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We develop a theory of twistor spaces for supersingular K3 surfaces, extending Artin’s analogy
between supersingular K3 surfaces and complex analytic K3 surfaces. Our twistor spaces are
families of twisted supersingular K3 surfaces over the affine line, and are obtained as relative
moduli spaces of twisted sheaves on universal gerbes associated to supersingular K3 surfaces. To
study these families, we develop a theory of crystals for twisted supersingular K3 surfaces, and
study the resulting period morphism from the moduli space of twisted supersingular K3 surfaces
to the space of crystals.

As applications of this theory, we give a new proof of the Ogus’s crystalline Torelli theorem,
inspired by Verbitsky’s proof in the complex analytic setting. We also obtain a new proof of the
result of Rudakov-Shafarevich that supersingular K3 surfaces have potentially good reduction.
Finally, we apply our twistor spaces to study elliptic fibrations. Using results of Max Lieblich,
we show that every elliptic fibration on a supersingular K3 surface admits a purely inseparable
multisection. As a consequence of this result, we give a new proof of the unirationality of super-
singular K3 surfaces. Our techniques work uniformly in odd characteristic, and in particular we

are able to extend all of these results to characteristic 3, where they were not previously known.
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Chapter 1

INTRODUCTION

A K3 surface over an algebraically closed field is said to be supersingular if the rank of its
Picard group is 22. This is the maximal value possible among K3 surfaces, and only occurs in
positive characteristic. It turns out that this condition forces a variety of interesting behaviors
that are radically different from those of algebraic K3 surfaces in characteristic 0. In some ways,
supersingular K3 surfaces are the most difficult class of K3 surfaces in positive characteristic
to study, as they have the weakest connection to characteristic zero phenomenon. In particular,
results that classically follow from Hodge theory, such as the vanishing of H’(X, T%) and the Tate
conjecture, are most difficult to prove in the supersingular case. In return, however, supersingular
K3 surfaces have a much tighter connection with special positive characteristic structures related

to the Frobenius morphism.

The systematic study of supersingular K3 surfaces was initiated by Artin [l|, who described a
surprising series of analogies between supersingular K3 surfaces over a fixed algebraically closed
field of positive characteristic and analytic K3 surfaces over the complex numbers. In this thesis,
we continue this philosophy by developing a positive characteristic analog of twistor families.
Our construction begins with a result of Artin: if X is a supersingular K3 surface, then the flat
cohomology group H?(X, M) can be naturally viewed as the k-points of a group scheme whose
connected component is isomorphic to Al. This results in a universal twistor family 2 — A' of
twisted K3 surfaces (see Section , whose central fiber is the trivial p,,-gerbe over X. Although
the underlying K3 surface of each fiber is constant, the gerbe structure is varying. This situation
is only possible in positive characteristic: if & has characteristic zero, then the groups H?(X, u,,)
are all finite, and so there do not exist such continuously varying families of u,-gerbes. By
taking relative moduli spaces of twisted sheaves on 2~ — A! with suitably chosen topological
invariants, we can produce new families 2 (v) — A! of twisted supersingular K3 surfaces. We

call such families (supersingular) twistor families. (Note that the original universal family of gerbes



Z — Al is the stack of 2 -twisted sheaves of length 1, so it is itself a family of moduli spaces
of 2 -twisted sheaves.) While the universal twistor family has constant coarse moduli space, the
coarse moduli family of a general twistor family will typically be non-isotrivial.

This construction (in the special case when the Mukai vector v has rank 0) was first described
by Lieblich in [31]. Moreover, certain special cases of these twistor families have been studied
before by various authors over the years, and their connection to the Brauer group was noticed
already by Artin (see the footnote on page 552 of [1]). The novelty in our approach lies in realizing
that they are most naturally viewed as families of p,-gerbes over supersingular K3 surfaces (that
is, as families of twisted K3 surfaces). To develop this viewpoint, we take as our basic object of
study a p,-gerbe 2~ — X over a supersingular K3 surface, and seek to extend the material
of |40} 41] to the twisted setting. To define the crystalline periods of a twisted K3 surface, we
take our inspiration from the Hodge theoretic constructions in [23]. A key technical tool is a
certain crystalline analog of a B-field. This allows us to twist the total crystalline cohomology
of X by a factor depending on a given Brauer class. The resulting object is analogous to the
twisted Hodge structures of [23]. We remark that, while these twisted constructions have found
many applications over the complex numbers, the study of twisted K3 surfaces is particularly
interesting in the supersingular case, where there exist positive dimensional families of Brauer
classes. We then introduce an appropriate moduli space of twisted supersingular K3 surface, and
study the corresponding period morphism.

By working throughout with twisted K3 surfaces, we are able to treat the universal twistor
families 2~ — A! on the same footing as any other family of supersingular K3 surfaces. This
allows us to give a uniform construction of twistor families, and to obtain precise control over
their periods.

The theory we develop is sufficiently strong to enable the translation of certain twistor-
theoretic proofs over the complex numbers to the supersingular setting. Section 5.1] is devoted
to a supersingular form of Verbitsky’s proof of the Torelli theorem: the existence of the twistor
lines gives a relatively easy proof that the twisted period morphism is an isomorphism (after
adding ample cones). This is a generalization of Ogus’s crystalline Torelli theorem. In particular,
we obtain a new proof of the main result of |[41]. As a corollary, we also obtain a new proof of a

result of Rudakov and Shafarevich on degenerations of supersingular K3 surfaces (Theorem 3 of



[44]). These new proofs work uniformly in all odd characteristics, and so we are able to extend
both of these results to characteristic p = 3, where they were not previously known. In section
5.2} we derive some geometric consequences for twistor families arising from an elliptic fibration.
Building on ideas of Liedtke [33], we show that every elliptic fibration on a supersingular K3
surface admits a purely inseparable multisection. We apply this to construct purely inseparable
isogenies between K3 surfaces connected by Artin-Tate twistor lines, and show inductively that
all supersingular K3 surfaces are unirational in any positive characteristic, verifying a conjecture
of Artin [1]. Among other things, this fills in the cases that were not handled in [33].

It is our hope that similar constructions will be useful in the study of other classes of varieties
in positive characteristic. In particular, it seems reasonable that some the constructions in this

paper might extend to supersingular holomorphic symplectic varieties.
1.1 Supersingular K3 surfaces

In this section we give a brief explanation of certain invariants of K3 surfaces in positive char-
acteristic. We discuss different notions of supersingularity, and the relationships between them.
A nice survey of these topics, including examples and extensive references to the literature, is
contained in chapter 18 of [21].

Let X be a smooth projective variety over an algebraically closed field k. It is known that
the Néron-Severi group N (X) = Pic(X)/Pic’(X) is a finitely generated abelian group, and we
set p(X) = rank N(X). If [ is a prime not equal to the characteristic of k, then the [-adic étale
Chern class map

c1: Pic(X) — H?(X,Z(1))

descends to an injection N(X) < H?(X,Z;(1)), and so we find the bound p(X) < by, where
by & rankz, H?(X,Z;(1)) is the second Betti number of X. We may also consider the Hodge
Chern class map
c1: Pic(X) — HY(X, QL)
which descends to a map N(X) — H'(X, QL). If k has characteristic 0, then this map is known
def

to be injective, and so we obtain the stronger bound p(X) < ht! = dimy H' (X, QL). If the

characteristic of k is positive, however, then this map is rarely injective, as H* (X, Q) is torsion.



We now suppose that X is a K3 surface. As Pic’(X) = 0, we have Pic(X) = N(X), and
we will use the two interchangeably. If k& has characteristic 0, then the Hodge Chern class map
shows that p(X) < hb! = 20. In positive characteristic, only the weaker bound p(X) < 22 is
true in general. Those K3 surfaces satisfying p(X) = 22 are known as Shioda supersingular. The

following example is well known, and may be found for instance in |21].

Example 1.1.1. If A is a supersingular abelian surface, then the Kummer surface Km(A) associated

to A is Shioda supersingular.

It was noticed by Artin [I] that the discriminant of the quadratic form on the Néron-Severi
group N(X) of a Shioda supersingular K3 surface is of the form —p??® for some integer 1 <
oo < 10. The integer o is now known as the Artin invariant of X.

For the remainder of this section, we will fix an algebraically closed field % of positive char-
acteristic. Another notion of supersingularity was studied by Artin in his seminal paper [I]. We

recall the following definition.

Definition 1.1.2. Suppose that £ is a sheaf of abelian groups on the big fppf site of Spec k. We

define a functor on the category of local Artinian k-algebras with residue field k& by
E(A) = ker (E(Spec A) — E(Speck))

which we call the completion of E at the identity section.

—

In particular, we define the formal Brauer group Br(X) of X to be the completion at the
identity section of the functor S +— H?*(Xg, Gy,). This is an example of a formal group of
dimension 1. Such objects are classified by a discrete invariant h known as the height, which
assumes the values h = 1,2,3,... or h = oc. It is known that, for X a K3 surface, h(]i(-}))
takes the values h = 1,...,10 or h = oo (see chapter 18 of |21] for details). We say that X is Artin
supersingular if h(Eg(})) = o0. It is known that this condition is equivalent to B/r(Y) = Gg.

A third definition of supersingularity arises from crystalline cohomology. Let W = W (k) be
the ring of Witt vectors of k, let Fy;r: W — W be the canonical lift of the IFrobenius of k, and

let K = W[%] be the field of fractions of .



Definition 1.1.3. An F-crystal is a pair (H, @), where H is a free W -module of finite rank, and
&: H — H is an Fyy-linear endomorphismﬂ

A morphism of F-crystals is a map of W -modules commuting with the respective endomor-
phisms. A morphism (H,®) — (H',®’) of F-crystals is an isogeny if the map H @y K —

H' @y K is an isomorphism of K -vector spaces.

There is a well known classification of F-crystals up to isogeny due to Dieudonné (see chapter
18 of |21], and the included references). If X is a K3 surface, then its second crystalline cohomol-
ogy group H?(X/W) is a free W-module of rank 22, which is equipped with a Fyj -semilinear
endomorphism

d: HY(X/W) — H2(X/W)

called the Frobenius. The pair (H?(X/W),®) is an F-crystal, and its isogeny type gives an
invariant of X. We refer to chapter 18 of |21 for a discussion of this invariant Consider the
crystal M = W%22 with endomorphism given by pF, where F: W®?2 — W®22 j5 the map
induced by the Frobenius on W. We say that a K3 surface X is Ogus supersingular if the crystal
(H2(X/W), ®) is isogenous to the crystal (M, pF). In terms of Dieudonné’s classification, this
condition says that the slopes of the crystal H*(X /W) are all equal to 1.

Theorem 11.4. Let X be a K3 surface over an algebraically closed field k of characteristic p > 0.

The following are equivalent.

1 p(X) = 22 (X is Shioda supersingular),

—

2. h(Br(X)) = oo (X is Artin supersingular), and
3. the slopes of the crystal H?(X /W) are all equal to 7(X is Ogus supersingular).

The implications 1 = 2 and 1 = 3 are relatively straightforward, as is 2 < 3 (see chapter
18 of [21] and the included references). That 2 and 3 imply 1 is very difficult, and is known to

be equivalent to the statement that the Tate conjecture holds for Artin supersingular K3 surfaces

'"That is, ® is a map of W modules satisfying ®(A\z) = Fy (A\)®(x) for all A € W and = € H.



over finite fields. This is now known in all characteristics by recent work of various authors
[11, 12} 29, 134} 135].

In light of this theorem, we will not distinguish between the various notions of supersingu-
larity, and refer to a K3 surface satisfying any of the equivalent conditions of Theorem as
supersingular.

We end this section by mentioning a few important results in the theory of supersingular
K3 surfaces. Of course, the literature on this topic is very large, and so we necessarily omit a
great many interesting topics. In his groundbreaking papers |40, 41|, Ogus stated and proved a
Torelli theorem for supersingular K3 surfaces using crystalline cohomology (building on work of

Rudakov and Shafarevich). In its weaker form, it asserts the following.

Theorem 1.1.5 (Ogus [40, 41]). If X and Y be supersingular K3 surfaces over an algebraically closed
field of characteristic p > 5, then X isomorphic to Y if and only if there is an isomorphism of
F-crystals H2(X /W) = H2(Y/W) that preserves the respective bilinear forms.

This result is quite remarkable, as nothing comparable holds for general K3 surfaces in
positive characteristic. As an application of our methods, we will give an alternative proof of this
theorem. We mention that our method works in characteristic p > 3, while Ogus’s proof was
restricted to p > 5 (see section [5.1 for further discussion).

Finally, we mention a fourth characterization of supersingularity among K3 surfaces. Recall
that a variety X is said to be unirational if there exists a dominant rational map P" --» X from

a projective space.

Theorem 1.1.6. A K3 surface over an algebraically closed field k of characteristic p > 0 is Shioda

supersingular if and only if it is unirational.

Thus, in light of Theorem a K3 surface is unirational if and only if it is supersingular,
in any of the equivalent senses. Let us briefly discuss the history of this result, and our contri-
bution to it. By a theorem of Shioda, a unirational surface must have Picard number equal to its
second Betti number. Therefore, a unirational K3 surface has p(z) = 22, and therefore is Shioda
supersingular. The converse was conjectured by various authors, and many special cases were

proven over the years. In particular, Rudakov and Shafarevich showed in [43] that any Shioda



supersingular K3 surface X is unirational if p = 2, or if p = 3 and 0o(X) < 6. The problem
was then essentially settled by Liedtke [33], who showed that every supersingular K3 surface in
characteristic p > 5 is unirational. After this work, the only cases left open were p = 3 and
7 < 09(X) < 10. As an application of our methods, we present in section a variant of
Liedtke’s method that works in this range, thus completing the proof of this result. We refer to

Section [5.2] and the discussion therein for more details.
1.2  Complex analytic vs supersingular

Let us make explicit some of the analogies between supersingular and complex analytic K3
surfaces. Recall that in the complex setting, a twistor family associated to a K3 surface X is
given by fixing a Kihler class a € H?(X,R) and varying the complex structure of X using
a sphere spanned by the hyper-Kihler structure I,.J, K € H?(X,R) associated to a. There
results a non-algebraic family X (a)) — P! of analytic K3 surfaces. If we take the 3-plane W in
H?(X,R) spanned by I, .J, K, we can describe the periods of the line X (a) by intersecting the
complexification W with the period domain D, viewed as a subvariety of P(H?(X, C)) (see,
for example, Section 6.1 and Section 7.3 of |21]).

In place of the Kihler class in H?(X, R), our supersingular twistor spaces are determined by a
choice of isotropic vector v in the quadratic Fp,-space pN.S(X)*/pN.S(X). In place of the sphere
of complex structures in H?(X,R), we use continuous families of classes in the cohomology
group H2(X, t,,). In place of a fixed differentiable surface carrying a varying complex structure,
we end up with a fixed algebraic surface carrying a varying Brauer class (which is an algebraic
avatar of transcendental structure). The group H2(X, H,,) may be naturally viewed as a subvariety
of H2,(X/k), and just as in the classical setting, this family of cohomology classes traces out a
line in an appropriate period domain classifying supersingular K3 crystals.

We also compare discrete invariants, and the behavior of their corresponding strata in the
moduli space. The moduli space of supersingular K3 surfaces is stratified by the Artin invariant,
which takes integral values 1 < g9 < 10. The dimension of the locus of Artin invariant at most
0 is o — 1. In particular, the moduli space of supersingular K3 surfaces has dimension 9. In this
work, we extend the Artin invariant to a twisted supersingular K3 surface, and find that oy now

goes up to 11. Accordingly, the moduli space of twisted supersingular K3 surfaces has dimension



10, and the moduli space of non-twisted surfaces is naturally embedded in it as a divisor. This
bears some resemblance to the situation over the complex numbers, where loci of algebraic K3

surfaces are embedded in the space of analytic K3 surfaces as divisors.

Here is a rough dictionary translating between the classical analytic situation and the super-
singular one, extending Artin’s Table 4.12 [1]. For a K3 surface over the complex numbers, we let
p be the Picard number and pg be the rank of the transcendental lattice. For a supersingular K3

surface with Artin invariant oy we will write 0 = 11 — o.

Complex Supersingular
Complex structure, class in H*(X, R) Gerbe, class in H?(X, Hy)

Twistor line P! ¢ P(H2,(X/C)) Supersingular twistor line A C H2,(X/k)
Algebraic moduli space Moduli space of supersingular K3 surfaces
Analytic moduli space Moduli space of twisted supersingular K3 surfaces

Period domain Space of supersingular K3 crystals
po > 2 og>1
p+po =22 o+o9=11
Generic analytic K3 has p =0 Generic twisted supersingular K3 has 0 = 0

Particularly interesting are the aspect of this dictionary where the analogy breaks down.
Notably, while a classical twistor line gives a P! in the analytic moduli space, our construction
only yields an A! in the moduli space of twisted supersingular K3 surfaces. We know in retrospect
from the crystalline Torelli theorem that the underlying family of surfaces of a twistor family
extends to a family over P!. However, the theory developed in this paper only yields a direct
description of such a family over the open locus A! C P1. It would be very interesting to find
a natural interpretation of the fiber over infinity. There are also aspects of the classical twistor
space theory for which we have yet to find analogs on the supersingular side, such as the theory

of hyperholomorphic sheaves.



1.3 A brief outline

Chapter |2| contains some results on various cohomology groups that will be needed later in the
work. Section [2.1}is a collection of facts on the Brauer group, gerbes, and flat cohomology of p,,
all of which are more or less well known. In section [2.2] we define the relative étale site. This is a
convenient technical tool that will be useful for certain calculations later in the paper. Finally, in
section we formulate some properties of de-Rham cohomology in the context of the relative

étale site.

In chapter[3] we define and study the periods of twisted supersingular K3 surfaces, building on
work of Ogus [40, 41]. In section we recall Ogus’s moduli space of characteristic subspaces,
which is a crystalline analog of the classical period domain, and study the relationship between
the spaces classifying K3 crystals of different Artin invariants. Twistor lines in this period domain
are defined in section In section we relate the flat cohomology of p,, to de Rham
cohomology. In section [3.2) we develop a crystalline analog of the classical B-fields associated to
a Brauer class, which we use to construct a K3 crystal associated to a twisted supersingular K3
surface. In section we study the moduli space of marked twisted supersingular K3 surfaces.
Using the twisted K3 crystals of the previous section, we define a period morphism on this space,

and compute its differential.

In chapter 4| we construct supersingular twistor spaces. We begin in section by discussing
moduli spaces of twisted sheaves. We define an appropriate twisted Chern character, and extend
various results which are well known in characteristic 0 to our setting. We then use moduli spaces
of twisted sheaves to construct our twistor families. These naturally fall into two types, which we
describe separately. The main result of section [4.2|is a construction of twistor families of positive
rank in the moduli space of twisted supersingular K3 surfaces. In section [4.3] we construct Artin-
Tate twistor families, which is somewhat more involved than the positive rank case. We show how
in the presence of an elliptic fibration this construction yields a geometric form of the Artin-Tate
isomophism (Proposition [4.3.8).

Chapter |5| contains some applications of our theory. Section [5.1is devoted to a supersingular
form of Verbitsky’s proof of the Torelli theorem: the existence of the twistor lines gives a relatively

easy proof that the twisted period morphism is an isomorphism (after adding ample cones), which
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is a twisted version of Ogus’s crystalline Torelli theorem. This implies immediately that Ogus’s
period morphism is an isomorphism, giving a new proof of the main result of [41]. As a corollary,
we obtain a new proof of a result of Rudakov and Shafarevich on degenerations of supersingular
K3 surfaces (Theorem 3 of [44]). These new proofs work uniformly in all odd characteristics,
and so we are able to extend both of these results to characteristic p = 3, where they were
not previously known. In section we apply the material of section to show that every
elliptic fibration on a supersingular K3 surface admits a purely inseparable multisection. We use
this result to construct purely inseparable isogenies between K3 surfaces connected by Artin-
Tate twistor lines (a construction inspired by the ideas of [33]). Combining this with results of
Rudakov and Shafarevich on quasi-elliptic fibrations, we show that all supersingular K3 surfaces
are unirational in any positive characteristic, verifying a conjecture of Artin [I|. Among other

things, this fills in the cases that were not handled in [33].
1.4 Conventions

We fix throughout a prime number p. In certain places we will assume that p is odd. The main
reason for this restriction will be our use of bilinear forms. We think it is likely that our techniques
should yield similar results in characteristic p = 2 as well, with suitable modifications to certain
definitions, but we will not pursue this here.

For general background on K3 surfaces, we will refer to the wonderful book on the topic by

Huybrechts |21].
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Chapter 2
COHOMOLOGY

2.1 The Brauer group

Let X be a scheme. Fix a prime number p, and consider the group scheme p,, over X. This

group is related to the sheaf of units % = Gy, x by the Kummer sequence

X P X
l=p, =0y —— 0y —1
which is exact in the flat topology (if X has characteristic nowhere equal to p, then it is also exact

in the étale topology). There is an induced long exact sequence
o= HY(X, 0%) B HY(X, 6%) & H2(Xg, 1) — HA(X, 6%) B HA(X, 6%) — ...

There are a variety of geometric interpretations of the elements of the cohomology groups

H?(X, ) and Br(X) = H?(X, 0%). In this work, we will use the language of gerbes.
Definition 2.11. A twisted K3 surface is a p,, or 0% gerbe over a K3 surface.

By general results of Giraud [16], if A is any sheaf of abelian groups on X, then there is a
canonical bijection between H(X, A) and isomorphism classes of A-gerbes on X. We will denote
the cohomology class of an A-gerbe 2~ — X by [27] € H?(X, A) We begin this section by
collecting some results related to gerbes banded by the sheaves p,, and 0. We refer to Section
2 of [30] for background, and for the definition of twisted and n-twisted sheaves. If 2~ — X is

a p, or Ux-gerbe and n is an integer, we will write QcohM)(2) for the category of n-twisted

'"The reader unfamiliar with this language will not lose much by replacing every instance of a twisted K3 surface
with the associated pair (X, a), where o € H*(X, u,,) or H*(X, 0%). In fact, in almost all of this work our
constructions relating to a twisted K3 surface will depend canonically only on the associated cohomology class.
The exception is in chapter [f] where we will need to use the category of twisted sheaves on a twisted K3 surface.
This category is not determined canonically by the pair (X, «). Choosing a gerbe corresponding to o gives one
way of realizing this category. It may also be approached by picking a cocycle representing «, or by choosing an
associated Azumaya algebra or Brauer-Severi variety. We refer to Chapter 1 of [10] for a discussion of the relation
between these approaches.
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quasicoherent sheaves on 2, and Coh(l)(%’ ) for the category of n-twisted coherent sheaves on

Z.

Definition 2.1.2. If .Z € Pic(X) is a line bundle, then the gerbe of p-th roots of £ is the stack
{27} over X whose objects over an X-scheme 7' — X are line bundles .# on T' equipped

with an isomorphism .Z®? = Ly

The stack {.Z'/P} is canonically banded by Hp, and (£} - X isa t,-gerbe. Its coho-

mology class is the image of .Z under the boundary map 9.

Lemma 2.13. Let 2" — X be a p,,-gerbe with cohomology class o € HQ(Xﬂ,up). The following

are equivalent.

1. There exists an invertible twisted sheaf on 2,

2. there is an isomorphism 2~ = { L'/} of p,,-gerbes for some line bundle £ on X,
3. the cohomology class o is in the image of the boundary map o, and

4. the associated O’y -gerbe is trivial.

Proof- We will show (1) < (2). Suppose that there exists an invertible twisted sheaf .# on 2 .
The p,,-action on . ®? is trivial, so the adjunction map p*p,.#*P = .#*P is an isomorphism.
We obtain by descent an isomorphism 2~ 22 {(p,.#®P)'/P} of t,-gerbes. Conversely, on {z/my
there is a universal invertible twisted sheaf .#. The image of a line bundle .Z under the boundary
map ¢ in non-abelian cohomology is {-Z'/7}, so (2) < (3). Finally, (3) < (4) by the exactness

of the long exact sequence on cohomology. O

We say that a u,,-gerbe satisfying the conditions of Lemma is essentially trivial. We will
also need the following slightly more general construction. Let 2" — X be a p,,-gerbe and
Z € Pic(X) a line bundle.

Definition 2.1.4. Let 2" {.Z'/P} be the stack on X whose objects over an X-scheme T — X

are invertible sheaves .# on 27 that are (—1)-twisted, together with an isomorphism .#Z %P =

Lo,
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The stack 2 {£"'/?} — X is canonically banded by Ky, and is again a p,,-gerbe over X.
In the special case where 2~ = Bpu,, is the trivial gerbe, there is a canonical isomorphism
X {LYPy = LUP of k,-gerbes over X. Furthermore, there is a universal invertible twisted
sheaf
M€ PictY)( 2 xx 2 {LVPY).

Lemma 2.1.5. The cohomology class 2 {.£/?} € H?(X, ) is equal to [27] + [{LV/P}].

Proof. The group structure on H?(X, i) is induced by the contracted product of p,,-gerbes
along the anti-diagonal p,, — p,, X p,,. That is, given two p,,-gerbes & — X and # — X, a
,-gerbe ¢ — X represents the class [«/] + [#] if and only if there is a morphism of X -stacks
A Xx % — € such that the induced morphism of bands p,, X p,, — p,, is the multiplication
map. (The reader is referred to Section IV.3.4 and the associated internal references of [16] for
details.)

Consider the p,-gerbe " — X whose sections over 7' — X are given by the groupoid of
pairs (M, 7) where M is an invertible 27-twisted sheaf and 7 : M®? = 04, is a trivialization;
these are “Z7p-twisted p,-torsors”. Such a pair (M, 7) corresponds precisely to a morphism
Zr — B, that induces the identity map p, — p,, on bands. There results a morphism
2 x % — Bpu, that induces the multiplication map p, X p, — p, on bands. Thus, %
represents —[2] € H?(X, t,,). Similarly, 2 is isomorphic to the stack of % -twisted p,,-torsors.
Since (—1)-twisted sheaves on 2" correspond to % -twisted sheaves, we conclude that 2 is itself
isomorphic to the X-stack of pairs (/V,v) with NV an invertible (—1)-twisted sheaf on 2~ and
v : N®P 5 @ a trivialization of the pth tensor power. We will use this identification in what
follows.

Now consider the morphism 2" x x {ZV/?} — 2 {£"/P} defined as follows. As above, an
object of 2" over T' — X can be thought of as a pair (IV,7) with N a (—1)-twisted invertible
sheaf on 27 and v : N®P 5 Gy.. An object of {.£'/P} over T is a pair (.Z, x) with .Z an
invertible sheaf on T and x : .#®? = L an isomorphism. We get an object of 2" {.Z'/?} by
sending (N, ), (:Z, x) to (N ® Z,~® x). This induces the multiplication map on bands, giving

the desired result. O

Let 7: X — S be a morphism. Consider the group scheme p,, as a sheaf of abelian groups
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on the big fppf site X5 of X. The morphism 7 induces a map 7f: X5 — Sg of sites. We will
study the sheaf R27fl t,, on Sg. This sheaf is of formation compatible with arbitrary base change,
in the sense that for any S-scheme 7" — S there is a canonical isomorphism

R p,(T) = H(T, R*w, )
The sheaf R%7 ﬂup may be described as the sheafification in the flat topology of the functor

T~ H2(XTﬁa “p)

In this paper, we will only consider the cohomology of p,, with respect to the flat topology, so we

will when convenient omit the subscript indicating the topology.

Lemma 2.1.6. Suppose that m: X — S is a morphism such that wfup = p, and Rz ﬂup =0 (for

instance, a relative K3 surface). For any T — S, there is an exact sequence
0 — H(T, ) — H2(Xp, p,) — HO(T, R27h, 1) — H(T, )
Proof. This follows from the Leray spectral sequence for the sheaf p,, on X7 — T O

In particular, if S = Speck is the spectrum of an algebraically closed field, then there is a
canonical identification
R*m (k) = H? (X, p,))
The following is a relative form of a result of Artin, published as Theorem 3.1 of [I].

Theorem 2.1.7. If m: X — S is a relative K3 surface, then the sheafRQﬂ'fpp on the big flat site of

S is representable by a group algebraic space locally of finite presentation over S.

Note that we make no assumptions as to the characteristic of .S, although we will be most
interested in the case when S has characteristic p. For a proof of this result, we refer to section 4
of [31] (although the result is stated there in the special case where S = Speck, the proof works
without change in the relative situation).

Let us now suppose that 7: X — S is a morphism of schemes over F;,. We have a diagram

Fx

XI5 x(0/9) L/% X

\ Lr(p/a 7r (2.1.7.1)
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where F'x and Fg are the absolute Frobenius morphisms, and the square is Cartesian. If there is
no risk of confusion, we may write F' = Fy, X®/5) = X(p), /9 = 7T(p), and WX/S =W.

Given a morphism 7" — X (p), we consider the diagram

F
T X0 /X ®) T’ T

1

where the squares are Cartesian. Pulling back along 7' — 7" and 77 — T induces maps

Wx/s Fx/s

X x(®)

Fx/s

FX/S*ﬁ;;' — 0% ﬁ;;(p) I FX/S*ﬁ;;v (2.1.7.2)

X (p)?

of big étale sheaves whose composition (in either order) is given by the p-th power map = +— 2P.

We now further specialize to the case that S = Speck is the spectrum of an algebraically
closed field of characteristic p, and X is a K3 surface over k. We will record some facts about
the Brauer group of X and the flat cohomology group .7 = R27Tfup. Taking cohomology and
completing at the identity section, the maps induce maps

B0 L), " LB

whose composition in either order is equal to multiplication by p. The map £’ may be described

concretely as the relative Frobenius of the formal group Br(X) over Spec k. The map V is in fact

uniquely determine by F’, as we record here.

o —

) ==
Lemma 2.1.8. There is a uniqgue map V : Br(X) " Br(X) such that the composition

—— (p) —— —— (p)

Br(X) Y Br(X) 5 Br(X)
is equal to multiplication by p.

