i.d. observations, the stochastic process in the stochastic con-
dition in their theorems became an empirical process indexed with a class of functions. As
a result, this condition was simplified to lemma 3.3.5 in [van der Vaart and Wellner| [1996],
leading to theorem 19.26 in jvan der Vaart| [1998], which is the Z-theorem we choose to rely on.
In summary, Z-estimation was created in 1960s by Huber, recognized in 1980s, generalized
in 1990s, and then simplified and ready for our use.

In this dissertation, I generalize a consistency theorem for finite-dimensional Z-estimators
[van der Vaart|, 1998, theorem 5.9] to infinite-dimensional Z-estimators and create a new
consistency theorem. Then I simplify the conditions required in the new theorem for the
special case of i.i.d. observations. Next I extend my consistency theorem and van der Vaart
[1998]’s Z-theorem 19.26 with random sampling to the complex two-phase sampling scenario
and the even more complex setting with use of auxiliary variables. As a result, I create
a collection of new theoretical tools for semiparametric inference with general two-phase
epidemiologic studies.

Systematic

My theoretical results combined with van der Vaart| [1998] are referred to Z-estimation
system throughout this dissertation. I use this single system to develop various Z-estimators
systematically.

This system covers various estimators that were considered separately. In the past, semi-
parametric inference with random sampling and two-phase sampling was studied separately
due to the failure of martingale theory in the later scenario. Semiparametric inference in
the presence or absence of model-misspecification were also considered independently. For
example, different approaches were used to make inference for Cox’s proportional hazards
model when this model was assumed to be the true model of observations |[Andersen and
Gill, [1982] and when this assumption was relaxed [Lin and Wei, 1989]. Now we can use
Z-estimation alone to develop methods for all of these scenarios. Since Z-estimation for
infinite-dimensional parameters also covers the classical Z-estimators on a finite-dimensional

space, it can be used for both parametric and semiparametric models developments. Be-
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fore, a two-phase sampling estimator and an improved two-phase sampling estimator by
incorporating Phase I cohort information were developed separately. For example, |Breslow
and Wellner| [2007, [2008| considered improving weighted likelihood estimators for two-phase
sampling designs by estimation of weights through a parametric model. For this proposed
method, Breslow and Wellner| [2008| first estimated the regression parameters in a prediction
model for weights, and then used a new theoretical tool to study the asymptotics of improved
estimators. For my methods development, I instead use calibration to incorporate additional
information from Phase I to improve two-phase sampling estimators as |[Breslow et al., 2009a].
Since the calibration technique incorporates the cohort information by equating estimated
totals of auxiliary variables from phase II subsamples to the known totals from Phase I
cohort through weights adjustment, incorporating calibration into the estimating procedure
only requires adding another set of weighted estimating equations to the original equations
for estimators. Therefore, estimators obtained after weights calibration are still Z-estimators
and Z-estimation applies. Because the Z-estimation system allows infinite-dimensional pa-
rameters, I am able to jointly estimate both Euclidean and non-Eulidean parameters in a
semiparametric model as pointed out in Bickel et al.| [1998]. T will show this capacity remains
for the two-phase designs. The same joint estimation approach is also seen in a recent paper
by [Breslow and Lumley| [2013]. The benefit of joint estimation is that I can conduct asso-
ciation analysis and risk prediction based on a semiparametric model at the same time by
Z-estimation since the inference on regression coefficients is a byproduct of joint estimation

of all parameters.

Not only can the Z-estimation system study asymptotic behaviors of various estimators,
but also study these estimators systematically and quickly. We do not need to derive the
limiting distributions of these estimators separately if they are motivated from the same
model. T discovered this systematic approach during my development of the AH model for
two-phase designs. For this model, [ was interested in estimating both regression parameters
and the prediction function of cumulative hazards from two-phase sampling data, with or

without using auxiliary information embedded in the Phase I sample. 1 first considered
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estimation of regression parameters and cumulative hazards separately, due to my concern
that the second problem was a much harder problem than the first. I also considered different
techniques for estimation with and without calibration. However, in the process of developing
these estimators, I found that a lot of steps were shared among the derivation of these
estimators, and results for one estimator were easily extended to others. I also realized the
whole estimation procedure could be restructured and results could be integrated with one
and another, so that a collection of estimators would be obtained systematically and almost
at one time.

This systematic approach of studying estimators’ asymptotic behaviors was facilitated by
the systematic nature of the Z-estimation theorem |van der Vaart| 1998, 19.26], on which my
theoretical tools rely, and the preservation theorems of Glivenko-Cantelli and Donsker classes
[van der Vaart and Wellner} |1996| 2000]. The Z-estimation theorem decomposes a relatively
large study on asymptotics to different small components. The preservation theorems make
the results in the components of stochastic conditions easy to extend from a simple scenario
to more complicated settings. As a result, the procedure to develop a collection of various
Z-estimators becomes systematic and easy to follow, which will be revealed in Chapter 2 ~
4.

Modern empirical process theory has started to be commonly used for semiparametric
inference. However, the convenience of this theory for a systematic development of a col-
lection of estimators has not been explored. As current information age demands a large
amount of statistical results in a short time, a systematic approach to develop statistics may
become one trend of the future. My results and examples in this dissertation confirm the
belief in [Wellner| [1992] that modern empirical processes may shorten the lag time between
creation of statistics and the establishment of their asymptotics from a new perspective of

systematic development of statistics.

Ease of access
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I developed my theoretical results as simply as possible through assuming two-phase i.i.d.
variable probability sampling [Lawless et al., [1999], time-invariant weights, and use of the
simplest Z-theorem for i.i.d. data. I also find applying modern empirical process theory
can be difficult for researchers who are interested in but have just started to use it. It is
my intention to explain my application of this theory in great detail and at the same time
simplify the application for those researchers. With this purpose, I deliberately chose simple
methods and theoretical tools to create my Z-estimation system for two-phase studies. Ease
of access is prioritized over seeking the optimal solutions. In return for accessibility I sacrifice

some generalizability.

[ assume i.i.d. variable probability sampling (VPS), also called Bernoulli sampling, to
construct the phase II subsample. In VPS, the sample is drawn by independent Bernoulli
trials for all subjects within each phase I stratum, thus members in selected sample are
independent to each other and the sample size is random. Due to the independence of obser-
vations, VPS makes statistical methods development straightforward and simple. In contrast,
sampling without replacement, which is often used in practice, draws a fixed size of phase
IT subsamples within each stratum, so observations are correlated and thus more difficult
to analyze. Theoretical tools for two-phase sampling under sampling without replacement
were developed in Breslow and Wellner| [2007] and [Saegusa and Wellner| [2013]. In VPS, the
inclusion probability of each Bernoulli trial is a function of variables, thus VPS can also be
used in the situation when these variables are continuous; sampling without replacement,
however, is limited to the variables that are discrete as in stratified sampling. Nevertheless,
variation in the sizes makes the estimators obtained by two-phase VPS slightly less efficient.
The amount of this efficiency loss is small as shown in the simulations studies by [Kulich
[1997]. In addition, this small loss of efficiency can be partially recovered by calibration if I
use the stratum membership indicator as my auxiliary variable. Then the calibrated weights
are the same as the weights used for analyzing data obtained by sampling without replace-
ment. Iwill demonstrate that calibration techniques are able to recover some efficiency loss

in Chapter 5 by simulation studies. Lastly, it is also possible to generalize my results with
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VPS to sampling without replacement by using the results on weighted bootstrap empirical
process theory from Praestgaard and Wellner| [1993, theorem2.2] as shown in Breslow and
Wellner| [2007].

For simplicity, I only consider time-invariant weights. Further efficiency improvement is
possible if time-dependent weights are used. For example, Borgan et al.| [2000] showed a
slight improvement in efficiency using time-dependent weights for exposure stratified case-
cohort studies. Kulich and Lin [2004] also proposed more complex time-dependent weights
than Borgan et al.| [2000] for case-cohort studies.

In addition I adopt the simplest Z-theorem that assumes the independence of obser-
vations, so that important stochastic conditions for showing consistency and asymptotic
normality are transformed to Glivenko-Cantelli and Donsker conditions, for which many
existing results can be used. My system also requires estimators to have y/n rate of con-
vergence. When parameters are not estimable at y/n-rate such as making inference based
on the interval censoring data [van der Vaart| 1998, chap. 25] or for mixture models |Bickel
et al., 1998, chap. 4.5], my estimation system does not apply. Alternatively, a more advanced
Z-estimation method for the case-cohort design is seen in Nan and Wellner| [2013]. Their
theory allows correlation of the data and convergence of nuisance parameters at a different
rate. They considered bundled parameters, which included a Euclidean parameter of interest
f and an infinite-dimensional nuisance parameter 7 that was allowed to be a function of
and needed to be estimated prior to estimating 6.

When using my Z-estimation system, two important steps are to establish Donsker and
Glivenko-Cantelli properties for classes of functions. For a broad audience, I find that many
Donsker or Glivenko-Cantelli classes that have been discovered can be integrated together
by the Donsker and Glivenko-Cantelli preservation theorems for new use and this recycling
approach may be one solution to ease difficulties in verifying the stochastic conditions in the
Z-estimation system. I do not show Donsker or Glivenko-Cantelli properties of a class of
functions by directly showing that the size of the class is finite through the use of bracketing

or covering number [van der Vaart and Wellner, [1996, chap. 2.5]. However, this funda-
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mental approach should be more straightforward for statisticians with a strong mathematics

background.

I consider efficiency gain from oversampling the most informative subjects and from uti-
lizing the correlates of covariates by stratified sampling or calibration techniques rather than
sophisticated statistical techniques. In fact, methods of weighted estimating equation and
calibration are probably the simplest tools we can find to develop statistics and incorporate
additional information for two-phase designs. These simple tools are easy to understand
and follow. In return for the ease of access and implementation, some efficiency is lost.
This drawback and different methods of improvement were discussed in |Breslow and Well-
ner| [2007]. In certain scenarios, semiparmetric efficient estimators do exist. For example,
maximum likelihood or profile likelihood estimators are efficient and feasible if a semipara-
metric model can be partitioned into parametric and non-parametric parts provided phase
[ data are discrete |[Lawless et al., 1999, Breslow et al., Robins et all [1995] also proposed
optimal estimators for the conditional mean model when two-phase sampling is considered

as a missing data problem with missing by design.

I summary, in order to make the Z-estimation system accessible, I chose straightforward
estimation methods and simplify my applications of modern empirical process theory in
several places with some limitations. Readers who are interested in developing new statistical
methods for analyzing two-phase sampling data can begin with this Z-estimation system
to study the problem, because this system connects methods development for two-phase
sampling to results in random sampling and this system provides a thorough consideration
of potential problems that may occur in practice such as model misspecification and the
presence of auxiliary variables. If the system does not apply or more efficiency gain is
desired, readers can advance to other tools that are available and part of them are listed

above.
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2.2 Sampling, Data, Notation

After reviewing previous works and explaining my motivation, I will proceed to create the
Z-estimation system for tow-phase sampling. For clarity, the estimation theory is divided
into two parts for two major problems that arise in two-phase designs. The first problem
is fitting a (possibly) semiparametric model to the small subsample of a two-phase study,
for which we obtain complete information. The second problem is incorporating additional
information from the initial large cohort to further improve estimation precision. For both
problems, solutions are arranged in the order of constructing estimators, defining parameters,
establishing consistency of the estimators, and showing their asymptotic distributions. In
the end, strengths and limitations of our theory will be discussed. This chapter can be
read side by side with Chapters 3 & 4, which illustrates this chapter’s abstract theoretical

construction and results by an example.

2.2.1 Sampling

Two-phase sampling design, originated from Neyman| [1938], reduces cost substantially by
arranging sampling in two phases, so that the more informative subjects in the Phase I
samples will be selected to constitute the Phase II sub-samples for costly measurements.

In this dissertation, I consider at phase I, we randomly sample /N subjects from an infinite
superpopulation. The random vector X € X is potentially available for all N subjects.
However, we only measure a portion of X and some auxiliary variables U for all N subjects.
We denote this portion of X by X7 and X = (X7, X'7).

Next according to V = (X!, U) € V, we independently generate a phase II selection
indicator R for each individual from a Bernoulli distribution with a probability of P(R =
1|V) = m(V), in which 7 is an a priori function of V. We then measure X!/ of X for only
phase II samples.

This type of sampling method for selecting phase II sub-samples is also seen in [Manski

and Lerman [1977] for econometric problems. When V indicates strata and mo(V) is a
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constant function within each stratum, this sampling method is also similar to the familiar
stratified sampling and the same as variable probability sampling 1 described in [Kalbfleisch
and Lawless| [1988]. However, V' can be continuous and my(V') is not restricted to be discrete.
Therefore we consider more general two-phase sampling designs than two-phase stratified

sampling.

2.2.2  Data and Assumptions on the Data

Two-phase VPS generates our data in the form of (R;, V;, X}'R;),i = 1,..., N. This is the

dataset we intent to analyze. For this data, we make the following assumptions:

A. 2.2.1. Xq,..., Xy are i.i.d. random samples from a probability distribution P on a
measurable space (X, A). P € P, which is the set of all possible distributions P for X such
that E(XTX) < cc.

A. 2.2.2. Sampling probability bounded from 0: 0 < 0 < mo(v) <1 for allv € V.

A. 2.2.3. Whether or not a subject is selected into phase Il depends only on the observed
data V' at phase I, in other words, missing at random(MAR) [Rubin|, |1976]:

A. 2.2.4. We assume (R;, V;, XM R;) are i.i.d. following a probability distribution QQ on a
measurable space (R x V x X, B). Q € Q, which is the set of all possible distributions for
(R,V, X) such that E[(R,V,X)T(R,V, X)] < oco.

Note by two-phase VPS, R; is independently generated. If we assume V;,2=1,2,..., N
are i.i.d., then under the assumption of A. and AR.2.3 (R;, Vi, X{'R;) is ensured to
be i.i.d.. Assumptions A. and A[2.2.3]are also assumed in [Robins et al| [1995] for their
missing data problems. The assumptions of P € P and Q € Q in A. and A[2.2.4) are

similar to [Newey|, 1994] and allow us to estimate under general misspecification.
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2.2.8 Notation

Throughout the dissertation, we use linear operators for the expectations. We define

Pf = / [P, Qf = / (X, R, V)dQ.

To indicate P and () are functionals, I adopt square brackets when needed. For example,
the regularity conditions in assumptions A. & A. will be written as P[XT X] < oo
and Q[(R,V, X)T(R,V, X)] < oco.

According to van der Vaart| [1998| p.269] and van der Vaart and Wellner| [1996} p.80], the
empirical measure Py is defined as the discrete uniform measure that puts mass 1/N on each
observation. Similar to the operator notation P, given a measurable function f : X — R,

we write Py for the expectation of f under the empirical measure Py:
|
Prf =+ Z f(X0).
With two-phase sampling, for a measurable function f: R x V x X — R
| XN
Pyf =+ Zl f(Ri, Vi, X3).
We define the empirical process evaluated at f as
Gyf=VN(Exf - Pf).

Suppose f belongs to a class of functions F. We consider Py f as a random map in [*°(F).
By definition, the space {°°(F) is defined as the set of all uniformly bounded real functions

on F, i.e., the space [*°(F) consists of all functions z : F — R such that

[2]|7 == sup |z(f)] < o0
feF

[van der Vaart and Wellner| 1996, p.34]. Then the empirical process {Gyf, f € F} is the
centered and scaled version of this random map. Thus, each empirical process is associated

with a class of functions F. To specify which empirical process under consideration, we
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index each particular empirical process by an index set F. For example, the empirical
process theory in the preceding display is called “F-indexed empirical process”. The modern
empirical process since Dudley| [1978|’s key paper differs from the classic empirical process by
how abstract this index set F is. Therefore, modern empirical process theory studies a much
larger class of empirical processes than before and provides a wealth of important results
for our use. In this dissertation, since we are concerned with semiparametric inference, the
index set F for the empirical process we are interested in is abstract. Thus, modern empirical
process theory is desired.

Throughout this dissertation, we use || - || to denote the sup norm: ||x||y = suppey|z(h)|

and | - ||z to denote the Euclidean norm. We define the norm of a product space as a sum:

Gz, )l = Nzl + llyll-

2.3 The First Problem

Epidemiologists usually collect data to study association between two factors based on an
assumed regression model. This model can be parametric or semiparametric. The study of
the association is then translated to a problem of estimating the regression parameters of
this model. When data are collected by two-phase VPS design, we ask how do we estimate
regression parameters in a possibly semiparametric model?

Under this general problem, there are two important issues we will address. First of
all, clinical researchers are sometimes interested in using the model to do individual based
outcome prediction. Then all the parameters in the model become our interest in order to
create a risk prediction function. These parameters include the regression parameters as well
as the nuisance parameter, which is often infinite-dimensional in a semiparametric model and
not estimated. In this sense, the nuisance parameter is not nuisance anymore.

Furthermore, in real applications, the assumed model is not always correct in describing
the true distribution of observations. When a model is misspecified, how do we describe
targets of our estimators and these estimators’ precision?

The first problem we are concerned with is therefore estimating all parameters in a
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possibly semiparametric model using two-phase VPS data allowing for model misspecification.
2.4 Solution: A Z-estimation System

Broadly speaking, our solution to the first problem is to estimate all parameters simulta-
neously using inverse probability weighted estimating equations (IPW-EE) on and off an
assumed model.

More specifically, to solve the problem that parameters can be infinite-dimensional, we let
our IPW-EE be infinite-dimensional as well. We obtain our estimators by solving this set of
zero-valued estimation equations. As a result, our estimators are Z-estimators. Since modern
empirical process theory studies empirical processes on abstract infinite-dimensional spaces
and the Z-estimation theorem [van der Vaart|, 1998, 19.26] allows Z-estimators to range over
an infinite-dimensional space, we use them together to study the asymptotic behaviors of
our estimators. To address the issue that the model may be misspecified, we consider the
targets (parameters) of our estimators as functionals that are estimated nonparametrically.

In the following sections we organize our solution “A Z-estimation system” into four parts:
estimators, parameters, consistency of estimators and limiting distributions of estimators.
We call this solution a system because each part of it connects to the other parts, working
together as a complex whole. Since our estimating procedure for two-phase sampling esti-
mators is closely related to the estimating procedure for random sampling estimators, our
Z-estimation system contains theoretical results for developing random sampling estimators

as well.

2.4.1 Estimators

Before we formally define our parameter « in section [2.6.2} in this section parameter is used
to refer to a numerical characteristic of a superpopulation we are interested to estimate from
a sample. We first consider estimating a parameter from a sample that is collected by random
sampling. We use the same set of notations introduced in section for two-phase VPS to

describe this sample. In contrast to two-phase VPS, with random sampling, X, X5, ..., Xy
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are fully observed and i.i.d. following a probability distribution P where P € P.

If o is a finite-dimensional parameter, i.e., a Euclidean parameter, then one common
estimating approach is to solve a zero-valued estimating equation (EE) for an estimator. The
challenge is how to construct and describe an infinite number of estimating equations desired
for estimating infinite-dimensional parameters a. The solution was provided in [van der Vaart
and Wellner| [1996, theorem 3.3.1]. The authors extended Z-estimation for Z-estimators on
the Euclidean space [Huber, [1967, [Pollard) 1985] to the infinite-dimensional space. They
considered the estimating equations as a zero-valued random map in a Banach space. In the
following, I present and further explain their idea on treating estimating equations as a map
since it requires a lot of conceptual thinking. For simplicity, I restrict the Banach space to
be [*°(H) where H is an arbitrary index set and our estimating equations are the average
of i.i.d. functions. As a result, a simplified Z-estimation theorem [van der Vaart| 1998,
theorem 19.26] can be used. I then extend this theorem to two-phase VPS for developing
the estimators of our interest on a possibly infinite-dimensional space.

Let IL be the Banach space [*°(#) and Ly be a subset of the Banach space L. For random

sampling (RS), we consider a random map ¥y : Ly — L of the form

\I/N<Oé) = PM%

in which ), is a known map. We assume for each fixed x and a € Ly, the map h +— 1y,
denoted as 1),, is uniformly bounded, and so is the map h +— P, , denoted as Pi,. We

construct our estimating equation as
Uy (a) = 0. (2.2)

Then RS estimator & is obtained by solving (2.2)). & is therefore a Z-estimator [van der Vaart
and Wellner, (1996, p. 284].
Uy (a) € [*°(H) implies Pyt 5, € R and

|IPnYalln = sup [Pntan| < oo.
heH
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One way to motivate 9, (X) is from an assumed model {P,, @ € Ly}. 1,(X) is proposed
such that P,1,(X) = 0. For example, if P, is a parametric model, then 1,(X) can be the
score equation under model P,.

Because Uy (a) € [*°(H), the estimating equation (2.2 is equivalent to a collection of

equations

Un(a)h =Pni)o(X)h = Pnthon(X) =0 for every h € H.

We see from this display that each h indexes a particular real valued estimating equation, for
which reason H is called an index set. The size of this collection can be infinite depending
on the size of H. The classic Z-estimation considers estimating equations on the Euclidean
space RP; now it is extended to a much larger space. By considering space L. = [*°(H), on
one hand we concisely describe an infinite number of estimating equations with one symbol
14, on the other hand the index h facilitates us to focus on a single dimensional function
¥a,n at one time in this infinite-dimensional problem. In later sections and chapters, we will

see an abundance of convenience brought by this construction.

In two-phase VPS sampling, X, however, is not fully observed. We observe all of
X only when R=1, i.e., for subjects selected to phase II subsamples. We consider a new

random map ¥} : Ly — L given by

R
U =Pyl (X, V,R) = Pyn——1,(X). 2.3
v(a) =Pyyi(X, V. R) N Y (X) (2.3)
We construct our estimating equation as
Uy(a)=0 (2.4)

Our two-phase VPS estimator &* is then obtained by solving (12.4)), and it is still a Z-estimator.
We call this equation inverse probability weighted estimating equations (IPW-EE) because
the contribution from each subject to the overall estimating equation is weighted by the

inverse of this subject’s selection probability.
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2.4.2 Parameters

The RS and two-phase VPS share the same parameter defined as follows. Corresponding to

the random map Wy in (2.2)), we consider a deterministic map ¥ : Ly — L given by
U(a) = Py, (2.5)
We define our parameter o as the solution to the equation, assumed unique,
U(a) = 0. (2.6)

This definition of ag can be put in a more standard way by considering it as a functional.
Let o : P +— Ly denote a map that is implicitly identified by . Then the true parameter
is the value of this map evaluated at the true distribution: ag = a(P).

Since model P for P is unrestricted except for the regularity condition that PX X7 < oo
as assumed in A[2.2.T], P is nonparametric. This definition of ag provides us a method to
describe the target of our estimator under general model misspecification, since we allow
Pg{P,,acly}

When the assumed model is correct, P € {P,,a € Ly}, i.e., P is contained in the model
space. becomes P,1,(X) = 0. If 9, is motivated from the assumed model such that
P,1)o(X) = 0, then « defined via automatically equals the true value of the parameter
defined in model {P,,a € Ly}.

In two-phase VPS sampling, corresponding to the random map W4 in (2.4), we

consider a deterministic map ¥* : Ly — L:
U*(a) = QUg(R,V, X). (2.7)
By assumption A[2.2.3]

V(@) = QUL(R.V.X) = Q(a(X) = o | Bo | 51X, 0alX)] = Equa(X) = Pu(X).
(2.8)
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Since ay is the unique solution to P, (X) = 0, equality in implies «y is also the unique
solution to W*(a) = 0. This result guarantees, to be revealed in the next section, that our
two-phase sampling estimator &* will estimate the same quantity as & would if data were
complete, regardless of the considered model for X.

At the end of this section on parameters, I will explain the type of parameters we are con-
cerned with when we set Ly C [°°(#H). I will show most parameters considered in statistical
models for epidemiologic studies can be identified as elements in [*°(#) for some appropriate
H.

Any 6 that belongs to a subset of an p-dimensional Euclidean space can be identified as
an element in [*°(H) where H is the unit ball in RP. This is because 6 can be identified
uniquely by the values of its inner product with an element of the unit ball. For any 6 € RP,
we can define a map o : H — R by ah = hT0. Then each 6 can be identified uniquely by an
« within [*°(H).

One common infinite-dimensional parameter in a survival model is the baseline cumulative
hazard A. Any A can also be identified as an element in [*°(#) where H is the set of bounded
functions of bounded variation over a time interval [0,7]. This is because A as an finite
measure on [0, 7] can be identified uniquely by the map « : H — R defined by ah = fOT hdA.
Then each A can be identified uniquely by an a within [*°(H).

Sometimes a parameter includes both finite and infinite-dimensional components such as
when both 6 and A in a semiparametric survival model become our interest. We usually
consider (6, A) belongs to some product space © x A where O is a bounded set of R? and A
is a collection of finite measures. Alternatively any (6, A) can be identified as an element in
[*(H), in which h = (hy, he). hy belongs to the unit ball in R? and hy is a bounded function
over [0, 7]. This is because (6, A) can be identified uniquely by the map « : H — R defined
by ah = hi 0+ [] hodA. Then each (0,A) € © x A can be identified uniquely by an « within
[°(H).

These three examples demonstrate we are concerned with a large range of parameters.

These include both finite and infinite-dimensional parameters or even these two types of
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parameters together. The fact that we are able to consider two types of parameters together

as a single parameter allows us to jointly estimate all parameters at one time.

2.4.3 Consistency

Chapter 5 from jvan der Vaart [1998] provided an approach to show the consistency of a
finite-dimensional Z-estimator. In this section, we will extend this approach to an infinite-
dimensional Z-estimator and summarize this extension as a new theorem below. This the-
orem considers maps between general Banach spaces Ly and L. Thus we do not restrict
L to be I*°(H) in the theorem. The consistency of a parameter estimate is usually estab-
lished case by case, but in the case of i.i.d. observation, there may be general approach to
establish consistency. Following the theorem we present two consistency corollaries for i.i.d.

observations, one with RS and the other with two-phase VPS.

Theorem 2.4.1. Let ¥y : Ly — L be a random map and ¥ : Ly — 1L be a deterministic map
from parameter space Lo, a subset of Banach space, to another Banach space L. Let || - ||,

be the norm for parameter space Lo and || - ||L be the norm for Banach space L. Consider

Condition 2.4.1.
sup [|[¥y () — ¥(a)L 50;

a€ly

Condition 2.4.2. ¥(ag) = 0 and for every e > 0.

inf ||VU(a) — V()| >0

a:lla—ag||>e
If both conditions are satisfied, then & that satisfies Wy (&) = 0,(1) converges to ag in

probability.
Proof. Based on condition [2.4.1],

[W(@) = W ()|l < sup [[¥(a) = ¥n(a)llL = op(1). (2.9)

a€lg

By assumption, we have ¥(ap) = 0 and Un (&) = 0,(1), so

W (6) = W)l = op(1). (2.10)
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Combining (2.9) and ([2.10]) results in
W(a) = ¥(ao)llL, < [W(@) = Y (d)[lL + [V (a) — ¥lag)llL = op(1),

which means for any n > 0, P(||¥(&) — ¥(ao)|l. > 1) — 0 as N — oo.
According to condition for any € > 0, there exists n > 0 such that event A =
{||& — apl| > € > 0} implies event B = {||¥(&) — ¥(ap)||L > n}, in other words, A C B, so

P(||& — apll, > €) < P(||[ (&) — W(ap)|lL > 7).
Therefore Ve > 0, P(||& — agl|, > €) = 0 as N — co. We conclude ||& — apllr, —» 0. O

In this theorem, the establishment of consistency is divided into the stochastic condition
2.4.1] on deviations between Wy and W and the condition [2.4.2] on ¥ alone. It is usually a
challenge to verify condition 2.4.1] However, for our estimating equation (2.2), Uy () =
Pn1,, which belongs to (°°(H). Hence

SB&H\DN@ —¥(a)|L = ng)HPN% — Pipa|ln = QEEREEH‘PN¢a,h — Ptpopl. (2.11)

As a result, condition [2.4.1] is simplified to
Condition 2.4.3. G = {¢on,a € Lo, h € H} is Glivenko-Cantelli.

