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Abstract

New methods for meta-analysis under a fixed effects framework, with frequentist and
Bayesian estimation

Clara P. Dominguez Islas

Chair of the Supervisory Committee:
Ph.D. Kenneth M. Rice

Biostatistics

Meta-analysis, as a pivotal component of systematic reviews, has been used extensively
in recent years to synthesize the increasing amount of evidence produced in medical and
health care research. The two main approaches to meta-analysis are based either on the
assumption that all studies estimate a single common effect or on the assumption that the
effects are sampled from an unknown distribution. In this dissertation, we propose and de-
velop methods for an alternative approach to meta-analysis, based on the assumption that
the effects estimated in the different studies are unknown, but fixed and not necessarily
identical. In Chapter 1 we present a brief introduction and review of current methods for
meta-analysis. In Chapter 2, we provide a novel yet simple justification for the precision
weighted average estimator, commonly used in meta-analysis. Unlike standard arguments
that require a homogeneity assumption on the study effects, our justification is based on
an optimality property of this particular weighted average of the effect-size parameters,
among the class of all affine combinations. We also propose a parameter to quantify the
heterogeneity observed in the studies at hand, as an alternative to the classical between-
studies variance in a random effects approach. We propose frequentist estimators of these
parameters, illustrating their properties through an applied example and evaluating their
performance in a simulation study. In Chapter 3, we propose Bayesian methods for esti-

mation of the location and dispersion parameters. We discuss how different prior beliefs



like homogeneity, exchangeability or correlation, can be incorporated through a variety of
prior distributions that may or may not involve the use of hyper parameters. Important
properties of the estimators obtained from a conjugate prior are derived analytically and
then illustrated in an example. In Chapter 4, we explore methods to improve on the es-
timation of the individual effects themselves, rather than a summary of them. We discuss
some ideas on shrinkage estimation and convex clustering adapted to meta-analysis, with
particular attention to penalized estimation. We propose a loss function which takes into
account the precision of the effect estimates, and can be seen either as a weighted version of
the Fused Lasso Signal Approximator (FLSA) or a specific case of a Convex Cluster crite-
rion. We derive some important properties of the solutions to the loss function, which allow
us to construct an efficient algorithm to obtain the complete solution path. We also pro-
pose a novel procedure based on the parametric bootstrap for the estimation of the tuning
parameter, and present results from a simulation study evaluating the proposed shrinkage

estimation method. Finally, we conclude with a discussion and conclusions in Chapter 5.
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Chapter 1

INTRODUCTION

Meta-analyses are a pivotal component of systematic reviews [? |, which have been
extensively used in recent years to synthesize the increasing amount of evidence produced
in health care research [? ]. Here we refer to meta-analysis as “the use of statistical methods

to summarize the results of independent studies” [? 7 |.

In broad terms, the primary aim of most meta-analyses is to make inference on the size
of effects, across several similar studies. We usually wish to summarize all the studies and

make inference on the magnitude and direction of an average effect of some sort.

We can identify three different approaches to meta-analysis, based on the statistical
assumptions that can be made about the true effect-size parameters underlying the studies.
The first approach is the fixed-effect (singular) meta-analysis, also called the ‘common-
effect” meta-analysis [? ]. This approach is based on the assumption of a single, common
effect underlying all studies [? ]. Under this simplifying assumption that all study effects
are identical, the average effect is equivalent to the common effect size estimated in each
study. Although commonly used, this method has often been judged inadequate in practice,
as effects from different studies are expected to differ given the variability in study design,
population, interventions, etc. [? 7 7 |].

A second approach is the fixed-effects (plural) meta-analysis, based on the assumption
that the effects underlying the studies at hand are unknown, but fixed, and not necessarily
identical [? ? ]. The fixed-effects approach is usually used to estimate the inverse-variance
weighted average of the effect-sizes represented in the meta-analysis [? ], although estimation
of other weighted averages is also possible [? 7 ]. As discussed by [? |, this method typically
estimates a reasonable and sensible parameter, even when the effect sizes are assumed to
be different. On the other hand, even when statistically valid, inference on this parameter

might not be a useful summary of the study effect sizes if they are too heterogeneous [? |.



The third approach is the random-effects meta-analysis, where the effect-size parameters
are considered to be a random sample from a population, i.e. they follow a probability
distribution [? ]. By using random effects as a sampling model, this analysis allows the
estimation of the average effect-size in the population of effect-sizes one might ever have
observed [? ]. This method not only takes into account the heterogeneity between studies,
but also provides a natural way of quantifying it [? ], making it a more attractive choice
over the common- and fixed-effects approaches [? 7 |. On the other hand, as pointed out
by ? ], this approach is based on a construct of an imaginary population that does not really
exist, so the interpretation of the analysis is potentially unclear, and sometimes confusing.
Also, the inference provided by this analysis, mainly focused on the hyper-parameters of
this imaginary population, although valid, may not be of interest [? |.

So far, we have described and discussed these three approaches from a frequentist frame-
work, but analogs within the Bayesian paradigm are also commonly used. The random
effects analysis is perhaps the most popular approach within the Bayesian framework and,
as noted in ? |, exchangeability arguments provide further motivation for its use. In fact, it
has been proposed to use a hierarchical Bayes linear model to integrate random-effects and
common-effect models into a unified approach [? |. However, an analog to the precision
weighted average under a fixed effects framework has not been yet proposed.

In each of the three approaches described, appeals to some form of frequentist optimality
can be made. In the common-effect approach, when the study-specific standard errors are
known precisely, the optimality is straightforward; without any distributional assumptions,
the inverse-variance weighted estimator provides the best linear unbiased estimator (BLUE)
of the common effect, or the unique minimum variance unbiased estimator (UMVUE) un-
der the additional assumption of normality of effects estimates [? , Chapter 5]. When
the standard errors must be estimated, a normal approximation based on the asymptotic
distribution of the estimator is often used [? , Chapter 6]; in the common situation where
all the studies are large, the standard errors are known with great accuracy, and any non-
asymptotic inefficiency is minor.

For the fixed effects approach it was shown in ? | that the analysis provides, in many

situations, a statistically efficient estimate of the parameter that would be estimated, were



it possible to pool the data across studies and to perform a single regression analysis that
adjusts for study. However, this pooling is inherently somewhat hypothetical; were it possi-
ble to do it there would often be no motivation for use of meta-analysis, and so it may not
always be obvious that this parameter is of direct interest.

The random-effects approach has perhaps the least direct connection to optimality; while
likelihood-based and fully Bayesian methods in general have guarantees of good large-sample
properties, under correct model assumptions, [? 7 ], in finite samples there are no such
guarantees. Indeed, the finite-sample sensitivity of Bayesian random-effects meta-analysis
to choice of priors is well-documented [? 7 7 ? | and is a cause for concern in practice [? |
Chapter 5].

One of our main objectives in this work is to motivate methods of meta-analysis in a
new way, appealing directly to optimality. Specifically, we obtain data-adaptive estimators
of an average that is ‘best’ amongst a broad class, in terms of being estimable with most

precision.
1.1 Review of approaches to meta-analysis

Table 1.1 provides a summary of the three main statistical models used for meta-analysis
and the estimators that are most typically used. Further details are presented in Sections
1.1.1 and 1.1.2 (common- and fixed-effects approaches), and Section 1.1.3 (random-effects

approach).



Table 1.1: Statistical assumptions from three different approaches to meta-analysis of k studies, their target parameters for
location summary and estimators.
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1.1.1 The Precision Weighted Average

Let By, B2, ...0k be the true effect-sizes from k different studies and let Bl be the estimate of
the true effect §;, with corresponding standard error o;, which we assume known for now.

The inverse-variance (or precision) weighted average of the true effect-sizes is given by

5 >, 71_251‘ (1 1)
D S '

which is a quantity of interest assuming either that the effect-sizes are identical (common-
effect model) or that they are different and independent (fixed-effects model); under the
common-effect model B reduces to By; under the fixed effects model, S is a weighted
average of the effect-sizes (;, where the weight is proportional to the precision with which
each effect-size can be estimated, giving more weight to those that can be estimated more
precisely. 7 | discuss the equivalence of Sr to a population parameter and its interpretation
under the fixed effects assumption.

If the standard errors o; are assumed to be known, a natural estimator of S is given by

PR CE: L ! (1.2)
= kiz , W1 F) = k1 .
Eizl (7112 Zz’:l ;1?

Under the assumption of fixed-effects and known standard errors, BF directly inherits
any efficiency properties from the @’s, as any other linear combination of the effect-size
estimates. Therefore, 3 # can be seen as an unbiased, efficient and/or normally distributed
estimator of Sp, if within each study the estimator B} can be assumed to be an unbiased,
efficient and/or normally distributed estimator of ;. Optimality of BF under a common-
effect approach has already been mentioned.

Confidence intervals for S are usually built based on a normal approximation, appealing
to the large sample properties of the study estimators. Also, transformations of the outcome
measure have been recommended, such as normalizations, log-transformations, bias correc-
tions [? ], and/or variance stabilizing transformations [? ? |. The small sample properties
of the normal approximation and sensitivity to the assumption of known variances have
been studied through simulation studies [? ? ? |, and some corrections and tests based on

more robust test statistics have been proposed [? 7 |.



1.1.2  Testing homogeneity and quantifying heterogeneity

In both fixed-effects and common-effect work, it is common to test for homogeneity of the
study effects, that is, to test the null hypothesis Hy : 81 = B2 = ... = . This is the
statistical test of a key assumption in the common-effect analysis, while in the fixed-effects
analysis the result of the test gives a simple summary of how much heterogeneity is present.
Homogeneity is typically tested using Cochran’s chi-squared @ statistic,

k
= > % . (1.3)

i=1
Under Normality of the effect estimates (BZ ~ N(Bi,0?)), Q is distributed non-central chi-

squared with £ — 1 degrees of freedom and non-centrality parameter A given by

? (1.4)

>/
M»
Q‘H

i=1
with Bp as in (1.1). Under the null hypothesis that all the effects are identical, the @
statistic is distributed central y? with k — 1 degrees of freedom, thus providing a reference
distribution to perform a test of homogeneity of effects.

It can be shown that the statistic Q is independent of the p statistic [? ], allowing for
straightforward control of type I error when testing for both location and heterogeneity is of
interest. However, it also has been found that this test of homogeneity has low power when
there are few studies [? | and is not adequate to summarize the extent of the heterogeneity
present [? |.

Other statistics have been proposed to not only test, but quantify the amount of the
heterogeneity present, and thus provide a better measure of the consistency between tri-
als [? ]. Although these measures have been motivated and derived from a random effects
framework, they still have valid interpretation under a fixed-effects framework [? |. The
most-frequently used quantity is I2, which is obtained from Cochran’s Q statistic:

Q—(k-1)
g

This quantity describes “the percentage of total variation across studies that is due to

I? (1.5)

heterogeneity rather than chance” [? ].



1.1.83 The random-effects approach

The random-effects approach is based on the assumption that the true study effects, denoted
51, B2, ---, B, are an independent and identically distributed sample from some distribution.
The inference is then focused on the parameters of this distribution, like its mean (u) and
variance (72).

With no further assumptions on the distribution of the random effects, an inverse-
variance weighted average estimate of p can be obtained [? ? |, along with an estimate of

its standard error:

k 1 A
Z':l 27%/87, —~
=T with SE(

(1.6)
i1 5772

We notice that the weights involve the within study variance Uf and the heterogeneity (or
between studies) variance 72, for which a moment-based estimator of 72 can be obtained:
— (k-1
%2:max{0, _2Q ( — ) _2},
>0, =20, />0

known as the DerSimonian-Laird estimator [? ] and commonly used in random-effects meta-

(1.7)

analysis. A similar moment-based estimator was proposed by [? |, which although originally
proposed for the meta-analysis of standardized mean differences, can be generalized for other
types of outcomes [? |.

Under the further assumption that the study effects follow a normal distribution, max-
imum likelihood (ML) [? ? ] and restricted maximum likelihood (REML) [? ? | methods
can be used to obtain estimates of 72 and p. Although these methods are iterative and
do not provide closed form estimates, it should be noticed that both the ML and REML
estimators of u take the same form as in (1.6). A simpler, non-iterative method for estimat-
ing 72 has been recently proposed [? ], which is also based on the assumption of a normal
distribution of the study effects. The performance of the different estimation methods has
been evaluated and compared, in terms of bias and efficiency [? |, as well as coverage
probability [? ].

A Bayesian approach can be also used for random-effects analysis, with the advantage

that in a Bayesian framework the motivation for random effects comes more naturally, from



the exchangeability principle. As stated in [? ], exchangeability refers to “a judgment that
the treatment effects may be non-identical but their magnitudes cannot be differentiated a
priori”.

When implementing a Bayesian random-effects analysis, prior beliefs on the overall lo-
cation and dispersion of the study effects are implemented as prior distributions for y and
72, so that posterior distributions, conditional on the data, can be obtained. The challenge
comes with the choice of a prior distribution for p and 72. It is common practice to use
vague or non-informative prior distributions, specially when there is a lack of strong beliefs
or prior information. However, it has been found that results from random-effects meta-
analysis can vary importantly when using different priors for the dispersion parameter, so
performing a sensitivity analysis is highly encouraged [? , Chapter 5]. Specifically, it has
been shown that there can be important variations in the point estimates for 72, as well as
the precision of the estimates for u, from the use of different prior distributions, specially

when the number of studies is small [? ].



Chapter 2

A NOVEL FIXED EFFECTS APPROACH TO META-ANALYSIS

As discussed in Chapter 1, using the fixed-effects assumption provides a framework
that is less restrictive than common-effect, but still straightforwardly facilitates inference
conditional on the studies at hand — unlike the random effects approach. However, the
fixed-effects approach has been widely dismissed, ignored or misunderstood, and most of the
literature focuses on common-effect and random-effects alone, and how to choose between
them [? 7 ? 7 ]. We believe that part of the reason for the lack of popularity of the
fixed-effects approach is that it does not make completely obvious which parameter is (or
should be) targeted for inference. There are many weighted averages or linear combinations
of the effects that can provide a summary of their overall location, and that would also
make scientific sense [? 7 ]. Among them, the precision weighted average (PWA) is only
one. It has been shown that, in several useful cases, the PWA provides a statistically
efficient estimate of the parameter that would be estimated, were it possible to pool the
data across studies and to perform a single regression analysis that adjust for study [? ].
However, such results do not hold uniformly [? ]. In addition, this pooling is inherently
somewhat hypothetical; were it possible to do it there would often be no motivation for
use of meta-analysis, and so it may not always be obvious that this parameter is of direct

interest.

2.1 An optimal location parameter by model-free criteria

Ideally, the parameters to which inference is targeted should be determined entirely by
scientific criteria, i.e. by specific research goals. But realistically, these criteria may not
be precise enough to determine a single parameter for inference. In the absence of such
criteria, it makes sense to target our inference to a weighted average that is optimal in some

way. We propose to estimate the affine combination that can be most precisely estimated,
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or equivalently the parameter for which the data provides the most information. We start

with a general result:

Lemma 2.1.1. Let {v73:v € R* vT1;, = 1} be the set of all possible affine combinations
of the vector of effect-size parameters 3 = (31, Ba, ..., Br) "’ and let ,3 be the vector of estimates
(Bl,ﬁg, ...,ﬂAk)T with covariance matriz 3. Then the affine combination of the parameter
vector (wr'B) for which the corresponding estimator (w”B) has the minimum variance is
given by

— : T - 2711k
w = argmin |[v!3v| = F7t (2.1)
v:uTl,=1 LY L,

with Var(w?B) = (1F=711,)71.

A proof of Lemma 2.1.1 using Lagrange multipliers is provided in Appendix A.1. Under
the fixed effects model, with the implicit assumption of conditional independence of the
effects estimates (Bz L Bk\,& for i # k), the covariance matrix of B reduces to a diagonal
matrix: ¥ =diag{o?}. Using Lemma 2.1.1 and assuming that ¢? is known exactly from

each study, we have that the best affine combination of the effect-size parameters is

. 2 A
1, diag{o; °} > _ Zi — Bp, (2.2)

: —2
<1Zd1ag{ai Mg Zle ﬁ

7

the precision weighted average of the effect-size parameters. In other words, this result says
that Br is the affine combination of the vector parameter 3 for which the corresponding
estimator has minimum variance, i.e. the one that can be more precisely estimated.

To show that Bp is a population parameter, we follow ? ] and express o2 as (n;¢;) 1,
where n; and ¢; are the sample size and the Fisher information from each subject on (;,

respectively, in the " study. Then we can write Sp as

Zkﬂ n;Pi Bi Zkﬂ 1:0i Bi
Br = = == , 2.3
Y e Yo midi (23)

where 7; = n;/ > n; is the sample size proportion from study . In the asymptotic regime

where 71, ...,m; are fixed, (i.e. the same assumptions as in the earlier work of [? |, and

indeed most standard asymptotic settings) we can see that Sp is a population parameter: it
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is an affine combination of B with the weight for each effect-size depending on the variability
and relative size of the corresponding study. This particular affine combination is optimal,
in the sense that it is the one that can be most precisely estimated.

