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In this thesis, we aim to give algorithms for computing two key invariants of the modular
Jacobians Jy(IV).

We first give methods for computing the rational torsion order of rank-0 Jacobians Jo(N)
that are isogenous to a product of elliptic curves. We call these the rank-0 totally split
Jacobians. The rational torsion is an important invariant of the Generalized BSD conjecture so
being able to compute the rational torsion order will provide evidence towards this conjecture.
We will provably enumerate the set of totally split Jo(NV), give an algorithm for computing
the rational torsion subgroup, and later give techniques for computing the rational torsion
order for rank-0 totally split Jacobians Jy(IV).

Next we will give an algorithm for computing the rational odd-isogeny class of a simple
abelian subvariety A of Jy(N) for prime N, under mild conditions. This is done by showing

every Gg-submodule of A(Q)qqq is a Hecke module and then attacking the non-Eisenstein

and Eisenstein isogenies separately.
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PREFACE

I've have written this thesis with some accessibility in mind. In particular, my goal was
to write a thesis assessable to myself as a second graduate student. I will assume the reader
has taken a graduate level algebra sequence and have had some exposure to complex abelian
varieties and modular forms. For learning about complex abelian varieties, I recommend the
article of Rosen in [('S86], and for learning modular forms, I recommend the combination of
the books by Stein [Stc07] and, Diamond and Shurman [DS05].

After reading the introduction, an interested expert can skip to Chapters 4 and 5, and
back-reference as needed.

Chapter 3 has been largely taken from the source code of Sage [Sag19] and a forthcoming
paper by Hao Chen, myself, and William Stein. For the most part, the algorithms were
created and implemented into Sage and MAGMA by William Stein. This chapter is included
in this thesis so I am not relying on currently unpublished work.

The code used to generate the data of this thesis was done in Sage [Sag19] will be available

here kevinlui.org/thesis.


kevinlui.org/thesis

Chapter 1
INTRODUCTION

Let Xo(NN) be the modular curve whose non-cuspidal points parameterize complex elliptic
curve with some additional N-torsion data. Let Jo(N) = Jac(Xo(V)) be the Jacobian variety
of Xo(V). The study of Jy(/N) has yielded many deep results in arithmetic geometry. Two

notable examples are:

e Mazur [Maz77] bounds the possible group structures for the rational torsion subgroup

of an elliptic curve over Q by understanding the rational torsion subgroup of Jy(V).

e The Modularity Theorem for elliptic curves over QQ states that for every elliptic curve
E, there is a surjective map Jo(N) — E, where N is the conductor of E. As a step
towards proving Fermat’s Last Theorem, Taylor and Wiles [Wil95][TW95] prove the
Modularity Theorem for semistable stable elliptic curves. The full Modularity Theorem
was later established following the completion of [BCDTO1].

The goal of this thesis is to study the computational aspects of Jy(N). The most interesting
work will be presented in Chapter 4 and Chapter 5. But before arriving at these chapters, we

will lay down some theoretical and algorithmic preliminaries in Chapter 2 and Chapter 3.

1.1 Rational torsion points

As part of his landmark paper bounding the possible group structures for the rational torsion

subgroup of an elliptic curve. As a key step, Mazur proves the Ogg Conjecture:
Theorem 1.1.1 ([Maz77, Thm. 1]). Let N be prime and Cy be the cuspidal subgroup of
Jo(N). Then

JO(N) (Q)tor = CN(Q)



A natural generalization is to allow N to be composite. This is the Generalized Ogg

Conjecture.

Conjecture 1.1.2 (Generalized Ogg Conjecture). Let Cy be the cuspidal subgroup of Jo(N).
Then

Jo(N)(Q)tor = Cn(Q).

There been some progress towards this conjecture, particularly, away from 2 and 3.
1. When N is prime, Jo(N)(Q)ior = C(N)(Q). [Maz77, Thm. 1]

2. When p > 5 is a prime and r a positive integer,

for any prime ¢t 6p. If » = 2, the result holds for any prime ¢ t 2p. [Lin97, Thm. 4]

3. When N is a positive squarefree integer,

for ¢+ 6. [Oht14, Thm. 3.6.2]

4. When p > 3,
Jo(3p)(Q)[3] = C(3p)(Q)[3%]

unless p = 1 (mod 9) and 3"5° =1 (mod 9). [Yoo (]

5. When N is any positive integer,

J(N)(Q)[g=] =0

for ¢4 6N7(N), where 7(N) = Hp|N(p2 —1). [Renl8, Thm. 1.2]



The original motivation of the rational torsion subgroup project is to compute the rational
torsion subgroup for Jo(N) for as many N’s as possible. The first Jo(N) for which Sage
(Version 8.7) cannot compute is Jy(30) which happens to be a product of 3 elliptic curves.
The author and his advisor were able to compute the rational torsion subgroup using the fact
that Jo(30) is totally split, the fact that rational torsion subgroups of elliptic curves can be
computed, and Galois cohomology.

The goal of this project is to see how far we can push these techniques. In particular, we
are able to provably enumerate the set of totally split Jy(/N) (Theorem 4.1.4). There are 71
nontrivial N’s for which Jy(N) is totally split. Of these 71 abelian varieties, there are 46
N’s for which Jy(N) has algebraic rank 0. We will be able to verify the Generalized Ogg
Conjecture for all but 9 abelian varieties. For those 9 abelian varieties, we are able to bound

the discrepancy [Jo(N)(Q)ior : Cn(Q)] by a power of 2.
1.2 Rational isogeny class

By Faltings’ isogeny theorem, the rational isogeny class of any abelian variety is finite. We
would now like to be able to enumerate the rational isogeny class of any modular abelian variety
(Defintion 2.1.1) within our computational framework (Chapter 3). In particular, if A is a
modular abelian variety, we wish to give a set of finite Gg-subgroups of A(Q), {M,, ..., M,}
such that {A/M;, ..., A/M,} is a set of pairwise non-isomorphic abelian varieties.

The goal of enumerating the rational isogeny class of any modular abelian variety seems
hopelessly difficult. We will need to take on a few hypothesis. In particular, when A is a
simple abelian subvariety of Jy(/V) with integrally closed Hecke algebra T4 C End(A), Frank
Calegari had an idea to bound the images of isogenies supported only on the non-Eisenstein
primes of odd-residue characteristic by the class group of T4. So we will take on these
hypothesis and attempt to enumerate the odd-degree isogeny class of A when T 4 is integrally
closed. From our computational experiments, when T 4 is integrally closed, the class group

is often trivial so, in these cases, it remains the enumerate the Eisenstein isogenies. We

then adapt the work of Krzysztof Klosin and Mihran Papikian to enumerate the isogenies



supported on the Eisenstein primes of odd-residue characteristic.



Chapter 2
THEORETICAL PRELIMINARIES

In this chapter, we will review some theoretical preliminaries needed for future chapters.

2.1 DModular Abelian Varieties

In Chapter 5, we will discuss enumerating the isogeny class of simple abelian subvarieties of

Jo(N). This leads us to define a class of abelian variety containing the subquotients of Jy(V).

Definition 2.1.1. Let A be an abelian variety over Q. Then A is modular if there exists
some N and a finite degree morphism ¢ : A — J1 (V).

Note that modularity is closed under isogenies, subvarieties, and products.

The natural quotient of X;(/NV) — Xo(N) induces a finite degree map Jo(N) — J1 (V).
The kernel of this map, Xy, is finite and is the Shimura subgroup of Jy(N). Therefore, all

abelian varieties isogenous to a simple subvariety of Jo(N) are modular.

2.2 Old subvariety and degeneracy maps

The goal of this section is to prove Corollary 2.2.5 which gives a direct sum decomposition
of certain abelian subvarieties of Jo(N). This will be particularly useful for computing the

rational torsion order of Jy(IV) as rational torsion order is multiplicative on direct sums.

2.2.1 Degeneracy Maps

Let L | N, LM = N, and ty,...,t, be the divisors of M in increasing order. Then, for each ;,
there are degeneracy maps relating the modular curves, forms, and Jacobians of level L and

N. For ease of exposition, we will present the I'g(/V) case. The same arguments generalize

easily to I'1 (V).



We give the more algebraic construction. Recall that the non-cuspidal points of Xy (V)
correspond to elliptic curves with some N-torsion data. The degeneracy map to Xo(L) will
forget some of this data. More precisely, on the non-cuspidal points

0p = Yo(N) — Yo(L) (2.2.1)

[E,Gn] = [E/Gy, G,
where Gy is a cyclic subgroup of E of order N, GG, is the unique cyclic subgroup of Gy of
order ¢, and G}, C Gn/G, is the unique subgroup of order L. By [Har77, Ghap. 1, Prop. 6.8],
J; extends uniquely to a map (which we give the same name). By Pic and Alb functoriality,

this induces the maps d; : Jo(L) — Jo(N), dps = Jo(IN) — Jo(L), respectively.

2.2.2  Optimal Elliptic Curves

Let E be an elliptic curve of conductor N. By the Modularity Theorem for elliptic
curves [BCDTO1]. There exists a surjection ¢ : Jo(IN) — E. In general, ker¢ is not
connected. There does ¢’ : Jo(N) — E’ with E’ isogenous to E so that ker ¢’ is connected.
By multiplicity one, this E’ is unique in its isogeny class. This leads to the definition of

optimal quotients.

Definition 2.2.1. Let J be the Jacobian of a curve. Then an abelian variety A is an optimal
quotient of J, if there exists a surjective morphism J — A with connected kernel. Equivalently,

A is an optimal quotient of J is it is the quotient of J by an abelian subvariety.

If A is an optimal quotient of J, then AY can be embedded as a subvariety of J. This
particularly useful in the case where J is totally split because both elliptic curves and

Jacobians are self-dual.

Proposition 2.2.2. Let A be an abelian variety and J a modular Jacobian. Then A is an
optimal quotient of J if and only if there exists an injection of AV into J.

Suppose A is self-dual. Then A is an optimal quotient of J if and only if it is an abelian
subvariety of J.



Proof. Suppose A is an optimal quotient of J. Then by dualizing the sequence of abelian
varieties [.B92, Proposition 2.4.2]

0=-C—=J—=A-0 0—- A = JY = CY =0,

there is an injection of AY — JV.
Conversely, if A injects into J. Then by the Poincaré Reducibility Theorem, the quotient

of J by AV is again an abelian variety C'. Then by dualizing the sequence of abelian varieties
0—-AY =J—=C—=0 0—=-CY = J - A—=0,

there is a surjection of JY = J —» A with connected kernel CV. O

In particular, if f is a newform of level N, then there is an optimal quotient Ay of Jy(IV)
attached to f. By dualizing, we obtain an abelian subvariety AJY C Jo(N). We call this the

optimal abelian subvariety attached to f.

