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The advent of deep neural networks has revolutionized a number of areas in machine learning, in-

cluding image recognition, speech recognition, and natural language processing. Deep neural net-

works have demonstrated massive generalization power, with which domain-specific knowledge

in certain machine learning tasks has become less crucial. However, the impressive generalization

power of deep neural networks comes at the cost of highly complex models that are computation-

ally expensive to evaluate and cumbersome to store in memory.

The computation cost of training and evaluating neural networks is a major issue in practice.

On edge devices such as cell phones and IoT devices, the hardware capability, as well as battery ca-

pacity, are quite limited. Deploying neural network applications on edge devices could easily lead

to high latency and fast battery drainage. The storage size of a trained neural network is a concern

on edge devices as well. Some state-of-the-art neural network models have hundreds of millions of

parameters. Even storing such models on edge devices can be problematic. Although we can trans-

fer the input to the neural network to a server and evaluate the neural network on the server-side, the

computation cost of network evaluation directly relates to the financial cost of operating the server

clusters. More importantly, many neural network applications, such as e-Commerce recommender

systems, has stringent delay constraint. Overall speaking, the computation cost network evaluation

directly impacts the bottom lines of companies deploying neural network applications. It is highly

desirable to reduce the model size and computation cost of evaluating the neural network without



degrading the performance of the network.

The neural network uses a combination of simple linear operations (such as fully connected

layer and convolutional layer) and non-linearities (such as ReLU function) to synthesis elaborated

feature extractors. While such automatic feature engineering is among the major driving forces of

the recent neural network renaissance, it also contributes to the high computation cost of neural

networks. In other words, since we are synthesizing highly complex non-linear functions using

very simple building blocks, it is inevitable that a large number of such simple building blocks

have to be used for the network to be sufficiently expressive. What if we directly incorporate

well-studied classical methods that are known to be helpful for feature extraction in the neural

network? Such high-level operations could directly reflect the intent of the network designers so

the network does not have to use a large number of simple building blocks. For the network to

be end-to-end trainable, we will need to be able to compute the gradient of the operation that

we incorporate into the network. The differentiability of the operation could be a limiting factor,

since the gradient of operation may not exist, or difficult to compute. We shall demonstrate that

incorporating carefully designed feature extractors in the neural network is indeed highly effective.

Moreover, if the gradient is difficult to compute, an approximation of the gradient can be used in

place of the true gradient without negatively impact the training of the neural network.

In this dissertation, we explore applying well-studied numerical methods in the context of deep

neural networks for computationally efficient network architectures. In Chapter 2, we present

COBLA—Constrained Optimization Based Low-rank Approximation—a systematic method of

finding an optimal low-rank approximation of a trained convolutional neural network, subject to

constraints in the number of multiply-accumulate (MAC) operations and the memory footprint.

COBLA optimally allocates the constrained computation resources into each layer of the approx-

imated network. The singular value decomposition of the network weight is computed, then a

binary masking variable is introduced to denote whether a particular singular value and the corre-

sponding singular vectors are used in low-rank approximation. With this formulation, the number



of the MAC operations and the memory footprint are represented as linear constraints in terms of

the binary masking variables. The resulted 0-1 integer programming problem is approximately

solved by sequential quadratic programming. COBLA does not introduce any hyperparameter. We

empirically demonstrate that COBLA outperforms prior art using the SqueezeNet and VGG-16

architecture on the ImageNet dataset.

Chapter 3 focuses on neural network based recommender systems, a vibrant research area with

important industrial applications. Recommender systems on E-Commerce platforms track users’

online behaviors and recommend relevant items according to each user’s interests and needs. Bipar-

tite graphs that capture both user/item features and user-item interactions have been demonstrated

to be highly effective for this purpose. Recently, graph neural network (GNN) has been success-

fully applied in the representation of bipartite graphs in industrial recommender systems. Response

time is a key consideration in the design and implementation of an industrial recommender system.

Providing individualized recommendations on a dynamic platform with billions of users within

tens of milliseconds is extremely challenging. In Chapter 2, we make a key observation that the

users of an online E-Commerce platform can be naturally clustered into a set of communities. We

propose to cluster the users into a set of communities and make recommendations based on the in-

formation of the users in the community collectively. More specifically, embeddings are assigned

to the communities and the user information is decomposed into two parts, each of which captures

the community-level generalizations and individualized preferences respectively. The community

structure can be considered as an enhancement to the GNN methods that are inherently flat and

do not learn hierarchical representations of graphs. The performance of the proposed algorithm is

demonstrated on a public dataset and a world-leading E-Commerce company dataset.

In Chapter 4, we propose a novel method to estimate the parameters of a collection of Hidden

Markov Models (HMM), each of which corresponds to a set of known features. The observation

sequence of an individual HMM is noisy and/or insufficient, making parameter estimation solely

based on its corresponding observation sequence a challenging problem. The key idea is to com-



bine the classical Expectation-Maximization (EM) algorithm with a neural network, while these

two are jointly trained in an end-to-end fashion, mapping the HMM features to its parameters

and effectively fusing the information across different HMMs. In order to address the numerical

difficulty in computing the gradient of the EM iteration, simultaneous perturbation stochastic ap-

proximation (SPSA) is employed to estimate the gradient. We also provide a rigorous proof that

the estimated gradient due to SPSA converges to the true gradient almost surely. The efficacy of the

proposed method is demonstrated on synthetic data as well as a real-world e-Commerce dataset.
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Chapter 1

INTRODUCTION

1.1 Computation in Deep Neural Networks

Despite a large number of variants (fully connected layer, convolutional neural network, recurrent

neural network, etc) designed for all kinds of tasks, from the perspective of computation, the core

operation in a deep neural network can be succinctly summarized as a linear matrix-matrix multi-

plication followed by a non-linear activation. Such simple yet general characterization applies the

vast majority of the building blocks of today’s deep neural network architectures [22].

It is easy to see the fully connected layer, which takes the form of

y = σ(W · x+ b) (1.1)

is a matrix-matrix multiplication followed by a non-linear activation function.

For convolutional layers, let the kernel of a convolution layer be W ∈ RC×M×N×F , where C

is the number of the input channels, M,N are the size of the filter, and F is the number of output

channels. Let an input to the convolution layer be Z ∈ RC×X×Y , where X × Y is the size of the

image. We are interested in computing the output of the convolution layer T = W ∗ Z.

T (x, y, f) = W ∗ Z =
C∑

c=1

X∑

x′=1

Y∑

y′=1

W (c, x′, y′, f) · Z(c, x− x′, y − y′) (1.2)

In most mainstream deep learning frameworks, the convolution operation is substituted by

matrix multiplication via the im2col subroutine [44]. To compute convolution as matrix mul-

tiplication, the network weight W ∈ RC×M×N×F is reshaped into a two dimensional matrix

WM ∈ RF×C·M ·N . The input to the layer Z is also reshaped to match the dimension of the re-

shaped kernel.
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In the case or RNN, the recurrent structure across time is unrolled to construct the computation

graph. Once unrolled, the RNN is no different from a feed-forward neural network and can be

readily trained using backpropagation through time [22].

1.2 Network Compression as Resource Allocation Problem

In Chapter 2, we focus on reducing the computation cost of the core operation of deep neural

networks, namely matrix-matrix multiplication. The intuition is that if we were able to pre-compute

some approximation of the network weight, we can simultaneously reduce the size of the network

and evaluate the network more efficiently, without significantly increasing the loss of the network.

A number of approximation schemes have been proposed. One possible approach is “pruning”,

which essentially encourages sparsity of the weights during the training phase by introducing a

sparsity-inducing penalty in the loss function [44, 45, 2]. A network with sparse weights (fewer

connections) can be evaluated more efficiently by taking advantage of highly optimized sparse

linear algebra subroutines. Alternatively, a trained network can be “compressed” by parameter

sharing, where subsets of parameters are clustered into groups and are forced to share the same

value [11, 30]. An implicit hyperparameter is the number of clusters, into which the parameters

are grouped as shared parameters. Low-rank approximation techniques [74, 88] exploit the linear

dependency of the network weights, so the computation cost and the memory cost can both be

reduced. Previous works treat the target rank of the low-rank approximation for each convolutional

layer as hyperparameters

An important aspect of network approximation is how accurate does the approximate have to

be. For a given layer in the network, can we get by with a crude approximation, or we need to make

the approximate fairly accurate? Most of the existing work sidestepped this issue by resorting to

laborious hyperparameter tuning.

Formally, given a constrained total budget of computation resource, in terms of the amount of

computation and/or the model size, how can we optimally allocate the constrained resources into

each layer, such that the performance of the resulted network is optimized? Such a resource allo-

cation problem was not previously studied in the literature. In Chapter 1, we present a systematic
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and fully automatic framework to solve this challenging optimization problem.

1.3 Rethinking Building Blocks of a Deep Neural Network

In Chapter 3 and Chapter 4, we attempt to address the efficiency issue of deep neural networks

from a higher abstraction level. In most of the existing network architectures, we use the combi-

nation of linear operation and non-linear activations to synthesis a function that would effectively

extract features from inputs. A key question that we would like to answer in this dissertation is

whether the common practice of using generic layers (fully-connected, convolution ) to synthesize

feature extractors the best methodology from a computation perspective. Note that a generic layer

by itself carries no meaning, it is the weight of the layer that defines its dynamics. In addition to

the commonly used generic layers, can we use operations that are known to be effective in feature

extraction in a neural network so the network is computationally more efficient? In other words,

we would like to fundamentally re-think the basic building blocks of efficient neural network ar-

chitectures beyond generic layers like fully-connected layer and convolutional layer.

The context of this research is in recommender systems, where an extremely large amount of

data and stringent delay requirements make the efficiency of the network a paramount design con-

sideration. In Chapter 3, we demonstrate that several key concepts in linear algebra and linear

space remains to be instructive in deep neural networks. To be more specific, the objective is to

cluster hundreds of millions of users on an e-Commerce platform into groups for more effective

item recommendation. Here each user corresponds to a vertex in a graph, where the user and items

correspond to vertices in the graph, and the graph edges encode the interaction among users and

items. A common issue of most existing graph clustering method is that once a user is clustered

into a group, the individualized information that is not captured by the group is completely lost. To

address this issue, we use QR decomposition to decompose user information into two orthogonal

linear spaces, each of which corresponds to the information summarized by the group and indi-

vidualized information that cannot possibly be captured by the group belonging respectively. The

application of QR decomposition in this context is mathematically sound and directly reflects the

intent of the network architecture designer. Another nice feature is that the QR decomposition is a
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parameter-less operation that does not add to the memory footprint of the model. Also, since the

QR decomposition is parameter-less, this QR decomposition layer is an effective feature extractor

even at a very early stage of the training process.

The gradient of the QR decomposition is differentiable, meaning that we can explicitly de-

scribe the gradient of the resulted Q and R matrix with respect to the input. Note that the weight

of the generic layers of a network is trained via back-propagation, in which the partial derivative

of the output with respect to the weight has to be computed for each layer. What if we want to

embed an operation in the neural network whose gradient is difficult to compute? This problem

is the focus of Chapter 4. In Chapter 4, we would like to estimate the parameters of a collec-

tion of Hidden Markov models whose parameters are correlated. We would like to use the deep

neural network to model the correlation among the Hidden Markov models. In a traditional set-

ting, given the observation sequence, the parameter of the Hidden Markov model is estimated via

an iterative process named Expectation-Maximization. We can consider the EM update step as a

function, with the estimation of the parameter at the previous step as the input, and the refined

parameter estimation based on the observation sequence as the output. The gradient of this EM

function, or EM layer, does exist. However, the gradient is numerically challenging to compute

in an automatically differentiation engine. We propose to estimate the gradient of this EM layer

using simultaneous perturbation stochastic approximation. The SPSA only involves evaluating the

function with perturbed inputs and can be easily computed. With this formulation, we dramatically

expand the choice of operations that can be incorporated into a deep neural network.
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Chapter 2

CONSTRAINED OPTIMIZATION BASED LOW-RANK
APPROXIMATION OF DEEP NEURAL NETWORKS

2.1 Introduction

The impressive generalization power of deep neural networks comes at the cost of highly complex

models that are computationally expensive to evaluate and cumbersome to store in memory. When

deploying a trained deep neural network on edge devices, it is highly desirable that the cost of

evaluating the network can be reduced without significantly impacting the performance of the

network.

In this chapter, we consider the following problem: given a set of constraints to the number of

multiply-accumulate (MAC) operation and the memory footprint (storage size of the model), the

objective is to identify an optimal low-rank approximation of a trained neural network, such that

the evaluation of the approximated network respects the constraints. For conciseness, the number

of MAC operation and the memory footprint of the approximated network will be referred to as

computation cost and memory cost respectively.

Our proposed method, named COBLA (Constrained Optimization Based Low-rank

Approximation), combines the well-studied low-rank approximation technique in deep neural net-

works [74, 88, 38, 53, 2, 33, 35, 43, 85] and sequential quadratic programming (SQP) [6]. Low-

rank approximation techniques exploit linear dependency of the network weights, so the computa-

tion cost and the memory cost of network evaluation can both be reduced. A major unaddressed

obstacle of the low-rank approximation technique is in determining the target rank of each con-

volutional layer subject to the constraints. In a sense, determining the target rank of each layer

can be considered as a resource allocation problem, in which constrained resources in terms of

computation cost and memory cost are allocated to each layer. Instead of relying on laborious
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manual tuning or sub-optimal heuristics, COBLA learns the optimal target rank of each layer by

approximately solving a constrained 0-1 integer program using SQP. COBLA enables the user to

freely and optimally trade-off between the evaluation cost and the accuracy of the approximated

network.

To the best knowledge of the authors, COBLA is the first systematic method that learns the op-

timal target ranks (which define the structure of the approximated network) subject to constraints

in low-rank approximation of neural networks. We empirically demonstrate that COBLA outper-

forms prior art using SqueezeNet [37] and VGG-16 [71] on the ImageNet (ILSVRC12) dataset

[56]. COBLA is independent of how the network weights are decomposed. We performed the ex-

periments using two representative decomposition schemes proposed in [74] and [88]. A distinct

advantage of COBLA is that it does not involve any hyperparameter tuning.

