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There currently does not exist a good regulator for chiral gauge theories on the lattice. A

number of approaches have been attempted, including domain wall fermions and overlap

fermions. It has been shown that these fermions both satisfy the Ginsparg-Wilson (GW)

relation, a relation constraining chiral symmetry on the lattice. In this thesis, we will discuss

various generalizations of GW fermions, as well as developing a novel (continuum) theory of

domain wall fermions which may evade some of the shortcomings of ordinary domain wall

fermions in describing chiral gauge theories.

In Chapter 2, we give a general derivation of Ginsparg-Wilson relations for both Dirac

and Majorana fermions in any dimension. These relations encode continuous and discrete

chiral, parity, and time-reversal anomalies and will apply to the various classes of free-fermion

topological insulators and superconductors (in the framework of a relativistic quantum field

theory in Euclidean spacetime). We show how to formulate the exact symmetries of the

lattice action and the relevant index theorems for the anomalies.

In Chapter 3, we derive the Hamiltonian for a fermion satisfying the GW equation. We

work with a solution to the GW equation which is fractional linear in time derivatives. The

resulting Hamiltonian is non-local and has ghosts, but is free of doublers and has the correct

continuum limit. This construction works in general odd spatial dimensions, and we provide

an explicit expression for the Hamiltonian in 1 spatial dimension.



In Chapter 4, the theory of fermions in odd dimensional bulk with radial domain wall

mass profile is discussed. Edge states localized near the boundary describe the theory of

double-valued Weyl fermions on even dimensional spheres, and may be able to evade the

doubling problem present on the lattice for ordinary domain wall fermions.



TABLE OF CONTENTS

Page

Chapter 1: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Chiral symmetry in the continuum . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Chiral anomaly in the continuum . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Chiral symmetry on the lattice . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.4 Domain wall fermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.5 Ginsparg-Wilson fermions and the overlap solution . . . . . . . . . . . . . . 9

Chapter 2: Generalized Ginsparg-Wilson relations . . . . . . . . . . . . . . . . . . 12
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2 Generalized Ginsparg-Wilson relations for Dirac fermions . . . . . . . . . . . 13
2.3 Generalized Ginsparg-Wilson relations for Majorana fermions . . . . . . . . . 24
2.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Chapter 3: A lattice Hamiltonian for Ginsparg-Wilson fermions . . . . . . . . . . . 42
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.2 Pauli-Villars as Overlap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.3 Combined Overlap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

Chapter 4: Chiral domain wall fermions on S4 . . . . . . . . . . . . . . . . . . . . 52
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.2 Fermions on curved manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.3 Domain wall on the disk . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.4 Domain walls on S2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.5 Domain walls on S4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

i



Chapter 5: Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

Appendix A: Derivation of path integral identities . . . . . . . . . . . . . . . . . . . 64

Appendix B: Unit vectors on hyperspheres . . . . . . . . . . . . . . . . . . . . . . . 66

Appendix C: Spin connection on S4 . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

ii



ACKNOWLEDGMENTS

I would first and foremost like to thank my advisor David B. Kaplan for his endless

patience and insight. I am also grateful to Hersh Singh and Srimoyee Sen for many useful

conversations.

It would have been impossible to make it all this way without the guidance of many

individuals throughout my academic career. To Steve Surace, Jim Supplee, Minjoon Kouh,

John Eickmeyer, Boris Blinov, Benjamin Feintzeig, Larry Yaffe, and others: I would like to

express my deepest gratitude for your mentorship and wisdom.

To everyone in my personal life who has made this journey worthwhile, thank you. The

support of my friends and family has served as the beacon of light which guides me through

the difficulties and uncertainties of life (especially helpful in the foggy Pacific Northwest). To

Mom, Dad, Grandma H., Grandma C., Mary, Bryan, Patrick, Kevin, John, Katherine, Jamie,

Lauren, Bryanna, Nat, Alice, Emily, TJ, Sammie, John, Ryan, Tahiyat, Lucas, Charlotte,

Jeff, Tyler, Ari, Logan, Angela, James, Rebecca, Ilana, and others, thank you for helping me

keep my head on my shoulders.

I would also like to thank my supervisory committee: Stephen R. Sharpe, Lukasz Fidkowski,

Jian-Haw Chu, and Jack Lee. A special thanks goes to my reading committee members,

Stephen R. Sharpe and Lukasz Fidkowski.

Finally, I am grateful to the Institute of Nuclear Theory for their support. This research

is supported in part by DOE Grant No. DE-FG02-00ER41132.

iii



DEDICATION

to Grandpa Horii, in loving memory

iv



1

Chapter 1

INTRODUCTION

The standard model (SM) is made up of Weyl fermions with interactions mediated by

gauge bosons. Weyl fermions can come in two chiralities: left- and right- handed. In the

electroweak interaction, the W± bosons couple only to left-handed particles. Gauge theories

in which the left- and right- handed particles transform differently under the gauge group

are said to be chiral. Chiral gauge theories (and therefore the SM) are susceptile to gauge

anomalies, and there still does not exist an anomaly free non-perturbative regulator for

them in general. The lattice is one example of a nonperturbative regulator on which a

satisfactory definition of a chiral gauge theory remains elusive. The primary obstruction

is the Nielsen-Ninomiya (NN) no-go theorem [1], which states that chiral symmetry is in

general impossible to realize on the lattice without sacrificing some desirable qualities, even

for vectorlike (i.e. non-chiral) theories. There are various workarounds to this theorem,

including domain wall fermions [2] and overlap fermions [3]. Both of these models satisfy the

so-called Ginsparg-Wilson (GW) relation [4], which constrains lattice Dirac operators that

aim to recover chiral symmetry in the continuum limit, and derive their forms as the gapless

edge theories of five dimensional theories which are gapped in bulk.1

Recent work in the theory of topological insulators and superconductors has clarified the

relationship between anomalous symmetries of massless fermions and extra dimensions[7, 8, 9].

This has motivated the work of Chapter 2, which explores Ginsparg-Wilson relations and

overlap operators for theories with anomalous symmetry other than chiral symmetry of Dirac

fermions in four dimensions. The work of Chapter 3 regards the construction of a Hamiltonian

1Domain wall fermions require an extra dimension to simulate, and satisfaction of the GW relation occurs
at the level of an effective edge operator [5]. The overlap operator is technically defined in four-dimensions,
but its simulation can still be viewed as introducing an extra dimension [6].
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for a theory whose Lagrangian satisfies the Ginsparg-Wilson relation, as generalized by

Chapter 2. Finally, Chapter 4 explores the possibility of domain wall fermions for a spherical

domain wall, whose latticization may evade the so-called doubling problem, which remains

an issue for ordinary domain wall fermions [10, 11]. The goals of this thesis are two-fold:

progress toward realization of chiral gauge theories on the lattice, and generally toward a

more unified understanding of anomalous symmetries, overlap operators, and edge states of

topological insulators and superconductors.

Subsequent chapters have their own self-contained introductions; the remainder of this

chapter is dedicated to a high-level overview of chiral symmetry on the lattice relevant to

the material in this thesis. There already exist a number of excellent reviews of the subject

matter, including Refs. [12, 13, 5]. The author wishes to summarize these reviews so as to

contextualize and motivate the work of this thesis.

1.1 Chiral symmetry in the continuum

Recall the continuum Euclidean Dirac operator in d dimensions

D = γµ(∂µ − iAµ), µ = 1, · · · , d, (1.1)

where Aµ is a gauge field, and the matrices γµ satisy the Clifford algebra relations

{γµ, γν} = 2δµν . (1.2)

For d = 2k even, the Lorentz generators

Σµν =
1
4i

[γµ, γν ] (1.3)

form a representation of the Euclidean Lorentz (rotation) group SO(2k). With these one

may define

γχ ∼ γ1 · · · γ2k, (1.4)

which anti-commutes with all the previous γ matrices and squares to unity, so that γχ ∼ γ2k+1.

Were we to include this matrix in eq. (1.3), we would end up with a representation for
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SO(2k + 1), with 2k more generators Σµ,2k+1, µ = 1, · · · , 2k. However, we proceed working

in d = 2k. Let us define ψ, ψ as spinors2 transforming in the representation of SO(2k)

ψ → e
i
2ωµνΣµνψ, ψ → ψe−

i
2ωµνΣµν , (1.5)

we can write down the SO(2k) invariant action

S =

∫
ddxψDψ. (1.6)

The spurned γχ refuses to stay hidden, however: the action eq. (1.6) has the “axial” or

“chiral”3 U(1) symmetry

ψ → eiαγχψ, ψ → ψeiαγχ , (1.7)

or infinitesimally,4

δψ = iαγχψ, δψ = iαψγχ. (1.8)

This follows from the fact that

{γχ, D} = 0, (1.9)

which would not be the case in 2k + 1 dimensions, as D would contain a γχ∂2k+1. Note, as

well, that

[γχ, Σµν ] = 0, µ, ν = 1, ..., d. (1.10)

As a result, the spinor representation of the even-dimensional Euclidean Lorentz group SO(2k)

is reducible: the spinors decompose into eigenstates of the chirality matrix γχ = ±1. We

denote the chiral projection operators

P± =
1 ± γχ

2
, (1.11)

2Eventually we will have to analytically continue to Minkowski spacetime, and if we take the mostly plus
metric, this constrains ψ†oγ0 = ψ.

3These words will be used interchangeably in this context
4In later chapters, sometimes the α is removed from δψ, e.g. transformations are denoted ψ + αδψ, with

δψ = iγχψ.
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about which one finds

P+P− = 0, P 2
± = P± = P †

±, P+ + P− = 1, γχP±ψ = ±P±ψ. (1.12)

Therefore the spinor representation decomposes into left- and right-handed eigenspaces, which

we denote

ψ− = P−ψ, ψ+ = P+ψ, ψ− = ψP+, ψ+ = ψP−, (1.13)

with − denoting left-handed fermions and + denoting right-handed fermions. The ± switch

for ψ in eq. (1.13) is that D acts from the right on ψ, and P+D = DP−. We can write the

chiral transformation eq. (1.7) as

ψ+ → eiαψ+, ψ− → e−iαψ−, (1.14)

ψ+ → ψ+e
−iα, ψ− → ψ−e

iα. (1.15)

Associated to chiral symmetry is the axial current

JµA = ψγµγχψ, (1.16)

which, as derived from Noether’s theorem [14], is classically conserved:

∂µJ
µ
A = 0. (1.17)

Note from eq. (1.14) that any term of the form

ψ−ψ+, ψ+ψ− (1.18)

is not an invariant under chiral symmetry, and terms like ψ−ψ− are not Lorentz invariant. In

general under the infinitesimal transformation eq. (1.8) we find

δ(ψψ) = 2iψγχψ, (1.19)

so that masses violate chiral symmetry. In the quantum theory with massless action in

eq. (1.6), chiral symmetry is violated by quantum effects, and the current eq. (1.17) is not
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conserved. This symmetry breaking is known as the chiral anomaly. This is connected to

eq. (1.19), and has a number of important implications for the physics of chiral fermions.

The violation of chiral symmetry at loop order in Feynman diagrams (i.e. quantum effects) is

responsible for neutral pion decay, while the conservation of chiral symmetry at the classical

level is responsible for protecting fermions from additive mass renormalization. Therefore,

any satisfactory theory of chiral symmetry on the lattice ought to have the same properties.

As it turns out, Ginsparg-Wilson fermions do [15], as we shall explore shortly.

1.2 Chiral anomaly in the continuum

One may wish to write down the quantum theory of massless fermions. We begin with a

formal expression for the path integral:

Z =

∫
dψdψe−S. (1.20)

Under the infinitesimal chiral transformation in eq. (1.8), the measure varies as [16]:

dψdψ → dψdψ

1− iα

∫
d4x

∑
k

ψk(x)γ5ψk(x)

 , (1.21)

where ψk is any basis of wave-functions, usually taken to be the eigenbasis of the Dirac

operator D. Note that this term can be written Tr γ5, but without the introduction of a

cutoff scale in the measure dψdψ this trace cannot be evaluated. After regularization (e.g.

heat-kernel regularization [16]), one finds in the presence of background gauge fields Aµ that

Tr γ5 = −

∫
d4x

1
16π2Tr ϵµνρσFµνFρσ. (1.22)

By noting that {γ5, D} = 0, any non-zero modes of D come paired and cannot contribute to

the trace. Therefore the left-hand side of eq. (1.22) is n+ − n−, where n± denotes the number

of zero-modes of D with chirality ±1. The right hand side is a topological winding number ν,

known as the instanton number of the gauge field configuration Aµ. Thus eq. (1.22) may be

written:

n+ − n− = ν. (1.23)
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This is an example of the celebrated Atiyah-Singer index theorem [17].

Separate from (but related to) the chiral anomaly are chiral gauge anomalies. Since

left- and right- handed fermions transform differently under the gauge group in chiral gauge

theories, the symmetry breaking in the measure is not even gauge invariant, unless there is

some cancellation of the anomalies. See Ref. [5] for details; in the remainder of this thesis,

we will only be concerned with details of the chiral anomaly and not the anomalies of chiral

gauge theories.

1.3 Chiral symmetry on the lattice

Lattice theories are regulated from conception. The continuum variable x is replaced by

discrete points x = an̂, where n̂ denotes a vector of integers, and a denotes an arbitrarily

chosen length scale called the lattice spacing. Lattice theories at finite lattice spacing are thus

incapable of describing physics at energy scales higher than the inverse lattice spacing 1/a.

The continuum limit corresponds to taking a→ 0, and at finite lattice spacing one expects

physics at mass scales much lower than 1/a to resemble the continuum. Theories can then be

simulated on lattice for finite (but small) lattice spacings via Monte-Carlo methods [18].

In writing down a theory on the lattice which one hopes has the right continuum limit,

one is quite free to define any lattice Dirac operator (matrix) Dnm they like, as long as it has

the properties they desire in the limit a→ 0. In space, one would have

S =
∑
n,m

ψnDnmψm. (1.24)

In momentum space, the effect of the lattice spacing is to restrict the allowed momentum

values to the Brillouin zone [−π/a, π/a]:

ψ(x) =

∫π/a
−π/a

eipxψ̃(p). (1.25)
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The lattice has both forward and backward derivatives, denoted, respectively:5

∂µψ(x) =
ψ(x+ aµ̂) − ψ(x)

a
, ∂∗

µψ(x) =
ψ(x) − ψ(x− aµ̂)

a
, (1.26)

where µ̂ denotes a unit vector with 1 in the µth slot and 0 otherwise.