Definition 2.2.3. Let f be a newform of level N and Ay be the optimal quotient of Jy(V)
attached to f. We call A}/ C Jo(N), the optimal abelian subvariety attached to f.

Using the machinery of modular symbols, Cremona has created large databases of elliptic
curves and their invariants, including the Jy(V)-optimal curve in each isogeny class. In this
database, the curves are labeled N XT', where N is the conductor, X is the isogeny class
within that conductor, and 7" is the isomorphism class with that isogeny class. When 7" = 1,
then that curve is the Jy(V)-optimal curve with its isogeny class. For example, the curve
15al is the Jo(N)-optimal curve within the isogeny class 15a.

We will soon also be interested in J; (N )-optimal elliptic curves. Though the Jy(N)-optimal
and J1(IN)-optimal curves often agree, this is not always the case. We can use Algorithm 3.5.3
to determine the Weierstrass equation of the J;(IV)-optimal curve. Alternatively, we can
use Stevens Conjecture [Ste89, Conjecture II] which states that within an isogeny class,
the J;(IV)-optimal curve is the curve of minimal Faltings height. This conjecture is still

open but some progress has been made. Stein and Watkins [SW04, §3] have proved Stevens



conjecture for isogeny classes of prime conductor. Vatsal [Vat05, Thm. 1.11] has proved
Stevens conjectures for isogeny classes containing an elliptic curve E such that for some prime

¢ > 17, E[{] is reducible and E is ordinary at /.

2.2.8  Old subvariety

Let L be a proper divisor of N and t;,...,t, be divisors of N/L in any order. For each divisor
t;, the degeneracy maps give a finite-degree morphism 67, : Jo(L) — Jo(N). We now gather

all the degeneracy maps coming from Jy(N) to define
o) =[]0 : Jo(L)" — Jo(N).
i=1

The old subvariety of Jo(N) is 3 - Im ®Y and the N/L-old subvariety is Tm ®.

There is a strong relationship between ker ®¥ and

(Z0)p = {(z1,...,2,) €550 Y a4y =0}

Because degeneracy maps agree on the Shimura subgroup [LO91, Theorem 4], (31)5 C ker &Y.
The reverse equality was established by Ribet when M a prime coprime to L and was

generalized by Ling to:

Theorem 2.2.4 ([Rib90, Prop. 1][Lin95, Thm. 3]). Let L and M be relatively prime integers
with M squarefree. Let
oY =[] di : Jo(L) = Jo(LM)
i=1

be as defined above. Then
1. If L is odd or M is prime, then (X1) = ker ®¥.
2. If L is even and M is not a prime, then [ker ® : ($1)5] is a power of 2.

However, when ker ®Y = ()5, there is an useful direct sum decomposition of Im &V,

especially when Jy(L) is an elliptic curve.
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Corollary 2.2.5. Suppose that ker ®Y = (3X1)5 and E = Jo(L) is an elliptic curve. Then
there is a Q-isomorphism

Im®Y = E x "1,
where F' is the Jy(L)-optimal curve in the isogeny class of E.

Proof. This follows from Proposition 2.2.6 and Proposition 2.2.2. O

This decomposition is particularly useful because the Jy(L)-optimal curves are identified in
Cremona’s table and the .J; (L)-optimal curves can be identified using Steven’s conjecture. For
example, using this decomposition, Jy(22) = J5(22)oq = E x F', where E is the Jy(11)-optimal
curve and F' is the Jj(11)-optimal curve (in this case, £ = Jy(11) and F = J;(11)). So
computing the BSD invariants of Jy(22) amounts to computing the BSD invariants of the

elliptic curves E and F'.
Proposition 2.2.6. Suppose ker ®Y = (X1)r. Then there is a Q-isomorphism
Im &Y = Jo(L) x Im(Jo(L) — J1 (L))"

Proof. Let e be the exponent of ;. Fort=1,...,r — 1, let m; be integers so that m; =1
(mod e). Define D; : Jo(L) — Jo(N) by

5 if =1

Di —

0f —mor , if2<e<r

We first show Im &Y = @._, Im D;.
Define ®Y = []'_, D; : Jo(L)" — Jo(N). We have that Y = &} o T, where
T J()(L)T — Jo(L)T

(.7:1,"172, s 71:7“) = (‘rl — o9, Ty — M3T3,...,Tr—1 — mrxryxr)~

The matrix associated to T is consisted of 1’s along the diagonal and m;’s along the super-

diagonal. The determinant is 1 so

> ImD; =Im®}.
i=1
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The goal is to now show that this sum is direct. Let y1,...,y, € Jo(L). Suppose

Then that T'(yy, ..., y,) € ker ®¥ = (X1)5. This immediately implies that y, € X, and then,

by repeated back-substitution, y; € 3y for i = 1,...,r. Since m; =1 (mod e),

T(yla s 7y7”) = (yl —Y2,Y2 — Y3, Yn—-1 — ynayn)

Since T'(v1, ..., yr) € (X1)p,

(W1 =)+ (W2 —ys) + 4 (Yn-1—Yn) Ty =0.

This implies that y; = 0 so Di(y1) = 0. Moreover, for i = 2,...,r,
Di(yi) = ;1 (=) + 67 (y:) = ®L (0, ., 0, =43, %5, 0,...,0) = 0,

where the last equality follows from the fact (0,...,0,—y;,4;,0,...,0) € (31);. Therefore,
the terms in (2.2.2) are trivial so Y Im D; is direct.

It remains to show Dy (Jo(L)) = Jo(L) and D;(Jo(L)) = Im(Jo(L) — Ji(L)) for i > 2.
Notice that D;(z) = ®¥(z,0,...,0) and D;(z) = ®¥(...,—mx,z,...). Since ker d¥ =
(31)5, ker Dy = 0 and ker D; = 3, for i > 2, as desired. O

2.3 Subvarieties of Jy(N)

In this section, we will prove that every simple abelian subvariety of Jy(V) is the image of
degeneracy map and discuss some interesting questions arising from this. This fact will be

extensively used in the decomposition algorithms of Chapter 3

Proposition 2.3.1. Let A be a simple abelian subvariety of Jo(N). There exists a divisor
L of N and a newform f of level L such that Ay ~ A. Let 67,...,0; be the full collection
of degeneracy maps from Jo(L) to Jo(N). Then there exists integers ny,...,n, such that
S = ZniéﬂAy  AY — A is an isogeny from Ay to A. Note that S is defined over Q.
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Proof. Let Vi = Y70, 0;(AY) and @ : (A})"” — V; be defined by ®(zy,...,z,) = 07(z1) +
-+ 46 (x,). Let K; be the Fourier coefficient field of f. Since A is an abelian subvariety of
Vi, there exists M € End(V) ® Q = M, (End(A}) ® Q) = M,,(Ky) such that Im M = A.
Let i : Ay — (A})" be the inclusion map into the first coordinate. Then there exists

U € Aut((A¥)") = GL,(Ky) such that,

A — (A7) Yoy (A7) Py, M4

the map 7" := M o®oUoi: Ay — A € Homy(Ay, A) is nonzero. Since degeneracy maps are
K -linear, there exists coefficients ay, ..., a, € Ky such that T'= )" a;0;. Now there exists
b € Z* such that T" := bT € Hom(A}, A) is nonzero and hence an isogeny. As complex tori,
Ay = C”/AAJy and A = C"/A4. Since T’(AAJy) C Aa, T = qi0F for g; € Q. Finally, there
exists w € Z* such that S := w1’ = > n;6 with n; € Z. O

2.4 Connectedness of Hecke Algebra

Mazur [Maz77, Prop. 10.6] proves that the Hecke Algebra T for Jo(N) with N prime is
connected. This was done by showing any direct product decomposition of Jo(N) with N
prime contradicts the irreducibility of the #-divisor. This was surprising to the author as 2.2.5
gives a direct sum decomposition of J5(22). In this section, we dissect Mazur’s proof and give
a mild generalization. Moreover, we will explain why Mazur’s argument fails in the composite
case.

In this section, let V4 be the sum of all abelian subvarieties of Jy(/N) isogenous to A. Let

Vi="Va,.

2.4.1 General results for semistable Jacobians

We will begin with some fairly general results. So assume J is a semistable Jacobian defined
over Q that is possibly not Jo(N). By [Rib75, Corollary 1.4], isogenies, endomorphisms, and
abelian subvarieties (a priori defined over Q) are defined over Q. In this section, we use this

fact freely and will make no reference to the field of definition.
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Theorem 2.4.1. Any Jacobian J taken with its principal polarization cannot be decomposed

into a nontrivial direct sum of principally polarized abelian varieties.

Proof. Any such decomposition will give a decomposition of the ©-divisor attached to J

which contradicts the irreducibility of the ©-divisor [Kem 73, §4(a)l. O

Lemma 2.4.2. Suppose J decomposes nontrivially as the direct sum of abelian subvarieties

A@® B. Then A must share an isogenous factor with B.

Proof. We proceed via contradiction. Suppose A and B share no isogenous factors. Let
X : J — J be the principal polarization induced by its ©-divisor. Since A shares no isogenous

factors with B, A(A) = A so A|4 is a polarization of A. Similarly, A|p is a polarization of B.
This now contradicts Theorem 2.4.1. [l

Lemma 2.4.3. Let R be a ring acting faithfully on J. Let S = {Ay,..., Ay} be a set of
representatives of the isogeny class of subvarieties of J. Suppose that for all A € S, and every

idempotent r € R, either rV4 =0 or rVy = V4. Then Spec R is connected.

Proof. Recall that Spec R is connected if and only if R contains an idempotent r different
from 0 or 1. We proceed via by contradiction. Let » € R be an idempotent different from 0
or 1. Then K =rK & (1 — r)K is a decomposition of K into subvarieties. Moreover, this
decomposition is nontrivial because R acts faithfully.

Let Sy ={Ae€S:rVy=Vy}and S ={4A € S : (1 —-r)Vy =Vy}. Observe that r
and 1 — 7 kill every element of Sy and S7, respectively, so S = 57 U .S;. We can rewrite the
previous decomposition as

J=rJ@®((l—r)]= (ZVA>@<ZVA>.

A€S A€S,

The big summands share no isogenous factors which contradicts Lemma 2.4.2. O]

2.4.2  Application to Jo(N)

The goal now is to apply Lemma 2.4.3 to the case of semistable J and subrings of the Hecke
algebra T. Recall that the action of the Hecke algebra on J is faithful.
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Proposition 2.4.4. Suppose that J = Juew. Then SpecT is connected.

Proof. When all subvarieties are new, they appear with multiplicity 1 so the conditions of

Lemma 2.4.3 are automatic. [
Proposition 2.4.5. Suppose T’ is the anemic Hecke algebra for J. Then Spec T’ is connected.