Because Glivenko-Cantelli condition can be effortlessly carried to the new two-phase
sampling scenario, this Glivenko-Cantelli type of condition will not only simplify our estab-
lishment on the consistency of the RS estimator & but also the two-phase VPS estimator &*,

as shown in the following.

Corollary 2.4.2. (Consistency of RS estimators)

Let x — o1 (z) be a measurable function such that conditions|2.4.2 and|2.4.5 are satisfied.

Then & defined in (2.2]) converges to vy in probability.

Proof. By condition[2.4.3]  sup |Pntan—Ptan| —p 0. According to (2.11)), sup ||V n(a)—
aE]LQ,hEH a€llg

U(a)|l. —p 0. Because condition holds and Wy (&) = 0 by (2.2)), it follows from theorem
that & —, ap. O
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Corollary 2.4.3. (Consistency of two-phase VPS estimators)
Suppose A and A. hold. Let x +— o p(x) be a measurable function such that
conditions [2.4.23 and [2./.3 are satisfied and the class G in condition has integrable

envelope function. Then &* defined in (2.4) converges to ag in probability.

Proof. We show consistency by adapting theorem [2.4.1]to &*. We first show condition[2.4.2]in
theorem is satisfied. Given A.[2.2.3] equality in holds, so ¥*(a) = ¥(«r). Because
condition on V is satisfied, substituting ¥* for ¥ in condition yields U* () = 0
and for every € > 0

inf [|U*(a) = V" ()|l > 0.

a:lla—agp||>e

Next we show condition in theorem is satisfied. Because ¥} (o) = Pyy* and
U* (o) = Qo as defined in (2.3) and (2.7)),

sup [y (o) — ¥*(a)llL = sup [Py — PYLlla, = sup HIIP’N%,h — Q¥ nl

a€clg a€clg a€lg,he
As a result (2.8) becomes a condition to show {9}, : @ € Lo,h € H} is Glivenko-Cantelli
(GC). In view of function 9}, as a product of { ﬁ})} and 1, p,, the preservation theorem

of GC [van der Vaart and Wellner, |2000, theorem 3| can be applied. By the law of large

numbers and the definition of GC, the singleton {%} is GC. Given A.|2.2.2| the singleton

{—m}(%v)} also has integrable envelope function. By assumption, G in condition|2.4.3|is GC with

integrable envelope function. By the preservation theorem of GC, {4 , : o € Lo, h € H} is
GC and condition 2.4.7] is satisfied.
Finally, definition of &* in (2.4]) yields ¥4 (&*) = 0. It follows from theorem that

a* —p Q.

2.4.4 Asymptotic Normality

Tools have been created to show the asymptotic normality of Z-estimators [van der Vaart and

Wellner}, [1996] when they are obtained from a random sample. For example, theorem 5.21
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from van der Vaart [1998| applies to Z-estimators on Euclidean spaces and theorem 19.26
from van der Vaart| [1998|] to Z-estimators on possibly infinite-dimensional spaces. Theorem
19.26 can be immediately applied to show the asymptotic normality of our RS estimators &
defined in (2.2]). We rephrase this theorem below and refer to it as theorem 2.3.4. We then

extend this theorem to two-phase VPS scenarios.

Theorem 2.4.4. (Asymptotic normality for random sampling)
For each o € Ly of a normed space and every h in an arbitrary set H, let x — o p(x) be a

measurable function, such that the following conditions are satisfied:

Condition 2.4.4. the class F = {ta : ||a—ao|| < 0, h € H}, with finite envelope function,

1s P-Donsker for some 6 > 0;

Condition 2.4.5. as a map into 1*°(H), the map o — P, is Fréchet-differentiable at a

zero ag, with a derivative \ilo linllg — [°(H) that has a continuous inverse on its range;
Condition 2.4.6. ||P(¥on — Yagn)?lln — 0 as @ — .
If |Pytallz = 0,(N"Y2) and & L ag, then
oV N(G& — ag) = G o, + 0p(1).

Notation Gy is given and explained in section [2.2.3] Because F is a Donsker class,
Fo = {Yagn,h € H} as a subset of a Donsker class is also Donsker [van der Vaart and
Wellner, 1996| theorem 2.10.1]. By the definition of the Donsker class [van der Vaart and
Wellner], 2000, p.82], the empirical process Gy indexed by the Donsker class Fy converges
in distribution to the P-Brownian bridge G in [*°(Fy). In other words, the limit process

{G¥ag by Yapn € Fo} is a zero-mean Gaussian process with covariance function

EGwao,thao,g = Pwao,hwao,g - Pwao,hpwao,g
where g € H and ¥y, 4 € Fo. Pa,n = 0 and P, 4 = 0 due to the definition of . Thus

the asymptotic variance

Vara {\PO\/N(O? - ao)h} = Py 4 (2.12)
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the asymptotic covariance
CO’UA(@(ﬂ/N(OAé — Ofo)h, ‘Ifo\/N(OA{ — Cko)g) = Pwao,hwao,g- (213)
Next we extend these results for the RS estimator & to the two-phase VPS estimator a*.

Corollary 2.4.5. (Aysmptotic normality for two-phase VPS )

For each oo € Ly and every h in an arbitrary set H, let x +— Yo n(z) be a measurable
function such that conditions ~ are satisfied. Assume that assumptions A[2.2.3
and AJ2.2.5 hold. Also assume that F in condition[2..4] has integrable envelope function. If
a* defined in converges to oy in probability, then

oV N(&* — o) = ~Gny, + 0p(1).

Proof. We prove this corollary by adapting theorem [2.4.4]to ¢} , and &*. We will verify that
when we substitute ¢, ;, for ¢, 5 in theorem [2.4.4] conditions in this theorem still hold.

First, given condition and our assumptions, F is P-Donsker with integrable envelope

function. Given A. [2.2.2 is a bounded function. Applying example 2.10.10 [van der

R
P 7r0(V)
Vaart and Wellner], [1996] yields the new class of functions F' = {%wa,h, a € Lo, h € H}

is Q-Donsker with finite envelope function.

Second, in view of equation , the deterministic map o — Q) is the same as map
o — Pi,. Because a — P, is Fréchet differentiable at a zero g, with a derivative W, that
has a continuous inverse on its range. When we replace map o — P, by map a — Qv
condition 2.4.5 still holds

Third, under A[2.2.3]

Qi = Vs =Q | o — ]
= | (an — uoa)Ba | e 1X.U]|
~Q | = boa)? s PR = 11X.0)]
1

~Q | (o = a5 |
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Thus, given A2.2.2l we obtain
* * 2 1 2
1QWan = Yaon)lln = 5P (Wan = Yagn) [l

As a result of condition [2.4.6} || P(an — Yagn)?ll2 — 0. Thus [|Q(¢7 ), — ¥k, 1)? [l — 0.

We have verified three conditions in theorem still hold when replacing ¢, by .
Since &* defined in (2.4) satisfies ||[Pyt)}.
that

—0and & 5 . It follows from theorem [2.4.4

oV N(& — ag) = —Gny, + 0p(1).

Because F' is a Donsker class, F; = {9}, ,,h € H} as a subset of a Donsker class is
also Donsker [van der Vaart and Wellner, [1996 theorem 2.10.1]. By the definition of the
Donsker class [van der Vaart and Wellner, 2000, p.82], the empirical process Gy indexed
by the Donsker class F{ converges in distribution to the P-Brownian bridge G in I°°(Fp).
Therefore, the limit process {Gy}, ,,v% , € Fo} is a zero-mean Gaussian process with

covariance function

R R

* * _ R R — [ _—
EGwao,thao,g — Q 7T()(V) wao,hﬂ_o(v) wao,g:| Q |:7T0(V) wao,h:| Q |:7T0<V) wao,g]

where g € ‘H and ¢ € F|. To simplify the covariance function, we apply the variance

*
@0,9
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decomposition formula:

Var [%%O,h] —Var [E [%%mx, U” +E [Var [%%mx, V”

=Var [E { YagnP(R = 1|X, U)” +E { 20 v ar[R|X, V]}

1
(V) (V)
{1 =m(V)}imo(V) ]

=Var[o,n + £ {

h
7.‘,8 @,

(V)
_Pwaoh (Pwao,h) +Q L= (‘/(;/) 20,h:|

o 1-— 7T0(V)
—Pwio,h +Q {W%,h} .

Therefore, the asymptotic variance

Vary |UoVN(&* — ao)h] =Py2 ,+Q {%;’/()V) io,h} ; (2.14)

the asymptotic covariance

Cova [FoV/N (@ — a)h, WoV/N(@* — a0)g] = Plagitian + @ { 7 () L) e it g} .
(2.15)
The asymptotic variance in has two components. The first equals , the variance
we would obtain if we had collected complete information on X for all N subjects.The second
component is a penalty term for the fact that we only observe complete information on X
among phase II subsamples.
Note the asymptotic variances results in (2.12) with random sampling and with
two-phase VPS are robust variances since we estimate allowing P € P. Suppose an assumed
model is believed to be the true model for the observed data, i.e., P € {P,,a € Ly}. Then

the model-based variances can be obtained by replacing P in (2.12)) and the first component
of ([2.14) by Fy,.
2.4.5 Summary

In view of section 2.4.1-2.4.4, the problem of developing estimators was decomposed into

small components. These components consist of: (1) estimators (section 2.2), (2) parameter
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(section 2.3), (3) Glivenko-Cantelli class (condition , (4) Donsker class (condition ,
(5) Fréchet derivative and its continuous inverse (condition , (6) convergence in quadratic
mean. These components are almost independent of each other and can be established
separately. This gives us a lot of convenience and transparency in the asymptotic analysis
of our estimators.

When the problem becomes more complex, it won’t be daunting any more since we can
break down the complex problem to small tasks and tackle each task separately. For example,
comparing our procedure of developing the two-phase VPS estimator a* to RS estimator &,
we adapted components to the new scenario, while other components were found
not to need modification during the adaptation. Integrating these small results together, we
developed a* and showed its asymptotics very clearly and quickly.

In the next section, we will encounter an even more complex problem and we propose
a new estimator for ay. We will see how each component in the estimating procedure
we established in this section is modified, and then brought together to develop the new

estimator and to solve the new problem .
2.5 The Second Problem

In the initial random sample at phase I, we observe auxiliary variable U and X for all N
subjects. Although some of these variables V = (U, X!) have been used for deciding phase
IT subsamples, there may still be a lot of information in V' that is potentially useful but is
not exploited. Therefore, we ask “can we incorporate these information into our estimation

procedure to develop a more efficient two-phase sampling estimator than &*?”
2.6 Solution: A Z-estimation System Using Auxiliary Variables

To answer this question, the calibration technique proposed by Deville and Sarndal [1992]
is borrowed. we adjust the weights in the original IPW-EE (2.4]) for &* such that the totals
of some auxiliary variables that are fully observed at phase I are exactly estimated by their

phase II estimates. We call the new estimator a** two-phase calibrated estimator. Through
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calibration we incorporate phase I information in auxiliary variables into the estimation and
this may further improve our estimation efficiency. We use the Z-estimation again due to
its convenience for extending existing results. We will still build our theoretical tools for
studying & based on the Z-estimation theorem van der Vaart| [1998, theorem 19.26], so
that a** is allowed to be infinite dimensional and its variance to be estimated on or off an
assumed model.

In the following sections, I first discuss construction of the new estimating equation for

o

& with calibration on auxiliary variables. Next I identify the parameter oy that &** is

aiming to estimate. Then I show the consistency of @™ and its asymptotic distribution.

2.6.1 FEstimators

The idea of calibration is to modify the sampling weights, in our case the inverse probability

weights W, to a set of new weights w; that are as close as possible to the original weights

and, at the same time, subject to constraints based on some variables that are fully observed
at phase I. Let vector V = V(V) of g-dimension be the quantity we choose to calibrate on

and be called auxiliary variables. V is a function of V', so V is available for all N subjects.

Here we make two assumptions on V:
A. 2.6.1. V is bounded.
A. 2.6.2. QVVT is positive definite.

Suppose we use Poisson deviance

1 w 1
e nw! T e T T R

as our distance measure for comparing the calibrated weight w to the original weights weight

1
mo(v)*

w;, i = 1,2,---, N such that Zf\il R,G{w;, ﬁ} is minimized subject to the constraints

Then according to Deville and Sérndal| [1992], our goal is to find a new series of weights

N
Utor = Z Ryw;v; (2.16)
i=1
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where Uy, = Zl]\il v;.
We use Lagrange multipliers method to solve this optimization problem. Suppose the size
of phase II subsample is n. Let v € I' be a g-vector of Lagrange multipliers corresponding

to the constraints (2.16) and let f(w;,~y) be the Lagrange functions:

. oo )
fwi, ) = Glw, m} + VT(izl U; — ; Riw;v;)

fori=1,2,...,n. Solving

sz‘f(wi77) =0

yields

w.

lO : — TRﬂjz = O
9(1 /Wo(v)) gl
Then
_~T5.
w, = EEP(=T0) (2.17)
7T0(UZ‘)

Next solving

V’Yf(wia 7) =0

yields
N N

Uit = 0= Row;i;. (2.18)
=1 =1

Equations (2.17)) and (2.18) together generate an estimating equation for ~:

N

R; N
Z >exp(—7Tvi)Ui = Vsot-

= mo(vi

Replacing the original weight in (2.4)) by the new weight in (2.17]) generates another estimat-
ing equation for («,~):

Py exp(—7 V)a(X) = 0.

R
(V)
Solving these two equations together yields the improved two-phase VPS estimator &**.

To adapt the Z-estimation results in section for studying the asymptotic behaviors

koK

of &, we introduce following Banach spaces and the maps between these Banach spaces.
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We consider ~ ranges over the parameter space [I' where I' C R? and («, ) ranges over the

parameter space Lo x I'. Recall Ly C L and L = [*°(H). We define random maps
Uy Lo x['— L xR?
by Wy = (U3, U%,) with

\Ij}(\t,l(a7 ,Y)h - ]P)Nw** <X> V7 R)h = PNQz]Ifa,v,h(Xa VYa R) = ]P)N

La,y

eap(=y"V)than(X)

(2.19)

WQ(V)

. o R Y~ -
VN o(7) =Py (V. R) = PNW%’P(_’YTV>V -V. (2.20)

Then estimators (&**,4) are obtained by solving the new inverse probability weighted esti-
mating equation (IPW-EE):
Uy (a,v) = 0. (2.21)

2.6.2 Parameters

We consider deterministic maps U** = (U3*, U3*) : Ly x I' — L x R? that are the expectation
of Uy (a,7) :
U (e, 7) = (@Yo, Q37)-

Then our parameters are defined by the unique solution to the equation
U™ (ar,y) = 0. (2.22)

This unique solution, as shown in the following lemma, in fact equals (ag,0) where g is
given in ([2.6). This result guarantees that our improved two-phase VPS estimator &** will
estimate the same quantity as @ would if complete information on X were available for all N
subjects, regardless of the model for X and the auxiliary variable V we choose to calibrate

on.

Lemma 2.6.1. Assume I" is a compact convexr subset of R? with 0 as an interior point.

Assume A. |2.6.1] and |2.6.2 hold. If ag is the unique solution to (2.6)), then (v, 0) is the
unique solution to (2.22]).
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Proof. We first show 0 is the unique solution to Q5% (V, R) = 0. In view of (2.20) and
assumption AR2.2.3) we see 0 is one solution to Q5% (V,R) = 0. Now we show v = 0
is the only solution. Suppose there exists another solution 7, € I" such that v; # 0 and

Q3% (V, R) = 0. Then by the mean value theorem for multiple variables

R o .
Y5, (Vi R) — ¢55(V, R) ~ (V) exp(—y1 V)V — 7T0<V)eazsp(—ﬁﬁﬂ‘/
_ R AT T N -
_7To<v) exp(—v, V)VV (v — 0)

where 7 is on the line segment between 0 and ;. We use notation v, to suggest this value

depends on V. As a result,

Qexp(—TV)VV (31 — 0) = Q [, (V, R) — v5(V, R)] = 0.

Given that QVVT is positive definite, 77QV VT~ > 0 unless ; = 0. Since I' is a compact
convex subset of R? with 0 as an interior point, +; belongs to I' and is bounded. By assump-
tion A, V is bounded. Thus exp(—’y;jT‘N/) is always positive, bounded and bounded
from 0. Therefore, v7'Q exp(—yTV)VVT~; > 0 unless 71 = 0. By contradiction, we prove
~v = 0 is the unique solution to Q@Z);*:Y(V, R)=0.

When 7 = 0,
R
RV, X)=Q——Y.(X) = PY,(X
Q¢1a’y( » Vo ) QW()(V)w ( ) @Z’ ( )
as shown in ([2.8]). Since g is the unique solution to ({2.6)), it is also the unique solution to
QYT o(R,V,X) = 0. Thus (ap,0) is the unique solution to equation ([2.22) ]

2.6.3 Consistency

Before proving the consistency of a**, we first prove a lemma that will be used repeatedly.

Lemma 2.6.2. Suppose ' is a compact convezr subset of R? with 0 as an interior point. As-

sume A)2.2.2 and A)2.6.1. Let f,(V,R) = — V) exp(— ~TV). Then {fy,v € '} is uniformly

Lipschitz and uniformly bounded.
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Proof. Because I' is convex, for every 71,7, € I' we can find a 7 € I' such that

|fV1 (R7X7 V) - f’Yz(R? X= V)‘ = | eXp<_'7:T‘N/)‘~/T(71 - 72>|

R
7T0(V)

By Cauchy-Schwarz inequality,

*TY/\ Y/ R *TY7\ Y,/
exp(—" VIV —72)| < ”W exp(—7 " VIV |lelln — 22lle.

mo(V)
Since I' is compact, thus it is bounded. Under the assumption of A and A2.6.1, both

1/m(V) and V are bounded. Therefore, {f,,y € T'} is uniformly bounded and there exists

a positive constant C' such that
|f’Y1(R7X7 V) - f’72(R7 Xa V)‘ < C||71 - fYQHJE
Hence the class of functions { f,,y € I'} is also uniformly Lipschitz. O

Theorem 2.6.3. (Consistency of improved two-phase VPS estimators)

Suppose ' is a compact convex subset of RY with 0 as an interior point. Assume that AJ2.2.3,
Al2.2.5, Al2.6.1 and A]2.6.3 hold. If conditions[2.4.9 and[2.4.3 are satisfied, and class G in
condz’tion has integrable envelope function, then &** —, ay.

Proof. We will prove this theorem by adapting theorem to the new maps
Uy, U Ly x I'» L x RY.

L is a Banach space with the sup norm and R? is the Euclidean space. We first verify con-
dition m By assumption, G is Glivenko-Cantelli(GC) with integrable envelope function.
Lemmal|2.6.2|shows under the assumption of A2.2.2Jand A.[2.6.1|that {f,(V, R),y € T C R?}
is uniformly Lipschitz and is uniformly bounded. Theorem 2.4.1 and theorem 2.7.11 [van der
Vaart and Wellner, |1996] together yield that, { f,,v € I'} is also GC, with integrable envelope
function. By definition and assumption A. , each coordinate of V itself forms a bounded
GC class with one element. According to van der Vaart| [1998, p. 270], the singleton {V'} is

GC and bounded. It follows from preservation theorem 3 for Glivenko-Cantelli from [van der
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Vaart and Wellner| [2000] that both classes {¢1%, ., = fy¥an, a x v € Lo x ['h € H} and
{5s, = f,(V, R)V —V,y €T} are GC. As a result,

sup |PNwi*a,'y,h le ,0Y,s h| —p 0
(a,7)ELoxI',heH

sup|[Pyiy7, — Q5% [lz — 0.
yel’
Then

sup || PN (a,7) — ¥ (,7)||Lxra
(a,'Y)G]LQXF

= sup {|Ty, = U7 (e N+ PR 20, ) — P57 (e, 7) |l
(a,'y)G]LOXF

< sup || (a,y) = BT (@, )l 4 sup [ o (@, y) — W5 (o, ) [E
(7)€L xT vel

= sSup |PN¢1a'y 1a'y| +Sup||]P)N77Z) Q¢;;||E —p 0.
(ayy)ELo XTI, heH

Therefore condition is still satisfied after we adapt theorem to the new maps ¥y
e,

Next we check condition after we adapt it to U**. We divide the set {«a, v : ||a —
aol| + ||y — 0| > €} into two parts

A={y=0}n{a,7: [la=aol + [l =0l > €}
B={y#0}0{a,7: [la—aol + v =0l = €}

We examine infima of ||W**(a, ) — ¥** (v, 0)|lLxre Over sets A and B separately. Under the

assumption of A (2.8]) holds. Then

igf”q’**(aﬁ) — U™ (ap, 0)||Lxra

||Q¢1a7 Q,lvbl ,Q0, OHH + inf ||Q¢;ﬁy - Q@ZJ;,*OH]E

= inf
{r=0}n{ea,y:lla—ao||+[lv—0]| =€} {v=0}n{,y:lla—ao||+[7—0|[>€}

= mf ”Q¢1a0 Q¢T,a0,o|’H+O

= 1nf HPwa Pthog||ln
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Since condition [2.4.2 is satisfied,  inf ||Pts — Pty |l > 0. Thus,

a:lla—agp||>e

ing‘I’**(aa’Y) — U™ (g, 0)||lLxrs > 0.
Taking infimum over set B we obtain

nf[[ U™ (e, 7) = ¥ (e, 0) [[xra

= inf inf iy
ot ooz 10 b ~ @l I o @V5 ~ @ole
> inf 1QV3", — QY3 e

{r#orn{ay:lla—aoll+[v—0l[=€}

mf HQ%,V Qqﬂ;,*oHIE

~—0||>e
In view of lemma [2.6.1}, under our assumptions, 0 is the unique solution to Q5% (V, R) = 0.
According to van der Vaart| [1998| p.46], for a compact set I' and a continuous function

Q5% (V, R), unique solution 0 implies 5 i ||Qz/1277 QY35lle > 0. As a result,
5:

i%fH‘Ij**(Oéa’Y) — U™ (ap, 0)||L > 0.
Therefore,
[0 (e, ) — U™ (0, 0) || xra

inf
(@)l (ev)—(0,0)[| > €
:flﬁfBHlp (Oé, 7) -V (a07 O)HLXR‘Z

= min {lng\P**(O{,’y) — \I/**(Ozo, O)H]LXR% I%fH\I/**(Oé,’)/) — \I/**(Ozo, O)HLXR‘Z} > 0.

Condition [2.4.2] is satisfied when we adapt it to the new map ¥U** and the new parameter
(c,7y). Finally, in view of our estimating equation (2.21)), Ui (&**, %) = 0. Hence it follows
from theorem that (&™,4) =, (a0,0), i.e., & —, . O

Remark 1. By using preservation theorems of GC' [van der Vaart and Wellner|, |2000], we
are able to establish a GC class systematically by decomposing this class into small classes
and establish the GC property of each small class separately. This systematic approach will

be useful when a complicated class of functions is considered.
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2.6.4 Limiting Distribution

Corollary 2.6.4. (Asymptotic normality of improved two-phase VPS estimators) Suppose
I' is a compact convex subset of R? with 0 as an interior point. For each o € 1Ly and every
h in an arbitrary set H, let x — Yo n(x) be a measurable function such that conditions

~ are all satisfied and F in condition [2.4.4] has integrable envelope function. If
(&, %) =, (a0, 0), then

A Kk

Tk @ — Qo *k
UiV N = —GnuL o+ 0y(1).
-0
\if(";* is the Fréchet derivative of the map ** : Lo x I' — 1L x RY? that has an continuous

inverse on its range. \ifg* :linllg x linl' — IL x R? takes the form

NER I Vi a—
(@—ap,y =) — | . .
i v Y=Y
and
. U e U, —Qu, VT
\I/f;* _ . 11 ‘ 12 _ 0 Q¢~ o~ ‘ (2‘23)
U 0 —QVVT

Proof. We prove this theorem by theorem with several adaptations. In the above
theorem, the parameter and the range of the considered maps are all elements in a product
space [®(H) x R?. If we consider a new general direction ¢ = (h,b) € H x B where B is a
bounded subset of R?, it is not difficult to verify that the parameter (a, ) and (77, ., ¥5%)
also belong to [*°(#H x B) , and so does U**. Thus theorem still can be adapted to our
new parameters and new maps. In the following we adapt condition ~ in theorem
to (a,y) and (7%, 1, 95%) € R and show these conditions after adaptation are still

valid. Then by this theorem, we will obtain the desired results about the improved two-phase

sampling estimate &** of ay.

e New condition 2.4.4]
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Let 7" = F1UF; where Fy = {477, 5, (a,7) € LoxT',h € H} and Fp = {957,y € '}
We first verify that J3 is Donsker. By definition and assumption A a singleton
{V} is Donsker with integrable envelope function. In lemma [2.6.2, we have shown
{fy,7 € I'} is uniformly bounded and

[ (B, X, V) = [ (R, X, V) < Clln = 72l

where C' is a positive constant. Applying example 19.7 [van der Vaart, [1998], {f,,7 €
['} is P-Donsker with integrable envelope function. Since condition is satisfied,
{an : a € Lo,h € H} is also P-Donsker. By assumption, it also has integrable
envelope function. Because ¢,  ,, = fy¥an and ¢35, = fvff —V, according to example
19.20 [van der Vaart| [1998], one of the preservation theorems of Donsker[van der Vaart
and Wellner| 1996], F; and F» are both Q-Donsker. Applying [van der Vaart and
Wellner}, 1996, example 2.10.7] yields F” is Q-Donsker with finite envelope function.

New condition [2.4.5]

First, we verify Wi = ¥, and W% = 0. Based on the definition of Fréchet derivative,

condition implies that ¥, as a continuous and linear map satisfies
1PYa(X) = Ptag(X) = Yo(a — ap)l| = o(la —acll),  as  [la—aof L0.

According to (28), Qui(R, V, X) = Pia(X). Note Ui(a, %) = Quito(R,V, X) =
QUi(R,V,X). Hence ¥i*(a,v9) = Po(X). Then

193" (e, 70) = 23" (@0, 70) = Yo (a—ao) | = [|Ptha(X) —Ptba, (X) —Fo(a—ao) || = o|la—ax]]).

As a result,

193 (@, 7) = 7 (a0, 7) — Yol — ao)|
=[| 97 (e, 7) = UT* (e, 70) + 23 (@, %0) — ¥ (@0, 7%0) + Ui (a0, 70) — Ui (a0, 7) — Pola — ap)]|
<[ (e, 7) = T (e, y0) |+ 107 (0, 70) — L3 (a0, I+ 107 (e, 70) — T (00, 70) — To(ev — o) |

—04 0+ ol — all) at (a0, o).
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Thus || T5*(a,7) — U1 (a0, 7) = Wo(a — o)l = of[la — aoll) at (a9, %) as [la —aol| 4 0.
By definition, Wy is the Fréchet derivative of ¥** with respect to o at (g, 7). Since

U5* does not involve a, the Fréchet derivative of U5* with respect to a is 0.
Second, we verify \if’{§ = —QVq, VT and \PSZ = —QVVT. For each h € H, we have

exp(—vaa,h(X)} 3

Ui, h = Q¥iaqn =@ LTO{V)

R .~
U3 (a,y) = QYss, = Q Lro(V) exp(—y" V)V — V] € RY.

Since V and 7 are bounded and {94 n, @ € Lo, h € H} has integrable envelope function,

by dominated convergence theorem and rules of differentiation on the Euclidean space

we obtain
P (00, 00y = =9Q | T exp(—rd Vsl (=)
=Q {V WOfV) exp(—75 V)¥an(X )} (v = )
=-Q [%O,h(XWT] (v = 0)
and
P (00,00~ =9 | s expl(—f I = V] (=)
=Qv me) exp(—/"V)V - ‘7} (v —0)
== QVV'](v =)

Because on a Euclidean space, Fréchet derivative agrees with differential, we have

‘P%W — ) = —Q[VVT] (v = 70)-
For each h € H, by Taylor expansion and dominated convergence theorem
U (e, v)h =T (@, 70)h — Q [%,hf/ﬂ (v =)

+1/2(y = 20) " QIVV Yo exp(—7 V)I(7 = 70)
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Then

197 (0, 7) = W5 (0, 90) + Q [ e V7] (v = 0)]

= sup U1 (0, 1) — W7 (0,700 + @ [ou nlX)V7] (3= 20)

=(y — )" sup [1/ 2Q[VV Yagn exp(—7E V(v = 70)
=o([[y —l) as |l — 7l 4 0.

