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Improving the health of the most disadvantaged populations requires obtaining reliable

health and demographic indicators in order to inform policy and interventions. Unfortu-

nately, the low- and middle-income countries with the largest burden of disease and dis-

ability also tend to have the least comprehensive data. Calls for more and higher quality

data collection have led (and continue to lead) to additional sources of information, namely

sample registration systems and household surveys. These new data beget the development

of statistical methods to produce the highest quality estimates. While the majority of cur-

rent methods center on modeling univariate outcomes, improved estimates may be attained

by borrowing strength across related outcomes via multivariate modeling techniques. This

dissertation develops multivariate modeling frameworks using data from sample registration

systems and surveys with complex sampling designs in an attempt to improve estimation of

key indicators compared to modeling univariate outcomes separately.



TABLE OF CONTENTS

Page

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Chapter 1: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Motivating examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Organization of Dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

Chapter 2: A flexible Bayesian framework to estimate age- and cause-specific child
mortality over time from sample registration data . . . . . . . . . . . . 5

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 Statistical framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.4 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.5 Estimating mortality from SRS data . . . . . . . . . . . . . . . . . . . . . . 20
2.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

Chapter 3: Area-level models for small area estimation of multivariate outcomes
from complex survey data . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.2 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.3 Background methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.4 A multivariate shared component Fay-Herriot model . . . . . . . . . . . . . 49
3.5 Area-level modeling of HAZ and WAZ from the 2014 Kenya DHS . . . . . . 60
3.6 Area-level modeling of contraceptive use from the 2014 Kenya DHS . . . . . 65
3.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

i



Chapter 4: Unit-level models for small area estimation of multivariate outcomes
from complex survey data . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
4.2 Background methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
4.3 A multivariate unit-level shared component model . . . . . . . . . . . . . . . 96
4.4 Unit-level modeling of height- and weight-for-age from the 2014 Kenya DHS 104
4.5 Unit-level modeling of contraceptive use from the 2014 Kenya DHS . . . . . 109
4.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

Chapter 5: Discussion and future work . . . . . . . . . . . . . . . . . . . . . . . . 128

Appendix A: Appendix for Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . . . . 133
A.1 Overview of Sample Registration Systems . . . . . . . . . . . . . . . . . . . 133
A.2 Methods to calculate exposure time in the MCHSS . . . . . . . . . . . . . . 135
A.3 Summary statistics for MCHSS data . . . . . . . . . . . . . . . . . . . . . . 139
A.4 Full derivation of the likelihood for the MCHSS data . . . . . . . . . . . . . 141
A.5 Full description and results from a simulation study comparing a unified model

to a multistage model with a Multinomial logistic regression to estimate cause
fractions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

A.6 Full description of the simulation study comparing a multistage model and a
unified model in a scenario with observation-level IID Normal random effects 152

A.7 Explanation of the nonequivalence between a unified model and a multistage
model with cause-specific regressions to estimate cause fractions . . . . . . . 155

A.8 Full description of the simulation study comparing a multistage model and a
unified model in a scenario with correlated cause-specific mortality rates . . 158

A.9 Residual analyses for MCHSS data to determine which strata to share random
walks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

A.10 Methods and results for deciding random walk variance parameter specifica-
tion in the MCHSS data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

A.11 Graphs of all estimated posterior median log mortality rates with 80% credible
intervals from MCHSS data for the final model presented in the main text . 172

A.12 Plots of cause-specific mortality fractions over time from our final model . . 221
A.13 Distributions of residuals from final model fit to MCHSS data by region, age,

time, and cause . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223

ii



A.14 Final year holdout comparison of predictions and held-out observations . . . 232
A.15 Model fit comparison of our final model with two alternate models . . . . . . 234
A.16 Simulated data modeling examples of correlations between cause-specific mor-

tality rates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235

Appendix B: Appendix for Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . 238
B.1 Derivation of the design-based covariance estimate for the first stage model . 238
B.2 Equivalency of nonsymmetric shared component models . . . . . . . . . . . 242
B.3 Simulation results for all models in each of the nine scenarios . . . . . . . . . 244

Appendix C: Appendix for Chapter 4 . . . . . . . . . . . . . . . . . . . . . . . . . . 254
C.1 Simulation results for all models in each of the seven scenarios . . . . . . . . 254
C.2 Equivalence of maximum likelihood estimates from a multinomial model and

a multinomial-Poisson surrogate model (i.e. the “Poisson Trick” . . . . . . . 268

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 270

iii



LIST OF FIGURES

Figure Number Page

2.1 Empirical cause-specific mortality fractions over time by region and age group
that were observed in the Maternal and Child Health Surveillance System in
China. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Relative bias, coverage and width of 95% intervals for log mortality rates
estimates from multistage and unified models. For (a), data were generated
with IID Normal random effects for each observation and three possible expo-
sure values. For (b), data were generated with bivariate IID Normal random
effects for each region-age-year strata, defining the diagonal elements of the
covariance matrix as σ2 and the off diagonal elements as ρσ2. Estimates are
averaged over all observations and simulations per scenario. . . . . . . . . . 30

2.3 Selected results from the MCHSS data showing empirical data, estimated
posterior medians, and posterior 80% intervals for log mortality rates. Com-
binations with no deaths are represented by an open square. . . . . . . . . . 31

2.4 Comparisons of estimated CSMFs between our model and the model in He et
al. (2017) in the east rural region. Panels A1 and B1 show cause fractions from
He et al. (2017) for the 0–1 month and 1–59 month age groups, respectively,
while panels A2 and B2 show the estimates from our model for the finer age
groups as labeled that are within the broad age groups in A1 and B1. . . . . 32

3.1 Univariate direct estimates of means (left two columns) and standard errors
(right two columns) for HAZ and WAZ from the 2014 KDHS. We present
both naive unweighted estimates that do not account for the complex survey
design, and weighted estimates that do. . . . . . . . . . . . . . . . . . . . . . 39

3.2 Weighted univariate direct estimates of mean HAZ verses WAZ at the county
level. Error bars represent plus/minus one standard error. Simple linear
regression line with 95% CI is included. . . . . . . . . . . . . . . . . . . . . . 40

iv



3.3 Bias, absoulte bias, variance, MSE, 95% interval coverage, and 95% interval
width for all models across simulation scenarios 1–6. Scenario descriptions: 1
- univariate IID; 2 - univariate BYM; 3 - bivariate nonshared IID; 4 - bivariate
nonshared BYM; 5 - bivariate shared IID; 6 - bivariate shared BYM. Models:
O - direct estimates; I - univariate IID; II - univariate BYM; III - bivariate
nonshared IID; IV - bivariate nonshared BYM; V - bivariate shared IID; VI
- bivariate shared BYM. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.4 Bias, absoulte bias, variance, MSE, 95% interval coverage, and 95% interval
width for all models across simulation scenarios 7–9. Scenario descriptions: 7
- bivariate shared BYM, large first stage variances; 8 - bivariate shared BYM,
small first stage variances; 9 - bivariate shared BYM, correlated one large and
one small first stage variance. Models: O - direct estimates; I - univariate IID;
II - univariate BYM; III - bivariate nonshared IID; IV - bivariate nonshared
BYM; V - bivariate shared IID; VI - bivariate shared BYM. . . . . . . . . . 62

3.5 Bivariate correlations from the first stage model for estimating HAZ and WAZ
from the 2014 KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.6 Comparison of posterior median latent mean estimates of HAZ and WAZ from
the 2014 KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.7 Comparison of posterior standard deviations of latent means for each of six
models used to estimate HAZ and WAZ from the 2014 KDHS. . . . . . . . . 68

3.8 Estimated posterior medians and widths of 95% credible intervals for HAZ
and WAZ estimated from our bivariate shared BYM model from the 2014
KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3.9 Estimated total BYM random effects, along with the IID and ICAR ran-
dom effect components (normalized to have variance 1), for HAZ and WAZ
estimated from our bivariate shared BYM model. . . . . . . . . . . . . . . . 70

3.10 Bivariate correlations between the logit probabilities of modern and other
contraceptive use from the first stage model for estimating contraceptive use
from the 2014 KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.11 Comparison of posterior median latent mean estimates of contraceptive use
from the 2014 KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.12 Comparison of posterior standard deviations of latent means for each of six
models used to estimate contraceptive use from the 2014 KDHS. . . . . . . . 78

3.13 Estimated posterior medians and widths of 95% credible intervals for logit
probabilities of contraceptive use estimated from our bivariate shared BYM
model from the 2014 KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

v



3.14 Estimated total BYM2 random effect, as well as IID and ICAR random effects
(normalized to have variance 1), for contraceptive use estimated from our
bivariate shared BYM model. Estimates on the logit(p) scale. . . . . . . . . 80

3.15 Estimated posterior medians and widths of 95% credible intervals for proba-
bilities of contraceptive use estimated from our bivariate shared BYM model
from the 2014 KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.16 Comparison of estimated posterior medians and widths of 95% credible in-
tervals for probabilities of contraceptive use estimated from bivariate shared
BYM models from the 2014 KDHS. The other shared (in chapter) model is the
one used for final estimates, while the modern shared (alternative) model is
the comparison that switches which logit probability has the shared component. 83

4.1 Bias, absoulte bias, variance, MSE, 95% interval coverage, and 95% interval
width for all models across simulation scenarios 1–4. Scenario descriptions: 1
- BYM shared; 2 - IID shared; 3 - BYM nonshared; 4 - IID nonshared. Model
descriptions: I - IID nonshared; II - BYM nonshared; III - IID shared; IV -
BYM shared. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.2 Bias, absoulte bias, variance, MSE, 95% interval coverage, and 95% interval
width for all models across simulation scenarios 5–7. Scenario descriptions: 5
- BYM shared, small first stage variances; 6 - BYM shared, small first stage
variances; 7 - BYM shared, one larger and one smaller first stage variance.
Model descriptions: I: IID nonshared; II: BYM nonshared; III: IID shared;
IV: BYM shared. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

4.3 Comparison of posterior median area-level mean estimates of HAZ and WAZ
from the 2014 KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.4 Comparison of posterior standard deviations of latent means for each of six
models used to estimate HAZ and WAZ from the 2014 KDHS. . . . . . . . . 112

4.5 Estimated posterior medians and 95% interval widths for HAZ and WAZ
estimated from our bivariate shared BYM model from the 2014 KDHS. . . . 113

4.6 Estimated IID and ICAR random effects (normalized to have variance 1) for
HAZ and WAZ estimated from our bivariate shared BYM model from the
2014 KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

4.7 Comparison of posterior median area-level mean estimates of contraceptive
use from the 2014 KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

4.8 Comparison of posterior standard deviations of latent means for each of six
models used to estimate contraceptive use from the 2014 KDHS. . . . . . . . 123

vi



4.9 Estimated posterior medians and 95% interval widths for contraceptive use
proportions estimated with our bivariate shared BYM model from the 2014
KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

4.10 Estimated IID and ICAR random effects (normalized to have variance 1)
for contraceptive use proportions estimated with our bivariate shared BYM
model from the 2014 KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

5.1 Estimated posterior medians from area-level Bivariate shared BYM model
and unit-level BYM shared model fit to HAZ and WAZ from the 2014 KDHS. 129

5.2 Estimated posterior medians and 80% credible intervals from area-level Bi-
variate shared BYM models vs. unit-level BYM shared models fit to HAZ
and WAZ from the 2014 KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . 130

5.3 Estimated posterior 80% credible interval width from area-level Bivariate
shared BYM model and unit-level BYM shared model fit to HAZ and WAZ
from the 2014 KDHS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

A.1 Total number of births and deaths registered in the MCHSS Chinese data for
each fo the six strata, 1996–2015 . . . . . . . . . . . . . . . . . . . . . . . . 136

A.2 Comparison of relative bias, coverage of 95% credible intervals, and width of
95% credible intervals for predicted log mortality rates between multistage
(Poisson-Multinomial) and unified modeling approaches. Data was generated
with fixed intercepts for each cause along with IID Normal random effects for
each observation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

A.3 Plots of residuals for a Poisson GLM with no interactions between time trends
and any other variable. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

A.4 Plots of residuals for a Poisson GLM with interactions between time trends
and age. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

A.5 Plots of residuals for a Poisson GLM with interactions between time trends
and cause. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

A.6 Plots of residuals for a Poisson GLM with interactions between time trends
and region. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

A.7 Plots of residuals for a Poisson GLM with interactions between time trends
and age-region. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

A.8 Plots of residuals for a Poisson GLM with interactions between time trends
and age-cause. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

A.9 Plots of residuals for a Poisson GLM with interactions between time trends
and region-cause. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

vii



A.10 Plots of residuals for a Poisson GLM with interactions between time trends
and age-region-cause. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

A.11 Plots of estimated random walk standard deviation parameters for Poisson
regressions with strata-specific intercepts and a second order random walk in
time across all groups for which we fit a random walk in the final analysis of
the MCHSS data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

A.12 CSMFs over time by age and region. . . . . . . . . . . . . . . . . . . . . . . 222
A.13 Distribution of standardized residuals by year and age. Standardized residuals

are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2. . . . . . . . . . . . . 223

A.14 Distribution of standardized residuals by year and region. Standardized resid-
uals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)

1/2. . . . . . . . . . 224
A.15 Distribution of standardized residuals by age and region. Standardized resid-

uals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2. . . . . . . . . . 225

A.16 Distribution of standardized residuals by year and cause. Standardized resid-
uals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)

1/2. . . . . . . . . . 226
A.17 Distribution of standardized residuals by age and cause. Standardized resid-

uals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2. . . . . . . . . . 227

A.18 Distribution of standardized residuals by region and cause. Standardized
residuals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)

1/2. . . . . . . . 228
A.19 Distribution of standardized residuals over time by age and region. Standard-

ized residuals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2. . . . . 229

A.20 Distribution of standardized residuals over time by age and cause. Standard-
ized residuals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)

1/2. . . . . 230
A.21 Distribution of standardized residuals over time by region and cause. Stan-

dardized residuals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2. . . 231

A.22 Scatter plots comparing predictions to held out observations from our final
model fit to all data except the final year held out. The top plot shows pos-
terior median predicted deaths, and the bottom plot shows posterior median
predicted log mortality rates, excluding observations with zero deaths because
they have an undefined log mortality rate. . . . . . . . . . . . . . . . . . . . 233

A.23 Plots of true correlations parameters vs. posterior medians with 80% credible
intervals. Scenarios (a) and (b) use data the same dimension as the MCHSS
data. Scenario (c) uses 100 regions rather than 6. Scenarios (a) and (c) have
a range of true correlation parameters from −0.7 and 0.7. Scenario (b) has
all correlation parameters set to 0 except for one set to −0.5 and two set to 0.5.237

viii



LIST OF TABLES

Table Number Page

3.1 Candidate models to estimate HAZ and WAZ from the 2014 KDHS . . . . . 54
3.2 Bivariate LogScore for each model for HAZ/WAZ. Bold indicates the best

performing model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
3.3 Posterior medians (Est) and credible intervals (CI) for fixed effects and hy-

perparameters from the bivariate shared BYM model estimating HAZ and
WAZ from the 2014 KDHS data. . . . . . . . . . . . . . . . . . . . . . . . . 71

3.4 Bivariate LogScore for each model for contraceptive use. Bold indicates the
best performing model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

3.5 Posterior medians (Est) and credible intervals (CI) for fixed effects and hyper-
parameters from the bivariate shared BYM model estimating contraceptive
use from the 2014 KDHS data. . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.1 Bivariate LogScore for each model fit to continuous HAZ and WAZ data from
the 2014 KDHS. Bold indicates the best performing model. . . . . . . . . . . 109

4.2 Posterior medians (Est) and credible intervals (CI) for fixed effects and hy-
perparameters from the BYM shared model estimating HAZ and WAZ from
the 2014 KDHS data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.3 Bivariate LogScore for each model fit to multinomial contraceptive use data
from the 2014 KDHS. Bold indicates the best performing model. . . . . . . . 121

4.4 Posterior medians (Est) and credible intervals (CI) for fixed effects and hyper-
parameters from the BYM shared model estimating contraceptive use from
the 2014 KDHS data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

A.1 Tabulated deaths, person years, and empirical log mortality in the MCHSS. 140
A.2 Comparison of deviance information criteria, Watanabe-Akaike information

criterion, and negative sum of log conditional predictive ordinates for our
final model, a similar model with no interactions between fixed effects, and
a similar model with first order autoregressive processes rather than second
order random walks for the temporal trends. . . . . . . . . . . . . . . . . . . 234

ix



B.1 Area-level simulation results for latent means in Scenario 1 . . . . . . . . . . 245
B.2 Area-level simulation results for latent means in Scenario 2 . . . . . . . . . . 246
B.3 Area-level simulation results for latent means in Scenario 3 . . . . . . . . . . 247
B.4 Area-level simulation results for latent means in Scenario 4 . . . . . . . . . . 248
B.5 Area-level simulation results for latent means in Scenario 5 . . . . . . . . . . 249
B.6 Area-level simulation results for latent means in Scenario 6 . . . . . . . . . . 250
B.7 Area-level simulation results for latent means in Scenario 7 . . . . . . . . . . 251
B.8 Area-level simulation results for latent means in Scenario 8 . . . . . . . . . . 252
B.9 Area-level simulation results for latent means in Scenario 9 . . . . . . . . . . 253

C.1 Unit-level simulation results for Scenario 1 . . . . . . . . . . . . . . . . . . . 255
C.2 Unit-level simulation results for Scenario 2 . . . . . . . . . . . . . . . . . . . 256
C.3 Unit-level simulation results for Scenario 3 . . . . . . . . . . . . . . . . . . . 257
C.4 Unit-level simulation results for Scenario 4 . . . . . . . . . . . . . . . . . . . 258
C.5 Unit-level simulation results for Scenario 5 . . . . . . . . . . . . . . . . . . . 259
C.6 Unit-level simulation results for Scenario 6 . . . . . . . . . . . . . . . . . . . 260
C.7 Unit-level simulation results for Scenario 7 . . . . . . . . . . . . . . . . . . . 261
C.8 Simulation results for Scenario 2 of the unit-level modeling simulation . . . . 262
C.9 Simulation results for Scenario 3 of the unit-level modeling simulation . . . . 263
C.10 Simulation results for Scenario 4 of the unit-level modeling simulation . . . . 264
C.11 Simulation results for Scenario 5 of the unit-level modeling simulation . . . . 265
C.12 Simulation results for Scenario 6 of the unit-level modeling simulation . . . . 266
C.13 Simulation results for Scenario 7 of the unit-level modeling simulation . . . . 267

x



ACKNOWLEDGMENTS

This has been quite a long journey for me to get this PhD, and I owe so much to those

who supported me along the way.

First off, I give the deepest thanks possible to my advisor, Jon Wakefield. Saying “this

wouldn’t have been possible without you” is a cliche, but it’s about as close to the truth as

it can get. Your mentorship, advice, and guidance was invaluable. I can’t wait to hit up

more live shows at Seattle’s finest music venues in the future.

I also want to thank the rest of my reading committee. Noah Simon, thank you for being

my co-chair in spirit, if not in name. You taught me how to do research and supported me

in countless ways. Tyler McCormick, thank you for your expertise while working on the

research in Chapter 2 and providing immense feedback throughout the entire PhD process.

To the remainder of my committee, you have also been such an immense help. Haidong

Wang, you’re the longest standing member of my committee. Thank you for always being

there for whatever advice I need, be it for my research, career, or life. Jim Hughes, thank

you for stepping in when I needed you and for providing great insights. Kenny Sherr, my

GSR, I appreciated the conversations we had and hope we can work together in a greater

capacity in the future.

I also had the pleasure of collaborating with a number of others on this dissertation

research. First, thank you to the Spatiotemporal Analysis with Bayes (STAB) research

group. You all are awesome. I can’t wait to see how all of your research projects shape up,

and I’m excited to continue working with you all. Second, thank you to the group at John

Hopkins: Li Liu, Jamie Perin, Pancho Villavicencio, and Yue Chu. The research in Chapter

2 was only possible with your hard work and vision.

xi



The greater UW Biostatistics faculty and staff provided me with so much support during

my time as a PhD student. I especially would like to thank Gitana Girafalo for your insight,

personal support, and unwavering care through my entire graduate experience. I also want

to thank the faculty for whom I was a Teaching Assistant. From you all, I became a much

better instructor, and I plan to channel all the lessons I learned from you when I teach any

courses in the future.

I also want to extend a massive thanks to my healthcare providers for keeping me in

the necessary shape to push through. I battled through a lot over the course of my PhD,

and my therapist, nurse practitioner, sports chiropractor, and physical therapists were all

instrumental in preserving my helath.

To my family and friends, too numerous to list here—I cannot adequately express how

much your love means to me. You all are rockstars.

Finally, I acknowledge the land I occupy today and in which this research took place is the

traditional home of the Duwamish, Tulalip, Muckleshoot, and Suquamish tribal nations. I

thank the original caretakers of this land who are still here. Consult https://native-land.

ca/ to learn more about the occupied lands of North America. The primary goal of the

following research is to improve estimation of the demographic and health landscape for

the most disadvantaged populations—often, these populations have been abused through

colonial impositions of power. Although the examples that will be presented do not regard

tribal nations, I believe the methodology can be used for this in future research projects.

Please consider this as you read any and all of this dissertation.

xii

https://native-land.ca/
https://native-land.ca/


DEDICATION

Dedicated to the world.

xiii



1

Chapter 1

INTRODUCTION

Reliable estimates of health and demographic indicators in low- and middle-income coun-

tries (LMICs) are paramount to describe the health and developmental landscape of the

places in most need, serving to expose inequalities that can be addressed by policy and

interventions. Unfortunately, many areas suffer from poor data—either not enough is col-

lected, or the data is not collected with the frequency, consistency, or coverage required to

produce reliable estimates of population characteristics of interest. While nearly all high-

income countries have near complete coverage of civil registration and vital statistics systems,

the coverage of these systems in LMICs is highly inadequate. Thus, the bulk of data comes

from sample registration systems (SRS) and household surveys. Many practitioners have

been pushing to increase the temporal frequency, amount, and quality of data collection to

address these shortcomings, both in terms of implementing new SRS and increasing frequen-

cies of large surveys. And with more data comes the need for statistical methodology to

analyze it and produce as much useful information as possible. One crucial route to leverage

these data is through jointly modeling multiple outcomes. Univariate modeling of a single

outcome at a time is the default for many scientific enterprises in this realm, so a shift to

modeling multivariate outcomes has the potential to improve estimates of key indicators by

borrowing strength across related outcomes. This dissertation will develop multivariate mod-

eling frameworks for a variety of critical demographic and health outcomes using both SRS

and survey data. This chapter will include a brief introduction to the motivating examples

and describe the organization of the rest of the dissertation.
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1.1 Motivating examples

1.1.1 Estimating age- and cause-specific child mortality rates from sample registration data

The Maternal and Child Health Surveillance System (MCHSS) is China’s SRS devoted to

maternal and child health. The MCHSS has a multistage, stratified, clustered sampling

design that is nationally and subnationally representative. All children under 5 years of

age living in the surveillance sites and all live births of mothers who are either permanent

residents of the sites or who have lived in the sites for at least 1 year are included. Deaths are

assigned a single underlying cause that is ascertained via verbal autopsy, death certificate,

or last clinical diagnosis depending on the area in which the individual lives and where/how

they die. This data source provides the most detailed information on child mortality in

China.

Chapter 2 develops a flexible Bayesian modeling framework to estimate age- and cause-

specific child mortality over time at finer age and cause resolution than previous methods.

Starting at first principles with a competing risks survival process, we specify a suitable

likelihood for the tabulated form of the available data. This allows for joint modeling of

cause-specific mortality rates via many different types of models, and we carry out simulation

studies showing the utility of models developed in this framework compared to those currently

in fashion. Furthermore, this chapter provides guidance on how to choose a model depending

on the available data and the goals of analysis, and uses the MCHSS data as a case study

to describe how this is done.

1.1.2 Area- and unit-level small area estimation models for multivariate outcomes using

complex survey data

Many LMICs do not have well-performing SRS and thus rely on data from household surveys.

The DHS Program, in collaboration with many LMICs, conducts nationally-representative

household surveys that provide data to estimate many demographic and health indicators.
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The wide range of variables available provide an attractive setting for multivariate modeling.

We have selected two motivating examples: jointly modeling height-for-age and weight-for-

age in children under age 5, and modeling three categories of contraceptive use in women

aged 15-49. We will be using these data from the 2014 DHS survey in Kenya.

An important feature of DHS surveys is their complex sampling design, which must be

taken into account when developing statistical models for these data. The analysis of complex

survey data has a rich history. Due to the limited size of many surveys along with the desire

to produce estimates that are as fine -grained as possible (in terms of space, time, age

group, etc), the literature on survey sampling is highly in-step with the literature on small

area estimation (SAE). SAE is an umbrella term for statistical methods used to produce

estimates for domains that have sparse or non-existent response data, and typically work

by borrowing strength using auxiliary information. Methodologically, SAE methods can be

divided into two camps: area-level, where covariate information and modeling parameters

are specified at the desired level of aggregation for final estimates, and unit-level, for which

data is modeled at the level of the individual or cluster. Chapter 3 will develop an area-level

multivariate modeling framework, while Chapter 4 will consider a unit-level approach. Both

chapters will review the relevant literature and currently used methodology, propose shared

component models that account for spatial dependence with a Bayesian approach, perform

simulation studies to demonstrate the performance of these models, and use them to produce

estimates at the county level.

1.2 Organization of Dissertation

The following three chapters present the methodological contributions of this dissertation,

which concern the development of novel multivariate modeling frameworks to estimate de-

mographic and health data from sample registration and complex survey data in LMICs.

Each of these chapters begins with an introduction, in which the relevant literature is briefly

reviewed. The data from the motivating examples is described, after which the main sta-

tistical methods are presented in detail along with a simulation study. The methodology is
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then used to develop models and produce estimates for the relevant motivating example(s).

Each chapter ends with a discussion. Chapter 5 concludes with a review of the research and

discusses the next steps for extending the methods proposed in the dissertation.



5

Chapter 2

A FLEXIBLE BAYESIAN FRAMEWORK TO ESTIMATE
AGE- AND CAUSE-SPECIFIC CHILD MORTALITY OVER

TIME FROM SAMPLE REGISTRATION DATA

The research in this chapter has been published in the Annals of Applied Statistics:

Schumacher A. E., McCormick T. H., Wakefield J., Chu Y., Perin J., Villavicencio F.,

Simon N., & Liu L. (2022). A flexible Bayesian framework to estimate age- and cause-specific

child mortality over time from sample registration data. The Annals of Applied Statistics.

2022 Mar; 16(1):124-43.

2.1 Introduction

The United Nations Inter-agency Group for Child Mortality Estimation (2020) estimated

that 5.2 million children worldwide died before five years of age in 2019. The international

community is increasing investment to develop and implement age-targeted, disease-specific

interventions and policy (Aponte et al., 2009; Glass, Guttmacher, & Black, 2012; Keenan

et al., 2018; O’Brien et al., 2009; Penny et al., 2016) that require knowing the patterns of

child deaths for multiple causes across age and time. The burden of child deaths is heaviest

in low and middle-income countries (LMICs) that lack high quality vital registration (VR)

systems to register all births and deaths, creating massive uncertainty. The global health

community has been pushing for drastic improvements in child health, most notably with the

Sustainable Development Goals (SDGs) from the United Nations (2015). SDG 3 contains

age- and cause-specific targets for reducing mortality. Assessing progress toward these goals

and identifying areas for improvement require accurate estimation of cause-specific child
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mortality.

High quality VR data is the gold-standard for cause-specific child mortality. In most

LMICs, however, VR systems are inadequate (AbouZahr, De Savigny, Mikkelsen, Setel,

Lozano, & Lopez, 2015; AbouZahr, De Savigny, Mikkelsen, Setel, Lozano, Nichols, et al.,

2015; Mikkelsen et al., 2015; Phillips et al., 2015). Instead, age- and cause-specific mor-

tality data come from sample registration systems (SRS) and national/subnational surveys.

Household verbal autopsy (VA) surveys comprise the bulk of national cause-specific mortal-

ity data (Soleman, Chandramohan, & Shibuya, 2006). However, these data lack continuous

monitoring provided by SRS. India and China have led the way in implementing nationally

representative SRS (S. Liu et al., 2016; Mahapatra, 2010; Yang et al., 2005), and calls for

more and higher quality data collection (Bchir et al., 2006; Boerma & Stansfield, 2007; Jha,

2012) have encouraged establishment of SRS in countries such as Indonesia (C. Rao et al.,

2010) and Mozambique (Nkengasong et al., 2020). Empirical estimates from SRS are noisy

(see Figure 2.1), so as SRS data become increasingly available, developing a relevant mod-

eling framework is crucial to produce cause-specific child mortality estimates that provide

timely and useful information. Three main methods are used to estimate cause-specific child

mortality that are applicable to SRS data. The first, described by L. Liu et al. (2016), models

cause-specific mortality fractions (CSMFs) with a multinomial logistic regression model and

then multiplies these by all-cause mortality rates estimated in a separate Bayesian frame-

work (Alkema & New, 2014; D. You et al., 2015) to produce cause-specific mortality rates

(CSMRs). The second, used in the Global Burden of Disease study and detailed in Vos et

al. (2020), models either rates or probabilities of death separately for each cause with an

ad hoc ensemble modeling technique and then combines these with all-cause mortality rates

estimated separately using a complex regression model described in H. Wang et al. (2020).

The third, described by He et al. (2017), calculates all-cause mortality rates from a single

SRS in China using a 3-year moving average, proportionately scales them so they sum to

the all-cause mortality rates estimated in D. You et al. (2015), and then multiplies these by

estimated CSMFs at the age-region level that have been smoothed over time using a weighted
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Figure 2.1: Empirical cause-specific mortality fractions over time by region and age group

that were observed in the Maternal and Child Health Surveillance System in China.

seven-year moving average.

The primary issue with these methods is their use of multistage approaches that estimate

all-cause and cause-specific mortality in separate, disconnected frameworks that do not “feed

back” information and uncertainty between stages. A similar issue arises in other fields,

for example pharmacokinetic/pharmacodynamic modeling (Bennett & Wakefield, 2001) and

air pollution modeling (Keller et al., 2015), which has been addressed by using the full

probability model. Joint versus non-joint modeling has been discussed in Plummer (2015).

However, the multistage approaches introduced in the previous paragraph leave the models

separate. Additionally, they reuse data in both stages, since data sources used for estimating

cause-specific mortality are also used in the all-cause mortality models, violating assumed

independence between data in the two stages and compromising uncertainty estimates.
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Moreover, these multistage procedures cannot account for some features of the data

that are important when modeling cause-specific mortality. For example, correlation be-

tween causes can arise when causes share a common underlying factor, such as measles and

pertussis—these are both influenced by vaccine access, which may not be included in the

model. Vos et al. (2020) and He et al. (2017) model each cause separately, so no correlation

parameters can be included. L. Liu et al. (2016) do not model correlations, though the

framework allows it. Beyond this, the multistage approach in He et al. (2017) facilitates

improperly scaling to the national level using sampling probabilities without accounting for

uncertainty.