Proof. By Lemma 2.4.3, it suffices to show that for any newform f, and r € T', rV,, = Vy,
or rVs, = 0. Fix a newform f of level L and r € T'. Let s be the number of divisors of N/L.
We now abuse notation by overloading T, and r as operators on AY, (A}’)S, and J. Following
the notation of 2.2.3, let ® = (®7)[(ay)s : (A}ee)” = Jo(N).

In the Formulaire section of [Rib91b], for £4 N, Tyo ¢ = ¢ o T, when N is prime. However,
this is also true with N squarefree since T, commutes with the pushforward and pullback of

any degeneracy map ¢} with d | N. So for any prime ¢ { N,

Tg(q)f(l‘l, e ,$S)) = (I)f(Tg(xl), . ,E(I‘S))

It follows that

r(Pp(xr,...,x5)) = Pp(ray, ... ray).

Therefore,

’I“Vf = ’I“((I)f(A}/)) = @f(?“A}/, ce ,TA;)

but A} is simple so either 7Ay = A} or rAy = 0. Therefore, by Lemma 2.4.3, SpecT" is

connected. n

Example 2.4.6. When N is prime, the argument Mazur [Maz77, Prop. 10.6] gives is
essentially the same as Proposition 2.4.4. We see that this fails for J = Jy(22) since
J = di(Jo(11)) + do(Jo(11)) so the factors appear with multiplicity greater than 1. So one of
the key difference is the multiplicities in which the simple factors appear.

Using Sage, we can show that the Hecke algebra of Jy(22) is isomorphic to Z[i| and is
thus connected. On the other hand, by 2.2.5, Jy(22) is the direct product of elliptic curves so

the endomorphism ring is not connected.
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Chapter 3
ALGORITHMS FOR MODULAR ABELIAN VARIETIES

In this chapter, we will review algorithms on modular abelian varieties. For the most part,

the goal is to reduce the computation problems to linear algebra on modular symbol spaces.
3.1 Defining Data

We begin by giving an explicit description of modular abelian varieties that is suitable for
linear algebraic computations. We represent modular abelian varieties explicitly as follows.
Let A be a modular abelian variety and ¢ : A — J a finite degree morphism. Let B be the
image of A in J. By dualizing, there is an isogeny B to A with kernel G such that A = B/G.

0 s G s B s A s 0

\ 0

J

So we can represent any modular abelian variety J by giving G C B C J all defined over Q.

e We will represent J by giving a modular symbol basis for Hy(J,Z) and H,(J,Q) =
Hy(J,Z) ® Q (Section 3.2).

e We will represent B as an abelian subvariety of J as follows. The inclusion of B C J
induces an inclusion of rational homology V' = H;(B,Q) into Hi(J,Q) and B is
determined by this inclusion. Therefore, we specify B by a basis in reduced echelon
form for the subspace V. Of course, not every subspace of H;(J, Q) corresponds to an
abelian subvariety. In Algorithm 3.5, we give a method for determining exactly when a

subspace of Hi(J,Q) corresponds to the rational homology of an abelian subvariety.
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e We will represent G as a finite subgroup of B as follows. Let A =V N Hy(J,Z). Then
the torsion subgroup of B is given by B(C), = V/A. Therefore, we represent G as

specifying a Hermite normal form basis for the lattice L with AC L C V.

Therefore, we can represent any modular abelian variety A with the triplet (L,V,.J),
denoted A ~ (L, V,J), with the properties J = J;(N) for some N, V C Hy(J,Q), L a lattice
containing V' N Hy(J,Z). Since the Q-span of L is V', V can be recovered from L so A can
also be specified by (L, J), denote A ~ (L, J).

In this Chapter, it’ll be convenient to allow other Jacobian besides J;(N). If H is
congruence subgroup with I'y (N) € H C I'g(N), we will denote Jac(Xy(N)) by Ju(N). For
the purposes of this thesis, we usually take Jy(N) to mean Jo(N) or Ji (V).

3.2 Modular Symbols

The computational tools presented in this chapter will be built on top of the theory of modular
symbols. As mentioned in Section 3.1, modular symbols give a finite presentation of Hi(J,Z).
For instance, a Z-basis for H;(Jy(15),Z) is given by the set of Manin symbols {(1,8),(1,9)}.
For this thesis, we will not need to delve into the underlying theory of modular symbols and
we will take it as a blackbox. We instead refer the reader to [Ste07, §3, §8, §9].

Similarly, the Hecke operators [Ste07, §8.3], the degeneracy maps [Ste07, §8.6], and the

star involution [Ste07, §8.5] can all be defined via modular symbols and thus induce maps on

modular Jacobians.
3.3 Finite Subgroups

The goal of this section is to establish some background for computing with finite subgroups
of modular abelian varieties. We begin by explaining how we will present the data of a finite
subgroup. We then go over some basic arithmetic performed on finite subgroup. Lastly, we
will discuss computing the cuspidal and Shimura subgroup which will be used extensively in

the upcoming chapters.
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3.83.1 Defining Data

Let A= (V,L,J) be a modular abelian variety. A finite subgroup G of A can be specified by
giving a defining lattice £ such that £L/L = G.
Given 2 finite subgroups G; = (£1,A) and G = (L5, A), a map ¢ : G; — G5 can be

given as a map on the defining lattices.

3.3.2  Intersection of Finite Subgroups

Let G = (L£1,A) and H = (L4, A) be finite subgroups of an modular abelian variety A =
(L,V,J). Let L} = L1+ L and L, = L5+ L. Then the intersection G N H is the group (£, A),
where E = £1 N £2 NnV.

3.3.83 Sums of Finite Subgroups

Let G = (L1, A) and H = (L3, A) be finite subgroups of A = (L, V,J). The sum is given by

3.3.4  Quotients of Finite Subgroups

Let G = (£4,A) and H = (L5, A) be finite subgroups of A = (L,V,J) with H C G so
Lo C L. The quotient is given by G/H = (£1/L2, A/H), where the computation of A/H is

given in Section 3.4.4.

3.3.5 Cluspidal subgroup and rational cuspidal subgroup

In this section, we will review the computation of the cuspidal and rational cuspidal subgroups.

The cusps of Xy (NN) are the equivalence classes of P}(Q) under 'y (N). We will denote
the elements by [x/y|r, v). The cuspidal subgroup Cy of Jy(N) is the subgroup of degree-0
divisors () — (8) where «, 3 are cusps on J. More generally, if A = (L,V,J) is a modular
abelian variety that is the quotient of B by L. Then the cuspidal subgroup of A is defined to
be (Cy N B)/L, where Cy is the cuspidal subgroup of Jg(N).
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The computational of C'y is given in [Ste00, §3.8] and we will now discuss the computation
of the rational cuspidal subgroup. The Galois structure of the cuspidal subgroup is well-
understood [Ste’2, §1.3]. The points of the cuspidal subgroup are Q(uy)-rational under the
following Galois action. There is an abstract group homomorphism Gal(Q(uy)/Q) = Z/NZ)*,
let

o4 € Gal(Q(un)/Q) : pn — 1y

then

oa([z/ylr,) = [z/d'y]r,,

where dd’ =1 mod N. This explicit description of the Galois action allows to us compute

Cy (Q) _ Cﬁal((@(u)/@) '

3.3.6  Shimura subgroup

In this section, we will explain how to compute the Shimura subgroup of Jy(V). The Shimura
subgroup, Yy, is the kernel of the natural map Jo(N) — Jy(IN). This will be useful in
Chapter 4, where Moreover, the Shimura subgroup is a Galois subgroup of Jo(N)(Q)ior. This
fact will be used in Chapter 5 where we enumerate the rational isogeny classes.

Let Yy be the Shimura subgroup of Jy(N) so ¥y is the kernel of the natural map
Jo(N) — J1(N). To compute Xy, we will use a theorem by Ribet. We will choose some odd
prime p coprime to N, by [Rib90, Prop. 1], ¥y = ker(d; —d,,), where 67,05 : Jo(N) — Jo(pN)
are the degeneracy maps corresponding to 1,p. The computation of the kernel is given

n 3.4.2.

3.4 Morphisms

The goal of this section is to establish some background for computing with morphisms

between modular abelian varieties.
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3.4.1 Defining Data

Let A= (L,V,J) and B = (L', V', J') be modular abelian varieties and ¢ : A — B a map
of abelian varieties. Then ¢ induces a map on rational homology and is also completely
determined by the map on rational homology. So we will defined ¢ : A — B by giving
oy : V= V', For brevity, we will use ¢ to denote the maps on defining lattices, rational

homology, and abelian varieties.

3.4.2 Kernel

Let ¢ : A — B be a morphism between modular abelian varieties A = (L,V,J) and
B=(L,V' J). Let Vi = ker ¢y and L = LN V. Then the kernel K of ¢ is the extension
of the abelian variety K = (Lg, Vi, J) by the finite component group ¢~*(L)/L.

3.4.3 Image

Let ¢ : A — B be a morphism between modular abelian varieties A = (L,V,J) and
B = (L',V',J). The image of ¢ in B is the abelian subvariety ¢(A) = (L”, o(V), J'), where
L"=pV)NnL.

3.4.4  Quotienting by finite subgroup

Let A= (L,V,J) be a modular abelian variety with a finite subgroup G = £, A). There is
an isogeny pg : A — A" = (L + L,V,J) with kernel exactly G given by the identity map on

rational homology.

3.5 Decomposition and Verification of Abelian Subvarieties

3.5.1 Decomposition of Jy(N)

The decomposition of Jg(N) is equivalent to the decomposition of the cuspidal modular

symbol space of I' (V). This is discussed in [Ste07, §9].
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3.5.2  Simple abelian subvarieties

In Proposition 2.3.1, we showed that every simple abelian subvariety of Jy(NN) is a integral

linear combination of degeneracy maps. We know show that to explicit construct that map.

Algorithm 3.5.1 (Simple abelian subvarieties as image of degeneracies). Given a simple
abelian subvariety A of J = Jy(N), this algorithm returns a newform f of level L, and an
isogeny ¢ : A7 — A, where A} C Jy(L) is the optimal subvariety attached to f.

1. [Decompose J| Decompose J as J = f Vy 3.5.1, where the sum runs over newforms f
of level dividing N and V7 is the sum of all abelian subvarieties of Ji (V) isogenous to
Ay

2. [Determine newform| Find the newform f of level L so that A C V.

3. [Basis under degeneracy] Let {b1,...,b.} be a Z-basis for the defining lattice of A} and
{61,...,0s} be the set of degeneracy maps 9, : Jy(L) = Ju(N).

4. [Solve system] Let « be any nonzero element of the defining lattice of A}. Find ¢;; € Q
such that z = ) ¢;;d;(b;).

5. [Clear denominators| Let ¢’, j' be such that ¢;;» # 0. Let (n4,...,ns) € Z° be the vector
obtained by clearing denominators from (cyq, ..., cys).