Proof: If V and V' are two such maps, then v = V' — V" satisfies F'v = 0. Thus, v factors through
the kernel of F'. But, the kernel of F' is a finite group scheme, and any map from a smooth formal

group to a finite group scheme is constant. O

The association E — E gives a functor from the category of sheaves of abelian groups
on (Speck)q to the category of presheaves on the opposite of the category of local Artinian

k-algebras. It is immediate that this functor is left exact.
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Lemma 2.19. Let 0 — H — G — K — 0 be a short exact sequence of sheaves of abelian groups on

(Speck)q. If H is representable by a smooth group scheme over Spec k, then the induced sequence

~ ~ ~

0O—-—H—G—-K-—=0

of presheaves is exact.

Proof. Let A be a local Artinian k-algebra with residue field k. Consider the diagram

0 — HA) — G(A) — K(A) —— 0

l ! l

0 —— H(k) —— G(k) —— K(k) —— 0
We claim that the rows are exact. It will suffice to show that the flat cohomology groups
H'(Spec Aq, H|spec 4) and H'(Spec kg, H) vanish. For the latter, note that by the Nullstel-
lensatz every cover in Specky admits a section, and hence the functor of global sections on
the category of sheaves of abelian groups is exact. For the former, our assumption that H is
smooth implies by a theorem of Grothendieck (Theorem that H!(Spec Ag, H |Spec 4) =
H'(Spec Ag, H|spec 4)- As A is a strictly Henselian local ring, the latter group vanishes.

Finally, as H is smooth, the map H(A) — H (k) is surjective. The result therefore follows

from the snake lemma. O

o —

Let us now suppose that X is supersingular. We then have Br(X) = (/}; In particular,
multiplication by p on ]m is equal to 0. By Lemma , the map V is also equal to 0.

Lemma 2.110. Ifm: X — Speck is a supersingular K3 surface, then the natural map R27rfup —
R2rkig < induces an isomorphism
R2rllps, & Br(X)

on completions at the identity section.

Proof. The flat Kummer sequence induces a short exact sequence
0 — Picx /pPicx — R?xlp, — szftﬁ;([p] —0

The quotient Picx /pPicx is smooth, so by Lemma the induced sequence on completions

is exact. Moreover, it is discrete, and hence has trivial completion, so obtain an isomorphism

—

R27flp, — R27EL G X [p]
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(with no assumptions on the height of X). We also have an exact sequence
0= R*r 0% [p] — R*e 0% 5 RP* a0

Because X is supersingular, multiplication by p induces the zero map on the formal Brauer group.
Taking completions, we get an isomorphism

—
o —

R27E 0% [p] = Br(X)
This completes the proof. ]

Proposition 2.111. If m: X — S is a supersingular K3 surface, then ./ = R27Tfup is a smooth

group scheme over Spec k of dimension 1 with connected component isomorphic to G,.

Proof- By Lemma [2.1.10} the completion of .7 at the identity section is isomorphic to (/}\a, which is
formally smooth and p-torsion. It follows that . is smooth over k with 1-dimensional connected
component. The only 1-dimensional connected group scheme over Speck that is smooth and

p-torsion is G, so the identity component of .7 is isomorphic to G, U

Lemma 2.1.12. If S = Spec A is an affine scheme of characteristic p, then H(S, m,) = 0 for all

i > 3.
Proof. This follows from the exact sequence of Lemma and Milne’s isomorphisms
H' (e v(1)) = H (S, 1)

(see the proof of Corollary 1.10 of [36]), together with the vanishing of the higher cohomology of

quasi-coherent sheaves on affine schemes. O

As a scheme, . = RQWE;LP is a disjoint union of finitely many copies of Al. Let A! C
% be a connected component. By Tsen’s theorem, HQ(Al,up) = 0, and by Lemma |2.1.12}
H3(A', p,) = 0. So, the exact sequence of Lemma gives an isomorphism

H%(X o, By) — HO (.7, RQW;*MP)

In particular, the universal cohomology class o € H°(.7, RQWE& t,,) is the image of a unique

element of H(X o, t,). This element corresponds to an isomorphism class of p,-gerbes over
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X x 7 Let Z — X X . be such a p,-gerbe. We will think of 2" as a family of twisted K3

surfaces over .7 via the composition

X - XxS =S

of the coarse space morphism with the projection, and we will refer to such a gerbe 2 as
a tautological or universal family of p,-gerbes on X. Restricting 2° — ¥ to a connected

component A! C ., we find a family

2" — Al

of twisted supersingular K3 surfaces. This is the basic example of a twistor family.

To obtain more precise information regarding the groups H?(X, ) and Br(X), we recall
some consequences of flat duality for supersingular K3 surfaces. By Lemma [2.1.6] there is a

canonical identification

Rmlp, (k) = H*(Xq, p,) (2.112.1)

In [I], Artin identifies a certain subgroup U?(X, m,) C H?(X, t,,) and a short exact sequence

0— U*(X,p,) = H* (X, p,) = D*(X, p,) = 0 (2.112.2)

(see also Milne [36]). It is an immediate consequence of the definitions that under the identifica-
tion (2.112.1) the subgroup U?(X, ) C H?(X, M) is equal to the subgroup of .”(k) consisting
of the k-points of the connected component of the identity. Thus, as a group U?(X, ) is

isomorphic to the underlying additive group of the field £. We will use the following result.
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Theorem 2.1.13. Write A = Pic(X). The Kummer sequence induces a diagram

0 0
| |
0 pA” A A 0
pA pA pA*

(2.113.)

In particular, the natural map U*(X, m,) — Br(X) is surjective, and the Brauer group Br(X) is

p-torsion.

Proof. In Theorem 4.2 of [1], this result is shown under the assumptions that X admits an elliptic
fibration, which is now known to always be the case by the Tate conjecture, and under the then-

conjectural existence of a certain flat duality theory, which was subsequently developed by Milne

[36]. O
2.2 The relative étale site

If X is a scheme, we write X, for the big étale site of X and X for the small étale site of X.
Given a morphism 7: X — S of schemes (or algebraic spaces), we define a site (X/.5)s, which

is halfway between X¢ and Sp,. A closely related construction is briefly discussed in Section 3 of
|2].

Definition 2.2.1. The relative étale site of X — S is the category (X/S)s whose objects are
pairs (U,T') where T is a scheme over S, and U is a scheme étale over X xg 7. An arrow

(U',T") — (U,T) consists of a morphism U’ — U and a morphism 7’ — T over S such that

the diagram
U ——U

L]

T —— T
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commutes. Note that this data is equivalent to giving a morphism 77 — T over S and a morphism
U' = U xx; X over X7v. A family of morphisms {(U;, T;) — (U,T')},¢; is a covering if both

{Ui = U},c; and {T; — T}, are étale covers.

The small, relative, and big étale sites are related by various obvious functors, which induce

a diagram of sites
ox

Xy — (X/9)et — Xt

|
,/TEt

Remark 2.2.2. The relative étale site is well suited to studying structures that are compatible with
arbitrary base change on S and étale base change on X, such as sheaves of relative differentials
and the relative Frobenius. In this work, we will be concerned with various representable functors
on Si, obtained as higher pushforwards of sheaves along the map 7*: (X/S)e — Sg,. The
relative étale site will be useful to us because it is more constrained than Xp,, while still being

large enough to admit a map to the big étale site of S.

If 7/: X’ — S is a morphism, and g: S" — S and f: X’ — X are morphisms such that

mo f = gon’, then there is an induced map of sites
(f,9): (X'/S)ee = (X/S)et

On underlying categories, this map sends a pair (U,T) to (U xx X', T xg S’). We obtain a
corresponding pushforward functor (f, g)«, which has an exact left adjoint (f,g)~!, and together

give a morphism of topoi.
Lemma 2.2.3. If f and g are universal homeomorphisms, then the pushforward
(f,9)x: Shixr/9n, — Shix/g),
between the respective categories of sheaves of abelian groups on the relative étale sites is exact.

Proof. Being the right adjoint to the pullback, (f,g). is left exact. That it is also right exact

follows from the topological invariance of the small étale site under universal homeomorphisms
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[47, 05ZG]. Let & — .Z be a surjective map of sheaves of abelian groups on (X'/S")e. We will

show that

remains surjective. That is, we will show that for any object (U,T") € (X/S)et, any section x €
(f,9)«Z (U,T) is in the image after taking a cover of (U, T"). By a change of notation, we reduce
to the case when T'= S. Let Uss = U x 5.5, and choose a cover {(Uj,T;) — (Us:, S")},.; such

177

that the restriction of z € (f, 9)«#(U,T) = #(Ugs, S’) is in the image of each .7 (U/,T!) —

177

&(U!,T!). By the topological invariance of the étale site applied to g: S’ — S, we may find
y polog PP y

1771

morphisms T; — S such that T; xS’ = Ti/- Applying the same to the universal homeomorphisms
X', — Xr,, we find morphisms U; — X7, such that U; xg S" = Uj. The restriction of x to the

cover {(U;,T;) — (U, S)},¢; is then in the image by construction. O
There is a sheaf of rings Ox on (X/S)e given by
Ox(U,T) = T(U, 6y)
The pair ((X/S)e, Ox) is a ringed site, in the sense of [47, Tag 03AD].
Definition 2.2.4. A sheaf & of Ox-modules on (X/S)e is quasi-coherent if

1. for every object (U, T') of (X/S)s there exists an open cover U; — U such that for each i
the restriction &y, of & to the small Zariski site of U; is a quasi-coherent sheaf (in the

usual sense), and

2. if (f,g9): (U, T) — (U, T) is a morphism in (X/S)e then the natural comparison map

F(Ev.) = Elu

zar

is an isomorphism.

The sheaf & is locally free of finite rank if it is quasi-coherent, and for each object (U, T') the

restriction of & to the small Zariski site of U is locally free of finite rank in the usual sense.

Remark 2.2.5. This definition is similar to [47, Tag 06WK]. In [47, Tag 03DL] there is given a
general definition of quasi-coherent sheaf and locally free sheaf on a ringed site. One can show

that these agree with the above definitions in our special case.
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Our main interest in this paper is when X and S are schemes over F,,, which we will now

assume. We record a few facts about the relative Frobenius Fx/g: X — X ®/9),

Lemma 2.2.6. Ifm is smooth, then Fx s is finite and flat. If v is locally of finite presentation, then

the relative Frobenius F'x /5 is an isomorphism if and only if 7 is étale.
Proof. See Proposition 3.2 of |5]. The second claim is Proposition 2 of Exposé XV lin [24]. [

Lemma 2.2.7. The relative Frobenius is compatible with arbitrary base change on S in the following

sense. For any morphism T — S, there is a canonical identification
(X)) xgT = (X xgT)®/T)

and a commutative diagram

T

Xr —— (XT)(p/T) — T
Py o/

| L

X Fx/s X /S) 2(®/9) g

where both squares are Cartesian.

Lemma 2.2.8. The relative Frobenius is compatible with étale base change on X P), in the following

sense. Suppose that U — X' P) is étale, and define Ux = X X . U by the Cartesian diagram

Ux — U

Fx/s

X = x

The relative Frobenius Fy;)xw): U — U/ X®) = (Ux)®/S) is an isomorphism, and there is a
diagram

F
Ux _Ux/3 (Ux)®/9)

\ ZTFU/X(M

U



23

Proof- Consider the diagram

Ux —U

FUX/XJ/Z Ly xw
(UX)(p/X) . (UX)(p/S) Ux U
X Fx/s x® Wxys X Fx;s x®

where the squares are Cartesian. By Lemma , Fy/x @) is an isomorphism, and the composi-

tion Ux — (Ux)®/X) — (Ux)®/9) is equal to Fyyys- [

The diagram induces various maps on the relative étale sites. Where appropriate, we
shall use the notations F'x = (Fx, Fs), Fx/g = (Fx/s,1ds), and Wx/g = (Wx/s, Fis).

Consider the sheaf of units 5 on X, given by 05 (T') = I'(T, Or)*. Its pushforward to
(X/S)et, which we will also denote by 0%, is given by

ox(U,T) =T, 0p)*

The morphisms (2.1.7.2) give a commuting square

Fy5.0% 225 Fy5,0%

l * H (2.2.8.1)
ﬁ)xap) % FX/S*ﬁ)X(

of sheaves on Xéf), and by restriction on (X () /S). It is shown in Lemma 2.1.18 of [25] that the
restriction of the map F’ )*( /s to the small étale site is injective. By Lemma and Lemma ,

it is also injective on the relative étale site.

Definition 2.2.9. We define a sheaf v(1) on (X®)/S)¢ by the cokernel of the pullback map

F)*(/S: 0%

) Fx /s« 0% If X — S is smooth, then this map is injective, and we have a short

exact sequence

1= 0%, = Fxys.0% = v(1) = 1 (2.2.9.1



24

If X is a scheme, we let ex: Xy — Xp and ex/g: Xy — (X/S)e denote the natural maps

of sites. These are related by a diagram

X —L% (X/S)a
© 2.9.9.9
Wﬂl \ | (2.2.9.2)
Sﬂ —S> SEt

We recall the following theorem of Grothendieck.

Theorem 2.2.10 (|17], Théoréme 11.7). If X is a scheme and A is a smooth group scheme over X,
then RPex, A =0 forp > 0.
We consider the long exact sequence induced by applying € x /g, to the short exact sequence
x x—zP

l—=p,— 0g —— O0g —1 (2.2.10.1)

of sheaves on Xj. Because pushforward along the map Xy, — (X/S5)¢ is exact, Grothendieck’s

Theorem implies that RPex /5,0 % =0 for p > 0. Thus, we obtain an exact sequence
1= p, — 0% 22T 0% — Rlex/gim, — 1
of sheaves on (X/S)e. Let us write

RlﬁX/S*Mp =0%/0%"

where it is understood that the quotient is taken in the étale topology. By Lemma [2.2.3] this
sequence remains exact after applying F'x,s«, and so the square (2.2.8.1) induces a morphism

Fxs:(0%/0%") = v(1) (2.210.2)
of sheaves on (X(p)/S)ét.

Proposition 2.2.11. Ifm: X — S is a smooth morphism of F-schemes such that

1. The adjunction Os — 7,0 is universally an isomorphism, and

2 Rlﬂfp,p =0,
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then there is a natural map

T: 55*R27rfup — Rlﬂip)éty(l)
of big étale sheaves. For any perfect scheme T' over S, this map is a bijection on T -points.
Proof. First, note that by Lemma [2.2.3]
RV Fy 5.(0%)0%7) = R'7(0% | 0FF)
Thus, the morphism induces a map
R'78(0%/057) — RixP®u(1) (2.2.101)
Next, we consider the Grothendieck spectral sequences
By = RP1 (Rl s.p,) = RPT1O,p,
EYY = Rp&‘s*(Rquup) — Rp+q@*p,p
induced by the square (2.2.9.2). The first spectral sequence gives an exact sequence
Ey° = ker(E% — EY?) — Ey' — EJY

Applying Theorem [2.2.10| to G, the Kummer sequence shows that RPe y/g,p, = 0 for p > 2

Therefore, Eg 2 =0, so we get a map
R’O.p, & R'mRlex g, = R'7E(OF/OFP)
The second spectral sequence gives a map R?0, My — 55*R27rfup. Hence, we have a diagram
2
R°O.p,
/ x
es. Ry, RI(0%/05P) —— RixP¥u(1)

It follows from assumptions (1) and (2) that f is an isomorphism. We therefore obtain the desired
map

T: 55*R27Tfup — leﬁp)étu(l)
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Suppose that T" is a perfect S-scheme. For any étale U — X%D), the map Fy /5. 0% (U, T) —

ﬁx

o) (U, T) is given by pullback along a base change of W, /7 followed by pullback along the

both of which are isomorphisms. Therefore, by restricting (2.2.8.1) to

relative Frobenius F' U/ X(Tp) R

the small étale site (which is an exact functor), we get an isomorphism

aT*Rlﬂjéf*ngxT/T*up = aT*Rlﬂéi)e{u(l)

of sheaves on Sg.. We have an exact sequence
2 __ét 2_fl 1_ét pl 3,_ét
Remp.expratty = er RO o, = Romp Roex, rpy, = ROTpEx00 /1a by

Because X7 is smooth over a perfect scheme, ax «€x, /Ty = 0, and therefore the middle

arrow becomes an isomorphism. We have shown that the induced map
2_fl ~ 1_ét Rl ~ 1_(p)ét
ar«er« R mp, p, — ar R mp, Riex, mapt, — arR Wé*) v(1)

of small étale sheaves is an isomorphism. In particular, it is a bijection on global sections, which

gives the result. O

In this paper we are interested in the case when 7: X — S is a relative supersingular K3
surface. If this is so, then the conditions of Proposition are satisfied. Moreover, by Theorem
the sheaf R?flj1,, is representable, and we will see that Rlr® )éty(l) is as well in Proposition
The following result therefore applies to show that Y is a universal homeomorphism.

Proposition 2.2.12. Let S be a scheme over ¥, and f: X — Y a morphism of S-schemes. If f

induces a bijection on T -points for every perfect S-scheme T, then f is a universal homeomorphism.

Proof. Recall that the perfection XP' — X of an Fj,-scheme X is characterized by the property
that any map 7" — X from a perfect scheme 7' factors uniquely through X Pf s X. There is

therefore a commutative diagram

f
xvf L, ypf

|

x 1 Ly

Applying our assumption on f to the S-scheme YP! — Y — S, we get a map YP' — X, and

hence a map ypf 5 xPf, By the universal property of the perfection, this map is an inverse to
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fPE so fPf: XPP 5 VPP is an isomorphism. By Lemma 3.8 of [6], this is equivalent to f being a

universal homeomorphism. O

We next compute the tangent spaces of R2rf! t,, and R17T>(kp )éty(l). The former is slightly sub-

tle, as the pushforward under a universal homeomorphism (such as the projection mx: X[e] —

X)) is not necessarily exact in the flat topology. We record the following lemma.

Lemma 2.2.13. If X is a scheme and x : X [c] — X is the natural projection, then Rlﬁf;(*ﬁ;([a] =
0.

Proof- Consider the diagram

ﬂ*>Xﬁ

Ex[sl \ l (2.2.13.])

]Et it XEt
X

and the two induced Grothendieck spectral sequences. On the one hand, we have by Theorem

2.2.10|that RPex(, 05,

;= 0for p > 1. As in Lemma 2.2.3 the pushforward Wl)::(t* is exact, and

we conclude that R?0,0 ;[E} = 0 for p > 1. We now consider the other spectral sequence. The

exact sequence of low degree terms gives an isomorphism
1,1l ~ 2 fl
EX*R TI'X*@);;[E} — R EX*TFX*ﬁ;[g}
We will show that the right hand side vanishes. Consider the standard short exact sequence

0= Ox = 1%, 0% 1 — 0% =1 (2.2.13.2)

X
Xle]
of sheaves on the big flat site of X, where the first map is given by f — 1 + fe and the second

by g + fe ~ g. Note that this sequence is split. Therefore, 7%, & ;M is represented by a smooth

group scheme, and hence by Theorem [2.2.10| we have Rpex*ﬂ)ﬂ(*ﬁ}([e} = 0 for all p > 1. This

completes the proof. O

Lemma 2.2.14. Suppose that w: X — S is a smooth morphism of F,-schemes such that

1 The sheaf R*rfl I, is representable by an algebraic space,

2. The adjunction Os — m,.0x is universally an isomorphism, and



28

3 Rln,0x = 0.

Set .S = RQWE;LP and let p: .~ — S be the forgetful morphism. There is a natural identification

Tj,/s = p*R27T*ﬁX

Proof. Let 0.: S — .7 be the identity section. We will construct an isomorphism

2 ~ sl
Rm,0Ox _>‘7eTy/s

Consider the Cartesian diagram

Xe] — X
e | lrr (2.2.14.1)
Sle] = S

The group of sections U;‘T}/ /S(U ) over an open set U C S is in natural bijection with the

collection of morphisms ¢: Ule] — . over S such that the diagram

U Ule]

commutes. Because R27r£1up is compatible with base change, this is the the same as the kernel

of the natural map

mo. Rl pm, — Rl p, (2.2.14.2)

of small Zariski sheaves. Combining (2.2.13.2) with the Kummer sequence, and using the vanishing
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result of Lemma [2.2.13] we obtain a diagram

0 1 1

0 Ox ng(*“p Ky 1
2

0 Ox ﬂgl(*ﬁ;{[a] 0% 1
0 D P

0 Ox ng(*ﬁ;;[s] 0% 1
2

0 Ox —— Rlﬂ%*up — 1
0 1

of sheaves on the big flat site of X with exact rows and columns. Taking cohomology of the split
exact sequence

0— Ox — m,p, = p, — 1
we get an exact sequence
0— R%rloyx — szf(ﬂgc*u,p) — RQWEMP -0

of sheaves on the big flat site of S. To compare this to the kernel of the morphism (2.2.14.2), we

consider the spectral sequences
Ey? = RPnl(Rimy.pm,) = RPT10p,
P4 fl fl fl
Ey" = RPmg, (R, p,) = RPMO I,

induced by the commuting square (2.2.14.1), where © = 7o mx = mg o 7. The first spectral

sequence gives an exact sequence
1,0 1 0,1 2,0 2 0,2 11 3,0
0= Ey” - E — Ey — Ey” — ker(ES, — Ey°) — By — E,

By the Kummer sequence and Grothendieck’s Theorem, we get that RI7f}, p, =0 for ¢ > 2,

and in particular, Eg 2 — (. The isomorphism

Ox = Rlnk,.p, (2.2.14.3)
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and condition (3) imply that E21 ! — (. Thus, we have an exact sequence
0— Rlﬂ'ilﬂ'gl(*/.l/p — Rl@gup — Wleﬂg(*up — szfﬂg(*up — R2@Eup —0
We next examine the second spectral sequence. We have

By = R7wl.(nfl,p,) = RPwdp, = 0forp > 2, and

ﬁ;’l = Rpwg*(Rlﬂ'E]*p,p) =0 forp > 0.
Thus, we have natural isomorphisms

Rlﬂ-g’* (ﬂ-i}*y’p) 1> Rl@fj“’p

RQGEIJ‘p 1> Trg*Rzﬂ-E]*l’l’p
Comparing with the exact sequence (2.2.14.4), we find a surjection
f_fl fl ~ fl fl
R27f Tx My = R2@*;Lp — WS*RZWH*MP
whose kernel is given by the cokernel of the map

R'md, (nfl.m,) = RO, — nlR'7k p,

(2.2.14.4)

(2.2.14.5)

(2.2.14.6)

We claim that (2.2.14.6) is an isomorphism. Indeed, using the isomorphism (2.2.14.3) and condition

(2), we find a diagram

Os Os

where the induced map 0g — Oy is the identity. Thus, (2.2.14.6) and hence (2.2.14.5) are isomor-

phisms, and restricting to the Zariski site we obtain a map of short exact sequences

0 —— UZT;,/S —_— ﬂ's*R2ﬂ'F€]*up — RQqup — 0

k L I

0 — R2rlloy —— RQWE(Trgl(*up) E— Rzﬂ'fpp — 0
For any group space p: G — S, there is a canonical isomorphism

1 ~ 1
Teys = procleys
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The composition
Ty)s = p'0iTy s = p'R*mOx
gives the desired isomorphism. O
Definition 2.2.15. We define a quasicoherent sheaf B}( /5 on X ®) by the short exact sequence
0— ﬁX(p) — FX/S*ﬁX — B}(/S —0

Lemma 2.2.16. Suppose that 7: X — S is a smooth morphism of ¥, -schemes such that the sheaf
R1W£p)étu(1) is representable by an algebraic space. Set .5/, = leip)étu(l) and let p,: S, — S be

the forgetful morphism. There is a natural identification
T. s = PR BY

Proof Let o.: S — .7, be the identity section. We will construct an isomorphism
Rl“»(ﬂp)B}(/s = iy,

As in Lemma [2.2.14} we identify the sheaf U:T}/V /s With the kernel of the natural map

T RImD4(1) — R (1) (2.2.16.1)
where Tr[(g)ét = (Tx@,7ms) is the map of relative étale sites defined as in (2.2.14.1). Restricting

(2.2.13.2) to the relative étale site, we get a short exact sequence

0— Ox — 7%,0%

X 0% —1

of sheaves on the relative étale site (X/S)e. We have a diagram

0 1 1

0O— ﬁX(p) N ﬁX(p)[E] E—— ﬁ;

X(P)* ) 1

(p

0 —— FX/S*ﬁX — FX/S*ﬂ’gé*ﬁX

S Fx/5.05x — 1

0 » Bx/s r T V() ————— v(l) ——— 1
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Taking cohomology of the split exact sequence
0— B}(/S — Wgé(m*lj(l) —rv(l)—1
we get an exact sequence

0— Rlﬂip)étB%(/S — Rlﬂip)étﬂ§<p)*u(1) — leﬁp)éty(l) —1

By Lemma , the functors 7'(';(17)* and 7, are exact. Thus, the kernel of the morphism

2.2.16.1) is identified with Rlﬂip)B}(/S, and we obtain an isomorphism

Rlﬂip)B}(/s = 0:Ty, /s
As in Lemma [2.2.14} this induces an isomorphism
T,;fy /S = piRlﬂip)B}(/s
O

Lemma 2.2.17. If X — S is a morphism of F-schemes satisfying the assumptions of Proposition
2.2.7}, then the diagram

€S*R27TE[,LP RSN Rlﬂip)étu(l)

l J (2.2.17.1)

2 6t X 2__(p)ét 5x
Ron, 0y —— Remy ﬁx(v)

commutes, where the left vertical arrow is induced by the inclusion p, — O, the right vertical arrow

is the boundary map induced by (2.2.9.1), and the lower horizontal arrow is the canonical map.

Proof. This follows from the construction of the exact sequence of low degree terms of a spectral

sequence. t

Remark 2.2.18. Let us interpret the infinitesimal information contained in the diagram (2.2.17.1) in
the case when X — S = Speck is a supersingular K3 surface. By Lemma |2.1.10} the left vertical
arrow induces an isomorphism on completions at the identity. The right vertical arrow fits into

the long exact sequence

.= RIT%OY — Rlﬂﬁp)étu(l) — R27r£p)étﬁ;(p) - R*740% — ...
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The right map induces V' upon completion at the identity section. As the formal Brauer group of
X has infinite height, multiplication on the formal Brauer group is trivial, and so by Lemma [2.1.8]
V' is also trivial. Using that the Picard group of X is discrete, it follows as in Lemma that
the right vertical arrow of induces an isomorphism on completions. We therefore have a

diagram
—_—

ﬁ@%jsmﬁ%m

lz f (2.2.18.])

In particular, T = 0. The corresponding diagram on the tangent spaces to the identity element
is

HQ(X7 Ox) 2 HI(X(p)a B%(/s)

lz f (2.2.18.2)

H2(X, 0x) —— HX(X®), 05 ()
2.3 De Rham cohomology on the relative étale site

Let 7: X — S be a smooth proper morphism of F,-schemes. We will discuss the Hodge and
conjugate filtrations on the de Rham cohomology of 7 and their relationship under the Cartier
operator. We will then relate the de Rham cohomology to the étale cohomology of v(1). The
material in this section is essentially well known, although we have chosen to work throughout
on the relative étale site. This will allow us to cleanly obtain moduli theoretic results later in
Section [3.1, For a thorough treatment of the special features of de Rham cohomology in positive
characteristic, we refer the reader to |[5] and |27]. We remark that the results of this section can

be seen as a direct generalization of Section 1 of [40] to the case of a non-perfect base.

Notation 2.3.1. If &° is any complex of sheaves of abelian groups on a site, we define
Zi6° = ker(6' % £ and Bi&® =im(67 % &1
We consider the algebraic de Rham complex
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where O is placed in degree 0. The relation d%(xp) = 0 implies that the exterior deriva-

tive is Oy (p) -linear. This means that FX/S*QB(/S is a complex of Oy -modules, and so the
sheaves FX/S*Ql}(/y Zi(FX/S*QS(/S), Bi(FX/S*Q;(/S), and ,%ﬂi(FX/S*QS(/S) on X®) have

natural & ,)-module structures.

Lemma 2.3.2. The sheaves

Vy/o Fxsex /50 Z' (Fx5:0% 19)s B (Fx5:Q% /5)s and A (Fx 5. 0% /)
of modules on the small Zariski sites of X and XP) are locally free of finite rank.

Proof. Because 7 is smooth, QZX /s is locally free of finite rank. For the remainder, see Corollary

3.6 of [3]. 0

We find a similar story on the relative étale site. We define sheaves of &'x-modules on (X/.5)s
by the formula
0%)s(U,T) =T (U, Q1) (2.3.2.])
Because of the compatibility of the differential with pullback, we obtain a complex
étl ét2

éte d d d

of sheaves of abelian groups on (X/.S)s. We will show that the analog of Lemma holds on

the relative étale site.