2.2 Low-rank Approximation and Masking Variable

Matrix multiplication plays a pivotal role in evaluating convolutional neural networks [44]. The

time complexity of exactly computing A · B where A ∈ Rk×l and B ∈ Rl×p is O(klp). Here A

is some transformation of the weight tensor, and B is the input to the layer. With a pre-computed

rank r approximation of A, denoted by Â, it only takes O((k + l)pr) operations to approximately

compute the matrix multiplication. The memory footprint of Â is also reduced toO((k+ l)r) from

O(kl).

The focus of this chapter is in optimally choosing the target rank r for each layer subject to the

constraints. This is a critical issue that was not adequately addressed in the existing literature.

If the target rank r was known, the rank r minimizer of ||A− Â|| (independent of the input data

B) could be easily computed by the singular value decomposition (SVD). Let the SVD of A be

A =
∑
∀j σj ·Uj · (Vj)T , where σj is the jth largest singular value, Uj and Vj are the corresponding

singular vectors. The rank r minimizer of ||A− Â|| is simply Â =
∑

j≤r σj ·Uj · (Vj)T . Let the set

Sσ contain the indices of the singlar values and corresponding singular vectors that are included

in the low-rank approximation. In this case Sσ = {j|j ≤ r}. Unfortunately, identifying the input

data dependent optimal value of Â that minimizes ||A · B − Â · B|| is significantly more difficult.
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As a matter of fact, the general weighted low-rank approximation problem is NP-hard [89].

2.2.1 Low-rank Approximation of Neural Networks

Let the kernel of a convolution layer be W ∈ Rc×m×n×f , where c is the number of the input

channels, m,n are the size of the filter, and f is the number of output channels. Let an input to

the convolution layer be Z ∈ Rc×x×y, where x × y is the size of the image. The output of the

convolution layer T = W ∗ Z can be computed as

T (x, y, f) = W ∗ Z =
c∑

c′=1

m∑

x′=1

n∑

y′=1

W (c′, x′, y′, f) · Z(c′, x+ x′, y + y′) (2.1)

Given a trained convolutional neural network, the weight tensor of a convolution layers W can

be decomposed into tensors G and H . Essentially, a convolutional layer with weight W is decom-

posed into two convolutional layers, whose weights are G and H respectively. The decomposition

scheme defines how a four-dimensional weight tensor is decomposed. We focus on the decomposi-

tion schemes described in [74] and [88], which are representative works in low-rank approximation

of neural networks. The dimensions of the weights of the decomposed layers are summarized in

Table 2.1.

Decomposition

Scheme
Dimension of G Dimension of H

Compute Decomposed

Weight with

[74] [c,m, 1, r] [r, 1, n, f ] Equation 2.3

[88] [c,m, n, r] [r, 1, 1, f ] Equation 2.4

Table 2.1: Dimension of the decomposed layers in low-rank approximation of neural networks.

r is the target rank, which dictates how much computation cost and memory cost are allocated

to a layer.

With the dimension of the decomposed weights defined by the target rank and the decomposi-

tion scheme, we now identify the optimal weight of the decomposed layers. The basic idea is to



8

compute the SVD of some matricization of the four-dimensional network weight, and only use a

subset of the singular values (together with their corresponding singular vectors) to approximate

the network weight. In [74], the following low-rank approximation is applied to the weight tensor

W ∈ Rc×x×y×f ,

W [c′, :, :, f ′] =
∑

∀j

σj · U j
f ′ · (V c′

j )T ≈
∑

j∈Sσ,i

σj · U j
f ′ · (V c′

j )T =
∑

j∈Sσ,i

P j
f ′ · (V c′

j )T (2.2)

For conciseness, scalar σj is absorbed into the left singular vector Uj such that Pj = σj · Uj .
Properly choosing Sσ for each layer subject to constraints is critical to the performance of the

approximated network. Note that the target rank ri = |Sσ,i|, where | · | denotes the cardinality of

a set. The default technique is truncating the singular values, where Sσ,i is chosen by adjusting a

hyperparameter ki such that Sσ,i = {j|j ≤ ki} [74, 88]. Obviously, truncating the singular values

is sub-optimal considering the NP-hardness of the weighted low-rank approximation problem [89].

It is worth emphasizing that ki is a hyperparameter that has to be individually adjusted for each

convolution layer in the network. Given the large number of layers in the network, optimally

adjusting the Sσ,i for each layer constitutes a challenging integer optimization problem by itself.

COBLA can be considered as an automatic method to choose Sσ,i for each layer subject to the

constraints.

Equivalently, Equation 2.2 can be re-written as

W [c′, :, :, f ′] ≈
∑

j∈Sσ,i

P j
f ′ · (V c′

j )T =
∑

∀j

mij · (P j
f ′ · (V c′

j )T ) (2.3)

where mij ∈ {0, 1} is the masking variable of a singular value and its corresponding singular

vectors, with mij = 1 indicating the jth singular value of the ith convolutional layer is included

in the approximation, and mij = 0 otherwise. Obviously, for the ith convolutional layer Sσ,i =

{j | mij = 1}. If mij = 1 for all (i, j), then all the singular values and the corresponding singular

vectors are included in the approximation. If so, the approximated network would be identical to

the original network (subject to numerical error). Let vector m be the concatenation of all mij .

Also, let mi denote the masking variables of the ith convolutional layer. See Figure 2.1 for a
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[
U1, U2, U3 , U4, U5

]
·




m1 · σ1 0 0 0 0 0
0 m2 · σ2 0 0 0 0
0 0 m3 · σ3 0 0 0
0 0 0 m4 · σ4 0 0
0 0 0 0 m5 · σ5 0



·




V T
1

V T
2

V T
3

V T
4

V T
5

V T
6




Figure 2.1: An example of utilizing masking variables to select the singular values and the corre-

sponding singular vectors in low-rank approximation. In this example W ∈ R5×6, the SVD of W

is W = UΣV T . The values of the masking variables m1..5 are [1,1,0,1,0], thus Sσ = {1, 2, 4}.
Ŵ = Σj∈{1,2,4}σj · Uj · (Vj)T , where Ŵ is a rank 3 approximation of W .

small example illustrating how masking variables can be used to select the singular values and the

corresponding singular vectors in low-rank approximation.

We can apply the masking variables formulation to the decomposition scheme described in [88]

in a similar fashion. Recall that in most mainstream deep learning frameworks, the convolution

operation is substituted by matrix multiplication via the im2col subroutine [44]. To compute

convolution as matrix multiplication, the network weight W ∈ Rc×m×n×f is reshaped into a two

dimensional matrix WM ∈ Rf×c·m·n. In [88], low-rank approximation is applied to WM . With a

slight abuse of notations,

WM =
∑

∀j

Pj · (Vj)T ≈
∑

j∈Sσ,i

Pj · (Vj)T =
∑

∀j

mij · (Pj · (Vj)T ) (2.4)

It is worth emphasizing that the input to the layer is not considered in Equation 2.3 or Equation

2.4. Much effort has been made to approximately compute the optimal weight of the decomposed

layers (G and H) conditioned on the distribution of the input to the layer [35, 88, 85]. However,

our experiment and prior work [74] indicate that the accuracy improvement enabled by data de-

pendent decomposition vanishes after the fine-tuning process. For this reason, we simply use the

data independent decomposition, and focus on identifying an optimal allocation of the constrained
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computation resources.

2.3 Problem Statement and Proposed Solution

Let NC(m) and NM(m) be the computation cost and the memory cost associated with evaluating

the network. Also, let NC,O and NM,O denote the computation cost and the memory cost of the

original convolutional neural network.

Consider a general empirical risk minimization problem,

E(W) =
1

NS

NS∑

n=1

{L(f(In,W), On)} (2.5)

where L(·) is the loss function, f(·) is the non-linear function defined by the convolutional neural

network, In and On are the input and output of the nth data sample, NS is the number of training

samples, andW is the set of weights in the neural network.

Assuming that a convolutional neural network has been trained and low-rank approximation of

the weights is performed as in Equation 2.3 or Equation 2.4, the empirical risk of the approximated

neural network is

E(m,P ,V) =
1

NS

NS∑

n=1

{L(f(In,m,P ,V), On)} (2.6)

where P and V are the sets of P and V vectors of all convolutional layers.

Given a system-level budget defined by the upper limit of computation cost NC,max and the

upper limit of memory cost NM,max, the problem can be formally stated as

minimize
m,P,V

E(m,P ,V)

subject to NC(m) ≤ NC,max

NM(m) ≤ NM,max

mi,j ∈ {0, 1}

(2.7)

In this 0-1 integer program, the computation cost and the memory cost associated with evaluating

the approximated network are expressed in terms of m.
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If we were given an optimal solution {m∗,P∗,V∗} to Equation 2.7 by an oracle, then the

optimal target rank r∗i for the ith convolutional layer subject to the constraints is simply Σm∗
i . In

other words, with the masking variable formulation, we are now able to learn the optimal structure

of the approximated network subject to constraints by solving a constrained optimization problem.

This is a key innovation of the proposed method.

However, exactly solving the 0-1 integer program in Equation 2.7 is intractable. We propose

to approximately solve Equation 2.7 in a two-step process: in the first step, we focus on m, while

keeping P , V as constants. The value of P , V are computed using SVD as in Equation 2.3 or

Equation 2.4. To approximately compute m∗, we resort to integer relaxation [54], which is a

classic method in approximately solving integer programs. The 0-1 integer variables are relaxed to

continuous variables in the interval [0, 1]. Essentially, we solve the following program in the first

step

minimize
m

EP,V(m)

subject to NC(m) ≤ NC,max

NM(m) ≤ NM,max

0 ≤ mi,j ≤ 1

(2.8)

A locally optimal solution of Equation 2.8, denoted by m̂∗, can be identified by a constrained

non-linear optimization algorithm such as SQP. Intuitively, m̂∗ quantifies the relative importance

of each singular value (and its corresponding singular vectors) in the approximation with a scalar

between 0 and 1. The resulted target rank of the ith layer ri = bΣm̂i
∗e, where b·e operator

randomly rounds [62] a real number to an integer, such that

bxe =




dxe with probability x− bxc

bxc otherwise
(2.9)

Here bΣm̂i
∗e serves as a surrogate for Σm∗

i . m̂∗ scales the corresponding singular values. We

therefore let Sσ,i contain the j index of the ri largest elements in set {m̂∗i,j · σi,j| ∀j}. A binary

solution m′ due to m̂∗ can be expressed as m′i,j = 1Sσ,i(j) where 1(·) is the indicator function.

If m′ violates the constraints, the random rounding procedure is repeated until the constraints are
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satisfied.

In the second step, we incorporate the scaling effect of m̂∗ in P as follows: for the ith convo-

lutional layer, let Pj ← m̂∗ij · Pj . The resulted low-rank approximation of the network is defined

by {m′, P , V}. With the structure of the approximated network determined by m′, P and V can

be further fine-tuned by simply running back-propagation.

2.3.1 Sequential Quadratic Programming

In the proposed method, Equation 2.8 is solved using the SQP algorithm, which is arguably the

most widely adopted method in solving constrained non-linear optimization problems [6]. At each

SQP iteration, a linearly constrained quadratic programming (QP) subproblem is constructed and

solved to move the current solution closer to a local minimum. To construct the QP subprob-

lem, the gradient of the objective function and the constraints, as well as the Hessian have to be

computed. The gradients can be readily computed by an automatic differentiation engine, such as

TensorFlow. An approximation of the Hessian is iteratively refined by the BFGS algorithm [14]

using the gradient information.

The scalability of the SQP algorithm is not a concern in our method. The number of decision

variables (masking variables) in Equation 2.8 is generally on the order of thousands, which is

significantly smaller than the number of the weight parameters.

With a large training dataset, averaging over the entirety of the dataset to compute the gradient

in each SQP iteration can be extremely time-consuming. In such cases, an estimation of the gra-

dient by sub-sampling the training dataset has to be used in lieu of the true gradient. To address

the estimation error of the gradients due to sub-sampling, we employed non-monotonic line search

[15]. Non-monotonic line search ensures the line search iterations in the SQP algorithm can ter-

minate properly despite the estimation error due to sub-sampled gradients. Note that a properly

regularized Hessian estimation due to BFGS is positive semidefinite by construction, even with

sub-sampled gradients [48]. Thus the QP subproblem is guaranteed to be convex.

Mathematically rigorous analysis of the convergence property of the SQP algorithm with sub-

sampled gradient is the next step of this research. Recent theoretical results [20, 23] could poten-
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tially provide insights into this problem. We empirically evaluated the numerical stability of SQP

with sub-sampled gradients in Section 2.5.2

2.4 Prior Works

In this section, we thoroughly review the heuristics in the literature that are closely related to our

proposed method. These heuristics will serve as the baseline to demonstrate the effectiveness of

COBLA.

In [74], the target rank for each layer is identified by trial-and-error. Each trial involves fine-

tuning the approximated network, which is highly time-consuming.

The following heuristic is discussed in [74] and earlier works: for the ith convolutional layer

Sσ,i = {j|j ≤ ki} is chosen such that the first ki singular values and their corresponding singular

vectors account for a certain percentage of the total variations. Thus, for the ith convolutional layer

ki is chosen to be the largest integer subject to
ki∑

j=1

σ2
i,j ≤ β ·

∑

∀j

σ2
i,j (2.10)

where β is the proportion of the total variations accounted by the low-rank approximation, and σi,j

is the jth largest singular value of the ith convolutional layer. It is obvious that the computation

cost and the memory cost of the approximated network are monotonic functions of β. The largest

β that satisfies the constraints in computation cost and memory cost, denoted by β∗, can be easily

computed by bisection. Then the ki value for each layer can be identified by plugging β∗ into

Equation 2.10. We call this heuristic CPTV (Certain Percentage of Total Variation).

Another heuristics proposed in [88] identifies Sσ,i = {j|j ≤ ki} by maximizing the following

objective function subject to the constraints in computation cost.