6. [Output] The desired isogeny is now given by ¢ =37, n;;| Y-

Let B be an abelian subvariety of J. The defining data of B is given by (L, V, J), where
V = Hi(B,Q) and L = H,(B,Z). Since L =V N Hy(J,Z), the abelian subvariety B is
completely determined by the subspace V' C H;(J,Q), denoted B ~ (V,J). As mentioned
in Section 3.1, not every subspace V' of H;(J, Q) corresponds to an abelian subvariety. The
following algorithm will determine when V' does correspond to an abelian subvariety. When
V' does correspond to an abelian subvariety B, we will also give a decomposition of B into

simple abelian subvarieties.

Algorithm 3.5.2 (Decomposing and Verifying Abelian Subvarieties). Let J = Jy(N) and
V be a subspace of Hy(J,Q). If V corresponds to a subvariety B of J, then this algorithm
will return a decomposition into simple abelian subvarieties X; = (V;, J) of B, otherwise, this
algorithm will return ‘not a subvariety’.
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1. [Decompose J| Decompose J as J = Xy 3.5.1, where X; = (W, J) is the sum of
all abelian subvarieties of .J isogenous to Ay, where Ay is the optimal quotient attached

to f.

2. [Intersect with V] Set V; = V N W;. We have that V corresponds to an abelian
subvariety if and only if each V} corresponds to an abelian subvariety. So we will explain
the rest of our algorithm for just a single V; with f a newform of level L.

3. [Build up to Vy] If V} does correspond to an abelian subvariety By, then By must decom-
pose as a product of simple abelian varieties isogenous to A;. Using Proposition 2.3.1,
V corresponds to an abelian subvariety if and only if V; = > V;, where each V; is the
image of an integral linear combination of d; : AY — Jo(INV).

(a) [Initiate] Set Sy =0 and i = 0.

(b) [Add a V;] Pick some x € V; \ S;. Use Algorithm 3.5.1 to determine if there exists
V; such that x € V;, where V; is the image of an integral linear combination of
6+ Af — Jo(N). If not, then V; does not correspond to an abelian subvariety
and we are done.

(c) [Done?] Set Siy1 = S; + Vi. If Sip1 = Vy, we are done and we output X; = (V;, J).
Otherwise, increment ¢ and return to the last step.

By applying the previous algorithm to 1-dimension abelian subvarieties, we can recover

the Weierstrass equation.

Algorithm 3.5.3 (Weierstrass equation of 1-dimension abelian subvariety). Given an elliptic
curve subvariety F of Jy(N). This algorithm returns the Weierstrass equation for F.

1. [Isogeny from optimal subvariety] Use Algorithm 3.5.1 to find a newform f of level L
and an isogeny ¢ : Ay — E.

2. [Weierstrass of optimal subvariety| The Cremona tables contain the Weierstrass equations
for optimal subvarieties of Jy(L) so in particular, for A;.

3. [Kernel] Compute the kernel M of ¢ and use the complex exponential map to identify
M as a set of points, M’ on the Weierstrass equation for A}/.

4. [Velu’s formulas] Output the Weierstrass equation of Ay /M’ using Vela’s formulas.
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3.6 Homomorphism spaces

Let A, B be simple modular abelian varieties. In this section, we give algorithms for computing
with homomorphism spaces between A, B. This algorithms will be crucial for determining
when A and B are isomorphic.

We begin by giving an algorithm for computing a Z-basis for Hom(A, B). By applying
this algorithm to the case when A = B, we obtain an algorithm for computing a Z-basis for
End(A). Of course, End(A) also has the structure of a ring that is isomorphic to an order in
a number field. So we will also give an algorithm for determining an order O isomorphic to

End(A), as well as maps to and from O.

3.6.1 FEaxtending by Q

Let A, B be simple modular abelian varieties both of dimension d. If A is not isogenous
B, then Hom(A, B) = 0 and we are done. If A is isogenous to B, then Hom(A, B) ® Q =
End(A) ® Q = Ky, where K is the Hecke eigenvalue field of a newform f associated to the
simple modular abelian variety A ( [Shi94, Prop 7.14]). The goal of this section is to prove
Proposition 3.6.1 which allows us to recover Hom(A, B) from Hom(A, B) ® Q.

After choosing a basis for Ay = Hy(A,Z) and H,(B,Z),

HOHl(Al,AQ) = (Z(zd))Q.

Proposition 3.6.1. Let A, B be simple abelian varieties over Q, let Ay = H(A,Z), and let
Ay = Hi(B,Z). Embed Hom(A, B) into Hom(A1, Ay) by the action on homology. Then

Hom(A, B) = (Hom(A, B) ® Q) N Hom(A4, Ag)
where the intersection takes place in Hom(A, B) ® Q.

We first prove a lemma that will be used in the proof of Proposition 3.6.1.

Lemma 3.6.2. If x € C is fized by every element of Aut(C/Q), then x € Q.
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Proof. Suppose x is transcendental, then there is a field automorphism o : Q(z) — Q(z)
given by x — x 4+ 1. This automorphism extends to an automorphism of C that does not fix

x. Therefore, x must be algebraic and by standard Galois theory, x € Q. m

Proof of Proposition 3.6.1. An element of Hom(A, B) is certainly an element of Hom(A, B)®
Q. Moreover, an element of Hom(A, B) C Homg¢(A, B) is a complex linear map from
Tan(Ac) — Tan(Bc) that sends A; to Ay so it must be in Hom(A;, Ay). This establishes the
forward inclusion.

Conversely, suppose ¢ € (Hom(A, B) ® Q) N Hom(A;, Ag). Then there exists a positive
integer n such that ngn Hom(A, B). Hence, ng € Hom(A, B) C Hom¢(A, B) is a complex
linear map from Tan(Ac) to Tan(Bc). Hence, ¢ = (1/n)nyp is also a complex linear map
from Tan(Ac) to Tan(B¢). By assumption, ¢ also maps A; to Ay so ¢ € Home(A, B). It
remains to show that ¢ is defined over Q. Let o € Gal(C/Q). Since [n]y € Hom(A, B),
a([n]e) —[n]e = 0. By rearranging, [n](cp—¢) = 0. The image of 0¢ — ¢ is either infinite or 0
and the kernel of [n] is finite so we must have o = ¢. By Lemma 3.6.2, ¢ € Hom(A, B). O

3.6.2  Endomorphisms

Algorithm 3.6.3 (Endomorphism Algebra as Field). Given a simple abelian variety A over
Q, this algorithm computes a number field ' and an isomorphism from End(A) ® Q to F.
In light of Proposition 3.6.1, this also yields the endomorphism ring of A.

1. [Isogeny to A¥] Use Algorithm 3.5.1 to compute an optimal subvariety A and an isogeny
¢ : A — Aj. This isogeny induces an isomorphism End(A4) ® Q to End(Af) ® Q.

2. [Random endomorphism] Compute a Z-basis B for the Hecke algebra, T’, of Ay. We
then generated a random element, 7', of End(Ay) by taking a random rational linear
combination of the elements of B.

3. [Is random element primitive?] Let g be the minimal polynomial of 7'. If dim A = deg g,
then g will be a primitive generator for End(A) ® Q as a field and we proceed to the
next step. Otherwise, return to the last step.

4. [Output] Let F' be a number field generated a root, «, of g. Let ¥ : End(4) @ Q — F
be the unique map sending 7' to a. We then precompose ¥ with the isomorphism
End(A) ® Q — End(Af) ® Q to obtain the desired isomorphism.
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3.6.3  Homomorphism space

Let A, B be isogenous simple abelian varieties. The goal of this section is to compute
Hom(A, B).

Algorithm 3.6.4 (Compute Hom(A, B)). Given simple modular abelian varieties A, B, this
algorithm computes Hom(A, B).

1. [Isogenous?] Use Algorithm 3.7.1 to determine if A is isogenous to B. If not, then
Hom(A, B) is trivial and we are done. If so, let ¢ : A — B be an isogeny.

2. [Compute End(A)] Use Algorithm 3.6.3 to compute the endomorphism ring of A.
3. [Image of End(A)] Compute the image, H, of End(A)

4. [Saturate] Compute the saturation of H in Hom(Ly, Ly), where L1, Ly are the defining
lattices of A, B.

3.7 Isogeny and isomorphism testing

In this section, we give an algorithm for determining when a pair of simple modular abelian
varieties are isogenous or isomorphic.

Algorithm 3.7.1 (Isogeny testing). Given simple modular abelian varieties A, B, this
algorithm determine if A, B are isogenous. If so, this algorithm will also return an isogeny
between A, B.

1. [Find newforms] Use Algorithm 3.5.1 to find newforms f, g and isogenies ¢, : AY — A
and @, : A — B.

2. [Isogenous?] If f = g, then A is isogenous to B by ¢, 0 ¢} : A — B. Otherwise, A is
not isogenous to B.

Algorithm 3.7.2 (Isomorphism testing). Given simple modular abelian varieties A, B,
this algorithm determine if A, B are isomorphic. If so, this algorithm will also return an
isomorphism between A, B.

1. [Isogenous?] Use Algorithm 3.7.1 to determine if A is isogenous to B. If not, then A
and B are not isomorphic and we are done. If so, let ¢ : A — B be an isogeny.

2. [Square degree?] The composition ¢¥ o : B — B is the multiplication by d map where
d is the degree of . If d is not square, return ‘not isomorphic’.
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. [Endomorphism algebra] Use Algorithm 3.6.3 to find a number field K, an order O C K,
and an isomorphism 7 : End(A) — O.

. [Homomorphism space] Use Algorithm 3.6.4 to compute Hom(A, B).
. [Image under ¢| Compute the image Hy of Hom(A, B) in End(A) by composing with f.

. [Norm equation| Find solutions zi,...,z,, up to units in O, to the norm equation
Norme(z) = £v/d. If there are no solutions, return ‘not isomorphic’.

. [Isomorphic?] For each solution x;, determine if z;; € Hy, if so, x;0 f ! is an isomorphism
from A — B. If z; ¢ Hy for all x;, then return ‘not isomorphic’.
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Chapter 4
TOTALLY SPLIT JACOBIANS

A Jacobian is said to be totally split if it is Q-isogenous to a product of elliptic curves.
As mentioned in the introduction, the first N for which Sage fails to compute the rational
torsion subgroup is Jy(30) which happens to be a product of 3 elliptic curves. The author and
his adviser were able to compute the rational torsion subgroup using the fact that Jy(30) is
totally split, the fact that rational torsion subgroups of elliptic curves can be computed, and
Galois cohomology. The goal of this chapter is to see how far we can push these techniques.
In particular, we will show that there are finitely many totally split Jy(N), give a general
(but totally impractical) method for computing the rational torsion subgroup, and present

some more practical techniques for computing the rational torsion subgroup.
4.1 Provably enumerating the set of totally split Jy(N)

The modular Jacobian Jy(V) is totally split if and only if all newforms of level dividing N have
rational Hecke coefficients. We expect this to be rare. In fact, there are only finitely many
totally split Jo(N). Ralph Greenberg quickly gave an argument on the way to a University of
Washington Number Theory Seminar lunch proving the set of totally split Jy(/V) is finite but
his argument did not give an effective method of enumeration. Moreover, at Sage Days 87,

Alyson Dienes suggested proving this using asymptotic bounds.
Proposition 4.1.1. The set of totally split Jo(N) is finite.