Lastly, the approaches of L. Liu et al. (2016) and He et al. (2017) produce estimates for

broad 0–1 month and 1–59 month age groups that are not sufficient to capture variation in

cause of death by age. The cause distribution for the ages within these broad age groups

have much heterogeneity (Figure 2.1), but these approaches do not disaggregate further

because the all-cause mortality estimates come from large global models that only estimate

for broad ages, and a lack of smoothing across available variables prevents stable estimation

for subgroups with limited data.

To address these issues, this chapter brings together multiple strands of research to pro-

vide a modeling framework to estimate cause-specific child mortality rates from SRS data.

We combine ideas from competing risks, loglinear modeling, and temporal smoothing to con-

struct a framework for developing Bayesian models with an efficient implementation. Our

primary contribution is estimating all-cause and cause-specific child mortality in a unified

process, rather than an ad hoc multistage approach, that provides more accurate inference

and predictions. The flexibility of our framework allows different functional forms to be used

as needed depending on context to model mortality at fine granularity by age, cause, region,

time, or other strata. We demonstrate building a model using our framework and discuss

issues to consider in a motivating example.

The remainder of this chapter is structured as follows. Section 2.2 describes SRS data in

general and details the data from our motivating example, the Maternal and Child Health
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Surveillance System (MCHSS) in China. Section 2.3 develops our proposed framework and

makes recommendations for model development. Section 2.4 demonstrates improvements

over multistage modeling approaches via simulation studies. Section 2.5 describes the use of

our framework to develop and fit a model to the MCHSS data and compares our results to

those from He et al. (2017). Section 2.6 provides a discussion and future steps.

2.2 Data

Here, we briefly describe the data for our motivating example, the Maternal and Child Health

Surveillance System (MCHSS) in China which is China’s SRS devoted to maternal and child

health. For further information on the history and scope of these data, see He et al. (2017).

For a description of SRS data in general, see Appendix A.1.

The MCHSS has a multistage, stratified, clustered sampling design that is regarded to be

representative of the six region-residency strata, henceforth referred to as regions: east urban,

east rural, mid urban, mid rural, west urban, and west rural. All children under 5 years of

age living in the surveillance sites and all live births of mothers who are either permanent

residents of the sites or have lived in the sites for at least 1 year are included. Deaths were

assigned a single underlying cause that was ascertained via verbal autopsy, death certificate,

or last clinical diagnosis. Deaths were aggregated to the six regions, 20 years of surveillance

(1996–2015), six age groups (0–6 days, 7–27 days, 1–5 months, 6–11 months, 12–23 months,

and 24–59 months) and 16 cause groups, and then adjusted upwards using a 3 year moving

average of under-reporting rates estimated from an annual quality control study. Due to small

numbers of deaths, the 16 causes were aggregated into 8 mutually exclusive, collectively

exhaustive groups: prematurity, birth asphyxia/trauma, congenital anomalies, other non-

communicable, injuries, diarrhea, acute respiratory infections, and other communicable. For

prematurity and birth asphyxia/trauma, we deleted as outliers 20 deaths which were in age

groups older than 6 months due to implausibility and to prevent unstable estimation from

small death counts.
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Person-years at risk were not available at the granularity of these six age groups. There-

fore, tabulated exposure times were estimated by standard demographic methods described

in Appendix A.2. Although estimating exposure time is less exact than using recorded

person-years under surveillance, exposure times are estimated in many other mortality esti-

mation contexts using demographic methods or by making assumptions, e.g. using mid-year

population estimates from the United Nations Population Division (2019). Furthermore, cor-

rections for complex sampling and underreporting are commonly performed prior to analyses

of census, survey, VR, and SRS data along with many other demographic modeling contexts

(He et al., 2017; L. Liu et al., 2016; Vos et al., 2020; H. Wang et al., 2020; Wheldon, Raftery,

Clark, & Gerland, 2013). These and other data issues are discussed in Section 2.6. For fur-

ther details on the production of adjusted and aggregated birth and death counts from these

data, we refer to the detailed description in He et al. (2017). Figure 2.1 shows empirical

CSMFs over time by region and age. We provide death counts, estimated person-years, and

log mortality rates by region, age, cause, and time period in Appendix A.3.

2.3 Statistical framework

2.3.1 Likelihood

SRS data arise from a competing risks failure process, as described in Prentice et al. (1978).

We assume that each death occurs from a single cause, and the set of causes is mutually

exclusive and collectively exhaustive. We will begin by describing the individual-level like-

lihood and then consider modeling data tabulated by age, time period, and strata. A full

derivation is provided in Appendix A.4.

Let i ∈ {1, . . . , n} index individuals and c ∈ {1, . . . , C} index causes of death. Define

T as a continuous random variable representing survival time and J as a random variable

representing cause of death. We will parameterize survival time by age, i.e. time from

birth for each individual. Let z be the value of a covariate vector that we assume is fixed

for convenience, although this work extends to time-varying covariates in the natural way.
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We define the cause-specific hazard, which in our case is the mortality rate, as λc(t|z) =

lim∆t→0 P
(
t ≤ T < t+∆t, J = c|T ≥ t, z

)
/∆t.

Suppose we have data where ti is the time of observation, ci is the cause of death, δi = 1

if a death is observed and δi = 0 otherwise (censored), and zi is a vector of fixed covariates

for subject i. Let dic indicate that individual i dies from cause c. Note that dic′ = 0 for

all c′ ̸= ci, and for any censored observations, dic = 0 ∀ i, c. We rewrite the likelihood from

Prentice et al. (1978), up to proportionality and with independent censoring, as

L =
n∏

i=1

C∏
c=1

[
λc(ti; zi)

dic exp
(
−
∫ ti

0

λc(u; zi)du

)]
. (2.1)

Next, suppose we instead have data tabulated into age groups k = 1, . . . , K; here, observation

time is parameterized as the age of each individual rather than calendar time. Suppose the

data is also tabulated into additional strata h = 1, . . . , H . These strata may include time

period and region, for example. Notably, an individual may have observation time spent

across multiple strata, e.g. observed across different time periods. Using arguments from

Holford (1976), Holford (1980), and Laird & Olivier (1981), we define K age intervals with

breakpoints 0 = τ0 < τ1 < · · · < τK . Define dihkc = 1 if individual i dies of cause c in

age group k and strata h, and define tihk as the total observation time that individual i is

observed in age group k and strata h. Note that dic =
∑K

k=1

∑H
h=1 dihkc because a person dies

while in only one age group and strata, and additionally an individual’s total observation

time can be expressed as ti =
∑K

k=1

∑H
h=1 tihk. Define the observed data as yhkc =

∑n
i=1 dihkc,

the number of deaths in age group k and strata h from cause c, and thk =
∑n

i=1 tihk, the

total person-time observed in age group k and strata h.

We will assume that cause-specific hazards are constant within each age-strata tabulation

group, and for simplicity, we will assume no covariates. Thus, λc(ti; zi) = λhkc for individual

i in strata h with ti ∈ [τk−1, τk). However, λc(t; z) can depend on covariates and the following

derivation extends naturally. The tabulated likelihood is

L =
H∏

h=1

K∏
k=1

C∏
c=1

[λyhkc
hkc exp (−λhkcthk)] . (2.2)
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This is identical to the kernel of the likelihood that would arise if yhkc|λhkc, thk ∼

Poisson(λhkcthk). Therefore, we can make likelihood-based inference using separate Poisson

distributions for each cause and age group.

The product of Poisson likelihoods in Equation ((2.2)) is equivalent to a model in which

the all-cause death counts and person-years have a Poisson distribution and the cause-specific

counts conditional on the total death counts have a multinomial distribution. This equiv-

alency of likelihoods is detailed in Lee, Green, & Ryan (2017) and is commonly exploited

in modeling multinomial count data. More details are provided in Section 4.5.1 of Chapter

4. This gives rise to a specific multistage modeling specification: First estimate all-cause

mortality rates using a Poisson distribution, and then estimate CSMFs conditional on the

all-cause death counts using a multinomial distribution. We show the consistency of this

two-stage model via simulation in Appendix A.5. However, none of the multistage modeling

approaches detailed in Section 2.1 specify this consistent two-stage likelihood.

Statistical modeling based on our framework provides the flexibility to choose a model

that is driven by the study-specific context. It is natural to work with loglinear hazard

models due to the constraint that mortality rates must be positive. Then, given a vector of

parameters η, we can construct a model as log(λhkc) = fhkc(η).

2.3.2 Model development

Using our proposed modeling framework, one can specify functional forms for fhkc(η) that

contain fixed and random effects (Breslow & Clayton, 1993), use copula functions (Smith &

Khaled, 2012), or many other methods. This flexibility is critical to account for the main

drivers of mortality, but it also begets the need for careful model construction. We will

discuss choosing a functional form for fhkc(η) by considering cause of death, time period,

age, geography, and the interactions between these variables. We will also discuss accounting

for overdispersion as well as model validation and comparison.
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Cause of death

The relative distribution of causes of death can vary immensely depending on the context

of data collection (Clark, Setel, & Li, 2019). In order for the competing risks framework

to hold, we must have an exhaustive list of mutually exclusive cause groups. For modeling,

we need a sufficiently large number of deaths in each group to provide stable estimation. In

most situations, we expect that only a small number of cause groups would be plausible to

model, and these groups will have distinct differences in mortality. Thus, we recommend

using a fixed intercept for each group.

Another consideration is that causes may be correlated due to covariates that were not

collected but influence multiple causes of death, such as environmental factors. Modeling

correlations may improve estimates, especially for time periods/regions/ages with little or

no data. Unfortunately, estimating correlation parameters is difficult and requires large

amounts of data (we discuss this further in Section 2.6). If data permits stable estimation of

correlation parameters, we recommend a hierarchical modeling approach using multivariate

normal cause-specific intercepts, i.e. for C causes, fhkc(η) would include a vector of fixed

effects β ∼ NormalC(0,Σ), where the off-diagonal entries of the covariance matrix Σ pa-

rameterize the correlations between causes, which can be estimated from the data. A simple

example of this model for two cause groups is presented in a simulation in Section 2.4.2.

Time period

Prompt and accurate time trend estimates support policy enactment, intervention targeting,

and resource allocation in an agile fashion (Friberg et al., 2010). In addition, they allow

evaluation of performance toward child survival targets, such as the SDGs, and also serve

as important quality indicators for global health statistics and their estimation (N. Walker,

Bryce, & Black, 2007). For data with a smaller time span than the MCHSS, modeling can be

done via linear trends. As the number of available time points grows, we recommend more

flexible methods such as those commonly used in other child mortality models. Second-order
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random walks are popular (Z. R. Li et al., 2019), in which case fhkc(η) would include a vector

of random effects (γ1, . . . , γT ) for T time points that parameterizes the second differences in

time as arising from a normal distribution, i.e. γt − 2γt+1 + γt+2 ∼ Normal(0, σ2
γ), with σ2

γ

parameterizing how quickly the time trend can vary from year to year (Rue & Held, 2005).

Other options include cubic spline or B-spline models (Alkema & New, 2014); notably, a

certain class of cubic splines are equivalent to second-order random walks (Speckman & Sun,

2003). Another option is random effects with an autoregressive distribution (Chi & Reinsel,

1989).

Age

Mortality trends vary drastically by age; for example, the neonatal period has much higher

mortality than the rest of the under-five age range. Age is commonly tabulated into groups,

either for data reporting standards, for convenience of modeling, or because of interval cen-

soring. In the past, data for under-5 mortality has been disaggregated into the first year and

the combined remaining four years; thankfully, recent data collection and estimation has

favored further disaggregation into early- and late-neonatal, along with further breakdown

of the 1–4 year period (L. Liu et al., 2016; Vos et al., 2020). Finer age groups allow for more

useful estimates to direct health interventions. Treating age as a categorical variable allows

flexible, non-monotonic relationships, a modeling choice that is facilitated by the commonly-

available tabulated form of SRS data. We recommend using fixed intercepts to capture the

main effects of age due to large differences in mortality among commonly available tabulated

groups.

Geography

In the SDG era, health policy and program decision making are becoming decentralized

with many decisions now happening at the district level. Subnational mortality estimates

help adapt the development of health statistics to meet changing needs that vary by region
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(Boerma, 2013). Often the geographic information consists of the administrative area in

which the child resides. When there are few areas, spatial modeling is difficult because of

the paucity of information. In this situation, fixed effects for areas can be used.

If more detailed location information is available, many methods can be used with our

framework. Data availability and the scale for reporting estimates should drive this modeling

choice. For areal data, popular choices include the reparameterized Besag, York and Mollié

(BYM) model (Riebler, Sørbye, Simpson, & Rue, 2016) and DAGAR models (A. Datta,

Banerjee, Hodges, Gao, et al., 2019), amongst many others (Heaton et al., 2019). For point-

referenced data, such as individual- or cluster-level data, one can use the Gaussian Markov

random field representation of the stochastic partial differential equations approach with

a Matérn family for point-referenced data (Lindgren, Rue, & Lindstrom, 2011) or nearest

neighbor Gaussian process models (A. Datta, Banerjee, Finley, Hamm, & Schaap, 2016).

Interactions

Interactions between cause of death, time period, age, and geography must be considered

as we expect differential effects for different combinations of these variables. The amount

of data available restricts the number of interactions that can be modeled, which means the

context of the data analysis is crucial when choosing a model.

Due to the importance of time trends for global health policy and interventions, modeling

different time trends for each age, region, and cause is paramount. For example, mortality

rates from injuries are likely to change differently for infants compared to older children,

and these may further be different in rural locations compared to urban locations. Modeling

these interactions involves allowing for time trends to vary by age-region-cause strata. How

to achieve this goal depends on the choice of how main effects are modeled. For example, if

temporal trends are modeled via a random walk, one can use different random walk param-

eters for different combinations of age, region, and cause of death. More complex space-time

models can also be used, such as those described in Wakefield et al. (2019).
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Non-temporal interactions to consider include the different distributions of causes of death

among age groups and regions, as well as different age effects among regions (Abdullah

et al., 2007; Snow et al., 1997; C. L. F. Walker et al., 2013; WHO Collaborative Study

Team on the Role of Breastfeeding on the Prevention of Infant Mortality, 2001). Accurate

modeling of these allows interventions to be targeted to populations in most need. Again,

the decision on how to model these interactions depends on how the main effects were chosen

to be modeled. For example, if cause of death, age, and geography were all modeled with

fixed effects, then one can simply include two-way (and possibly three-way) interactions of

these variables. Models with more complicated main effects will necessitate more complex

interaction models.

While child mortality is likely to vary by all possible interactions among cause of death,

time, age, and geography, one cannot typically include all of these interactions in a model

due to the limited amount of available data. Therefore, it is crucial to carefully choose

which interactions are most important to model. We believe the end scientific goal should

drive the interactions on which to focus. Once the main goals are decided upon, initial data

exploration and simulations can be used to determine the extent to which the amount of data

allows for different interaction models. We present examples of these exercises in Section 2.5

with additional details in Appendices A.9, A.10, and A.16.

Overdispersion

Overdispersion is common in child mortality data due to within-strata variability, such as

from unobserved covariates, measurement error, non-systematic errors from the data pre-

processing steps, and cause misattribution. To account for this, we recommend includ-

ing observation-specific random effects in fhkc(η), i.e. ϵhkc
iid∼ Normal(0, σ2

ϵ ). This popular

method allows for additional variability, although it does not facilitate differentiating be-

tween different sources of overdispersion.
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Model validation and comparison

Due to the flexibility of our framework and the many decisions that must be made when

choosing how to model cause, time, age, geography, and their interactions, models must

be checked for adequacy. We recommend plotting standardized residuals grouped by all

combinations of each of the strata used in modeling (including two-way, three-way, and

higher combinations if necessary) and examining these plots for any distinguishable patterns.

Furthermore, one can perform hold out experiments to evaluate predictive performance for

important aspects of the model. For example, one can hold out the final year of observations,

fit the model, and compare predictions to the held out data in order to evaluate predictive

validity of short term time trends. Finally, we recommend comparing the performance of

a suite of candidate models via traditional model comparison metrics such as the deviance

information criteria (DIC), Watanabe-Akaike information criterion (WAIC), and conditional

predictive ordinates (CPO). For a detailed discussion of model comparison, see Gelman,

Hwang, & Vehtari (2014) and Held, Schrödle, & Rue (2010).

2.4 Simulations

This section compares models fit using our framework, which we call unified models, to

models fit with multistage frameworks that combine separate cause-specific models. We fit

models in this section with the INLA package for fast estimation using integrated nested

Laplace approximation (Rue, Martino, & Chopin, 2009) in the R statistical computing en-

vironment (R Core Team, 2013). Models use the default prior distributions in INLA. Full

descriptions of each simulation are provided in Appendix A.6. Replication code is available

at http://www.github.com/aeschuma/SRS-child-mortality.

2.4.1 Scenario 1: Extra-Poisson variability

Let h ∈ {1, . . . , H = 720} index strata with 6 age groups, 6 regions, and 20 years, and let

c ∈ {1, . . . , C} index cause. Define Nh as the total exposure time and yhc as the death counts

http://www.github.com/aeschuma/SRS-child-mortality
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from cause c in strata h. Define λhc as the CSMRs, yh+ =
∑

c yhc as the all-cause death

counts and λh+ =
∑

c λhc as the all-cause mortality rates. For C = 8 causes, we specify

yhc|λhc ∼ Poisson (Nhλhc)

log(λhc) = α +
C∑

c′=2

βc′1[c′=c] + ϵhc

ϵhc|σ2
ϵ

iid∼ N(0, σ2
ϵ ).

This exemplifies a scenario with different mortality for each cause along with extra-Poisson

variability. We set α = −5 and βc = 0.5 for all c, which yields death counts in the same range

as the MCHSS data with a similar overall mean mortality rate of 0.01. We set σ2
ϵ = 0.2,

which is approximately equal to the level estimated from our model fit to the MCHSS data

described in Section 2.5.

For the multistage model, we estimate all-cause mortality rates using a Poisson GLMM

with an overall intercept and IID Normal random effects on strata such that

yh+|Nh, λh+ ∼ Poisson(Nhλh+)

log(λh+) = α + γh

γh|σ2
γ

iid∼ Normal(0, σ2
γ).

To estimate the CSMFs, we use separate Poisson generalized linear mixed models for each

cause. These models each have an overall intercept and IID Normal random effects on strata.

For each cause c, we have

yhc|Nh, λhc ∼ Poisson(Nhλhc)

log(λhc) = αc + ξhc

ξhc
iid∼ Normal(0, σ2

ξc).

Taking samples s = 1, . . . , 1000 from the posteriors, for each sample we calculate CSMFs

as p̂
(s)
hc = λ̂

(s)
hc /
∑

c λ̂
(s)
hc , all-cause mortality rates as λ̂

(s)
h+, and combine these to calculate log

CSMRs as log
(
λ̂
(s)
hc

)
= log

(
λ̂
(s)
h+p̂

(s)
hc

)
.
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To compare with the multistage model, we fit a unified model correctly specifying the data

generating mechanism and draw 1000 posterior samples for each log CSMR. For both the mul-

tistage and unified models, we perform 100 simulations each for Nh ∈ {1000, 10000, 100000}.

These are in the range of the 5th, 50th, and 95th percentiles of exposure time in the MCHSS

data, which are 292, 8749, and 110974, respectively. We compare the relative bias, coverage

and width of posterior 95% intervals for log mortality rates as functions of exposure time

in Figure 2.2. Neither approach is biased but the unified model has better coverage due to

appropriately wider uncertainty intervals. The problem is likelihood misspecification, be-

cause the multistage model parameterizes the log of the sums of mortality rates as normally

distributed, whereas in the generated data, the sum of the log mortality rates are normally

distributed, which the unified model specifies correctly. This substantial undercoverage in

the multistage model is derived analytically in Appendix A.7. While we are imposing a

normal distribution on the log cause-specific mortality rates in this example, which may not

reflect the real world, we believe this parametric form is a reasonable assumption since it

corresponds to the canonical assumptions of exponential failure times in competing risks

survival analysis.

2.4.2 Scenario 2: Correlated causes

To show the benefits of our flexible framework for a contextually relevant situation in which

a multistage approach fails, we simulate data for two causes with correlated CSMRs, repre-

senting causes with similar underlying drivers not captured in the data.

We use the same data generating mechanism as Scenario 1 with two changes. First,

we include region and age as covariates with omitted reference groups and all associated

coefficients equal to 0.5, in order to more closely resemble a situation where mortality depends

on region and age. These again yield death counts and an overall mean mortality rate similar

to the MCHSS data. Second, we specify ϵh = (ϵh1, ϵh2)
iid∼ Normal2(0,Σ) for the two causes.

We set the diagonal terms of Σ to be equal to σ2, which controls overdispersion. The off-
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diagonal term is σ2ρ, where ρ controls the correlation between causes. We set the exposure

time to the median in the MCHSS.

We fit the same multistage model as the previous simulation, except both stages also

include fixed effects for region and age, and compare it to a correctly specified unified model.

We perform 100 simulations for each of nine scenarios: σ2 ∈ {0.01, 0.1, 1} crossed with

ρ ∈ {−0.5, 0, 0.5}. The values of σ2 span a range that are much smaller, similar to, and much

larger than that estimated from the MCHSS data, and the values of ρ span a range that

are consistent with residual correlations estimated from the MCHSS data in an exploratory

analysis in Appendix A.8.

Relative bias, coverage and width of 95% intervals for estimated log mortality rates

as functions of σ2 for each value of ρ are shown in Figure 2.2. The bias in both models

is negligible, although it increases slightly with higher overdispersion due to small-sample

bias. We also see little direct impact of ρ. The coverage of the multistage model ranges

between 80% and 90%, while the unified model has coverage near the nominal level with

appropriately wider uncertainty intervals, although it displays overcoverage with small levels

of overdispersion. This is not surprising because the elements of Σ are all nearly 0 in this case,

so our model is estimating parameters for which there is very little information. This leads

to overcoverage from additional uncertainty. The multistage model’s undercoverage is again

due to likelihood misspecification. In summary, the flexibility of our framework facilitates

modeling aspects of the data, such as overdispersion and correlation, that a multistage model

cannot, which leads to more accurate inference.

2.5 Estimating mortality from SRS data

This section uses our framework to develop a model to estimate child mortality from the

MCHSS.
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2.5.1 Model description

We index region by r ∈ {1, . . . , R = 6}, age group by a ∈ {1, . . . , A = 6}, year by t ∈

{1, . . . , T = 20}, and cause by c ∈ {1, . . . , C = 8}. Let Nr,a,t be person-years and yr,a,t,c be

death counts due to cause c in region r, age group a, and year t. To estimate cause-specific

mortality rates by region and age over time, we specify the model as

yr,a,t,c|Nr,a,t, λr,a,t,c ∼ Poisson(Nr,a,tλr,a,t,c)

log (λr,a,t,c) = α + βR
r + βA

a + βC
c + (2.3)

βAC
a,c + βRC

r,c + βAR
a,r +

γr,a⋆[a],c⋆[c](t) + ϵr,a,t,c

In order to properly use a Poisson likelihood, we rounded deaths up to the nearest integer

because the death counts in the MCHSS were fractional due to the underreporting adjustment

described in Section 2.2.

In Equation ((2.3)), α is the overall intercept, and βR
r , βA

a , and βC
c are fixed effects

for region, age, and cause, respectively. These are specified with omitted reference groups,

i.e. βR
1 = βA

1 = βC
1 = 0. We chose to use fixed effects due to the small numbers of regions,

age groups, and causes along with the strong differences in mortality among the different

strata. Notably, due to regions being defined not simply by geography but by urban/rural

status as well, we did not include any spatially dependent effects because there were only

three geographic regions.

Notably, we did not model correlations between causes. We performed a simulation study,

presented in Appendix A.16 and further discussed in Section 2.6, in which we simulated two

data sets with correlated CSMRs—one that was the same size as the MCHSS and one with

100 regions rather than six. The correlation parameters were well-estimated for the data with

100 regions but not for the MCHSS-sized data. Consequently, we did not model correlations

in our final model.

To capture first-order interactions among cause, age, and region, we include βAC
a,c , βRC

r,c ,
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and βAR
a,r as fixed effects with omitted reference groups. To determine how to model these

non-temporal interactions, initial data exploration using non-Bayesian GLMs showed that a

generalized linear model with all three of these interactions had a substantially lower AIC

than any model with only one of them included, and had only slightly higher AIC than a

model that additionally included a three-way interaction. Because the model with a three-

way interaction had approximately twice as many parameters, we chose to only include

two-way interactions for parsimony.

We place proper but flat priors on all the above fixed effects except α for which we

use an improper flat prior due to our choice to model temporal trends with a second-order

random walk (discussed later). Prior choice is important in more data sparse situations, but

here estimating with stronger priors makes little difference, as we establish with sensitivity

analyses described in Section 2.6.

The parameter γr,a⋆[a],c⋆[c](t) is a random effect on time with a second-order random walk

distribution, which we denote as γr,a⋆,c⋆(t) ∼ RW2(σ2
γ). We include different random walks

for various age-region-cause combinations and we share random walks among certain ages

and causes, hence indexing by a⋆ and c⋆. We define a⋆[a] = 1 for observations in the 0–6

day age group (a = 1) and a⋆[a] = 2 otherwise (a = 2, . . . , 6). We define c⋆[c] = 1 for

diarrhea and other communicable diseases (c = 1, 2), c⋆[c] = 2 for congenital anomalies and

other non-communicable diseases (c = 3, 4), and c⋆[c] = 3, . . . , 6 for the remaining causes

(c = 5, . . . , 8, respectively). This results in 6 (region) × 2 (age) × 6 (cause) = 72 random

walks. By using different random walks to allow age-region-cause strata to have distinct

trends, we accomplish a similar goal as the model in He et al. (2017) without using ad-hoc

weighted rolling averages. All random walks share a variance parameter, σ2
γ for parsimony

and to reduce the number of estimated parameters to aid computation. For identifiability,

we use sum-to-zero constraints on each random walk along with an improper prior on the

intercept α, which is required for correct specification of a second-order random walk (Rue

& Held, 2005). We use a penalized complexity prior (Simpson et al., 2017) on the variance

parameters such that there is a 1% probability that σγ > 1.
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We use a second-order random walk to encourage the estimated mortality rates to vary

smoothly in time. A second-order random walk model penalizes deviations from linearity

and is more smooth than a first-order random walk, which models the first differences in time

as being normally distributed and allows for sharp year-to-year variation. The additional

smoothness of the second-order random walk is in line with what we expect in the MCHSS

data.

We share random walks among certain ages and causes to aid computation. The cate-

gories for sharing random walks were chosen via a data-driven exercise that accounted for

the scientific context. We fit a suite of Poisson generalized linear models that contained

interactions between time and all one-way, two-way, and three-way combinations of region,

age, and cause, and then analyzed the residual plots for common patterns that were con-

sistent with the context of child mortality in China. The 0–6 day age group had consistent

patterns in the residuals that were different than the other ages, which is reasonable due

to the biological uniqueness of this age group such as higher mortality and its dependence

on birth-related interventions of health facilities. The causes that share random walks also

had similar residual patterns which are reasonable because diarrhea and other communicable

diseases are communicable, while congenital anomalies and other non-communicable diseases

are non-communicable. This is fully detailed in Appendix A.9.

We tested the feasibility of the shared variance parameter by separately fitting random

walk models for the data in each of the 72 age-region-cause combinations and comparing

the estimated standard deviation parameters, which are presented in Appendix A.10. The

estimates ranged from 0.005 to 0.1, with the majority below 0.025. Sharing the variance

parameter will shrink the rates of change in some of the time trends toward the average, but

not drastically.

We specify ϵr,a,t,c
iid∼ Normal(0, σ2

ϵ ) with a penalized complexity prior on σ2
ϵ such that

there is a 1% probability that σϵ > 5. We include this term to account for overdispersion as

discussed in Section 2.3.2. We treat ϵr,a,t,c as an error term rather than true signal and do

not include it in the posterior distribution of our final estimates. While this parameter likely
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captures some true signal, we believe the relative strength of the signal is low because the

data is a sample with quality issues, which we discuss in Section 2.6. With more covariates

and higher data quality, the magnitude of the noise component would decrease. Furthermore,

by omitting ϵr,a,t,c, our final estimates reflect the underlying smooth time trends. We may

wish to include this parameter in contexts with more data, higher data quality, or where the

goal is to estimate true numbers of deaths in a population rather than underlying mortality

rates.

To demonstrate model adequacy, we plotted (yr,a,t,c − Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2, the

standardized residuals, by all two- and three-way combinations of age, region, cause, and

time. These plots were examined for patterns that may suggest inadequate model fit to

the data. As an example of evaluating predictive performance, we held out the final year

of data, fit the model, predicted the log mortality rates, and then plotted these against

the held out data. This particular hold-out experiment was performed because short-term

predictions are relevant for policy decisions. Finally for model comparison, we fit a model

with no interactions between fixed effects to assess the necessity of these interactions, and

a model using first order autoregressive (AR1) processes rather than second-order random

walks to assess how we modeled temporal trends. We compared these to our final model via

DIC, WAIC, and negative sum of the log CPO.

We fit the model with the INLA package in R. Code for data processing, model fitting, and

plotting results is available at http://www.github.com/aeschuma/SRS-child-mortality.

2.5.2 Results

Figure 2.3 shows estimated posterior medians and posterior 80% intervals for the log mortal-

ity rates over time in each age group for selected regions and causes. In order to show how

the fixed effects component of the model contributes to these estimates, we include posterior

medians and 80% intervals for the sum of the fixed effects only; to see the contribution of

http://www.github.com/aeschuma/SRS-child-mortality
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the random effect error terms, ϵr,a,t,c, we also show the posterior medians and 80% intervals

for the estimated log mortality rates with these added. As discussed in Section 2.5.1, there

is ambiguity in the source of these error terms, but their inclusion allows for a greater sense

of the sampling variation in the data to be realized.

We first present estimates for prematurity in the west rural region, which represents

the highest number of deaths in the data. Our model fits well, although the estimates are

consistently higher than the observed data in the 7–27 day age group in later years, which

is due to borrowing strength across other strata. This may indicate data errors, such as

underreporting missed by the adjustment, or it may be due to shrinkage induced by the

random walks. In comparison to preliminary models with random walks for each age-region

combination only, the time trends for west rural prematurity were carried over to all causes

and did not fit the data well. This is testament to the importance of including random walks

by age-region-cause strata. Looking at a different cause and region, other non-communicable

diseases in the east urban region, we see largely flatter time trends with wider uncertainty

reflecting the smaller amount of data. In the random walk fitting exercise described in

Section 2.5.1, this strata had a much lower estimated random walk variance parameter than

the previous two strata presented, but all have acceptable fits here. Plots of all estimates

from our final model are available in Appendix A.11. Additionally in Appendix A.12, we

present estimated CSMFs over time for each age group and region to show differences in the

disribution of causes by age and region over time. For example, the percentage of deaths

due to congenital anomalies in the 1-5 and 6-11 month age groups is fairly constant in the

east urban region but increasing in the mid rural region.