∏

∀i

( ki∑

j=1

σ2
i,j

)
(2.11)

In [88], a greedy algorithm is employed to approximately solve this program. We call this

heuristic POS-Greedy (Product Of Sum-Greedy). See Section 2.4 of [88] for details. Due to the

use of the greedy algorithm, only a single constraint can be considered by POS-Greedy.
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We can improve the POS-Greedy heuristic by noting that the program in Equation 2.11 can

be solved with provable optimality and multiple constraints support by using the masking variable

formulation. Equation 2.11 can be equivalently stated as

maximize
m

∏

∀i

(∑

∀j

mi,j · σ2
i,j

)

subject to NC(m) ≤ NC,max

NM(m) ≤ NM,max

mi,j ∈ {0, 1}

(2.12)

Note that the masking variables and the singular values can only take non-negative values, thus

the objective in Equation 2.12 is equivalent to maximizing the geometric mean. If the 0-1 integer

constraint were omitted, the objective function and the constraints in Equation 2.12 are concave in

m. Even with the 0-1 integer constraint, modern numerical optimization engines can efficiently

solve this mixed integer program with provable optimality. The heuristic of exactly solving Equa-

tion 2.12 is called POS-CVX (Product of Sum-Convex). In our experiment, we observe that the

numerical value of the objective function due to POS-CVX is consistently 1.5 to 2 times higher

than that due to POS-Greedy.

In [38], variational Bayesian matrix factorization (VBMF) [52] is employed to estimate the

target rank. Given an observation V that is corrupted by additive noise V = U + σZ, VBMF

takes a Bayesian approach to identify a decomposition of matrix U whose rank is no larger than

r, such that U = BAT . We refer to this heuristic as R-VBMF (Rank due to VBMF). It is worth

emphasizing that with R-VBMF, the user cannot arbitrarily set NC,max or NM,max. Rather, the

heuristic will decide the computation and the memory cost of the approximated network.

We also experimented with the low-rank signal recovery [19] to estimate the target rank for

each layer. This groundbreaking result from the information theory community states that given

a low-rank signal of unknown rank r which is contaminated by additive noise, one can optimally

recover the low-rank signal in the Minimum-Square-Error (MSE) sense by truncating the singular

values of the data matrix to 2.858 · ymed, where ymed is the median empirical singular values of

the data matrix. This impressive result was not previously applied in the context of low-rank
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approximation of neural networks.

2.5 Numerical Experiments

In this section, we compare the performance of COBLA to the previously published heuristics dis-

cussed in Section 2.4. Image classification experiments are performed using the SqueezeNet and

the VGG-16 architecture on the ImageNet dataset [56]. SqueezeNet is a highly optimized archi-

tecture that achieves AlexNet-level accuracy with 50X parameter reduction. Further compressing

such a compact and efficient architecture is a challenging task. We report the results using the

decomposition scheme in both Equation 2.3 and Equation 2.4.
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Figure 2.2: Comparison of Top-1 and Top-5 accuracy of the network approximation of SqueezeNet

before fine-tuning. The right-hand side of the constraints in Equation 2.8 are set to NC,max =

η ·NC,O and NM,max = η ·NM,O, where NC,O and NM,O are the computation cost and the memory

cost of the original network without low-rank approximation. The Top-1 and Top-5 accuracy of

the original SqueezeNet are 57.2% and 80.0% respectively.
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The constraints to the computation cost and the memory cost of the approximated network,

NC,max and NM,max, are expressed in terms of the cost of the original network, denoted by NC,O

and NM,O. In the experiment NC,max = η ·NC,O and NM,max = η ·NM,O, for η = {0.5, 0.6, 0.7}.
The results in Figure 2.2 are compiled by evaluating the approximated network due to each meth-

ods, before any fine-tuning is performed.

2.5.1 Effect of Fine-Tuning

We fine-tune the resulted network approximation due to POS-CVX and COBLA for 50 epochs.

The experiment is repeated using the decomposition schemes in Equation 2.3 and Equation 2.4.

The hyperparameters used in the training phase are re-used in the fine-tuning phase, except for

learning rate and momentum, which are controlled by the YellowFin optimizer [86]. The fine-

tuning results are reported in Table 2.2. COBLA outperforms prior art by 6% in terms of Top-5

accuracy and more than 8% in terms of Top-1 accuracy using both decomposition schemes.

Before fine-tuning, COBLA performs much better using the decomposition scheme in Equa-

tion 2.3 (Figure 2.2 (a)(c)) than Equation 2.4 (Figure 2.2 (b)(d)). Interestingly, the difference is

reduced to within 1% after fine-tuning. This observation not only demonstrates that the effective-

ness of COBLA is independent of the decomposition scheme, but also suggests that the choice of

decomposition scheme is not critical to the success of low-rank approximation techniques.

2.5.2 Comparison with R-VBMF and Low-rank Signal Recovery

Section 3.2 of [38] suggests that R-VBMF could function as a general solution for identifying the

target rank of each layer in low-rank approximation of neural networks. We compared COBLA

to R-VBMF. In our experiment, low-rank approximation is applied to all layers. This is different

from the experiment setup in [38], where low-rank approximation is applied to a manually selected

subset of layers. The reasoning behind applying R-VBMF to all layers is that if R-VBMF was

indeed capable of recovering the true rank of the weight, it would just return the full rank of the

weight if no low-rank approximation should be applied to a layer.
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NC,max NM,max
Decomposition

Scheme

Top-1

COBLA

Top-1

Baseline

Top-5

COBLA

Top-5

Baseline

1 0.7 ·NC,O 0.7 ·NM,O Equ. 2.3 55.7% -2.0% 79.2% -1.1%

2 0.7 ·NC,O 0.7 ·NM,O Equ. 2.4 55.4% -2.4% 78.8% -1.6%

3 0.6 ·NC,O 0.6 ·NM,O Equ. 2.3 54.4% -4.1% 78.2% -2.7%

4 0.6 ·NC,O 0.6 ·NM,O Equ. 2.4 54.3% -3.8% 77.9% -2.7%

5 0.5 ·NC,O 0.5 ·NM,O Equ. 2.3 52.6% -7.4% 77.0% -5.7%

6 0.5 ·NC,O 0.5 ·NM,O Equ. 2.4 51.7% -5.5% 76.2% -4.1%

Table 2.2: Accuracy of the approximated network at various constraint conditions using the

SqueezeNet architecture on ImageNet dataset after 50 epochs of fine-tuning. The baseline method

is POS-CVX. The Top-1 and Top-5 accuracy of the original SqueezeNet are 57.2% and 80.0%

respectively.

R-VBMF returns NC,max = 0.25 · NC,O and NM,max = 0.19 · NM,O on SqueezeNet using the

decomposition scheme in Equation 2.3. With such tight constraints, the accuracy of the approx-

imated networks due to R-VBMF and COBLA both dropped to chance level before fine-tuning.

Even after 10 epochs of fine-tuning, R-VBMF is still stuck close to chance level, while COBLA

achieves a Top-1 accuracy of 15.9% and Top-5 accuracy of 36.2%. This experiment demonstrates

that COBLA is a more effective method, even with severely constrained computation cost and

memory cost. The low-rank signal recovery technique [19] also dramatically underestimated the

target ranks.

The ineffectiveness of these rigorous signal processing technique in estimating the target rank in

neural networks is not surprising. First of all, the non-linear activation functions between the linear

layers are crucial to the overall dynamic of the network, but they cannot be easily considered in

R-VBMF or low-rank signal recovery. Also, the low-rank approximation problem is not equivalent

to recovering a signal from noisy measurements. Some unjustified assumptions have to be made
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regarding the distribution of the noise. More importantly, the target rank of each layer should

not be analyzed in an isolated and layer-by-layer manner. It would be more constructive to study

the approximation error with the dynamic of the entire network in mind. COBLA avoids the

aforementioned pitfalls by taking a data-driven approach to address the unique challenges in this

constrained optimization problem.

2.5.3 Effect of Sub-sampled Gradients in SQP Iterations

As discussed in Section 2.3.1, when the dataset is large, it is computationally prohibitive to exactly

compute the gradient in each SQP iteration, and a sub-sampled estimation of the gradient has to be

used. To investigate the effect of sub-sampled gradients in SQP, we conducted experiments using

the NIN architecture [46] on the CIFAR10 dataset [41].

CIFAR10 is a small dataset on which we can afford to exactly compute the gradient in each

SQP iteration. Although the CIFAR10 dataset is no longer considered a state-of-the-art benchmark,

the 11-layer NIN architecture we used is relatively recent and ensures that the experiment is not

conducted on a trivial example.

In Figure 2.3, we compare the accuracy of the approximated network due to previously pub-

lished heuristics and COBLA. The experiment using COBLA is conducted under two conditions.

In the first case, labeled COBLA (sub-sampled gradient), 5% of the training dataset is randomly

sampled to estimate the gradient in each SQP iteration. In the second case, labeled COBLA (exact

gradient), the entire training dataset is used to exactly compute the gradient in each SQP iteration.

As shown in Figure 2.3, accuracies in the two cases are very similar (within 1%). This experiment

provides some empirical evidence for the numerical stability of SQP with sub-sampled gradients.

2.5.4 COBLA on VGG-16

We compared COBLA to [74] using the VGG-16 architecture. We make the note that VGG-16

is an architecture that is over-parameterized by design. Such over-parameterized architectures are

not suitable for studying model compression methods, as the intrinsic redundancy of the architec-
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Figure 2.3: Comparision of Top-1 accuracy of NIN architecture on the CIFAR10 dataset. The

constraints are NC,max = η ·NC,O and NM,max = η ·NM,O, for η = {0.1, 0.2, 0.3}. The accuracy

of the original CIFAR-10 NIN is 91.9%.
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ture would allow ineffective methods to achieve significant compression as well [34]. Optimized

architectures that are designed to be computationally efficient (e.g. SqueezeNet) are more reason-

able benchmarks [34]. The purpose of this experiment is to demonstrate the scalability of COBLA

(VGG-16 is 22X larger than SqueezeNet in terms of computation cost). This experiment also

provides a side-by-side comparison of COBLA to the results reported in [74].

In [74], the computation cost and the memory cost of the approximated network are 0.33 ·NC,O

and 0.36 · NM,O respectively. The resource allocation defined by the target rank of each layer

is identified manually by trial-and-error. As shown in Table 2.3, COBLA further reduces the

computation and the memory cost of the compressed VGG-16 in [74] by 12% with no accuracy

drop (by 30% with negligible accuracy drop).

Computation

(Reduction)

Memory

(Reduction)

Top-5

Accuracy

Target Rank of

Decomposed Layers

Baseline

[74]

0.33 ·NC,O

-

0.36 ·NM,O

-

89.8%

-

5, 24, 48, 48, 64, 128, 160

192, 192, 256, 320, 320, 320

COBLA
0.29 ·NC,O

(-12%)

0.32 ·NM,O

(-12%)

89.8%

(+0.0%)

5, 17, 41, 54, 77, 109, 133

155, 180, 239, 274, 283, 314

COBLA
0.23 ·NC,O

(-30%)

0.25 ·NM,O

(-30%)

88.9%

(-0.9%)

5, 16, 32, 48, 64, 81, 95

116, 126, 203, 211, 215, 232

Table 2.3: Comparision of COBLA to [74] using the VGG-16 architecture on ImageNet. The

Top-5 accuracy of the original VGG-16 is 89.8%.

2.6 System Overview of COBLA

In Figure 2.4, we present the system overview of COBLA. The centerpiece of COBLA is the

SQP algorithm (which solves Equation 2.8). The two supporting components are TensorFlow

for computing gradients (of the empirical risk w.r.t. the masking variables) and MOSEK [49]
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Figure 2.4: System overview of COBLA. m(k) is the value of the masking variables at the kth

SQP iteration. f(m(k)) is the loss, g(m(k)) is the gradient of the loss with respect to the masking

variables, c(m(k)) is the value of the constraint functions, and a(m(k)) is the Jacobian of the

constraints.

for solving the convex QP in each SQP step. Given m(k), the value of the masking variables

at the kth SQP iteration, TensorFlow computes the loss and the gradients based on the trained

network and user-defined decomposition scheme. COBLA is available at https://github.

com/chongli-uw/cobla

2.6.1 Quantifying Parameter Redundancy of Each Layer

Given an approximated network identified by COBLA subject to the constraint of NC,max =

0.5 · NC,O and NM,max = 0.5 · NM,O, we visualize the topology of the SqueezeNet and label

the reduction of the computation cost of each layer in Figure 2.5. For example, 28.9% of the com-

putation cost of layer conv1 is reduced by COBLA, so the computation cost of conv1 in the

approximated network is 71.1% of that in the original SqueezeNet network.

In the approximated network identified by COBLA, the allocation of the constrained computa-

tion resources is highly inhomogeneous. For most of the 1x1 layers, including the squeeze layers

and the expand/1x1 layers, the computation cost is not reduced at all. This indicates that there

https://github.com/chongli-uw/cobla
https://github.com/chongli-uw/cobla
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Figure 2.5: Per-layer computation cost reduction in the approximated SqueezeNet.
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is less linear dependency in the 1x1 layers. However, the output layer conv10 is an exception.

conv10 is a 1x1 layer that maps the high-dimensional output from previous layers to a vector of

size 1000 (the number of classes in ImageNet). As shown in Figure 2.5, 66% of the computation

in conv10 can be reduced. This coincides with the design choice that was identified manually in

[30], where the author found that the output layer has high parameter redundancy.

In [58], it is hypothesized that the parameter redundancy of a layer is dependent on its relative

position in the network and follows certain trends (increasing, decreasing, convex and concave are

explored). Figure 2.5 indicates that the parameter redundancy of each layer is more complex than

previously hypothesized and has to be analyzed on a case-by-case basis.

We believe that the visualization in Figure 2.5 would provide insights into the relative impor-

tance of each layer in the network for other approximation techniques. For example, the approxi-

mation error of layer fire6/expand/3x3 has a larger impact on the overall performance of the

network, than layer fire2/expand/3x3. Thus it makes sense to allocation more computation

resources to fire6/expand/3x3 in some other approximation techniques, such as [28].