Proof. 1t Jy(N) is a product of elliptic curves then the dimension is exactly equal to the

number of elliptic factors.

e By [Mar05, Thm. 6], the dimension is bounded below by =N + O(V/'N loglog N).
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e By [B596, Cor. 2], the number of elliptic curve factors of Jo(N) is bounded above by
O(N'/?%+) for any € > 0.

Asymptotically, the lower bound will surpass the upper bound so there are finitely many

totally split Jo(N). O

Neither of their arguments gave an effective method of enumeration. The goal of this
section is to provably enumerate the set of Jo(/N) that are totally split. There are 71 of totally
split Jo(N) that are nontrivial (see Table 6).

We have that Jo(N) is totally split if and only if its dimension is equal to the number of
(modular) elliptic curves of conductor N. If N is less than the upper limit of conductors in
the Cremona Database, then the hard work has been done and determining whether Jy(N) is
totally split is a quick computation since there is a closed-form formula for dim Jy(N).

Call a positive integer N good, if Jo(NN) is totally split and bad otherwise. The simple
factors of Jy(NN) are isogenous to simple factors of Jo(MN) for any positive integer M.
Therefore, if NV is bad, then so is any multiple of N.

In Lemma 4.1.2, we will enumerate all good primes. We can now do a search on the
divisibility tree of the positive integers supported on the good primes. Moreover, we can
prune a branch whenever we encounter a bad integer during our search. Theorem 4.1.4 asserts

that all branches are eventually pruned so this search yields all good integers.

Lemma 4.1.2. The only possible primes p where Jo(p) is totally split are
2,3,5,7,11,13,17,19, 37.

Proof. Let J = Jy(p) be a totally split Jacobian of prime level. If dim J = 0, then J is clearly
totally split so assume dim J > 0. Then J =[] s £y with Ef’s elliptic curves of conductor p.
Let n denote the order of the rational cuspidal subgroup of J which is, as mentioned above,
known to be the numerator of (p — 1)/12. By Emerton’s proof of Stein’s refined Eisenstein
conjecture [Eme03, Theorem B, if [ divides n, then [ divides the order of E¢(Q) for some

elliptic factor of J. But elliptic curves of prime conductor do not have much rational torsion.
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In particular, Miyawaki [Miy73] enumerates all curves of prime power conductor with
odd-order rational torsion. The largest prime conductor here being 37. This implies that if
p > 37, then #C(Q) must be a power of 2 so p = 2%3° + 1 for some a > 0 and b € {0,1}. We
now show a < 2.

If a > 2, then C(Q) has an order 2 element which implies some E; has a rational 2-torsion
point. As a result of Setzer [Set75, Theorem 2|, p = 17 or p = u® + 64 for some integer u. We
split into 2 cases to show that p is never u? + 64.

Suppose b = 0. Then p is a Fermat prime and thus a Fermat number. Outside of 3 and 5,
the recursive formula for Fermat numbers and an induction argument shows that the last digit
of Fermat numbers is always 7. But the only possible last digits of u? 4 64 are 0, 3,4,5,8,9.

Suppose b = 1. Then 2¢ -3 = u? + 63. This implies 3 divides u so 9 divides u?. But now
the right-hand side is divisible by 9 while the left is not.

In conclusion, we know that if Jy(p) is a totally split Jacobian, then p < 37. A computer

search then determines which primes less than or equal to 37 are totally split. O

The following procedure is a breath-first search.

Algorithm 4.1.3 (Enumerating Good Integers). Let S be the set of primes found in
Lemma 4.1.2. This procedure will halt (see Theorem 4.1.4) and return the list of good
integers.

1. [Initialize] Set ¢ = 1 and M; = S. Here M; will represent the set of all good integers

with ¢ prime factors, counting multiplicity.

2. [Find prime multiples of M; are that good] Set
M1 ={pN:pe S,N € M;,pN good}.

If M, is non-empty, increment ¢ and repeat this step.

3. [Return] Return (J, M;.
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Theorem 4.1.4. There are 71 integers N for which Jo(N) is a totally split Jacobian of

positive dimension. They are given in Table 6.

Proof. We run Algorithm 4.1.3 and it terminates after find 71 integers N for which Jy(V)
is totally split (luckily before reaching the end of the Cremona database). This proves the
finiteness of totally split Jo(/N) without using Proposition 4.1.1 but with the added benefit of

provably enumerating the totally split Jo(N). O
4.2 Enumerating rational torsion is algorithmic

In this section, we give a completely impractical algorithm to compute the rational torsion

subgroup of a totally split Jacobian Jo(NV) just to show it is algorithmic.

Proposition 4.2.1. Suppose A is a totally split abelian subvariety of J = Jo(N) Then we

can compute the following data:

1. A number field containing Q(A[n]) for positive integer n.

2. Let n be a positive integer and L be a number field containing Q(A[n]). The action of
Gal(L/Q) on Aln].

3. The K-rational torsion points of A(K )ior-

In particular, we can compute the rational torsion subgroup of any totally split Jacobian.

Proof. Recall that the abelian subvarieties are represented by giving a submodule of the
integral homology 3.1. Suppose A is 1-dimensional subvariety of J. Then by 3.5.3, we can
compute an elliptic curve E4 given in Weierstrass defining equation and an isomorphism
Dyt Avor — (Ea)tor-

We will proceed by induction on the dimension, d, of A. We first consider the case d = 1.

1. Let n be a positive integer. Then using division polynomials, we can compute a number

field L containing Q(A[n]).
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2. Let n be a positive integer and L be a number field containing Q(A[n]). The Galois
action on the points of F4[n] is given by applying the Galois action to each coordinate.
Using ®4 and the action of Gal(L/Q) on E4, we can explicit determine the action of

Gal(L/Q) on A[n].

3. Let K be a number field. Using reduction mod p, there exists an integer m, such that
that A(K)or € A[m]. Using (1), we can define a number field L that contains Q(A[m)).

Then using (2), we can compute

A(K)tor — A[m]Gal(L/K),

Now assume we can compute (1)-(3) for any totally split abelian subvariety of dimension
less than k.
Let A be of dimension k 4 1 and write A = B + C, where B is of dimension £ and C' is of

dimension 1. We have the exact sequence
0—-BNC—BxC—A,

where we identify B N C' as a subgroup of B x C' via the anti-diagonal embedding. So
A= (BxC)/(BNC). Let r be the exponent of BN C.

1. For any integer n, Aln| C Bnr] 4+ C[nr]. So a number field containing Q(A[n]) is
the compositum of the number fields containing Q(B[nr]) and Q(C[nr]) which can be
computed by the inductive hypothesis.

2. The Galois action can be determined on A[n| by viewing A[n| as a subgroup of (B[nr] x

Clnr))/(BNCO).

3. Using reduction mod p, there exists an integer m such that A(K ), € Alm]. Using (1),

we can find a number field L that contains Q(A[m]). Then we use (2), to compute

A<K)tor _ A[m]Gal(L/K).
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4.3 Strategies for computing the rational torsion subgroup

The Generalized Ogg Conjecture is equivalent to the assertion that [Jo(N)(Q)ior : Cn(Q)] = 1.
In this section, we give strategies for bounding this index when Jy(/N) is a rank-0 totally split
Jacobian. We are able to compute generators for Cy(Q) in our presentation (3.3.5) and the
group order. Therefore, when [Jo(N)(Q) : Cx(Q)] = 1, we are able to compute generators
for Jo(N)(Q)tor in our presentation.

Using these strategies, we are able to able to verify the Generalized Ogg Conjecture for all
but 9 rank-0 Jo(N). In these 9 cases, we are able to bound the index [Jo(N)(Q)¢or : Cn(Q)]
by a power of 2 (Table 6).

4.8.1 Upper bound

In this subsection, we give two techniques for giving an upper bound for Jo(N)(Q)o;. The
first technique uses reduction modulo p, Eicher-Shimura, and the Hecke polynomial to obtain
a bound on the order. The second technique gives an ideal, I*, similar to Mazur’s Eisenstein
ideal, so that Jo(N)(Q)tor € Jo(N)[I]. We will be primarily using the second technique for
our computations but we give the first technique to motivate the second and we will be using

the first technique

Reduction modulo primes

Let A be a modular abelian variety and K be a number field. A common technique for
bounding A(K )y is to reduce modulo completely split primes p of K of good reduction for A.
In particular, by [[<at81, Appendix], if A is the Neron model for A and p a prime completely
split of K of good reduction for A, then

A(K )ior = Ayp(IFyp)

80 #A(K )wor | #A/p(Fp).
The expression #.A,(F,) is an isogeny invariant and multiplicative on direct products. So

it suffices to describe how to compute A/, (F,) when A C Jy(N) is a simple abelian subvariety
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of the new subvariety of Jy(N) (for A C J;(N), see [AS05, §3.5]). Let F,, be the absolute
Frobenius at p. By the Eicher-Shimura relations, T, = F, + p/F, € End(A/,). Then

#Ap(F,) = deg(1 - F)
= | det(1 — F,)| (4.3.1)
= charpoly(F},)(1)
= charpoly(Tp)(p + 1)'

The last term is the characteristic polynomial of the matrix associated to the Hecke operator
T, which can be computed using Section 3.2.

We now return to the case of K = Q and will apply the more general number field case in
Chapter 5. So in the case where K = Q and A = Jy(V), we have that for any finite set S of

odd prime not dividing N,

#Jo(N)(Q)tor | ggg #\7/1?(Fp)-

We now give the current Sage (Version 8.7) implementation of this idea by William Stein.

Algorithm 4.3.1 (Upper bound on rational torsion order). Given a modular Jacobian Jy(NV),
this algorithm outputs an upper bound for #Jo(N)(Q)sor. This algorithm computes successive
GCD’s until it stabilizes for 3 iterations. Of course, increasing the stability threshold could
lead to be a better bound.

1. [Initialize] Let ¢ = 0, po be the smallest prime greater than 2 not dividing N.

2. [Add another factor| Use Section 3.2 to compute the matrix associated to T}, . Let
m; = charpoly(T,)(p + 1). If i = 0, set B; = m;. Otherwise, set B; = ged(B;_1,m;).