To show model adequacy, we present plots of standardized residuals stratified by all two-

and three-way combinations of age, region, cause, and time in Appendix A.13, and plots of

predicted vs. observed from a model with the final year held out in Appendix A.14. These

show no gross misspecification and predictions with no systematic biases. Furthermore,

in Appendix A.15 we present comparisons of the DIC, WAIC, and negative sum of the log

CPO among our final model, a model with no interactions between fixed effects, and a model
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using AR1 processes rather than second-order random walks. Not surprisingly, leaving out

interactions caused a substantially poorer fit; the AR1 model was close but still inferior.

Since the method of He et al. (2017) also estimates cause-specific child mortality from the

MCHSS data, we compare their results to our estimated CSMFs in the east rural region as

an example in Figure 2.4. One primary benefit of our estimates is the more detailed age

granularity. The approach in He et al. (2017) produced estimates for the 0–1 month and 1–59

month age groups. Any further disaggregation would presumably lead to unstable estimation

as their model performs temporal smoothing from moving averages for each region-age-cause

separately. In comparison, our method borrows strength in two key ways in order to facilitate

modeling more granular age groups. First, we include fixed effects for interactions among

age groups, causes of death, and regions. Second, we share random walks in time among

different strata. Our estimates show substantial heterogeneity across the age groups that is

masked by the large age bins in He et al. (2017). Figure 2.4 also shows smoother temporal

trends in our estimates, demonstrating less year-to-year variability which is what we expect

for the population-level parameters in China that we are estimating from our sample.

This comparison illustrates important conclusions that are missed by He et al. (2017). In

the 0–1 month age group, He et al. (2017) estimate a large decline in the cause fraction for

acute respiratory infections, resulting in a near-negligible percentage in 2015. However, our

model shows that this cause is still meaningful in the 7–27 day age group. For intervention

funding allocated in this region, our results indicate continued investment in acute respiratory

infection prevention among children aged 7-27 whereas the results from He et al. (2017) do

not. Another key takeaway is the comparatively larger portion of deaths due to injuries in

the 24–59 month age group, along with smaller portions due to acute respiratory infections

and congenital anomalies. This pattern could influence policies and resources to be enacted

in a more targeted manner.



27

2.6 Discussion

We have introduced a unified, flexible framework for estimating age- and cause-specific child

mortality over time using tabulated death counts and exposure time from SRS data. This

framework is based on an individual-level competing risks likelihood along with Bayesian

smoothing priors. We have shown that it performs better than multistage modeling on

simulated data with overdispersion and correlation, and we used the framework to develop

a model for the MCHSS data from China.

Our framework improves upon current methodologies by simultaneously estimating all-

cause and cause-specific mortality in a unified framework rather than using improper mul-

tistage models. We compared our model for the MCHSS data in China to the model in

He et al. (2017). Our model improved estimation in four key ways: (1) He et al. (2017)

improperly scales to national estimates as part of their multistage model, which is effec-

tively unnecessary in our model because all-cause and cause-specific estimates are estimated

simultaneously and consistently, which properly quantifies uncertainty; (2) we directly de-

rive a likelihood for tabulated death and exposure time data commonly reported from SRS

which allows us to fully specify a flexible estimation model in a statistically well-grounded

fashion; (3) we model temporal trends with second-order random walks rather than using

ad hoc moving averages; and (4) we employ proper smoothing and variance estimation that

allows stable estimates at finer subgroup granularity. Our estimates are smoother and tease

out important heterogeneity in finer age groups that is missed in the results from He et al.

(2017).

While we developed our framework to estimate child mortality from SRS data, it is

applicable to other scenarios. We can use cause-specific child mortality data tabulated from

household surveys (as long as sampling probabilities are correctly accounted for), although

modeling the individual data in this case may be preferred as discussed below. Additionally,

high quality VR can be modeled with our framework, for which we recommend less smoothing

due to near complete population coverage. Furthermore, by incorporating multiple types of
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data from multiple countries, our framework can be adapted for large scale estimation akin

to L. Liu et al. (2016) and Vos et al. (2020). This extension would be computationally

expensive, however, necessitating developments to be explored in future research. Beyond

child mortality, we can use our framework to develop models for estimating any rates with

competing risks from data sources that provide tabulated counts and time-at-risk, or from

which these values can be calculated. Some examples are cause-specific mortality for ages

beyond 5 years, incidence of non-fatal diseases, and rates of traffic accidents by severity.

The high degree of flexibility in our framework allows complex trends to be estimated,

but data availability should drive model choice. Simulation experiments with data generated

similar to the true data can reveal what forms are estimable. As one example, we attempted

an alternate specification for the MCHSS data that accounted for correlations between causes.

We simulated data with the same size as the MCHSS that had correlated CSMRs and fit

a correctly specified model. Recovery of the correlation parameters was poor and posterior

distributions were wide. We then simulated data with 100 regions rather than six and

fit a similar model. The correlation parameters were recovered well with narrow posterior

distributions. Thus, we chose not to model correlation. A full description of this simulation

exercise and its results are provided in Appendix A.16.

Additionally, choosing prior distributions requires careful thought. We used diffuse priors

for the fixed effects and penalized complexity priors for the variance parameters of the random

walks and IID Normal random effects. The latter parameters are more sensitive to prior

choice. We recommend penalized complexity priors due to the reasons outlined in Simpson

et al. (2017), in particular allowing for specifying context-relevant prior distributions. As

sensitivity analyses for our model fit to MCHSS data, we fit one model with Gamma(5,

0.00005) priors on the precisions and one model with stronger Normal(0, 5) priors on the fixed

effects. No appreciable differences were found; the largest absolute difference in posterior

median log mortality rates was 0.05.

We propose that the data context suggests the most important aspects of child mortality

to model for the setting at hand. From this viewpoint, one could fit multiple candidate
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models and perform model assessment to choose the most suitable model for the scientific

goal. The independent random effects are useful for this endeavor, for example plotting them

against time to detect patterns. Cross validation is also useful and could include multiple

levels depending on the context (e.g., leaving one observation out, leaving one region out,

leaving one time period out). Different levels of cross validation explore aspects of the data

for which different models may perform better (Roberts et al., 2017).

Finally, the MCHSS data provide an example of common problems to be addressed in

SRS data. Underreporting adjustment and exposure time estimation are common data

preprocessing steps. Beyond this, errors in cause attribution introduce substantial variability

(Desai et al., 2014; Murray et al., 2014). These issues naturally lead to using random

effects in order to induce overdispersion which may accommodate this extra variability,

though they cannot of course remove bias. If available, the unadjusted, unaggregated data

would be used and the aggregation and completeness adjustments would be included as

components of the Bayesian model. Using individual-level data allows proper calculation

of person-time, necessitating proper handling of the censoring for individual-level survival

data. Individual-level data also require explicit incorporation of sampling probabilities either

with design-based or model-based estimation (Pfeffermann, 2013). With individual-level VA

data, probabilistic cause assignment could also be included, for example using the method

in McCormick et al. (2016). Extending our model in this manner would be necessary when

using smaller scale surveillance data on individuals, e.g. data from COMSA Mozambique

(Nkengasong et al., 2020), HDSS sites in the INDEPTH network (Sankoh & Byass, 2012),

or HDSS sites in the ALPHA network (Maher et al., 2010). Future work could also expand

this framework to include survey data, notably VA data, in a single model.
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Figure 2.2: Relative bias, coverage and width of 95% intervals for log mortality rates esti-

mates from multistage and unified models. For (a), data were generated with IID Normal

random effects for each observation and three possible exposure values. For (b), data were

generated with bivariate IID Normal random effects for each region-age-year strata, defining

the diagonal elements of the covariance matrix as σ2 and the off diagonal elements as ρσ2.

Estimates are averaged over all observations and simulations per scenario.
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Figure 2.3: Selected results from the MCHSS data showing empirical data, estimated pos-

terior medians, and posterior 80% intervals for log mortality rates. Combinations with no

deaths are represented by an open square.
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Figure 2.4: Comparisons of estimated CSMFs between our model and the model in He et al.

(2017) in the east rural region. Panels A1 and B1 show cause fractions from He et al. (2017)

for the 0–1 month and 1–59 month age groups, respectively, while panels A2 and B2 show

the estimates from our model for the finer age groups as labeled that are within the broad

age groups in A1 and B1.
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Chapter 3

AREA-LEVEL MODELS FOR SMALL AREA ESTIMATION
OF MULTIVARIATE OUTCOMES FROM COMPLEX SURVEY

DATA

3.1 Introduction

Small area estimation (SAE) is an umbrella term for statistical methods that are used to pro-

duce estimates of various quantities, such as means and totals, for domains that have sparse

or non-existent response data. These domains are typically geographic areas, but may be

any subsets of a population defined by variables such as demographic groups. SAE is carried

out in many fields, but this chapter centers on estimating health and demographic outcomes

in low- and middle-income countries (LMICs), for which SAE can be used to highlight dis-

parities, prioritize resource allocation, and motivate development of interventions. In order

to produce reliable estimates for small areas, SAE methods aim to borrow strength using

auxillary information. One common way of borrowing strength is modeling with covariates

that are shared across domains; another, which is one particular focus of this chapter, is

exploiting similarities across geographic areas via spatial models. J. N. Rao & Molina (2015)

is the standard reference on SAE, and Pfeffermann (2013) gives an in-depth methodologi-

cal review. Wakefield, Okonek, & Pedersen (2020) provides an overview specific to health

outcomes.

This chapter focuses on SAE using data from surveys with complex design because, as

stated in Chapter 2, many LMICs do not have adequate civil registration and vital statistics

systems. Consequently, household surveys, such as the Demographic and Health Surveys

(DHS) Program (Corsi, Neuman, Finlay, & Subramanian, 2012) and the Multiple Indicator

Cluster Surveys (MICS) (Khan & Hancioglu, 2019), are the primary source of nationally-
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representative data used to estimate health and population indicators (Boerma & Stansfield,

2007). SAE is typically based on a subset of individuals whose data often come from surveys,

although the term is sometimes used when modeling other types of data such as disease

counts from registries. One notable subset of SAE is prevalence mapping (Wakefield, 2020),

which describes the production of maps displaying counts of disease cases or the prevalence

of health and demographic indicators. Prevalence mapping of diseases, or disease mapping,

is traditionally based on a complete enumeration of outcomes, in contrast to the predominant

use of survey data for SAE.

Using data from complex surveys necessitates accounting for the survey sampling design,

which is an important and sometimes overlooked component of SAE. Acknowledging the sur-

vey design in SAE has led to design-based (or randomization) approaches, which are distinct

from model-based approaches that are in line with much of modern spatial statistics. Skinner

& Wakefield (2017) provides a discussion of both approaches. Design-based methods assess

frequentist properties of estimators, averaging over all possible samples that could be drawn

under a specific sampling design using the randomization distribution. This viewpoint holds

responses as fixed rather than random. The distinction is made between direct estimators

that only use data within a target area for inference, and indirect estimators that borrow

information from “similar areas” to improve estimation. Additionally, some methods use

the design-based framework via model-assisted approaches (Särndal, Swensson, & Wretman,

2003) which allow a model to be specified while retaining desirable design-based properties

even with a misspecified model.

Model-based approaches, which can be frequentist or Bayesian, usually condition on the

selected sample and inference is with respect to a specified model. These methods can be

split into two types: area-level, where covariate information and modeling parameters are

specified at the desired level of aggregation for final estimates, and unit-level, for which

data is modeled at the level of the individual or cluster. The seminal Fay-Herriot model

(Fay & Herriot, 1979) uses a possibly transformed weighted estimate as the response and

uses random effects for each area. Many extensions of the Fay-Herriot model, including the
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use of discrete spatial models, have been proposed (Marhuenda, Molina, & Morales, 2013;

Mercer et al., 2015; Watjou et al., 2017; Y. You & Zhou, 2011). Crucially, the survey design

is accounted for via weighted estimators and their associated variances. This chapter is

concerned with area-level modeling, and multivariate Fay-Herriot models in particular. For

an approach based on unit-level modeling, see Chapter 4.

Most work on area-level SAE involves single outcomes, which has seen the bulk of recent

developments in Fay-Herriot models (Bell, Datta, & Ghosh, 2013; G. S. Datta, Ghosh,

Steorts, & Maples, 2011; G. S. Datta, Kubokawa, Molina, & Rao, 2011; Esteban, Herrador,

Hobza, & Morales, 2011; Ghosh & Steorts, 2013; González-Manteiga, Lombarda, Molina,

Morales, & Santamaría, 2010; Herrador, Esteban, Hobza, & Morales, 2011; Jiang, Nguyen,

& Rao, 2011; Kubokawa, 2012; Pfeffermann, Sikov, & Tiller, 2014; Slud & Maiti, 2011;

Ybarra & Lohr, 2008). However, the scientific question of interest may involve multiple

related outcomes, or we may wish to use information from multiple outcomes to improve

the accuracy of predictions. In these settings, jointly modeling multiple outcomes allows

for borrowing strength across these outcomes. Some examples include modeling both height

and weight for age, cause-specific mortality, road traffic crashes at different severities, and

poverty proportions and gaps. Many methods exist for multivariate SAE (Arima, Bell,

Datta, Franco, & Liseo, 2017; G. S. Datta, Day, & Maiti, 1998; G. S. Datta, Fay, & Ghosh,

1991; Fay, 1987; Huang & Bell, 2006). Benavent & Morales (2016) surveys this literature

while also proposing a multivariate Fay-Herriot model for various linear and mixed model

formulations. Some recent developments in multivariate Fay-Herriot models can be found in

Saegusa, Sugasawa, & Lahiri (2020) and Franco & Bell (2021).

Much research has been done on multivariate spatial modeling in contexts other than

SAE (Carlin & Banerjee, 2003; Carlin & Ma, 2007; Gelfand & Vounatsou, 2003; Jin, Baner-

jee, & Carlin, 2007; Jin, Carlin, & Banerjee, 2005; Neelon, Gelfand, & Miranda, 2014). One

method in particular for discrete spatial analysis is the shared component model, popularized

in the bivariate case by Knorr-Held & Best (2001), whereby some parameters of the model

are shared among the multiple outcomes. Earnest et al. (2010) proposed a shared compo-
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nent conditional autoregressive (CAR) model for a zero-inflated Poisson likelihood. MacNab

(2010) surveys the multivariate CAR literature while proposing a general formulation of

shared component models that includes allowing for errors in covariates. Additionally, a bi-

variate shared component model can be reframed as a particular ecological regression model

with errors in covariates, which allows the coefficient for the latent shared component to be

interpreted as the regression effect of unobserved covariates (Knorr-Held & Best, 2001). In

the context of jointly modeling multiple outcomes using data from surveys in LMICs, we

often believe that unobserved covariates likely exist that are shared among outcomes, which

makes shared component models an attractive option. While some research has been done

on multivariate spatial area-level SAE such as Porter, Wikle, & Holan (2015) and Guha &

Chandra (2021), these did not investigate shared component models. In particular, mul-

tivariate shared component Fay-Herriot models have not been developed, and our research

aims to fill this gap.

This chapter proposes a class of multivariate shared component area-level SAE models,

focusing on discrete spatial modeling, using complex survey data. We use a Bayesian model-

ing approach, developing latent Gaussian models that are fit using integrated nested Lapace

approximation (INLA). We present two motivating examples that use data from the 2014

Kenya Demographic and Health Survey (2014KDHS): jointly modeling height for age and

weight for age in children under age 5, and modeling three categories of contraceptive use in

women aged 15-49. The organization of this chapter is as follows. Section 3.2 describes the

data for our working example. Section 3.3 provides a brief overview of survey sampling and

traditional SAE methods. Section 3.4 details our proposed multivariate shared component

model and presents a simulation study for validation. Sections 3.5 and 3.6 describe using this

model to produce estimates for our motivating examples, comparing results among univari-

ate models and bivariate non-shared models. Section 3.7 provides a discussion and presents

avenues for future research.
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3.2 Data

The DHS Program, in collaboration with many LMICs, conducts nationally-representative

household surveys that provide data for a wide range of monitoring and impact evaluation

indicators in the areas of population, health, and nutrition. The DHS Program uses a set of

consistent sampling approaches from country to country, with methods described in the 2012

DHS Sampling and Household Listing Manual (ICF International, 2012, sec. 5.2, p. 80–85).

The standard design is a stratified two-stage cluster sampling scheme with stratification by

county crossed with urban/rural. The first sampling stage involves selecting enumeration

areas (EAs) using probability proportional to size (PPS) sampling, where the probability of

sampling each EA is proportional to the listed number of households in that EA, and the

second stage involves simple random sampling of (typically) 25 households within each EA.

Mothers within the household are then asked a number of questions about their children.

This chapter’s motivating examples will use data from the 2014 Kenya DHS (KDHS)

(Kenya National Bureau of Statistics, 2015). The 2014 KDHS was designed to produce

representative estimates for most of the survey indicators at the national level, for urban and

rural areas separately, at the regional (former provincial) level, and for selected indicators at

the county level. It follows the typical DHS scheme with 1,612 clusters being sampled out of

the 96,251 total EAs that were in the 2009 Kenya Population and Housing Census (Kenya

National Bureau of Statistics, 2010). Of these clusters, 995 are urban while 617 are rural,

with urban areas oversampled in the majority of the 47 counties. Mombasa and Nairobi

are entirely urban and the remaining 45 counties have both urban and rural areas, so that

there are 92 strata in total. The interviewers visited only the preselected households, and

no replacement of the preselected households was allowed during data collection. Because of

the non-proportional allocation to the sampling strata and the fixed sample size per cluster,

the survey was not self-weighting. The resulting data include sampling weights in order to

be representative at the national, regional, and county levels.

The 2014 KDHS captures many outcomes relating to child health. As a motivating
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example for jointly modeling two continuous outcomes, we will use two key child health

indicators: height for age z-scores (HAZ) and weight for age z-scores (WAZ), which are

measures of child growth. We expect these variables to be correlated (at the individual level,

cluster level, and area level) due to shared unobserved risk factors at each of these levels.

Previously, HAZ and WAZ were jointly modeled using data from a survey in Papua New

Guinea using multivariate CAR models (Gelfand & Vounatsou, 2003). In this analysis, the

authors investigated how HAZ and WAZ were associated with dietary factors such as main

source of protein, and included joint spatial random effects; however, this analysis did not

account for the complex survey design.

HAZ and WAZ scores in the 2014 KDHS were collected for all children born in the

5 years prior to the survey to mothers who were sampled. The final data set contained

18,498 children. Z-scores were calculated using the CDC Standard Deviation-derived Growth

Reference Curves derived from the NCHS/FELS/CDC Reference Population (Centers for

Disease Control and Prevention, 1996). This reference population, however, is based on data

from the USA, which is a limitation for interpreting results of analyses using these data.

We present the county-level univariate naive unweighted estimates (not accounting for the

complex survey design) and weighted estimates (accounting for the complex survey design)

in Figure 3.1. We see differing spatial gradients between HAZ and WAZ, with a much more

consistent north (lower) to south (higher) gradient for WAZ. Additionally, the urban areas

in south-central Kenya tend to have both the highest HAZ and WAZ scores. However, the

standard errors of the univariate direct estimates (described in Section 3.3) are fairly wide,

especially in some of the more rural counties, and the levels are different between HAZ

and WAZ. Ignoring the survey design gives national mean estimates (standard error) of -

1.00 (0.0099) for HAZ and -0.89 (0.0089) for WAZ, while the weighted estimates are -0.96

(0.016) and -0.78 (0.016), respectively. The weighted estimates are higher because the weights

account for the urban oversampling, and urban areas tend to have better health outcomes.

The increased standard error is due to the clustering. We present in Figure 3.2 a scatterplot

of the county-level design-weighted direct estimates of HAZ versus WAZ with uncertainty.
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Figure 3.1: Univariate direct estimates of means (left two columns) and standard errors (right

two columns) for HAZ and WAZ from the 2014 KDHS. We present both naive unweighted

estimates that do not account for the complex survey design, and weighted estimates that

do.
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Figure 3.2: Weighted univariate direct estimates of mean HAZ verses WAZ at the county

level. Error bars represent plus/minus one standard error. Simple linear regression line with

95% CI is included.

This shows a positive association between the two measures. Additionally, we see a fairly

consistent similarity in the amount of uncertainty between HAZ and WAZ in the same county.

As a motivating example for multinomial data, we will model current contraceptive use in

women aged 15-49 again from the 2014 KDHS. Jointly modeling multinomial data, rather

than modeling one category at a time, is important due to the implicit dependencies among

multinomial probabilities—they must sum to 1. For contraceptive use in particular, different

methods may be used by similar subgroups that have shared, unobserved characteristics in

different areas, e.g. due to cultural practices or education, which is further motivation for

joint modeling. This survey asked each female respondent their current contraceptive use

and categorized it into one of 14 categories. We group these into three broad groups in

order to have sufficient observations in each category: none (no contraceptive use), modern

(pill, IUD, injections, condom, female sterilization, male sterilization, implants/norplant,

Lactational amenorrhea, female condom, and other modern method), and other (periodic

abstinence, withdrawal, and other). These are categories as defined by the DHS surveys.
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3.3 Background methodology

We begin by reviewing the relevant literature on survey sampling and SAE.

3.3.1 Notation

Let Yric be an observation of outcome c = 1, . . . , C for individual i = 1, . . . , Nr in region

r = 1, . . . , R, with Nr the number of individuals in region r (population size). Often, the

population mean in area r is of particular interest, Ȳrc =
∑Nr

i=1 Yric/Nr. In the univariate

case, C = 1, outcomes Yri1 are typically binary or continuous. In the multivariate case, Yric

typically refer to multiple continuous variables or observations of a categorical variable with

C categories.

A survey is conducted to obtain a sample of nr individuals in each region, a subset of

the population. Let Iri be an indicator for membership into the sample. Define πri to be

the first-order inclusion probability, which is the probability that individual i in area r is

selected (i.e., P (Iri = 1) = πri), and yri is the observed outcome value. Define the survey

design weights as wri = 1/πri, which are the inverses of the inclusion probabilities. Further

define πrij to be the second-order inclusion probability, which is the probability that both

individuals i and j are selected in area r. Throughout this chapter, we will use bold font and

drop subscripts to refer to vectors. Thus, the vector of all observed outcomes for individual

i in region r is denoted yri = [yri1, . . . , yriC ].

3.3.2 Design-based approaches

We start with an overview of the univariate case and thus we drop the c subscripts for

readability.

Design-based methods for estimating the population mean work by averaging over all

possible samples that could be drawn under a specific sampling design by using the random-

ization distribution (the distribution of all possible samples). This viewpoint holds responses

as fixed rather than random. Direct estimation is a common approach to calculate the mean
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of each region whereby only the response data available for the target area is used for esti-

mation.

One popular direct estimator is the Horvitz-Thompson estimator (Horvitz & Thompson,

1952) for the population mean, which is defined as

Ŷ HT
r =

1

Nr

Nr∑
i=1

IriYri

πri

=
1

Nr

nr∑
i=1

yri
πri

=
1

Nr

nr∑
i=1

wriyri.

When population totals are unknown, we can use the Hàjek estimator (Hájek, 1971), which

is

Ŷ HAJ
r =

∑nr

i=1 wriyri∑nr

i=1 wri

.

Note, for the weights in DHS surveys, we have normalized weights w∗
ri = wri × g, where

g = 1/
∑

ri wri. In this case, the Hàjek estimator is still a valid estimate of the population

mean while the Horvitz-Thompson estimator is not.

Variance estimation for direct estimators can be challenging, as they depend on the joint

inclusion probabilities πrij which are often unknown. For many cluster designs, approx-

imations are made in order to estimate the variance. In the context of LMICs, often a

jackknife estimator is used (Pedersen & Liu, 2012). In this chapter, we use a generaliza-

tion of model-robust “sandwich” standard error estimators that are implemented in common

software (Lumley, 2004), with derivations provided in Appendix B.1.

Moving beyond direct estimators, another class of design-based approaches is indirect

estimation whereby information from “similar areas” is borrowed to estimate for a target area.

Some examples include synthetic estimators, survey regression, and generalized regression.

See Pfeffermann (2013) for details.
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3.3.3 Model-based approaches

However, another way of borrowing information is to take a model-based approach rather

than design based. Model-based approaches are another class of indirect estimators that

assume a model for a theoretical infinite superpopulation from which the sample data is

drawn, and then use standard statistical theory to derive the optimal (or approximately

optimal) predictor of the population mean (or other characteristics). These methods are

divided into area-level and unit-level approaches. Area-level approaches specify covariate

information and modeling parameters at the desired level of aggregation for final estimates,

while unit-level approaches model data at the level of the individual or cluster. Unit-level

models are discussed in the following chapter and we focus here on area-level models.

The most popular type of area-level model was first proposed by Fay & Herriot (1979),

whose model was defined as

ŷr = θr + er

θr = XT
r βr + ur,

with ŷr the direct sample estimator of the population parameter of interest θr. For example,

this chapter will be using ŷr as the Hàjek estimator for θr the population mean. The er

terms denote sampling error with assumed zero mean and known area-specific design (ran-

domization) variances vdesr , while the random effects ui are assumed to be independent with

zero mean and variance σ2
u. Using this model, we can use the standard statistical machinery

to produce estimates with uncertainty. Note: a linking model is often defined for a transfor-

mation of θr; Fay & Herriot (1979) actually assume log(ŷr) = θr + er and proceed with the

above random effects model.

Many extensions of this model have been proposed with more complicated functional

forms of the mean model and more complex variance components (Bell et al., 2013; G. S.

Datta et al., 1991; G. S. Datta, Ghosh, et al., 2011; G. S. Datta, Kubokawa, et al., 2011;
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Esteban et al., 2011; Fay, 1987; Ghosh & Steorts, 2013; González-Manteiga et al., 2010;

Herrador et al., 2011; Huang & Bell, 2006; Jiang et al., 2011; Kubokawa, 2012; Marhuenda

et al., 2013; Mercer et al., 2015; Pfeffermann et al., 2014; Slud & Maiti, 2011; Watjou et

al., 2017; Ybarra & Lohr, 2008; Y. You & Zhou, 2011). Models of this form are commonly

referred to as Fay-Herriot models.

Much of the research on Fay-Herriot models has centeres on univariate estimation, but

some work has been done on multivariate Fay-Herriot models (Arima et al., 2017; G. S.

Datta et al., 1998; Franco & Bell, 2021; Porter et al., 2015; Saegusa et al., 2020). Benavent

& Morales (2016) provides a thorough review. A simple multivariate Fay-Herriot model can

be defined in two stages. With ŷr a C length vector of direct estimators for all outcomes in

region r, the sampling model is

ŷr = µr + er

where the vectors er|V des
r ∼ NC(0,V

des
r ) are independent with known C × C design co-

variance matrices V des
r . Then, a model is specified for the µr parameters. For example,

González-Manteiga, Lombardía, Molina, Morales, & Santamaría (2008) considered the model

µr = Xrβ + 1Cur

ur
IID∼ N(0, σ2

z)

with pc covariates for each outcome, p =
∑C

c=1 pc, letting xrc = [xrc1, . . . , xrcpc ] be a row

vector of covariates with Xr = diag(xr1, . . . ,xrC)C×P , and β = [βT
1 , . . . ,β

T
C ]

T a matrix of

regression coefficients where βc is a column vector of size pc. Also, 1C is a column vector

with all elements equal to 1.

This linking model does not allow correlations between the outcome-specific random

effects. Thus, Benavent & Morales (2016) propose an extension that allows for correlations

as
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µr = Xrβ + ũr

ũr ∼ NC(0,Vr)

and has the C × C covariance matrices depend on unknown parameters. The models fit

with this framework do not include models with spatial random effects, and they are also

not developed for multinomial outcomes.

3.3.4 Recommendations for using design- and model-based estimators

When to use design-based or model-based approaches is an active discussion in the SAE

literature. Cautiously, Lehtonen & Veijanen (2009) recommend design-based methods for

situations with large or medium samples in areas, while sparse data may necessitate model-

based approaches. Alternatively, G. S. Datta (2009) argues more favorably toward model-

based approaches as a whole. Paige, Fuglstad, Riebler, & Wakefield (2022) conclude that

direct estimators are the gold standard when sufficient data allow for an acceptable level of

uncertainty, while model-based smoothed direct estimators can aid in reducing this variance,

although with the introduction of small bias due to the smoothing; but when direct estimates

are unreliable, cluster-level models are required which entails using a model that is consistent

with the design and requires careful and thoughtful effort in specifying a model.

Furthermore, some model-based approaches in current fashion are unit-level models that

do not fully acknowledge the complex survey design, and do not enjoy the theoretical consis-

tency of design-based approaches (Diggle & Giorgi, 2019; Utazi et al., 2020). Fuglstad, Li,

& Wakefield (2021) provides a recent review of SAE that compares direct estimators, area-

level, and unit-level models. They conclude similarly to above that sufficient power for direct

estimation requires sufficiently large sample sizes, while indirect estimation heavily benefits

from reliable auxiliary population information at the target resolution. Therefore, unit-

level continuous spatial models have difficulty producing areal estimates without detailed

auxiliary population information. In addition, accounting for the sampling design is not
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straightforward; this is problematic if the sampling is informative. Furthermore, prevalence

mapping often uses model-based geostatistics (MBG) methods that specify a continuous spa-

tial model, which contrasts with this chapter’s focus on area-level SAE methods. However,

some unit-level SAE approaches do use continuous spatial models (Burstein et al., 2019;

Diggle & Giorgi, 2019). Additionally, aggregation of continuous models remains a major

challenge, and we recommend spatial modeling at the target level for producing estimates,

unless stratification necessitates finer scale modeling. Due to these recommendations on the

importance of area-level models that acknowledge the survey design, this chapter will focus

on Fay-Herriot models.

The general conclusion is that if you have enough data at the desired area level, then

use direct (area-level) estimates. If not, but you still have a sufficiently large sample size to

have reliable variance estimates from area-level model-based methods, then use those. Only

if neither of the above are true should unit-level models be used, preferably with spatial

models specified at the desired area level. Unit-level continuous spatial models require great

care if used when the desired level of estimation is at the cluster level as they may have bias

and be poorly calibrated.

3.3.5 Spatial modeling

This chapter will primarily center on spatial smoothing models which are commonly used

in modeling demographic and health variables using survey data (Manda, Haushona, &

Bergquist, 2020). As we are analyzing data at the area-level, only discrete spatial mod-

els will be investigated. Banerjee, Carlin, & Gelfand (2014) provides a review of choices

for modeling the spatial distribution. Random effect models are commonly used, typically

with either conditional autoregressive (CAR) and intrinsic conditional autoregressive (ICAR)

distributions. Both of these use information from neighboring areas for local geographical

smoothing in order to capture the idea that outcomes are likely to be similar in locations that

are close-by. In this chapter, we model area-level spatial effects with a Besag, York and Mol-
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lié (BYM) model which includes both an ICAR component for spatial auto-correlation and

an independent and identically distributed (IID) normal component for non-spatial hetero-

geneity (Besag, York, & Mollié, 1991). In the univariate case, the BYM model can be written

as vr + ur, with vr|σ2
v

iid∼ N(0, σ2
v) the nonspatial IID normal random effects on region, and

u|σ2
u ∼ ICAR(σ2

u) the ICAR spatial random effects, i.e. ur|ur′ , r
′ ̸= r ∼ N(

∑
j wrr′ur, σ

2
u).

