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The adaptive immune system synthesizes antibodies, the soluble form of B cell receptors

(BCRs), to bind to and neutralize pathogens that enter our body. B cells are able to gener-

ate a diverse set of high affinity antibodies through the affinity maturation process. During

maturation, “naive” BCR sequences first accumulate mutations according to a neutral evo-

lutionary process called somatic hypermutation (SHM), which may modify the associated

binding affinities, and then are subject to natural selection by clonal expansion, which pro-

motes the higher affinity antibodies. The set of mutated BCRs that result from a single

naive BCR undergoing SHM can be referred to as a “clonal family”. In my thesis, I study

the mechanisms that govern the aforementioned evolutionary and selective processes of BCR

sequences with the goal of better understanding how naive B cells diversify into mature B

cells with high binding affinities.

It is frequently important to infer the full evolutionary paths from a given naive BCR se-

quence to the corresponding mature BCR sequences in the clonal family. Stochastic mapping,

a missing data imputation technique, can be used to estimate the mutational trajectories

mentioned above; it is a simulation-based method for probabilistically mapping substitution

histories onto phylogenies according to continuous-time Markov models of evolution. Current



simulation-free algorithms can compute the mean but not any higher-order moments of the

number of substitutions or of other stochastic mapping summaries; these algorithms scale

linearly in the number of tips of the phylogenetic tree. I present the first simulation-free

dynamic programming algorithm that calculates prior and posterior mapping variances and

scales linearly in the number of phylogeny tips. This procedure suggests a general frame-

work that can be used to efficiently compute higher-order moments of stochastic mapping

summaries without simulations.

Before one can perform clonal lineage or ancestral sequence inference in a clonal family,

one must first obtain an estimate of the clonal phylogenetic tree. Currently, standard phy-

logenetic inference techniques are used to model the SHM process; however, these methods

do not account for all the complexities associated with this mutation process. I introduce

a novel approach to inference that is based on a phylogenetic hidden Markov model (phylo-

HMM). This technique is not only based on a more biologically realistic model of evolution

but also designed to scale to the large datasets that result from high-throughput sequencing.

In the antibody engineering field, researchers would like to infer the most likely per-site

substitutions that are allowed in a clonal family. Unfortunately, many clonal families are

small in size and do not have enough observed sequence information to accurately answer

the preceding question. Despite this, there are structural properties associated with BCR

sequences that are common across clonal families. I propose a penalized regression model

that leverages aggregated amino acid count data (also known as “substitution profiles”) in

large clonal families to predict the substitution profiles in smaller clonal families. I show

that there is information, possibly embedded through structural and functional constraints,

contained within these large clonal families that can be shared with the smaller ones to

enhance their substitution profile predictions. It is important to note that this regularized

model assumes independence across sites, which is not a realistic assumption, so I consider

extensions to models that account for coevolving sites.
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Chapter 1

INTRODUCTION TO THE IMMUNE SYSTEM

1.1 Overview

The immune system is a complex host defense mechanism that neutralizes a wide variety

of pathogens such as bacteria, viruses, and other parasites. The two main components of

the immune system are the innate immune system and the adaptive immune system. The

innate immune system exists in most animals and presents an immediate defense that is not

specialized to any particular pathogen, while the adaptive immune system is found only in

vertebrates and adapts to protect the host against specific invaders. Both subsystems work

together to mount an effective immune response. For instance, the innate immune system

activates and helps guide the activities of the adaptive immune system and the adaptive

immune system aids the innate system in killing pathogens. To illustrate the interdependence

between the two systems in more detail, we describe a hypothetical immune response to a

microbial infection.

The first line of defense against invading microbes consists of the physical barriers such

as skin surfaces and mucous membranes that line our digestive, respiratory, and reproductive

tracts. If the pathogens are able to cross these physical barriers into the blood stream, the

innate system then generates a quick response to try neutralizing them. Some of the innate

system’s defense mechanisms include macrophages, complement system proteins, and natural

killer (NK) cells. Macrophages are a type of white blood cell that live in tissues waiting for

microbes to enter the body; think of them as the immune system’s “sentinels”. They are

naturally attracted to foreign microorganisms and are able to ingest and destroy them via

the phagocytosis process. If the ratio of microbes to macrophages is too high at the site

of infection, the macrophages secrete proteins called cytokines, which induce other immune
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cells such as neutrophils and NK cells to help battle the infection. Neutrophils are short-lived

white blood cells whose sole purpose is to kill pathogens via phagocytosis; NK cells perform

a similar role, but focus on destroying compromised host cells such as tumor cells and virus-

infected cells. If necessary, neutrophils and NK cells also release cytokines to attract more

innate immune cells to the fight. Complement proteins circulate in the blood and tissues and

interact with the other innate immune cells to contribute to the immune response. Some

of these proteins combine together to form membrane attack complexes, which puncture

the cell membranes of pathogens and kill them. They also are able to encourage more

macrophages and neutrophils to join the immune effort and opsonize microbes (i.e. prepare

them for phagocytosis). While we did not discuss all the connections between the agents of

the innate immune system, one can clearly see that there is an immunological chain reaction

associated with the innate system’s response to a microbial infection. Often, the infecting

pathogens are able to mutate fast enough to render the innate system’s defenses useless;

in this case, the innate immune system activates the adaptive immune system to assist in

combating the rapidly evolving infection.

Unlike the innate immune system, the adaptive immune system can calibrate the immune

response to the distinct pathogens in the body using B cells and T cells. These cells are

derived from blood stem cells in the bone marrow and have receptors on their cell surfaces

that are specific for a given pathogen. B cells secrete antibodies, the soluble form of B

cell receptors (BCRs), that either opsonize their specific target microorganisms or neutralize

them directly. More importantly, B cells undergo a Darwinian process of mutation and

selection that improves their binding affinity for their target pathogen. Before B cells can

begin to assist in the immune response, they must be activated by mature T cells.

In order for T cells to mature, they must be presented with antigen (i.e. a microbial

surface protein) by an antigen-presenting cell. An antigen-presenting cell (APC) is a cell

that displays antigen fragments on the major histocompatibility complex (MHC) molecules

on its surface. Most cells in the body have class I MHC molecules on their surfaces; whereas

only B cells, dendritic cells, and macrophages express class II MHC molecules on their
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Figure 1.1: A diagram illustrating the connections between the innate and adaptive immune
systems. Note that MAC and PMN stand for macrophage and polymorphonuclear leuko-
cyte, respectively. This image was taken from http://www.creative-diagnostics.com/
innate-and-adaptive-immunity.htm.

membranes. A killer T cell can recognize antigens on the class I MHC molecules of cells;

if this T cell receptor (TCR) is specific for the antigen on these MHC molecules, then the

bound cell is destroyed. In contrast, a helper T (Th) cell can only be activated if its TCR

binds to antigen on class II MHC molecules. For example, if a macrophage has phagocytosed

a microbe, it will display the antigen fragments on its class II MHC surface molecules. If the

TCR on a Th cell binds to the antigen on the macrophage’s class II MHC molecules, then

the activated Th cell will release cytokines to help influence the activity of other immune

cells and proliferate to build a collection of mature Th cells with the same antigen specificity.

These mature Th cells can then be used to, among other things, activate the maturation

process of B cells.
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However, before a B cell can activate, its BCR must bind to its cognate antigen. Once

this process occurs, the antigen is transferred inside the B cell and broken down into smaller

peptide fragments; these fragments are then presented on the class II MHC molecules of

the B cell. The mature Th cell that is specific to that antigen can now bind to the B cell

and activate it. Upon activation, the B cell undergoes rapid proliferation and maturation.

The adaptive immune system can not only respond to immediate pathogenic threats by

generating fine-tuned antibodies but also initiate a faster immune response if reinfected by

the same pathogens. While we have not described every single connection between the

innate and adaptive immune systems (Figure 1.1), we hope it is now easy to see how the two

subsystems cooperate to mount an effective immune response.

1.2 B Cell Receptors: Review

Before we can discuss the B cell maturation process in more detail, we first must describe

the structure of a BCR and explain how the BCRs on “naive” (i.e. inactivated) B cells are

created. BCRs are Y-shaped proteins located on the outer surface of B cells (Figure 1.2) and

composed of heavy chain and light chain proteins. These heavy and light chain sequences

are constructed from variable (V), diversity (D), and joining (J) germline gene segments (i.e.

DNA sequences).

The body is able to generate a diverse set of naive BCR heavy chain proteins due to the

VDJ rearrangement process (Figure 1.3). In this process, the B cell first randomly selects V,

D, and J gene segments from the respective gene pools in the body. Before joining the gene

segments together, the B cell randomly deletes nucleotides at both ends of the V-D and D-J

junction regions (i.e. exonuclease deletions) and randomly inserts nucleotides in the same

junction regions (i.e. non-templated insertions). The light chain sequence for a naive B cell

is constructed using a similar rearrangement process that does not include D germline genes.

The heavy and light chain sequences are then bound together to form the antigen-binding or

variable (Fab) region of the BCR. Each BCR has two identical Fab regions because humans

are diploid organisms and a BCR must be specific to only a single antigen. Although the



5

Figure 1.2: An illustration of a BCR. Each BCR consists of two identical pairs of heavy chain
and light chain sequences; together, these proteins make up the antigen-binding or variable
regions of the BCR. The BCR constant regions determine the antibody class of the B cell;
by default, the constant regions for IgM or IgD are used to form the naive BCR. This image
was taken from (Sompayrac, 2015).

VDJ rearrangement process samples germline genes from the same gene pools for all the

naive BCR Fab regions in a given individual, different people may have different collections

of germline genes. The constant (Fc) region of the BCR specifies the class of antibody that

can be secreted from the B cell; naive B cells default to using IgM or IgD constant regions.

The heavy and light chain sequences can be partitioned into framework (FWK) and

complementarity-determining (CDR) regions. The BCR binding affinity is largely deter-

mined by the sequence segments in the CDR regions. Among all the CDR regions, the

CDR3 region contributes the most to antigen-binding specificity and has the highest amount

of sequence variability. The latter is not too surprising because the CDR3 portion of the

heavy chain sequence contains V, D, and J gene nucleotides as well as non-templated inser-

tions (Figure 1.3). The FWK regions encode structural and possibly functional constraints

of the BCR and thus can be strongly conserved sections of the heavy and light chains.
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BCR-specific aspects to these basic algorithms has resulted in a collection of useful tools such
as IgBLAST [20] and the online annotation tool on the IMGT [21] website. Another approach
has been to search sequences for motifs characteristic of various parts of the locus and search
databases for the resulting segments [22].

However, BCR sequence formation is quite complex (reviewed in [11]) and this complexity
invites a modeling-based approach, specifically in the framework of hidden Markov models
(HMMs). HMMs for sequence analysis consist of a directed graph on “hidden state” nodes
with defined start and end states, with each node potentially “emitting” a nucleotide base or
amino acid residue [23, 24]. In the BCR case, the hidden states represent either (gene, nucleo-
tide position) pairs or N-region nucleotides, and the emission probabilities incorporate the
probability of somatic hypermutation at that base. The HMM approach to BCR annotation has
been elegantly implemented first in SODA [25], then iHMMunealign [26], and then SODA2
[27]. The transition probabilities for these previous HMMmethods were modeled parametri-
cally: specifically, they used the negative binomial distribution as first used in [28], and the
emission probabilities come from the same mutation process across positions (even if the pro-
cess is context-dependent) [26].

High throughput sequencing has become commonplace in the time since these HMMs were
designed; this provides both a challenge and an opportunity for such model-based approaches.
It is a challenge because millions of distinct sequences are now available from a single sample
of B cells, so methods must be efficient. On the other hand, it is an opportunity because such
large data sets offer the opportunity to develop and fit models with much more detail.

We hypothesized that large data sets would reveal reproducible fine-scale details in the
probabilistic rearrangement process that could be used for improved inference. The reproduc-
ibility of such details on a per-gene level is suggested by two papers from the same group: first,
analogous results in T cells [29], and, more recently, similar results for B cells (independent to
that presented here) [30]. For annotation via HMMs, researchers have previously used proba-
bility distributions such as the negative binomial [28] to model exonuclease deletion lengths,

Fig 1. The VDJ recombination process, in which individual V, D, and J genes are first randomly
selected from a number of copies of each. These genes are then joined together via a process that deletes
some randomly distributed number of nucleotides on their boundaries then joins them together with random
“non-templated” nucleotides in the N-region (blue). The specificity of an antibody is to a large extent
determined by the region defined by the heavy chain recombination site, referred to as the third
complementarity determining region (CDR3).

doi:10.1371/journal.pcbi.1004409.g001

VDJ Annotation via Consistency of Rearrangement and Substitution

PLOS Computational Biology | DOI:10.1371/journal.pcbi.1004409 January 11, 2016 3 / 25

Figure 1.3: A pictorial representation of the heavy chain VDJ rearrangement process. First,
V (green), D (orange), and J (purple) genes are randomly selected from the respective gene
pools in the body. Then, nucleotides are randomly deleted (red X’s) from both ends of the V-
D and D-J junction regions and random bases (blue) are added to the same junction regions
before the V, D, and J germline genes can be joined together. The BCR heavy and light
chain sequences can be partitioned into framework (FWK) and complementarity-determining
(CDR) regions. This image was taken from (Ralph and Matsen IV, 2016a).

1.3 B Cell Maturation Process

Once a naive B cell is activated in a lymph node or the spleen, it forms a germinal center

(GC), which is a specialized microenvironment where B cell maturation occurs. A GC can

be divided into a dark zone and a light zone. In the dark zone of a GC, the naive BCR

first accumulates point mutations according to a neutral evolutionary process called somatic

hypermutation (SHM), which may modify the associated binding affinity, and then undergoes

cellular replication. The SHM mutations are influenced by the local sequence context and

concentrated in the CDR regions. After several rounds of mutation and cell division in the

dark zone, the BCRs then travel to the light zone, where natural selection takes place. In

the light zone, BCRs compete for limiting growth resources, which includes the availability

of antigen. The BCRs with high binding affinity are favored for positive selection leading

to their survival, while the low affinity BCRs are either destroyed or sent back to the dark
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zone to go through more rounds of SHM and proliferation. This process of B cell mutation,

expansion, and selection produces a collection of B cells with receptors that have improved

binding specificities for their cognate antigen.

In addition to promoting high affinity BCRs, the GC also induces B cells to experience

class switching. Class switching is a procedure that changes the antibody class of a B cell

by altering the Fc region of the BCR. Thus, BCRs that originally released IgM or IgD

antibodies can instead encode IgG, IgA, or IgE antibodies and maintain the same level of

antigen-binding specificity. Before the mature B cells can exit the GC, each B cell must

choose to become either a plasma B cell or a memory B cell. A plasma B cell serves as

an antibody factory to fight immediate pathogenic threats and has a short lifespan, while

a memory B cell initiates a faster immune response in case of a reinfection and lives longer

than a plasma B cell. Given this complex maturation process, it should now be clear that

B cell diversification is one of the most important functions of the adaptive immune system.

For more information on the immune system, we refer readers to (Sompayrac, 2015) and

(Murphy and Weaver, 2016).

In this thesis, we analyze the SHM and clonal selection processes that govern B cell mat-

uration by using phylogenetic and machine learning tools. Phylogenetic tree models provide

a realistic and mathematically convenient way to represent the B cell evolutionary dynamics

in a GC and we describe these models in the context of maximum likelihood estimation in

Chapter 2. In particular, we would like to infer the mutational pathways that result from

SHM and discuss how stochastic mapping can be used to estimate these substitution histories

in Chapter 3. We also describe a specialized phylogenetic model for SHM in Chapter 4 that

more accurately portrays the B cell development process. Understanding how the SHM and

clonal selection processes work together to form high affinity antibodies is also of the utmost

importance and Chapter 5 details our efforts in achieving this goal. We conclude this thesis

in Chapter 6 by discussing some future directions of this current work.
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Chapter 2

MAXIMUM LIKELIHOOD INFERENCE

2.1 Introduction

Maximum likelihood estimation is an extremely popular statistical inference framework that

is used to estimate the parameters in a probabilistic data generating model. This conceptu-

ally simple method provides parameter estimates that have good statistical properties. The

maximum likelihood principle suggests that the best estimates for model parameters are

obtained by picking the parameter values that make the probability of observing the data

(i.e. likelihood) the highest. Under the assumption of independent and identically distributed

data, these maximum likelihood estimates (MLEs) tend to the true, unknown parameter val-

ues as the number of observations tends to infinity — this is called consistency in statistics.

Also, these estimators use available data in the most optimal way, again as one observes more

and more data — this is called efficiency in statistics. Under fairly general and reasonable

regularity conditions, consistency and efficiency hold for a large class of maximum likelihood

estimators (van der Vaart, 1998). This easy-to-understand estimation principle along with

the associated optimality properties for a wide class of likelihood models make maximum

likelihood an attractive procedure for many parameter estimation problems, including the

problem of estimating phylogenetic relationships from molecular sequence data.

2.2 Phylogenetic Likelihood

2.2.1 Description

Here we will examine the likelihood of molecular sequence data as a function of unknown phy-

logenetic model parameters, which consist of a tree topology, branch lengths, and continuous-

time Markov chain (CTMC) substitution model parameters. Throughout this presentation,
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we restrict attention to DNA sequence data for simplicity (although the methods we de-

scribe are compatible with other discrete character datasets as well). Suppose we observe

m aligned sequences of DNA (potentially corresponding to m distinct species), where each

sequence has nucleotide observations recorded at n distinct sites. Gaps in the alignment are

usually treated as missing data, but more accurate treatment of insertions and deletions is

possible (Redelings and Suchard, 2005; Liu et al., 2012).

Given a tree topology with branch lengths, we use a CTMC substitution model to cal-

culate the probabilities of state changes along the branches of the tree. Specifically if t

denotes a branch length on a tree, CTMC substitution models allow one to calculate pij(t),

which denotes the probability of going from state i to state j on a branch of length t, where

i, j ∈ {A,G,C, T}. It is common to use a reversible CTMC substitution model on a tree

(Felsenstein, 2004); a reversible substitution model is a Markov substitution model that, if

started at stationarity, can be run backwards in time, with the resulting backward Markov

model following the same probability law as the original forward model. Note that branch

lengths are commonly measured in expected number of substitutions per site, not in clock

time, because estimating substitution rates and branch lengths in units of clock time requires

additional information about branching and/or sampling times in the phylogeny (Drummond

et al., 2006).

Two assumptions are made that are crucial to the rest of the analysis (Felsenstein, 2004):

1. Evolution at different sites (on a given tree) is independent.

2. Conditional on the internal node states, evolution proceeds independently on different

branches of the phylogeny.

Let L(τ, t,θ) be the likelihood corresponding to the m× n DNA sequence alignment matrix

y for a given tree topology τ with branch length vector t and substitution model parameter



10

vector θ. We write the likelihood as:

L(τ, t,θ) = Pr(y; τ, t,θ) =
n∏

i=1

Pr(yi; τ, t,θ) =
n∏

i=1

Li(τ, t,θ), (2.1)

where yi is the m × 1 vector of observed nucleotides at the ith site and Li(τ, t,θ) is the

site i likelihood. This factorization follows directly from the first independence assumption

given above. Thus, we can find the likelihood of the whole sequence matrix by finding the

likelihoods for each of the n sites. Suppose we observed the nucleotide vector (A, T, C, T )

at a particular site (assuming there were only m = 4 aligned sequences). We will use the

example tree τex given in Figure 2.1 to help illustrate how to calculate the likelihood at this

site.

x

y z

A T C T

t1 t2

t3 t4 t5 t6

Figure 2.1: An example phylogenetic tree. Letters x, y, z represent the unobserved internal
node states where x is associated with the root node, τex specifies the tree topology, and tex =
(t1, t2, ..., t6) denotes the vector of branch lengths. Given the tree topology τex and branch
lengths tex, we can calculate the likelihood of observing the nucleotide vector (A, T, C, T ).

Using the tree τex, we decompose the likelihood of this nucleotide vector in the following
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manner:

Pr(A, T, C, T ; τex, tex,θ) =
∑

x

∑

y

∑

z

Pr(A, T, C, T, x, y, z; τex, tex,θ)

=
∑

x

∑

y

∑

z

πxpxy(t1)pxz(t2)pyA(t3)pyT (t4)pzC(t5)pzT (t6),
(2.2)

where the summations are over the elements in {A,G,C, T}. We obtain equation (2.2)

by conditioning on the internal node states and by invoking the assumption of independent

evolution across branches. Note that, following common practice, we assumed that the initial

distribution at the root of the phylogeny is π = (πA, πG, πC , πT )T , the stationary distribution

of the substitution model (Page and Holmes, 2009). Looking at equation (2.2), it is clear

that we will need to take a sum over 43 = 64 probabilities. For only m = 4 terminal nodes,

this computation is reasonable; as m grows, the computation becomes problematic because

the sum will involve 4m−1 terms over m− 1 internal nodes. Felsenstein (1981) explains how

to compute the phylogenetic likelihood in O(m) time (see Chapter 3 for more details).

2.2.2 Root Invariance and the Pulley Principle

Before performing maximum likelihood phylogeny estimation, it is essential to understand

the types of phylogenetic trees that will be estimated. Even though it may seem like we are

estimating rooted phylogenies, it turns out that under the assumption of substitution model

reversibility and without further assumptions or external information maximum likelihood

methods can only estimate unrooted trees. This result is a direct consequence of the Pulley

Principle, first discussed in (Felsenstein, 1981). Under the assumptions of a reversible sub-

stitution model, unconstrained branch lengths, and a root nucleotide distribution starting at

stationarity, the Pulley Principle states that the root may be placed anywhere on the tree

without affecting the likelihood. This implies that the root is unidentifiable using likelihood

methods for phylogeny estimation because the likelihood is invariant to the placement of

the root. In fact, we are not estimating a single rooted tree, but an equivalence class of
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rooted trees that corresponds to a unique unrooted tree (Felsenstein, 1981). In Figure 2.2,

we present two rooted trees that lie in the same equivalence class; the unrooted tree that

corresponds to this equivalence class is shown below the two rooted trees. As we shift the

root node associated with x, the tree topology and branch length parameters change, but

the likelihood value remains the same.

2.3 Implementations

Maximum likelihood methods for phylogenetic inference search for the unrooted tree topol-

ogy, branch lengths, and substitution model parameters that maximize the phylogenetic

likelihood described above. Because the parameter space of this phylogenetic model has

discrete and continuous components, likelihood optimization is more difficult here than in

standard statistics applications. On the one hand, the set of possible topologies is extremely

large (Felsenstein, 1981) so various heuristics are used to find the tree topology that has the

highest likelihood, while on the other, the branch length and substitution model parameter

optimization problems are non-convex, indicating that no existing optimization algorithm

can guarantee to solve these problems. Despite these difficulties, there are many software

packages that perform maximum likelihood phylogeny estimation.

Three of the more popular software packages for maximum likelihood phylogenetic in-

ference are PHYLIP (Felsenstein, 1989), PhyML (Guindon et al., 2010), and RAxML (Sta-

matakis, 2014). PHYLIP is one of the oldest and most popular maximum likelihood software

packages. The supported data types include DNA sequences, RNA sequences, protein se-

quences, discrete characters, and continuous characters (i.e. gene frequencies). This package

also includes programs to carry out parsimony analysis and distance matrix methods. PhyML

works with both nucleotide and protein sequence data, has an easy-to-use online interface,

and can handle a wide variety of substitution models, rate heterogeneity across sites, and

the phylogenetic bootstrap. RAxML uses parallel processing and hill climbing heuristics

to find maximum likelihood phylogenies and also allows for parsimony reconstruction and

bootstrapping. Even though likelihood maximization in the context of a phylogenetic model
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x

y z

A T C T

t1 t2

t3 t4 t5 t6

x

A
y

T z

C T

a
t3 − a

t4
t1 + t2

t5 t6

Note: 0 ≤ a ≤ t3.

y z

A

T C

T

t1 + t2

t3

t4 t5

t6

Figure 2.2: Three trees with equivalent likelihood values under the assumptions of the Pulley
Principle. The Pulley Principle states that the root of a tree may be placed anywhere on the
tree without affecting the likelihood value. The two rooted trees (top) are contained within
a larger equivalence class of rooted trees that uniquely corresponds to the given unrooted
tree (bottom).

is difficult, the plethora of existing maximum likelihood software tools allows researchers to

obtain phylogeny estimates that have associated optimality properties with little effort.
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Chapter 3

CALCULATING HIGHER-ORDER MOMENTS OF
PHYLOGENETIC STOCHASTIC MAPPING SUMMARIES IN

LINEAR TIME

3.1 Introduction

Given a multiple sequence alignment of DNA nucleotides, scientists are often interested in

reconstructing a phylogenetic tree to help them learn more about the ancestral relationships

between the sequences and the underlying evolutionary process (Yang, 2006). However, in

some cases, phylogeny estimation by itself does not provide all the needed information about

sequence evolution because we observe data only at the tips of the phylogeny. We do not

have much insight into the evolution taking place on the different tree branches other than

through the estimated branch lengths, which are usually specified in terms of the expected

number of substitutions per site (Felsenstein, 2004, Chapter 13). However, researchers are

often interested in making inferences about the evolutionary process on the phylogeny be-

cause these inferences could be used to answer important scientific questions. For instance,

estimates of non-synonymous/synonymous substitution rate ratios on a phylogeny are com-

monly used to test for positive selection on protein-coding genes (Nielsen and Yang, 1998).

Stochastic mapping can be used to accurately estimate these ratios and, more generally,

can help us make reliable inferences about the latent evolutionary process on the phylogeny

(Nielsen, 2002; Huelsenbeck et al., 2003; Dimmic et al., 2005; Zhai et al., 2007; Lemey et al.,

2012). Stochastic mapping is a simulation-based technique used to probabilistically map

substitution histories onto phylogenies according to CTMC models of evolution. This ap-

proach was motivated by the need for alternatives to parsimony mapping, which focuses

attention on mappings requiring the fewest substitutions. Such minimal mappings obtained
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from parsimony analysis need not be realistic.

Stochastic mapping was first introduced by Nielsen (2002), who described how to sample

substitution mappings from the posterior probability distribution of mappings for a single

trait or a site in a multiple sequence alignment. By using Nielsen’s sampling procedure, one

can compute Monte Carlo estimates for the posterior mean and/or variance, among other

properties of the posterior distribution, of any mutational mapping summary random variable

of interest. The two most popular stochastic mapping summaries are the number of particular

types of substitutions (labeled substitution counts) and the time spent in a particular group

of states (labeled dwelling times) on the tree. In most applications, substitution mappings are

simulated only to estimate the mean and/or variance of the two mapping summaries discussed

above (Minin and Suchard, 2008b). Recognizing this, Minin and Suchard (2008b) synthesized

previous work of Hobolth and Jensen (2005), Dutheil et al. (2005), and Holmes and Rubin

(2002), among others, and developed an efficient algorithm that analytically calculates the

expectations of the aforementioned mapping summaries. The authors compute restricted

expectations of CTMC labeled substitution counts (Ball and Milne, 2005; Minin and Suchard,

2008a) and labeled dwelling times (Neuts, 1995; Guindon et al., 2004; Minin and Suchard,

2008b) on each tree branch and propagate these expectations across the phylogeny using a

generalized pruning algorithm (Felsenstein, 1981). Similar to Felsenstein’s pruning algorithm,

the algorithm of Minin and Suchard (2008b) scales linearly in the number of phylogeny tips.

Minin and Suchard (2008b) drew inspiration from the work of Schadt et al. (1998), who

formulated a similar algorithm that computes first derivatives of phylogenetic likelihood

functions. Unfortunately, it is not straightforward to extend the algorithm of Minin and

Suchard (2008b) to efficiently calculate the variances of the previously mentioned mapping

summaries; as a result, these stochastic mapping variances can only be approximated using

Monte Carlo simulations.

In this chapter, we present a simulation-free dynamic programming algorithm that calcu-

lates prior and posterior mapping variances and scales linearly in the number of phylogeny

tips. We draw upon concepts introduced by Kenney and Gu (2012), who developed a recur-
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sive procedure for calculating second derivatives of phylogenetic likelihood functions. Our

procedure suggests a general framework that can be used to efficiently compute higher-order

moments of stochastic mapping summaries without simulations. The structure of the rest

of the chapter is as follows. Section 3.2 introduces notation that is used throughout the

entire chapter and discusses our research problem more formally. In Section 3.3, we give a

description of our algorithm for efficiently calculating these stochastic mapping variances. In

Section 3.4, we demonstrate the usefulness of our algorithm by extending previously devel-

oped statistical tests for rate variation across sites and for detecting evolutionarily conserved

regions in genomic sequences. Concluding remarks are presented in Section 3.5.

3.2 Notation and Problem Background

We use much of the notation provided by Minin and Suchard (2008b). Suppose we have

a discrete evolutionary trait X (i.e. DNA base) that takes on m distinct states and that

evolves according to a CTMC on a phylogeny. This evolutionary process, call it ψθ, depends

on the parameter set θ = {τ, t,Q,π}, which consists of a rooted tree topology τ with n

tips and Bn = 2n − 2 branches; branch lengths t = (t1, ..., tBn); a reversible CTMC rate

matrix Q = {qij} for i, j = 1, ...,m; and a CTMC stationary distribution π = (π1, ..., πm)T .

We assume that our evolutionary process starts at stationarity (i.e. we assume that the root

distribution is equal to π). While not necessary, this commonly used assumption ensures

that the stochastic mapping moments will be invariant to the placement of the root (Minin

and Suchard, 2008b). When this assumption is not used, as often is the case in analyses

of morphological traits (Pagel, 1999), our methods still work without modification, but the

root of the tree has to be specified by the user. Matrix P(t) = {pij(t)} = exp(Qt) represents

the CTMC transition probability matrix for a branch of length t.

We define Θ = {1, ..., Bn} to be the set of branch indices of τ . Let Θb = {b∗ ∈ Θ | b∗ �
b} denote the set of branch indices in the subtree relating all descendants of branch b,

including b, where b∗ � b for b, b∗ ∈ Θ if either b∗ is a descendant of b or b∗ is equal to b.