3. [Stable?/Output] If i < 2, increment i and return to Step 2. Otherwise, if B; # B;_o,
return to Step 2. Otherwise, B; has been stable for 3 iterations and we output B;.

There are two disadvantages to Algorithm 4.3.1.
The first is that is isogeny invariant so we expect the bound to not be tight. In Section 4.5,
we show that there exists an abelian variety isogenous to Jy(30) with strictly greater rational

torsion order. So Algorithm 4.3.1 will never give a tight bound even if we increase the stability
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threshold. This Jacobian is the first Jo(N) that Sage (Version 8.7) cannot compute and is
the motivating example for this totally split Jacobian project of this thesis.

The second is the loss of information of the group structure. For example, suppose for some
A and odd primes p, ¢ of good reduction, we have the group isomorphisms A, (IF,,) = Z/2xZ/2
and A /,(F,) = Z/4. 1f we look only at the orders, we can only deduce #A;(Q)or | 4. However,
the group structure tells us that as a group A;(Q)io, is trivial or Ap(Q)ior = Z/2.

Real Eisenstein Kernel

This next technique avoids both of the mentioned disadvantages of the first technique. This
technique was discovered by William Stein and will be elaborated on as part of a forthcoming
paper by Hao Chen, the author, and William Stein. The idea give to construct an ideal I* so
that Jo(N)(Q)wor € Jo(N)[I7].

For any odd prime ¢ of good reduction (so £12N), let g, =T, — ({ + 1).
Lemma 4.3.2 (William Stein). For any odd prime ¢ of good reduction, J(Q)ior C J[ne].

Proof. Let ¢ be an odd prime of good reduction. By [[Kat81, Appendix], there the reduction
modulo ¢ map yields the inclusion 7 : J(Q)tor = J)¢(F¢). Let F; be the absolute Frobenius
of of Jy,. By Eicher-Shimura, Ty = F;, + {/Fy. Let x € J(Q)ior s0 Fy(7(x)) = 7(x). We have

T(ne(x)) = (To = (E+ 1))7(2) = (Fp + £/ Fy = (£ + 1))7(x) = 0.
Since 7 is injective x € J[ny]. O

Let I = (ny: ¢ 12N). By Lemma 4.3.2, J(Q)tor € J[I]. Now let * be the star-involution
so J(C)(1 —%) = J(R). and I* = I 4 (1 — ). William Stein calls this the Real Eisenstein
Ideal. We have that J(C)[1 — ] = J(R) so combined with Lemma 4.3.2, J(Q)io, € J[I*].
Extending [ to I* is an important step in our strategy because it is often the case that J[I]
is strictly larger than J[I*|. For instance, if J = Jy(IV) with N prime, then by [Maz77, Cor.
16.3], J[I] contains the Shimura subgroup ¥ which is a finite subgroup of p-type and order
numerator((N —1)/12).
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To approximate J[I*], let I = (n, : £ < r) and define E, = J[I}]. We have
Oy (Q) € J(QQ)uer € By C J[I']. (43.2)
4.4 General approach to bound

4.4.1 Galois cohomology

Let A, E be abelian subvarieties of J with E an elliptic curve and £ € A. Then
0 —— ANE 45 AXxE —— A+ E —— 0, (4.4.1)

where d(z) = (z,—x) and s(z,y) = (z + y). By applying Galois cohomology, we obtain the

long exact sequence:

0 —— ANE)Q —— (Ax E)@Q) —— (A+ E)(Q) 7

(4.4.2)
[» H(Q,ANE) —— H(QAXE) — ....
We now have

#(A X E)(Q)# kery
#ANE)Q)

We will use this equality to inductively compute the rational torsion order of J. Suppose we

#(A+ E)Q) =

are able to compute the rational torsion order of A for some abelian subvariety A. The rational
torsion of E can be identified using Nagell-Lutz. So we are able to compute #(A x E)(Q)
and #(A N E)(Q). The hard part is # ker vy and in general, we will only be able to bound
this term.

Let 8: H(Q,ANFE) — H(Q, E) be the map induced by the inclusion of AN E into E.
Then kery C ker 5. We have that AN E is some finite Galois group of £ and it is often the
case that AN E = E|n| for some positive integer n. In this case, by Kummer Theory, we

have that
#E(Q)

#ker’y S #kerﬁ = m
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Putting this altogether, when A N E = Eln| for some positive integer n,

#(A x E)(Q#E(Q)
#HA+EQ < 2 B Q#nEQ)

This now yields an inductive algorithm for computing the rational torsion order of any

. (4.4.3)

rank-0 abelian totally split subvariety X of Jy(IV).

4.4.2  Reducing to smaller abelian subvarieties

We now take advantage to (4.3.2) to show that it often suffices to verify the Generalized Ogg

Conjecture on some abelian subvarieties of J.

Proposition 4.4.1. Let E be finite subset of Jo(N)(Q)ior containing Cn(Q) (for example
E =FE, (43.2)). Let z1,...,x, € E be a set of representatives of E/(Cn(Q)). Suppose
for each i, there exists an abelian subvariety A; of Jo(N) satisfying the Generalized Ogg
Congjecture and containing x;. Then Cn(Q) = Jo(N)(Q)tor s0 Jo(N) satisfies the Generalized
Ogg Conjecture.

Proof. We already have Cy(Q) C Jo(N)(Q)tor- To show the reverse inclusion, let z €
Jo(N)(Q)tor € E. Then z € z; + Cn(Q) for some representative x;. This implies z; €
Jo(N)(Q)ior. But A; satisfies the Generalized Ogg Conjecture so z; € Cn(Q). Hence,
x € On(Q). O

Theorem 4.4.2. There are 45 totally split rank-0 Jacobians Jo(N) (See Table 6). The
Generalized Ogg Conjecture has been verified for all but 9 such N'’s given by

84,90, 96, 120, 132, 144, 150, 168, 180
In these cases, [Jo(N)(Q)ior : Cn(Q)] bounded by a power of 2. See Table 6.

Proof. We use Section 4.4 to bound [Jo(N)(Q)ior : Cn(Q)].
If N is not one of

84,90, 96, 120, 132, 144, 150, 168, 180,

then we use Algorithm 4.4.3 to show that the index is 1. O
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Algorithm 4.4.3. Given a totally split rank-0 Jacobian J = Jy(/N) of dimension k, this
algorithm will output a bound on [J(Q)ior : Cn(Q)], where Cly is the cuspidal subgroup of J.

1. [Upper bound by Ejsg] Set r = 50 in (4.3.2) and compute E = Ej.

2. [Set of representatives] Compute a list of elements z1, ...,z € E5q that form a set of
representatives for F5o/C(N).

3. [Decompose J] Decompose J 3.5.1 into J = ¢ | F;, where E; are elliptic curves.

4. [Reduce to smaller abelian varieties] Let V' be the set of abelian subvarieties obtained by
taking sums of F;’s. Let each z;, find A; € V of minimal dimension such that x; € A;.

5. [Galois cohomology| Use Subsection 4.4.1 to verify the Generalized Ogg Conjecture on
each A;.

4.5 Example

Let J = Jp(30). This is the first level for which Sage (Version 8.7) cannot compute the order

of the rational torsion subgroup.

4.5.1 Rational Torsion Subgroup

This variety has dimension 3 and Mordell-Weil rank 0.

sage: J = J0(30)

sage: J.decomposition ()

[

Simple abelian subvariety 15a(1,30) of dimension 1 of J0(30),
Simple abelian subvariety 15a(2,30) of dimension 1 of JO0(30),
Simple abelian subvariety 30a(1,30) of dimension 1 of JO0(30)

]

sage: L = J.1lseries ()

sage: L.vanishes_at_1()

False
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The rational cuspidal subgroup C(Q) provides a lower bound on the rational torsion

subgroup. The group C'(Q) is of order 192.

sage: J.rational_cuspidal_subgroup ()

Finite subgroup with invariants [2, 4, 24] over QQ of Abelian variety JO0(30) of dimension 3
Let A and B be the old subvariety and new subvariety of Jy(30). The exact sequence

00— ANB —% 3 AxB —*5 J > 0, (4.5.1)

where d(z) = (z, —z) and s(x,y) = (x + y) yields the sequence

0 —— (ANB)Q) —— (AxB)(Q) —— J(Q) j
(4.5.2)

[—>H1(Q,AHB) — HY(Q,Ax B) —— ...

The old subvariety A decomposes as a product of two elliptic curves coming from Jy(15)
and the new subvariety B is the elliptic curve with Cremona label 30al.

Since 30/15 is prime, the hypothesis of Corollary 2.2.5 is satisfied so the old subvariety
is isomorphic over Q to E x F', where the Cremona labels are F : 15a1, F': 15a8. We can
compute the rational torsion order of elliptic curves so #A(Q) = 32 and #B(Q) = 6. The
intersection A N B is is isomorphic as groups to Z/2 X Z/2 so AN B = B[2]. This means
(AN B)(@Q) 2 Z/2.

sage: A J.old_subvariety ()

sage: B J.new_subvariety ()

sage: A.intersection(B) [0].invariants ()

[2, 2]

Moreover,

ker(H'(Q, AN B) »H(Q,A x B)) C -
ker(H'(Q, B[2)) — H'(Q, B)) = B(Q)/2B(Q). B
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This implies # kery < 2 in (4.5.2). Piecing everything together

#AQ) - #B(Q) - #kery
#(AN B)(Q)

It follows that J5(30)(Q) = C(Q) and is isomorphic to Z/2 x Z/4 x 7Z./24.

#J0(30)(Q) = < 192.

4.5.2  Reduction mod p is not enough

We have the isogeny
Jo(30) ~ E x E x F,

where E : 15al and F' : 30a2 are elliptic curves with #FE(Q) = 8 and #F(Q) = 12. This
means that U(S) > 8812 = 768. This means that the reduction mod p strategy alone is

not enough to show that J(Q),, is cuspidal.
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Chapter 5

ENUMERATING THE ODD ISOGENIES CLASS OF PRIME
LEVEL SUBVARIETIES

Let N be a prime number so that Jo(N) is non-trivial so N = 11 or N > 17. Let A be a
simple abelian subvariety of Jy(/V). The goal of this chapter is to, under certain conditions,
enumerate the Q-isomorphism classes of abelian varieties isogenous to A by an odd-degree

Q-isogeny. We will call this the odd-degree isogeny class of A.

More precisely, let T be the Hecke algebra of Jy(/N) and T4 be the image of T in End(A).
There exists a newform f = )" a,¢" associated A. By [Shi94, Prop. 7.14], T, is isomorphic
to an order of the Hecke eigenvalue field, Ky = Q(...,ay,,...). The goal of this Chapter is to
enumerate the odd-degree isogeny class of A when T, is integrally closed, CI(T4) is trivial,

and when the hypothesis of Corollary 5.5.4 holds.