We choose to use a reparameterized version of the BYM model, which we will call the

BYM2 model. The BYM2 model reformulates the IID and ICAR random effects as

vr + ur = σ(
√

1− ρv∗r +
√
ρu∗

r).

In this formulation, σ =
√

σ2
v + σ2

u is the standard deviation of the random effects. The

unstructured component is v∗r
iid∼ N(0, 1), which has fixed standard deviation 1. The spatial

component is u∗
r, which are ICAR random effects scaled so Var(u∗

r) ≈ 1. One way of doing

this is by scaling the model so the geometric mean of these variances is 1, using the adjacency

matrix to calculate the inverse precision of the ICAR model (Riebler et al., 2016). Lastly, ρ

is interpreted as the percent of the total variation that is due to the spatial random effect.

This version is an improvement because the parameters are more interpretable, and it allows

more intuitive specifications of prior distributions in Bayesian models. This BYM2 model

will be the only spatial model considered in this chapter.

Extending discrete spatial models to the multivariate setting is crucial to leverage shared

spatial information between outcomes. The simplest case would be to specify separate BYM2

effects for each outcome, i.e. vrc|σ2
vc

iid∼ N(0, σ2
vc) and uc ∼ ICAR(σ2

uc) for each outcome c.

However, many demographic and health outcomes share common but unobserved covariates.

This naturally leads to models in the literature called shared component models, for which

latent parameters are shared among outcomes (Knorr-Held & Best, 2001). In the bivariate

case, a shared component model can be parameterized as in Held, Natário, Fenton, Rue, &

Becker (2005) via
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µr1 = β1 + zr1 + δzr2

µr2 = β2 + zr2/δ

with δ a scaling parameter and zrc random effects (e.g., BYM2). To aid interpretation of

this model, and the δ parameter in particular, Held et al. (2005) links the shared compo-

nent model to an ecological regression model with errors in covariates in the bivariate case.

Suppose gr is a true but unobserved covariate. We formulate an ecological regression model

for outcome 1 as

µr1 = β1 + zr1 + grγ.

We then use the second outcome as a surrogate for exposure to the unobserved covariate

and assume a measurement error model µr2|gi ∼ N(gi, ω) with ω the known measurement

error precision. Finally, we assume Yr2|µr2 ∼ N(µr2, v). Assuming γ > 0, this ecological

regression model is equivalent to the shared component model with

gr = zr2/δ

γ = δ2

Thus, the coefficient δ2 obtained from a joint modelling approach can be interpreted as the

regression coefficient that would have been obtained under a measurement error ecological

regression model, while the shared component divided by δ can be interpreted as the true,

but unknown, ecological covariate. This is an attractive feature of the shared component

model because it reflects the nature of demographic and health outcomes having shared,

unobserved covariates.

In this chapter, we use a different formulation of the shared component model for sim-

plicity of implementation:
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µr1 = β1 + z∗r1 + λz∗r2

µr2 = β2 + z∗r2.

This is equivalent to the model in Held et al. (2005) if we set λ = δ2 and z∗r2 = zr2/δ.

Theoretically, a model with the first component shared and the final component shared are

equivalent as we demonstrate in the Appendix B.2. However, in practice, especially when

using Bayesian models, some differences may arise particularly in uncertainty estimation.

We explore this further in the contraceptive use example in Section 3.6.

Furthermore, both of these models are different from the model proposed in Knorr-Held

& Best (2001), which includes an additional outcome-specific random effect in the second

outcome. This formulation is appealing due to it being symmetric, but issues with identifia-

bility arise without strong priors on the precision parameters and/or additional constraints

on the random effects.

3.4 A multivariate shared component Fay-Herriot model

Often the outcome, time period, and geographic level of interest for producing estimates of

demographic and health indicators using data from the DHS and similar surveys tend to fall

into the category of not having sufficient data for direct estimates to be adequately precise,

yet having enough data for reliable model-based variance estimates. Thus, model-based

area-level methods are of particular importance. In this section, we propose a Fay-Herriot

type two-stage modeling approach for multivariate outcomes. In the first-stage, we develop

a working likelihood and aggregate estimates to the region level. In the second stage, we fit a

mixed effects smoothing model for the region-level estimates produced at the first stage. We

describe the model for continuous outcomes—in Section 3.6 we will adapt it a multinomial

outcome.
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3.4.1 Stage 1 modeling: design-weighted aggregation to the district-level

For the first stage, we will take the individual-level outcomes and calculate survey weighted

averages in each region accounting for the sampling probabilities and the complex survey

design, along with a design-based estimated covariance matrix for these means. This proce-

dure results in, for each region, a vector of the survey-weighted mean outcomes, as well as a

design-based estimate for the covariance of this random vector.

First, for each area we will calculate a vector of means of each outcome and its associated

survey design-based covariance matrix using weighted estimates and the appropriate vari-

ance. To produce mean estimates in each region, we will calculate the Hàjek mean estimate

as

ˆ̄yrc =

∑nr

i=1 w
∗
riyric∑nr

i=1 w
∗
ri

We then calculate the estimated design-based covariance matrix of ˆ̄yr = (ˆ̄yr1, . . . , ˆ̄yrC) in

each region, which we will denote as

V̂ des
r =


V̂ des
r11 V̂ des

r12 . . . V̂ des
r1C

V̂ des
r21 V̂ des

r22 . . . V̂ des
r2C

... ... . . . ...

V̂ des
rC1 V̂ des

rC2 . . . V̂ des
rCC

 .

This estimate must account for the complex stratified cluster design of the survey. The form

of V̂ des
r and its derivation are provided in Appendix B.1. We note that these direct estimates

and design-based covariance matrices are estimated separately for each region.

3.4.2 Stage 2 modeling: Bayesian smoothing model

For the second stage, we will fit a smoothing model on these region-specific estimates that

uses the first stage mean vectors, ˆ̄yr, as the outcome, and that takes as fixed the asymptotic
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normal design-based covariance matrices from the first stage, V̂ des
r . The smoothing model can

be flexibly specified depending on the data available and the scientific question of interest;

we envision that it will typically be a mixed effects model including area-level covariates

along with spatial random effects.

Due to the amount of data, we will assume that the mean outcomes in a region have a

multivariate normal distribution with variance equal to V̂ des
r . We propose models with the

working likelihood

ˆ̄yr|µr, V̂
des
r ∼ N2(µr, V̂

des
r ) (3.1)

with ˆ̄yr playing the role of “observed” data and V̂ des
r assumed fixed and known. Then, we

specify a mean smoothing model on the latent parameters µr. The smoothing models that we

investigate in this chapter will include BYM2 random effects to leverage spatial information,

and will also be formulated as shared component models in order to borrow strength among

outcomes.

3.4.3 Model fitting

A Bayesian approach was used in this chapter. Models were fit within the R statistical

computing environment (R Core Team, 2013). First stage models were fit using the survey

package (Lumley, 2004). Appropriately survey-weighted direct estimates of the area-level

means were calculated using the svymean() function, and design-based covariance matri-

ces were extracted via the vcov() function applied to the output of svymean(). The

second-stage Bayesian smoothing models were fit using Integrated Nested Laplace Approx-

imation (INLA) (Rue et al., 2009) as implemented in the INLA package. INLA provides

a fast alternative to MCMC for approximating the marginal posterior distributions of la-

tent Gaussian Markov random field models. However, since the INLA package does not

provide a bivariate likelihood, we must instead specify the a univariate Gaussian likeli-

hood and add in bivariate Gaussian IID random effects for each region that have fixed
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covariances equal to V̂ des
r . The models in this chapter are easy to specify and fast to

compute using personal computing machines. All code used in this chapter is available

at https://github.com/aeschuma/multivariate-sae.

3.4.4 Model selection

Model selection among candidate models is an important task in any modeling task. For

Fay-Herriot models, the first stage can be considered as a “data-processing” step in some

sense, as the performance of the first stage direct estimates and covariance matrix have been

validated in previous research (Mercer et al., 2015). Thus in this chapter, we will take the

first stage direct estimates as if they were observed data and perform model selection for

a suite of candidate models in the second stage. Models will be compared via leave-one-

out cross validation using a multivariate scoring strategy that accounts for the correlation

between HAZ and WAZ. For region r, we define ℓr = π(yr|y−r) as the posterior marginal

likelihood from a model fit with region r removed evaluated at the true value of the held out

data—in this case, the true value of the held out data are the direct estimates of the held

out region. We perform the following steps for each region:

1. Hold out the direct estimates for region r.

2. Fit all candidate models to the direct estimates with region r removed.

3. Draw S = 1000 samples from the joint marginal distributions µ
(s)
r = π(µr|y−r).

4. Calculate ℓr =
1
S

∑S
s=1 p(ŷr|µ(s)

r , V̂ des
r ), where p(y

(s)
r |µ(s)

r , V̂ des
r ) = N2(µ

(s)
r , V̂ des

r ).

5. Calculate −
∑R

r=1 log(ℓr), which we will call the LogScore.

We will compare the LogScore of each model. Since the LogScore is based on the negative

log-likelihood, lower values indicate better performing models.

3.4.5 Simulation study to evaluate shared component models

We perform a simulation study to show the validity of our modeling procedure and explore

how model misspecification of the spatial model and shared component affects results. We

https://github.com/aeschuma/multivariate-sae
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will generate bivariate data similar to our working example of HAZ and WAZ scores in the

2014 KDHS, but rather than simulate individual-level data and fit a first stage model, we

will instead simulate first-stage direct estimates and their associated variance estimates from

their sampling distributions. Then, we will fit second-stage smoothing models using these

as inputs. We will do this for nine different scenarios each with their own data generating

mechanism. In each scenario, we will have seven different second stage smoothing models

and compare the bias and coverage of the estimated latent area-level means. All scenarios

will simulate 1000 datasets, fit the seven comparison models, and calculate the bias, absolute

bias, and relative absolute bias, along with the width and coverage of both 80% and 95%

credible intervals. Each scenario will generate latent area-level means, µr = [µr1, µr2], using

different mechanisms. Once these means are generated, we will simulate the area-level sample

means as

ȳr|µr,Vr ∼ N2(µr,Vr)

where the Vr are set to be equal to the estimated asymptotic design-based covariance matrix

of the area-level mean HAZ and WAZ from the 2014 KDHS data.

Now, for an SRS, the sampling distribution of the area-level sample covariance matrices

is

(nr − 1)V̂ srs
r |Vr, nr ∼ Wishart (Vr, (nr − 1))

where nr is the sample size in area r. The 2014 KDHS uses a stratified cluster design rather

than an SRS, which has a different sampling variance than an SRS. In the univariate case, the

ratio of the variance for a statistic calculated using a specific survey design to the variance

of that statistic calculated using an SRS of the same sample size is called the design effect,

d2 =
V̂

V̂ srs
.
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Table 3.1: Candidate models to estimate HAZ and WAZ from the 2014 KDHS

Model # Model name Stage 1 variance Stage 2 linear predictor

O Bivariate Direct

V̂ des
r11 V̂ des

r12

V̂ des
r21 V̂ des

r22

 —

I Univariate IID

V̂ des
r11 0

0 V̂ des
r22

 β1 + vr1

β2 + vr2

II Univariate BYM

V̂ des
r11 0

0 V̂ des
r22

 β1 + vr1 + ur1

β2 + vr2 + ur2

III Bivariate nonshared IID

V̂ des
r11 V̂ des

r12

V̂ des
r21 V̂ des

r22

 β1 + vr1

β2 + vr2

IV Bivariate nonshared BYM

V̂ des
r11 V̂ des

r12

V̂ des
r21 V̂ des

r22

 β1 + vr1 + ur1

β2 + vr2 + ur2

V Bivariate shared IID

V̂ des
r11 V̂ des

r12

V̂ des
r21 V̂ des

r22

 β1 + vr1 + λ(v2r)

β2 + vr2

VI Bivariate shared BYM

V̂ des
r11 V̂ des

r12

V̂ des
r21 V̂ des

r22

 β1 + vr1 + ur1 + λ(vr2 + ur2)

β2 + vr2 + ur2
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where V̂ and V̂ srs are the univariate variances.

In a typical DHS, the average design effect across all indicators is d2 = 1.52 = 2.25 (see

https://userforum.dhsprogram.com/index.php?t=msg&goto=3448&S=Google). Then,

the effective sample size in the stratified design is approximately equal to n∗
r = nr

d2
, since

the sample variance is linear with respect to the sample size. Thus, we calculate n∗
r as the

observed sample size in region r divided by 2.25 and use this to adjust for the survey design

effect. This scaling of variances extends to the bivariate case, giving us

V̂r|Vr, n
∗
r ∼

1

(n∗
r − 1)

Wishart (Vr, (n
∗
r − 1)) .

In each simulation within a scenario, we will have the same values of µr and Vr, and

we use these to generate ȳr and V̂r. We will treat the ȳr as pseudo-direct estimates and

calculate asymptotic 95% confidence intervals as ŷrc ± z0.975

√
V̂r,cc with V̂r,cc the diagonal

entries of the sampled covariance matrix.

These pseudo-direct estimates and their simulated covariance matrix will be the first of

the seven comparison models. The other six will match the data generating mechanisms for

Scenarios 1 through 6 (described below), and they are also listed in Table 3.1. All comparison

models will be fit to the same data for each simulation using Bayesian models with vague

priors fit in INLA.

We will now describe the data generating mechanisms for the latent means µrc in each

of the nine different scenarios. Let βc be fixed intercepts for each outcome c = 1, 2. With

r = 1, . . . , R indexing regions, let vrc and urc be IID normal and ICAR random effects,

respectively. When data is generated and models are fit with both spatial and nonspatial

random effects, we will use the reparameterized BYM2 model as previously described.

In all scenarios, the parameter values used to generate the latent means will be set equal

to parameters estimated from the described model fit to the univariate direct estimates of

HAZ and WAZ from the 2014 KDHS.

The nine scenarios are as follows:

https://userforum.dhsprogram.com/index.php?t=msg&goto=3448&S=Google
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Scenario 1, Univariate IID, 2014 KDHS parameters: This scenario will set the diagonal

entries of the Vr to be the diagonal entries of the covariance matrices from the first stage

direct estimates of the 2014 KDHS HAZ and WAZ data, and the off-diagonal elements will

be set to 0 in all regions, which is equivalent to separate univariate generating mechanisms

for HAZ and WAZ. The latent area means will be generated as

µr1 = β1 + vr1

µr2 = β2 + vr2.

Scenario 2, Univariate BYM, 2014 KDHS parameters: This scenario will use the same Vr

as Scenario 1. The latent area means will be generated as

µr1 = β1 + vr1 + ur1

µr2 = β2 + vr2 + ur2.

Scenario 3, Bivariate nonshared IID, 2014 KDHS parameters: This scenario will set Vr to

be the covariance matrices from the first stage direct estimates of the 2014 KDHS HAZ and

WAZ data. The latent area means will be generated as

µr1 = β1 + vr1

µr2 = β2 + vr2.

Scenario 4, Bivariate nonshared BYM, 2014 KDHS parameters: This scenario will use the

same Vr as Scenario 3. The latent area means will be generated as
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µr1 = β1 + vr1 + ur1

µr2 = β2 + vr2 + ur2.

Scenario 5, Bivariate shared IID, 2014 KDHS parameters: This scenario will use the same

Vr as Scenario 3. The latent area means will be generated as

µr1 = β1 + vr1 + λvr2

µr2 = β2 + vr2.

Scenario 6, Bivariate shared BYM, 2014 KDHS parameters: This scenario will use the same

Vr as Scenario 3. The latent area means will be generated as

µr1 = β1 + vr1 + ur1 + λ(vr2 + ur2)

µr2 = β2 + vr2 + ur2.

Scenario 7, Bivariate shared BYM, larger first stage variances: This scenario will set the

correlations of the Vr to be the correlations of the covariance matrices from the first stage

direct estimates of the 2014 KDHS HAZ and WAZ data, and the diagonal elements will be

set to range between 0.1 and 0.2, which is a range that is approximately ten-fold greater

than estimates from the 2014 KDHS. The latent area means will be generated the same as

Scenario 6.

Scenario 8, Bivariate shared BYM, smaller first stage variances: This scenario will set the

correlations of the Vr to be the correlations of the covariance matrices from the first stage
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direct estimates of the 2014 KDHS HAZ and WAZ data, and the diagonal elements will be

set to range between 0.001 and 0.002, which is a range that is approximately ten-fold smaller

than estimates from the 2014 KDHS. The latent area means will be generated the same as

Scenario 6.

Scenario 9, Bivariate shared BYM, one precise and one imprecise outcome that are correlated:

This scenario will set the correlations of the Vr to be 0.8, which is in the higher end of the

range of correlations estimated from the 2014 KDHS. The variances in each region for the first

outcome will be set to 0.001 (which represents a well-measured outcome with little intrinsic

variability), while the variances for the second outcome will be set to 0.2 (representing a

poorly measured outcome). This reflects a useful scenario for which joint models are useful—

the idea is that modeling the two outcomes together will allow precise estimates of the first

outcome to aid estimation of the second.

Simulation results: Tables of simulation results are presented in Appendix B.3. We graph the

bias, relative bias, variance, and mean squared error (MSE) of the estimated latent means

for each outcome, along with the coverage and width of 95% credible intervals, averaged over

all regions, in Figure 3.3 for scenarios 1 through 6 and Figure 3.4 for scenarios 7 through 9.

Starting with scenarios 1–6, we see little bias in general. The direct estimates are the least

biased, but have the highest variance and MSE, as well far and away the widest intervals.

In scenarios 1–3, all smoothing models perform comparably in terms of variance, MSE,

coverage, and width. In scenario 4, in which data is generated via a bivariate nonshared

BYM mechanism, the bivariate nonshared BYM and bivariate shared BYM models have the

lowest MSE and similar close to nominal coverage, but the shared model actually has the

narrowest intervals which indicates it performing better than the correctly specified model.

In scenarios 5 and 6, the bivariate shared IID and bivariate shared BYM data generating

mechanisms, we see that the bivariate nonshared models have undercoverage while the other
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models all perform well. Additionally, the bivariate shared BYM model performs best when it

is the correct model, and the bivariate shared IID model performs best when it is the correct

model, but these models are quite similar in both scenarios. This stresses the importance of

accounting for a shared component when there indeed is one and you are fitting a bivariate

model. From these results, we can conclude that with data the size of the 2014 KDHS with

outcomes similar to HAZ and WAZ, the choice of second stage model is fairly unimportant as

long as a shared component is specified when one truly exists—but some sort of second-stage

smoothing is beneficial compared to the direct estimates in order to narrow the uncertainty

intervals without adding bias and still preserving close to nominal coverage.

In scenarios 8 and 9, we draw similar conclusions as scenarios 1–6. This means that for

scenario 9, we do not see that a clearly better performance of the shared component model,

because the bulk of the work accounting for the correlation between the outcomes is done

in the first stage model which is the same in all bivariate models. However, the univariate

models do not perform too poorly, which means that the utility of these models isn’t too

important in this particular scenario with one large and one small variance for two correlated

outcomes. Further simulation scenarios may be able to tease out specific scenarios where a

bivariate shared modeling approach has better performance compared to incorrectly specified

models.

Scenario 7, with much higher first stage variability, is also interesting. This scenario

mimics having much less data than the 2014 KDHS and/or having outcomes with much

higher variability (e.g., measured with high imprecision). The direct estimates again have

the least overall bias but the other models are still relatively unbiased. The direct estimates

still have the largest variance, MSE, and interval width, and the bivariate shared BYM model

has the least variance, MSE, and interval width, although the other models are close. We

again see that the bivariate nonshared models have the narrowest uncertainty intervals, and

these are too narrow as they also demonstrate substantial undercoverage. The univariate

BYM and bivariate shared BYM models are the best performing, with slightly better coverage

for the univariate BYM but narrower intervals for the bivariate shared BYM model. So we
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see that the most important modeling choice is the spatial component, and to be sure that

if the data actually has a shared component, it is better to not use a nonshared model.

3.5 Area-level modeling of HAZ and WAZ from the 2014 Kenya DHS

We model HAZ and WAZ scores from the 2014 KDHS as our first working example. We

will present the modeling specifications for seven candidate models, compare them using a

bivariate scoring approach, and then present detailed results for the best performing model.

3.5.1 Modeling specifications

This section presents a set of seven candidate models which will all use the same first stage

model but will have different second stage Bayesian smoothing models. The names, first

stage variance structure, and form of the linear predictors are listed in Table 3.1.

The first stage model will be the bivariate case of the model in Section 3.4.1. Specifically,

with yir1 and yir2 the HAZ and WAZ scores, respectively, for individual i in region r, our

first stage model estimates are

ˆ̄yr1 =

∑nr

i=1 wriyri1∑nr

i=1 wri

ˆ̄yr2 =

∑nr

i=1 wriyri2∑nr

i=1 wri

with asymptotic normal likelihood

ˆ̄yr|µr, V̂
des
r ∼ N2

(
µr, V̂

des
r

)
(3.2)

where the estimated covariance matrix is denoted

V̂ des
r =

V̂ des
r11 V̂ des

r12

V̂ des
r21 V̂ des

r22

 .
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Figure 3.3: Bias, absoulte bias, variance, MSE, 95% interval coverage, and 95% interval

width for all models across simulation scenarios 1–6. Scenario descriptions: 1 - univariate

IID; 2 - univariate BYM; 3 - bivariate nonshared IID; 4 - bivariate nonshared BYM; 5 -

bivariate shared IID; 6 - bivariate shared BYM. Models: O - direct estimates; I - univariate

IID; II - univariate BYM; III - bivariate nonshared IID; IV - bivariate nonshared BYM; V -

bivariate shared IID; VI - bivariate shared BYM.
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Figure 3.4: Bias, absoulte bias, variance, MSE, 95% interval coverage, and 95% interval width

for all models across simulation scenarios 7–9. Scenario descriptions: 7 - bivariate shared

BYM, large first stage variances; 8 - bivariate shared BYM, small first stage variances; 9 -

bivariate shared BYM, correlated one large and one small first stage variance. Models: O -

direct estimates; I - univariate IID; II - univariate BYM; III - bivariate nonshared IID; IV -

bivariate nonshared BYM; V - bivariate shared IID; VI - bivariate shared BYM.
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Now, we will describe the second stage models. The functional forms are written in more

detail in Table 3.1. Candidate model 0 is just the first stage direct estimates and thus has no

second stage smoothing. Candidate models I and II are univariate second stage smoothing

models, which means we model HAZ and WAZ scores separately. In order to facilitate model

comparisons, we will instead jointly fit the univariate models in a single bivariate model but

set V̂ des
r12 = V̂ des

r21 = 0, which is equivalent to separately fitting two univariate models. Model

I will have IID random effects on region while model II will perform spatial smoothing via

BYM random effects. Candidate models III and IV are bivariate second stage smoothing

models that do not have shared components. Model III will use IID random effects only and

model IV will use BYM random effects. Candidate models V and VI are bivariate second

stage smoothing models with a shared component. Model V will parameterize the latent

means of WAZ with IID random effects only, and it will parameterize the latent means of

HAZ as IID random effects and a coefficient multiplied by the same IID random effects from

the WAZ latent means. Model VI will parameterize the latent means of WAZ with BYM

random effects only, and it will parameterize the latent means of HAZ as BYM random effects

and a coefficient multiplied by the ICAR component of the WAZ BYM random effects. All

BYM random effects are parameterized using the formulation in Riebler et al. (2016) as

previously described.

As we are using Bayesian inference, we must specify prior distributions. Since this exam-

ple has a large amount of data, we use relatively noninformative priors. For the fixed effects

we use improper flat priors. For the IID random effects in IID-only models (I, III, and V), we

use penalized complexity (PC) priors (Simpson et al., 2017) on the standard deviations such

that there is a 1% chance to be larger than 1. For BYM random effects, we use PC priors on

the total variance of the IID and ICAR random effects such that there is a 1% probability

that the total variance is greater than 1. We use Beta(1, 1) prior on ρc, the percent of the

variation that is spatial for each of the c outcomes, as recommended in Riebler et al. (2016).
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3.5.2 Results

First, we present the bivariate correlations estimated from the first stage model in Figure.

The correlations range from 0.34 to 0.95. This indicates fairly strong correlations between

HAZ and WAZ at the individual and cluster levels, which is what the first stage correla-

tions are capturing (the shared component in the second stage models will help capture the

correlation between HAZ and WAZ among regions, i.e. due to unobserved covariates). This

range of correlations demonstrates the potential for improved estimates due to multivariate

modeling. We also note that the correlations are higher in the rural regions and lower in

the urban regions, which lends some credence to there being unobserved covariates shared

between HAZ and WAZ.

We compare the posterior medians of the latent mean HAZ and WAZ scores among all

models, and these are presented in Figure 3.6. The comparisons are separated into univariate

comparisons, bivariate IID comparisons, and bivariate BYM comparisons. Here, we see that

posterior median estimates of all of the IID models generally agree, and the same is true for

all BYM models. Comparing IID models to BYM models, we see the impact of the spatial

smoothing in shrinking the estimates toward the overall mean—however, since there is an

abundance of data, this shrinkage is less pronounced than would be seen when analyzing

data from a smaller survey.

We present a comparison of the posterior standard deviations of the latent means in

Figure 3.7. Here, we see that the nonshared BYM and nonshared IID models have the

smallest posterior standard deviations. However, as discussed in Section 3.4.5, the smaller

variance leads to narrower uncertainty intervals in nonshared models which are incorrectly

anticonservative in scenarios for which there is a true shared component (for example, if

there are unobserved covariates shared between the outcomes).

A comparison of the LogScore (Section 3.4.4) for each of the seven candidate models is

provided in Table 3.2. Recall the LogScore is akin to the average of the posterior predictive

negative log likelihood, and that a lower score means a better performing model. We see
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that Model VI, the bivariate shared BYM model, performs best. This makes sense since

there are likely shared unobserved factors that influence both HAZ and WAZ that we are

not modeling, so a shared component is an intuitively reasonable choice. We also note that

we fit a bivariate shared BYM model with the HAZ component shared, rather than the WAZ

component shared, and estimates were nearly identical.

Due to these results, we present our final estimates of mean HAZ and WAZ scores from

the 2014 KDHS from the results of model VI. Summaries of the posterior distributions of

parameter estimates are presented in Table 3.3. Figure 3.8 shows a map of the posterior

median HAZ and WAZ scores along with the associated widths of the 95% credible intervals.

We see a clearer spatial gradient for median WAZ compared to HAZ. This is also reflected in

the ρ1 and ρ2 estimates, for which WAZ had a slightly higher proportion of the random effect

variance that was spatial (91.0% vs. 86.5%), although the uncertainty intervals are wide. We

also see that while areas of high uncertainty in HAZ generally correspond to high uncertainty

in WAZ, there are still numerous regions with substantially higher HAZ uncertainty than

WAZ uncertainty and vice versa.

We plot maps of the IID and ICAR random effects for both HAZ and WAZ in Figure 3.9.

The differences in the spatial gradients of the HAZ ICAR and the shared ICAR components

is particularly striking. This is because the shared ICAR component is modeling the spatial

variation in WAZ, while the HAZ ICAR component is modeling the residual spatial variation

beyond that which is shared with WAZ. Because WAZ has a much stronger spatial gradient,

we see near opposite gradients. We provide a more in-depth discussion of this phenomenon

when we examine the unit-level model for these data in Chapter 4.

3.6 Area-level modeling of contraceptive use from the 2014 Kenya DHS

As our next motivating example, we model at contraceptive use in women aged 15-49 also

from the 2014 KDHS data. Contraceptive use was categorized into three categories: none,

modern, and other. First, we will describe how to adapt our multivariate Fay-Herriot model



66

Stage 1 correlations

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Figure 3.5: Bivariate correlations from the first stage model for estimating HAZ and WAZ

from the 2014 KDHS.
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Figure 3.6: Comparison of posterior median latent mean estimates of HAZ and WAZ from

the 2014 KDHS.
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Figure 3.7: Comparison of posterior standard deviations of latent means for each of six

models used to estimate HAZ and WAZ from the 2014 KDHS.

Table 3.2: Bivariate LogScore for each model for HAZ/WAZ. Bold indicates the best per-

forming model

Model LogScore

(III) Bivariate nonshared IID 0.379

(I) Univariate IID 0.274

(V) Bivariate shared IID 0.139

(II) Univariate BYM -0.16

(IV) Bivariate nonshared BYM -0.232

(VI) Bivariate shared BYM -0.47
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Figure 3.8: Estimated posterior medians and widths of 95% credible intervals for HAZ and

WAZ estimated from our bivariate shared BYM model from the 2014 KDHS.
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Figure 3.9: Estimated total BYM random effects, along with the IID and ICAR random

effect components (normalized to have variance 1), for HAZ and WAZ estimated from our

bivariate shared BYM model.
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Table 3.3: Posterior medians (Est) and credible intervals (CI) for fixed effects and hyperpa-

rameters from the bivariate shared BYM model estimating HAZ and WAZ from the 2014

KDHS data.

Parameter Est 80% CI 95% CI

βhaz -0.98 (-1.01, -0.96) (-1.03, -0.94)

βwaz -0.87 (-0.89, -0.85) (-0.91, -0.83)

σ1 0.19 (0.16, 0.22) (0.15, 0.24)

ρ1 0.79 (0.52, 0.92) (0.35, 0.96)

σ2 0.25 (0.21, 0.29) (0.19, 0.31)

ρ2 0.92 (0.73, 0.98) (0.57, 0.99)

λ 0.75 (0.57, 0.92) (0.47, 1.01)

to the multinomial case. Then, we will present the modeling specifications for seven candidate

models, compare them using a bivariate scoring method, and present detailed results for the

best performing model.

3.6.1 Adaptation for multinomial data

This area-level multivariate modeling framework can also be adapted for use with multino-

mial outcomes, with some minor changes. We will use the same notation, except now we

will let c = 1, . . . , C denote levels of a categorical variable. For cluster region r, define Nr as

the total number of individuals, Yrc as the number of individuals that are in category c (in

vector form Yr = [Yr1, . . . , YrC ]
′), with prc the associated probability of being in category c

(in vector form pr = [pr1, . . . , prC ]
′). Hence, Nr =

∑C
c=1 Yrc.

For the first stage, we will use the individual-level data to calculate survey weighted prob-

abilities in each region along with the estimated design-based covariance matrix, accounting

for the complex survey design. We will use a baseline category multinomial logistic general-
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ized linear model with only intercepts fit in each region separately. Without loss of generality,

we let c = C be the reference group. Then, we define our model for c = 1, . . . , C − 1 as

log(prc/prC) = βrc.