Therefore, —Qibo, V7 is the Fréchet derivative of ¥** with respect to 7 at (ag,v) and
—Qf/f/T is the Fréchet derivative of W3* with respect to v at («v, Yo)-

In summary, the Fréchet derivative of the map («, ) — U**(«, ) at (ap, o) is in the
form of
oo — [ Vi i) _ [0 Qe (OVT
VS Vs 0 -QVVT
Finally, we show \113* has a continuous inverse on its range. Given condition m,
and the result U3t = U, U has a continuous inverse. QVV7 is continuous. Under
assumption A., the null space of QVV7 is 0. By assumption A V is bounded.
Since the domain of QVVT is LinI and it is closed, thus the range of QVV7 is closed.
According to Bickel et al.|[1998] proposition 7B in Appendix], QVVT has an continuous
inverse. Since W3t = 0,
R A G

Thus \1133 — \if;piﬂ{{’l\iq; has a continuous inverse on its range. Applying the argu-
ment on p.422 from van der Vaart| [1998] for ascertaining continuous invertibility of

partitioned W§*, we obtain W§* has continuous inverse on its range.
New condition 2.4.6]
Because condition [2.4.6| is satisfied, we have

sup P(tan — 1/10607;1)2 — 0,0 — ap.
heH
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Because exp(—y7 %) — exp(—17) as ¥ — v and R, 1/m(V), v and V are all bounded,

by dominated convergence theorem

Qlexp(—7"V) — exp(—1a V)]* = 0, as ¥ — 7,

O o WVVT{eXp(—VTV) —exp(—y V)}| — 0, as ¥ = .

Since for each fixed x and «, the map v, : h — 1), 5 is uniformly bounded,

sup Q(¢10ﬂyh ¢1 Q0,70 h)

heH

=sup Q(zﬁi*a;yh ¢1 ,00,7,h + wl ,a0,7,h wl ,000,70, h)
heH

< sup 2@@1 o, h wl Q0,7 h) + sup ZQ(lprao,’y h 1/}1 00,70, h)
heH heH

R? ~
=2 21615 Q {W eXp<_7TV)2(¢a,h - z/fao,h)z]

R iy ?
-2 [t [0 et |

<4 iug |P(7/1a,h - ¢a0,h)2| + CzQ{eXP(—’YTf/) - eXP( Yo V)}2
(S

—0 as (Ck,’}/) - (Oé(J?’YO)

where C; and C5 are positive constants.

Therefore,

EUEQ(@ZJI:’(@,"/}L ¢1 00,70, h) — 0 and Q[¢; 7»02 'yo] — Oa as (O'/afy) — (Oé()a’}/())‘
S

In view of (2.21), ||Pn(t1,6%+ 5, ¥2:5)|| = 0. It follows from theorem [2.4.4{that if (&**,7) —,,
(ap, 0), then

N
VN 0 ) = gy | Vo ) 0p(1).

*k

7 =0 2,0
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Lastly, we derive the asymptotic variance of v N \Po(d** — ap). The preceding display

implies
\i/ - « X f/T OA[** — I
JN 0o —QY 0~( ~) 015 = Gy Vliao.0h +o0,(1) for all h € H
0 —QVVT 4 -0 20
ie.,

VNTo(6 — ag)h — VNQ{agn(X)VIHA — 0) = =GN, + 0p(1) (2.24)
—VNQVVT(§ = 0) = —~Gnsy + 0,(1). (2.25)

Applying Q{zbao,h(X)f/T}(Qf/f/T)*l to both sides of ([2.25)), we obtain
= VNQ{Wao n(X)VTHF = 0) = =Q{eapn(X)VTHQVVT) Gy +0,(1).  (226)
Subtracting ([2.26]) from yields

VN, (6™ — ag)h = — Gy}, + Q{an(X)VIHQVVT) ' Gaesly + 0,(1)

R T Som-1y o
- - Gwaao,h + GN{Qwao,h(X)V }(QVV ) {7T()(V) 1}V + P(l)

=G [toon — {105 = 1 (s~ Mt} £ ) (220

where II(:|V) refers to population least squares projection on the space spanned by the
calibration variables V:
O(V) = Q{-VTHQVVT) V.
Using the orthogonality of the two terms in the square brackets of , VN \ilo(d** —ay)
converges in distribution to the Q-Brownian bridge in [°°(H), which is a zero-mean Gaussian
with variance

1 —mo(V)

VarA{\/N\ilo(d** —og)h} = P¢3o,h +Q { 7o)

{ Voo — H(%O,hyv)ﬂ o (2)

This asymptotic variance is the robust variance since this result allows P € P without

assuming a particular model. Suppose an assumed model is believed to be the true model
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for the observed data, i.e., P € {P,,a € Ly}. Then the model based variances can be
obtained by replacing P in by P,.

Comparing the asymptotic variance for the calibrated two-phase VPS estimator in
to the two-phase VPS estimator in , we find that calibration will reduce the variance
of a two-phase sampling estimator if

QPP [bun - i) <@ [P0z,

2.7 Summary of the Procedure

Two-phase designs have been proposed for epidemiological studies in order to substantially
reduce the cost of a study. This chapter solved two general estimation problems for analyzing
this type of data: 1) estimating all parameters in a possibly semiparametric model allowing
for model misspecification; 2) incorporating auxiliary information into estimation to further
improve estimation efficiency.

For the first problem, the estimation procedure is summarized below:

Step 1. Following section , assume two-phase VPS Lawless et al.| [1999] for an obtained
two-phase design dataset and identify variables R, V, X, U, X!, X!, Examine whether
assumptions A2.2. 7~ A[2.2.3 hold for the data.

Step 2. Propose a function v, usually motivated (but not defined) by an assumed model.
In order to have the desired asymptotic properties, this function is required to be
uniformly bounded and to satisfy conditions ~ [2.4.6l Then following section
write estimating equation as (2.4) and obtain two-phase sampling estimators.

Step 3. Following section define the parameter as a unique solution to (2.6) and show

this solution is well-separated.

Step 4. Establish the consistency property of the two-phase VPS estimators proposed in ([2.4])
using corollary [2.4.3
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Step 5. Establish the asymptotic normality of these estimators using corollary and then
calculate the asymptotic variance according to (2.14)) on and off the assumed model.
For the second problem, the estimation procedure is summarized as follows

Step 1. Choose auxiliary variables V based on Phase I information; Examine the assumptions

ARG~ AR.6.2 about V.

Step 2. Following section 2.6.1, write estimating equations as ([2.21]) and solve these equations

for improved two-phase VPS estimators.
Step 3. The parameter remains as the solution to ([2.6)).

Step 4. Establish the consistency property of the improved two-phase VPS estimators using
theorem 2.6.3]

Step 5. Establish the asymptotic normality of these estimators using theorem [2.6.4] and then
calculate the asymptotic variance according to (2.28]) on and off the assumed model.

2.8 Discussion

In this chapter, we transformed several inference problems for two-phase epidemiologic stud-
ies to a single problem— estimating a parameter using i.i.d. observations. We then applied
the simplest infinite-dimensional Z-estimation theorem to develop the asymptotic properties
of these Z-estimators. During the developments of these Z-estimators, we took a systematic
approach to derive their asymptotic properties.

The several inference problems we addressed are all practical problems. These prob-
lems include: 1)inference on regression coefficients in semiparametric models for association
analysis, 2) estimation of all parameters in a semiparametric model for prediction purposes,
3) making inference based on the phase II samples with missing values for some cases, 4)

use of auxiliary Phase I information to further improve estimation efficiency, 5) estimation
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under model misspecification. |[Nan and Wellner| [2013]’s Z-estimation method focused on
the first problem. We had a systematic study on a variety of problems from two-phase sam-
pling. In fact, Z-estimation itself is a practical choice of solving estimation problems, because
sometimes estimators are motivated from methods of moment or the least square principle.
In these circumstances, we do not have parameterized or partially parametrized family of
distributions to start with for applying maximum likelihood estimation (MLE). Sometimes
although we are able to write a likelihood based on an assumed model, solving the resulting
score equations for estimators can be challenging such as the Lin & Ying’s additive hazards

model, to be studied in the next chapter.

We were able to solve all these inference problems by Z-estimation because Z-estimation,
together with modern empirical process theory, is a very universal asymptotic analysis tool.
We were able to use the simplest Z-estimation because we assumed variable probability
sampling [Lawless et al., 1999]. We were able to have a systematic study of various Z-
estimators because we recognized the Z-estimation theorem we invoked is an extension of
Huber| [1967]’s Z-estimation. Huber in this paper started a systematic asymptotic study
of Z-estimators by decomposing the conditions of establishing asymptotic normality into
two separate conditions. This approach was rarely noticed and used, but we exploited this
systematic approach. We decomposed each big inference problem into small components (1)
~ (6) described at the end of section 2.5. These small tasks in each component can be first
solved separately. Then these results are integrated together by the theorems and corollaries
in this chapter, leading immediately to the desired asymptotic properties of the estimators.

The first benefit of this systematic approach is that the asymptotic analysis of estimators
becomes transparent, particularly for solving complex problems. This is because small tasks
are easy to follow and check. The transparency, as a result, will improve the quality of
methodology research. The second benefit is that a systematic Z-estimation approach helps
researches communicate and share their theoretical results. Since Z-estimation is universally
applicable, the idea of developing various related estimators systematically using a single

Z-estimation system facilitates us to identify existing results and use them for solving new
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related problems. The asymptotic analysis based on the Taylor expansion technique does

not have these two benefits.

By assuming i.i.d. two-phase VPS, several estimating procedures are simplified and
standardized. Without assuming i.i.d. data, consistency is usually established case by case.
In contrast, with i.i.d. data, we demonstrated the procedure of establishing consistency
becomes systematic, which was decomposed into the verification of Glivenko-Cantelli(GC)
condition and an analysis of a deterministic map. For i.i.d. data, the proof of asymptotic
normality was also simplified. The stochastic equicontinuity condition was replaced by a
Donsker condition and a condition to show convergence in quadratic mean [van der Vaart
and Wellner|, |1996]. The establishment of these two conditions are fairly standardized. More
importantly, GC and Donsker conditions can be easily extended for solving more complex
problems. For example, we demonstrated these straightforward extensions when developing
two-phase sampling estimators &* and calibrated two-phase sampling estimators &** after
establishing the GC and Donsker properties for developing RS estimator &*. When a new
complex scenario appears in the future, researchers can continue extending the existing
results to the new circumstances using this Z-estimation system for i.i.d. data. Without
assuming i.i.d. VPS, the ease of extension may not exist.

In addition, the establishments of our stochastic conditions, Glivenko-Cantelli (GC) and
Donsker properties of classes of functions, also take a systematic approach. We decompose a
complex class of functions into small classes and verify the Donsker or GC properties of each
small class separately. By applying preservation theorems of Donsker [van der Vaart and
Wellner}, |1996| chap. 2.10], we integrate these small results together to establish the Donsker
or GC of the complex class of functions. Sometimes Donsker or GC property of a basic class
may have already been established. Then this Z-estimation system for i.i.d. data allows
researchers without a relevant background for directly verifying GC or Donsker conditions
to have a way to use modern empirical process results. The notions of GC and Donsker
classes allow collaboration between the researchers who have a substantial knowledge of

empirical process theory and the researchers whose primary interest lies in the application
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of this theory. By this means, the powerful and abstract modern empirical process theory
may become more accessible and applicable for a wide audience.

This systematic approach for methodology development will be very useful for teamwork.
We see that after function v, was proposed in component (1), each small task in each
component (2) — (6) does not rely on results from other components. This means these
tasks can be assigned to different individuals. In the past, statistical methods were usually
developed by an individual. However, the complexity of today’s statistical problems and the
demands for a short schedule may require a team effort for methods development soon. Our

systematic approach provides this possibility.
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Chapter 3

APPLICATION OF THE Z-ESTIMATION SYSTEM TO
ADDITIVE HAZARDS MODELS

This chapter and the following chapter apply our Z-estimation system for two-phase
sampling to Lin & Ying’s additive hazards (AH) model |[Lin and Ying, 1994]. This model
specifies the hazard function of a censored failure time 7" as a sum of a baseline hazard

function \(-) and a regression function of Z:
Mt Z) = \t) + 270 (3.1)

Our aim in this chapter is to estimate the cumulative baseline hazard A(-) = [ A(t)dt and
the regression parameter ¢ simultaneously for both random sampling (RS) and two-phase
variable probability sampling (VPS), so that we are able to estimate an individual’s cumu-
lative incidence by different times based on individual risk factors. In addition, estimation
under model misspecification will also be considered.

This chapter has both pedagogical and practical purposes. For the pedagogical purposes,
I will follow exactly the estimation procedure described in sections 2.4 ~ 2.7 to develop
our estimators for the AH model, so that readers will gain a better understanding on the
theories from Chapter 2. Since the AH model is indexed by both Euclidean parameters 6
and non-BEuclidean parameter A(-) = [, A(t)dt, this application demonstrates how to use
our theory to develop finite-dimensional, infinite-dimensional estimators or both of them
simultaneously. Sometimes the AH model may not correctly specify the distribution of an
observed dataset. Through this application, readers can also learn how to develop robust
variances of estimators under model misspecification by using our theory, as well as the

interpretation of these estimators for two-phase designs.
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For the practical purpose, the AH model is an important survival analysis tool for epi-
demiologic studies and public health prevention. Methods to fit this model to general two-
phase sampling are desired and methods to fit this model under model misspecification are
important. Since we simultaneously estimate # and A, the cumulative hazard and therefore
the survival curve can be derived immediately. In this chapter, we provide a method to pre-
dict an individual’s cumulative incidence based on his/her risk factors in an AH model with
both RS and two-phase VPS. This method will provide clinical researchers a tool to predict
an individual’s cumulative incidence or disease progression over time when an AH model is
believed to be the true model. Although the AH model is recognized among several litera-
ture [Cox and Oakes, 1984, Thomas, (1986, Breslow and Day, [1987] as an important analytic
tools for medical and epidemiological research, due to the lack of software developments and
knowledge of this model among applied research community, this model was rarely used even
for random sampling data since its inception in 1994. Thus, we not only develop a collection
of useful estimators based on this model for both RS and two-phase VPS studies, but also

implement these results in a R program for researchers to apply conveniently.
3.1 Background

As an alternative model to Cox’s proportional hazards model, Lin & Ying’s AH model de-
scribes a different aspect of the association between the failure time outcome and covariates.
Cox’s regression model provides approximate estimates of relative risks, while the additive
hazard model provides approximate estimates for the excess risks. For example, Xie et al.
[2013] used Lin & Ying’s model to estimate the excess risk of human papillomavirus (HPV)
infection associated with immune responses. Their analysis result shows on average an ad-
ditional 14 oncogenic HPV infections per 100 women-years was associated with CDV < 200
relative to HIV-negative women. For the same data, analysis based on Cox’s regression
model provides an estimate of hazards ratio at 3.82 between the two groups with different
immune responses. The two models offer different perspectives on the association and thus

have different interpretations. For public health planning and intervention, the AH model
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can be more meaningful. The excess risk tells the amount of absolute risk could be reduced if
a risk factor were removed from the population. This interpretation is informative for public
health practitioners.

In the regression analysis of cause-specific hazards as well as all-cause hazards, the addi-
tive hazard model has also been advocated. This is because under Cox’s proportional hazards
model if we assume a constant hazards ratio for each cause-specific hazard, the hazards ratio
for all-cause mortality will no longer be constant [Klein, 2006]. The additive hazards model,
on the other hand, solves this inconsistency problem.

Sometimes instead of using each model exclusively, Cox’s model and Lin & Ying’s model
are used together to provide a more comprehensive understanding of the association between
factors and outcomes. One example is that Lim and Zhang [2009] applied both models to
the investigation of pediatric firearm injuries and the risk factors associated with repeated
intentional injury. Their results show the same group of factors are identified by both
models. The use of both models for association analysis makes the authors’ conclusions very
convincing .

When data are collected with random sampling (RS), Lin and Ying [1994] proposed
a semiparametric estimator for 6 based on martingale theory |Andersen and Gill, 1982].
However if data are collected with two-phase VPS and the phase II subsampling probability
depends on outcomes, martingale theory does not apply. Therefore rather than using this
classic theory, two different semiparametric inference methods were proposed [Kulich and
Lin, 2000, Nan and Wellner, [2013] to fit the AH model to case-cohort studies [Prentice,
1986], which is a special case of general two-phase VPS. These two methods both derived
their estimators from the weighted estimating equation proposed in |Kulich and Lin| [2000].
To derive the asymptotic properties for the estimator, Kulich and Lin| [2000] used the Taylor
expansion technique and Nan and Wellner| [2013] applied the semi-parametric Z-estimation
theory for bundled parameters proposed in the same paper. Later Kang et al. [2013] fitted
marginal additive hazards regression models for case-cohort studies with multiple disease

outcomes and considered a generalized case-cohort design that allows sampling among cases.
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They adopted and extended Kulich and Lin| [2000]’s approach to conduct the asymptotic
analysis on their estimators.

All these methods for fitting Lin & Ying’s model to case cohort designs are based on the
estimating equation proposed in equation (2.7) of |Lin and Ying [1994], which does not involve
the baseline cumulative hazard A(-) = [; A(t)dt. Thus Kulich and Lin| [2000] and Kang et al.
[2013] developed their estimator for A separately from 6, and Nan and Wellner [2013] did
not include the baseline hazard function estimation. No work have been done for developing
a risk prediction function based on Lin and Ying’s model and two-phase sampling data.
Furthermore, the equation (2.7) in |Lin and Ying| [1994] involves an estimate of a nuisance

parameter 7(t) = P{Zl(T>t)}} where T is the censored failure time and Z is the covariates.

P{(T>)}
Nan and Wellner| [2013]’s inference procedure based on equation (2.7) from [Lin and Ying
[1994] must estimate 7 and establish its convergence rate prior to the estimation and the
asymptotic study of 8. We show in this chapter this approach is not necessary. If they studied
estimating equations we proposed, their method could be used to develop both regression
parameters and the baseline cumulative hazard function. The theoretical tools provided in
Nan and Wellner| [2013] can be applied to the circumstances when the nuisance parameter
does not have v/N-rate convergence, but, for the AH model, both baseline cumulative hazard
function and regression parameters are v/ N-estimable. Our simpler approach applies.

In contrast to the preceding works, we propose a new weighted estimating equation
that is an average of i.i.d. functions of A(-) and 6. As a result, we are able to estimate
A(:) and 6 simultaneously without estimating the nuisance parameter 7, and we obtain
the joint distribution of A(-) and € so that we can estimate the subject-specific survival
probability immediately. The whole estimating procedure is organized systematically, so
that after establishing the joint distribution of estimates of A(-) and 6 for random sampling,
the estimators for 6 and A alone and the prediction function of individual cumulative hazard,
the extension of these estimators to two-phase sampling with or without using additional

cohort information, and furthermore these nine estimators’ robust variances under model-

misspecification are developed immediately.
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3.2 Notation

Let T denote a failure time, C' a censoring time and Z a p-dimensional covariate. Corre-
sponding to the notations in Chapter 2, in Lin & Ying’s additive model, the random vector
X ={TANC,I(T<C),Z}=(T,A,Z) where T and A are the censored failure time and the
censoring indicator. Let Y(¢) = 1[T > t| denote the “at risk” process, where Y (¢t) = 1 if an
individual is still at risk at time t and 0 otherwise. Let N(¢) denote the counting process that
records whether a failure has occurred by time t, N(¢) = 1(T" < t,A = 1). Note that both
processes are functions of X. We assume X, X5, ..., Xy are i.i.d. governed by a probability
distribution P € P. We further assume there exists a finite maximum censoring time 7 such
that Pr(C' > 7) = Pr(C' = 7) > 0 and the failure time T is independent of the censoring
time C' given the covariate Z.

With random sampling (RS), X is observed for every member in the sample of N. With
two-phase variable probability (VPS) , the sampling scheme is arranged in two steps. At
phase I, we randomly select N subjects from a population. 7, A, some covariates Z' in
7 = (71, Z1T) and some auxiliary variables U that are observed for all members in the phase
I sample. At phase II, we independently generate the phase II selection indicator R from a
Bernoulli distribution mo(V) = P(R = 1|V) where V = (Z!,T,A). We then measure Z!/
for all the individuals in phase II subsamples, for which we have a full collection on Z and

therefore X.
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3.3 Assumptions

We first introduce the parameter space we consider. We let Ly be the parameter space for
(0, A). Conventionally, Ly is considered as a product space © x A where © is a bounded
subset of R” and A is a collection of finite nondecreasing and nonnegative functions over the
time interval [0, 7]. In order to employ our Z-estimation theory from Chapter 2, we consider

our parameters as maps in [*° spaces. We consider the index set

H=Hy xHy={h=(h1,hs) : by € RP, hy € BV[0, 7], |||l < 1, || ha]] <1, | hallrv < 1}

(3.2)

| - |z is an Buclidean norm: |[|hi]|z = />0 k1 ;. | - [lrv is a total variation norm, i.e.,

|\ ho|lrv = sup Y i |he(x;) — ho(z;_1)| where the supreme is taken over all partitions 0 =

To < X1,y...,Tp_1 < X, = T. Hiis the unit ball of the Euclidean space RP. H, is the set of all

uniformly bounded functions of uniformly bounded variation over [0, 7], with both bounds

equal to 1.

We consider 6 € [*°(H;) identified by

Oh, = hi0,
A € 1°°(H,) identified by

Ahg - / hgd/\,
0

and (0, A) € I°°(H) identified by
(0, A)h = hT0 +/ hadA.
0

Therefore © C [°°(H;) with a sup norm || - ||3,, A C [°°(Hz) with a sup norm || - ||, and

Lo C 1°°(H) with a sup norm || - ||3.

The following assumptions are assumed throughout Chapters 3 & 4. Not all of the

assumptions are needed for every result, but we assume them all at once for clarity.



62

A. 3.3.1. The parameter space Ly for (6, A) is compact, closed and bounded. 0 is uniformly

bounded and A is a uniformly bounded function of uniformly bounded variation over [0, T].
When data are collected by i.i.d. random sampling, we assume

A. 3.3.2. Z € R?, which is an Euclidean space. || Z||g < My, My < 0.

A. 3.3.3. PY(1) > m,m > 0.

A. 3.34.

A= P/OT[Z - Pp@;gi)]ébzy(t)dt

18 positive definite.

When data are collected by two-phase VPS, we further assume
A. 335 . m1(V)=PR=1X,U)=PR=1|V).

A.3.3.6.0<0<m(v) <1 forallvel.

When we are interested in incorporating auxiliary variables into the estimation procedure
for improved two-phase sampling estimators, we add two more assumptions. Let vector

V = V(V) of q-dimension be the quantity we choose to calibrate on. We assume
A. 3.3.7. V is bounded.

A. 3.3.8. QVVT is positive definite.
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3.4 Random Map and Estimators

In this section, we follow the procedure in section [2.4.1]to construct our estimating equations
for estimators. We first construct them based on i.i.d. RS data and then two-phase VPS
data.

Since we are concerned with both Euclidean and non-Euclidean parameters, our estimat-
ing equations will not be a finite-dimensional vector as usual but of infinite dimension. Hence
we consider the collection of our estimation equations as a random map from Ly, a subset
of a Banach space into a Banach space L = [*°(H), where # is the index set we introduced
in the previous section.

We consider the random map Uy : Ly — L defined by
Uy (0, A)h =Pntgan
where Y A = V10.A0 + V2000, IN Von,

Vroan (X) =hi /0 ' Z{dN(t) = Y (t)dA(t) — Y (t) Z"0dt} (3.3)

Vg am(X) = / (ha()AN(E) — halt)Y ()AA(E) — ha(t)Y (027648}, (3.4)

Motivation behind vy A, will be given in section . Our RS estimators (é,[\) are then

obtained by solving the estimating equations (EE):
Un (0, A)h =0 for every h € H. (3.5)

With two-phase sampling, X is not fully observed. We only have a complete collection of X

when R = 1. According to (3.6)), we consider a new random map ¥} : Ly — L identified by

R
\Iﬂ;\/(97 A) = ]P)NZ/};,A(X7 v7 R) = PNW¢97A<X)'

Our two-phase sampling estimators (é*, A*) are then obtained by solving the inverse proba-

bility weighted estimating equations (IPW-EE):

U (0,A)h = 0 for every h € H. (3.6)
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To solve (9, A), we make use of a fact that EE holds for every h € H. Furthermore
since is an equation, it holds for every h € H - M where M can be any finite positive
number. Thus we can first choose an h € H - M to remove A and solve for é, and then
we choose a different h for obtaining A. For clarity, we suppress notation ¢ in Y (¢) in the

middle of a derivation and put it back in the result. Since for a particular dataset, PEéVNZJ(S)

is fixed, we let

PyZY
b= (hy, hy) = (hy, —RT2XZY D)

U PyY (1) )

With this A, the LHS of EE (3.5 becomes
Pntoan =Pn (V1040 + V2040,)
=Pyhi / Z{dN(t) = YdA(t) — Y Z"0dt}
0
+ PN/ {ha(t)dN(t) — ha(t)YdA(t) — ho(t)Z7Y bdt } .
0

= / {h{PNZdN(t) — h{PNZY dA(t) — h{ Py ZZ"Y 0dt}
0

T PyZY PyZY PyZY
TN TN TLN T
— PydN(t) — PyY dA(t) — PyZTY
/0 {hl Py NdAN(t) — A poy bW dA(t) — h! poy BV edt}
T PyZY T PyZY
=hT [ Py|Z - AN (t) — hT / Py | Z — ZTYOdt.
! /0 N ( PyY ) ()= o ( PyY >
Because
T PyZY\ PyZTY T PyZTY  PNZY .
Py Z — YOdt = PyZY - PyZTY | 0dt =
/0 N< IPNY) PyY /0 {N PyY PyY 0,

we can add zero valued fOT Py (Z — %) %Y@dt to the RHS of the preceding display

without changing the equality. As a result, we obtain

T PyZY T PyZY PyZY \7©
P =P Wz — dN (t)—P Wz - 7 — YOdt = 0.
N N/o ! ( PyY ) Q N/o ! ( PyY ) ( PyY )

Because this equation holds for every hy; € H;y, thus

T PyZY 7 PyZY PyvZY\T .
P 7 — AN (1) — P 7 — 7 — Yodt = 0.
N/o ( PNY> 0 N/o < PNY)( PNY)
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IPNY(t)

®2
Under our assumption AJ3.3.40 when N is large enough Py [ [Z —Ix Zy(t)] Y(t)dt is

positive definite and has an inverse. Therefore

0= [PN/OT{Z—%}@Y@W 1IPN/OT{Z—%}dN(t). (3.7)
Then given each s € [0, 7], we set
h = (b, ha) = (0, %Pi;(:)))'
With this A, EE becomes
Pytbpan =0+ /0 ' {1%§YS)PNYCZN(IS) . %PNYdA(t) - %PNZTY&# = 0.

Plugging 6 from (3.7) into the above equation yields

) S Py[Y ()N (1)] *Pn[ZTY (1))
Ags) = /0 T /0 R (3.8)

In conclusion, we have shown estimating equation has a unique solution (é,A) by
writing this solution explicitly in and . Although we used a different approach to
derive (A, A) from [Lin and Ying [1994], our results are the same as theirs.

With two-phase VPS, using the same set of h and procedure as in RS, we obtain our

two-phase VPS estimators from (3.6)). For simplicity, we create a new notation P%, defined

by PR f(X) = § i, sty £(Xi). Then

0+ = [P”N/OT{Z—%}@Y@)& 1@;/07{2—%}dmt),

o PRRYOANW] [ PRZTY ()],
A(S):/o PRY (1) ‘/o By
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Remark 2. Qur restriction on the index set H is mostly for technical reasons. Later we
will see our choice on H facilitates us to establish asymptotic normality of our estimators.
This restriction on H, for example, is used for verifying Donsker conditions and showing
the continuous invertibility of certain maps we are concerned with in section |3.7.  Other
potentially useful choices of H are discussed in|Murphy and Van der Vaart [2001] and the
basic rule to choose this set, over which we have some control, is briefly discussed in|van der
Vaart (1998, p.422]. However, there is also a nontechnical reason of our choice on H. H
needs to be large enough to ensure the asymptotic normality of A in the usual sense of a
function over [0,7] [van der Vaart, |1998, p. 430]. This is the case for our choice of Ha.
Since Vs € [0,7], A(s) can be written as [ 1 q(t)dA(t), if we let hy = 194(t), then hy € Ho
and Ahy = A(s) As a result, our asymptotic results in the later section on Ahsy with
he € Ho will include the desired asymptotic results for A(s), s €[0,7].