Let I ⊂ Θ represent the set of internal branches (i.e. branches that connect two internal
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nodes) and E = Θ \ I represent the set of terminal branches (i.e. branches that connect

an internal node to a tip node). Let D = (D1, ..., Dn) denote the trait values observed at

the n tips of τ , D1:L = {D1, ...,DL} signify an alignment of length L, and i = (i1, ..., in−1)

represent the unobserved internal node states of τ . In addition, we let ib be the vector

of internal node states for the subtree strictly beneath branch b. Note that the internal

nodes of τ are labeled with integers {1, ..., n − 1} starting from the root of the tree; the

corresponding labels of the branches and tips of τ are assigned arbitrarily. We also introduce

i∗ = (i∗1, ..., i
∗
n−1, i

∗
n, ..., i

∗
2n−1) = (i1, ..., in−1, D1, ..., Dn), which is the concatenation of i and

D. For each branch b ∈ Θ, p(b) and c(b) represent the node labels (in i∗) of the parent and

child of branch b, respectively.

Most stochastic mapping applications infer properties about the evolutionary process on

the phylogeny through the use of a summary measure H. We restrict attention to additive

mapping summaries of the form:

HΩ ≡ HΩ(M) =
∑

b∈Ω

h({Xbt}), (3.1)

where M = ({X1t}, ..., {XBnt}) denotes the collection of CTMC trajectories along the

branches of τ , Ω ⊆ Θ represents a predefined set of branch indices, and h signifies a summary

measure applied to a single CTMC trajectory. Let L ⊂ {1, ...,m}2 be a set of state pairs

that labels substitutions of trait X and w ⊂ {0, 1}m be a set that labels states of trait X.

For any given CTMC path {Xt} in [0, t), the two most popular choices of h are h1({Xt}),
which counts the number of substitutions labeled by set L, and h2({Xt}), which measures

the dwelling time in states labeled by set w (Minin and Suchard, 2008b). In this chapter,

we work exclusively with the summary function h1 as this summary measure is used in both

of our scientific applications. However, we do note that our algorithmic results hold true

regardless of the specific summary measure used.

Minin and Suchard (2008b) were able to calculate the posterior mapping expectation

E(HΩ|D) for both h1 and h2 in O(n) time and with O(n) storage but were unable to achieve
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the same space-time complexity when calculating the posterior mapping variance Var(HΩ|D).

Before we delve into the difficulties associated with computing Var(HΩ|D), we refresh our

readers on two important quantities:

E(H2
Ω1D) = E(H2

Ω|D)× P(D), (3.2)

e
[k]
ij (h, t) = E

{
h({Xt})

[
h({Xt})− 1

]
...
[
h({Xt})− k + 1

]
1{Xt=j}

∣∣∣X0 = i
}
, (3.3)

where 1{·} represents the indicator function; k = 1, 2, ...; i, j = 1, ...,m; and P(D) denotes the

phylogenetic likelihood defined as the probability of observing the tip sequence D. Equation

(3.2) connects the restricted mapping second moment E(H2
Ω1D) to the posterior mapping

second moment E(H2
Ω|D). As Minin and Suchard (2008b) state, the restricted expectation

in equation (3.2) integrates over all evolutionary mappings consistent with D on the tips of

τ . Since P(D) can be easily computed using the pruning algorithm (Felsenstein, 1981), we

focus our attention on calculating E(H2
Ω1D). Quantity e[k]

ij (h, t) denotes the kth restricted

factorial moment of h({Xt}) for a CTMC path {Xt} in [0, t) that starts in state i and ends

in state j. We let e[k](h, t) = {e[k]
ij (h, t)} represent the corresponding restricted factorial

moment matrix. Minin and Suchard (2008a) derive a simple recurrence relation to calculate

e[k](h1, t) for k = 1, 2, ...; a similar relation exists for h2 as well (Minin and Suchard, 2008b).

To help us illustrate the computational challenges inherent in calculating Var(HΩ|D), we

express E(H2
Ω1D) in the following manner (suppressing the fact that b, b′ ∈ Ω for brevity):

E(H2
Ω1D) = E

[(∑

b

h({Xbt})
)2

1D

]
(3.4)

=
∑

b

E
[
h({Xbt})2

1D

]
+
∑

b6=b′
E
[
h({Xbt})h({Xb′t})1D

]
(3.5)

=
∑

b

∑

i

E
[
h({Xbt})2| i,D

]
P(i,D) +

∑

b 6=b′

∑

i

E
[
h({Xbt})h({Xb′t})| i,D

]
P(i,D) (3.6)
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=
∑

b

∑

i

E
[
h({Xbt})2| i∗p(b), i∗c(b)

]
πi∗1

∏

b∗∈Θ

pi∗
p(b∗)i

∗
c(b∗)

(tb∗)

+
∑

b6=b′

∑

i

E
[
h({Xbt})h({Xb′t})| i∗p(b), i∗c(b), i∗p(b′), i∗c(b′)

]
πi∗1

∏

b∗∈Θ

pi∗
p(b∗)i

∗
c(b∗)

(tb∗)
(3.7)

=
∑

b

∑

i

[
e

[2]
i∗
p(b)

i∗
c(b)

(h, tb) + e
[1]
i∗
p(b)

i∗
c(b)

(h, tb)
]
πi∗1

∏

b∗∈Θ\{b}

pi∗
p(b∗)i

∗
c(b∗)

(tb∗) (3.8)

+
∑

b 6=b′

∑

i

e
[1]
i∗
p(b)

i∗
c(b)

(h, tb)e
[1]
i∗
p(b′)i

∗
c(b′)

(h, tb′)πi∗1

∏

b∗∈Θ\{b,b′}

pi∗
p(b∗)i

∗
c(b∗)

(tb∗). (3.9)

The single summation over b in (3.8) can be efficiently computed by utilizing a modified

version of the generalized pruning algorithm presented in (Minin and Suchard, 2008b).

However, the straightforward double summation over b 6= b′ in (3.9) requires at most

O(B2
n) = O((2n − 2)2) = O(n2) computations. In the next section, we describe how to

overcome this computational roadblock via a post-order tree traversal algorithm that com-

putes E(H2
Ω1D) (and therefore Var(HΩ|D)) in O(n) time and with O(n) storage.

3.3 Methods

3.3.1 Algorithm Setup

To help motivate our procedure and make it easier to understand, we utilize illustrations of

various “colored” phylogenies. Figure 3.1 displays the example “uncolored” tree we use to

create all these illustrations. Note that for a given b 6= b′ where b, b′ ∈ Ω, the corresponding

summand in (3.9) is:

∑

i

e
[1]
i∗
p(b)

i∗
c(b)

(h, tb)e
[1]
i∗
p(b′)i

∗
c(b′)

(h, tb′)πi∗1

∏

b∗∈Θ\{b,b′}

pi∗
p(b∗)i

∗
c(b∗)

(tb∗). (3.10)

If we replace the restricted first moments in (3.10) with the appropriate transition probabili-

ties, then expression (3.10) would represent the phylogenetic likelihood. From equation (3.5),

we know that expression (3.10) is equal to the restricted product moment E
[
h({Xbt})h({Xb′t})1D

]
.
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In Figure 3.1, we present two “colored” phylogenies to help visualize the calculation of

E
[
h({Xbt})h({Xb′t})1D

]
. Thus, we can visualize the double sum over b 6= b′ in (3.9) by

imagining the red and blue colorings being permuted across all branches in Ω. The cached

vectors used in our procedure are described in a similar fashion.

i1

i2 i3

i4

D3 D4 D5D1 D2

t1 t2

t3

t4 t5 t6

t7 t8

i1

i2 i3

i4

D3 D4 D5D1 D2

b

b′

i1

i2 i3

i4

D3 D4 D5D1 D2

b

b′

Figure 3.1: The example phylogenies we use to help motivate our algorithmic procedure.
(Top) The “uncolored” tree used to create all the “colored” phylogenies. This tree has
n = 5 tips, Bn = 8 branches with branch lengths t = (t1, ..., t8), internal node states
i = (i1, ..., i4), and tip states D = (D1, ..., D5). In addition, Θ = {1, 2, 3, 4, 5, 6, 7, 8},
I = {1, 2, 3}, and E = {4, 5, 6, 7, 8}. (Bottom) Two “colored” phylogenies that illustrate
the calculation of E

[
h({Xbt})h({Xb′t})1D

]
. The colored branches specify the locations of

the restricted first moments, while the uncolored branches determine the locations of the
transition probabilities. The first tree (left) and second tree (right) visualize the calculations
of E

[
h({X2t})h({X8t})1D

]
and E

[
h({X3t})h({X5t})1D

]
, respectively, for the “uncolored”

tree shown above.

Let Fu = (Fu1, ..., Fum)T be the vector of partial likelihoods at node u, where Fui denotes
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the probability of the observed data at only the tips that descend from node u, given that the

state of node u is i. We let Sb = (Sb1, ..., Sbm)T denote the vector of directional likelihoods at

branch b, where Sbi represents the likelihood of the observed data at only the tips that descend

from branch b, given that the state of parent node p(b) is i. Minin and Suchard (2008b)

utilize these Fu and Sb vectors within their algorithm for computing the posterior mapping

expectation E(HΩ|D). We also define vectors V[1]
b =

(
V

[1]
b1 , ..., V

[1]
bm

)T , V[2]
b =

(
V

[2]
b1 , ..., V

[2]
bm

)T ,
and Wb = (Wb1, ...,Wbm)T . Elements of vector V[1]

b are defined as follows:

V
[1]
bi =

∑

b†

∑

ib

e
[1]
i∗
p(b†)

i∗
c(b†)

(h, tb†)
∏

b∗∈Θb\{b†}

pi∗
p(b∗)i

∗
c(b∗)

(tb∗), (3.11)

where the state of parent node p(b) is i and b† ∈ Ωb for the set of branches of interest in

the subtree that is “below” branch b (including b), Ωb = Ω ∩ Θb. An illustration of V[1]
b

is given in Figure 3.2. We can interpret πTV
[1]
b as the restricted mapping first moment

E(HΩb
1D) for the subtree that is “below” branch b (including b). Kenney and Gu (2012)

cache a vector similar to V
[1]
b within their algorithm for computing second derivatives of

phylogenetic likelihood functions. If we replace the restricted first moment in expression

(3.11) with the appropriate transition probability derivative, then we would recover this

cached vector used in (Kenney and Gu, 2012). Similarly, V [2]
bi is defined the same as V [1]

bi ,

except in the case of V [2]
bi , we replace the restricted first moment in expression (3.11) with the

corresponding second restricted factorial moment e[2]
i∗
p(b†)

i∗
c(b†)

(h, tb†). The visual depiction of

V
[2]
b is analogous to that of V[1]

b in Figure 3.2. Elements of vector Wb are defined as follows:

Wbi =
∑

b† 6=b††

∑

ib

e
[1]
i∗
p(b†)

i∗
c(b†)

(h, tb†)e
[1]
i∗
p(b††)

i∗
c(b††)

(h, tb††)
∏

b∗∈Θb\{b†,b††}

pi∗
p(b∗)i

∗
c(b∗)

(tb∗), (3.12)

where the state of parent node p(b) is i and b†, b†† ∈ Ωb for Ωb defined as above. A pictorial

representation of Wb is provided in Figure 3.2. πTWb can be viewed as the sum of restricted

product moments E
[
h({Xb†t})h({Xb††t})1D

]
over b† 6= b†† (b†, b†† ∈ Ωb) for the subtree that

is “below” branch b (including b). In the next subsection, we describe our algorithm in full
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detail and provide some intuition behind the recursive formulas used in our procedure.

3.3.2 Algorithm Recursion

Our post-order tree traversal algorithm recursively computes Fu, Sb, V
[1]
b , V[2]

b , and Wb at

all nodes u ∈ {1, ..., n − 1, n, ..., 2n − 1} and branches b ∈ Θ. Like the pruning algorithm,

this procedure starts at the tips of the tree and continues through all ancestral nodes until

it arrives at the root of the tree. We start by describing how these vectors are initialized at

the terminal nodes/branches of τ and then specify the recursive formulas used to calculate

Fu, Sb, V
[1]
b , V[2]

b , and Wb at the internal nodes/branches of τ .

First, we follow standard practice and set Fui = 1{i=i∗u} for all terminal nodes u ∈
{n, ..., 2n − 1} and i = 1, ...,m. Oftentimes, we have partially observed and/or missing

data at the tips of τ and our initialization of Fui can be adjusted to reflect this information

(Felsenstein, 1981). For terminal branches b ∈ E , we set:

Sbi =
m∑

j=1

pij(tb)Fc(b)j, (3.13)

for i = 1, ...,m. Using matrix notation, we express the equation in (3.13) as Sb = P(tb)Fc(b).

The initializations ofV[1]
b andV

[2]
b depend on whether or not b ∈ Ω. For all terminal branches

b ∈ E , we define:

V
[1]
bi =

m∑

j=1

e
[1]
ij (h, tb)Fc(b)j1{b∈Ω}, (3.14)

V
[2]
bi =

m∑

j=1

e
[2]
ij (h, tb)Fc(b)j1{b∈Ω}, (3.15)

for i = 1, ...,m. The vectorized representations of equations (3.14) and (3.15) are V
[1]
b =

e[1](h, tb)Fc(b)1{b∈Ω} and V
[2]
b = e[2](h, tb)Fc(b)1{b∈Ω}, respectively. Finally, Wbi = 0 for all

terminal branches b ∈ E and i = 1, ...,m. Note that the definitions of V[1]
b , V[2]

b , and Wb for
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ip(b) = i1

i2

i4

D3D1 D2

b†

b = 1

∑
i2,i4

[
e
[1]
i1i2

(h, t1)pi2i4 (t3)pi2D3 (t4)

× pi4D1 (t7)pi4D2 (t8)
]

+

ip(b) = i1

i2

i4

D3D1 D2

b = 1

b†

∑
i2,i4

[
pi1i2 (t1)e

[1]
i2i4

(h, t3)pi2D3 (t4)

× pi4D1 (t7)pi4D2 (t8)
]

+

ip(b) = i1

i2

i4

D3D1 D2

b = 1

b†

∑
i2,i4

[
pi1i2 (t1)pi2i4 (t3)e

[1]
i2D3

(h, t4)

× pi4D1 (t7)pi4D2 (t8)
]

(B)
ip(b) = i1

i2

i4

D3D1 D2

b†

b = 1

b††

∑
i2,i4

[
e
[1]
i1i2

(h, t1)e
[1]
i2i4

(h, t3)pi2D3
(t4)

× pi4D1
(t7)pi4D2

(t8)
]

+

ip(b) = i1

i2

i4

D3D1 D2

b = 1

b†

b††

∑
i2,i4

[
pi1i2 (t1)e

[1]
i2i4

(h, t3)e
[1]
i2D3
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Figure 3.2: Visual depictions of the V
[1]
b and Wb vectors. (A) An illustration of the V

[1]
b

vector. V [1]
bi can be interpreted as the sum over all “single-colored” phylogenies for the subtree

defined by Θb and the predefined set of “colored” branches Ωb = Ω ∩ Θb, conditional on the
state of parent node p(b) being i. We illustrate V

[1]
1 for the “uncolored” phylogeny given

in Figure 3.1, where Ω1 = {1, 3, 4}. (B) An illustration of the Wb vector. Wbi can be
interpreted as the sum over all “double-colored” phylogenies for the same subtree and set of
“colored” branches as described in (A), conditional on the state of parent node p(b) being i.
We illustrate W1 for the “uncolored” tree displayed in Figure 3.1, where Ω1 = {1, 3, 4}.
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b ∈ E are consistent with the illustrations provided in Figure 3.2.

Now, we present the recursive formulas that compute Fu, Sb, V
[1]
b , V[2]

b , and Wb for

internal nodes u ∈ {1, ..., n − 1} and internal branches b ∈ I. The recursion for the partial

likelihood Fui is the centerpiece of Felsenstein’s pruning algorithm (Felsenstein, 1981):

Fui =

[
m∑

j=1

pij(tb1)Fc(b1)j

]

︸ ︷︷ ︸
Sb1i

×
[

m∑

j=1

pij(tb2)Fc(b2)j

]

︸ ︷︷ ︸
Sb2i

, (3.16)

where b1 and b2 represent the two branches connecting node u to its two child nodes and

i = 1, ...,m. In addition, as shown in the brackets above, equation (3.13) also denotes the

recursion for Sbi at internal branches b ∈ I (Felsenstein, 1981). Thus, the recursive formula

for Fui in (3.16) can be compactly expressed as Fu = Sb1 ◦ Sb2 , where ◦ symbolizes element-

wise multiplication between two vectors. The recursive equations used to calculate V [1]
bi , V

[2]
bi ,

and Wbi at internal branches b ∈ I are:

V
[1]
bi =

m∑

j=1

[
e

[1]
ij (h, tb)Fc(b)j1{b∈Ω} + pij(tb)

(
V

[1]
b1j
Sb2j + V

[1]
b2j
Sb1j

)]
, (3.17)

V
[2]
bi =

m∑

j=1

[
e

[2]
ij (h, tb)Fc(b)j1{b∈Ω} + pij(tb)

(
V

[2]
b1j
Sb2j + V

[2]
b2j
Sb1j

)]
, (3.18)

Wbi =
m∑

j=1

[
2× e[1]

ij (h, tb)
(
V

[1]
b1j
Sb2j + V

[1]
b2j
Sb1j

)
1{b∈Ω}

+ pij(tb)
(

2× V [1]
b1j
V

[1]
b2j

+Wb1jSb2j +Wb2jSb1j

)]
,

(3.19)

respectively, where b1 and b2 represent the two branches that are “below” branch b and

i = 1, ...,m. The recursive formulas presented in equations (3.17)-(3.19) can also be expressed

as:

V
[1]
b = e[1](h, tb)Fc(b)1{b∈Ω} + P(tb)

(
V

[1]
b1
◦ Sb2 + V

[1]
b2
◦ Sb1

)
, (3.20)
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V
[2]
b = e[2](h, tb)Fc(b)1{b∈Ω} + P(tb)

(
V

[2]
b1
◦ Sb2 + V

[2]
b2
◦ Sb1

)
, (3.21)

Wb = 2× e[1](h, tb)
(
V

[1]
b1
◦ Sb2 + V

[1]
b2
◦ Sb1

)
1{b∈Ω}

+ P(tb)
(

2×V
[1]
b1
◦V[1]

b2
+ Wb1 ◦ Sb2 + Wb2 ◦ Sb1

)
,

(3.22)

respectively. From Figure 3.2, we know that elements of V[1]
b can be interpreted as the sum

over all “single-colored” phylogenies for the subtree defined by Θb and for the predefined set of

“colored” branches Ωb = Ω∩Θb, conditional on the state of parent node p(b). Equation (3.20)

partitions this sum into three distinct pieces: 1) e[1](h, tb)Fc(b)1{b∈Ω}, 2) P(tb)
(
V

[1]
b1
◦Sb2

)
, and

3) P(tb)
(
V

[1]
b2
◦Sb1

)
. The first piece represents the “single-colored” tree with “colored” branch

b (only if b ∈ Ω); the second piece represents a sum over “single-colored” phylogenies, where

the “colored” branch is permuted across all branches in Ωb1 ; and the third piece represents

another sum over “single-colored” phylogenies, where the “colored” branch is permuted across

all branches in Ωb2 . This partitioning allows us to compute V
[1]
b as a function of previously

cached vectors Fc(b), Sb1 , Sb2 , V
[1]
b1
, and V

[1]
b2
. The recursions for V[2]

b and Wb have analogous

interpretations. Note that our algorithm requires O(n) storage because we cache a constant

(with respect to n) number of vectors at all nodes u ∈ {1, ..., n − 1, n, ..., 2n − 1} and

branches b ∈ Θ. In addition, our procedure utilizes O(n) computations because there are

O(Bn) = O(n) iterations in the algorithm and each iteration involves a constant (with respect

to n) number of operations.

3.3.3 Posterior Mapping Variance Computation

Our tips-to-root tree traversal procedure terminates after computing the vectors Froot, Sroot1 ,

Sroot2 , V
[1]
root1 , V

[1]
root2 , V

[2]
root1 , V

[2]
root2 , Wroot1 , and Wroot2 , where root denotes the root node

label and root1 and root2 represent the two branches connecting the root node to its chil-

dren. We use these cached vectors to efficiently calculate the posterior mapping variance

Var(HΩ|D).

We first describe how to compute the restricted mapping second moment E(H2
Ω1D). We
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remind our readers that the double sum over b 6= b′ (b, b′ ∈ Ω) in (3.9) can be visualized as

a sum over all “double-colored” phylogenies, where Ω denotes the predefined set of “colored”

branches. There are four distinct cases of b 6= b′ that we consider in (3.9): 1) b � root1, b
′ �

root1; 2) b � root1, b
′ � root2; 3) b � root2, b

′ � root1; and 4) b � root2, b
′ � root2. Cases 1)

and 4) represent the “double-colored” phylogenies that have both “colored” branches on the

same side of the root, while Cases 2) and 3) denote the “double-colored” phylogenies that

have one “colored” branch on each side of the root. This decomposition of the double sum in

(3.9) was suggested by Kenney and Gu (2012) in the context of computing second derivatives

of phylogenetic likelihood functions. The sums over all “double-colored” phylogenies in Cases

1), 2), 3), and 4) are mathematically represented as πT
(
Wroot1 ◦Sroot2

)
, πT

(
V

[1]
root1 ◦V

[1]
root2

)
,

πT
(
V

[1]
root1 ◦V

[1]
root2

)
, and πT

(
Wroot2 ◦ Sroot1

)
, respectively. Thus, the double sum in (3.9)

can be efficiently computed as:

πT
(

2×V
[1]
root1 ◦V

[1]
root2 + Wroot1 ◦ Sroot2 + Wroot2 ◦ Sroot1

)
. (3.23)

The sum over b ∈ Ω in (3.8) can also be calculated using the cached vectors mentioned

above. We can visualize the sum in (3.8) as a sum over all “single-colored” phylogenies,

where Ω denotes the predefined set of “colored” branches. There are two cases of b ∈ Ω that

we consider in (3.8): 1) b � root1 and 2) b � root2. Using logic similar to that described

above, we can calculate the sum in (3.8) as:

πT
[(
V

[1]
root1 + V

[2]
root1

)
◦ Sroot2 +

(
V

[1]
root2 + V

[2]
root2

)
◦ Sroot1

]
. (3.24)

We obtain a simple formula for computing the restricted mapping second moment E(H2
Ω1D)

by adding together the expressions in (3.23) and (3.24):

E(H2
Ω1D) = πT

[
2×V

[1]
root1 ◦V

[1]
root2 + Wroot1 ◦ Sroot2 + Wroot2 ◦ Sroot1

+
(
V

[1]
root1 + V

[2]
root1

)
◦ Sroot2 +

(
V

[1]
root2 + V

[2]
root2

)
◦ Sroot1

]
.

(3.25)
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Other quantities involved in the calculation of Var(HΩ|D) include the phylogenetic likeli-

hood P(D) and the restricted mapping first moment E(HΩ1D). From (Felsenstein, 1981), we

know that P(D) = πTFroot. Minin and Suchard (2008b) express E(HΩ1D) in the following

manner:

E(HΩ1D) =
∑

b

∑

i

e
[1]
i∗
p(b)

i∗
c(b)

(h, tb)πi∗1

∏

b∗∈Θ\{b}

pi∗
p(b∗)i

∗
c(b∗)

(tb∗), (3.26)

where b ∈ Ω. Notice that the right-hand side of equation (3.26) is virtually identical to the

sum over b ∈ Ω in (3.8). Given our interpretations of the sums in (3.8) and (3.9), it is easy

to see that:

E(HΩ1D) = πT
(
V

[1]
root1 ◦ Sroot2 + V

[1]
root2 ◦ Sroot1

)
. (3.27)

Finally, the posterior mapping variance Var(HΩ|D) can be expressed as follows:

Var(HΩ|D) = E(H2
Ω|D)− E(HΩ|D)2 (3.28)

=
E(H2

Ω1D)

P(D)
−
[
E(HΩ1D)

P(D)

]2

. (3.29)

We can compute Var(HΩ|D) by first calculating P(D), E(HΩ1D), and E(H2
Ω1D) using our

post-order tree traversal algorithm and then substituting these quantities into equation

(3.29).

3.3.4 Prior Mapping Variance Computation

Given our efficient calculation of the posterior mapping variance Var(HΩ|D), it is natural

to ask whether it is possible to extend the tree traversal algorithm described above to the

computation of the prior mapping variance Var(HΩ). There is a plethora of literature in evo-

lutionary biology that discusses how to calculate the prior mapping variance for a single tree

branch (Zheng, 2001; Bloom et al., 2007; Minin and Suchard, 2008a,b). Siepel et al. (2006)

describe a dynamic programming procedure that approximates the probability distribution

of HΘ and use it to estimate Var(HΘ).
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It turns out that we can exactly compute prior variances using a modified version of our

tree traversal algorithm. The only changes that need to be made are to the initializations of

Fu at all terminal nodes u. If we set Fui = 1 for all terminal nodes u and i = 1, ...,m, then

our recursive procedure will be able to compute the prior variance Var(HΩ). We also note

that all elements of the vectors Fu and Sb for u ∈ {1, ..., n − 1, n, ..., 2n − 1} and b ∈ Θ are

equal to 1 as a result of these modified initializations. Remember that the initializations of

Fu can account for partially observed and/or missing data at the tips of τ . These modified

Fu initializations are intuitive because prior mapping moments average over all possible

observed trait values at the tips of the phylogeny and thus every combination of observed tip

states needs to be accounted for in our Fu initializations. As we will see, the prior mapping

variance Var(HΩ) is essential to one of the applications we present in this chapter.

3.3.5 Prior and Posterior Mapping Covariances

Two other quantities of interest associated with stochastic mapping summaries are the prior

mapping covariance Cov(HΩ1 , HΩ2) and the posterior mapping covariance Cov(HΩ1 , HΩ2|D),

where Ω1,Ω2 ⊆ Θ are predefined sets of branch indices. Efficient computations of the prior

and posterior mapping covariances are interesting in their own right and utilized in one

of the applications we present in this chapter. In the Appendix, we describe another tree

traversal algorithm for computing these covariances. This new algorithm is a generalization

of the recursive procedure described above and much of the intuition provided for our original

procedure carries over to this new algorithm. Furthermore, this new procedure runs in O(n)

time and with O(n) storage.

3.3.6 Implementation

The efficient calculations of the prior and posterior mapping moments discussed above are

implemented in the R package phylomoments, which is available at https://github.com/

dunleavy005/phylomoments. This package also contains our implementation of the stochas-

tic mapping simulation technique put forth by Nielsen (2002) along with other assorted func-
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tions. The computationally intensive parts of our methods are written in C++ and ported

to R using the R packages Rcpp and RcppArmadillo (Eddelbuettel and François, 2011; Ed-

delbuettel and Sanderson, 2014). In the next section, we present two scientific applications

that employ stochastic mapping variances.

3.4 Applications

3.4.1 Testing for Rate Variation Across Sites

Our first application is centered around an across-site rate variation test proposed by Nielsen

(2002). Nielsen (2002) uses simulated posterior mapping variances within a posterior pre-

dictive approach to model diagnostics. In this subsection, we describe a posterior predictive

testing framework that adheres to the principles outlined by Gelman et al. (1996) and test

for across-site rate variation in two real datasets using exactly computed posterior mapping

variances.

Overview of Posterior Predictive Tests

Conceptually, posterior predictive assessments can be seen as Bayesian analogues of classi-

cal frequentist model diagnostics and hypothesis tests. Unlike classical testing procedures,

posterior predictive tests permit the use of “test statistics” that depend on both data and

unknown parameters. These “test statistics” are otherwise known as discrepancy measures

(Meng, 1994; Gelman et al., 1996). In this subsection, we denote the discrepancy measure as

T ≡ T (D1:L,θ). Posterior predictive model testing is based on the following principle: if the

assumed model adequately fits the observed data Dobs
1:L, then simulated datasets Drep

1:L from

the assumed model should look like Dobs
1:L. Similarity between Dobs

1:L and Drep
1:L is measured

through the discrepancy T . We would like to compare the observed discrepancy T (Dobs
1:L,θ)

to a reference distribution induced by the hypothesized model. The reference distribution

used in posterior predictive diagnostics is derived from the joint posterior distribution of
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Drep
1:L and θ:

P(Drep
1:L,θ|Dobs

1:L) = P(Drep
1:L|θ)P(θ|Dobs

1:L). (3.30)

Intuitively, this distribution indicates which datasets and parameter values are most plausible

if the assumed model holds true. Posterior predictive assessments are usually conducted using

simulations as the joint distribution in (3.30) is often analytically intractable. We summarize

posterior predictive simulations in the following three steps:

1. Sample θ∗ ∼ P(θ|Dobs
1:L);

2. Simulate Drep,∗
1:L ∼ P(Drep

1:L|θ∗);

3. Calculate T (Dobs
1:L,θ

∗) and T (Drep,∗
1:L ,θ∗).

We repeat these steps N times, where N is a large number, and then compare the N sam-

ples of T (Dobs
1:L,θ

∗) and T (Drep,∗
1:L ,θ∗) by constructing two empirical distributions; a small

overlap between these distributions, which could be visualized with histograms, suggests

a poor model fit. We can quantify the disagreement between the observed and predicted

discrepancies by calculating the posterior predictive p-value (Meng, 1994; Gelman et al.,

1996):

ppp = P
[
T (Drep

1:L,θ) > T (Dobs
1:L,θ)

∣∣Dobs
1:L

]
, (3.31)

where the probability is computed with respect to the joint posterior distribution P(Drep
1:L,θ|Dobs

1:L).