Note that there are only C−1 estimated parameters due to the constraint that probabilities

sum to 1. This is the standard generalized linear modeling approach for multinomial data

(Hartzel, Agresti, & Caffo, 2001). However, we must take into account the sampling design.

We can calculate sampling weighted point estimates through standard tools for frequency

weights in vectorized generalized linear models, since sampling weights are equivalent to

frequency weights in these models with independent observations (Lumley, 2020). For each

region, this results in a vector of the estimated survey-weighted log relative probabilities

(which are called the multinomial log odds or logit probabilities), β̂rc.

Next, we calculate the design-consistent covariance matrices, V̂ des
r , via linearization. De-

tails are provided in Lumley (2021). Briefly, linearization requires computing the influence

functions of the parameters hi(β) = −I−1
w Ui(β), where −I−1

w is the weighted estimate of

the population Fisher information and Ui(β) = ∂βℓi(β) is the loglikelihood contribution of

observation i with weight wi. The sum of the weighted influence functions (i.e. the popu-

lation total of the influence functions) are asymptotically equal to the variance of β̂. Care

must be taken for the constraints of the multinomial model. Detail on this, as well as further

information on this linearization procedure, can be found in the vignette for the svyVGAM

package in R (Lumley, 2021). We use the svy_vglm() function from this package to cal-

culate β̂r and V̂ des
r . In the multinomial case, β̂r is a vector of length C − 1 and V̂ des

r is a

(C − 1)× (C − 1) covariance matrix.

An alternative perspective here is that we are using a pseudo-likelihood approach in

which the likelihood is weighted by the appropriate sampling weights. In this sense, the

estimated statistics and their corresponding variances are computed from the variance of

weighted estimating functions, as described by Binder (1983). This gives asymptotically
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correct results for both point estimates and standard errors.

One further issue is for cases on the boundary—this arises if a region has no observations

for one of the categories. In this case, the multinomial model cannot estimate a logit prob-

ability. Since in most cases (including our example of contraceptive use) we do not believe

this to be a true zero but instead we were simply unlucky and did not see any observations

in this category. As a practical method of overcoming this, we add a single “phantom”

individual who has an observation in this category in each of these regions, but we set the

sampling weight to be half of the smallest weight observed in the region in order to minimize

the effect on the results yet allow us to estimate β̂rc for ever category and every region.

Further discussion of this is given in Section 3.7.

Once we have these first stage logit probability estimates, the second stage smoothing

model follows exactly like the continuous outcome case, with working likelihood

β̂r|µr, V̂
des
r ∼ NC−1(µr, V̂

des
r ).

We will estimate posterior distributions for the area-specific smoothed logit probabilities

(since we are using Bayesian methods), which we can then transform back to probability

space via

prc =
exp(µrc)

1 +
∑C−1

c′=1 expµrc′

for c = 1, . . . , C − 1, and for the reference category C,

prC =

[
1 +

C−1∑
c′=1

expµrc′

]−1

.

For our motivating example of contraceptive use in three categories, we will use the same

candidate models as we did for the HAZ/WAZ example which can be found in Table 3.1.
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3.6.2 Results

In our analysis of the contraceptive use data, we set the reference category to be no contra-

ceptive use, such that in region r, βr1 is the log ratio of the probability of using a modern

method to no method, and βr2 is the log ratio of the probability of using an “other” method

to no method. This is a natural reference category (typically the “null” category is chosen),

and it also allows the effects for the “other” group to be modeled directly rather than used

as the basis of comparison for the other two groups. This is because the “other” group has

phantom observations added, and it would not be ideal to include these inaccuracies in the

reference group because they would propagate to all the logit probability estimates.

First, we present the bivariate correlations estimated from the first stage model in Figure

3.10. The correlations range from -0.48 to 0.64. This indicates fairly strong correlations at the

individual and cluster levels, both positive and negative, as well as some areas without much

correlation. This range of correlations also demonstrates the potential for improved estimates

due to multivariate modeling. Note that these correlations are on the logit probability scale,

so they are not simply due to the dependence between multinomial probabilities.

We compare the posterior medians of the latent logit probabilities among all models,

and these are presented in Figure 3.11. The comparisons are separated into univariate com-

parisons, bivariate IID comparisons, and bivariate BYM comparisons. Here, we see similar

results as in the HAZ/WAZ example—posterior median estimates of all of the IID models

generally agree, which is similar for BYM models, and spatial smoothing leads to shrinking

the estimates toward the overall mean. The shrinkage is more apparent here compared to

what was seen in the HAZ/WAZ example, notably for the other vs. none logit probabilities.

This is mostly due to the very small values of the logit probabilities and especially the two

values in the regions where we had to add “phantom” observations, since these values had

very low survey weights and thus very high design-consisted variance estimates. We present

a comparison of the posterior standard deviations of the latent means in Figure 3.7. Here,

we see that the shared BYM has the smallest posterior standard deviations. A comparison
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of the LogScore (Section 3.4.4) for each of the seven candidate models is provided in Table

3.2. Recall that a lower score means a better performing model. We see that Model VI, the

bivariate shared BYM model, performs best.

Due to these results, we present our final estimates of contraceptive use from the 2014

KDHS as the results of model VI. Summaries of the posterior distributions of parameter esti-

mates are presented in Table 3.5. Figure 3.13 shows a map of the posterior logit probabilities

along with the associated widths of the 95% credible intervals. We again see a north-south

spatial gradient. In the northern areas, the logit probabilities of modern vs. none and modern

vs. other are lower than the south, which means that relative to southern areas, the northern

areas have less contraceptive use of any kind, but the uncertainty in these regions is also

larger.

We plot maps of the total BYM2 random effects, as well as the IID and ICAR random

effects separately, in Figure 3.14. These are on the logit probability scale. The shared

“modern vs. none” random effect is the main driver of the spatial dependence, as we see that

the scale of its ICAR component is much greater than the scale of the “other vs. none” ICAR

component which has a very subtle spatial gradient. Thus, most of the spatial variation is

shared between the two logit probability estimates.

We plot a map of the posterior median estimated probabilities of each outcome and their

95% credible intervals in Figure 3.15. These reflect the observations made from the maps of

the logit probabilities, and these estimates serve as what might be a typical “deliverable” from

this data analysis. Finally, we also fit a bivariate shared BYM model with the “modern

vs. none” BYM random effects being the shared component, rather than the “other vs. none”

random effects in the above models. In other words, we used the parameterization µr1 =

β1+vr1+ur1 and µr2 = β2+vr2+ur2+λ(vr1+ur1), rather than µr1 = β1+vr1+ur1+λ(vr2+ur1)

and µr2 = β2 + vr2 + ur2. We compare the posterior median estimates of the proportion

in each contraceptive use category as well as widths of 95% credible intervals in Figure

3.16. The posterior medians are nearly identical, while there are more differences in the

widths of posterior intervals—these are due to slight numerical instability in the models along
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Figure 3.10: Bivariate correlations between the logit probabilities of modern and other con-

traceptive use from the first stage model for estimating contraceptive use from the 2014

KDHS.
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(c) Bivariate BYM comparisons

Figure 3.11: Comparison of posterior median latent mean estimates of contraceptive use

from the 2014 KDHS.
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Figure 3.12: Comparison of posterior standard deviations of latent means for each of six

models used to estimate contraceptive use from the 2014 KDHS.

Table 3.4: Bivariate LogScore for each model for contraceptive use. Bold indicates the best

performing model

Model LogScore

(III) Bivariate nonshared IID 3.51

(I) Univariate IID 3.33

(V) Bivariate shared IID 2.87

(II) Univariate BYM 2.05

(IV) Bivariate nonshared BYM 2.03

(VI) Bivariate shared BYM 1.79



79

Posterior medians

Logit(p) of modern vs. none Logit(p) of other vs. none

−8

−6

−4

−2

0

95% CI width

Logit(p) of modern vs. none Logit(p) of other vs. none

0.5

1.0

1.5

2.0

2.5

3.0

Figure 3.13: Estimated posterior medians and widths of 95% credible intervals for logit

probabilities of contraceptive use estimated from our bivariate shared BYM model from the

2014 KDHS.



80

Total BYM2

Shared (modern vs. none)

other vs. none

−6

−5

−4

−3

−2

−1

0

1

2

IID and ICAR separate

Shared (modern vs. none) IID Shared (modern vs. none) ICAR

other vs. none IID other vs. none ICAR

−6

−5

−4

−3

−2

−1

0

1

2

Figure 3.14: Estimated total BYM2 random effect, as well as IID and ICAR random effects

(normalized to have variance 1), for contraceptive use estimated from our bivariate shared

BYM model. Estimates on the logit(p) scale.
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Figure 3.15: Estimated posterior medians and widths of 95% credible intervals for proba-

bilities of contraceptive use estimated from our bivariate shared BYM model from the 2014

KDHS.
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Table 3.5: Posterior medians (Est) and credible intervals (CI) for fixed effects and hyperpa-

rameters from the bivariate shared BYM model estimating contraceptive use from the 2014

KDHS data.

Parameter Est 80% CI 95% CI

β1 -0.72 (-0.78, -0.67) (-0.81, -0.64)

β2 -3.32 (-3.42, -3.22) (-3.48, -3.16)

σ1 0.37 (0.31, 0.44) (0.28, 0.49)

ρ1 0.86 (0.62, 0.97) (0.48, 0.99)

σ2 1.03 (0.88, 1.21) (0.82, 1.32)

ρ2 0.92 (0.77, 0.98) (0.66, 0.99)

λ 0.48 (0.39, 0.57) (0.34, 0.62)

with slightly inconsistently specified prior distributions. The differences are small, which is

comforting, but it brings to attention that care should be taken when parameterizing shared

component models, and this type of model checking can be important.

3.7 Discussion

We have developed a class of multivariate shared component Fay-Herriot area-level SAE

models using complex survey data. We presented simulation results showing how various

models in this class compare across multiple scenarios, including comparison to direct esti-

mates. These showed that in many scenarios, the choice of second stage smoothing model

is relatively unimportant—especially in cases with large amounts of data—while in others

a correctly specified model, or at the very least a model that correctly specifies the spatial

component and either correctly specifies a shared component or fits univariate models sepa-

rately, performs best. In motivating examples, we jointly modeled height for age and weight

for age in children under age 5 as well as modeled contraceptive use in women age 15-49
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Figure 3.16: Comparison of estimated posterior medians and widths of 95% credible intervals

for probabilities of contraceptive use estimated from bivariate shared BYM models from the

2014 KDHS. The other shared (in chapter) model is the one used for final estimates, while the

modern shared (alternative) model is the comparison that switches which logit probability

has the shared component.
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using data from the 2014 Kenya DHS, In these modeling exercises, we compared a suite of

models within the class we have developed and presented results from the best performing

model.

This class of models provides a novel method for modeling multivariate outcomes from

complex survey data. While the utility of the shared component part of our class of models

was limited in our simulation study, our analysis of HAZ and WAZ from the 2014 KDHS

showed that the bivariated shared component BYM model was the best performing which

lends credence to the importance of this type of model. Further research into its performance

on other outcomes is a priority.

One aspect of these data from the motivating examples that was not considered was

measurement error. For HAZ and WAZ, measurement is notoriously difficult (Ulijaszek &

Kerr, 1999). If the measurement error is not systematically biased, then the uncertainty of

our estimates will not reflect the true uncertainty in the data, thus being anticonservative.

Any bias, however, will propagate through and affect the mean estimates. For example, if a

specific DHS interviewer that only worked in one geographic region tended to underweight

children, then WAZ in those regions would be lower artificially, and our spatial estimates

will be less accurate. Future work is critical to assess the impact of measurement error on

estimates from these models, and any data analysis should take this into consideration when

interpreting results. Furthermore, adapting these models to account for measurement error

may be a fruitful pursuit.

Our modeling exercise from the motivating examples use relatively uninformative PC

priors. Due to the amount of data available in the 2014 KDHS, this is an adequate choice.

Analyses with more informative prior distributions did not affect estimates greatly (results

not shown). However, in other situations with less data and/or more variable outcomes,

the choice of prior distribution may be important, and further research is needed into how

different priors on each of the parameters affects resulting estimates. In particular, priors on

the shared component are an important avenue for exploration.
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This chapter also restricted the class of models it used to BYM spatial models which use

an ICAR model for spatial dependence. Other spatial models could also be used, such the

aforementioned CAR models or models with Leroux spatial random effects (Leroux, Lei, &

Breslow, 2000), and these should be explored in future research. In practice, ICAR models

are often used (Mercer et al., 2015; Wakefield et al., 2020), which is why they were the focus

of this chapter. Additionally, our work can be extended to include spatiotemporal models.

Spatiotemporal two stage Fay-Herriot modeling approaches are used in many applications

(Esteban, Morales, & Pérez, 2016; Z. R. Li et al., 2019; Marhuenda et al., 2013; Rumiati,

Kuswanto, et al., 2019). A spatiotemporal extension of our model that adapts space-time

interaction models currently used in the literature can be used in these contexts, such as

jointly modeling under-5 mortality from different causes or jointly modeling HIV prevalence

by contraceptive use. Recent developments on spatiotemporal shared component models

(Ahmadipanahmehrabadi, Hassanzadeh, & Mahaki, 2019; Blangiardo et al., 2020; Mahaki,

Mehrabi, Kavousi, & Schmid, 2018; Paradinas, Conesa, López-Quílez, & Bellido, 2017) can

be explored to examine whether these approaches translate to the context of estimating

demographic and health outcomes from complex survey data in LMICs.

This leads to a discussion of how to model more complex outcomes. One particularly

interesting case is modeling cause-specific mortality. Here, the first stage model becomes

much more complicated. Rather than simply aggregating means in an appropriate way with

regard to the survey sampling design, we must account for the time-to-event nature of the

data, which is commonly done with discrete time survival analysis techniques (Mercer et al.,

2015). This can be done in our proposed modeling framework, but requires a large amount of

data. In preliminary work on modeling cause-specific under-5 mortality using data from the

verbal autopsy module in the 2017 Bangladesh DHS, there was not enough data to produce

stable first stage estimates before we could even contemplate using second stage models. This

warrants further research into incorporating more data sources and exploring new modeling

techniques.

Another interesting route to explore is comparing shared component models with models
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that include covariates. Since the primary mechanism through which we motivated the

shared component model is via shared but unobserved risk factors and other covariates,

it would be interesting to see how models with covariates compare to shared component

models without covariates. This exercise may provide further support for our class of shared

component models as a whole, and it is straightforward to include area-level covariates.

Lastly, this chapter solely considered area-level models. Another possible class of models

that would be applicable to this type of data would be unit-level models. One reason to

explore unit-level models is the boundary issue that arose in this chapter when modeling

the contraceptive use data—some regions has zero sampled individuals who used “other”

contraceptive methods. To remedy this problem for our area-level models, we added a

“phantom” observation with a very small sampling weight in each region with this issue,

which is a somewhat ad hoc solution. Unit-level models will not require these phantom

observations. In the next chapter, we develop a multivariate shared component unit-level

modeling approach and explore its utility to produce area-level estimates for the same two

motivating examples used in this chapter. A comparison of area- and unit-level approaches

is presented in Chapter 5.
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Chapter 4

UNIT-LEVEL MODELS FOR SMALL AREA ESTIMATION OF
MULTIVARIATE OUTCOMES FROM COMPLEX SURVEY

DATA

4.1 Introduction

This chapter continues discussion of small area estimation (SAE) using data from surveys

with complex design for estimating health and demographic outcomes in low- and middle-

income countries (LMICs). See the previous chapter for the background and motivation of

this setting. The last chapter covered area-level model-based approaches, where covariate

information and sampling models are specified at the desired level of aggregation for final

estimates. Unfortunately, area-level models have two key difficulties that arise somewhat

frequently. First, direct estimates may be on the boundary for a summary parameter that is

not on the whole real line, in which case the estimate will be undefined once transformed to

the whole real line. Unmatched linking models do not do this. In the previous chapter, this

occurred in the example of modeling contraceptive use from the 2014 KDHS—two regions

had no sampled individuals in the “other” category. A second difficulty is that reliable area-

level variance estimates may be unavailable, particularly for areas with few/no samples. One

way to address these shortcomings is the use of unit-level (also called cluster-level) models,

for which data are modeled at the level of the individual or cluster. Unit-level models are

the focus of this chapter.

Beyond overcoming some of the limitations of area-level models, unit-level approaches

can provide more precise estimates along with easy spatial aggregation as they constitute a

bottom-up approach (i.e., they utilize the finest scale of resolution of the data). Since model

inputs are at the unit-level (person-level, household-level, or establishment-level), predictions
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and estimates can be made at the same level as the inputs, or aggregated up to any desired

level. This aggregation, however, is nontrivial, and its feasibility depends on the form of the

model as well as the availability of population-size data or estimates. Furthermore, perhaps

the biggest challenge for unit-level models is how to account for the survey design in the

model. With area-level models, the survey design is incorporated into the model through the

specification of a Gaussian sampling distribution for the weighted estimator, which includes

the design-consistent variance estimates. With unit-level models, accounting for the survey

design is not as simple. One challenge that arises is with informative sampling schemes,

in which the response variables are correlated with the sample selection variables. In these

scenarios, in order to avoid bias, it is critical to capture the sample design in the model. This

can be done by including the design variables used to construct the survey weights in the

statistical model. In addition, one needs to consider the clustering if cluster-based sampling

is used.

Much methodological development has centered on modeling univariate outcomes. Bat-

tese, Harter, & Fuller (1988) proposed a nested error regression model at the unit level,

which was one of the first instances of unit-level model-based SAE. There have been var-

ious extensions for binary, count, and spatial data (Ghosh, Natarajan, Stroud, & Carlin,

1998; MacGibbon & Tomberlin, 1989). The general reference for unit-level models is J. N.

Rao & Molina (2015), Section 4.5, to which readers can refer for a review of the basics. A

comprehensive recent review of unit-level models for complex survey data can be found in

Parker, Janicki, & Holan (2019). Since unit-level models use traditional statistical model-

ing techniques, much development of models is application-specific. For applications using

complex survey data from low- and middle- income countries (LMICs) for estimating health

indicators, Wakefield et al. (2020) provides a useful overview. Some examples include Hobza,

Morales, & Santamaría (2018), Diggle & Giorgi (2019), and Godwin & Wakefield (2021).

As discussed in the previous chapter, modeling multiple outcomes together can lead to

improved estimates compared to univariate models. Much work on multivariate unit-level

models have focused on modeling multinomial data. Ghosh et al. (1998) devised models for
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multi-category data, while a number of studies have used multinomial logistic mixed models

to estimate small area counts for a categorical variable (Molina, Saei, & Jose Lombardia,

2007; Saei & Taylor, 2012; X. Wang, Berg, Zhu, Sun, & Demuth, 2018). Beyond applications-

specific ventures, general modeling approaches have also been developed (Berg & Fuller,

2014; Zhang & Chambers, 2004). For the task of jointly estimating two or more outcomes

(e.g., multiple continuous variables) in the context of SAE, various multivariate models have

been developed (Ito & Kubokawa, 2021; Lohr & Prasad, 2003; Ngaruye, Nzabanita, Rosen,

& Singull, 2017). Models encompassing all of the above types of multivariate outcomes

typically use latent variables in conditionally specified models (F. Li & Zaslavsky, 2010; Sun,

Berg, & Zhu, 2021). More recently, Esteban, Lombardía, López-Vizcaíno, Morales, & Pérez

(2022) describes a bivariate linear mixed model for ratio and mean estimation.

The citations in the previous paragraph do not include any examples of spatial models.

Outside the realm of SAE, multivariate spatial modeling at the unit-level has been extensively

developed, especially regarding pollutant data. An overview of these methods was provided

in the previous chapter; notably, “coregionalization” approaches, in which latent parameters

are shared among outcomes, are popular and typically use continuous spatial models (Palmí-

Perales, Gómez-Rubio, & Martinez-Beneito, 2019; Schmidt & Gelfand, 2003). MacNab

(2016) contains a thorough review. Coregionalization is essentially the continuous spatial

analog of discrete shared component models (Held et al., 2005; Knorr-Held & Best, 2001)

which were described in the last chapter.

Continuous spatial models naturally arise for unit-level analyses because they allow spec-

ification of spatial effects at the same resolution as the observed data. However, if area-level

estimates are desired, aggregation is challenging because auxiliary population information is

needed which can be problematic when the models use non-linear link functions. Further, the

fine-grained population densities required are typically modeled quantities with uncertainty,

and it is not clear how to incorporate this uncertainty into the aggregate estimates. This may

be the reason that spatial models for SAE have been chiefly developed as part of area-based

modeling. Thus, discrete spatial models are attractive—this motivates the use of discrete-
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space shared component models in unit-level analyses. Discrete time models for unit-level

data have been used in the univariate case (Godwin & Wakefield, 2021), but a gap in the

SAE literature persists for spatial modeling at the unit-level using complex survey data for

multivariate outcomes. The frontier of this research has considered multinomial outcomes

(Parker, Holan, & Janicki, 2022), and multiple binary outcomes (Lawson, Schritz, Villar-

roel, & Aguayo, 2020), but the general multivariate case has not been thoroughly explored.

Furthermore, the useful shared component model has not been applied.

To help fill this gap, this chapter proposes a class of multivariate shared component

unit-level SAE models with discrete spatial effects to analyze complex survey data. The

models developed are similar in nature to those in the previous chapter, but they are built

within a unit-level framework. Again, we use a Bayesian modeling approach and develop

latent Gaussian models that are fit using integrated nested Lapace approximation (INLA).

We present two motivating examples that use data from the 2014 Kenya Demographic and

Health Survey (2014KDHS): jointly modeling height-for-age and weight-for-age in children

under age 5, and modeling three categories of contraceptive use in women aged 15-49. The

organization of this chapter is as follows. Section 4.2 provides a brief overview of unit-level

SAE methodology. Section 4.3 details our proposed multivariate shared component model

and presents a simulation study for validation. Sections 4.4 and 4.5 describe using this

methodology to produce estimates for our motivating examples, comparing results among

univariate models and bivariate non-shared models. Section 4.6 provides a discussion and

presents avenues for future research.

4.2 Background methodology

This chapter is concerned with model-based approaches to SAE, which are a class of indi-

rect estimators that assume a model for a theoretical infinite superpopulation from which

the sample data are drawn. In particular, we focus on unit-level rather than area-level ap-

proaches. Area-level approaches specify covariate information and modeling parameters at

the desired level of aggregation for final estimates, while unit-level approaches model data
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at the level of the individual or cluster. The data used will be from surveys with a complex

design, which necessitates methodology from the survey sampling literature. See last chapter

for a review of area-level SAE as well as survey sampling.

We will first reintroduce notation and define additional terms specific for unit-level mod-

els. We assume the units of analysis are clusters within a multistage cluster design. Let

i = 1, . . . , Nk denote individuals which are from k = 1, . . . , Kr clusters sampled from

r = 1, . . . , R regions, and let c = 1, . . . , C denote outcomes (i.e. multiple continuous vari-

ables like height- and weight-for-age). Let srk represent the geographical location of cluster

k in region r. Let Yrkic be the random variable for outcome c for individual i in cluster k of

area r, with observed value yrkic. Throughout this chapter, we will use bold font and drop

relevant subscripts to refer to vectors. Thus, the vector of observed outcomes for individual

i in cluster k of region r is denoted yrki = [yrki1, . . . , yrkiC ].

First, we will review unit-level SAE models from a simplified univariate perspective with

noninformative sampling. For simplicity, we assume the observed data is at the cluster-level

(no individuals), and that regions are the desired small areas for analysis. Thus, we drop

the outcome subscripts c and the individual subscripts i.

The nested error unit-level model, first proposed by Battese et al. (1988), has the form

yrk = xT
rkβ + ur + ϵrk

with individual-level covariates xrk, random effects ur, and residual terms ϵrk which are

independent and identically distributed (IID). Parameter estimation and predictions can be

carried out via calculation of the best linear unbiased predictors or via specification of a

hierarchical Bayesian model. This form of model was expanded to consider a generalized

linear mixed model (GLMM) approach (Ghosh et al., 1998; MacGibbon & Tomberlin, 1989)

that has been broadly used for binary and count data.

However, these methods do not explicitly account for informative sampling from the

complex design of most surveys. The DHS, for example, carries out a stratified cluster
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sampling scheme for selecting individuals. A crucial assumption for unit-level models is that

the selection probability, given covariates, does not depend on the values of the response

(J. N. Rao & Molina, 2015). This implies that for modeling data from a stratified random

sample, stratification variables must be included in the model. Fixed effects for each strata

are recommended (Paige et al., 2022). Furthermore, cluster sampling leads to correlated

responses within clusters. In this case, cluster-level random effects are typically used (Scott

& Smith, 1969). Models that abide by the above recommendations have been used for unit-

level SAE in the context of estimating health and demographic outcomes (Z. R. Li et al.,

2019; Wakefield et al., 2019).

For the particular stratified cluster sampling design of the DHS, we have strata that

consist of a binary urban/rural classification crossed with geographical administrative re-

gions. A number of possible models can be specified for these data that account for this

design. If we use fixed effects on each region and on urban/rural classification, then we

would need interactions between region and urban/rural. However, many models include

spatial random effects to leverage spatial dependence, and interactions would produce an

unidentifiable model. Since spatial modeling with random effects is used in this chapter,

we consequently use a single urban/rural fixed effect and no fixed effects on region. This

imposes a constant association between the response and the urban/rural variable across

areas. Another possibility, would be to include a spatially varying urban/rural coefficient,

or model the associations separately in larger regions, which may be attractive if the size of

the observed data allows for it or if borrowing strength across regions is a lower priority.

We now present a popular candidate model on which the remainder of the chapter is

based—a similar model is presented in Wakefield et al. (2020). We do not use covariates

in the models in this chapter, but it would be straightforward to do so. We start with the

univariate case. Assuming a continuous Gaussian outcome Yrk|µrk, σ
2 ∼ N(µrk, σ

2), one

popular candidate model parameterizes the means as
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µrk = β0 + z(srk)γ + S(srk) + ϵrk

where z(srk) is the a binary indicator that the cluster at location srk lies in a rural strata,

with γ is the associated effect of urban/rural status. The spatial random effects S(srk) are

associated with cluster location srk, and may be continuous or discrete. The cluster-level

error ϵrk
iid∼ N(0, σ2

ϵ ) is the so-called nugget, which is traditionally taken to represent short

scale variability and/or unmodeled sampling variability (also labeled a little inaccurately as

“measurement error”), and is frequently not included when making model-based predictions

(Dong & Wakefield, 2021).

The specification of the spatial model for S(srk) generally comes down to two schools

of thought. First, the model-based geostatistical (MBG) approach centers on continuous

spatial models and takes S(srk) as a realization of a zero-mean Gaussian process (GP), which

implies that any collection of spatial random effects have a multivariate normal distribution.

A popular choice for the GP variance-covariance is the Matérn covariance function (Stein,

1999), for which the covariance between is,

cov(S(s1), S(s2)) = σ2
S

21−νS

Γ(νS)

(√
8νS

||s2 − s1||
ρS

)
κνS

(√
8νS

||s2 − s1||
ρS

)
where ρS is the spatial range corresponding to the distance at which the correlation is approx-

imately 0.1, σS is the marginal standard deviation, νS is the smoothness (which is usually

fixed, since it is difficult to estimate), and κνS is a modified Bessel function of the second

kind, of order νS. Large numbers of clusters lead to computational challenges because we

need to manipulate K×K matrices which involves O(K3) operations (Rue & Held, 2005). To

overcome this problem, one popular approach is using stochastic partial differential equations

(SPDE) (Lindgren et al., 2011). Other approaches are described by Heaton et al. (2019).

If the desired level for reporting results is not at the unit-level but instead at the area-level,

which is commonplace in analyses of demographic and health data due to policy relevance
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and interpretability, then estimates must be aggregated. This is a challenging endeavor for

models with continuous spatial effects. To illustrate, let µr be the area-level mean and let

µ(s) = β0 + z(srk)γ + S(srk) be the estimated outcome at location srk. Note that ϵrk is

omitted since it is viewed as measurement error. Aggregation to the area-level is carried out

through

µr =

∫
Ar

µ(s)× q(s)ds ≈
Mr∑
l=1

µ(sl)× q(sl)

with Ar denoting the area boundaries of region r, q(s) is the population density at s which

is needed at all locations on the approximating mesh sl, l = 1, . . . ,Mr.

The challenge arises because covariates, design variables, and population densities are

needed for all locations on the approximating mesh. Obtaining these values is highly non-

trivial, with these values often being modeled estimates themselves—especially for population

densities and covariate surfaces—for which no standard method exists for propagating un-

certainty through to the final aggregated estimates. In principle, we could do it if we had

(say) samples for the population and covariate surfaces. Area-level methods avoid this prob-

lem since the weights implicitly include population information from the sampling frame,

but unit-level models remain appealing due to being closer to the mechanism of action for

covariates. If associations are of interest, then this has the possibility of reducing ecological

bias (Wakefield, 2008). However for SAE, we are generally interested in predictions at the

area-level rather than associations, so interpretations is less of a concern. Nevertheless, the

signal will be stronger at the cluster level.

Beyond the MBG paradigm, a second approach to choosing a spatial model uses random

effects at the area level. Using discrete spatial models, rather than continuous, allows easy

aggregation as well as computational advantages. An example is the use of the Besag,

York and Mollié (BYM) model which includes both an intrinsic conditional autoregressive

component for spatial auto-correlation and an IID random effects component for non-spatial

heterogeneity (Besag et al., 1991). Recently, a reformulation of the BYM model, called
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the BYM2 model, has been developed which has beneficial properties for modeling and

interpretability. For more detail on BYM and BYM2 spatial models, see Section 3.3.5 in the

previous chapter. Letting vr and ur be the IID nonspatial and ICAR spatial components of

a BYM2 model, respectively, we can write our previous candidate model as

µrk = β0 + zrkγ + σ(
√
1− ρvr +

√
ρur) + ϵrk

where zrk is an indicator of cluster k in region r being rural, σ2 is the total variance of the

BYM2 random effects, and ρ is the proportion of the variation that is spatial. In this model,

aggregating up to the region-level is much more straightforward—it only requires knowing

the proportion of the relevant population in each area that is rural, qr. This may come from

modeled estimates, census data, or known sampling frames. Aggregation for each region is

done via

µr = (1− qr)×
(
β0 + σ(

√
1− ρvr +

√
ρur)

)
+ qr ×

(
β0 + γ + σ(

√
1− ρvr +

√
ρur)

)
.

Due to their positive attributes, discrete spatial models are the focus of this chapter, rather

than continuous models.

Moving on to the multivariate case, the vast majority of spatial SAE model development

has been done with area-level models, which was surveyed in the previous chapter. Multi-

nomial outcomes (Parker et al., 2022), as well as multiple binary outcomes (Lawson et al.,

2020), have been modeled spatially. Extending our univariate candidate model to the mul-

tivariate case, we can begin indexing by outcome c = 1, . . . , C. Naturally, we can include

outcome-specific intercepts, urban/rural effects, BYM2 random effects, and nuggets, which

yields

µrkic = βc + zrkγc + σc(
√

1− ρcvrc +
√
ρcurc) + ϵrkc.
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However, as discussed in the previous chapter, many demographic and health outcomes share

common but unobserved covariates, which motivates the use of shared component models.