67

3.5 Deterministic Map and Parameters

Corresponding to the random map Wy, we consider a deterministic map ¥ : Ly — IL defined
by
U(0,AN)h = Pipg p p.

where P € P. According to section , we define our parameter (6y, Ag) as the solution to
U(0,A)h = Ppgp(X) =0 for every h € H. (3.9)

This solution is unique because (6y, Ag) can be solved explicitly from (3.9) as shown in the
following.

We apply the same technique used for obtaining (é, A) in section . We first set

B B +PZY (t)
h = (h1,hs) = (h1, —h; PY 1) ).

Applying this h to (3.9) and following each step in the previous section, we obtain Vh; € H,

7 PZY T PZY Pzy\"T
P =P | W(lzZ-")dN@t)—-P | W (|Z2-" ) (72— ") Y6ydt =
%,A,h /0 1( PY) () /0 1( PY)( PY) 0 0,

which is equivalent to

T PZY T PZY \ %2
P 7 -2 )dN(t)-P 7 —="2") Y@dt=0.
/( Py)d t) /( PY) 6ot = 0

: T pzy(1)]%? . . .
By assumption A [3.3.4] Pfo [Z ~ B0 ] Y (t)dt is positive definite. Thus

B — {P/OT {Z _ PPZYY(m ®2Y(t)dt}_1 P/OT {z _ PPZ;/(m AN (1), (3.10)

Next given each s € [0, 7] we set

1(t < s)
h = (hy,hs) = (0
( 1, 2) ( ) PY(t) )7
and (3.9) becomes
"1t <s) 1(t <s) W(t<s) o
P = PYdN(t) — PYdAq(t) — PZ7Y60ydt| = 0.
VoA n 0+/0 [ Py (t) 1% o(t) 1% 0 0
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Plugging 6, from ({3.10]) into the above equation yields

_ [*PAN(t)  [*PZTY(t)

In this definition, (0, A) can be regarded as a map «(P) : P+ [*°(H) that satisfies for
each h € ‘H. Since P is the true underlying distribution from which X is sampled. Then the
true parameter is the value of the map evaluated at P : (6y, Ag) = a(P).

In our derivation of 6y and Ay(s), we do not assume P = Py, »,, a probability distribution
based on model . When Lin and Ying’s AH model is the correct model for the observed
data, parameters defined in and recover the parameters used in the model ,
because our estimating equation is unbiased under the true model. When Lin and Ying’s AH
model does not hold, our parameters are different from the model parameters in , but
are still well-defined through . According to our theory in section , the definition
of parameters with two-phase sampling is the same as the one used for RS. Thus (6, Ao)

defined in (3.9)) are also the parameters for our two-phase sampling estimators.
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3.6 Motivation Behind 1y,

In this section we present how we obtain ¥y (6, A) in (3.5). The main idea is to derive the
“score functions” for both parameters # and A from the AH model . Based on the score
functions, we decide our function g, 5. The derivation of our score functions follows the
efficient estimation theory for semiparametric model from Bickel et al.|[1998]. McKeague and
Sasieni [1994] derived the likelihood equation for a partly parametric additive risk model,
which is related to Lin & Ying’s model. Adapting their derivation steps to Lin & Ying’s
model will give the same result.

Based on the theory in Bickel et al.| [1998], we first write the density for X = (T, A, Z)
as

M)A = Fop(t = |20} {7 foz(t12)} 7 pa(2)

where pyz is the density for Z, and Fz and fg|z are the cumulative distribution function
and the density function for censoring time given Z. The density can be factored into two
pieces and only one piece depends on (6, A). Dropping the piece in the density that does not
involve (6, A) yields the likelihood for the parameter (6, A):

L(0,\;x) = [)\(t|z)e_/\(t|z)}(s {eAH2Y1=0,
When (3.1)) holds, the likelihood based on the model Py, is given by
L0, )\ z) = [{/\(t) + ZT@}e— fg{A(u)JrzTe}dur {e fOt{A(u)—‘rzTQ}du}l—é'

Next we construct one dimensional parametric submodels Fy, », that belong to P and

pass through P 5. These submodels are built by considering the paths s — Py, . that satisfy

9529+Sh1

As(t) = A(t) + sha(t)

where hy € R? and hs is a bounded function that maps from [0, 7] to the real line R. As s

approaches to 0, these paths pass through Py 5. As a result, the likelihood for our submodels
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Py, », is given by

L(0s, As; ) = [{N(t) + 270, e~ fé{xswmﬂ“es}du} ' [e— fé{xs<u>+zTes}du] -

We can approach the calculation of the “score functions” for our parameters heuristically
by calculating each score function g for each member of the smooth families Py, , [van der

Vaart|, 1998, p.362]:

0
g(x) = 55 log L(0s, \s; )

s=0

When s — Py, 5, range over all submodels, we obtain a collection of score functions. This
collection is of score functions was called the tangent set of the model P at Py, [Bickel
et al., 1998, p.50-p.51]. In the following, we present how this collection of score functions
motivates Wy (6, A). Since each Py, 5, in { Py, », : s = (05, As)} is one-dimensional parametric
model with a single parameter s, the calculation of the score g of Py, s, with respect to s is

straightforward. Then

s=0

v <510g 00+ sha} +276] = [ [03) + sha(u)} +276 d“)

s=0
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where

T 1 Mu) + 276
2 {mdN(u) —1(u < t)mdu}

———2{dN(u) — 1(u < t)dA(u) — L(u < t)2"0du}

A(t) + 276
[T ho(w) . T y y Au) + 270 Y
_/0 )\(u)—l—zTHdN( ) /0 L < t)ha )A(u)+zT9d
:/O )\(;|Z>h2(u){d]\/'( 1w < 4)dA () — 1(u < £)2T0du) .

Based on g(z), we are able to obtain an efficient estimator by solving Pyg(X)h = 0.
Examining g(z) closely, we find 5 | 7 in the integrand of g1(x)hy and go(z)hs plays a role
of a weight function. According to McKeague and Sasieni| [1994], to obtain this theoretically
more efficient estimator, in the first step we replace the weight function - — by 1 and then
solve Pyg(X)h = 0 for an initial estimator 6 and A(-). In the second Step we estimate \(u|z)
using a kernel smoother based on the initial estimators 0 and A() In the last step we solve
Png(X) =0 for (6,A) again with the estimated A(u|z) in the equation.
In theory, there is some efficiency gain in this more elaborate approach. However, in
practice, we can stop at the first step of this estimating procedure, because after replacing
(u‘z) by 1, the function g(z)h remains unbiased at the true parameter, different authors
have shown the efficiency loss is small and the calculation for estimators becomes much
simpler. We can even write out the explicit forms of the estimators as shown in section 3.4
With this replacement we avoid choosing some smoothing parameters to estimate A(u|z)
and the problem that arise when A(u|z) is negative or close to zero. The latter will give
an unreliable estimator. For the AH model, Lin and Ying [1994] computed the relative

efficiency comparing unweighted estimators to the optimal estimators. In the special case
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of assuming no censorship or truncation, if there are no covariate effects and A(-) is half-
logistic, the efficiency is 0.9609; if there are covariate effects and A(-) = 1, the efficiency were
found to be 0.999, 0.996, and 0.993 for regression coefficients 6 of 0.5, 1, and 1.5. In real
examples, the A\(-) and 8 are much smaller than their assumed values, but their conclusion
should still hold after scaling down the A(:) and # at the same time. Potential adaptive
estimators to achieve the semiparametric efficiency bound was also suggested in the same
paper. For Aalen’s additive hazard model [Aalen, [1980], which is closely related to Lin and
Ying’s additive hazard model, Huffer and McKeague| [1991] has shown by simulations the
estimators obtained without the weight function do as well as with the maximum likelihood
estimators unless the dataset is very large. Same conclusion was drawn by Martinussen and
Scheike| [2006] from their practice.

These arguments and evidence convince us that it is a good choice to use the unweighted
score functions as our estimating equations, which lead to ¢y 5 », we used for our EE as shown
in . Furthermore during our calculation of “score functions”, each path s — (6,, A) is
associated with a particular direction h = (hq, he) and each score function is associated with
this direction. Naturally A is used to to label the score function. As a result, we obtain our

index set ‘H at the same time.
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3.7 Preliminary Results on 1y,

Before studying the asymptotic properties of (é, A), we will establish a few preliminary results
on Yy a in this section. At the end of section we explained our Z-estimation theory
based on empirical process theory dividing the problem of developing estimators into small
tasks. These small tasks can be solved almost independently. In the last three sections,
we have created our EE estimators and parameters. In this section, we will complete the
rest of these small tasks. These include showing that (¢, Ag) is a well-separated solution to
Py ph = 0, the Glivenko-Cantelli and Donsker Properties of 1y s , the Fréchet derivative
of Py at (0y, Ag) and that this derivative has a continuous inverse on its range, as well as
| P(Yo.nn—og.n0.0)|l2c — 0as (0, A) = (6, Ag). These results will then be brought together

repeatedly for establishing the asymptotics of various estimators.

3.7.1 A Well-separated Solution

Lemma 3.7.1. Under assumptions A[3.3.1 and A[3.3.3, parameter (6o, Ao) is a well-separated

solution. In other words, Ve > 0,

inf 10, A > 0
(0,0):11(0,A)T —(00,A0) T || =€

Proof. By assumption, the set Ly is compact, closed and bounded. As a closed subset of a
compact set, Ly = {(6,A) : 6 € ©,A € A,||(0, )" — (6, Ao)" ||, > €} is also compact. Wy 5
is a continuous function in (#, A) and a norm is also a continuous function. Since the image of
a continuous function on a compact set is compact [Marsden and Hoffmanl, [1999| proposition
1.4.19], over the set Ly, || ¥(0, A)||L is compact. By the extreme value theorem [Marsden and
Hoffman, (1999, theorem 1.4.20], the real valued compact set contains its infimum. Hence
there exists a (0, A') € L such that infy, [[¥(6, A)||l = [[¥(0", A)||L. Because (6o, Ao) is the
unique solution to W(#,A) =0 for (6,A) € Ly, we have ||¥(6’, A’)||L > 0. Therefore

inf 16, )| = [[¥(6", A)[| > 0.
(0,0):11(6,0)T = (80,00)T g >
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3.7.2 Donsker

Lemma 3.7.2. Under assumptions Al[3.3.1] and Al3.3.9, the class F = {¢orn(X),0 €
©,A € A h € H} is P-Donsker, with finite envelope function.

Proof. We will first show each component of function g 5 5 belongs to some Donsker class
and then apply the Donsker preservation theorem to conclude F as the summation and

multiplication of these P-Donsker classes also P-Donsker.

e By assumption AJ3.3.2) Z is a vector-valued bounded function. Because a finite class
of square-integrable functions is always Donsker [van der Vaart|, 1998, p.270], the class

{Z} is P-Donsker. Likewise the classes {A} and {7T'} are both P-Donsker.

e For every 01,0, € © and © C RP, we have
1210, — 270, = | Z7 (6, — 05)] < || Z]|gl|62 — b2, -

A. assumes Z is bounded and AJ3.3.1| assumes © is bounded. By example 19.7
from [van der Vaart| [1998], {Z76,0 € ©} is P-Donsker.

e Since hy is uniformly bounded and of uniformly bounded variation, according to theo-
rem 2.7.5 [van der Vaart and Wellner, 1996] and example 19.11 [van der Vaart|, [199§],
{ha(T'), ha € Ha} as a class of functions of 7" is P-Donsker.

e Under the assumption of A{3.3.1} A(¢) is uniformly bounded and of uniformly bounded
variation over [0, 7]. By theorem 2.7.5 [van der Vaart and Wellner} |1996] and example

19.11 [van der Vaart), 1998|, {A(T"), A € A} is P-Donsker.

e Because Hs is a subset of BV[0, 7], for any hy € Hs, we can find two nondecreasing
functions hi(t) and h3(t) such that hy(t) = hi(t) — h2(t) [Dudley, [2002, theorem 7.2.4].

As a result,

[ oy wane = [ o - oy = [ mwaso - [ seae.
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In addition, A [3.3.I]assumes A is of uniformly bounded variation and uniformly bounded,
so [ ha(t)Y (t)dA(t) can be written as the difference of two uniformly bounded non-

decreasing functions in 7. Therefore [ ha(t)Y (t)dA(t) is uniformly bounded and of

uniformly bounded variation over [0, 7] as well. Applying example 19.11 [van der Vaart,

1998, p.273] again, we have { [ ho(t)Y (t)dA(t), A € A, h € H} is P-Donsker. Similarly

{Jo ho(t)Y (t)dt, hy € Hs} is P-Donsker.

Recall

Voan =M {ZA—NT)— ZZT0T} + {ho(T)A — / ' ho(1)Y (t)dA(t) — / ' ho()Y (t)dtZ76}.

In the preceding proofs, we have verified each component of 14, 5, belongs to some P-
Donsker class. Assumptions A[3.3.1] and A[3.3.2) also guarantee all these classes are either
bounded or uniformly bounded. Then according to the Donsker preservation theorems (ex-
amples 2.10.7 and 2.10.8 from jvan der Vaart and Wellner| [1996]), F = {¢gan(X),0 € ©,A €
A, h € H} is P-Donsker.

3.7.8 Glivenko-Cantelli

Lemma 3.7.3. Under the assumption of A[3.3.1 and A[53.3.3, {¢pgn, A € A0 € ©,h € H}
is Glivenko-Cantelli(GC), with finite envelope function.

Proof. This is an immediate result of Slutsky’s Theorem. O

Remark 3. This shortcut proof applies to the AH model but may not apply to other models.
This is because in this case we are able to show the Donsker property of Ygan for (6,A)
over the whole parameter space. Then the proof for GC of {{Yaen, A € A0 € O,h €
H} is simplified. Usually we can not show GC directly from a Donsker result because the
establishment of an estimator’s asymptotic normality requires g s ,(X) to be contained in
some Donsker class for (0, \) only in the neighborhood of (6o, Ao) as stated in theorem m

Thus for other models, we should consider GC' and Donsker properties separately.
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3.7.4 Fréchet Derivative

Lemma 3.7.4. Assume A[3.53.1 ~ A[3.53.4 hold. The map ¥ : © x A > I°°(H) is Fréchet-
differentiable at (Ao, 0p), with a derivative
Uy Uy

Wo=| .
\1121 \Ij22

:1in® x linA — [®(H)

that has a continuous inverse on its range. Components of T, are maps identified by
W11 (0 — Op)hy = — hT'P / Y () ZZTdt(0 — 6,)
0

F1p(A — Ag)hy = — hTP / Y (DA — Ao)(t)
20 (3.12)
Wy (0 — 6)hy = — P / ho(1)Y () ZTdt(6 — 6,)

Woo(A — Ag)hy = — P/T ho(1)Y ()d(A — Ag)(1).

0

Remark 4. In lemma we write Wy in a partitioned form, which means we consider
a partitioned parameter (0,\) and a partitioned map ¥ = (Vy,Vy) where V(0,A)h; =
Pw179,A7h1 and @2(9,A)h2 = Pw2797A,h2. Then

\1111 Ain® — [ 1

H
H
‘1121 Ain® — [ H2

(
Wy :linA — 1%°(
(
\1122 dinA — ZOO(HQ .

)
1)
)
)

We define operators Wy as a sum:

0 — 6 " Uy Wy 0 — o
A=Ay Wy Wy A=A

=W11 (0 — 0g)hy + Wra(A — Ag)hy + Way (0 — o) hy + Wag (A — Ag)hs.

Thus for given any h € H, Wo(0 — 0y, A — Ag)h € R and Wy : 1in® x linA — 1°°(H).
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Proof. By definition [van der Vaart} 1998, p.297], the Fréchet derivative of amap ¢ : Dy — E,
where D, is a subset of a normed space D that contains a and E is a normed space, is a

continuous and linear map ¢/, : D — E such that

[p(a+ g) = &(a) = ¢'(9)l[e = o(llgll) as [lg]l 4 0. (3.13)

In our problem, a = 0y or Ay, a+¢g = 0 or A. ¢ is either ¥y or ¥,. Since ¥; and ¥y are both
bounded linear operators, the calculation of Fréchet derivative is simple and straightforward.
We can obtain the derivative by setting ¢'(g) = ¢(a + g) — o(«).
To calculate Wy,, we set a = 6, g =0 —10y. Then we let
@11(9 - 90)h1 :‘111(9>h1 - \I/1<00)h1
=ht'P / Z{dN(t) — Y (t)dA(t) — Y (t)Z"0dt}
0
o / Z{dN(t) — Y (t)dA(t) — Y (t) Z" 0ydt}
0
=— thP/ Y () ZZTdt( — 0,).
0
As a result, |[U1(6, A) — U1 (0y, Ag) — ¥11(6 — 6y)|| = 0, which is o(||6 — 6y]|) as |6 — bo]| 4 0.
Since W is a linear map, so is ¥q;. Since U; is uniformly bounded, ¥y is a bounded linear

operator. Thus it is continuous. By definition, ¥;(6,A) : © — RP is Fréchet differentiable

at 0y. Using the same technique, we obtain
Uio(A — Ag)hy
=h] P / Z{dN(t) — Y (t)dA(t) — Y (t)Z"0dt} — h] P / Z{dN(t) — Y (t)dAo(t) — Y (t)Z70dt}
0 0

—— 1P [ 2v(dia - Aoy

oy (0 — 6p)ho
_p / " ha( LN () — Y (1)dA(t) — Y ()27 0dt} — / " ha(O){AN (1) — Y (1)dA () — Y () 27 6ot}

- p/T ha(8)Y (£) Z7 (0 — 6p)dt;
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Woa (A — Ag)hy

=P /T ho(H){dN(t) — Y (t)dA(t) — Y (t)Z70dt} — /T ho(t){dN(t) — Y (t)dAo(t) — Y (t) ZT0dt}

__p / oY ()d(A — Ao)(1).

Thus we have established (3.12)).

Next we will show W, has a continuous inverse on its range. van der Vaart| [1998, p.422]
claims the continuous invertibility of a partitioned ¥, can be verified by ascertaining the
continuous invertibility of the two operators Uoy and V = Uy, — \1112\11521\1/21. In the following
we will demonstrate \1122 and V have continuous inverses.

We begin with showing ¥s, has a continuous inverse on its range by giving this inverse

explicitly. We first identify the range of Wy, by R(Wyy) = {n € [°°(H,)} such that

n(hy) = —P / " ha(t) PY (£)d(A — Ao) (1)

for some A, Ag € A. Such an 7 may be identified also as a signed measure on [0, 7] defined
by
dn(t) = —PY (£)d(A — Ao) (1)
Next we define a new operator Wy, : R(Wy) = linA by
. T ho(t)
Woin)hy = — dn(t). 14
(e = = [ i) (3.14)

0

Then W5, is the inverse of Wy, on its range because

o T (A — Ag)hy = — W) / " ha(D1PY ()d(A — Ao)(8)

_ /0 ’ %hg(t)PY(t)d(A ~ Ao)(t)

_ / ha(H)d(A — Ao)(t) = (A — Ag)ha.

0

Given AJ3.3.6| the operator W3, is bounded. By A3.3.1] the parameter space A is complete.
According to corollary 3 |Bickel et al.| [1998] p.419], R(\PQQ) is closed. Since Wy, is a bounded
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linear operator, it is continuous. Applying proposition 7B [Bickel et al., (1998, p.418|, we

obtain Wy, is also continuous.

Then we compute V and its inverse. Since Wy, : 1in® — 1°(Hy), Wy : 1°°(Hy) — linA
and Wyy @ linA — [*°(H,) are all linear maps, \1112\1/2_21\1!21 is a linear map : lin® — [*°(H;).
In addition, ¥, also maps lin® to [°(Hy), therefore V=10, —\1112\11521\1121: lin® — 1°(H,).
To obtain V(6 — 6y)hy, we first compute ¥1,W5 oy (6 — 6)h1. By (3.12),

Wy (6 — o)y = /O " halt)PZTY (£)de(0 — 6,).
so that, considered as an element of R(Ws,),
d{ V41 (0 — 00)}(t) = —PZTY (t)dt(6 — 6,).
By
" ha(t) T ha(t)

Wos {01 (0 — 00) bho(t) = — /0 Py (t>d{\i/21(0 —00)(t)} = /0 240 PZTY (t)dt(6 — 6y).

so that, considered as an element of linA,

d{ U5, 051 (0 — 6p)} PZTY (t)dt(6 — 6y).

~ PY ()
According to (3.12]),

Uy {\11;11@12(9 . 90)} hy = —hT /0 P PZ;(E? PZTY (1)dt(0 — 6y).

Therefore

V(0 — 0p)hy =Was(0 — Og)hy — Wy U W15(0 — 60) by

——nl'P / Y () ZZ dt(0 — o) + hT / sz(gigw(t)dt(e — )

T [/0 P{Z - %Y(E?}@?y@)dt] (6 — o).

In A.|3.3.4| we assume the matrix A = [fOT P{Z — %Y(E?}@Y(t)dt] is positive definite, so

its inverse A~! exists. Then the inverse operator V! exists, which applies A~ to the range
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of V. By assumption, the domain of V is closed and bounded and so is the range of V.
V! as a linear map between Euclidean spaces is automatically continuous. Therefore 1%
has a continuous inverse on its range. We have verified the continuous invertibility of the
two operators V and Wy, in the partitioned form of ¥,. According to [van der Vaart [1998,

p.422], ¥, has a continuous inverse on its range. 0

3.7.5 Convergence in Quadratic Mean

Lemma 3.7.5. Assume A[3.5.1 ~ A[3.3.9 hold. Then ||P(Yoan — Voonon)’lln — 0 as
(0,A) — (6o, No).

Proof. In view of
Braan(X) = uman(X) = W12 [ V(0L = A0)(0) = HZ [ V(270 - b0
0 0
and the fact that #; is a bounded subset of RP, ¢4 g o n, (X) = ©1,6,.00,1, (X) pointwise and
uniformly in h;.
Next, since

Urain = Vasonons = = | BV A= 80)(0) = [ ha()Y (1127 (0~ 60

0 0
we have 9.9 A p, (X) = V20,00, (X) pointwise. There exists two sets M, N, such that
1) MUN =[0,7] and MNN =g

2) for t € M, ho(t)d(A — Ao)(t) >=0

3) for t € N, ho(t)d(A — Ag)(t) < 0.

With this result and the fact that Y (¢) <1 for all £ € [0, 7], we have

sup
ho€Ho2

/OT{hz(t)Y(t)d(A—Ao)(t)}‘ = sup {/M ha(H)Y (£)d(A — Ao)(2) _/

ho€Ha N

Y (A~ A1)}
< s { [ ta(oats - 200 - [ ta(oais - 200}

= sup | ho(t)d(A — Ao)(t)]
ho€Ha 0

=[IA = Aoll3,-
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Hence
SUP [V2,0,0,hy — V2,600,002 = SUP | [ ho(t)Y (£)d(A — No)(t) + / ha(£)Y (£)dtZ" (6 — 60y)]
ho€Ho ha€H2 JO 0

< sup | [ ho()Y (£)d(A = Ag)(t)| + sup | [ ho(t)Y (£)dtZ" (6 — 6p)|
hoE€Ho 0 ha€Ha 0

<A = Aollw, + sup | [ ha()Y (£)dt][[ Z][&]|6 — Ooll, -
0

ho€Hoa

Because H; is uniformly bounded and of uniformly bounded variation, supy,cq, | [o he(t)Y (¢)dt|
is bounded. As (‘9, A) — (90,/\0), suphzeHQ |¢2,6‘,A,h2 — ¢2,00,Ao,h2| — 0. Thus ¢€,A,h — weo,Ao,h
pointwise and uniformly in h. By dominated convergence theorem, we have ||P(tgan —

Yoo.non)ll2e — 0 as (0, A) — (B, Ag) [van der Vaart and Wellner, (1996, p.317]. O
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3.8 Consistency of RS and Two-phase VPS Estimators

After studying various properties of 1y 5, we now use them, together with the theoretical tools

developed in Chapter 2, to prove consistency and asymptotic normality of our estimators.

Theorem 3.8.1. Suppose assumptions A[3.5.1] - hold, Then

0 0o
~ _>p
A Ao

Note that A ranges over a non-Euclidean space. A —p Ao means A = Aol —p 0.

Proof. Lemma shows under the assumption of A and Af3.3.2] {¢Ypgn,0€O,A€
A, h € H} is Glivenko-Cantelli(GC), with finite envelope function. Lemma shows under

the assumption of Af3.3.1} (Ay, Ag) is a well separated solution to ¥(6,A) = 0. According to
corollary (6, A) defined in (3.8) converges to (fy, Ag) in probability. O

Theorem 3.8.2. In addition to A]3.3.1- A[3.3.3, suppose assumptions A[3.3.5 and A.
also hold. Then

0" 0o
N _>p
A* Ay
Proof. Because assumptions A. and A hold, applying corollary to results

from Lemma and lemma m gives that (6%, A*) defined in (3.6) converges to (6y, Ao)
in probability. [
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3.9 Joint Limiting Distributions of RS and Two-phase VPS Estimators

Theorem 3.9.1. Under assumptions Al3.3.1j~ Al3.53./,

D>

— 0,

UoVN |
A — A

= _GN¢90,A0 + OP(l)‘ (315)

Proof. Theorem [3.9.1] is an immediate result from theorem when we replace o in The-

orem by (f,A). In our preliminary results on 1y, Lemma [3.7.2) lemma and
lemma have verified, under the assumption of AJ3.3.1~A3.3.4] conditions [2.4.4~2.4.6
in theorem are satisfied. Theorem also proved (6, A) —, (6, Ag). By construc-

tion, estimators in (3.5)) satisfy ||Pnt 1/[# = 0. Therefore it follows from theoremW that
(3.15) holds. O

Let Fo = {¥ap.000(X), h € H}. Since Fy is a subset of the P-Donsker class F defined in
lemma , Fo is also P-Donsker |van der Vaart and Wellner} (1996, theorem 2.10.1]. On
the RHS of , the empirical process Gy indexed by JFy converges in distribution to a
P-Brownian bridge G in the space I°°(Fp). According to (2.12)), the P-Brownian bridge is a

zero-mean Gaussian with covariance

. é — 00 . é - 00
COUA \IIO\/N ~ h7 \IIO\/N ~ g = P(wGO,Ao,thO,A(),g)?vgu heH
A=Ay A=A
(3.16)
and variance
. 0 — 6 )
Vara{ UoV'N | h g =Py} \onVheH (3.17)
A —Ag
Theorem 3.9.2. Suppose assumptions A[3.3.1~ A. hold. Then
: A — A
VN = —Gnj, 4, + or(1). (3.18)

0* — 0,
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Proof. Under the assumption of A3.3.1]~3.3.4, Lemma [3.7.2] lemma[3.7.4] and lemma[3.7.5

hold. Thus conditions [2.4.4 are satisfied. Theorem shows (0, A*) defined in (3.6)
satisfy (6, A*) £ (6p, Ao). Then applying corollary [2.4.5| we obtain ([3.18)) holds. O

Let F) = %}/)w%m,h(){), h € H}. According to corollary [2.4.5, on the RHS of (3.18),

the empirical process Gy indexed by F| converges in distribution to a ()-Brownian bridge

process G in the space [*°(F{) with mean 0 and covariance

0 — 0 . 0" — 9
R R 72V B
AN — Ay A — Ay

= P(¢90,A0,h¢907A079) + Q {%?/()‘/)

Covg{ oV N

1/190,/\0,}»@/19071\0,9] Yg,h e H (3.19)

and variance

: 1—mo(V
Vary { oV N h :P¢§O,A07h+Q{ mo(V)

— Ty YheH. (3.20
7_{_()(‘/') weo,AO,h:| ( )

A — Ag
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3.10 Limiting Distributions of Some Interesting Statistics

Based on the asymptotic joint distribution of U/ N (é — GO,A — A0> from last section,
we are able to find limiting distributions for various interesting statistics. These include
the regression parameter estimators v N(6 — 6,) and v/N(0* — ), the cumulative baseline
hazards estimators v N(A — Ag) and vV N(A* — Ag), and the individual specific cumulative
hazards VN{A(t|Z = 2) — Ao(t|Z = 2)} and VN{A*(t|Z = z) — Ao(t|Z = 2)} from both
RS and two-phase VPS data. Because we are also concerned with model misspecification,
two types of variances, the model-based and the robust variances will be provided for each

statistic.