Given N posterior samples of Drep
1:L and θ, we can estimate the posterior predictive p-value

by computing:

ppp ≈ 1

N

N∑

i=1

1{
T (D

rep,(i)
1:L ,θ(i))>T (Dobs

1:L,θ
(i))
}, (3.32)

where D
rep,(i)
1:L and θ(i) represent the ith posterior samples of Drep

1:L and θ, respectively, for

i = 1, ..., N .
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Posterior Predictive Rate Variation Tests

Now, we use the posterior predictive testing framework described above to formulate a test

for rate variation across sites in an alignment. We assume that alignment sites evolve in-

dependently according to the same distribution provided by the continuous-time Markov

process ψθ. We focus on selecting discrepancy measures that can gauge the variability in

substitution rates across sites. One possible discrepancy measure is the variance of the total

number of substitutions in the alignment (Nielsen, 2002):

Tvar ≡ Tvar(D1:L,θ) = Var

(
L∑

i=1

H
(i)
Θ

∣∣∣∣∣D1:L

)
=

L∑

i=1

Var(HΘ|Di), (3.33)

where H(i)
Θ represents the number of substitutions at site i. Note that the second equality in

(3.33) follows from conditional independence assumptions. Another discrepancy we consider

in our analyses is the posterior dispersion index (i.e. posterior variance-to-mean ratio) for

substitution counts:

Tdisp ≡ Tdisp(D1:L,θ) = Var

(
L∑

i=1

H
(i)
Θ

∣∣∣∣∣D1:L

)/
E

(
L∑

i=1

H
(i)
Θ

∣∣∣∣∣D1:L

)

=

[
L∑

i=1

Var(HΘ|Di)

]/[
L∑

i=1

E(HΘ|Di)

]
,

(3.34)

where H(i)
Θ is specified as above. In the presence of rate variation across sites, the prior

dispersion index for substitution counts is often greater than 1 (Yang, 1996). One way

to see this is by assuming that the number of substitutions occurring on a particular tree

branch follows a Poisson distribution, where the Poisson rate parameter varies across sites

according to a gamma distribution. A simple calculation shows that, marginally, the number

of substitutions occurring on this branch follows a negative binomial distribution, which has

a variance-to-mean ratio that is greater than 1. We can make a similar argument about

the number of substitutions across an entire phylogeny. Even though the above explanation
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applies only to the prior dispersion index, it does motivate our use of the posterior dispersion

index as a discrepancy measure for detecting across-site rate variation in an alignment.

The posterior predictive simulations for our rate variation test can be summarized using

the same three steps described above. We can sample θ∗ ∼ P(θ|Dobs
1:L) using a Bayesian

phylogenetic inference software package; in our examples, we use the computer program Mr-

Bayes (Huelsenbeck and Ronquist, 2001) to perform the posterior sampling of θ. For every

posterior sample of θ, we can simulate a replicate alignment Drep,∗
1:L ∼ P(Drep

1:L|θ∗) by indepen-

dently generating Drep,∗
1 , ...,Drep,∗

L according to ψθ∗ ; we simulate tip data from ψθ∗ using the

standard discretized CTMC approach (Yang, 2006, Chapter 9). We can then analytically

calculate the observed and predicted discrepancies (i.e. T (Dobs
1:L,θ

∗) and T (Drep,∗
1:L ,θ∗)) for

T = Tvar, Tdisp using the algorithm presented in the previous section. Nielsen (2002) also

used the discrepancy Tvar in posterior predictive rate variation tests but could only obtain

Monte Carlo estimates of Tvar. Monte Carlo estimation of Tvar is computationally intensive

because it uses simulations to estimate Var(HΘ|Di) for i = 1, ..., L. The tree traversal al-

gorithm proposed in this chapter not only eliminates the Monte Carlo error associated with

estimating the variance Tvar but also speeds up the computation of this quantity.

Testing for Rate Variation in Two Sequence Alignments

We analyze the two sequence alignments used by Nielsen (2002) to demonstrate the ef-

fectiveness of our posterior predictive testing scheme. Our first dataset contains β-globin

sequences for 17 vertebrate species, where each sequence is 432 base pairs long. Our second

dataset comprises 28 sequences of the hemagglutinin (HA) gene of human influenza virus

A; each sequence has 987 base pairs. In all our analyses, we use a general time-reversible

(GTR) substitution model (Tavaré, 1986) with a Dirichlet(1,1,1,1,1,1) prior for the GTR

exchangeability rates and a Dirichlet(1,1,1,1) prior for the base frequencies π. Furthermore,

we assume a uniform prior on all possible tree topologies τ and let all branch lengths in t be a

priori uniformly distributed on the interval [0, 100]. For each dataset, we generate N = 1000

posterior samples of Drep
1:L and θ using the simulation procedure described previously and
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calculate the observed and predicted values of Tvar and Tdisp. The 1000 posterior samples of

θ are obtained by running the Markov chain Monte Carlo (MCMC) procedure in MrBayes

for 1,100,000 iterations and storing values of θ every 1000 iterations from iteration 101,000

to iteration 1,100,000. We use trace plots (not shown in this chapter) to assess convergence

of the MCMC samplers and find that using 1,100,000 MCMC iterations is sufficient for our

purposes.
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Figure 3.3: Observed and predicted distributions of the discrepancies Tvar and Tdisp. In each
plot, we superimpose the observed distribution (grey) on top of the predicted distribution
(black). The top two plots display the observed and predicted distributions for the β-globin
dataset, while the bottom two plots show the observed and predicted distributions for the
influenza dataset. These distributions were constructed using N = 1000 posterior samples
of Drep

1:L and θ.

We summarize the observed and predicted discrepancies in Figure 3.3, which demon-

strates that the observed distributions of Tvar do not deviate much from the corresponding
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predicted distributions of Tvar. The posterior predictive p-values that were computed using

the discrepancy Tvar are approximately 0.60 and 0.80 for the β-globin and influenza datasets,

respectively. Thus, it seems that our posterior predictive test based on Tvar fails to detect

across-site rate variation in the two datasets. We note that our posterior predictive test

results based on Tvar do not corroborate the findings by Nielsen (2002), who concluded that

there is rate variation across sites in the β-globin and influenza datasets. However, Nielsen

(2002) used the posterior variance of substitution counts in a slightly different way without

clearly specifying all predictive distributions. We believe our analyses are better aligned with

the posterior predictive principles outlined by Gelman et al. (1996).

In Figure 3.3, the observed and predicted distributions of Tdisp do not completely overlap

and appear more separated than the observed and predicted distributions of Tvar. For both

datasets, the observed values of Tdisp are, on average, greater than the predicted values

of Tdisp. This suggests that the discrepancy Tdisp is able to detect observed rate variation

that is not accounted for by our hypothesized model. The posterior predictive p-values that

were computed using Tdisp are approximately 0.17 and 0.031 for the β-globin and influenza

datasets, respectively; note that these p-values are smaller than the corresponding p-values

that were computed using Tvar and as a result provide stronger evidence in support of the

rate variation hypothesis.

A popular frequentist approach to modeling rate variation among sites employs a discrete

gamma distribution with a fixed number of rate classes (Yang, 1994, 1996). We check our

posterior predictive test results by performing likelihood ratio tests that compare discrete

gamma models with one rate category (H0) and four rate categories (Ha). We perform the

likelihood ratio tests using the PhyML package (Guindon et al., 2010) and obtain p-values

close to 0; these tests also suggest the presence of across-site rate variation in the β-globin

and influenza datasets. The posterior predictive p-values that were computed using Tdisp

are not as small as the likelihood ratio p-values, but this should not be surprising because

posterior predictive p-values tend to be more conservative than classical frequentist p-values

(Meng, 1994). Our posterior predictive analyses suggest that the posterior dispersion index
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Tdisp is better than the posterior variance Tvar at detecting observed rate variation among

sites.

Monte Carlo Error and Timing Analyses

To assess the efficiency gains from using our tree traversal algorithm in this setting, we

approximate Monte Carlo standard errors and running times associated with simulation-

based Tvar estimates. For each dataset, we compute these standard errors and running times

on randomly subsampled alignments of length L using m Monte Carlo replicates per site,

where L = 50, 100, 200, 400 and m = 100, 500, 1000, 10000; the Monte Carlo standard errors

are approximated using well-known formulas for the moments of the sample variance (Mood

et al., 1974, Chapter VI). We account for the posterior uncertainty in θ by first calculating

Monte Carlo errors and running times for 200 randomly subsampled posterior θ’s and then

averaging these metrics across the θ samples; the same 200 samples of θ are used in all

our simulations. For each setting of L, we also compute the exact values of Tvar and track

the corresponding running times for the 200 posterior samples of θ and then average these

results over the subsampled θ’s.

Tables 3.1 and 3.2 present the running time comparisons and Monte Carlo error approx-

imations, respectively, for the β-globin and influenza datasets; Table 3.2 can be found in the

Appendix. Based on the results shown in Table 3.2, it seems that the Monte Carlo error

has a convergence rate of O
(√

L/m
)
. This can be justified using a Central Limit Theorem

argument if L and m are large; remember that the Monte Carlo estimator of Tvar is a sum

of L independent, non-identically distributed sample variances, where each sample variance

is calculated using m independent Monte Carlo replicates. Furthermore, the Monte Carlo

error percentages range from 0.15% to 28% across the two datasets. Table 3.1 suggests that

the Monte Carlo running time increases linearly in L and m as we might expect. We can also

see that our exact computations of Tvar are at least an order of magnitude faster than the

Monte Carlo estimates of Tvar. Thus, it is clear that our tree traversal algorithm improves

the computational efficiency of posterior predictive rate variation tests that utilize Monte
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Carlo discrepancy estimates.

Running times (β-globin) Running times (influenza)
L = 50 L = 100 L = 200 L = 400 L = 50 L = 100 L = 200 L = 400

m = 100 0.70 1.4 3.1 6.1 1.0 2.0 4.1 8.0
m = 500 3.3 6.5 15 28 4.7 9.3 19 37
m = 1000 7.2 13 28 57 9.0 18 37 74
m = 10000 72 140 290 570 93 180 370 740

Exact 0.0040 0.0059 0.0097 0.017 0.0061 0.0091 0.015 0.026

Table 3.1: Monte Carlo running times associated with simulation-based Tvar estimates for the
β-globin and influenza datasets. We compute these running times on randomly subsampled
alignments of length L using m Monte Carlo replicates per site. Each table entry, excluding
the entries on the bottom row, represents an averaged Monte Carlo running time (in seconds),
where the averaging is done over 200 randomly subsampled posterior θ’s. Each table entry
on the bottom row denotes an average over running times (in seconds) associated with exact
calculations of Tvar, where the averaging is done over the same 200 posterior samples of θ
mentioned previously. All table entries are rounded to two significant digits.

3.4.2 Detecting Evolutionarily Conserved Regions in Genomic Alignments

Our second application focuses on the detection of conserved elements in genomic alignments;

in this setting, conservation refers to evolution that is slower than expected. Detection of con-

served DNA sites is of prime interest in comparative genomics because most of the conserved

elements in genome-wide sequence alignments are believed to be caused by negative selection

and to have evolutionarily important biological functions (Siepel et al., 2005). Computational

methods for detecting conserved genomic regions are essential because they are used to flag

candidate functional elements, which can then be further examined experimentally (Siepel

et al., 2006).

In this subsection, we analyze two statistical tests of conservation presented by Siepel

et al. (2006). One test is used to detect conservation across all lineages in a phylogeny, while

the other is used to identify lineage-specific conservation; both tests are referred to as SPH

conservation tests and implemented in the computer program phyloP (Pollard et al., 2010).

Our exact calculations of prior and posterior mapping moments can be used to make the
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SPH conservation tests more powerful. We present some modifications to these conservation

tests and demonstrate the efficacy of our proposed changes via simulations.

Modifying the SPH Conservation Tests

Let ψθneut denote the baseline neutral evolutionary model that is assumed to be given; neutral

models are commonly estimated using fourfold degenerate sites extracted from genome-wide

sequence alignments of interest (Pollard et al., 2010). As in (Pollard et al., 2010), we define

ψ(ρ, λ; Θb) to be a scaled evolutionary model that is identical to ψθneut except that it has all its

branch lengths scaled by the factor ρ ∈ [0, 1] and the branch lengths in the subtree defined by

Θb additionally scaled by the factor λ ∈ [0, 1]. For convenience, we let ψ(ρ) ≡ ψ(ρ, λ = 1; Θb)

for all b ∈ Θ and ρ ∈ [0, 1]. Throughout this subsection, we assume that D1, ...,DL are

independent and identically distributed according to ψ(·). The two tests of conservation

described in (Siepel et al., 2006) reduce to tests of the models that constrain parameters ρ

and λ to particular values.

The SPH “all-branch” conservation test examines conservation across all branches of the

phylogeny. Specifically, it tests the null hypothesis H0 : ρ = 1 against the alternative

hypothesis Ha : ρ < 1 for the evolutionary model ψ(ρ). Siepel et al. (2006) use the following

test statistic to distinguish between the two hypotheses:

Tall ≡ Tall(D1:L) = E

(
L∑

i=1

H
(i)
Θ

∣∣∣∣∣D1:L

)
=

L∑

i=1

E(HΘ|Di), (3.35)

where H(i)
Θ represents the number of substitutions at site i. The test statistic in (3.35) serves

as a proxy for the “observed” number of substitutions in the genomic alignment D1:L. The

prior distribution of
∑L

i=1H
(i)
Θ is taken to be the null distribution, and the p-value of this test

is obtained by first comparing the observed value of Tall to this prior distribution and then

computing the corresponding left-tail probability. It turns out that the p-values obtained

from this testing procedure are not uniformly distributed and tend to be conservative under
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the null hypothesis (Siepel et al., 2006).

To understand why this occurs, we must examine the null distribution chosen for this test.

Notice first that Tall is a sum of independent and identically distributed random variables with

mean E[E(HΘ|D)] = E(HΘ) and variance Var[E(HΘ|D)] = Var(HΘ)−E[Var(HΘ|D)]. For L

large, we can invoke the Central Limit Theorem and approximate the sampling distribution

of Tall with a normal distribution having mean L × E(HΘ) and variance L × Var(HΘ) −
L×E[Var(HΘ|D)]. Using a similar asymptotic argument as above, we can also approximate

the null distribution of
∑L

i=1H
(i)
Θ — an unobserved quantity — with a normal distribution

having mean L×E(HΘ) and variance L×Var(HΘ). Siepel et al. (2006) use the exact version

of this distribution, which results in the conservative nature of their all-branch test, because

the correct null distribution of Tall, at least asymptotically, has a variance that is smaller

than the one assumed by the authors. For a given significance level, an overdispersed null

distribution causes the critical value for rejecting H0 to be more extreme than it would be

for a proper null distribution. This is of practical importance because more extreme critical

values make it harder to correctly flag conserved genomic elements.

The SPH all-branch conservation test can be corrected and made more powerful by using

the correct asymptotic distribution of Tall as the null distribution. The dynamic programming

algorithm discussed in this chapter can be used to calculate the mean and variance of this

asymptotic distribution. The quantities E(HΘ) and Var(HΘ) are easily computed using our

results for prior mapping moments. Given our efficient computation of the posterior mapping

variance Var(HΘ|D), we estimate E[Var(HΘ|D)] using Monte Carlo simulation of sequence

data D. Even though we need Monte Carlo simulations to calculate the asymptotic variance

of Tall, our approach is still more efficient than directly estimating Var[E(HΘ|D)] via Monte

Carlo sampling.

Siepel et al. (2006) also describe two testing procedures that are used to detect lineage-

specific conservation. Both procedures analyze conservation at the subtree level and are

referred to as SPH “subtree” tests. Formally, these two approaches test the null hypothesis

H0 : λ = 1, ρ ∈ [0, 1] against the alternative hypothesis Ha : λ < 1, ρ ∈ [0, 1] for the
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evolutionary model ψ(ρ, λ; Θb). The following test statistic is used in both procedures:

Tsub ≡ Tsub(D1:L) = E

(
L∑

i=1

H
(i)
Θb

∣∣∣∣∣D1:L

)
=

L∑

i=1

E(HΘb
|Di), (3.36)

where H(i)
Θb

denotes the number of substitutions in the subtree defined by Θb at site i. Note

that the statistic in (3.36) is the subtree equivalent of that shown in (3.35). The SPH

“marginal” subtree test compares the observed value of Tsub to the marginal distribution of
∑L

i=1H
(i)
Θb
, while the SPH “conditional” subtree test compares the observed value of Tsub to

the conditional distribution of
∑L

i=1 H
(i)
Θb

given
∑L

i=1 H
(i)
Θ is equal to the observed value of

Tall. Conceptually, the marginal subtree test examines whether the number of substitutions

in the subtree is less than would be expected under the null model, whereas the conditional

subtree test analyzes whether the number of substitutions in the subtree is surprising given

the total number of substitutions in the tree. Even though these subtree tests are intuitively

appealing, they suffer from the same problems discussed previously for the all-branch test

(Siepel et al., 2006).

The SPH marginal subtree test can be corrected and made more powerful by using the

correct asymptotic distribution of Tsub as the null distribution; this asymptotic distribution

is obtained using reasoning similar to that used for the asymptotic distribution of Tall. We

propose our own conditional subtree test based on the following test statistic:

Tratio ≡ Tratio(D1:L) =
Tsub(D1:L)

Tall(D1:L)
= E

(
L∑

i=1

H
(i)
Θb

∣∣∣∣∣D1:L

)/
E

(
L∑

i=1

H
(i)
Θ

∣∣∣∣∣D1:L

)

=

[
L∑

i=1

E(HΘb
|Di)

]/[
L∑

i=1

E(HΘ|Di)

]
,

(3.37)

where H(i)
Θb

and H
(i)
Θ are defined as previously. This test statistic serves as a proxy for

the “observed” proportion of substitutions in the subtree defined by Θb across the align-

ment D1:L. Using the Central Limit Theorem and the Delta Method, we approximate

the sampling distribution of Tratio with a normal distribution whose moments depend on
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E(HΘb
), E(HΘ), Var[E(HΘb

|D)], Var[E(HΘ|D)], and Cov[E(HΘb
|D),E(HΘ|D)]; we omit the

exact forms of the mean and variance of this asymptotic distribution for brevity. By the

Laws of Total Variance and Covariance, we can express Var[E(HΘb
|D)], Var[E(HΘ|D)], and

Cov[E(HΘb
|D),E(HΘ|D)] as follows:

Var[E(HΘb
|D)] = Var(HΘb

)− E[Var(HΘb
|D)], (3.38)

Var[E(HΘ|D)] = Var(HΘ)− E[Var(HΘ|D)], (3.39)

Cov[E(HΘb
|D),E(HΘ|D)] = Cov(HΘb

, HΘ)− E[Cov(HΘb
, HΘ|D)]. (3.40)

The prior moments E(HΘb
), E(HΘ), Var(HΘb

), Var(HΘ), and Cov(HΘb
, HΘ) are efficiently

computed using the post-order tree traversal algorithm outlined in the Appendix. The

quantities E[Var(HΘb
|D)], E[Var(HΘ|D)], and E[Cov(HΘb

, HΘ|D)] are approximated using

Monte Carlo replicates of D and our exact calculations of posterior mapping variances and

covariances. For both of our lineage-specific conservation tests, we estimate the global scale

parameter ρ by numerically maximizing the observed log-likelihood function. In the next

subsubsection, we present simulation results that demonstrate the utility of our modified

SPH conservation tests.

Simulation Experiments

We evaluate the power and false positive rates of the original and modified SPH conser-

vation tests using simulated alignments. The neutral evolutionary model used by Pol-

lard et al. (2010) is also employed in all our simulation experiments. This model was

estimated using fourfold degenerate sites extracted from alignments of the 44 ENCODE

regions (Birney et al., 2007) for 36 vertebrate species. For the all-branch and subtree

tests, we simulate replicate alignments by independently generating L alignment columns

according to ψ(ρ) and ψ(ρ, λ; Θprimates), respectively, where primates denotes the branch

above the primates subtree in the neutral phylogeny. We consider L = 1, 2, 4, ..., 48, 50

and ρ = 0.1, 0.3, 0.5, 0.7, 0.9, 1 in our all-branch simulations and L = 1, 5, 10, ..., 45, 50;
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ρ = 0.1, 0.25, 0.4, ..., 1; and λ = 0.1, 0.25, 0.4, ..., 1 in our subtree simulations. We keep the

alignment length L relatively small because the primary application of SPH tests is scanning

whole genomes in search of short ultra-conserved genetic elements. For each simulation set-

ting under Ha, we generate 1000 replicate datasets, compute the conservation p-values for

each dataset using the original and modified SPH tests, and estimate the power by calcu-

lating the proportion of p-values less than the given significance level; we construct power

curves by varying the significance threshold between 0 and 1. False positive rates are simi-

larly estimated for each simulation setting under H0. Note that these power curves should

not be confused with receiver operating characteristic (ROC) curves; in our simulations, we

plot the power (i.e. true positive rates) against the significance levels, whereas ROC curves

plot the power against the false positive rates.
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Figure 3.4: Power and false positive rate plots from our all-branch simulation experiments.
The power and false positive rate curves for the original SPH all-branch test are shown
in red, while the corresponding performance curves for the modified SPH all-branch test
are displayed in black. In this figure, we present performance plots for L = 1, 4, 10 and
ρ = 0.3, 0.5, 0.7, 1.
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In Figure 3.4, we display some of the power and false positive rate plots from our all-

branch simulation experiments. Specifically, we present performance plots for L = 1, 4, 10

and ρ = 0.3, 0.5, 0.7, 1. These plots suggest that the modified SPH all-branch test is more

powerful than the original SPH all-branch test. The gap between the power curves for the

two tests is negligible for large L and small ρ but increases as we examine shorter alignments

with lower levels of conservation. This latter result is surprising because the null distribution

used in the modified SPH all-branch test is based on an asymptotic approximation. The false

positive rate plots seem to indicate that the p-values obtained from the modified all-branch

test are approximately uniformly distributed under the null hypothesis, even for small L. In

addition, it is apparent that the original SPH all-branch p-values are conservative under H0,

confirming the results found in (Siepel et al., 2006).

Figure 3.5 presents power and false positive rate plots from our subtree simulations.

We provide performance plots for L = 5, 15, 30; ρ = 0.25, 0.85; and λ = 0.1, 0.4, 0.7, 1.

The modified SPH subtree tests are more powerful than the original SPH subtree tests in

all our simulation experiments. Furthermore, we find that the power curves for the two

modified subtree tests are nearly identical; the power curves for the two original subtree

tests are similar as well. We only display the power curves for the conditional subtree tests

in Figure 3.5; the full set of power curves is shown in Figure 3.6 (see Appendix).

Our subtree simulation experiments suggest that the presence of strong phylogeny-wide

conservation (as measured by ρ) makes it more difficult to correctly identify lineage-specific

conservation. For ρ close to 1, the separation between the power curves for the original and

modified subtree tests is minimal when L is large and λ is small but widens as we analyze

shorter elements with lower levels of primate-specific conservation. However, for ρ close to

0, the power curves differ quite substantially for all settings of L and λ. The power of the

modified subtree tests is more robust to changes in ρ, while the power of the original subtree

tests diminishes greatly as ρ decreases. Thus, it appears that the modified subtree tests can

more accurately detect lineage-specific conservation in the presence of strong phylogeny-wide

conservation.
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(a) Power and false positive rate curves for ρ = 0.25
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(b) Power and false positive rate curves for ρ = 0.85

Figure 3.5: Power and false positive rate plots from our subtree simulation experiments. The
power and false positive rate curves for the original SPH conditional subtree test are shown
in red, while the corresponding performance curves for the modified SPH conditional subtree
test are displayed in black. In this figure, we present performance plots for L = 5, 15, 30;
ρ = 0.25, 0.85; and λ = 0.1, 0.4, 0.7, 1.
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Our results show that testing for conservation in a subtree of interest is more difficult

than testing for conservation across the entire phylogeny. This is not too surprising because

we have to account for the uncertainty associated with estimating ρ in the subtree tests

and the modified subtree test statistics achieve asymptotic normality under H0 at a rate

slower than is observed for the modified all-branch test statistic. The latter can be seen

by comparing the false positive rate plots in Figures 3.4 and 3.5; additionally, these plots

indicate that the original SPH subtree p-values are more conservative than the original SPH

all-branch p-values.

3.5 Discussion

In this chapter, we present a post-order tree traversal algorithm that computes prior and pos-

terior stochastic mapping variances with space and time complexity linear in the number of

tips on the phylogeny; prior and posterior mapping covariances are efficiently calculated us-

ing a generalized version of this algorithm (see Appendix). In many applications, including

the ones presented in this chapter, the posterior distribution of stochastic mapping sum-

maries can be approximated by a normal distribution. Since the normal distribution is fully

specified by its mean vector and covariance matrix, our new stochastic mapping (co)variance

computation together with an already available efficient way of computing the stochastic

mapping mean enables access to the full posterior distribution of stochastic mapping sum-

maries without resorting to costly simulations. Our methodology builds upon the results

of Minin and Suchard (2008b) and is inspired by the work of Kenney and Gu (2012), who

devised a dynamic programming procedure for calculating second derivatives of phylogenetic

likelihood functions.

In fact, our algorithm for computing prior and posterior mapping moments can be adapted

to provide a more straightforward description of the Kenney and Gu (2012) algorithm. If we

replace the restricted factorial moments in the recursive equations of our algorithm with the

appropriate derivatives of CTMC transition probabilities, then we would obtain an algorithm

that computes the second derivatives of interest. Even though this reformulation is equivalent
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to the approach of Kenney and Gu (2012), we believe our presentation is more streamlined

and easier to follow. We also point out that our algorithm and the work by Kenney and

Gu (2012) can be viewed as extensions of analogous calculations for hidden Markov models

(Lystig and Hughes, 2002; Cappé and Moulines, 2005).

The exact calculations of prior and posterior mapping moments allow us to construct

more efficient posterior predictive rate variation tests and more accurate tests of genomic

conservation. From our analyses of the β-globin and influenza datasets, we find that the pos-

terior dispersion index for substitution counts is a useful discrepancy measure for detecting

observed rate variation across sites. We motivate our use of the posterior dispersion index

as a discrepancy measure by alluding to the prior dispersion index for substitution counts

often being greater than 1 in the presence of rate variation among sites. The observed and

predicted distributions of the posterior dispersion index in Figure 3.3 do not have support

outside the interval (0, 1), but this is not entirely inconsistent with the reasoning given above

because a simple limiting argument shows that the posterior dispersion index for long se-

quence alignments is less than or equal to the prior dispersion index, even in the presence of

across-site rate variation. From our all-branch and subtree simulation experiments, we see

that the modified SPH tests are better than the original SPH tests at correctly identifying

phylogeny-wide and lineage-specific conservation in genomic sequence alignments. Specifi-

cally, we observe that the differences in power between the original and modified conservation

tests are greatest when we analyze short elements with low levels of conservation. Similarly

to the techniques found in (Kellis et al., 2003), our modified tests of conservation could aid

in the discovery of new transcriptional regulatory motifs in the human genome.

The work presented here can be extended in several different directions. One obvious

extension is to generalize our post-order tree traversal algorithm to calculate higher-order

moments of stochastic mapping summaries, such as the (co)skewness and (co)kurtosis. These

higher-order moments could then be used to construct more complex discrepancy measures

for posterior predictive model diagnostics. Similarly to the test of rate variation among

sites, it is of interest to develop a posterior predictive approach to testing for rate varia-
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tion among branches of the phylogeny. Posterior predictive tests of this type could serve

as useful diagnostic tools to assess the appropriateness of relaxed molecular clock models

(Drummond et al., 2006). In addition, it would also be beneficial to establish a posterior

predictive framework for testing the stationarity and homogeneity assumptions implicit in

reversible substitution models. These tests could be used to determine the suitability of

nonreversible substitution models (Boussau and Gouy, 2006). Our dynamic programming

algorithm can be easily altered to compute the posterior mapping variance of labeled dwelling

times, which could be employed as a discrepancy measure in these posterior predictive tests.

Finally, another potential avenue for future research is to improve the two tests of genomic

acceleration discussed by Pollard et al. (2010), where acceleration refers to evolution that

is faster than expected. Pursuing this line of research could lead to the detection of new

“human accelerated regions” in our genome (Pollard et al., 2006a,b). Based on the results in

this chapter and the promising directions for further study, we think stochastic mapping is

and will continue to be essential to making reliable inferences about the latent evolutionary

process on the phylogeny.
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Appendix

Monte Carlo Summary Tables

Standard errors (β-globin) Standard errors (influenza)
L = 50 L = 100 L = 200 L = 400 L = 50 L = 100 L = 200 L = 400

m = 100 0.91 1.3 1.8 2.5 0.094 0.13 0.19 0.26
m = 500 0.41 0.57 0.82 1.2 0.042 0.060 0.086 0.12
m = 1000 0.29 0.41 0.58 0.82 0.030 0.042 0.061 0.085
m = 10000 0.092 0.13 0.18 0.26 0.0097 0.013 0.019 0.027

(a) Monte Carlo standard errors for the β-globin and influenza datasets

L = 50 L = 100 L = 200 L = 400
β-globin 22 41 84 170
influenza 0.34 0.54 1.3 2.3

(b) Exact calculations of Tvar for the β-globin and influenza datasets

Table 3.2: Monte Carlo summary tables for the β-globin and influenza datasets. (a) Monte
Carlo standard errors associated with simulation-based Tvar estimates. We compute these
standard errors on randomly subsampled alignments of length L using m Monte Carlo repli-
cates per site. Each table entry represents an averaged Monte Carlo standard error, where
the averaging is done over 200 randomly subsampled posterior θ’s. (b) Exact computations
of Tvar. Each table entry denotes an average over exact values of Tvar, where the averaging
is done over the same 200 posterior samples of θ mentioned above. All table entries in (a)
and (b) are rounded to two significant digits.

Prior and Posterior Mapping Covariance Computation

In this subsection, we describe how to efficiently compute prior and posterior mapping co-

variances. We generalize the post-order tree traversal algorithm discussed in the main part

of the chapter and present the necessary formulas for calculating these covariances. Much of

the intuition provided for our original tree traversal algorithm carries over to this generalized

procedure.

Let Cov(HΩ1 , HΩ2) and Cov(HΩ1 , HΩ2 |D) denote the prior and posterior mapping covari-
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ances, respectively, where Ω1,Ω2 ⊆ Θ are predefined sets of branch indices. We consider

first the calculation of the posterior mapping covariance Cov(HΩ1 , HΩ2|D). The vectors Fu

and Sb are defined and computed as in our original tree traversal procedure for all nodes

u ∈ {1, ..., n−1, n, ..., 2n−1} and branches b ∈ Θ. We introduce the m-long vectors V(Ω1,[1])
b ,

V
(Ω1,[2])
b , V(Ω2,[1])

b , V(Ω2,[2])
b , V(Ω1∩Ω2,[1])

b , V(Ω1∩Ω2,[2])
b , W(Ω1)

b , W(Ω2)
b , and W

(Ω1,Ω2)
b for all b ∈ Θ.