If we further assume that the estimates of the effects are Normally distributed (,B ~
Ni(B, %), with ¥ =diag{o?}), then any affine combination will also be distributed Nor-
mally (v3 ~ N(vT8, vTEv)), with the Fisher information for v 8 given by (v7 Zwv)~1,
for any v € R¥ [? ]. This means that, from Lemma 2.1.1, the affine combination of the pa-
rameter vector 3 that maximizes the information (or equivalently, minimizes the variance)
of the corresponding estimate is given by (2.1). In other words, SF is the affine combination
for which, under this distributional assumption, the data provide most information. Fur-
thermore, we can write the inverse of the variance of B as 1;{2711}C => cri_2 =, nidi,
which means that the information that B r provides on S under this model is exactly the
sum of the total information that the estimates provide on the effect-size parameters.

It is important to notice that the result from Lemma 2.1.1 does not depend on any distri-
butional assumptions, so S is the best affine combination given by a model-free criteria: the
one that can be most precisely estimated. On the other hand, the assumption of Normality
provides a framework that allows us to state this result in terms of the Fisher information,

which facilitates the extension of this optimality property into a Bayesian framework.
2.2 A new parameter to quantify heterogeneity

Now we propose a parameter that quantifies the heterogeneity of a group of effect-size
parameters, which is a natural extension of the location-summary Sr. We define:
| 2 k1 2
>ie1 ?(@‘ — BrF) D i1 ?1,251' Zle nipi 3

¢ = y == - fp = =51 - 5% (2.4)
die1 0%2 Dic1 0%2 > i1 Mii

where B is as in (2.2). For fixed sample size proportions 71, ..., 7, we can see that ¢? is
also a population parameter, just like Sp. We can interpret (? as a weighted average of
the squared deviations of each study effect-size from the weighted average effect Sr, where
the weights are proportional to the precision (or the proportion of information) associated

with each study effect. Consequently, deviations from more precisely estimable study effects
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are more heavily weighted. This parameter ¢2 is a weighted average squared deviation and
quantifies the heterogeneity of the effect-sizes.

This parameter can be also motivated from the Cochran’s @) statistic, the quantity upon
which the classic test of homogeneity is based. Cochran’s @ is defined as the numerator of
¢2, in the first equation in (2.4). But, whereas @ is a test-statistic whose value increases
with the sample size [? ], (? is a parameter whose value does not change when the sample

sizes increase at the same rate, that is, when 71, ..., 7 are held fixed.
2.3 Frequentist estimation

2.3.1 FEstimating Br and (2 with the assumption of known variances

It is common practice in meta-analysis to assume that the sample size in each study is large
enough for the variance of the effect estimate to be approximated with negligible error by
its estimate. Is therefore common to assume that the variances of the effects estimates,

o2, ..., O'l% are known. Under this assumption, the natural estimator of S is given by

(2.5)

Confidence intervals for Sp are usually built from a Normal approximation, appealing to
the large sample properties of Bl [? ]. The properties of (2.5) under the assumption of
a common effect are well known, but they have not been as widely discussed under the
assumption of fixed-effects. Here we introduce some of these properties.

If we assume that for all 7 in 1, ..., k, BZ is a complete a sufficient statistic for 8; and that
E [BZ] = B;, then by the Rao-Blackwell theorem [? , Chapter 7], B is the unique minimum
variance unbiased estimator (UMVUE) of Sp. If we further assume that for each i, Bl is an
efficient estimator of 3;, i.e. we can write a? = (n;¢;) !, where ¢; is the Fisher information
for B; provided by each of the n; observations in the i** study, then it can be shown that
(2.5) reaches the Cramer-Rao lower bound for the variance of any unbiased estimator of S,
i.e. that Bp is an efficient estimator of Bp.

For the estimation of the heterogeneity parameter (2, we assume that the variances are

known and that the estimators Bz are efficient, so that O‘i2 = (nyp;) " fori =1,...,k and we
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also define ® = Zle n;¢; as the ‘total information’. Under these assumptions and with no

further distributional assumptions, a simple moment-based point estimate of ¢? is given by:

20 Sk 0B - Br)? — (k- 1) Q- (k-1)
&2 = 1 S = o (2.6)

A detailed derivation of 2.6 can be found in Appendix A.2. For strictly positive estimation

of (2, we can report:

max (0, W) (2.7)

To obtain confidence intervals around our point estimate, we add the assumption of
normality of the effect-size estimators (BZ ~ N(Bi,0?)), so that the @ statistic has non-
central x? distribution with k& — 1 degrees of freedom and non-centrality parameter A given
by

1
A=) = (Bi - Br)* =B (2.8)

ok
=1 ?

Thus, (2.6) still holds and the variance of our proposed estimator f 2 is given by

k
Varld?) = gy (430 (8- ) 420k - 1) (29)
i=1 ¢
Given the convergence in distribution of a non-central x? random variable to a Normal
as either the degrees of freedom or the non-centrality parameter tend to infinity, then
an approximate confidence interval for ¢? can be constructed using a plug-in estimate of
(2.9). We note that the centrality parameter A can be written as ®¢? = (Zle nipi)C? =
N (Zle n:i¢;)¢?, showing that a Normal approximation will be valid for a large enough total
sample size N.
Alternatively, we can use methods for constructing exact confidence intervals for the
non-centrality parameter of a y? distribution that have been proposed and evaluated previ-

ously [? ]. For example, a ‘central’ confidence interval for (2 can be constructed by inverting

a probability interval of the non-central x? distribution of Q, this is:

{Cz : Xifl,a/Q((I)CQ) <@L Xz,Ll,a/Q(‘I’CQ)} (2.10)

A solution specific to (2.10) can be obtained by using the more general methods described

in [? ].
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2.83.2 Analytic estimation of Br without the assumption known variances

When using the precision weighted average (2.5), it is common practice to assume that the
sample size in each study is large enough for the variance of the effect estimate (01-2) to
be approximated with negligible error by its estimate (s7) [? ], basing test statistics and

confidence intervals on the following plug-in estimator:

>>
S
K=
S

— (2.11)
=1 g

Br = Zkl , with @(EF) =

The properties of (2.11) in small sample size settings have been studied via simulations,
where inflated type I error rates were found for the test of the null hypothesis Hy : Sr = 0,
due to underestimation of the standard error of é P27

Corrected and alternative test statistics have been proposed [? ? ? ], but all of them are
based on the assumption of a common effect. To illustrate how the potential heterogeneity

affects the estimation of Var[3r], consider the following expression [? |:

Var[/;’p] = E[Var(éF|s%,...,sz)]—|—Var[E(ﬂ:F\s%,...,si)]

|3/ |5/ () e

under the assumption that 3; L o? for i = 1,...,k. The second term in (2.12) is zero and

can be ignored if a common effect is assumed (; = fy Vi), but should be estimated in a
fixed effects approach, where we allow for heterogeneity of the effects.
In the following sections we will propose methods for estimation and/or testing of Sp

taking into account the uncertainty in the estimation of the study variances.

Large Sample Size Approximation (LSSA).

To obtain an estimator of Var(,@’p) based on asymptotic Normal distribution, we will first
assume that within each study we can express the variance of the effect estimator Bz as

Var(B;) = 02 = (ni¢;) ", and that the estimator s? of o2 is of the form (n;p;)~", so that

= = Iy (2.13)
F %2 S ¥ i

B
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and also that (2.12) can be expressed as:

Var[Br] = EB[Var(Bpli ... )] + Var[B(Br|di ... b))
k " _ k 7
> (U@;‘)Z(flz‘(ﬁi) ! Var [ZZ? niqbz;,@i] ’ (2.14)
(Zz 77i¢z‘)2 Zi:1 yIoy

where the second term accounts for the uncertainty in the estimation of the variances. For

estimators ¢; satisfying:

~

Vni(¢i — bi) = N(0, f:(6:)), (2.15)

where f;(6;) is a function of the distributional moments of the population(s) in study ¢ (see
Appendix A.3 for exact definition and derivation), we have shown the following, by applying
the Delta method (details in Appendix A.3):
E [E?(Wéi)z(ni(bi)l
(S nidi)? N(ZF ni)
S 77@@3726@'] S i (B - Br)® fi(8:)
SEomdi | N (Zf 77i¢i)2

As expected for the variance of an estimator, both terms converge to zero as the total

1

Var

(2.16)

sample size N increases. More importantly, both terms converge at the same rate, meaning
that the uncertainty produced by not knowing the variances can not be ignored, even with
large sample sizes, and needs to be accounted for whenever heterogeneity is suspected.
Figure 2.1 illustrates the inflation of asymptotic type I error rates of a test of hypothesis
for B that would not take into account the uncertainty in the variances, as a function of
the amount of heterogeneity, for a simple case (see details in Appendix A, Section A.3.1).
This theoretical result has been confirmed empirically in a simulation study, which will be
described in Section 2.4.

From (2.14) and (2.16) we propose a Large-Sample Size Approximation (LSSA) of the

variance of Bp:

: 1 [1 N S5 i (Bi = Br)* £i(8:) (2.17)

Var[fF] ~ -
Tests of hypothesis and confidence intervals can be based on a normal approximation using a

plug-in estimator of (2.17) with the estimates of §;, ¢; and 6; for 1 < i < k and Sp. Further
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Asymptotic type | error rate

0.00 0.05 010 0.15 0.20 0.25

Heterogeneity (QZ)

Figure 2.1: Inflated asymptotic type I error rate for the test of hypothesis Hy : Br = 0 in the
presence of heterogeneity, when using a naive estimator of the variance (2.11), according to
(2.16) for a simple case of difference in means of continuous normal outcome with constant
variance and balanced study designs (see details in Appendix A, Section A.3.1).

details on the specific form of f;(6;) in (2.17) for some common effect-size estimators are

provided in Appendix A.3.

Quasi-F test statistic.

We propose constructing a test statistic for the null hypothesis Hy : Sr = 0 similar to [?
|. Tt is based on a ‘quasi-F’ test statistic, a statistic that approximates an F-distributed
random variable [? ].

For now we assume that the variances of the effect estimates (07 = (n;¢;) ') are known
and fixed, and that the effect estimates are Normally distributed (Bz ~ N(Bi,02), for 1 <

i < k). Under these assumptions, we have that

—E o3 (2.18)
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Under the same assumptions, the @ statistic is distributed non-central y?:
k
Q~Xi_1(N), with A = "nigi(Bi — Br)* = ¢ (2.19)
i=1

A rough approximation to a non-central x? distribution can be made by matching its mo-
ments to a scaled central x? [? ? ]. Thus we can approximate the distribution of @ as a

a—scaled central x? distribution with v degrees of freedom (arx?), where

., N oC?
S § I W (A Y
)\2 (@C2)2

v = (kj—l)—f—m:(k—l)‘f‘m

(2.20)

Under our stated assumptions, ) and 3F are independent [? 7 |, so that the following

quotient

B3,/ Var(r)
Qfav

has an approximate F! distribution, and its signed square root has an approximate Student-

(2.21)

t distribution with v degrees of freedom. Given that none of the quantities included in (2.21)
are actually known, a ‘quasi-F’ statistic can be constructing by plugging-in estimators of all
those quantities. Thus let 5’ be as in (2.11), @[BF] the large sample-size approximation
given in (2.17), along with plug-in estimates of @, ¢ and ®, used in turn to estimate o and

v. Then, taking the square root, the following test statistic:

(2.22)

is expected to have an approximate Student-t distribution with  degrees of freedom under
the null hypothesis Hy : 8 = 0. This reference distribution would importantly differ from
a standard Normal for small values of ©, which would be expected when the meta-analysis
includes few studies (small k) and the total amount of information times the amount of

heterogeneity is small (i.e. approaching the limit where ®¢? — 0).

2.3.8 Parametric Bootstrap

The alternative estimators described in Section 2.3.2, which take into account the potential

heterogeneity of the effect-size parameters, are based on approximations that would be ex-
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pected to work in large sample settings, but would probably perform poorly in settings with
very small size samples. An alternative method, that could perform better in small sam-
ple size settings is bootstrap re-sampling, when individual-level observations are available.
As this is not likely in practice, we consider the alternative of using parametric bootstrap
sampling.

Estimates of the variance of é r, as well as 95% confidence intervals and/or p-values for
testing of hypothesis can all be obtained from parametric sampling, based on the estimates
Bl, Bg, o Bk and s2, 53, ..., s%. Assuming a Normal distribution of the effect sizes estimates,
a parametric bootstrap sample of size B for each of the effect-size parameters 3; can be

obtained:
Bl ~ N(Bi,s7), fori=1,...k;b=1,..,B. (2.23)

On the other hand, parametric sampling for the variances of the effect estimates would
depend on the specific variance estimator used in each study. For example, for the variance
of the difference in means of independent groups where equal variances are assumed, a

bootstrap sample of [73 can be obtained as:

~%k2 ~92
2 Silb) . . G .
O',LQ[b} = ;lil Wlth §22[Z] ~ ﬁxii72, for 1 = 17 ceny k7 b = 1, veuy _B7 (224)

where ¢? is the pooled estimate of the common variance ¢? [? |. More generally, for estimates
from linear regression (where Normality and constant variance are assumed), the sampling
can be done from a x? distribution with (n; — p;) degrees of freedom, where p; denotes the
number of predictors in the regression (including the intercept). In contrast, when g; is
estimated as the difference in means of independent groups with the variances not assumed
to be equal, the parametric sampling of §i2, y and ggy should be done separately and then
combined to obtain the value of af. Further details on the specific form of some of these
estimators can found in Appendix C.

From the parametric bootstrap samples of effect-size and variance estimators, different

estimates and/or test statistics can be obtained. We propose (and evaluate) the following:

1. A pivotal (1 — a)% confidence interval based on a normal approximation and using



19

an estimate of the variance of Ap from a bootstrap sample:

2 1 5 (. 1 &, ’
Pr + &i-ap2\| 37 bz; <5}[b] - B ;ﬁ}m ) ’
k 1 o«
.\ Zi:l ?ﬁ] i[b]
where fpp = —5— 17— (2.25)

2. A (1 — )% confidence interval constructed from the percentiles of the empirical dis-

tribution of the bootstrap sample of B;[b]v as defined in (2.25)
<ﬁfw(a/2)a 5;(1704/2))

3. A Bootstrap-t confidence interval, based on the percentiles from the distribution of a

test statistic constructed using a ‘naive’ estimator of the variance of Bp:

(2.26)

4. A Bootstrap-t confidence interval, based on the percentiles from the distribution of a
test statistic constructed using the LSSA estimator of the variance of Br, as given in
(2.17):

(BF —tl—_a/2) Var[Br], Br — tly ) Va?[ﬁF}) ,
Bropy

V3]

(2.27)

where ti‘b] =

Similar approaches are proposed for the heterogeneity parameter ¢2, based on a bootstrap
sample of the estimator proposed in (2.6):
k ~—2x%/hx o 2
G2 2 i=1 05 Biy) — Bpp)” — (B = 1)
[b] — kA —2%
>i1 Tifp)

, forb=1,...,B. (2.28)
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2.4 Simulation study

We conducted a simulation study to evaluate and compare the performance of the different
estimators of Br and ¢? proposed in sections 2.3.1-2.3.3. Our simulation settings consisted
of meta-analysis with a small-to-medium number of studies (k = 3,5,7,15) with fixed pre-
specified effect-sizes (1, ..., Ox) that were evenly spread and centered around zero (so that
Br = 0) and with their absolute value determined by a pre-specified value of ¢? (0, 0.1, 0.4, 1,
2). All studies were set to have the same sample size (n = 10, 20, 30, 40, 60, 80, 100, 500, 1000)
and the same population variance (¢ = 1). A continuous Normal outcome was assumed,
with the effect size given by the mean difference between two groups assuming equal vari-

ances and a balanced design. Under these assumptions, estimates of the effects were drawn

from a Normal distribution

while estimates of the variance where obtained from a scaled x? distribution:

; 2 2 2 .
- 9= —————Xp,—o fori=1,..k.
S; <ni/2+ni/2> <ni—2> Xn;—2 ni(ni_2)Xn1_2 or 1

From each simulation we obtained the estimator BF, as given in (2.11), along with 95%

confidence intervals based on the following methods:

(a) A normal approximation using a ‘naive’ estimator of @(ﬁp) (2.11) that does not ac-
count for the uncertainty in the estimation of the variances; also equivalent to assuming

a common effect model.