We used the same approach to develop the six statistics above. Taking the developments
of RS estimators as an example, the developments are arranged in the following steps. h' =
0 — 0,
A—Ag
00), VN(A — Ag), or VN{A(t|Z = z) — Ao(t|Z = 2)}. Since 0, A and A(¢|Z = z) can all be

(K, hy) such that o/ N W equals a desired statistic, which could be v N (6 —

written as a linear combination of (0, A), it is likely A’ is identifiable. In step 2, we verify
h' € H - M where M < oco. As a result (3.9.1) holds for h = h’. According to (3.9.1)), we
conclude the statistic of interest converges to a zero-mean Gaussian distribution or process.

In step 3, we compute ¢y 5 »» and the asymptotic variances of the statistic based on(3.17)).

For developing two-phase VPS estimators and calibrated two-phase VPS estimators in,
we can use the same procedure and the same h' to derive the limiting distribution of these
new estimators.The only changes are the theorem we will use for establishing asymptotic
normality and the formula for calculating asymptotic variances. Since the procedure is very
standardized, a collection of estimators can be developed rapidly. Since the procedure in the
following six sections will be similar to each other, understanding section [3.10.1], the simplest

scenario among these six derivations, will facilitate the comprehension of others.



36

3.10.1 Limiting Distribution of v N(0 — 6,)

In section [2.4.1} we considered @ as an element in [*°(H;) identified by 6h; = hT6. To find
the limiting distribution of v N (é — 6p) is equivalent to finding the asymptotic distribution
of KT\/N(0 — 0,) for any hy € H,.

Step 1:

Let
W= (W, B) = <—A1h1, (A7 h];l/g;/(t)z) tel07] (3.21)

where A is the p x p matrix defined in A. |3.3.4 We will verify with this h’, the LHS of
theorem equals W7 (6 — 6,). Based on (3.12), we have

W11 (0 — 0)hy, =(A"'h)) " P{Y () ZZ"Ydt(6 — 6,)

a0~ 60y =~ ()" [ L Py (027 - 0

yy(A — Ag)hy =(A" hy)T / ' P{Y (t)Z}d(A — Ay)

(A = Aoty = (4 [ EUOI Py (A - o)

Hence
VN, (A = AWy + VN (A — Ag)hy = 0

and the LHS of theorem [3.9.1] becomes

VN1 (6 = 0, + VN (6 — 0)Ry + VN U1 (A — AR, + VN Was(A — Ag)H,

=V NhTA™ /0 [P{Y() zT — \/_P{Y(()) }P{Y( HZT dt(0 — 6y) + 0

_NRT A /0 " piz - %Y(i))}@?}/(t)dt(é — 0y)

=V NRTATA — 6,)
=hTVN(0 — 6,). (3.22)
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Step 2:

In this step we will show k' € H-M. First, A~!is a p x p bounded matrix, so hy = —A"1h; is
a bounded p-dimensional vector and thus h} € H; - M. Next, we prove PY (t)Z is BV|[0, 7].
We show it for each coordinate of Z. We consider £ = 1,2,...,p. Then

PY ()7 = / BT > 1)|2]24dG(z)

RP

_ /R S(t]2)2dG(2)
— /R p ‘>OS(t]z)zde(z)—i— / S(t2)zdG(2).

RP, 2. <0

Since the first term of the above display is monotonic decreasing in ¢ and the second term
monotonic increasing in t, PY (t)Z, as the summation of monotonic functions is of bounded
variation. By assumption, PY (t)Z; is also uniformly bounded. Because 1/PY (t) is mono-
tonic bounded, hi(t) = W
tion and both bounds are less than M. Hence h}, € Ho- M and b’ € H - M. We obtain
holds for h = h/. Therefore, according to and (3.17), hTVN (8 — 6y) converges to a

normal distribution with mean 0 and variance Py . -

is uniformly bounded with uniformly bounded varia-

Step 3:

In the last step, we evaluate 93 , , and calculate the asymptotic variance Pig . Let
M(t) = N(t) — Ao(t) — ZT6ot. Note M(t) is not a martingale unless P = Py, o,: the AH
model (3.1]) holds. Then

Dao.nor =T P1,60.00 + V2.00,00.1

=hT / ' Z{dN(t) — dAo(t) — Z"Opdt} + / ' RL(H){dN (t) — dAo(t) — ZT Oydt}

=n'r / ' ZdM (t) + / ' Y (t)dM (t) (3.23)
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and

Py ay e =P{hT" /OT ZdM(t) + /OT Ry (t)dM (t)}?

IP{—thAl /O " ZdM (1) + /0 ' h?AP;ID(;(t)Z dM(t)}Q

=htA"'P VOT {Z — PP};(Z)Z} dM(t)} - A7y,

Since this result holds for all 2, that belong to Hi, we obtain v/N(6 — ;) converges in

distribution to a p-variate Gaussian distribution with mean zero and variance

rVara {\/N(é — 90)} =A"'P UOT {Z - PPYX/(Z)Z} dM(t)} - AL (3.24)

This variance is a robust variance because it does not use any result derived from assuming
. We use notation r in front of Var 4 to denote this feature.

When the AH model holds, Y (t)dAo(t) + Y (t)z16pdt = Y (t)dA(t|Z = z), which
is an integrated intensity process. M(t) as the difference of a counting process N(t) and

an integrated intensity process Y (t)dA(t|Z = z) is a martingale under P = Py, ,,. In

consequence, [ {Z - PP};,('EZ)Z } Y (t)dM(t) is a martingale integral with a predictable and
locally bounded integrand. It follows from the principle of martingale integral variance

[Fleming and Harrington, (1991} theorem 2.4.2] that

o[ - o] v [ (- ]
7 ®

o[ PY (t)Z** T
_P/O {Z— 240 } Y (t) {dAo(t) + Z"bodt}

(3.25)
= B. (3.26)

As a result, becomes
Vars {\/N(é - 90)} — A7'BAL, (3.27)

Note using martingale theory result, we implicitly assume under the AH model the com-

pensator for the counting process is absolutely continuous, in other words, the existence of
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intensity process for the counting process [Martinussen and Scheike| 2006, p.24]. In conclu-
sion, when the AH model holds, v/N (0 —6,) converges in distribution to a p-variate Gaussian
distribution with mean zero and covariance matrix A='BA~!. This result agrees with [Lin

and Ying [1994].

Reviewing the approach in this section, we have demonstrated the convenience resulted
from the index set H. Compared to other approaches we have attempted to derive the
limiting distribution of v/N(4 — 6) (methods not shown), we avoid an explicit computation
of \ifa ! which can be complicated, and we avoid using delta methods. Instead we chose a
particular A’ in step 1 such that the LHS of becomes the desired statistic, for which
we aim to derive the limiting distribution. We used the fact that we had shown the Donsker
property for a class of functions that contains g, s, for “all” h € H in section By
demonstrating the new A’ is an element of H - M, it follows that {1y, a,n } is a P-Donsker
class, from which the limiting distribution results. More importantly, the same approach
and choice of h' will be carried on for developing two-phase VPS and calibrated two-phase

VPS estimators. These benefits will be revealed more in the coming examples.

3.10.2  Limiting Distribution of VN (6* — 6,)

For two-phase VPS, we use the same A’ in (3.21)) to develop the limiting distribution of
VN (é* —6p). Since the Fréchet derivative in (3.18]) is the same as (3.15)), according to result
(3.22),

A — Ao

A~

0* — 6

VN, W = hIVN (6 = 6y).

Thus based on ([3.18) and [B.20), h7vN(6* — 6,) converges to a normal distribution with

mean 0 and variance P (g, ayn)* + Q [1;3(0‘(};) 1/130’/\07,1, )

Based on the derivations for g, a,n and Pyg 4 4 in step 3 from section [3.10.1) we
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obtain
P(tgy0,1)*+Q {%ﬁ/()mwgo,w,} =hTA'P { /O ' {Z _P P};(Zf } d]\/[(t)] - A7ty
o[t [ fe-atYane] "o

Since this result holds for all hy € #;, we conclude v/ N (6* — 6,) converges in distribution

to a p-variate Gaussian distribution with mean zero and variance matrix

rVara {VN(@" ~ )} = AP {/0 [Z - Ppifgﬂ d]\/[(t)}®2 A1

L=mo(V) 4 [/0 {Z _ PY(t)Z} dM(t)] - A

(V) PY (1) (3.28)

+Q

Equation (3.28) is our robust variance because we do not require the assumed AH model
to hold. When model (3.1 holds, the first term in (3.28)) is replaced by the model-based
variance for the RS estimator Vary {\/N(é - 00)} in (3.27). Thus

L—mo(V) 4 UO {Z B PY(t)Z} dM(t)r? A

Vars {\/N(é* - 90)} — AT'BA'4Q

(3.29)
3.10.3 Limiting distribution of VN(A — Ag)
Step 1:
We redefine 1/ as
_ ho(t)  (A™'Dhy)TPY (t)Z
B = (h h)=A"'Dhy, ——22 — telo 3.30
( 1 2) < 2 PY(t) PY(t) ) G[ 77—] ( )

where D € [*°(Hs) : Hy — RP, defined by

Dhy — /0 e PY;Z)Z dt. (3.31)
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Let h in (3.15) equal A'. Then the LHS of (3.15) becomes

VN, (0 — 00) Ry + V' NUgy (0 — 00)hy + VN5 (A — Ao)h; + VN (A — Ag)RY
ha(t) (A‘thz)TPY(t)Z]

=V N1, (0 — 0)) A" Dhy + VN sy (0 — 6;) {

CPY(t) PY (1)
VA A A D+ V(A — A [l DY 012

Based on (3.12)), the sum of the first two terms in the preceding display equals 0 as follows.

ha(t) (Athg)TPY(t)Z}

U11(0 = 00)A™" Dha + W (0 — o) {_PY(t) PY (t)

_(ADhy)T / CPY(H)Z27}(0 - 0,)

[ m e - )

—(Dhy)TA / " PLY()Z27}(6 — 60) + (Dhs)" (6 — o)

4 (th)TA—l /T PY(t)P;YP(i/)(t)Z dt(é . 80)

= — (Dhy)TA™? /OT {PY(t)ZZT - PY(t)lfl?t/)(t)Z } (0 — 6o) + (Dhy)T (0 — 6,)

— — (Dhy)" A A6 — 60) + (Dha)" (6 — 6o)

=0.

The sum of the third and fourth terms is (A — Ag)hy because

ho(t)  (A™'Dhy)TPY (t)Z

U1a(A — Ag) A Dhy + Toy (A — Ay) {

CPY(t) PY (t)
= — (Dhy)TA™ / P{Y (t)Z}d(A — Ay) + / ho(t)d(A — Ay)

T (Dhy)T A / PLY () Z}d(A — Ag)

0



92

Hence

VN1 (0—0) W,V N Wy (—0—00) By+V N U 15 (A= Ao ) W4V NWgg (A—Ag) Ry = VN (A—Ag)ho.
(3.32)

Step 2:

OT hz(;y—(zdt is a bounded vector in
RP and A~! is a p x p matrix, Dhy, A~'Dhy € H; - M. In section [3.10.1], we have shown

for any h; € H,, A )TPY ()7 Ho - M. Thus U PR)TEYNZ Ho - M. Since both

Now we demonstrate b’ € H - M. Because Dhy =

PY (1) PY(?)
hy(t) and PY (t) are of bounded variation and are bounded functions, ]’;f, € Hy - M. Thus
Wy = —palll — (ADhe) Y2 ¢ 9, . M. Therefore ' € H - M and (3.15) holds for /. Let
_ t)  (A'Dg)TPY(t)Z
') = (A1 Dg, — 20 telo 3.33
/=) = (4D 200 e NI e

where g, € Hsy. According to (3.32), (3.15) and [3.17), VN (A—AD) converges to a Brownian
bridge process in (*°(#2) with mean 0 and covariance process P[y1 g, aq.nP160,00,) Which

depends only on hs, g5 € Ho.

Step 3:

In the final step, we compute g, a,n for the A’ we set in (3.30). By (3.23)), vg, a0 =
W[5 ZdM + [ hy(t)dM(t). Then

Voo rg.rr =(Dha)T AT ZdM+/O { ]f;(f 1DZ§?I;Y( )Z}dM(t)
:—/OT ;f;(()) ho)TA™ 1/0 {Z )Z}dM(t). (3.34)
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Therefore the covariance process

TCO’UA[\/N(/A\ — Ao)ha, \/_(A A0)92

=P UO: hQ(())dM(t)/OT t}
- prgoroenra [[z- S a) (3.35)
—P{/O (DhQ)TA_l/O [Z— Y ﬂ dM(t) /0 gi/(z)dM(t)}

4+ (Dhy)TA"'P { /0 ' {Z _F P};(Z)Z } dM(t)}®2 A Dgy.

(3.35)) is the robust covariance since we derive it without assuming the AH model (3.1)). When
(3.1) holds, M (t) becomes a martingale. It follows from the principle of martingale integral

variance [Fleming and Harrington, 1991, theorem 2.4.2] that the model-based covariance

process

COUA{\/N(A — Ng)ha, \/N([\ — No)ga}

=P [/0 MY@M {Ao(t) + Z%dt}}

P2Y< )
)TA™! {Z _P PB;(Z)Z } d[Ao(t) + ZTHOdt]}

(Dhy)" A~ /{Z—PPYY(Z)Z}PY d {Ao(t) ZTeodt}]

O

0
(Dhy)"A'BA ' Dg,. (3.36)

- [
+
Given our results in (3.35)) and (3.36]), we are able to calculate the limiting distribution of

VN(A — Ag)(s) for every s € [0,7]. We let hy(t) = go(t) = 1(t < s) Then

D(s) = Dhy = Dgy = /OS %?t)z}dt

Under model misspecification, by (3.35) v N (A — Ag)(s) converges to a normal distribution
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with mean 0 and variance

rVarA{\/N(A — Ao)(s)}

- Uo o0 (t)r 2P [ ppanopera [ [Z PPY;<)>Z } M)
+D(s)TA™'P {/OT [Z — PP};(Z)Z} dM(t)}®2 A7ID(s).

When the AH model holds, by (3.36) v/ N(A — Ag)(s) converges to a normal distribution

with mean 0 and variance

VGTA{\/N(A —Ag)(s)}
{/ {PY Y (t)d{Ao(t) + ZT@gdt}]

_QP/O P;(t) (5)T A~ {Z— PP};Z)Z}Y(IS){dAo(t) b ZT60dt)

+ D(s)TAT'BA™'D(s).

(3.37)

Given two time points s1,s9 € [0, 7], if we let h(t) = 1(t < s1) and g(t) = 1(t < s9),
then (3.35) and (3.36]) also provide us both model-based and robust covariances between

cumulative baseline hazards at two different time points.

3.10.4 Limiting distribution of vV N(A* — Ag)

To derive limiting distribution of v/N(A* — Ag) with two-phase VPS, we use the same sets

of b/ and ¢’ in (3.30)) and (3.33)) as section [3.10.3, According to our result (3.32)),

A — Ag

VN, |
-

W =hTVNA* = Ay).

Thus based on ([3.18) and ([3.20), VN (A* — Ag) converges to a Brownian bridge process in

0o . . 1—mo(V
[*°(H3) with mean 0 and covariance process Pig, ao.nWoy,no,g + @ ) weo Aosh Vo, Ao g’

which depends only on hg, go € Ha. Based on the result of ¥4 A, derived in step 3 from sec-

tion [3.10.1] we obtain the asymptotic robust covariance of two cumulative baseline hazards.
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We omit the presentation of this result in the general form. Instead we focus on deriving the
variance for v N(A* — Ag)(s) since it is more familiar and useful in real applications. For
every s € [0,7], we let hyo(t) = g2(t) = 1(¢t < s). Then when the AH model is misspecified,
by VN(A* — Ag)(s) converges to a normal distribution with mean 0 and variance

rVarA{\/N(A* —No)(s)}

1 —mo(V)
WQ(V)

:rVarA{\/N(A —No)(s)}

=P pon +Q [ @Z’go,Ao,h’}

| L P;<t>dM(t>}2] o
_90 |2 ;078);)‘/) /0 ) P;(t>dM(t) /0 ' {Z - %}TdM(t)A—lp(s)]
+Q %?;)‘/)D(S)TA” {/0 [Z . Ppif(gﬂ dM(t)}®2 A‘lD(s)] .

When the AH model holds, rVar {v/N(A — Ag)(s)} in this equation is replaced by the
model-based variance Var {v/N(A — Ao)(s)} provided in (3.37) .

9.10.5  Limiting distribution of VN{A(s|Z = z) — Ao(s|Z = 2)}

Covariate specific cumulative function is an important statistic to describe a patient’s cumu-
lative risk of a disease. Since survival function S(s|Z = z) = exp{—A(s|Z = 2)}, if we have
obtained vV N{A(s|Z = z)—A¢(s|Z = 2)}, then we can derive VVN{S(s|Z = 2)—Sy(s|Z = 2)}
immediately by applying the delta method. Thus we are interested to find the limiting dis-
tribution of vV N{A(s|Z = z) — Ag(s|Z = 2)}. For this section and the following section, we
assume the AH model hold. Then Ag(s|Z = z) = Ao(s) + [ 27 0pdt, we let

A(s|Z = z) = A(s) + /O Tt (3.39)

Because A(s|Z = z) is the sum of A(s) and I 2T0dt, we set h' to be the sum of &’ in (3.21)
used for estimating v/ N(A — Ag) and A/ in (3.30)) used for estimating v N(A — Ay), and we
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also set hy = zs in (3.21) and hy = 1(t < s) in (3.30]). Then the new index function

-1 T -1 T
h’:(h’l,h;):(—A‘1h1+A‘1Dh2, (Ah)"PY()Z  hao(t)  (A"'Dhy) PY(t)Z)

PY (t) PY (t) PY (1)
B . {2s = D(s)}TATIPY()Z  haot)
_<—A {zs — D(s)}, PY D) — PY(t)) ,te[0,7].

(3.40)
Note z and s are specified a priori. z are the values of an individual’s risk factors and s is

the time by which we are interested to learn about the cumulative risk. Based on results in

(3.22) and ([3.32)), we obtain

. A—A
\/qu()( 0

Ny )h’\/N(AAO)(s)+\/NzT(é90)s

VN {AGsIZ = 2) ~ Mo(slZ = )}

Then (3.15) holds for A’. According to (3.15]) and (3.17)), \/N{A(5|Z =2z)—No(s|Z = z)}
converges to a normal distribution with mean 0 and variance Pig , /. Recall ¥g, a0 n =

W[5 ZdM(t) + [ hiy(t)dM(t) as shown in (3.23). We have

Voo = — {25 — D(s)}T A /OT ZaM) + /OT { {zs — D(S})J}y(zj)‘ PY(t)Z 1532/(2) } dM (t)

— (25— D(s)}TA! /0 ' {Z _P PZEZ)Z } M (t) — /0 ' ]’31;,(2) dM (). (3.41)
When model does not hold,

rVara {\/N{A<5|Z = 2) = Ao(s | Z)}}

—p [{ZS_D(S)}TA—l/OT{ )Z}dM — 0 Iilff(())dM(t)r
o

~tzs oy ated [Tz -7 t} A7 25— D(s))
42 {zs— D(s)}T AP [/OT{Z— e }dM( )/OS %dM(t)}

+P{/OS Pyl(t) M(t)}Q.
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When (3.1)) holds, with the same arguments as in section [3.10.1) and [3.10.3, the model-based

Vara {VR(AGIZ = 2) — Mo(s]Z = 2)})

={zs— D(s)}" A7 BA™ {5 — D(s)}
T PY()Z) Y(t
+2{zs = D(s)} A P/O {Z_ PY (t) }PY(

+ P/Os PQ;/(t)Y(t) {dAo(t) + Z"6pdt} .

(3.42)

i> {dAo(t) + Z"6pdt}

8.10.6  Limiting distribution of VN{A*(s|Z = z) — Ao(s|Z = 2)}

In two-phase VPS, we use the same b’ given in (3.40). Then the LHS of (3.18]) is reduced to
\/N{A*(3|Z =z)—No(s|Z = z)} According to (3.18)and (3.20)), \/N{A*(3|Z =z)—No(s|Z = z)}

converges to a normal distribution with mean 0 and variance

rVara {\/N{A(S\Z =z)— No(s|Z = z)}}
1 —m(V
P + Q| ]

=rVar,VN{A(s|Z = z) — Ao(s|Z = 2)}
L=mV) [ panrat [ [, PY(Z 7 he(t) 2
o [ pera [z G ba - [ o) ] '

When the AH model (3.1)) holds, the model-based asymptotic variance

+0Q

Vara (VR (12 = 2) ~ Ma(s]2 = 2)))

=VaraVN{A(s|Z = 2) — Ao(s|Z = 2)}

L) ooyt [ {2 P20 e [ S]]

+Q
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3.11 Weights for the Generalized Case-Cohort Study

The classic case-cohort study assembles covariate measurements for a random subcohort and
all cases. It is widely used when the clinical outcomes are event times and the event rate is
low. However, sometimes due to the lack of samples or the consent for use of the samples,
not all of the cases can be obtained for covariate measurements. When the disease is not
rare, it is also not necessary to sample all the cases. In these circumstances, it is desirable
to generalize the case-cohort design and consider sampling only a subset of cases in addition
to the subcohort. This design was referred to as “generalized case-cohort” by |Cai and Zeng
[2004].

The common estimating approach in such a sampling design is to use the method of
inverse probability weighted estimating equation due to its robustness and convenience for
implementation. For this method, different weighting schemes can be adopted and they will
provide different estimators of different variances. A careful choice on the weights themselves
may enhance efficiency in estimation. In this section, we will compare our weights assignment

to Kang et al|[2013]’s method .

3.11.1 Weighting Scheme [

Kang et al. [2013] considered the generalized case-cohort sampling sequentially: data were
collected by first selecting a subcohort from the initial cohort of size N followed by subsequent
sampling of cases outside the subcohort. The authors proposed following weights for use:
the censored (controls) subcohort members were weighted by the inverse of their sampling
probability p to the subcohort; the uncensored (cases) subcohort members were weighted by
1; cases outside subcohort were weighted by the inverse of their sampling probability ¢q. Let
¢ denote the indicator for being selected into the subcohort, 7 denote the indicator for the
cases outside the subcohort being selected into the sample, and R be the indicator that a

member in the initial cohort was selected in the final generalized case-cohort dataset. Let
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V =(A,€). According to Kang et al.| [2013],

P=1)=pand P(n=1A=1,£=0)=¢q.

The sampling rate function was

2 A=0
m(V)=PR=1V)=m(A,§)=¢ 1, A=1,¢(=1. (3.43)
q, A=1,£=0

Different from the single disease problem we are interested, Kang et al. [2013] were concerned
with multivariate failure times. The authors also selected their samples by finite population
sampling where a fixed size of subcohort and cases outside the subcohort were selected, rather
than two-phase VPS. In addition, the authors considered estimators using both time-variant
and time-invariant weights. Since this section’s aim is to investigate the consequence of
two different weighting schemes resulted from different considerations of strata in the initial
cohort, we will only study their time-invariant weighting method , apply it to the simple
scenario of one disease, and compare the results generated from their weighting scheme to

ours.

3.11.2  Weighting Scheme II

Our two-phase VPS contains the generalized case-cohort design if we consider this sampling
design as follows. At phase I, we select a cohort of size N and observe one outcome variable
A for all cohort members. Based on A, we stratify the cohort to two groups of cases (A = 1)
versus controls (A = 0); at phase II we draw a random sample within each stratum using
variable sampling probability m(V') = m2(A). We use notation 7y in contrast with the rate
function m; in Kang et al| [2013]’s weighting method. Let R indicate that subjects being
selected to phase II, i.e., R =1 when £ =1 or n = 1. Given the fact that the subcohort

indicator £ is independent of the outcome variable A, we obtain our phase II subsamples
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selection probabilities as:

P(R=1|A =0)
—P(R=1,6=1A=0)+P(R=1,£ =0/A=0)
—P(R=1/=1,A=0)P(E=1]A=0)+0
—1x PE=1)=p.

and
P(R=1]A=1)
—P(R=1,¢(=1|A=1)+P(R=1,£6=0[A=1)
—P(R=1¢=1LA=1)PE=1A=1)+P(R=1|¢ = 0,A = 1)P(£ = 0|A = 1)
=1x PE=1)+qP(=0)=p+q(l—p).

Thus, based on two-phase VPS,

mo(V) = P(R=1|V) = m(A) = . (3.44)

3.11.3 Theoretical Efficiency Comparison

Since Kang et al.| [2013] also considered weighted estimating equations approach for devel-
oping their estimators, we find that their estimators agree with ours presented in section
except for the differences in the sampling probability my(V') assigned to each member in the
initial cohort. mo(V') = w1 (A, §) for Kang et al.|[2013]’s weighting method ( approach I) and
mo(V) = m(A) for our method (approach II). Recall P™f = + SV %f(X). Both our
and |[Kang et al.| [2013] can be written as

b [p;rv/; {Z— %}@Y(t)dt _11@;;/07 {Z— %}dmw,

T T T
Ar(s) = /OIPN{Y £)AN(t)} /IPN{Z Y} 5o,
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Let 0*1 denote the estimates of regression parameters obtained from approach I and o171
denote those from approach II. We can consider both 6*1 and 6*1 were solution to our EE
and they estimate parameter 6, defined in . Then, we can use our systematic
estimation results on the AH model to study the properties of these two estimators together.
According to our results in section , both 8*1 and 8*11 are unbiased estimators for 6 in the
AH model if this assumed model correctly specifying underlying distribution for the
observed data. Suppose all the assumptions in section hold. Then, based on our results
in section , under the model VN (é*l —0y) converges in distribution to a p-variate

Gaussian distribution with mean zero and variance matrix

Var, {\/N(é*f - 00)} — AT'BAT 4+ Q L1=mlB8) 4o UO {Z - PY(t)Z} dM(t)} - A

m(A, ) PY(t)

and v/ N (617 — 6y) converges in distribution to a p-variate Gaussian distribution with mean

zero and variance matrix

Vara {\/N(é*” - 90)} — A BA 4@ [ L2 4 UO {Z - PY(”Z} dM(t)] S

WQ(A) PY(t)

We let

r=A" UOT {Z - PP};(Z)Z} dM(t)} - AL
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Then,

Vara {\/N(é*l — 90)} —Vary {\/N(é*” — (90)}

A R S ]

_fl1-q¢ (-p)(1-9g o o

_{ g p+tal-p }E(E|A—1vf—0)P(A—1,§_0)

1-p)1—q) o o

+{O‘m}ﬂm—Lf—DP(A—Lg_l)
(% - psia =)

By the definition of the case-cohort design, X = (7, A, Z) and & are independent. Thus
EXEA=1,(=0)=FEXA=1,¢(=1)=EXA=1)

and

Let a = P(A =1). We obtain

o (V6% ) Vo {5

_Jl-q¢ (A-p(I-gq) — Dl — B
_{ q p+Q(1—p)}E<E|A_1) S p>+{0

_JU=pl-9 (A-p){1-9g) -
N { q p(1—q)+q }E(Em_l)

(1-p)(1—q)
p+q(l—p)

}E(E!A = 1)ap

Because p is the subcohort selection probability, p > 0. When ¢ = 1, i.e., a case-cohort design

is implemented, the above equation equals 0 and Var 4 {\/N(é*l — 00)} =Vary {\/N(é*” — 90)}.