Therefore, we can adapt the above to yield a new candidate model. For simplicity, we only

consider the bivariate case, for which the pair of means are

µrk1 = β1 + zrkγ1 + σ1(
√

1− ρ1vr1 +
√
ρ1ur1) + λ(σ2(

√
1− ρ2vr2 +

√
ρ2ur2)) + ϵrk1

µrk2 = β2 + zrkγ2 + σ2(
√

1− ρ2vr2 +
√
ρ2ur2) + ϵrk2

This model serves as the cornerstone to this chapter and will be discussed further in the next

section.

4.3 A multivariate unit-level shared component model

To summarize our previous discussion, unit-level modeling approaches can produce usable

estimates at the desired level of geographic aggregation in settings without sufficient data to

produce reliable model-based variance estimates at the area-level. While continuous spatial

models are commonly used, discrete spatial models are more computationally tractable and

allow for far less methodological challenging aggregation to produce area-level estimates.

This section proposes a unit-level modeling approach for multivariate outcomes that uses

discrete spatial effects and shared latent parameters among outcomes. We first describe the

model for continuous outcomes, and then adapt it for a multinomial outcome.

4.3.1 Modeling description

In this chapter, we take a Bayesian approach. We will use a Gaussian likelihood for the

continuous outcomes. Recall that we have multiple outcomes observed for each individual,

who are nested within clusters, which are nested within regions. Thus, for outcome c for

individual i in cluster k of region r, we let specify the individual-level likelihood
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Yrkic|µrkic, ω
2
c ∼ N(µrkic, ω

2
c ).

which has outcome-specific, individual-level variances ω2
c . Of note, we do not explicitly

use a multivariate likelihood across the outcomes, but instead we let the shared components

induce dependency among outcomes, which is similar to continuous coregionalization models

(Schmidt & Gelfand, 2003).

The discrete spatial shared component model for µrkic must be developed with regard to

the complex survey design used to sample the observed data. We will consider the sampling

design of the 2014 KDHS (along with most other DHS surveys), which is a stratified cluster

survey. The strata consist of the geographies for the first administrative level (admin 1)

crossed with the binary classification of urban or rural. Within these strata, clusters were

sampled with probability proportional to size. Within a cluster, individuals are selected via

simple random sampling. To account for this sampling design, as discussed in Section 4.2, we

must include strata effects in our model. Due to our desire to include spatial random effects,

we do not use fixed intercepts for strata because that would cause identifiability problems—

rather, we use random effects on admin 1 regions along with fixed effects on urban/rural

strata for each outcome, which imposes a constant urban/rural effect across areas. Following

Section 4.2 and assuming two outcomes for simplicity, c = 1, 2, the latent parameters are

modeled as

µrki1 = β1 + zrkγ1

+ σ1(
√

1− ρ1vr1 +
√
ρ1ur1)

+ λ(σ2(
√

1− ρ2vr2 +
√
ρ2ur2))

+ ϵrk1

µrki2 = β2 + zrkγ2

+ σ2(
√

1− ρ2vr2 +
√
ρ2ur2)

+ ϵrk2
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As fixed effects, βc are outcome-specific fixed intercepts, zrk is the binary indicator of cluster

k in region r being rural (rather than urban), and γc is the outcome-specific effect associated

with rural areas.

For the discrete spatial component, we use the BYM2 model with vrc
IID∼ N(0, 1) and

uc ∼ ICAR(1) with total variance σ2
c and percent of the variance spatial ρc. For the shared

component, we include the BYM2 random effects from outcome c = 2 in the parameterization

for the mean of outcome c = 1. which are scaled by a coefficient λ to be estimated from the

model. This is a proxy for unobserved shared covariates between our outcomes. We could

alternatively share the random effects from outcome c = 1; these two models are equivalent

(see Appendix B.2).

The cluster-level error ϵrkc|σ2
ϵ,c

iid∼ N(0, σ2
ϵ,c) is the so-called nugget, which we consider as

measurement error in this context and thus will not include it when making model-based

predictions. We will assume no covariates for simplicity, though this model can include them

with (potentially outcome-specific) fixed effects. Many surveys, the DHS included, collect a

suite of relevant variables that we may wish to adjust for, which can be explored in future

analyses.

In order to calculate area-level means, we aggregate the estimates from our model via

µrc = (1− qr)×
(
βc + gc

)
+ qr ×

(
βc + γc + gc

)
with gc the (potentially shared) BYM2 random effects corresponding to outcome c and qr the

proportion of the relevant population in region r that is rural. For example, when modeling

height- and weight-for age in children under 5, qr is the proportion of the under-5 population

in region r that live in rural areas.

While this model has many appealing features, it may not be the most suitable for many

scenarios. In general, it is recommended to fit multiple candidate models and compare them

via a relevant model selection technique. In our motivating examples, we will compare the

above model to three other simpler models in order to see if a model with this level of
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complexity is justified. Letting v∗rc|σ2
c

iid∼ N(0, σ2
c ) for each c (which will be used in models

without spatial random effects), the four candidate models are:

I: IID nonshared

µrki1 = β1 + zrkγ1 + v∗r1 + ϵrk1

µrki2 = β2 + zrkγ2 + v∗r2 + ϵrk2

II: BYM nonshared

µrki1 = β1 + zrkγ1 + σ1(
√

1− ρ1vr1 +
√
ρ1ur1) + ϵrk1

µrki2 = β2 + zrkγ2 + σ2(
√
1− ρ2vr2 +

√
ρ2ur2) + ϵrk2

III: IID shared

µrki1 = β1 + zrkγ1 + v∗r1 + λvr2 + ϵrk1

µrki2 = β2 + zrkγ2 + v∗r2 + ϵrk2

IV: BYM shared

µrki1 = β1 + zrkγ1 + σ1(
√

1− ρ1vr1 +
√
ρ1ur1)

+ λ(σ2(
√

1− ρ2vr2 +
√
ρ2ur2)) + ϵrk1

µrki2 = β2 + zrkγ2 + σ2(
√
1− ρ2vr2 +

√
ρ2ur2) + ϵrk2

4.3.2 Model fitting

We take a Bayesian approach to modeling in this chapter. All models were fit within the

R statistical computing environment (R Core Team, 2013) using Integrated Nested Laplace

Approximation (INLA) (Rue et al., 2009) as implemented in the INLA package. INLA pro-

vides a fast alternative to MCMC for approximating the marginal posterior distributions of
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latent Gaussian Markov random field models. The models in this chapter are easy to specify

and fast to compute using personal computing machines. All code used in this chapter is

available at https://github.com/aeschuma/multivariate-sae.

4.3.3 Model selection

Model selection among candidate models will be done via cross validation using a multivariate

scoring strategy. Fuglstad et al. (2021) provides the general strategy for this task for

univariate models, which we extent to the multivariate case. As the area-level means are the

target of estimation, we design a procedure that validates at the area-level. Furthermore,

Fuglstad et al. (2021) demonstrate that cluster-level cross validation may have insufficient

discriminatory power in models similar to the ones we fit here. Each Bayesian model gives

rise to a predictive distribution of the true area-level mean vectors, µr. If we hold out all data

in region r when fitting the model, the direct estimate of the held out data (i.e. the Hàjek

estimator ˆ̄yr ∼ NC(µr, V̂
des
r ) with V̂ des

r the design-based covariance matrix, as described in

Chapter 3) is independent of this predictive distribution from the model fit with region r

removed because it is based on independent data. Thus, combining the independent sampling

distribution of the direct estimator for the held out region with the posterior for the true

value from the model fit with the held out data removed, we find a predictive distribution

for the held out data that we can use to validate estimates from the model at the area-level.

For each region r, the procedure is as follows:

1. Hold out all observations for region r.

2. Fit all candidate models to the data with region r removed.

3. Sample s = 1, . . . , S samples from the posterior distributions of the region-specific

bivariate means, µ(s)
r = [µ

(s)
r1 , µ

(s)
r2 ], where µ

(s)
rc are the weighted averages of the urban

and rural estimates, i.e. µ
(s)
rc =

[
(1− qr)×

(
β
(s)
c + g

(s)
c

)]
+
[
qr ×

(
β
(s)
c + γ

(s)
c + g

(s)
c

)]
with the β

(s)
c , γ(s)

c , and g
(s)
c parameters as defined previously with the (s) superscript

denoting the posterior estimate in sample s. Remember, these samples are from models

https://github.com/aeschuma/multivariate-sae
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fit to data with region r removed.

4. Compute the survey-weighted direct estimates of the means for the held out data, ˆ̄yrc,

along with the appropriate design-based covariance V̂ des
r . See Chapter 3 Section 3.3

for details on this calculation.

5. For each sample s, the posterior predictive distribution of the held out data is

NC(µ
(s)
r , V̂ des

r ), and we evaluate this distribution at the value ˆ̄yrc. We call these

likelihood values π̃
(s)
r .

6. Average these over all samples and calculate the negative loglikelihood, ℓr =

− log
(

1
S

∑S
s=1 π̃

(s)
r

)
.

Once we have all of these region-level scoring estimates, we average over them and end up

with

LogScore =
1

R

R∑
r=1

ℓr

We compare the LogScore values among all candidate models. Since the LogScore is the

average of negative loglikelihoods, a lower LogScore indicates a better performing model.

4.3.4 Simulation study

We perform a simulation study to show the validity of this modeling procedure and the

explore how model misspecification of the spatial model and shared component affects results.

We will generate individual-level data similar to our working example of HAZ and WAZ scores

in the 2014 KDHS. Then, we will fit the above four candidate models to the simulated data.

We will do this for seven different scenarios each with their own data generating mechanism.

In all scenarios, the parameter values used to generate the latent means will be set equal to

parameters estimated from the described model fit to the HAZ and WAZ data from the 2014

KDHS. In each scenario, we will compare the bias, variance, mean squared error (MSE),

and 95% interval coverage and width for the aggregated area-level means from four different
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models.

Data will be generated using a normal likelihood, Yrkic|µrkic, ω
2
c ∼ N(µrkic, ω

2
c ). We now

describe µrkic and ω2
c for each scenario.

Scenario 1 - IID nonshared, 2014 KDHS parameters: This scenario will generate latent

means from the IID nonshared candidate model, with the parameters, including the variance

of the Gaussian observations ω2
c , set equal to those estimated from the IID nonshared model

to the 2014 KDHS. Thus, the means will have the form

µrk1 = β1 + zrkγ1 + v∗r1 + ϵrk1

µrk2 = β2 + zrkγ2 + v∗r2 + ϵrk2

Scenario 2 - BYM nonshared, 2014 KDHS parameters: This scenario will generate latent

means from the BYM nonshared candidate model, with the parameters, including the vari-

ance of the Gaussian observation ω2
c , set equal to those estimated from the BYM nonshared

model to the 2014 KDHS. Thus, the means will have the form

µrk1 = β1 + zrkγ1 + σ1(
√

1− ρ1vr1 +
√
ρ1ur1) + ϵrk1

µrk2 = β2 + zrkγ2 + σ2(
√

1− ρ2vr2 +
√
ρ2ur2) + ϵrk2

Scenario 3 - IID shared, 2014 KDHS parameters: This scenario will generate latent

means from the IID shared candidate model, with the parameters, including the variance of

the Gaussian observation ω2
c , set equal to those estimated from the IID shared model to the

2014 KDHS. Thus, the means will have the form

µrk1 = β1 + zrkγ1 + v∗r1 + λvr2 + ϵrk1

µrk2 = β2 + zrkγ2 + v∗r2 + ϵrk2
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Scenario 4 - BYM shared, 2014 KDHS parameters: This scenario will generate latent

means from the BYM shared candidate model, with the parameters, including the variance

of the Gaussian observation ω2
c , set equal to those estimated from the BYM shared model

to the 2014 KDHS. Thus, the means will have the form

µrk1 = β1 + zrkγ1 + σ1(
√

1− ρ1vr1 +
√
ρ1ur1)

+ λ(σ2(
√

1− ρ2vr2 +
√
ρ2ur2)) + ϵrk1

µrk2 = β2 + zrkγ2 + σ2(
√

1− ρ2vr2 +
√
ρ2ur2) + ϵrk2

Scenario 5, BYM shared, larger variance of the individual-level likelihood: This scenario

will use the same generating mechanism as Scenario 1 except the standard deviation of the

Gaussian observations will be set to be approximately 50% larger than was estimated in the

2014 KDHS data.

Scenario 6, BYM shared, smaller variance of the individual-level likelihood: This scenario

will use the same generating mechanism as Scenario 1 except the standard deviation of the

Gaussian observations will be set to be approximately 80% smaller than was estimated in

the 2014 KDHS data.

Scenario 7, BYM shared, one precise and one imprecise outcome: This scenario will use

the same generating mechanism as Scenario 1 except the standard deviation of the Gaussian

observations for outcome 1 will be set to be twice as large as the standard deviation for

outcome 2. These values will be approximately 15% larger and 35% smaller than those

observed in the 2014 KDHS.

Simulation results: Tables of simulation results are presented in Appendix C.1. We graph

the bias, absolute bias, variance, and MSE of the estimated area-level latent means for each



104

outcome, along with the coverage and width of 95% credible intervals, averaged over all

regions, in Figure 4.1 for scenarios 1 through 4 and Figure 4.2 for scenarios 5 through 7.

Starting with scenarios 1–4, we see little difference in bias among the models. In scenarios

1–3, the variance, MSE, coverage, and width are actually quite comparable, with no pattern

emerging of the correctly specified model outperforming the rest. In the BYM data, we do

see undercoverage which is indicative of a strong impact of the spatial modeling components

which perhaps induce too much shrinkage. In scenario 4, the BYM shared data generating

mechanism, we see that the correctly specified model does have the lowest MSE, which is

driven by having the lowest variance, but this actually leads to it having the lowest cover-

age due to the narrowest intervals. This tradeoff exposes a potentially tricky decision when

choosing a model, as the best fitting model may not have optimal coverage while providing

more precise estimation. For scenario 6, which has very low variance of the Gaussian likeli-

hood, all models perform similarly as to be expected since there is little shrinkage. Scenario

5, with large Gaussian variance, and scenario 7, with one larger and one smaller Gaussian

variance, demonstrate similar issues as seen in scenario 4. Notably, however, scenario 7 also

shows a markedly lower absolute bias in the outcome with the larger variance, which indi-

cates the utility of a shared component to borrow information from a precise outcome to aid

estimation of a more diffuse outcome.

4.4 Unit-level modeling of height- and weight-for-age from the 2014 Kenya
DHS

We model HAZ and WAZ scores from the 2014 KDHS as our first working example. For

a detailed description of the 2014 KDHS survey as well as the HAZ and WAZ scores, see

Chapter 3.

4.4.1 Modeling specifications

HAZ and WAZ are both continuous variables, so we will use the framework described in

Section 4.3.1. We will fit candidate models I, II, III, and IV to the data and compare them
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Figure 4.1: Bias, absoulte bias, variance, MSE, 95% interval coverage, and 95% interval width

for all models across simulation scenarios 1–4. Scenario descriptions: 1 - BYM shared; 2 -

IID shared; 3 - BYM nonshared; 4 - IID nonshared. Model descriptions: I - IID nonshared;

II - BYM nonshared; III - IID shared; IV - BYM shared.
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Figure 4.2: Bias, absoulte bias, variance, MSE, 95% interval coverage, and 95% interval

width for all models across simulation scenarios 5–7. Scenario descriptions: 5 - BYM shared,

small first stage variances; 6 - BYM shared, small first stage variances; 7 - BYM shared, one

larger and one smaller first stage variance. Model descriptions: I: IID nonshared; II: BYM

nonshared; III: IID shared; IV: BYM shared.
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using the LogScore to choose a best-performing model, for which we will present results.

As we are using Bayesian inference, we must specify prior distributions. Since this exam-

ple has a relatively large amount of data, we use quite noninformative priors. For the fixed

effects we use improper flat priors. For the IID random effects in IID-only models (I, III), we

use penalized complexity (PC) priors (Simpson et al., 2017) on the standard deviations such

that there is a 1% chance to be larger than 1. For BYM random effects, we use PC priors on

the total variance of the IID and ICAR random effects such that there is a 1% probability

that the total variance is greater than 1. We use Beta(1, 1) prior on ρc, the percent of the

variation that is spatial, as recommended in Riebler et al. (2016).

For the aggregation of estimates to the area-level, we need to use the proportion of the

under-5 population in each county that is rural (in 2014), qr. These were calculated from

WorldPop urban/rural classification and population density rasters (“WorldPop,” 2022) in

conjunction with admin-1 urban population fractions from the DHS (Kenya National Bureau

of Statistics, 2015) using the thresholding method described in Wu et al. (2021).

4.4.2 Results

We compare the posterior medians of the area-level mean estimates of HAZ and WAZ among

all models in Figure 4.3. These results show quite strong agreement between all models, which

is likely due to the amount of data being modeled. We present a comparison of the posterior

standard deviations of the latent means in Figure 4.4. Here, we see that the BYM shared

models has the smallest posterior standard deviations. However, as discussed in Section

4.3.4, the posterior variance may be too small leading to uncertainty intervals that are too

narrow compared to the nominal level.

To make a final decision on the best performing model, we present a comparison of the

LogScore for each of the four candidate models in Table 4.1. Recall that a lower value

indicates better performance, since the LogScore is based on the negative log-likelihood. We

see that Model IV has the lowest LogScore. This makes sense since HAZ and WAZ have
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strong spatial dependence, and additionally there are likely shared unobserved factors that

influence both HAZ and WAZ.

Due to this model selection exercise, we present the area-level estimates of mean HAZ

and WAZ scores from the 2014 KDHS as the results of model IV. However, we do emphasize

that for these results the uncertainty intervals might be too narrow to have nominal coverage

(as seen in the previous simulation study) despite it fitting the data better than the other

three models. Summaries of the posterior distributions are presented in Table 4.2. Figure

4.5 shows a map of the posterior median HAZ and WAZ scores along with the widths of

the 95% credible intervals. Additionally, we plot maps of the total BYM2 random effects,

σc(
√
1− ρcvrc +

√
ρcurc), along with the standardized IID and ICAR components, vrc and

urc, for both HAZ and WAZ in Figure 4.6.

For the posterior median WAZ estimates, we see a more consistent spatial gradient of

being lower in the north and higher in the south as compared to HAZ. At least for WAZ,

these findings agree with the general knowledge that access to and quality of health care

and proper nutrients tend to be worse in the northern regions (Ilinca, Di Giorgio, Salari, &

Chuma, 2019). To explore this finding further, we look at the maps of the random effects.

This north-south heterogeneity is evident in the shared ICAR random effect, with additional

hotspots of high WAZ in the south-center and southwest which arise from the shared IID

random effect. This is the complete picture for the WAZ final estimates, but recall that

the HAZ final estimates include both the shared random effects and HAZ-specific random

effects. Thus, we can interpret the HAZ ICAR random effects as essentially the difference

between the WAZ spatial gradient and the HAZ spatial gradient, and similarly the HAZ IID

random effects constitute the non-structured differences. With this in mind, it is clear that

HAZ has less of a stark north-south gradient since the HAZ random effects are generally in

the opposite direction as the shared random effects, especially in the northern regions. For

context, the spatial distribution seen here, which arises for other health indicators as well

(Godwin & Wakefield, 2021; Mulatya & Ochieng, 2020), is commonly attributed to the rural-

urban health divide (Joseph et al., 2020). But the geographical heterogeneity estimated from
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Table 4.1: Bivariate LogScore for each model fit to continuous HAZ and WAZ data from the

2014 KDHS. Bold indicates the best performing model.

Model LogScore

(III) IID shared 0.326

(I) IID nonshared 0.21

(II) BYM nonshared -0.348

(IV) BYM shared -0.454

the BYM2 random effects is in addition to the strong urban/rural effect that was estimated

from our model (γ̂1 ≈ γ̂2 ≈ −0.29). This indicates complex interactions of multiple factors

in the spatial distribution of HAZ and, most strongly, WAZ, beyond the urban-rural gap—a

finding that is supported in recent literature (Fagbamigbe, Kandala, & Uthman, 2020).

4.5 Unit-level modeling of contraceptive use from the 2014 Kenya DHS

Next, we consider modeling contraceptive use in women age 15-49, again using data from the

2014 KDHS. For a description of this contraceptive use data, see Chapter 3. Importantly,

we have three categories of contraceptive use: none, modern methods, or other methods. We

will start by detailing the necessary adaptations to our modeling framework for multinomial

data. Then, we will fit four candidate models to the contraceptive use data and compare

them using the LogScore to choose a best-performing model, for which we will present results.

4.5.1 Adaptation for multinomial outcomes

Our unit-level multivariate modeling framework can also be adapted for use with multinomial

outcomes, with some minor changes. We will use the same notation, except now we will let

c = 1, . . . , C denote levels of a categorical variable. For cluster k in region r, define Nrk as
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Figure 4.3: Comparison of posterior median area-level mean estimates of HAZ and WAZ

from the 2014 KDHS.



111

Table 4.2: Posterior medians (Est) and credible intervals (CI) for fixed effects and hyper-

parameters from the BYM shared model estimating HAZ and WAZ from the 2014 KDHS

data.

Parameter Est 80% CI 95% CI

βhaz -0.77 (-0.81, -0.73) (-0.83, -0.71)

βwaz -0.66 (-0.69, -0.63) (-0.71, -0.61)

γhaz -0.29 (-0.33, -0.25) (-0.35, -0.23)

γwaz -0.29 (-0.32, -0.25) (-0.34, -0.23)

ω1 1.31 (1.3, 1.32) (1.3, 1.32)

ω1 1.14 (1.13, 1.15) (1.13, 1.15)

σ1 0.13 (0.11, 0.15) (0.1, 0.17)

ρ1 0.71 (0.39, 0.93) (0.25, 0.97)

σ2 0.19 (0.17, 0.21) (0.16, 0.23)

ρ2 0.67 (0.5, 0.82) (0.42, 0.88)

σϵ1 0.36 (0.35, 0.38) (0.34, 0.39)

σϵ2 0.33 (0.31, 0.34) (0.31, 0.35)

λ 0.72 (0.55, 0.91) (0.46, 1.01)
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Figure 4.4: Comparison of posterior standard deviations of latent means for each of six

models used to estimate HAZ and WAZ from the 2014 KDHS.

the total number of individuals, Yrkc as the number of individuals that are in category c (in

vector form Yrk = [Yrk1, . . . , YrkC ]
′), with prkc the associated probability of being in category

c (in vector form prk = [prk1, . . . , prkC ]
′).

First, our cluster-level likelihood is

Yrk|Nrk,prk ∼ Multinomial(Nrk,prk). (4.1)

We specify a baseline category logistic model (Hartzel et al., 2001) for the prk, with reference

category C, such that for outcome c = 1, . . . , C − 1 we have

log
(
prkc
prkC

)
= µrkc

For model fitting with the INLA package in R, however, there is no multinomial likelihood

available. Therefore, we will use the multinomial-Poisson transformation, or the “Poisson
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Figure 4.5: Estimated posterior medians and 95% interval widths for HAZ and WAZ esti-

mated from our bivariate shared BYM model from the 2014 KDHS.
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trick,” and use a working Poisson likelihood. Lee et al. (2017) provides a detailed reference

for modeling multinomial data via a Poisson distribution from a maximum likelihood per-

spective. In Appendix C.2, we show that the MLE for the multinomial likelihood is equal to

the MLE of a specific Multinomial-Poisson surrogate model.

From the Bayesian perspective, Ghosh, Zhang, & Mukherjee (2006) prove the equiva-

lence of the posterior distributions of our multinomial model and a Poisson model that has

additional cluster-specific intercepts with flat priors. To show this, we first drop the r sub-

scripts for simplicity and let pkc = exp(ζkc)∑C
c′=1 exp(ζkc′ )

for some formulation of parameters ζkc. The

multinomial likelihood function is

LM(ζ) ∝
K∏
k=1

C∏
c=1

[
exp(ζkc)∑C

c′=1 exp(ζkc′)

]ykc
.

Now, let ϕ = [ϕ1, . . . , ϕK ] be a set of auxiliary parameters, one for each cluster. The

equivalent likelihood for the Poisson trick is that Ykc|ζkc, ϕk
indep∼ Poisson(exp(ϕk + ζkc)),

i.e. each multinomial count is independently Poisson distributed. This likelihood is

LP (ϕ, ζ) ∝
K∏
k=1

C∏
c=1

[exp(ϕk + ζkc)]
ykc [exp{− exp(ϕk + ζkc)}].

To see the equivalence between the posterior estimates of ζ from this likelihood and the

multinomial likelihood, we will let π(ζ) be a proper prior for ζ which is independent of ϕ.

Letting αk = exp(ϕk) for all k with improper flat priors p(αk) ∝ 1/αk, we can integrate over

the α to get the marginal posterior of ζ as
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π(ζ|y) ∝ π(ζ)
K∏
k=1

∫ ∞

0

[
α−1
k

C∏
c=1

{αk exp(ζkc)}ykc exp{−αk exp(ζkc)}dαk

]

= π(ζ)
K∏
k=1

[
C∏
c=1

ζykckc

∫ ∞

0

α
∑C

c=1 ykc−1
k exp

(
−αk

C∑
c=1

ζkc

)
dαk

]

∝ π(ζ)
K∏
k=1

C∏
c=1

[
exp(ζkc)∑C
c=1 exp(ζkc)

]ykc
= π(ζ)LM(ζ).

which shows the equivalence. The intuition here, as detailed in Lee et al. (2017), is that

if we treat the total counts as randomly Poisson distributed, the joint multinomial-Poisson

likelihood is the same as if each count were independently Poisson distributed. The additional

ϕ parameters (there is one for each cluster, i.e., one for each multinomial count) correspond

to the the additional randomness of the total counts.

The conclusion of this work is that to model our multinomial data and produce estimates

µrkc, we can instead use a Poisson likelihood such that

Yrkc|θrkc ∼ Poisson(θrkc)

with θrkc = exp(ϕrk + ζrkc). Letting µ∗
rkc = log(θrkc), we can specify a loglinear model

log(θrkc) = µ∗
rkc

= ϕrk + ζrkc.

This relates back to the probabilities that we wish to estimate by the relationship prkc =

θrkc∑C
c′=1 θrkc′

.

The first observation here is that the Poisson model requires specifying a cluster-specific

intercept with flat priors, ϕrk. The models we consider in this section, however, already need
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cluster-specific intercepts to account for the complex survey design—these were the ϵrkc

nugget terms. We had previously used outcome-specific nuggets, but for modeling multino-

mial data we will only specify an overall nugget in order to satisfy the posterior distribution

equivalency, and these will have flat priors rather than normal priors with an estimated

variance hyperparamter.

The second observation is that the Poisson model specifies separate parameters for each

category, while the multinomial model only specifies C − 1 parameters for the logit proba-

bilities. Thus, we set µ∗
rkC = 0 for reference category, which means θrkC = 1. This also gives

the desired relation back to a multinomial model on logit probabilities,

µ∗
rkc = log(θrkc)

= log
(
θrkc
θrkC

)
,

so we see that this Poisson model is essentially still modeling logit probabilities.

With the above considerations, we can now specify the forms of our candidate models

for the contraceptive use example where we have C = 3 categories. We will use similar

candidate models as the continuous outcome case—(I) IID nonshared, (II) BYM nonshared,

(III) IID shared, and (IV) BYM shared—and we will specify the same prior distributions

as were previously used except the nugget terms will have flat priors. The models are as

follows:

I: IID nonshared

µ∗
rk1 = β1 + zrkγ1 + v∗r1 + ϵrk

µ∗
rk2 = β2 + zrkγ2 + v∗r2 + ϵrk
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II: BYM nonshared

µ∗
rk1 = β1 + zrkγ1 + σ1(

√
1− ρ1vr1 +

√
ρ1ur1) + ϵrk

µ∗
rk2 = β2 + zrkγ2 + σ2(

√
1− ρ2vr2 +

√
ρ2ur2) + ϵrk

III: IID shared

µ∗
rk1 = β1 + zrkγ1 + v∗r1 + λvr2 + ϵrk

µ∗
rk2 = β2 + zrkγ2 + v∗r2 + ϵrk

IV: BYM shared

µ∗
rk1 = β1 + zrkγ1 + σ1(

√
1− ρ1vr1 +

√
ρ1ur1)

+ λ(σ2(
√

1− ρ2vr2 +
√
ρ2ur2)) + ϵrk

µ∗
rk2 = β2 + zrkγ2 + σ2(

√
1− ρ2vr2 +

√
ρ2ur2) + ϵrk

Contrary to the area-level models, we will choose the reference category to be “other” con-

traceptive use. This category has zero counts for two areas, so any models with area-level

random effects for this category will not allow the estimation of the value of the random

effects in those two areas. While we could estimate them using the posteriors of the other

parameters during model fitting, we instead prefer to parameterize the means for the “mod-

ern” and “none” categories with random effects and use the other category as the reference.

This also results in the random effects being specified for the two categories that have the

most observations.

We again fit these as Bayesian models with the INLA package in R, specifying the same

priors as in the HAZ/WAZ example with the exception that the ϵrk will be fixed effects with

flat priors.

We wish to report area-level probabilities, so we can aggregate our model estimates up

to the area-level by

prc =

[
(1− qr)×

(
θurc∑C

c′=1 θ
u
rc′

)]
+

[
qr ×

(
θlrc∑C

c′=1 θ
l
rc′

)]
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with urban area-level mean estimates θurc = exp(βc+grc) and rural area-level mean estimates

θlrc = exp(βc + γc + grc) for c = 1, 2, where grc are the corresponding (potentially shared)

random effects, and θurc = θrrc = 1. For the contraceptive use data, qr is the proportion of

the population of women age 15-49 that is rural in each region. These were calculated by

aggregating pixel-level data from WorldPop up to the county-level with the same method

that was used for the under-5 population from the HAZ/WAZ example.

For model selection, we use a similar multivariate scoring strategy as described for the

multivariate continuous case. The key adaptation is that we perform all calculations on

the logit probability scale (with reference category c = C), because for validation of the

held out data we will be using the direct estimator of the logit probabilities as we did in

Chapter 3. Thus, we calculate the posterior predictive distribution of the held out data as

NC−1(µ
(s)
r , V̂ des

r ), and we evaluate this distribution at the value of the direct estimator for the

logit probabilities in the held out region, ̂logit(pr). If any regions do not have observations

for one of the outcomes (which happens in two of the regions for the contraceptive use data),

then the direct estimator becomes univariate as it can only estimate the logit probability

that is not on the boundary. For these regions, we use the univariate posterior distribution

of the single logit probability in conjunction with the univariate direct estimate to calculate

ℓr, the log likelihood contribution.

4.5.2 Results

We compare the posterior medians of the area-level mean estimates of the proportion of

contraceptive use in each category among all models in Figure 4.7. These results show

quite strong agreement between all models for the modern and none categories, which is

likely due to the amount of data being modeled. Notably, we see very minimal amounts of

shrinkage, especially comparing the nonshared and shared models. This is different from

the area-level modeling results in Chapter 3. For the other category, we do see a lot of

differences between the IID and BYM models, as well as some shrinkage comparing the IID
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shared and nonshared models, but the BYM nonshared and shared models are fairly similar.