It is important to note that ∂µψ(x) and ∂∗
µψ(x) are completely independent. In order to

get a Dirac operator which is Hermitian (up to order a), we must at least take their linear

combination. One could then imagine defining the free Dirac operator via the ansatz

D0 =
1
2
(
∂µ + ∂∗

µ

)
. (1.27)

Under the transformation eq. (1.8), the action eq. (1.24) is invariant for D = D0. However,

it is easy to see in momentum space and d = 1 that D0(p) ∼ sin ap. It thus has the correct

dispersion relation at small values of the momentum, but introduces a pole in the propagator

D−1
0 (p) at p = π/a. Poles in the propagator correspond to the introduction of massless

particles in Green’s functions ⟨ψ(x)ψ(y)⟩, so the number of particles is doubled in d = 1. In

general d dimensions, one finds doublers at all corners of the Brillouin zone, and thus finds

2d flavors of fermion where they started with one. Therefore, a common choice is to augment

D0 with a so-called Wilson term[19], defining the Wilson-Dirac operator:

DW =
1
2
(
∂µ + ∂∗

µ − a∂∗
µ∂µ

)
. (1.28)

The term quadratic in momentum serves to remove the poles in the corners of the Brillouin

zone, but at a price: the Wilson term a∂∗
µ∂µ violates chiral symmetry explicitly. Thus, the

Wilson-Dirac operator finds widespread use, but not in the cases where chiral symmetry is

important.

Another consequence of fermion doubling is the following: if one attempts to study a

theory of Weyl fermions with the operator in eq. (1.28), e.g. if one writes down an action

5wherever these operators appear, one may replace them with the gauge covariant derivative via insertion
of appropriate gauge link variables, e.g. ψ(x) → U(x, x+ aµ̂)ψ(x) in ∂µ, c.f. Ref. [5] or any text on lattice
field theory [18]. In most cases throughout this thesis, the correct chiral symmetry in the free theory is
emphasized.
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with D = PRDWPL for fermions satisfying PRψ = ψ, one finds [5]

D =
1
2
P+γ

µ
(
∂∗
µ + ∂µ

)
. (1.29)

Once again, this suffers the same fate at extremal values of the momenta that eq. (1.27) disk,

and doubles the Weyl fermions.

1.4 Domain wall fermions

An early suggestion [2] for simulating chiral gauge theories is to start in 2k + 1 dimensions,

with coordinates (xµ, s), with µ = 1, ..., 2k, and denoting γ2k+1 = γs. We then add a spatially

varying mass with a domain wall profile:

m(s) =

−m s < 0,

m s > 0.
(1.30)

Starting in the continuum, we may write down the Dirac operator

D = γµ∂µ + γs∂s +m(r). (1.31)

In the limit m→ ∞, one finds Weyl modes with chirality γs = +1 bound to the domain wall

at s = 0 with profile e−m|s|, which can be described by the four-dimensional action

D = P−γ
µ∂µP+. (1.32)

When one moves to a system of finite size in the s direction with antiperiodic boundary

conditions, one finds a wall with localized fermions of one chirality, and an antiwall with

fermions of the opposite chirality, preventing the definition of a chiral gauge theory [20, 10]. A

recent paper suggests avoiding the issue entirely by working on a disc [21], simply connecting

the fermion on one domain wall with its antiwall. In Chapter 4, we generalize this method to

spheres, where the bulk Lorentz symmetry may be more manifest.
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1.5 Ginsparg-Wilson fermions and the overlap solution

The fermion doubling problem and issues with chiral symmetry on the lattice can be summa-

rized via the Nielsen-Ninomiya theorem [22, 15], which states that there is no local doubler-free

Dirac operator on the lattice in four dimensions with the correct continuum limit, and which

satisfies

{γ5, D} = 0. (1.33)

Ginsparg and Wilson [4] noted that instead of demanding eq. (1.33), one finds by block-spin

averaging a continuum theory with chiral symmetry, the resulting lattice theory is described

by an operator D constrained by the relation

{γ5, D} = aDγ5D. (1.34)

This is known as the Ginsparg-Wilson relation; it states that chiral symmetry is violated at

the order of the lattice spacing. In the following chapters, we discuss a generalization of this

relation to different symmetries, and a Hamiltonian for a theory satisfying the GW relation.

The first solution to eq. (1.34) was found by Neuberger and Naranayan[23], which begins

with a five dimensional “time”-dependent Hamiltonian

H(s) = γ5(DW +m(s)), m(s) =

−m s < 0,

m2 s > 0.
(1.35)

where DW denotes the Wilson-Dirac operator in eq. (1.28), s labels the fifth coordinate, and

m,m2 > 0. They derive a path integral, detD, as the overlap of the ground state in the

far past (s→ −∞) with the ground state in the far future (s→ ∞), with D the “overlap”

operator:6

D =
1
2
(1+ V ) , (1.36)

6for simplicity taking a = 1
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where

V =
DW −m√

(DW −m)†(DW −m)
. (1.37)

It is immediately obvious that V is unitary and

γ5V γ5 = V †. (1.38)

Remarkably (and trivially), one may see that any operator of the form in eq. (1.36) which

sastifies eq. (1.38) also satisfies the GW relation. A crucial observation about the operator

described by eq. (1.36) with V in eq. (1.37) is that it reproduces the anomaly correctly; i.e.

one obtains the lattice version of the index theorem in eq. (1.23). The relationship between

the anomaly, overlap operator, and GW relation was clarified by Lu..scher in Refs. [15, 5]: the

action

S = ψDψ (1.39)

with D the aforementioned overlap has the symmetry7

δψ = −γ5V ψ, δψ = γ5ψ, (1.40)

which tends toward chiral symmetry in the continuum limit. The existence of this symmetry

follows from eq. (1.38), and we refer to eq. (1.40) as a Lu..scher symmetry. Let us now consider

the effect of this tranformation on quantum expectation values. The variation of the measure8

dψdψ under the transformation in eq. (1.40) is

dψdψ → −(Tr γ5D) dψdψ. (1.41)

Note the similarities with eq. (1.22). The variation in eq. (1.41) can be evaluated [15] to find

−Tr γ5D = 2 × index(D), (1.42)

7this symmetry is not unique, as we explore in later chapters.
8it should be noted ψ here is used to a lattice variable in this section and a continuous variable in the

previous section
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i.e., the lattice version of what is in the continuum Tr γ5. This allows one to define the

instanton number in a lattice gauge field configuration. This relies only on the spectral

properties of the operator of the form in eq. (1.36) satisfying eq. (1.38) and not the specific

form in eq. (1.37). Note what has happened here: chiral symmetry is classicaly exact in the

continuum with chiral anomaly given by eq. (1.23), and Lu..scher symmetry is classically exact

on the lattice but violated by the variation in the (well-defined) path integral measure. It is

therefore appealing to refer to Lu..scher symmetry as the lattice version of chiral symmetry

[15]. Furthermore, the properties of Lu..scher symmetry produce the same desirable features

of the chiral anomaly, such as protection of masses from additive renormalization and chiral

symmetry violation in quantum effects.

Since GW fermions (at least in the form of eq. (1.36)) have these symmetries, they are

very desirable candidates for the realization of chiral symmetry (or potentially any anomalous

symmetry) on the lattice.
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Chapter 2

GENERALIZED GINSPARG-WILSON RELATIONS

2.1 Introduction

The GW relations govern how massless lattice fermions without doublers can optimally realize

anomalous continuum symmetries [4, 3, 25, 15]. They were originally derived for describing

massless Dirac fermions with chiral symmetries in even spacetime dimensions, while analogous

relations were posited for a massless Dirac fermion in three dimensions with a parity anomaly

[26]. Lattice operators which satisfy these relations realize anomalous symmetries in the

“best” possible way: the fermion propagator respects the symmetry at any nonzero spacetime

separation, and as in the continuum, the lattice action possesses an exact, nearly local form

of the symmetry [15], which is therefore respected by the Feynman rules in perturbative

calculations. On the other hand, the lattice integration measure is not invariant under this

“Lu..scher symmetry”, and the resultant Jacobian in the lattice theory correctly reproduces

the continuum anomaly expressed in terms of the index of the fermion operator. Here we

give a unified derivation of such relations for Dirac and Majorana fermions alike in any

dimension, and show how these continuous and discrete anomalous symmetries are realized.

The connection between GW fermions and extra dimensions is well-established: the first

explicit solution to the GW equations being the overlap operator [3, 27, 23, 28, 29] which was

derived to describe edge states of domain wall fermions in one higher dimension [2, 30, 31, 32].

It has since been understood that these relativistic systems are equivalent to the topological

This chapter is based on a paper done in collaboration with David B. Kaplan and Hersh Singh [24], with
very minor modifications. The author acknowledges their contributions.
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insulators and superconductors studied in condensed matter physics, and so the generalized

GW relations we derive apply to the massless edge states of the wide variety of topological

classes [33, 8] of such materials.1

In the following analysis we are interested in the cases of NF flavors of Dirac or Majorana

fermions where (i) the massless theory respects a symmetry G; (ii) a mass term is possible

for regulating the theory; (iii) the mass term necessarily breaks the symmetry G. In this

set of circumstances we expect the massless theory to have an t’Hooft anomaly involving

the G symmetry, a GW relation to exist for the ideally regulated fermion operator, and the

existence of an exact G symmetry obeyed by the regulated action, for which the Jacobian

reproduces the anomaly of the continuum theory, a generalization of Lu..scher symmetry.2

2.2 Generalized Ginsparg-Wilson relations for Dirac fermions

2.2.1 Derivation of the relations

Following the logic of the original derivation, we start by considering the continuum theory of

a free Dirac fermion Ψ in Euclidean spacetime of arbitrary dimension, possibly in background

gauge or gravitational fields, described by the path integral

Z =

∫
dΨ dΨ̄e−S(Ψ̄ ,Ψ) . (2.1)

We now do a block transformation, defining a function f(x) whose support lies in a volume

ad about the origin, and our block averaged variables to be

ψn =

∫
ddx Ψ(x)f(x − na) (2.2)

1for more on topological classes of relativistic lattice fermions in detail, along with their GW relations,
see [34].

2Notation: we use upper case Greek letters such as Ψ(x) to denote continuum fields, and lower case, such
as ψn for lattice variables, generally suppressing indices for the latter. We take Euclidean γ matrices to be
Hermitian with {γµ, γν } = 2gµν ; the gauge covariant Dirac operator /D = γµDµ is therefore anti-Hermitian
with imaginary eigenvalues. For a regulated Dirac operator, such as a generic Ginsparg-Wilson operator,
overlap operator, or Pauli-Villars regulated operator, we use the notation DGW,Dov,DPV or simply D. For
Majorana fermions, we work with an antisymmetric kinetic and mass operators denoted as D and m. We
use the mostly plus convention for our Minkowski metric.
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and similarly for ψ̄n. The parameter a will be our lattice spacing, and for the rest of this

article we will work in “lattice units” with a = 1. Lattice variables χn and a lattice action

Slat = χ̄Dχ are defined by

e−χ̄Dχ =

∫
dΨ dΨ̄e−S(Ψ̄ ,Ψ) e−(ψ̄−χ̄)m(ψ−χ) (2.3)

so that up to an overall normalization,

Z =

∫ ∏
n

dχdχ̄ e−χ̄Dχ . (2.4)

The parameter m is an invertible Hermitian matrix which we can take to be a real number

m times the identity matrix, but we will leave it in matrix form for now so that the identities

for Dirac fermions and Majorana fermions (for which m is replaced by m, an imaginary

antisymmetric matrix) look similar. Although the subsequent derivations are agnostic about

the form of m, it should be local for eq. (2.3) to represent a physically reasonable blocking

transformation.

We now assume that the continuum action S is invariant under a global symmetry

transformation Ψ → ΩΨ , Ψ̄ → Ψ̄ Ω̄, where Ω̄ and Ω are some operators. The symmetry

transformations of interest are those which are broken by the Gaussian term proportional to

m that we have added to the path integral. Examples we will consider include a U(1)A chiral

transformation, a discrete chiral transformation [not contained in U(1)A], and a coordinate

reflection:

Ω = Ω̄ = eiαγ̄ (chiral symmetry) , (2.5)

Ω = Ω̄ = γ̄ (discrete chiral symmetry) , (2.6)

Ω = −Ω̄ = εR1γ1 (reflection symmetry) , (2.7)

with γ̄ being the analog of γ5 in arbitrary even dimension, where R1 reflects the sign of the

x1 coordinate; generally ε = 1, but in certain Majorana theories ε = i. Under reflections

we assume that background fields are similarly reflected. We will subsequently consider an

antilinear symmetry in Euclidean space related to time reversal in Minkowski spacetime. We
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focus primarily on a single flavor of fermion, and hence do not discuss non-Abelian flavor

symmetries, but our analysis can be easily extended to include those. Other symmetries which

are directly broken by the discretization function f , such as translation symmetry, spacetime

rotations, conformal transformations or supersymmetry transformations do not seem to yield

useful relations and we do not consider these (see [35, 36] for interesting attempts in these

directions).

While the action is invariant under the Ω, Ω̄ transformation, the measure generally

transforms as dΨdΨ̄ → dΨdΨ̄ e2iA, where A is called the anomaly and arises from the

Jacobian of the transformation [16].

We wish to distinguish between the continuum transformation Ω and the transformation

ω of the block-averaged variables,

ψm → ∫
Ω Ψ(x)f(x − am) ddx = ωmn ψn . (2.8)

The matrices ω, ω̄ are the lattice-regulated forms of Ω, Ω̄. They act as ordinary matrices on

the lattice variables ψn, but in the case of reflections, they also reflect the background fields.

Defining

Dω = ω̄Dω , mω = ω̄mω , (2.9)

it follows that

e−χ̄Dωχ =

∫
dΨ dΨ̄ e2iA e−S(Ψ̄ ,Ψ) e−(ψ̄−χ̄)mω(ψ−χ) . (2.10)

Using the relation eq. (A.2) derived in Appendix A, we have

e−(ψ̄−χ̄)mω(ψ−χ) = eTr lnmωm−1
e∂χXω∂χ̄ e−(ψ̄−χ̄)m(ψ−χ), (2.11)

where

Xω = m−1 −m−1
ω , (2.12)
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and so

e−χ̄Dωχ = e2iA eTr lnmωm−1
e∂χXω∂χ̄ e−χ̄Dχ

= e2iA eTr lnmωm−1+Tr lnQω e−χ̄
1

Qω
Dχ , (2.13)

where

Qω ≡ (1−DXω) , (2.14)

and in the last step we used the identity eq. (A.2) for a second time.