(b) A normal approximation using the Large Sample Size Approximation (LSSA) for the
variance of Bp as given in (2.17), with the asymptotic variance of ¢; estimated by
(ki —1)/4% (see details in Appendix A.3.1) and assuming a normal outcome (k; = 2,

fori=1,....k).

(c) A Student-t approximation based on the signed square root of the quasi-F statistic

(2.22), with the degrees of freedom estimated by o (2.20).
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(d) Parametric bootstrap estimation methods, as described in 1-4 from Section 2.3.3, from

1000 bootstrap samples.

In addition to these, we also calculated the 95% confidence interval for the mean of the
population of effects when using a random effects approach, based on the DerSimonian-
Laird [? | estimator.

Estimates and 95% confidence intervals for ¢? were also computed from the simulated

samples. Four different methods were implemented:

(a) A normal approximation using a plugin estimate of the variance of 2 as given in (2.9),

with s? replacing 02-2.

(b) Inverting the probability interval of a non-central y? distribution as described in (2.10),

with s? replacing 02-2.

(¢) A normal approximation using an empirical estimate of the variance of 5 2 from a para-

metric bootstrap sample of (2 (2.28).

(d) A percentile based interval from the empirical distribution of the parametric bootstrap

sample of (2 (2.28).

The coverage probability of the estimators was calculated from a total of 10,000 sim-
ulations for each combination simulation settings. Results on the coverage probability for
95% confidence intervals for S are presented in Figures 2.2 and 2.3 while results on 95%
confidence intervals for ¢? are presented in Figure 2.4. The estimated Monte Carlo error is
represented in each graph as a gray bar around the nominal 0.95 coverage probability.

For the estimation of the location parameter S, we observed a better performance of
parametric bootstrap methods over those based on asymptotic approximations, especially in
small sample size settings. Among these, the confidence interval based on the percentiles of
the empirical distribution of the parametric sample is recommended. This approach is simple
and performed well, providing coverage close to nominal level. However, we also notice that

the large sample size approximation (LSSA) method performed reasonably well for large
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sample sizes (at least 60 subjects per study) and could be used if/when the parametric
bootstrap could not be implemented.

In addition to evaluating the proposed estimation methods for Sr, we also compared
their performance with methods typically used in meta-analysis, i.e. the common effect
and random effects approaches. Although these approaches technically estimate different
parameters, they all target a location parameter, which in our particular simulation setting
has the same value in all three models, deliberately. As expected, the random effects ap-
proach (using the DerSimonian-Laird estimator of u) provided over-conservative inference,
as a result of wide confidence intervals that would account for the random sampling of effect
sizes (that were actually set fixed in this simulation setting). On the other hand for the
common effect estimator, which is equivalent to use a naive estimate of the variance of Sp
as given in (2.13), the coverage probability approaches the nominal level as the sample size
increases but never reaching it in the presence of heterogeneity. The asymptotic coverage
of this naive estimator has been calculated using (2.17), and is shown as dotted horizontal
lines in Figure 2.2.

For the heterogeneity parameter ¢2, although all the proposed methods seemed to achieve
nominal coverage probability asymptotically, none of them performed uniformly better for
small sample size settings in all scenarios (Figure 2.4). The normal approximation with an
estimate of the standard error showed both significant over-coverage and under-coverage in
different scenarios. The normal approximation using a Bootstrap estimate of the standard
error seemed to correct the under-coverage in some scenarios, but not when the number of
studies was small (k = 3), while the bootstrap confidence intervals based on the percentiles
showed important under-coverage for low values of heterogeneity and large number of studies
(k = 7,15). This result is consistent with a previous result, in which the consistency of
bootstrap estimation is related to the asymptotic normality of the statistic [? ? ], while
in our case the distribution of the statistic is far from normal (for small sample size and
low level of heterogeneity). On the other hand, given the more consistent performance of
the inverted probability interval from a non-central x? distribution, we would recommend
its use when the sample sizes are large enough (at least 40 observations per study) and the

studies are not too heterogeneous.
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2.5 Example

In this section we illustrate the estimation methods discussed in Section 2.3 applied on an
example. Our example is from a systematic review of studies that evaluate the efficacy
of zinc in reducing the incidence, severity and duration of common cold symptoms [? ].
In this particular meta-analysis the authors included studies that compare zinc acetate
lozenges with placebo, with the outcome being the duration of cold symptoms (in days)
and the treatment effect measured by the mean difference (MD). A forest plot is shown in

Figure 2.5.

In Table 2.1 we summarize the results of meta-analyses on the 6 studies comparing zinc
lozenges to placebo, using three different approaches. We observe that the point estimates
of By and B from the common effect and fixed effects approaches, respectively, although
numerically the same (Bg = BF = —2.04 days), estimate different parameters. The first
estimates a common effect underlying all six studies, but given the evident heterogeneity
between studies, this inference does not seem to be adequate, or even valid. On the other
hand, Br estimates a weighted average of the mean differences from the 6 studies, for which
a significant amount of heterogeneity is observed, as reflected by the estimate of (2. More
specifically, BF estimates the mean difference in duration of common cold averaged in a
meta-population composed of the populations from which the samples of these 6 studies were
drawn, in proportions given by ;" 2/ Zf o, 2. Similarly, ¢2 can be thought as estimating how
far apart the mean differences in two of these populations are, averaged over the same meta-
population. We also observe that the results from different estimation methods, although
not exactly the same, do not differ significantly, with a difference in length of 0.13 days

between the 95% confidence intervals using the LSSA and the Parametric Bootstrap.

Finally, the random effects meta-analysis estimates the mean and variance of a popula-
tion from which the mean differences from the 6 studies are thought to have been drawn (u
and 72). The inference now is not made for population of subjects (on whom we wish to
estimate an average effect of a treatment) but for a population of potential average treat-
ment effects. As shown in Table 2.1, different methods for estimating the between-studies

variance give notably different results, with larger estimates of 72 yielding estimates of
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that are closer to the un-weighted simple average of the study effects (-0.56). Moreover,
the precision with which these parameters are estimated is much smaller when compared
to the precision with which Br and (? are estimated, even after taking into account the
uncertainty in the estimation of the variances. This gain in precision, should be noted,
is not a result of a particular choice of estimation method, but rather, it is the result of
targeting our inference to a parameter that is easier to estimate, i.e. one for which the data

provide most information.

Table 2.1: Three approaches to the meta-analyses on the effect of zinc acetate lozenges, esti-
mated as the mean difference in the duration of symptoms of the common cold (in days) [?
|, with point estimates and 95% confidence intervals obtained from different methods of
estimation.

Bo (95% CI)

Common effect approach -2.04 (-2.45, -1.64)

Fixed effects Br (95% CI) 2 (95% CI)
Large Sample Size Approximation (LSSA) -2.04 (-2.48,-1.60)
Quasi-F based Student-¢ -2.04 (-2.50, -1.58)
Non-Central x? inverted PI 2.09 (1.09, 3.50)
Parametric Bootstrap (B=2000) -2.04 (-2.54, -1.53) 2.09 (1.14, 3.78)

Random effects i (95% CI) 72 (95% CI)
DerSimonian-Laird -1.21 (-2.69, 0.28) 2.81 (1.19, 46.0)
Maximum Likelihood 11.21 (-2.69, 0.28) 2.79 (0, 6.53)
Restricted Maximum Likelihood -1.13 (-2.83, 0.57) 3.78 (0, 9.25)
Sidik-Jonkman “1.02 (-3.06, 1.01)  5.66 (2.20, 34.04)
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2.6 Final remarks

We have provided a simple justification for the precision weighted average estimator in meta-
analysis, without relying on the assumption of a common effect. We have shown that the
PWA estimates the best affine combination of the true effect-sizes, i.e. the one that can be
more precisely estimated. Also, to complete this approach under a fixed effects framework,
we proposed the estimation of a parameter that quantifies the level of heterogeneity present
among the effects from the different studies.

Frequentist methods for the estimation of both the location parameter S and the hetero-
geneity parameter (? were proposed, including corrected estimators that take into account
the uncertainty in the estimation of the within study variances. Estimation methods based
on asymptotic approximations, as well as methods based on parametric bootstrap were
implemented and have been evaluated in a simulation study.

In the results of our simulation study, we observed a better performance of parametric
bootstrap methods over those based on asymptotic approximations for the estimation of the
location parameter Sp, specially in small sample size settings. Among these, the confidence
interval based on the percentiles of the empirical distribution of the parametric sample
would be recommended, because of its simplicity and good performance. However, we also
notice that the large sample size approximation (LSSA) method performed reasonably well
for large sample sizes (n > 60, per study) and could be used if the parametric bootstrap
can not be implemented.

For the heterogeneity parameter (2, although no method performed uniformly best, the
construction of 95% confidence intervals by inverting the probability interval from a non-
central x? distribution seems to provide close to nominal coverage when the sample size is
large enough (around 40 observations per study).

The main limitation in our simulation study is the fact that the proposed methods were
implemented under the same distribution from which they data was simulated (Normal), and
we did not explore model misspecification. Although the assumption of a Normal distribu-
tion is specially important for parametric bootstrap, we believe that, at least asymptotically,

this assumption is fulfilled most of the times.
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We also illustrated the results of different estimation methods, as well as different ap-
proaches, with a previously published meta-analysis. This example, along with the results
of our simulation study, provide evidence that the fixed effects approach proposed in this pa-
per is a valid alternative to the typically used common effect and random effect approaches.
Our approach, based on the estimation of both a location and a heterogeneity parameter,
is more flexible than the restrictive common effect approach while allowing inference on the
population of interest. Our approach also makes it unnecessary to choose between statistical
models based on their adequacy rather than the target of inference.

Finally, although we believe that estimation of both Sz and ¢? are useful for describing
and combining in a meaningful way the effects of studies included in a meta-analysis, we
propose their estimation only as part of a full battery of qualitative and quantitative tools
that should be used to review, summarize and synthesize a group of studies. No one pa-
rameter or estimator can possibly summarize all there is to say in a systematic review of

medical studies, and this limitation should be acknowledged in practice.
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Figure 2.2: Coverage probability of 95% confidence intervals for Sr in a meta-analyses of
k studies with various levels of heterogeneity of the fixed effects (¢?), using (a) a ‘naive’
estimator of the standard error, (b) the large sample size approximation (LSSA) estimator
of the standard error and (c) the t-statistic from the quasi-F approach, along with (d) the
DerSimonian-Laird estimator for the mean of random effects. The dotted horizontal line
represents the asymptotic coverage for the ‘naive’ estimator, calculated analytically. These
results were obtained from 10,000 simulations, with the gray bar reflecting the approximate
Monte Carlo error.
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Figure 2.3: Coverage probability of 95% confidence intervals for Sp in meta-analyses of k
studies with various levels of heterogeneity of the fixed effects ((?), obtained from parametric
bootstrap samples of size 1000: (a) a normal approximation using an empirical estimate of
standard error, (b) the percentiles of the empirical distribution, (¢) Bootstrap-t based on
a t-statistic using a naive estimation of the standard error and (d) Bootstrap-¢ based on a
t-statistic using the LSSA estimation of the standard error. These results are from 10,000
simulations, with the gray bar reflecting the expected Monte Carlo error
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Figure 2.4: Coverage probability of 95% confidence intervals for (? in a meta-analyses of

k studies with various levels of heterogeneity of the fixed effects (¢?), using: (a) a normal
approximation using a plug-in estimate of the variance of (2, (b) an inverted probability
interval from a non-central x? distribution, (c) a normal approximation using an empirical
estimate of the standard error from a parametric Bootstrap sample of size 1,000 and (d)
the percentiles of the empirical distribution from the same parametric Bootstrap sample.
These results are from 10,000 simulations, with the gray bar reflecting the expected Monte

Carlo error.
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Zinc Placebo
Zinc Placebo
Study N Mean SD N Mean SD better better Mean Difference, 95% ClI
Douglas 1987 33 1241 9.8 30 77 9.8 ———' 2.33[-2.33, 6.99]
Petrus 1998 52 44 1.4 49 51 2.8 '—I-' -0.97[-1.78,-0.15]
Prasad 2000 25 45 1.6 23 841 1.8 —— -3.93[-4.81,-3.05]
Prasad 2008 25 4 1 25 741 1.3 L -3.08 [-3.65, -2.52]
Turner 2000b 68 6.9 3.4 71 75 4 '—I—~ -0.18[-1.25, 0.89]
Turner 2000¢ 72 79 4.2 71 75 4 »——H 0.61[-0.70, 1.91]

| i T |
500 000 500  10.00

Mean Difference (days)

Figure 2.5: Meta-analysis on the efficacy of zinc acetate lozenges in reducing the duration
of cold symptoms [? |].



31

Chapter 3

A BAYESIAN FIXED EFFECTS APPROACH TO META-ANALYSIS

In the previous chapter, we proposed a fixed-effects approach to meta-analysis which
does not rely on the homogeneity assumption. It consists of estimating a weighted average
of the effect sizes to summarize their overall location (Sr), as well as a weighted average
of the corresponding squared deviations to quantify the amount of heterogeneity (¢?). We
have shown that the proposed parameters S and ¢? are ‘population’ parameters and that
the inverse-variance weighted average is a statistically optimal choice. It is the affine com-
bination of the effects that can be more precisely estimated, and the one for which the data

provide the most information if a distributional assumption is made.

This same approach can be taken within the Bayesian paradigm, in which prior infor-
mation or beliefs on the effect sizes from the studies are included in the meta-analysis, in
the form of a multivariate prior distribution, and are updated using the observed data via
regular Bayesian procedures. Weighted averages of these effect size parameters (or their
deviations) can then be estimated from the updated information, to provide sensible sum-
maries of the location and heterogeneity of the effect sizes included in the meta-analysis.
And as stated before, an optimal weighted average could be the one for which the data

provide the most information.

This chapter is structured as follows: in Section 3.1 we propose a Bayesian analog to the
fixed-effects approach proposed in Chapter 2 using a family of conjugate multivariate priors
and providing a closed form expression for the posterior distribution of the parameters of
interest. In Section 3.2 we reconcile this approach with the use of a multilevel hierarchical
model, recurrently used in the classic Bayesian random effects approach, thus allowing simul-
taneous estimation of our proposed parameters and the usual targeted hyper-parameters.
Lastly, in Section 3.3 we apply the proposed approach to our example meta-analysis on the

effect of zinc lozenges on the duration of cold symptoms, which allows us to illustrate and
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contrast the properties of the posterior distribution of our proposed parameters with those

of the hyper-parameters typically targeted in Bayesian random-effects meta-analysis.

3.1 A Bayesian fixed effects approach to meta-analysis

Using matrix notation, we can express the parameters Br and (2, respectively, as a linear
combination and a quadratic form of the parameter vector 8 = (B1, 52, ..., fk). Let W =

(1Tx711,)7'27!, with 3 =diag{s?}, then

5F - 1£W67
¢ = (W -W1i,W)s. (3.1)

As this notation suggests, it makes sense to state both the model and the prior distri-
bution in terms of the parameter vector 3. For the model, i.e. the assumed distribution of
the effect-size estimates (31, Bg, o Bk), the choice of a normal distributions is sensible and
close to the truth for large sample sizes. Under the fixed effects models, with the implicit
assumption of conditional independence, this translates into a k-variate Normal distribution
(B ~ N(3,X)), with a diagonal variance-covariance matrix X =diag{c?}.

On the other hand, prior beliefs can be incorporated as a multivariate probability distri-
bution of the parameter vector 3. The use of a multivariate prior allows us to incorporate
prior beliefs or information not only on each individual effect-size parameter, but also about
how much information the effect-size from one study provides on the effect-size of other stud-
ies. A multivariate normal prior, for example, can be used to reflect beliefs on the particular
location of each effect-size (the mean vector parameter), the uncertainty in these beliefs for
each study (the variances) and on how related the effect-sizes from different studies are
though to be (the pairwise correlation coefficients). Simply by varying the value of the
correlation coefficient between the study effects from 0 to 1, we can specify very different
scenarios, ranging from study effects believed to be completely unrelated (fixed effects) to
study effects believed to be perfectly related or exactly the same (common effect).

When the belief of exchangeability of the effect-size parameters is reasonable, it can

be easily reflected by the exchangeable correlation matrix in, for example, a multivariate
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Normal or Student’s t-distribution. On the other hand, considering that the study ef-
fects are exchangeable is, after de Finnetti [? |, equivalent to assuming that the effects
were independently drawn from a parametric distribution, with a prior distribution for the
hyper-parameter. This leads to a hierarchical structure of the prior distribution, which
should be noticed, is “a consequence of the belief in exchangeability rather than a physical
randomization mechanism” [? , Chapter 3]. In Section 3.2 we illustrate and discuss the
equivalence of a multivariate Normal prior and a hierarchical Normal prior.