2.7 COBLA in Recurrent Neural Networks for Language Models

COBLA was initially designed to reduce the computation cost and memory cost of evaluating

convolutional neural networks. The key idea is to factorize the weight of the network for more

efficient computations. The same idea can be generalized to recurrent neural networks. Consider

the popular Long Short-term Memory (LSTM):

ft = σg(Wfxt + Ufht−1 + bf )

it = σg(Wixt + Uiht−1 + bi)

ot = σg(Woxt + Uoht−1 + bo)

ct = ft ◦ ct−1 + it ◦ σc(Wcxt + Ucht−1 + bc)

ht = ot ◦ σh(ct)

(2.13)

where
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Figure 2.6: Overview of the LSTM architecture [55] .

• ft ∈ Rd is the input to the network,

• ht ∈ Rh is the hidden state of the LSTM at time step t

• ct ∈ Rh is the cell state vector

• W ∈ Rh×d and U ∈ Rh×h are the trainable parameter of the LSTM.

• b are the trainable bias of the LSTM

• o is the output of the LSTM cell

An overview of the LSTM architecture is shown below

Due to its expressiveness in modeling sequential data, LSTM is the key building block of

language models before the advent of attention based language models, notably BERT [17]. BERT

successfully addressed several crucial architectural issues of LSTM based language models:

• Due to its sequential nature, computation on LSTM is difficult to parallelize. The computa-

tion of one time step cannot start until the results of all previous steps are returned.
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• LSTM is trained by back propagation through time (BPTT). The recurrent structure has to

be truncated at a certain length, which limits its ability in capturing long term dependency.

For this reason, attention based language models has surpassed LSTM based language models.

At the time that this disseration is written, language models based on LSTM can be more or less

considered as obsolete.

We nevertheless deploy COBLA on a LSTM based language model to show the generality of

the method. Note that most of the computations in the LSTM is matrix vector multiplication, for

exampleWfxt. The weight matrix can be factorized using SVD, and we can follow the formulation

for the case of convolutional neural network to introduce a binary masking variable to each of the

singular component.

We tested COBLA on the standard Penn Treebank (PTB) benchmark. Given a corpus (a set

of text for training), the objective of language model is to predict the probability of the next

word given an input sequence. We experimented on two configurations, named PTB Medium

and PTB Large. The design parameters of the two configurations are summarized in Table 2.4.

Parameter PTB Medium PTB Large

Number of Layers 2 2

Hidden Layer Dimension 650 1500

Number of Step 35 35

Epochs 6 14

Dimension of Word Embedding 650 1500

Vocabulary Size 10000 10000

Table 2.4: Design parameters of PTB Medium and PTB Large.

In Table 2.4, number of layers being 2 means the output of an LSTM cell is fed into the input

of second layer of LSTM cell. The output of the second layer of LSTM is the final output that is

used to predict the probability of the next word. Number of step is the length of the unrolling in
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BPTT. Here 35 times steps are unrolled, meaning the LSTM cannot capture dependency beyond

35 words away.

The performance of a language model is measured by perplexity

2H(p) = 2−
∑
x p(x) log2 p(x) (2.14)

where p is the predicted probability distribution of the next word.

The results are reported in Table 2.5 and Table 2.6

Computation Cost Memory Cost Method Perplexity

NC,O NM,O - 82.1

0.5 ·NC,O 0.5 ·NM,O Baseline 85.0

0.5 ·NC,O 0.5 ·NM,O COBLA 84.3

0.4 ·NC,O 0.4 ·NM,O Baseline 85.7

0.4 ·NC,O 0.4 ·NM,O COBLA 84.7

0.3 ·NC,O 0.3 ·NM,O Baseline 102.0

0.3 ·NC,O 0.3 ·NM,O COBLA 89.84

Table 2.5: Performance Summary of compressed PTB Medium. NC,O and NM,O are the original

computation cost and original memory cost respectively. The baseline method is POS-CVX (Equ

2.12). The perplexity is reported on test set.
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Computation Cost Memory Cost Method Perplexity

NC,O NM,O - 78.3

0.5 ·NC,O 0.5 ·NM,O Baseline 79.1

0.5 ·NC,O 0.5 ·NM,O COBLA 78.6

0.4 ·NC,O 0.4 ·NM,O Baseline 79.8

0.4 ·NC,O 0.4 ·NM,O COBLA 78.7

0.3 ·NC,O 0.3 ·NM,O Baseline 105.6

0.3 ·NC,O 0.3 ·NM,O COBLA 80.3

Table 2.6: Performance Summary of compressed PTB Large. NC,O and NM,O are the original

computation cost and original memory cost respectively. The baseline method is POS-CVX (Equ

2.12). The perplexity is reported on test set.

2.8 Conclusion

In this chapter, we presented a systematic method named COBLA, to identify the target rank of

each layer in low-rank approximation of a convolutional neural network, subject to the constraints

in the computation cost and the memory cost of the approximated network. COBLA optimally

allocates constrained computation resources into each layer. The key idea of the COBLA is in

applying a binary masking variable to the singular values of the network weights to formulate a

constrained 0-1 integer program. We empirically demonstrate that our method outperforms previ-

ously published works using the SqueezeNet and VGG-16 on the ImageNet dataset.
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Chapter 3

HIERARCHICAL REPRESENTATION LEARNING FOR BIPARTITE
GRAPHS

3.1 Introduction

The online retail market is developing at a rapid pace and customers are actively looking for more

engaging and highly personalized retail experiences. To achieve success in a highly dynamic mar-

ket, E-Commerce businesses must be able to stay one step ahead of their customers by predicting

what customers are looking for, based on their past click-through behaviors, shopping history, and

product preferences. However, in a complex environment of a world-leading E-Commerce plat-

form, how to predict user-specific and unique behaviors among billions of online customers is

quite challenging. A widely-adopted methodology is to represent the users and items as nodes in

a bipartite graph [25, 83]. The relationships between the nodes are treated as edges in the graph.

Then a GNN based method [29] encodes the nodes of the resulted graph as low-dimensional em-

beddings, which capture the node attributes as well as the relationships between the nodes. With

this formulation, the recommendation task could be transformed as the link prediction problem.

While much effort has been made to address the idiosyncrasies of individual users in an E-

Commerce recommender system, we make the note that users can be naturally clustered into a set

of communities based on their demographic, income level, occupation, among other factors. Fig-

ure 3.1 illustrates a user’s community-level shopping preferences. This lady plays four community

roles: a business professional, a young mother, a traveler, and a fashion lady. As a mother, she rou-

tinely purchases infant care products. This shopping behavior is highly related to her community

role as a young mother. Making recommendations for a certain community is arguably a less chal-

lenging task [24], as we have access to significantly larger amount of data concerning all the users

in this community collectively. With the number of communities being dramatically lower than the
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Shopping History

as a young mother as
a tra

vel
er

as a fashion lady
as a professional lady

Node: User

Figure 3.1: A user’s shopping pattern. The young lady belongs to four communities based on her

various social roles. The shopping pattern reflects her community belonging as well as her personal

preferences.
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number of users, we could also afford to carry out more elaborated analyses and perform more so-

phisticated feature engineering for the communities. This observation is among the motivations of

a series of works on hierarchical graph neural networks [10, 92, 84], in which the network learns to

cluster the users into communities. However, striking a delicate balance between community-level

generalization and user-specific preference can be a major challenge. Going back to the example in

Figure 1, the lady may prefer high-end products with dark colors. These individualized preferences

are not reflected in the communities that she belongs to. Most of the existing works in hierarchical

graph networks ignore the user-specific information that is not captured by the user’s communities.

For this reason, while hierarchical graph network has been demonstrated to be effective in graph

classification tasks, it has not been widely applied in online personalized recommender systems.

To tackle such challenges, we present Bi-HGNN (Bipartite Hierarchical Graph Neural Network),

a recommender system for the E-Commerce platform that effectively utilizes the users’ community-

level generalization as well as their individualized preferences. Bi-HGNN enhances the current

GNN methods that are inherently flat and do not learn hierarchical representations of graphs. To

be more specific, each community is assigned an embedding, which is jointly trained with other

parameters of the GNN. The distances between a particular user and the communities are computed

by a neural network based distance function. This distance metric allows us to softly assign each

user into a few communities. We decompose user information into two orthogonal spaces, each of

which represents information captured by community-level generalization and individualized user

preference respectively. This decomposition is our primary technical contribution. Bi-HGNN is

capable of automatically clustering users into communities in an end-to-end fashion. To demon-

strate its scalability, we have also deployed Bi-HGNN on a world-leading E-Commerce platform.

Our numerical experiments demonstrate that Bi-HGNN consistently outperforms state-of-the-art

recommendation algorithms.

The remainder of this chapter is organized as follows: in Section 2, we review related works.

Section 3 provides a detailed description of the proposed Bi-HGNN framework. Experimental

results on both the public dataset and a real-world E-Commerce dataset are shown in Section 4.

Section 5 concludes the chapter.
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3.2 Related Work

As conventional graph analytic methods often suffer from scalability issue, a new paradigm, called

graph embedding (GE) [59, 75, 27, 1, 7], paves an efficient yet effective way to address large

scale graph representation problems. Specifically, GE converts the nodes and/or edges of the graph

into low-dimensional embeddings such that vital information of the graph are preserved. Based

on this idea, a series of GNNs have been proposed, including Structure2Vec [64], GCN [39], and

GraphSAGE [29]. Notably, GraphSAGE proposes an inductive framework to encode node features

as well as neighborhood information into the node embedding. However, the aforementioned GNN

methods are inherently flat and do not learn hierarchical representations of graphs.

Hierarchical graph representation has also been previously proposed. [12] uses the non-backtracking

operator to yield improvements on hard community detection problems. Since the user generally

belongs to several communities on an E-Commerce platform, the hard assignment is not suitable.

DiffPool [84] assigns a user into communities using soft assignment. However, a fundamental lim-

itation of DiffPool is that it requires explicitly expressing and computing with the adjacent matrix

of the graph. This is computationally prohibitive for recommender system that operates on graphs

with tens of millions of nodes. More importantly, DiffPool focuses on the homogeneity of the clus-

ters while ignoring the node diversity. In this chapter, we also propose an extension of DiffPool

that preserves its core features yet can scale to real-world recommender systems presented in the

experiment section. [91] presents a tree-based model to construct a hierarchical structure of items.

The computation complexity to chose an item to be recommended is logarithmic w.r.t. the number

of items.

3.3 Bi-HGNN Model

Let G(U, I, E) be a bipartite graph, where U is a set of user nodes and I is a set of item nodes and

E is a set of edges that records user-to-item and item-to-item relationships. u and i represents indi-

vidual user and item nodes respectively. x is the raw feature of the nodes. N is the neighborhood

of a node. Nu is user u’s neighbors andNi is item i’s neighbors. eu and ei represents user and item
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Figure 3.2: Framework of Bi-HGNN. Left side outputs user-community and individualized embed-

dings. Since user and item raw features are generally sparse, wide and deep is used here for feature

encoding. Based on the user’s historical behaviors, n items are selected as his/her neighbors to gen-

erate full user embedding with GraphSAGE. Full embedding is decomposed into user-community

and individualized embeddings, which is illustrated in the upper left of the figure within the dashed

square. User-community embedding is a weighted linear combination of the community space em-

bedding, where coefficients are determined by the distance between the user and community space

embedding. With both the user and item embeddings, the classifier computes the probability of the

user interacting with the item.
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embedding.

A GNN method [29, 83] encodes the raw feature and the neighborhood information of the

nodes as embeddings. The user embedding and item embedding are trained in an end-to-end

fashion where the supervision signal is whether a user interacted with a particular item. When a

new user joins the platform, his/her user embedding is computed and recommendations for the new

user is solely based on the user embedding and the item embeddings.

As shown in Figure 3.2, we first encode the raw features of the users and items with the Wide

and Deep [13]. The raw features could be either numerical or categorical.

e(W )
u = WDu(xu), (3.1)

e
(W )
i = WDi(xi), (3.2)

where WDu(.) and WDi(.) are Wide and Deep module for user and item respectively. We then

feed e(W )
u and e(W )

i as h0
u and h0

i into GraphSAGE [29] to encode neighborhood information as

follows:

htNu = aggregatetu({ht−1
i , i ∈ Nu}), (3.3)

htu = σ
(
W t
u · concat(ht−1

u , htNu)
)
, (3.4)

where σ(.) is the sigmoid function, W t
u is a trainable parameter, t is the number of hops of the

neighbors. htu is normalized to yield the full user embedding:

e(F )
u =

htu
‖htu‖

. (3.5)

Item embedding can be computed in a similar way.

htNi = aggregateti({ht−1
j , j ∈ Ni}), (3.6)

hti = σ
(
W t
i · concat(ht−1

i , htNi)
)
, (3.7)

ei =
hti
‖hti‖

. (3.8)

The full user embedding and item embedding computed as above have been demonstrated to be

highly effective in industrial recommender systems [83, 25].
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3.3.1 Community Embedding for Clustering

The primary technical contribution of this work is in clustering the users into communities and

perform recommendation based on the user’s community generalization as well as individualized

preference. The clustering is achieved by (1) assigning low-dimensional embeddings to a set of

communities, and (2) devising a distance function that quantifies the “closeness” between a user

and a community using their embeddings.

As shown in the upper left part of Figure 3.2, community space embedding, denoted by e(S)
1 , · · · , e(S)

k ,

is a trainable parameter that is randomly initialized to be an orthonormal matrix. Here we require

the number of the communities is smaller than the dimension of the full user embedding. Given a

community space embedding e(S) and a full user embedding e(F )
u , the user’s distance to the com-

munity is computed as

wu,l = fd(e
(F )
u , e

(S)
l ) (3.9)

where l ∈ {1, · · · , k} and fd(·) is the distance function that takes the two embeddings as argument

and yield a scalar in interval [0, 1]. We shall elaborate on the design this distance function later in

this section.