By equating the χ dependence on both sides of eq. (2.13) we arrive at two equations. The

first requires the prefactors of the exponentials to be equal, and we will refer to this as the

“anomaly equation”:

e2iA = det
(
mωm

−1Qω

)−1
= det (ω̄ωQω)

−1 . (2.15)

The second equation follows from requiring that the fermion operators in the exponents

must be equal,

Dω = Q−1
ω D , (2.16)

or equivalently,

Dω −D = DXωDω , (2.17)

and this we call the generalized GW equation. If D is invertible, the GW equation may be

written in the simple form

ω

(
1
D

−
1
m

)
ω̄ =

(
1
D

−
1
m

)
, (2.18)

which states that the propagator is symmetric up to a constant local subtraction. Assuming

m does not couple neighboring sites, this subtraction is a delta-function in coordinate space.

This relation can be further transformed to a yet simpler form by writing

D = m
ih

1+ ih
, (2.19)
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in which case the GW relation eq. (2.18) reduces to the statement that mh is invariant under

the ω transformation,

ω̄(mh)ω = mh , (2.20)

or if m commutes with ω̄, h itself is invariant. The requirement that D describes a massless

Dirac fermion in the continuum limit means that D → i/p for p2 ≪ m2; thus h→ /p/m in that

limit, which is Hermitian (assuming for now that m is just a number). If we assume that h

both satisfies eq. (2.20) and is Hermitian for all momenta, then we can define the unitary

matrix V = −(1− ih)/(1+ ih) and arrive at another useful expression for D,

D =
m

2
(1+ V ) , V †V = 1 , (2.21)

with

V → −1+
2i/p
m

+O

( /p
m

)2
 (2.22)

The eigenvalues of V lie on a unit circle centered at the origin in the complex plane, and those

of D lie on a circle of radius m/2 centered at m/2. When the theory is gauged, low-lying

eigenvalues of /D lie near V = −1, while large ones are mapped to the neighborhood of V = +1.

This is familiar from the discussion in Ref. [3].

2.2.2 Solutions to the Ginsparg-Wilson equation

We now examine solutions to the GW equation, which not only satisfy eq. (2.16), but also

satisfy D → /D in the continuum limit m ≫ p, in order to describe a massless Dirac fermion,

and which for free fermions only vanish at zero momentum, so as to describe a single flavor

in the continuum limit.

The Pauli-Villars solution

Although the GW equation was derived in the context of a lattice regularization, it is in fact

more general, and a simple continuum solution to the GW and anomaly equations existed
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decades before Ginsparg and Wilson wrote their paper; a fermion regulated by a Pauli-Villars

(pv) ghost. Examining this case yields insights into the nature of lattice solutions and

symmetries.

We have seen that D = mih/(1+ ih) will solve the GW equation and describe a massless

Dirac fermion in the low eigenvalue limit if mh obeys the continuum symmetries of a massless

Dirac fermion, and mh → /p for a free fermion at low p. The simplest possible solution to

these criteria is to simply set ih = /D/m, in which case the GW solution describes a pv

regulated fermion:

/D → DPV = m
/D

/D +m
=
m

2

(
1− 1− /D/m

1+ /D/m

)
, (2.23)

where we will take m > 0 with the “continuum” limit being m→ ∞. The operator DPV is

not fully regulated, but the phase of its determinant is, which is where anomalies appear.

The unitary matrix V in eq. (2.21) is given by

h = −i /D/m , V = −
1− /D/m

1+ /D/m
. (2.24)

We will show that the operator DPV simply illustrates two general properties of solutions

to the GW equation which we discuss below. The first is that the regulated η-invariant of the

continuum operator — which describes the phase of the fermion determinant — is realized

in terms of ln detV . The second is that when ghost fields are introduced to represent the

PV-regulated fermion, the exact symmetry of the regulated action discovered by Lu..scher can

be simply related to the symmetry of the unregulated action. The pv solution will also help

inform our analysis of massless Majorana fermions in Sec. 2.3.3.

The overlap solution

The first explicit lattice solution to the GW equation was the overlap operator of Neuberger

[3], based on the earlier work in conjunction with Narayanan in Refs. [27, 23, 28] and on the

domain wall fermion construction in [2]. This solution takes the V matrix to be

V =
Dw√
D†

wDw

, (2.25)



19

where Dw is the lattice operator for a Wilson fermion with mass −M < 0 and Wilson coupling

r =M 3,

Dw =
∑
µ

δµγµ −M −
M

2
∆ , (2.26)

where δµ is the covariant symmetric difference operator, and ∆ is the covariant lattice

Laplacian. Without gauge fields, this gives

D̃w(p) =
∑
µ

(iγµ sin pµ) +M

−1+
∑
µ

(1− cos pµ)


→M

(
−1+ i

/p

M
+O(p2/M 2)

)
. (2.27)

Evidently V → (
−1+ i /

p

M
+O(p2/M 2)

)
and one can see that near the corners of the Brillouin

zone where doublers reside for naive lattice fermions one finds V = +1. Therefore this

operator behaves correctly as a massless Dirac fermion in the continuum limit.

In even spacetime dimensions, one has chiral symmetry with ω = ω̄ = eiαγ̄. Then the

GW equation as expressed by eq. (2.20) is equivalent to {γ̄, h} = 0 or γ̄V γ̄ = V †. This latter

property readily seen to be satisfied by the overlap solution. In odd spacetime dimensions

one is interested in reflection symmetry for which ω = −ω̄ = R1γ1 and eq. (2.20) requires

{h, ω} = 0, implying that ωV ω−1 = V †, which is also seen to be satisfied by the overlap

operator.

2.2.3 An exact symmetry of the lattice action

Equation (2.16) together with eq. (2.9) implies that the action χ̄Dχ for a GW fermion obeys

an exact Lu..scher symmetry,

χ̄→ χ̄Qωω̄ , χ→ ωχ. (2.28)

3As shown in [30, 31] there is actually an interesting sequence of topological phase transitions as a function
of M/r, and taking M/r = 1 places the theory in one of several possible topological phases.
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This symmetry constrains the Feynman rules for the theory, eliminating the possibility of

an additive mass renormalization for χ in perturbation theory since a mass term breaks the

symmetry with

χ̄χ→ χ̄Qωω̄ωχ , (2.29)

where Qωω̄ω ̸= 1 for the symmetry transformations of interest4. The transformation is

also not a symmetry of the χ measure, with Jacobian equal to (1/ det ω̄ωQω), which we

see from the anomaly equation eq. (2.15) exactly reproduces the exp(2iA) anomaly in the

original continuum theory. This symmetry was discovered in the context of infinitesimal chiral

transformations in even spacetime dimension by Lu..scher [15, 38] with ω = ω̄ = 1+iαγ̄+O(α2),

which we have generalized here to include discrete symmetries.

This symmetry may seem somewhat peculiar, but becomes transparent when considering

the pv solution. First one simply adds a Gaussian term for a spinor ghost with Bose statistics,

Sχ → χ̄DPVχ+mϕ̄ϕ = m

(
χ̄

/D

/D +m
χ+ ϕ̄ϕ

)
, (2.30)

integrating over the ϕ fields, which has no effect other than modifying the normalization

of the path integral. The fermion operator DPV is defined in eq. (2.23). We then make the

simultaneous change of variables

χ̄ = χ̄ ′(1+ /D/m) , ϕ̄ = ϕ̄ ′(1+ /D/m) , (2.31)

leaving χ and ϕ unchanged. Because χ̄ and ϕ̄ have opposite statistics, the Jacobians from

these transformations cancel in the integration measure. The action now looks like

Sχ =
[
χ̄ ′ /Dχ+ ϕ̄ ′( /D +m)ϕ

]
, (2.32)

which is the conventional form for pv regularization in perturbative applications with a

massless Dirac fermion and a ghost of mass m.

4This symmetry does not protect against finite nonperturbative additive mass renormalizations, such as
those that can be generated by instantons as discussed in [37].
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Using the identity

Qωω̄ =
1

(1+ /D/m)
ω̄(1+ /D/m) . (2.33)

the Lu..scher symmetry transformation of eq. (2.28) becomes very simple in terms of our new

variables,

χ→ ωχ , χ̄ ′ → χ̄ ′ω̄ , (2.34)

with ϕ and ϕ̄ ′ not transforming at all. In other words, the transformations of the χ and χ̄ ′

fields are just the symmetry transformations that leave the continuum Dirac action invariant.

Furthermore, as in the continuum, violation of the symmetry comes from the path integral

measure since eq. (2.34) has no compensating transformation of the ghost field. It is clear

that since the Feynman rules for χ and χ̄ ′ in this theory with ghosts respect the ω symmetry,

no symmetry-violating operators will be generated by radiative corrections in perturbation

theory.

2.2.4 The anomaly equation

The anomaly equation eq. (2.15) states that the continuum anomaly exp(2iA) = 1/ detQω

for chiral symmetry transformations (for which det ω̄ω = 1), while exp(2iA) = 1/ det(−Qω)

for reflections (where ω̄ω = −1), which in both cases equals the Jacobian for the symmetry

transformation in eq. (2.28). This relates A, which is a functional of the background fields,

to properties of the fermion spectrum. Here we show that in even spacetime dimensions

the equation reproduces the Atiyah-Singer index theorem as shown in Ref. [15], while in

odd spacetime dimensions it reproduces the relation between the parity anomaly and the

η-invariant discovered in Ref. [39]. For recent work on the η-invariant in the context of the

overlap operator, see Refs. [40, 41].

We first consider the pv solution in both odd and even dimensions. The phase of the

determinant for a massless Dirac fermion may be expressed as exp(−iπηD(0)/2) , where ηD
is defined as a regulated sum of the signs of eigenvalues of i /D, and ηD(0) is the universal
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value as the regulator is removed [42]. The pv solution to the GW equation replaces /D by

its regulated form DPV = (m/2)(1+ V ) where V is unitary. It follows that

detDPV

detD†
PV

= e
Tr ln 1+V

1+V † = eTr lnV . (2.35)

The eigenvalues of V are (−iλ/m − 1)/(−iλ/m + 1) = −1 − 2iλ/m + O(1/m2), and so we

have

Tr ln V = −iπ
∑
λ

λ

|λ|
+O(1/m) ≡ −iπηD(1/m) . (2.36)

Thus we see that

ηD(0) = lim
m→∞ i

π
ln detV (2.37)

and the phase of the fermion determinant detDPV may be written as e−iπ
2 ηD . This result

applies generally to solutions of the GW equation.

In odd spacetime dimensions with a space reflection transformation as in eq. (2.7) we

have ω̄ω = −1, mω = −m and −Qω = −1 + 2D/m = V . Therefore the anomaly equation

states that A = − 1
2Tr ln V = iπηD/2, correctly realizing the parity anomaly as the regulator

is removed [39]. The perturbative expansion of ηD yields the Chern-Simons action, a result

also consistent with Ref. [43].

In even spacetime dimensions for a U(1)A chiral transformation the anomaly equation

states exp(2iA) = 1/ detQω. In this case it is simplest to expand to linear order in α and

one finds

Qω = 1− 2iα/mDγ̄ +O(α2) , (2.38)

and the anomaly equation states that

2iA =
2iα
m

Tr γ̄D (2.39)

where the continuum anomaly functional A is proportional to α. The Atiyah-Singer index

theorem states that the right side of the above equation should equal −2iα times the index
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of the Dirac operator, (n+ − n−), where m± equals the number of ±1 chirality zeromodes.

This result follows from the analysis by Lu..scher [15], after taking into account the relative

normalization of am/2 between D and the GW operator analyzed in that paper.

2.2.5 Antilinear symmetry

A theory that possesses an antilinear time-reversal symmetry ψ(x, t) → Tψ(x,−t) in

Minkowski spacetime will respect a related antilinear symmetry in Euclidean spacetime

that does not reverse any coordinates. This is simply because after replacement of t with

−iτ , the conjugation of the i in −iτ has the same effect as t → −t. For this symmetry

Ω = Ω̄† = T̂T where the operator T̂ reverses time in Minkowski spacetime but acts trivially

in Euclidean, while T is a unitary matrix satisfying T †γµT = ±γTµ . When this transformation

is a symmetry of the massless theory but is necessarily broken by a fermion mass term, then

it will in general be anomalous and there will be corresponding GW relations. A simple

example is a massless Dirac fermion in 2+ 1 dimensions where we can take the γ matrices

to be γ0 = iσ1, γ1 = σ2, γ2 = σ3 and T = σ2. Under time reversal the fields transform

as ψ(x, t) → Tψ(x,−t) and ψ̄(x, t) → ψ̄(x,−t)T which is a symmetry of the action for a

massless Dirac fermion, but for a massive fermion the transformation flips the sign of the

mass term. In Euclidean spacetime the symmetry transformation is identical, ψ → Tψ and

ψ̄ → ψ̄T , except that there is no change in the coordinates; again one finds that the massless

Dirac action is invariant but that a mass term is odd.

Our derivation of the generalized GW relations proceed as above, only now Ω and Ω̄ are

antilinear, while the ω and ω̄ remain as ordinary matrices. This change results in eq. (2.9)

being replaced by

Dω = ω̄D∗ω , mω = ω̄m∗ω , (2.40)

With these changes, the anomaly equation eq. (2.15) and the GW equation eq. (2.16) remain

valid. It is evident that DPV satisfies this antilinear GW equation since h ∝ /D; one can easily

check that Dov satisfies it as well.
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2.3 Generalized Ginsparg-Wilson relations for Majorana fermions

The edge states of topological insulators are typically massless Dirac fermions such as described

in the previous section; on the other hand, the edge states of topological superconductors

without a conserved fermion number are massless Majorana fermions. Majorana edge states

were first discussed in Ref. [44] in the context of simulating gluinos in d = 3+ 1 dimensions,

and in Ref. [45] for d = 1+ 1 condensed matter systems. Here we derive the GW relations for

Majorana fermions.