Proposition 2.3.3. The sheaves
Q%s, FX/S*Q%Sy Z'(Fxss $s)s Bi(FX/S*Qgg/.S)a and %i(FX/S*Qf;E;S)

are locally free of finite rank, in the sense of Definition[2.2.4

Proof. The content of this claim is that the sheaves of Lemma are of formation compatible
with base change by étale morphisms on the source and arbitrary morphisms on the base. Let us
first show that these sheaves are quasi-coherent. If (U, T') is an object of (X/S)e, then there is a

natural identification

éti ey
QX/S Uzar - QU/T
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Thus, condition (1) of Definition holds. Suppose that (f,g): (U',T") — (U,T) is a mor-
phism in (X/S)e. We have a diagram

f

/\

Ur U

~0 |

XT’ E— XT

L]

T 9% T

(2.3.3.1)

where the squares are Cartesian. Note that a is étale. Thus, the comparison map factors as a

composition of isomorphisms

f (Qet/S|Uzar) Qet/s’ zar

* ()1 ~ * ()1 ~ 7
f QU/T ra QUT/ /T’ ’ QU’/T’

Condition (2) follows, and therefore Qgg; g 1Is quasi-coherent. Because Fy/g is affine, the pushfor-
ward of a quasi-coherent sheaf under Fy/s is again quasi-coherent, and therefore Fly, S*ng—} g is

quasi-coherent. Restriction to the small Zariski site is a left exact functor, so the natural map

ZH(Fx/5:0%76) [0 = 2" (Fx)5:Q% 05 0,00)

is an isomorphism. Thus, Zi(FX/S*ans) satisfies condition (1). By Lemma , the latter sheaf
is locally free of finite rank. Because F' X/S*Q%S is quasi-coherent, Z'(F /5% 82 ;73) therefore
satisfies condition (2), and hence is quasi-coherent. The cokernel of a map of quasi-coherent
sheaves is quasi-coherent, so Bi(FX/S*Q)aS) and %ﬂi(FX/S*ang) are quasi-coherent.

By Lemma [2.3.2] and the fact that the restriction to the small Zariski site is acyclic for quasi-

coherent sheaves, it follows that these sheaves are locally free of finite rank. O

The Cartier operator (as described in Section 3 of |5], and Section 7 of |26]) defines for each ¢
an isomorphism

CX/S: " (FX/S*QX/S) —) QX(p)/S (2332)

of O »)-modules.
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Lemma 2.3.4. The Cartier operator extends to an isomorphism
OS5t A (Fxs.0%75) = QK0

of sheaves of Oy () -modules on (XP) /S,

Proof. To define such a map, it will suffice to give morphisms

éte

A (Fx5:0%75) X0 /s

Usar — 2

Uzar

for each object (U, T) of (X(P)/S)4 that behave functorially under pullback. Define Uy, by the

Cartesian diagram

where we are using the natural isomorphism (X ®/5); =5 (X7)®/T) of Lemma As in
Lemma [2.2.8] we have a diagram

Uxy ——— U

F;
Fog r; N 2| Fotprm

(UXT)(p/XT) SN (UXT)(p/T)

Xr — 5 (Xp)W/T) — T

|

XwS g

with Cartesian squares. Consider the composite arrow f: U — X®/5) We define a map
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Cc$ /51 Unar by the diagram
* 7 ° CUXT/T * )
FUXT/T% (FUXT/T*QUXT/T) ’ FUXT/TQU)(?T/T)/T
l 2
FHA(Fxy.0% ) £ (/)
2 2
f*(’%pi(FX/S*Q§§7S)’X££/S)) f*(ng'%p)/S|Xz(fr/5))
2 14
. it @ C%/S‘Uzar &ti
%Z(FX/S*Q;/S”UZM Q);(P)/S‘Uzar

where the top horizontal arrow is the pullback of CUXT 7 under the isomorphism FUXT /T
and the two lower vertical arrows are the comparison morphisms, which are isomorphisms by
Proposition [2.3.3] The explicit description of the Cartier operator in Section 7 of [26] shows that
the morphisms C§ / s|U.., are compatible with pullback in the appropriate sense, and so we obtain
the desired isomorphism C'y/g of sheaves on the relative étale site.

O

We consider the map

dlog: 0% — O%)s (2.3.4.1)

of sheaves on (X/S)¢ given by f — df/f. Note that the image of dlog is contained in the

subsheaf of closed forms. We also have a map

étl

- Qx(p)/s

éte wr
ZI(FX/S*Q)}/S) — Fx/5: W2 = Fx),0

étl étl
x® /s xX® /s

where the first map is the pushforward of the map W™ under Fly/s, and the second is the

canonical map.

Lemma 2.3.5. The sequence

Cét _ *
X/s 5
/ &l =0

0— 07 x®/s

dl éte
X = Fxysn05 =2 7' (Fx/5:9%0s)

of sheaves on (X P) /S is exact.
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Proof. Corollaire 2.1.18 of |25] states that the restriction of this sequence to the small étale site is

exact. The result follows by definition of the sheaves involved. O

We next discuss the Hodge and conjugate spectral sequences in the setting of the relative

étale site, which converge to the relative de Rham cohomology

def

ar(X/9)a = RO g

of X — S. The so-called naive filtration on Qf;?/ g (see [5], and Chapter 2 of [19]) induces the

Hodge spectral sequence

EPY — Rqﬂitﬁi% — Rp+qﬂit9§§7s (2.3.5])

On the other hand, we may compute the higher pushforwards of the de Rham complex using the
Leray spectral sequence induced by the canonical factorization 7 = 7(P) o Fy /5- By Lemma m

the functor F'y /g, is exact on the relative étale site, so this gives a spectral sequence
Eg; = Rpwi”)ét%q(FX/s*Q%S) = RPM7057g (2.3.5.2)

called the conjugate spectral sequence. Fix an integer m > 0. The Hodge and conjugate spectral

sequences induce filtrations

0OCFr™CcFr b e,  CFmc... CFy™ =HRL(X/9)a (2.3.5.3)
0CFI™ C EITIT L EE C L C FR (XS 2354

Remark 2.3.6. Working on the relative étale site gives a functorial packaging of the usual Hodge
and conjugate spectral sequences on the small Zariski site. If 7" is a scheme over .S, then the
restriction of the spectral sequences to the small Zariski site of 7" is naturally
isomorphic to the usual Hodge and conjugate spectral sequences induced by the complex Q5. /T

In particular, there is a natural identification

RITIOL)(T) = (T, Rimp Q%)

and similarly for Eg’g, H7%(X/S)et, and the filtrations F}Im and F ém

We will make the following assumptions on 7.
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Definition 2.3.7. We say that the morphism 7 satisfies (x) if

1. the Hodge spectral sequence degenerates at I,
2. the conjugate spectral sequence degenerates at E5, and

3. the Og-modules E%[{, Eg’g, HIR(X/S)et, F}j’lm and F(ZJ’m are all locally free of finite rank,

in the sense of Definition

Remark 2.3.8. If m: X — S is a relative K3 surface, then 7 satisfies (x). This follows from the
fact that the spectral sequences associated to the usual (small Zariski) De Rham cohomology

degenerate, and are of formation compatible with base change.

Under these assumptions, the Hodge and conjugate spectral sequences are related by the

Cartier operator.

Lemma 2.3.9. Ifm: X — S satisfies (%), then there are natural isomorphisms

~

R = R0
e [F™ % By~ = R (0 (Fxys.0%s))
and the Cartier operator induces isomorphisms

Fg@—i,m/Fgm—i—s—l,m l> F;(F;}m/Fi[—i-l,m)

Proof. The first claim follows from the assumed degeneration of the Hodge and conjugate spectral

sequences. For the second, we apply Rﬁip)ét to both sides of (2.3.3.2) to get an isomorphism

Rl (Fy5.0%75) = RrPU0%, o

Applying the base change isomorphism in the derived category and using our assumption that

the cohomology sheaves of Rﬂitﬁgg g are locally free, we find isomorphisms

Rl (Fy 5.0505) = RePU0%, = RelP W0l = FERa0S g

Applying the isomorphisms of the previous claim gives the result. O
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For the remainder of this paper, we only consider the case m = 2, and so we omit m from
the notation. We have sheaves F'}, and F, on the big étale site of S that are locally free of finite
rank, and in particular quasi-coherent. By F'}; N I/} we will mean the fiber product of sheaves on

the big étale site of S. This will not in general be a quasi-coherent sheaf.

Lemma 2.3.10. I[f X — S satisfies (), then the natural map Rlﬂ'itZIQS(/S — RQWétQ}/s induces
an identification

1_ét 71 ~ ol 1
R'78Z'0% s 5 Fiy N Y
Proof: We have truncations

Qét >i

X7s = [...—>0—>Q§§j3—>9é”“—>...

X/

where Qgt(}s is placed in degree i. There is an obvious map of complexes ng/zsl — Q‘};S, and
the image of the induced map RQWf;tQiz/Z; — RQWitQit(;S is the i-th level of the Hodge filtration.
There is an obvious map Z IQ_%};S [—1] — Qié/zsl , which induces an exact sequence

0= Z'0%7s [-1] = Q_";E/Zsl —-Q* =0

Therefore, we get a triangle

Rwi‘Zl(Zf*;aS [—1] — Rwitﬁif; — Rr%Q* —

Note that 7#*(Q®) = 0 for i < 1, so by the spectral sequence associated to the canonical filtration

on Q°® we get that R178Q® = 0 and R?78Q* = RO7& 72 (Q‘;};S) Therefore, we get an exact

sequence

0= R'7{ 21050 = Fiy — FO/F¢
This gives the result. O

Proposition 2.3.11. If X — S satisfies (%) and ﬂitQé)}}S = 0, then there is an exact sequence

1 Comg—Fomy

0— R%P(1) - FL N FL Fi(FL/F2)

of sheaves of abelian groups on the big étale site of S.
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Proof. Here, the arrow C o m¢ is the projection FJ, — FJ/F2 followed by the isomorphism

Cgé/s: FL/F% = Fi(F})/F%), ny is the projection F}y — F};/F¥, and F{ is the canonical

p-linear map F}; /F3 — F5(FL/F%) given by s — s ® 1.

We apply Rﬂ:(kp ¥ to the sequence

étl

xws 0

0= v(1) = Fx/:Z' Q%05 = Q

of Lemma to get

0 = R0 (1) » R4 21080, — FERITEQL)

Applying Lemma [2.3.10, we get a diagram

e

Fg’(Rlﬂ-itQét 1 )

0 —— Rlﬂ'gp)éty(l) —— Rlz&Z104" X/s

X/S

| I I

é Cong—F&om
0 — RAP(1) —— FL N FL " pe(FL JF2)

which gives the result. O
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Chapter 3
PERIODS

3.0.1 Characteristic subspaces and the crystalline period domain

In this section we consider the crystalline analog of the period domain, Ogus’s moduli space
of characteristic subspaces. We study certain rational fibrations relating the period spaces of
different Artin invariants. We begin by recalling some definitions and results having to do with

bilinear forms on vector spaces over F,. Recall that we are assuming p > 3.

Definition 3.0.1. Let Uz ® F, denote the hyperbolic plane over ), which is the F-vector space

generated by the two vectors v, w which satisfy v? = w? = 0 and v.w = —1.
This notation is explained by Definition [3.3.4]

Proposition 3.0.2. [18, Theorem 4.9] Let V' be a vector space over ¥, of even dimension 20, equipped
with a non-degenerate ¥, -valued bilinear form. If there exists a totally isotropic subspace of V' of
dimension o, then V is isometric to the orthogonal sum of oo copies of Uo @ F,. If there does not exist
such a subspace, then'V is isometric to the orthogonal sum of 0o — 1 copies of Uo @ ¥, and one copy of

F.

Here, we view F 2 as a two dimensional vector space over F, equipped with the quadratic
form coming from the trace. In the former case, we say that the form on V' is neutral, and in the

latter we say that it is non-neutral.

Theorem 3.0.3. [18, Theorem 5.2] If V' is a vector space over a field of characteristic not equal to 2
equipped with a non-degenerate bilinear form, then any isomeiry W — W' between two subspaces of

V' extends to an isometry V. — V.

In particular, this implies that the group of isometries of V' acts transitively on the set of

totally isotropic subspaces of any given dimension.
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Let V be a vector space over F,, equipped with a non-degenerate, non-neutral bilinear form.
Let S be a scheme over F),. By viewing V' as a coherent sheaf on Spec F,, we see that there is a

canonical isomorphism

F5(V® Os) =V ®0s

Precomposing with the canonical p-linear map V ® 0g — F§(V ® Os), we obtain a map of

sheaves

Fi:V®0s—V®U0s

This map is given on sections by v ® s — v ® s”. When S = Spec k, we will denote this map by

®.

Definition 3.0.4. [40) Section 4] A characteristic subspace of V ® O is a submodule K C V ® Og

such that

L. both K and K + F¢K are locally free and locally direct summands of V ® O,
2. K is totally isotropic of rank oy, and

3. K + F¢K has rank o9 + 1.

We define a functor My on schemes over F, by letting My (S) be the set of characteristic

subspaces of V' ® 0.

The scheme My, is studied in Section 4 of [40], where it is shown to be smooth and projective
over F;, of dimension o9 — 1. Moreover, My is irreducible, and has no F-points. The base
change My ®r, E has two irreducible connected components, which are defined over F)2> and

are interchanged by the action of the Galois group.

Remark 3.0.5. For small values of 0, the scheme My ®@p, F 2 admits the following descriptions.
» If o9 =1, My ®r, F)2 is a disjoint union of two copies of Spec F .

* If 09 = 2, My ®p, F)2 is isomorphic to a disjoint union of two copies of P% .
p
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s If o9 = 3, My ®r, F,2 is isomorphic to a disjoint union of two copies of the Fermat surface

See Example 4.7 of [40]. The last case is proven in Proposition 5.14 of [15].

By definition, My, comes with a tautological sub-bundle Ky, C V' ® O)y,,, and the pairing

induces a diagram

0 Ky V ® Oy, Qv 0
f f f (3.0.5.1)
0 Qi V* @ Oy, K 0

Definition 3.0.6. The Artin invariant of a characteristic subspace K C V ® k is
Uo(K) =00 — dime(K N V)
The subspace K is strictly characteristic if oo(K) = oy.

Definition 3.0.7. Let W C V be a subspace. We consider the Cartesian diagram

KynW —— W

| !

Ky ——— V&0,

of schemes over My, where Ky, is the vector bundle on My associated to Ky, and W is the
associated constant group scheme. The zero section Z C Ky, N W is open and closed, and so
the morphism Ky, "W\ Z — My is closed. We let M“;V C My be the open complement of the
image of this morphism. A k-point [K] € My (k) lies in M7} exactly when the intersection of K
and W inside of V ® k is trivial. In particular, we set Uy = M“// This is the locus of points with
maximal Artin invariant.

We let My C My denote the closed complement of the union of the M‘(/w> as w ranges
over the non-zero vectors in W. We give My 1 the reduced induced closed subscheme structure.

A k-point [K]| € My (k) lies in My, exactly when W C K.

Notation 3.0.8. For the remainder of this section, the following notation will be consistently used.
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We let V be a fixed vector space over F,, of dimension 20( + 2 equipped with a non-

degenerate non-neutral bilinear form.

We let v € V be a fixed vector that is isotropic, meaning that v # 0 and v? = 0.

We set V' = v* /v. This is a vector space of dimension 20, and is equipped with a natural

bilinear form which is again non-degenerate and non-neutral.

* We fix an orthogonal decomposition V=Vea& (Uz ® F)p), where Uy ® F, is defined in
Definition (such a decomposition exists for any v by Theorem [3.0.3).

Lemma 3.0.9. Let S be a scheme over F,, and let K C V ® O be a characteristic subspace. If for
every geometric point Speck — S the fiber K®k CV &k does not contain v(=v® 1), then the
image K off? N (vt ® Og) in' V ® O is a characteristic subspace, whose formation is compatible

with arbitrary base change.

Proof. Every geometric fiber of K is a maximal totally isotropic subspace of V & k. Therefore by
Nakayama’s Lemma the map of sheaves K — Og given by pairing with v is surjective, and we

have a short exact sequence
O—)f(ﬂ(vj‘@ﬁg)—}f?—)ﬁig%o

This shows that K N (vt ® Os) is a locally free quasi-coherent sheaf of rank o, whose formation

L = vl /v = V induces an

is compatible with arbitrary base change. The quotient map v
isomorphism

KNt ®os) S (Knovt®0s)/(ve Os) = K

Thus, K is locally free of rank oy, is locally a direct summand, and is compatible with arbitrary
base change. It is clear that K is totally isotropic. The same reasoning applied to K + F*K
shows that (K + F*K) N (v- @ Og) and its image under the quotient map are direct summands

of rank oy + 1. O

Note that this condition on the geometric fibers of K is equivalent to the induced map

S — M;; factoring through M. é/w. Because of the compatibility with respect to base change, the
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association K +— K defines a morphism

o MY — My (3.0.9.1)

This morphism was also studied by Liedtke in [33].

Definition 3.0.10. We define a group scheme %4, on My by the kernel of the map

K ® ﬁMV liF])CIV\ K ® ﬁMV
Ky, Ky + Fy Ky

of group schemes over My .
Proposition 3.0.11. There is an isomorphism %%, —> Méw of schemes over My, .

Proof- We will first define a morphism f: %, — M é/U)' That is, we will give a characteristic

subspace of Ve O, whose intersection with (v) ® O o is trivial. By definition, we have an
v
exact sequence

0_>%V_>K®@\/IV 1=Fir,, K@ﬁ*MV
K\/ KV + FMVKV

of group schemes over My . On %, there is a tautological section

/%V)

satisfying (1 — F*)%y € Ky + F*Ky. Consider the sub-bundle K C V ®@ O, defined locally

V®ﬁMV

By el (62/\/, K
v

as

~ B2 ~
K = <x1 + (z1.B)v, ..., 25y + (T5y-B)v,w + B + 2v> CV® 0y,

where 1, ..., 4, is a local basis for K|, , and B denotes a local lift of the tautological section
By to V ® Oy,,. Note that as Ky is totally isotropic, this does not depend on our choice of
B. By construction, K is locally free of rank og + 1, is locally a direct summand, and is totally
isotropic. Using the defining property of %y, and that Ky is characteristic, it follows that K is

characteristic as well. Thus, we get a morphism f: %, — M )

N which is compatible with the

respective morphisms to My, .
Let us construct an inverse. We seek a global section of %V|M<v>. Pairing with -v gives a short
v

exact sequence

<—7"’U>
|y = Oy =0

0—>K‘7’M£U> ﬂ(vJ‘@)ﬁM@) = Kyl
v v v v
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1

and the projection v — V induces an isomorphism

J_ ~
KV’M‘@ N ® ﬁM‘gJ)) — my Ky

Thus, letting p: V — V denote the projection, we have maps

Kyl yo ) PG ym) VOO, w
Vv \4

~ Vv
O o) =
v

— C
K‘7|M§J) N (UJ- & ﬁM‘%m) T Ky s Ky

The image of 1 € F(Miw, 0

7 M(v)) under the left isomorphism can be lifted locally to a section
\%

of Ky of the form w+ b+ gv where b is a section of V' ® Oy, and the above composition sends
1 to b. Notice that
b? N
(1 —F*) (w+b+2v) S (K‘7+F*K‘7)ﬁ (1} ®ﬁM‘7)
Because v is fixed by the Frobenius, the projection v~ — V also induces an isomorphism

(Ky + F*Ky) N (vh @ Oar,) = 7w (Ky + F*Ky)

Thus, the image of our global section under the map

V® ﬁMﬁ’” o Ve ﬁM@
% v

T Ky 7T$(KV‘|—F*K‘/')

is zero. Therefore, b gives a global section of %y | 1~ We have constructed a morphism
v

g: M‘i/w — %y over My. One checks that this map is an inverse to f, and this gives the

result. OJ

Remark 3.0.12. Via crystalline cohomology, the period domain My classifies supersingular K3
surfaces (in a sense that is made precise by Ogus’s crystalline Torelli theorem). In the following
sections, we will interpret %4, as the connected component of the relative second cohomology of
i, on the universal K3 surface. That is, %y classifies (certain) twisted supersingular K3 surfaces.
The isomorphism of Proposition therefore suggests that there should be a relationship
between the collection of supersingular K3 surfaces of Artin invariant o9 4+ 1 and the collection
of twisted supersingular K3 surfaces whose coarse space has Artin invariant og. A central goal

of this paper is to find a geometric interpretation of this isomorphism.
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Lemma 3.0.13. The morphisms %y — My and 7, : Méw — My, are smooth.

Proof. We will show that %4, — My is smooth. Because the differential of the Frobenius vanishes,

the morphism
Voo Vo
1-Fy; :*® My _, e *MV
v Ky Ky + FMVKV

is smooth. But %4, — My is the pullback of this morphism along the zero section. By Proposition

3.0.11} 7, is smooth as well. O

By definition, My comes equipped with two natural line bundles Ky /Ky N F*Ky and
F*Ky /Ky N F*Ky. The pairing on V induces an isomorphism

Ky F'Ky
Ky N F*Ky Ky N F*Ky

= Oy,

and so these line bundles are naturally dual. Consider the open subset Uy C My parameterizing
strictly characteristic subspaces. Write U = Uy, Ky = Ky'|y, and %y = %y |u. As discussed in
Section 4 of [40], the subsheaf

Sy =KynNFKyn...nF7 Ky
is locally free of rank 1, and we have

Lo+ F* Ly + -+ Froo-l gy = Frooliy, (3.0.13.1)

Lo+ F* L+ +F27 5 =V e oy (3.0.13.2)

)

is an isomorphism, and the pairing on V' induces an isomorphism

Furthermore, the natural map

Ky

g F*UO*l
v (KV NEF Ky

Ly @ F*° %y = Oy

Consider the composition

V& oy

F*Uo—l%
U - F*UO_IKU

= (Froo Ky — 2 (3.0.13.3)

Lemma 3.0.14. The map F*7°~ 194 — £, (3.0.13.9) is an isomorphism of group schemes.
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Proof. We claim that it suffices to show that is injective (as a map of group schemes).
Indeed, we may check isomorphy on geometric fibers. By Lemma F*90=194; is a smooth,
p-torsion group scheme of relative dimension 1. Hence, its geometric fibers are abstractly iso-
morphic to a disjoint union of copies of Al. Of course, the geometric fibers of .Z); are also
isomorphic to A!. The claim follows from the fact that any monomorphism A! — A! is an
isomorphism.

Suppose that S is a scheme over My, and consider a section in F*7°~1%/4;(S) whose image
is equal to 0. Passing to an open cover of S, we may assume that .Z7; is trivial, generated by
some section e € I'(S, Z17|s), and that our section lifts to some element b € T'(S,V ® Os). We

have that b.e = 0. By assumption,
b— F*(b) € (S, F*° 1K + F*0K)
and therefore b — F*(b) is perpendicular to F*°0~1 K N F*7° K It follows that
b.F*(e) = (b— F*(b)).F*(e) + F*(b).F*(e) = F*(b).F*(e) = F*(e.b) =0

Similarly, we find b.F*(e) = 0 for 0 < i < 09 — 1. By (3.0.13.1), b is orthogonal to F°~1K.
As F*°0~1 K is a maximal totally isotropic sub-bundle, it follows that b € T'(S, F*?°~! K). This

means that our original section was equal to 0. O

Lemma 3.0.15. If K C V ® k is a characteristic subspace of Artin invariant o, then the fiber of %y,
over [K| is isomorphic to A* x (Z/pZ)®7°=7. In particular, the group scheme %y is an A'-bundle

(that is, a smooth morphism whose geometric fibers are isomorphic to A').

Proof. The last claim is implied by Lemma For the first claim, consider N;p'(K) C V ®k.
This is fixed by ¢, hence is equal to W & k for some totally isotropic subspace W C V, and has
dimension o¢ — o. Using Theorem we find a subspace Vj C V such that the form on Vj
is neutral and nondegenerate and W C V{ is a maximal totally isotropic subspace. There is a
direct sum decomposition V' = 1 @ V/V}) and an induced isomorphism

Vek, Vook Vek/Vo®k
K  Kn(Wwek) (K+VWwek)/Vook

Because W ® k is a maximal totally isotropic subspace of Vy ® k, and K is totally isotropic,
W®k=KnN(Vy®k). On the other hand, K NV = K NVy = W. It follows that that
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KnNn(VW®k)=(KnNVW) ®Ek, so the first term is isomorphic to (Vo/W) ® k. The kernel
of 1 — F on this term is therefore (Z/pZ)®7°~7. In the second term, note that the subspace
(K +Vo®k)/Vo®k C (V/Vh) @ k has trivial intersection with the F,-subspace V/V{ and

therefore is strictly characteristic. O

Remark 3.0.16. By Lemma %y — U is an A'-bundle. Furthermore, its Frobenius pullback
F*70=19/; is isomorphic to a line bundle, and hence locally trivial in the Zariski topology. We do
not expect this to be the case for %4 as long as oy > 2. We can verify this for 0g = 2 using the
explicit descriptions in Remark Indeed, the o9 = 2 period space is geometrically a disjoint
union of two copies of P!, and the group scheme %/, over the oy = 2 period space is isomorphic
to an open subset of the o9 = 3 period space. Hence, if %4; were Zariski locally trivial, then the
0o = 3 period space would be (geometrically) rational. But, by Remark the o9 = 3 period

space is not geometrically rational for any p > 3.

We have the following consequence of Lemma [3.0.14

Proposition 3.0.17. Each connected component of My ®Qw, F 2 is purely inseparably unirational over

F.

Proof- We will induct on 0g. The cases 09 = 1 and 0y = 2 are covered by Remark Suppose
that the result is true for some (. By Proposition [3.0.1, % is isomorphic to an open subset of
Ms;. Choosing an open subset of My where £y is trivial, we find by Lemma |3.0.14| a birational

map

70-1/M)

M ——» My x A! (3.0.17.1)

/M)

where M ‘(7{3 o is defined by the Cartesian diagram

M£p0071/M) Wao—l M‘</v>
\%

Ty
l Foo—1 J

M
My —Y— My

Composing the inverse of (3.0.17.1) with Wo0~! we find a dominant rational map

MV X .A1 -—> M‘~/
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over My which is generically finite and purely inseparable on fibers. The result follows by induc-

tion. O

Remark 3.0.18. In Proposition 10.3 of [43] it is shown that My is unirational. We have not checked

whether their unirational parameterization is related to ours.

Remark 3.0.19. Here is a strange observation. If p = 3, then by Remark the o9 = 3 period
space is geometrically a disjoint union of two copies of the Fermat quartic, which is known to be
isomorphic to the unique supersingular K3 surface X; of Artin invariant 1. The above gives an

explicit description of a number of quasi-elliptic fibrations X; — Pl

3.0.2 Twistor lines

We will fix for the remainder of this paper an algebraically closed field k of characteristic p > 0.

We will continue to assume that p > 3, unless explicitly noted otherwise.

Notation 3.0.1. We write

My = My XspecF, Speck

for the base change of My to Spec k. Equivalently, this is the functor on the category of schemes
over k whose value My (S) on a k-scheme S is the set of characteristic subspaces of V @ 0.
We let M‘V/V and M\gw be the base changes of the subschemes defined in Definition and
we will denote the base change of the universal bundle Ky and the morphism 7, by the same

symbols.

It is shown in [40] that My has two connected components, each of which is defined over
Fpg. We maintain Notation , so that V is a vector space over F,, of dimension 20¢ + 2

equipped with a non-degenerate, non-neutral bilinear form.

Definition 3.0.2. A twistor line in Mf/ is a subvariety L C MV that is a connected component

of a fiber of 7, over a k-point [K] € M,UL/U(]C) for some isotropic v € V.

By Lemma [3.0.15] any twistor line is isomorphic to A'. We will eventually construct certain
families of twisted K3 surfaces whose periods correspond to the twistor lines. In this section, we

will record some facts about the geometry of twistor lines in Mf/.
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Remark 3.0.3. Fix a characteristic subspace K C V ® k. Let U(K) be the group of k-points of
the fiber of %4 over [K] € My (k), so that

UK)={BeV®klB—oB)ecK+ oK) /K

Under the isomorphism U(K) = 7, }([K])(k) of Proposition [3.0.11, we obtain an explicit de-
scription of the fiber of 7, over [K], which is useful for making computations. Let {x1,...,zs,}

be a basis for K and B € V ® k an element such that B — ¢(B) € K + ¢(K). Set

2

B -
K(B) = <:):1 + (z1.B)v, ..., 25y + (T5,-B)v,w + B + 2w> CV®Ek

Then K (B) determines (and is determined by) B modulo K, and K(B) is the characteristic

subspace corresponding to (the image of) B in U(K). If K is strictly characteristic, then a further
description of the fiber 7, !([K]) is implied by Lemma [3.0.14} Specifically, if e is a generator for

the line

Ik =KnpE)n---Ne? HK)

then the map
B+ B.p 7°T(e)

gives a bijection % (K) = k.
Let L C My be a twistor line that is a connected component of a fiber of 7, over a k-point
[K] € My (k).

Lemma 3.0.4. If[K] € L(k) is a k-point, then

_ oo(K)+1 ifKnNV cot
oo(K) =
oo(K) otherwise
In particular, the twistor line L has generic Artin invariant oo(K) + 1.
Proof. By assumption, K = (I? Nvt)/v C V @ k. As in the proof of Lemma , the quotient
map vt — v /v = V induces an isomorphism
(KNVnoh)/v S KNV

It follows that oo(K) = 0o(K) + 1 if K NV C vt, and 0¢(K) = 0¢(K) otherwise. O



53

Lemma 3.0.5. Ifv' € V isan isotropic vector such that v.v' # 0, then L intersects Mf/ s i at most

one point.

Proof. Recall that in Notation we have fixed an orthogonal decomposition V=Ve& U,
F,), where Uy ® F), is generated by v and w, which satisfy v = w? = 0 and v.w = —1. This

decomposition gives rise to a diagram

—(v)
M

7o |m

My
where 0, is the section of 7, defined by K — (K, w). Note that the image of o, is MV w C M‘;.
From this, it is clear that L intersects the locus M‘; ,, in at most one point. We will transfer this
result to v/, essentially by using the group structure given by the isomorphism of Proposition
3.0.11 In terms of our orthogonal decomposition, we have v/ = w + b + (b?/2)v for some b € V.

Consider the linear transformation exp(b): V — V given by

v,
w s w+ b+ (b*/2)v, and

z—x+ (z.b)v forzeV.

One checks that exp(b) is in fact an isometry. We have a commutative diagram

M(v) exp(b) M@

v ~
ﬂx A/
My

Furthermore, the image of exp(b) o 0y, is exactly MV - This gives the result. O

Lemma 3.0.6. If L has generic Artin invariant o > 2, then L intersects the locus of points with

Artin invariant o — 1 in p?°~2 distinct points.