A fundamental assumption of this work is that the user’s community-level generalization can be

expressed as a weighted linear combination of community space embeddings, with the coefficients

being the distance between the user and the community. Intuitively, if a user’s online behavior

closely matches the collective behavior of a community, the embedding of this particular commu-

nity should have a large weight in the user’s community-level generalization. Formally, given the

distance between user and community, the weighted average of community embedding yields the

user-community embedding

e(C)
u =

k∑

l=1

wu,l e
(S)
l . (3.10)

Ideally we would like to a user to belong to only a few communities. In other words, only a few

of the coefficients in could take non-zero value. This is achieved by passing a user’s distance to

the communities through a SoftMax function. The user-community embedding in Equation (3.3.1)

captures community behavior but not the user’s individualized preferences.
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In general, a user’s information can not be fully captured by a linear combination of the commu-

nity space embeddings. This is because the number of the communities is smaller than the dimen-

sion of the full user embedding, thus it is impossible to perfectly reconstruct the full user embed-

ding using a linear combination of community space embeddings. Intuitively, the community-level

information of the user can be represented by a linear combination of community space embed-

dings, while the user-specific individualization has to be captured in the orthogonal space of the

community space embeddings.

Formally, let S be the space spanned by community space embedding e(S), S = span{e(S)
1 , · · · , e(S)

k }.
Projecting the full user embedding e(F )

u onto space S yields user-community embedding e(P )
u , which

is the best possible approximation of e(F )
u using linear combination of e(S).

e(P )
u = proj

(
e(F )
u , S

)
, (3.11)

In the orthogonal space, the individualized embedding e(I)
u that captures the individualized prefer-

ence of the user is simply

e(I)
u = e(F )

u − e(P )
u . (3.12)

We assume that e(I)
u , e(F )

u and e(P )
u are of the same dimension.

The projection in Equation 3.11 can be computed in various ways. We choose compute this

projection using singular value decomposition (SVD) [21], for the reason that SVD is a differ-

entiable operation that can be readily incorporated in a deep neural network. Decompose matrix

C = [e
(S)
1 , · · · , e(S)

k ] with SVD as C = UΣV T , where U and V are the singular vectors and Σ is a

diagonal matrix with singular values on the diagonal. The column vectors of matrix V , denoted by

{ζl | l ∈ {1, · · · , k}}, are orthonormal bases of the space spanned by community space embedding

e(S). With the bases of the space, the projection in Equation 3.11 can be easily computed as

e(P )
u =< e(F )

u , ζ1 > ζ1 + · · ·+ < e(F )
u , ζk > ζk, (3.13)

where < ., . > is the inner product between two vectors.

Note that the inner product < ., . > is the coefficients of the weighted linear combination. In

other words, the inner product < ., . > is essentially the distance function that we have discussed
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earlier in this section. In this work, we used a neural network as the distance function. Alterna-

tively, it is possible to use the dot product, which is efficient to compute but less expressive.

We summarize the notations of embeddings discussed in this section as follows:

e
(F )
u Full user embedding due to GraphSage

e
(F )
i Item embedding due to GraphSage

e
(S)
l

Community Space Embedding

(Embedding assigned to a community)

e
(P )
u

User-community embedding

(Project of e(F )
i on the space spanned by e(S)

l )

e
(I)
u

Individualized embedding

(Individual preference cannot be captured by e(P )
u )

The resulted user-community embedding e(P )
u , individualized embedding e(I)

u , and item embed-

ding are fed into a classifier. The classifier computes the probability of the user interaction with a

particular item, given their embeddings.

3.3.2 Algorithm Framework and Loss Function

In the training phase, let s+
u and s−u be positive and negative samples for user u respectively. Given

user u, yu,i is the ground truth label. If user u has the interaction with item i, then yu,i = 1,

otherwise yu,i = 0. For user u, ŷu,i is the predicted label for item i. The likelihood function is

derived as
∏

u




∏

i∈s+u

P (ŷu,i = 1)
∏

i∈s−u

P (ŷu,i = 0)



 (3.14)

which yields the loss function

−
∑

u

∑

i∈s+u∪s−u

{yu,ilog P (ŷu,i = 1) + (1− yu,i)log P (ŷu,i = 0)} .

Bi-HGNN is summarized in Algorithm 1.
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Algorithm 1 Bi-HGNN Algorithm
Input: bipartite graph G(U, I, E), user raw feature xu, item raw feature xi.

Output: Probability that user u would be interested in item i

1: Initialize e(S)
l , l = 1, · · · , k;

2: Wide and deep for user in Equation (3.1): e(W )
u ← xu,∀u ∈ U ;

3: Wide and deep for item in Equation (3.2): e(W )
i ← xi,∀i ∈ I;

4: e
(F )
u

(3.3),(3.4),(3.5)←−−−−−−− GraphSAGE
(
e

(W )
u , {e(W )

i , i ∈ Nu}
)

;

5: e
(C)
u

(3.9),(3.3.1)←−−−−−− weightedAvg
(
e

(F )
u , {e(S)

1 , · · · , e(S)
k }
)

;

6: e
(I)
u

(3.11),(3.12)←−−−−−− decompose
(
e

(F )
u , {e(S)

1 , · · · , e(S)
k }
)

;

7: ei
(3.6),(3.7),(3.8)←−−−−−−− GraphSAGE

(
e

(W )
i , {e(W )

j , j ∈ Ni}
)

;

8: Feed e(I)
u , e(C)

u and ei into the classifier to generate the probability of ŷu,i = 1 in Equation

(3.14) as

P (ŷu,i = 1)← classifier
(
e(I)
u , e(C)

u , ei
)

9: return Probability that the user would be interested in an item.
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3.4 Numerical Experiments

In this section, we describe the setup of our numerical experiments. We report our results on the

widely used MovieLens dataset1 as well as the real-world online shopping data from a world-

leading E-Commerce company. The baseline methods we compared against are GraphSAGE [29]

and DiffPool [84]. GraphSAGE has been demonstrated to be an effective yet scalable GNN algo-

rithm in a number of applications. We shall demonstrate that Bi-HGNN outperforms GraphSAGE

by considering the community information. DiffPool, which is closely related to our method, recur-

sively clusters nodes in a graph into communities. As previously discussed in Section 2, DiffPool

suffers from severe scalability issues. For comparison purpose, we developed a modified version

of DiffPool, named DiffPool-S (S for scalable), that is scalable to graphs with tens of millions of

nodes, yet preserves the key characteristics of DiffPool. To be more specific, DiffPool-S matches

DiffPool in the following two aspects: (1)A user is assigned to the communities based on a pre-

selected distance function that matches specific task requirement; (2)Once a user is clustered into

a community, majority of their individualized information is lost while only keeping abstracted

community level information.

Additionally, we perform ablation studies on Bi-HGNN to evaluate the importance of its indi-

vidual building blocks, with details summarized as follows:

• Bi-GNN: In this study, we remove the orthogonal decomposition step in Bi-HGNN as in

Equation (3.12). Formally, the inputs to the classifier are e(F )
u , e(C)

u , and ei.

• O-GNN: This variant is formulated similarly as DiffPool-S, except that we explicitly re-

quire the user-community embedding to be orthonormal in every training step. To sat-

isfy the orthonormal requirement, let WCO be a trainable parameter with proper size, and

WCO = UΣV T be the SVD of WCO. Since SVD is a differentiable operation, the con-

structed orthonormal V is trainable.

1https://grouplens.org/datasets/movielens
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We choose not to consider methods based on matrix factorization [87] or Jaccard similarity [50],

since they are quite shallow and usually fail to capture high-order non-linearity or interactions in

real-world recommender systems. Also, we do not consider transductive methods that lack the

ability to make inferences for unobserved samples, thus impractical in practice.

3.4.1 Movielens Dataset

The MovieLens dataset contains around 6,000 user’s numerical rating of approximately 3,000

films. The raw features of the users include gender, age, and occupation, while the raw features of

the movies are year and genre. We split the dataset into training and testing by the time stamp. For

every user, we use the first 70% of the data to predict the rest 30% of future behaviors: whether this

particular user would be interested in watching the movie. We compared Bi-HGNN to the baseline

methods on four key classification metrics on the MovieLens dataset. The results are summarized

in Table 3.1.

Method
Accuracy F1 AUC

(ROC)

AUC

(PR)

GraphSAGE 85.7% 24.1% 63.1% 17.5%

Bi-GNN 84.9% 23.8% 63.1% 17.4%

DiffPool 79.3% 24.0% 62.5% 16.7%

O-GNN 76.0% 23.2% 61.6% 16.1%

Bi-HGNN 89.5% 42.9% 82.0% 40.1%

Table 3.1: Performance comparison of Bi-HGNN to the baseline methods on the E-Commerce

dataset.

In a link prediction setting, the Movielens dataset contains the positive samples, i.e. the movies

that a user has actually watched. To train a classifier, we also need to generate negative samples.

Since in the real-world online shopping scenario where a user is only interested in a tiny fraction
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of the items, we created the training and testing set in a way that the positive samples and negative

samples are highly imbalanced (negative to positive ratio is 10). For such imbalanced classification

problems, we shall pay attention not only to the classification accuracy, but also to the robustness

of the classifier. We evaluated with accuracy measures including F1, area under curve (AUC) of

Receiver Operating Characteristics (ROC) and precision. As shown in Table 1, the performance

of Bi-GNN is almost identical to that of the baseline GraphSAGE. One may find this result a bit

counter-intuitive, since compared to GraphSAGE, Bi-GNN could utilize user-community embed-

ding e(C)
u and corresponding distances as auxiliary sources of information. However, we argue that

e
(C)
u is inferred from e

(F )
u and simple concatenation of the two does not bring extra information.

This observation highlights the importance of our proposed orthogonal decomposition, which ef-

fectively forces the neural network to encode useful community information in the training process.

The performance of DiffPool-S and O-GNN is worse than other methods. This is expected

since in these two methods, all the individualized information that is not captured by the community

embedding are completely lost. This illustrates the challenge of applying existing hierarchical

GNNs in recommender systems, where highly specific information of individual users is required.

By effectively capturing both community generalization and user-specific information, Bi-HGNN

achieves superior performances both in terms of accuracy and robustness.

3.4.2 E-Commerce Dataset

We also performed experiments on real online shopping data from a world-leading E-Commerce

platform. To preserve anonymity, we use Company to represent the E-Commerce company that

provided this dataset. We randomly sampled approximately 4.4 million active users who interacted

with approximately 5.9 million items from the Company’s platform on 02/14/2019 as the train-

ing dataset. The transaction data from 02/15/2019 are randomly sampled to construct the testing

dataset. The users and the items that appeared in the testing dataset are not necessarily in the train-

ing dataset. The statistics of the underlying bipartite graph is summarized in Table 3.2. A user is

described by 21 categorical features (e.g. purchasing power, geolocation) and 5 continuous fea-

tures (e.g. number of transactions, user-item preference scores), while an item is characterized by
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Figure 3.3: Precision and Recall comparison. The metrics are computed at thresholds evenly

spaced between 0.1 and 0.9.

8 categorical features (e.g. item category, shipping costs) and 22 continuous features (e.g. click-

through rate, number of clicks). A user-to-item edge is established if the user clicked the item in

the past 15 days. The weight of a user-to-item edge is computed by a time-decaying preference

score, which depends on the action of the user (click, add to cart, or purchase). We used the col-

laborative filtering algorithm [18] to calculate the weight of an item-to-item edge. In the training

phase, we randomly sample 10 neighbors of a node based on the weight of the connecting edges

as the neighbourhood in GraphSAGE.

The comparison of our proposed method to the baseline methods are summarized in Table 3.
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Users Items
User-Item

Edges

Item-Item

Edges

Train 4.4 M 5.9 M 76.4 M 102.9 M

Test 5 M 6.2 M 92.6 M 110 M

Table 3.2: Statistics of the bipartite graph for the E-Commerce dataset (in millions).

150 100 50 0 50 100 150
150

100

50

0

50

100

150

Figure 3.4: t-SNE plot of the trained community space embedding. The dimension of the commu-

nity space embedding is 256 and the number of community is 100.
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Method
Accuracy F1 AUC

(ROC)

AUC

(PR)

GraphSAGE 88.3% 47.4% 83.9% 46.1%

Bi-GNN 88.0% 44.6% 81.5% 41.3%

DiffPool-S 87.6% 38.2% 77.1% 33.6%

O-GNN 87.4% 25.8% 64.2% 19.2%

Bi-HGNN 90.5% 59.1% 90.2% 63.2%

Table 3.3: Performance comparison of Bi-HGNN to the baseline methods on the E-Commerce

dataset.

We also plotted the curve of precision and recall computed at thresholds evenly spread out be-

tween 0.1 and 0.9 in Figure 3. Again, O-GNN performs the worst. Also, as shown in Figure 3, the

classifier broke down at threshold 0.5 in the precision metric. This phenomenon suggests that in hi-

erarchical GNN, forcing the community embedding to be orthonormal across all the training steps

is likely to be too stringent. With such a requirement, the stochastic gradient descent algorithm

probably missed the opportunity to escape from local minimums.

The t-Distributed Stochastic Neighbor Embedding (t-SNE) [78] of the trained community space

embedding is shown in Figure 4. In Figure 3.5, we also visualized the first three principal com-

ponents [65] of the trained community space embedding. As shown in Figure 3.5, most of the

communities scattered nicely in the space, but some of the communities are not spaced far enough

to distinguishable. Developing systematic methods to properly choosing the number of communi-

ties is the next step of this research.
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Figure 3.5: Visualization of the first three Principal Components of the community space embed-

ding, which is centered and normalized. The dimension of the community space embedding is 256

and the number of community is 100.
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3.5 Conclusion

GNNs have achieved state-of-the-art results in various graph representation tasks. However, most

existing GNNs are inherently flat and unable to capture the hierarchical structure of graphs. We

propose Bi-HGNN a recommender system for the E-Commerce platform that effectively utilizes

the users’ community-level generalization as well as their individualized preferences. Our pro-

posed method is in clear contrast with other hierarchical GNNs methods that ignore the user-

specific information that is not captured by the community-level generalization. We evaluated our

proposed on a world-leading E-Commerce platform with satisfactory performance.
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Chapter 4

DEEP EXPECTATION-MAXIMIZATION IN HIDDEN MARKOV
MODELS VIA SIMULTANEOUS PERTURBATION

4.1 Introduction

Hidden Markov Model (HMM) is a powerful statistical framework in sequential data analysis.