2.3.1 Continuum Majorana fermions

We begin by summarizing properties of continuum Majorana fermions in arbitrary d dimen-

sions, and enumerate the symmetries of interest.5

The Majorana constraint

To obtain a single flavor of massless Majorana fermion we impose a Lorentz-covariant Majorana

constraint on a massless Dirac fermion,

ψ = ψK , ψK ≡ K†ψ̄T , (2.41)

where for Lorentz invariance and self-consistency of the constraint, K must equal either an

antisymmetric C matrix, or a symmetric T matrix, C and T being unitary matrices which

satisfy

CγµC
† = −(γµ)

T , TγµT
† = (γµ)

T . (2.42)

The Majorana constraint as expressed above is equally valid in Minkowski and Euclidean

spacetimes. In Ref. [46] fermions satisfying these constraints are referred to as Majorana

(K = C) or pseudo-Majorana (K = T); here we will refer to them as C-Majorana and

5For a detailed discussion of Majorana fermions in Minkowski and Euclidean spacetimes, see Ref. [46].
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T-Majorana respectively when distinguishing between them, and simply by “Majorana” when

not. The massless Majorana action can then take the form6

S =

∫
ddx 1

2ψ
TK /Dψ . (2.43)

Table 2.1 lists the properties of the C and T matrices in different dimensions, and we see

that for a single Majorana flavor we can take K = C in d = 2, 3,4 mod 8, and K = T in

d = 1, 2, 8 mod 8, while there is no solution in d = 5, 6, 7 mod 8. Instead of one flavor, one

could consider two flavors and replace K → K ⊗ τ2, where τ2 is the antisymmetric Pauli

matrix in flavor space. Then one requires K to equal either a symmetric C matrix, or an

antisymmetric T matrix. Such fermions are sometimes referred to as symplectic Majorana

fermions. In this way one can discuss massless fermions with a reality constraint (C-Majorana,

T-Majorana, symplectic Majorana) in any dimension. In this section we will only discuss a

single flavor of massless Majorana and are therefore restricted to d = 2, 3,4. We give examples

of these theories with discrete symmetry anomalies, as well as an anomalous example of

symplectic Majoranas.

In order to follow the GW program we must be able to define a mass term for the Majorana

fermion. This can be included in the Euclidean action as 1
2

∫
ψTmψ, where

m = µM = −mT , (2.44)

µ being a number with dimension of mass, while M is required by Lorentz invariance and

fermion statistics to be either an antisymmetric C or antisymmetric T matrix. No such

matrix exists in d = 1, 7, 8 mod 8. In these cases we can consider symplectic Majoranas (two

flavors) in which case µ may be replaced by µ τ2 acting in flavor space, and M must now be

a symmetric C or T matrix7.

6A Majorana fermion may carry gauge charges so long as it is in a (pseudo-)real representation of the
gauge group. In that case, C and T will have to include the appropriate matrices to effect the similarity
transformation from the generators Ta to the conjugate generators −TT

a .
7It is stated in Ref. [46] that T-Majorana fermions are necessarily massless, but that assumes that a mass

term must have the form ψTTψ. When allowing for a ψTCψ mass term the statement is no longer true.
This can be generated from a Dirac action by applying the T-Majorana constraint to a Dirac mass term of
the form iψ̄γ̄ψ.
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d: 1 2 3 4 5 6 7 8

T S S · A A A · S

C · A A A · S S S

γ̄ · − · + · − · +

Table 2.1: The C and T matrices in Euclidean dimensions d = 1, . . . , 8 mod 8 defined in

eq. (2.42). S and A represent whether the corresponding matrix is symmetric or antisymmetric,

while a dot indicates it does not exist. The last row denotes whether Cγ̄C−1 = Tγ̄T−1 = ±(γ̄)T ,

where γ̄ is the chiral matrix for even d satisfying {γ̄, γµ} = 0 for µ = 1, . . . , d. For a single

Majorana flavor, only bold entries can play the role of K in Majorana kinetic terms, and only

antisymmetric entries (A) can appear as M in Majorana mass terms. We refer the reader to

Ref. [46] for a pedagogical discussion of this table.

As can be seen from Table 2.1, the requirement that both K and M exist still restricts us

to discussing d = 2, 3,4 for a single flavor. In d = 3 there is the unique choice K = M = C.

In d = 2 we have the single choice M = C while K may equal C or T. In d = 4, the reverse is

true: K = C while M may equal C or T. For the two mixed cases (K,M) = (T,C) in d = 2

and (C,T) in d = 4 we have T equal to γ̄C, up to a phase, and Hermiticity in Minkowski

spacetime is guaranteed if we take

M−1K =

1 (C,C)

iγ̄ (T,C), (C,T)

. (2.45)

Symmetries

In dimensions d = 2, 3,4 the massless Dirac action possesses a U(1)V fermion number,

reflection symmetry and charge conjugation symmetries, while in d = 2,4 it also possesses a

U(1)A chiral symmetry. Here we examine what subgroup is left unbroken by the Majorana

constraint, and then what is the effect of the regulator.
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d: 2 3 4

(K,M) R γ̄ R R eiαγ̄

(C,C) ✗ ✗ ✗ ✗ ✗

(C,T) · · · ✓✓✓ ✗

(T,C) ✓✓✓ ✗ · · ·

(T,T) · · · · ·

Table 2.2: Reflection (R) and chiral (discrete or continuous) symmetries for a single massless

Majorana flavor in d = 2, 3,4 for different combinations of the K and M matrices, where

K defines the kinetic term and M is used as the regulating mass term. A “✓✓✓” indicates a

nonanomalous symmetry, an “✗” denotes that the regulator choice M breaks the symmetry

indicating a possible anomaly, and a dot means that the (K,M) combination does not exist.

For d ̸= 2, 3,4, we need multiple flavors.

In all dimensions U(1)V fermion number symmetry is broken to a Z2 subgroup which acts

as (−1)F , an element of the Lorentz group. What happens to the U(1)A chiral symmetry in

d = 2,4 depends on the fact that Kγ̄TK−1 = −γ̄ in d = 2 and +γ̄ in d = 4. In d = 2 in

addition to (−1)F the Majorana constraint leaves unbroken a Z2 subgroup of U(1)V × U(1)A
corresponding to ψ → γ̄ψ, while in d = 4 the entire U(1)A remains unbroken. The latter result

should not be surprising since a massless Majorana fermion in d = 4 Minkowski spacetime is

equivalent to a massless Weyl fermion, whose action possesses a U(1) symmetry; this is not

true in d = 2.

The charge conjugation symmetry of the Dirac fermion survives the Majorana constraint,

but either acts trivially on the Majorana fermion, or as (−1)F .

For reflections we consider transformations of the Dirac field ψ(x) → Rψ(x) = εγ1ψ(x̃)

and ψ̄(x) → Rψ̄(x) = −ε∗ψ̄(x̃)γ1, where ε is a phase and x̃ has the sign of x1 flipped. This

is consistent with the Majorana condition eq. (2.41) if ε = 1 when K = C and ε = i when
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K = T and is therefore always a symmetry for the massless Majorana action. Note that this

means that for C-Majoranas we have R2 = 1 while for T-Majoranas, R2 = (−1)F .

When a Majorana mass term m is included the (−1)F symmetry is not broken, but

the discrete chiral symmetry in d = 2 and the continuous chiral symmetry in d = 4 are;

therefore it is reasonable to expect anomalies and GW relations for these transformations.

The situation for reflection symmetry is more complicated. Reflection symmetry is broken

by the mass term if the M matrix is the same as the K matrix, and unbroken if they are

unlike (e.g. (K,M) = (C,T) or (K,M) = (T,C)). Therefore we should expect reflection

symmetry to be anomalous for Majorana fermions in d = 2, 3 and in d = 4 when M = C. It

will not be anomalous for T-Majorana fermions in d = 2 or C-Majorana fermions in d = 4

with M = T. These two cases are quite different from each other, however: in d = 2 both

C- and T-Majoranas exist with only one way to regulate them (with M = C), and we find

that reflections are anomalous in the former but not the latter. For d = 4 we only have

a C-Majorana, but two ways to regulate, with M = C or M = T, the former breaking

reflections symmetry and the latter not. In this case we would say that choosing M = C is a

poor choice of regulator, needlessly breaking the symmetry of the massless fermion, and we

would not expect the symmetry to be anomalous.8

We have summarized the situation with reflection and chiral symmetries in Table 2.2;

cases for which GW relations pertain are the entries with the “✗”.

2.3.2 Derivation of the relations

Similar to the discussion of Dirac fermions in Sec. 2.2, we can derive a GW relation for

Majorana fermions, which we denote as Ξ in the continuum. We follow the same block-spin

prescription as for Dirac fermions and perform a transformation Ξ → ΩΞ which is assumed

to be a symmetry of the continuum action but not a symmetry of either the block-spin

8In some cases, it may be useful to consider regulator choices that break a nonanomalous symmetry. In
these cases, the symmetry is not completely lost and a modified form of the symmetry still persists, as has
been noted in Refs. [47, 48, 49] for continuous symmetries.
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Gaussian or the measure. The analog of eq. (2.10) is

e−
1
2η

T Dωη =
∫
dΞ eiAe−S[Ξ]−(η−ξ)T mω(η−ξ) , (2.46)

where ξn are block-averaged lattice fields related to Ξ as in eq. (2.2),

ξn =

∫
ddx Ξ(x)f(x − na) (2.47)

and m is an invertible, imaginary, antisymmetric matrix. We have defined

Dω = ωTDω , mω = ωTmω , (2.48)

where ω is related to Ω in analogy with eq. (2.8), and suppress lattice indices as before. The

path integral identity we derive in eq. (A.4) allows us to recast this equation as

e−
1
2ηDωη = eiAe

1
2Tr ln mω

m Qωe−
1
2ηQ

−1
ω Dη , (2.49)

where

Qω = (1− DXω) , Xω = m−1 − m−1
ω . (2.50)

Comparing both sides, we find two equations, the first of which is a generalized GW relation

for Majorana fermions

Dω = Q−1
ω D . (2.51)

This can be rewritten in a form analogous to the conventional GW relation as

Dω − D = DXωDω. (2.52)

If there are no zero modes, then D is invertible and the GW equation is equivalent to

ωT
(
1
D −

1
m

)
ω =

(
1
D −

1
m

)
, (2.53)

similar to what we found for the Dirac case in eq. (2.18).

As in the Dirac case, the second equation obtained is the anomaly equation,

eiA =
1√

det mω

m Qω

. (2.54)

As we shall show, the square root is well-defined.
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2.3.3 Solutions to the Majorana Ginsparg-Wilson equation

Just as we identified both the pv and overlap solutions to the GW relations for Dirac fermions,

we can do the same for Majoranas. The pv solution allows one to easily derive certain useful

properties of a solution which generalize.

Pauli-Villars solution

If we write

D = m ih

ih+ 1
(2.55)

then the GW relation in eq. (2.53) is equivalent to the statement

ωTmhω = mh , (2.56)

or that mh possesses the same symmetry as the continuum operator for a massless Majorana

fermion, K /D. Furthermore, the continuum limit requiring that D → iK/p in the low

momentum limit for a free fermion implies that h → m−1K/p. As in the Dirac example

discussed in Sec. 2.2.2, the simplest solution to simply set mh = K /D, and the interpretation

to this solution of the GW equation is a pv regulated Majorana fermion,

DPV = µK /D
1

M−1K /D + µ
, (2.57)

where M−1K = 1 or M−1K = ±iγ̄, depending on which of the “✗” cases in Table 2.2 one is

discussing, while µ is the pv mass scale. Given that K /D and M are antisymmetric, it is easy

to show that DPV is antisymmetric as well.

This solution can be written as

DPV =
m
2
(1+ Vmaj) , Vmaj = −

µ−M−1K /D

µ+M−1K /D
, (2.58)

where Vmaj is a unitary matrix. The eigenvalues of Vmaj lie on a circle, as in the Dirac case,

where zero modes of /D are mapped to Vmaj = −1, while infinite eigenvalues are mapped to
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Vmaj = +1. For the cases where M = K = C, Vmaj is the same matrix we found for Dirac pv

solution, eq. (2.24).

Various general properties of Vmaj can be derived from the expression in eq. (2.58).

Antisymmetry of DPV implies that

mVmajm−1 = MVmajM
−1 = V T

maj (2.59)

Since Vmaj is unitary, we can its eigenvalue equation as Vmajψn = eiθnψn, while it follows from

eq. (2.59) that VmajM
†ψ∗

n = eiθnM†ψ∗
n. Furthermore, ψn and M†ψ∗

n are mutually orthogonal

due to the antisymmetry of M. Therefore it follows that the eigenvalues of Vmaj are all doubly

degenerate. This will be relevant below when we discuss the square root of the determinant

of Vmaj.

Next we show how symmetries impact the eigenvalue spectrum of Vmaj. In the continuum,

reflection symmetry for a Dirac fermion takes ψ → (γ1R1)ψ where R1 reflects the x1 coordinate,

with (γ1R1) /D(A)(γ1R1) = − /D(Ã), assuming that background fields A are also suitably

reflected to Ã. It follows that since M−1K equals one in the (C,C) theories and iγ̄ in the

(C,T) and (T,C) theories that

(γ1R1)Vmaj(γ1R1) =

V
†
maj (C,C)

Vmaj (C,T), (T,C)

, (2.60)

again assuming a reflection of background fields in the Vmaj matrices on the right.

The effect of γ̄ in d = 2,4 is seen to be the same as seen in the Dirac case, namely

γ̄Vmajγ̄ = V †
maj . (2.61)

We will be interested in the anomalous symmetries marked by the “✗” in Table 2.2. We

see that in each of these cases we have a unitary matrix U satisfying UVmajU
† = V †

maj. This

implies that if Vmajψn = eiθnψn, then VmajU
†ψn = e−iθnU†ψn, and therefore, not only are all

eigenvalues of Vmaj doubly degenerate, but the V ̸= ±1 eigenvalues also come in complex

conjugate pairs.9

9One can relax the assumption that Vmaj is unitary and still conclude the eigenvalues come in {λ, λ−1}
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Overlap solution

Armed with insight from the above pv solution, it is straightforward to find a lattice overlap

solution to the Majorana GW equation,

Dov =
m
2
(1+ Vmaj) (2.62)

Vmaj =
Dw√
D†

wDw

(2.63)

where

Dw = M−1Kγµδµ − µ(1+∆/2), (2.64)

where δµ and ∆ are the lattice derivative and Laplacian respectively. The overlap solution

for Vmaj obeys the properties we found for the pv solution, Eqs. (2.59) to (2.61). Without

gauge fields and in momentum space,

D̃w(p) = M−1K
∑
µ

γµi sin(pµ)

+ µ
[
−1+

∑
µ(1− cos(pµ))

]
. (2.65)

Near the origin p ≪ π/a we have

D̃w(p) = M−1Ki/p+O(p2/µ2). (2.66)

and thus

Vmaj = −1+
M−1Ki/p

|µ|
+O(p2/µ2),

Dov(p) =
m
2
(1+ Vmaj) =

i

2
K/p+O(p2/µ2), (2.67)

the correct continuum dispersion relation for a massless Majorana fermion. At the corners of

the Brillouin zone, however, µ
[
−1+

∑
µ(1− cos(pµ))

]
> 0 and Vmaj ≃ 1 so that Dov does not

have low-lying eigenvalues associated with these states.

pairs for λ ̸= ±1.
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2.3.4 Exact lattice symmetry for Majorana fermions

As in the Dirac case for the anomalous chiral and parity symmetries, the Majorana GW

action respects exact versions of the various anomalous symmetries listed in Table 2.2, with

the Jacobians of the transformations reproducing the anomaly A. Here we discuss the exact

form respected by the GW operator for each of the symmetries listed in that table. In the

next subsection we examine the anomaly equation eq. (2.54) and show how the Jacobians

of the exact lattice symmetry transformations correctly reproduce the known continuum

anomaly A.