Proof. Under the isomorphism of Proposition |3.0.11| (see also Remark[3.0.3), the points in the fiber

-1

Ty

([K]) with Artin invariant o — 1 correspond to the subgroup

Vv CV®k‘
KnvV K
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The dimension of the F-vector space V/(K NV) is 09 + 0 — 2. By Lemma [3.0.15] the fiber

-1

~1([K]) has p?~° connected components. It follows that L contains p?*~2 points of Artin

s

invariant o — 1. O
We next study the tangent spaces of twistor lines.

Lemma 3.0.7. The canonical connection on Fy;_ K3 induces an isomorphism
\4

1~ Far Ky
Tay = Aromasg | Ky 0 Far, Ky e 5
v

Proof. See |40], Proposition 4.6. O

Lemma 3.0.8. Write K = KV|M<“> and K = Ky . Under the isomorphism of Lemma |3.0.7, the
v
sub-bundle

T cT!
M /My MY
is identified with
KNF*K F*K \ . F'K
Hom | = = , = = | =2 = —
My \KNF*Knovl KNF*K KNFK

Proof. There are isomorphisms

WUT]&V = WvﬁomMV (KﬂF*K,m> :e%aomMév) (KﬂF Kﬂv ,m>

The morphism 7, induces a commutative diagram

and the right vertical map sends a homomorphism f: KNF'EK — F*I?/I? N F*K to the

composition

. - . - F*K
KNFEKnvr o knrrg L 22
KN FK
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Thus, its kernel is

KNFK F*K
T! v) =Hom, ) | = = ) = =
M /My v \KNF*Knvt KNF*K

Finally, note that pairing with v gives a trivialization

KNF*K .
_—= — ﬁM@)
KNF*KnNot v

Consider the open subset U; C My consisting of those characteristic subspaces with maxi-
mal Artin invariant. This is the intersection of the domains of definition of the rational maps
as v ranges over all isotropic vectors in V. Thus, for any isotropic v € V, we get a morphism

Uy — Uy, whose fibers over k-points are open subsets of twistor lines in M.
Lemma 3.0.9. Let vy, ..., v, be an enumeration of the isotropic vectors in V. The morphism
U‘~/ — Uvé—/vo X e X va;/vn

induced by the fibrations ,, is unramified. In other words, for any x € Uy (k), the tangent vectors to

the twistor lines through x span Tlf/’x

Proof. Take a point x € U (k) corresponding to a characteristic subspace K C V ®k. Fix an
isomorphism (F*K /(K + F*K))|, < k. If v; € V is isotropic, then the tangent space to the

fiber of m,, containing z is
KNF'K =~
Hom #,k CHOIH(KDF*K,]{})
KNF*K Nvt

Thus, it will suffice to show that the functions (_,v;) span Hom(K N F*K k). Let ¢ € K be a
vector that spans the line [z = KNne(K)N...e%(K), so that {o770F(e),... e} is a basis

for K N (K). Note that for any vector v defined over F, we have

(v.e)pj =o' (v.e) = v.¢’(e)
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for all j. In particular, each v; is uniquely determined by \; = v;.¢0 ?°T!(e), and the \; are

distinct and non-zero. We will be finished if we can show that the matrix

Do N A
Lo Apret
D p0'071

D AL N

has full rank. Take a oy X o¢ minor of A, which we may assume to be ()\g j)ggmggo_l without
loss of generality. Consider its determinant D(\, ..., As,—1) as a polynomial in the \;. We claim

that

Doy dep-)=c  J[
aeP?0~1(F,)

where ¢ € F* is a non-zero constant, and for & = [ag: - : apy—1] € PO7L(F,) we set
Ao = 220:61 oAk, which is well defined up to elements of F;;. To see this, note that if one
of the A\, vanishes, then D()\g,...,As,—1) vanishes as well. Thus, by the nullstellensatz, the
product of the A\, divides D(\o, ..., Ay,—1)- By comparing degrees we get the result. So, to show
that A has full rank, we need to show that we can find oy vectors among the v; such that the
corresponding \; are linearly independent over F),. Because the \; are distinct and non-zero,
we can do this if n > p?°~!, By Lemma 4.12 of [40], the number of isotropic vectors in V is

p2ootl _ pootl 4 oo ]
3.1 The relative Brauer group of a family of supersingular K3 surfaces

Fix a relative supersingular K3 surface 7: X — S. In this section we will study the relationship
between the cohomology sheaves R27rfup and leip )étu(l), and relate them to the Hodge and
conjugate filtrations on the de Rham cohomology of X — S. In order to allow for the variation
of the Artin invariant of the fibers, we will find it convenient to introduce an appropriate marking

of the relative Picard group.

Definition 3.1.1. A supersingular K3 lattice is a free abelian group A of rank 22 equipped with

an even symmetric bilinear form such that

L disc(A ® Q) = —1 in Q*/Q*?,
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2. the signature of A ® R is (1,21), and

3. the discriminant group A*/A is p-torsion.

For the definitions of these terms and other lattice theoretic background we refer to Chapter
14 of |21]. It is shown in [4]] that the supersingular K3 lattices are precisely those lattices that
occur as the Picard group of a supersingular K3 surface. If A is a supersingular K3 lattice, then

there are inclusions

pA CpA* C A CA*
We set
_ pA” A
~pA LT pAs

By condition (3), Ag and A; are vector spaces over F,. The dimension of A over F, is equal to

Ao

200 for some integer 1 < ¢ < 10, called the Artin invariant of A, and the dimension of A; is
22 — 20¢. The Artin invariant determines A uniquely up to isometry (see Theorem 7.4 of [40]).

There is a natural symmetric bilinear form Ag ® Ay — F,, given by
70 =p Yv,w)y modp

for v,w € pA* C A. This form is non-degenerate and non-neutral, so that V' = A satisfies the

assumptions of section We fix a supersingular K3 lattice A with Artin invariant oy.

Definition 3.1.2. If S is a k-scheme, we define a family of A-marked supersingular K3 surfaces
over S to be an algebraic space X equipped with a smooth, proper morphism X — S whose
geometric fibers are supersingular K3 surfaces, along with a morphism m: Ag — Picx/g of
sheaves of groups that is compatible with the intersection forms. We let Sy denote the functor

whose S-points are isomorphism classes of families of A-marked supersingular K3 surfaces over

S.

Using Artin’s representability theorems, Ogus proved the following.

Theorem 3.1.3. [4], Theorem 2.7] The functor Sy is representable by an algebraic space over k that is

locally of finite presentation, locally separated, and smooth of dimension oo — 1.

We recall the definition of Ogus’s crystalline period morphism.
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Definition 3.1.4. Let 7: X — S be a relative supersingular K3 surface equipped with a marking
m: Ag — Picx/g. Composing with the Chern class map Picx/g — H2,(X/S), we obtain a
map Ag — H25(X/S), which induces a map Ag ® Og — H35(X/S). Because pOs = 0, there
is a natural inclusion Ayg ® Og C Ag ® Os. Suppose that S is smooth over k. As described
in Section 3 of [41], the kernel of the map Ag ® 05 — H2,(X/S) is a characteristic subspace
K' € Ayg ® Os, and that the Gauss-Manin connection induces a descent datum on K’ with
respect to the Frobenius Fg. Thus we find a characteristic subspace K C Ajg ® Og equipped
with an isomorphism F¢K = K'. In particular, the moduli space Sy is smooth, so we may apply
the construction of K to produce (via étale descent) a characteristic subspace Ky C Agg ® Os,,

which in turn gives a morphism

p: SA — MAO (3.1.4.1)

Remark 3.1.5. The morphism p can be interpreted in terms of crystalline cohomology (see Remark
[3.2.5). We will take this viewpoint in Section [3.3] when we define a period morphism for twisted

supersingular K3 surfaces.

Remark 3.1.6. Note that this definition of the period morphism is not purely moduli-theoretic, in
the sense of giving an “intrinsic” procedure that associates to any marked family over an arbitrary
k-scheme S a characteristic subspace. The difficulty lies in the descent through the Frobenius.
If S is a smooth k-scheme, the Gauss Manin connection induces a descent of the kernel of the
map A ® Og — H3(X/S) through the Frobenius, and the resulting characteristic subspace is of
formation compatible with base change along morphisms 7" — S, where 7" is a smooth k-scheme.
If, however, S is not smooth, then it is not clear which descent of K’ to choose. By defining the
period morphism in terms of the universal characteristic subspace, we have in effect specified a

choice of Frobenius descent of the kernel for every marked family over an arbitrary base.

Proposition 3.1.7. If 1: X — S is a relative supersingular K3 surface, then the shealew,Ep)étu(l)

is representable by a group algebraic space of finite presentation over S.

Proof- 1t will suffice to prove the result after taking an étale cover of S. Thus, we may assume
that there exists a marking Ag — Picy/g (see page 1522 of [42]). Let pg: S — My, be the

corresponding morphism. The sheaf K, on M 5, pulls back to a sheaf K on S, whose associated
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vector bundle we will denote by K. By results of [40], we have a diagram

0 —— FK —— Ag® O FY FtK —— 0
0 —— FgK —— Ag® Oy F}, KNF:K — 0 (3.1.7.0)
0 — F§K —— K+ FK F? 0

of big étale sheaves on .S with exact rows, where
0C F4 C Fy C Fy =H2,(X/9)a

is the Hodge filtration (2.3.5.3) on the second de Rham cohomology H2,(X/S)e. Note that
the entries of this diagram are representable by groups schemes on S. The first Chern class map

Picy/g — R27r$t(2§§75 factors through R!7éZ 1(23275. By Lemma[2.3.10} there is an identification

leﬁtZngas = F}, N F}, and the inclusion
Fjy N Fp — Hip(X/S)e

together with (3.1.7.1) gives a diagram

0 —— Ag® Os/F(K —— FENFL —— KNFEKNFPK —— 0

l l l (3.1.7.2)

0 — Ag® Os/F¢K —— H?IR(X/S)& — K ——— 0

with exact rows. We emphasize that by F}{ N F(l; and K N FSK N FS*QK we mean the fiber
products of sheaves (or modules) on the big étale site of S. The rank of these sheaves jumps on
the superspecial locus, and they will not be quasi-coherent in general. Furthermore, by (3.1.7.1)

there is a short exact sequence

Ag® Os

= e F(Fp/Fiy) = FSENFGK — 0
FSK + FPK
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We are led to the following diagram of big étale sheaves on .S, with exact rows and columns.

0 0 0
0 ¥ Ag® Oy 1-F3 Ag® O
FoK F{K + FPK
0 —— Rlﬂ'ip)éty(l) L FLAE Comg—Fory Fi(Fh/F2) (3.1.7.3)
0 4 KENFENFRE 5 P n Rk
0 0 0

The sheaf 7 is the kernel of a map of group schemes, and so is representable. We have a map of

exact sequences

* %2 1-Fg * *2

0 v/ 4 KNFSKNFEK — FSKNFEK
H ;[ 1-Fg * j *2

0 v FiK ——5 5 FiK + F2K

Thus % is also the kernel of a map of group schemes and hence representable. By Lemma (3.1.8]

it follows that Rlﬂ'ip )éty(l) is representable by an algebraic space. O

Lemma 3.1.8. If X is a scheme and 0 — A — B — C' — 0 is a short exact sequence of sheaves of

abelian groups on X, then if A and C' are representable by algebraic spaces, so is B.

Proof. Let us think of B as a sheaf of groups on C via the map B — C. The map A — B
gives an action of A on B over C. Because B — C' is a surjection of big étale sheaves, it admits
a section étale locally. Thus, B is an A-torsor, and étale locally on C' there is an isomorphism

B = A x C. We conclude that B is an algebraic space. O

If 7: X — S is a family of supersingular K3 surfaces, then the conditions of Proposition

2.2.11) are satisfied, and so we obtain a morphism

T: R, — RAP(1) (3.1.8.])
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By Theorem and Proposition [3.1.7, these sheaves are represented by group algebraic spaces

over S.

Remark 3.1.9. It follows from Proposition [2.2.12|that Y is a universal homeomorphism. By Remark
2.2.18} it is totally ramified relative to .S. We will deduce in Proposition (3.3.10| that T is essentially
the relative Frobenius over S.

Suppose that the family X — S is equipped with a marking Ag — Picx/g. We will identify

some particular subgroups of the sheaves R27r§p,p and le(kp )étu(l). We will use the notation of

the proof of Proposition [3.1.7, and in particular diagram (3.1.7.3). Let %s be the pullback of %,

under the induced map pg: S — Mj,. Consider the exact sequence

Aos®ﬁs 1-F§ A()S@ﬁs
F{K FiK + FPK

0— Fg'%s —

As FK C Ayg ® Og, we get a commuting diagram

Aos@ﬁs 1-Fg Aos@ﬁs
FiK FK + FPK

| | |

0 v Ag® Os 1-F; Ag® Oy
FiK F!K + F$’K

0—— Fglq/s

Definition 3.1.10. If 7: X — S is a relative supersingular K3 surface and A — Picy/g is a

marking, we define the subsheaf

Rz (1)° ¢ RV (1)
to be the image of Fg Y% under the inclusions

Fil'as ¢ v c RaP4u(1)

We define
(R’mlp,)” C R*lp,

to be the preimage of R17r£p)étl/(1)o under the morphism (3.1.8.1).

Note that these subsheaves depend on the marking, although it is suppressed from the nota-

tion.
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Lemma 3.1.11. The subgroups R7r{ )éty(l)" and (R?mf1,)° are open and closed and are represented

by group algebraic spaces. There is a short exact sequence
0— RAP%(1)° = RIAPH0(1) 5 2 - 0 (3.L1L1)
where 9 is a group scheme that fits into a short exact sequence
0=>MNg =2 =W —0

Proof. Because Fg '%s is representable, so are leip)étu(l)o and (Rzﬁfup)o. We have a short
exact sequence

0= 7 > RAEP* 1) 5w =0

The cokernel of the map Fs_l%g — ¥ is the fixed points of F§ acting on Ag ® Os/Agg ® O,

which is just A;g. We obtain a diagram

0 0 0
0 —— Fg'%s 4 A 0
0 — leip)éty(l)o . R17T£p)étV(1) 9 0 (3.111.2)
0 V4 V4 0
0 0

with exact columns and rows. Because A;q is separated over .S, the morphism ¥ — % is
separated. The sheaf % is equal to the intersection K N Ajg, and in particular is separated
over S. We conclude that & is separated over .S, and therefore the zero section of 7 is closed.
The immersion % C Ayg shows that the zero section of % is open, and hence A — Z is
open. It follows that the zero section of Z is also open. Thus, the subgroups Rlr® )éty(l)o and

(Rzﬂfup)o are open and closed. O

Lemma 3.1.12. The group schemes (RQqup)o and leﬁp)éty(l)o are smooth over S of relative

dimension 1. Every geometric fiber of either has connected component isomorphic to G,,.
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Proof By Lemma (3.0.13} lei”)étu(l)o — S is smooth, and by Lemma [3.0.15) every geomet-

ric fiber has connected component isomorphic to G,. Lemma [3.L11) gives that the morphism
(R27TE[,LP>O - RQWEMP is open and closed, so by Proposition [2.1.11] each geometric fiber of
(szfup)o is regular of dimension 1, and has connected component isomorphic to G. It re-

mains to show that (RQWENP)O — S is flat. The morphism (3.1.8.1) gives a diagram

(R*mfp,,)° x5 Rlﬂﬁp)étu(l)o
\ !

We have already seen that the vertical arrow is smooth. By Proposition the horizontal arrow
is a universal homeomorphism. It follows that (szfup)o — S is universally open. Moreover,
its geometric fibers are reduced. It will suffice to prove the result in the universal case when
S = S\, so we may in addition assume that S is reduced. By 15.2.3 of [14], these conditions imply

flatness. 0

Let us now suppose that S = Speck, and that 7: X — Speck is a supersingular K3 surface
equipped with a marking m: A — Pic(X). Evaluating the morphism on Speck, we
obtain a diagram

(Rl ) (k) —— (R 0(1) (k)
H H (3.112.1)

H2(Xﬂ7 y’p) — Hl(Xéta V(l))
where the vertical arrows are the canonical identifications induced by the respective Leray spec-

tral sequences.

Definition 3.1.13. If X is a K3 surface, we say that a class a € H?(X, M, is transcendental if its

image in H3,(X/k) is orthogonal to the image of the first Chern class map
Pic(X) — Hjp(X/k)

If X is supersingular and m: A — Pic(X) is a marking, then we say that « is transcendental

with respect to m if its image in H2,(X/k) is orthogonal to the image of

A — Pic(X) — H2,(X/k)
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Lemma 3.1.14. 4 class o € szfup(k:) is transcendental with respect to a marking A — Pic(X) if

and only if it lies in the subgroup (R*7!pu)°(k) € R*nlp (k).

Proof. The subspace A ® k/F; K C H2,(X/k) has rank 22 — 0, where 0y is the Artin invariant
of A. The subgroup pA* C A consists of those elements x € A such that (z,y) = 0 mod p
for every y € A. The span of the image of pA* in H3,(X/k) is therefore in the orthogonal
complement of A ® k/F; K. But the subspace Ag ® k/F; K C H2,(X/k) has rank 0, and the

pairing on H2(X/k) is perfect. Therefore
ARK\T  [(Ao®k
FrK ) \ F/K

as subspaces of H25(X/k). In particular, the subgroup of transcendental elements of R?7!! ey, (K)

is equal to the intersection of Rzﬁfup(k:) with Ag ® k/F} K inside of H25(X/k). By definition,
this is equal to (R27r§pp)0(k:). O

Finally, let us further specialize to the case when S = Spec k, and the marking A — Pic(X)

is an isomorphism.

Lemma 3.1.15. If the marking m is an isomorphism, then (RQqup)o is the connected component of

the identity.

Proof- Using the notation of the proof of Proposition |3.1.7, we have a short exact sequence
0= 7 > RAPH 1) 5w =0

Note that in this case # is the trivial group. Thus, the identity component of le(kp )étl/(l) is
identified with the image of the identity component of Fg 1(02/5). But by Lemma this
group is isomorphic to A!, and in particular connected. By Proposition the morphism
R27Tfu,p — leﬁp)étu(l) is a homeomorphism, so (RQqup)o is the connected component of

the identity. ]

Remark 3.1.16. We will eventually show that if 7: X — S} is the universal marked supersingular
K3 surface, then the subgroup (R2r! K,)° C R27f t,, is the connected component of the identity.
More generally, the same is true for any marked family such that the marking is generically an

isomorphism.
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Remark 3.1.17. Let us consider the k-points of the diagram (3.1.11.2). Evaluating the short exact se-
p g g

quence (3.L1L1) on k, and applying the isomorphism Rz, (k) = Rlﬂip)étu(l)(k) of diagram

3.1.12.1) we get a short exact sequence

0 — (R?rlp,)°(k) = R, (k) — 2(k) =0

Recall that under the identification R*rfp, (k) = H?(X, p1,), the subgroup (R?*zfp.)°(k) cor-
responds to the group U?(X, p1,,) of , and Z(k) corresponds to D*(X, ,,). Finally, note
that as the marking is an isomorphism, the sheaf 7  in vanishes. Thus, the diagram
on k-points recovers (part of) diagram (2.1.13.1). We will find a strengthened form of this
observation in Remark

3.2 Twisted K3 crystals

Let W = W (k) be the ring of Witt vectors of k, K = W[%] its field of fractions, and Fyy: W —
W the homomorphism induced by the Frobenius on k. We begin this section by recalling from
[40] the definition of a K3 crystal over W, and their connection to characteristic subspaces. We
then introduce a crystalline analog of the Hodge-theoretic B-fields studied in |23]. Unlike in the
complex case, crystalline B-fields satisfy a non-trivial relation, given in Lemma [3.2.1]] Accordingly,
they seem to posses a somewhat richer structure than those over the complex numbers. In
particular, in the supersingular case they have nontrivial moduli. Using these, we show how
to associate a K3 crystal to a pair (X, ), where X is a K3 surface and o € H?(X, ) (we will
prefer to express the data (X, ) as a p,-gerbe 2" — X, although in this section this is just
language). This construction is the crystalline analog of the twisted Hodge structures defined in
[23]. We then discuss these constructions in the relative setting.

Suppose that 7: X — Speck is a K3 surface over k. The second crystalline cohomology
group H%(X/W) of X is a free W-module of rank 22, which is equipped with a Fyy-linear
endomorphism ®: H?(X/W) — H2(X/W) induced by the absolute Frobenius on X. The pair
(H2(X/W), ®) is an F-crystal, in the sense of Definition It also is equipped with a perfect
pairing

H?(X/W) @w HA(X/W) - W
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which satisfies a certain compatibility with ®. Following Ogus [40], we abstract these properties

in the following definition.

Definition 3.2.1. A K3 crystal of rank n is a W-module H of rank n equipped with a Fyy -linear

endomorphism ®: H — H and a symmetric bilinear form H ®y H — W such that

1. p?H C ®(H),
2. ® ® k has rank 1,
3. the pairing (_, _) is perfect, and

4. (®(x), ®(y)) = p*Fw (z,y) for all z,y € H.

A K3 crystal H is supersingular if H is isogenous to a crystal such that ® acts as multiplication

by p. In this case, we use the notation ¢ = p~1®.

Remark 3.2.2. Condition (1) is equivalent to the existence of a map V: H — H such that
DoV =V od = p? (see [39, Proposition 1.6.4]). If H is supersingular, then Corollary 3.8 of [40]
shows that (2) = (1).

Definition 3.2.3. The Zate module of a K3 crystal H is
Ty = {h € H|®(h) = ph)

This has a natural structure of Z,-module, and is equipped with the restriction of the bilinear
form on H. If H is supersingular, then by Proposition 3.13 of |[40] the p-adic ordinal of the

discriminant of T is equal to 20¢ for some integer o9 > 1, called the Artin invariant of H.

Supersingular K3 crystals give rise to characteristic subspaces via the following procedure. If

H is a supersingular K3 crystal with Tate module 7', then we have a chain of inclusions
TeWcCcHCT* ®W

Proposition 3.2.4. /40, Proposition 3.2] If H is a supersingular K3 crystal, then T* /T is a vector
space over F), of dimension 200 whose induced bilinear form is non-degenerate and non-neutral, and
the image H of H in T* @ W/T @ W = (T*/T) ® k is a strictly characteristic subspace, as is
Kp = ¢~ '(H).
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In fact, Ogus shows that this procedure is reversible, so the above correspondence gives an
equivalence between certain appropriately defined categories of supersingular K3 crystals and

strictly characteristic subspaces.

Remark 3.2.5. 1f H = H?(X /W), where X is a supersingular K3 surface, then the characteristic
subspace ¢(Kjpr) produced by Proposition is essentially the same as the characteristic
subspace appearing in the definition of the period morphism. Indeed, if I is any supersingular

K3 crystal, then the image of I under the map

T*QW 5 pT*@W _ToW

H— - C
TOW pIrew — pI'e@W

=Tok (3.2.5.1)

is equal to the kernel of the map T'® k — H ® k. Because H?(X /W) is torsion free there is a
canonical identification

H2(X/W) @ k = Hia(X/k) (3.2.5.2)

of the reduction modulo p of the second crystalline cohomology group of X and the second de
Rham cohomology group of X (see Summary 7.26 in [4]). By the Tate conjecture, Pic(X)®Z, —
T. Thus, the image of H in (7T%/T) ® k corresponds under to the kernel of the Chern
class map

Pic(X) ® k — H25(X/k)

Let 2" — X be a p,-gerbe on the K3 surface X. We will show how to associate to 2~
a K3 crystal of rank 24. This construction is essentially the isomorphism of Proposition
translated into supersingular K3 crystals. We begin by recalling the Mukai crystal associated to
a K3 surface X, as introduced in [32]. Let K (1) denote the F'-isocrystal with underlying vector
space K and Frobenius action given by multiplication by 1/p. For any F-isocrystal M and integer
n, we set M(n) = M ® K(1)%".

Definition 3.2.6. The Mukai crystal of X is the W-module
H(X/W) = H(X/W)(-1) © H(X/W) @ H*(X/W)(1)

equipped with the twisted Frobenius ® : H(X/W) — H(X/W). We define the Mukai pairing on
H(X/W) by
(a,b,¢).(a, b, ) = —ad +bb —dce H(X/W) =W
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Notation 3.2.7. Given two classes (a,b,c) and (a, ', ') in H(X/W), we now have two possible
operations: the cup product and the Mukai pairing. We will reserve the notation (a, b, ¢).(a’, ¥/, )
for the Mukai pairing and will use the juxtaposition (a,b, c)(a’,, ') for the cup product. For
example, we will often translate the lattice H(X /W) inside the rational cohomology H(X/K)
by taking the cup product with a class of the form e? = (1, B, B%/2), and we will write this as
ePH(X/W) C H(X/K).

Both HY(X/W) and H*(X/W) are canonically isomorphic (as W-modules) to 7. Under

these identifications, the twisted Frobenius action is given by
®(a,b,¢) = (pFw (a), ®(b), pFiw (<))

It follows from the definitions that H(X/W) is a K3 crystal of rank 24. Because H%(-1) and
H*(1) have slope 1, H(X /W) is supersingular if and only if X is supersingular.
Recall the identifications of diagram (3.1.12.1). By Proposition |2.3.11} there is an exact sequence

Cong—7y

0 — H2(X, p,) 2% Fjy 0 FA(K) FL/F2(k) (3.2.7.1)

of abelian groups. In particular, we get an injective homomorphism
H*(X, ) = Py NV FG (k) — Hip(X/k)

and a diagram
H2(X/W)
| modn
H2(X, 1) < Hi(X/F)
where the vertical arrow is induced by the canonical identification (3.2.5.2) of the reduction
modulo p of the crystalline cohomology with the de Rham cohomology.

The following definition is the crystalline analog of the Hodge theoretic B-fields defined in
[23].

Definition 3.2.8. An element B = 7 € H?(X/K) is a B-field if a € H?(X/W) and the image of
a in H25(X/k) lies in the image of H?(X,, t,,). We write o for the unique element of H?(X, )
such that dlog(ap) = @ mod p, and we say that B is a B-field lift of ap.
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Remark 3.2.9. In this work we only discuss B-fields associated to p-torsion Brauer classes. Using
the de Rham-Witt theory, one can make a similar definition that works for p™-torsion classes as
well. As the Brauer group of a supersingular K3 surface is p-torsion, the mod p theory presented

here suffices for applications to supersingular K3 surfaces.

We will give an alternative characterization of B-fields that uses only the crystal structure on

H?(X/W). The Frobenius ®: H™(X/W) — H™(X/W) induces filtrations

M'H™(X/W) = (p~'®) " (H™(X/W))

NYH™(X/W) = p~ M= D&M H™(X/W))

Note that there is an isomorphism p~*®: M*H™ — N™"H™. Suppose that H™ (X /W) is

torsion free, and consider the natural map
p: H(X/W) - Hi(X/K)

given by reduction modulo p. The following theorem of Mazur relates the image of these filtra-

tions under p to the Hodge and conjugate filtrations on de Rham cohomology.

Theorem 3.2.10 (|4], Theorem 8.26 and Lemma 8.30). Suppose that X is a smooth proper variety
satisfying (). IFA™ Y (X /W) is torsion free, then

1. the image of M H™ (X /W) under p is Fj; H]\ (X /k),
2. the image of N'H™(X /W) under p is F¢, H]\(X/k), and

3. the following diagram commutes

MIH™X/W) —"— Fi H(X/k) —"— grh HL(X/k)

o) -

m—i [ym P m—i yym 7T m—i T1m
NTTH™(X/W) —— FR Hip(X/k) —— grp " Hip(X/k)

Lemma 3.2.11. An element B € p~' H*(X/W) is a B-field if and only if

B — ¢(B) € H(X/W) + o(H*(X/W))
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Proof- Suppose that B = 2 is a B-field. By Lemma p(a) € Fj N F}, which implies that
a € M' N N By the exact sequence (3.2.7.1), we know that C o mc(@) = mp(). Part (3) of
Theorem [3.2.10] then shows that m¢(p(a — ¢(a))) = 0, which implies that a — ¢(a) € N? + pH,
so B satisfies the claimed relation.

Conversely, suppose that B = % € p 'H?*(X/W) is an element satisfying the relation.
This implies that ¢(a) € H*(X/W), so a € M. Using that p> H? C ®(H?), we also get that
a € p(H?), so a € NL. Thus, p(a) is contained in F}; N F}. Part (3) of Theorem then
implies that 7o (p(a) — p(¢(a))) = 0, so p(a) is in the image of H?(X, H,), and hence B is a
B-field. O

Let 2" — X be a p,,-gerbe with cohomology class , and let B be a B-field lift of a. Cupping
with ¢ = (1, B, B2/2) defines an isometry H(X/K) — H(X, K), given explicitly by
B2
eB(a, b,c) = <a, b+aB,c+b.B+ a2>
Definition 3.2.12. The twisted Mukai crystal associated to 2 is the W-module
H(2Z /W) =P H(X/W) c H(X/K)

Note that if & € H2(X/W) then e € H*(X/W), and therefore the submodule H(.2 /W)
is independent of the choice of B-field. We will show that ITI(E&” /W) has a natural K3 crystal

structure.
Lemma 3.2.13. The submodule H(.2" /W) is preserved by the action of the Frobenius ® on H(X/K).

Proof. We must show that ®(H(2 /W)) c H(Z /W). Consider an element eZ(a,b,c) €
H(2 /W). A consequence of the Mukai twist is the useful relation

®(eP(a, b, c)) = e?P)d(a, b, c)
Thus, the lemma is equivalent to the statement that
e?B)=Bo(a,b,c) € H(X/W)

for all (a,b,c) € H(X/W). Write B’ = (B) — B. We have

e~ B/2
e” ®(a,b,c) = (pFW(a), ®(b) + pFw (a)B', pFy (c) + ®(b).B’ —1—pFW(a)2>
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By assumption, B’ € H2(X/W) + ¢(H?(X/W)). This implies that pB’ € H*(X/W), ®(b).B’ €
W, and pB= € W. O

Proposition 3.2.14. The W -module H(Z /W) equipped with the endomorphism ® and the Mukai

pairing is a K3 crystal of rank 24, which is supersingular if and only if X is supersingular.