The ith entries in V
(Ω1,[1])
b and V

(Ω1,[2])
b are mathematically defined as:

∑

b†

∑

ib

e
[1]
i∗
p(b†)

i∗
c(b†)

(h, tb†)
∏

b∗∈Θb\{b†}

pi∗
p(b∗)i

∗
c(b∗)

(tb∗), (3.41)

∑

b†

∑

ib

e
[2]
i∗
p(b†)

i∗
c(b†)

(h, tb†)
∏

b∗∈Θb\{b†}

pi∗
p(b∗)i

∗
c(b∗)

(tb∗), (3.42)

respectively, where the state of parent node p(b) is i and b† ∈ Ω1,b for Ω1,b = Ω1 ∩ Θb. The

entries in V
(Ω2,[1])
b and V

(Ω2,[2])
b and V

(Ω1∩Ω2,[1])
b and V

(Ω1∩Ω2,[2])
b are defined analogously by

replacing Ω1 with Ω2 and Ω1 ∩Ω2, respectively, in the above definitions. The ith element of

the vector W(Ω1)
b is equal to:

∑

b† 6=b††

∑

ib

e
[1]
i∗
p(b†)

i∗
c(b†)

(h, tb†)e
[1]
i∗
p(b††)

i∗
c(b††)

(h, tb††)
∏

b∗∈Θb\{b†,b††}

pi∗
p(b∗)i

∗
c(b∗)

(tb∗), (3.43)

where the state of parent node p(b) is i and b†, b†† ∈ Ω1,b for Ω1,b defined as above. The

elements in W
(Ω2)
b and W

(Ω1,Ω2)
b are similarly defined, except that b†, b†† ∈ Ω2,b and b† ∈

Ω1,b, b
†† ∈ Ω2,b, respectively, for the same Ω1,b and Ω2,b = Ω2 ∩Θb.

For all terminal branches b ∈ E , we define:

V
(Ω1,[1])
b = e[1](h, tb)Fc(b)1{b∈Ω1}, (3.44)

V
(Ω1,[2])
b = e[2](h, tb)Fc(b)1{b∈Ω1}, (3.45)

V
(Ω2,[1])
b = e[1](h, tb)Fc(b)1{b∈Ω2}, (3.46)
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V
(Ω2,[2])
b = e[2](h, tb)Fc(b)1{b∈Ω2}, (3.47)

V
(Ω1∩Ω2,[1])
b = e[1](h, tb)Fc(b)1{b∈Ω1∩Ω2}, (3.48)

V
(Ω1∩Ω2,[2])
b = e[2](h, tb)Fc(b)1{b∈Ω1∩Ω2}. (3.49)

All entries in W
(Ω1)
b , W(Ω2)

b , and W
(Ω1,Ω2)
b for b ∈ E are set to 0. The recursive formulas for

calculating these vectors at internal branches b ∈ I are:

V
(Ω1,[1])
b = e[1](h, tb)Fc(b)1{b∈Ω1} + P(tb)

(
V

(Ω1,[1])
b1

◦ Sb2 + V
(Ω1,[1])
b2

◦ Sb1
)
, (3.50)

V
(Ω1,[2])
b = e[2](h, tb)Fc(b)1{b∈Ω1} + P(tb)

(
V

(Ω1,[2])
b1

◦ Sb2 + V
(Ω1,[2])
b2

◦ Sb1
)
, (3.51)

V
(Ω2,[1])
b = e[1](h, tb)Fc(b)1{b∈Ω2} + P(tb)

(
V

(Ω2,[1])
b1

◦ Sb2 + V
(Ω2,[1])
b2

◦ Sb1
)
, (3.52)

V
(Ω2,[2])
b = e[2](h, tb)Fc(b)1{b∈Ω2} + P(tb)

(
V

(Ω2,[2])
b1

◦ Sb2 + V
(Ω2,[2])
b2

◦ Sb1
)
, (3.53)

V
(Ω1∩Ω2,[1])
b = e[1](h, tb)Fc(b)1{b∈Ω1∩Ω2} + P(tb)

(
V

(Ω1∩Ω2,[1])
b1

◦ Sb2 + V
(Ω1∩Ω2,[1])
b2

◦ Sb1
)
,

(3.54)

V
(Ω1∩Ω2,[2])
b = e[2](h, tb)Fc(b)1{b∈Ω1∩Ω2} + P(tb)

(
V

(Ω1∩Ω2,[2])
b1

◦ Sb2 + V
(Ω1∩Ω2,[2])
b2

◦ Sb1
)
,

(3.55)

W
(Ω1)
b = 2× e[1](h, tb)

(
V

(Ω1,[1])
b1

◦ Sb2 + V
(Ω1,[1])
b2

◦ Sb1
)
1{b∈Ω1}

+ P(tb)
(

2×V
(Ω1,[1])
b1

◦V(Ω1,[1])
b2

+ W
(Ω1)
b1
◦ Sb2 + W

(Ω1)
b2
◦ Sb1

)
,

(3.56)

W
(Ω2)
b = 2× e[1](h, tb)

(
V

(Ω2,[1])
b1

◦ Sb2 + V
(Ω2,[1])
b2

◦ Sb1
)
1{b∈Ω2}

+ P(tb)
(

2×V
(Ω2,[1])
b1

◦V(Ω2,[1])
b2

+ W
(Ω2)
b1
◦ Sb2 + W

(Ω2)
b2
◦ Sb1

)
,

(3.57)
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W
(Ω1,Ω2)
b = e[1](h, tb)

(
V

(Ω2,[1])
b1

◦ Sb2 + V
(Ω2,[1])
b2

◦ Sb1
)
1{b∈Ω1}

+ e[1](h, tb)
(
V

(Ω1,[1])
b1

◦ Sb2 + V
(Ω1,[1])
b2

◦ Sb1
)
1{b∈Ω2}

+ P(tb)
(
V

(Ω1,[1])
b1

◦V(Ω2,[1])
b2

+ V
(Ω1,[1])
b2

◦V(Ω2,[1])
b1

+ W
(Ω1,Ω2)
b1

◦ Sb2 + W
(Ω1,Ω2)
b2

◦ Sb1
)
,

(3.58)

where b1 and b2 represent the two branches that are “below” branch b. This generalized tree

traversal algorithm terminates after computing Fu, Sb, V
(Ω1,[1])
b , V(Ω1,[2])

b , V(Ω2,[1])
b , V(Ω2,[2])

b ,

V
(Ω1∩Ω2,[1])
b , V(Ω1∩Ω2,[2])

b , W(Ω1)
b , W(Ω2)

b , and W
(Ω1,Ω2)
b for u = root and b ∈ {root1, root2},

where root denotes the root node label and root1 and root2 represent the two branches

connecting the root node to its children. The restricted mapping moments of interest are

calculated as follows:

E(HΩ11D) = πT
(
V

(Ω1,[1])
root1 ◦ Sroot2 + V

(Ω1,[1])
root2 ◦ Sroot1

)
, (3.59)

E(HΩ21D) = πT
(
V

(Ω2,[1])
root1 ◦ Sroot2 + V

(Ω2,[1])
root2 ◦ Sroot1

)
, (3.60)

E(H2
Ω1
1D) = πT

[
2×V

(Ω1,[1])
root1 ◦V(Ω1,[1])

root2 + W
(Ω1)
root1 ◦ Sroot2 + W

(Ω1)
root2 ◦ Sroot1

+
(
V

(Ω1,[1])
root1 + V

(Ω1,[2])
root1

)
◦ Sroot2 +

(
V

(Ω1,[1])
root2 + V

(Ω1,[2])
root2

)
◦ Sroot1

]
,

(3.61)

E(H2
Ω2
1D) = πT

[
2×V

(Ω2,[1])
root1 ◦V(Ω2,[1])

root2 + W
(Ω2)
root1 ◦ Sroot2 + W

(Ω2)
root2 ◦ Sroot1

+
(
V

(Ω2,[1])
root1 + V

(Ω2,[2])
root1

)
◦ Sroot2 +

(
V

(Ω2,[1])
root2 + V

(Ω2,[2])
root2

)
◦ Sroot1

]
,

(3.62)

E(HΩ1HΩ21D) = πT
[
V

(Ω1,[1])
root1 ◦V(Ω2,[1])

root2 + V
(Ω1,[1])
root2 ◦V(Ω2,[1])

root1

+ W
(Ω1,Ω2)
root1 ◦ Sroot2 + W

(Ω1,Ω2)
root2 ◦ Sroot1

+
(
V

(Ω1∩Ω2,[1])
root1 + V

(Ω1∩Ω2,[2])
root1

)
◦ Sroot2

+
(
V

(Ω1∩Ω2,[1])
root2 + V

(Ω1∩Ω2,[2])
root2

)
◦ Sroot1

]
.

(3.63)

We also know that P(D) = πTFroot (Felsenstein, 1981). Our efficient computations of the
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above restricted mapping moments allow us to calculate the associated posterior mapping

moments using the following equations:

E(HΩ1 |D) =
E(HΩ11D)

P(D)
, (3.64)

E(HΩ2 |D) =
E(HΩ21D)

P(D)
, (3.65)

Var(HΩ1|D) = E(H2
Ω1
|D)− E(HΩ1|D)2 =

E(H2
Ω1
1D)

P(D)
−
[
E(HΩ11D)

P(D)

]2

, (3.66)

Var(HΩ2|D) = E(H2
Ω2
|D)− E(HΩ2|D)2 =

E(H2
Ω2
1D)

P(D)
−
[
E(HΩ21D)

P(D)

]2

, (3.67)

Cov(HΩ1 , HΩ2 |D) = E(HΩ1HΩ2|D)− E(HΩ1|D)E(HΩ2|D)

=
E(HΩ1HΩ21D)

P(D)
−
[
E(HΩ11D)

P(D)

][
E(HΩ21D)

P(D)

]
.

(3.68)

The prior mapping moments can be obtained by modifying the tree traversal procedure

discussed in this subsection. The only changes that need to be made are to the initializations

of Fu at all terminal nodes u. If we set Fui = 1 for all terminal nodes u ∈ {n, ..., 2n− 1} and
i = 1, ...,m, then our algorithm will be able to compute the prior moments of interest. In

this case, equations (3.64)-(3.68) are used to calculate the prior mapping moments. Thus,

the prior and posterior mapping covariances are computed in a similar fashion, but according

to different initializations of the Fu vectors at the tips of the phylogeny.
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(a) Power and false positive rate curves for ρ = 0.25
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(b) Power and false positive rate curves for ρ = 0.85

Figure 3.6: Power and false positive rate plots from our subtree simulation experiments. The
power and false positive rate curves for the original SPH marginal (conditional) subtree test
are shown in green (blue), while the corresponding performance curves for the modified SPH
marginal (conditional) subtree test are displayed in black (red). In this figure, we present
performance plots for L = 5, 15, 30; ρ = 0.25, 0.85; and λ = 0.1, 0.4, 0.7, 1.
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Chapter 4

A BAYESIAN PHYLOGENETIC HIDDEN MARKOV MODEL
FOR B CELL RECEPTOR SEQUENCE ANALYSIS

4.1 Introduction

One of the most important features of the adaptive immune system is its ability to create

a wide variety of high affinity antibodies, the soluble form of B cell receptors (BCRs), that

bind to and neutralize pathogens in the body. The initial BCR diversity is generated by

randomly joining together various gene segments in a process called VDJ rearrangement;

after an initial testing process the cells reach the “naive” state. When stimulated by binding

to foreign material called “antigen,” B cells diversify further by forming germinal centers

(GCs) in the secondary lymphoid organs and going through an affinity maturation process.

During the GC reaction, B cells mutate rapidly in a process called somatic hypermutation

(SHM), and the high affinity clones are positively selected for via clonal expansion. We would

like to better understand the GC mutation and selection processes, because insight into these

GC dynamics could aid in the development of vaccines for highly mutable pathogens such

as influenza and HIV (Mascola and Haynes, 2013). Inferring the mutational pathways from

naive to mature BCR sequences in a GC is an important step in the design of effective

vaccines. We have developed a new statistical inference framework that better estimates

these mutational pathways and quantifies uncertainty in these estimates.

Rational vaccine design efforts mentioned above depend on accurate inference of full evo-

lutionary paths from a given naive sequence to the corresponding mature BCR sequences in

a GC. By understanding the mutational pathways that lead to broadly neutralizing antibod-

ies (bNAbs), vaccines could then be constructed that induce the production of these bNAbs

in the body (Stamatatos et al., 2017). For instance, in the case of HIV, most bNAbs are
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generally not observed until after a long period of chronic infection, requiring prospective

studies to characterize them (Liao et al., 2013). While there have been many such studies

that experimentally test longitudinal B cell samples spanning from an initial HIV infection

to the development of mature bNAbs (Liao et al., 2013; Doria-Rose et al., 2014, 2016), ob-

taining early prospective samples is difficult. One way to avoid the process described above

is to infer intermediate lineage sequences computationally, synthesize them in the labora-

tory, and test their binding and neutralization abilities (Doria-Rose et al., 2014; Simonich

et al., 2018). Consequently, we will focus on inferring mutational pathways through ancestral

sequence reconstruction, a commonly used technique in computational phylogenetics.

Much of the existing BCR sequence analysis literature focuses on modeling either the

VDJ recombination process, or the phylogenetic diversification process, but not both. Elha-

nati et al. (2015) develop a likelihood-based model that encompasses the VDJ rearrangement,

SHM, and clonal selection processes; however, they implicitly assume clonal sequences arise

independently and do not consider the phylogenetic structure of SHM. Hoehn et al. (2017)

introduce a novel codon substitution model for ancestral lineage inference that encodes SHM

context-dependent mutational effects but does not account for VDJ rearrangement dynamics

in the naive sequence within their maximum likelihood phylogenetic inference framework.

Yaari et al. (2013) provide estimates of context-dependent SHM substitution probabilities

and motif mutability scores based on an aggregated dataset consisting of the synonymous

codon positions of productive antibody sequences. Ralph and Matsen IV (2016a) are able to

infer naive BCR sequences using a HMM-based approach that models the VDJ rearrange-

ment process and assumes independent evolution across the different lineages. While these

efforts have contributed greatly to our understanding of GC dynamics, we believe that the

performance of clonal lineage and ancestral sequence inference procedures can be enhanced

by using an evolutionary model for SHM that also accounts for uncertainty in the naive

rearrangement process.

Kepler (2013) has developed a likelihood-based SHM modeling framework that jointly

estimates the naive sequence and the associated clonal tree and incorporates information
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about the VDJ rearrangement process. However, this work does not consider phylogenetic

uncertainty in the naive sequence estimation procedure. While there is evidence to suggest

that ancestral sequence estimation is robust to phylogenetic uncertainty in other settings

(Hanson-Smith et al., 2010), the parameter regime of BCR diversification is quite different

than this previous work, leaving open the question of whether incorporating phylogenetic

uncertainty would aid in ancestral sequence inference. Therefore, we would like to construct a

phylogenetic inference procedure that not only allows for easy quantification of phylogenetic

uncertainty but also models the VDJ recombination as an informative prior for the naive

sequence at the root of a phylogenetic tree describing the evolution of one GC clone.

In this chapter, we propose a Bayesian approach to phylogenetic inference for clonal se-

quences that is based on a phylogenetic hidden Markov model (phylo-HMM) (Siepel and

Haussler, 2005). Our phylo-HMM models both the naive rearrangement and SHM processes.

The Bayesian framework allows us to naturally account for uncertainty in all unobserved

variables, including a phylogenetic tree, via posterior distribution sampling. We perform

simulation-based experiments to show that naive sequence and phylogenetic inference per-

formed jointly provides higher-quality estimates than those obtained by considering these

inferences separately. Our application to real data reveals significant uncertainty in naive

sequences, confirming the importance of a Bayesian approach.

4.2 Methods

4.2.1 Overview

The immune system is able to generate a diverse set of naive BCR sequences due to the VDJ

rearrangement process (Figure 4.1a). In this process, the B cell first randomly selects V, D,

and J gene segments (i.e. DNA sequences) from the respective gene pools in the body. Before

joining the gene segments together, the B cell randomly deletes nucleotides at both ends of the

V-D and D-J junction regions (i.e. exonuclease deletions) and randomly inserts nucleotides in

the same junction regions (i.e. non-templated insertions). Although the VDJ rearrangement
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process samples germline genes from the same gene pools for all the naive BCRs in a given

individual, different people may have different collections of germline genes (Watson et al.,

2017). BCR sequences can be partitioned into framework (FWK) and complementarity-

determining (CDR) regions. The BCR binding affinity is largely determined by the sequence

segments in the CDR regions, and among all the CDR regions the CDR3 region contributes

the most to antigen-binding specificity and has the highest amount of sequence variabil-

ity. In addition, naive amino-acid sequences are important because BCRs are proteins and

protein structure and function are determined by the corresponding amino-acid sequence;

these sequences are obtained from the corresponding DNA sequences by mapping each DNA

character triplet into an amino-acid letter. The partis software program (Ralph and Mat-

sen IV, 2016a,b) treats the naive sequence generative process as a discrete-time Markov

chain (DTMC) going from left to right across the sequence bases and also permits maximum

likelihood inference of the associated model parameters, which are defined according to the

VDJ rearrangement dynamics. We emphasize that the “time” of this DTMC represents po-

sition along the sequence, in contrast to the continuous time Markov chain described below

modeling the substitution process through chronological time.

As we attempt to characterize the affinity maturation process in GCs, we use the concept

of a clonal family (CF) to help analyze BCR repertoire datasets that result from high-

throughput sequencing experiments. A clonal family represents a set of BCR sequences that

originate from the same naive rearrangement event; in practice, it is simpler to define these

families as groups of BCR sequences that share the same naive sequence (Ralph and Mat-

sen IV, 2016b). In this work, we use the latter definition of a CF. The CF definition used

here relies on the basic assumption that the unmutated common ancestor of a collection

of clonally related sequences can only be identified by the corresponding DNA sequence.

There is a chance that two different naive B cells with identical BCR sequences could seed

multiple GCs and form their own lineages, but the observed clones from the two GCs would

be collapsed into a single CF because both lineages share the same naive sequence. Thus,

a correctly inferred CF under this definition will be a cluster of sequences that derive from
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(A)

. . . C T G G G A A C T C C C T A C C T C T A A G AX A T T A AX A T T A A G A CX T C CX T C A C G A T T C G . . .

T C T T G A A A T
. . . C T G G G A A C T C C C T A C C T C T A T T A A G T C A C G A T T C G . . .

T CT T G A A A T. . . CT GGGA A CT CCCT A CCT CT A T T A A G T CA CGA T T CG. . .

V ND N J

V JD

FW1 CDR1 FW2 CDR2 FW3 FW4CDR3

(B)

ACATGGCTC...

ATACGTTCC...

TTACGGTTC...

ATCCGGTAC...

ATACAGTCT...

...

. . . C T G G G A A C T C C C T A C C T C T A A G AX A T T A AX A T T A A G A CX T C CX T C A C G A T T C G . . .

T C T T G A A A T
. . . C T G G G A A C T C C C T A C C T C T A T T A A G T C A C G A T T C G . . .

T C T T G A A A T. . . C T G G G A A C T C C C T A C C T C T A T T A A G T C A C G A T T C G . . .

V ND N J

V JD

Figure 4.1: (A) A schematic representation of the naive rearrangement process. First, V
(green), D (orange), and J (purple) genes are randomly selected from the respective gene
pools in the body. Then, nucleotides are randomly deleted (red X’s) from both ends of
the V-D and D-J junction regions and random bases (blue) are added to the same junction
regions before the V, D, and J germline genes can be joined together. The BCR sequences
can be partitioned into framework (FWK) and complementarity-determining (CDR) regions.
This image was taken from (Ralph and Matsen IV, 2016a). (B) Our Bayesian phylo-HMM
jointly models VDJ recombination at the root of the tree (using an HMM) and then subse-
quent diversification (via a phylogenetic tree). We do posterior inference conditioning on the
observed sequence alignment in a clonal family, but not on a fixed inferred naive sequence.

naive B cells with the same BCR sequence; because GC mutation and selection occur at

the sequence level, all sequences in a CF go through the same mutation and selection pro-

cesses. Using this CF definition, Ralph and Matsen IV (2016b) describe how to cluster BCR

sequences from large-scale repertoire datasets into CFs with high accuracy using partis.
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We want to emphasize that repertoire datasets can be clustered and pre-processed in many

different ways, but partis provides a convenient way to cluster repertoire sequences and

produce CF-specific multiple sequence alignments (MSAs).

As mentioned in the opening section, naive sequence bases accumulate mutations via

SHM and the corresponding B cells undergo cellular replication. Phylogenetic tree models

provide a realistic and mathematically convenient way to represent the aforementioned B

cell evolutionary dynamics of a CF. In particular, these models define a likelihood at each

MSA position/site as a function of unknown parameters, which consist of a tree topology,

branch lengths, and continuous-time Markov chain (CTMC) substitution model parameters.

While B cell evolution in a CF is not independent across the different site positions, site-

specific phylogenetic likelihoods provide a convenient first approximation in modeling this

phenomenon. To help us illustrate how these phylogenetic models work, we provide an

example tree visualization for 4 sequences (Figure 4.7).

Given a tree topology with branch lengths, we use a CTMC substitution model to cal-

culate the probabilities of state changes along the branches of the tree. Specifically if t

denotes a branch length on a tree, CTMC substitution models allow one to calculate pij(t),

which denotes the probability of going from state i to state j on a branch of length t, where

i, j ∈ {A,G,C, T}. It is common to use a reversible CTMC substitution model on a tree

(Felsenstein, 2004); a reversible substitution model is a Markov substitution model that, if

started at stationarity, can be run backwards in time, with the resulting backward Markov

model following the same probability law as the original forward model. The standard phylo-

genetic generative process can be described at each alignment site as follows: 1) a DNA state

at the root node is drawn independently according to the same 4-state discrete distribution

and 2) the states at the other nodes are sampled in a pre-order traversal using the computed

CTMC probabilities at each branch pij(t); this model is a special case of a directed graphical

model (Lauritzen, 1996) that probabilistically generates sequence alignments.

Clearly, standard phylogenetic models do not account for naive rearrangement dynamics

at the root because, as we discussed above, the root state at each sequence position is sampled
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independently according to an identical distribution. Instead, if we draw root sequence states

from the DTMC mentioned earlier, we would obtain a sequence evolution model that more

accurately describes B cell evolutionary dynamics. Thus, we formulate our phylo-HMM

to consist of a hidden state DTMC model for naive sequences that explicitly incorporates

VDJ rearrangement information and an emission distribution generating sequence alignments

conditional on the naive sequence that is based on phylogenetic likelihoods. This phylo-HMM

hopefully leads to more accurate naive sequence estimates and, as a result of that, higher-

quality intermediate ancestral sequence estimates. We introduce a pictorial representation

of our Bayesian phylo-HMM to make clear our target of inference (Figure 4.1b).

From a statistical point of view, it is common to assume the naive sequence root node

is a leaf node holding naive sequence bases connected to a “virtual root node” (i.e. what we

call “root” node for our phylogenetic model above) via a branch length of 0. Even though

it may seem like we have described a rooted tree model above, it turns out that under the

assumptions of a reversible substitution model and a nucleotide distribution at the virtual

root starting at stationarity, the Pulley Principle, first discussed in (Felsenstein, 1981), states

that the virtual root may be placed anywhere on the tree without affecting the likelihood.

This implies that the model described above does not correspond to a single rooted tree,

but an equivalence class of rooted trees that maps to a unique unrooted tree. This is an

important distinction as our phylo-HMM will in fact use an unrooted tree model, which will

be justified when we describe our posterior sampling approach.

4.2.2 Notation and Assumptions

We now introduce some notation and assumptions that will be used throughout this chap-

ter. Let D = {D(j)
i }i=1:m,j=1:n denote the MSA of m clonal DNA sequences of length n.

We define Ynaive = {Y (j)
naive}j=1:n and Ŷnaive = {Ŷ (j)

naive}j=1:n to be the corresponding length-

n naive sequence random variable and point estimate, respectively. We let τ represent a

tree topology with m tips and a root branch length; in total, this topology has m internal

nodes and 2m − 1 branch lengths. We assume that the ancestral sequence at the root of
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τ is Ynaive. Furthermore, we define t = {ti}i=1:(2m−1) to be the branch lengths associated

with τ . Let Yint = {Y (j)
i }i=1:(m−1),j=1:n denote the internal nodes of τ excluding the naive

sequence Ynaive. For convenience, we let D(j) = {D(j)
i }i=1:m and Y

(j)
int = {Y (j)

i }i=1:(m−1) sym-

bolize the observed sequence data and unobserved ancestral sequence data, respectively,

at MSA site j ∈ {1, ..., n}. Conditioned on the root sequence Ynaive, we assume that

the ancestral states at each site in the MSA evolve independently along the phylogeny

τ according to a general time-reversible (GTR) substitution model (Tavaré, 1986). Let

e = {eAC , eAG, eAT , eCG, eCT , eGT} and π = {πA, πC , πG, πT} represent the GTR exchange-

ability rates and equilibrium base frequencies, respectively. We also account for phylogenetic

rate variation among sites by employing a discrete gamma distribution with a fixed number

of rate classes K (Yang, 1994, 1996) and define α to be the associated gamma shape pa-

rameter, denote r = {r1(α), ..., rK(α)} as the set of discrete rates deterministically induced

by α, and let r∗ = {r∗(j)}j=1:n represent the discrete rates chosen at each site in the MSA.

In theory, we would like to compute phylogenetic likelihoods with branch lengths scaled by

r∗(j) and mix over r∗(j) ∼ Gamma(α, α) for j ∈ {1, ..., n}. However, these integrals are gen-

erally intractable so Yang (1994) suggested dividing the Gamma(α, α) distribution into K

equal-probability rate classes, with the mean rate in each class used to represent all rates in

that class. In practice, we use the Categorical(r,p) distribution to define the models on r∗(j)
for j ∈ {1, ..., n}, where p is a, possibly unnormalized, probability vector; in addition, this

model is used to represent more general discrete distributions.

4.2.3 Phylo-HMM Description

Phylo-HMMs are special cases of directed graphical models (Lauritzen, 1996) and treat

evolution as a combination of two Markov processes: one across the sites in the MSA and

one down the phylogeny. They are commonly used for sequence-level segmentation problems

such as gene prediction and detection of highly-conserved regions (Siepel and Haussler, 2005).

In fact, a phylo-HMM is similar in structure to a standard HMM; the main difference between

the two model classes is that a phylo-HMM uses a phylogenetic likelihood as its emission
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probability distribution, while standard HMMs usually specify simpler emission distributions.

Our BCR-specific phylo-HMM specifies a Markov process along Ynaive and, conditional on

Ynaive, a phylogenetic evolutionary process down the given tree. Phylo-HMMs have not been

applied to BCR sequence analysis before and we believe this biologically realistic probabilistic

model is uniquely suited to provide higher-quality naive sequence and ancestral sequence

estimates compared to those obtained under current state-of-the-art methods.

To help us describe the phylo-HMM generative process, we provide an illustration of

the associated graphical model diagram for an example alignment with m = 3 sequences

and n = 3 sites (Figure 4.2). The naive sequence “hidden state” prior distribution p(Ynaive)

decomposes to p
(
Y

(1)
naive

)∏n
j=2 p

(
Y

(j)
naive

∣∣Y (j−1)
naive

)
and the bases are generated sequentially; these

prior probabilities depend on hyperparameters that can be set using the partis software

package (Ralph and Matsen IV, 2016a,b). For the tree topology τ , we assume that a tree

is drawn from the Uniform distribution over (m + 1)-tip unrooted trees; this seems like a

strange choice given that we described τ as a rooted topology above, but this decision will

be justified when we discuss how to perform Bayesian inference under the phylo-HMM. The

branch lengths t and the gamma shape parameter α are assumed to be a priori independent

and to follow Exponential(λ) distributions, where λ is some prespecified rate. The GTR

exchangeability rates e and equilibrium base frequencies π are usually assumed to come

from six-dimensional and four-dimensional Dirichlet distributions, respectively.

For each MSA site j ∈ {1, ..., n}, r∗(j) a priori follows the Categorical
(
r,
(

1
K
, ..., 1

K

))

distribution. Then, at each site j ∈ {1, ..., n}, we assume that Y(j)
int and D(j) are generated

by drawing DNA states from CTMC transition probability matrices based on augmented

branch lengths t× r∗(j). For example, in Figure 4.2, we first sample Y (j)
1 from p

(
Y

(j)
1

∣∣Y (j)
naive

)
,

which is a row vector distribution in the CTMC transition probability matrix for the “branch

length” t1 × r∗(j), where j ∈ {1, ..., n}. Once we have sampled Y
(j)

1 for j = 1, ..., n, we can

draw Y
(j)

2 and D(j)
3 using similar row vector distributions from CTMC transition probability

matrices for the “branch lengths” t2 × r∗(j) and t3 × r∗(j), respectively. We can recursively

continue this process until we generate states at D(j)
1 and D(j)

2 for j ∈ {1, ..., n}.
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Figure 4.2: The phylo-HMM graphical model diagram for an example alignment with m = 3
sequences and n = 3 sites. The τ , t, π, and e nodes represent the 4-tip unrooted tree topol-
ogy, the associated 5 branch lengths, the GTR exchangeability rates, and GTR equilibrium
base frequencies, respectively. The parameter α denotes the gamma shape parameter associ-
ated with the K-class discrete gamma distribution, which is used to model phylogenetic rate
variation among sites; r symbolizes the vector of K discrete rates that is deterministically
induced by α. The set of nodes r∗ = {r∗(1), r

∗
(2), r

∗
(3)} defines the rates that are drawn from

r at each particular site. The Ynaive = {Y (1)
naive, Y

(2)
naive, Y

(3)
naive} “hidden state” node collection

represents the Markov process that stochastically generates the naive sequence in our phylo-
HMM. The node sets {Y (j)

i }i=1:2,j=1:3 and D = {D(j)
i }i=1:3,j=1:3 denote the internal nodes of

τ excluding the naive sequence Ynaive and the observed MSA, respectively. We draw plates
around the Y

(j)
int and D(j) node sets for j ∈ {1, 2, 3} to indicate that any directed edges

touching a plate apply to all nodes in the plate (except for edges that originate from t,
which apply element-wise to the nodes in the plate).
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4.2.4 Posterior Distribution Inference

We are interested in sampling from the posterior distribution p(τ, t,π, e, α, r, r∗,Ynaive,Yint |D):

p(τ, t,π, e, α, r, r∗,Ynaive,Yint |D)

∝ p(τ, t,π, e, α, r, r∗,Ynaive,Yint,D)

= p(r∗,Yint,D | τ, t,π, e, α, r,Ynaive)p(τ)p(t)p(π)p(e)p(α)p(r |α)p (Ynaive)

=

{ n∏

j=1

p
(
D(j)

∣∣∣ τ, t,π, e, r∗(j),Y(j)
int

)
p
(
Y

(j)
int

∣∣∣ τ, t,π, e, r∗(j), Y (j)
naive

)
p
(
r∗(j)
∣∣ r
)}

× p(τ)p(t)p(π)p(e)p(α)p(r |α)p(Ynaive),

where this model decomposition results from the definition of a directed graphical model.