The Majorana GW equation in eq. (2.52) implies an exact Lu..scher symmetry for any

antisymmetric D which satisfies it. To see this, we can rearrange the Majorana GW relation

as

D =
√
Qω Dω

√
Qω

T

, (2.68)

where Qω = (1− DXω) and QT
ω = (1− XωD).

Care must be taken in the definition of the square root. Our convention is to define the

square root of Qω to be the unique matrix with the same eigenvectors as Qω and whose

eigenvalues are the square roots of the eigenvalues of Qω with non-negative real part. We

take the cut for the square root to be along the negative real axis, and for negative real

eigenvalues of Qω we will either define the corresponding eigenvalues of
√
Qω to all lie on the

positive imaginary or negative imaginary axes, denoting the choice by ±
√
Qω respectively. We

will see in Sec. 2.3.4 that both choices come into play. When giving general arguments we

will omit the ± designation.

Equation (2.68) can be derived by noting that QωD = DQT
ω , and so

√
QωD = D

√
Qω

T .

For a discrete symmetry transformation, Qω =
√
−V T

maj. Therefore, corresponding to the

continuum symmetry η → ωη, any GW regulated lattice action has an exact Lu..scher symmetry

η → ω
√
Qω

T

η . (2.69)



34

In terms of D = m
2 (1+ Vmaj), we can write√

Qω

T

= [1− XωD]1/2

=

[
1
2
(1+ m−1

ω m) −
1
2
(1− m−1

ω m)Vmaj

]1/2
. (2.70)

The low-energy (m → ∞) limit we have Xω → 0 and Qω → 1. The symmetry transformation

then reduces to η → ωη, as would be expected in the continuum limit.

Although the action is invariant under this symmetry, the fermion measure is, in general,

not. The transformation in eq. (2.69) produces a Jacobian det(ω
√
Qω

T
). We will see in

next subsection that this Jacobian reproduces the correct anomaly, once care is taken with

eigenvalues of Qω which lie on the cut of the square root. While the exact symmetry in

eq. (2.69) is completely general for any (continuous or discrete) symmetry, we will restrict

now to the symmetries discussed in Table 2.2 for a single-flavor Majorana. We will also

assume Vmaj is unitary for simplicity, and obeys the properties in Eqs. (2.59) to (2.61), but

the arguments can be generalized for the nonunitary case.

Discrete chiral and reflection Z2 symmetries in d = 2, 3

In d = 2, 3 a massless C-Majorana has a Z2 reflection symmetry which is anomalously broken

by the regulating mass term. The same is true in d = 2 for the discrete chiral symmetry for

either type of Majorana.

In all these cases of a Z2 symmetry broken by the regulator, the mass term flips sign,

mωm−1 = −1. In this case QT
ω = −Vmaj and the exact symmetry takes the simple form

η → ω
√
−Vmajη. (2.71)

where ω = R1γ1 for the reflection symmetry and ω = γ̄ for the discrete chiral symmetry. We

can equally well define the square root as either ±
√
−Vmaj for these discrete symmetries. We

will analyze the Jacobian in the next subsection and compare with the continuum anomaly.

The massless C-Majorana in d = 4 and the T-Majorana in d = 2 also have reflection

symmetries R, but they are nonanomalous since a regulating mass term exists which is
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R-invariant. In such cases, a GW formulation is trivially invariant under the corresponding

continuum symmetry, without any modification.

U(1)A symmetry in d = 4

In d = 4, the continuum C-Majorana fermion has an anomalous continuous U(1)A symmetry

η → eiαγ̄η, since either choice of the regulating mass term breaks this symmetry, as discussed

in Table 2.2. Under the U(1)A transformation ω = eiαγ̄, the mass term transforms such that

m−1
ω m = e−2iαγ̄. The exact lattice symmetry of eq. (2.69) can then be simplified to

η → eiαγ̄/2 {cosα − iγ̄Vmaj sinα}1/2 η. (2.72)

In the low-energy limit, Vmaj → −1, and this reduces to the continuum symmetry, η → eiαγ̄η.

This continuum U(1)A for Majorana fermions descends from the anomalous U(1)A sym-

metry for Dirac fermions upon imposing a reality condition. However, the Majorana U(1)A
symmetry in eq. (2.72) is distinct from the Dirac case of eq. (2.28). So one might wonder how

these two definitions of the symmetry are related. To reconcile this, we note that for Majorana

fermions, a straightforward analogy of eq. (2.28) is not possible, since for Dirac fermions we

exploited the freedom to transform ψ̄ and ψ independently, which is not consistent with the

Majorana constraint. However, that choice for how the Dirac fields transform was not unique.

To illustrate this, we consider the same example considered in Ref. [15], a Dirac fermion in

d = 4 with D = m
2 (1+V ), only assuming that D obeys the GW equation so that γ̄V γ̄ = V −1.

The infinitesimal transformation corresponding to eq. (2.28) is

δχ = γ̄χ, δχ̄ = χ̄(−V γ̄) , (2.73)

where in the continuum limit (V → −1) this reduces to the conventional chiral symmetry

transformation. However the action m
2

∫
χ̄(1 + V )χ is invariant under the more general

transformation, namely

δχ = γ̄f(V )χ, δχ̄ = χ̄g(V )γ̄ , (2.74)
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with f(−1) = g(−1) = 1, provided that the functions f, g satisfy

g(V )V −1 = γ̄f(V )γ̄ (2.75)

projected on the subspace orthogonal to V = −1. Furthermore, one finds that so long as

eq. (2.75) is satisfied, the Jacobian of the transformation reproduces the correct anomaly.

Equation (2.28) satisfies this with f = 1 and g = −V ; alternatively, a symmetric form

compatible with Minkowski spacetime where χ and χ̄ are not independent is f = g = (1−V )/2

[15, 50]. It is easily checked that this infinitesimal transformation keeps the Majorana action

invariant. This result holds equally well for both (C,C) and (C,T) regularizations. However,

a drawback with this transformation is that γ̄(1− V )/2 does not generate a compact U(1)

symmetry, its eigenvalues not in general being integer.

Equation (2.75) suggests a different symmetric form consistent with the Majorana con-

straint, however: f = g =
√
−V , which is precisely eq. (2.69). This choice has the feature that

γ̄
√
−V is Hermitian and has ±1 eigenvalues so that it generates a compact U(1) symmetry;

on the other hand, one must take care of the branch cut of the square root, as discussed

following eq. (2.68), where we defined ±
√
−V as ±i when acting on the eigenstate of V with

eigenvalue V = 1 which lies on the cut for the square root. Such eigenvalues correspond to

the corners of the Brillouin zone for the overlap solution, or infinite momentum for the pv

solution. The solution to eq. (2.75) is then f = +

√
−Vmaj and g = −

√
−Vmaj (or with the ±

reversed). However, this is still not a satisfactory symmetry for the d = 4 Majorana fermion

because the different treatment of the branch cut for ψ and ψ̄ is not consistent with the

Majorana constraint, ψ = C†ψ̄T .

We are forced then to define the “pseudo-Lu..scher symmetry” with f = g = +

√
−Vmaj which

is consistent with the Majorana constraint, but fails to be a symmetry of the action for Vmaj =

+1 eigenstates. This is a failure at short distance and does not destroy the desirable feature

of Lu..scher symmetry that chiral symmetry violating operators can only be multiplicatively

renormalized. One does lose the feature that the Jacobian of the transformation reproduces

the correct anomaly, as there now appears a spurious contribution 2(n̄+ − n̄−) where n̄± are
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the number of ± chirality Vmaj = 1 modes, but this is exactly compensated by a symmetry

violation in the action under such a transformation. Typically, the chiral anomaly comes from

a transformation under which the action is invariant but the measure is not, so that the path

integral acquires a phase under a transformation which is classically a symmetry. Although

this symmetry is violated in V = 1 subspace, the path integral acquires the same phase under

such a transformation as it would choosing f = +

√
−Vmaj and g = −

√
−Vmaj. Integrating over

such modes one recovers the expected anomalous Ward-Takahashi identities, so that this

symmetry has the same properties as any anomalous quantum symmetry.

If gauge fields or other parameters in the theory are varied such that an eigenvalue of Vmaj

passes through +1, the operator +

√
−Vmaj will be discontinuous. Because of this nonanalyticity,

our U(1)A transformation is nonlocal in spacetime, thereby evading a recent no-go theorem

[51]. As we showed at the end of Sec. 2.3.3, however, the eigenvalues of Vmaj are doubly

degenerate, and therefore the determinant of +

√
−Vmaj is continuous at such points.

2.3.5 The anomaly equation

We have seen in eq. (2.54) that the anomaly equation gives eiA = (det mω

m Qω)
−1/2. On the

other hand, the exact symmetry of the GW operator is not symmetry of the path integral

measure and gives rise to a Jacobian 1/ det(ω
√
Qω

T
). The first thing we will show is that

these are equivalent. Note that the square of the anomaly from eq. (2.54) is clearly equal to

the square of the Jacobian, so these two agree up to a sign. It is easy to see that the anomaly

equation and the Jacobian agree for any infinitesimal symmetry transformation, and so it is

only the case of discrete symmetries that needs careful examination.

For the anomalous discrete symmetries in Table 2.2 we have mωm−1 = −1 and so eq. (2.70)

gives us QT
ω = −Vmaj. The matrix Vmaj has eigenvalues −eiθn with −π < θn ≤ π, where the θn

are doubly degenerate and which occur in ± pairs for θn ̸= 0, π (due to reflection and chiral

symmetry in odd and even dimensions, respectively). Thus there we can write

dim Vmaj = ν+ + ν− + νc , (2.76)
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where ν± are the numbers of eigenvalues of Vmaj equal to ±1 and νc is the number of complex

eigenvalues (the ± is not related to chirality). Here, ν± are even integers and νc is a multiple

of 4. The eigenvalues of +

√
−Vmaj are then eiθn/2 and only the θn = π eigenvalues contribute

nontrivially to its determinant, so that det +
√
Qω

T
= iν+ = (−1)ν+/2. Since ν+ is even and

iν+ = (−i)ν+ , it makes no difference which of the two definitions of the square root ±
√
−Vmaj

is used. The matrix ω is traceless and squares to 1, so detω = (−1)dim Vmaj/2. Thus we get

det(ω
√
Qω

T

) = (−1)dim Vmaj/2(−1)ν+/2 = (−1)ν−/2 , (2.77)

where we used eq. (2.76). Since ν− corresponds to the zeromodes of D, we find that the

Jacobian of our exact symmetry yields the mod 2 index of D. In comparison, for our anomaly

equation in eq. (2.54) we compute
√

det mωm−1Qω =
√

detVmaj which directly gives the same

result, (−1)ν−/2, since only the −1 eigenvalues of Vmaj contribute.

2.3.6 Examples

In this section, we present examples of the Majorana anomaly equation in which the GW

construction reproduces global anomalies of Majorana fermions. In all the examples below

we have m−1
ω m = −1 and Xω = 2µ−1M, so the specification of (K,M) matrices completely

fixes the GW equation and its solutions.

Two dimensions

In two dimensions it is possible to have either a 2-component C- or T-Majorana fermion, but

only C can be chosen as the mass term in the regulator. In this section, we show that the

GW formulation reproduces known nonperturbative anomalies for both these theories.

The continuum T-Majorana theory with the action
∫
ηTT /Dη +mηTCη corresponds to

the field theory of the Kitaev chain. This has an exact (nonanomalous) reflection symmetry

with R2 = (−1)F (equivalent to T2 = 1 in Minkowski space), but the mass term breaks a

discrete chiral symmetry: η → γ̄η, suggesting an anomaly for the discrete chiral symmetry.

Indeed, the anomaly is given by the mod-2 index of the Dirac operator on modes of one
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chirality [52, 9, 53]. With the choice (K,M) = (T,C), we can formulate GW equation for the

massless T-Majorana fermion and solutions to it. The exact Lu..scher symmetry corresponds to

η → γ̄
√
−Vmaj. As shown in the previous section, the Jacobian gives detω

√
−Vmaj = (−1)ν−/2,

where ν− is the number of modes with Vmaj = −1, which correspond to exact zeromodes of

D. We have seen in Sec. 2.3.3 that γ̄Vmajγ̄ = V †
maj, so the Vmaj = −1 eigenmodes can be taken

to be simultaneous eigenstates of γ̄. We also showed that the eigenvalues of Vmaj are doubly

degenerate with eigenfunctions ψ and M†ψ∗. The d = 2 relation Mγ̄M−1 = −γ̄T then tells

use that the eigenvalues of the Vmaj = −1 eigenmodes come in ± chiral pairs. Thus, we can

write ν− = n+ + n− = 2n+, where n± are the number of positive and negative chirality zero

modes of D. Therefore, the Jacobian of the discrete chiral Lu..scher symmetry reduces to

(−1)n+, which is precisely the continuum result. On a torus with periodic boundary conditions

in both directions, n+ = n− = 1, and therefore we find a nontrivial anomaly.

Next we consider the case of a single C-Majorana fermion in d = 2. This theory has a

reflection symmetry Rη(x) = γ1η(x̃) with R2 = 1 and a discrete chiral symmetry, but the C

mass term violates them both. It is known that this theory has a mixed anomaly between

R and (−1)F symmetry which can be detected in the continuum by computing a mod-2

index on a two-dimensional unorientable manifold [9]. In the GW formulation defined with

(K,M) = (C,C), this can again be obtained simply from the Jacobian of the exact reflection

symmetry for the GW Majorana fermion. The Lu..scher symmetry is η → γ1
√
−Vmajη(x̃). By

the same argument as before, the Jacobian for this symmetry reduces to (−1)ν−/2. On a

torus with periodic boundary conditions, we have two zero modes. Then (−1)ν−/2 = −1 and

therefore the measure acquires a sign under the reflection symmetry.