Proof. Because cupping with e? is an isometry with respect to the Mukai pairing, conditions (3)

and (4) are immediate. For condition (1), we must show that for all (a, b, c) € H(2 /W)
P (p%a, p?b, p’c) € B(H(Z/W))
Because H?(X /W) is a K3 crystal,
P*(B = ¢(B)) € p” H*(X/W) + pp(H*(X/W)) C ®(H*(X/W))

and p2b € ®(H?(X/W)). To check condition (2), we must compute the image of ®: H(2 /W) —
H(2 /W) modulo pH(2 /W). This is isomorphic to the image of ¢~ 5 o ® modulo p H(X/W).
By assumption, B’ = ¢(B) — B = h + ¢(h') for some h, h’ € H*(X/W). We compute

e Bo(eB(a,b,c)) = eP . D(a,b,c)
= ¢ (pFw (a),0,0) + % (0, ®(b),0)
= (0,®(ah’), ®(ah’).h) + (0, D(b), ®(b).h)

= (0, (b + al’), ®(b+ ah').h)
Because H?(X /W) is a K3 crystal, the result follows. O

Definition 3.2.15. If 2" — X is a pu, gerbe on a supersingular K3 surface, we define the Artin
invariant oo(2") of 2 to be the Artin invariant of the supersingular K3 crystal H(.2"/W).

Remark 3.2.16. Definition |3.2.12| makes sense in the abstract setting where H is a K3 crystal and B
satisfies the conditions of Lemma (3.2.11] Much of the rest of this section is valid in this generality

as well. For the sake of exposition we have chosen to phrase our results in the geometric context.

We next introduce a twisted versions of the Néron-Severi lattice.
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Definition 3.2.17. If 2" — X is a p,,-gerbe on a K3 surface, we define the extended Néron-Severi
group of X and 2" by
N(X) = ((1,0,0)) ® N(X) @ ((0,0,1))

and
N(2)=(N(X)®Q)NnH(Z /W) c H(X/K).
Note that N(2°) only depends upon the cohomology class [2] € H?(X, Hp).

Notation 3.2.18. For an integer n, we will write N(™(.2") for N(2"), where 2" is a i, gerbe on

X whose cohomology class is n[.2"]. This is independent of the choice of 2.
In the supersingular case, we can give a very explicit presentation of N (Z).
Lemma 3.2.19. If X is a supersingular K3 surface, then any o € H?(X, ) can be written as

a = o + B, where o/ is transcendental (see Definition and (3 is in the image of the boundary
map H' (X, Gy) — H*(X, ).

Proof. Equip X with the tautological marking by A = Pic(X). Consider the short exact sequence
0 — (R*fp,)(k) = RPalp, (k) — 2(k) — 0

described in Remark |3.1.17} By Lemma [3.1.14] the subgroup (R27Tf,up)0(k) consists of exactly

the transcendental classes. Because the marking is an isomorphism, A; = Z(k), and so every
element of Z(k) lifts to an element of Rzﬂfﬂp(k‘) = H(X, p,) that is in the image of the
boundary map H'(X, G,,) — H?(X, t,). This gives the result. O

Proposition 3.2.20. Suppose that X is supersingular, let o € H?(X, ) be the cohomology class of
2 — X, and let o be the image of o in Br(X). If v is transcendental and o # 0, then

N(Z) = ((p,0,0)) & N(X) & ((0,0,1))

Let «v be arbitrary, and suppose that « = o/ + (3, where o' is transcendental and (3 has trivial Brauer

class. If B is the image of a line bundle £ under the boundary map, and t = c1(L), then

. (1, £, “2%)) & ((0,D, D.L)) @ ((0,0,1))  if0 = ap € Br(X),

((p.t. £)) @ ((0,D,D.1)) ((0,0,1)) if 0 # ag € Br(X)
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Proof. Suppose that « is transcendental, and that the class of « in Br(X) is non-zero. Let B be
a B-field lift of . An element (a,b,¢) € N(X) ® Q lies in N(2') if and only if
2

B
e B(a,b,¢) = (a,b—aB,c—b.B + a?)

is in H(X /W ). This implies a € Z. Note that b = % for some [ € N(X).If b—aB = h for some
h € H3(X/W), then aB = % — h. Because the class of a in Br(X) is non-zero, this implies that
a is divisible by p. Hence, b = aB + h € N(X). Finally, as « is transcendental, b.B € W and

2
p% € W. Therefore, ¢ € Z. We have shown that in this case

N(Z) = {(p,0,0)) & N(X) & ((0,0,1))

Next, let a € H2(X, t,) be arbitrary. By Lemma [3.2.19, we can write a = o + 3, where o is
transcendental and f3 is the image of a line bundle .Z under the boundary map H'(X, G,,) —
H?*(X, p,). Let B’ be a B-field lift of o’ and t = ¢;(£). Then B = B’ + % is a B-field lift of

and we have an isomorphism
t . BTy ~ BT
er:e” H(X/W) — e” H(X/W)

of K3 crystals. This induces an isomorphism on Tate modules, and one checks that it also induces
an isomorphism on extended Néron-Severi groups. The result therefore follows by the previous

case. O
Write T(X), T(X), and T(.2) for the Tate modules of H*(X /W), H(X/W), and H(Z"/W).

Proposition 3.2.21. The inclusion N(Z') < H(Z /W) factors through T(Z). If X is supersin-
gular, the induced map
N(Z)®Zy— T(Z)

is an isomorphism.

Proof. The first claim follows from the Tate twists in the definition of H(X /). Suppose that X

is supersingular. It follows from the definitions that

T(2) = (T(X) ® Q) NH(Z /W)
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By the Tate conjecture (or by assumption), the map N(X) ® Z, — T(X) is an isomorphism.
The calculations of Proposition [3.2.21| then apply as written to show that the Z,-span of the given

vectors is equal to T'(2"), which gives the result. O

Corollary 3.2.22. If 2" — X is a p,-gerbe over a supersingular K3 surface, then oo(2") =
00(X) + 1 if the Brauer class of 2" is non-zero, and 00(Z") = 0o(X) otherwise.

We will next discuss these constructions in the relative setting. Given a relative K3 surface
m: X — S and a p,-gerbe 2" — X, we would like to define a relative twisted Mukai crystal
ﬁ(ﬁ&” /S). The correct notion of a crystal over a non-perfect base carries significant technicalities.

We will restrict our attention to the following situation.

Situation 3.2.23. Suppose that S = Spec A is affine, where A is a smooth k-algebra. Fix a
smooth, p-adically complete lift S’ = Spec A’ of S over W, together with a lift Fisr of the

absolute Frobenius of S (that is, a morphism Fg/: S’ — S’ that reduces to Fg modulo p).

If S is perfect, then there is a unique such choice of A’, given by the Witt vectors A’ = W (A).
In general, there will be many choices of S’. Note however that our assumption that S is smooth

ensures that they are at least locally isomorphic.

Definition 3.2.24. Suppose that we are in Situation [3.2.23| A crystal on S/W (with respect to S’)
is a pair (M, V), such that

1. M is a finitely generated p-adically complete projective A’-module, and

2.V: M > M® Qé’/W is a connection such that

3. V is integrable and topologically quasi-nilpotent.

An F-crystal on S/W (with respect to (S’, Fis/)) is a triple (M, V, ®) where (M, V) is a crystal on
S/W and
O: F&(M,V) — (M,V)

is a horizontaﬂ map of A’-modules that becomes an isomorphism after inverting p.

'Recall that if (&, V) and (%, V’) are modules with connection, a map f: & — F is horizontal it V' o f =
(f ®id) o V.
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For the definitions of these terms, we refer the reader to [47, 07GlI].

Remark 3.2.25. This is essentially the same as Definition 1.1.3 of [39], although we have chosen to
work with complete objects, while Ogus works with formal objects on formal schemes. In addition,

Ogus omits the nilpotence condition, as he works only with F'-crystals, where it is automatic by

[39, Corollary 1.7].

Remark 3.2.26. As explained in Remark 1.8 of [39], the definition of an F'-crystal on S/W is in a
certain sense independent of the choice of S’ and Fs/. Suppose that (M, V) is a crystal on S/W
with respect to the lifting S’. If 7" is another smooth, complete lift of S over W, then locally .S’
and 7" are isomorphic over S. The connection V induces an isomorphism between the pullbacks
of M along any two such local isomorphisms, and the integrability assumption implies that these
isomorphisms satisfy the cocycle condition. Thus, (M, V) induces in a canonical way a crystal
on S/W with respect to 7”.

If (M,V,®) is an F-crystal on S/W with respect to (S’, Fg), and Gg is another choice of
lifting of the Frobenius, then the connection induces a horizontal isomorphism ¢: G, (M, V) —
F§,(M, V). The triple (M, V,® o¢) is then an F-crystal on S/W with respect to (S, Gg/).

This independence is explained by the site-theoretic approach to crystals and crystalline
cohomology, as developed in generality in [3]. See |4, Proposition 6.8] and [47, 07JH] for the

equivalence of these approaches.

Definition 3.2.27. [40} Section 5] A K3 crystal on S/W (with respect to (S’, Fis/)) of rank n is
an F-crystal (H,V,®) on S/W (with respect to (S’, Fs/)) where H is an A’-module of rank n,

endowed with a horizontal symmetric pairing H ® H — Og such that
L. there exists a horizontal map V': (H,V) — F§,(H, V) satisfying @oV =V o ® = P,
2. gr%. H is a locally free 0s-module of rank oneEI
3. the pairing is perfect, and

4. (®(x), ®(y)) = p*F (z,y) for any two sections z,y of I, H.

%For the definition of the Hodge filtration on an abstract F'-crystal we refer to [40].
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We say that H is supersingular if for all geometric points s — S the restricted crystal H(s) is a

supersingular K3 crystal in the sense of Definition [3.2.]]

Definition 3.2.28. Suppose that we are in Situation |3.2.23} and that X — S is a relative K3
surface. We let

(H*(X/S"), Vg, ®gr)

be the F-crystal on S/W relative to (S’, Fis) corresponding to the second crystalline cohomol-
ogy of X — S with its canonical F'-structure induced by the Frobenius. When equipped with the
pairing induced by the cup product, this is a K3 crystal of rank 22, which is supersingular if and

only if X — S is supersingular. We let
(H(X/5"), Vs, &)

be the F-crystal on S/W relative to (S, Fg/) corresponding to the total crystalline cohomol-
ogy of X — S with the twisted F-structure (as in Definition (3.2.6). When equipped with the
Muaki pairing, this is a K3 crystal of rank 24, which is supersingular if and only if X — S is

supersingular.

Remark 3.2.29. As explained in [40], the relative analogs of Proposition and Remark
hold as well.

Set H2(X/S)) = H*(X/S') ®@w K and H(X/S}.) = H(X/S') @w K. We will extend
Definition to the relative setting. We have maps
R, 5 R0 (1) T8 R2ré08, g
There is a canonical isomorphism
H*(X/S") @ A 5 Hig(X/S)
As in the case when S = Speck, we find a diagram

L(S', H?(X/S"))
l (3.2.29.1)

I(S, R2rlp,) — T(S, Hig(X/S))

although the horizontal map is no longer necessarily injective.
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Definition 3.2.30. Let X — S be a relative K3 surface and 2" — X a p,,-gerbe with cohomol-
ogy class o € I'(S, R?f!ju,)). Suppose that we are in Situation [3.2.23| Let 2 € I'(S", H*(X/S}))
be a section such that p# € T'(S’, H?(X/S")) and the image of p# in T'(S, H3(X/9)) is equal
to the image of . Consider the composition

~ B ~ ~ ~

H(X/8") 2280 {(X/S)) @ H(X/S") — H(X/SK)
where the second map is given by the cup product. We define

H(Z/S) = e”? H(X/S') C H*(X/S%)

to be its image. As before, note that this does not depend on our choice of %. This definition
makes sense more generally for a cohomology class o € T'(S, Rzﬂfup) that is not in the image

of H?(X, H,), and hence may only be represented by a gerbe flat locally on S.

Proposition 3.2.31. The A'-module H(2 /') is of formation compatible with base change, in the
Jollowing sense. Suppose B is a smooth k-algebra and B' is a p-adically complete lift of B to W. Write

T = Spec B and T' = Spec B'. Given a commutative diagram

T —— 8

o

T —— S

of W -schemes, the natural map
H(2/T') > (2 /8 @u B
is an isomorphism of B'-modules.

Proof. The crystalline cohomology of a relative K3 surface is of formation compatible with base

change, in the sense that the natural map
H(X/S") @u B — H(Xp/T")

is an isomorphism. Let Zr = Z ® 1 € H(X/S") ® 4 B’ be the pullback of . The cup product

is compatible with base change as well, so

H(Z /S @ B' =e?H(X/S) @4 B' =5 ¢?T H(Xp/T')
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Let ar be the cohomology class of the up-gerbe Zr — Xp. It follows that A is a B-field lift
of oy, and therefore that 7 H(Xp/T") = H(Z7/T). O

To endow H(.2"/S’) with the structure of a K3 crystal, we need to give it a connection. Under
our assumption that S is smooth, the second de Rham cohomology of X — S is equipped with

the Gauss-Manin connection
Vo: Hig(X/S) = Hip(X/S) @ Q)

For any D € I'(S, Té/k), composing Vo with D gives a map Vo(D): H3,(X/S) — H35(X/9).

Morevoer, via the isomorphism
H*(X/S") @w k = Hip(X/S),
the connection Vg reduces to V.

Lemma 3.2.32. If o € T'(S, Rzﬂfup) is a cohomology class, then Vo(5) = 0, where § =
dlog oY (a) is the image of o in T'(S, H%,(X/S)) under the horizontal map of.

Proof. We recall from Proposition that T is defined to be the composite of morphisms
Rrlp, — R'78(0%/057) — RlzP (1)
We consider the induced maps on global sections
(S, R%np,) = (S, RI7&(6%/03F)) — T(S, R 7P0(1))

We will show that the image of any global section of R!7¢ (05 /0) is horizontal (in fact, this
is equivalent to the result, because under the assumption that S is smooth the first map is an
isomorphism on global sections). We will do this using the explicit description of the Gauss-
Manin connection in terms of cocycles due to Katz. We will follow the presentation in Section 3
of [26], and also refer to the slightly different formulation in [28].

Let 7 be the relative dimension of X — S (in our case r = 2). Choose a finite covering {U, }
of X by open affines such that each U, is étale over A, and such that on each U, the sheaf
Q%{/S is a free Ox-module with basis {dz{,...,dz%}. We consider the double complex €**

with terms

EP1 =G ({Ua}, 2 )
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where €7 ({Us}, Q% /S) is the set of alternating Cech cochains on the covering {U,}. This is
equipped with a vertical differential d: ¢7¢ — %P9! and a horizontal differential §: €77 —
€P+14, defined in [28]. We consider the associated total complex .#® with terms
HT =) P
p+a=n

and differential d + 0. As explained in [28], the hypercohomology of .Z"®* computes the de Rham
cohomology of X — S.

Let D € Dery(0s, Og) be a k-derivation of Og. For each index «, let D, € Dery(U,, U,) be
the unique extension of D which kills dz{, ..., dz{. In |26], Katz defines maps D: €P4 — ¢Pa

and A\(D): €74 — ¢PT1971 and shows that the sum
D+ XD): A" — A"

upon passage to cohomology computes the map V(D).

We now make our computation. Our cohomology class in I'(S,R'7&(0%/0%") may be
represented by a cocycle f; j € €1 ({Us}, 0%/ Ox"). After possibly shrinking our cover, we may
find lifts ¢; ; € T'(U;NU;j, ﬁ;{) of each of the f; ;. Because we are in characteristic p, the quotients

dlog((;,;) are independent of our choice of lifts, and hence give rise to a cocycle
dlog(Gij) € €M

that represents the image of our cohomology class in the second de Rham cohomology. Fix a

k-derivation D of 0s. We wish to show that the cocycle
(D + A(D))(dlog(¢i ;) € € @ €0

is in the image of d + §. Consider the cocycle

D;(Gij
D;log(Gij) = écﬂ) eg"’
17]

Note that, because D; is a derivation, this is also independent of the choice of (; ;. One computes

that
(d+6)(Dilog(Giy) = (D + A(D))(d1og(Gi.))

which gives the result. O
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Proposition 3.2.33. The submodule H(2 /S') C ILVI(X/S}{) is horizontal with respect to the con-
nection 65/ ® K.

Proof The assertion is equivalent to the statement that for all (a,b,¢) € H(X/S'),
(e” @id) o Vg (e?(a,b,c)) € H(X/S) & Qb
By the compatibility of the connection with the cup product, we have

(e” @id) o Vg (e?(a,b,c)) = Vg (a,b,c

By Lemma [3.2.32} we have Vg (%) € H2(X/S") ® ﬁé//w, and the result follows. O

Thus, we obtain a connection
Ve H(2 /') = H(2'/S) &0k

on H(2'/S"). It is immediate that it satisfies condition (3) of Definition The remaining
properties can be shown by the same methods as in the punctual case, using the relative version of
Theorem [3.2.10] We will instead deduce them by reduction to the punctual case. Recall that given
a closed point s € S, there is a unique map s': (Spec W, Fyy) — (S', Fis/) called the Teichmiiller

lifting of s. If ' is a Teichmiiller lifting of a closed point s, then the restricted F'-crystal
(" H(X/S'),s" Vg, 5" Bg)
is identified with (H(X,/W), ®).
Lemma 3.2.34. The submodule H(.2 | S') is preserved by the action of the Frobenius ®g: on IEI(X/S}{)
Proof. We will show that the quotient

M = (®g(Fg H(2'/S")) + H(27/8")/H(2/S)
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of A’-modules is zero. Consider a closed point s € S, with Teichmiiller lift
s": (Spec W (s), Fy(s)) = (', Fsr)

The restriction of M to such a point vanishes by Lemma [3.2.13} It follows that M @ W/pW = 0.
This means that multiplication by p on M is an isomorphism. Because M is p-adically complete,

we conclude that M = 0. O

Proposition 3.2.35. The triple (H(.2°/S'), Vg, ®g) is an F-crystal. Equipped with the Mukai
pairing, it is a K3 crystal on S/W with respect to (S, Fs) of rank 24, which is supersingular if and
only if X — S is supersingular.

Proof That (ﬁ( /8", Vs, ZI;S/) is an F-crystal follows immediately from the fact that

(H(X/S"), Vg, ®g) is an F-crystal. Next, we will check the conditions of Definition
Because H(X/S') is a K3 crystal, it admits a map Vg : H(X/S') — F, H(X/S') satisfying
condition (1). We will show that Vg restricts to such a map on H(2 /S"). Indeed, by Proposition
this is true for the restriction of H(.2"/S’) to any closed point of S. By the same argument
as Lemma this implies the result. Because gr%. H is of formation compatible with base
change, condition (2) also follows from Proposition Conditions (3) and (4) hold because
they are true for H(X/S’), and cupping with e is an isometry with respect to the Mukai pairing.

Finally, supersingularity is by definition a condition on the fibers, so the final claim follows

from Proposition [3.2.14] O

Remark 3.2.36. Note that we have only defined the crystal H(.2"/S') in Situation [3.2.23 If S
is smooth but not necessarily affine, the compatibility of our construction with respect to base

change shows that our locally defined crystals glue to a crystal on S/, in the sense of [47, 07IS].

3.3 Moduli of twisted supersingular K3 surfaces and the twisted period morphism

In this section we discuss the moduli space of marked twisted supersingular K3 surfaces. We
then use the twisted K3 crystals of the previous section to define a twisted crystalline period
morphism. We compute its differential, and show that it is étale.

Let A be a supersingular K3 lattice and let 7: X — S\ denote the universal marked super-

singular K3 surface. For psychological reasons, we adopt the following notation.
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Definition 3.3.1.

SN = R27rfu,p

7% = (Realp, )

Recall from Definition |3.1.10| that (R27TE[,LP)O - R27rfup is the subgroup whose fiber over a

marked K3 surface is the group of transcendental classes.

Theorem 3.3.2. The functor 7Y is representable by an algebraic space that is locally of finite presen-
tation, locally separated, and smooth over Spec k. The morphism /Y — Sy is a smooth group scheme

of relative dimension 1, and the connected component of any of its geometric fibers is isomorphic to G.
Proof. This follows from Theorem and Lemma [3.1.12 O

The k-points of the moduli space .7{ are given by pairs (2°,m) where 2" is a p,-gerbe
over a supersingular K3 surface X, and m is a marking of X such that 2" is transcendental
with respect to m. Using the assumption that 2~ is transcendental, we can give an alternate
description of such a pair as a p,-gerbe 2 equipped with a certain marking of the extended

Néron-Severi group of 2.

Definition 3.3.3. An extended supersingular K3 lattice is a free abelian group A of rank 24

equipped with an even symmetric bilinear form such that
L disc(A®@Q)=11in QX/Q“,
2. the signature of A ® R is (2,22), and

3. the discriminant group A*/A is p-torsion.

These lattices behave similarly to supersingular K3 lattices. In particular, if A is an extended
supersingular K3 lattice, then Ao = pA* / pA is a vector space over I, of dimension 20 for some
integer 1 < o¢ < 11, called the Artin invariant of A. This vector space has a natural bilinear

form, which is non-degenerate and non-neutral.

Notation 3.3.4.
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* We let Uy denote the rank 2 lattice which is generated by two elements e, f satisfying
e2=f>=0ande.f=—1.

* Given a lattice L and an integer n, we write L(n) for the lattice with underlying abelian
group L but with the form multiplied by n. Thus, Uz(p) denotes the lattice generated by

two elements e, f satisfying e = f2=0and e.f = —p.
« We set A = A @ Us(p), where A is our fixed supersingular K3 lattice.

Lemma 3.3.5. If A is a supersingular K3 lattice of Artin invariant oo, then A & Uz and A & Us(p)
are extended supersingular K3 lattices of Artin invariants oo and oo + 1. Moreover, every extended

supersingular K3 lattice is of this form for some A.

Proof In [40] it is shown that the Artin invariant determines a supersingular K3 lattice up to
isometry. The proof implies the same for extended supersingular K3 lattices. It is then easy to

compute that A @ Uy and A @ Uz(p) have the required properties. O

By the calculations of Proposition |3.2.20, we see that extended supersingular K3 lattices are
exactly those lattices that occur as the extended Néron-Severi group of a twisted supersingular

K3 surface.

Lemma 3.3.6. Let X be a supersingular K3 surface with a marking m: A — Pic(X). If " — X

is a p,,-gerbe that is transcendental with respect to m, then the map
A=A®Uy(p) » H(Z /W)
given by e — (0,0,1) and f — (p,0,0) factors through N ().

Proof. We must check that if | € A and s € Z then (p,1,s) € N(Z). If B is a B-field lift of «,

we compute
2

B
e B(p,1,8) = (p,l —pB,s —1.B —i—p?)
As o is transcendental relative to the marking m, [.B € W and pBTQ € W, which gives the

result. u
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We will next define our twisted period morphism. We first briefly recall some material from
[40]. Let T" be a Z,-lattice that is isometric to the Tate module of a supersingular K3 crystal of
rank n (in [40] these are called “K3 lattices”). For instance, we may take A ® Z, where A is a
supersingular K3 lattice (and n = 22), or A® Z,,, where A is an extended supersingular K3 lattice
(and n = 24). Suppose that we are in Situation and that Hg is a supersingular K3 crystal
of rank n on S/W with Tate module T. A T -structure on Hg is an isometry T' ® Og — Tj.
The image of H in T* ® O¢ /T ® Os/ = Ty ® Og descends uniquely through the absolute

Frobenius of S, giving rise to a characteristic subspace Ky C Ty ® Os.

Definition 3.3.7. Let 7: X — % be the pullback of 7: X — S to /%, and let o €
(RQ%Eup)(y V) be the restriction of the universal cohomology class. Given an affine étale open
S of .7} and data as in Situation [3.2.23} we consider the twisted K3 crystal H(2 /S') corre-
sponding to (X, a)|s. Let T = A ® Z,,. By LemmaMthe induced map A ® Og — H(2 /5"
factors through the Tate module, and thus gives rise to a T-structure. As described in [40], the
image of H(.2"/S’) in

T*® Cg K* ~

== Q®O0s =N RO

T® ﬁs/ A S =0 o
descends through the Frobenius, and we obtain a characteristic subspace K C Ao ® Og. By
Proposition |3.2.31} this is independent of our choices of lifts, and in particular glues to a global

characteristic subspace

K CL)@ﬁy;;

Note that for every geometric point s € .7 we have e ¢ (KA )s. We therefore obtain a morphism

pr SR = MY (3.3.7.])

which we call the twisted period morphism.

We refer to Remark [3.1.6] for some of the subtleties of this definition. We remark that the non-
twisted period morphism (3.1.4.1) has a similar interpretation in terms of crystalline cohomology
(see Remark [3.2.5). The twisted period morphism and the usual one are related by a commutative
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diagram

al J” (3.3.7.2)

7< > . _
M{O —Te s My,

Let " — X be a p,-gerbe over a supersingular K3 surface and let m: A — Pic(X) be a
marking. By Lemma we obtain a map A — H(2 /W), and hencea T = A ® Z,,-structure
A® Z, — H(2 /W) on the supersingular K3 crystal H(.2"/W). We will let K(2°) C Ay ® k
be the corresponding characteristic subspace. In other words, this gives the image of the point

corresponding to 2~ under p.
Proposition 3.3.8. The twisted period morphism p is étale.

Proof. Consider the diagram

2N \
Ao 0
3.3.8.1
| | b8
Mj{> = MAO
0

with Cartesian square induced by the commuting square (3.3.7.2). Ogus has shown in [40] that p
is étale. Thus, it will suffice to show that (p, p) is étale. The base change of (p, p) by the absolute

Frobenius Fg, : Sn — Sa gives a map

(@) 75 < ()0 5 (M) gz, S

1 ) (p/SA)

which is a étale if and only if (p, p) is étale. Let %, be the pullback of %), to Sx. By Proposition
3.0.11, we have an isomorphism

é o _ ~ —(e (p)
R'7P(1)° = Fylas, = (M%S X3, SA)

We will identify the two for the remainder of this proof. By the definition of the twisted period
morphism, we have a commuting diagram

F
7R

I */Sﬁ‘ (y;\))(p)

TO

FGHPp) e
2y X7, Sa)® (3.3.8.2)
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Because its source and target are smooth, (p,p) is étale if and only if it is étale on the fiber
over every geometric point s of Sj. Thus, we may replace S with the spectrum Spec %’ of an
algebraically closed field, and the universal K3 surface 7: X — Sy with its fiber 73: X, —
Speck’. As in Lemma we consider the diagram

F o010 F71 P &
(R0 2 (R E D 1

l | / (3.3.8.3)

26t X 2__(p)ét 5x
R Ws*ﬁxs — Remgy ﬁXﬁ,”)

We do not know yet that this diagram commutes, merely that the outer compositions agree (by

Lemma and that the square commutes. This implies that
80 Fy ' (p,p) 0 Fyoypr = 10 Fyop
By Theorem and the Leray spectral sequence, there is an isomorphism
R*rl 0% = e R*n"0%,

Thus, the functors R27é ¢ )X<S and R%ﬁi’)étﬁ;@

sheaves in the flat topology. Being representable, the functors in the top row of diagram (3.3.8.3)

, on the category of schemes over Speck’ are

are also sheaves in the flat topology. The relative Frobenius Fgo /s is faithfully flat, and hence

an epimorphism in the category of sheaves on the big flat site. Thus, we have
do Fk_,l(ﬁ,p) =

and so in fact the diagram commutes. After passing to completions at the identity section, both ¢
and ¢ become isomorphisms (see Remark [2.2.18). Therefore, Fk_,l(ﬁ, p) induces an isomorphism

on completions at the identity section, and so is étale. O

Proposition 3.3.9. The map

(7.p): S8 = My 37, Sa

induced by the commuting square (3.3.7.2) is an isomorphism. In other words, the square is Cartesian.
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Proof. For readability, let us we write M T = M%e ) and M = MAO- With the same identifications

0

as in the proof of Proposition [3.3.8] we then have a commutative diagram
P
TO
e
yo —_— M+XMSA — M+><MSA — SA

(-p)
XA l l ) lp (3.3.9.1)

Mﬂ]” M+®/M) Te L oar

lW]M+ /M lFM
For+

Mt —T s M

where the three squares are Cartesian. Because F/+ /)s and T are universal homeomorphisms,
it follows that (p, p) is a universal homeomorphism as well. By Proposition[3.3.8] (g, p) is étale. By
Zariski’s Main Theorem (for algebraic spaces, see [47, 082K]), an étale universal homeomorphism

is an isomorphism. O

Proposition could be viewed as a relative Torelli theorem for the twisted period mor-
phism over the non-twisted period morphism. Let us describe a few consequences for an individ-
ual supersingular K3 surface m: X — Spec k. We define groups schemes % and ¢ over k by
the exact sequences

Pic(X)o®k 1-p+  Pic(X)o®k
K(X) K(X)+ F*K(X)

00— Y —

PiC(X) QREk 1—F* PiC(X) Rk

0= 7= =m0 K(X) + FFEK(X)

where K (X) is the characteristic subspace corresponding to X (equipped with the trivial marking
id : Pic(X) — Pic(X)).