Once a model and a prior distribution have been chosen, standard Bayesian methods
can be used to obtain a posterior distribution for 3, and thus for B¢ and (2. Although the
choice of conjugate priors can provide closed-form posterior distributions, computational
methods, specifically Markov Chain Monte Carlo (MCMC) algorithms [? |, have eliminated
the need for conjugate priors. The availability of off-the-shelf software [? 7 ] facilitates
the implementation of MCMC methods and allows one to obtain results for practically any

choice of prior distribution.

3.1.1 Multivariate Normal conjugate prior

In the following sections we present analytical results obtained from the use of a conjugate
prior distribution and discuss some properties of the corresponding posterior distribution.
In a fixed effects approach and under the assumption of Normality of the effects esti-
mates Bi, the multivariate Normal constitutes a conjugate prior distribution for the param-
eter vector 3, with the posterior distribution of 3 conditional on the data B also being a
multivariate Normal [? |. Let the prior for 8 be k-variate normal with mean vector v and

variance-covariance matrix Y, then:
B8 ~ N(ET )T (ETB ) T ) (32)

As a linear combination of a k-variate normal distribution, the posterior distribution of g

is also normal:

[BrIB] ~ N (1ZW(E*1 +x (2*13 + T*lu) ATwW(s + r*l)*lwu) . (3.3)
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The posterior distribution of ¢? is a quadratic form of the k-variate Normal vector [3| ,B]

[¢218] = [BIB]" (W — W1, W) [B]3]. (3.4)

Closed form expressions for the mean and variance of [(?| B] can be obtained using known
results for quadratic forms [? , Chapter 2|, while quantiles of the distribution can be
obtained by expressing (3.4) as a weighted sum of non-central chi-square random variables,
as shown in ? ]. The corresponding calculations can be implemented with the R package

CompQuadForm [? |.
3.2 Hierarchical prior distributions

A special case of a k-variate normal prior is one with an exchangeable correlation matrix
Yi(p) = (1 — p)Ix + plyr, where p denotes the correlation coefficient between any two
effect-size parameters. This specific multivariate prior is equivalent to a hierarchical prior
where the study effects ; are i.i.d. Normal with mean p and a Normal prior is assigned to
the hyper-parameter p. These two priors and their equivalent parametrizations are shown

in Table 3.1.

Table 3.1: Exchangeable multivariate Normal prior for 3 and its equivalent parametrization
as a hierarchical structured model

Multivariate Hierarchical
B ~ Ni(v1k, &YX k(p)) Bilp iid N (p, 72)
Prior Yi(p) = (1= p) I + plily p~ N(v,9?)
0<p<1,€>0 72 >0,0%>0
€ =12 4y 2= (1 - p)&?
Parametrization 5 ) ) )
p=v¢/(T° +¢7) e = pg

We notice that both priors reflect the same belief of the study effects being exchangeable:
explicitly in the multivariate model and implicitly in the hierarchical model. A careful
comparison of both parametrizations allows us to better understand how prior beliefs can

be incorporated. For example, prior beliefs on the average location of the study effects are
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incorporated through the hyper-parameter v in both models. Prior beliefs on how similar
the study effects are (homogeneity) can be explicitly stated in the value the correlation
parameter p, with 1 corresponding to a prior assumption of perfect homogeneity while values
close to 0 correspond to a prior assumption of unrelated effects. The same correlation can
be implicitly incorporated in the hierarchical model as ¥?/(72 + 1?), so that high values
of 12 relative to 72 induce a high correlation of the study effects. Lastly, the parameter &2
in the multivariate normal is equivalent to the sum of the parameters 72 and %2 from the
hierarchical model, so we can interpret £2 as a total variance due both to the heterogeneity
of the effects and the uncertainty on their overall location.

The posterior distribution of 8 can be obtained from (3.3). But furthermore, by notic-

ing that the total information (® = ) . n¢; = > 0;2) can be expressed as 172711, so

7

that X' = ®W, then the mean and variance of [3r|3] can be written as follows:

Var[Bp|B] = 1TW (@W +£72X4(p) ") WL, (3.5)

E3rlB] = W (@W +¢ X)) (OWB+ELu(p) " 1w)  (3.6)

From these expressions we can see that the posterior distribution of S is a normal distribu-
tion with mean and variance that approach 1;{W[3 = B 7 and @1, respectively, as the total
information (® = ) n;¢;) increases or the total amount of variance due to heterogeneity
and uncertainty (£2 = 72 4 1?) decreases. This is, for large sample sizes, or in the absence
of strong beliefs on the location of the study effects or their homogeneity, the Bayesian
estimator of the precision weighted average reduces to the frequentist estimator.

It is of interest to compare the properties of the Bayesian estimator of Sr to those of the
estimator of u, as this is usually the parameter targeted in Bayesian random effects meta-
analyses. The use of the hierarchical prior in Table 3.1 allows to obtain simultaneously the
posterior distributions of both parameters, in terms of 72 and 2. It can be shown that the

posterior distribution of S is given by:

k

k 201 _ . . U‘_2i k
16518 ~ N (Z (W) B+ (Z a ) D S m)
=1

i=1 =1

ith A ! ( o ) (3.7)
W1 i = y .
1+92%, o.%er? o2 + 1712
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(see Appendix B.2 for a detailed derivation), while the posterior distribution of p is given
by:
k -1 ~ k —1
. 1 1 v 3, 1 1
~ N _— —_— _— _— _— _—
[118] <¢2+ — JZZ+T2> ( 2+ZJ-2+T2> ’ <1/12+Zai2+72>

% i=1

(3.8)

First we notice that the posterior mean of 8r can be expressed as a weighted average of
the k effect estimates (Bl, - Bk) and the mean of the prior (u), meaning that it will never
fall out of the range of these values. The same is true for the posterior mean of u. Also,
we notice that the posterior variance of Br is always less than ®~!, that is, for any values
of 1% and 72 in our prior, the precision of the Bayesian estimate of S is at least the same
precision we get for the frequentist estimator. This is not true for pu, for which large values
of 12 and 72 in the prior distribution will produce a large variance of the Bayesian estimate.

Table 3.2 shows the limit values of the posterior mean and variance of Sr and u for some
extreme values of 12 and 72. The only case when the limit value of mean and variance is
the same for both estimators is when using a prior reflecting almost perfect homogeneity
(72 = 0). In this case, the posterior distribution of both 3r and yu is a weighted average of
the inverse-variance weighted average of the estimates (BF) and the prior mean (u), with
the weights depending on the information provided by the data (®) and the precision of
the prior (42). In contrast, when using a prior that reflects large heterogeneity (72 — 0o),
the posterior distribution of p approaches it’s prior distribution, with little or no influence
from the data, while the posterior distribution of Sr approaches that of the corresponding

frequentist estimator.



Table 3.2: Limit values of the mean and variance for the posterior normal distributions of ;1 and Sr, when using a hierarchical
normal prior distribution as in Table 3.1.

Prior distribution

Posterior distribution

Belief Value of hyper-parameter Estimator Mean Variance
‘ ; B+ 2w “1(_®
Homogeneity of the study 20 Br|B B0z d <¢+w,2>
~ s 5 ) _

effects 1B % H-1 (%1272)
Large heterogeneity of the Br| B Br o1

2 = 00 .
study effects w8 v >

. . P _ 23, +02 _ 2

Informative prior for the 250 Br|B 1yo? (TUB$+:5V &0 2 <#>
location of study effects plB v 0
Vague prior for the location ) Br| B B Ia o1

Y? o0 : N2, .
of Study effects ,u|,@ =5 W

> () !

LE
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When using a diffuse prior for the overall location of the effects (¢ — o) the poste-
rior distribution of y approaches that of the frequentist estimator of u under random effects
model with known between-studies variance. Its variance is always greater than ®~! and in-
creases with 72. For a very small value of 72 the mean and variance of (y| ,3) approximate B
and ®~ 1, respectively, while for a value of 72 sufficiently large relative to the study variances
(02), the mean and variance of (u| B) are approximately equal to ), B; /k and 72 /k, respec-
tively. That is, a diffuse prior for p along with moderate to large heterogeneity will produce
a Bayesian estimate of p that approaches the unweighted average of the effect estimates
with its precision directly depending on the number of studies and completely independent
of the size or precision of such studies. This is not the case for 8, for which the posterior
distribution under a vague prior reduces again to that of the frequentist estimator, with the
precision increasing with the total amount of information (® = Y, 0,2 = N, mi¢;). In
other words, in the absence of strong prior beliefs, more precise estimates of the individual
effect-size parameters will produce a more precise Bayesian estimation of Sr, but not of pu.

Finally, when using a very precise or informative prior (12 — 0), the posterior distribu-
tion of Br approaches that of a precision weighted average of the effect-size parameters, after

each one being ‘corrected’ or ‘shrunk’ towards a Normal prior with mean v and variance 72.

Each correction will depend on the precision of the corresponding estimate (o2

2) relative to

the precision of that prior (72). We notice that the gain in precision of this estimate relative
to the frequentist estimator depends on 72, the degree of homogeneity induced by the prior;
greater gain will be obtained when 72 is small, that is, when the effect sizes are thought
to be similar and are then allowed to ‘borrow strength’ from each other. In contrast, the
posterior distribution of p will again be close to the prior distribution when 2 — 0, with
little or no influence of the data.

To better understand the difference between the posterior distributions of Sr and u,
we look further at their means. From (3.8) we can see that the weight for v in E(u|3)
is =2 and the weight for each f3; is (62 + 72)~'. On the other hand, from (3.7), the
weights for v and each of the 3; in E(ﬁp|,f3) can be expressed as being proportional to

¢Y~2 and (0 +72) "1+ 720, 2[1 + 7232, ====) ']}, respectively. We notice then that

i 01-2—1—7'2

more weight is given to the effect size estimates BZ in the posterior mean of Br than in the
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posterior mean of . In this sense, we can say that (8p|3) is ‘closer’ to the data than (u|3).

In summary, we can say that priors that reflect certainty and homogeneity have some
influence in the posterior distribution of S, which translates into a gain in precision (relative
to the estimation obtained without any prior information, i.e. frequentist estimator), while
priors that reflect uncertainty or heterogeneity have little influence, reducing the posterior
distribution to that of the frequentist estimator but with no harm in its precision. On the
other hand, priors reflecting certainty and homogeneity will have a much greater influence in
the posterior distribution of i, allowing little or none contribution from the data, while priors

reflecting uncertainty and heterogeneity can produce estimates with very poor precision.

3.2.1 Prior beliefs on the between-studies variance

So far, we have considered hierarchical models with the hyper-parameter 72 fixed, which
induce a k-variate normal prior distribution for the parameter vector 3. However, as it is
the standard practice in Bayesian random effects meta-analysis, a prior distribution can be
used for 72. A fixed effects approach to meta-analysis would not exclude the use of these
types of hierarchical priors, whenever the effect-sizes are considered to be exchangeable.
However, if we keep in mind that in the fixed effects approach the inference is targeted
to functions of the vector 3, then it is evident that we need to understand and illustrate
the prior (multivariate) distribution of B that is induced by the hierarchical structure that

includes priors for both y and 72. Consider the following hierarchical model:

ﬁla ceey Bk":u?TQ iid N(/‘L7T2)
plv,p* ~  N(vp?)

o ~  U0,q) (3.9)

Figure 3.2.1 shows the prior distribution of the parameter vector 3 = (81, ..., B)? that
is induced by different combinations of Normal priors for x4 and Uniform priors for 72 as
in (3.9). We observe that the marginal distribution of the individual 5; is a bell shaped,
with their variance given by 12 + E(72). However, as it can be observed in the contour
plots of the bivariate joint prior of any pair (8;, 5;), the distribution shows a ‘ridge’ along

the 8; = 3; line. This is also evident in the ‘pointy’ marginal distribution of the difference
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Figure 3.1: Marginal distributions of the effect size parameters (51, ..., 5x) induced by dif-
ferent combinations of priors in u (top) and 72 (left) in a hierarchical model of the form
Bilu, 7% ~ N(p,72) for i = 1, ..., k: the bivariate joint distribution of any pair (8;, 8;) (mid-
dle), the marginal distribution of §; (bottom) and the marginal distribution of (3; — ;)
(right).
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(Bi — B;). This reveals a prior that more strongly suggests homogeneity of the effect-size
parameters, than say a multivariate Normal prior with the same variance and correlation.
Similar ‘ridge-like’ joint distributions of 3 are obtained when using families of distributions
other than Uniform as priors for 72 (results not shown). And even ‘sharper’ distributions
are obtained when ‘vague’ or ‘diffuse’ priors are used for u, as is commonly done, which
induce almost flat priors with very little information on the location of the parameters, but
with a very strong suggestion of homogeneity, which in turn produce the shrinkage observed
in the updated distributions of the effect sizes.

The use of MCMC sampling methods for the estimation of the posterior distributions
for all parameters is well known [? ], and will not be discussed here. We just note that the
posterior distribution of the parameters B and (2, as functions of the parameter vector 3,
can be then easily obtained from a random sample of the joint posterior distribution of 3.
Sample code (using R package R2WinBUGS) is shown in Appendix B.3.

A well known characteristic of hierarchical models like the one in (3.9) is the sensitivity
of the resulting inference, both for the location and heterogeneity parameters p and 72, to
the choice of prior for 72 [? |. Because of this, sensitivity analyses are recommended as a
routine practice [? ]. In the following sections, we use our meta-analysis example to study

the sensitivity of the proposed parameters Sz and ¢? to the choice of prior.
3.3 Example

In this section we illustrate the Bayesian estimation methods discussed in previous Sections
of this Chapter, applied to the example meta-analysis on the efficacy of zinc lozenges in
reducing the duration of common cold symptoms (see Figure 2.5).

In Figure 3.3 we present results from frequentist and Bayesian estimation of the proposed
parameters Sz and ¢? from a fixed effects approach, as well as the parameters p and 72
from a random effects approach. Results of Bayesian analyses include those from selected
priors of the family of conjugate Normal distributions in Table 3.1, as well hierarchically
structured priors compiled in the paper by ? |. For the former, the mean and variance of the
posterior Normal distribution of Sr and p were obtained using equations (3.3) and (3.8),

respectively, while the mean and variance of the posterior distribution of (? were obtained
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from equations in Appendix B.1, and selected percentiles were obtained using the R package
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These results illustrate how the point estimate and precision of y are very sensitive to
the choice of prior distribution, and specifically to the level of heterogeneity in the prior.
For example, when using a very flat prior for x (N(0,1000)) with a homogeneous prior for
the study effects (8; ~ N(u,0.25)) then [1|8] ~ N(—1.72,0.312), while the same vague
prior for u with a more heterogeneous prior for the study effects (8; ~ N(u,25)) results in
a very different posterior: [u|3] ~ N(—0.72,2.08%). This is not the case for Sg, for which
the posterior distribution, in both cases, approximates that of the frequentist estimator.

Further results of Bayesian analyses using a hierarchical model with Normal prior for
p and a fixed value of 72 (equivalent to a multivariate Normal prior for 3) are shown in
Figure 3.3, while results from hierarchical models with a Uniform prior distribution for
72 are shown in Figure 3.3. In these plots we show the posterior mean and 95% credible
interval of the location parameters p and S, for a range of values of 72 (or the hyper-
parameter # that determines its distribution). These correspond to priors that go from

close to homogeneous (72 — 0) to more heterogeneous (72

— 00). We also use selected
values of 2, which correspond to priors that go from very precise (¢ = 0.01) to very flat
or vague (¢? = 1000). It is evident again that the estimation of y is more sensitive to the
choice of prior than the estimation Sp. The example also illustrates the behavior of the
estimates in the limit cases described in Table 3.2. For example, the posterior distribution of
w1 approaches the distribution of S as the heterogeneity decreases, while it approaches either
the prior distribution (when 92 is small) or the distribution of the un-weighted average (when
1)? is large) as the heterogeneity increases. On the other hand, the posterior distribution
of B is more stable, i.e. more robust to vagueness and/or heterogeneity in the prior,
approaching in such cases the distribution of the frequentist estimator.

As for the quantification of heterogeneity, we can see that the posterior distribution
of ¢? is, as expected, influenced by prior beliefs on the heterogeneity of the study effects.
However, this influence is limited to a range of values 72, with the posterior distribution of
¢? ‘stabilizing’, as consequence of the posterior distribution of the individual study effects
stabilizing around their frequentist estimates. Although a similar ‘stabilizing’ behavior is
observed in the median of the posterior distribution of 72, the precision (as reflected by the

credible intervals) is importantly sensitive to the choice of prior (See Figure 3.3).
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3.4 Final remarks

In this chapter, we have proposed and implemented a Bayesian fixed effects approach to
meta-analysis, based on the estimation of a precision weighted average, to describe the over-
all location of the effect-size parameters, along with the estimation of a precision weighted
average of their squared deviations, to describe their heterogeneity. The choice of this par-
ticular weighted average is also justified within a Bayesian framework by their statistical
optimallity among all affine combinations.