We also factorize the posterior distribution in the following way:

p(τ, t,π, e, α, r, r∗,Ynaive,Yint |D)

= p(τ, t,π, e, α, r |D)

× p(Ynaive | τ, t,π, e, α, r,D)

× p(r∗,Yint | τ, t,π, e, α, r,Ynaive,D).

This formulation is useful because it suggests that we can generate draws from the poste-

rior distribution by sampling sequentially from three conditional probability distributions.

Conceptually, to sample from the posterior, we have to draw in-order: 1) the phylogeny-

related parameters, 2) the naive sequence, and 3) the ancestral sequences. We describe how

to perform these three sampling steps in the following subsections and provide a complete

summary of the sampling process in Algorithm 1.

Tree Sampling

Our strategy for sampling from p(τ, t,π, e, α, r |D) is to first draw a large pool of observa-

tions from an easy-to-sample proposal distribution q and then perform weighted bootstrap



64

Algorithm 1: Posterior Sampling of p(τ, t,π, e, α, r, r∗,Ynaive,Yint |D)

Input: CF multiple sequence alignment D, number of discrete rates K
Npool, Nfinal (Npool/Nfinal ≈ 20)

Output: Nfinal samples of
(τ, t,π, e, α, r, r∗,Ynaive,Yint) ∼ p(τ, t,π, e, α, r, r∗,Ynaive,Yint |D)

Tree Sampling — p(τ, t,π, e, α, r |D)

1. Run partis on input data D.
⇒ D∗ = {D, Ŷpartis

naive }, p̂(Ynaive)

2. Run RevBayes MCMC on the augmented MSA D∗.
⇒ Npool samples of (τ, t,π, e, α, r) ∼ q(τ, t,π, e, α, r |D∗)

3. Run the SIR algorithm without replacement on the Npool (τ, t,π, e, α, r) proposal samples with
weights w = p(τ,t,π,e,α,r |D)

q(τ,t,π,e,α,r |D∗) .

⇒ Nfinal samples of (τ, t,π, e, α, r) ∼ p(τ, t,π, e, α, r |D)

Naive Sequence Sampling — p(Ynaive | τ, t,π, e, α, r,D)

For each sample (τ, t,π, e, α, r) ∼ p(τ, t,π, e, α, r |D):

For each site j ∈ {n, ..., 1}:

1. Draw Y
(j)
naive using our phylo-HMM-based backward sampling procedure.

⇒ Nfinal samples of (τ, t,π, e, α, r,Ynaive) ∼ p(τ, t,π, e, α, r,Ynaive |D)

Intermediate Ancestral Sequence Sampling — p(r∗,Yint | τ, t,π, e, α, r,Ynaive,D)

For each sample (τ, t,π, e, α, r,Ynaive) ∼ p(τ, t,π, e, α, r,Ynaive |D):

For each site j ∈ {1, ..., n}:

1. Sample r∗(j) according to probabilities proportional to p
(
D(j)

∣∣ τ, t,π, e, Y (j)
naive, r

∗
(j)

)
.

2. Sample Y
(j)
int in a pre-order fashion using the standard ASR distribution at internal

nodes on a r∗(j)-scaled tree.

⇒ Nfinal samples of (τ, t,π, e, α, r, r∗,Ynaive,Yint) ∼ p(τ, t,π, e, α, r, r∗,Ynaive,Yint |D)
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with weights p
q
on those samples to obtain approximate draws from the correct distribu-

tion. This “sampling-importance-resampling” (SIR) algorithm is a sample filtering method

that finds use in a wide variety of statistical applications (Smith and Gelfand, 1992; Gordon

et al., 1993; Andrieu et al., 2010). The original SIR algorithm resampled observations with

replacement, but there are theoretical and practical considerations that make resampling

without replacement more attractive (Skare et al., 2003; Gelman et al., 2013). A thorough

review of SIR sampling can be found in (Gelman and Meng, 2004, Chapter 24). We use

the SIR algorithm to sample from p(τ, t,π, e, α, r |D) because we want to take advantage of

already-existing software programs for Bayesian phylogenetic inference while incorporating

biologically-realistic details into our phylo-HMM.

Our phylogeny proposal distribution q comes from the RevBayes software package (Höhna

et al., 2016) because this is a proposal that is close to the target distribution p while also

being easy to sample from. In short, this q is traditional Bayesian phylogenetic analysis with

a point estimate of the naive sequence. In more detail, we first input the MSA D into the

partis package, obtain a naive sequence point estimate Ŷpartis
naive , and create an augmented

MSA D∗ = {D, Ŷpartis
naive }. This allows us to generate Markov chain Monte Carlo (MCMC)

samples from q(τ, t,π, e, α, r |D∗) and provides a convenient way to sample trees that have

m tips and an informative root branch length emanating from the naive sequence. In our

RevBayes analysis, we require that the prior components of q(τ, t,π, e, α, r |D∗) be defined

as we discussed in the previous subsection for p(τ, t,π, e, α, r |D) and as we will see, this

assumption is critical to the validity of our technique.

For the purposes of this discussion, let us assume that we sample a large number (say

Npool) of parameter values from q(τ, t,π, e, α, r |D∗) in RevBayes. As we briefly mentioned

above, we resampleNfinal times without replacement from the set ofNpool q(τ, t,π, e, α, r |D∗)
draws. Each q(τ, t,π, e, α, r |D∗) sample is assigned a sampling weight w = p(τ,t,π,e,α,r |D)

q(τ,t,π,e,α,r |D∗) .

While it seems odd to use the ratio of posterior probabilities that are conditional on different

datasets as bootstrap weights, the only technical requirement on p and q is that the param-

eters of interest (i.e. τ , t, π, e, α, and r) have the same support, which is indeed the case in
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our situation. Smith and Gelfand (1992) suggest picking Npool and Nfinal so
Npool
Nfinal

≥ 10 while

Rubin (1987) proposed a safe rule-of-thumb to be Npool
Nfinal

= 20; we use Npool
Nfinal

= 20 in all the

applied experiments conducted in this chapter. It may not be immediately clear how one

would efficiently compute the numerator in w so we express w in the following form:

w =
p(τ, t,π, e, α, r |D)

q(τ, t,π, e, α, r |D∗)

=
p(τ, t,π, e, α, r,D)/p(D)

q(τ, t,π, e, α, r,D∗)/q(D∗)

=
p(D | τ, t,π, e, α, r)
q(D∗ | τ, t,π, e, α, r)

q(D∗)

p(D)

=

∑
Ynaive

p(D | τ, t,π, e, α, r,Ynaive)p(Ynaive | τ, t,π, e, α, r)
q(D∗ | τ, t,π, e, α, r)

q(D∗)

p(D)

=

∑
Ynaive

p(D | τ, t,π, e, r,Ynaive)p(Ynaive)

q(D∗ | τ, t,π, e, α, r)
q(D∗)

p(D)

=

∑
Ynaive

{
p
(
Y

(1)
naive

)∏n
j=2 p

(
Y

(j)
naive

∣∣∣Y (j−1)
naive

)∏n
k=1 p

(
D(k)

∣∣∣ τ, t,π, e, r, Y (k)
naive

)}

q(D∗ | τ, t,π, e, α, r)
q(D∗)

p(D)
,

where the transition from the second line to the third line is due to the priors on τ , t,

π, e, α, and r for both p and q being equal and the decomposition between the fourth

and sixth lines is a result of d-separation conditional independencies (Lauritzen, 1996) as

follows. Specifically, Ynaive ⊥ {τ, t,π, e, α, r} because every undirected path in the graphical

model between Ynaive and {τ, t,π, e, α, r} does not contain any “conditioned” child nodes and

D ⊥ α | {τ, t,π, e, r,Ynaive} as all paths between D and α are “blocked” by the intermediate

node r. The final denominator term above q(D∗ | τ, t,π, e, α, r) is the usual phylogenetic

likelihood, here calculated by RevBayes. Note that the marginal likelihood ratio q(D∗)
p(D)

does

not affect the bootstrap sampling because the sampling probabilities are proportional to

w and the likelihood ratio is a constant with respect to τ , t, π, e, α, and r in the Npool

sampling weights. The numerator term in the final equation for w looks complicated, but

is actually the phylo-HMM likelihood with the “hidden state” probabilities p
(
Y

(1)
naive

)
and

p
(
Y

(j)
naive

∣∣Y (j−1)
naive

)
for j ∈ {2, ..., n} and the “emission probabilities” p

(
D(k)

∣∣ τ, t,π, e, r, Y (k)
naive

)
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that marginalize over the site-wise rates r∗(k) for k ∈ {1, ..., n}. We can efficiently calculate

the phylo-HMM likelihood using the forward algorithm (Rabiner, 1986), but this approach

requires us to be able to compute the phylo-HMM emission probabilities in a straightforward

manner as the hidden state probabilities in p(Ynaive) can be easily inferred using partis,

which we now call p̂(Ynaive).

It turns out that we can, again, leverage existing software tools to help us efficiently

compute the emission probabilities p
(
D(k)

∣∣ τ, t,π, e, r, Y (k)
naive

)
for k ∈ {1, ..., n}. The key

point is to recognize that p
(
D(k)

∣∣ τ, t,π, e, r, Y (k)
naive

)
is an entry in the Felsenstein likelihood

vector at the Y (k)
naive node, which denotes the probability of the observed data at only the

tips that descend from node Y (k)
naive, given the conditioned state of node Y (k)

naive. These vec-

tors are commonly used within a post-order tree traversal algorithm to compute standard

phylogenetic likelihoods (Felsenstein, 1981). Let Fu = (Fu1, ..., Fum)T be the vector of par-

tial likelihoods at node u, where Fui denotes the probability of the observed data at only

the tips that descend from node u, given that the state of node u is i. Because we uti-

lize an unrooted tree model in our phylo-HMM, we can use a Pulley Principle argument

(Felsenstein, 1981) to show that a standard phylogenetic likelihood on our tree can be repre-

sented as p
(
D(k)

∣∣ τ, t,π, e, r, Y (k)
naive

)
π
Y

(k)
naive

. Thus, we can compute the phylo-HMM emission

probabilities by first calculating the standard site-wise phylogenetic likelihoods on the same

tree and then dividing out the Y (k)
naive stationary probabilities. To compute these standard

site-specific phylogenetic likelihoods, we make use of the libpll C library (Flouri et al.,

2014), which is a versatile high-performance software library for phylogenetic analysis. Of

course, we could have instead used a rooted tree model in our phylo-HMM, performed our

own post-order tree traversal algorithm for likelihood computations, and extracted out the

appropriate entries in the site-wise Felsenstein likelihood vectors, but we want our inference

technique to scale to the large datasets that result from high-throughput BCR sequencing

and no currently-existing software package meets this requirement. In the next subsection,

we describe how to generate naive sequence draws given the approximate phylogenetic tree

samples from p(τ, t,π, e, α, r |D).
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Naive Sequence Sampling

To sample naive sequences, we exploit the fact that our phylo-HMM is essentially a standard

HMM with a naive-conditional phylogenetic likelihood as its emission distribution. We draw

the “hidden state” naive sequence Ynaive from p(Ynaive | τ, t,π, e, α, r,D) by adapting the

hidden state posterior sampling technique for standard HMMs to be used for our specialized

phylo-HMM (Scott, 2002). Just as we perform the forward algorithm by recursively com-

puting and caching intermediate phylo-HMM likelihoods (i.e. forward probabilities) going

left to right across the MSA, we can sample Ynaive by doing a backward pass through the

phylo-HMM and drawing the Y (j)
naive states starting at site n and ending at the first align-

ment site. In fact, the maximum a posteriori probability (MAP) estimate of the hidden

state sequence Ynaive is obtained using a similar procedure called the Viterbi algorithm (Ra-

biner, 1986; Scott, 2002). This backward sampling procedure can actually use the previously

cached forward probabilities in the calculation of the sampling probabilities at each site,

which is convenient because we already had to run the forward algorithm to sample the

phylogeny-related parameters from p(τ, t,π, e, α, r |D). Once Ynaive has been sampled, we

can proceed to draw the intermediate ancestral states Yint from the conditional distribution

p(r∗,Yint | τ, t,π, e, α, r,Ynaive,D).

Intermediate Ancestral Sequence Sampling

Just as we did for our naive sequence sampling, we sample the intermediate ancestral states

Yint by utilizing a modified version of the standard ancestral sequence reconstruction (ASR)

technique used in phylogenetics (Nielsen, 2002). It is important to note that sampling

from p(r∗,Yint | τ, t,π, e, α, r,Ynaive,D) can be reduced to drawing
(
r∗(j),Y

(j)
int

)
pairs from

p
(
r∗(j),Y

(j)
int

∣∣ τ, t,π, e, α, r, Y (j)
naive,D

(j)
)
for each MSA site j ∈ {1, ..., n}, which is justified by

d-separation conditional independencies (Lauritzen, 1996). At each site j ∈ {1, ..., n}, we
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first sample r∗(j) and then Y
(j)
int according to the previously-described distribution:

p
(
r∗(j),Y

(j)
int

∣∣∣ τ, t,π, e, α, r, Y (j)
naive,D

(j)
)

= p
(
r∗(j)

∣∣∣ τ, t,π, e, α, r, Y (j)
naive,D

(j)
)
p
(
Y

(j)
int

∣∣∣ τ, t,π, e, α, r, Y (j)
naive, r

∗
(j),D

(j)
)
,

where the above decomposition is based on the definition of conditional probability. We draw

the site-specific rates before the site-wise intermediate ancestral states because conditioning

on the rates allows for simpler and more efficient ancestral state sampling using an already-

existing software package.

It turns out that we can draw r∗(j) values from r with probabilities proportional to

p
(
D(j) | τ, t,π, e, Y (j)

naive, r
∗
(j)

)
, which makes intuitive sense because it implies rates should be

sampled according to the site-specific likelihoods with branch lengths scaled by the corre-

sponding rates. To understand why the above statement holds true, we express

p
(
r∗(j)
∣∣ τ, t,π, e, α, r, Y (j)

naive,D
(j)
)
as follows:

p
(
r∗(j)

∣∣∣ τ, t,π, e, α, r, Y (j)
naive,D

(j)
)

∝ p
(
r∗(j),D

(j)
∣∣∣ τ, t,π, e, α, r, Y (j)

naive

)

= p
(
r∗(j)

∣∣∣ τ, t,π, e, α, r, Y (j)
naive

)
p
(
D(j)

∣∣∣ τ, t,π, e, α, r, Y (j)
naive, r

∗
(j)

)

= p
(
r∗(j)

∣∣∣ r
)
p
(
D(j)

∣∣∣ τ, t,π, e, Y (j)
naive, r

∗
(j)

)

∝ p
(
D(j)

∣∣∣ τ, t,π, e, Y (j)
naive, r

∗
(j)

)
,

where the transition from the second line to the third line stems from the definition of con-

ditional probability, the transition from the third to fourth line is a result of d-separation

(Lauritzen, 1996), and the fourth-to-fifth line transition is due to the fact that r∗(j) | r ∼
Categorical

(
r,
(

1
K
, ..., 1

K

))
by assumption. These site-specific likelihoods are in fact almost

identical to the naive-conditional phylogenetic likelihoods discussed in the previous two sub-

sections with the only difference being that we now condition on the site-wise rates instead
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of marginalizing over them.

To illustrate why sampling Y
(j)
int from p

(
Y

(j)
int

∣∣ τ, t,π, e, α, r, Y (j)
naive, r

∗
(j),D

(j)
)
is similar

to drawing ASRs according to the procedure outlined by Nielsen (2002), we derive the

sampling distribution of Y (j)
1 , the most recent common ancestor of D(j). The distribution

p
(
Y

(j)
1

∣∣ τ, t,π, e, α, r, Y (j)
naive, r

∗
(j),D

(j)
)
can be decomposed in the following manner:

p
(
Y

(j)
1

∣∣∣ τ, t,π, e, α, r, Y (j)
naive, r

∗
(j),D

(j)
)

∝ p
(
Y

(j)
1 ,D(j)

∣∣∣ τ, t,π, e, α, r, Y (j)
naive, r

∗
(j)

)

= p
(
Y

(j)
1

∣∣∣ τ, t,π, e, α, r, Y (j)
naive, r

∗
(j)

)
p
(
D(j)

∣∣∣ τ, t,π, e, α, r, Y (j)
naive, r

∗
(j), Y

(j)
1

)

= p
(
Y

(j)
1

∣∣∣ τ, t,π, e, Y (j)
naive, r

∗
(j)

)
p
(
D(j)

∣∣∣ τ, t,π, e, r∗(j), Y (j)
1

)
,

where, as before, the transition between the second and third lines are due to the defini-

tion of conditional probability and the transition from the third line to the fourth line is a

result of d-separation (Lauritzen, 1996). The first term in the resulting expression above,

p
(
Y

(j)
1

∣∣ τ, t,π, e, Y (j)
naive, r

∗
(j)

)
, is the CTMC transition probability between Y (j)

naive and Y
(j)

1 on

a scaled branch length t1 × r∗(j) and the second term, p
(
D(j)

∣∣ τ, t,π, e, r∗(j), Y
(j)

1

)
, is an en-

try in the Felsenstein likelihood vector at the Y (j)
1 node on the given tree with r∗(j)-scaled

branch lengths. This expression for the sampling distribution of Y (j)
1 corresponds with the

standard ASR distribution at internal nodes described in (Nielsen, 2002). Thus, by concep-

tually treating Y (j)
naive as a sampled root node and scaling the branch lengths by r∗(j), we can

draw Y
(j)

1 ∼ p
(
Y

(j)
1

∣∣ τ, t,π, e, α, r, Y (j)
naive, r

∗
(j),D

(j)
)
using equation (10) presented by Nielsen

(2002). By recursively using d-separation arguments (Lauritzen, 1996), we can use similar

logic to that described above to sample states at the other internal nodes Y
(j)
int \ Y (j)

1 in a

pre-order fashion as well. Once we have drawn Y
(j)
int at each alignment site j ∈ {1, ..., n}, our

three-stage sampling process of p(τ, t,π, e, α, r, r∗,Ynaive,Yint |D) is completed.
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4.2.5 Implementation

The entire Bayesian phylo-HMM sampling process is implemented in a pipeline called linearham,

which is available at https://github.com/matsengrp/linearham. We developed our phylo-

HMM data structure in C++ and, as mentioned before, used the tree structures from the

libpll C library (Flouri et al., 2014) to ensure our phylogenetic likelihood computations

were as fast as possible. We have provided a Docker container (https://hub.docker.com/

r/matsengrp/linearham) so users can try out the software without installation, as well as

specifying the installation dependencies and provide an example command in a Dockerfile.

Our linearham program also provides an interface to partis to obtain p̂(Ynaive). It

accepts a repertoire FASTA file as input and can infer the hidden state transition probabilities

assuming either the repertoire needs to be partitioned into individual CFs before phylogenetic

inference or the “repertoire” is a single CF already, which is useful for researchers that want

to run linearham inference on a hand-curated CF. It is also possible to specify an external

set of p(Ynaive) parameters.

In addition, linearham summarizes its phylogenetic inference output in a user-friendly

format. It provides an output FASTA file that contains each sampled amino acid naive

sequence and its associated posterior probability, creates a FASTA-like file that maps each

sampled amino acid naive sequence to its corresponding set of DNA naive sequences and pos-

terior probabilities, and generates an amino acid naive sequence posterior probability logo

using WebLogo (Crooks et al., 2004) to visualize the per-site uncertainties. Furthermore, we

provide similarly-styled output files for particular naive-to-tip tree lineages of interest by

tabulating the posterior probabilities of sampled naive sequences and intermediate ances-

tral sequences on the lineage. For naive-to-tip lineage analysis, we also create a posterior

probability lineage graphic using Graphviz (Gansner and North, 2000) that summarizes

the different inferred naive-to-tip sequence trajectories and their relative confidences (Gong

et al., 2013).
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4.3 Simulation Experiments

In our simulation experiments, we focus on validating the accuracy of the naive sequence

and ancestral sequence estimates produced by linearham. For naive sequence validations, we

compare and contrast the performance between linearham, partis, and the ARPP program

(Kepler, 2013). The partis package provides maximum likelihood naive sequence estimates

(Ralph and Matsen IV, 2016a), but its model assumes a star-tree configuration, which is

unrealistic for many CFs going through long periods of SHM and affinity maturation (Liao

et al., 2013; Doria-Rose et al., 2014, 2016). The ARPP program is also a likelihood-based

framework that jointly infers a CF tree and the associated naive sequence using information

about the VDJ rearrangement process, but does not quantify phylogenetic uncertainty; we

use this program in our validations because it is one of the only other programs that estimates

CF phylogenies and naive sequences at the same time. We did attempt to use the newer

version of ARPP (called Cloanalyst), but ran into difficulties with the program crashing and

were unable to successfully resolve this issue when we contacted the program author.

Similarly, for our ancestral sequence validations, we restrict our comparisons to the

linearham, RevBayes, and dnaml (Felsenstein, 2005) packages. As discussed before, the

RevBayes program performs Bayesian phylogenetic inference on a given MSA, but in this

case, we sample CF trees and ASRs from RevBayes using an augmented CF sequence align-

ment that contains the partis-inferred naive sequence (i.e. D∗ from above). This approach

to ASR was used in (Simonich et al., 2018) and is similar to that of linearham with the main

difference being that RevBayes ASR sampling is conditional on the partis-inferred naive

sequence whereas linearham ASR inference conditions on naive sequences drawn from a pos-

terior distribution. For all the experiments conducted in this section, we run RevBayes using

50,000 MCMC iterations, sampling every 10 iterations, discard the first 500 RevBayes sam-

ples as burn-in, and sample without replacement 225 times from the 4,500 effective RevBayes

samples in the case of linearham inference. The dnaml package performs maximum likeli-

hood phylogenetic inference and generates an ASR conditional on this likelihood-based tree
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estimate. While it is possible to sample ASRs on a maximum likelihood tree (Nielsen, 2002),

dnaml only reports the most probable ancestral sequences. We run dnaml on an augmented

CF sequence alignment that contains the ARPP maximum likelihood estimate of the naive

sequence. In the following subsections, we describe our simulation experiments in more detail

from the data-generating mechanism to the validation results.

4.3.1 Simulation Setup

To simulate tree topologies with a fixed number of tips in our experiments, we used the

single-parameter beta-splitting generative process (Aldous, 1996). The beta-splitting process

is able to generate a wide variety of tree topologies ranging from balanced topologies (i.e.

trees with approximately equal root-to-tip distances) to unbalanced topologies (i.e. trees

with highly variable root-to-tip distances) by varying the associated “balance” parameter β.

Intuitively, this process can be seen as a recursive partitioning procedure that, at each tree

split, partitions the Uniform(0, 1) random numbers corresponding to the “tips” on the current

sub-interval according to a Beta(β + 1, β + 1) distribution. As β →∞, the generated trees

get closer and closer to balanced binary trees and, as β → −2, the simulated topologies look

more and more “comb-like” (i.e. unbalanced) (Aldous, 1996).

We are motivated to use this topology-generating process because the level of balance of

the tree determines the extent to which a phylogenetic approach to naive sequence estimation

improves over a star-tree model. Informally speaking, a phylogenetic approach weights the

information coming from tips close to the root (in the imbalanced case) more strongly than

tips more distant from the root. Thus we expect a phylogenetic approach to be superior

in the imbalanced case. On the other hand, partis assumes evolution occurs according to

a star tree, which implies the expected number of substitutions from the root to each of

the tip sequences should be approximately equal. Thus, for imbalanced trees, that have a

large variance in the root-to-tip branch length distances, we would expect partis to provide

poor naive sequence estimates for sequence datasets generated on those trees compared to

a phylogenetic approach. Throughout the rest of this section, we define “tree imbalance” to
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be the standard deviation of a tree’s root-to-tip distances.

To generate branch lengths for our simulated trees that preserve the shapes induced

by the beta-splitting topology prior, we independently draw values from a Uniform(0, 2M)

distribution, where M is a constant derived from HIV bnAb lineage trees. Specifically, we

ran the PC64 (Landais et al., 2017) and VRC01 (Wu et al., 2015) datasets through partis to

obtain augmented CF sequence alignments with the partis-inferred naive sequence, inferred

approximate maximum likelihood CF trees using FastTree (Price et al., 2009, 2010), and

set M to be the average across all estimated branch lengths in the two trees (≈ 0.0179).

We describe these two datasets in more detail in the next section when we discuss our real-

world dataset applications. In the subsequent parts of this section, we refer to the inferred

FastTree trees described above as the PC64 and VRC01 phylogenies, respectively. We

emphasize that these trees are only used as the basis for a simulation study and their level

of accuracy is not especially important.

Each simulated phylogeny also receives a root branch length, which is not accounted

for by the above generative processes. We use the mean of the PC64 and VRC01 root

branch lengths (≈ 0.01759) as the default root branch length for simulation and also assign

simulated trees root branch lengths of 0.1 to validate inference in settings with long periods

of shared mutational history. For each simulated tree, we draw a naive sequence at the root

according to the partis prior distribution that, as mentioned previously, models the VDJ

rearrangement process. We use the default settings in partis for human heavy chain data,

as that is our target regime of interest.

To simulate DNA sequence data on the selected trees given the partis-generated naive

sequences, we use the simulator in the samm package (Feng et al., 2017). A complex collection

of enzymes introduces mutations to affinity-maturing sequences in a random pattern that

is known to be highly sensitive to the sequence motif (i.e. the subsequence of DNA bases

surrounding the mutating position) (Rogozin and Kolchanov, 1992; Dunn-Walters et al.,

1998; Chahwan et al., 2012; Methot and Di Noia, 2017). The samm program estimates these

motif mutabilities (i.e. the probability a position will mutate given the motif at that position)
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and substitution probabilities (i.e. the probability a position will mutate to a new base given

the motif at that position) using a penalized Cox proportional hazards model and simulates

sequence mutations given these inferred parameters. In our work, we use the default samm

parameters inferred for human heavy chain sequences (Feng et al., 2017).

In our simulation experiments, we set β to −1.5, −1.25, and −1; the CF sequence count

NCF to 40 and 80; and the root branch length t0 to 0.01759 and 0.1. There are 12 different

parameter settings and in each setting, we simulate 15 trees for a grand total of 180 simulated

trees. While 180 simulated trees does not seem like a large amount of Monte Carlo replicates,

we are forced to constrain the number of trees we perform inference on because the ARPP

program has to be run by hand via a GUI. Using these parameter settings allows for the

simulation of both balanced and unbalanced trees.

4.3.2 Naive Sequence Validations

For each of the 180 simulated trees, we validate the accuracy of the naive sequence estimates

generated from the linearham, partis, and ARPP programs by computing the hamming dis-

tances (i.e. the number of mismatched characters between two equal-length strings) between

the estimates and the true naive sequence. We did so for the inferred DNA sequences directly

and also for those same sequences translated to amino acids after inference was complete.

The partis and ARPP packages provide naive sequence point estimates, but linearham sam-

ples naive sequences from a posterior distribution so we take the naive sequence with the

highest posterior probability as the linearham “point estimate”.

We summarize the hamming distance results for all 180 simulated trees described above

and plot this performance metric against the corresponding values of tree imbalance (Fig-

ure 4.3); for reference, we plot the tree imbalance values for the PC64 and VRC01 trees as

well. The performance of partis clearly worsens as trees become more unbalanced, which

makes sense given that partis assumes a star-tree configuration for clonal family evolution.

The linearham and ARPP programs provide accurate naive sequence estimates and perform

similarly across the observed tree imbalance spectrum, which is not too surprising because
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they both incorporate phylogenetic information into their estimates. We also show the mean
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Figure 4.3: The hamming distances between the simulated naive DNA sequences and their
corresponding linearham, partis, and ARPP estimates versus the tree imbalance values of
the simulated trees. Linear regression lines are superimposed for each method to indicate
how the results vary as trees get more unbalanced. For reference, we plot the tree imbalance
values for the PC64 and VRC01 trees.

hamming distance results aggregated over all 180 trees for the same three programs, the full-

sequence and CDR3 regions, and the DNA/amino-acid sequence types (Table 4.1). Table 4.1

suggests that linearham and ARPP both perform better than partis does by approximately

2-3 nucleotides (1.6-1.8 amino acids) in the whole sequence and in the CDR3 region. Fur-

thermore, it seems linearham and ARPP perform similarly across all the different settings in

Table 4.1.

We now present the mean hamming distance results, averaging over all trees gener-

ated under the different simulation parameter settings (Tables 4.3 to 4.5). Specifically,

we average over the trees that were simulated using beta-splitting “balance” parameter
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Sequence Region Program Sequence Type
DNA Amino-Acid

Full-sequence

linearham
1.92 1.17
(3.14) (1.76)

partis
4.81 3.02
(4.91) (2.84)

ARPP
2.24 1.39
(5.06) (3.32)

CDR3-only

linearham
1.66 1.08
(2.89) (1.69)

partis
4.17 2.69
(3.70) (2.29)

ARPP
1.27 0.856
(1.78) (1.18)

Table 4.1: Mean hamming distances between the simulated naive sequences and their corre-
sponding estimates, where the hamming distances are averaged over all 180 simulated trees.
Results are provided for the linearham, partis, and ARPP programs; the full-sequence and
CDR3 regions; and the DNA/amino-acid sequence types. Standard errors are also presented
in parentheses.

values β = −1,−1.25,−1.5, CF sequence counts NCF = 40, 80, and root branch lengths

t0 = 0.01759, 0.1. The mean hamming distance values seem to increase slightly for linearham

and ARPP and considerably for partis as we go from β = −1,−1.25 to β = −1.5, which

confirms the results seen in Figure 4.3. The performance of linearham and partis deteri-

orates as NCF goes from 40 to 80, while the opposite result is true for ARPP. Despite this,

linearham is still better than ARPP at predicting the whole naive sequence. As the root

branch length t0 increases from 0.01759 to 0.1, the mean hamming distances increase sub-

stantially for all three programs, which is intuitive because we are essentially introducing a

higher amount of mutations that is shared across all clonal sequences. While the linearham

naive sequence validations did not take advantage of the full naive sequence posterior dis-

tribution, we demonstrate the usefulness of accounting for phylogenetic uncertainty in our

ancestral sequence validations described below.
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4.3.3 Intermediate Ancestral Sequence Validations

Our ancestral sequence validation experiments are centered around accurate inference of par-

ticular root-to-tip ancestral sequence lineages of interest because immunologists frequently

use ASR to estimate the mutational pathways associated with antibody development (Doria-

Rose et al., 2014; Simonich et al., 2018). For each of our simulated trees, we determine the

root-to-tip ancestral lineage of interest by identifying the tip sequence that is farthest from

the naive sequence in terms of branch length distance.