Unless otherwise stated, in this chapter, all abelian varieties, isogenies, and isomorphisms

are defined over QQ.

The image of an odd-degree isogeny, ¢ : A — A’, is determined, up to isomorphism, by

its kernel, M, which is a finite Gg-submodule of A(Q). We begin by showing every finite
Go-submodule of A(Q)eqq is a T4[Gg]-module (Proposition 5.1.1). This is useful because
the T 4-structure is more easily understood than the Gg-structure. Let Z4 be the image
of the Eisenstein ideal Z into End(A). A prime of T, is Eisenstein if it divides Z4 and is
non-FEisenstein otherwise. Let P, be the set of Eisenstein primes of odd-residue characteristic
and P,. be the set of non-Eisenstein primes of odd-residue characteristic. We will use a
theorem of Frank Calegari (Theorem 5.3.1) to prove that the image of an odd-degree isogeny

is isomorphic to one whose kernel is supported, as a T 4-module, only on P,.. Finally, we

adapt the work of Krzysztof Klosin and Mihran Papikian to enumerate the isomorphic classes
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of abelian varieties isogenous to A by an isogeny supported on P,.

5.1 Finite odd-order Galois Modules are Hecke

The goal of this section is to prove every finite odd-order Gg-submodule M of A(Q) is a

Hecke module (Proposition 5.1.1). The Galois action of J(Q)oqq has been extensively studied
by Mazur [Maz77], so we weaken our hypothesis to M a finite Gg-submodule of J(Q)yda-
This is allowed because A is T[Gg|-stable.

It suffices to prove M is T-stable for each Gg-composition factor V' of M[(>°] for ¢ > 2.
The irreducibility of V' implies that it is ¢-torsion. Ribet [Rib97, Proposition 6.1] shows
that T/¢T is generated by T}, for primes p{ ¢N. So we reduce modulo p for p { (N, and use

Eichler-Shimura to derived its T-stability from its Gg-stability.

Proposition 5.1.1. Suppose M is a finite odd-order Gg-submodule of Jo(N), with N prime.
Then M is a T|Ggl-module.

Proof. 1t suffices to show M is T-stable for each ¢-primary part. Let £ > 2 and assume
M C J[¢>]. Let

0=MyC...CMy=M

be an Gg-composition series of M with composition factors X; = M;/M;_,. We proceed by
induction on n with the base case being the trivial n = 0 case.

Assume M;_; is an T[Gg|-module. We will show M; is an T[Ggl-module. Since M,_; is
an T[Gg]-module, for each t € T, we have a well-defined map ¢ : X, — J(Q)/M,_;. The goal
is to show ¢(X;) C X for all t € T. By [Rib91a, Proposition 2|, T/¢T is generated by T,, for
p 1N so it suffices to show T,(X;) C X for prime p 1 ¢N.

Fix a prime p{ ¢N. Since p does not divide N, J has good reduction at p. Fix a place p

over p. The reduction map yields an isomorphism [ST68, Theorem 1, Lemma 2]

7S] = T, (F,) (€]
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sending Frob, to F},, where F), is the absolute Frobenius on J/p,. Under this isomorphism
the natural T-action on J(Q) maps to the natural T-action on .Jyr, [RS01, §5.2]. By Eicher-
Shimura, T, = F + p/F € End(J/g,) so

T(T,X;) = T,7(Xs) = (F + p/F)7(X;) = 7((Frob, +p/ Frob,) X;) C 7(Xj)
hence, T, X, C X, as desired. O

5.2 Non-Eisenstein modules are kernels of Hecke

In the previous section, we show that every finite odd-order Gg-submodules of J(Q) and
A(Q) are T[Gg]-modules and T 4[Gg]-modules, respectively. The goal now is to show if M is
a finite-odd order T 4[Ggl-submodule A(Q) supported only on the non-Eisenstein primes as
a T -module then M = A[Annt, M]. As in the previous section, since A is T[G]-invariant,
we can instead take the hypothesis that M is a finite-odd order T[Gg]-submodule of J(Q)
supported as a T-module only on the non-Eisenstein primes, then M = J[Anny M].

If M is any T[Gg]-submodule of J(Q), it is always the case that M C J[Anng M]. It is
for the reverse inclusion where we need to use the fact that M is supported only on the non-
Eisenstein primes of odd-residue characteristic. The crucial fact we use about non-Eisenstein
primes is that, by [Maz77, Prop. 14.2], if m is a non-Eisenstein of odd residue characteristic,
then J[m] is an irreducible Gg-module.

We are already able to show that M = J[Anny M| when M is irreducible as a T[Gg]-

submodule.

Proposition 5.2.1. Let m be a non-Fisenstein prime of odd residue characteristic, if M is a

nonzero finite irreducible T[Gg|-submodule of J(Q) supported only on m as a T-module, then
M = J[m].

Proof. Let a = Anny(M). We will first show that @ = m by showing a is maximal. Let e be
the exponent of M as an abelian group. We have that e € a and T/eT is a finite ring so it

suffices to show that a is a prime ideal. Suppose z,y € Anng(M). Then yM is a nonzero
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T[Gg]-submodule of the irreducible module M so yM = M. Similarly, xyM = =M is nonzero.
Therefore, yr ¢ Anny(M) so a = m.

Now M C J[m] but J[m] is an irreducible Gg-module [Maz77, Proposition 14.2] so
M = J[m]. O

The general case will follow from a trivial adaptation of the work of David Helm [HelO7].
Helm considers the case of Jacobians, J, of Shimura curves. One of the key inputs into Helm’s
proof is that for the maximal ideals m in question is that if T,/ is the contravariant m-adic
Tate module, then T,,J/mT,,J = J[m]" is dimension two over T/m and is irreducible as a
Gg-module. By [Maz77, Prop. 14.2], this is also the case for J = Jo(N) with N prime and m

a non-Eisenstein prime of odd residue characteristic.

Theorem 5.2.2 ([Hel07, Corollary 4.8]). Let M be a finite odd-order Gg-module supported,
as a T-module, only on the non-FEisenstein primes. If I = Anng(M), then M = J[I].
Moreover, since A is both T|Ggl-invariant, if M is a finite odd-order Gg-submodule of

A(Q) supported, as a T 4-module, only on the non-Eisenstein primes. If I = Anny, (M), then
M = A[I].

Proof. Since M C J[I| and Suppy M = Suppy J[I], it suffices to prove J[I], = M, for each
non-Eisenstein prime of odd residue characteristic. So let m be a non-Eisenstein prime of
odd residue characteristic. We start by reviewing the contravariant Tate modules of J and
proving Lemma 5.2.3.

Let Ty,J = Hom(J[m>],Q,/Z;) be the contravariant Tate module at m and p,, be the
Galois representation associated to J[m]Y. Since m is an odd non-Eisenstein prime, 7, is an

irreducible Gg-representation of dimension 2 over ky, that is isomorphic to J[m]" [Maz77,

Prop. 14.2].

Lemma 5.2.3 ([Hel07, Lemma 4.6]). Let R be a Gg-stable submodule of Ty,J of finite index.
Then R = ITyJ for some ideal I of T.
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Proof. We proceed by induction on the maximal Gg-composition series of T,,.J/ R with the

base case being the trivial length zero case. Let
R=R,CR,1C---CRy=TyJ

be a Gg-composition series. By induction, R,,_; = I'Ty,J for some I’ C T.

Consider mR,,_; + R. This is a Gg-module sitting between R and R,,_;. By Nakayama’s
lemma, if mR,,_1R+ R = R,,_1, then R = R,,_; which is a contradiction. Hence, mR,,_1+ R =
R so R contains mR,,_; and we can form the quotient.

The module R,,_; /mR,,_; is Gg-isomorphic to (I'/mI") @1/, (T /mTwJ) = (I'/mI") @1 /m
J[m]Y, where Gg acts trivially on I’/mI’. Let V' be the image of R in R,_i/mR,_;. Since V'
is Gg-invariant, and .J[m]" is irreducible, V' is given by V ® J[m]¥ for some T/m-subspace V
of I'/mI’. Let I be the preimage of Vin I'. Then IT,,J = R, since both contain mR,,_; and

map to V modulo mR,_;. O

Let B = J/M be the quotient abelian variety. Since M is a T-module, we may equipped
with a T-action. So the projection ¢ : J — B is an T[Gg|-isogeny with ker ¢ = M. For any

odd non-Eisenstein prime m, ¢ induces the exact sequence
0— TwB — TnJ — M, — 0.

In particular, the image of T, B under ¢ is a finite index T[Ggl|-submodule of T\,A. By
Lemma 5.2.3, we can find an ideal I’ of T such that the image of T\, B is I} T, A for all
odd non-Eisenstein primes m. We have M = T,,J/I'T\,J = J[I']},. Therefore, by taking
annihilators of the dual, we have that I, = I}, and then by taking duals M, = J[I]n, as
desired. O

5.3 Bounding non-Eisenstein part

Recall that a prime of T 4 is non-Eisenstein if it does not divides the Eisenstein ideal T 4. There

are infinitely many non-FEisenstein primes. The goal of this section is to bound isomorphism
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classes of A/X with Suppy, X € P, by CI(T4). In particular, we will prove a theorem of
Frank Calegari.

Let H be a set of integral representatives for C1(T4) coprime to 2Z4. Suppose M is Ty4-
supported only on the primes of P,.. By Theorem 5.2.2, M = Ala] with a = Anny, M. Now
there exists s,t € T4 and b € H, such that sa = tb. We will show that ¢ = sot1 €T, ®Q
is well-defined and yields an isomorphism A/M — A/A[b]. Lastly, we will make some remarks

about the p-adic valuation of ¢ that we will use in Section 5.4

Theorem 5.3.1 (Frank Calegari). Let A C Jy(N) be a simple abelian subvariety with N

prime. Suppose T 4 is integrally closed. Let M be a T 4|Ggl-submodule of A(Q) supported only
on the non-Fisenstein primes of odd residue characteristic. Then there exists ¢ € Ta ® Q

and b € H, such that, there is an isomorphism
v: A/M — AJAJb].
Moreover, v,(¢) =0 if p € P and vy(p) < vy(b) if p € Pe.

Proof. By Theorem 5.2.2) if a = Anny, M, then M = A[a]. We have that there exists
s,t € T4 and b € H, such that sa = tb. We will justify the following commutative diagram.

AJAlsa] —— A/Ala]

| e

AJAJtb] —— A/A[b],
We will first establish the isomorphism s : A/A[sa] — A/A[a.
0 —— (A/Ala))[s] —— A/A[a] —— A/Ala] —— 0 .