-p)(1-9) (1-p)(1-q)
q = p(1—q)+q

When ¢ < 1, i.e., a generalized case-cohort design is implemented, @ and,

as a consequence, Vary {\/N(é*l — 90)} > Vary {\/N(é*” - 90)}.
In summary, estimation using the weights in scheme I is not as efficient as scheme II using

the weights considered in our general two-phase VPS design. When ¢ = 1, the generalized
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case-cohort design becomes a case-cohort design. The asymptotic variances resulted from
the two weighting methods are then the same.

A careful examination of our comparison study shows our comparison results hold regard-
less of X, which is related to the influence function of an estimator. Thus our conclusions do
not restrict to the estimation of regression parameters in the AH model and can be applied
to other statistics of interest. Our conclusions can be generalized to finite finite sampling,
multiple outcomes and time-variant weights as well. Furthermore our conclusions hold in
spite of the model under study.

In conclusion, for efficiency purposes, our two-phase sampling methods should be con-
sidered for the generalized case-cohort study. It is more convenient and transparent if we

consider the generalized case-cohort design as a special case of two-phase case-control sam-

pling.
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Chapter 4

APPLICATION OF THE Z-ESTIMATION SYSTEM TO
IMPROVED ESTIMATORS FOR ADDITIVE HAZARDS
MODELS WITH TWO-PHASE SAMPLING

Chapter 4 continues Chapter 3 to further improve the inference precision from two-
phase VPS data. In Chapter 3, we solved the problem of fitting the entire semiparametric
additive hazards (AH) model to two-phase VPS data. In Chapter 4, we incorporate auxiliary
information, a large amount of which is usually available in phase I data, to our inference
procedure for the AH model. In addition to the practical purpose of reducing costs in
observational studies, this chapter is another illustration of applying the Z-estimation theory
introduced in Chapter 2 to create a method for analyzing two-phase design data. Our

estimation procedures will follow closely the procedure in Chapters 2.5~2.6.
4.1 Estimators and Parameters

Let V = V(V) of q-dimension be the auxiliary variables we choose to calibrate on. V is
available for all phase I samples. We use V to denote both a function of V and the new
variable created after applying this function to V. Suppose assumptions A[3.3.7and A.
hold for V.

Let v € I' and I be a compact convex subset of R? with 0 as an interior point. We
consider a new parameter space Ly x I' and a new random map ¥y : Ly x I' = L x R? given

by Wi (0, A, ) = Pypghy (X, V, R) =Py (Tbik}’AW(X, V,R), 957 (V, R)) where

wi*e,A,'y(Xv v, R)h = exp(—WTVWe,A,h(X)y Q/JITG,A,W(Xv v, R) S ZOO(H) (4-1)

7T0(V)
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Lo, L, ¥,a,n and H were defined in section [3.4]
Based on our random maps, we construct a new modified inverse probability weighted

estimating equation (IPW-EE):

Uy (0, A, v)h =0,Yh € H. (4.3)
Estimator 4 is obtained first by solving IP’Nz/Jé‘:;(V, R) = 0 numerically. We then set

mﬁem(—fmzwzf))

Py —cap(—"V)Y (¢)

h = (hy,hy) = (hl, —h{
wo(V)

and follow exactly the computation procedure for (é, A) in section This yields the new

calibrated two-phase VPS estimators

cap(—3T7) / {Z_ Py ryeap(—3 v>ZY<t>} Y(t)dt]
(

é** = |Py

mo(V) Prsenn(—TV)Y (1)

R e [T IP’Nﬁexp(—ﬁTf/)ZY t)
[IP’NWexp(—fy V)/O {Z— — A dN(t)

() / Py —tosexp(—3TV){dN () — Y (£) 276" dt}
S =
0

A Py —Leap(—4TV)Y (t
NWO(V)eIp( Y ) ()

According to section and lemma 2.6.1} the unique solution to W**(0, A, v) = Qup% (X, V, R) =
0 is (6o, Ao, 0) where (6y, Ag) is defined in (3.9).

4.2 Consistency and Asymptotic Normality

We will use the preliminary results we established on 1y o in section to show consistency

and asymptotic normality of our improved two-phase sampling estimators.

Theorem 4.2.1. Suppose assumptions A[3.5.1] - and A[3.3.7 hold, then
é** 0,
/A\** —p Ao

4 0



106

Proof. With the same arguments used for proving consistency for random sampling estima-

tors, it follows from theorem that (é**, A, 4) converges to (6p, Ao, 0) in probability. [

Theorem 4.2.2. Suppose assumptions AJ3.3.1] - and the additional assumptions A.

and A on auziliary variable V hold, then

é** — 0,
UVN | A — Ay | = —Gny a0+ 0p(1) (4.4)
4 -0

where W is the Fréchet derivative of U** = (QUTpa, (X, V,R), Q3% (V, R)) at (6o, Ao, 0)

and
. T, — xX)vr
gre= | Qo010 (~ ) . (4.5)
0 —-QVVT
Proof. According to corollary [2.6.4], this theorem is an immediate result from lemma |3.7.2

B.7.5 and theorem (4.2.1] m

é** — 0,

A — AO
bridge in [*°(#), which is a zero-mean Gaussian with variance

According to ([2.28), VN,

converges in distribution to the Q-Brownian

A~
ok

_90

A** . AO

— 7T0(V)

. 1
1% VoV N hy = Py?
ara 0\/_ %O,Ao,h +@Q 7T0(V)

{¥69,00,n — TL(Wg5,00,0V) }?

(4.6)
where W, is given in lemma and TI(-|V) is population least squares projection on
the space spanned by the calibration variables V: II(-|V) = Q{-VTHQVVT)"'V.

4.3 Limiting Distributions of Some Interesting Statistics

Based on the asymptotic results in the previous section, we will develop the limiting dis-
tribution of the improved two-phase sampling estimators v N (6% — 6,), vV N(A*™ — Ag) and
VN{A™(t|Z = 2) — Ao(t|Z = 2)}. Both model-based and robust variances will be provided.
Since the derivation of these limiting distribution are very similar to section [3.10] the same
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detailed steps will not be repeated. We only present the differences in the derivation from
section 3101
Using A/ in (3.21]), we obtain

~

A — Ay

and h' € H-M. According to theorem and ([4.6), hTV/N(0** —0,) converges to a normal
distribution with mean 0 and variance P(tg, ao1)*+Q [%{%OAOW — T (g, ag1|V) Y2 .
Step 3 from section [3.10.1| shows

T PY(t)Z
oo, por = by A /O {Z— PY(Z) }dM. (4.7)

Note this result holds for all A; € H; and H; C RP. Thus when we do not assume the AH
model [3.1)), v/N(0** —6,) converges in distribution to a p-variate Gaussian distribution with

mean zero and variance matrix

Vara {VN@ —0)} = A7'P { /0 ' {z _ LW} dM(t)}®2 A7

]iY(t)
ot o [ (o)
—Q [Al /0 {Z — %(2)2} de/T] (QVVT)1V) - (4.8)
and when holds, this variance matrix becomes
Vara {\/N(é* - 90)} — A"'BA!
cal s (0 [ =i o
-Q [Al /0 ' {Z _F PKEZ)Z } de/T} (QVVT)117> - (4.9)

where A and B are given in section [3.10.1]
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Using A’ in (3.30)), we obtain

é** — 0,

VN, [
A — AO

h/ — \/N(A* - A())hQ

where h' € H - M. According to theorem and [@.6), V'N(A*™ — Ay) converges to a Q-

Brownian bridge process in [*°(Hs) with mean 0 and variance process

1 — 7T0(V)

Pz/}go,/\o,h’ +@Q [W{w%,/\o,h’ - H<¢90,Ao,h’|‘~/)}2:| :

Based on this result, to derive the limiting distribution of v/ N(A** — Ag)(s), we set hy(t)
in A/(t) in (3.30)) by ho(t) = 1(t < s). Then according to (3.34)).

Yo poe (X) = — /0 = (1) + D(s)" 4 /0 ' {z L Pi;(’gf } AM(t).

When we do not assume the AH model (3.1)), v/N(A* — Ag)(s) converges to a normal distri-

bution with mean 0 and variance

1-— 7T0(V)

?”VCLTA{\/N<A**—A0)(S)} = ngo,Ao,h’—i_Q |: WQ(V)

(vt = Qo a s P(@ V7)Y

where g, o, 18 given in the preceding display. When (3.I)) holds, Var{v/N(A* — Ao)(s)
is obtained through replacing the term P@Z)gm Ao 1D the above equation by Var A{\/N (A —

Ao)(s)} in .

We define

A*(s|Z = 2) = A (s) +/ 270 dt.
0

Next we derive the limiting distribution of v/ N {A**(S|Z =z)—No(s|Z = z)} When the
AH model holds, we obtain the limiting distribution of the individual cumulative hazard
function estimates by different time points. With 2/ in (3.40), the LHS of is reduced to
VN {A**(S|Z =2z)— Ao(s|Z = z)} According to theorem4.2.2and (6], VN {A**<S|Z =z)
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—A\o(s|Z = z)} converges to a normal distribution with mean 0 and variance

Vara (VA (517 = 2) — Mo(s]Z = =)} }

1— 7T0(V)

) L Q(%O,Ao,h,vm(@vw)—l‘7}2}

:ngo’/\mh/ + Q |:

where g, a,.n 1s given in (3.41). The above result is a robust variance since we do not assume
the AH model (3.1)) holds. When this model does not hold, Var4 [\/N{A**(S\Z =2z)— Ao(s|Z = z)}]
is obtained by substituting Vara [\/N{A(3|Z =z)—No(s|Z = z)}] given in (3.42)) for the

term Pvj ., in the robust variance.

4.4 Variance Estimators

In sections [3.10]and [4.3] we obtained the limiting distributions for three RS estimators, three
two-phase VPS estimators and three calibrated two-phase VPS estimators. Each of these
estimators is associated with two types of asymptotic variances: model-based and robust
variances. We programed these nine statistics and the eighteen variances in an R package
called “ah”, which is the abbreviation for the additive hazards model. Our package was built
upon the R package ahaz [Gorst-Rasmussen and Scheike| 2012], which provided computa-
tionally efficient procedures for regularized estimation with Lin & Ying’s additive hazards
model and used for analyzing high dimensional data. Since the program ahaz only provides
regression parameter estimates from a random sample, in our package we also included esti-
mation of cumulative baseline hazard function, prediction of individual cumulative hazards,
various two-phase sampling estimators with or without calibration, and the robust variances

for all of our estimators.

For random sampling, estimators 6 and A(s) was computed based on our results in section
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. A(s) were calculated for all of the observed failure times and censoring times. We let

IP)N/ {Z_IP’NZY)

B :]PN/O {(Z — %}@dl\f@)

M(t) =N(t) — A(t) — 276t

S [ PaY ()27
D(s)—/o ]P)N—Y(t)dt'

)}®2Y( ) t

The variance estimators were then obtained by substituting Py, M(t), A, B, D(s) and dN (t)
for P, M(t), A, B, D and {dAo(t) + ZT6dt} in the mode-based and robust variance formula,
for random sampling estimators in section |3.10]

For two-phase sampling, estimators 0* and A(t)* were computed according to the results

in section B.41 We let

"py [z - By o

_Pﬂ/{z—wzy )>}®2dN()
M™(t) = A (t) — 276"t

where PR f(R,V, X) = £ SN o/ (X, V). We then estimated the model-based and robust
variances by substituting P%,, M ( ), A™, B™, and ﬁ”(s) for P, Q, M(t),A, B, and D(s)
in the variances formula for two-phase VPS estimators in section {dAo(t) + ZTydt}
was still replaced by dN(t). When calibration techniques were used, estimators and their
variances were computed based on the results in section . The standard weights —)
in P%, M™(t), A", B™, and D"(s) were replaced by the new weights v )exp( ATV for
estimating P, @, M(t), A, B, and D(s) in the model-based and robust variances for calibrated

two-phase sampling estimators.
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Chapter 5
NUMERICAL STUDIES

This chapter aims to verify a collection of theoretical results presented in Chapters 2 ~ 4
by simulation studies, and to demonstrate numerically the substantial efficiency gain we can
obtain by implementing two-phase sampling and calibration techniques. In this chapter, I
first conduct simulations to verify my theoretical results on Lin and Ying’s additive hazards
(AH) models for association studies and individual risk prediction. Then I use simulations
to show two-phase sampling and calibration’s ability to substantially improve estimation
efficiency compared to random sampling. Lastly, I demonstrate the performance of my

estimating methods under model misspecification.
5.1 Theoretical Results Evaluation

In Chapters 4 ~ 5, we developed a series of estimators for the AH model with random
sampling (RS) and two-phase variable probability sampling (VPS). We programmed these
estimators in our R package “ah”. In this section, we will use simulations to evaluate a
few important ones among these estimators. They include é*, é**, the regression coefficient
estimates without and with calibration, and A*(¢|z), A**(t|z), the individual cumulative
hazard estimates by a given time point without and with calibration. We will evaluate the
bias of these estimators and the accuracy of their model-based standard errors. These new

estimators have not been implemented in any computer software before.

5.1.1 Simulation Procedures

Our major simulation setting mimics a cohort in National Wilms Tumor Study (NWTS)

[D’angio et al., 1989, (Green et al., [1998]. This cohort consists of 3378 patients who are over
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1 year old and followed until relapse before 2 years. Removing patients less than 1 year old
is because the AH model may not fit the original cohort. The baseline variables include age,
tumor weight, tumor diameter, stage of disease, central histology and institutional histology.
The two types of histology are both classified as “favorable” vs. “unfavorable”. Based on
this dataset, we designed various simulation settings.

Let N denote the phase I sample size. In each simulation, we began with generating
N sets of covariates 7, Zs, Z3 and an auxiliary variable W. The distributions of 7, Zs, Z3
and W were determined by the distributions of central histology, tumor stage, age and
institutional histology in the NW'TS cohort. Z; and Z, were binary variables simulated from
Bernoulli distributions with p,, = P(Z; = 1) = 0.1 and p,, = P(Zy = 1) = 0.4. Z3 was a
continuous variable. log(Z3) followed a normal distribution N(1.2,0.6).

In the NWTS cohort, histology type was initially evaluated at a local institution and
then re-evaluated by experienced pathologists in a central laboratory. The central laboratory
histology evaluation is considered more accurate, but more difficult to obtain and expensive.
Thus, institutional histology can be considered as a surrogate of central laboratory histology.
We generated our auxiliary variable W based on the distribution of institutional histology
in the NWTS dataset. Because both institutional and central laboratory were measured for
participants in the NW'TS cohort, the sensitivity and specificity of institutional histology
with respect to central laboratory histology can be estimated. They were approximately
74% and 96% respectively. Hence we generated W using Bernoulli distributions according to
each subject’s Z; level. When Z; = 1, the Bernoulli success rate was set at P(W = 1|7, =
1) = 0.74. When Z; = 0, this rate became P(W =1|Z; =0) =1 —0.96 = 0.04.

Based on the covariates we simulated, next we generated the outcome variable (T, A).

We first simulated uncensored failure time 7" according to the AH model
Mt|Z = z) = Xo(t) + 0.16Z7 + 0.04Z5 + 0.009Z5 (5.1)

using different baseline hazard functions in different simulation settings. These coefficient

values were obtained by fitting an AH model to the NW'TS cohort using central laboratory
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histology, tumor stage and age as the covariates and time to relapse before 2 years as the
outcome. We then generated the censoring time C. We simulated C; ~ N(10,5). We let
Cy = max(Cy,0) and C' = min(Cy,2). With this simulation, the distribution of C' was the
same as the censored time in the NW'TS cohort. Finally, we obtained each subject’s outcome

(T, A) by letting T' = min(T,C) and A = 1(T < ).

Phase II subsamples were generated using case-control (CC) sampling. We stratified our
phase I samples to case (A = 1) and control (A = 0) groups, and then we generated the
phase II membership indicator R using Bernoulli distributions with P(R = 1|A =1) = 0.9
and P(R = 1|A = 0) = 0.15. As a result, for each simulation run, we generated a dataset
(T, A, Zy1, Zs, Z3,W, R) of size N based on the AH model (5.1)). When we treated the status
of Z; for subjects with R = 0 as unknown, then we obtained a desired two-phase sampling

dataset.

5.1.2 Designs of the Simulation Studies

In simulation setting A, we let A\o(¢f) = 0.018 and N = 5000. With this constant baseline
hazard function, the event rate was approximately 14%, which was similar to the relapse
rate of the NWTS cohort. We then let the phase I sample size N vary from 1250 to 20,000.
These settings were denoted as A-1250, A-2500, A-10000 and A-20000.

In simulation setting B, we let \o(t) = c%, ¢=0.005, N=5000, so that the baseline

10.5(3t)%5
14(3t)3-°

hazard varied across time. was the hazard function of the log-logistic distribution.
This unimodal hazard function mimicked the scenario when an event rate increases initially
and decreases later, for instance, the mortality rate of cancer patients after treatment or the
mortality rate of heart failure patients after heart transplantation. We set ¢ = 0.005 so that

the shape of the cumulative baseline hazard function and the overall failure rate in the phase

I sample of the simulation setting B were the same as the NWTS cohort.
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5.1.3  Results of the Simulation Studies
Evaluation of coefficient estimates

2000 datasets were generated for each simulation setting. Table presents results from
simulation setting A, Table from setting B and Table from settings A, A-1250, A-
2500, A-10000 and A-20000.

The part (a) of these tables evaluate our two-phase sampling estimating method with

standard weights. For each dataset under each of these settings, we first fit the AH model
)\(t|Z = Z) = )\()(t) + 0121 + 0222 + 9323

to the two-phase dataset (T,A,Z1R,Z5, Z3). We then obtained the two-phase sampling
estimators 6% = (éf,é;, ég) for the regression coefficients and their model-based standard
errors denoted as SE 6*. We calculated the following statistics based on the 2000 pairs of 6
and SE 6~ computed using our R package “ah”: the mean of é*, the bias of this mean, the
empirical standard error of §* (ESE), the average of SE §* (ASE), and the empirical coverage
probability of 95% confidence intervals (95% CI Cov) obtained based on * and SE 6*. We
reported these results together with the true € in part (a) of Tables ~

Part (b) of these tables evaluate our two-phase sampling estimating method with cal-
ibrated weights. Similar to part (a), for each dataset under each simulation setting, we
obtained the calibrated two-phase sampling estimators §** = (7*,03*, 03*) and their model-
based standard errors SE 6**. The calibration was based on the auxiliary variables W x A
and W x (1—A). Based on 2000 datasets, we reported the same set of statistics in part (b) as
in part (a). Note in practice when a surrogate W of Z; is available, we can conduct stratified
sampling and calibration using the surrogate W of Z; in order to improve the coefficient
estimate for Z; instead of calibration techniques.

In Table (setting A), on average 14.7 % of cohort members were observed experiencing
events, and on average 662 cases and 640 controls were selected to phase II. In Table

(setting B), on average 14.3 % of cohort members were observed experiencing events, and
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on average 644 cases and 643 controls were selected to phase II.

Results in Tables and show both 6* and 6** have small biases, the ASE of them
are similar to the corresponding ESE, and 95% CI Cov are close to 95%. Comparing Table
to Table we find our estimating methods perform equally well with or without a
constant baseline hazard.

In Table|5.3, we report Mean, ASE/ESE and 95% CI Cov for é{ and éf* under settings A,
A-1250, A-2500, A-10000 and A-20000. The ratios of ASE and ESE are always close to 1 and
the 95% CI Cov are close to 95% across different sample sizes. As N increases, the biases of
éf and é{* become smaller, and the bias of é{* is consistently smaller than 9}‘ Tables 0.3
together confirm that our two-phase sampling estimating methods for regression coefficients

perform well with or without calibration.



Table 5.1: Simulation results of 6* and §** under simulation setting A

(a) Before calibration

True # Mean 6* Bias §* ESE 6* ASE 6* 95% CI Cov
f, | 0.16000 0.16217 0.00217 0.03187 0.03110 95.0%
05 | 0.04000 0.04027 0.00027 0.00976 0.00998 95.9%
03 | 0.00900 0.00929 0.00029 0.00260 0.00249 93.8%

(b) After calibrtion

True § Mean 6" Bias §** ESE §* ASE 0* 95% CI Cov
6, | 0.16000 0.16133  0.00133 0.02645 0.02638 95.5%
0y | 0.04000 0.04028  0.00028 0.00975 0.00997 95.7%
A5 | 0.00900 0.00929  0.00029 0.00260 0.00249 93.7%

Simulation setting A:Ag(t) = 0.018, N = 5000; ESE: empirical standard error; ASE: average standard error;

95% CI Cov:empirical coverage probability of 95% confidence intervals; 0*: regular two-phase sampling coefficient

estimates; 6%*:

calibrated two-phase sampling coefficient estimates.

116
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Table 5.2: Simulation results of 6* and §** under simulation setting B

(a) Before calibration

True 6 Mean 6* Bias §* ESE 6* ASE §* 95% CI Cov
f, | 0.16000 0.16456 0.00456 0.03172 0.03121 95.5%
05 | 0.04000 0.04033 0.00033 0.00994 0.00985 95.0%
03 | 0.00900 0.00938 0.00038 0.00249 0.00247 94.7%

(b) After calibrtion

True § Mean §** Bias §** ESE 6** ASE 6 95% CI Cov
f, | 0.16000 0.16316  0.00316 0.02662 0.02640 95.1%
A5 | 0.04000 0.04032  0.00032 0.00993 0.00983 95.3%
63 | 0.00900 0.00937  0.00037 0.00249 0.00247 95.0%

2.5
Simulation setting B:Ag(t) = 0.0525M, N = 5000. See notation definition in Tablc

14(3t)3-5

Table 5.3: Simulation results of é? and é}‘* using standard and calibrated weights under

simulation settings A-1250, A, A-10000 and A-20000

Phase I sample size (N) 1250 2500 5000 10000 20000
Bias éi‘ 0.01252 0.00739 0.00217 0.00156 0.00134
Bias éf* 0.00853 0.00495 0.00133 0.00104 0.00092
ASE/ESE éf 0.903 0.994 0.976 0.984 0.988
ASE/ESE QAT* 0.899 0.993 0.997 0.995 0.991
95% CI Cov using standard weights | 94.1%  95.7%  95.0% 94.6 %  94.6%
95% CI Cov using calibrated weights | 93.8%  954%  95.5% 946 %  94.4%

Simulation setting A: A\g(t) = 0.018. See notation definition in Table
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FEvaluation of individual cumulative hazard function prediction

We used simulation settings A and B to evaluate our cumulative hazard function prediction
for an individual based on the AH model. This will be useful when clinical practitioners
obtain each individual’s risk factors and are interested in using them for risk prediction.
Suppose an individual’s covariates z = (21, 22, z3) = (1,1,3.3). We are interested in predict-
ing this individual’s cumulative hazards A(t|Z = z) by time ¢ = 0.5,1,1.5. For the NWTS
cohort, this individual corresponds to a cohort member of unfavorable central histology, tu-
mor stage III/IV and an age of 3.3 years old, and the obtained prediction values correspond

to this individual’s cumulative risk estimates by the time 0.5, 1 and 1.5 years.

We generated 2000 datasets under simulation settings A and B respectively and reported
the simulation results in Tables and Based on (5.2)), we calculated the true A(t|z)
under setting A by A(t|z) = 0.018¢ + (0.16z; + 0.0425 + 0.009z3)¢ and under setting B by
A(t|z) = 0.005l0g{1 + (3t)>°} + (0.16z; + 0.0425 + 0.009z3)¢. In part (a) of Tables and
m, we observe the Bias A*(t!z) by different time points are all small and positive, the ASE
A**(t|z) are close to and consistently smaller than ESE A*(¢|z), and as time increases, the
95% CI Cov get closer to 95%. In part (b) of the two tables, the Bias A**(t|z) are also small
and positive, the ASE A*(t|z) are close to and consistently larger than ESE A**(¢|2), and the
95% CI Cov are close to 96%. These results suggest our prediction methods with or without
calibration both perform well. However, the small inflation of SE A**(t|z) requires further

investigation.

Table [5.6| reports simulation results under settings A, A-1250, A-2500, A-10000 and A-
20000. We are interested in evaluating our estimators A*(t = 1|z) and A**(t = 1|z) when the
sample size N varies. We observe the biases of both estimators get smaller as N increases.
The calibrated two-phase sampling estimators consistently have lower biases than estimators
using standard weights. We also observe the ratio of ASE/ESE remains around 1 as N varies.
The empirical 95% CI Cov are all close to 95%. The 95% CI Cov based on our estimation

using calibration fluctuate between 95% and 96%. The results in this table further convince
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us our prediction on individual specific cumulative hazard function based on the AH model

is valid with or without calibration.

Table 5.4: Simulation results of A*(¢|z) and A**(¢|z) under simulation setting A

(a) Before calibration

True A(t|z) Mean A(t]z)* Bias A(t|z)* ESE A(t|z)* ASE A(t|z)* 95% CI Cov
t=0.5 0.11440 0.11549 0.00109 0.01668 0.01557 94.1%
t=1 0.22880 0.23095 0.00215 0.03319 0.03123 94.2%
t=1.5 0.34320 0.34631 0.00311 0.04969 0.04703 94.5%

(b) After calibration

True A(t]z) Mean A(t]z)™ Bias A(t]2)* ESE A(t]z)™ ASE A(t]2)*™ 95% CI Cov
t=0.5 0.11440 0.11507 0.00067 0.01399 0.01401 95.4%
t=1 0.22880 0.23012 0.00132 0.02773 0.02810 96.0%
t= 1.5 0.34320 0.34506 0.00186 0.04140 0.04236 96.2%

Simulation setting A: Ag(t) = 0.018, N = 5000. See notation definition in Table
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Table 5.5: Simulation results of A*(¢|z) and A**(¢|z) under simulation setting B

(a) Before calibration

True A(t|z) Mean A*(t|z) Bias A*(t|z) ESE A*(t|z) ASE A*(t|z) 95% CI Cov
t=0.5 0.11358 0.11575 0.00217 0.01647 0.01561 93.8%
t=1 0.23013 0.23437 0.00424 0.03283 0.03133 94.6%
t=1.5 0.34255 0.34902 0.00647 0.04918 0.04717 94.8%

(b) After calibration

True A(t|z) Mean A**(t|z) Bias A**(¢|z) ESE A*™(t|z) ASE A*(t|z) 95% CI Cov
t=0.5 0.11358 0.11506 0.00148 0.01393 0.01400 95.9%
t=1 0.23013 0.23299 0.00285 0.02763 0.02816 95.9%
t=1.5 | 0.34255 0.34693 0.00438 0.04139 0.04239 96.2%

2.5
Simulation setting B:\g(t) = 040525113(2%, N = 5000. See notation definition in Table

Table 5.6: Simulation results of A*(t = 1|z) and A*(¢t = 1|z) using standard and cali-
brated weights under simulation settings A-1250, A, A-10000 and A-20000

Phase I sample size (N) 1250 2500 5000 10000 20000
Bias A*(t =1]z) 0.01271 0.00683 0.00215 0.00158 0.00140
Bias A** (t]2) 0.00877 0.00440 0.00132 0.00106 0.00098
ASE/ESE A*(t = 1]2) 0.890  0.967  0.941 0959  0.972
ASE/ESE A= (t = 1]2) 0939 1023 1.013 1.015  1.021
95% CI Cov using standard weights | 93.9%  95.0%  94.1% 938 %  94.9%
95% CI Cov using calibrated weights | 94.2%  95.6%  96.0% 951 %  96.1%

Simulation setting A: X\g(t) = 0.018, N = 5000. See notation definition in Table
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Evaluation of variance decomposition

We conducted simulations to verify our conclusion in that the variance of a two-phase
sampling estimator is composed of two components: Var(9*) = Varl(6*) + VarII(6*).
Varl (é*) is the variance we would obtain if we had complete information for all phase
I samples and Varll (é*) is the additional variance resulted from the fact that we only
have complete information for phase II subsamples. The calculation of both variances was
programmed in our package.