We quantify the results of our ancestral sequence validation by treating it as a ma-

chine learning classification problem: do the posterior probabilities aid us in deciding if the

ancestral lineage sequences are correct? In all our experiments, we measure classification

performance by recording the positive predictive value (i.e. the fraction of sequences in the

ancestral lineage prediction set that are on the true ancestral lineage) and the true positive

rate (i.e. the fraction of sequences on the true ancestral lineage that are in the ancestral lin-

eage prediction set). The “predicted classification” of these sequences is obtained by applying

a decision boundary ρ ∈ {0.25, 0.5, 0.75} to the posterior probability. Thus, for example, if

ρ = 0.75 and a given ancestral sequence is on the true ancestral lineage and has posterior

probability 0.8, it is considered to be a “true positive” prediction. This analysis is straight-

forward for the linearham and RevBayes programs, that do estimate posterior probabilities.

We define dnaml “posterior probabilities” to be either 0 or 1 depending on whether a lin-

eage sequence is out of or in the dnaml-inferred set of most probable reconstructed lineage

sequences.

We report the positive predictive values and the true positive rates for all 180 simulated

trees and plot these performance metrics against the corresponding values of tree imbalance

(Figure 4.4); for reference, we plot the tree imbalance values for the PC64 and VRC01 trees

as well. Notice that the superimposed linear regression lines have negative slopes close to

0, which suggests that ancestral lineage inference is not clearly sensitive to the “balance” of

the tree. We also display the mean positive predictive values and mean true positive rates
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aggregated over all 180 trees for the same three programs, the different decision bound-

aries ρ ∈ {0.25, 0.5, 0.75}, and the DNA/amino-acid sequence types (Table 4.2). Table 4.2

indicates that linearham performs better than RevBayes in every setting, indicating that

accounting for naive rearrangement uncertainty in our posterior distribution rather than

conditioning on the partis-inferred naive sequence leads to more accurate ancestral lineage

sequence estimates. At the lowest decision boundary ρ = 0.25, linearham obtains slightly

better positive predictive values and true positive rates than either RevBayes or dnaml does

(Table 4.2). As the decision boundary ρ increases, linearham and RevBayes achieve higher

positive predictive values at the expense of lower true positive rates, which makes sense be-

cause high values of ρ imply that only lineage sequences with high posterior probabilities are

predicted to be on the true lineage. In addition, note that the increases in positive predictive

values are greater than the decreases in true positive rates for linearham as ρ increases. Of

course, dnaml obtains the same positive predictive values and true positive rates regardless

of ρ because its “posterior probabilities” are either 0 or 1.

These results help demonstrate why Bayesian ancestral lineage inference should be fa-

vored over likelihood-based approaches to intermediate lineage inference as the Bayesian

posterior probabilities quantify the uncertainty in our sequence estimates. In a real-life ex-

perimental setting, the decision boundary ρ should be chosen based on the desired level

of positive predictive values or true positive rates and our analysis provides some insight

into the mapping between ρ and these classification metrics. In practice, immunologists are

probably more interested in controlling positive predictive values than true positive rates

because synthesizing computationally-inferred lineage sequences and testing their binding

and neutralization abilities is a laborious and expensive endeavor. Thus, knowing the ap-

proximate fraction of inferred intermediate lineage sequences that are on the true lineage is

of the utmost importance to an immunologist.

We also present the mean positive predictive values and mean true positive rates for

decision boundary ρ = 0.5, averaging over all trees generated under the different simulation

parameter settings (Tables 4.6 to 4.8). The validation performance of all the programs seems
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Figure 4.4: The positive predictive values and the true positive rates versus the tree imbalance
values of the simulated trees, stratified by decision boundary ρ. Positive predictive values and
true positive rates are computed on the DNA sequences and for the linearham, RevBayes,
and dnaml programs. Linear regression lines are superimposed for each package to indicate
how the results vary as trees get more unbalanced. For reference, we plot the tree imbalance
values for the PC64 and VRC01 trees (vertical dashed lines).

to decline, albeit slightly, from β = −1 to β = −1.5, which makes sense given the trends

in Figure 4.4. For the most part, mean positive predictive values and mean true positive

rates increase for linearham, RevBayes, and dnaml as NCF goes from 40 to 80, which seems

surprising but for larger CFs, the root-to-tip lineage becomes larger and may explain this

observed pattern. As the root branch length t0 increases from 0.01759 to 0.1, the ancestral

lineage validation results worsen considerably for all three programs, which is logical because,

as we stated above, we are essentially introducing a higher amount of mutations shared across

all clonal sequences when we utilize longer root branch lengths in our simulations.
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Performance Metric Program Sequence Type
DNA Amino-Acid

ρ = 0.25 ρ = 0.5 ρ = 0.75 ρ = 0.25 ρ = 0.5 ρ = 0.75

Positive predictive value

linearham
0.561 0.719 0.856 0.613 0.758 0.858
(0.139) (0.157) (0.176) (0.131) (0.145) (0.146)

RevBayes
0.544 0.672 0.734 0.590 0.713 0.774
(0.141) (0.160) (0.166) (0.134) (0.145) (0.139)

dnaml
0.520 0.520 0.520 0.590 0.590 0.590
(0.139) (0.139) (0.139) (0.165) (0.165) (0.165)

True positive rate

linearham
0.545 0.428 0.304 0.640 0.533 0.398
(0.146) (0.147) (0.125) (0.139) (0.144) (0.138)

RevBayes
0.517 0.406 0.276 0.606 0.505 0.370
(0.147) (0.144) (0.116) (0.140) (0.144) (0.134)

dnaml
0.521 0.521 0.521 0.584 0.584 0.584
(0.142) (0.142) (0.142) (0.166) (0.166) (0.166)

Table 4.2: Mean positive predictive values and mean true positive rates, averaged over all 180
simulated trees. Results are provided for the linearham, RevBayes, and dnaml programs;
the different decision boundaries ρ ∈ {0.25, 0.5, 0.75}; and the DNA/amino-acid sequence
types. Standard errors are also presented in parentheses.

4.4 PC64/VRC01 Ancestral Lineage Analysis

We illustrate the capabilities of linearham and ARPP/dnaml on real-world datasets by ap-

plying the three methods to subsets of the PC64 and VRC01 datasets. The PC64 dataset

contains a set of clonal sequences with multiple HIV-binding bNAbs that results from a

longitudinal study over 46 months on an African donor (i.e. donor PC64) within the In-

ternational AIDS Vaccine Initiative Protocol C cohort (Landais et al., 2016). Our VRC01

clonal family dataset also originates from an HIV-infected donor and contains many bNAb

sequences that are part of a well-known class of HIV-binding antibodies (i.e. the VRC01

class) (Wu et al., 2011; West et al., 2012; Zhou et al., 2013). The tip sequences of interest

for the PC64 and VRC01 datasets are chosen to be PCT64-35M and NIH45-46, respectively,

which are both monoclonal antibody sequences that accumulated a large amount of SHM.

We use 100 sequences from the PC64 CF dataset using a pruning strategy discussed in (Si-
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monich et al., 2018) and trim the VRC01 CF dataset to 268 sequences using the cd-hit

sequence clustering program (Li and Godzik, 2006) with a 95% sequence identity cutoff. We

perform inference on these subsetted datasets using the same settings as described for our

simulation experiments.

The PC64 amino acid naive sequence posterior probability logos suggest that there is

little uncertainty in the naive sequence reconstruction (Figure 4.5a) and, in fact, the most

probable linearham amino acid naive sequence has a probability of approximately 0.92.

However, the VRC01 naive sequence seems to have considerable uncertainty in the CDR3

region (Figure 4.5b), which shows that properly modeling ancestral sequence and phyloge-

netic uncertainty is important for real-world datasets with highly-mutated sequences. The

most probable linearham VRC01 naive sequence estimate has a posterior probability ap-

proximately equal to 0.036. It is important to note that the VRC01 CF sequences were first

collected 5 years after the diagnosis of the associated HIV-1 infection, whereas the PC64 CF

sequences contain samples drawn from the corresponding donor as early as 4 months post

infection. This indicates that the VRC01 naive sequence reconstruction inherently has more

uncertainty because there are not any early time-point samples in the corresponding dataset.

These results suggest that in the absence of uncertainty, linearham and ARPP produce sim-

ilar naive sequence reconstructions. However, when there is a significant amount of naive

sequence uncertainty, linearham, unlike ARPP, provides alternate hypotheses that should be

considered along with corresponding uncertainty estimates.

Our linearham analysis demonstrates that there are many probable naive-to-tip sequence

paths (Figure 4.6), suggesting that intermediate ancestral sequences have high levels of un-

certainty; we use 0.04 probability cutoffs in each linearham-inferred lineage graphic. In

particular, the linearham lineage diagram for the PC64 dataset (Figure 4.6a) shows many

possible routes of evolution from the different naive sequences to the PCT64-35M mature

sequence and displays confidence values via posterior probabilities. The VRC01 lineage

graphic in Figure 4.6b does not display connections between any naive sequences and inter-

mediate ancestral sequences, which reflects the fact that naive sequence inference is extremely
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(a) PC64 naive sequence posterior probability logos

(b) VRC01 naive sequence posterior probability logos

Figure 4.5: The linearham-inferred (top) and ARPP-inferred (bottom) amino acid naive
sequence posterior probability logos for the pruned PC64 dataset of 100 sequences and the
trimmed VRC01 alignment of 268 sequences.

challenging on this dataset. In summary, there is considerable uncertainty in naive-to-tip

mutational trajectory inference in real-world BCR datasets. This finding contradicts the

assertions of Kepler (2013), who states that ancestral sequence and phylogenetic uncertainty

is unimportant, and proceeds with a single point estimate.

4.5 Discussion

In this chapter, we introduce a novel Bayesian approach to CF phylogenetic inference that is

based on a phylo-HMM. Our phylo-HMM posterior sampling methodology not only allows

for easy quantification of phylogenetic uncertainty but also models the VDJ recombination

process as an informative prior on the root sequence. Specifically, our phylo-HMM mod-

els both the naive rearrangement and SHM processes by using a hidden state discrete-time

Markov model on naive sequences that explicitly incorporates VDJ rearrangement informa-

tion and an emission distribution generating the clonal sequences conditional on the naive

sequence that is based on phylogenetic likelihoods. We show that our inference procedure,
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(a) PC64 posterior probability lineage inference

implemented in the software package linearham, provides higher-quality naive sequence and

ancestral sequence estimates compared to those obtained under current state-of-the-art meth-

ods and augments these estimates with relative confidence values by reporting the associated

posterior probabilities.

From our simulation experiments, we see that the partis naive sequence estimates get

substantially worse as trees get more unbalanced unlike that of linearham and ARPP, which

is intuitive because partis assumes a star-tree configuration whereas linearham and ARPP

leverage phylogenetic models. The linearham and ARPP programs perform similarly in

our naive sequence validations regarding their most highly supported inferences, but only

linearham is capable of characterizing naive sequence uncertainty. This is important be-
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(b) VRC01 posterior probability lineage inference

Figure 4.6: The linearham-inferred (left) and dnaml-inferred (right) naive-to-tip amino acid
sequence trajectories for the pruned PC64 dataset of 100 sequences and the trimmed VRC01
alignment of 268 sequences. The tip sequences of interest for the PC64 and VRC01 datasets
are chosen to be PCT64-35M and NIH45-46, respectively, and we use 0.04 probability cutoffs
for these lineage graphics. The nodes correspond to unique ancestral sequences filled with
red color, where the opacity is proportional to the posterior probability of the associated
sequence. Each node has a label that denotes whether the associated sequence is a naive
or intermediate ancestral sequence, the posterior probability rank of the sequence among all
sampled naive or intermediate ancestral sequences, and the sequence-specific posterior prob-
ability itself. The directed edges connecting nodes represent ancestral sequence transitions,
are shaded blue with an opacity proportional to the posterior probability of the associated
sequence transition, and are annotated with the site-specific mutations between the two
sequences.

cause, as we see in our VRC01 analysis, there is a significant amount of uncertainty in naive

sequence estimates obtained from real datasets, which is not a conclusion shared by Kepler

(2013). In addition, we demonstrate that linearham ancestral lineage inference performs bet-

ter, via mean positive predictive values and mean true positive rates, than either RevBayes

or dnaml does at the lowest decision boundary ρ = 0.25, which suggests that accounting

for naive sequence and phylogenetic uncertainty does lead to slightly improved ASR perfor-

mance. Furthermore, our Bayesian ASR results indicate that ρ can be chosen according to
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a prespecified trade-off between positive predictive values and true positive rates, which is

an important consideration for immunologists looking to synthesize computationally-inferred

lineage sequences.

Based on all the evidence in this manuscript, we recommend using linearham to infer

and visualize naive-to-bNAb mutational pathways in CFs of interest. Bayesian phylogenetic

inference has already been shown to be useful for identifying different possible routes of

evolution from a fixed naive sequence to a bNAb with relative confidence values (Simonich

et al., 2018) and we believe our Bayesian phylo-HMM analysis pipeline in linearham can

be used to not only infer similarly-styled maturation pathways but also visualize the uncer-

tainties inherent in the naive sequence and ancestral sequence estimates. From a practical

standpoint, these different possible ancestral lineages allow immunologists to generate many

different intermediate antibody candidates that bind and/or neutralize HIV.

Our Bayesian phylo-HMM inference procedure admits a number of possible future ex-

tensions to enhance the effectiveness of our technique. For instance, we have developed our

approach for heavy chain sequence data, but BCRs comprise both heavy chain and light chain

sequences, both of which are essential to understanding bNAb development. Importantly,

light chain naive sequences undergo VJ recombination, which is similar to VDJ rearrange-

ment but without D germline genes, and the inference procedure in linearham could be

modified to account for this different naive sequence generative process. Another drawback

of our method is that it does not sample the parameters of p(Ynaive) and uses partis (and

its star-tree assumption) to estimate them. Ideally, our Bayesian inference procedure would

jointly sample all the model parameters, but currently this is not practically feasible. In

addition, our method implicitly assumes the CFs have been obtained from partis, which

uses the star-tree assumption to cluster repertoire sequences. It may be possible to, as Ralph

and Matsen IV (2016b) state, incorporate the phylo-HMM in the CF clustering procedure

within partis to obtain higher-quality CFs, but in our current Bayesian implementation

that would be computationally costly.
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Supplementary Figures and Tables

x

w

y z
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Figure 4.7: An example phylogenetic tree. Letters x, y, z, w represent the unobserved internal
node states where w is associated with the root node, t0 defines the root branch length, and
(t0, t1, t2, ..., t6) denotes the entire vector of branch lengths. Given this tree topology and
set of branch lengths, we can calculate the likelihood of observing the nucleotide vector
(A, T, C, T ) by marginalizing probabilities over the unobserved states x, y, z, w.
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Sequence Region Program Sequence Type
DNA Amino-Acid

β = −1 β = −1.25 β = −1.5 β = −1 β = −1.25 β = −1.5

Full-sequence

linearham
1.73 1.92 2.10 0.917 1.18 1.40
(3.94) (2.66) (2.71) (1.77) (1.66) (1.84)

partis
3.85 3.82 6.77 2.48 2.42 4.15
(3.26) (3.85) (6.48) (1.90) (2.41) (3.61)

ARPP
2.42 2.52 1.78 1.38 1.52 1.27
(6.89) (5.11) (1.98) (4.41) (3.47) (1.39)

CDR3-only

linearham
1.45 1.67 1.87 0.833 1.10 1.30
(3.42) (2.55) (2.66) (1.63) (1.63) (1.81)

partis
3.53 3.47 5.50 2.38 2.25 3.45
(2.84) (3.45) (4.34) (1.81) (2.20) (2.64)

ARPP
1.12 1.32 1.38 0.667 0.867 1.03
(1.76) (1.95) (1.63) (1.07) (1.20) (1.26)

Table 4.3: Mean hamming distances between the simulated naive sequences and their cor-
responding estimates, where the hamming distances are averaged over all trees generated
under the different beta-splitting “balance” parameter value settings. Results are provided
for the linearham, partis, and ARPP programs; the full-sequence and CDR3 regions; and
the DNA/amino-acid sequence types. Standard errors are also presented in parentheses.
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Sequence Region Program Sequence Type
DNA Amino-Acid

NCF = 40 NCF = 80 NCF = 40 NCF = 80

Full-sequence

linearham
1.73 2.10 1.17 1.17
(2.36) (3.77) (1.67) (1.86)

partis
4.12 5.50 2.72 3.31
(3.58) (5.90) (2.40) (3.20)

ARPP
2.39 2.09 1.52 1.26
(4.36) (5.70) (2.92) (3.69)

CDR3-only

linearham
1.51 1.81 1.04 1.11
(2.26) (3.41) (1.59) (1.80)

partis
3.84 4.49 2.57 2.82
(3.38) (3.98) (2.29) (2.30)

ARPP
1.33 1.21 0.944 0.767
(1.63) (1.92) (1.21) (1.15)

Table 4.4: Mean hamming distances between the simulated naive sequences and their cor-
responding estimates, where the hamming distances are averaged over all trees generated
under the different CF sequence count settings. Results are provided for the linearham,
partis, and ARPP programs; the full-sequence and CDR3 regions; and the DNA/amino-acid
sequence types. Standard errors are also presented in parentheses.
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Sequence Region Program Sequence Type
DNA Amino-Acid

t0 = 0.01759 t0 = 0.1 t0 = 0.01759 t0 = 0.1

Full-sequence

linearham
0.744 3.09 0.456 1.88
(1.27) (3.94) (0.889) (2.10)

partis
2.69 6.93 1.77 4.27
(2.97) (5.54) (1.91) (3.06)

ARPP
0.80 3.68 0.467 2.31
(1.26) (6.76) (0.737) (4.46)

CDR3-only

linearham
0.644 2.68 0.433 1.72
(1.17) (3.65) (0.875) (2.04)

partis
2.50 5.83 1.68 3.71
(2.47) (3.97) (1.62) (2.42)

ARPP
0.444 2.10 0.311 1.40
(0.751) (2.10) (0.574) (1.37)

Table 4.5: Mean hamming distances between the simulated naive sequences and their cor-
responding estimates, where the hamming distances are averaged over all trees generated
under the different root branch length settings. Results are provided for the linearham,
partis, and ARPP programs; the full-sequence and CDR3 regions; and the DNA/amino-acid
sequence types. Standard errors are also presented in parentheses.
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Performance Metric Program Sequence Type
DNA Amino-Acid

β = −1 β = −1.25 β = −1.5 β = −1 β = −1.25 β = −1.5

Positive predictive value

linearham
0.742 0.715 0.700 0.782 0.759 0.733
(0.157) (0.157) (0.158) (0.164) (0.147) (0.118)

RevBayes
0.691 0.676 0.649 0.725 0.726 0.689
(0.162) (0.152) (0.165) (0.166) (0.140) (0.124)

dnaml
0.519 0.528 0.512 0.575 0.605 0.590
(0.141) (0.149) (0.129) (0.179) (0.173) (0.141)

True positive rate

linearham
0.435 0.443 0.407 0.543 0.544 0.512
(0.149) (0.139) (0.152) (0.159) (0.139) (0.131)

RevBayes
0.413 0.425 0.378 0.510 0.522 0.482
(0.142) (0.133) (0.154) (0.160) (0.136) (0.133)

dnaml
0.521 0.531 0.512 0.566 0.600 0.586
(0.144) (0.152) (0.132) (0.182) (0.166) (0.148)

Table 4.6: Mean positive predictive values and mean true positive rates for decision boundary
ρ = 0.5, where we average over all trees generated under the different beta-splitting “balance”
parameter value settings. Results are provided for the linearham, RevBayes, and dnaml
programs and the DNA/amino-acid sequence types. Standard errors are also presented in
parentheses.
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Performance Metric Program Sequence Type
DNA Amino-Acid

NCF = 40 NCF = 80 NCF = 40 NCF = 80

Positive predictive value

linearham
0.714 0.725 0.759 0.756
(0.165) (0.150) (0.166) (0.121)

RevBayes
0.654 0.690 0.709 0.717
(0.171) (0.147) (0.168) (0.117)

dnaml
0.513 0.526 0.586 0.594
(0.146) (0.132) (0.177) (0.153)

True positive rate

linearham
0.430 0.427 0.527 0.539
(0.153) (0.141) (0.159) (0.127)

RevBayes
0.403 0.408 0.501 0.509
(0.151) (0.137) (0.158) (0.129)

dnaml
0.514 0.528 0.573 0.595
(0.152) (0.132) (0.174) (0.156)

Table 4.7: Mean positive predictive values and mean true positive rates for decision boundary
ρ = 0.5, where we average over all trees generated under the different CF sequence count
settings. Results are provided for the linearham, RevBayes, and dnaml programs and the
DNA/amino-acid sequence types. Standard errors are also presented in parentheses.
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Performance Metric Program Sequence Type
DNA Amino-Acid

t0 = 0.01759 t0 = 0.1 t0 = 0.01759 t0 = 0.1

Positive predictive value

linearham
0.728 0.711 0.768 0.748
(0.141) (0.173) (0.140) (0.150)

RevBayes
0.682 0.662 0.727 0.700
(0.146) (0.173) (0.135) (0.153)

dnaml
0.537 0.503 0.616 0.564
(0.133) (0.144) (0.154) (0.172)

True positive rate

linearham
0.450 0.407 0.560 0.506
(0.136) (0.154) (0.140) (0.143)

RevBayes
0.415 0.396 0.523 0.487
(0.131) (0.155) (0.135) (0.151)

dnaml
0.536 0.506 0.609 0.559
(0.136) (0.147) (0.157) (0.171)

Table 4.8: Mean positive predictive values and mean true positive rates for decision boundary
ρ = 0.5, where we average over all trees generated under the different root branch length
settings. Results are provided for the linearham, RevBayes, and dnaml programs and the
DNA/amino-acid sequence types. Standard errors are also presented in parentheses.
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Chapter 5

PREDICTING B CELL RECEPTOR SUBSTITUTION
PROFILES USING PUBLIC REPERTOIRE DATA

5.1 Introduction

In the therapeutic antibody discovery and engineering field, researchers commonly isolate

antibodies from animal or human immunizations and screen for functional properties such as

binding to a target protein. Following the initial screening process, a small number of well-

behaving antibodies (hits) are isolated for more rigorous examination of their biophysical

properties in order to determine their potential as a therapeutic. After this stage, only a few

final antibodies remain as lead candidates. However, even these carefully selected antibodies

often have immunogenic peptides or other undesirable properties such as poor thermo/chemi-

cal stability and aggregation tendencies. To address these problems, the art of antibody engi-

neering has emerged (Igawa et al., 2011), with numerous rational design strategies developed

to mitigate aggregation. Researchers have removed hydrophobic surface patches to avoid

aggregation (Clark et al., 2014; Casaz et al., 2014; Courtois et al., 2016; Geoghegan et al.,

2016), “deimmunized” complementarity-determining regions by screening immunogenic pep-

tides and mutating positions detrimental for peptide MHCII binding (Harding et al., 2010),

and improved thermostability through stable framework grafting (McConnell et al., 2014)

and targeted mutagenesis using predictions from proprietary structure/sequence analysis

software (Seeliger et al., 2015). Although referred to as “rational”, the choice of which amino

acid to use for a site-directed mutation is often made using 1) the germline as a reference, 2)

biochemical similarity between amino acids, or 3) the highest probability amino acid from a

generic substitution matrix (e.g. BLOSUM) (Henikoff and Henikoff, 1992). However, neither

of these three methods are explicitly designed to conserve antibody functionality (i.e. binding
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to the same epitope with the same kinetics), so mutations are likely to have negative side

effects on affinity. These considerations motivate a prediction problem: given a B cell recep-

tor (BCR) sequence, which positions can be modified, and to which amino acids, without

drastically changing the binding properties of the resulting BCR?

An immunization-derived antibody has already implicitly explored the mutational space

through the population of B cells sharing the same naive ancestor, referred to as its clonal

family (CF). The members of a CF arise during affinity maturation in a germinal center

and carry fitness information about the effect of amino acid substitutions. A profile of the

observed substitutions aggregated over all the B cells in a CF reveals which sites are more

conserved, which sites can be more freely edited, and which amino acids can be used for

replacements. However, we generally do not sequence all the B cells that are released from

a germinal center so the information to make such a substitution profile is lost. Thus, we

can formulate a more specific version of our prediction problem: given bulk BCR data and

a single input sequence, can we infer the most likely per-site substitutions that are allowed

in its true germinal center clonal family?

We begin by reviewing the natural mutation and selection process of germinal center

affinity maturation. The Darwinian selection undertaken inside a germinal center is driven

by B cells’ ability to bind the antigen through the membrane-embedded BCR. The highly-

mutated population of B cells in a germinal center is under stringent selection, driving the

cell population towards higher and higher affinity until the germinal center is dissolved.

Each germinal center is seeded by around one hundred naive B cells, but eventually internal

competition makes one or a few of these lineages take over the whole germinal center (Tas

et al., 2016). Although B cells in the germinal center reaction experience an extraordinarily

high mutation rate (106 fold higher than the regular somatic mutation rate (Victora and

Nussenzweig, 2012)), they rarely harbor more than 15% mutations at the DNA level (Briggs

et al., 2017). However, since they must maintain some degree of antigen specificity to survive

during the course of the germinal center reaction, lineages evolve in small incremental steps

(Kepler et al., 2014; Kuraoka et al., 2016) and therefore, even lineages that drift far away
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from their naive B cell ancestor most likely maintain the same epitope specificity throughout

the germinal center reaction (Schmidt et al., 2013).

We can describe the combination of germinal center mutation and selection dynamics

by computing per-site amino acid frequency vectors from observed BCR sequence data. We

follow previous authors in calling site-specific amino acid probability vectors “substitution

profiles”, where each vector in a profile stores the probabilities of observing the 20 different

amino acids at a given site (Sheng et al., 2017). We use the concept of a clonal family,

defined by a shared heavy chain inferred naive DNA sequence, to segment BCR sequences

into evolutionarily-related groups (Ralph and Matsen IV, 2016b); some practitioners refer

to these groups as lineages. CF inference is highly informed by nucleotide sequences and

therefore performed using DNA sequences. This makes DNA-level information necessary

even though germinal center selection operates at the protein level and synonymous codons

do not possess any fitness advantages (modulo transcription rate differences and codon bias,

which we follow many others in ignoring here). The per-site amino acid frequency vectors

described above form the substitution profile estimates; the substitution profile estimates

converge to the true substitution profiles as the number of sequences sampled from the same

CF tends to infinity.

Most CFs do not contain enough sequences in order to get a detailed substitution profile

estimate. Indeed, most CFs in repertoire sequencing (Rep-Seq) samples have few members

and a large fraction are singletons due to the exponential nature of the CF size distribution

(Ralph and Matsen IV, 2016b). Additionally, many antibody screening methods are not

geared towards whole repertoire sequencing. One may wish, then, to enhance the substitution

profile estimates for data-sparse CFs with substitution profile information from similar CFs.

In this chapter, we present “Substitution Profiles Using Related Families” (SPURF), a pe-

nalized tensor regression framework that integrates multiple sources of information to predict

the CF-specific amino acid frequency profile for a single input BCR sequence (Figure 5.1).

Some of these information sources include substitution profiles for CFs in large, publicly

available BCR sequence datasets and germline gene sequence information. We combine the
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In vivo

SPURF

HTS data
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Figure 5.1: Amino acid substitution profiles viewed from three different perspectives: High-
throughput sequencing data (HTS data) yields large amounts of VDJ sequences, but because
of uneven sampling many CFs will be sampled just once, resulting in poor representations of
the amino acid substitution profiles of those true CFs. “Substitution Profiles Using Related
Families” (SPURF) is a statistical framework that integrates large scale Rep-Seq data to
predict amino acid substitution profiles for singleton CFs. In vivo affinity maturation will
test many different mutations and the resulting CFs reflect the amino acid substitution
profiles that we attempt to predict.

local context-specific profile information with global profile information derived from other

related germinal centers by regularizing the noisy local substitution profile estimate and pool-

ing it closer towards more robust global profile estimates. Even though each germinal center

focuses on binding to a unique epitope context, there are structural and possibly functional

properties associated with BCR sequences that are common across germinal centers that we

can leverage.

In addition, our inference machinery uses both standard and spatial lasso penalties as

model regularizers and, as a result, furnishes sparse, interpretable parameter estimates.

While our output type shares some similarities to that described by Sheng et al. (2017),

the proposed objective, approach, and details differ (e.g. they predict substitution profiles
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for gene families, we predict substitution profiles for CFs). We enable substitution profile

prediction for single input BCR sequences based on profiles derived from a high-quality

repertoire dataset that contains B cell samples from many human donors. To demonstrate

the usefulness of our technique, we validate SPURF on two external datasets — one con-

taining CFs extracted from a single human donor and the other focusing on a single CF of

a HIV broadly neutralizing antibody. Lastly, we implement SPURF in an open-source soft-

ware package (https://github.com/krdav/SPURF), which outputs a predicted CF-specific

substitution profile and an associated logo plot based on a single input BCR sequence.

5.2 Methods

5.2.1 Overview

The aim of our model is to take a single sequence and predict the site-wise amino acid

frequencies as would be found in the full CF from which this single sequence derived. We will

refer to this as the sequence’s CF-specific substitution profile. For this prediction problem, we

have no direct information about this desired substitution profile other than the information

contained in the input sequence itself, but we may use other information (e.g. from the

inferred germline gene, simulated substitutions, or information derived from published BCR

sequence datasets). For large CFs, a CF-specific substitution profile can be constructed

simply by counting and making a per-site frequency matrix, with the rows of the matrix

representing each of the 20 amino acids, and the columns being the sequence positions.