While HMM is arguably less prevalent in the era of deep learning, it remains to be favorable in

cases where strong model interpretability is desired [61] or prior knowledge can be injected into

the model [3]. Estimating the parameters of a HMM given its observation sequence is a well-

studied problem. The celebrated Expectation-Maximization (EM) algorithm [16] finds a locally

optimal estimation in the maximum likelihood sense with provable optimality [81]. Numerous

modifications and enhancements to the EM algorithm have been proposed [36, 9]. Notably, explic-

itly modeling the duration of the states in a HMM can be enabled by an extension named Hidden

Semi-Markov Models (HSMM) [57].

This chapter concerns estimating the parameters of a collection of HMMs, each of which cor-

responds to a set of known features. The observation sequence of each individual HMM is noisy

and/or insufficient, making parameter estimation solely based on its corresponding observation

sequence using the traditional EM algorithm impractical. The problem arises in recommender sys-

tems of online E-Commerce platforms. The objective is to train a HMM (HSMM) model to predict

the category of product that the user would purchase based on the user’s feature (demographic, lo-

cation, income level) and observation sequence (past click history). The observation sequence of

a particular user is generally noisy (click not reflective of true purchase intention) and insufficient

(user only clicked a small number of items), making parameter estimation highly challenging.

The intuition is that while the information regarding each individual user is quite limited, we

have access to a much larger amount of information concerning all the users collectively. If we were
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able to quantify some kind of correlation among the users using their features, we can combine

their information for parameter estimation. Formally, we propose to deduce correlations among

the HMMs using their features, so that we can fuse the information across different HMMs to es-

timate the parameters. The basic idea is to combine the classical Expectation-Maximization (EM)

algorithm with a neural network which maps a HMM’s feature to its parameters. The weight of

the neural network captures the correlation among the HMMs and is shared across all the users.

The EM iteration, with the estimated HMM parameter at step k (denoted by λk) as input and the

refined parameter λk+1 as output, can be considered as a building block (or layer) in the resulted

neural network. In order to enable end-to-end training, it is necessary to compute the gradient

of the EM iteration ∂λk+1/∂λk. While this gradient exists, we will show in Section 4.3 that ex-

actly computing this gradient is computationally expensive. A key technical contribution of this

chapter is in proving the gradient of the EM iteration can be reliably approximated via simultane-

ous perturbation stochastic approximation (SPSA) [73, 67, 72, 68], which only involves function

evaluation and can be easily computed. With such gradient approximation technique, we expect a

large body of functions whose gradient is difficult to compute can now be incorporated as layers

in deep neural networks, dramatically expanding the choice of network layers and increasing the

flexibility of network architecture design. We name our method DENNL (Differentiable EM as

Neural Network Layer).

It is worth noting that a user’s feature consists of a number of categorical and numerical fields.

Instead of hand-crafting a dedicated neural network to encode the user feature, we used a pre-

trained low-dimensional user embedding to represent such information. The user embedding was

trained on a link prediction task using the graph convolutional network [29, 13]. Much similar

to the success of pre-trained word embedding in downstream natural language processing tasks

[60, 17], we demonstrate that the embedding trained using graph convolutional network is effective

in summarizing information with complex structures and can be highly instructive in seemingly

unrelated downstream tasks.
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4.2 Backgrounds

Hidden Markov Model and EM Algorithm. In this section, we only introduce the concepts and

notations related to HMM and EM algorithm that are necessary for further discussion, and refer

the readers to [61] and [5] for a more comprehensive treatment of the topics.

A HMM is defined by a set of hidden states, the transition probability of the hidden states,

and the emission distribution. The Markov property mandates that the state transition and the

emission distribution is only dependent on the current hidden state. The realizations of the emission

distribution are what we can observe as an observation sequence. Let the distribution of the initial

hidden state be π and Qt, {t = 1, · · · , T} be the hidden state at time step t. Then transition

probability is defined by a time-homogeneous transition matrix A with elements ai,j = P (Qt =

j|Qt−1 = i), where i, j ∈ {1, · · · , N} are the indices of the hidden states. Let Ot be observable at

time step t and ot to be a realization of Ot. The emission distribution defines the probability of a

particular observation conditioned on the current hidden state

bj(ot) = P (Ot = ot|Qt = j). (4.1)

The emission probability of all hidden states can be represented by B = {bj(.)}.
Now we follow the notation in [5] to present a brief introduction of EM algorithms applied

in HMMs. A key concept is the forward and backward probability, which is used to compute

the likelihood efficiently. Forward probability is the probability of seeing the partial sequence

o1, · · · , ot and ending up in hidden state i at time t, Define the forward probability as:

αi(t) = p(O1 = o1, · · · , Ot = ot, Qt = i|λ),

where parameters λ = (A,B, π) = {λ1, · · · , λM} and M is the number of parameters. The

forward probability can be computed efficiently in an iterative manner,

αi(1) = πibi(o1), (4.2)

αj(t+ 1) =

[
N∑

i=1

αi(t)ai,j

]
bj(ot+1). (4.3)
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Similarly, Backward probability is the probability of the ending partial sequence ot+1, · · · , oT
given the hidden state i at time t and is defined as:

βi(t) = p(Ot+1 = ot+1, · · · , OT = oT |Qt = i, λ). (4.4)

Similarly backward probability can also be computed iteratively:

βi(T ) = 1, (4.5)

βi(t) =
N∑

j=1

ai,jbj(ot+1)βj(t+ 1). (4.6)

Given the observation sequence o1, · · · , oT and the parameter estimation at the k-th iteration

λ(k), the parameter estimation at the k + 1-th iteration can be computed as follows:

π
(k+1)
i =

αi(1)βi(1)∑N
i=1 αi(1)βi(1)

, (4.7)

a
(k+1)
i,j =

∑T−1
t=1 αi(t)ai,jbj(ot+1)βj(t+ 1)∑T−1

t=1 αi(t)βi(t)
, (4.8)

b
(k+1)
i (h) =

∑T
t=1 αi(t)βi(t)δot,vh∑T

t=1 αi(t)βi(t)
, (4.9)

where δot,vh is an indicator function which equals to 1 if ot = vh and 0 otherwise.

Hidden Semi-Markov Model. In HMM, only one observation is emitted from a hidden state,

then a state transition occurs following the distribution defined in the transition matrix. An ex-

tension named HSMM [57] explicitly models the duration of a state, by introducing a duration

distribution, which dictates the duration of a state. Common choices of the duration distribution

include Poisson distribution and Negative Binomial distribution. A HSMM can be parameterized

as HMM by introducing a counter of the time steps in the current state [82, 4]. For this reason, the

computation methods as well as the analysis of HMM naturally apply to HSMM.

4.3 Problem Statement and Proposed Solution

In this section we formally state the problem and describe our proposed method. The objective is

to estimate the parameters {λ(u)} of a collection of HMM models, using the corresponding obser-

vation sequence {ot,1:T(u)} and feature embedding {e(u)} as input. Here (u) is the index of a HMM



52

in the collection of HMMs, and T(u) is the length of the observation sequence. The observation

sequence {ot,1:T(u)} is noisy or insufficient for the conventional EM algorithm to apply. The fea-

ture embedding e(u) is a low-dimensional vector that encodes our prior knowledge of {λ(u)}. We

propose to use neural network to combine the information across all the HMMs for more effective

parameter estimation.

λ(u) = Ψ
(
e(u), ot,1:T(u) ,Φ

)
(4.10)

where Φ is the parameter of the neural network that is shared by the HMM models. Formally, the

loss function to be minimized is

L(Φ) = −
∑

∀u

L
(
λ(u), ot,1:T(u)

)
(4.11)

where L(·) is the log-likelihood of observing sequence ot,1:T(u) given HMM parameter λ(u).

The overview of our proposed method is shown in Figure 4.1. Our architecture can be con-

sidered as an unrolled Recurrent Neural Network (RNN), where each recurrence (or stage) of the

RNN corresponds to an EM iteration. Our key novelty is in rendering EM iteration as a network

layer. The resulted “EM layer” serves as the output function of the RNN. This is in contrast to

the traditional RNN where the output function is a fully connected layer with non-linearity. Note

that the EM layer is parameter-less and directly reflects the domain knowledge and design intent of

network designer. As we will show in Section 4.7, such recurrent structure that mimics the iterative

EM iterations in a conventional setting is critical to the success of our proposed method.

As in the conventional EM algorithm, an initial parameter is provided and is iteratively refined.

After the kth EM iteration is performed, a multilayer perceptron (MLP) which is labeled as DNN

in the figure transforms λ(k), the latent state from the previous iteration hk, and the user embedding

to an updated λ(k+1) and an updated latent state hk+1. The parameters of the MLP are shared across

EM iterations. It is worth emphasizing that the latent state h captures the state of the DNN and

shall not be confused with the hidden state of the HMMs. We use the Softplus function and L1

normalization to ensure the elements of the resulted λ are in proper range.

Differentiability of the EM iteration. The EM iterations shown in Figure 4.1 can be consid-

ered as layers of a neural network, with λ(k) and the observation sequence as input and λ(k+1) as
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Figure 4.1: Overview of DENNL . The EM iteration are incorporated in a deep neural network

as layers. End-to-end training is enabled by approximating the gradient of the “EM layer” using

SPSA, as shown in the low half of the figure.

output. To enable end-to-end training, it is necessary to compute the partial gradient ∂λ(k+1)/∂λ(k).

Even though the EM iteration for HMM can be explicitly stated (Equation 4.7), directly comput-

ing the partial gradient ∂λ(k+1)/∂λ(k) using a automatic differentiation engine faces two numerical

challenges, both of which are related to the forward and backward probability (Equation 4.3 and

4.6).

• While evaluating the alpha-beta equation is a O(T ) operation where T is the length of the

observation sequence, the number of nodes required to build the forward and backward prob-

ability in the computation graph of an automatic differentiation engine is on the order of

O(T 2). Empirically we found this leads to intractable computation cost.

• The length of the observation sequence T varies across different HMM models, thus a sepa-

rate computation graph for the forward and backward probability has to be rebuilt for every

distinct T value. This is particularly problematic when the HMMs in a mini-batch comes
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with different T values.

To address the aforementioned numerical challenges, we propose to approximate the gradi-

ent ∂λ(k+1)/∂λ(k) using SPSA. Much similar to how we can approximate the gradient of a one-

dimensional function using the finite difference method, SPSA estimates the gradient of a function

by evaluating the function with stochastically perturbed input vectors. A series of work by Spall

and colleagues [73, 67, 72, 68] established theoretically rigorous error bound for certain scalar

functions. Note that such gradient approximation only involves evaluating the EM iteration and

can be efficiently computed.

A important question to answer is how well can SPSA approximate the gradient ∂λ(k+1)/∂λ(k)

in our specific application. In the next section, we formally describe how SPSA is performed and

establish its convergence property for EM iterations.

4.4 SPSA and Convergence Analysis

As the name suggests, Simultaneous Perturbation Stochastic Approximation approximates the gra-

dient (Jacobian) of a function by simultaneously applying a small perturbation to all the dimensions

of the argument of the function. Let ∆ ∈ RM be a M -dimensional random vector, where elements

∆1, · · · ,∆M are independent with zero mean. We do not assume specific distribution of ∆ as long

as E(1/∆) is bounded. We treat the EM iteration stated in (4.7), (4.8) and (4.9) as a function,

with the HMM parameter at the k-th iteration λ(k) being the function argument and the refined

parameter at (k + 1)-th iteration λ(k+1) as the output:

λ(k+1) = f(o, λ(k)), (4.12)

where f : RM → RM and o = {o1, · · · , oT} is the observation sequence.

The SPSA estimates the gradient (Jacobian) of a function through two function evaluations.

The arguments of the two function evaluation are positively and negatively perturbed respectively
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as following:

λ(k,+) = f
(
λ(k) + ck∆

(k)
)

+ ε(k,+) (4.13)

λ(k,−) = f
(
λ(k) − ck∆(k)

)
+ ε(k,−) (4.14)

where ck is a positive scalar and ε(k,+), ε(k,−) are measurement noise. Let Fk be the random field

generated by λ(0), · · · , λ(k). We assume the measure noise satisfy the following conditions:

E
(
ε(k,+) − ε(k,−)

∣∣Fk,∆k

)
= 0, (4.15)

where 0 is the M -dimensional zero column vector.

With λ(k,+) and λ(k,−), the approximation of the true gradient (Jacobian) J(k) due to SPSA is

defined as

Ĵ(k) =




λ
(k,+)
1 −λ(k,−)

1

2ck∆
(k)
1

· · · λ
(k,+)
1 −λ(k,−)

1

2ck∆
(k)
M... · · · ...

λ
(k,+)
M −λ(k,−)

M

2ck∆
(k)
1

· · · λ
(k,+)
M −λ(k,−)

M

2ck∆
(k)
M



, (4.16)

where λ(k,+)
i , λ

(k,−)
i ,∆

(k)
i are the i-th element of λ(k,+), λ(k,−),∆(k), respectively.

We now quantify the approximation error of Ĵ(k) and establish the convergence property of the

gradient approximation due to SPSA for the EM iteration. Our primary theoretical contribution are

Lemma 1 and Theorem 1, which are stated below. Note that [73] offered similar theoretical results

but their results only apply to functions with scalar output. Our proof took a very different approach

from the proof in [73] to bound the Frobenius Norm of the approximated Jacobian to account for

the fact that EM iteration is a function with vector input and vector output (f : RM → RM). Please

see Appendix 4.5 for the detailed proof.