Estimation of both the location parameter S and the location parameter (? have been
discussed. We also derived and discussed properties of these estimators, not only showing
that the fixed effects approach is a valid alternative to the random effects approach in the
presence of heterogeneity, but furthermore, that estimation of the proposed parameters can
be more precise and stable, and less sensitive to the choice of prior. Such benefits are more
evident in meta-analyses with few heterogeneous studies, like in the example included here.
We emphasize that both the precision and stability observed do not come from any particular
choice of method or prior distribution, but from targeting our inference to a parameter that

is ‘easier’ to estimate, a parameter for which the data provide more information.
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Chapter 4

SHRINKAGE AND CLUSTERING IN FIXED EFFECTS
META-ANALYSIS, VIA PENALIZED ESTIMATION

In previous chapters we have proposed summarizing the overall location and spread
of the effects from the studies included in a meta-analysis through data-adaptive weighed
averages of the estimates and their squared deviations. We have shown that targeting our
inference to these parameters results in more precise and robust estimation, as these are the
parameters for which the data provide more information. Therefore, we have recommended
this approach as an alternative to traditional methods used in meta-analysis, whenever there

is interest in summarizing the results from all the different studies.

However, when combining results from different studies in a meta-analysis, it can also
be of interest to obtain better estimates of all the effect-sizes, improving on the estimation
that was obtained in each individual study. Even when the true effect sizes are assumed as
fixed, unknown and independent quantities, it is quite possible that combining information
from all the studies might lead to better estimators than the ones independently provided.
As shown by James and Stein in a seminal paper [? |, better predictive accuracy is
achieved, on average, when sample means are pooled together (i.e. shrunk), even when they
estimate independent and unrelated quantities. Similarly, methods of penalized estimation
in linear regression which also produce shrunken estimates, like Ridge Regression or the
‘least absolute shrinkage and selection operator’ (lasso) [? ] have been successfully applied

in areas of ‘big data’ like genomics and proteomics.

In the context of meta-analysis, full Bayesian and empirical Bayesian methods naturally
provide shrunken estimates of the individual effects. The updated estimates are said to
‘borrow’ strength from each other, as this method shrinks the estimates towards the mean of
a population of effects, whose distribution is updated using the whole vector of parameters.

However, these approaches rely on incorporating prior information and/or a random effects
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model. There has not been proposed (to our knowledge) a frequentist approach for shrinkage
estimation in meta-analysis, and furthermore, one based on a fixed effects model.

On the other hand, efforts have been made to develop methods in meta-analysis that
perform some form of grouping or clustering of effects. This is often motivated by the belief
that there is a small number of subgroups of studies with effects that are the same (or very
similar) within each subgroup, but different between subgroups. This idea has a special and
important application in transethnic meta-analysis of GWAS, where more closely related
populations are expected to have similar allelic effects than those from diverse ethnic groups.
This is taken into account in the methodology proposed in ? |, where some subset structure
is incorporated as prior information into a Bayesian analysis. A similar idea is explored
in 7 ], where a method is proposed that “exhaustively explores subsets of studies for the
presence of true association signals that are in either the same direction or possibly opposite
directions”.

In this chapter we propose a method for shrinkage estimation in meta-analysis that
shares some traits of the continuous shrinkage seen, for example, in Bayesian estimation
or ridge regression methods, with grouping or clustering techniques. For this, we propose
adapting penalized shrinkage estimation methods, which provide estimates that are con-
tinuously shrunk to be more similar (perhaps even identical) to each other, as determined
by a tuning parameter. Thus, different degrees of shrinkage will produce estimation from
a k-dimensional ‘unshrunk’ statement of all the Bi, through to a ‘fully-shrunk’ univariate
average effect, given by the precision weighted average BF- Along this trajectory, it will
be also possible to identify different subgroups among the studies, as the various Bl merge
together as the degree of shrinkage increases.

The outline of the chapter is as follows: in the next section we provide a literature review
of shrinkage methods, as well as clustering methods. In Section 4.2 we apply and adapt
loss functions for penalized estimation to meta-analysis, achieving continuous shrinkage in
the form of a solution path, along a range of values of a tuning parameter. We also derive
the properties of these solution paths and illustrate them on a meta-analysis example. In
Section 4.3 we discuss a method for the estimation of the tuning parameter, which is suitable

in the context of meta-analysis. Finally in Section 4.4 we present the results of a simulation
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study, where we evaluate the performance of our proposed method, followed by a few final

remarks in Section 4.5.

4.1 A brief literature review on shrinkage estimation

4.1.1 The James-Stein shrinkage estimator and Empirical Bayes estimation

Following an important result showing the inadmissibility of the sample mean for multivari-
ate normal distributions with dimensionality k£ > 3 [? ], James and Stein proposed an esti-
mator for the vector of means from independent normal distributions (8 = (61, 6s, ..., 0)7),
which had uniformly lower mean squared error than the vector of sample means [? ].

Assuming the following simple setting
Xi\GiNN(Gi,l), fOI'iZl,...,kZS, (4.1)

an improved version of the James-Stein shrinkage estimator (known as the ‘positive part

James-Stein estimator’) is given by:

é¢=M¢+( 1-(k-2) )Jr(Xi—Mi)
Sr (X5 — ) 7

with g = (p1, po, ..., )T as an initial guess for . In later work, the James-Stein estimator
was derived in an empirical Bayes context [? 7 7 ], based on a hierarchical model. By

setting a normal prior for 61, ..., O:
0; ~ N(u,72), fori=1,.. k,
the posterior means are given by

BlO,X,] = i + (1 - Hl) (X~ 1), (42)

which depend on the unknown hyper-parameter 72. The James-Stein estimator results

when the unbiased estimate of 72 given by (k —2)/S, is substituted in (4.2) [? ]. Stemming
from this result, other empirical Bayes shrinkage estimators have been proposed, which use
different estimates of 72. For example, a maximum likelihood (ML) estimator (with a slight

modification) is proposed in [? | for the heteroskedastic case (i.e. unequal variances of
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X1, ..., Xk); a simpler ML estimator and an iterative method of moments are used in [? |,
where also a ‘non-parametric’ empirical Bayesian approach is proposed. As pointed out in [?

|, these methods are closely related to the random effects model often used in meta-analysis.

More recent work by ? | proposes a class of shrinkage estimators for heteroscedastic
hierarchical models. Their work is based on an important result known as the Stein’s
unbiased risk estimate (SURE) [? |, which has been very influential on shrinkage estimation:
when the amount of shrinkage is determined by a ‘tuning’ parameter (like 72 in (4.2)) an
optimal value can be selected such that it minimizes the SURE. Using this idea, various
classes of estimators are derived, called SURE shrinkage estimators [? ], which enjoy good
asymptotic optimality properties. The SURE shrinkage estimators include estimators based
on a hierarchical model, as well as some more robust non-parametric estimators, that were

shown to perform better than the James-Stein and empirical Bayes estimators.

4.1.2  Shrinkage through penalized estimation

In linear model regression, ridge regression is a method used to produce shrunken esti-
mates. The method consists of estimating the regression coefficients 3 = (fy, ..., ﬁp)T by
minimizing:
1 P
Y =X (Y = XB)+ )5, (4.3)
i=1
with Y € R™ denoting the response vector and X € R™ P the matrix of predictors. By
varying the tuning parameter A\, the method provides a continuous path of solutions that

shrink from the Ordinary Least Squares (OLS) estimator to zero (when covariates have been

centered).

In 1996, Tibshirani introduced the least absolute shrinkage and selection operator (LASSO)
method of estimation for linear models [? ], in which the sum of the absolute value of the co-
efficients (rather than their square) is penalized. It has been shown that it is also equivalent
to a special form of ridge regression, called adaptive ridge regression [? 7 ]. This method

tends to produce some coefficients equal to 0, and thus it “tries to retain the good features
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of both subset selection and ridge regression” [? ]. The LASSO consists of minimizing:

p
SV~ XB) (Y~ XB) + A Y Il (44)

i=1
An important extension of this method is the Fused LASSO [? |, in which a natural
order of the coefficients is assumed, so that by penalizing the neighboring distances it induces

shrinkage of neighboring coefficients towards each other:

1 p p—1
2(Y—Xﬁ)T(Y—Xﬁ)+)\1;|5i\+/\2;5i—ﬁz‘+1\- (4.5)

A particular case of this method, which assumes X = I, is called the Fused Lasso Signal
Approximator (FLSA), and it is widely used, especially in image reconstruction [? ]. For
one dimensional problems the loss function is:

n

n n—1
L(Y,B) = %Z(y@- —Bi)P M D 1Bil + X Y 18— Bigal- (4.6)
=1

=1 =1
In higher dimensions, coefficients may correspond to nodes in a graph (G = (V, E)), and
distances among nodes that are connected in the graph are penalized. This is called the
general Fused Lasso Signal Approximator [? 7 ].

n

LY. B) =Y - B+ Y B0 Y 18 -Gl (4.7)

T2
s (s,t)EE,s<t

Similar loss functions have been proposed as an alternative for performing hierarchical
clustering. Recent papers [? ? | propose formulating the clustering task as a convex
relaxation of an optimization problem. As described in [? |, given n points @1, ..., €, in RP,

the aim is to minimize the following ‘relaxed’ convex criterion:

1 n
Fy,(U) = §lemi —will3 + 7Y wijllui —wll, (4.8)
=1

1<j
where + is a positive tuning constant, w;; is a non negative weight, and the ¢th column wu; of
the matrix U is the cluster center attached to point x;. A positive weight w;; > 0 denotes
a connection between nodes i and j. Different norm penalties (¢1,/2,¢~,) are considered by

the different authors on the differences u; — u;.
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4.1.8  Penalizations inducing grouping

Inducing Grouping through a truncated Ly Norm. As pointed out in 7 |, the penalty
involving all pairwise differences “is not adaptive for discriminating large from small pairwise
differences. As a result, over-penalizing large differences due to shrinking small differences
towards zero impedes predictive performance” [? ]. To deal with this, they propose the

following non convex criteria:

n

1
LB) = 5-> (Yi—aB)"+XM Y G5~ Fy)
i=1 J<g’
Ao if ]z] > Ao
where G(z) =
|z| otherwise.

This penalization involves a new thresholding parameter, Ao, which helps discriminate the
pairs of parameters to be shrunk towards a common value from those that are too far
apart. The adaptive grouping is then achieved by the combination of the thresholding and
shrinkage parameters. The penalization function G, although non-convex, has some nice
computational and statistical properties, including piece-wise linear solution paths.
Inducing Grouping by partially penalizing pairwise differences. 7 | have re-
cently introduced the Clustering Algorithm in Regression via Data-driven Segmentation
(CARDS). The first two steps of the algorithm consist of finding a preliminary ranking of
the coefficients and constructing an ordered segmentation (with segments denoted as B for
[ =1,...,L) which is determined by a second tuning parameter. They proceed to minimize

the following criterion:

QuiB) = 5 (Y = X+ Py n,(9)
L
with P%)\h)Q(ﬁ) = Z Z P (Bi — BJ) + Z Z p)\z(‘ﬁi - /33‘) (4.9)
i=14€By,jEB 41 I=11jeB,

This ‘hybrid’ penalty function separately penalizes pairwise differences of coefficients be-
tween neighboring segments B; and B;1, and coeflicients within segments. The formulation
provides ‘intermediate versions’ between the fused penalty (when L = p) and the exhaus-

tive pairwise penalty (when L = 1). By including ‘just enough’ pairwise differences, this
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penalization aims to use enough information to recover the intrinsic grouping (homogene-
ity) of the coefficients, while avoiding the over-shrinkage produced by including redundant

information with the total variation penalty.

4.1.4  Selection of the tuning parameter(s)

In most settings, when shrinkage is performed, either to achieve variable selection or group-
ing (sparsity in the model, in some form) the main objective is to improve prediction. As
such, cross-validation is the most used technique to select the best model. To implement
cross-validation, splitting of the sample into various sets (for training, validation and test-
ing) is necessary. The process often involves either minimizing some measure of accuracy,
like the mean squared error (MSE), the prediction error [? 7 | or Stein’s unbiased risk
estimate [? |, or maximizing measures of goodness of fit, like the Bayesian Information

Criteria (BIC) [? .

4.1.5  Subset methods

So far we have explored shrinkage estimation methods, some of which might be useful in
producing some form of hierarchical clustering of the different effect-sizes included in a meta-
analysis. At the other end of the spectrum, we find specific methods that perform sub-setting
or clustering of the effects in a more ‘discrete’ way (as opposed to the ‘continuous’ behavior of
shrinkage methos), often involving exhaustive exploration of all possible arrangements. For
example in 7 ], an agnostic approach is proposed which allows some of the studies to have no
effect (or null effect), and thus identifying the subset of studies with ‘non-null’ effects in the
same direction (one sided) or different subsets of studies with ‘non-null’ effects in opposite
directions (two sided). The method “explores all possible subsets of ‘non-null’ studies to
identify the strongest association signal”, and then evaluates the significance of the signal
accounting for the multiple tests performed by the subset search. The approach can be seen
as discrete in the sense that the number of subsets is pre-specified, and the challenge is then
to find the best arrangement of the effect sizes into such subsets. The method has been

shown to achieve important gains in power for detecting association between SNP markers
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and multiple traits in genome-wide association studies (GWAs), relative to the methods
that ‘pool’ together all the effects.

A similar approach is followed in ? ], where the aim is to take into account “the expected
similarity in allelic effects between the most closely related populations”. The authors use a
Bayesian partition model to cluster the effects of similar populations, “in terms of relatedness
(i.e. shared ancestry)”. By introducing a prior distribution on the number of clusters and
assuming that populations in the same cluster have the same underlying allelic effects, the
method shows improvement in detecting associations and localizing causal variants, relative

to classical meta-analysis approaches.

4.2 Penalized estimation for continuous shrinkage in Meta-analysis

In this section we propose some penalized loss functions for shrinkage and clustering in meta-
analysis. Keeping our notation in the meta-analysis context, we will use 8 = (51, - Bk)T
to denote the vector of estimates of the true effects 3 = (31, S, ..., 83)" from the k different
studies, with variances given by 012, for ¢« = 1,..., k, which for now we will assume to be
known. In addition, we will use 3 = (Bl, ...,Bk)T to denote the minimizer of our loss

function, and more specifically ﬁNZ()\) to denote the solution for a given value of the tuning

parameter A, which will constitute a shrunken estimate of the effect size parameter j3;.

4.2.1 Fused LASSO Signal Approzimator (FLSA)

A natural first step is to apply off-the-shelf methods, with slight adaptations to fit the
meta-analysis framework. We first consider the loss function used for the one-dimensional
fused LASSO signal approximator (FLSA), penalizing only distances between neighboring
estimates. We respect the ordering of the effect estimates Bi, thus implicitly assuming that
it reflects the natural order the true effects. Given that within the context of meta-analysis
there is no particular interest in shrinking estimates towards zero, we exclude penalties on

the absolute value of the coefficients (A\; = 0 in equation (4.6)). Hence we obtain:

k

k
Z(Bi — Bi)* + A Z 1Bi — Bit1l- (4.10)
=1

i=1 =

| =

L(B, ) =
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When the tuning parameter A is zero, no shrinkage is done and BZ = B; for 1 < i < k, while
for A large enough L) is minimized at B; = % > Bl = 4.

By exhaustively penalizing all pairwise distances, we obtain a loss function similar to
that of the general FLSA (4.7), which is also the loss function proposed for convex clustering

(4.8), using an L-1 norm and all weights equal to 1:

k

Ly(8.3) = 5 3B~ B2+ XY 18— . (4.11)

i=1 i<j

To illustrate and compare the solutions obtained from minimizing these loss functions,
we use our example of a meta-analysis of clinical trials comparing efficacy of zinc lozenges,
compared to placebo, in reducing duration of cold symptoms. To obtain the solutions over a
range of values of the tuning parameter, we used the package for convex optimization SCS [?
| and Convex [? ] in Julia [? ]. In Figures 4.2.1(a) and 4.2.1(b), we show the solution paths
of these two convex criteria applied to the estimates from the example meta-analysis, over
a range of values of A\. We note two important properties of the solution paths, which have
been studied and exploited for constructing fast algorithms to obtain the solution. One is
the piece-wise linearity of the solution, this is, that the rate of shrinkage as function of the
tuning A is piece-wise constant. The second one is that when two or more solutions are equal
for a given value of the tuning parameter (3;(A\°) = §;(\°)), then the solutions will remain
equal for larger values of the tuning parameter (3;(A\) = 3;(\) for A > A°). Expressed in
terms of the solution path, once the trajectories of two estimates are fused together, they
will remain fused. Proof of these properties of the FLSA can be found in ? | and ? |.