For training, we extract a collection of such large CFs and use them to build “ground

truth” CF-specific substitution profiles as a training set for fitting the model. A randomly

sampled single sequence is then taken out from each of these large CFs to predict the sub-

stitution profile, which is compared to the ground truth. We refer to these single sequences,

sampled from large CFs, as subsamples.

To make the best possible prediction, we need a flexible model framework that can

accommodate different sources of information seamlessly (Figure 5.2). For example, previous



99

work by Sheng et al. (2016) and Kirik et al. (2017) suggests that the various V genes have

different characteristic paths of diversification. We can obtain a data-driven summary of

that intuition by building profiles from large Rep-Seq data sets stratified by V gene. We

may also think that the neutral substitution process is an important factor in determining

substitution profiles (Sheng et al., 2016). We can quantify that sort of information by

repeatedly simulating the neutral substitution process using a context-sensitive model (Cui

et al., 2016). We call each external data set (e.g., V gene alignments and sequences simulated

from the neutral substitution process) that can be used to predict the CF substitution profile

of interest a source of profile information.

To make predictions using these types of information, we need a way of describing the

various sites, and a way of integrating the information across the sites. We use the AHo

numbering scheme (Honegger and PluÈckthun, 2001) to provide a single coordinate system

to all sequences via its fixed-length numbering vector going from 1 to 149. Given this

coordinate system, we use a site-wise weighted average of the input predictive profiles using

a α weight vector for each source of profile information.

To train this model, we fit the α vectors by minimizing some objective function that quan-

tifies the difference between the predicted profiles (where the prediction uses the subsampled

sequence and the external profile information) and the “ground truth” substitution profiles

from the large CFs. Any objective function could be used, but here we provide implementa-

tions of two such functions, a “fine-grained” L2-error-based objective and a “coarse-grained”

Jaccard-similarity-based objective (Jaccard, 1912).

We use two forms of regularization to avoid overfitting the many parameters of this model.

This includes a standard lasso penalty to shrink weights to zero that do not contribute

significantly to prediction performance (Tibshirani, 1996). We also use a fused lasso penalty

(Tibshirani et al., 2005, 2014) to smooth differences between parameters at nearby sites in

the sequence. These regularization terms have tuning parameters that regulate the strength

of the penalties and are estimated using cross-validation.

Given this setup, a forward stepwise selection procedure is run with cross-validation to
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Figure 5.2: SPURF uses a per-site linear combination of substitution profiles from diverse
sources to predict complete substitution profiles from a single member of a CF. At the top
are the different profiles that serve as inputs to the model, some directly related to the naive
sequence (X̂naiveAA and X̂neut), and others partitions of the public Rep-Seq datasets (X̂vgene

and X̂vsubgrp). To predict a substitution profile, a weighted average is taken over the input
sequence X and external profiles X∗ =

{
X̂naiveAA, X̂vgene, X̂neut, X̂vsubgrp

}
(see the dashed

line bubble). The vertical blue arrow indicates that the weighted average (in the dashed line
bubble) occurs at each of the 149 AHo positions. Once a predicted profile is generated, this
is compared to ground truth using either L2 error or Jaccard similarity as a performance
metric. The α vectors are estimated by optimizing the objective function, which also includes
a statistical regularization term to prevent overfitting (not shown for simplicity).

pick the set of external profiles to use in the final model. As a last check, this model is tested

on two external datasets to give a fair estimate of the prediction performance.
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5.2.2 Data

We divide input data into two parts, with each part for a respective purpose: 1) model

fitting and model testing and 2) providing “public” substitution profiles over clustered data

to be used by our model. Throughout this work, we are careful to not use the same data

for both purposes as this would bias our estimates; as a final validation, we test SPURF

on two external datasets which are only used in this validation. Because we do not model

sequence error, we only include high-quality data that we have high confidence in. We collect

post-processed data files from 6 published works on Rep-Seq, which we refer to as repertoire

data 1 to 6 (RD1-6):

1. RD1 from Gupta et al. (2017), which is an Illumina MiSeq re-sequencing of the samples

in Laserson et al. (2014), where they sequence multiple time-points before and after

influenza vaccination of 3 donors using the 454 pyrosequencing platform.

2. RD2 from Vander Heiden et al. (2017), from a study of the auto-immune disease

Myasthenia Gravis (MG), in which 9 MG patients and 4 healthy donors participate.

3. RD3 from Stern et al. (2014), containing data from different tissues in a study of B

cell response in 4 multiple sclerosis patients.

4. RD4 from Tsioris et al. (2015), from a study of neutralizing antibodies against the

West Nile virus by sequencing naive and memory cells from 7 virus infected donors.

5. RD5 from Turchaninova et al. (2016), from a study of Rep-Seq error correction by

sequencing naive, plasma, and memory cells from a single healthy donor.

6. RD6 from Meng et al. (2017), from the “B cell tissue atlas” acquired from the Im-

muneDB web portal.

All datasets are acquired in their post-processed form with read processing performed as

described in their respective publications.
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The first five datasets (RD1-5) are prepared from unique molecular identifier (UMI) bar-

coded cDNA spanning the whole VDJ region and sequenced on the Illumina MiSeq platform

using overlapping paired-end reads. Using the UMI, these reads are processed to address

both PCR and sequencing errors giving high confidence reads (Shugay et al., 2014). Briefly,

UMIs are used for error correction in conjunction with either of the pRESTO (Vander Hei-

den et al., 2014) or MIGEC (Shugay et al., 2014) processing pipelines and an appropriate

Phred quality score cutoff. Paired-end reads are assembled using pRESTO and only the set

of high confidence assembled reads constitute the final dataset used in this work. RD6 is

the only dataset not prepared with UMIs; however, it is sequenced directly from genomic

DNA (gDNA) instead of the more common practice of sequencing mRNA. Sequencing gDNA

has the benefit of avoiding mutations introduced by the transcription machinery as well as

mutations introduced in the RT-PCR step. On the other hand, DNA sequencing is not able

to discriminate between expressed versus unexpressed BCRs (e.g. in the case of faulty VDJ

recombination) and therefore we apply aggressive filtering of non-functional BCR sequences.

We prefer quality over quantity and therefore avoid datasets from the 454 technology because

of their higher indel frequencies compared to those from Illumina technologies (Loman et al.,

2012).

Individual sequence files are merged based on donor identity so that the number of sample

files matches the number of donors; this process yields 33 donor files. The donor files are

then annotated and partitioned into CFs using the partis software (Ralph and Matsen IV,

2016a,b). Each donor file is run separately from the other files so CFs are defined by their

unique partis-inferred naive sequence and donor identity. To ensure we obtain the highest

quality and most biologically relevant sequences, partis is run in its most restrictive mode,

discarding all reads with VDJ recombinations that are deemed as unproductive because of

out-of-frame N/P junction nucleotides, missing invariant codons, or stop codons inside the

VDJ region; furthermore, the most accurate partis partitioning mode (“full”) is used to get

the best CF estimates. Lastly, productive VDJ-recombined sequences are removed if they

contain indels to assure concordance between the length of the naive sequence and the length



103

of the read sequences in its CF.

At this stage, some sequences contain ambiguous bases (e.g., because of primer masking);

these are allowed to pass only if the ambiguous bases are inside the first or last 30 nucleotides

of the VDJ region (equivalent to the length of the potentially masked PCR primers), other-

wise they are discarded. This is a way of substituting the error-prone ends with neutral bases

that minimize variance and maintain a conservative estimate of the substitutions; we also

note that this has no apparent effect on the subsequently-described estimates (Figure 5.3 and

Figure 5.4). For all sequences that pass this requirement, ambiguous bases are substituted

with bases from the naive sequence in batches of 3 nucleotides (i.e. one codon) at a time until

all ambiguous bases are resolved. Sequences are then translated into their respective amino

acid sequences and de-duplication of repeated amino acid sequences is done within each CF.

Because our statistical methodology operates on these amino acid sequences, we use the

word “sequence” in subsequent sections to refer to these amino acid sequences. All CFs with

fewer than 5 unique sequences are discarded. From these remaining CFs, their inferred naive

sequences are used for antibody sequence numbering with the ANARCI software (Dunbar

and Deane, 2015) under the AHo numbering scheme (Honegger and PluÈckthun, 2001). As

a result of our restriction to non-indel sequences, all sequences within a given CF have equal

length; thus, the AHo numbering from the naive sequence can be positionally transferred to

all its CF-related read sequences. Finally, for each CF, the amino acid usage is extracted as

a vector of counts at each AHo position. This overall dataset, which we call the “aggregated”

dataset, contains 518,174 sequences distributed over 31,893 CFs and is built as a matrix

of counts with rows denoting CFs and columns representing AHo positions and amino acid

identities. All data used to build this aggregated dataset is public and freely available. We

provide the data partitioned into CFs and numbered into AHo numbering for download on

Zenodo (https://doi.org/10.5281/zenodo.1289984).
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Model Fitting Dataset

To fit our CF-specific substitution profile prediction model, it is desirable to use the CFs from

the aggregated dataset with the most sequence members so we can train using the observed

substitution profiles with the least amount of noise; on the other hand, it is also desirable

to extract CFs from as many donors as possible to avoid overfitting towards a few similar

donors. To achieve both goals, we pick 500 CFs as a “model fitting” dataset as follows. We

first exclude any CFs with less than 100 sequences from being eligible to be picked. We

then cycle through donors, each time picking the largest remaining eligible CF. If a donor

does not have any remaining eligible CFs, it is skipped. The process ends when 500 CFs are

found; all unpicked CFs are used as the “public” dataset.

In addition, we perform subsampling for each CF in the model fitting dataset; this is

the information from which we would like to predict the full profile. First, a single sequence

is randomly chosen from each CF, then partis is re-run using each of these subsampled

sequences to re-do the VDJ annotation and naive sequence inference. For some inferred naive

DNA sequences, a stop codon is incidentally present in the N/P nucleotides of the junction

region; these are considered spurious and replaced by the identically positioned codon from

the input sequence. We stress that the CF-specific annotation and naive sequence are inferred

solely based on the subsampled sequence itself and are not determined using information

from the other CF sequence members. Additionally, the parameters used within the partis

clustering and annotation procedure are derived from an external dataset. Once we finish the

partis inference process on the subsampled sequences, we construct the amino acid count

matrix for these same sequences; we denote these substitution profiles as the “subsampled”

profiles because they are subsampled from the “full” profiles in the model fitting dataset.

Simulation of Neutral Substitution Profiles

For each of the 500 subsampled substitution profiles, we also simulate a neutral substitution

profile via a context-sensitive model. For each subsampled sequence, we calculate its number
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of somatic hypermutations (SHMs) and introduce that number of mutations sequentially into

the inferred naive DNA sequence according to the BCR-specific neutral substitution model

S5F (Cui et al., 2016). Once the last mutation is introduced, the simulated DNA sequence

is translated into an amino acid sequence and stored as a sample of the neutral substitution

process. This procedure is repeated 10,000 times and the count profile aggregated over all

the samples is referred to as the “neutral” profile.

External Validation Datasets

For validation, two test sets are generated: the first called “Briggs”, is made from the healthy

donor single cell droplet sequencing dataset described in (Briggs et al., 2017). Briefly, the

data is made by passing 3 million B cells into 6 emulsion pools, each droplet with a unique

barcode, and then reverse transcribing mRNA inside these droplets, attaching both a droplet

and a molecular barcode. After breaking the emulsion, cDNA is sequenced and processed

using UMI consensus building using pRESTO. The highest-quality UMI consensus sequence

is extracted from each drop and aggregated into the final heavy chain dataset, which is then

further partitioned into CFs using partis. Finally, this validation dataset is built up in the

same manner as the model fitting dataset, where the only difference is that we allow smaller

CFs to enter this dataset (minimum 28 sequences; Table 5.1) in order to increase the number

of extracted CFs to 100.

As all the above described datasets are repertoire wide datasets with hundreds of clonal

families, we sought to find a suitable dataset with focus on a single large CF. For this, we

created the second test set curated from the “Liao” dataset which comes from a well studied

broadly neutralizing HIV clone, CH103, described in (Liao et al., 2013). To prepare the raw

heavy chain sequences from (Liao et al., 2013), they were annotated and indel reversed by

partis, following reconstruction of the whole VDJ region by substituting ambiguous bases

with bases from the partis-inferred naive sequence if necessary. Finally, sequences unable

to be annotated within the standard 149 position AHo numbering scheme were filtered out,

leaving 312 sequences (available on the SPURF GitHub repository). For the Liao dataset, the
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prediction error is measured using all sequences as input samples, contrary to the repertoire

datasets where only a single input sequence from each CF is used.

Dataset summary statistics
Dataset Ndonors NCF Total Nseq Min Nseq Median Nseq Max Nseq

Aggregated 33 31,893 518,174 5 9 2,709
Model fitting 15 500 98,887 100 147 2,709
Public 33 31,393 419,287 5 8 104
Briggs 1 100 6,702 28 44 370
Liao 1 1 312 312 312 312

Table 5.1: Number of donors (Ndonors), number of CFs (NCF), number of sequences from all
CFs (Total Nseq), smallest CF size (Min Nseq), median CF size (Median Nseq), and maximum
CF size (Max Nseq). “Aggregated” is the base dataset aggregating RD1-6. “Model fitting”
refers to the dataset with the 500 largest CFs from the “Aggregated” dataset. “Public” is
the dataset left after the “Model fitting” dataset is extracted from the “Aggregated” dataset.
“Briggs” and “Liao” are the external validation datasets used for testing.

In summary, our datasets span 35 different donors, ∼32,000 clonal families and ∼500,000
sequences (Table 5.1). We note that the distribution of VDJ gene usage is non-uniform but

that the “Model fitting” and “Public” datasets have very similar V/J gene usage (Figure 5.10

and Figure 5.11). On the other hand, the “Briggs” dataset does have a distinctly different

V/J gene usage distribution compared to the other datasets, which we attribute to the fact

that it comes from a single donor.

5.2.3 Input Data Tensor

Before we present our penalized tensor regression model, we first describe how the input

data for the model is constructed, building off the data descriptions in the last subsection.

Throughout the rest of this section, we assume the count matrices are normalized to fre-

quencies and reorganized into three-dimensional tensors (i.e. arrays) as follows. For any

substitution profile tensor T = {Ti,j,k}, let Ti,j,k denote the frequency of the kth amino acid

at the jth AHo position for the ith CF; we represent the subsampled, full, and public sub-
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stitution profile tensors as X, Y, and Z, respectively. Our goal is to use the subsampled

profiles X to predict the corresponding full substitution profiles Y (i.e. we want to construct

a function F (X) such that F (X) ≈ Y). We incorporate information from the public dataset

Z to enhance these predictions. In addition to the subsampled profiles, we use other types

of substitution profiles within F (X):

1. Public substitution profiles segmented by the inferred V-subgroup label (X̂vsubgrp);

2. Public substitution profiles segmented by the inferred V-gene label (X̂vgene);

3. Inferred naive sequence “substitution profiles” (X̂naiveAA);

4. Public substitution profiles segmented by the inferred naive sequence (X̂naiveAA-clust);

5. Public substitution profiles segmented by the original frequency profiles (X̂clust);

6. Neutral substitution profiles (X̂neut).

To compute the external profiles in X̂vsubgrp (resp. X̂vgene), we cluster the public dataset Z

by averaging its CF-specific substitution profiles according to the partis-inferred (Ralph

and Matsen IV, 2016a) IMGT defined (Lefranc, 2001) V-subgroup (resp. V-gene) labels

and then assign each row in X to a V-subgroup (resp. V-gene) cluster profile according

to its V-subgroup (resp. V-gene) identity. We obtain the second set of profiles X̂naiveAA

by using the partis-inferred naive sequences as substitution profiles (these profiles contain

zeros and ones because they are based on one sequence only); we re-emphasize that these

naive sequences are inferred based only on the corresponding subsampled sequences in X.

We cluster the public dataset Z once more by running K-means clustering based on the

inferred naive sequences in Z and obtain our third set of substitution profiles X̂naiveAA-clust

by assigning each CF in X to its closest cluster centroid. The additional cluster profiles

X̂clust are obtained similarly as above, except in this case, we run K-means clustering based

on the original frequency profiles in Z. The K-means clustering procedure is run over a grid
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of cluster sizes ranging from 2 to 120 using the algorithm described by Hartigan and Wong

(1979) with the standard euclidean distance metric. Lastly, the tensor X̂neut contains the

simulated S5F neutral substitution profiles, which are described in the previous subsection.

The frequency tensors X̂vsubgrp and X̂vgene are important to include in our analysis because

these profiles capture substitution information at the level of the V subgroup (V1, V2, ...) and

V gene (V1-5, V2-2, ...), respectively; this is similar to the types of profiles obtained in (Sheng

et al., 2017). Even though we expect the X̂vsubgrp and X̂vgene tensors to be correlated, we are

interested in seeing whether either of these profiles will dominate the other in our regression

model. As described in the introduction, most germinal center lineages do not accumulate

many mutations relative to the naive sequence so substitution profiles based solely on the

naive sequence (like X̂naiveAA) may be informative for predicting the mutational patterns at

conserved residue positions. In addition, we believe that the X̂naiveAA-clust cluster profiles are

useful as the naive sequence can greatly influence the pattern of substitutions in a CF due

to local sequence context. Unlike the X̂vsubgrp and X̂vgene substitution profiles, which are

based on IMGT labeling schemes, the profiles in X̂naiveAA-clust (and X̂clust) are determined by

a data-driven clustering procedure, which allows us to group CFs in Z in a more intricate

fashion. The simulated neutral substitution profiles X̂neut are able to provide some insight

into the CF-specific SHM processes without the corresponding clonal selection effects.

To condense our model presentation, we introduce a four-dimensional tensor X∗ that

combines as many of the input profiles mentioned previously as we would like, where p, the

size of the fourth tensor dimension, represents the number of external profiles used. We define

X∗ ≡ {X∗i,j,k,l} to be the input data tensor that incorporates all the external information

we want to use in our substitution profile predictions; note that i ∈ {1, ..., NCF} (NCF CFs

in the tensors), j ∈ {1, ..., 149} (149 AHo positions), k ∈ {1, ..., 20} (20 amino acids), and

l ∈ {1, ..., p} (p external profiles). Each element X∗i,j,k,l represents an amino acid frequency as

described above for Ti,j,k; for instance, X∗5,130,1,4 represents the amino acid frequency of the

first amino acid (i.e. alanine) at the 130th AHo position for the 5th CF in the 4th profile in

the tensor. In addition, we use the indexing symbol • to extract all elements of a particular
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array dimension of a tensor (i.e. X∗10,50,•,2 specifies the full substitution profile of the 20 amino

acids at the 50th AHo position for the 10th CF in the 2nd profile in the tensor). This setup

allows us to easily include as many external profiles as we would like.

5.2.4 Model Formulation

Given the subsampled profilesX and all the external profilesX∗, we compute a weighted aver-

age to form an estimator ofY. Our independent-across-sites model F (X) =
[
f(X•,1,•), ..., f(X•,149,•)

]

is specified as follows:

f(X•,j,•) ≡ f(X•,j,•;αj,•) =

p∑

l=1

αj,l ·X∗•,j,•,l +

(
1−

p∑

l=1

αj,l

)
·X•,j,•, (5.1)

where α = {αj,l}; 0 ≤ αj,l ≤ 1; 0 ≤∑p
l=1 αj,l ≤ 1 represents the site-specific weights of the

different external profiles for j = 1, ..., 149 and l = 1, ..., p. Although we consider f to be

a function of the per-site data X•,j,•, the frequencies X∗•,j,•,l are computed using sequence-

level, site-dependent information. With 149 × p parameter values of α, this is a highly

parameterized model so we include regularization terms to prevent overfitting and obtain

sparse, interpretable parameter estimates. Specifically, we use standard and spatial (fused)

lasso penalties to achieve these goals.

Standard lasso penalties shrink individual parameters to zero and are commonly used to

obtain sparse solutions in regression problems (Tibshirani, 1996). It has been shown that

regression models using standard lasso penalties provide more accurate predictions than

models using best subset selection penalties when there is a low signal-to-noise ratio (Hastie

et al., 2017), which probably holds true in our problem as well. In addition, standard lasso

penalties are convex functions, which is important in a regression problem as it guarantees

that a local minimum is indeed a unique global solution (Boyd and Vandenberghe, 2004).

On the other hand, fused lasso penalties shrink the differences between parameters to

zero and are useful in regression problems with spatially-related covariates (Tibshirani et al.,

2005). We believe that the α parameters have a spatial relationship (i.e. adjacent residues are
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under similar constraints); for instance, given that the mutations in the framework regions

are largely related to antibody stability, it makes sense that we would weight external profile

information similarly in those regions. The fusion penalty in this setting enforces smoothness

of the α trend across the AHo positions. For example, if we penalize first-order differences

of the α trend, the fitting procedure will necessarily favor trends that have no slope (i.e.

that are piecewise constant). We can obtain more flexible piecewise polynomial α trends by

penalizing higher-order successive differences of α (Tibshirani et al., 2014).

In our modeling framework, the standard lasso penalty is represented as
∑149

j=1

∑p
l=1 |αj,l| =∣∣∣∣α

∣∣∣∣
1
and the fused lasso penalty is specified by

∑p
l=1

∣∣∣∣∇d(α•,l)
∣∣∣∣

1
, where || · ||q denotes the

Lq norm and ∇d(·) represents the dth difference operator. This ∇d(·) operator accepts a

vector v as input (call its length nv) and outputs a length-(nv − d) vector that results from

successively differencing adjacent elements d times. In the special case when d = 1, the

fusion penalty becomes
∑p

l=1

∣∣∣∣∇1(α•,l)
∣∣∣∣

1
=
∑149

j=2

∑p
l=1 |αj,l−αj−1,l|; the |αj,l−αj−1,l| terms

can be interpreted as first-order discrete derivatives.

Our unpenalized objective function can be written as:

Lα
2 ≡ Lα

2 (Y, F (X)) =
1

149 ·NCF

149∑

j=1

∣∣∣∣Y•,j,• − f(X•,j,•;αj,•)
∣∣∣∣2

2
, (5.2)

where, as in the last subsection, NCF denotes the number of CFs in X and Y; we refer to

this objective as “L2 Error”. Our penalized estimation problem is defined in the following

manner:

α̂ = argmin
α

Lα
2 (Y, F (X)) + λ1

∣∣∣∣α
∣∣∣∣

1
+ λ2

p∑

l=1

∣∣∣∣∇d(α•,l)
∣∣∣∣

1
,

s.t. 0 ≤ αj,l ≤ 1, 0 ≤
p∑

l=1

αj,l ≤ 1, ∀j, l,
(5.3)

where λ1, λ2 ≥ 0 and d ∈ N signify tuning parameters. The differencing order d is used to

specify a given level of smoothness in the spatialα trend estimates because the
∑p

l=1

∣∣∣∣∇d(α•,l)
∣∣∣∣

1
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term in the above minimization problem encourages α trends that have dth order discrete

derivatives close to 0 (i.e. that are piecewise polynomials of order d− 1). In addition, careful

selection of λ1 and λ2 is required to obtain an adequate model fit. Unfortunately, this is

a constrained optimization problem with a multivariate output and there are not any ob-

vious ways to minimize such an objective without resorting to general-purpose optimizers.

Therefore, in all our experiments, we use the L-BFGS-B algorithm (Byrd et al., 1995) to fit

the above model. We note that the above penalized optimization problem is (non-strictly)

convex so any local minimum is, in fact, a global solution too.

5.2.5 Jaccard Similarity

While the model described above has computational and statistical appeal, in engineering

applications it is mostly interesting to know the high-frequency amino acid predictions; how-

ever, our penalized objective function focuses attention on the complete substitution profiles

and not exclusively the high-frequency amino acids. To provide a metric with exclusive focus

on high-frequency amino acids, we utilize the Jaccard similarity metric, which can be used

to measure differences between predicted and observed sets. Sets of high-frequency amino

acids are defined at each position by a minimum frequency cutoff t; Jaccard similarities are

then computed between the observed and predicted sets and averaged across each CF and

AHo position in the dataset.

The Jaccard similarity metric (Jaccard, 1912) measures the similarity between two finite

sets. Specifically, for any sets A and B, the similarity metric J(A,B) is defined as the

ratio of the intersection size |A ∩ B| to the union size |A ∪ B|. It has these properties:

0 ≤ J(A,B) ≤ 1; J(A,B) = 1 when A = B and J(A,B) = 0 when A ∩ B = ∅ (empty

set). To formally establish our use of Jaccard similarity, we define the following notation.

Let Yi,j = {y ∈ Yi,j,• | y ≥ t} represent the set of amino acid frequencies at AHo position

j for CF i that has observed frequencies greater than or equal to the cutoff t and denote

Y ≡ {Yi,j} for i = 1, ..., NCF and j = 1, ..., 149. We define F̂X
i,j and F̂

X ≡ {F̂X
i,j} to be

the analogous quantities for the predicted amino acid frequencies. If we let A(Y ′) denote a
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function that accepts as input an amino acid frequency set Y ′ (i.e. Yi,j or F̂X
i,j) and outputs

the corresponding set of amino acid identities, then our Jaccard similarity objective can be

written as:

Jα
t ≡ Jα

t (Y, F (X)) =
1

149 ·NCF

NCF∑

i=1

149∑

j=1

J
(
A(Yi,j),A(F̂X

i,j)
)
, (5.4)

which is referred to as the “Jaccard Similarity” objective. We can define a penalized Jac-

card estimation problem by substituting −Jα
t (Y, F (X)) for Lα

2 (Y, F (X)) in Equation (5.3).

Jaccard similarity optimization is difficult using derivative-based optimization because of its

discrete nature, so we use a smooth approximation of the aforementioned metric for model

fitting in our experiments (see Supplementary subsection Smoothed Jaccard Similarity).

5.2.6 Forward Stepwise Selection

We devise a forward stepwise selection procedure to help us determine the combination of

external profiles that best predict the outcome of interest, which can be penalized L2 Error

or Jaccard Similarity. In this procedure, we initially try all possible external profiles in

the model separately and determine the best fit using 5-fold cross-validation. We cache

the best model from the initial step and continue fitting models with two external profiles;

the first external profile is fixed to be the best profile from the previous round and the

second profile can be any possible remaining external profile. We continue this iterative

scheme until we reach a prespecified limit on the number of external profiles allowed in

X∗. It is important to note that to ease computation, we perform forward selection using

the unpenalized variants of our models. Even though this procedure is greedy and not

as thorough as all-subsets selection, we believe this technique provides the best trade-off

between accuracy and efficiency. We provide the implementation of our stepwise procedures

at https://github.com/krdav/SPURF.
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5.2.7 Inference Pipeline

We apply a 80%/20% training/test split to the model fitting dataset described above. We

first run the forward stepwise selection procedure with a maximum profile limit of five to

approximately determine the best profile groupings starting with a single profile and ending

with a group of five profiles. Using the profile groupings from the previous step, we fit

the penalized version of the model and use 5-fold cross-validation to obtain estimates of

the relevant tuning parameters, which consist of the lasso penalty weights λ1, λ2 and the

differencing order d; note that we report unpenalized performance estimates when we run

cross-validation. After we determine the optimal tuning parameters via cross-validation,

we fit the penalized model using the entire training portion of the model fitting dataset

and the best tuning parameters and cache the resulting parameter estimates of α. Once

we obtain the estimates of α from the penalized model, we can use them to compute the

chosen performance metric on the testing portion of the model fitting dataset and any other

validation dataset of interest.

5.3 Results

As described in the methods (the Inference Pipeline subsection), we first need to infer the best

profile groupings to use in penalized model fitting. To determine these groupings, we run the

forward stepwise selection procedure for both the L2 error function and the smoothed Jaccard

objective function with a frequency cutoff t = 0.2 (Table 5.2). For both objective functions,

the forward selection path is the same until X∗ =
{
X̂naiveAA, X̂vgene, X̂neut, X̂vsubgrp

}
. For the

L2 loss function, model performance is the best whenX∗ =
{
X̂naiveAA, X̂vgene, X̂neut, X̂vsubgrp

}

even though there are diminishing returns for using profiles beyond X∗ =
{
X̂naiveAA, X̂vgene

}
.

In a similar fashion, the Jaccard similarity estimates tend to be highest whenX∗ =
{
X̂naiveAA, X̂vgene

}
,

despite the almost identical model performance from just using X∗ =
{
X̂naiveAA

}
. For the

subsequent penalized model fitting step, we choose to evaluate the
{
X̂naiveAA, X̂vgene, X̂neut

}

and
{
X̂naiveAA, X̂vgene, X̂neut, X̂vsubgrp

}
profile groupings with the L2 objective and

{
X̂naiveAA

}
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and
{
X̂naiveAA, X̂vgene

}
with the smoothed Jaccard similarity objective. The inclusion of the

X̂vgene tensor puts a notable restriction on the model; no prediction can be made for a

sequence annotated to a V gene which has not been observed in our Public dataset.

Objective Function Unregularized CV

L2 Error ∅ X̂naiveAA X̂vgene X̂neut X̂vsubgrp X̂naiveAA-clust-5

0.110 0.0542 0.0459 0.0456 0.0455 0.0456

Jaccard Similarity ∅ X̂naiveAA X̂vgene X̂neut X̂vsubgrp X̂naiveAA-clust-85

(t = 0.2) 0.9170 0.9322 0.9324 0.9323 0.9319 0.9318

Table 5.2: Results of forward stepwise selection on our L2 and smooth Jaccard objective
functions. The performance estimates shown in the table are obtained using 5-fold cross-
validation. Going from left to right, each column represents the best profile addition into X∗

with the associated CV performance estimate. For Jaccard, we fit using the smooth Jaccard
objective, but report exact Jaccard similarity estimates, both using frequency cutoff t = 0.2.
Note that we fix the prespecified limit on the number of external profiles allowed in X∗ to
be 5. ∅ represents the model using only the input sequence.