One dimension

In one dimension, fermi statistics forbid any mass term for a N = 1 flavor 1-component

Majorana, To apply the GW construction, we therefore need at least N = 2 flavors, which

allows for the choice (K,M) = (1, τ2) with the continuum action S =
∫
ηT∂0η + µ ηT τ2η,

where ηT = (η1, η2) and η1,2 are one-component Majoranas. Note that the kinetic term is
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invariant under a R2 = (−1)F reflection symmetry which acts as Rη(t) = iη(−t), but the

mass term is odd under this symmetry. Indeed, this system corresponds to the edge modes

of the Fidkowski-Kitaev chain and is afflicted by a well-known Z8 anomaly between R and

(−1)F [54, 9].

With (K,M) = (1, τ2), we can proceed with the GW construction for N = 2 flavors. If

na is the number of zero modes corresponding to flavor a, the antisymmetric mass matrix

M = τ2 ensures a doubling of spectrum and n1 = n2. As before, the Jacobian for the exact

reflection symmetry produces a phase of (−1)ν−/2 and ν− = 2n1. Since n1 = n2 = 1 on a circle

with periodic boundary conditions, this represents an anomaly. It is interesting to note that

since for two flavors we find a Z2 anomaly, the GW formulation implies a Z4 anomaly for a

single Majorana flavor, even though a mass term cannot be written in such a theory. The

correct answer though is that there should be a Z8 anomaly. See a discussion in Ref. [55], Eq.

(2.26), which suggests that the Z4 follows from being insensitive to a bosonic anomaly.

2.4 Conclusions

The early work on anomaly descent equations [56, 57, 58] and their embodiment in the

bulk/boundary correspondence of gapped fermions [59] has been greatly expanded upon in

recent years with the discussions about more general classes of topological materials and

a wider variety of anomalies (see, for example, [42]). A parallel development from lattice

gauge theory had shown that for the case where the boundary theory is described by a

Dirac fermion, one can describe the physics, including chiral anomalies, in terms of a theory

that makes no reference to the bulk. Such a theory is governed by the Ginsparg-Wilson

equation [4] which has an explicit solution in the form of the overlap operator [3]. In this

chapter we have shown how to generalize the GW analysis to encompass a wide range of

topological materials that have been classified in the condensed matter literature, focusing

on topological superconductors with Majorana edge states, which are less familiar to those

working in lattice gauge theory. In each case we have generalized the notion of a Lu..scher

symmetry: an exact symmetry of the lattice action which becomes identical to the continuum
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symmetry in the continuum limit, under which the the lattice integration measure transforms

by the appropriate phase to account for the anomaly. The class of theories for which we can

derive GW relations contain only those for which a fermion mass term can be included, and

therefore does not include chiral gauge theories, for example.

Open questions remain. In particular the Dai-Freed anomalies discussed in the literature

[60, 9, 61] do not seem apparent in this approach. Thus, for example, one of the results in

this work was the derivation of a Z4 discrete time-reversal anomaly for the Fidkowski-Kitaev

Majorana chain, but not the full Z8 anomaly known to be correct [61]. On the other hand, we

know that the overlap operator which solves the GW equation is derived by integrating out

bulk modes from a higher-dimension theory [2, 29], which one would expect “knows” about

such anomalies.

The solutions presented here for the generalized GW are all formulated in Euclidean

spacetime, and are not amenable to a Hamiltonian description of the physics in continuous

time. Furthermore, not being ultralocal in Euclidean time makes the derivation of a transfer

matrix and Hamiltonian problematic. We note, though, that we defined the anomalous

U(1)A pseudo-Lu..scher symmetry that acts on ψ and ψ̄ in a way consistent with a Minkowski

interpretation, and find that it is not analytic in momentum, and hence not a local operator

in spacetime, evading the no-go theorem in Ref. [51]. Pursuing a Hamiltonian formulation

of the ideas presented here in order to render the results more applicable to real condensed

matter systems seems like another avenue to explore in the future.

Finally, while it has been assumed that the fermions we consider are propagating in

smooth, background gauge and gravitational fields, we have not examined in any detail the

role played by the role played by unorientable manifolds, which are understood to play an

important role in understanding the reflection (time-reversal) anomalies [61].
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Chapter 3

A LATTICE HAMILTONIAN FOR GINSPARG-WILSON
FERMIONS

3.1 Introduction

There are a number of computations in QCD that require a good realization of chiral symmetry.

These include the color-flavor-locking phase [63] and the chiral symmetry restoring phase

transition [64], both of which one would hope to be able to study on the lattice. The overlap

operator [23, 28] in the Euclidean Lagrangian formulation offers the ideal realization of lattice

chiral symmetry in the form of Lu..scher symmetry [15], a lattice symmetry which tends toward

chiral symmetry in the continuum limit. However, computations using the path integral are

afflicted by sign problems. A Hamiltonian approach on a quantum computer might be able

to solve these issues, but there currently does not exist a Hamiltonian for GW fermions.

Chiral symmetry can be expected to fail on the lattice because the lattice spacing introduces

a mass scale, and masses violate chiral symmetry. This can be made more precise by the

Nielsen-Ninomiya no-go theorem [22]; there is no lattice Dirac operator D in 4 spacetime

dimensions which has chiral symmetry, i.e. satisfies

{γ5,D} = 0, (3.1)

and has other desirable features, namely the correct continuum limit, freedom from doublers,

and locality [15]. Ginsparg and Wilson [4] suggested that this should be replaced by:

{γ5,D} = aDγ5D, (3.2)

This work is based on a letter published in Phys. Rev D. [62]
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so that exact chiral symmetry fails at the order of the lattice spacing a. The first method

for putting chiral fermions on the lattice involved edge states of a domain wall defect in one

higher dimension [2]. Neuberger and Narayanan [23, 28] found that this system could be

studied in 4 dimensions via the “overlap” operator,

D =
M

2
(1+ V ) , V =

Dw√
D†
wDw

, (3.3)

where M = 1/a is the inverse lattice spacing, and Dw is the 4-dimensional Wilson Dirac

operator, which, in the absence of gauge fields, can be written in momentum space as:

Dw = i
4∑
µ=1

γµ sin(pµ/M) − 1+
4∑
µ=1

(1− cos(pµ/M)). (3.4)

This operator has the correct continuum limit, and is not hermitian, but is instead “γ5-

hermitian”:

γ5Dγ5 = D†. (3.5)

In fact, it can be quickly checked that any operator of the form

D =
M

2
(1+ V ) ; γ5V γ5 = V †, V †V = I, (3.6)

satisfies Eq. (3.2) [3]. In this case we say D is an overlap operator, though in general it may

not necessarily be constructed in terms of a state overlap. Lu..scher [15] first observed that

this operator has the following symmetry:

δψ = γ5

(
1− V

2

)
ψ, δψ = ψ

(
1− V

2

)
γ5. (3.7)

In the continuum limit, this becomes chiral symmetry. Lu..scher noted that the Jacobian of

this transformation produces the index of D, a lattice version of the Fujikawa calculation

[16, 15] of the chiral anomaly. Indeed, there is a good deal of freedom in defining this Lu..scher

symmetry; hereafter we will refer to any symmetry

δψ = Γψ, δψ = ψΓ , (3.8)
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for which

lim
M→∞Γ = lim

M→∞Γ = γ5, (3.9)

as a Lu..scher symmetry[15], provided its Jacobian reproduces the index of D.

To find a Hamiltonian describing a GW fermion, one may try to compute the transfer

matrix of Eq. (3.3) directly, but this involves square roots of the time derivative and is

therefore challenging. Creutz et al. [50] considered the following construction. First, define

the 3-dimensional overlap operator

d =
M

2
(1+ v) , v =

dw√
d†
wdw

, (3.10)

where dw is the 3-dimensional analogue of Eq. (3.4):

dw = i
3∑
i=1

γi sin(pi/M) −M +
3∑
i=1

(1− cos(pi/M)), (3.11)

and γi are 4×4 Clifford algebra matrices. Then by analogy with the continuum Hamiltonian

Hc
ψ =

∫
d3xψ†iγ0γiDiψ, (3.12)

(where Di, H
c
ψ denote the continuum covariant derivative and continuum Hamiltonian, respec-

tively), it is reasonable to identify γiDi with the 3-dimensional Dirac operator, and formulate

a lattice prescription for a Hamiltonian via the replacement γiDi → d:

Hψ ≡ ψ†iγ0dψ. (3.13)

This system has the symmetry of Eq. (3.7), and associated to that symmetry is the charge

Q5 = ψ†γ5

(
1− V

2

)
ψ. (3.14)

This chiral charge is conserved with respect to Hψ, i.e. [Hψ, Q5] = 0, but upon introduction

of the gauge field Hamiltonian

Hg =
1
2
(E2 +B2), (3.15)
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one finds [Hg, Q5] ̸= 0, since E2 involves derivatives with respect to the gauge fields in the

quantized theory, and the V appearing in Q5 involves link variables.

It is important to note that the Hamiltonian considered by Creutz et al. is not derived

from a GW fermion in the Euclidean Lagrangian; it is simply an ansatz. If it were, it would

enjoy a full Lu..scher symmetry that descends to the Hamiltonian formulation, even in the

presence of gauge fields.

Therefore it is sensible to start at the level of the Lagrangian, with a modified overlap

operator which still solves the GW equation, but from which the extraction of a Hamiltonian

is considerably easier. It is simpler to consider a theory which is fractional linear in time

derivatives, i.e. a rational expression linear in time derivatives. The feasibility of such an

approach will become clear by construction of an overlap operator in the continuum with

ghosts, namely a Pauli-Villars regulated fermion.

In Section 3.2, we will describe the way in which Pauli-Villars fermions satisfy the GW

relation, and the Hamiltonian and Lu..scher symmetry associated to them. In Section 3.3.1 we

will derive a Lagrangian describing a GW fermion in discrete space and continuous time, and

generalizing the arguments of Section 3.2 we will derive a Hamiltonian describing the system.

In Section 3.3.2 we will describe the properties of this Hamiltonian.

3.2 Pauli-Villars as Overlap

In a recent paper generalizing the GW relation [24], it was found that the GW equation holds

for a Pauli-Villars regulated fermion in the continuum. We will derive the Hamiltonian for

this example, as it is instructive for generalization to the lattice.

A Pauli-Villars regulated fermion is equivalent to a Lagrangian with the following Dirac

operator:

L = ψDψ, D =M
/D

/D +M
, (3.16)

where /D is the usual Euclidean Dirac operator, /D = γµDµ. This may be rewritten

D =
M

2
(1+ V ) , V =

/D/M − 1
/D/M + 1

. (3.17)
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This D satisfies Eq. (3.6), so it is an overlap operator. For reasons that will become clear

shortly, is helpful to define A = /D/M − 1, and note V is of the form:

V = −A−1A†; γ5Aγ5 = A†. (3.18)

In order to make this theory look familiar, we introduce ghost fields ϕ, ϕ with opposite

statistics to the action, so that the full Lagrangian is

Ltot = ψ
M

2
A−1(A− A†)ψ + ϕϕ. (3.19)

We perform the simultaneous change of variables

ψ
′
= ψA−1, ϕ

′
= ϕA−1. (3.20)

This change of variables has trivial Jacobian in the path integral because of the opposite

statistics. Under this change of variables the Lagrangian becomes

Ltot = ψ
′
/Dψ + ϕ

′
( /D +M)ϕ. (3.21)

Consider how a Lu..scher symmetry Γ, Γ on ψ, ψ is affected by this change of variables. Γ is

unaffected, while the new Γ is related to the original by

Γ
′
= AΓA−1. (3.22)

In particular, consider the choice:

Γ = γ5, Γ = −V γ5. (3.23)

Since V is of the form Eq. (3.18), Eq. (3.22) becomes

Γ
′
= A−1A†γ5A

−1 = A†γ5A
−1 = γ5AA

−1 = γ5. (3.24)

In summary, the Pauli-Villars fermion described in Eq. (3.16), with the Lu..scher symmetry of

Eq. (3.23) descends to a massless fermion with ordinary chiral symmetry and a heavy ghost

fermion where the symmetry acts trivially. The Hamiltonian of the theory is thus

Hc = Hc
ψ +Hc

ϕ, (3.25)
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where

Hc
ψ =

∫
d3xψ†iγ0γiDiψ, (3.26)

Hg
ϕ =

∫
d3xϕ†iγ0γiDiϕ− ϕ†γ0Mϕ. (3.27)

In order to study the dynamics of Hc
ψ alone, one must work in the vacuum to vacuum

sector of the ghost theory. Excitations with energy less than the regulator mass M (later

taken to infinity) do not contribute to scattering amplitudes involving the ψ field. Further

discussion on Pauli-Villars fermions can be found in any introductory text on quantum field

theory (e.g. [65]). They are not typically dealt with in a Hamiltonian formalism. The

Pauli-Villars regularization prescription is simply a helpful tool, as it allows one to regulate

the UV divergence that comes from the introduction of a continuous time coordinate, and

subsequently describe the low energy modes in a simple effective way.

3.3 Combined Overlap

3.3.1 Overlap Lagrangian

Now we work in continuous time and latticized space. Since the Pauli-Villars and overlap

solutions apply to continuum and lattice cases of an overlap operator respectively, it is

reasonable to try to write an ansatz for D which combines the forms of Eqs. (3.17) and

(3.3). Such an operator is determined by a choice of unitary and γ5-hermitian V . Recall the

3-dimensional analogue v in Eq. (3.10). Since the low energy spectrum of v is −1+ i/⃗p/M in

the free theory, a reasonable ansatz incorporating Pauli-Villars regularization might be:

V =
γ0∂t +Mv

γ0∂t −Mv† . (3.28)

Here when we write the quotient, we mean left-multiplication by the inverse of the denominator,

as in Eq. (3.18). Note that the V of Eq. (3.28) also satisfies the relations of Eq. (3.18).