Proposition 3.3.10. There are natural isomorphisms RQqup = A and le(kp)étu(l) =5 o0/ Speck)

of group schemes fitting into a commutative diagram

R27rfup T, le(kp)éty(l)

§ [

A Foesk P/ Speck)
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Proof: Let A = Pic(X), and equip X with the trivial marking id : A — Pic(X). We obtain the
right hand vertical isomorphism from diagram (3.1.11.2) (as the marking is an isomorphism, the
sheaf 7 is trivial). By Proposition (and the isomorphism of Proposition |3.0.11) the twisted

period morphism induces an isomorphism
(R2xfp,)* = %
which by the definition of the twisted period morphism fits into a commuting diagram

(RQWE/,LP)O — RQqup -r, R17r>(kp)éty(1)

lz % lz
wy o T () Speck)

As T and Fly/;, are universal homeomorphisms, they induce isomorphisms on the respective
groups of connected components. We may therefore produce by translation an isomorphism

filling in the dashed arrow. O

Remark 3.3.11. The exact sequence (of group schemes!)

Pic(X)®k 1-p+  Pic(X)®k
K(X) K(X)+ FrK(X)

0— Rinfp, —

produced by Proposition (3.3.10|is a strengthened form of the equality mentioned in Remark 3.26

of [40] (we warn that the referenced formula appears to contain some typos).

Remark 3.3.12. The natural inclusion % C JZ gives rise to a short exact sequence
O—=U% —H —2—0

where & is the quotient (this is the same as the sheaf & in the diagram (3.1.11.2)). Write A =

Pic(X). We have a commutative diagram

A* A A

0— % A A" 0
| | ;

0 /4 4 9 0

with exact rows. Evaluating on k-points and applying Proposition [3.3.10), we recover part of
diagram (2.1.13.1) (see also Remark [3.1.17).
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A basic fact about the Gauss-Manin connection is that it may be computed in terms of the
Kodaira-Spencer map (see [27]). A similar result is true in our twisted setting. As explained in

[40], the connections on the crystals H(:2/S") defined on an affine cover of .#{ induce a map
Tho s = A omyy (R’A NF*Ky, H> (3.3.12.1)

which, under the identification in Lemma of the tangent space to the period domain, is
exactly the differential

~ 1 ~k 1l
i gy = P TH@//C
Ao

of p. The diagram (3.3.8.1) gives rise to a diagram

1 1 1l
0 ——— Thoyg, —— Thoyy ——— P4, — 0

|aG») | | (3.312.2)
~krl ~xrl ~x__xr1]
0——»p TM‘;(:/MAO — P Tﬁffg/k — P WeTﬁAo/k — 0

of tangent sheaves with exact rows. Pulling back the identification of Lemma [3.0.8] we find
identifications

1 o IN(AQF*KA F*KA
TyO/SA — omye | = = = =
A KyxNF*KyxNet KxNF*Ky

| i

~ = F'Ey
T, —— Homgy | KyNF Ky, =2
IR/ A ( Ky NF*K)

As described in the proof of Lemma pairing with e gives rise to isomorphisms

IN(AQF*IN(A F*IN(A F*f(/\ . FTKj 12
Homzg | =22 = A=~ L~ A = p'RPn.0Ox
AM\KANF*KpaNelt KyNEF*Ky KxNF*Ky Ky N F*Ky
Thus, d(p, p) induces a map
Thoss, = P'R*mOx (3.3.12.3)

which we have proved to be an isomorphism.

Proposition 3.3.13. The isomorphism (3.3.12.3) agrees with the “Kodaira-Spencer” isomorphism con-
structed in Lemmal2.2.74

Proof: Omitted. O
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Chapter 4
SUPERSINGULAR TWISTOR SPACE

4.1 Moduli of twisted sheaves

Let X be a K3 surface over our fixed algebraically closed field k of characteristic p > 3, and
let 2" — X be a p,-gerbe. In this section we will study the derived category of twisted sheaves
on 2 with the aim of extending various results that are well known over the complex numbers
to our setting. In particular, we define Chern characters for twisted sheaves on 2, consider
the action of derived equivalences on the twisted Mukai crystals, and establish the existence of
moduli spaces of twisted sheaves.

In establishing these results, we will need to reduce certain statements for twisted K3 sur-
faces to the non-twisted case. A considerable simplification occurs here if we assume that X is
supersingular. This is because any p,,-gerbe over a supersingular K3 surface sits in a canonical
flat family with a p,,-gerbe over the same surface that has trivial Brauer class. Indeed, consider
the connected component A’ C R27Tfup of the group of p,-gerbes on X such that 2 is a
fiber of the tautological family 2 — Al (see Section |2.1, where these are discussed as the basic
examples of twistor families). We say that 2~ deforms the trivial gerbe if this component is the
identity component. In any case, the map A'(k) — Br(X) induced by the Kummer sequence
is surjective (for instance, by diagram ) so some fiber of the family 2 — A! has trivial
Brauer class.

The corresponding reductions in the finite height case are significantly more involved, and
require lifting to the complex numbers and comparison with the Hodge-theoretic constructions
of |23]. Thus, although the main results of this section are true for with no assumptions on the
height of X, we will for the most part restrict our attention to the supersingular case.

Let p: 2" — X be a p,-gerbe on a smooth projective variety over k. Suppose that 2" has
the resolution property. We have in mind the case when 2" is a p,,-gerbe over a K3 surface, or

the exterior sum of two p,,-gerbes on the product of two K3 surfaces.
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Definition 4.11. If & is a locally free sheaf of positive rank on 2, the twisted Chern character of
& is
chy (&) = /ch(p.(&P))

where by convention we choose the p-th root so that rk(ch 2 (&) = rk(&’). We define the twisted

Mukai vector of & by

vy (&) =chy (&).4/Td(X)

If & is O-twisted, then its twisted Chern character is the same as the usual Chern character
of its pushforward to X:
chy (&) = ch(p.&)

In most cases we will consider, & will be a twisted sheaf. The twisted Chern character determines
an additive map

chy: KM(2) = A*(X)q

where K(1)(2) is the Grothendieck group of locally free twisted sheaves on 2~ and A*(X)q
is the numerical Chow theory of X tensored with Q. We record a few straightforward lemmas

extending properties of the usual Chern characters to our twisted Chern characters.

Lemma 4.12. If & and .7 are locally free twisted sheaves on 2, then
x(&,.F) = deg(chy (&Y @ F). Td(X))
Proof. The sheaves #om(&,.F) and &Y ® F are O-twisted. Thus,
chy (Y @ F) = ch(p.(&Y @ F))

and the result follows from the Grothendieck-Riemann-Roch theorem as in the nontwisted case.

O
If f: 2 — % is a map of p,-gerbes, we obtain a homomorphism
Fo K@) - KO

determined by [&] — [Lf*&].
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Lemma 4.13. Let m: T — X be a morphism of smooth projective k-schemes, and consider the

Cartesian diagram

%T%%
I
T —— X

Ifa € KW(Z), then 7 chy (o) = chy, (1%-a).

Proof. 1If & is a locally free twisted sheaf on 27, then

" chyg (6) = /ch(p.(£5P)) = V/ch(Lrp.(£°7)) = \’/f:h(pT*LWT%f(é@p)) = chy; (L&)

This implies the result. O

Let 27 — X and % — Y be p,-gerbes over smooth projective varieties satisfying the
resolution property. In the following lemma we formulate a version of the Grothendieck-Riemann-

Roch formula for the projection 2" x % — 2.
Lemma 4.1.4. For any o € K("0(2° x %) we have
chg (mg.a) = mx(chg wa (). Td(rx))

where mg: X x U — X is the projection and mx: X XY — X is the induced map on coarse

spaces.

Proof. We observe that by the usual Grothendieck-Riemann-Roch formula, the result holds when
A is trivial. In the general case, we choose a finite flat cover fx: U — X by a smooth projective
k-scheme U such that the gerbe 2y = 2 x x U is trivial (for instance, we may take fx to be

the absolute Frobenius). Consider the Cartesian diagrams

%UX@JM%X@ XUXYMX Y
W{%U\L lﬂ-% WU\L l
%Uf—%m%” v— . x
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Using Lemma [4.1.3) we compute

fx(mxs(chg xo(@). Td(nx))) = mv. fx xy (cho sz (o). Td(rx))
= 7us(chay <o ([ o a). Td(mv))
= chay (o (o x @)
= choy, ([ 7o)
= fX cha (7o)

The map fx.fy: A*(X)q — A*(X)q is given by multiplication by the degree of fx, so this

computation implies the result. O

Remark 4.1.5. The proof gives the same formula in various other situations. We have not attempted
to give a general formulation. However, we note that one must be somewhat careful in applying
the formula of Lemma |4.1.4] as it is easily seen to fail, for instance, for a (1,1) twisted sheaf on

2 x %, or for a twisted sheaf on 2" and the coarse space morphism 2~ — X.

We next discuss the relationship between the derived category and cohomological equiv-
alences. Generally speaking, we find the same behaviors as in the untwisted case (see Chap-
ter 5 of [19]) and in the twisted case over the complex numbers (see |23]). We denote by
D™ (2') the bounded derived category associated to Coh(™(.2"). We consider a perfect com-
plex 22° € DUD(2Z x %) of twisted sheaves. Using Z?° as a kernel, we get a Fourier-Mukai
transform

® pe: DY(2) — DY(#)

The twisted Mukai vector v g xa (£°) € A*(X xY) ® Q also gives a cohomological transform

O ey HY(X/K) — H(Y/K)

VXX

Lemma 4.1.6. If 7* ¢ DUWD(2° x %) is a perfect complex of twisted sheaves, then the diagram

KD (2) 22 k()

)
g 1

H(X/K) 225 10 (v )

commautes.
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Proof- In the untwisted case, this follows by applying the Grothedieck-Riemann-Roch formula to
the projections X XY — X and X XY — Y (see Corollary 5.29 of [19]). Using the twisted
Grothendieck-Riemann-Roch formula of Lemma [4.1.4] the same proof immediately gives the result

in the twisted case as well. O

Proposition 4.1.7. Suppose that 2" — X and % — Y are p,,-gerbes over K3 surfaces, and &° €
DIV(Z X ) is a perfect complex of twisted sheaves inducing an equivalence of categories ® e

DY — D). The cohomological transform

Peris ) H(X/K) = H(Y/K)

v xu (P

is an isomorphism of K -vector spaces, an isometry with respect to the Mukai pairing, and commutes

with the respective Frobenius operators.

Proof. Using Lemma and [4.1.2] one shows that the cohomological transform is an isomor-
phism of vector spaces and an isometry exactly as in the untwisted case (see Proposition 5.33 and
Proposition 5.44 of |19]). To see that it is compatible with the crystal structure, recall that the ¢-th

component ch(&); of the Chern character of a sheaf & on a smooth projective variety satisfies
®(ch(&);) = p' ch(&);
The result follows upon expanding vy« (2?®) under the Kunneth decomposition. O

Let us record a first example of an equivalence of derived categories and its action on coho-
mology. Suppose that 2" — X is a p,,-gerbe over a K3 surface, and let £ € Pic(X) be a line
bundle. In Definition we defined a p,,-gerbe 2°{.Z 1/P} - X over X, which is equipped
with a universal line bundle . € Pic(bD (2" xx 27 {£'/P}). Consider the natural map

v X xx X{LYPY 5 2 x LMy

Proposition 4.1.8. The Fourier-Mukai transform induced by the sheaf 1./ € Cohl"D(2 x

X {LYPY) is an equivalence of categories

&, »: DY) = DY (2 {LP})
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The induced map on cohomology is given by
P H(2 /W) — H(2 {LVPy W)
where | € Pic(X) is the first Chern class of £ .

Proof To see that ®,, , is an equivalence, note that it is inverse to ®,, ,v. To determine the

action on cohomology, we use that the induced map on cohomology
o7ty HIX/K) = H(X/K)

satisfies

(@7%)" =& = ¢

The result follows upon noting that @f:lf// sends sends sheaves of positive rank to sheaves of

positive rank. O

In fact, in this example ®, , induces also an equivalence of abelian categories. For the
remainder of this section, we will further specialize to the case when X and Y are supersingular.
As noted at the beginning of this section, many of these results hold without this assumption, but

the proofs are more involved.

Proposition 4.1.9. Ifp: 2" — X is a p,,-gerbe on a supersingular K3 surface over k, then for any
twisted sheaf & € Coh'V(2), the twisted Chern character ch oy (&) lies in the twisted Néron-Severi
lattice N(Z).

Proof Let o € H?(X, t,) be the class of 2°. We assume first that 2" is essentially trivial, so

that there exists a line bundle ¥ such that B = q(pffﬁ

is a B-field lift of c. The boundary map
HY(X,G,,) — H3(X, M) takes a line bundle to its gerbe of p-th roots, so on 2" there is a

universal line bundle .# equipped with an isomorphism .#%? = p*.#. Using .4, we compute
PV ®p*(éa®p) o~ p*(//[\/ ® g)@p

which implies that
c1(Z)

chy (£) =e v ch(p (A’ @ &))

which gives the result.
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Next, suppose that « is not essentially trivial, so that [a] € Br(X) has order p. We make some
reductions. It will suffice to show the result for & a torsion free twisted sheaf of positive rank. Let
7 denote the generic point of X. There exists a 2, -twisted sheaf .7 of rank p and a surjection
&)y — F. Thus we get a map & — n,.%. We find a surjection & — .#' for some coherent
Z -twisted sub-sheaf .#’ of rank p, and by modding out by torsion we may assume .%" is torsion
free. As & is torsion free, so is the kernel of this map. So, by induction we may reduce to the case
when & is a torsion free twisted sheaf of rank p. We claim that such an & is simple, that is, that
Hom(&, &) = k. Indeed, as & is torsion free, the natural map Hom(&, &) — Hom(&VY,&VY)
is an injection, and because [a] € Br(X) has order p, any locally free sheaf of rank p is simple.
There is a deformation theory for torsion free twisted sheaves with unobstructed determinant

with obstruction space

ker(Ext3 (&, &) KL H*(X, 0x))

Under Serre duality, Tr is dual to the natural map H°(X, 0x) — Hom(&, &), which is an iso-
morphism because & is simple. Consider the connected component A of the group of ,-gerbes
on X that contains 2 as the fiber over some ¢ € A'(k). The coarse space of the corresponding
twistor family 2 — Al is the trivial family X x Al — Al so in particular the determinant of
& is unobstructed. Hence, & is unobstructed. By the Grothendieck existence theorem for twisted
sheaves, we find a twisted sheaf &’ on %[[:p—tﬂ that is flat over Spec(k [[x — t]]) and whose re-
striction to the closed fiber is isomorphic to &. By Proposition 2.3.1.1 of [30], the stack of coherent
twisted sheaves on the morphism 2 — Alisin particular limit preserving. Thus we may apply

Artin approximation (see [47, 07XB]) to produce an étale morphism
f:(Uu) = (A1)

and a coherent 2 x a1 U-twisted sheaf &” that is U-flat such that the restrictions of &” and f*&
to the closed fiber (jfol U) xy u = X, are isomorphic. Taking the normalization of A! in
U, we find a factorization U — C' — A! such that U — C is an open immersion and C' — Al
is finite and flat. Thus, every connected component of C' maps surjectively onto A'. Consider a
flat extension of &” to Z¢. The twisted Chern class is constant in a flat family, and the origin

0 € A! corresponds to an essentially trivial ,,-gerbe. We therefore obtain by the previous case
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that

chy (6) € N(Zp) € N(X) ® Q
But & has rank p, so by the explicit presentations in Proposition we see that chg (&) €
N(Z). This completes the proof.

Proposition 4.110. If 2" — X is a p,,-gerbe on a supersingular K3 surface, then the map
chy: KO(2) = N(2)
is surjective.

Proof- If the Brauer class of 2 is trivial, then 2" is the gerbe of p-th roots of some line bundle .¥
on X. This means that there is an invertible 2 -twisted sheaf .# equipped with an isomorphism

MEP =5 p* L. We have a commutative diagram

Coh(X)"" 22 con® ()
Chl lch @
b aw
N(X) —"—— N(Z)
where the top horizontal arrow is an equivalence of categories, and the lower horizontal arrow is
an isometry. Because the left vertical arrow is surjective, so is the right vertical arrow.

Next, suppose that the Brauer class of 2 is non-trivial. We refer to Proposition for an
explicit description of N (Z). The structure sheaf of a closed point gives a 2 -twisted sheaf with
twisted Chern class (0,0,1). If D C X is a closed integral subscheme of dimension 1, then by
Tsen’s Theorem the Brauer class of the gerbe Zp = 2 xx D — D is trivial, and hence there
is an invertible Zp-twisted sheaf. The pushforward of such a sheaf under the map Zp — 2
gives a 2 -twisted sheaf whose twisted Chern character is of the form (0, D, s). Finally, by a

theorem of Grothendieck, there exists a locally free 2 -twisted sheaf & of rank p. O
Remark 4.111. Combining Proposition [4.1.10] with Proposition [3.2.21 shows that the natural map
im <ch%: KWO(2) = K/(%)) ®Z, = T(Z)

is an isomorphism, where T'(:2") is the Tate module of H(2 /W ). Thus, the analog of the Tate

conjecture holds for twisted supersingular K3 surfaces.
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We next discuss stability conditions.

Definition 4.1.12. A polarization of X is an element of the cone ¥ C N(X) ® R generated by

ample divisors.
Fix a polarization H of X. Recall the following definition (see Definition 2.2.7.2 of |30]).

Definition 4.1.13. If & is a 2 -twisted sheaf, then the geometric Hilbert polynomial of & is the
function

Pg(m) = deg(chy (£ (m)). Td(X))

where &(m) = & ® p* H®™ (if H is only a linear combination of divisors, then we compute

chg (&(m)) formally). Let g be the leading coefficient of Pg, and write

pe(m) = — Ps(m)
Qg

As explained in Section 2.2.7 of |30], Ps is a numerical polynomial with the usual properties.

In particular, we can use it to define stability and semistable of sheaves.

Definition 4.1.14. A 2 -twisted sheaf & is stable (resp. semistable) if it is pure and for all proper

non-trivial subsheaves .# C &
pz(m) < pg(m)

(resp. <) for m sufficiently large.
We have the following result.

Proposition 4.115. Ifv = (r,1,s) € N(2) is a primitive Mukai vector, then there exists a locally
finite collection of hyperplanes W C N(X)®@R such that if H does not lie on any of these hyperplanes,
then any H -semistable 2 -twisted sheaf & with vy (&) = v is H -stable.

Proof. We need some form of the Bogomolov inequality for pt;-semistable twisted sheaves on
Hp-gerbes. For our purposes, little more than the existence of such a lower bound will suffice. By
Lemma 3.2.3.13 of [30], if 2" — X is a p,,-gerbe on a smooth proper surface, then there exists
a constant C' > 0 such that for any polarization H of X and any H-semistable .2 -twisted sheaf
& of rank 7,

A(&) > —Crt (4.115.1)
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The discriminant A(&’) of a twisted sheaf is defined in by Definition 3.2.1.1 of [30]. For the
remainder of the proof we will closely follow the proof of Theorem 4.C.3 of |22]. We say that a
class £ € N(X) is of type v if

—r2(A+20rY) < €2 <0

The wall determined by £ is the set
We={HeC|{(H=0}C%

We say that W; is of type v if £ is of type v. The proof of Theorem 4.C.2 of |[22] shows that
the set of walls of type v is locally finite in the ample cone €x. Suppose that & is a 2 -twisted
H-semistable sheaf. If & fails to be H-stable, then there exists a subsheaf &’ C & with Mukai
vector v’ = (1/,1’, s') such that 7’ < r and pg(m) = pg(m). Suppose that r > 0. We have

(m) m? n I.H n S n 1
(m)=—4+m—s + — + —
be 2 rE R W

so this condition is equivalent to
§er e H=0 and r's =rs

where

E=Cor o= 'l —rl

/

We may assume that &” is saturated, so that &” = &/&” is torsion-free of rank "/ =/ — r. By

the Hodge index theorem, either £ = 0 or £2 < 0. If £ = 0, then we compute

But 7/ < 7, so this contradicts our assumption that v was primitive. Therefore, 2 < 0. We have

the identity
62

T./T.l/

r r
A(&) — ﬁA(@@’) - WA(@@”) -
Applying to & and &, we get
~A(&)r* —20r° < €2 <0

We conclude that if such an &” exists, then H lies on a wall of type v. Therefore, if H is not on
any wall of type v, then & is stable.

The r = 0 case is proved exactly as in Theorem 10.2.5 of |2]. O
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Definition 4.1.16. A polarization H is v-generic if any H-semistable twisted sheaf with Mukai

vector v is H -stable.
For future use, we record the following observation.

Lemma 4.1.17. Suppose that X is supersingular, and let 2 — Albea universal family of p,,-gerbes
over a connected component ofRzﬂfup. If v = (r,1,s) is a primitive isotropic Mukai vector, then

there exists a polarization H of X such that in each fiber H is v-generic.

Proof. The extended Néron-Severi groups of the fibers are given by Proposition [3.2.20| In par-
ticular, we see that, among the fibers of the universal family over each connected component of
szfu,p, there are only finitely many possibilities for the twisted Néron-Severi group (viewed as
a subgroup of N(X) ® Q). For each, we find by Proposition [4.115|a locally finite union of hyper-
planes in N(X) ® R. But the union of all of these is again a locally finite union of hyperplanes,

and we may therefore find an I with the desired property. O

We make the following definition.

Definition 4.1.18. Let 2" — X be a p,-gerbe over a K3 surface, v = (1,1, 5) € N(Z) a Mukai
vector with » > 0, and H a polarization on X. The moduli space of 2 -twisted stable sheaves
with Mukai vector v is the stack .# 9 (v) on Spec k whose objects over a k-scheme 7" are T-flat

Zr-twisted sheaves & locally of finite presentation such that for each geometric point ¢ € 7" the
fiber &; is H-stable and has Mukai vector v.

Theorem 4.119. Let 2° — X be a p,-gerbe on a supersingular K3 surface and v = (r,1,s) €
N(Z) a primitive Mukai vector with v> = 0. If H is a sufficiently generic polarization, then the
moduli space M o (v) of H -stable twisted sheaves on 2 with twisted Mukai vector v is either empty

or satisfies
1 My (v) is a Gy, -gerbe over a supersingular K3 surface M o (v),
2. the universal sheaf & on M o (v) X 2 induces a Fourier-Mukai equivalence
®yp: DU (My (v) —» DI(Z)

and
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3. the Brauer class of the gerbe M o (v) — My (v) is trivial if and only if there exists a vector

w e N(%) such that v.w is coprime to p.

Proof- Our strategy to prove (1) is to lift to characteristic 0. We note that if 2~ deforms the trivial
gerbe, then (1) can be easily reduced to the case when 2" is trivial, where the result follows
by results of Mukai |37] (see also Corollary 10.2.4 and Proposition 10.2.5 of |21|), which hold
independent of characteristic. After establishing (1), we will deduce (2) and (3) by characteristic
independent means. Thus, in this special case, this theorem can be proved without lifting.

Let H be a v-generic polarization. Suppose that .# 9 (v) is non-empty. By tensoring with
an appropriate line bundle, we may assume without loss of generality that [ is ample and not
divisible by p in the Picard group of X. Using results of Deligne [I3], we find a smooth pointed
W-scheme (M, m), a relative projective K3 surface Xp; — M, a p,,-gerbe 23y — X7, a Mukai
vector vy; € A*(Xy) ® Q, and a class Hy € Pic(Xys) ® R, together with an isomorphism
between the fiber of the triple (2, var, Har) over m and (27, v, H). Choose a Hensalian DVR
R with algebraically closed residue field and a dominant morphism Spec R — M with center m.
Write (2R, vr, Hr) for the restriction of the triple on M to Spec R. Note that in each geometric
fiber vg is primitive and isotropic.

Consider the relative moduli space .# 2, (vg) — Spec R of Zr-twisted Hp-stable sheaves
with Mukai vector v. By the usual results on stability (summarized in Section 3.2.1 of [30]), each
geometric fiber of .# 9, (vR) is either empty or a G,,-gerbe over an algebraic space Mg, (vR).
A twisted sheaf with unobstructed determinant is unobstructed, so Mg, (vg) is smooth over
Spec R. By Langton’s theorem (Lemma 2.3.3.2 of |30]), any semistable sheaf on the generic fiber
sits in a flat family with a semistable sheaf on the special fiber, after possibly taking a finite
extension of 1. But by our choice of H, every I -semistable twisted sheaf on the special fiber is
stable. As stability is open in flat families, it follows that Hpr is vr-generic in every geometric
fiber. Thus, by Langton’s theorem, Mg, (vg) is proper over Spec R. As the closed fiber is non-
empty, the geometric generic fiber is non-empty as well. By Theorem 3.16 of [49], it follows that
the geometric generic fiber of Mg, (vg) is a K3 surface. This implies that the special fiber is as
well.

We have shown that .Zy (v) is a G,,-gerbe over a K3 surface. Condition (2) then follows
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from a criterion of Bridgeland (Theorem 2.3 and Theorem 3.3 of [9]). By Theorem and
Proposition [4.1.7 we know therefore that the rational cohomological transform is an isomorphism
of K-vector spaces that is compatible with the Mukai pairing and the Frobenius operators. This
shows that M 4 (v) is supersingular, completing the proof of (1).

Finally, we show (3). The universal sheaf
2 € Coh™V) (M y (v) x X)

induces an isometry

9: Ny (v)) = N(Z)

sending (0,0, 1) to v. Suppose that the Brauer class of the gerbe .# 9 (v) — Mg (v) is trivial.
This is equivalent to the existence of an invertible twisted sheaf, say ., on .# 4 (v). We have
chy (£).(0,0,1) = 1, so g(ch 5 (£)).v = 1. Conversely, suppose that there exists a w € N (.2")
such that (v.w,p) = 1. By Proposition [£.1.10] there exists a 2 -twisted sheaf & with vy (&) = w.

Consider the perfect complex
‘(&) & PV) e DD
Ra.(p*(£) & 2") € DO (M ()
The rank of this complex over a geometric point © € My (v) is
X(&, Py) = —vaw
The existence of a such a complex implies that
[ 9 (v)] € Br(My (v))[v.-w]
The result follows. O

Proposition 4.1.20. Let 2° — X be a p,,-gerbe on a supersingular K3 surface. If v = (1,1, s) is
a primitive Mukai vector with v*> = 0, then the moduli space M o9 (v) with respect to a v-generic

polarization is non-empty if one of the following holds:

1. v > 0 and the order of the Brauer class (2] of 2~ divides r.

2. r =0 and E is a smooth fiber of an elliptic fibration X — P1.
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3 r=10=0ands > 0.

Proof- Suppose that we are in case (1). Consider a lift to characteristic 0 as in the proof of
Theorem and form the moduli space .# 4, (vgr). By Theorem 3.16 of [49], the geometric
generic fiber is non-empty. By Langton’s theorem, this gives the result.

Suppose that we are in case (2). By Tsen’s theorem, the gerbe 2" x x E has trivial Brauer class,
and hence admits an invertible twisted sheaf, say .Z. Tensoring with .#" and pushing forward to
E reduces us to finding an appropriate stable vector bundle on £, which can be done by results
of Atiyah.

Finally, note that if we are in case (3), we must in fact have s = 1. O

Proposition 4.1.21. Let 2" — X be a p,-gerbe on a supersingular K3 surface and v € N(%) a
primitive Mukai vector with v? = 0. Let H be a sufficiently generic polarization. Suppose that one of
the conditions of Proposition holds, and consider the moduli space 4 o (v). Let

2 € Con™V (Lt y (v) x X))

be the universal twisted sheaf. The cohomological correspondence

cris . ~(-1)
vaaxa(P)

(Mo (v)/W) = H(Z /W)

is an isomorphism of K3 crystals that is compatible with the inclusions of the respective twisted Néron-

Severi lattices.
Proof. Form the moduli space .# 3 (v) of sheaves stable with respect to H. Define the sublattice
N(My (v) x 27) 5 N (Mo (v) BN(Z) C A" (M (v) x X) ©Q
By the results of Theorem and Proposition it remains only to show that
vaxa(P) € N(My(v) x Z)

Let us first suppose that the Brauer classes of the gerbes 2" and .# 4 (v) are both trivial. By
tensoring with twisted invertible sheaves, we may reduce to the case that the gerbes 2° and
M 9 (v) are themselves trivial. The result then follows by applying the Grothendieck-Riemann-

Roch theorem to the respective projections as in the untwisted case (see Lemma 10.6 of [19]).
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We now prove the result in general. Expand v in the basis considered in Proposition
and let s € Z be the coefficient of (0,0, 1). By tensoring with a line bundle of non-zero degree,
we may assume without loss of generality that s is not divisible by p. Consider the connected
component 2 — A! of the universal family of p,-gerbes on X containing 2 as a fiber. By

Lemma [4.1.17} we may choose H to be v-generic in each fiber. Consider the relative moduli space

M 3(v) — Al

and the relative universal twisted sheaf
P € Coh™V) (A +(v) x a1 X))

Consider a point ¢ € A! such that the gerbe 27 has trivial Brauer class. There exists then a
vector w € N(%) with rank 1. As p does not divide s, part (3) of Theorem [4.1.19| gives that the
fiber (.# ;(v)): of the moduli space also has trivial Brauer class. Thus, by the previous case the
result holds for ;. By the constancy of the twisted Chern character in flat families, the result
also holds for Z. O

Finally, we record the following lemma, which appears to be well known.

Lemma 4.1.22. Ifv = (p,l,s) is primitive and v? = 0 and H is v-generic, then any object & €
Mo (v)(T) is locally free.

Proof- By the local criterion for flatness, it will suffice to prove this when T" = Speck. If & is
stable, then &V is also stable. The Mukai vector of &V is (1,1, s’) for some s’ < s, with equality
if and only if & is locally free. The sheaf &V gives a point in the moduli space of stable sheaves
on 2" with Mukai vector (r,[, s"). These moduli spaces are always smooth, and are either empty

or of the expected dimension 12 —2rs’. If ' < s, this number is negative, a contradiction. ]

Remark 4.1.23. In this section we have appealed to results of Yoshioka on the existence of semi-
stable sheaves with prescribed invariants and on analytic deformations trivializing Brauer classes.
These represent the unique points in this paper where we (implicitly) use analytic techniques. It

would be interesting to try to remove this dependence.
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4.2 Twistor families of positive rank

We maintain Notation , so that A is a fixed supersingular K3 lattice and A=A Us(p). In
Section , we defined a twistor line f,: Al & MKO to be a connected component of a fiber
of m, for some isotropic vector v € Ko, where 7, fits into the diagram

A7)
MKO MK()

N
N
N
N
N A

M’UL /v
We will make the following (somewhat preliminary) definition.