We now use the approximate profile groupings obtained from the forward stepwise se-

lection procedure to fit our regularized models. The penalized estimation problem has ad-

ditional tuning parameters that must be determined. In our experiments, we cross-validate

over penalty parameters; λ1, λ2 = 10−7, 5.05× 10−6, 10−5; the differencing order, d = 1, 2, 3;

and the two profile groupings specified above for both the L2 error and Jaccard similarity ob-

jectives. The best regularized L2 model uses X∗ =
{
X̂naiveAA, X̂vgene, X̂neut, X̂vsubgrp

}
, while

the best regularized Jaccard model utilizes X∗ =
{
X̂naiveAA

}
(Table 5.5, Figure 5.13). In

summary, using many external profiles is important for predicting the complete substitution

profiles, while the inferred naive sequence is the only external profile deemed useful for our

model to accurately predict the observed high-frequency amino acids (where high-frequency

is defined by being at least 20% of the observed amino acids).

Our optimization times for both L2 loss and Jaccard Similarity on the 500 CFs ranged

from 12 to 15 minutes. Our optimization is based on evaluating the objective function
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at different points and each objective function call has linear complexity in the number of

CFs so increasing the number of CFs should result, on average, in a linear increase in time

complexity. Computational time invested in pre-processing is one-time and negligible.

In addition to predictive performance, we are also interested in understanding how the

estimated parameter weights from our best regularized L2 model vary across the different

external profiles in X∗ and antibody regions. For convenience, we aggregate the estimates

of α associated with the V gene (X̂vgene and X̂vsubgrp) and with the full naive sequence

(X̂naiveAA and X̂neut) as these sets of profiles are intuitively similar (Figure 5.3); the V-

gene and V-subgroup profiles are both derived by averaging over different IMGT V germline

gene labeling schemes and the simulated S5F neutral substitution profiles originate from the

CF-specific inferred naive sequence. Antibody heavy chain (and light chain) sequences can

be partitioned into framework regions (FWKs) and complementarity-determining regions

(CDRs) by the AHo definitions (Honegger and PluÈckthun, 2001); the BCR binding affinity

is largely determined by the CDRs (especially by the heavy chain CDR3), while the FWKs

encode the structural constraints of the BCR and thus can be strongly conserved (Tomlin-

son et al., 1995). The X̂vgene and X̂vsubgrp profiles are extremely important for prediction

at FWK1-FWK3, which is not surprising as V germline genes extend from the FWK1 to

the beginning of the CDR3. In contrast, the X̂naiveAA and X̂neut external profiles are heavily

weighted in the CDR3 and FWK4; this result is also intuitive because the CDR3 is highly

variable across CFs as it is a strong determinant of antigen-binding specificity, the X̂naiveAA

and X̂neut profiles are our only CF-specific sources of external information, and the V gene

specific profiles cannot provide any information beyond the end of the V gene. Furthermore,

the FWKs have, on average, more support from the external profiles compared to the CDRs,

which is consistent with our understanding of antibody biochemistry as the FWKs are struc-

turally constrained and thus need to be more conserved compared to the more flexible CDRs.

We note that the middle of the CDR3 has artificially low estimates of α because most of the

AHo positions in the CDR3 have only a few or no defined sequence positions in the dataset

(Figure 5.7).
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Figure 5.3: A stacked barplot of the estimated parameter values of α from the best regu-
larized L2 model. For convenience, we aggregate the estimates of α associated with X̂vgene

and X̂vsubgrp (blue) and with X̂naiveAA and X̂neut (red). The black vertical lines represent the
boundaries between the different CDRs and FWKs.

While our penalized modeling framework allows for easy interpretation of the parameter

estimates, ultimately the quality of the α estimates is determined by their performance on

independent test datasets. Specifically, we compute the L2 error (Lα
2 ) and Jaccard similarity

(Jα
0.2) between the predicted and observed profiles associated with both the testing portion

of the model fitting dataset and the Briggs validation dataset (Table 5.3); we remind readers

that these predictions are made based on the subsampled (i.e. single-sequence) profiles in the

aforementioned datasets and compared to the corresponding actual amino acid frequencies

through the Lα
2 and Jα

0.2 performance metrics (Figure 5.2). Additionally, we compute the L2

error and Jaccard similarity on all sequences in the Liao dataset, comparing the baseline and

SPURF predictions to the full amino acid frequencies (Table 5.3, Table 5.6, and Figure 5.12).

Our model improves upon the “baseline” prediction performance, where “baseline” refers to
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predictions made using only the input sequence (i.e. model predictions with all parameter

values of α set to 0).

Objective Function Model Type Objective Function Values
Model fitting: test Briggs Liao

L2 Error Best 0.0492 0.0511 0.0991
Baseline 0.114 0.129 0.183

Jaccard Similarity Best 0.9289 0.9227 0.8516
(t = 0.2) Baseline 0.9156 0.9053 0.8439

Table 5.3: The model performance using either L2 Error or Jaccard Similarity resulting from
predicting on independent datasets. We provide results for the testing portion of the model
fitting dataset, the Briggs validation dataset, and the Liao dataset. Note that the term
“baseline” refers to predictions made using only the input sequence (i.e. model predictions
with all parameter values of α set to 0). Lower L2 error and higher Jaccard Similarity mean
higher accuracy.

In addition, we also want to know how well our model performs in the different antibody

regions (i.e. FWKs/CDRs). To answer this question, we compute the same metrics as shown

in Table 5.3 for the different FWKs and CDRs (Figure 5.4). To provide some insight into the

variability of the model performance estimates in the different regions, we calculate bootstrap

standard errors, which are expressed as error bars in Figure 5.4.

We see that our substitution profile prediction model performs well in the CDRs relative

to the baseline model. This is an important finding because antigen binding is largely

determined by the sequence segments in the CDRs, and especially CDR3. In fact, our

models seem to provide the greatest improvement in performance in the CDR3, which is

also the hardest region to predict because it has the highest amount of sequence variability.

Another important takeaway is that the prediction performance is better in FWKs than

CDRs, which is presumably because FWKs have lower variance and are more conserved

compared to CDRs. In summary, our prediction models are able to systematically integrate

different data sources to make better predictions of the per-site amino acid compositions in

CFs.
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Figure 5.4: The model performance results across the different antibody regions on the
model fitting test dataset and the Briggs validation dataset. In these plots, we compare the
performances from our best models to the baseline predictive performances using only the
input sequence (i.e. model predictions with all parameter values of α set to 0). The error
bars show bootstrap standard errors.

Our model also improves the prediction of the highest-frequency amino acid at a given

position, referred to here as the mode (Table 5.4). Indeed, the counts in the bottom-left

cells (cases where the model is correctly predicting the actual mode given an incorrect input

sequence amino acid) are larger than the counts in the top-right cells (vice-versa). In addition,

the input sequence amino acids that are not the true modes but correctly predicted by the

model to be the actual modes are all germline reversions, which is consistent with the X̂naiveAA
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profile being heavily weighted in our prediction model (Figure 5.3). In the opposite case,

where the input sequence amino acid is correct but the model prediction is wrong, all the

counts consist of germline predictions as well. In summary, many of the mode predictions

are just germline reversions and, in fact, most of these predictions are to the true modes (i.e.

the actual highest-frequency amino acids); however, most of the input sequence amino acids

are the true modes already (≈ 99%).

Correct SPURF
germline | non-germline Mode Prediction?

Yes No

Is input amino Yes 10,473 | 465 156 | 0
acid the mode? No 349 | 0 170 | 395

(a) Model fitting: test dataset

Correct SPURF
germline | non-germline Mode Prediction?

Yes No

Is input amino Yes 10,541 | 376 178 | 1
acid the mode? No 474 | 0 196 | 393

(b) Briggs dataset

Table 5.4: Mode prediction results from both the testing portion of the model fitting dataset
and the Briggs dataset fitted using the L2 objective function. For each CF and AHo position
in a given dataset, we determine whether the predicted mode (i.e. highest-frequency amino
acid) from our best model is the same as the actual mode. Results are aggregated based
on whether or not the input sequence has the correct mode. At the left side of the vertical
bar (|) is the count for the germline predicted modes (i.e. situations when the predicted
amino acid mode is the naive sequence amino acid) and at the right side is the count for the
non-germline predicted modes (vice-versa).

The in-sample and out-of-sample prediction performances demonstrate that our SPURF

inference pipeline is able to obtain accurate and robust estimates ofα. Specifically, prediction
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performance is consistently similar but slightly worse when comparing the Briggs dataset to

the model fitting test set, which likely reflects two things: 1) the median number of sequences

per CF in the Briggs set is lower than in the test set (Table 5.1) and 2) the model fitting

dataset is sampled from the same donors as the dataset for cross-validation. Regardless,

the differences between the test and Briggs datasets are small, which provides evidence in

support of our model performance estimates. We also note that the test on the Liao data

yielded results strongly favoring SPURF over baseline. Since the Liao dataset carries a high

mutation frequency compared to the average CF of the other dataset it is (as expected) harder

to predict the amino acid frequency, which is refelcted in the magnitude of both the L2 error

and Jaccard similarity for all predictions. Subjective assessments of the inferred substitution

profiles coincide with our description of the L2 error metric, namely that fine-grained amino

acid substitution information is captured by SPURF (Figure 5.8).

The SPURF model setup produces interpretable and meaningful profile weights (Fig-

ure 5.5; per-profile decomposition in Figure 5.9). The input sequence is strongly weighted

in the CDRs, indicating that substitutions in these regions are both specific and conserved

within the CF and, therefore, cannot easily utilize the information from other CFs. The

weight on the V gene specific profiles spikes at CDR1 and at the end of FWK3, which is at

the heavy and light chain interface. We note that, as expected, the weight on the V gene

specific profiles is minimal downstream of FWK3 as this is the end of the V gene and the

beginning of the V-D junction region. As such, nothing prevents the V gene profiles from

having a high weight downstream of FWK3, but the model framework has chosen these

meaningful weights without any manual interference. We ascribe this shrinkage feature of

the weights to the standard lasso penalty built into SPURF. The profiles that are derived

from the inferred naive sequence (X̂naiveAA, X̂neut) take up the missing weight of the V gene

profiles as these are highly weighted in the CDR3 and FWK4.
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Figure 5.5: Positional profile weights α mapped to an antibody protein structure (PDB:
5X8L). The antigen (PD-L1) appears as a purple surface at the top of the images, the light
chain appears in white cartoon, and the heavy chain is displayed using a blue to red color
gradient; the grey dashed lines mark the CDR loops. The color gradient represents the
possible values of profile weights in α and goes from blue at a zero weight to red at the
maximum weight for the profile. The display in panels B and C is rotated relative to panel
A to better show results for CDR1 and CDR3; as a consequence, the CDR2 loop is hidden
behind the CDR1. Panel A shows that the input sequence has high weight at the CDR1 and
CDR2, panel B illustrates that the naive sequence and the neutral substitution profile have
high weight at the CDR3 and FWK4, and panel C demonstrates that the V gene and V
subgroup profiles are highly weighted in parts of the CDR1 but more generally in the FWKs,
especially at the heavy and light chain interface.

5.4 Discussion

In this chapter, we present SPURF, a statistical framework for predicting CF-specific amino

acid frequency profiles from single input BCR sequences by leveraging multiple sources of

external information. We use standard and spatial lasso penalties to prevent our model from

overfitting and obtain sparse, interpretable estimates of the profile weights, expressed by an
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α matrix. The spatial lasso penalizes extreme differences between spatially-adjacent profile

weights, while the standard lasso penalties promote simpler models by shrinking parameter

values in α to 0 if the associated external profiles are not useful predictors. We show that

our method not only performs well on the held-out (test) portion of our model fitting dataset

but also provides accurate predictions on the Briggs and Liao external validation datasets.

Indeed, we did not obtain the Briggs or Liao validation datasets until after we ran our model

inference pipeline on the model fitting dataset.

Using two different objective functions we fitted SPURF to predict the frequencies of

all amino acids (L2 objective) and only the >20% frequency amino acids (Jaccard similarity

objective). With the L2 objective we obtained a large difference (0.114 to 0.0492) between the

baseline model and SPURF, which was confirmed using repertoire wide data from (Briggs

et al., 2017) and single clone data from (Liao et al., 2013) (Figure 5.4 and Figure 5.12).

With the Jaccard similarity objective improvements over baseline were more modest (0.9156

to 0.9289) showing that SPURF is strongest at predicting the full spectrum of amino acid

frequencies (Table 5.3). Still, fitted using the L2 objective, SPURF can recover the highest

frequency amino acid of a clonal family (mode prediction) much better than a random

sequence from the corresponding clonal family (Table 5.4), showing the versatility of the L2

objective.

Our work can be seen as a prediction-based extension of the work of Sheng et al. (2017)

and Kirik et al. (2017). This previous work illustrates that amino acid substitution profiles

differ between germline genes, a finding supported by the context specificity of somatic

hypermutation (Cui et al., 2016). In our work, we provide a prediction algorithm that takes

a single BCR sequence from a clonal family as input and outputs a CF-specific substitution

profile estimate for the whole VDJ region. As SPURF relies on large CFs to establish a

ground truth substitution profile it is possible that certain types of rare clones or V/J gene

combinations are not included in our training/test data. For such rare events the error

estimates reported cannot be reliably used, however, we note that our training/test data

cover a broad set of V/J combinations (Figure 5.10) and that the substitution profile of a
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rare, but expanded, broadly HIV neutralizing clone is well predicted (Figure 5.12).

We believe that this work will be a useful tool for antibody engineering in situations when

it is important to maintain antibody binding affinity to the same epitope. The predicted

profiles from SPURF can be used to choose the sites that are most tolerable for mutagenesis

and the substitutions that are most likely to maintain binding specificity; as such, this

information can be used to engineer antibodies with better biophysical properties.

The seven datasets utilized in the present study were all derived from different laboratories

employing varying strategies to obtain their processed data which served as input for SPURF.

We carefully examined available resources and selected the datasets to be used in our model.

However, our approach would greatly benefit from a large and uniformly accessible repository

of Rep-seq datasets. For this to happen, data has to be discoverable and usable, including

having all information about the study and data processing available together with the

raw and processed data in publicly accessible data repositories. Recently, the Adaptive

Immune Receptor Repertoire (AIRR) community (Breden et al., 2017) proposed MiAIRR

(Rubelt et al., 2017), a set of minimal standard elements to be published alongside the raw

and processed data. Future Rep-seq studies following this initiative and making their data

available under the MiAIRR-standard will facilitate the development of SPURF and future

approaches with similar goals.

To our knowledge, SPURF is the first prediction algorithm for B cell CF substitution

profiles. There are many possible extensions; in our SPURF inference pipeline, we subsam-

ple single BCR sequences from CFs to use as model input; unfortunately, this means that

our modeling analysis is conditional on a dataset that does not account for the variability

associated with the subsampling process. One obvious means of fixing the above problem

is to draw multiple subsamples from each CF and treat these multiple “observations” per

CF within a dataset as a clustered data or weighted least squares problem. In addition, our

model fitting dataset consists of only the largest CFs because we need accurate CF-specific

substitution profile estimates to serve as the ground truth. This non-random sampling tech-

nique could potentially bias our analysis results; however, this appears unlikely given our
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model’s performance on the external Briggs and Liao validation datasets. Furthermore, our

approach models per-site amino acid composition in a CF and accounts for interactions be-

tween sites only through the fusion lasso penalties. It is well known from other protein studies

that spatially-adjacent amino acid residues evolve jointly (Jones et al., 2011; Ekeberg et al.,

2013), presumably to maintain structural stability, or in the case of antibodies to stabilize the

interface between heavy and light chains (Wang et al., 2009). In the context of antibodies,

residues in the FWKs have the potential to co-evolve (e.g. FWK residues flanking the CDRs

could co-evolve to stabilize the stem leading to the more flexible CDRs). Thus, figuring out

how to incorporate more detailed interaction effects in our model is an important avenue for

future research.
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Supplementary Materials

Model Interpretation

In this subsection, we provide statistical motivation for our penalized regression model, which

can be interpreted as specifying an ensemble of multinomial logistic regression models at each

AHo position. We use some of the notation mentioned in the methods section and introduce

new notation as needed. We begin by describing the structure of the multinomial logistic

regression models and then discuss how we perform model averaging with these component

models to form the estimator F (X) as stated in the methods section. We conclude this

subsection by showing that our regularized minimization problem can be characterized as a

maximum a posteriori (MAP) inference problem.

Suppose we observeM amino acids at the jth AHo position for the ith CF; for simplicity,

we let y1, ..., yM denote the observed amino acids. We assume that y1, ..., yM are drawn

independently from a common multinomial distribution with 20 possible categories and define

a logistic regression model for the amino acid probabilities that does not include covariates.

The standard way to formulate such a model is as follows:

log
(

P(ym = c)

P(ym = 20)

)
= β(c), ∀c ∈ {1, ..., 20},

where c indexes a particular amino acid, β(20) ≡ 0, and m = 1, ...,M . We can equivalently

represent the model as:

P(ym = c) =
exp(β(c))∑20
c′=1 exp(β(c′))

, ∀c ∈ {1, ..., 20},

wherem = 1, ...,M . If we let p̂c denote the observed proportion of amino acid c in the sample,

then it is easy to show that maximizing the multinomial likelihood of the M observations
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with respect to the β(c) parameters leads to the following parameter estimates:

β̂(c) = log
(
p̂c
p̂20

)
, ∀c ∈ {1, ..., 20},

which implies that:

P̂(ym = c) = p̂c, ∀c ∈ {1, ..., 20},

where P̂(ym = c) represents the logistic regression estimate of P(ym = c). Therefore, this

multinomial logistic regression model provides simple, intuitive estimates of the amino acid

probabilities. While these logistic regression estimates may seem trivial, the underlying

framework allows for easy integration of CF-specific and site-specific information into our

model.

The above model considers the amino acid probabilities at only one AHo position so

one could fit this multinomial logistic regression model at each of the 149 AHo positions in

a CF to obtain a complete substitution profile estimate. In this chapter, each CF-specific

substitution profile estimate is a maximum likelihood estimate (MLE) obtained by fitting

149 multinomial regression models to the observed amino acid data in the CF. Given that our

proposed modeling procedure computes a per-site weighted average between the subsampled

profiles X and all the external profile estimates X∗, one can interpret this model F (X) as

defining an ensemble of multinomial logistic regression estimates at each AHo position.

To specify this relationship more clearly, we denote the likelihood of Yi,j,• as follows:

Yi,j,• ∼ MVN
(
µi,j,•, σ

2I20

)
,

µi,j,• ≡
p∑

l=1

αj,l ·X∗i,j,•,l +
(

1−
p∑

l=1

αj,l

)
·Xi,j,•,

where MVN means multivariate normal, µi,j,• signifies the mean vector of Yi,j,• and defines

our ensemble model, σ2 represents an unknown variance parameter, I20 symbolizes the 20×20

identity matrix, and p represents the number of external profiles in X∗. Note that µi,j,•



127

depends on the multinomial logistic regression estimates described previously as both X and

X∗ contain the MLE-based substitution profile estimates. In addition, the form of µi,j,•

relates to our previous definition of F (X) by observing that µ•,j,• = f(X•,j,•;αj,•). We

can also integrate the inequality constraints of the ensemble weights αj,l into the likelihood

function by including the indicator term 1α ≡ 1{0 ≤ αj,l ≤ 1; 0 ≤ ∑p
l=1 αj,l ≤ 1; ∀j, l}.

The lasso penalties can be incorporated into our model through the use of sparsity-inducing

prior distributions.

Specifically, the priors placed on α can be represented as:

P(α•,l) ∝ exp
(
−λ1

∣∣∣∣α•,l
∣∣∣∣

1
− λ2

∣∣∣∣∇d(α•,l)
∣∣∣∣

1

)
, ∀l ∈ {1, ..., p},

where λ1, λ2 ≥ 0 and d ∈ N are the same tuning parameters specified in the methods section

(Park and Casella, 2008; Kyung et al., 2010; Faulkner et al., 2018). These Laplace-like prior

distributions can be expressed as scale mixtures of normal distributions with independent

gamma distributed variances (Kyung et al., 2010); for a more comprehensive discussion on

shrinkage priors of this form, we refer readers to (Faulkner et al., 2018).

The posterior P(α|Y) can be presented in the following manner:

P(α|Y) ∝ P(Y|α)P(α)

∝
500∏

i=1

149∏

j=1

P(Yi,j,•|αj,•)

p∏

l=1

P(α•,l).

Note that we assume the Yi,j,• vectors are independent conditional on αj,• and the prior

distribution on α factorizes across l ∈ {1, ..., p}. The MAP estimate of the ensemble weights

α is obtained by maximizing P(α|Y) and is equivalent to the estimate that minimizes the

regularized objective function shown in the methods section. The latter assertion can be

seen as the posterior on α can be monotonically transformed into our penalized minimization

problem (up to a constant factor in α).

Of course, there are limitations to this interpretation of our modeling framework. For
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instance, Yi,j,• is a frequency vector, yet we model the likelihood of Yi,j,• using a multivariate

normal distribution, which has support over all real numbers; we could potentially remedy

this problem by modeling the likelihood of Yi,j,• as a Dirichlet distribution as its negative

log-likelihood looks similar to a cross-entropy loss function. In addition, we specify priors on

α that also have support over the real line, which is not realistic. Our assumption that the

Yi,j,• vectors are conditionally independent given αj,• is used solely for presentation purposes

and does not hold in practice because the substitution profile data in both X and X∗ are

correlated across AHo positions. Despite these issues with our statistical representation of the

penalized regression model, our results demonstrate that the model is useful for predicting

CF-specific substitution profiles in data-sparse situations.

Smoothed Jaccard Similarity

As we stated in the methods section, optimization on the Jaccard similarity objective function

is difficult because this metric is locally flat with respect to our parameter values of α. For

some small changes in α, the averaged Jaccard similarity can remain at the same value

because the Jaccard sets continue to hold the same elements. This is a problem because the

L-BFGS-B optimization algorithm uses gradient information to determine its search direction

for α and the Jaccard similarity gradients are often zero due to the reasoning given above,

which results in premature termination of the L-BFGS-B optimizer. We now describe an

approach to “smooth” the Jaccard similarity objective function that directly addresses these

concerns.

For notational simplicity, we let {ai}i=1:20 and {bi}i=1:20 denote the actual and predicted

amino acid frequencies, respectively, at a particular AHo position for a given CF. As before,

t represents the cutoff separating high versus low frequency amino acids. We also introduce

the following indicator function f(a, t) ≡ 1{a ≥ t} for any amino acid frequency a. If we

further let A = A({ai | ai ≥ t}) and B = A({bi | bi ≥ t}) with A(·) as defined in the
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methods section, then the Jaccard similarity between sets A and B can be rewritten as:

J(A,B) ≡ |A ∩B||A ∪B| =

∑20
i=1 f(ai, t)f(bi, t)∑20

i=1 min
{

1, f(ai, t) + f(bi, t)
} .

The local flatness of the Jaccard similarity objective is due to the constant regions of f(ai, t)

and the non-smooth curvature of f(ai, t) at the jump point t. It turns out that f(ai, t) can

also be described as the limit of the following function:

fε(ai, t) =
1

1 + e−ε(ai−t)
,

as ε → ∞. Thus, to obtain a “smooth” transformation of J(A,B), we replace f(ai, t) with

fε(ai, t) in the above equation of J(A,B) and set ε (i.e. the steepness parameter) to be a

small number. Figure 5.6 plots the function fε(ai, 0.2) against ai ∈ [0, 1] for various values

of ε.
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Figure 5.6: A plot of the function fε(ai, 0.2) against ai ∈ [0, 1] for various values of ε. As ε
gets larger, fε(ai, 0.2) tends to the indicator function f(ai, 0.2).

Fortunately, the use of this “smooth” Jaccard similarity function allows the L-BFGS-B
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optimization algorithm to converge properly. To use this “smoothed” objective function in

the right manner, we were interested in finding the largest values of ε that still permitted

proper L-BFGS-B convergence. We utilized ε = 23 throughout all our Jaccard similarity

experiments because we found that this value of ε satisfied our selection criteria specified

previously.

Supplementary Figures and Tables

Objective Function X̂∗ λ̂1 λ̂2 d̂ Regularized CV

L2 Error
{
X̂naiveAA, X̂vgene, X̂neut, X̂vsubgrp

}
10−7 10−5 3 0.0453

Jaccard Similarity {
X̂naiveAA

}
10−7 10−7 2 0.9316(t = 0.2)

Table 5.5: The results from fitting the regularized models using 5-fold cross-validation. We
present the optimal tuning parameters selected from λ1, λ2 = 10−7, 5.05 × 10−6, 10−5 and
d = 1, 2, 3 and show the associated cross-validated performance estimates. Note that the
possible choices of X∗ for the L2 error metric include the

{
X̂naiveAA, X̂vgene, X̂neut

}
and{

X̂naiveAA, X̂vgene, X̂neut, X̂vsubgrp
}

groupings, while the
{
X̂naiveAA

}
and

{
X̂naiveAA, X̂vgene

}

groupings are the possible X∗ choices for the smoothed Jaccard similarity objective.

Objective Function Model Type Model fitting: test Briggs Liao

L2 Error Best (Regularized) 0.0492 0.0511 0.0991
Best (Unregularized) 0.0494 0.0512 0.100

Jaccard Similarity Best (Regularized) 0.9289 0.9227 0.8516
(t = 0.2) Best (Unregularized) 0.9289 0.9229 0.8516

Table 5.6: The unregularized and regularized model performance using either L2 Error or
Jaccard Similarity resulting from predicting on independent datasets. We provide results
for the testing portion of the model fitting dataset, the Briggs validation dataset, and the
Liao dataset. Note that the term “baseline” refers to predictions made using only the input
sequence (i.e. model predictions with all parameter values of α set to 0) and lower L2 error
and higher Jaccard Similarity is preferred.
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Figure 5.7: A stacked barplot of the estimated parameter values of α from the best regular-
ized L2 model. The black vertical lines represent the boundaries between the different CDRs
and FWKs. Due to the AHo antibody numbering used (Honegger and PluÈckthun, 2001),
some positions are assigned to a gap character (an AHo position that does not map to a
sequence position). The percentage of CFs that are not assigned to gap characters is shown
in the bottom plot for each AHo position. The input sequence is heavily weighted in regions
with high gap percentages because of the standard lasso penalty included in our model. The
conserved Tryptophan amino acid is observed as a spike in the X̂vgene and X̂naiveAA profile
weights following the end of CDR1 (position 43 in the AHo scheme). The conserved Cysteine
amino acid that defines the beginning of CDR3 is not readily observed, presumably because
this is invariant in all profiles. Generally, the input sequence has less weight in CDR3 and
FWK4, which indicates that there is some conservation during affinity maturation. Beyond
CDR3 and FWK4, there is a general trend that the input sequence has higher weight in the
CDRs than in the FWKs, which suggests that there is a higher level of conservation in the
FWKs than in the CDRs during affinity maturation. A more surprising observation is the
spike in the X̂vgene, X̂vsubgrp, and X̂neut weights at AHo position 83 near the beginning of
FWK3 (the “outer” loop); this could indicate a conserved position not previously described.
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Figure 5.8: A logo plot displaying the input sequence, predicted profile, and true profile
(ordered from top to bottom) for an arbitrary CF in the Briggs dataset. The logos are
plotted using AHo numbers (1-149) and AHo positions undefined in the sequence are shown as
empty columns. The predicted profile (middle) captures much of the amino acid composition
information associated with the full profile (bottom).
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Figure 5.9: Positional profile weights α mapped to an antibody protein structure (PDB:
5X8L). The antigen (PD-L1) appears as a purple surface at the top of the images, the light
chain appears in yellow cartoon, and the heavy chain is displayed using a blue to red color
gradient. The color gradient represents the possible values of profile weights in α and goes
from blue at a zero weight to red at the maximum weight for the profile. The black dashed
lines mark the CDR loops; note that the CDR2 loop is hidden behind the CDR1. The
colored balls represent the AHo-defined FWK/CDR boundaries. The black arrows indicate
regions of high profile weight. The X̂naiveAA profile is heavily weighted in CDR3 and FWK4.
The X̂vgene profile weighting is fairly even from FWK1 through FWK3; it spikes slightly
in CDR1 and completely disappears beyond FWK3, which is expected as the V-D junction
region starts past the end of FWK3. The X̂neut profile weighting is fairly even across sites
but spikes near the beginning of FWK3 (the “outer” loop). The X̂vsubgrp profile weighting is
distributed similarly to that of the X̂vgene profile with the exception of a spike at the end of
FWK3 (i.e. at the heavy and light chain interface).
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Figure 5.10: Distribution of per-clonal-family V/J gene combination usage in the different
dataset partitions. Minimum frequency of 1% in either partition used as a cutoff for inclusion.
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Figure 5.11: Distribution of per-clonal-family V/J subgroup combination usage in the dif-
ferent dataset partitions. Minimum frequency of 1% in either partition used as a cutoff for
inclusion.
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Figure 5.12: Two histograms showing L2 loss estimates based on model predictions from the
baseline model and best model for the Liao dataset (Liao et al., 2013). In this analysis, we
made model predictions using each of the 312 sequences as the input sequence for our model.
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Figure 5.13: A heatmap showing 5-fold cross-validated L2 loss results from fitting the reg-
ularized models for the

{
X̂naiveAA, X̂vgene, X̂neut, X̂vsubgrp

}
profile grouping. We present un-

regularized L2 loss estimates for tuning parameters λ1, λ2 = 10−7, 5.05× 10−6, 10−5 and the
order of differencing, d = 1, 2, 3, and mark the optimal tuning parameters found from our
experiments.
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Chapter 6

FUTURE DIRECTIONS

The work presented in this dissertation can be extended in several different directions.

One obvious extension to the work in Chapter 3 is to generalize our post-order tree traversal

algorithm to calculate higher-order moments of stochastic mapping summaries, such as the

(co)skewness and (co)kurtosis. These higher-order moments could then be used to construct

more complex discrepancy measures for posterior predictive model diagnostics. Similarly

to the test of rate variation among sites, it is of interest to develop a posterior predictive

approach to testing for rate variation among branches of the phylogeny. Posterior predictive

tests of this type could serve as useful diagnostic tools to assess the appropriateness of re-

laxed molecular clock models (Drummond et al., 2006). The Bayesian phylo-HMM inference

framework described in Chapter 4 is currently only applicable to heavy chain sequence data

and modifying the procedure to operate on light chain data is one possible extension that is

clearly within reach. For the regression model discussed in Chapter 5, we subsample single

BCR sequences from CFs to use as model input; unfortunately, this means that our modeling

analysis is conditional on a dataset that does not account for the variability associated with

the subsampling process. One obvious means of fixing the above problem is to draw multiple

subsamples from each CF and treat these multiple “observations” per CF within a dataset

as a clustered data or weighted least squares problem.
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