The “other” category does have the least amount of data and some fairly small empirical

probabilites in a lot of clusters. This stresses the importance of model selection for the

smallest categories for which modeling can have a relatively strong impact. We present a

comparison of the posterior standard deviations of the latent means in Figure 4.8, separated

by contraceptive use category, and the shared BYM model has the lowest overall posterior

standard deviations. This agrees with the area-level models which clearly indicated that the

shared BYM model had the lowest posterior standard deviations.

A comparison of the LogScore for each of the four candidate models is provided in Table

4.3. Recall that a lower value indicates better performance, since the LogScore is based

on the negative log-likelihood. We see that the shared BYM model is the best performing

model, which agrees with the area-level models. We proceed with analyzing the results of

model IV, the shared BYM model.

Summaries of the posterior distributions are presented in Table 4.4. Figure 4.9 shows a

map of the posterior median estimates of the probabilities for each of the three categories

along with the width of 95% credible intervals. Additionally, we plot maps of the total

BYM2 random effects, σc(
√
1− ρcvrc +

√
ρcurc), along with the standardized IID and ICAR

components, vrc and urc, for the modern and none categories in Figure 4.10.

One observation is that the final estimated probabilities for “modern” and “none” have

opposite north-south spatial gradients with either low or high hotspots in the center of the

country, while the “other” category has a north-south spatial gradient without the same

central hotspot. This is similar to what was observed in the area-level models, but some

additional insight might be that in that this example, there is a very low percentage of

observations that use other types of contraceptives. Thus, any spatial random effects between

modern and none are already fairly related in opposite directions due to their probabilities

needing to sum to a value that’s close to 1. However, since modeling is done at the level

of the logit probabilities, we can investigate the estimates of the random effects to see how

the logit probabilities are related spatially and nonspatially. We see a similar phenomenon
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Table 4.3: Bivariate LogScore for each model fit to multinomial contraceptive use data from

the 2014 KDHS. Bold indicates the best performing model.

Model LogScore

(I) IID nonshared 2.789

(III) IID shared 2.684

(II) BYM nonshared 1.995

(IV) BYM shared 1.672

of opposite spatial gradients comparing the ICAR random effects, which shows us that the

unit-level and area-level models are capturing similar spatial effects in the data. There is

also very little IID nonspatial variability. Looking back at the 95% interval widths for the

posterior probabilities, we see a trade-off in the uncertainty interval width, which naturally

occurs when modeling dependent probabilities. In counties with low uncertainty for modern

contraceptive use, we have higher uncertainty for no contraceptive use and vice versa.

4.6 Discussion

We have developed a class of multivariate unit-level shared component SAE models using

complex survey data. We presented simulation results showing how various models in this

class compare across multiple scenarios, which showed that in scenarios with lots of data and

where there is no true shared component, modeling choice is relatively unimportant; on the

other hand, when there is a true shared component and especially when there is also spatial

dependence, fitting a model with a shared spatial component is crucial for improving model

performance.

In motivating examples, we jointly modeled height for age and weight for age in children

under age 5, as well as contraceptive use in women aged 15-49, using data from the 2014

Kenya DHS survey. In these modeling exercises, we compared suites of models within the
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Figure 4.7: Comparison of posterior median area-level mean estimates of contraceptive use

from the 2014 KDHS.
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Figure 4.8: Comparison of posterior standard deviations of latent means for each of six

models used to estimate contraceptive use from the 2014 KDHS.

Table 4.4: Posterior medians (Est) and credible intervals (CI) for fixed effects and hyper-

parameters from the BYM shared model estimating contraceptive use from the 2014 KDHS

data.

Parameter Est 80% CI 95% CI

βnone 2.03 (1.94, 2.12) (1.9, 2.17)

βmodern 1.58 (1.5, 1.67) (1.45, 1.72)

γnone 0.03 (-0.07, 0.13) (-0.12, 0.18)

γmodern -0.19 (-0.29, -0.1) (-0.34, -0.04)

σmodern 0.33 (0.26, 0.4) (0.23, 0.45)

ρmodern 0.90 (0.72, 0.97) (0.57, 0.99)

σnone 0.28 (0.21, 0.36) (0.18, 0.42)

ρnone 0.84 (0.5, 0.97) (0.31, 0.99)

λ -0.12 (-0.41, 0.17) (-0.57, 0.31)
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Figure 4.9: Estimated posterior medians and 95% interval widths for contraceptive use

proportions estimated with our bivariate shared BYM model from the 2014 KDHS.
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Figure 4.10: Estimated IID and ICAR random effects (normalized to have variance 1) for

contraceptive use proportions estimated with our bivariate shared BYM model from the 2014

KDHS.
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class we have developed and presented results from the best performing model. This class

of models provides a novel method for modeling multivariate outcomes from complex survey

data. Unit-level models with shared area-level random effects are enticing for modeling

health and demographic data for which we believe underlying unobserved covariates affect

multiple outcomes. These models work well for jointly modeling continuous outcomes as well

as multinomial outcomes in the examples we explored. Further research into the performance

of shared component models for other outcomes is a priority.

Our modeling exercise from the motivating examples use relatively uninformative PC

priors because the 2014 KDHS has a relatively large amount of data and sensitivity analyses

with more informative prior distributions did not affect estimates greatly. However, in other

situations with less data and/or outcomes with more variability, the choice of prior distribu-

tion may be important, and further research is needed in order to provide recommendations

on informative priors for these models. Research on priors for the shared component are

particularly important.

This chapter also restricted the class of models it used to discrete BYM spatial effects

which use an ICAR model for spatial dependence. A large portion of spatial modelers

prefer continuous spatial models despite the computational burden and the difficulties in

aggregating to the area level properly. Our general framework for unit-level modeling does

allow for continuous spatial effects. Accordingly, one avenue for future research is to compare

continuous and discrete spatial models fit within our framework. Our work can also be

extended to include spatiotemporal models. Similarly to the area-level modeling situation,

recent developments on spatiotemporal shared component models (Ahmadipanahmehrabadi

et al., 2019; Blangiardo et al., 2020; Mahaki et al., 2018; Paradinas et al., 2017) can be

explored to figure out what is most applicable in our modeling framework.

In the context of unit-level models, the level of aggregation at which we wish to present

results takes special care, particularly with the interplay between aggregation and the desired

model to be fit. This chapter solely focused on producing area-level estimates from unit-

level models which drove many of our modeling choices. However, different levels of desired
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aggregation will lead to different decisions. Further disaggregation for estimates will test

the limits of modeling, but these are the exact situations where unit-level models can shine

while area-level models cannot produce estimates. Exploring this frontier of research can

produce insight into how to effectively specify unit-level models for a finer granularity of

target estimates.

Lastly, to reiterate, the differences between area- and unit-level models is an important

topic. Deciding between these approaches is crucial for practitioners trying to analyze data

and produce estimates. A comparison of area- and unit-level approaches is presented in

Chapter 5.
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Chapter 5

DISCUSSION AND FUTURE WORK

Jointly modeling multivariate outcomes can be a useful endeavor to produce more reliable

estimates of key demographic and health indicators in low- and middle-income countries

(LMICs) compared to estimates from separate univariate models. This dissertation developed

frameworks for modeling multiple related outcome in three distinct scenarios in order to

demonstrate the utility of this statistical approach.

In Chapter 2, we developed a framework for estimating age- and cause-specific child mor-

tality over time using sample registration system (SRS) data. After deriving the modeling

framework from first principles, we demonstrated the advantages of our joint modeling ap-

proach over other approaches in common use via simulation. Due to the flexibility of our

method in terms of allowable model specifications, we provided guidance on how to build

models and what issues to consider when doing so. The goal here is to make sure anyone

using our framework in their own work has a path to take that is grounded in best practices.

Finally, as an illustration of model development with our framework, we demonstrated a way

to create a model and validate it in order to estimate age- and cause-specific child mortality

over time from the Maternal and Child Health Surveillance System (MCHSS) in China. The

methods developed here are widely applicable in many other situations.

Beyond SRS data, Chapters 3 and 4 consider small area estimation (SAE) for multivariate

outcomes using complex survey data. In these chapters, we developed both area-level and

unit-level shared component models with discrete spatial effects to jointly model multiple

continuous outcomes as well as multinomial outcomes. We described how to select between

models and provided examples by producing estimates of height-for-age Z scores (HAZ) and

weight-for-age Z scores (WAZ) in children as well as contraceptive use in women using data



129

HAZ Area−level HAZ Unit−level

−1.4

−1.2

−1.0

−0.8

−0.6
WAZ Area−level  WAZ Unit−level

−1.6

−1.4

−1.2

−1.0

−0.8

−0.6

−0.4

Figure 5.1: Estimated posterior medians from area-level Bivariate shared BYM model and

unit-level BYM shared model fit to HAZ and WAZ from the 2014 KDHS.

from the 2014 DHS survey in Kenya.

An important issue that arises is comparing area-level and unit-level models. For the

example of modeling HAZ and WAZ, we present maps of the posterior medians for the final

Bivariate shared BYM area-level model and the final BYM shared unit-level model in Figure

5.1. These are quite similar, as we see in the comparison scatterplot in Figure 5.2. However,

the unit-level model has narrower uncertainty intervals, which is apparent in Figure 5.3. This

is consistent with the unit-level modeling simulation, where we saw most scenarios exhibit

intervals with low coverage. But this undercoverage was less extreme in the scenario with

high observation-level variability. This is a prime issue to consider when choosing what

approach to take. If the uncertainty intervals for the area-level models are reasonable and

not too prohibitively wide to draw reliable conclusions, then area-level models are preferred.

However, when less data is available or data is more noisy, area-level models may exhibit too

much posterior uncertainty, in which case unit-level models are preferred. In the example

of modeling contraceptive use data, we see that the posterior median estimates from these

two models were very similar for the two large categories, but for the category that had

small numbers of observations, there were some larger differences. Some of this may be
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Figure 5.2: Estimated posterior medians and 80% credible intervals from area-level Bivariate

shared BYM models vs. unit-level BYM shared models fit to HAZ and WAZ from the 2014

KDHS.

HAZ Area−level HAZ Unit−level

0.15

0.20

0.25

0.30

0.35

0.40

WAZ Area−level WAZ Unit−level

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

Figure 5.3: Estimated posterior 80% credible interval width from area-level Bivariate shared

BYM model and unit-level BYM shared model fit to HAZ and WAZ from the 2014 KDHS.
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due to the addition of “phantom” observations in the area-level models, as we see that the

regions where these observations were added ended up having somewhat larger differences

between the area- and unit-level models. This may lead us to favor unit level models in

situations where 0 counts are observed in order to have more consistent estimates in the

smallest domains. However, the undercoverage of estimates remains an issue with unit-level

models.

The frameworks researched in this dissertation are novel approaches that filled crucial

methodological gaps in the literature of modeling health and demographic outcomes in

LMICs. However, they are just the first step. The flexible modeling approach in Chap-

ter 2 can be validated and adapted in many other SRS data sources, and can also be used to

estimate any count/rate outcomes beyond cause-specific mortality. Figuring out how to best

model the different dimensions of the tabulated data (such as cause, age, time, and geogra-

phy) still needs further exploration. The area- and unit-level SAE models in developed in

Chapters 3 and 4 still need to be compared in more detail and in different scenarios. Their

utility as the number of outcomes increases also must be demonstrated. Extensions into

spatiotemporal models are also an exciting next step due to the constant push for estimates

of trends over time, forecasting, and finer spatial disaggregation. Furthermore, some LMICs

have access to both SRS and survey data. Developing methods to use both types of data is

a very interesting avenue to explore, and the methods covered in this dissertation will be a

good starting point.

One of the most important issues to address in future work is the dissemination and

uptake of these methods for greater use. One crucial component to this is building capacity

for practitioners in LMICs to do their own research, and develop their own estimates. While

the underlying sentiment can sometimes be that numbers and/or statistics are objective,

this could not be further from the truth. Any statistical modeling or estimation procedure

is filled with so many micro-decisions along the way, such as choosing what to model, what

data to collect, and what model to use, along with many other issues. Thus, it is imperitive

for someone to know the local context of the areas for which they are producing estimates.
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This is something that has been especially lacking in global health research to date. Having

software available (such as an R package or a Shiny app) that can implement methodology is a

good first step, but ultimately the capacity in LMICs needs to be increased—technologically,

infrastructurally, educationally—so that methodological development can come from the

source. It’s time to turn “global health” into “local” health.
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Appendix A

APPENDIX FOR CHAPTER 2

A.1 Overview of Sample Registration Systems

Sample registration systems (SRS) are demographic surveillance systems that aim to provide

reliable annual estimates of key demographic indicators, notably child mortality, at the

national and sub-national levels. The main types of SRS are Health and Demographic

Surveillance Systems (HDSS), which cover specific subnational areas, and large national

SRS, which cover a nationally representative sample of areas in a country.

HDSS sites are a short- to medium-term measure to provide data on important health and

population indicators at regional levels, with possible extrapolation to national levels. They

additionally provide lessons that countries can use to set up nationally representative SRS.

However, because they do not provide nationally representative information, they should not

be seen as a replacement for a nationally representative SRS. For further detail on HDSS

sites and examples of the data they provide, see the INDEPTH network (Sankoh & Byass,

2012), the ALPHA network (Maher et al., 2010), and the CHAMPS project (Cunningham

et al., 2019).

Large national SRS provide continuous monitoring and reporting. Following a nation-

ally representative sample over time allows ascertainment of population health trends in a

relatively timely manner. India and China have both successfully implemented nationally

representative SRS (S. Liu et al., 2016; Mahapatra, 2010; Yang et al., 2005). Additionally,

China has implemented an SRS focused on maternal and child health—the Maternal and

Child Health Surveillance System (MCHSS). Many SRS collect information on all deaths in

the covered population and assign causes through health facility death certificates and verbal

autopsy surveys. Thus, we can use SRS data to estimate cause-specific mortality rates. This
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can be done across age groups, time periods, regions, and other tabulation groups depending

on the design of the SRS and availability of data.
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A.2 Methods to calculate exposure time in the MCHSS

In order to estimate age- and cause-specific death rates for under-5 in China, we use data

from the Chinese Maternal and Child Health Surveillance System (MCHSS). The MCHSS

was established in 1996 based on three independent surveillance systems: (1) the Child

Mortality Surveillance System that started in 1991; (2) population-based maternal mortality

surveillance system; and (3) hospital-based birth defect surveillance system. The database

currently available collects information from 1996 to 2015 on births and under-5 deaths by

cause, split in six age groups: from 0 to 6 days, from 7 to 27 days, from 1 to 5 months,

from 6 to 11 months, from 12 to 23 months, and from 24 to 59 months. The data refers

to populations under surveillance from six different strata, corresponding to three regions

(East, Mid and West) and two levels of resolution (rural and urban). Additional details on

the characteristics of the data can be found in He et al. (2017).

The surveillance contents, case definitions, reporting methods, and quality control are

unified across all surveillance sites within MCHSS. However, between 2008 and 2009 there

was an expansion of the surveillance sites from 116 (37 urban and 79 rural) to 336 coun-

ties/districts (126 urban and 210 rural), which implies a notable increase of the population

and number of deaths under surveillance, as observed in Figure A.1. To estimate age-specific

death rates one needs deaths and exposures (individuals exposed to the risk of dying). Only

births and deaths are reported in the MCHSS, so in order to estimate the exposures for each

age category on option is to reconstruct birth cohorts from the available data. This method

presents three main challenges:

1. In the MCHSS, data are collected on a yearly scale, but age groups have a finer

resolution;

2. Since we are estimating under-5 mortality, data from the previous 5 years are necessary

to approximate the exposures of all age category on a given year; and

3. Because of the surveillance expansion, data from 2008 or earlier cannot be used to
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Figure A.1: Total number of births and deaths registered in the MCHSS Chinese data for

each fo the six strata, 1996–2015

produce mortality estimates from 2009 onward.

As a result, given the characteristics of the MCHSS, with the “birth-cohort reconstruction

method” it is only possible to obtain mortality estimates for years 2001 to 2008, 2014 and

2015 (i.e., missing the first 5 years and the 5 years after the surveillance expansion). Because

we wanted to have mortality estimates for as many years as possible to analyze time trends,

we opted to build period life tables for 1996–2016 using, of each year, only data for that year.

Period life tables are perhaps the most important tool in population studies, and show “what
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would happen to a cohort if it was subjected for all its life to the mortality conditions of that

period” (Preston, Heuveline, & Guillot, 2001). In other words, it summarizes the mortality

regime that is inherent in the current pattern of death rates in a population, uninfluenced

by fluctuations over time in mortality, fertility or migration.

Life tables are generally calculated based on observed age-specific death rates, computed

as the quotient between the observed number of deaths and the mid-year population for a

given age and time period. Unfortunately though, the mid-year population for each of the

age groups mentioned above are not available in the MCHSS. Only the number of births can

be used as exposures. Hence, for each year and strata we calculated the different columns of

the life table as follows:

1. Use the number of births B0 as the starting population;

2. Let 6dD0 be the total number of deaths in the first age group (0 to 6 days), we calculate

B7d = B0 − 6dD0 and 6dq0 =
6dD0

B0

,

the number of individuals who reach to the second week, and the probability of dying

in the week of life, respectively.

3. Replicating the procedure for older age groups, we get the probabilities of dying be-

tween one age group to the following, and obtain the nqx column of the life table.

Once the death probabilities nqx are available, there are several existing strategies to estimate

age-specific death rates nmx. Perhaps the most common is to use a set nax values (average

person years lived in the interval by those dying in the interval) to estimate the number

of person-years lived in the population between ages x and x + n (nLx column of the life

table, described in Preston et al. (2001). Here, we assumed that age-specific death rates are

constant within each age interval, and estimate them as
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nmx = − log(1− nqx) /n ,

where n is the length of the corresponding age interval in a yearly scale (Preston et al.,

2001). We further carried out a sensitivity analysis to verify that the estimated death rates

are not affected by the conversion method from death probabilities. We tested several sets

of nax values—some empirical and other theoretical—and no remarkable differences were

identified.

Once the age-specific death rates nmx and age-specific probabilities of death nqx are

available, it is straightforward to compute the age- and cause-specific rates. Let nDx denote

the total number of deaths between ages x and x + n, and nD
i
x the number of deaths by

cause i between ages x and x+ 1. The corresponding probabilities of death and death rates

are, respectively,

nq
i
x = nqx · nD

i
x

nDx

and nm
i
x = nmx · nq

i
x

nqx
,

as described by Preston et al. (2001).

Lastly, let nLx be the total person-years lived between ages x and x + n, which is the

exposure time of interest. We can also write death rates as nmx = nDx

nLx
[Preston et al. (2001).

Therefore, we calculate the final estimates of exposure time as

nLx =
nDx

nmx

.
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A.3 Summary statistics for MCHSS data
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Deaths Person-years log mortality

region

East rural 6111 15955 -7.87

Mid rural 18315 29089 -7.37

West rural 26162 25520 -6.88

East urban 5773 30869 -8.58

Mid urban 5023 17593 -8.16

West urban 7766 19611 -7.83

age

0-6d 29462 659 -3.11

1-5m 12167 14796 -7.10

12-23m 5784 27356 -8.46

24-59m 7972 79533 -9.21

6-11m 5207 13999 -7.9

7-27d 8558 2295 -5.59

cause

acute resp. infections 10516 22367 -7.66

birth asphyxia/trauma 10339 2219 -5.37

congenital anomalies 11437 22367 -7.58

diarrhea 2872 22367 -8.96

injuries 10135 22367 -7.70

other group 1 7120 22367 -8.05

other non-communicable 5150 22367 -8.38

prematurity 11581 2219 -5.26

time period

1996–2000 15993 16200 -6.92

2001–2005 11742 17394 -7.30

2006–2010 17205 37387 -7.68

2011–2015 24210 67656 -7.94

Table A.1: Tabulated deaths, person years, and empirical log mortality in the MCHSS.
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A.4 Full derivation of the likelihood for the MCHSS data

Let i ∈ {1, . . . , n} index individuals and let c ∈ {1, . . . , C} index causes of death. Let T

be a continuous random variable representing survival time and let J be a random variable

representing cause of death. We will be parameterizing survival time as age, so it will be

time from birth for each individual. Let z be the value of a fixed covariate vector. We will

proceed by assuming that this covariate vector is fixed, but this work extends to time-varying

covariates in which case we must adjust calculation of the survivor function (defined below)

to account for the values of covariates through time (the trajectory of the covariates).

We define the overall hazard rate as

λ(t|z) = lim
∆t→0

P
(
t ≤ T < t+∆t|T ≥ t, z

)
/∆t

and define cause-specific failure rates as

λc(t|z) = lim
∆t→0

P
(
t ≤ T < t+∆t, J = c|T ≥ t, z

)
/∆t.

Assuming mutually exclusive and collectively exhaustive causes of death, we can express the

overall hazard rate in terms of the cause-specific hazard rates as

λ(t|z) =
C∑
c=1

λc(t|z).

We will define the overall survivor function as

S(t|z) = exp (−Λ(t|z))

where Λ(t|z) =
∫ t

0
λ(u|z)du is the cumulative risk by integrating the overall hazard. The

function S(t|z) gives the probability of surviving all causes of death until time t.

Similarly, we define the cause-specific analogy

Sc(t|z) = exp (−Λc(t|z))
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where Λc(t|z) =
∫ t

0
λc(u|z)du is the integrated or cumulative hazard for cause c. We will

note that in general Sc(t|z) does not have the interpretation of a survivor function when

C > 1 due to the competing risks. Since Λ(t|z) =
∑C

c=1 Λc(t|z), then if λc(t|z) ̸= 0 for two

or more causes, then

S(t|z) = exp[−Λ(t|z)]

< exp[−Λc(t|z)]

= Sc(t|z)

with strict inequality since at least two causes have nonzero hazards. Then, since by

definition of a survivor function limt→∞ S(t|z) = 0, we have limt→∞ Sc(t|z) > 0 and thus

Sc(t|z) are not survivor functions.

Note the relationship that

S(t|z) = exp (−Λ(t|z))

= exp
(
−
∫ t

0

λ(u|z)du
)

= exp
(
−
∫ t

0

C∑
c=1

λc(u|z)du

)

= exp
(
−

C∑
c=1

∫ t

0

λc(u|z)du

)

=
C∏
c=1

exp
(
−
∫ t

0

λc(u|z)du
)

=
C∏
c=1

exp (−Λc(t|z)du)

=
C∏
c=1

Sc(t|z).

Define the probability function for time to death and cause of death, known as the cause-

specific densities, as
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fc(t|z) = lim
∆t→0

P
(
t ≤ T < t+∆t, J = c|z

)
/∆t

= λj(t|z)S(t|z)

which represents the unconditional risk of dying at time t of cause j. This can be inter-

preted as the probability of surviving up until time t (S(t|z)) multiplied by the instantaneous

risk of dying from cause c. By the law of total probability, we have

f(t|z) =
C∑
c=1

fc(t|z).

We also define the cumulative incidence function as

Ic(t|z) =
∫ t

0

fc(u|z)du

which represents the probability that a death from cause c has occurred by time t.

Following Prentice et al. (1978), suppose we have data (ti, ci, δi, zi) from n subjects, where

ti is the time of observation, ci is the cause of death, δi is a death indicator with δi = 1 if a

deatg is observed and δi = 0 otherwise (censored), and zi is a vector of covariates for subject

i. Up to proportionality, the likelihood function under an independent censoring mechanism

(i.e. censoring of observations is independent of survival time given the covariates) can be

written as

L =
n∏

i=1

λci(ti|zi)
δiS(ti|zi)

=
n∏

i=1

λci(ti|zi)
δi

C∏
c=1

Sc(ti|zi)

=
n∏

i=1

λci(ti|zi)
δi

C∏
c=1

exp (−Λj(ti|zi))

=
n∏

i=1

[
λci(ti|zi)

δi

C∏
c=1

exp
(
−
∫ ti

0

λc (u|zi) du

)]
.
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Here, an individual who is censored at time ti contributes to the likelihood the probability

of surviving up until this time,

S(ti|zi),

and an individual who is observed to die from cause ci at time ti contributes to the like-

lihood the probability of surviving up until time ti, S(ti|zi), multiplied by the instantaneous

hazard of death from cause ci at time ti, λci(ti|zi),

λci(ti|zi)S(ti|zi),

which is the same as the cause-specific density.

Note that additionally,

L =
n∏

i=1

fci(ti|zi).

Now, let’s redefine the data such that dic = 1 if individual i dies from cause c and

dic = 0 otherwise. Because each individual can only die from a single cause, we have

δi =
∑C

c=1 dic = 1. We can then rewrite the likelihood as

L =
n∏

i=1

C∏
c=1

[
λc(ti|zi)

dic exp
(
−
∫ ti

0

λc (u|zi) du

)]
.

We observe two important facts:

1. The overall likelihood function is a product of C likelihoods, one for each cause of

death.

2. The likelihood involving a specific cause of death is exactly the same likelihood you

would obtain by treating all other causes of death as censored observations.



145

Additionally note that we can also use different covariates for each cause, which means we

can define zic as the covariate vector for individual i and cause c, and the resulting likelihood

is

L =
n∏

i=1

C∏
c=1

[
λc(ti|zic)

dic exp
(
−
∫ ti

0

λc (u|zic) du

)]
.

Next, suppose that rather than individual-level data, we instead have data that is tabu-

lated into death counts and total person-time experienced across all people in K age groups;

again, observation time is parameterized as the age of each individual rather than calendar

time. We will follow the standard argument in Holford (1976), Holford (1980), and Laird &

Olivier (1981), and define K intervals with breakpoints 0 = τ0 < τ1 < · · · < τK(= ∞).

Define dikc = 1 if individual i dies of cause c in age group k and define tik as the total

time that individual i is observed in age group k (i.e. tik = min(ti − τk−1, τk − τk−1). We

note that dic =
∑K

k=1 dikc because a person can only die in one age group, and ti =
∑K

k=1 tik.

With this newly parameterized data, we can rewrite the individual-level likelihood as

L =
n∏

i=1

C∏
c=1

[
λc(ti|zic)

dic exp
(
−
∫ ti

0

λc (u|zic) du

)]

=
n∏

i=1

C∏
c=1

[
λc(ti|zic)

dic exp
(
−

K∑
k=1

∫ τk−1+tik

τk−1

λc (u|zic) du

)]

=
n∏

i=1

C∏
c=1

[
λc(ti|zic)

dic

K∏
k=1

exp
(
−
∫ τk−1+tik

τk−1

λc (u|zic) du

)]

=
n∏

i=1

C∏
c=1

[
K∏
k=1

λc(ti|zic)
dikc

K∏
k=1

exp
(
−
∫ τk−1+tik

τk−1

λc (u|zic) du

)]

=
n∏

i=1

K∏
k=1

C∏
c=1

[
λc(ti|zic)

dikc exp
(
−
∫ τk−1+tik

τk−1

λc (u|zic) du

)]
.

The second quality holds because
∫ τk−1+0

τk−1
λc (u|zic) du = 0 which is the case for all age

groups subsequent to the final age group of observation for individual i. The second to last

equality holds because λc(ti|zic)
dikc = 1 for all age groups k in which no death was observed.
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Now, define the observed data as ykc =
∑n

i=1 dikc, the number of deaths in age group k

from cause c, and tk =
∑N

i=1 tik, the total person-time observed in age group k.

We will assume that each age group has constant cause-specific hazards. Additionally

for simplicity, we will proceed assuming no covariates such that λc(t|zic) = λc(t); however,

we can allow for λc(t) to depend on covariates and the following derivation still holds. We

will account for covariates later in defining a functional form for the constant cause-specific

hazards.

With these assumptions, we have

λc(ti) = λkc, for ti ∈ [τk−1, τk).

Now, we can write the tabulated likelihood in terms of the observed data as

L =
n∏

i=1

K∏
k=1

C∏
c=1

[
λc(ti|zic)

dikc exp
(
−
∫ τk−1+tik

τk−1

λc (u|zic) du

)]

=
n∏

i=1

K∏
k=1

C∏
c=1

[
(λkc)

dikc exp
(
−
∫ τk−1+tik

τk−1

(λkc) du

)]

=
K∏
k=1

C∏
c=1

[
(λkc)

∑N
i=1 dikc exp

(
−

N∑
i=1

∫ τk−1+tik

τk−1

(λkc) du

)]

=
K∏
k=1

C∏
c=1

[
(λkc)

ykc exp
(
−

N∑
i=1

(tikλkc)

)]

=
K∏
k=1

C∏
c=1

[(λkc)
ykc exp (−λkctk)]

We see that this is the kernel of the likelihood that would arise if

ykc|λkc, tk ∼ Poisson(λkctk),

and thus we can make likelihood-based inference using separate Poisson distributions for

each cause and age group.



147

Now, suppose that the data we observe is tabulated into both K age groups and H

additional subgroups indexed by h = 1, . . . , H . We will first let these be time periods.

Notably, an individual may have observation time spent across multiple strata, e.g. observed

across different time periods.

First, we will again extend the indexing of the individual-level data. Define dihkc = 1

if individual i dies of cause c in age group k and time period h, and define tihk as the

total time that individual i is observed in age group k and time period h. We note that

dic =
∑K

k=1

∑H
h=1 dihkc because a person can only die in one age group and one time period,

and ti =
∑K

k=1

∑H
h=1 tihk. Thus we can rewrite the individual-level likelihood, following the

same arguments as the previous section, as

L =
n∏

i=1

H∏
h=1

K∏
k=1

C∏
c=1

[
λc(ti|zic)

dihkc exp
(
−
∫ τk−1+tihk

τk−1

λc (u|zic) du

)]
.

Now, define the observed data as yhkc =
∑n

i=1 dihkc, the number of deaths in age group

k and time period h from cause c, and thk =
∑N

i=1 tihk, the total person-time observed from

individual in age group k and time period h.

We will now assume that each age-period tabulation group has constant cause-specific

hazards, and again we will proceed assuming no covariates for simplicity. Therefore, we have

λc(ti) = λhkc, for ti ∈ [τk−1, τk) and individual i observed in time period h.

Now, we can write the tabulated likelihood in terms of the observed data as

L =
n∏

i=1

H∏
h=1

K∏
k=1

C∏
c=1

[
λc(ti|zic)

dihkc exp
(
−
∫ τk−1+tihk

τk−1

λc (u|zic) du

)]

=
H∏

h=1

K∏
k=1

C∏
c=1

[
(λhkc)

∑N
i=1 dikc exp

(
−

N∑
i=1

(tihkλhkc) du

)]

=
H∏

h=1

K∏
k=1

C∏
c=1

[(λhkc)
yhkc exp (−λhkcthk)]
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We see that this is the kernel of the likelihood that would arise if

yhkc|λhkc, thk ∼ Poisson(λhkcthk),

and thus we can again make likelihood-based inference using separate Poisson distribu-

tions for each cause and age group.