Lemma 1. For i-th function fi of f in (4.12), ∂3fi
∂λj1∂λj2∂λj3

exist and are uniformly bounded on the

ranges of parameter λ such that for i, j1, j2, j3 = 1, · · · ,M ,
∣∣∣∣

∂3fi
∂λj1∂λj2∂λj3

(o, λ)

∣∣∣∣ ≤ τ0, (4.17)

where o is the observation sequence and τ0 is a positive scalar.
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Theorem 1. Suppose that for each k, ∆
(k)
1 , · · · ,∆(k)

M are independent to each other and have zero

mean such that E(∆
(k)
i ) = 0, i = 1, 2, · · · ,M . In addition, as k → ∞, almost surely |∆(k)

i | ≤ τ1

and E| 1

∆
(k)
i

| ≤ τ2, i = 1, · · · ,M , where τ1 and τ2 are positive constants. Then for k →∞, almost

surely ∥∥∥E
(
Ĵ(k) − J(k)

∣∣∣Fk
)∥∥∥

F
= O(c2

k), (4.18)

where ‖.‖F is Frobenius norm.

Sketch of Proof: The difference between the i, j-th element of the approximated Jacobian Ĵ(k)

and the true Jacobian J(k) is denoted by Ĵ
(k)
i,j − J

(k)
i,j . We compute the third order Taylor series

expansion [76] of this difference, and establish that the first two order terms vanish. The constant

term is obviously zero. The first order term disappears because the elements of ∆k are independent

with zero mean. The second order term is also zero because the positive perturbation and the neg-

ative perturbation cancel out. According to Lemma 1, the third order term is uniformly bounded,

which guarantees the convergence rate of SPSA for estimating the gradient of the EM iteration.

4.5 Detailed Proofs

4.5.1 Proof of Lemma 1 and Theorem 1

Lemma 1. For i-th dimension fi of f in (4.12), ∂3fi
∂λj1∂λj2∂λj3

exist and are uniformly bounded on

the range of parameter λ such that for i, j1, j2, j3 = 1, · · · ,M ,
∣∣∣∣

∂3fi
∂λj1∂λj2∂λj3

(o, λ)

∣∣∣∣ ≤ τ0, (4.19)

where o is the observation sequence and τ0 is a positive scalar.

Proof. We first show that that the numerator and denominator of fi is the polynomial function of

M -parameters. Since the range of parameters are closed and bounded set, then it follows [66]

that the third partial gradient of fi is uniformly continuous and up bounded and then Lemma 1 is

established.

Rewrite (4.3) as

[α1(t+ 1), · · · , αN(t+ 1)] = [α1(t), · · · , αN(t)]× Σ(t+1) (4.20)
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where

Σ(t+1) = A×




b1(ot+1)
. . .

bN(ot+1)


 . (4.21)

Then it follows that

[α1(t), · · · , αN(t)] = [α1(1), · · · , αN(1)]×
t∏

l=2

Σ(l), (4.22)

where t = 1, · · · , T . For t = 1, let
∏t

l=2 Σ(l) = IN where IN is aN×N identity matrix. According

to (4.20), we have

αi(t) = [α1(1), · · · , αN(1)]×
t∏

l=2

Σ(l) × ei, (4.23)

where ei is N -column vector, the i-th element equals to one and the rest elements equal to zeros.

Rewrite (4.6) as 


β1(t)
...

βN(t)


 = Σ(t+1) ×




β1(t+ 1)
...

βN(t+ 1)


 ,

which together with βi(T ) = 1, i = 1, · · · , N , yields that



β1(t)
...

βN(t)


 =

T∏

l=t+1

Σ(l) × 1N , (4.24)

where 1N is N -dimensional column vector with all elements equaling to one, t = 1, · · · , T . For

t = T , let
∏T

l=t+1 Σ(l) = IN . According to (4.24), we have

βi(t) = eTi ×
T∏

l=t+1

Σ(l) × 1N ,

which together with (4.23) yields that

αi(t)βi(t) = [α1(1), · · · , αN(1)]×
t∏

l=2

Σ(l) × eieTi ×
T∏

l=t+1

Σ(l) × 1N . (4.25)



58

Define N -dimensional column vector as

V (i,t) =
t∏

l=2

Σ(l) × eieTi ×
T∏

l=t+1

Σ(l) × 1N . (4.26)

Let mil,jl be the il, jl-th element of Σ(l). Then the `-th element of V (i,t)
` is just linear combina-

tion of elements mi2,j2 · · ·miT ,jT , where the coefficient in front of mi2,j2 · · ·miT ,jT is defined as

c
(i,t,`)
i2,j2,··· ,iT ,jT . It follows that

V (i,t) =




∑
i2,j2,··· ,iT ,jT c

(i,t,1)
i2,j2,··· ,iT ,jTmi2,j2 · · ·miT ,jT

...
∑

i2,j2,··· ,iT ,jT c
(i,t,N)
i2,j2,··· ,iT ,jTmi2,j2 · · ·miT ,jT


 . (4.27)

Combining (4.25), (4.26) and (4.27), we have

αi(t)βi(t) =
N∑

`=1

∑

i2,j2,··· ,iT ,jT

π`b`(o1)c
(i,t,`)
i2,j2,··· ,iT ,jTmi2,j2 · · ·miT ,jT . (4.28)

According to (4.21), given that observation ol = h, mil,jl = ail,jlbjl(ol) = ail,jlbjl(h). From (4.28),

it is clearly that αi(t)βi(t) is the polynomial function of parameters {A,B, π}. From (4.7) and

(4.28), we have

π
(k+1)
i =

∑N
`=1

∑
i2,j2,··· ,iT ,jT π`b`(o1)c

(i,1,`)
i2,j2,··· ,iT ,jTmi2,j2 · · ·miT ,jT∑N

i=1

∑N
`=1

∑
i2,j2,··· ,iT ,jT π`b`(o1)c

(i,1,`)
i2,j2,··· ,iT ,jTmi2,j2 · · ·miT ,jT

. (4.29)

The numerator and denominator of π(k+1)
i are polynomial function of parameters λ = {A,B, π}.

According to [66], the third partial gradient of π(k+1)
i to λ is uniformly bounded on the range of

parameters, which is bounded and closed set onRM .

Since ai,jbj(ot+1) = mit,jt , where it = i, jt = j, then similar as (4.28), we have

αi(t)ai,jbj(ot+1)βj(t+ 1) = αi(t)mit,jtβj(t+ 1)

=
N∑

`=1

∑

i2,j2,··· ,iT ,jT

π`b`(o1)c̃
(i,j,t,`)
i2,j2,··· ,iT ,jTmi2,j2 · · ·miT ,jT , (4.30)

where index i, j, t of coefficients c̃(i,j,t,`)
i2,j2,··· ,iT ,jT corresponds to i, j, t in αi(t)ai,jbj(ot+1)βj(t + 1).

Combining (4.8), (4.28) and (4.30), we have

a
(k+1)
i,j =

∑T−1
t=1

∑N
`=1

∑
i2,j2,··· ,iT ,jT π`b`(o1)c̃

(i,j,t,`)
i2,j2,··· ,iT ,jTmi2,j2 · · ·miT ,jT∑T−1

t=1

∑N
`=1

∑
i2,j2,··· ,iT ,jT π`b`(o1)c

(i,t,`)
i2,j2,··· ,iT ,jTmi2,j2 · · ·miT ,jT

. (4.31)
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Similarly, it follows from (4.9) and (4.28) that

b
(k+1)
i (h) =

∑T
t=1

∑N
`=1

∑
i2,j2,··· ,iT ,jT π`b`(o1)δot,vhc

(i,t,`)
i2,j2,··· ,iT ,jTmi2,j2 · · ·miT ,jT∑T

t=1

∑N
`=1

∑
i2,j2,··· ,iT ,jT π`b`(o1)c

(i,t,`)
i2,j2,··· ,iT ,jTmi2,j2 · · ·miT ,jT

. (4.32)

Note that the numerator and denominator of a(k+1)
i,j and b(k+1)

i (h) are also polynomial function of

parameters λ = {A,B, π}. Then the third partial gradient a(k+1)
i,j and b(k+1)

i (h) are also bounded on

the range of parameters. Since f in (4.12) is equivalent to (4.29), (4.31) and (4.32), the first partial

gradient of f is uniformly bounded.

Theorem 1. Suppose that for each k, ∆
(k)
1 , · · · ,∆(k)

M are independent to each other and have

zero mean such that E(∆
(k)
i ) = 0, i = 1, 2, · · · ,M . In addition, as k → ∞, almost surely

|∆(k)
i | ≤ τ1 and E| 1

∆
(k)
i

| ≤ τ2, i = 1, · · · ,M , where τ1 and τ2 are positive constants. Then for

k →∞, almost surely ∥∥∥E
(
Ĵ(k) − J(k)

∣∣∣Fk
)∥∥∥

F
= O(c2

k), (4.33)

where ‖.‖F is Frobenius norm.

Proof. According to (4.13), (4.14), and (4.16), the i-th row, j-th column element difference be-

tween Ĵ(k) and J(k) is

Ĵ
(k)
i,j − J

(k)
i,j =

fi
(
λ(k) + ck∆

(k)
)
− fi

(
λ(k) − ck∆(k)

)

2ck∆
(k)
j

− ∂fi(λ
(k))

∂λj
+
ε

(k,+)
i − ε(k,−)

i

2ck∆
(k)
j

. (4.34)

Taylor series expansion [76] of fi(.) is represented as

fi
(
λk + ck∆

(k)
)

= fi(λ
(k)) +

M∑

j1=1

ck∆
(k)
j1

∂fi(λ
(k))

∂λj1
+

1

2

M∑

j1=1

M∑

j2=1

c2
k∆

(k)
j1

∆
(k)
j2

∂2fi(λ
(k))

∂λj1∂λj2

+
1

6

M∑

j1=1

M∑

j2=1

M∑

j3=1

c3
k∆

(k)
j1

∆
(k)
j2

∆
(k)
j3

∂3fi
(
λ(k) + ξ(+)∆(k)

)

∂λ1∂λ2∂λ3

,

and

fi
(
λk − ck∆(k)

)
= fi(λ

(k))−
M∑

j1=1

ck∆
(k)
j1

∂fi(λ
(k))

∂λj1
+

1

2

M∑

j1=1

M∑

j2=1

c2
k∆

(k)
j1

∆
(k)
j2

∂2fi(λ
(k))

∂λj1∂λj2

− 1

6

M∑

j1=1

M∑

j2=1

M∑

j3=1

c3
k∆

(k)
j1

∆
(k)
j2

∆
(k)
j3

∂3fi
(
λ(k) − ξ(−)∆(k)

)

∂λ1∂λ2∂λ3

,
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where ξ(+), ξ(−) ∈ (0, ck). Then it follows that

fi
(
λ(k) + ck∆

(k)
)
− fi

(
λ(k) − ck∆(k)

)

2ck∆
(k)
j

− ∂fi(λ
(k))

∂λj
=

1

∆
(k)
j

∑

j1 6=j

∆
(k)
j1

∂fi(λ
(k))

∂λj1
+RES, (4.35)

where

RES =
c2
k

12∆
(k)
j

M∑

j1=1

M∑

j2=1

M∑

j3=1

∆
(k)
j1

∆
(k)
j2

∆
(k)
j3

[
∂3fi

(
λ(k) + ξ(+)∆(k)

)

∂λ1∂λ2∂λ3

+
∂3fi

(
λ(k) − ξ(−)∆(k)

)

∂λ1∂λ2∂λ3

]
.

Since E
(

∆
(k)
j1

)
= 0, then

E

(
1

∆
(k)
j

∑

j1 6=j

∆
(k)
j1

∂fi(λ
(k))

∂λj1

∣∣∣∣∣Fk
)

= E

(
1

∆
(k)
j

)∑

j1 6=j

∂fi(λ
(k))

∂λj1
E
(

∆
(k)
j1

)
= 0. (4.36)

Since | ∂3fi(.)
∂λ1∂λ2∂λ3

| ≤ τ0 from Lemma 1, almost surely |∆(k)
j | ≤ τ1 and E| 1

∆
(k)
j

| < τ2, as k → ∞,

then given Fk, the expectation of RES in (4.35) is bounded such that as k →∞, almost surely

|E(RES|Fk)| ≤
τ0c

2
k

6

M∑

j1=1

M∑

j2=1

M∑

j3=1

E

∣∣∣∣∣
∆

(k)
j1

∆
(k)
j2

∆
(k)
j3

∆
(k)
j

∣∣∣∣∣ ≤
τ0τ

3
1 τ2M

3

6
c2
k. (4.37)

Combining (4.35), (4.36) and (4.37), almost surely

E

(
fi
(
λ(k) + ck∆

(k)
)
− fi

(
λ(k) − ck∆(k)

)

2ck∆
(k)
j

− ∂fi(λ
(k))

∂λj

∣∣∣∣∣Fk
)

= O(c2
k), (4.38)

In addition, from (4.15), we have

E

(
ε

(k,+)
i − ε(k,−)

i

2ck∆
(k)
j

∣∣∣∣∣Fk
)

= 0

which together with (4.34) and (4.38) yields that as k →∞, almost surely

E
(
Ĵ

(k)
i,j − J

(k)
i,j

∣∣∣Fk
)

= O(c2
k),

It follows that ∥∥∥E
(
Ĵ(k) − J(k)

∣∣∣Fk
)∥∥∥

F
= O(c2

k).
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4.6 Related Work

It is shown in [80] that even a crude approximation of the gradient is sufficient for stochastic gra-

dient descent to converge. Such theoretical result is among our motivations to explore gradient

approximation techniques for layers whose gradient is expensive to compute. There are a num-

ber of works on enhancing classical sequential data analysis methods with deep neural networks.

Krishnan [40] employs a RNN to parameterize a variational approximation of the posterior distri-

bution in a Gaussian state space model. Other works along this line include [8], [69] and [47].

Perhaps the most related existing work is [63], where the authors used a deep neural network

to parameterize a collection of linear state space models so the information across multiple time

series can be shared. The underlying linear state space model is updated via Kalman Filtering,

which only involves matrix-to-matrix multiplication and is differentiable. The price to pay for

such differentiability is the underlying sequential data analysis method has to be a relative simple

form (e.g. linear state space model) with limited expressiveness and flexibility. In contrast, in this

work we do not have to limit ourselves to methods whose gradient are easy to compute.