Definition 4.2.1. A family of twisted supersingular K3 surfaces over an open subset U C Alis
a twistor family if it admits a marking such that the induced map from U to the period domain

is an isomorphism onto an open subset of a twistor line.

In Theorem |5.1.17, we will give another characterization of twistor families as relative moduli
spaces of twisted sheaves on universal families of p,-gerbes over an open subset of a connected
component of the group of p,,-gerbes on a supersingular K3 surface. For reasons that will become

clear shortly, we will make the following distinction.

Definition 4.2.2. A twistor line (or twistor family) is of positive rank if v.e # 0, and is Artin-Tate

if v.e =0.

We will restrict our attention in this section to the positive rank case, and postpone our study
of the Artin-Tate case to Section The main result of this section is Theorem which
says that, under certain restrictions, twistor lines of positive rank lift to families of twisted K3
surfaces, in a strong sense. We will apply Theorem in Section |5.1 to deduce consequences
for moduli spaces of marked twisted supersingular K3 surfaces.

We have already constructed moduli spaces of twisted sheaves in Theorem which for a
generic choice of polarization are G,-gerbes over supersingular K3 surfaces. In order to examine

these stacks in terms of our period morphism, we will identify an associated p,,-gerbe.

Definition 4.2.3. Let 2" — X be a p,-gerbe over a supersingular K3 surface, v = (r,[,s) €
N(Z') a Mukai vector with 7 > 0, and H a polarization on X. Let .Z be a line bundle on 2’
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with first Chern class [. We define a stack //S}ft(v) on Spec k whose objects over a k-scheme
T are pairs (&, ¢) where & is a T-flat Zp-twisted sheaf that is locally of finite presentation
such that for each geometric point ¢ € T the fiber &; is H-stable and has Mukai vector v, and

¢: det & = Lr is an isomorphism of invertible sheaves on 27.

Note that this definition is restricted to the case of positive rank. If X — S is a supersingular

K3 surface, we define the relative extended Néron-Severi lattice
Ny = Zs ® Picx/s ®Zg

which we equip with the Mukai pairing. We make the following observation regarding markings

of tautological families of pu,,-gerbes.

Lemma 4.2.4. Let m: X — Speck be a supersingular K3 surface and Zo — X a p,, gerbe. Let
Al C R%Eup be the connected component containing X0 as a fiber, and X — Al the corresponding
tautological family. If the Brauer class of 2 is non-trivial, then any marking A — N (20) extends to

amap Ay — &XXAI/AI ®Q which on each geometric fibert € A restricts to a map A — N(2;).

Proof. This follows immediately from the calculations of Proposition [3.2.20! O

We record some purely lattice-theoretic facts. Consider an isometric inclusion A C N of

extended supersingular K3 lattices (or of supersingular K3 lattices). We have a chain of inclusions
Ac Nc N*cAr

Lemma 4.2.5. The F-vector spaces ]V/TX and K*/]V* are naturally dual. In particular, they have

the same dimension.

Proof: Applying Homgz(_, Z) to the short exact sequence
0A—N-—-N/A—0
we get a short exact sequence

0— N* — A* — Exty,(N/A,Z) — 0
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Applying Homz(N/A,_) to the short exact sequence 0 — Z — Q — Q/Z — 0, we find a
natural isomorphism

Homp, (N/A,F,) = Ext},(N/A, Z)
This gives the result. O

Consider the containments

N pN A
p—NCp~ Cp~
pA  pA pA

Il
=
<)

of F),-vector spaces.

Lemma 4.2.6. As subspaces ofKo, we have

~ 1 ~
pNY _ PN
pA pA

Proof- 1t is immediate that the right hand side is contained in the left hand side. We will show

that they have the same dimensions. Let 0 be the Artin invariant of A and o the Artin invariant
of N , so that pK* / p/~X has dimension 20¢, and p]v */ pﬁ has dimension 20. Consider the short
exact sequences

N*  pA* A* N pN N
LA N e —0 O—>p—~—>p~—>p~—>0
pA pA pN* pA pA PN

0—

Combined with Lemma [4.2.5] we find that

N A* N*
dimp, p—~ = dimp, p~ =o009—0, and dimp, p ~— | =0p+0
pA pN* pA

This gives the result. OJ

Lemma 4.2.7. If N is a supersingular K3 lattice or an extended supersingular K3 lattice, and v € Ny
is an isotropic vector, then there exists a primitive isotropic vector | € pN* C N whose image in Ny is

equal tov.

Proof- The existence of an isotropic vector in Ny implies that oo(N) > 2. By the explicit presen-
tation of supersingular K3 lattices in |[42] and Lemma we see that there is an orthogonal
decomposition N = N’ @ Us(p). Let {e, f} be the standard generators for Us(p), and let w be
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the image of e in Ny. By Witt’s Lemma, there exists an isometry g € O(Ny) taking w to v. By a
result of Nikulin (see Theorem 14.2.4 of |21]), the map

O(N) = O(No)

is surjective, so we find an orthogonal transformation h € O(N) inducing g. The vector h(e) € N

is primitive and isotropic, and its image in Ny is equal to V, as desired. O

We are now ready to prove the main result of this section. This should be viewed as a (partial)
supersingular analog of Proposition 3.9, Chapter 4 of |21|, which describes those curves in the

Hodge-theoretic period domain that lift to twistor spaces of complex analytic K3 surfaces.

Theorem 4.2.8. Let x € #{(k) be a k-point. Let L C MKO be a twistor line corresponding to an
isotropic vector v € Ao, and let fy: L — MT\O be the inclusion. Suppose that p(x) € L and that the
Artin invariant of p(x) is equal to the generic Artin invariant of L. Set U = L N Mﬁ{j Ifv.e # 0,

then there exists a lift [: U — /% such that the diagram

I\
/ lﬁ
o B,

commutes and x € f(U).

Remark 4.2.9. Let us explain the idea behind the proof. Let 2° — X be a p,,-gerbe correspond-
ing to z. Using v, we form an appropriate moduli space of sheaves, say % — Y, on 2" (in fact,
we may need to first replace 2 by another p,,-gerbe with the same Brauer class). Let Y - Al
be the corresponding universal twistor family containing % as a fiber. By our relative twisted
Torelli theorem (Proposition , the induced map from the base A! to the period domain
identifies A! with a twistor line. We show that 2" is also a moduli space of twisted sheaves on
%, an instance of Mukai duality. By taking an appropriate relative moduli space of sheaves on
the family /@v, we obtain a family of twisted surfaces containing the original surface 2" as a
fiber. Our assumptions on v will allow us to ensure that moduli space % parametrizes sheaves

of rank p, and that the gerbe % has Brauer class of order p. Together, these conditions enable
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us to ignore stability conditions at a key moment. It is possible that this could be eliminated
with enough knowledge of the stability of “wrong-way” slices of universal sheaves. After proving
our twisted crystalline Torelli theorem (a consequence of this result!) we will explain in Theorem

5.1.17|how to remove certain of our assumptions on v.

Proof. The k-point x of .7¥ corresponds to a p,,-gerbe 2” — X over a supersingular K3 surface
X along with a marking m: A — Pic(X). Let us identify A with its image in Pic(X), so that
m is just the canonical inclusion. By Lemma we obtain an induced inclusion A C N (2)
identifying e with (0,0,1) and f with (p,0,0).

Claim 4.2.10. There exists an element x = (p,1,1%/2p) € pIN\* such that the image of z in Ao is

a non-zero scalar multiple of v.

By Lemma we may find a primitive isotropic vector (r,1,s) € pA* C A whose image
in 1~\0 is v. Note that r is necessarily of the form pa for some integer a, and ¢ must be invertible
modulo p by our assumption that v.e # 0. Let b be an integer such that ab = 1 mod p.
Consider the vector = (p, bl, ab%s) € A. It is immediate that this vector is isotropic. As (r, 1, 5)

is primitive, so is (p, bl, ab®s). Finally, note that ab® — b is divisible by p, and that

b —b
x = (p, bl, ab*s) :b(pa,l,s)—i-p(l—ab,o,sa >
p

Because 1 — ab is divisible by p, (1 — ab,0, s(ab? — b)/p) € A. It follows that = € pA* and that

the image of z in A is a non-zero scalar multiple of v. This completes the proof of the claim.

We will henceforth let z = (p, 1,12 /2p) € p/NX* C A denote a fixed vector with these properties.
Claim 4.2.11. The image of = in N(2") is primitive and isotropic, and is contained in pN(2)*.

Let K be the characteristic subspace corresponding to p(x). The twistor line L is by definition
contained in the locus of characteristic subspaces not containing v, so v ¢ K. But as subspaces

of KO we have

KQKOZM
pA

so the image of = in N (Z") remains primitive. By Lemma , we have

pA

pN(2)\ _ pN(2Z)
pA
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By Lemma our assumption on the Artin invariant of x implies that v € (K N KO)L, and
therefore the image of z in N (Z) is contained in pN (Z°)*. This completes the proof of the
claim.

Using this lift, we will first construct a particular family of twisted supersingular K3 surfaces
over an open subset of Al that contains 2" as a fiber. This family will come with a natural
marking by A, and we will show that it satisfies the conclusions of the theorem.

Fix a line bundle . on X with first Chern class I, and consider the stack 2/ = 2 {ZV/P}
(see Definition . By Proposition the universal bundle induces a derived equivalence,

and the corresponding map on cohomology is given by
e P H(Z /W) = H(Z W)

In particular, note that e=*/?(p,1,1?/2p) = (p,0,0). By Theorem |4.1.19] the moduli space % =
A0 (p,0,0) of stable twisted sheaves on 2" with respect to a generic polarization is a up—gerbe

over a supersingular K3 surface Y, and there is a universal object
P € Coh" V(7 x 27")

equipped with an isomorphism

det & l) ﬁo]xggf/

The isometry
g: NOW(@) = N2

(see Notation induced by the kernel v(Z?) satisfies (0,0,1) — (p,0,0) and (p,0,0) —
(0,0,1). We have (p,0,0) € pﬁ(%’)*, so by Theorem the Brauer class of the gerbe
% — Y is non-trivial. Let 7: Y — Speck be the structure map, and consider the connected
component A C RQﬂ'fpp that contains % as a fiber. Let # — A! be the universal family. Let
V C A! be the locus of points t € A!(k) where the image of the class (p,0,0) = ¢g=1(0,0,1) in
N ('1)(%) remains primitive. Note that if % deforms the trivial gerbe then V is the complement
of the origin, and otherwise V' = A!. We form the relative moduli space

i de
g/ = ‘%zj‘i//v(paoao) -V
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of twisted sheaves on the fibers of #'|y; — V that are stable with respect to a sufficiently generic

polarization, which comes with a universal object
ée COh(l’l)(‘éﬁ Xy @N’V)

Let 2" be the fiber corresponding to %. We will construct an isomorphism 2”7 = Z”. By
Lemma [4.1.22] the universal twisted sheaf & is locally free, and in particular flat over %. Because
the Brauer class of %" — Y is non-trivial, stability conditions for rank p twisted sheaves on %

are vacuous. Thus, & gives (by descent) an object of .Z3(p, 0,0)(.2”), and hence a morphism
0=[2:2"-2

We claim that this is an isomorphism. The restriction 2 of 2 to %' x ¥ induces a Fourier-
Mukai equivalence D) (2”) — D()(#). The sheaf 2" € Coh"V(2” x #) also induces
a Fourier-Mukai equivalence DM (%) — D(1) (%) (see for instance Theorem 1.6.15 of [38]).

Consider the “wrong-way” Fourier-Mukai transforms
®%: DY) — DW (%) % : DY (2" — DV(@)

One shows as in Theorem 1.6.15 of |[38] that these are both equivalences, and that there is a

~

natural isomorphism of functors ®%, o ®%, = [-2] (see Remark 5.8 of Chapter 5 in [19]). By
construction, the map

Oxid: Z'X ¥ - ' x¥
satisfies (©xid)*2 = . Using this and the projection formula, we obtain a natural isomorphism
LO* 0 ®) 2Dy

where

®5: DY) - DO(2)
is the natural Fourier-Mukai transform associated to &?. We therefore find that
LO* = 5 0 0%y 2]

In particular, we conclude that LO* is an equivalence of categories. By looking at structure

sheaves of closed points, this shows that the map © induces an isomorphism X — Z. As & is
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a Z'-twisted sheaf, its €'}, -action is identified with its canonical action by the inertia group of
2" 1t follows that © is in fact a morphism of p,,-gerbes, and hence is an isomorphism.
We have realized 2" as a fiber of a family of twisted K3 surfaces. We wish to do the same

for Z . Consider the isometries
N(&Z') & N @) S N2

induced by ®» and ® . Let Z’ be the coarse space of %" and Z' the coarse space of Z’. Let
&L = 0,(Z) € Pic(Z'). We claim that £ is the restriction of a line bundle on Z’. Indeed,
consider the class (p, —1,12/2p) € N(2"). We have that

W logt(p,—1,1%/2p) = (p,—U',1*/2p)

where !’ is the first Chern class of .£”. Any class in NG (%) extends to a section of &2’1 /A1®Q
which restricts over each geometric point ¢ € A! to a class in JV(*D(@[). Thus, (p, I, 1"?/2p)
extends to a section of N 7w ® Q which restricts over each geometric point £ € V' to a class in
N(Z]). 1t follows that I’ extends to a class in the relative Picard group of Z’, and so .%" extends

to a line bundle, say g, on Z'. Define
¥ = 2Ly

This is a p,,-gerbe over 7', and is equipped with a morphism [ (see Definition . If

% is the fiber corresponding to Z”, then © induces an isomorphism
2 =LV Sy =

Thus, £ is isomorphic to a fiber of the family ¥ V.

We will now complete the proof. The derived equivalences we have constructed induce isome-

tries
N7 e”l/r = N A (1) Wl Niaen €P S
NZ)—— NZ') — () —— N(Z') —— N(%) (4.2.111)
\_/

e*

By our construction, the family % carries a natural marking by A. Indeed, the marking A=

A®Us(p) — N(Z) of the extended Néron-Severi group of 2" induces a marking A — N (2”),
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)
1/A1®Q

restricting over each geometric point t € A! to a map A— N('l)(%. We thus find the same
for the families 27 and 2. The composition N(2°) — N(Z) satisfies (0,0,1) — (0,0,1) and

and hence a map A — NCY(%), which by Lemma [4.2.4| extends to a map A — &S\

(p,0,0) — (p,0,0), so there is an induced marking A — Picff/v' The resulting marked family

gives a morphism

fg:V—):jﬂX

The isomorphism 2~ — 2 is compatible with the respective markings by A, so the image of fo
contains x. Consider the composition

5o fo: V= M{f
It follows directly from our constructions that the image of V under p o fy is U, and moreover
that the map V' — U is a bijection on closed points. To obtain the stronger result that we have
claimed, we need to show that in fact po fy maps V isomorphically onto U. To see this, consider
the induced isometry A — N(@), which satisfies (p,1,1%/2p) — (0,0,1) and e = (0,0,1) —
(p,0,0). Set A" = (p,1,5)/(p,1, ) (a subquotient of A). Set A’ = A’ & Uy(p), and for clarity
let us denote the standard basis of this copy of Us(p) by €, f’. The family @ — Al carries a
natural marking by A’, and by Proposition [3.3.9] this family induces a diagram

SR

V |

Al M%@é)

where the lower horizontal arrow is the inclusion of the twistor line (up to our identification
of this line with Al). Let K (,@V) be the sub-bundle of Ay ® & ‘A1 corresponding to the relative
Mukai crystal of Y withits T = A ® Z,-structure, and let K (Q/;j be the sub-bundle of Ay ® &
corresponding to the relative Mukai crystal of % with its A® Z,-structure. Applying Proposition
4.1.7| (and Proposition , we see that K(f@v)h/ and K(Q’;) are equal as sub-bundles of Ay ®
Oy . Furthermore, the map A’ — A induced by the derived equivalence between % and 2 and
satisfies ¢ — (p,1,1?/2p) and f’ + (0,0,1). It follows that the map fo: V — .#¢ induced by

¥ -V maps V' isomorphically onto U. Composing with the inverse of this isomorphism, we
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find a lift f of f,|y and a diagram
IR
}/ﬂﬁ
v L, 37
Ao
As previously noted, the image of f contains x, so this completes the proof.

O]

To apply this theorem, we will use the following technical lemma. Let us adopt Notation|3.0.8|
except that we shall write e, f for the generators v, w of Us. Let K C V &k be a characteristic

subspace such that e ¢ K, and let K = 7.(K). Let o be the Artin invariant of K.

Lemma 4.2.12. If o > 2, then there exists an isotropic vector v € V such that v.e #0,v ¢ I~(, and
ve (KNV)*.
Proof. As discussed in Remark (3.0.3] there exists an element B € V ® k, uniquely determined

up to elements of K, such that

BQ
K = <:):1 + (z1.B)e, ..., x5y + (24,.B)e, f + B+ 2e>

Consider the vector space (K N V)*/(K N V), which has dimension 20. The natural form on
this space is non-degenerate, and as o > 2, it has dimension greater than or equal to 4. Thus, it
contains a nonzero isotropic vector (by, for instance, Proposition . We may therefore find a
nonzero isotropic vector x € (K NV)* such that z ¢ K NV,

Let y1,...,Ys,—c be a basis for K N'V. We consider first the case that the image of B in
V ® k/K is not contained in the subgroup

V. _V+K _Vek
KNV K K

We have that

KNV = <y1 + (yl-B)ev N (yao—a-B)e>

It is immediate that the vector v = f + z has the desired properties.
Next, suppose that the image of B is contained in V/K N V. Without loss of generality, we

may then assume that B € V, and therefore

~  ~ B2
KnV = <yl + Wi-Ble, ... Yoo + (Yop—o-Ble, [+ B+ 26>
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One checks that the vector v = f + 2 + B + (2.B + B?/2)e has the desired properties.

4.3 Artin-Tate twistor families

In this section we discuss Artin-Tate twistor families. We begin by interpreting moduli spaces of
rank O twisted sheaves in terms of elliptic fibrations. We then interpret the fibers of Artin-Tate
families in terms of torsors, giving a geometric manifestation of the isomorphism Br = III. We

will apply this in Section [5.2] to study unirationality of supersingular K3 surfaces.

Definition 4.3.1. An elliptic fibration on a surface X is a proper flat morphism f: X — P!
whose generic fiber is a smooth genus 1 curve. An elliptic fibration is Jacobian if it admits
a section P! — X, and is non-Jacobian otherwise. A multisection of degree m is an integral

subscheme ¥ C X such that f|s: ¥ — P! is finite flat of degree n.

Let f: X — P! be an elliptic fibration on a supersingular K3 surface, and p: 2~ — X a

,,-gerbe. Let £ C X be a smooth fiber of f. Fix an integer s, and consider the Mukai vector
v=(0,E,s)

Note that v is primitive and v? = 0. Fix a generic polarization H on X. By Theorem
the moduli stack .# 9 (v) is a G,,-gerbe over a supersingular K3 surface. We wish to identify a
natural choice of a corresponding p,,-gerbe, as in Definition in the positive rank case. Fix
a multisection Y C X whose degree is equal to the index of the fibration X — P!. In our case,
X is supersingular, so the index is equal to 1 or p. Let Y = 2 Xx I be the restriction of 2
to X C X. By Tsen’s theorem, the Brauer class of the gerbe Y is trivial. We fix also an invertible

twisted sheaf .% on 3. We define the following relative stacks over P!,

Definition 4.3.2.

1. Let %’%’g)(s) — P! be the stack whose objects over T — P! are pairs (&, ¢), where &
is a T-flat 2" xp1 T-twisted quasi-coherent sheaf of finite presentation such that for each

geometric point ¢ € 7', the pushforward of the fiber &; along the natural closed immersion

X xpit—> 2 xt
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is H-stable with twisted Mukai vector v = (0, £, s), and ¢ is an isomorphism
b det(ag, (6l ®.27)) = det(gu,sOs)
where iT =% xp1 T, Y =% Xp1 T, and S iT — T and ¢x,,.: Y7 — T are the

projections.

2. Let Z4-(s) — P! be the same but omitting the isomorphisms ¢.

Example 4.3.3. For our applications in Section it will suffice to consider the case when
2" — X is the trivial gerbe X X Bp,,. There is then an invertible 2 -twisted sheaf .’ " such that
L' = Gy Tensoring with .#”" and pushing forward to X defines an isomorphism between
M 9 (v) and the stack of coherent pure 1-dimensional sheaves on X with determinant &'(E) and
second Chern class s. As shown in Section 4 of |8], this stack is isomorphic to the relative moduli

stack of stable sheaves on the fibers of f: X — P! of rank 1 and degree s.
Lemma 4.3.4. Pushforward defines an isomorphism Z 9 (s) — M o (v) of k-stacks.

Proof. This is Lemma 5.13 of [31]. O]
Corollary 4.3.5. If X — P! has index p, then the stack

257 (5) = Ry (s)
is a pu,,-gerbe over a supersingular K3 surface, with associated Gy, -gerbe %5 (s) — R (s).

Proof. By Theorem {119} .# 9 (v) — Mgy (v) is a Gy,-gerbe over a supersingular K3 surface.
By Lemma [4.3.4 #Z4 (s) — R4 (s) is as well. There is a natural forgetful map

%57 (s) = B (s)

Consider a morphism 7' — P! and an object (&, ) over T. The sheaf Elg, ® £V on S has

rank 1 and is O-twisted. Because 3 — P! is finite flat of degree p, the pushforward
45 (Elg, ©.2)

is of rank p. An automorphism f € Aut(&) = G, acts on its determinant via the p-th
power map. It follows that %’%’g)(s) is a p,-gerbe over its sheafification, and that Z 4 (s) is its

associated G,-gerbe. O]
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We consider the universal twistor family 2~ — Al of I,,-gerbes over the connected compo-

nent of RZWEMP. Form the relative moduli space of sheaves

M 7(v) — Al

By the above isomorphism, each fiber of this family is equipped with an elliptic fibration. These

fibrations turn out to be closely related, and in fact are all étale forms of each other.

Proposition 4.3.6. If 2" — X is a p,-gerbe that deforms the trivial gerbe, then for any s the

morphism Z 5 (s) — Pl is an étale form of the morphism Zx (s) — P1L.
Proof- This is included in Proposition 5.17 of [31]. O]

Recall that if ' is an elliptic curve over a field L, then III(L, E) is the group of E-torsors
over L. In particular, we may consider III(k(t), Jac(Xj))). Each fiber of the Artin-Tate twistor
family M ;=(v) = R (1) is equipped with an elliptic structure, which is an étale form of the fiber
R 7(1)|o = Jac(Xy(;))- Recall that the subgroup U%(X, m,) C H%(X, M) is the k-points of the
connected component of the identity of RQWEMP, and therefore classifies those p,,-gerbes on X

that deform the trivial gerbe. The association 2" +— [R 4 (1)] gives a map
U2 (X7 IJ‘p) - HI(k'(t), JaC(Xk(t)))

We will interpret this map as a geometric manifestation of the Artin-Tate isomorphism. The

following result is Theorem 3.1 of [46].

Theorem 4.3.7 (Artin-Tate). Let f: X — P! be an elliptic fibration on a K3 surface. The edge map

in the E? term of the Leray spectral sequence for G, on f yields an isomorphism
Br(X) — II(k(t), Picx, , /k)

resulting in a natural surjection
II(k(t), Jac( X)) — Br(X)

with kernel isomorphic to Z/iZ, where i is the index of the generic fiber X,y over k(t). In particular,

if X — P! has a section, the latter arrow is an isomorphism.
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Proof. This is Proposition 4.5 (and “cas particulier (4.6)”) of |17]. O

It follows by descent theory that any element of ITI(k(t), Jac(X}))) corresponds to an étale
form X’ of X, and X’ is also a K3 surface.

Proposition 4.3.8. Let X — P! be an elliptic supersingular K3 surface with Jacobian J(X) — P
If % — X is a p,,-gerbe that deforms the trivial gerbe, then for any s the morphism Ry (s) — P! is
an étale form of the morphism J(X) — P, The resulting map U (X, p,,) — II(k(t), Jac(Xk()))
defined by

2 s [Ror(1)]

fits into a commutative diagram

U%(X, p,)

L~

Hl(ki(t), JaC(Xk(t))) —_—> BI"(X)
where the horizontal arrow is the Artin-Tate map of Proposition[4.3.7

Proof: By Proposition Ro(s) — Plis an étale form of Zx(s) — P!. The same is
therefore true for R4-(s) — P! and Ry (s) — P*. The latter is isomorphic as an elliptic surface
to the Jacobian J*(X) — P!, which is an étale form of J(X) — P! (and also of X — P1) (see
Chapter 11, Remark 4.4 of |21]). This gives the first claim.

For the second claim, we consider the corresponding genus 1 curves X, and R, = (R2 (1)),
over the generic point 7 = Speck(t) of P!. The Leray spectral sequence and Tsen’s theorem

show that the edge map gives an isomorphism

Br(X,) = H'(n, Jac(X,))

which we can describe concretely as follows. Over k(t) the gerbe 2, — X, has trivial Brauer

class, hence carries an invertible twisted sheaf ¢ such that #®? has degree pa(2"), where

1
(2 € 22
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is the unique element that corresponds to the cohomology class of the restriction of 2~ to any

smooth fiber £ C X of f under the natural isomorphism
1 ~
-Z)Z — Z/pZ.
p

By our assumption that .2 deforms the trivial gerbe, a(:Z") = 0. Given an element o of the Galois
group of k(t) over k(t), there is an invertible sheaf L, € Pic(XW) such that 0*.¢ ® £V =
L2, This defines a 1-cocycle in the sheaf Picy, /,, and its cohomology class is the image of a
unique class in H' (7, Jac(X,))), as desired.

On the other hand, tensoring with .V gives an isomorphism between the stack of invertible
Ay-twisted sheaves of degree 1 and the stack of invertible sheaves on X, of degree 1. The latter
stack is a gerbe over X, and the Galois group induces the cocycle given by the translation action

of Jac(X,) on X,,. But this gives the edge map in the Leray spectral sequence.
Finally, the surjectivity of the diagonal arrow is implied by Theorem [2.1.13 O



120

Chapter 5

APPLICATIONS

5.1 A crystalline Torelli theorem for twisted supersingular K3 surfaces

In this section we use twistor lines to prove a crystalline Torelli theorem for twisted supersingular
K3 surfaces over an algebraically closed field £ of characteristic p > 3. Our approach is inspired
by Verbitsky’s proof of a Torelli theorem for hyperkédhler manifolds over the complex numbers
using classical twistor space theory As a corollary, we obtain an alternative proof of Ogus’s
crystalline Torelli theorem (Theorem III of [40]).

Let us briefly discuss the differences between our proof and that of Ogus. A key input in [4]]
is the result of Rudakov, Zink, and Shafarevich that supersingular K3 surfaces in characteristic
p > 5 do not degenerate (see Theorem 3 of [44] and Theorem [5.L1I). This is applied to show
that the moduli space S is almost proper over £ (meaning it satisfies the surjectivity part of
the valuative criterion with respect to DVRs). Using that the period domain is proper, it is then
deduced that the period morphism is almost proper, and eventually (after adding ample cones)
an isomorphism. Because of this, the main result of [41] is restricted to characteristic p > 5,
although the surrounding theory works in characteristic p > 3. In our proof, we will show using
twistor lines that the period morphism is an isomorphism without using the almost properness
of the moduli space. Thus, we do not need to restrict to characteristic p > 5, and we are able
to extend Ogus’s Torelli theorem to characteristic 3 (characteristic 2 carries its own difficulties,
which we will not discuss here). In fact, we can reverse the flow of information in Ogus’s proof to
obtain in particular a proof of the non-degeneration result of [44] in characteristic p > 3. This
result was previously known only for p > 5, and p = 2 via different methods (see [43]). We end
the section by applying our twisted Torelli theorem to prove that every twistor family admits a

modular interpretation, and to deduce some consequences for the structure of the moduli space

'See [48] for the proof, and [Z0] for a skillful exposition of these ideas. Also see [2I], where the same strategy is
applied in a simplified form to deduce the Torelli theorem for complex K3 surfaces.
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of supersingular K3 surfaces which do not have any analog over the complex numbers.
The period domain M)y, is a projective variety, and in particular separated. However, the
moduli space S is not separated. To correct this, we will follow Ogus [41] and equip characteristic

subspaces with ample cones. If A is a supersingular K3 lattice, we set
Ay={b¢ A|6% = -2}
Associated to an element § € A, is the reflection
ss(w) = w+ (0.w)d
The Weyl group of A is the subgroup W) C O(A) generated by the s5. We set
Va={r€A®@R[z*>0and 2.0 # 0forall § € Ay},
and let C be the set of connected components of V.

Proposition 5.1.1 (|41], Proposition 1.10). The Weyl group W acts simply transitively on C.

If A = Pic(X) for some K3 surface X, then it is shown in [41] that the ample cone of
X corresponds to a connected component of V), and hence to a certain element of Cj. Let

K € Mu,(S) be a characteristic subspace. For each (possibly non-closed) point s € S, we set
A(s) ={r e A® Q|pxr € A and pT € K(s)}
We caution that this notation is not completely compatible with that of |41].

Definition 5.12. If K € My, (S) is a characteristic subspace, then an ample cone for K is a
choice of elements o € CA(S) for each s € S, such that if s specializes to s then oy C avg,. We
let Py denote the functor on schemes over M, whose value on a scheme is the set of ample

cones of the corresponding characteristic subspace.