We notice that the general FLSA (Figure 4.2.1(b)), which penalizes all pairwise dis-
tances, produces a solution path that suggests a preferable clustering of the effects, as
similar estimates are fused together at low values of the tuning parameter. This is not
necessarily the case for the one-dimensional FLSA (Figure 4.2.1(a)), which penalizes only
distances between neighbors, as we observe that no shrinkage occurs for some estimates at
low values of A, but instead coefficients seem to shrink sequentially, ‘from the outside to the
inside’.

However, we also note that the solution to the general FLSA, when applied to our
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example meta-analysis, has two main drawbacks. The first one is that in the limit as A
increases, all the shrunken estimates are equal to the un-weighted mean. As we have shown
in previous chapters, the inverse variance weighted average is an optimal summary, and thus
a criteria that shrinks all estimates towards this summary would be desirable. The second
drawback is that the rate of shrinkage of the estimates depends solely on their relative
position (this will be shown more clearly in Section 4.2.3, where we derive the exact rate of
shrinkage as a function ). In a meta-analysis, where we seek to ‘borrow strength’ across
studies in proportion to the amount of information each study provides, estimates from
larger studies that are more precise should shrink less, while more variable estimates should

be shrunk the most.

4.2.2  Weighted versions of the FLSA

To produce shrinkage towards the precision weighted average (or any other weighted av-
erage), weights must be included in the the loss function. Let v; = o} 2/ Zf o; %, with
Zf v; = 1. Then the following convex criterion
Ly(B /\)Z1216:@‘(3—/3')2+/\Z|B'—6'| (4.12)
o 2 i=1 o l i<j C '

will produce estimates that shrink to the precision weighted average, 3r = Yoo, 23, />0 =
Zvi@-, for large values of A, as shown in Figure 4.2.1. Also, we can see that less precise
estimates seem to be shrunk more, compared to precise estimates, which are shrunk less.
However, the introduction of a weighted sum of squares changes some of the properties of
the solution path. In particular, estimates that have been fused together do not neces-
sarily remain fused for larger values of \. We can see this in the solution path shown in
Figure 4.2.1(c), where the trajectories of the fifth and sixth estimates (in blue and purple,
respectively) split up after remaining fused for a range of values of A.

We next consider the following convex criteria, which introduces weights on the penalized
sum of the pairwise distances between coeflicients:
k

vi(Bi = Bi)” + A wijlBi — Bjl- (4.13)

1 i<j

N =

Lv,W(B7 )‘) =

(2
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Figure 4.1: Solution path from different convex criteria applied to our meta-analysis ex-
ample: (a) the one-dimensional fused Lasso signal approximation (FLSA, L(\,3)), which
penalizes neighboring distances; (b) the general FLSA, (L4(\, 3)) which penalizes all pair-
wise distances, (c) the weighted version of the general FLSA, which shrinks towards the
precision weighted average (Ly (X, 3)) and (d) the weighted version of FLSA with weighted

penalties (L,, 37 (A, 8)). Solutions were obtained using the convex optimization packages
SCS and Convex in Julia.

For the particular choice of W = vv’

(i.e. wij = viv; for i,5 =1,..., k), this loss function
can be seen as a simplification of (4.11) applied to individual level data from the k studies,

with the study relative sample sizes given by v;. To illustrate this, assume for now that
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= (n;¢)~ !, fori = 1,...,k, so that v; = n;/N. Then pre-clustering subjects within studies
and using ﬁz as the estimated effect for all n; subjects in study i, we get the following loss

function:

S G- A HZXZZM 85
l

=1 1<j
1en o
= 3 > ni(Bi— B)F + A nanglBi — Bjl
=1 i<j

1gn . A /
= N |52 ulBi—Bi)* + 5 D vl = Bl | = Lo wor (8. X)-

i=1 i<j

In general, v; can be seen as the proportion of the total information contributed by ob-
servations in study 4, even when the information per observation ¢; is not constant across
studies. It will be shown in the following section that for this particular choice of penaliza-
tion weights, fused coefficients remain fused in the solution path, making it an attractive
alternative. However, the amount of shrinkage does not directly depend on the precision of
the estimates, as would be desirable, so it is not guaranteed that more variable estimates

will shrink the most (this is illustrated in Figure 4.2.1(d)).

4.2.8  Properties of the solution path

In this section we derive some important properties of the solution path for the convex
criteria that have been explored in the previous section. These results will be used later on
to develop an algorithm for constructing the solution path of our proposed loss functions.
We will focus on the generalized weighted version of the FLSA as given in (4.13), from
which the loss functions in (4.10)-(4.12) follow as particular cases.

Without loss of generality we assume that Bl, 32,..., Bk are ordered, so that Bz < Bj for
1 <i< j <k Quoting from [? ], we introduce the following formal definition for sets of

fused solutions:

Definition 4.2.1. Let Fs,s = 1,..np(\) be the set of estimates at A that are considered to

be fused, where np(\) is the number of such sets. In order for these sets to be valid, every
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set Fy has to be of the form Fs = {i|ls <1i < wus} and the following statements have to hold

as well:

o UWNE = {1, .k}

o I,NE, =0, fors#t

o Assuming the Fy are ordered, for every i,j € Fy we have Bj(\) = Bi(A), and for
i € Fy,j € Fyy1, then it holds that G;(\) # B;(\).

Let Sp, denote the value of the solution for the fused set Fi, so that Sp, = (; for all
i € Fs. For given sets of fused coefficients, the value of the solution from minimizing (4.13)
is locally a linear function of A, for as long as the sets of fused coefficients remain unchanged,
i.e. no fusion or splitting of coefficients occur. This is stated in the following lemma, which

also provides the slope or rate of shrinkage for small increases in A.

Lemma 4.2.2. Let Fy, for s =1,....,np defined as in 4.2.1, and Br,(\) the common value
of the fused solutions in Fy from minimizing (4.13). Then for sufficiently small increments

of A,

aﬁgs/\()\) _ _Et# [(ZiEFS Z;f;:z;) sign(Br, — BFt)] (4.14)

A proof of this lemma is provided in Appendix C.1. Using this result, we can calculate

the rates of shrinkage, as functions of the tuning parameters, of the solution paths for the
loss functions discussed in Sections 4.2.1 and 4.2.2.

We start with the one-dimensional FLSA (4.10), where v; = 1 for all i = 1,...,k and
wij=11ifj=i+1,i=1,...k—1 or wy; = 0 otherwise. At A =0, §;(\) = B;, and we have
that for 1 < i < k:

—sign(f; — fB2) =1 fori=1
a%ig\/\) =4 -—sign(Bi—1 — 5i) —sign(fi — Bix1) =0 forl <i<k (4.15)
—sign(fy—1 — Bx) = —1 for i =k,

which corresponds with what we observed in Figure 4.2.1(a), where the estimates in the

middle do not get shrunk at all until they are fused with the outermost estimates. Also,
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as more and more estimates are fused, the rate of shrinkage decreases, as given by the
denominator ) ;. p v; = [Fy| in (4.14).
For the general FLSA (4.11), where v; = 1,w;; = 1 for all 4,5 in 1,...,k, we have the

following at A = O:

(951 Z&gn - Bj) + Zsign(ﬁi —Bj)=—(k—-1)+(i—-1)=2i—k—-1. (4.16)

j<i §>i
This shows that the initial shrinkage of the estimates is given by their relative position
in their ordering, with outermost estimates shrinking more than estimates in the middle
(Figure 4.2.1(b)). It is the difference in the rate of shrinkage that produces the fusing of
estimates, providing the clustering property that we look for. However, as discussed before
in Section 4.2.1, this criterion does not take into account the precision of the estimates.
Our proposed weighted version of the general FLSA that shrinks towards the precision

weighted average (4.12), with w;; = 1, gives the following at A\ = 0:

6/81 = Z sign(B; — B;) + Z sign(B; — B;) | = Lk_l, (4.17)

.y Ui
J<i 7>1

which corroborates our observations that the initial rate of shrinkage is influenced by the
precision of the estimates, with less precise estimates shrinking more than more precise
estimates (Figure 4.2.1(b)).

Lastly, the weighted version of the FLSA that also includes weighted penalizations, with

w;j = vv; (4.13) gives the following:

8& = Z viv;sign(B; — By) + Z vv;sign(B; — Z vj + Z vj, (4.18)

j<u 7> j<t j>t

which means that the rate of shrinkage depends on a relative ‘weighted’ position of the par-
ticular estimate. For example, if estimates that are below BZ provide more total information
than the estimates above, then §; will be shrunk towards smaller values; on the other hand,
if estimates above and below §3; provide about the same total information then BZ will not
be shrunk (regardless of its own precision). Under this reasoning, the previous loss function

would be more attractive, but as has been illustrated by our example, it is not guaranteed



61

that fused estimates will remain fused. Next, we present a result that will help determine

the form of the loss function for which no splits are produced in the solution path.

Theorem 4.2.3. Let 5;()\) be the optimal solution to the loss function in (4.13), with the
particular choice of W = vvT. Then if for some value X° it holds that B;(\°) = Biz1(A\Y),
then for any X > A0 it holds that B;(\) = Bit1 ().

A proof by contradiction is provided in Appendix C.2.

4.2.4  An algorithm for the weighted FLSA

The results in the previous section are now used to construct a piece-wise linear algorithm
to recover the solution path, instead of using more general convex optimization algorithms.
This particular algorithm does not account for potential splits of fused sets of estimates,
and therefore it will not exactly reproduce the solution path in cases that contain splits.

The details of the algorithm are shown in Appendix C.3. The main output of the
algorithm includes the values of A at which neighboring estimates fuse together, and the
value of the vector B at these points. In a nutshell, the algorithm does the following:
initializing B = ,3 at A = 0, the algorithm starts by calculating slopes for each of the
estimates’ trajectories using (4.14); we denote these slopes as a. The value of A at which
the first fusion of coeflicients occurs is then obtained by calculating and comparing the
intersection points of the trajectories of adjacent coefficients. Here the algorithm exploits
the fact that fusion can only occur among neighboring coefficients. Shrunken estimates are
obtained for this value of A and stored and new slopes are calculated. The algorithm is
iterated until all fusions have occurred (a maximum of k times).

In Figure 4.2.4 we show some examples of the results obtained from the piece-wise linear
algorithm, directly comparing with the solution path obtained using convex optimization

algorithms. Discrepancies are only observed when the path contains splitting trajectories.
4.3 Estimating the tuning parameter via Parametric Bootstrap

Traditionally, cross-validation techniques are used to estimate tuning parameters for shrink-

age methods via penalized estimation. In the context of meta-analysis, where individual
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Figure 4.2: Comparing the solution path given by the piece-wise linear algorithm with the
solution path resulting from solving the convex optimization problem (using packages SCS
and Convex in Julia).

level data is not available, these methods do not seem adequate. Instead, we propose to use

a parametric bootstrap procedure to select the value of the tuning parameter A.

The parametric bootstrap was successfully used to obtain confidence intervals for the
estimates of the precision weighted average and the precision weighted average of squared
deviations in Chapter 2. Here, we propose using the bootstrap to sample estimates and
select the value of the tuning parameter that minimizes a measure of discrepancy with
respect to the original estimates, like the Mean Squared Error (MSE) or a weighted version
of the MSE. A major advantage of this procedure is that it can not only take into account the
uncertainty around the estimates of the effect size parameters (Bz), but also the uncertainty

on the estimated variances (67).

We describe the proposed procedure in detail. First, we use the parametric bootstrap to
sample the estimates f3; and their variances &Z-Q. In the particular meta-analysis used as an
example here, the effect size is estimated as the mean difference of two independent groups,

and its variance is estimated not assuming constant variances. A parametric bootstrap
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sample of size B would be given by:

By ~ N(Bisi), fori=1,.,kb=1,..,B.

S 2
o = L P fori=1,.kb=1,..,B,
i1 T2
~ 2 )
with gg[b] X1 for g =1,2. (4.19)

A solution path for a particular loss function can be then constructed for each bootstrap
sampled vector of the estimates (/E’i‘[b}, ey BZ[b}) with variances (&%[b], ey &2[b]). For any given
value of A, shrunken estimates of 3 can be obtained from all the solution paths of the
bootstrap sample(ﬁ H()\) fori =1,...,k and b = 1, ..., B), so that a measure of accuracy,
relative to the observed data ,3, can be calculated. We propose both an un-weighted and a

weighted version of the MSE:

A | QA .
MSEQ) = 52 kZ(ﬁ:”u)—m?]
1 kaI 1 ’Lzl ~ A
= EZ BZ(ﬁ;{b](A)—Bf] (4.20)
=1 b=1
B k & 5%[b] 9
wMSE(\) = %Z 2z zziﬁzA(_AQ) B)]
b=1 i=10;

*[b] 2
4.21
i=1 Zz’ 1‘71 Z ( :

Then we can select the value of A that minimizes MSE(X) or wMSE()). In Figure 4.3

we illustrate the process of estimation for three versions of our example meta-analysis of
studies on efficacy of zinc in reducing duration of cold symptoms. The first row corresponds
to the original data; in the second and third row we show the same data artificially shrunk to
achieve smaller heterogeneity (¢2 = 0.23 and ¢* = 0.023, a tenth and hundredth of the value
of ¢? in the original data), but keeping the same variances and sample sizes. In the first
column we present the solution path for 100 of the Bootstrap samples of the estimates and
their variances, along with the solution path of the observed data. In the second column, the
individual MSE for each effect estimated is plotted, along with the un-weighted (4.20) and
weighted total MSE (4.21). We can see that the former is somewhat driven by the estimate
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that is farther from the rest, even when it is estimated with very low precision, while the
latter is less influenced by that same estimate. We also observe that as the heterogeneity
decreases, the MSE is minimized at larger values of lambda (relative to the ‘top’ of the
solution path), producing a solution with fewer clusters, as shown in the third column of

the panel Figure 4.3.
4.4 Simulation Study

A simulation study was conducted to evaluate the performance of the weighted versions
of the FLSA for shrinkage and clustering estimation in meta-analysis. We applied the
proposed bootstrap technique for estimation of the tuning parameter on three of the convex
criteria presented in Section 4.2. These are the general FLSA in (4.11, Ly(), 3)) and the
two weighted versions of the general FLSA (4.12, Ly (A, 8)) and (4.13, Ly, yy7 (A, 8)). In our
simulations we implement the piece-wise linear algorithm presented in Section 4.2.4.

Other meta-analysis summaries were calculated and compared in the simulation study,
including: (i) a naive approach of reporting all six estimates with no shrinkage, (ii) reporting
a single summary measure, like the simple mean (j3), the precision weighted average B F or
the estimate of the mean of the random effects i, using the DerSimonian-Laird estimate of
the between-studies variance [? |; (iii) reporting shrunken estimates as given by Empirical
Bayes methods (4.2), using the DerSimonian-Laird estimates.

We use a simple simulation setting. Six studies are simulated, sampling effect estimates
from normal distributions, with variances sampled from x? distributions. The same pop-
ulation variance (equal to 1) and the same sample size is assumed in all the studies. We
consider three different scenarios with the true effect size parameters being the same within
clusters, with (a) two clusters of three studies, (b) three clusters of two studies, evenly
spaced and (c) all six studies with different effects, evenly spaced. The values of the effect
size parameters are set so that Bp = 0, with various values of (? going from 0 to 0.4. We
considered a small sample size setting (10 observations per arm in each study) and a large
sample size setting (100 observations per arm in each study).

In Figure 4.4 we present the results, in terms of the MSE of the shrunken estimates

for three different loss functions and two criteria for optimizing the tuning parameter A,
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Figure 4.3: Estimation of tuning parameter via bootstrap, on our example data set (first
row) and two artificially shrunk versions (second and third rows, note different scales in the
axes). First column: solution paths from 100 bootstrap samples of the effect size estimates
and their variances. Second column: mean squared error of the individual effects and their
un-weighed and weighted average, MSE and uMSE. Third column: values of the tuning
parameter that minimize MSE(X) and uMSE(N).
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MSE(X) and wMSE(X). We can see that for these simple simulation settings, the method
performs very similarly regardless of the loss function or the optimization criteria, with
slightly worse performance of Ly (A, 3).