In the simulation study, 2000 datasets were generated under setting B. For each dataset,
we fit the AH model to the complete phase I sample and obtained RS estimator éN, and
then we fit the AH model to the two-phase sampling data and obtained é*, Var(é*),

~ ~

VarlI(6*), and y/VarII(6*). Based on these 2000 replicates, we calculated the average
of \/VarI(6) (ASE 1), the average of \/VarII(6*) (ASE II), the empirical standard error
(ESE) of 0y and the ESE of (§* — ). If the first component of Var(6*) is the variance
we would obtain from a complete phase I cohort, we expect ASE I (§*) = ESE (Ay) and
different choices of phase II sampling probabilities will not affect the value of ASE I (é*)
Thus we added an additional simulation setting B’, under which the phase I sample was still
generated according to setting B, but the phase II sampling probabilities change to 0.6 for
cases and 0.074 for controls. We present our simulation results in Table [5.7]

In Table , for both settings B and B’, we observe ASE I (6*) ~ ESE (Ay). In addition,
comparing Table (b) to (a) we find although the selection rules to Phase II differ in the
two settings, their ASE I (6*) are similar. These results show that VarI(6*) is the variance
we would obtain from a complete phase I sample and it does not depend on how phase
IT subsamples are selected. In Table [5.7, we also observe ASE II (6*) ~ ESE (6* — ),
which implies that Varll (é*) is resulted from the extra variability introduced during phase
II subsampling. Finally, we compare the squared ESE (é*) to the sum of squared ESE (éN)
and squared ESE (6* — 0 ). The last column of Table 5.6/shows ESE?(6*) ~ ESE 6%, + ESE

(8 — )2 This simulation result verifies our theoretical conclusion in (2.14).
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Table 5.7: Simulation results for studying decomposition of variance

(a) Setting B: ficgse & Mcontrol = 645

ESEdy ASEI4" ESE (6" —6y) ASEIIG* ESEd \/ESEy + ESE*(0* — by)

6, | 0.01717  0.01771 0.02606 0.02559  0.03158 0.03121
0y | 0.00641  0.00656 0.00759 0.00733  0.00992 0.00993
65 | 0.00152  0.00154 0.00195 0.00191  0.00247 0.00247

(b) Setting B Necase = Necontrol = 430

ESEdy ASEI4* ESE (6" —6y) ASEIIG* ESEd \/ESEy + ESE*(0* — by)

6, | 0.01717 0.01784 0.03497 0.03402  0.03925 0.3896
6, | 0.00641  0.00658 0.01043 0.01011  0.01226 0.01224
fs | 0.00152  0.00155 0.00269 0.00257  0.00307 0.00309
N = 5000; éNi estimators from a random sample of N subjects; o*: two-phase sampling estimators using standard weights; ESE: empirical standard

errors; ASE I: average of \/VarI(6*); ASE II: average of \/VarII(6*).
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5.2 Efficiency is Improved

In this section we will use simulations to show how two-phase sampling designs and cali-
bration improve the efficiency of estimating association parameters. We first study effects
of different two-phase sampling designs on estimation efficiency. This investigation includes
how the correlation between the surrogate W and the covariate Z; will influence estimation
efficiency when W is used for stratified sampling. Then we will examine how efficiency gains
depend on the choice of calibration variables. Finally, we investigate whether efficiency gains
due to calibration becomes larger when the covariates in a model are correlated with each

other.

5.2.1 Definition of Efficiency

A reasonable definition of the efficiency gain could be the relative efficiency of a two-phase
finite sampling estimator to a random sampling estimator of the same sample size. Since the
expensive variable is only measured for phase II subsamples in a two-phase design, the same
sample size refers to an equivalence between the size of a random sample and the phase II
sample size in a two-phase design so that the two sampling designs have the same costs on the
expensive variables. However, in variable probability sampling (VPS), or so called Bernoulli
sampling, we do not fix the size of phase Il samples as finite sampling does. Instead, we fix
the sampling fraction mo(V') = P(R = 1|V) for each individual depending on the values of
their variable V. Thus to have a fair comparison, we first set up a new two-phase design
called design I that mimics the random sampling by selecting phase II subsample using a
constant sampling fraction 7. for each individual. Then we define the efficiency gain of a two-
phase VPS design by the relative efficiency of estimators obtained from the two-phase VPS
design compared to design I, subject to the constraint that the average sampling fraction
used for the two-phase VPS equals 7. : E[m(V)] = 7.

In view of , for a two-phase VPS estimator of regression model a coefficient, the

efficiency gain (eff) is defined as the corresponding diagonal term of
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®2
AT'BAT +Q {%A_l [fOT {Z - PYZZ} dM (t )} A‘ll divided by the corresponding di-

agonal term of A”'BA™! + Q [1 ~ V)A ! [fo {Z — PY }dM( )] . A‘I] :
In view of (4.9 @ ), for a calibrated two-phase VPS estlmator, eff is defined as the correspond-
ing diagonal term of A~!BA~14+-Q [ |:f90 2T A Z) — Q{ foo 0o (T, A, Z)VT}(QVVT)*\N/} @1
divided by the corresponding diagonal term of
ATBAT 4+ Q {1 T [feo 2o(T, A, Z) = Qf fan 0o (T, A, Z)VT}<@WT>—1V] ﬂ where

wo (V)

fooro(T, N, Z) = A1 /OT {Z - PPY;Z)Z} dM(t).

5.2.2  The Simulation Procedure for Phase I Samples

In section [5.1.2 we described our simulation procedure for setting B. The simulation pro-
cedure for phase I samples in this section followed the same procedure as setting B with a
few modifications. First we reduced coefficient values including A\g(¢) in the AH model from

setting B by 80%:

Ao(t) = 0. OOlcllofgg)a =, so that the failure rate was lowered from 14% to approximately 3%.
We did not use the event rate of 14% in the NWTS because in practice it is more likely that
a two-phase design is adopted for studying rare diseases. Second we increased the phase I
sample size N to 10,000 since the event rates were lowered. Third we modified our approach

to generate Z; and Z3 in order to introduce different degrees of correlation between them.

We simulated (Z7, Z3) from a bivariate normal distribution of size N = 10,000 with mean

0.36 0.36p
(1.2,1.2) and covariance matrix . Zy = 1 if Z] was greater than the 90%

0.36p 0.36
quantile of Z] and 0 otherwise; Z3 = exp(Z}). By this means, although Z; and Z3 were

correlated, their marginal distributions remained the same as setting B. Fourth we modified
the sensitivity and specificity of W with respective to Z; to generate new surrogates of Z

with different degrees of correlation.
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5.2.83  The Simulation Procedure for Phase II Subsamples

In order to study the efficiency gain by different study designs, we selected phase II sub-
samples with different sampling schemes. These included one random sampling (RS), one
case-control (CC) sampling and three stratified case-control (SCC) sampling. RS used a
constant phase II sampling probability =, for every phase I member. With CC sampling, the
probability depended on outcomes only: my(V) = m(A). In SCC sampling, the probability
depended on both outcomes A and the surrogate W: (V) = mo(A, W).

The phase II selection probabilities were designed to satisfy several constraints so that
different study designs were comparable to each other. The first constraint for the five
sampling designs was E[mo(V')] = m.. Secondly, to ensure the efficiency gain of SCC versus
CC sampling design was due to the stratification on auxiliary variables as opposed to other
elements, we required the binary outcome A to be balanced among the phase IT subsamples.
Hence the potential efficiency gain would not be due to the difference in the distribution
of cases and controls among phase II. Likewise we required W to be balanced among the
controls selected to phase II for all three SCC designs.

Let po = P(A =1), poo = P(A =0,W =0) and py; = P(A =0,W = 1). To meet our

constraints, for RS we set

Te = 2DA, (5.3)

as a result,

P(A=1R=1)=05.

For CC sampling, we set

mo(A) = (5.4)



so that

and

P(R=1|A=1)P(A =1)

P(A=1[R=1) "PR=1A=1)P(A=1)+P(R=1A=0)P(A=0)
B pa ¥ 1
" pax1+(1—pa)*pa/(1—pa)

=0.5

E[mo(V)] =P(R = 1|A = )P(A = 1) + P(R = 1|]A = 0)P(A = 0)
=pa +pa/(1 —pa) * (1 —pa)

=2pa = ..

For SCC sampling, we set

126

1 A=1
T(AW)=q &2 A= W=1, (5.5)
0a A =0,W =0
Po1 ’
so that
P(A=1R=1)
B P(R=1A=1)P(A=1)
" P(R=1,A=1)+PR=1,A=0,W=0+PR=1,A=0W=1)
. pA*l
pa * 1+ poo * Oi(f;A 4‘]901>l<—0'p5§’1A
=0.5,
P(W =1R=1,A=0)
B P(R=1A=0,W=1)P(A=0,W =1)
CPR=1A=0,W=1)PA=0,W=1)+PR=1A=0,W =0)P(A=0,W =0)

0.5pa
P00

* Poo

~ 0.5pa
P00

=0.5,

0.5pA
po1

* Poo + * Po1
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and

Elm(V) =P(R=1A=1)P(A=1)+ P(R=1/A=0,W = )P(A =0, W = 1)
+P(R=1|A=0,W =0)P(A =0, =0)

0.5pA O.SpA
=pa + * Poo + * Po1
Poo Po1
=2pA = T,.

Because the given sampling probabilities mo(V) in (5.3), (5.4)) and (5.5 depend on the joint
distribution of (A, W), pa, poo and po; need to be estimated prior to the calculation of

(V). In our simulation procedure, we first simulated a single phase I dataset with N =
100,000 to estimate pa, poo and po;. With these estimates, we computed the phase II
selection probabilities according to (5.3)), (5.4]) or (5.5)). Lastly, we used the obtained sampling

probabilities to select the phase II subsamples from the simulated phase I samples.

5.2.4 Design of the Simulation Study

According to our study aims, three factors were varied in our simulation studies. The first
one is the sampling design at phase II where setting I used RS, setting II used CC sampling
and setting I1I-V used SCC sampling. The second factor is the accuracy of our surrogate
W. The sensitivity and specificity of W in setting III, IV and V were (0.74,0.74), (0.74,0.96)
and (0.96,0.96) respectively. The third factor is the correlation between Z; and Z3. The
correlation p between the latent variable (Z7, Z3) of (Z1, Z3) equaled 0 in setting C and 0.3
in setting D. Overall 10 simulation scenarios were designed ([5.8). Based on (5.3)), and
, the phase Il sampling probabilities for various settings were computed in Table .
2000 dataset were generated for each of the 10 simulation settings. For settings C-I and
D-I (Table , we used standard random sampling estimating method. For the other eight
settings (Settings II-V) in Table , we used four different two-phase analyzing methods.
Method 1 applied our two-phase sampling method using the standard weights; Methods 2-4

used calibrated weights with different choices of auxiliary variables.



Table 5.8: Simulation scenarios

Settings | Correlation between Covariates Surrogate W Sampling Designs
C-1 None not available RS
C-1I None not available CC
C-I11 None poor SCC
C-1v None average SCC
C-V None good SCC
D-I low not available RS
D-II low not available cC
D-III low poor SCC
D-1V low average SCC
D-V low good SCC
Table 5.9: Phase II sampling probabilities
Formula Values
| Te 0.062
I1 mo(A) mo(1) = 1,m(0) = 0.032
I | mo(A, W) mo(1,1) = me(1,0) = 1,m(0, 1) = 0.052, m(0,0) = 0.023
IV | m(A, W) me(1,1) =7(1,0) = 1,m(0,1) = 0.15,m(0,0) = 0.018
V| mo(A, W) mo(1,1) = me(1,0) = 1, m0(0,1) = 0.13,7(0,0) = 0.018
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In Method 2, we calibrated to the stratum frequencies. The auxiliary variables were

(1 — A) for the CC design and {(1 — A)W, (1 — A)(1 — W)} for the SCC designs, so that

the estimated stratum sizes based on phase II subsamples agreed with the stratum sizes at

phase I. Since in our simulation studies, all the cases were selected to phase II according to



129

, and , calibration to the total of case frequencies was unnecessary. Although
we used Bernoulli sampling to select phase II samples, through this calibration we would
acquire estimators that were as if obtained from finite sampling. Since finite sampling is
slightly more efficient than Bernoulli sampling (see the discussion in 2.1), we expect efficiency
improvement from Method 2 compared to Method 1.

In Method 3, in addition to calibrating to stratum frequencies, we included the interaction
terms {ZoA, Zo(1 — A), Z3A, Z3(1 — A)}. Zs, Zs and A were fully observed at phase
[. According to Chapter 8.5 [Lumley, 2011], calibration to the total of the outcomes, the
covariates or their correlates will not be very helpful for improving the precision of the slope
estimates in a regression model. The more effective auxiliary variables are the correlates of
the scores for the regression model. This conclusion is also revealed in our formula (4.6)).
Thus we included the interaction terms between auxiliary variables and outcomes since they
were simple and straightforward to obtain and correlated with the scores.

In Method 4, we first fit the AH model to the phase I data using (W, Z,, Z3) as our
covariates and obtained the integrated martingale residuals for Z,, Z3:

where dM(t) = dN(t) — A(t) — Z76. Note here Z = (W, Zy, Z3). 0 and A are the parameter
estimates in the fitted AH model. ¢y, and vz, can be obtained in the R ahaz program
|Gorst-Rasmussen and Scheikel 2012]. Next we used 1z, and 1z, as our auxiliary variables
and fit the AH model to the two-phase sampling data with calibration. Note if W = Zj,
then 1z, and ¢z, are the estimating functions in Lin and Ying| [1994] and called pseudoscore
in Kulich| |[1997] since they are the modified score functions for regression parameters in
the AH model. Thus we expect efficiency improvement from the use of these auxiliary
variables, especially when W is highly correlated with Z;. [Breslow et al.| [2009b] proposed
another calibration method, which can be adopted for improving the AH model with two-
phase sampling as well. They first used the phase II data to develop a prediction function

for the partially missing variables from the variables available for every cohort member,
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Table 5.10: Two-phase sampling analysis methods

Methods Calibration variables Settings applied to
1 None IL, 111, IV, V

2 (1—-A) I1

2 (I-A)W,(1-A)(1-W) I, 1V, v

3 (1 =A),Z2A, Zo(1 — A), Z3A, Z3(1 — A) I1

3 (1-=A)W, (1=A)1-=W), ZA, Zy(1 — A), Z3A, Z3(1 — A) I, 1V, V

4 (1=A)W, (1—=A)1=W), ¥z, ¥z, L, IV, V

and then imputed the partially missing variables in the phase I based on the prediction
function and the phase I information. In the last step, they fit the model to the whole
cohort using the imputed variables as the replacement of partially missing variables and
obtained the estimated influence function for each cohort subject as the auxiliary variables.
We did not take this approach because in our simulation studies, we did not have much
additional information other than W at phase I to impute Z;. Fitting a prediction function
is unnecessary in our case and may introduce extra variation.

We summarize our two-phase sampling analysis methods in Table[5.10, To evaluate these
methods, we calculated the Mean, Bias, ESE, ASE, 95% C.I. Cov and the efficiency gain
(eff). Table ~ summarize our simulation results for setting C and Table for
setting D.
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5.2.5  Results of the Simulation Study

The average phase II subsample size of the simulated 2000 datasets for each of the 10 simu-
lation settings in Table [5.8 ranged from 620 to 624. Thus results of these simulation studies
are comparable to each other since the costs of the measurement of the expensive variable

would be approximately the same.

Bias

We used setting C to study the bias of our estimation methods. Table presents RS
estimation results while Table ~ provides two-phase sampling estimation results.
Comparing Table ~ to Table[5.11} we find the biases of estimators increase but the
ESE and ASE of estimators dramatically decrease. As a result, the efficiency gain from two-
phase designs ranges from 3.55 to 16.16 depending on the covariates, the sampling designs,
the quality of the surrogates, and the calibration methods. There is a bias-variance trade-off
when implementing the two-phase sampling.

Although biases were introduced for the efficiency gain by two-phase sampling, these
biases are not large. Furthermore, the stratified sampling and calibration methods, both
using additional information in auxiliary variables for further improvement of estimators,
reduced these biases. In Table [5.12] the bias of the 6; estimate decreases from 0.00184 to
0.00126 when stratified sampling was conducted based on W, a surrogate of Z;. The bias is
further reduced from 0.00126 to 0.00071, and to 0.00010 when the sensitivity and specificity
of W increase from (0.74,0.74) to (0.74, 0.96), and to (0.96, 0.96). From this observation we
conclude stratification on the correlate of a covariate will reduce the bias of the coefficient
estimate for this covariate and the reduction of this bias is substantial when their correlation
is high. When comparing the biases of #; and 63 estimates across Table ~ for
each simulating setting respectively, we find calibration is able to reduce the bias as well. In
general, the biases for 6 and 3 analyzed by Method 4 < Method 3 < Method 2 < Method
1.
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Variance Estimation

We first examine the results under setting C, in which covariates are independent of each
other. With random sampling (Table [5.11]), 95% CI Cov for 6, and 6 are 91.5% and 94.4%
respectively. The ASE of 0, is closer to the ESE of 6, than the ASE of 6, to the ESE of 6;.
This difference may be due to the difference of the distributions of binary variables Z; and Z3
since P(Z; = 1) = 0.1 and P(Zy = 1) = 0.4 in the phase I cohort. With two-phase samplings
(Table ~ ), the 95% CI Cov for 6; are in general close to 95% even though Z; is not
as balanced as Z in the phase I cohort. This improvement of the coverage probabilities is
possibly due to the oversampling of more informative subjects by two-phase designs and the
stratified sampling based on the correlate of Z;. With random sampling, the 95% CI Cov
for 05 is only 89.7% and the ASE of 65 is about 10% smaller than the ESE of 6. Note Z is
a continuous variable. With two-phase sampling, the coverage probabilities for #3 are all in
between 93% and 94% except the results in Table [5.15] in which the coverage probabilities
are all around 95%. These results show that when the sample size is approximately 620,
the estimation of variances may have not been stabilized for the coefficients of continuous
variable. However, two-phase sampling performs better than random sampling at this sample
size in term of variance estimation, especially when Method 4 is used for calibration.
Results in setting D (Table follow the same pattern as setting C except that both
Methods 3 and 4 improved the variance estimation for #5 estimate. It worth noting in the
presence of correlation between covariates under setting D, Method 3 performs better than
under setting C when comparing Table to Table [5.14] The coverage probabilities for

parameters in all of the five sampling designs are close to 95% in the column of Method 3 in

Table (.16

Efficiency

In the following, we investigate how sampling designs, the quality of surrogates, the choice of

auxiliary variables and the correlation between covariates will influence the efficiency gain of
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our estimation. The efficiency gains (eff) in Table ~ are calculated based on ESE.
The efficiency gains from various two-phase designs range from 3.55 in setting C-II of Table
to 16.16 in setting C-V of Table [5.15] These large values of eff are a strong evidence
of the ability of two-phase sampling to improve estimation efficiency compared to random
sampling.

In Table [5.12] the last column shows eff in C-II (3.55) < C-III(5.06) < C-IV (6.05) <
C-V(9.19) for ;. This comparison result suggests when a surrogate of a covariate is used
for stratified sampling, SCC sampling is more efficient than CC sampling for estimating the
coefficient of this covariate. As the correlation of this surrogate with the covariate increases,
the efficiency gain becomes larger. In the same table, we also observe that SCC sampling
based on W will not improve the estimation efficiency for 6, and 03, which can be explained
by the independence between W and covariates Z, and Z3. The above three patterns appear
in Table [5.13] ~ [5.15] as well.

We then study how the choice of calibration variables affect our estimation efficiency.
We begin with setting C. As expected, calibration to stratum frequencies, which recovers
the efficiency loss in Bernoulli sampling compared to finite sampling, slightly improves the
estimation efficiency for every parameter regardless of sampling designs (Table vs. Table
. Especially when a very good surrogate is available such as in setting C-V, calibration
to stratum frequencies alone is able to increase eff from 9.19 to 12.29 for 6;. Calibration on
the interaction terms between Zs, Z3 and outcomes (Table increases the eff for 85 and
63 but not #,. Taking setting C-IV as an example, the eff for 0, increases from 5.83 in Table
to 11.85 in Table |5.14] and the eff for 05 increases from 3.79 to 9.4, while the eff for 6,
does not increase. The efficiency gain by calibrating on the integrated martingale residuals
is even more prominent. Eff reaches 12.21 for 6, and 14.56 for €5 in setting C-IV as shown
in Table £.15

Finally, we investigate the effect of correlation between covariates on efficiency gains.
According to the design of our simulation studies, p, the correlation between the latent

variables (Z1, Z4) of (Zs, Z3) was set at 0.3 in setting D, which lead to a correlation of about
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0.17 between Z; and Zs. This value mimics real scenarios. For example, in the NW'TS
cohort, the correlation between the cancer stage and age is about 0.16. From Table [5.16
we find our conclusions about the effects of various factors on efficiency gains for setting C'
remain the same for setting D.

Comparing results of Method 3 and Method 4 to Method 2 in Table [5.16, we do not
observe an increase in eff for ¢, in general when we calibrate on factors involving Z,, Z3. The
only exception is setting D-V when the sensitivity and specificity of a surrogate are high.
The eff for ; increases from 12.43 to 12.59 comparing Method 3 to Method 2 in this table.
On the other hand, for setting C-V, the eff for 8, is 12.29 by Method 2 in Table [5.13] and
12.25 by Method 3 in Table When the correlation between Z; and Zs increases to 0.47
in simulations, this increase in eff by Method 3 is more evident. The eff for ; is 10. 29 in
Method 2 and 11.04 in Method 3 (results not shown). We do not observe the efficiency gain
by Method 4 for 6, and by Method 3 for other simulation settings other than settings C-V
and -V.

Table 5.11: Simulation results from a random sampling design

Setting Coef. | True Mean Bias ESE ASE  95% CI Cov eff
01 0.03200 0.03222 0.00022 0.02058 0.02012 91.5% 1
C-1 0o 0.00800 0.00822 0.00022 0.00816 0.00807 94.4% 1
05 0.00180 0.00185 0.00005 0.00187 0.00176 89.7% 1

2.5
Simulation setting C: Xg(¢) = 0.001 110+5((3it))35 , N = 10,000. See descriptions of settings I-V in Table

ESE: empirical standard errors. ASE: average standard errors. eff: efficiency gain, which is defined in section
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Table 5.12: Simulation results from two-phase sampling designs analyzed without calibration

(Method 1)

Settings Coef. | True Mean Bias ESE ASE  95% CI Cov  eff
01 0.03200 0.03384 0.00184 0.01093 0.01019 94.8% 3.55
C-11 0 0.00800 0.00812 0.00012 0.00324 0.00321 95.1% 6.34
05 0.00180 0.00193 0.00013 0.00089 0.00081 93.3% 441
01 0.03200 0.03326 0.00126 0.00915 0.00925 95.4% 5.06
C-II1 ) 0.00800 0.00815 0.00015 0.00321 0.00322 95.8% 6.46
05 0.00180 0.00194 0.00014 0.00088 0.00082 94.2% 4.52
01 0.03200 0.03271 0.00071 0.00837 0.00815 94.6% 6.05
C-1IV 0, 0.00800 0.00826 0.00026 0.00347 0.00342 95.3% 5.53
05 0.00180 0.00202 0.00022 0.00098 0.00090 93.5% 3.64
01 0.03200 0.03210 0.00010 0.00679 0.00683 94.9% 9.19
C-V ) 0.00800 0.00824 0.00024 0.00326 0.00328 95.8% 6.27
05 0.00180 0.00200 0.00020 0.00096 0.00087 92.8% 3.79

See the explanations of notations and settings in Table
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Table 5.13: Simulation results from two-phase sampling designs analyzed with calibration

on stratum frequencies (Method 2)

Settings Coef. | True Mean Bias ESE ASE  95% CI Cov  eff

01 0.03200 0.03374 0.00174 0.01065 0.00998 95.0% 3.73
C-1I ) 0.00800 0.00810 0.00010 0.00318 0.00316 94.7% 6.58
05 0.00180 0.00192 0.00012 0.00088 0.00080 93.1% 4.52

01 0.03200 0.03315 0.00115 0.00874 0.00887 95.5% 5.54
C-I11 0, 0.00800 0.00812 0.00012 0.00314 0.00316 95.6% 6.75
05 0.00180 0.00194 0.00014 0.00087 0.00081 94.1% 4.62

01 0.03200 0.03275 0.00075 0.00803 0.00772 93.8% 6.57
C-1V ) 0.00800 0.00820 0.00020 0.00338 0.00334 95.5% 5.83
05 0.00180 0.00201 0.00021 0.00096 0.00088 92.9% 3.79

01 0.03200 0.03206 0.00006 0.00587 0.00595 95.3% 12.29
C-V 0, 0.00800 0.00819 0.00019 0.00318 0.00320 95.6% 6.58
05 0.00180 0.00199 0.00019 0.00094 0.00086 92.8% 3.96

See the explanations of notations and settings in Table
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Table 5.14: Simulation results from two-phase sampling designs analyzed with calibration

on stratum frequencies and interactions between outcomes and covariates (Method 3)

Settings Coef. | True Mean Bias ESE ASE  95% CI Cov  eff

01 0.03200 0.03376 0.00176 0.01067 0.00997 95.0% 3.72
C-1I ) 0.00800 0.00813 0.00013 0.00244 0.00241 94.7% 11.18
05 0.00180 0.00187 0.00007 0.00063 0.00058 93.5% 8.81

01 0.03200 0.03320 0.00120 0.00878 0.00887 95.5% 5.49
C-I11 0, 0.00800 0.00811 0.00011 0.00236 0.00237 95.2% 11.96
05 0.00180 0.00187 0.00007 0.00061 0.00059 93.8% 8.54

01 0.03200 0.03287 0.00087 0.00806 0.00772 93.5% 6.51
C-1V ) 0.00800 0.00813 0.00013 0.00237 0.00236 95.1% 11.85
05 0.00180 0.00190 0.00010 0.00064 0.00061 93.9% 9.40

01 0.03200 0.03221 0.00021 0.00588 0.00597 95.5% 12.25
C-V 0, 0.00800 0.00813 0.00013 0.00226 0.00229 95.1% 13.04
05 0.00180 0.00189 0.00009 0.00063 0.00060 93.6% 8.81

See the explanations of notations and settings in Table
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Table 5.15: Simulation results from two-phase sampling designs analyzed with calibration

on stratum frequencies and integrated martingale residuals (Method 4)

Settings Coef. | True Mean Bias ESE ASE  95% CI Cov  eff

01 0.03200 0.03327 0.00127 0.00875 0.00890 95.7% 5.53
C-I11 0 0.00800 0.00809 0.00009 0.00223 0.00226 95.4% 13.39
05 0.00180 0.00180 0.00000 0.00051 0.00053 95.0% 13.44

01 0.03200 0.03304 0.00104 0.00807 0.00778 93.9% 6.50
C-1V ) 0.00800 0.00806 0.00006 0.00216 0.00219 95.5% 12.21
05 0.00180 0.00180 0.00000 0.00049 0.00054 95.1% 14.56

01 0.03200 0.03234 0.00034 0.00589 0.00599 95.5% 12.21
C-V 0o 0.00800 0.00807 0.00007 0.00203 0.00209 96.0% 16.16
05 0.00180 0.00180 -0.00000 0.00048 0.00052 95.0% 15.18

See the explanations of notations and settings in Table
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5.3 Estimation Under Model Misspecification

In our method development for the AH model, we also considered estimation under model
misspecification. Hence in the last section of our numeric studies, we will briefly examine

the performance of our robust standard errors under model misspecification.

5.3.1 Design of simulation studies

In the following simulation studies, we evaluate the performance of our estimating method
using robust standard errors by fitting the AH model to a data simulated based on the Cox
proportional hazards model.

In simulation setting E, we modified the AH model in setting B to the following

Cox model while keeping other factors unchanged:

A(t]z) = No(t) exp(1.321 + 0.525 + 0.323).