We have that x € (A/A[a])[b] if and only if bz € Ala] if and only if x € A[sa]. Hence,
(A/Ala])[b] = Alsa]/Ala] sob: A/A[sa] = Ala]. A similar argument applies for a : A/A[tb] —
A/Alb].

We have that
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If p € P., then v,(C),v,(D) = 0. Therefore, vy,(¢) = 0 if p € P, and v,(¢) < v,(b) if
p € Phe. O

5.4 Bounding support and valuations

Let A C Jo(N) be a simple abelian subvariety with N prime. Suppose T, is integrally closed.
Suppose ¢ : A — A’ be an odd-isogeny. Then M = ker is a Gg-submodule of A(Q)oqq. By
Proposition 5.1.1, M is a T4[Gg]-module so we can decompose M as M, & M., where M,,
and M, are T 4[Ggl-submodules supported, as T 4-modules, only on P,. and P., respectively.
Using Theorem 5.3.1, A/M,,. = A/A[b] for some b € H. The goal of this section is to show

A/M = A/ (M ® M.) = A/(A[b] & X.) while controlling the difference between M, and X..

Proposition 5.4.1. Let A C Jo(N) be a simple abelian subvariety with N prime. Suppose
T4 is integrally closed. Suppose 1 : A — A’ be an odd-isogeny. Let M, M,., M, be as above.
Then

A= Af(Alb]® X.),

where Suppy , X, € P.. Moreover, for each p € P, let e, be the smallest nonnegative integer

such that M.[p>°] C A[p®]. Then, for each p € P., we have X [p>] C A[p].

Proof. By Theorem 5.3.1, there exists ¢ € To®Q and b € H, such that ¢ : A/M,. — A/A[b]
is an isomorphism with v,(¢) = 0 if p € P, and v,(p) < v,(b) if p € Ppe.

Let v : A/M,. — A/(M,. + M,) be the isogeny corresponding to quotienting by M,. Let
' AJA[b] — A(A[b]+p(M.)). We have that ¢ is also an isomorphism from A/(M,.+M.) —
A(A[b] + o(Me)).

AfMye —"—> A)(Mye + M)
l“’ l»
AfAle] == A/(AlB] + (M),
Since p(M,) is T 4-module, we can write it as X, @ X.. Let p € P,.. Since M, is supported
away from p and v, () < v,(b), p(M.)[p>] C A[b]. Therefore, A[b]+p(M,.) = Alb]+X.. Now



46

if p € P, instead, we have that v,(¢) = 0 and M.[p>=] C A[p™] so X.[p>®] = ¢(M.)[p>] C
p(Alp]) C Alpe]. O

As a corollary, we can give an explicit set of primes such that the image of every odd-degree

isogeny of A is equivalent to one supported on this set of primes.

Corollary 5.4.2. Let Py be the union of the set of primes dividing elements of H with the

set of Eisenstein prime of odd-residue characteristic. If A’ is isogenous to A by an odd-degree

isogeny, A’ = A/X for some T 4[G]-submodule of A(Q) supported on H.
5.5 Eisenstein part

In this section, we will follow the work of Krzysztof Klosin and Mihran Papikian to enumerate
the isomorphic classes of abelian varieties isogenous to A by an isogeny supported on P..

This section is a straightforward adaption of their work.

Proposition 5.5.1. [KP18, Prop. 4.5] Let A C Jo(N) be a simple abelian subvariety with N
prime. Let p be an Eisenstein prime of T4 of odd residue characteristic p. Suppose Alp] # 0
and Alp] = Jo(N)[p]. Suppose there exists £ = 1 (mod p*N) such that p* ¥ A;(F,), where
Ay is the reduction of the Neron model of A at (. Suppose that M C A[p>]. If Alp] £ M,
then M C Alp].

Proof. We will assume Alp] € M and M ¢ Alp], and derive a contradiction by showing
p? | #A(F,) for all rational primes ¢ =1 (mod p?N).

Let K = Q(M). By [Maz77, Cor. 16.3], Alp] = C[p] ® X[p]. Since X[p] is of u-type,
Q(A[p]) = Q(up). Let F = Q(upn) and K = Q(M). Then both Alp] and M are constant
over KF. Since A[p] € M and M ¢ A[p], we have that p* | A(K),. The goal now is to
show that if £ =1 (mod p?N) is a rational prime then /¢ is completely split over K. We will
do this by showing K C Q(u2n).

Lemma 5.5.2 ([KP18, Lem. 4.6]). The number field K = Q(M) is an abelian extension of

Q unramified away from p, N.
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Proof. Since M is supported only on p as a T 4-module, we may view M as a (T 4),-module.

Since M is finite and (T4), is a DVR, we have

M 2= (Ta)p/p* X oo X (Ta)p/p™ = (Ta)/p™ x - x (Ta)/p™

for some si,...,s, > 0. Since dimry,,, Alp] = 2 and M[p] = (T4/p)" € Alp] so r = 1.
Therefore, M = T 4/p*'.
Recall the elements of T4 are defined over Q so they commute with elements of G,

therefore,

Gal(K/Q) C Autr, (M) = Auty, (Ta/p™) = (Ta/p™)".

Since T4 is isomorphic to an order of a number field, Gal(K/Q) is abelian. Since A has good

reduction away from N, K/Q is unramified away from p, N. m
Lemma 5.5.3. The number field K is a subfield of Q(p2, tn)-

Proof. By assumption, (T,), is a DVR, so, as a (T)/p-space, p/p* is generated by some

a € p. This yields the exact sequence

By restricting to M, we have

0 —— M N Alp] > M » MNAp] —— 0 (5.5.1)

Since M C Alp|, M N Alp] is either C[p] or X[p]. As a Z-module, M = Z/p?. Therefore,
Gal(Q/F) acts trivially on pM = M N Alp]. So Gal(KF/F) can be identified with the
subgroup {a € (Z/p*) : ap = p (mod p*)} C (Z/p?) of order p so [KF : F] =1 or p.

We have

Gal(QU )/ F 2 Ty x 2N,

Since [KF : F] = 1 or p, KF' C F(u3') is a subfield of degree 1 or p. In either case,

K C KF C Q(up, pin)- O
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Now suppose £ = 1 (mod p?N) is a rational prime. Then ¢ is completely split over K so,

as in Section 4.3.1, by [Kat81, Appendix]|, there is an inclusion
A(K )or = Asg, (Fy).
Since p? | #A(K )ior, P | #A/r, (Fr), as desired. O

Corollary 5.5.4. Let A be a simple abelian subvariety of Jo(N) with N prime. Suppose T 4
1s integrally closed. Suppose that for all Eisenstein primes p of odd residue characteristic
p with Alp| nontrivial, Alp] = Jo(N)[p], p is principal, and there exists a rational prime
¢ = 1 (mod p>N) such that p* ¥ #Aw,(/Fe). Then if ¢ : A — A’ is an isogeny with
Suppy, ker ¢ C P, then

A2 A/M

with Suppy, (M) € P. and M[p><] = (Cnx N A)[p] or (Xy N A)[p] for all p € P.. Here Cy
and ¥y are the cuspidal and Shimura subgroups of Jo(N).

Proof. We begin by simplifying ¢ so that we can apply Proposition 5.5.1. Suppose that
for some p € P,, 0 # Alp] C kerp. By assumption, p is principally generated by some
a € T4. The isogeny ¢ now factors as ¢ = ¢’ o . We have Im ¢’ = Imp = A and the
strict containment of kernels ker ' C ker ¢. If needed, we can repeat this process, so we may
assume that ¢’ : A — A’ is an isogeny with Suppy, ker ¢’ C P, and Alp] € ker' for any
p € P, with Alp] # 0.

Let M = ker¢'’. Now by Proposition 5.5.1, M[p>=] C A[p] so M[p>*] = (Cy N A)[p| or
(XN NA)[p|] for all p € P.. O

5.6 Combining Eisenstein and non-Eisenstein parts

Theorem 5.6.1. Suppose A is a simple abelian subvariety of Jo(N) with N prime. Suppose
Ty is integrally closed and # Cl(T4) = 1. Suppose that for all Fisenstein primes p of odd

residue characteristic p with A[p] nontrivial, Alp] = Jo(N)[p], and there exists a rational
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prime £ =1 (mod p*N) such that p* { # A, (/Fe). Then if ¢ : A — A" is an isogeny with
Suppy , ker ¢ C P, then
A"~ A/M

with Suppy, (M) C P, and M[p>*] = (Cn N A)[p] or (Xx N A)[p] for allp € P.. Here Cy
and Xy are the cuspidal and Shimura subgroups of Jo(N).
Proof. Since T 4 is principal, by Proposition 5.4.1, we have that A’ = A/X with X a T4[Ggl-

submodule of A(Q) such that Suppy, X € P.. And now Corollary 5.5.4 yields the desired
result. ]

5.0.1 Computational Results

For N <100, there are 34 simple abelian varieties satisfying the hypothesis of Theorem 5.6.1.
In these cases, the hypothesis of Theorem 5.6.1 is satisfied. By applying isomorphism testing
(Algorithm 3.7.2), on the result of Theorem 5.6.1, we have

Corollary 5.6.2. Suppose A is a simple abelian subvariety of Jo(N) with N < 100 and where
the hypothesis of Theorem 5.6.1 holds. Then the odd-degree isogeny class of A is given by
{A; A/ (EN)oads A/(CN)oaa}- Here we are asserting that the elements of this set are pairwise

non-isomorphic.



Chapter 6
TABLES

20



Table 6.1: Table of nontrivial totally split Jacobians along with dimension and rank

N dim rank N dim rank N dim rank N dim rank
11 1 0 38 4 0 80 7 0 198 29 3
14 1 0 40 3 0 84 11 0 200 19 1
15 1 0 42 5 0 90 11 0 216 25 1
17 1 0 44 4 0 96 9 0 240 37 1
19 1 0 45 3 0 99 9 1 288 33 2
20 1 0 48 3 0 100 7 0 300 43 1
21 1 0 49 1 0 108 10 0 336 53 3
22 2 0 50 2 0 112 11 1 360 57 1
24 1 0 52 5 0o 114 17 2 384 49 6
26 2 0 54 4 0 120 17 0 396 61 6
27 1 0 56 5 0 121 6 1 400 43 5
28 2 0 57 5 1 128 9 1 432 55 )
30 3 0 60 7 0 132 19 0 576 73 9
32 1 0 64 3 0 144 13 0 600 97 7
33 3 0 66 9 0 150 19 0 720 121 8
34 3 0 72 bt 0 168 25 0 1152 161 32
36 1 0 75 5 0 180 25 0 1200 205 28
37 2 1 76 8 0 192 21 1

ol



Table 6.2: Bound on [Jo(N)(Q)sor : C(N)(Q)]

N  bound N  bound
84 8 144 64
90 16 150 16
96 64 168 512
120 512 180 128

132 32
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