In Figure 4.4 we compare the results of our method, using the weighted loss function
Lv,W()‘?lB)v to other possible summaries from the meta-analysis. For the small sample
size setting, we see that our method performs as well as the single summary Bp for low
values of (2, i.e. when the true effects are completely homogeneous (¢? = 0) or very close to
each other. But while the MSE of ﬁ F increases linearly with (2, the MSE of 3 plateaus at
lager values of (2, performing slightly worse than the MSE of the simple un-shrunk vector of
estimates ,El A similar behavior is observed for the empirical Bayes estimators, although our
method performs slightly better. Note that other single summaries like /1 and /3 have smaller
MSE than BF, which is expected in this simple setting, where the true precision weights
are exactly 1/k. For the large sample settings we observe similar results, with the MSE low
when the effects are homogeneous and increasing to be similar to the MSE of B when the
effects are more heterogeneous. But in addition, we also observe that for settings with the
true effects clustered in two or three homogeneous groups (¢ = 2, ¢ = 3) our method can
perform slightly better or as well as the naive approach of reporting B; this is not observed
when the true effects are not clustered, but evenly spaced (¢ = 6), which suggests that the
improvement in accuracy is due to gains in precision from fusing/clustering some of the

estimates.
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To get an insight into how our method clusters (fuses) estimates together, we identify
the number of resulting clusters (fused estimates) in each of the shrunk solutions of the 500
simulations. Results are shown in Figure 4.4. In general, the solutions have more clusters
than the true underlying setting, except in the cases when the true effects are homogeneous
(¢%2 = 0), for which most of the simulations produced a single cluster. It is possible that for
large values of (2, where the two or three clusters of effects are sufficiently far from each
other, larger values of A that would produce further shrinkage and clustering would also
produce estimates that are too biased, and thus not minimizing the MSE or wMSE. It must
be mentioned here, that although the clustering/grouping of some estimates is a desirable
property of our approach, our main goal is to provide improved estimates of the effects, in
terms of accuracy. The correct identification of subgroups of homogeneous effects can be
seen more as a matter of model selection, and some work specific to the LASSO indicates

that certain condition is necessary for consistency of model selection [? ].

4.5 Final remarks

In this chapter we proposed a shrinkage estimation method specific for meta-analysis. The
method consists on minimizing a weighted version of the fused lasso signal approximator
(FLSA) loss function, of which we explored some particular forms. For increasing values
of the tuning parameter, the solutions follow trajectories that fuse with each other, while
shrinking towards the precision weighted average. We also provided a simple algorithm to
calculate the solution to the minimization problem, which takes advantage of the piece-wise
linearity of the solution path. Lastly, a parametric bootstrap method, suitable in context
of meta-analysis, has been proposed for the estimation of the tuning parameter.

In a simulation study, the shrunken estimates obtained by minimizing our proposed loss
function seem to have better accuracy, in terms of MSE, than other alternatives like the
empirical Bayes estimator. In settings with important heterogeneity among the true effect
size parameters, our method did not perform better than the naive approach of reporting
the un-shrunk vector of estimates, but also it did not perform much worse, even with small
sample sizes.

As implemented here, our method for selecting the tuning parameter uses a piece-wise
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Figure 4.6: Results from simulation study (500 simulations). Number of clusters (fused
estimates) identified in the solution vector, for the loss function L, y37 (A, B) using the
uM SE accuracy criteria to select .

linear algorithm instead of standard algorithms for solving the convex optimization problem.
This is because, as the method is based on bootstrap sampling, fast computations are
needed. However we should note that the algorithm does not account for splits in the
solution path, and therefore our method is actually an approximation. We could argue
that the approximate solution through the piece-wise algorithm has better properties, and
therefore is preferable, even if it would not exactly correspond to the true solution of the
convex criterion. On the other hand, it could be argued that splits in the solution path are
actually a desirable characteristic, as they might be a consequence of the criterion somehow
‘correcting’ an erroneous ordering of the estimates (a similar argument is presented in [?
]). In general, we believe that a split of two fused estimates is produced by a combination
of extreme distances and extreme difference in weights, as it was the case in the example

shown here, and therefore we hypothesize that they are not very common. However, further
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research to either evaluate this hypothesis, to improve the algorithm or to speed up the

required computations would be needed.
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Chapter 5

DISCUSSION AND CONCLUSIONS

In the preceding chapters we have proposed a novel approach to meta-analysis which,
within a fixed effects framework, allows the estimation of a statistically optimal parameter
and provides inference on a mixture of the populations from which the samples in the
different studies are drawn. The proposal of a new parameter to quantify heterogeneity
completes the approach, by providing a measure of dispersion of the effects that are different,

but not assumed to be a random sample from any particular distribution.

Methods of estimation, both from the frequentist and Bayesian perspectives, have been
proposed and evaluated. In addition, shrinkage estimation methods, based on penalized
estimation, have been explored and adapted to meta-analysis, providing more accurate
estimation of all the individual effect-size at the same time. This approach combines the
continuous shrinkage of ridge regression with clusterings identification of a small number of
mutually-exclusive subsets. Thus, we have provided methods that combine two of the most

practically desirable characteristics in multi-dimensional work.

In this concluding discussion, we consider ways in which these methods may be useful,
and areas of research left open. Our initial motivation was that, despite the large literature
on the classic fixed (i.e. common) effect and random effects approaches, when one tries to
reconcile the fields current recommendations, emphasizing the adequacy of the models, with
the type of inference they provide, a gap is evident. Specifically, despite the assumption
of a single common effect being widely-regarded as unrealistic in many practical situations
[? ? |, prominent authors [? 7 | imply that this assumption is necessary for fixed effects
approaches to be valid. Furthermore, as soon as sample sizes are sufficient to reject the
common effect model (as a straw-man null hypothesis) the alternative approach they offer
is to use a random effects analysis, meaning — as seen in Chapter 2 — a change on the location

parameter that is the target of inference, and also adding hyper-parameters to the analysis



73

that were not previously of interest.

This disconnect in the literature — as also discussed in Chapter 2 — is known, albeit
perhaps not widely. For example, Hedges 1998 discusses how, without further assumptions,
unconditional inference can be obtained using a random effects approach, and inference
that is conditional on the studies at hand (and their populations), can be obtained using
a fixed effects approach [? ]. The difficulties of motivating random effects analysis in the
frequentist framework have been acknowledged more recently, [? ]|. These difficulties do not
affect fixed effects analysis, as one only requires that one recognize that the effect estimates
come from different studies which, although aiming to estimate the same quantity, have
different protocols, are conducted in different ways and sample from different populations.
While in each study, it is reasonable to expect variation of the estimate of the effect due to
sampling variation within that studys population, and to assume a random distribution to
deal with this. But this does not motivate assumptions that the true effects are a sample
of independent identically distributed random effects, particularly given that results from
the earliest studies are used to plan and more recent studies, also present in the same
meta-analysis.

Most of these concerns are not new; the precision weighted average, as a summary
of the overall location of non-homogeneous effects, was emphasized by [? 7 | in early
development of methods for systematic reviews [? |, and clear distinctions between fixed
effect (singular) and fixed effects (plural) assumptions have been made by various authors [?
? ]. The validity of the fixed effects approach, even in the presence of heterogeneity, has
been satisfactorily discussed in various papers [? ? 7 |. But despite these solid arguments
in favor of the fixed effects model, the approach has not become standard. We suggest
that this may be because it lacks a place in a more complete approach, in which users can
also address issues of heterogeneity of the effects, or improved estimation of them through
Bayesian or shrinkage methods. We here identify some specific ways in which our work has
contributed to taking the fixed effects towards a complete, flexible, analytic approach:

(a) By showing the optimality of the precision weighted average estimator, we have provided

a stronger justification to using this particular data-adaptive estimator even in the

presence of heterogeneity.
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(b) By proposing a new parameter to measure heterogeneity, which does not rely on a
hierarchical structured model or estimation of hyper-parameters, we have provided al-
ternative ways to describe both the location and dispersion in the observed data, while

keeping the inference conditional on the studies at hand.

(c) By proposing and evaluating different methods of estimation, and in particular methods
that take into account the uncertainty in variance estimates, we have ensured that the
proposed parameters can be estimated, and that the estimators have desirable statistical

properties.

(d) By using multivariate exchangeable priors for Bayesian estimation, we have eliminated
the need for hierarchical models and the consequent shifting of the inference target to
the hyper-parameters of the model. The use of multivariate priors has also provided a

different perspective on how prior information can be incorporated.

(e) By adapting penalized estimation to meta-analysis, we have offered an alternative
method of shrinkage estimation that provides improved estimation of the individual

effects, avoiding again the need of relying on a hierarchical models.

There are, of course, limitations to this approach. The inference is data driven, in that an
estimate is provided of the mean effect in a population consisting of a mix of the populations
from the different studies, with those proportions being determined by the observed data,
i.e. the studies selected for the meta-analysis. In some situations, it may not be of interest
to generalize to this particular population. Therefore, the appropriateness of this particular
parameter should be considered alongside other scientific goals.

Also, as discussed in [? |, it is not possible to make predictions about new or future
studies in general when using a fixed-effects approach. In order to be able to predict a new
effect (;, it is necessary to assume some connection between the new 3; and the existing
Bi, and standard fixed-effects analyses do not provide this. (In the special case of the
constant effect model, in which we also assume that all the effects are exactly equal, in
studies included in the meta-analysis and in future studies, the connection is trivial and
prediction is possible, but not interesting). But in general in the fixed effects approach “no

assumptions or models are available to connect these (studies) to each other or to future
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studies” [? ].

We also note that using a fixed effects approach does not prevent one from estimating
other parameters of interest. In particular, assuming a particular distribution and esti-
mating the mean and variance from a random effects model, can and should be done when
predictive inference is desired. And in general, we are not advocating exclusive use of a fixed
effects approaches to meta-analysis, but for consideration of it as at least a default. We
do not propose that it replace current methods, but complement them, as it can provides
different information that may enhance practical inference.

Further work is still needed. In this work we have focused mainly on continuous out-
comes, or more generally, in scenarios where a Normal approximation for the distribution
of each effect estimate is reasonable and linear combinations of all the estimates provides a
meaningful summary. More work is needed on developing an analog approach for binary or
discrete outcomes, including characterizing the population parameter that such approach
would estimate, and utilizing any available information on the mean-variance relationship
and its impact on the relationship between the effect estimate and its estimated standard
error. In terms of estimation, improvements might be achieved for the case of unknown
variances, especially in the Bayesian framework, where some prior information on the sim-
ilarity of the populations variances might be incorporated. And even though Chapter 4 is
a useful first effort exploring alternative methods of shrinkage estimation specific for meta-
analysis, there is clearly more work that needs to be done in this area, including further
exploration of other convex and non-convex penalized functions, as well as different criteria
for parameter selection.

Beyond the methodology, further work is also needed to get and to provide better un-
derstanding on the applicability, importance and impact of the proposed approach. By
applying our methods to different and more varied examples of meta-analyses, we can bet-
ter characterize and contrast its strengths and weaknesses, the type of inference that it
provides and the type of scientific questions that it can help answer. This would also help

reassure practitioners of its value when used with traditional approaches.
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Appendix A
SUPPLEMENTAL MATERIAL FOR CHAPTER 2

A.1 Proof of Lemma 2.1.1

Here we provide the proof for Lemma 2.1.1, which sets the basis for the estimation of the

optimal weighted average proposed in the paper.

Proof. . Let v = (v1,v2, ..., v;) be a vector of arbitrary weights with Ele v; = 1, and let

I3 = > v;3; be the estimator of v73 = > v B, with COV(B) =3, then
Var(v'8) = v 2w
To minimize this expression, we use Lagrange multipliers:

i ['UTE'U +A(1— 'le)} =2¥v -1

dv
d
a ['vTEU +A(1— 'le)] =1-v'1
A 2
sv=-32"11; A=
T2 ’ 172711
so then
T Eillk
w = argmin [v Z'U] = T
vTl=1 1, X771,
with
o IxTlzyly,

Var(w? @) = = .
(w'B) (1Tx11,)2 175711,
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A.2 Moment based estimator of (>

Assuming known variances a%,...,az, with 02 = (n;¢;)~! for i = 1,....k, we start out
calculating the expected value of a plug-in estimate of ¢?:
k

> it ]

=1

= E

Sk nidi(Bi — BF)QI
Zf:l niGi

So an unbiased estimator of ¢? is then given by

&2 = Y0 (Bi—Br) = (k—=1) _Q—(k—1)
Zk 2 o

i=19;

A.3 Derivation of the Large Sample Size Approximation (LSSA) for the vari-

ance of BF

In this appendix we provide more details on the derivation of the general form of our LLSA
estimator of the variance of Bp as given in equation (2.17) of our paper. We also derive
the specific form of this variance estimator for some common effects estimates of continuous

outcomes in subsequent sub-sections.

A.8.1 General form of the LSSA

We recall that the goal is to find a large sample size approximation for the variance of Br

(19), which has been expressed as:

Zf(m@)Q(fbi%)_l
(E? nii)?

i .
+ Var W] . (A.1)

Var[Bp] = E[ Zlem@
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We also write s? = (n;¢;)~! as the estimator of 01-2 = (n;¢;)~!, the variance B; in the ith

study. We start with the assumption of a Normal asymptotic distribution for ggz

V(i — ¢;) 2 N(0, fi(0:)), (A.2)

where f;(0;) is some function of the distributional moments of the population(s) in study

i. For a meta-analysis of studies with different sample sizes, (A.2) can be written as:

VN (¢ — ¢i) - N (0’ (D )

(A.3)
(ni/N)
where N = Zf n;. Setting n; = n; /N fixed for i = 1, ..., k, we can write:
¢ ¢1
VN S I =2 Ny (0, Diag{ fi(6:)/ni}) (A.4)
i %

Then, as long as f;(0;) < oo for i = 1,...,k, we can apply the Delta method to obtain an

approximation for the two terms in (A.1). For large enough N:

E[Zf(m@)%fli@)l] _ iE [Z?(mq}z‘)z(ﬁiqﬁi)ll
(8 midi)? (F nidi)?

N
N (A.5)
N nidi)

While for the second term in (A.1), we take derivative

d (X nigbs
de; Zf i Qi

and apply the Delta Method

JN [(Zf;ﬁ@@) 3 (Zf:zﬁbzﬁz)] SN o, i mi (Bi — BF)QZfi(Bi)
> i Midi >0 Nidi d <Zf m@»)

Q

<Z§:1 7h’¢>i) niBi — (25:1 Uiébiﬁz’) Wi ni(8; — Br)
(Z§:1 77z¢z‘>2 B Zle niGi 7

So that, for sufficiently large N:

Var

S nidiBi N S (B; — Br)? £(6:)
SRR %) (A.6)
Zi:l nibi N (Zf m@)
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Finally, combining (A.5) and (A.6) and factorizing, we get our Large-Sample Size Ap-
proximation (LSSA) of the variance of ﬁ r, expressed as the product of the variance of ﬁ Ia
multiplied by an inflation factor, which is greater than 1 when the effects are heterogeneous.

N 1 k . . 2 p 9
Var[BF] ~ - 1 + Zz 77’5 (B’L - 5F) f’L( Z) . (A?)

Here we notice that for some special cases when f;(0;)/¢; = ¢, a constant, for i = 1, ..., k,

this expression can be factorized out and the inflation factor can be then expressed as
(1 + c¢?), a function of the amount of heterogeneity. The specific form of f;(8;) for some

common effect estimators of continuous outcomes is given in the following sections.

A.3.2 LSSA approzimation for the variance of the mean difference of independent groups

Following Borenstein [? |, we first look at meta-analyses of studies that compare the means
of two independent groups, when an assumption of equal variances is made. Here, the
effect size in the ith study, B; = A; = pix — iy, is estimated by Bz = X, — Y;, with
Var(B;) = 02 = (1/n; x 4+ 1/niy)s?, where ¢? is the population variance, assumed to be the
same for the two groups in study 4, and n; x and n;y are the respective sample sizes (with
n; = nix +n;y). Here we can write 02 = (n;¢;) ! and s? = (nidA)i)*l, with

o = o= (o o )c} (A.8)

nix/ni - niy/ni

and <Z> = g(éf), where éiz is the pooled estimator of the variance, given by

o i (X = Xa)? + 3000 (Y = Ya)? (nix — )&y + (niy — )&y (4.9)
o n; —2 a nix +ngy — 2 ’ '

and 612 y and GEY are the sample variances of the two groups in study i. To obtain an

asymptotic distribution for (51, we start from a standard result for the sample variance:

V(S —<7) — N(0, (wi — Dsi), (A.10)
where k; denotes to the kurtosis in the population distribution (which we will also assume
to be the same in the two groups for now). So then, keeping the sample size proportions
(ns,x/n; and n;y /n;) fixed, the derivative of (A.8) is

1
d2g<<3>:—( SR ) (22 (A11)

ds; nix/ni - Ny /ng
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Applying the Delta method on (A.10) we conclude that

~ Iﬁi—l

\/ni(qﬁi—(ﬁi) — N |0, )
d 1 1 4
< _|_ ) g‘
n; x /M Ny /N i

We notice that for studies with balanced design (n; x = n;y) the information ¢; = 1 /Zlgi2

(A.12)

and the asymptotic variance in the last expression reduces to (k; — 1)/4%¢}. If all studies
in a meta-analysis are balanced and the population variance and kurtosis can be assumed
constant across all studies, then the inflation factor in (2.17) is given by (1 + ’ZT_QIC 2.