Thus, the baseline hazard is still the same as setting B: Ao(¢) = 0.005 11045123151;)325 and N = 5000.
The coefficients in this Cox model were determined by fitting a Cox model to the original
NWTS cohort. In simulation setting F, we also used the same Cox model but reduced the
baseline hazard function in setting E by 80% in order to simulate a rare disease scenario.
For both settings E and F, 2000 datasets were generated following the simulation procedure
described in section B.1.1)

For both simulation settings, we first fit the AH model to the phase I random sample
using 71, Zo and Z3 as our covariates. We computed the mean of random sampling estimators
across 2000 datasets. Since the mean of these random sampling estimators was computed
based on N subjects, we denote this estimator by Ox. Next, we fit the same AH model to
the two-phase sampling dataset and calculated the mean, ESE, ASE of 6% as well as the
average robust standard error of * (ARSE) across 2000 datasets. We presented these results

in Table for simulation setting E and in Table for simulation setting F.
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5.3.2  Results of the simulation study

When the model is misspecified, both Table [5.17] and exhibit biases of our two-phase

sampling estimators 0. However, 0% are close to the phase I random sampling estimator éN,

which supports our theoretical results in theorems |3.8.1| and |3.8.2

In both settings E and F in Table |5.17| and |5.18|, comparing ASE 6* and ARSE 6* to

ESE 6* we find the model-based standard errors of 6% are inflated but the robust standard
errors correct this inflation. We do not find similar deviations of ASE from ESE for éf or é;,
probably because Z; and Z, are binary variables. The variance of estimating the difference
between the two levels of a binary variable should be close when assuming an additive effect
or a proportional effect of this variable on the outcome. Z3, on the other hand, is a continuous
variable. Assuming an additive effect of Z3 when this effect is actually proportional will bias

our estimation of the standard error.

Table 5.17: Simulation results under simulation setting E

True  Mean éN Mean 6* ESE 6* ASE 6* ARSE §*
61 | 1.30000 0.18669  0.19008 0.03604 0.03520  0.03505
6, | 0.50000 0.04795  0.04855 0.01277 0.01278 0.01283
65 | 0.30000 0.05187  0.05227 0.00508 0.00523  0.00499

Table 5.18: Simulation results under simulation setting F

True Mean 6 Mean 6* ESE 6* ASE 6* ARSE 6*
61 | 1.30000 0.04530 0.04612 0.01223 0.01201  0.01194
0, | 0.50000 0.01161 0.01175 0.00493 0.00486  0.00488
65 | 0.30000 0.01608 0.01621 0.00230 0.00240 0.00231
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Chapter 6

ANALYSIS OF TWO-PHASE ARIC DATA USING ADDITIVE
HAZARDS MODELS

Atherosclerosis Risk in Communities ARIC is one of the few major cohort studies to
make systematic use of stratified sampling to select participants within the main cohort
for biomarker studies of the risk of Coronary Heart Disease (CHD) and stroke. Current
biostatistical research is concerned with efficient ways of combining the marker data available
for disease cases and the selected sample with information on standard risk factors that is
available for a much larger number of subjects in the main cohort. The new statistical
theory and methods we develop in Chapter 2~4 can be used to address this concern. In this
chapter, using ARIC data to illustrate our new statistical methods serves the dual purpose
of demonstrating their utility, or lack thereof, when applied to important studies, and of

providing new insights about disease risk.

6.1 Background and Aims

In this chapter, we will use the new methods developed in Chapter 3~4 to perform risk
prediction of CHD based on an additive hazards model fitted to a two-phase ARIC study
introduced in Ballantyne et al.||2004]. This will involve joint estimation of the coefficients of
excess risk associated with each risk factor and of the baseline CHD risk curve, as a function
of time on study. A method that predicts individual CHD risk at 5 and 8 years in the future,
for example, could provide physicians a practical tool to explain clinical results to patients
and to plan for prevention. The intent is to use not only data on hs-CRP available for the
limited number of CHD cases and members of the Cohort Random Sample (CRS), but also

to incorporate the information on standard risk factors available for a much large number
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of subjects remaining in the main cohort. |Breslow and Lumley [2013] demonstrated that
such risk prediction based on the Cox proportional hazards model was feasible, using 10,000
simulated stratified samples from a cohort of participants in the National Wilms Tumor
Study. They showed empirically calibration of the weights from information available for
all subjects in the main cohort reduced the mean squared error (MSE) for risk estimates.
No such risk prediction methodology has yet been developed for the additive hazards model
with stratified sampling, either using standard or calibrated weights. No such risk prediction
has been applied to an actual two-phase data.

The inflammation marker hs-CRP has been shown in multiple epidemiological studies
to predict cardiovascular disease. A statement from the Centers for Disease Control and
Prevention and the American Heart Association concluded that hs-CRP was an independent
predictor of increased coronary risk and recommended the optional use of hs-CRP to identify
asymptomatic people, already known to be at intermediate risk on the basis of standard risk
factors, who might be at even higher risk [Pearson et al. 2003]. Development of new statis-
tical tools to improve the accuracy of risk prediction in this context would be an important
contribution.

Two statistical studies using data from Ballantyne et al. (2004) have been published
already. Breslow et al.| [2009b] studied methods of fitting Cox proportional hazards models
to evaluate the effect of lipoprotein-associated phospholipase A2 (Lp-PLA2) levels in com-
bination with standard risk factors on CHD outcomes. Calibration of the design weights
using information available for the entire cohort increased the efficiency of most regression
coefficients, though not those for Lp-PLA2 itself. Kang et al. (2013) demonstrated that
increased levels of high-sensitivity C-reactive protein (hs-CRP) acted additively (added to),
rather than proportionally, on the baseline risks of both CHD and stroke. They mentioned in
the conclusion of their paper that efficiency gains might be possible using techniques similar
to those developed by Breslow et al. We are interested to compare our inference results on

hs-CRP to |[Kang et al.| [2013] and calibration results to [Breslow et al.| [2009b].

After reviewing earlier works we consider the aims of our data analysis are
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1. Combination of the estimated coefficients and baseline risk function to yield a risk
prediction equation based on risk factors measured for the stratified sample and the time since
their measurement. This will include calculation of standard errors of regression coefficient
estimates and risk estimates.

2. Calibration of the design (inverse probability of sampling) weights used in the above
methods using information on the association between disease outcomes and standard risk
factors known for most subjects in the cohort. The goal is to include more cohort data
and thereby improve the accuracy of the inference on major risk factors and the overall risk
prediction.

3. Based on the prediction equations we built, two sets of CHD predictors will be con-
structed based on hs-CRP and standard risk factors, one with and one without calibration
of the weights. We are interested to examine whether standard errors for major risk factors,
hs-CRP and interaction terms involving main risk factors (e.g., LDL-C) will be reduced by
calibration, and whether the standard errors of the predicted risks will also be reduced by

calibration.
6.2 Study Population

ARIC is a prospective epidemiologic study that began in 1987 and followed healthy middle-
age men and women in four U.S. communities. The detailed design, objectives and data
collection of ARIC have been described previously [Investigators et al| [1989]. The main
cohort was followed up for the subsequent (after visit 2) development of a CHD event,
including CHD-related death. Subjects alive and event-free at the end of 1998, or who had
been lost to follow-up, had their records censored at that time. A cohort random sample
(CRS) was selected using a stratified random sampling design based on 8 strata defined by
sex, race (black versus white) and age at baseline (> 55 versus < 55). Hs-Crp and Lp-PLA2
were assessed only for the CRS members and the subsequently identified CHD cases using
plasma stored from visit 2.

After removing subjects with missing information in baseline variables, N=12.345 sub-
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jects remained in the full cohort. We call this full cohort our phase I sample. Our phase
IT sample was constructed by combining CRS and all identified CHD cases. After removing
the subjects with missing information in hs-CRP and Lp-PLA2, n=1336 subjects remained,
including 604 CHD cases and 732 controls. Of the 1336 subjects, 777 subjects were from
CRS. Our phase II dataset matches the study population analyzed by [Breslow et al.| [2009b]
and [Kang et al. [2013]. It is slightly different from the one analyzed by [Ballantyne et al.
[2004]. Their dataset included 608 CHD cases and 740 controls. The slight differences arise
because some participants had not given proper consent or had missing information in Body

Mass Index (BMI), which is needed in our later data analysis.

6.3 Analysis Methods

6.3.1 Weighting schemes

Case-cohort data can be considered within the two-phase sampling framework. Following
our introduction on two-phase variable probability sampling in Section 2.1, we consider the
main cohort was divided to 9 strata in this ARIC study. 8 strata were obtained by stratifying
on sex, race and age in the control group and the additional, ninth stratum was the case
group. Because CRS membership was independent of outcomes, sampling proportions for
the 8 strata in controls were the same as 8 sampling proportions used for selecting CRS.
In two-phase sampling analysis, if all the cases are selected to phase II such as a case-
cohort study, weights of 1 should be assigned to the cases. However in ARIC, although
a case-chort design was implemented, a fraction of cases did not have hs-CRP/Lp-PLA,
measurements available and these cases were removed from the sample for analysis. Hence
our phase II dataset, as well as the study population in Ballantyne et al.| [2004]Breslow et al.
[2009b] and Kang et al.| [2013], did not include all the cases. Using CRS, we estimated the
proportion of missingness on biomarkers among cases was 10/57= 17.5%. Thus the weight of
1/(1-17.5%)=1.21 was assigned to cases. Table 1 illustrates the sampling weights we used for
analyzing ARIC. These sampling weights were provided by ARIC investigators in the dataset
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prepared for our use. They are close to those used by |Breslow et al.| [2009b] listed in their
Table 1. The difference is that Breslow et al.| [2009b] used the observed sampling fraction to
construct their sampling weights while we used the sampling proportions determined prior to
the phase II subsampling. Both Breslow (2009) and our methods are able to handle sampling
among cases, in contrast to Ballantyne et al.| [2004]. It is unclear whether [Kang et al.| [2013]

considered missing values in hs-CRP among cases.

Table 6.1: Variable probability sampling weights for ARIC

CHD Controls CHD Cases

\ Black White

‘ Female Male Female Male

Age <55 Age > 55 Age <55 Age > 55 Age <55 Age > 55 Age <55 Age > 55
Stratum 1 2 3 4 5 6 7 8 9
Weights 19.5 14.3 16.1 6.1 32.0 15.1 17.7 12. 3 1.21

6.3.2 Association study

To study the association between hs-CRP and CHD incidents, the additive hazards model
with two-phase sampling developed in Chapter 3 was used to investigate both traditional and
new risk factors. Explanatory variables in the model included the stratification variables sex,
race, and age; the traditional risk factors smoking status, diabetes, systolic blood pressure
(SBP), low density lipoprotein cholesterol (LDL-C), and high density lipoprotein cholesterol
(HDL-C); the new risk factor hs-CRP; and the interaction term between hs-CRP and LDL-C.

According to the cutpoints defined by American Heart Association /Center for Disease
Control and Prevention (CDC) guidelines, hs-CRP was categorized to three groups (<1.0
mg/L, 1.0-3.0mg/L, > 3.0mg/L)[Ballantyne et al., [2004]. For details on the treatments of
other explanatory variables in this dataset, see Ballantyne et al.| [2004].

The excess hazard associated with increased hs-CRP will be reported with two standard

errors (SE), one assuming that the additive hazards model is correct, with respect both to
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the selected covariates and the additivity of their effect on the baseline hazard, and one that
is still valid when the model is wrong. We call the second standard error robust standard
error since it is robust against model misspecification. Previous studies of additive hazards
model only reported the first, model based standard error (Lin and Ying [1994]; Kulich and
Lin| [2000]; Kang et al.| [2013]), while we offer robust standard errors as well for practitioners

to use.

6.3.3 Risk prediction

Because our new methods from Chapter 3 estimate the entire additive hazards (AH) model,
including both cumulative baseline hazard and regression coefficients, we are able to predict
CHD risk curves over a period for individuals having specific covariate values based on the
fitted AH model. We will plot this risk curve (the estimated cumulative CHD hazard curves)
for subjects having fixed levels of traditional risk factors but with different hs-CRP levels
and LDL-C levels over a period of 3000 days (around 8 years). Since our prediction assumes
the AH model holds, only regular standard errors will be used to construct 95% pointwise
confidence bands. The risk curves and their 95% confidence bands together may provide
additional information for physicians when the traditional risk factors cannot identify the

patient at a high risk of CHD.

6.5.4 Improving precision

A second set of analyses will incorporate additional information available for the full cohort
by calibration of the weights. The main idea is to adjust the weights used in the IPW-EE
method by multipliers such that the estimates based on the sampled data agree with known
totals for auxiliary variables in the full cohort. We expect the confidence intervals obtained
for regression coefficients and risk estimates using this method will be narrower than those
obtained using only the sampled data, because we now utilize more information than before.

Based on the results of simulation studies from Chapter 5, we will adopt the best per-

formed calibration technique (method 5 from section 5.2) for analysis of ARIC. When the
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study aim is to improve the estimation precision for hs-CRP coefficients, the method has

four steps:

1. Find correlates of hs-CRP that are available for every main cohort member. These
correlates were determined based on both literature reviews and the computation of

weighted correlation coefficients using CRS.

2. Fit the AH regression model to the main cohort using hs-CRP correlates as explanatory

variables using our R package "ah” or "ahaz”.

3. Obtain integrated martingale residuals for these explanatory variables from an output

of the software and use this output as the auxiliary variables for calibration.

4. Refit the AH-model with calibration to the sampled data by the methods developed in
Chapter 4.

When the study aim is to improve risk estimates, traditional risk factors, available for every
main cohort member, will be included in the AH model fitted in step 2, so that the estimation

for other regression coefficients and thereby the entire model will be improved.
6.4 Results

The baseline characteristics of subjects in the case-cohort sample and the full cohort were
summarized in Table 1 from Ballantyne et al.|[2004] and Table 3 from Kang et al. [2013].
Reviewing previous literatures we find obesity, diabetes and BMI are associated with
increased levels of hs-CRP [Ford}, 1999, [Visser et al., {1999 Rawson et al.,[2003]. Smokers tend
to have elevated levels of hs-CRP, but long term smoking cessation may reduce the elevated
levels of hs-CRP [Ohsawa et al., 2005, Ridker, 2001]. Table computed the weighted
correlation coefficients between hs-CRP and other risk factors from CRS. Results in Table
confirmed the positive correlations of BMI and diabetes with hs-CRP (r = 0.408, 0.186).

However, the correlation between smoking status and hs-CRP was small (r= -0.023). The
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negative correlation resulted from comparing current and former smokers to nonsmokers.
Table also suggested hypertension history (r=0.215), triglycerides levels (r=0.212) and
systolic blood pressure (SBP) (r=0.197) might be associated with hs-CRP as well. Thus
we considered all these main cohort variables as potential hs-CRP correlates. By trying
various combination of these correlates, we found calibration based on BMI, triglycerides
levels, hypertension history and smoking status together reduced our estimation variance
for hs-CRP most. The removal of SBP and diabetes was possibly due to their association
with hypertension history and triglycerides levels. According to the calibration procedures
we explained in the method section, auxiliary variables were obtained from fitting an AH
regression model to the main cohort using hs-CRP correlates as covariates. When SBP and
diabetes were correlated with other variables in this regression model, including all of them

into the model would inflate our estimation variances at this step.

Table 6.2: Weighted correlation between hs-CRP and main cohort variables

Variables Correlation Coefficients r
Hypertension history 0.215
Triglycerides 0.212
Total cholesterol 0.079
LDL-C 0.043
HDL-C -0.064
Systolic blood pressure (SBP) 0.197
Diastolic blood pressure (DBP) 0.093
Diabetes 0.186
Body Mass Index (BMI) 0.408
Smoking (current, former, never) -0.023

HDL-C, high density lipoprotein cholesterol (mg/L); LDL-C, low density lipoprotein cholesterol (mg/L).
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Table (6.3 and [6.4] show results on hazards difference (HD) associated with hs-CRP levels.
Results in subtable (a) were obtained from the sampled 1336 subjects alone using standard
weights for our IPW-EE procedure, while results in subtable (b) incorporated the main cohort
information using calibrated weights. Table was comparable to Table 3 in Ballantyne
et al. [2004]. Our results based on the AH model for the new risk factor hs-CRP gave the
same conclusion as theirs based on the Cox’s proportional hazards model. Both tables find
average and high hs-CRP were associated with a significant increase in CHD risks when
adjusting for age, sex and race. Both tables show these association were attenuated after
further adjustment for standard risk factors, but risk remained significantly elevated for high
hs-CRP group. The difference of the two tables lies in the interpretation. We explain the
change of CHD risk by hazards difference compared to theirs using hazards ratio. We see
the Cox’s proportional hazards model and the additive hazards offer different perspectives
on an association. They can be used together for a more complete understanding on risk

factors.

Table (a) shows with elevated LDL-C, the CHD hazards in high hs-CRP group (>
3.0 mg/L) was 1.756 x 107> (95 % CIL: 0.649 x107°,2.859 x 107°) per person-day higher
than low hs-CRP group (< 1.0 mg/L). Without elevated LDL-C, this difference decreased to
0.798 x 1075 (95 % CI: —0.007 x 1075,1.603 x 107°) per person-day and this difference was
marginal (p-value=0.053). Our results agreed with the findings reported in|Kang et al.| [2013].
Their hazard differences associated with high hs-CRP group with and without elevated LDL-
C were 1.770 x 1075 and 0.566 x 10~° respectively. Without elevated LDL-C, their estimation
on the difference between high and low hs-CRP group was also concluded marginal (p-value
=0.053). Note Kang et al. [2013] fitted a multivariate failure time additive hazard model
to study both stroke and CHD events, and it was unclear whether they considered about
17% missing values in hs-CRPs among cases. Thus our results and theirs would not match

exactly.

Table (a) also shows with current sample size of 1336, we were not able to detect
the difference between the effects of middle (1.0-3.0mg/L) and low (< 1.0 mg/L) hs-CRP on
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CHD incidents regardless of an individual’s LDL-C levels. When LDL-C level < 130 mg/dL,
the hazard difference was close to 0 (p-value=0.992).

Comparing Table (b) to Table (a) and Table (b) to Table (a), we observe
SE and confidence intervals for coefficient estimates were all reduced, suggesting the ability
of calibration to improve estimation. However these shrinkages in SE and Cls were small.
This may be caused by the weak association between hs-CRP correlates we discovered in
the main cohort and hs-CRP.It is worth noting the p-value for examining the association
between high hs-CRP reduced from 0.052 to 0.046 when LDL-C < 130 mg/dL (Table [6.4)).
Our conclusion on the effect of hs-CRP were changed without increasing the sample size due
to calibration. This example shows the potential of using additional information from the
main cohort for a two-phase design study. The benefit would be more evident if moderately
or highly correlated auxiliary variables were present for hs-CRP.

Comparing Table (b) to Table (a) we also find all the coefficients estimates de-
creased after calibration. Our simulation results in Chapter 5 suggest two-phase sampling
tends to introduce small positive biases to coefficients estimates, and calibration can reduce
these biases. Hence it is likely our calibrated estimates in Table (b) are closer to the
true hazards differences between hs-CRP groups than Table More simulation studies
and real data investigation will be needed to study the small biases introduced by two-phase
sampling and the role of calibration in correcting them.

Although we did not have highly correlated surrogates for hs-CRP in this dataset, tra-
ditional risk factors and demographic variables were all measured for every main cohort
member. These additional information in the main cohort were used to improve our infer-
ence precision for the whole model. Table [6.5( shows the estimates and their standard errors
for all the regression coefficients when fitting an AH model to the ARIC data. Three groups
of SE were reported. SE I were estimated using standard weights. SE II and SE III were
obtained using calibrated weights. For SE II, we used traditional risk factors and demo-
graphic variables when constructing auxiliary variables at our calibration step 2. For SE

1T, BMI, triglycerides levels, and hypertension history that might improve hs-CRP inference
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Table 6.3: Excess hazards associated with hs-CRP adjusted for demographic variables and

standard risk factors

(a) Before Calibration, Hazards Difference (95% CI) (x10~7)
hs-CRP Categories | Average risk (1.0-3.0 mg/L) High risk (>3.0 mg/L)
Model 1 0.84 (0.32,1.36) 1.92 (1.27,2.57)
Model 2* 0.38 (-0.20,0.96) 1.26 (0.56,1.94)

(b) After Calibration, Hazards Difference (95% CI) (x107°)

hs-CRP Categories | Average risk (1.0-3.0 mg/L) High risk (>3.0 mg/L)
Model 1 0.79 (0.28, 1.30) 1.86 (1.2, 2.49 )
Model 2 0.36 ( -0.20, 0.93) 1.23 (0.57, 1.90)

TAdjsuted for age, sex, and race.

iAdjsuted for age, sex, race,smoking status, systolic blood pressure, LDL-C, HDL-C and diabetes.

were also included in the calibration procedure in addition to the factors considered for SE
II. Comparing SE II to SE I from Table [6.5] we find the SE of coefficient estimates for most
variables were reduced by more than 1/3, though the SE for hs-CRP increased. This result
suggests model fitting in our calibration step 2 introduced extra variability. Without addi-
tional information on a risk factor from the main cohort, variances for coefficient estimation
will be inflated by calibration. Comparing SE III to SE IT in Table[6.5| confirmed this finding.
Adding correlates of hs-CRP to the calibration procedure brought down the inflated SE but
these hs-CRP correlates were not informative enough to counteract the inflation induced.
Similar observations were found in Table 2 from |Breslow et al.| [2009b] when fitting the Cox’s

regression models to the same dataset using different weight adjustment techniques.

Figure and present results on individual- specific risk prediction based on the
risk function from estimating the entire AH model using the two-phase ARIC data. Figure

6.1 plotted a series of cumulative hazard prediction curve for an individual when his/her
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hs-CRP and LDL-C were at different levels. Predictions were performed for every 10 days
over a period of 8 years, since the follow-up time in the ARIC dataset was about a little
less than 9 years. The individual we chose to predict the CHD risk was a 60 year old white
male smoker without diabetes. His SBP=120 mm/Hg and HDL-C=45mg/dL. When this
individual’s LDL-C =145 mg/DL as shown in Figure (a), three hs-CRP risk curves were
well separated. This separation became larger as time increased. The differences of the risk
curves between adjacent hs-CRP groups were almost identical across the time. This result
suggests three levels of hs-CRP can be treated continuously instead of categorically. When
LDL =120 mg/DL as shown in Figure [6.1| (b), the risk curve for the low hs-CRP group was
unchanged compared to elevated LDL-C levels in Figure (a), but both high and average
hs-CRP risk curves were lowered. As a result, we could not distinguish the risk curves for
low and average hs-CRP groups without elevated LDL-C.

Figure shows two sets of prediction results based on standard and calibrated weights
for six individuals of different ages, HDL-C levels and smoking status. The risk curves and
their 95% pointwise confidence band based on the AH model provides a new visual tool
to examine traditional risk factors. Comparing the right panel to the left panel in Figure
[6.2] it is evident that age and smoking increased the CHD risk while HDL-C was negatively
associated with CHD risks regardless of using standard or calibrated weights. Comparing
results between calibrated and standard weights we observe calibration narrowed our 95%
pointwise confidence band for five out of six individuals’ cumulative hazards prediction as
shown in Figure (a),(b),(c), (d) and (f). However, no precision improvement was seen
for individual (e). We conclude calibration in general improves risk estimates’ precision, but
the power of this improvement depends on individuals’ covariate values. Future research on
the influence of covariates values and auxiliary variable choices on improving risk prediction

will be important and helpful.
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Figure 6.1: Individual cumulative hazards prediction by hs-CRP levels

(b) When LDL-C < 130mg/dL (b) When LDL-C < 130mg/dL
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Individual profile: age=60, male, white, current smoker, no diabetes, SBP=120 mm/Hg, HDL-C=45 mg/DL.

95% pointwise CI band were estimated based using standard weights.

Low hs-CRP (< 1 mg/L); Average hs-CRP (1-3 mg/L); High hs-CRP (> 3 mg/L).



155

Figure 6.2: Individual cumulative hazards prediction with standard and calibrated weights

(a) Age 50, Former Smoker, HDL=45mg/dL.

(b) Age 65, Former Smoker, HDL=45mg/dL
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Shared covariates among individual (a) to (f): male, white, no diabetes, SBP=120 mm/Hg, LDL-C=145
mg/L, hs-CRP (1-3 mg/L).
Variables used for calibration: age, sex, race, diabetes, smoking, SBP, LDL-C, HDL-C, BMI, triglycerides,

and hypertension history.
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Table 6.4: CHD hazards differences (95% CI) by hs-CRP with and without elevated LDL-C

(a) Before Calibration

Categories Estimates SE Robust SE 95% CI T p-value'
(x107°) (x107°) (x107°) (x107°)

When LDL-C >130 mg/dL

hs-CRP (1.0-3.0 mg/L) ©  0.803 0.468 0.467 (-0.114, 1.721)  0.086
hs-CRP (>3.0 mg/L) 1.754 0.564 0.563 (0.649, 2.859 ) 0.0018
When LDL-C <130 mg/dL

hs-CRP (1.0-3.0 mg/L) -0.004 0.344 0.344 (-0.678, 0.671)  0.992
hs-CRP (>3.0 mg/L) 0.798 0.411 0.411 (-0.007, 1.603)  0.052

(b) After Calibrationt

Categories Estimates  SE Robust SE 95% CI T p-value'
(x107°) (x107°) (x107°) (x107°)

When LDL-C >130 mg/dL

hs-CRP (1.0-3.0 mg/L) 0.759 0.456 0.456 (-0.135, 1.653) 0.096
hs-CRP (>3.0 mg/L) 1.705 0.544 0.544 (0.638, 2.773 ) 0.0017
When LDL-C <130 mg/dL

hs-CRP (1.0-3.0 mg/L) -0.047 0.334 0.335 (-0.701, 0.607) 0.888
hs-CRP (>3.0 mg/L) 0.795 0.399 0.399 (0.013, 1.577) 0.046

The model is adjusted for sex, race, age, smoking status, diabetes, systolic blood pressure, LDL-C, and HDL-C.
To assess the effects of hs-CRP for individuals with different LDL-C levels, interaction term between hs-CRP
and a dichotomized LDL-C was added to the model.

“hs-CRP <1.0 mg/L is the reference group

195% CI and p-value are calculated based on model-based variances

! Calibration is based on BMI, triglycerides levels, hypertension history and smoking
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Table 6.5: Standard errors of CHD hazards differences from different calibration choices

Model Terms Estimates SET” SEIIT SE III *
(x1079) (x1079) (x1079) (x107°)

hs-CRP 1.0- 0.803 0.468 0.499 0.498
hs-CRP 3.0- 1.754 0.564 0.591 0.581
LDL-Low* 0.250 0.552 0.577 0.575
Age in years 0.059 0.026 0.018 0.018
Male sex 1.804 0.321 0.217 0.218
White Race 0.670 0.323 0.226 0.226
Former smokers -0.904 0.435 0.280 0.281
Nonsmokers -1.130 0.406 0.268 0.269
SBP 0.033 0.009 0.006 0.006
LDL-C 0.014 0.007 0.006 0.006
HDL-C -0.026 0.008 0.005 0.005
Diabetes 1.630 0.534 0.366 0.367
hs-CRP 1.0- x LDL-Low -0.808 0.570 0.604 0.603
hs-CRP 3.0- x LDL-Low -0.960 0.685 0.724 0.720

"No calibration.
TCalibration based on sex, race, age, smoking status, diabetes, systolic blood pressure, LDL-C, and HDL-C.
iAdding BMI, triglycerides levels, hypertension history to the calibration procedures for SET.

*LDL-Low: LDL-C < 130 mg/L.
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6.5 Conclusion

In conclusion, this dissertation makes four contributions: 1) I provided new solutions to sev-
eral practical problems that arise in two-phase sampling. 2) I developed a computer software
for fitting Lin and Ying’s additive hazards model to two-phase sampling data that can be
immediately implemented for association studies or identifying risk susceptible patients for
preventative health care. 3) I connected abstract but powerful modern empirical process
theory to a real-life problem and showed the importance of this theory in applications on
“function”-value data [Wellner, 1992]. I demonstrated how to simplify the application of this
theory with some restrictions. This approach will be helpful for readers who are interested
in but have just started to use this theory. 4) I built a transparent Z-estimation system for
developing a series of methods for various two-phase sampling problems.

At a practice level, my dissertation will perhaps popularize the use of the two-phase
sampling design in epidemiology. Most statistical tools improve efficiency after obtaining data
through sophisticated techniques, but the study design we made tools for considers efficiency
at the data-collecting step. If costs can be dramatically reduced through a carefully designed
sampling scheme, then investigators may afford and even welcome a simple and transparent
statistical tool with a minor loss of efficiency in analyzing the data. In consequence, with
two-phase sampling and their new tools, the quality of medical research can be improved

and the costs will be reduced.
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