Furthermore V is γ5-hermitian, unitary, and has the correct low energy spectrum. However,

this V has doublers: note that zero-modes of D correspond to −1-modes of V , and therefore
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generally an overlap operator has doublers if there are any V = −1 modes away from the

origin in the Brillouin zone. Note that at v = 1, V = −1, and so the free theory already has

doublers at p⃗i = π/a. This is because at ∂t = 0, V = −v/v†. Since complex conjugation

treats the v = ±1-modes identically, doublers arise at ∂t = 0. Therefore, in order to find a V

without doublers, the v = ±1 modes need to be treated differently under conjugation. One

way to do this is to replace

v → −
√
−v ≡ ξ. (3.29)

Then V becomes instead

V =
1
2γ

0∂t −Mξ
1
2γ

0∂t +Mξ† . (3.30)

We define the square root
√
u of a unitary matrix u generally as the unique matrix whose log

spectrum lies in the interval (−iπ/2, iπ/2], and which squares to u; this can be equivalently

defined as the matrix whose eigenvalues are the square root of the eigenvalues of u, with

the same eigenvectors. Such a definition involves choosing a branch cut, namely
√
−1 = i,

and therefore a discontinuity at the edge of the BZ (which introduces non-locality). Note
√
u† ̸=

√
u

†, but instead
√
u† =

√
u

†
+ 2iP−1, (3.31)

where P−1 is the projector onto the −1 modes of u.

It is worth noting the denominator is not invertible at v = 1 and ∂t = 2iM . However, it

can be seen that V = 1 in this limit. In the free case, this guarantees D(p) is continuous at

the edge of the Brillouin zone, but higher order derivatives are discontinuous, so this theory

is nonlocal. It should be noted this nonlocality is not so severe that it precludes definition of

a gauge theory entirely, as one can still simply replace the free derivative with the covariant

derivative in the operator Eq. (3.4) (in the position space representation).

In most cases, the complication which arises in Eq. (3.31) can simply be ignored, and the

V = 1 case can be treated separately. In particular, we will simply write

γ5ξγ5 = γ0ξγ0 = ξ†. (3.32)
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The operator V = −A−1A† in Eq. (3.30) is, in general, not unitary. Unitarity of V follows

from normality of A. However, for time dependent gauge fields,

A†A− AA† =
1
2
γ0∂t(ξ + ξ†) ̸= 0 (3.33)

Furthermore, V is not in general γ5-hermitian. Instead, note that the weaker statement

γ5Aγ5 = A† (3.34)

still holds, so that for general gauge fields it holds that

γ5V γ5 = V −1. (3.35)

As noted in [24], the operator D = 1
2(1 + V ) still satisfies the relation Eq. (3.2), and still

enjoys Lu..scher symmetries, e.g. Eq. (3.23). Under the Lu..scher symmetry, the anomalous

symmetry violation of the expectation value of an observable O is given by (cf. [15]):

⟨δO⟩ = (−Tr γ5D + Tr γ5) ⟨O⟩ (3.36)

The quantity Tr γ5D can be evaluated using the arguments of [15];

Tr γ5D = Tr γ5 + 2 indD, (3.37)

therefore,

⟨δO⟩ = 2indD⟨O⟩, (3.38)

so this operator has the correct anomaly in the Lagrangian formulation. It is worthwhile

to note that evaluation of Tr γ5D in [15] relies on the point 0 being an isolated point of

the spectrum of D. This can clearly be done when the spacetime lattice is finite, since the

operator D only has a finite number of eigenvalues. In the present case, the eigenvalues

ω of ∂t have no UV cutoff. However, an IR cutoff is sufficient: the eigenvalues ω become

discrete. For very large ω, V ∼ 1. Therefore the lack of a UV cutoff in time adds a dense set

of eigenvalues near D = 1. Any eigenvalues at D = 0 remain isolated.
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Before proceeding with the prescription of Section 3.2, we integrate out in the path

integral the modes at V = 1, since they are at high energy and contribute only to overall

normalization. They come in chiral pairs and are thus also invariant under the Lu..scher

symmetry of Eq. (3.23) so cannot contribute to the anomaly.

Therefore, the operator D = 1
2(1 + V ), with the choice of V in Eq (3.30) satisfies the

Ginsparg-Wilson equation, and has a Lu..scher symmetry which correctly realizes the anomaly.

3.3.2 Overlap Hamiltonian

The Hamiltonian following the prescription in Section 3.2 can be seen to be

H = Hψ +Hϕ,

Hψ = ψ†hψψ, Hϕ = ϕ†hϕϕ. (3.39)

where

hψ =Mγ0
(
ξ† − ξ

)
,

hϕ = 2Mγ0ξ†, (3.40)

and repeated (suppressed) indices are summed over. The ghost fields here have been rescaled

to be canonically normalized. The ghost Hamiltonian Hϕ is clearly gapped; since it is

Hermitian and unitary its eigenvalues are all of magnitude 2M . Therefore, we consider only

ghost vacuum-to-vacuum amplitudes of the combined quantum system at energy scales much

lower than the cutoff M , which are described by Hψ.

Following the analysis in Section 3.2, the Lu..scher symmetry in Eq. (3.23) descends once

again to ordinary chiral symmetry, so that the chiral charge is

Q5 = ψ†γ5ψ. (3.41)

It is evident that both hψ and hϕ are Hermitian matrices. Chiral charge is conserved for the

ψ fermions, and violated for the ghost fermions:

[γ5, hψ] = 0, [γ5, hϕ] = 4Mγ5γ0(ξ† − ξ). (3.42)
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This is consistent with anomalous chiral symmetry violation of Pauli-Villars fermions in the

continuum, where the mass term in the ghost fermion violates chiral symmetry explicitly. The

gauge field Hamiltonian in Eq. (3.15) trivially commutes with γ5, so that the chiral charge is

conserved in the full theory describing the light ψ modes. This is in contrast to the Creutz et

al. [50] Hamiltonian of Eq. (3.13), since the chiral charge in Eq. (3.41) no longer involves the

overlap operator as in Eq. (3.14), but is in direct analogy with the continuum chiral charge.

It is easily checked that hψ has the right continuum limit, since v → −1+ i/p. The same

holds true in the presence of gauge fields which are sufficiently smooth.

It is illuminating to consider replicating this construction in d = 1 + 1. One finds

v = −e−ipγ1/2M , and in this case the free Hamiltonian is explicitly

hψ = 2Mγχ sin p/4M, (3.43)

where γχ = iγ1γ2 is the 3-dimensional analogue of γ5. This matches the continuum Hamiltonian

for a free 2-component Dirac spinor in the low energy limit.

3.4 Conclusions

We have derived a Hamiltonian for a massless fermion on a spatial lattice with exact chiral

symmetry from a spatial-lattice plus continuous-time Lagrangian for a GW fermion, starting

with an overlap operator with Lu..scher symmetry and introducing ghosts. This came at the

expense of locality.
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Chapter 4

CHIRAL DOMAIN WALL FERMIONS ON S4

4.1 Introduction

Recently it was pointed out [21] that manifolds with a single boundary that host Weyl fermion

edge states could serve as a model for simulating chiral gauge theories on the lattice. That

similar phenomena could occur on a spacetime lattice follows from the fact that such edge

states occur at the boundary between topological phases, and that similar topological phases

are found with conventional Wilson fermions. Previously, the geometry of a solid cylinder

was considered (B1 ×Rd−1, where B1 represents a solid disk). When formulated on a square

lattice, this treats one of the dimensions of the boundary differently than the others, explicitly

breaking the underlying hypercubic symmetry of the lattice. In this chapter we consider

spherical continuum geometries, with Weyl fermions confined to S2 or S4 boundaries. The

motivation is that when translated to a lattice system, such a formulation for chiral gauge

theories will preserve the underlying hypercubic symmetry of the lattice, which could prove

useful when taking the continuum limit.

An interesting feature shown for the disk was that, while the bulk modes have integer

orbital angular momentum and half-integer spin, the edge state momenta around the circular

boundary are quantized as half-integers, defying the possible intuition that edge momentum

should be ℓ/R, where ℓ is the (integer) orbital angular momentum on the disk. The main result

of this chapter is that a similar phenomenon results for edge states on all even-dimensional

spheres: the edge mode looks like a conventional Weyl fermion on a sphere with double-valued

wave functions, even though the bulk fermion is expanded in single-valued normal modes.

In preparation for submission to Physics Review D with David B. Kaplan.
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4.2 Fermions on curved manifolds

We begin with a review of fermions on curved manifolds [66], so as to give the domain wall

solutions something to be compared to. On a d dimensional manifold with coordinates xi, one

needs a spin connection ω to describe parallel transport of spinors. These require a vielbein,

i.e. an orthonormal frame for the cotangent space, which we denote ei.1 For example, a

vielbein for S2 would be

e1 = dθ, e2 = sin θdϕ, (4.1)

and a vielbein for S1 would simply be e1 = dϕ.2

We use the torsion free Levi-Civita spin connection, which is the unique antisymmetric

tensor ωab satisfying [66]:

dea + ωab ∧ eb = 0, (4.2)

where d is the differential and ∧ is the wedge product. Then one uses any set of Clifford

algebra generators γi:

{γi, γj} = 2δij, (4.3)

where the γi are coordinate-independent matrices. Equipped with these may write the

covariant derivative (with gauge fields):

Dµ = ∂µ − iAµ +
1
2
ωabµΣab, (4.4)

with Σab =
1
4i [γa, γb]. The Dirac operator is then

D = γaEµ
aDµ. (4.5)

1in d = 2 and d = 4, respectively, these are referred to as zweibeins and vierbeins, respectively, which we
shall adopt.

2This is an abuse of notation, using e1 to denote a vielbein basis element on both S1 and S2.
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where Ea is the inverse vielbein.3

For example, the spin connection on S1 vanishes. This may seem unexpected, but recall

that the spin connection describes parallel transport, and there is an unambiguous path-

independent way of transporting a vector along the circle. The spin connection on the sphere

with zweibein e1 = dθ, e2 = r sin θdϕ is given by:

ω12 = − cos θdϕ. (4.6)

For d = 4, the vielbein is:

e1 = dθ1, (4.7)

e2 = sin θ1dθ2, (4.8)

e3 = sin θ1 sin θ2dθ3, (4.9)

e4 = sin θ1 sin θ2 sin θ3dθ0. (4.10)

where the angles θ1, θ2, θ3 ∈ [0, π) are polar and θ0 ≡ θ4 ∈ [0, 2π) is azimuthal. The spin

connection ω on S4 is computed in Appendix C, resulting in the Dirac operator:

D = γ1

[
∂

∂θ1
− i

(
A1 +

3
2

cot θ1
) ]

+ γ2 csc θ1
(
∂

∂θ2
− i

(
A2 + cot θ2

) ]
+ γ3 csc θ1 csc θ2

[
∂

∂θ3
− i

(
A3 +

1
2

cot θ3
) ]

+ γ4 csc θ1 csc θ2 csc θ3
[
∂

∂θ4
− iA4

]
(4.11)

or, for general d: aside from the csc terms in the definition of the gradient, the effect of the

spin connection on Sd is to replace

∂

∂θj
→ ∂

∂θj
+
d− j

2
cot θj. (4.12)

3in the diagonal case, which constitute the cases we consider, these are simply the inverses of the quantities
appearing in eq. (4.1). This factor yields, for example, the 1/ sin θ in the definition of the spherical gradient
- this factor has nothing to do with the spin connection.
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4.3 Domain wall on the disk

We begin with a brief review of disk fermions. In order to obtain a theory of a Weyl fermion

in d dimensions, we start with a Dirac fermion ψ in d + 1 dimensions, where two of the

dimensions are special and the other d− 1 can be ignored in our analysis. The action is

S =

∫
dd−1xrdrdϕψDψ, D = γi

∂

∂xi
+m(r), i = 1, · · · , d+ 1. (4.13)

Here (r, ϕ) are the cylindrical coordinates for (xd, xd+1) ≡ (x, y). The mass term has the

profile

m(r) =

m r < R,

−M r > R.

(4.14)

The insertion of this domain wall doesn’t affect the rest of the dimensions, so we focus only

on the action containing operators related to disk coordinates. Let us define matrices

Γ r = r̂ · γ⃗ , Γ ϕ = ϕ̂ · γ⃗. (4.15)

With these we may write the action in eq. (4.13) in the form

S =

∫
rdrdϕψ

(
Γ r ∂

∂r
+

1
r
Γ ϕ ∂

∂ϕ

)
ψ (4.16)

Note that

{Γ r, Γ ϕ} = {γx, γy} Γ rΓ ϕ = γxγy ≡ 2iΣxy (4.17)

which means we may express

S =

∫
rdrdϕψ

(
Γ r

(
∂

∂r
+

1
2r

)
+
i

r
Γ ϕ

(
−i

∂

∂ϕ
+

1
2
Σxy

)
+m(r)

)
ψ. (4.18)

If there were no r in the integration measure of eq. (4.18), as is the case for ordinary domain

wall fermions[2], one would find exponentially localized states ψ ∼ em(r)r. One should expect
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to recover this in the limit R → ∞. Therefore to account for the r in the integration measure,

localized states are instead of the form

ψ(r < R) ∼
emr√
r
χ(ϕ) (4.19)

ψ(r > R) ∼
e−Mr

√
r
χ(ϕ).

Such states are annihilated by the operator

−

(
∂r +

1
2r

)
+m(r). (4.20)

This implies that modes χ, χ satisfying the modified Weyl boundary condition

P̃+χ = P̃−χ = 0, P̃± =
1 ± Γ r

2
, (4.21)

can be described by an edge action

S =

∫
dϕχiΓ ϕ

(
−i

∂

∂ϕ
+

1
2
Σxy

)
χ. (4.22)

While this action describes a particle on the circle, the matrix Γ ϕ is coordinate-dependent.