Now, when the assumption of equal variances is not made, the variance of BZ =X-Y
is given by Var(@) =02 = 2X/niX + CZY/”Z’X? where gZX and gi%y are the population
variances of the two groups in the i*” study [? ]. Similar to the case of equal variances, here
we can also write o7 = (n;¢;) ! and s? = (ni¢;)~t, now with

g.QX §'2Y -
b = g(ctx,ix) = e ’ A3
i ( 7, X Z,X) ’I’Li,X/ni ni,Y/ni ( )

and g%l = g(g}-2 X ff ). The asymptotic distribution for éf X

VX (Ex = <ilx) — N(O, (mix — )siix), (A.14)

can be expressed as:

fix — Ve Dg’%X) , (A.15)

N, x /N

Vni(&x — <7 x) ~ N <0,
and similarly for 1/ni(égy — ZQY) Keeping the sample size proportions within each study

(ni,x/ni and n;y /n;) fixed, we can write:

62 §2 (’fi,X_l)g?,X 0

/N b — b — Ny |09 i, x [ 4 (A16)
22 2 d ’ 0 (ri,y =1)s; y
Siy SiY niy /ni

Taking derivatives of (A.13) we find that

2 2 %2)( §i2y - 1 1 T
Va(six Six)=— : + — ( ) ) (A.17)

nix/ni - Ny /ni nix/ni’ niy /i

and applying the Delta method we obtain:

(hix—Dsty | (Riy=Dsly
“ (ni,x /n:)3 (ni,y /ni)3

Vni(¢i — ¢;) = N |0, i
d o2 o2
7, X 1,Y
<”i,X/ni + ni,Y/”i)

(A.18)
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A.8.8 LSSA for the mean difference between two matched samples

When the effect size in each study is the mean difference between two matched samples, we
have that 3; = X; — Y;, with Var(/é’i) =0l = (giz’X + gi%y — 2p%i xS,y )/mi, where p denotes
the population correlation between any two matched observations X;; and Y;; in study 4
and m; = n;/2 is the number of the paired observations [? |. Assuming a bivariate Normal
distribution for the observations (Xj;,Y;;), the following asymptotic distribution can be
obtained for the sample variances (612 ng?, ) and sample covariance (§; xy = m% Z;n:ll (X5 —

Xi)(Yij = Ya)):

Si.x Si X
, 2 _ 2
Vi Sy SiY i
G XY S, XY
4 2.2 2
26 x 2076 xSy QP%?:XCZ‘,Y
N3 |03, | 2p°¢7 Py 2y 205,57y

206 xsiy  205xsyy (14 PP xshy

(A.19)
Let 07 = (nihi) ™' = 2(¢}x + 7y — 26, xy)/n; and
¢i = g(gi%Xa %2,% §i2,XY) = [2(§z‘2,x + %‘%Y - 2§i2,XY)]_17 (A.20)
with ¢ = g(Zy,¢?y,¢% ¢y ). Taking derivatives:
1 _
Vg(%%x&%yy%z,xy) = —5(%2,)( + <i2,Y - 2<i2,XY) 2(1,1,-2)" (A.21)
so we have, by the Delta Method:
. 2ty — 8p<? 6y + 2(1 4+ 202)62 62y — 8psi x <3y + ¢
\/ﬁz(@ _ ¢) N 0’ [Z,X i, X %, 5 ( 5 ) 7,X >1,Y : 2, X5 Y Z,Y] ]
d 4(S7x + iy — 2pSixSi,y)

(A.22)
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Appendix B
SUPPLEMENTAL MATERIAL FOR CHAPTER 3

B.1 Posterior distribution of (> when using a conjugate multivariate Normal
prior

The following equations have been adapted from 7 |. Let the matrix C be the Cholesky

decomposition of Cov[ﬂp\,é], so that CTC = Cov[ﬂF\B}, and let P, with PP, such that

it diagonalizes the the matrix C(W — W1, W)CT, so that

PC(W — W1, W)CTPT = D = diag{\1, Mo, ..., \i¢}

Given that the rank of (W — W1, W) is k — 1, we have that \; > ... > \y_1 > 0 and
Ak = 0. Then, letting Y = P(CT)"1(8|3), with Y ~ Ny(P(CT)'E[8r|8], L), we get
that
(C%1B) = (BIB)" (W — W1, W) (BIB)
k—1
=Y'DY => ()
i=1
where §; equal to the square of the ith element of P(CT)_lE[BF|B]. From this equation,

the expected value and variance of (¢2|3) can be easily evaluated:
k—1
E[¢?|3] = Z Ni(1+68)
Var[¢?|8] = Z (2 + 45;)

Also, 7 ] have implemented some algorithms to evaluate probabilities of a sum of chi-square
random variables into the R package CompQuadForm, which can be used to obtain selected

percentiles of this posterior distribution.
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B.2 Posterior distribution of fr when using a hierarchical prior

The posterior variance and mean of Sp = 1£Wﬁ are given by (3.6) and (3.5). Re-

parametrizing in terms of 72 and 1)? we obtain the following identities:

_ —1 _ w2 72
Y= (7L + 4% 1) =720 — (7'2+//€1/12> 1pp

(2*14_‘1‘*1)—1 = 72Dia, 072 4 d)—Q Dia 072 1..Dia 072
= g o2 + 12 1"_"!}222' 02-15-72 g o2 + 12 kk g o2 + 72

Then, for the posterior variance of r we obtain:

1
Var|Sr|8] 71t szt ey iz,

2

1 o . -
@2 1! [ Diag{o; ?}Diag {U - } Diag{o; 2}] 1

+ ! 1¢ Y Di 1 1,1L Di 1 1
o 1Q, - e——— 1a, —_—
2
LS (A 2)+( Z )(Z ; )
2 2 2 1 2 2
i=1 oo +T 1+w Zl 02+7'2 i=1 ot +T
B 2
1i2 (-2 ) (o)
<I>2 o | o; + 72 1+ 92 EZ P o; + 72

3

1=1

o

_1 1 02»2
I 1+92%, U%iﬂ o2 + 712

And for the posterior mean:

Q-

- 1
E[8r|8] = flt SETr) TS TA s g E T ) Y
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where the first term reduces to:

2

élt [ Diag{o; }Dlag{ }Dlag{a 2}}

2 4
Y Di }1 1, Di { ! } ¢
— 1ag k1;Diagd ———
®2 1+w2 ZO’-‘,—TQ 0'2+7—2
53 <1> e < : ) i
® — 02 ) \ o +7‘2 1+92> 102+72 02 + 712 ‘

1 1 o; w222 g2+7—2 01'2
L0 <>< )

? 0’?+T2

Z( ) :1_ (1+¢2213i03;2> <0 (fﬂ)

and within the second term we have that:

N

bi

*@*

ﬁla

2—1(2—1 +‘r—1)—1‘r—1
022 221 e ‘712 k¢2 Uf
B Vec{012+7-2}+ (1+¢22102+72 VEC{U?+T2}_ <T2+k1/)2>vec{0i2+7'2}
sz ,(/)27_—2 0.2_2 0_1_2
- <1+1/122i Ugi_72> (72+k1/12 zjjaerTz Vee o? + 72
B ) k1/12 N 77[}27.72 Z Uz'2 . k1/12
= T2 4+ ]ﬂ/}Q 14+ ¢2 21 a2ir2 - 02_2 + 72 2 4+ ]ﬂ/}Q
72 . kP2 =P Y s vee |0
72 + k)2 1+1/J2Zi%+7_2 01‘2+T2

= —1 Vec{oi2 }
N 1+¢2Z“,_27_1Hz or+72 [

so that
N LA | 1 02
E[5¢l3] =& (){[1( )( )
) (I); o? 1+¢22iﬁ of + 72

+72
V}

1 ( o? >
1L+92>, 0’2#4-7'2 o2 + 72
The following is a sample code in R (as an interface to WinBUGS [? |) used for sampling

o2
V 3
ec{o%+T2}

bi

+

B.3 Sample code for MCMC sampling

of the posterior distribution of the parameters of interest, through MCMC methods.



library (R2WinBUGS)

## Setting hierarchical model
hmodel <- function()
{
for (i in 1:k)
{
w[i]l <- pow(sel[il, -2)
hatbetal[i] ~ dnorm(betalil, wl[il)
thetali] ~ dnorm(mu,prec)
num[i] <- w[i]*betali]
quali] <- w[il*pow(betali],2)
}
mu ~ dnorm(0,0.001)
tau ~ dunif (0,100)
tau2 <- pow(tau,2)
prec <- 1/tau2
betaF <- sum(num([])/sum(w[])
zeta2 <- sum(quall)/sum(w[]) - pow(betaF,2)

## Saving to file
myfilename <- file.path(mydirectory, "hier_model.bug")
write.model (hmodel, myfilename)

## Initial Values (3 chains)

myinitial <- 1list( list(beta=rep(0,k),mu=0, tau=0.1),
list (beta=rep(0,k) ,mu=0, tau=0.9),
list(beta=rep(0,k) ,mu=0, tau=0.4) )

## Data
mydata <- list(hatbeta=y,se=yse,k=6,psi2=100)

## Parameters of interest
myparameters <- c("beta","mu","tau2","betaF","zeta2")

## Running chains

output <- bugs(data=mydata, inits=initial, parameters=myparameters,
model.file=myfilename, n.chains=3, n.iter=200000,

n.thin=10, bugs.directory=bugs.dir, debug=TRUE)

## Displaying results
summary (output)
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B.4 Bayesian estimation for the example meta-analysis

Table B.1: Meta-analyses on the effect of zinc acetate lozenges on the duration of common cold (in days). Bayesian estimation
includes a family of conjugate normal priors parametrized as a hierarchical model with fixed value of 72 and priors induced by

a vague prior on p and vague priors on 7¢ as used in ? |.

2

Bayesian Estimation for Hierarchical Model: 81, ..., 8 iid N(u,72), u ~ N(0,%?)

Fixed value for 72 (equivalent to a multivariate conjugate prior)

w2
0.1
0.1
0.1
0.1

1

1

1

1
1000
1000
1000
1000

0.25

1
2

100
0.25

100
0.25

1
2

100

72

5

5

E[Br|8] (95% CI)

E[¢2|8] (95% CI)

E[u|B8] (95% CI)

-1.67 (-2.03, -1.31
2.24, -1.48
2.44, -1.63
-2.04 (-2.45, -1.64
-1.98 (-2.37, -1.58

)

-1.86 )
)

)

)

-1.99 (-2.39, -1.59)
)

)

)

)

)

)

-2.04

-2.04 (-2.45, -1.64
-2.04 (-2.45, -1.64
-2.04 (-2.45, -1.64
-2.04 (-2.45, -1.64
-2.04 (-2.45, -1.64

(-
(-
(-
(-
(-
-2.04 (-2.44, -1.63
(-
(-
(-
(-

Priors for 72 from ? ] (32 = 1000)

772 ~ T(0.001,0.001)
log(72) ~U(-10, 10)

772 ~U(0.001, 1000)

772 ~Par(1,0.001)

T ~U(0,100)

T ~ N(0,100), 7 > 0

E[Sr|8] (95% CI)

0.79 (0.34, 1.37)
1.63 (0.83, 2.62)
2.4 (1.31, 3.73)
2.48 (1.36, 3.84)
0.68 (0.27, 1.23)
1.53 (0.75, 2.49)
2.4 (1.31, 3.72)
2.48 (1.36, 3.84)
0.66 (0.26, 1.2)
1.49 (0.72, 2.45)
2.39 (1.3, 3.71)
2.48 (1.36, 3.83)

E[¢2|8] (95% CI)

-0.87 (-1.3, -0.43)
-0.42 (-0.94, 0.1)
-0.02 (-0.63, 0.6)
0.0 (-0.62, 0.61)
-1.56 (-2.15, -0.98)
-1.16 (-2.03, -0.29)
-0.13 (-1.9, 1.63)
-0.03 (-1.94, 1.87)
-1.72 (-2.33, -1.1)
-1.45 (-2.42, -0.48)
-0.72 (-4.8, 3.36)
-0.59 (-8.57, 7.39)

E[u|B] (95% CI)

72, Median(95% CI)

-2.04 (-2.44, -1.63
-2.05 (-2.45, -1.64
-2.04 (-2.45, -1.64
-2.04 (-2.45, -1.63
-2.04 (-2.44, -1.64

(_

)
)
)
)
)
-2.04 (-2.45, -1.64)

2.02 (0.97, 3.33)
2.03 (0.98, 3.32)
2.23 (1.14, 3.56)
2.23 (1.14, 3.58)
2.13 (1.04, 3.46)
2.13 (1.06, 3.44)

-1.16 (-3.18, 1.37)
-1.16 (-3.19, 1.38)
-0.98 (-4.71, 3.36)
-0.98 (-4.68, 3.35)
-1.07 (-3.69, 2.14)
-1.08 (-3.57, 1.99)

4.18 (0.9, 29.95)
4.2 (0.91, 29.54)
10.84 (1.74, 135.6)
10.7 (1.72, 142.1)
6.47 (1.22, 54.71)
6.18 (1.19, 46.4)

98
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Appendix C
SUPPLEMENTAL MATERIAL FOR CHAPTER 4

C.1 Proof of Lemma 4.2.2

We follow ? ], and re-write the loss function (4.13) in terms of the fused coefficients:

ng(A)
Lyow(B) = % Z (Z vi(Bi — /6F5)2> + )\Z Z Z wij | 1Br, — BF,|

s=1 i1€Fy t<s i€Fs jeFy
by definition, Br, (A) # Br, (N) for s # t, except for a finite number of A for which sets are
fused or split) and therefore the loss function is differentiable with respect to B, at the

solution B, (A). We then have the following:

oL .
);Bz/z(m = —szﬂthFSZvi—F)\Z Zzwiﬂ' sign(Bp, — Br,) | = 0.

i€Fs 1€ Fys t#s i€Fs jeF

“By taking the derivative w.r.t. A\ and noting that for small changes of A, the sign of

Br, — Br, does not change, it is possible to determine 98, /ON”, as

Br,(\) [(Zier 2 jer, wij) sign(Be, — Br,)

2 Zier i
which is constant as long as the F; do not change. Therefore, the solution Sg, () is a
piecewise linear function. At the breakpoints of the solution path, the sets of fused variables

change. [
C.2 Proof of Theorem 4.2.3

The following proof has been adapted from [? ], where a proof by contradiction is provided
for the particular case of v; = 1 and w;; = 1 for all 4, j. We begin by assuming that F,(\°)
splits into two sets, Fy1)(A) and Fy9)(A) for some A > A\, with Bs1)(A) < Bse2)(M). By
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Lemma 4.2.2, this should be an optimal solution, with slopes given by:

851’5(1)(/\) _ 1 ‘
oA _Zieru) Vi Z Z Zw” " Z Z i

t>s iEFs(l) jEFt ier(l) jEFS(Q)

2l 2 2w

t<s ieE@(l) jEFz

aBFs@) (A) 1

oA :Zz‘er(m Vi Z Z Zwij - Z Z i

t>s iGFS(Q) JEF}: ieES‘(Q) jer(2)

2| 2 2w

t<s iEFS(Q) jGFg

For penalization weights given by w;; = v;v; for all 4, j, these reduce to:

R D LB IS 3
t>s jEF, JEF2) t<s jeF;

DI ED VS 9 31
t>s jeFy jer(l) t<s jeF}

which means that

a6175(1) (A) S 66&(2) ()
oA oA

which contradicts our assumption that SB4q)(A) < Bs2)(A), thus proving that no split is
possible for the particular set of penalization weights given by w;; = v;v;. U

C.3 Algorithm for the weighted version of fused LASSO signal approximator
(FLSA)
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Algorithm for the generalized weighted version of the FLSA

initialize

A0 =

,5’1(0) = Bz fori=1,..., k;

a®) = (ay,...,a;) vector of slopes, as given by (4.14);
end

for jin0:k—1
Calculate the increment in A to the intersection of all pairs of neighboring
estimates, by solving:
Bi(j)—i-A)\ial(-j):ﬁ() + AN al(Jr)l,forZ—l Sk —1;
Identify the increment of lambda to the next fusion:
ANY) = min{AN;}
Update A and identify the index of the ’left most’ estimate to be fused next:
AUFD =A@ 4 AXNO) and f = i|AN = AN
Update B
ﬁ(JH 5( 7 4 )\a( 7)
Identify indexes of all estimates that have been fused:
F=GlETY =37 < g
Update o :
ot = w Bp)/AUHY for i € f, where B =3, vifhs
ot = ,L» ) for i ¢f

l

end

output: )\(j),B(j) for j=0,...,k—1.
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