This argument extends to any additional tabulations. For example, if we have data

further tabulated into regions r = 1, . . . , R and we assume constant cause-specific hazards

in each age-period-region tabulation group (λc(ti|zic) = λrhkc for individual i while in region

r, period h, and age group k), then the kernel of the likelihood becomes the same as if

yrhkc|λrhkc, trhk ∼ Poisson(λrhkctrhk),

with yrhkc the number of deaths from cause c and trhk the total person-time observed in

region r, period h, and age group k.
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A.5 Full description and results from a simulation study comparing a unified
model to a multistage model with a Multinomial logistic regression to
estimate cause fractions

A.5.1 Data generating mechanism

Let i ∈ {1, . . . , n = 720} index strata (i.e. 6 age groups, 6 regions, 20 years) and let c ∈

{1, . . . , 8} index cause, i.e. only 3 causes. Let yic denote the death counts in strata i from

cause c, with Ni the total exposure time in strata i. We generate the cause-specific death

counts as follows:

yic ∼ Poisson (Niλic)

log(λic) = θic

= α + βc + ϵic

ϵic ∼ Normal(0, σ2
ϵ )

For identifiability we set the coefficient for the reference cause β1 = 0.

Aditionally, let yi+ =
∑

c yic be the all-cause death counts, let λi+ =
∑

c λic be the

all-cause mortality rate, let θi+ =
∑

c θic be the sum of the log mortality rates, and let

θ̃i+ = log(λi+), the log all cause mortality rate.

We simulate 100 datasets for each of three different magnitudes of exposure time, Ni ∈

{1000, 10000, 100000}, noting that the median exposure time in the MCHSS data is approx-

imately 9000. For all simulations, we set α = −4, β1 = β2 = 0.5, and σ2
ϵ = 0.1.



150

A.5.2 Multistage model

For stage 1, we fit a Poisson GLM on the all-cause mortality rate such that

yi+ ∼ Poisson
(
Niλ̂i+

)
log(λ̂i+) =

̂̃θi+
= α̂ + γ̂i

γ̂i ∼ Normal(0, σ̂2
γ)

We use the default diffuse priors in INLA to fit this model. We then take 1000 draws from

the posterior predicted mortality rates λi+.

For the second model, we fit a Multinomial logistic regression. We specify this regression

in INLA using the “Poisson Trick” (Lee et al., 2017), which means we fit the model

yic ∼ Poisson
(
Niλ̂ic

)
log(λ̂ic) = θ̂ic

= α̂ + β̂c + ϕ̂c + ξ̂ic

ξ̂ic ∼ Normal(0, σ̂2
ξ )

ϕ̂c ∼ Normal(0, 1000),

with β̂1 = 0 and a sum-to-zero constraint on the ϕc. We then take 1000 draws from the

posterior distribution of the CSMFs, θ̂ic
θ̂i+

.

To combine the two stages, we pair each of the 1000 all-cause mortality draws with a

draw of CSMFs and multiply them and take the log to estimate the log CSMR λ̂ic.

A.5.3 Unified model

For comparison, we fit a correctly-specified Poisson regression fit in INLA with the default

prior distributions.
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A.5.4 Comparison between multistage and unified models

We calculate the relative bias, coverage of nominal 95% credible intervals, and width of these

intervals averaged over all of the estimated λ̂ic. Results are presented in Figure A.2. We see
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Figure A.2: Comparison of relative bias, coverage of 95% credible intervals, and width of 95%

credible intervals for predicted log mortality rates between multistage (Poisson-Multinomial)

and unified modeling approaches. Data was generated with fixed intercepts for each cause

along with IID Normal random effects for each observation.

comparable results from both methods.
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A.6 Full description of the simulation study comparing a multistage model
and a unified model in a scenario with observation-level IID Normal ran-
dom effects

A.6.1 Data generating mechanism

Let i ∈ {1, . . . , n = 720} index strata (i.e. 6 age groups, 6 regions, 20 years) and let c ∈

{1, . . . , C} index cause. Let yic denote the death counts in strata i from cause c, with Ni the

total exposure time in strata i. We generate the cause-specific death counts as follows:

yic ∼ Poisson (Niλic)

log(λic) = θic

= α +
C∑

j=2

βj1[j=c] + ϵic

ϵic ∼ Normal(0, σ2
ϵ )

Aditionally, let yi+ =
∑

c yic be the all-cause death counts, let λi+ =
∑

c λic be the all-cause

mortality rate, let θi+ =
∑

c θic be the sum of the log mortality rates, and let θ̃i+ = log(λi+),

the log all cause mortality rate.

A.6.2 Multistage model

Stage 1: all-cause mortality model

To estimate all-cause mortality rates, we use a Poisson GLMM with an overall intercept and

an IID Normal random effect on each strata. The model is

yi+ ∼ Poisson(Niλ̂i+)

log(λ̂i+) =
̂̃θi+

= ̂̃α+ + γ̂i

γ̂i ∼ Normal(0, σ̂2
γ).
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We use the default INLA priors. We then sample from the posterior for each λ̂i to get 1000

draws of each.

Stage 2: cause-specific mortality fraction model

To estimate the CSMFs, we use separate Poisson GLMMs with an overall intercept and an

IID Normal random effect on each strata. For each of the C causes, the model is

yic ∼ Poisson(Niλ̂ic)

log(λ̂ic) = θ̂ic

= α̂c + ξ̂ic

ξ̂ic ∼ Normal(0, σ̂2
ξc).

We use the default INLA priors. We take 1000 samples from the posterior distribution of

the λ̂ic from each regression model. We then calculate 1000 draws of the CSMFs, which we

calculate as

p̂ic =
λ̂ic∑
c λ̂ic

=
exp(θ̂ic)∑
c exp(θ̂ic)

with one draw of CSMR from each cause-specific model resulting in 1000 samples of CSMFs.

Stage 3: combining stages 1 and 2

Lastly, we pair each of the 1000 draws of all-cause mortality with one of the 1000 draws of

a set of CSMFs and thus calculate log CSMRs as

θ̂ic = log(λ̂i+ × p̂ic)

= log
(

exp(̂̃θi+)× exp(θ̂ic)∑
c exp(θ̂ic)

)
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We then calculate the average relative bias, average coverage of 95% credible interval, and

average width of these intervals for all θ̂ic estimates, which we average over all 100 simulated

data sets.

A.6.3 Unified model

We fit a model with the actual data generating mechanism correctly specified. We use the

default priors in INLA.
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A.7 Explanation of the nonequivalence between a unified model and a multi-
stage model with cause-specific regressions to estimate cause fractions

A simple version of a multistage modeling approach uses three stages: (1) all cause mortality

rates are estimated; (2) cause-specific mortality fractions (CSMFs) are estimated; (3) all-

cause mortality rates are multiplied by CSMFs to calculate cause-specific mortality rates.

This section will show that the case where the all-cause mortality in stage 1 is estimated

with a Poisson likelihood and the CSMFs in stage 2 are estimated by separately modeling

each cause with a Poisson likelihood is not consistent with jointly estimating cause-specific

mortality rates with Poisson likelihoods in the presence of IID Normal random effects.

Let yic and λic be the death count and mortality rate, respectively, for strata i ∈ {1, . . . , n}

and cause c ∈ {1, . . . , C}. Let Ni be the exposure time for strata i. We will specify the data

generating mechanism is as follows:

yic ∼ Poisson(Niλic)

log(λic) = θic

= αc + ϵic

ϵic ∼ Normal(0, σ2).

For simplicity we are defining cause-specific intercepts αc, however, the conclusions from this

section are also true for the “corner-point” specification in Section A.6. This data generating

mechanism reflects a simple scenario in which each cause has its own intercept, and each

strata-cause combination has it’s own random Normal perterbation. Even in this simple

scenario, the multistage model was shown to have poor coverage as compared to the unified

model. To show why, we will first note the following:

θic ∼ Normal(αc, σ
2)

λic ∼ Lognormal(αc, σ
2)

We will define yi+ =
∑

j yic, θi+ =
∑

c θic, λi+ =
∑

j λic, and α+ =
∑

c αc. Then λi+ is the

sum of Lognormals which has no closed form distribution, and θi+ ∼ Normal(α+,mσ2).
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Then, we will define λ̃i+ = exp(θi+) ∼ Lognormal(α+,mσ2). We then calculate the

expectations and variances of λi+ and λ̃i+, using properties of Normal and Lognormal dis-

tributions, as

E[λi+] = exp(σ2/2)
∑
c

exp(αc)

E[λ̃i+] = exp(mσ2/2) exp(α+)

Var[λi+] =
[
exp(σ2)− 1)

]
exp(σ2)

∑
c

exp(2αc)

Var[λ̃i+] =
[
exp(mσ2)− 1

]
exp(σ2) exp(2α+).

Therefore, we see that E[λi+] ̸= E[λ̃i+] and Var[λi+] ̸= Var[λ̃i+]. Additionally, define θ̃i+ =

log(λi+) and note that θ̃i+ ̸= θi+, and the corresponding expectations and variances are not

equal either.

Results from our simulation showed that using our unified framework to fit a model that

correctly specifies the data generating mechanism leads to unbiased estimates with nominal

coverage of 95% credible intervals using noninformative prior distributions. This makes sense

because we estimate the log mortality rates using consistent estimators for all parameters.

Our simulation further showed that the multistage model is unbiased, but it does not have

proper coverage of 95% credible intervals, which we will show analytically. Section A.6

describes the parameters, data generating mechanism, and the multistage model fit. We can

calculate the posterior log CSMRs to be

θ̂ic = log
(

exp(̂̃θi+)× exp(θ̂ic)∑
c exp(θ̂ic)

)

= log(exp(̂̃θi+)) + log(exp(θ̂ic))− log
(∑

c

exp(θ̂ic)
)

= ̂̃θi+ + θ̂ic − ̂̃θ⋆i+
Now, since the estimators in both stages of the regression models are unbiased for the , we
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can calculate

E
[
θ̂ic

]
= E

[̂̃θi+ + θ̂ic − ̂̃θ⋆i+]
= E

[̂̃θi+]+ E
[
θ̂ic

]
− E

[̂̃θ⋆i+]
= E

[
θ̂ic

]
= θic

and so the CSMR are unbiased. However, we calculate the variance as

Var
[
θ̂ic

]
= Var

[̂̃θi+ + θ̂ic − ̂̃θ⋆i+]
= Var

[̂̃θi+]+ Var
[
θ̂ic

]
+ Var

[̂̃θ⋆i+]
= Var

[̂̃θi+]+ Var
[
θ̂ic

]
+ Var

[
log
(∑

c

exp(θ̂ic)
)]

This is a complicated combination of the variance of estimators of normals, log normals,

and the log of sums of lognormals, and furthermore we have the previously shown results

that Var[θi+] ̸= Var[θ̃i+]. We would want the variance of our estimator to be equal to the

true variance σ2 which is clearly not the case. Thus, the results of our simulation study are

consistent with this analytical derivation.
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A.8 Full description of the simulation study comparing a multistage model
and a unified model in a scenario with correlated cause-specific mortality
rates

Let i ∈ {1, . . . , n = 720} index strata (i.e. 6 age groups, 6 regions, 20 years), let c ∈ {1, 2}

index cause, let a ∈ {1, . . . , 6} index age, and let r ∈ {1, . . . , 6} index region. Let yic and

λic be the death count and mortality rate, respectively, and let Ni be the exposure time for

observation i. We will denote a[i] and r[i] as the age and region, respectively, for observation

i.

The data generating mechanism is as follows:

yic ∼ Poisson(Niλic)

log(λic) = θic

= α + βC
1[c=2] +

6∑
j=2

βA
j 1[j=a[i]] +

6∑
k=2

βR
k 1[k=r[i]] + bic

bi = {bi1, bi2}

∼ Normal2(0,Σ).

In this set up, Σ controls the levels of cause-specific overdispersion (as compared to the

Poisson distribution) via its diagonal entries and the levels of correlation between cause-

specific mortality rates via its off-diagonal entries. Performing this simulation study for a

range of diagonal and off-diagonal values will explore how overdispersion and correlations

affect a simplified multi-stage modeling procedure.

For this simulation study, we set the exposure time Ni equal to 8749.465, the median

observed in the MCHSS data, for all i. We let Σ =
(
σI2

)
Ω
(
σI2

)
, with I2 the two dimensional

identity matrix, and Ω a correlation matrix with diagonal entries equal to 1 and off-diagonal

entries equal to the correlation ρ. We set α = −4, β = 0.5. We perform simulations for 9

scenarios: each combination of σ ∈ {0.01, 0.1, 1} and ρ ∈ {−0.5, 0, 0.5}. For each scenario,

we simulate 100 datasets. For each simulation, we fit the multistage model described in

Section A.6 and also a unified model that correctly specified the data generating mechanism
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using the default priors in INLA. Across all simulations, we calculate the average relative

bias of the estimated log cause-specific mortality rate compared to the true θic and calculate

what percent of the 95% confidence intervals actually contain this marginal parameter. We

also calculate the width of the confidence intervals.
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A.9 Residual analyses for MCHSS data to determine which strata to share
random walks

In order to see which dimensions of the MCHSS data we could collapse and fit the same

temporal trend via random walks, we fit a suite of generalized linear models to the MCHSS

data and plot the residuals as a function of time in order to look for patterns.

Each Poisson GLM we fit had the log person years as the offset, fixed intercepts for each

age, region, and cause, all pairwise interactions between age, region, and cause, and a linear

and a quadratic time trend. Each model varied which dimensions the linear and quadratic

time trends varied over. With the same definitions of indices, data, and parameters as the

Section 4 in the main text, we fit a models of the form

θr,a,t,c = α + βR
r + βA

a + βC
c

βAC
a,c + βRC

r,c + βAR
a,r +

βT1t+ βT2t2+

g(η),

where g(η) is some set of regression coefficients that include the interaction of the linear and

quadratic terms. We fit GLMs with the following 8 interaction terms:

1. g(η) = 0

2. g(η) = ηAT
at (1[a] × t× t2)

3. g(η) = ηRT
rt (1[r] × t× t2)

4. g(η) = ηCT
ct (1[c] × t× t2)

5. g(η) = ηACT
act (1[ac] × t× t2)

6. g(η) = ηART
art (1[ar] × t× t2)
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7. g(η) = ηRCT
rct (1[rc] × t× t2)

8. g(η) = ηARCT
arct (1[arc] × t× t2)

We present plots of these residuals in Figure A.3 through Figure A.10. We examined these

plots for patterns similar between age groups, cause groups, and regions.
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Figure A.3: Plots of residuals for a Poisson GLM with no interactions between time trends

and any other variable.
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Figure A.4: Plots of residuals for a Poisson GLM with interactions between time trends and

age.
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Figure A.5: Plots of residuals for a Poisson GLM with interactions between time trends and

cause.
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Figure A.6: Plots of residuals for a Poisson GLM with interactions between time trends and

region.
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Figure A.7: Plots of residuals for a Poisson GLM with interactions between time trends and

age-region.
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Figure A.8: Plots of residuals for a Poisson GLM with interactions between time trends and

age-cause.
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Figure A.9: Plots of residuals for a Poisson GLM with interactions between time trends and

region-cause.
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Figure A.10: Plots of residuals for a Poisson GLM with interactions between time trends

and age-region-cause.
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A.10 Methods and results for deciding random walk variance parameter spec-
ification in the MCHSS data

We decided to model random walks for combinations of 2 age groups age (0-6d or not), all

6 regions, and 6 causes (collapsing other communicable and diarrhea, as well as collapsing

congenital anomalies and other non-communicable).

In each random walk modeling strata, we fit a model with a sub-strata specific intercept

(so if there were multiple substrata of the 6 age groups, 6 regions, and 8 causes within a

random walk modeling strata, each had its own intercept) and a random walk whose variance

parameter was estimated and plotted. The plots are shown below in Figure A.11.
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Figure A.11: Plots of estimated random walk standard deviation parameters for Poisson

regressions with strata-specific intercepts and a second order random walk in time across all

groups for which we fit a random walk in the final analysis of the MCHSS data.
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A.11 Graphs of all estimated posterior median log mortality rates with 80%
credible intervals from MCHSS data for the final model presented in
the main text
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A.12 Plots of cause-specific mortality fractions over time from our final
model

Figure A.12 shows estimated CSMFs from the observed data, our final model, and the

model from He et al. (2017). Plots are by age group and region. Estimates are aggregated

into 0–1 month and 1–59 month age groups because this is the level of modeling from He et

al. (2017). We only plot the causes that are comparable between our model and He et al.

(2017).
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A.13 Distributions of residuals from final model fit to MCHSS data by
region, age, time, and cause

In this section, we present the distributions of standardized residuals from our final model

tabulated by different combinations of region, age, time, and cause. Standardized residuals

are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2, where yr,a,t,c is the observed number

of deaths, Nr,a,t is the estimated exposure time, and λ̂r,a,t,c is the estimated mortality rate

from our final model for region r, age group a, year t, and cause c. Any patterns in these

can help diagnose problems with the fit of the final model.
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Figure A.13: Distribution of standardized residuals by year and age. Standardized residuals

are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2.
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Figure A.14: Distribution of standardized residuals by year and region. Standardized resid-

uals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2.
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Figure A.15: Distribution of standardized residuals by age and region. Standardized residuals

are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2.
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Figure A.16: Distribution of standardized residuals by year and cause. Standardized resid-

uals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2.
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Figure A.17: Distribution of standardized residuals by age and cause. Standardized residuals

are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2.
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Figure A.18: Distribution of standardized residuals by region and cause. Standardized resid-

uals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2.
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Figure A.19: Distribution of standardized residuals over time by age and region. Standard-

ized residuals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2.
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Figure A.20: Distribution of standardized residuals over time by age and cause. Standardized

residuals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2.
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Figure A.21: Distribution of standardized residuals over time by region and cause. Stan-

dardized residuals are calculated as (yr,a,t,c −Nr,a,tλ̂r,a,t,c)/(Nr,a,tλ̂r,a,t,c)
1/2.
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A.14 Final year holdout comparison of predictions and held-out observations
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Figure A.22: Scatter plots comparing predictions to held out observations from our final

model fit to all data except the final year held out. The top plot shows posterior median

predicted deaths, and the bottom plot shows posterior median predicted log mortality rates,

excluding observations with zero deaths because they have an undefined log mortality rate.
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A.15 Model fit comparison of our final model with two alternate models

Model DIC WAIC −
∑

log(CPO)

Final model 15341.31 15379.94 8095.364

No FE interactions 17300.76 16699.79 17672.156

AR1 15361.37 15383.14 8156.577

Table A.2: Comparison of deviance information criteria, Watanabe-Akaike information cri-

terion, and negative sum of log conditional predictive ordinates for our final model, a similar

model with no interactions between fixed effects, and a similar model with first order au-

toregressive processes rather than second order random walks for the temporal trends.
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A.16 Simulated data modeling examples of correlations between
cause-specific mortality rates

In order to assess whether correlations would be possible to model in the MCHSS data, we

performed a simulation study. We simulated data with the same dimensionality as the

MCHSS data (6 ages, 6 regions, 8 causes, 20 years). Let a ∈ 1, . . . , A index age groups,

r ∈ 1, . . . , R index regions, c ∈ 1, . . . , C index causes, and t ∈ 1, . . . , T index years. We

generated the data as

yartc ∼ Poisson(Tartcλartc)

log(λartc) = α +
A∑

a=2

βA
a +

R∑
r=2

βR
r +

C∑
c=2

βC
c + bartc

bart = {bart1, . . . , bartC}

∼ NormalC(0,Σ).

We label the diagonal elements of Σ as {σ2
1, . . . , σ

2
C} and the off-diagonal elements as ρcc′

for c ̸= c′. Thus, the σc parameters control the cause-specific overdispersion and the ρcc′

parameters control the correlations between cause-specific mortality rates. We set the α

parameter equal to −4, all the β parameters equal to 0.5, all the σc parameters equal to

0.1, and the ρcc′ to be between −0.7 and 0.7.

We fit a correctly specified model to this data in Stan with diffuse Normal(0,10) priors on

the α and β parameters, half-t(0,10) priors with 3 degrees of freedom on the standard

deviations σc, and an LKJ(1) prior (Lewandowski, Kurowicka, & Joe, 2009) on the

Cholesky decomposition of the correlation matrix. We present the estimated posterior

medians of the correlation parameters along with 80% credible intervals in Figure A.23.

They are not very well estimated. In general, the lower correlations tend to be estimated to

be lower and the higher ones tend to be estimated to be higher.

In order to show how this imprecise estimation may be impractical, we generated similar

data but we set all the correlation parameters ρcc′ = 0 except for two that we set to 0.5 and

one that we set to −0.5. This scenario mimics that which may be common in that a few
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causes are correlated but the majority are not. We present the estimated posterior medians

of the correlation parameters along with 80% credible intervals in Figure A.23. While the

positive correlations do have the highest estimates and the negative correlation has the

lowest, the differences between these and the estimates for the correlations that are equal

to 0 are very minimal. This leads us to conclude that the amount of MCHSS data is not

sufficient to estimate correlations reliably.

However, given more data, estimating correlation parameters well is possible. To show this,

we simulated data similar to the first of the previous simulations except we used 100

regions rather than 6. We present the estimated posterior medians of the correlation

parameters along with posterior 80% intervals. The parameters are well-estimated with

narrow intervals. Thus, with more data, we would recommend a researcher to model

correlations if they believe there are important correlations between causes to consider, for

example if there are covariates that impact specific causes for which data are not collected.
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Figure A.23: Plots of true correlations parameters vs. posterior medians with 80% credible

intervals. Scenarios (a) and (b) use data the same dimension as the MCHSS data. Scenario

(c) uses 100 regions rather than 6. Scenarios (a) and (c) have a range of true correlation

parameters from −0.7 and 0.7. Scenario (b) has all correlation parameters set to 0 except

for one set to −0.5 and two set to 0.5.
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Appendix B

APPENDIX FOR CHAPTER 3

B.1 Derivation of the design-based covariance estimate for the first stage
model

The following calculations are all done within each region, so we drop the r subscripts.

Let M = (MHAZ ,MWAZ) be the overall survey-weighted mean HAZ and WAZ scores,

e.g. for HAZ we have MHAZ =
∑n

i=1

(
wiy

HAZ
i∑n

i=1 wi

)
. We subtract this from each survey-weighted

estimate and then survey-weight these centered estimates, e.g. for HAZ we have

ȳHAZ
i =

wi(y
HAZ
i −MHAZ)∑n

i=1 wi

.

These are what the help file means when referring to the “observations”.

Next, for each strata, we do the following. First, let j = 1, . . . , ks index clusters within a

strata with ks be the number of clusters within strata s, and let s = 1, . . . , S index strata

within a region. Define mj to be the number of individuals within cluster j. For each

strata, we add up the “observations” in each cluster and subtract the strata-specific means,

e.g. for HAZ we calculate

ỹHAZ
j =

mj∑
i=1

ȳHAZ
i ,

and then subtract the strata-specific means Ms =
1
ks

∑J
j=1 ỹ

HAZ
j , such that we have

¯̃yHAZ
j = ỹHAZ

j −Ms.
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Then, we take the outer product of these and multiply by a scaling factor of ks/(ks − 1)

(this is where you’d multiply by the finite population correction, if necessary). In other

words, let X̂s be a ks × 2 matrix whose first column is the ¯̃yHAZ
j values and second column

is the ¯̃yWAZ
j values. We then calculate

Ṽs = X̂T
s X̂s.

We then element-wise add these strata-specific matrices together and end with our 2x2

covariance matrix estimate.

V̂ DES =
S∑

s=1

(
ks

(ks − 1)
)Ṽs.

In detail, we have:
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V̂ DES[1, 1] =
S∑

s=1

(
ks

(ks − 1)
)

(
ks∑
j=1

[ mj∑
i=1

wi

(
yHAZ
i −

[∑n
i=1

(
wiy

HAZ
i∑n

i=1 wi

)])
∑n

i=1 wi


−

 1

ks

J∑
j=1

 mj∑
i=1

wi

(
yHAZ
i −

∑n
i=1

(
wiy

HAZ
i∑n

i=1 wi

))
∑n

i=1 wi

]2)

V̂ DES[2, 2] =
S∑

s=1

(
ks

(ks − 1)
)

(
ks∑
j=1

[ mj∑
i=1

wi

(
yWAZ
i −

[∑n
i=1

(
wiy

WAZ
i∑n

i=1 wi

)])
∑n

i=1 wi


−

 1

ks

J∑
j=1

 mj∑
i=1

wi

(
yWAZ
i −

∑n
i=1

(
wiy

WAZ
i∑n

i=1 wi

))
∑n

i=1 wi

]2)

V̂ DES[1, 2] = V̂ DES[2, 1] =
S∑

s=1

(
ks

(ks − 1)
)

(
ks∑
j=1

[ mj∑
i=1

wi

(
yHAZ
i −

[∑n
i=1

(
wiy

HAZ
i∑n

i=1 wi

)])
∑n

i=1 wi


−

 1

ks

J∑
j=1

 mj∑
i=1

wi

(
yHAZ
i −

∑n
i=1

(
wiy

HAZ
i∑n

i=1 wi

))
∑n

i=1 wi

]
[ mj∑

i=1

wi

(
yWAZ
i −

[∑n
i=1

(
wiy

WAZ
i∑n

i=1 wi

)])
∑n

i=1 wi


−

 1

ks

J∑
j=1

 mj∑
i=1

wi

(
yWAZ
i −

∑n
i=1

(
wiy

WAZ
i∑n

i=1 wi

))
∑n

i=1 wi

])

We will calculate these for each region separately and call them V̂ DES
r .

Due to the CLT, we have

(ˆ̄yHAZ
r , ˆ̄yWAZ

r ) ∼ N2

(
(Ȳ HAZ

r , Ȳ WAZ
r ), V̂ DES

r

)
These calculations are performed by the survey package in R. We conclude by noting what

the help file from the survey package writes about how the variance is calculated: “The

observations for each cluster are added, then centered within each stratum and the outer

product is taken of the row vector resulting for each cluster. This is added within strata,
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multiplied by a degrees-of-freedom correction and by a finite population correction (if

supplied) and added across strata.” Note: for our application, we do not use a finite

population correction because we assume this is negligible. This could be included if need

be.
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B.2 Equivalency of nonsymmetric shared component models

Let r = 1, . . . , R index regions and c = 1, 2 index outcomes. Let βc be fixed effects and zc

be random effects.

Model 1:

µr1 = β1 + zr1 + λzr2

µr2 = β2 + zr2

Model 2:

µ̃r1 = β̃1 + z̃r1

µ̃r2 = β̃2 + z̃r2 + λ̃z̃r1

Let β̃c = βc. Now, we want to show that there is some relationship between (z, λ) and

(z̃, λ̃) that yields µ̃rc = µrc.

Suppose λλ̃ = 1/2, so λ̃ = 1/2λ. Plugging this in gives

z̃r1 = zr1 + λzr2

z̃r1 =
1

2
zr2 −

1

2λ
zr1.

Now, substituting into our equations for µ̃rc, we arrive at

µ̃r1 = β̃1 + z̃r1

= β1 + zr1 + λzr2

= µrc



243

and

µ̃r2 = β̃2 + z̃r2 + λ̃z̃r1

= β2 +
1

2
zr2 −

1

2λ
zr1

+
1

2λ
(zr1 + λzr2)

= β2 +
1

2
zr2 −

1

2λ
zr1

+
1

2λ
zr1 +

λ

2λ
zr2

= β2 + zr2

= µr2.

We validated these relationships numerically in the bivariate shared BYM model fit to

HAZ and WAZ from the 2014 Kenya DHS, and the relationships held.
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B.3 Simulation results for all models in each of the nine scenarios
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Appendix C

APPENDIX FOR CHAPTER 4

C.1 Simulation results for all models in each of the seven scenarios
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C.2 Equivalence of maximum likelihood estimates from a multinomial model
and a multinomial-Poisson surrogate model (i.e. the “Poisson Trick”

Let k = 1, . . . , K index clusters and c = 1 . . . , C index multinomial categories. For cluster

k, define Nk as the total number of individuals, Ykc as the number of individuals that are in

category c (in vector form Yk = [Yk1, . . . , YkC ]
′), with pkc the associated probability of being

in category c (in vector form pk = [pk1, . . . , pkC ]
′).

First, our cluster-level likelihood is

Yk|Nk,pk ∼ Multinomial(Nk,pk). (C.1)

Suppose pkc =
ζkc
ζk+

where ζk+ =
∑C

c=1 ζkc (note that this holds in the baseline category

multinomial logistic model by letting ζkc = exp(µkc) and setting µkC = 0). Now, in the

multinomial likelihood in Equation (4.1), we treated Nk as fixed. Instead, suppose

Nk ∼ δkζk+ independently for each cluster. Thus, we now have a multinomial-Poisson

mixture with joint probability function

P (Yk = yk and Nk = nk) = P (Nk = nk)P (Yk = yk|Nk = nk)

= exp(−δkζk+)
(δkζk+)

nk

nk!
× nk!∏C

c=1 ykc!

C∏
c=1

(
ζkc
ζk+

)ykc

=
C∏
c=1

[
exp(−δkζkc)(δkζkc)

ykc

ykc!

]
iff Nk = nk

We can integrate over all possible values of Nk which gives the marginal probability

P (Yk = yk) =
∏[

exp(−δkζkc)(δkζkc)
ykc

ykc!

]
which is the product of independent Poisson distributions, i.e. Ykc ∼ Poisson(δkζkc)

independently for eack k and c. Combining all observations gives the loglikelihood
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K∑
k=1

ℓP (δkζk+;Nk) +
K∑
k=1

ℓM(ζk;Yk|Nk) =
K∑
k=1

C∑
c=1

ℓP (δkζkc;Ykc)

with ℓP the Poisson and ℓM the multinomial loglikelihood functions.

Now, we wish to fit a model for
∑K

k=1 ℓ
M(ζk;Yk|Nk). However, we can instead fit a model

for
∑K

k=1

∑C
c=1 ℓ

P (δkζkc;Ykc). To see this, first note that the multinomial loglikelihood

function can be written as

K∑
k=1

ℓM(ζk;Yk|Nk) =
K∑
k=1

log(nk!)−
K∑
k=1

C∑
c=1

log(ykc!) +
K∑
k=1

C∑
c=1

ykc log(ζkc)−
K∑
k=1

log(ζk+)

and the Poisson-multinomial loglikelihood function can be written as

K∑
k=1

C∑
c=1

ℓP (δkζkc;Ykc) = −
K∑
k=1

δkζk+ +
K∑
k=1

nk log(δk) +
K∑
k=1

C∑
c=1

ykc log(ζk+)−
K∑
k=1

log(nk!).

Now, the MLE of δk from the Poisson-multinomial loglikelihood is δ̂k = nk/ζk+, and if we

plug this into the Poisson-multinomial loglikelihood function, we get the same loglikelihood

as the multinomial model up to an additive constant. Thus, likelihood-based inference will

be identical between the multinomial model for the vector of counts and independent

Poisson models on each of the individual counts.
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