We may perform a so called “straightening” transformation on the matrices, i.e. one which

satisfies

V Γ ϕV † = γϕ, (4.23)

where γϕ is a coordinate-independent gamma matrix. In order to make this consistent with

the rest of the bulk action and the Weyl condition, we should really find a transformation

satisfying

V Γ aV † = γa, (4.24)

for each a = 1, · · · , d − 1, ϕ, r, where Γ a ≡ γa for a = 1, · · · , d − 1, and the γa are all

coordinate-independent matrices satisfying eq. (4.3). One such transformation, satisfying

γϕ = γx, γr = γy is given by

V (ϕ) = eiϕΣxy . (4.25)
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Note that this matrix is double-valued, and thus V χ is double valued. It immediately follows

that

χ ′P− = P+χ = 0, P± =
1+ γr

2
. (4.26)

Under the local Lorentz transformation

χ→ V χ ≡ χ ′ χ→ χV † ≡ χ ′, (4.27)

the action becomes, after reinserting the first d− 1 coordinates,

S ′ =

∫
dd−1xdϕχ ′

(
γϕ

∂

∂ϕ
+ γi

∂

∂xi

)
χ ′, i = 1, · · · , d− 1, (4.28)

and the path integral

Z =

∫
dχ ′dχ ′e−S

′ (4.29)

is evaluated only over Weyl modes. The straightening matrix eliminates the inhomogenous

term Σxy in eq. (4.22), and produces the expected result for a circle, which has vanishing

spin connection. This comes at a cost: while the bulk action admits solutions periodic in

ϕ, the edge action after the local Lorentz transformation V describes an antiperiodic Weyl

fermion on S1 ×Rd−1, i.e. one which satisfies

P−χ
′ = P+χ

′ = 0, P± =
1 ± γr

2
, χ ′(ϕ+ π) = −χ ′(ϕ), χ ′(ϕ+ π) = −χ ′(ϕ). (4.30)

We will see that an analagous result holds generally for spheres. In following sections we reserve

the notation P± = (1± γr)/2 for coordinate-independent projectors and and P̃± = (1±Γ r)/2

for the coordinate-dependent counterparts.

4.4 Domain walls on S2

We begin with the action for a domain wall fermion with spherical edge state:

S =

∫
d3xψDψ, D = γj∂j +m(r), j = 0, 1, 2. (4.31)
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with the γj satisfying eq. (4.3) and m satisfying eq. (4.14) in spherical coordinates. We define

analagous Γ -matrices

Γ r = r̂ · γ⃗, Γ θ = θ̂ · γ⃗, Γ ϕ = ϕ̂ · γ⃗, (4.32)

so that the action may be written

S =

∫
drdθdϕ r2 sin θψ

[
Γ r

(
∂r +

1
r

)
+
Γ r

r

(
γ⃗ · J⃗ −

1
2

)
+m

]
ψ, (4.33)

where J⃗ = L⃗+ S⃗ is the total angular momentum operator. Edge modes localized to r = R

can be found and solved for exactly [67]. However, using the same arguments of the previous

section, dimensional analysis yields

ψ(r < R) ∼
emr

r
χ(θ, ϕ), (4.34)

ψ(r > R) ∼
e−Mr

r
χ(θ, ϕ),

where χ is a 2-component spinor. Solutions of this form are annihilated by the operator

−

(
∂r +

1
r

)
+m(r), (4.35)

which implies that modes χ, χ satisfying the modified Weyl boundary condition in eq. (4.21)

with the new Γ r can be described by an edge action

S =
1
R

∫
S2

sin θdθdϕχ
(
Γ⃗ · J⃗ −

1
2

)
χ, (4.36)

or equivalently

S =
1
R

∫
S2

sin θdθdϕχ
(
Γ θ∂θ +

Γ ϕ

sin θ
∂

∂ϕ
− 1

)
χ. (4.37)

This may be compared to the ordinary formulation of fermions on spheres[68, 66, 69] via a

straightening transformation similar to eq. (4.24):

V †Γ θV = γθ, V †Γ ϕV = γϕ, V †Γ rV = γr (4.38)
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with γθ, γϕ, γr are again matrices satisfying eq. (4.3). Note it immediately follows that

χ ′ = V χ and χ ′ = χV † satisfy the Weyl condition eq. (4.26). Here, we will take the

convention γϕ = γ0, γθ = γ1, and γr = γ2. Taking γi = σi+1 in Cartesian coordinates, one

such straightening transformation is given by

V (θ, ϕ) = eiθσ1/2eiϕσ3/2. (4.39)

This transformation is anti-periodic in ϕ and thus produces double valued spinors. Under

this transformation, the action of eq. (4.37) is transformed to

S =
1
R

∫
S2

sin θdθdϕχ
(
σ2

(
∂

∂θ
+

cot θ
2

)
+ σ1

∂

∂ϕ

)
χ, (4.40)

which is the usual action for fermions on the sphere [68]. The term σ1 cot θ/2 is recognizable

as the spin connection as discussed in the previous section, whose origin in the present

context follows from the transformation eq. (4.39) on eq. (4.37) introducing derivative terms

∼ γθP∂θP . The double-valued spinors correctly describe the theory of spherical spinors [68].

4.5 Domain walls on S4

We denote the coordinates on the d-sphere by Θ = (θj), j = 0, · · · d − 1, with θ0 ∈ [0, 2π)

and the remaining θj ∈ [0, π). For now d is arbitrary but later we will take d = 4. The bulk

integration measure in spherical coordinates can be written

dd+1x = rddrdΘ, (4.41)

where

dΘ ≡
d−1∏
j=0

(sin θj)jdθj. (4.42)

The arguments of the previous section can be applied to the action

S =

∫
dd+1xψDψ, D = γµ∂µ +m(r), µ = 0, · · · d. (4.43)



60

Once again we define matrices

Γ θj

= θ̂j · γ⃗, j < d, Γ r ≡ Γ d = r̂ · γ⃗, (4.44)

and an explicit form for these unit vectors is provided in Appendix B. The asymptotic domain

wall solutions of the form for r < R in eq. (4.34) are replaced via the same dimensional

analysis arguments with

ψ(r < R) ∼
emr√
rd
χ(Θ). (4.45)

These states4 are annihilated by the operator

−

(
∂r +

d

2r

)
+m(r). (4.46)

The action on the edge for fermions satisfying eq. (4.21) can then be written

S =
1
R

∫
Sd

dΘ χ

(
Γ d−1 ∂

∂θd−1 +
Γ d−2

sin θd−1
∂

∂θd−2 + · · · − d

2

)
χ. (4.47)

This can be straightened as in the previous section via successive transformations

V = VdVd−1 · · ·V1, (4.48)

where

Vj = eiθjΣj,j+1 , j = 0, · · · , d− 1. (4.49)

This transformation has the effect of rotating Γ 0 into γ0, Γ 1 into γ1, and so on, where γi is

any choice of matrices for the Cartesian coordinates xi. Taking d = 4, this straightening

operation can be seen to produce the spin correction for S4 correctly. This is, once again,

double-valued in θ0 ≡ ϕ, and the modes χ ′ = V χ and χ ′ = χ ′V † once again satisfy eq. (4.26).

The action resulting from the straightening transformation (with gauge fields) may be written

as S =
∫
χ ′Dχ ′, with D given in eq. (4.11). Once again the path integral is done only over

Weyl modes (satisfying eq. (4.26)).

4In fact, the exact solutions are Iν(κr)/
√
rd, where κ is a parameter related to the mass m and ν is

related to the angular momentum. See Ref. [21] for an exact solutions on the disk.
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4.6 Conclusions

The theory of a Weyl fermion on the surface of even d-dimensional spheres, with an emphasis

on d = 4, has been derived via the introduction of a radial domain wall in d+ 1 dimensions.

The double-valued nature of Weyl fermions on even dimensional spheres has been clarified,

and is consistent with single valued fermions in bulk. If this theory is to be realized on the

lattice, it may evade the doubling problem typical of the usual domain wall approach[20, 10].
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Chapter 5

CONCLUSIONS

Recent advances in the theory of topological insulators and superconductors [8, 7] have

demonstrated that the existence of bulk topological phases of fermions depends on dimension

and symmetries. At the interface between these bulk phases lies a gapless edge state with

an anomalous symmetry [70, 9], much like domain wall fermions with chiral symmetry on

the edge [2]. A recent no-go theorem [51] has shown that there does not exist a local

lattice Hamiltonian description for such edge states in 3 spatial dimensions with exact chiral

symmetry. One might expect that an extra dimension is therefore necessary in order to

describe fermions with chiral symmetry on the lattice. However, overlap fermions [3] provide a

local Dirac operator for the action for a lattice theory in 3+ 1 spacetime dimensions, provided

one relaxes the requirement of chiral symmetry and replaces it with Lu..scher symmetry, which

these operators have because they satisfy the Ginsparg-Wilson relation. Motivated by the

classification of topological insulators and superconductors, we discuss generalizations of GW

fermions in Chapter 2 to other types of relativistic fermions and their anomalous symmetries.

Lu..scher symmetries and generalized Ginsparg-Wilson fermions may prove helpful in

describing the edge states of various topological phases of matter in contexts outside relativistic

field theories. This would require a Hamiltonian description of Ginsparg-Wilson fermions. In

attempting to find the Hamiltonian for a generalized Ginsparg-Wilson fermion in Chapter

3, we found that while the fermions had Lu..scher symmetry in the spacetime action, the

Hamiltonian theory describing the low energy modes had exact chiral symmetry and was

nonlocal, consistent with Ref. [51]. A Hamiltonian description would allow these edge states

to be simulated on a quantum computer, and would avoid the sign problems that afflict path

integral simulations of lattice fermions with chiral symmetry on classical computers.
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The primary importance of this program is a realization of the lattice as a non-perturbative

regulator for chiral gauge theories. In Chapter 4 we discuss the possibility of a Weyl fermion

confined to a spherical domain wall. This fermion may be helpful in defining a chiral gauge

theory, similar to the construction of disk Weyl fermions in Ref. [21]. The added benefit of

the spherical Weyl fermions is the preservation of hypercubic symmetry which is violated by

the mass term of the disk fermion. Recent work has suggested [71] these may suffer the same

issues that ordinary domain wall fermions do, but further investigation is warranted.
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Appendix A

DERIVATION OF PATH INTEGRAL IDENTITIES

Here we derive two identities used in this thesis. For Dirac fermions and an invertible

hermitian operator A we write

e−χ̄Aχ = detA
∫
dψdψ̄ eψ̄A

−1ψ+ψ̄χ+χ̄ψ . (A.1)

It follows that

e∂χB∂χ̄ e−χ̄Aχ = detA
∫
dψdψ̄ e−ψ̄(A

−1−B)ψ+ψ̄χ+χ̄ψ

= det (1− AB) e−χ̄(
1

1−AB
A)χ

= eTr log(1−AB) e−χ̄(
1

1−AB
A)χ . (A.2)

The above result extends to noninvertible A.

An analogous identity can be derived for Majorana fermions. Assuming an invertible

imaginary antisymmetric operator A we have

e
1
2ηAη =

1
Pf (A−1)

∫
dν e

1
2νA−1ν+νη . (A.3)

From this one derives for antisymmetric B

e
1
2∂ηB∂ηe−

1
2ηAη =

1
Pf(−A)−1

∫
dν e

1
2ν(−A−1+B)ν+ νη

= Pf (A) Pf
(
−A−1 + B

)
e−

1
2η(

1
1−AB A)η ,

= e
1
2Tr ln(1−AB)e−

1
2η(

1
1−AB A)η , (A.4)

where for the last line we used the identity Pf (A) Pf (B) = exp 1
2Tr ln(−AB). The above

result also extends to noninvertible A.
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The Majorana result of eq. (A.4) can be seen to be consistent with the Dirac result of

eq. (A.2) by writing a Dirac fermion as a Majorana one with

η =

χ
χ̄

 A =

0 −AT

A 0

 , B =

 0 B

−BT 0

 . (A.5)

Then the left and right sides of eq. (A.4) are equal to

e
1
2∂ηB∂ηe−

1
2ηAη = e∂χB∂χ̄e−χ̄Aχ , (A.6)

e
1
2Tr ln(1−AB)e−

1
2η(

1
1−AB A)η = eTr log(1−AB) e−χ̄(

1
1−AB

A)χ , (A.7)

which match the two sides of eq. (A.2).



66

Appendix B

UNIT VECTORS ON HYPERSPHERES

Spherical unit vectors in higher dimensions can be produced inductively, starting in

d+ 1 = 2.

ϕ̂(2) = (− sinϕ, cosϕ) (B.1)

r̂(2) = (cosϕ, sinϕ), (B.2)

Given the unit vectors in spherical coordinates in d+ 1 dimensions, it is straightforward to

construct angular unit vectors in d+ 2 dimensions (θ0 = ϕ):

θ̂j(d+2) = (θ̂j(d+1),0), j < d (B.3)

θ̂d(d+2) = (− sin θdr̂(d+1), cos θd) (B.4)

r̂(d+2) = (cos θdr̂(d+1), sin θd) (B.5)
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Appendix C

SPIN CONNECTION ON S4

We use α, β, γ to denote angles θ1, θ2, θ3 and ϕ ≡ θ0. The vierbein in eq. (4.7) is, in this

notation:

e1 = dα, (C.1)

e2 = sinαdβ, (C.2)

e3 = sinα sin βdγ, (C.3)

e4 = sinα sin β sin γdϕ. (C.4)

and corresponding differentials

de1 = 0, (C.5)

de2 = cosαdα∧ dβ, (C.6)

de3 = cosα sin βdα∧ dγ + sinα cos βdβ ∧ dγ, (C.7)

de4 = cosα sin β sin γdα∧ dϕ (C.8)

+ sinα cos β sin γdβ ∧ dϕ (C.9)

+ sinα sin β cos γdγ ∧ dϕ. (C.10)
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So the Cartan equations are:

ω12 ∧ sinαdβ + ω13 ∧ sinα sin βdγ + ω14 ∧ sinα sin β sin γdϕ = 0, (C.11)

ω21 ∧ dα + ω23 ∧ sinα sin βdγ + ω24 ∧ sinα sin β sin γdϕ = (C.12)

−(cosαdα∧ dβ), (C.13)

ω31 ∧ dα + ω32 ∧ sinαdβ + ω34 ∧ sinα sin β sin γdϕ = (C.14)

−(cosα sin βdα∧ dγ + sinα cos βdβ ∧ dγ), (C.15)

ω41 ∧ dα + ω42 ∧ sinαdβ + ω43 ∧ sinα sin βdγ = (C.16)

−(cosα sin β sin γdα∧ dϕ (C.17)

+ sinα cos β sin γdβ ∧ dϕ (C.18)

+ sinα sin β cos γdγ ∧ dϕ). (C.19)

The spin connection components (ωab)µ can be easily solved for using this linear system of

equations. One finds that the components of the covariant derivative in eq. (4.4) are:

Dα =
∂

∂α
, (C.20)

Dβ =
∂

∂β
− cosαΣαβ, (C.21)

Dγ =
∂

∂γ
− cosα sin βΣαγ − cos βΣβγ, (C.22)

Dϕ =
∂

∂ϕ
− cosα sin β sin γΣαϕ − cos β sin γΣβϕ − cos γΣγϕ. (C.23)
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