Proposition 5.1.3 ([41], Proposition 1.16). The functor Py is representable and locally of finite type

over k, and the natural map Py — M », is étale and surjective.

Ogus also shows that p: Sy — My, factors through Py, resulting in a map

,Oa: SA—>PA
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This map is shown to be étale and separated. Ogus’s crystalline Torelli theorem asserts that this
map is an isomorphism. We seek an extension of these ideas to the twisted setting. We define a

functor 73 by the Cartesian diagram

It is immediate from Proposition that the functor &5 is representable and locally of finite

(e)

type over k, and that the natural map ‘@7\ — M X is étale and surjective.

Proposition 5.1.4. The morphism p: ./ — M%eo) factors through 5. The resulting diagram
70 —L Sy
al Jpa (5.14.1)
:@7\ L> PA
is Cartesian, and the map p®: Sy — P5 is separated and étale.

Proof. By the universal property of the fiber product and Proposition [3.3.9) we get a diagram

IR —L— Sp

~ lﬁa a pal

7r6
pl P ——— Pr |p

L]

M T T,

where the lower and outer squares are Cartesian. It follows that the upper square is Cartesian.

Because p” is separated and étale, the same is true for p®. O

Our crystalline Torelli theorem for twisted supersingular K3 surfaces asserts that the twisted
period morphism p® is an isomorphism. We prove this in several steps.
Let us define the Artin invariant of a k-point of @7\ (respectively, Py) to be the Artin invariant
oo . 7€) . <7 . .
of its image in M o (respectively M »,). Using Kummer surfaces, Ogus showed in [40] that the
crystalline Torelli theorem is true at all points of Artin invariant oy < 2 (this part of his argument

needs only that p > 3). Using Proposition we will extend this to the twisted setting.
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Proposition 5.1.5. The fiber of p® over any k-point of Artin invariant oy < 2 is a singleton. Each

connected component of 5 contains a point of Artin invariant < 2.

Proof- 1t is shown in [41] that the fiber of p* over any k-point of Artin invariant o9 < 2 is a
singleton (see Step 4 of the proof of Theorem IIT’). Consider a point x € &7; of Artin invariant
< 2. The image of x in P, also has Artin invariant < 2, so by Proposition[5.1.4]the fiber (5%) ! (x)
is a singleton.

Following Ogus [41], let us say that a morphism of schemes is almost proper if it satisfies the
surjectivity part of the valuative criterion with respect to DVR’s. In the proof of Proposition 1.16
of [41], Ogus shows that Py — My, is almost proper. This property is clearly preserved under
base change, so the morphism

Pi — H%eg
is also almost proper. Let & C &7; be a connected component. By Proposition its image
in Mﬁ{g is open. The scheme M%ez has two connected components, each of which are irreducible
and contain a (unique) point of Artin invariant 1 (see the discussion following Definition [3.0.4).
We may therefore find a DVR R with residue field & and fraction field K" and a diagram

Spec K ——— &

>
R
-
-
-
-
-
-
-

5 Tre
SpecR —— M Ry
such that the closed point of Spec R is mapped to a point of Artin invariant < 2. As the right

vertical arrow is almost proper, we may find the dashed arrow, and this gives the result. O

We next show that p® is surjective.
Proposition 5.1.6. The morphism p®: /Y — 25 is surjective.

Proof- Clearly, p® is surjective if and only if p® is surjective. By Proposition the group of
reflections about (—2)-classes in A acts transitively on the set of ample cones of A. Moreover,
this group preserves any characteristic subspace. Therefore, p® is surjective if and only if p is
surjective (see [41], Step 4 of proof of Theorem III’ for a similar argument). Because p is surjective

if and only if p is surjective, we are reduced to showing that

pr SR = MY
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is surjective. We will induct on the Artin invariant. For each 1 < oy < 10 fix a supersingular K3

lattice A0, and define A0t = A0 & Uy(p). Let

v ~ 7€
Poot SAco — MASO and Poot+1: SN0 — MKUDJFl
0

be the period morphisms. As described in Step 4 of the proof of Theorem III' of [41], p; is

surjective. We will show that

L. if py, is surjective, then py,41 is surjective, and

2. if py, is surjective, then p,, is surjective.

The first claim follows immediately from Proposition To show the second, suppose that
Doy is surjective, and take a point p € M poo(k) corresponding to a characteristic subspace
K C AJ® ® k. The orthogonal sum A% & Us where Uy = {(a,b) and a? = b? = 0, a.b = —1, is

an extended supersingular K3 lattice of Artin invariant og. Therefore, there exists an isometry
g AU, = A0

Let v = g(a). We may assume that v.e # 0. There is an induced isometry go: A" = AJ° and
an induced isomorphism
90" MT\SO = MA(‘)’O

Suppose g;(q) = p. It follows that g € M;\?O‘ By assumption we may find a point y € 77, _; (k)
corresponding to a marked twisted supersingular K3 surface %" — Y such that p,,(y) = ¢. Note
that the vector w = ¢(b) satisfies v.w = —1. It follows that the image of v under the marking
A% — N(%) is primitive and isotropic. By Theorem the moduli space 2~ = .Z5(v) is
an essentially trivial p1,,-gerbe over a supersingular K3 surface X, and we may find a commutative

diagram

N(X) —— H(X/W)

! |

N(#) —— H(# /W)

where £ is an isometry such that (0,0,1) — v. The K3 surface X with the induced marking

A% =at/a S vt v LN N(X)
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gives a point in Spso whose image under p is p. O

We now know that p%: /¢ — &5 is separated, étale, and surjective, and that there exists a
point in each connected component of &5 whose fiber is a singleton. Combining this with our

construction of twistor families in Theorem we will show that p* is an isomorphism.
Theorem 5.1.7. Ifp > 3, then the twisted period morphism p®: S§ — I3 is an isomorphism.

Proof. Let & be a connected component of P53, . its preimage in .}, and p': . — P the

restriction of p®. Consider the diagonal
Aﬁ/ = X P S

Because p’ is separated, Az is a closed immersion, and because P is étale, it is also an open
immersion. Thus, Ay is an isomorphism onto its image A = Ay (), which is a connected
component. We will show that A = . x5 .. Take a point (z9,z1) € ¥ Xp .. We will
construct a connected subvariety C' C . x » .¥ that contains (zo, 1) and a point whose image
in & has Artin invariant L

Let o be the Artin invariant of ¢ and 1. Suppose that o > 2. By induction, it will suffice to
construct a connected subvariety containing (7o, 1) and a point of Artin invariant o — 1. Let K
be the characteristic subspace corresponding to p(z¢) = p(x1). By Lemma we may find
an isotropic vector v such that v.e # 0, v ¢ K, and v € (I? N KO)J—. That is, v satisfies the
assumptions of Theorem (see Lemma . Applying Theorem to both x¢ and z1,

we find an open subset U C L and lifts
wo,1: U =7

of f, which agree upon composing with p. Consider the diagram
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where ¢ = 0, 1. We will show that by performing an appropriate sequence of elementary modifi-
cations, we can modify the ¢; so that they agree upon composing with p. By definition of &3,
this is the same as p o g = po ;.

By Proposition the Weyl group of A acts transitively on the set of ample cones C. By
precomposing the marking of one of our families by an appropriate reflection, we may therefore
ensure that p o ¢f, = p o ¢ at the generic point 7 of U. The same is then true also on the open
locus of points in U with Artin invariant o. Suppose that so € U is one of the finitely many closed
points with Artin invariant 0 — 1. There is an inclusion A C A(s), which induces an inclusion
VA D Vi(s)- The morphisms p o ¢; applied to 7 give an ample cone o C V, and applied to so
give two possibly different ample cones a, a1 C V) (5), which have the property that o, a1 C a.
By Proposition there exists 0 € A(s) whose associated reflection sends g to ;. We may
assume that 0 is not in the image of the Picard group of the generic fiber. Suppose that ¢ is an
irreducible effective curve. By Proposition 2.8 of [41], taking the elementary modification of the
family X — U corresponding to ¢/ with respect to § produces a new family Y — U, along with

isomorphisms

Ov_sy: Yu—sy = Xu—s, and Oy : Yy, — X

Moreover, these isomorphisms act on the Picard groups in such a way so that Y — U inherits a
marking by A, and the induced morphism U — Sy — P now agrees with ¢g at sg. By Remark
8.2.4 of |21], the Weyl group is generated by irreducible effective curves, so we achieve the same
result for a general § as well. Replacing ¢ with the induced U — .7, we have modified our lift
1 so that po @y = p o at every point of Artin invariant o, and at sg. Furthermore, note that
x1 is still in the image of (1. Repeating this procedure at each of the finitely many points of U
with Artin invariant o — 1, we find the desired lifts (g, 1 satisfying p® o ¢g = p® o ;.

We have constructed a morphism
(po,1): U =S xS

whose image contains (7o, z1). By Lemma U is equal to L = A' minus at most one point.
Therefore, by Lemma [3.0.6} the image of U contains a point, say (x(, ] ), where x{, and 2| have

Artin invariant o — 1. Continuing in this manner, we find a chain of (open subsets of) twistor
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lines C' and a map C' — . X » . whose image contains (¢, z1), such that the image of the
composition C' — . X » . — & contains a point of Artin invariant < 2.

By Proposition the preimage of this point under p’ is a singleton. It follows that C'
intersects A, and hence C is contained in A. As (xg, 1) was arbitrary, this shows that A =
& X » 7. The diagonal morphism Az is therefore an isomorphism, so ' is a monomorphism.
Because p' is étale, it is an open immersion. By Proposition p' is surjective. It follows that

p' is an isomorphism. O

Note that the pullback of the section o: MAO C M%Z along p gives the locus Sy C ¥
of marked surfaces with trivial p,,-gerbe. Thus, Theorem implies Ogus’s crystalline Torelli
theorem (Theorem III' of [41], as well as its consequences Theorems LILII',II”, and III), and

extends these results to characteristic p > 3.
Corollary 5.1.8. Ifp > 3, then the period morphism p®: Sy — Py is an isomorphism.

Of course, because the diagram is Cartesian, the opposite implication holds as well.
Let us translate our result from characteristic subspaces to K3 crystals. Under the inclusion
H(2 /W) C H(X/K), the codimension filtration on H(X/K) induces a filtration on H(.2"/W).
Theorem implies the following pointwise statement (compare to Theorem II of [41]).

Theorem 5.1.9. Let k be an algebraically closed field of characteristicp > 3 and X and % be
I, -gerbes on supersingular K3 surfaces over k. If ©: H(2 /W) — H(Z /W) is an isomorphism of

W -modules such that

1. © is compatible with the bilinear forms and commutes with the respective Frobenius operators,

2. O preserves the extended Néron-Severi groups, so that there is a commutative diagram

N(Z) — N(@)

[ I

H(2 /w) —2- 0@ /W)

3. © preserves the codimension filtration, and
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4. © maps an ample class to an ample class,

then © is induced by a unique isomorphism 2 = % . Conversely, any isomorphism induces a map ©

satisfying these conditions.

Using the same methods as in [40], one can deduce the following (compare to Theorem I of

[41]).

Theorem 5.1.10. Ifp > 3 and 2" and & are p,,-gerbes on supersingular K3 surfaces, then 2" and

% are isomorphic if and only if there exists a filtered isomorphism
H(Z /W) = W& /W)
of W -modules that is compatible with the bilinear forms and with the Frobenius operators.

We obtain an alternate proof of the following theorem of Rudakov, Zink, and Shafarevich

(Theorem 3 of |44]). As discussed in the introduction, this result is new in characteristic 3.

Theorem 5.111. Let k be an algebraically closed field of characteristic p > 0, and let R = k[[t]] and
K =k((t)). If X is a K3 surface over K whose geometric fiber has Picard rank 22, then there exists a

finite extension R' /R and a smooth surface X' over R' such that X', = Xg.

Proof. The result holds in characteristic p = 2 by results of [43]. Suppose that p > 3. After taking
a finite extension R’ of R, we may arrange so that the family X — Spec K admits a marking by
some supersingular K3 lattice A (see page 1522 of [42]), and hence gives a morphism K’ — Sy.
As explained in Proposition 1.16 of [41], the forgetful map Py, — MAO satisfies the existence
part of the valuative criterion with respect to DVR’s. Because the period domain M, is proper
over Spec k, we conclude by Theorem that Sy — Speck satisfies the existence part of the

valuative criterion with respect to DVR’s. This gives the result. O

Our results give an interesting interpretation of the moduli space of supersingular K3 surfaces
in terms of the sheaf R27r§pp. Let 1 < 0¢p < 8 be an integer, fix a supersingular K3 lattice
A9t of Artin invariant oo + 1 and set A%0*t! = A%0+1 @ U, Pick a primitive isotropic vector

v = (p,1,s) € pAotL let A% = v1/v, and set AT = A% ¢ Us(p). To a A%+ -marked
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supersingular K3 surface X we may associate the moduli space .#x (v), whose extended Néron-
Severi group has an induced marking by A90+! This is reflected at the level of period domains
by a diagram

MXQOH —_— 7§~\eczo+1

0 0
\\ / (5.L1L1)
Ty Te
MASO
This shows that the crystalline period domain for marked supersingular K3 surfaces of Artin in-
variant < 0+ 1 is covered by open subsets that are isomorphic to the sheaf of groups (R?xfl Hy,)°

over the crystalline period domain for supersingular K3 surfaces of Artin invariant < gg. With a

little extra work, we may obtain a statement at the level of moduli spaces.

Definition 5.1.12. If W C V is a subspace, we let U‘I;V C My be the locus of characteristic
subspaces K C V ® k such that K NV C W. In particular, U} = Uy is the open subset of

strictly characteristic subspaces.

Lemma 5.1.13. For any totally isotropic subspace W C Ao, the morphism Py — My, admits a

section over the open subset UXK C My,-

Proof. A section over an open subset U C M, corresponds to a choice of ample cone for the
restriction of the universal characteristic subspace K, to U. Let W C A be a totally isotropic

subspace. Define

Aw ={r € A®Q|pzr € A and pT € W}

This is a supersingular K3 lattice, and we have A C Ay . For any (possibly non-closed) point

s € UXZ, we have that K (s) N Ag C W, so there are inclusions
A CA(s) C Aw

It follows that

VAW C VA(s) C Vi

Pick an ample cone o € Cy,. For each s, let a,, € CA(S) be the unique connected component

containing the image of o under the above inclusion. These ample cones are compatible, and
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hence we get an ample cone for the restriction of K, to UX‘;. In other words, we obtain for each

a € Oy, a diagram
P
o]
UXZ —> MAO

which in particular implies the result. O

Combining this with our observation about the period domains, we obtain the following

statement.

Proposition 5.1.14. The moduli spaces Syoo+1 and S\o0 are birational.

Proof. By Lemma 5113, the morphisms 5,11 — M;?OH and Pyog+1 — M poo+1 admit
0

sections defined on open subsets of the target. A section of an étale morphism is an open

immersion, so the isomorphism MAUOH = MKUOH 5.1.11.1) induces the desired birational cor-
0 0

respondence. O

This iterated bundle structure has the following pointwise consequence.

Proposition 5.1.15. Every supersingular K3 surface can be obtained from the unique supersingular K3
surface X of Artin invariant oo = 1 by iteratively taking moduli spaces of twisted sheaves. That is, for
any supersingular K3 surface Y, there exists a sequence vy, . . . , vy, of Mukai vectors and oy, . . . , oy of

cohomology classes such that v; € N(XZ) and o; € HQ(Xi, up), where X1 = X and
Xit1 = Mx, o) (vi)
such that X,, =Y (in fact, we may taken = oo(Y') — 1).
Finally, we will show that every twistor family is a moduli space of twisted sheaves on a

universal twistor family. In particular, this will remove the assumptions on v in Theorem m

To treat the Artin-Tate case, we will use the following lemma.

Lemma 5.1.16. Suppose thatp > 5 and that v € N(Z ) is an isotropic vector with v.e = 0, where
e = (0,0,1). If v is not @ multiple of e, then there exists an elliptic fibration X — P with smooth
fiber E and an integer s such that the image of the vector (0, E, s) € pN(2')* C N(2') in N(2 )0

is a scalar multiple of v.
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Proof Consider any lift of v to an isotropic vector (0,1,s) € pN(2)* C N(2'). We will modify
this vector while ensuring that its image in N (Z)o remains a non-zero scalar multiple of v. We
claim that we may assume that [ is primitive. Suppose that [ = nl’ for some primitive /' and some
n, which is necessarily invertible modulo p. We pick an integer s’ such that ns’ = s modulo p.
Replacing (0,1, s) with (0,1, s") achieves our goal. Next, after possibly multiplying by —1, we
may arrange so that [ is in the closure of the positive cone, and hence is effective. By Proposition

3.3.10 of [21], we find a sequence of (—2)-curves C; such that

Scno...OSCl(Z)

is linearly equivalent to a smooth fiber E C X of an elliptic fibration f: X — P!. Because the

reflections s¢; act trivially on ]V(X)O, the Mukai vector (0, E, s) also lifts v. O

Theorem 5.1.17. If p > b, then every twistor family is a moduli space of twisted sheaves on (an open
subset of) a connected component of a universal family of p,,-gerbes on some supersingular K3 surface.

Ifp > 3, the same is true if v.e # O (with the notation of Theorem[4.2.8).

Proof. 1t is likely possible to give a direct proof for this result along the lines of Theorem [4.2.8]
Allowing ourselves to use the twisted crystalline Torelli theorem, the proof is greatly simplified.
Choose a lift z € A as in Theorem m (in the positive rank case), or with the properties of
Lemma (in the Artin-Tate case). The remainder of the proof follows Theorem [4.2.8] except

that we deduce the existence of the desired isomorphism from the Torelli theorem. O
5.2 Unirationality of supersingular K3 surfaces

In this section we give some applications of the Artin-Tate twistor families studied in Section
Our first result is that every elliptic fibration on a supersingular K3 surface admits a purely
inseparable multisection of degree p. We apply this result to show that unirationality can be
transferred along Artin-Tate twistor families associated to elliptic fibrations. By induction on
the Artin invariant, this implies that all supersingular K3 surfaces in characteristic p > 5 are
unirational. This gives another proof of the main result of [33]. Our method extends to show that
supersingular K3 surfaces in characteristic 3 with Artin invariant og > 7 are unirational, which

was previously unknown. The remaining cases of p = 2 or p = 3 and 09 < 6 have long been
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known by results of Rudakov and Shafarevich on quasi-elliptic fibrations (see [43], and Theorem
and Proposition below). It follows that supersingular K3 surfaces in any characteristic
are unirational, verifying a conjecture of Artin, Rudakov, Shafarevich, and Shioda. For a history

of this conjecture, we refer to the introduction of [33].

Remark 5.2.1. In [33], Liedtke uses deformations of the trivial torsor over the formal Brauer group
to produce purely inseparable multisections, and eventually purely inseparable isogenies relating
supersingular K3 surfaces of different Artin invariants. Unirationality of all supersingular K3
surfaces is then shown to follow from the unirationality of a single supersingular K3 surface.
Where our method differs from Liedtke’s is that we construct families of torsors over the group
scheme (R?7f'1,)° = A, instead of over the formal Brauer group m = Spec k[[z]]. Our
families recover Liedtke’s by restricting to the complete local ring at the identity and applying

the natural isomorphism

o —

(R2xlip,)o ~ Br(X)

of Lemma This difference allows us to considerably simplify portions of the strategy of
[33]. Notably, we do not need to use any strong results on the global structure of the moduli
space of supersingular K3 surfaces, such as the crystalline Torelli theorem or the potential good
reduction of supersingular K3 surfaces (Theorem . In particular, the results of this section
are independent of those of Section

We first consider families of torsors under an elliptic curve in a somewhat general situation.
The key result that we will need is that a nontrivial deformation of the trivial torsor admits a

purely inseparable multisection. To state this precisely, we fix the following notation.

1. k is an algebraically closed field of characteristic p,
2. L/k is a finitely generated regular field extension of k,
3. E is an elliptic curve over L with identity section 0,

4. R is a DVR over k with residue field £, field of fractions K, and uniformizer z,
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5. S(R) = (L ®y, R)(y). Note that S(R) is in fact a dvr with residue field L, which follows
from the fact that L ®j R is a domain (L is regular over k), and the fact that R has residue

field k, so that S(R)/zS(R) = L, making x generate a maximal ideal.
6. 7 is the generic point of Spec S(R), and
7. N is the generic point of Spec S(R) ®r K = Spec L @y K.

In our application, we will take R = k[[z]] and L = k(t).

Definition 5.2.2. If A is a k-algebra, we say that a family of E-torsors over L parametrized by A
is an F ®;, A-torsor over L ®;. A.

The following result is due to Max Lieblich, and we refer to Section 5.2 of |/] for the proof.

Proposition 5.2.3. If C — Spec(R®y L) is a family of E-torsors over L parametrized by R such

that

1. the curve C, has index p over r(n) (and thus has order p in H' (1), E,_.)) and
2. there is an isomorphism of E-torsors
7: E S Cy,

where Cy = C @ R/tR,

then there is a point P on C)__ that is purely inseparable of degree p over 1.
We now apply Proposition to study elliptic fibrations on supersingular K3 surfaces.

Theorem 5.2.4. If X is a supersingular K3 surface, then any elliptic fibration X — Pl admits a

purely inseparable multisection of degree p.

The strategy is as follows. Suppose that X — P! is non-Jacobian. Using Proposition [5.2.3|
we construct a certain twistor family Y — A! whose fibers are equipped with compatible elliptic
structures, and show that there are closed points xg,z; € A! such that Y, is isomorphic to

X, and Y,, is isomorphic to the Jacobian of X. In both cases, the isomorphism respects the
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elliptic structure. In other words, we construct a family of torsors under the Jacobian of X which
interpolates between X and the trivial torsor. Because this family contains the trivial torsor,
Proposition shows that its generic fiber admits a purely inseparable multisection of degree

p. We then specialize this multisection to Y;, = X to get the result.

Proof of Theorem[5.2.4 Note that if X — P! admits a section, say o: P! — X, then Fx oo isa
purely inseparable multisection of degree p. Suppose that X is non-Jacobian, and let J — P be
its Jacobian fibration. Consider the universal family # — Al of t,,-gerbes on J that contains
the trivial gerbe, and form the relative moduli space Z ,(1) — A'. Note that the class of the

gerbe Z 7 (1) — R _z(1) is trivial. Its coarse space gives a family
R (1) — Al

of K3 surfaces. The fibers of this family come equipped with compatible elliptic structures, giving

a morphism R ,(1) — Al x P! over Al. Restricting to the generic point 77 of P!, we find a

family

(R y(1)y — Al xn (5.2.4.1)
of genus 1 curves over 7 = Speck(t) parametrized by A'. To avoid confusion, we will set
A'! = Spec k[x].

We make some observations about this family. First, the fibers admit compatible actions by
Jp. Applying Proposition to the elliptic surface J — P!, we see that each fiber is an étale
form of J;, so (R (1)), has the structure of a family of J,-torsors over k[z], in the sense of
Definition Furthermore, the fiber over the origin 0 € A!(k) is the trivial torsor, and the
generic fiber is non-trivial (this follows from Proposition and the fact that the Brauer class
of # — Al is generically non-trivial). Finally, we claim that this family contains the torsor X,

as a fiber. To see this, consider the commutative diagram

U2(J, )

l

Hl(k(t), JaC(Jk(t))) — BI’(J)

defined in Proposition [4.3.8] (we recall that the diagonal arrow is surjective by Theorem [2.113).

The elliptic surface X — P! corresponds to an element of ITI(k(t), Ji()). Because J — P is
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Jacobian, the horizontal arrow is an isomorphism, and therefore the vertical arrow is surjective.

It follows that there is a 29 € A'(k) such that (R 4 (1),)s, is isomorphic to X, as a J,-torsor.
Let R = k[[z]] be the completion of the local ring of Al = Spec k[z] at the origin, and let

L = k(t). The restriction of the family to Spec R x 1 = Spec(R ®j, L) gives a morphism

R 7 (1)pxspecr — Spec(R @y, L)

We check that this family satisfies the conditions of Proposition Fix an algebraic closure
K C K of K = k(x). As we have observed, the elliptic surface R ; (1) — P! x K is non-
Jacobian, and the corresponding torsor is necessarily of index p. We also know that the fiber over
the closed point 0 € Spec R is the trivial torsor. Therefore, by Proposition R 7 (1)ne = Moo
admits a purely inseparable point P of degree p, where 1), is the generic point of Spec L ®, K.
We may realize P over some finite extension K’ of K. Let A be the normalization of R in K.
Taking the closure of P in the base change of our family along the map Spec A — A! gives a
multisection % of the family R 4 (1), — 1 x Spec A of torsors parametrized by A.

Consider the point 29 € A!l(k) such that (R y#(1)y)z, is isomorphic to X, as a J,-torsor.
This lifts to a closed point of Spec A, which we will also denote by z(. Restricting 3, we find a
multisection

Eao C R g (1)ag
If 3, were non-integral (e.g., a p-th power in the Picard group) then ¥ would be non-integral

because the specialization map

Pic(R #(1)y,) — Pic(R #(1)x)
is an isomorphism, where 74 is the generic point of Spec A. Thus, X, is integral, giving a
point of R (1), 4, that is purely inseparable of degree p over 7. Taking its closure gives a

purely inseparable multisection of the elliptic surface R 4 (1)z, = P'. As R (1), and X were

isomorphic as elliptic surfaces, this completes the proof. ]

The existence of a purely inseparable multisection has the following consequence.

Lemma 5.2.5. If X — P! is an elliptic fibration on a K3 surface that admits a purely inseparable

multisection ¥ C X of degree p, then there exists a purely inseparable rational map

J(X)--+X
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of degree p*. In particular, if J(X) is unirational then so is X.

Proof. An inseparable multisection of degree p gives a diagram

where the horizontal morphism is the absolute Frobenius. In particular, X/ PY) s P! admits
1

a section. Let 7 be the generic point of P!. The generic fiber X,(Zp/P ) 7 is a smooth genus 1

curve with a section, and hence is isomorphic to its own Jacobian. We therefore find isomorphisms

1
(J(X)(P/Pl))n i~ J(XT(IP/P )) o X?(7p/P1)

and hence a birational correspondence J(X)(p/Pl) ——> X®/P)_ The composition

J(X) 0P ponywPh L, xeeh ety
is purely inseparable of degree 2. -

Proposition 5.2.6. Let k be an algebraically closed field of characteristic p > 0. Suppose that either

L. p>5and2 <oy <10, or

2 p=3and7 < op < 10.

If X is a supersingular K3 surface over k of Artin invariant oy, then X admits a non-Jacobian elliptic

Sfibration.

Proof. Fix such a supersingular K3 surface X. Because oy > 2, by [42] there exists an orthogonal
decomposition N(X) = N’ @ Us(p). Let I € U(p) be a primitive nonzero isotropic vector. After
possibly multiplying by —1, we may ensure [ is effective. We find a sequence of (-2)-curves C;
such that

SCp O...OSCl(l)

is linearly equivalent to an integral curve that is a fiber of some fibration X — P (see Proposition
2.3.10 of [19)). It is shown in [43] that if we are in either case (1) or case (2), then X does not
admit any quasi-elliptic fibration. Thus, X — P! is necessarily an elliptic fibration. Because

| € pN(X)*, X — P! is non-Jacobian. O
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In order to treat the remaining cases, we recall some results on quasi-eliptic fibrations from

[43).

Theorem 5.2.7. Let k be an algebraically closed field of characteristic p > 0. Suppose that either
1L p=2 or
2 p=3andl <oy <6.

If X is a supersingular K3 surface over k of Artin invariant o, then X admits a quasi-elliptic
Sfibration.

Proof. This is proved in Section 5 of [43]. See the theorem on page 1496 and Remark 3 on page
1497. O

By a result of Rudakov and Shafarevich (see Section 2, Proposition 2 of |[43] on page 1485), a

surface possessing a quasi-elliptic pencil is unirational. The proof is short, so we shall give it.

Proposition 5.2.8. If X is a smooth proper surface over k that admits a quasi-elliptic pencil X — P,

then there exists a purely inseparable rational map
P?2--» X
of degree p. In particular, X is unirational.

Proof- Let us recall some facts on quasi-elliptic pencils from [43]. There is a curve ¥ C X such
that the restriction ¥ — P! is purely inseparable of degree p, and X — ¥ — P! has smooth
generic fiber. Moreover, if 7 is the generic point of P!, then (X —X),, is a quasi-elliptic curve over
n = Spec k(t). If such a curve has a rational point, then on the open complement of its unique
singular point it is a form of G, over k(t). Finally, just as for elliptic curves, a quasi-elliptic curve
without a rational point is a torsor under one with a rational point. We have an induced diagram

X

b

>y — Pl
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where the horizontal arrow is purely inseparable of degree p. The base change X’ = X xyx P!
admits a pencil X’ — X with a section. The generic fiber is therefore a rational curve. Because

Y is rational, X’ is rational, and the result follows. ]

Theorem 5.2.9. Every supersingular K3 surface over an algebraically closed field of characteristic

p > 0 is unirational.

Proof. Assume p > 5. We will induct on the Artin invariant. By [45], the unique supersingular K3
surface of Artin invariant o9 = 1 is unirational. Let X be a supersingular K3 surface with Artin
invariant oy > 2. By Proposition X admits a non-Jacobian elliptic fibration X — PL.
By Theorem there is a purely inseparable multi-section ¥ C X. The Artin invariant of
the Jacobian J(X) is strictly lower than that of X. Thus, by Lemma and the induction
hypothesis we conclude that X is unirational.

By Proposition and Theorem the result is proved for p = 2, and for p = 3 and
1 < 0¢(X) < 6. We obtain the result for p = 3 and 7 < 0p(X) < 10 by the same induction as

in the previous case. O
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