Another closely related work is Gref et al. [26], where the author incorporates the so-called

general EM algorithm [81] in the neural network for unsupervised clustering. The key difference

is that instead of performing a complete EM update, the general EM algorithm [26] only takes one

step of gradient descent in the M step of the EM algorithm to refine the parameter estimation. It

may take a much larger number of iterations for the general EM algorithm to converge [81]. Larger

number of iterations leads to a deeper neural network, as an additional layer is stacked in the neural

network per iteration. A network that is too deep may cause difficulty in training [31]. Hinton et

al. [32] directly computes the gradient of an EM based routing procedure. With a small number of

EM iterations, [32] does not face the numerical challenge outlined in Section 3 because the sizes

of their inputs in a mini-batch are fixed and the problem is of much smaller scale.

Relationship with other recommender systems algorithms. Graph embedding [29, 25] is

one of the backbone algorithms for today’s industrial recommender systems. While graph embed-

ding is highly effective in capturing complex interactions among hundreds of millions of users and
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items, most of the algorithms fail to consider the temporal evolvement of the user’s interest (with a

few exceptions such as [42], [77] and [90], none of which provides an interpretable model of user

interest evolvement). We do not consider our proposed method as a general solution for item level

recommendation, as it is unlikely that our proposed method in its current form can be scaled to

millions of items. Rather, the focus of our proposed method is to capture highly detailed temporal

interest evolvement of the users across a limited number of categories.

4.7 Numerical Experiments

In this section, we evaluate the effectiveness of our proposed method on synthetic data as well as

real-world e-Commerce data.

The primary contribution of our proposed method is to share the information across multiple

HMMs for parameter estimation in cases where the observation sequence is noisy or insufficient.

To the best of our knowledge, there is no directly comparable method in the existing literature. We

perform ablation studies against the following baselines to justify our design choices:

1. Conventional EM. The HSMM parameters are estimated by the conventional EM algorithm,

with no information sharing across the HSMM models.

2. EM Mapping. We first estimate the HSMM parameters using the conventional EM algo-

rithm, then train a neural network (a stack of fully connected layers) that maps the user

embedding to the HSMM parameters due to conventional EM algorithm. The training objec-

tive is to minimize the square error. Though the neural network establishes some correlation

across the HSMM models, the HSMM parameters due to the conventional EM algorithm

solely relies on the user’s corresponding observation sequence that is noisy and/or insuffi-

cient.

3. MLP Mapping. In this baseline, a multilayer perceptron (MLP) maps the user embedding

to the HMM parameters, then the likelihood is computed based on the HMM parameters and
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the observation sequence. We use gradient ascent to maximize the likelihood. Note that this

baseline is purely based on gradient ascent and does not involve the EM algorithm.

4. Initial Fusion. A DNN maps user embedding to HMM parameters, which are refined by

the EM iterations. Here we only fuse the observations across different HMMs at the initial

stage. In a sense, this architecture identifies an optimal initial parameter guess. In contrast,

our proposed method fuses observations across different HMMs at every EM iteration.

Figure 4.2: Overview of baselines. Left: MLP Mapping. Right: Initial Fusion.

4.7.1 Synthetic Data

The purpose of evaluating the proposed method on synthetic data is to compare the decoded hidden

state with known ground truth state. Being able to correctly infer the hidden state is a key metric

of HMM models [70]. We pre-designed the parameters of a collection HSMM, each of which has

10 hidden states. The emission distribution is a 5-dimension Gaussian distribution. The duration

distribution is Poisson distribution. To generate an informative feature embedding for each HSMM,

we serialize the HSMM parameters as a vector and apply a non-linear transformation (in the form

of Ax+ b followed by ReLU, where x is the parameter vector, A is a known full rank matrix and b

is a known vector). The resulted feature embedding is strongly related to its underlying parameter,

but one cannot recover the HMM parameters from its feature embedding. The evaluation metric
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is the percentage of the decoded states [79, 51] that match the ground truth state, or the labeling

accuracy.

We first evaluate our method in cases where the observation sequence is insufficient. We also

compared DENNL to baseline methods when a certain percentage of the observations in the ob-

servation sequence generated by the ground truth model is contaminated by noise. If a particular

observation is chosen to be noisy, its value is replaced by the value of another randomly chosen

observation in the sequence. The results are reported in Table 4.1.

Table 4.1: Labeling accuracy comparison of DENNL to the baseline methods on the synthetic data.

Method
Sequence

Length:

50

Sequence

Length:

100

Sequence

Length:

400

Noisy

Sample:

20%

Noisy

Sample:

10%

Conventional EM 82.0% 85.5% 94.1% 83.1% 91.5%

Direct Mapping 71.4% 72.2% 73.0% 67.9% 71.4%

MLP Mapper 51.5% 50.3% 52.1% 46.2% 48.5%

Initial Fusion 82.4% 83.7% 92.6% 82.8% 89.7%

DENNL 88.3% 90.0% 93.5% 88.1% 92.3 %

Discussion: As shown in Table 4.1, DENNL consistently outperforms the baseline methods

with noisy or insufficient observations. When the observation sequence is of sufficient length or

noise-less, the benefit of the proposed method diminishes as expected. Even though Direct Map-

ping method enables some information sharing across HMMs, its performance was poor because

the regression target is due to the conventional EM and can be inaccurate to begin with. This ex-

periment illustrates the necessity to fuse information across HMM in every EM iteration. While

the Initial Fusion method seems to enable information sharing, its performance is very close to that

of conventional EM. This method essentially attempts to identify an optimal initial solution with

shared information across HMMs. However, at least in our application, the EM algorithm appears
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to be insensitive to the initial solution. The MLP Mapper method enables information sharing

with simple architecture, but is slow to converge and is not competitive even against conventional

EM. To explain this, note that in a conventional setting, we seldom use gradient ascent for HMM

parameter estimation. Rather, the common practice is to use the EM algorithm which is carefully

designed for the particular application.

This is the key message that we would like to convey to the community: operations that are in-

spired by well-studied classical methods (such as EM iteration) can be significantly more effective

than operations that are synthesized using generic layers (convolution, fully connected, etc). If the

gradient of the classical method is incomputable, it could potentially be numerically approximated.

This formulation dramatically expands the choices of network layers and allows network designers

to directly apply their domain knowledge in the network architecture.

4.7.2 e-Commerce Data

As previously discussed in Section 4.6, DENNL is not considered as a general solution for rec-

ommendation systems in its current form. Rather, it is suitable to model the shift of user’s interest

across a small number of categories. We apply DENNL in a clearly defined and fast-growing sec-

tor on our e-Commerce platform, namely Home Decoration. The Home Decoration sector comes

with certain well-defined shopping patterns that follow the progress of the decoration of a newly

purchased condo. Formally, we model the behavior of the user in the Home Decoration category by

HSMM with 17 states, each of which corresponds to a sub-category in the Home Decoration sec-

tor. The operation specialist who has deep domain knowledge in the Home Decoration sector have

concluded that after a condo is purchased, the customer will likely go through 4 distinct phases:

Planning , Indoor Construction, Furniture, and Accessories. In the Planning

phase the customer mainly browses listing of designing services and contractors. Representative

items in the Indoor Construction includes electrical and plumbing supplies. The user’s in-

terest changes according to the actual decoration progress of the condo. Once we have identified

that a user is likely to switch from one phase to another, we can begin to recommend the items that

belong to the next phase. The ability to incorporate such detailed temporal information is a key
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improvement over existing recommender system algorithms.

The hidden states include the four phases discussed above, as well as a NotDecorating state

to indicate that the user is not actively considering items in the Home Decoration. We summarize

the user’s behavior on the platform on a daily basis. Each day, we assign a strength value to a

total of 17 sub-categories (each of the four phases consists of four sub-categories, plus one for no

action). The strength value is calculated based on the number of clicks/purchases and serves an

indicator of the level of interest of the user in a particular sub-category. The strength value across

the 17 sub-categories is normalized to 1. With this formulation, the emission probability is the

Multinomial distribution. The duration distribution is Poisson distribution.

The user feature that we provided to the neural network is a 128 dimension embedding trained

in a link prediction task using GraphSage. The task is to predict whether a user would click an

item solely based on the user embedding and item embedding. Such embedding not only encodes

the numerical and categorical information of the users (such as location and income level), but also

captures the user-to-item interaction on the platform. We chose 10000 users on the platform that

has a large number of clicks/purchases in Home Decoration, and used 180 days of their behavior

between January 2018 and July 2018 as training data. The user’s behavior between July 1st and

July 2nd 2018 is used as validation data.

In this setting we no longer have access to the ground truth states, thus we can no longer use

labeling accuracy as the metric. Instead, we use a link prediction metric. Using the trained HSMM

model, we could compute the likelihood of a user interacting with each of the 17 sub-categories.

The prediction is considered to be successful if the user interacted with the predicted sub-category

with the highest likelihood, top-3 and top-5 likelihood.

Our proposed method outperforms the conventional EM as well as the GraphSage in this exper-

iment. Note that the user feature we used is the user embedding due to GraphSage, thus DENNL

has all the information that GraphSage can offer. One way to interpret the result is that our method

is enhancing GraphSage with an HSMM that captures the temporal interest shift of the users.
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Table 4.2: Sub-cateogry prediction accuracy in the e-Commerce dataset.

Method Top-1 Top-3 Top-5

Conventional EM 10.3% 23.9% 50.5%

GraphSage 17.7% 37.4% 65.5%

MLP Mapper 7.4% 19.6% 35.1%

Initial Fusion 11.5% 21.6% 48.2%

DENNL 21.8% 48.5% 75.2%

4.8 Conclusion

In this work, we proposed a novel method in combining EM algorithm with neural network to

predict the parameters of a collection of Hidden Markov Models. The basic idea is to use the

neural network to capture correlation among the HMMs so the information across different HMMs

can be shared and re-used. The key technical contribution of this work is in providing a proof that

the gradient of the EM iteration can be efficiently and reliably approximated using the SPSA. We

evaluated our proposed on synthetic data as well as real-world e-Commerce data. An interesting

observation is that the user embedding trained in an unrelated task using graph convolutional neural

network can be highly informative in HMM parameter estimation. Parallels can be drawn between

this observation and the success of pre-trained word embedding in downstream natural language

processing tasks.
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Chapter 5

CONCLUSION

The focus of this dissertation is on the design of efficient deep neural network architectures.

We address the computation issue of deep neural networks from three highly related directions. In

Chapter 1, we focused on identifying an optimal approximation of a trained deep neural network. A

key observation we make is that each layer’s sensitivity to weight approximation error can be highly

inhomogeneous. We treated the network approximation problem as a resource allocation problem,

such that the constrained computation resource is optimally allocated into each approximated layer.

The resulted method is fully automatic and outperforms existing works on representative and large-

scale networks.

In Chapter 2, we demonstrated that operations that directly reflects the design intention of net-

work designers can be vastly more efficient than generic layers (fully-connected, convolution). The

context of this study was in recommender systems of e-commerce platforms. We demonstrated that

a null space projection operation via QR decomposition can be highly effective in capturing indi-

vidualized information of a user that is not captured by the group assignment in a graph clustering

problem. The QR decomposition in this context is explainable and is computationally efficient.

The efficacy of the proposed method is demonstrated on both academic dataset and real-world

e-commerce dataset.

The QR decomposition is an operation that is readily differentiable. Can we incorporate more

elaborated operations whose gradient is expensive to compute in a deep neural network? Note that

the differentiability of an operation is essential in enabling end-to-end training of a deep neural

network. Chapter 3 provided a definitive answer. In Chapter 3 we demonstrated that EM iteration

that is used to refine the parameters of a Hidden Markov Model can be rendered as a layer in a

deep neural network. The gradient of the EM iteration can be reliably and efficiently estimated via
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SPSA. This work could potentially open the door to incorporate other domain-specific operations

in a deep neural network, dramatically expanding the arsenal of network designers to design more

efficient deep neural networks.
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Chapter 6

FUTURE WORK

In this dissertation, we have demonstrated that a key consideration in neural network com-

pression is in optimally allocating the constrained resources. While we have focused on low-rank

approximation techniques, our masking variable formulation can be easily extended to channel

pruning methods by introducing a masking variable to each filter channel. A more interesting case

is low-rank plus sparse approximation, where the network weight is approximated by the summa-

tion of a low-rank matrix and a sparse matrix. Such approximation is referred to as robust principal

component analysis in the signal processing community. Representing the computation resources

used by a particular low-rank plus sparse approximation is more challenging since we cannot easily

introduce masking variables to the sparse component of the approximation. Naively, the number

of masking variables is the same as the number of elements in the network weight, which is com-

putationally prohibitive. It is necessary to devise a compact and scalable representation of the

computation resources used by a low-rank plus sparse approximation for our proposed method to

work.

It is our hypothesis that the expressiveness of the previously discussed approximation schemes

(low-rank, channel pruning, and low-rank plus sparse) are comparable, and the quality of the ap-

proximated network is dominated by how the computation resources are allocated into each layer.

Such a hypothesis can be verified experimentally, as well as using formal verification tools such

as Microsoft Z3. Formally, the theorem to be proved is that there does not exist an approximated

weight using one scheme (e.g. low-rank) that cannot be represented by an approximation in a dif-

ferent scheme (e.g. channel pruning). Theorems like this can be readily expressed in the language

of Satisfiability Modulo Theories.

In Chapter 3 and Chapter 4 we showcased two scenarios where applying a well-studied classical
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method in the context of deep neural networks can dramatically improve the expressiveness of

the network with minimal computation cost. More specifically, we believe approximating the

gradient of an operation whose gradient is expensive to compute has the potential to become a

widely adopted trick that fundamentally changes how we express our design intent in network

architectural design. In the case of EM algorithm in the context of Hidden Markov Models, we

have provided proof that the gradient approximation due to SPSA is reliable. Instead of analyzing

the convergence property of SPSA for a certain operation individually on a case by case basis, it

would be interesting to define a class of operation whose gradient can be numerically estimated.

An accurate gradient approximation may not be necessary for the training of the neural network

to converge. It might be worthwhile to explore trading off between the quality of the gradient

estimation and the number of iterations for the training to converge. It could very well be the

case that an operation whose gradient can only be roughly estimated will still function well as a

layer of neural networks. Such research will further expand the possible choice of operations to be

incorporated into a neural network.
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