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In this dissertation, I aim to forecast U.S. stock returns via state-space and probabilistic

deep learning models.

In the first chapter, I propose new state-space models with stock and accounting variables

to estimate the expected market returns. These approaches uncover the information existing

in unobserved state variables through the predictive updating system based on the Kalman

filter technique. The one-step-forward in-sample prediction for the state-space model with

stock variables has R2 as 13%, where the expected market return has a persistent component.

I further improve the performance of forecasting market returns by incorporating accounting

variables with a state-space model, having a higher R2, 18%. Both expected market returns

and expected returns on equity have persistent components, but expected returns on equity

are more persistent than expected market returns. Results from out-of-sample predictions

further reinforce the forecastability of market returns based on proposed models, especially

for short-range predictions.

In the second chapter, I conduct a comparative analysis of advanced deep-learning models

for forecasting U.S. market returns. These approaches uncover more information existing in

the same dataset from the first chapter. I present a higher out-of-sample R2, ranging from

42.33% to 65.80%, compared with classical time series models. By introducing the family

of probabilistic deep-learning models, I reinforce the argument that accounting variables are



more informative than stock variables for predicting market returns. Also, I build a link

between traditional metrics and advanced neural nets by having an extension of state-space

models, the deep state-space model. Innovative deep-learning models simplify estimations

of multiple time series and highlight the value of neural nets without losing interpretability.

In the third chapter, I conduct an analysis of forecasting the U.S. stock returns based

on the probabilistic deep learning methods described in the second chapter. By estimating

aggregate-level stock returns, I find that DF-RNN and DeepVAR provide the most accurate

results, with out-of-sample R2 ranging from 63.14% to 76.51%. DSSM precisely estimates

firm-level annual stock returns, with a 4.52% R2 on the testing dataset. Also, by building a

zero-net-investment trading strategy, I find that DeepAR and DSSM can help to construct

profitable portfolios with cumulative returns ranging from 4.26% to 5.13% on out-of-sample

periods. As a result, probabilistic deep learning models can generate state-of-the-art predic-

tions of U.S. stock returns at both aggregate and firm levels.
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Chapter 1

PREDICTING THE U.S. MARKET RETURNS VIA
STATE-SPACE MODELS

1.1 Introduction

Starting from the 1920s, economists have been forecasting stock market returns or equity

premiums with different methods or data. Though Lettau and Ludvigson (2001) [57] mention

that excess returns are predictable based on dividends or earnings, there are contradictory

findings regarding predicting stock returns. Researchers further test return predictions on

different variables based on various algorithms.

In this paper, I utilize both aggregate stock and accounting variables to examine the

annual stock return forecastability of various models, such as vector autoregressive model

(VAR) and state-space model (SSM). By forming latent variables’ processes, I estimate

the annual expected market returns using the conditional expected stock and accounting

variables to create unobserved time-series processes. Then, I combine the latent system

with log linearized market returns to derive the predictive regressions estimated through the

Kalman filter based on likelihoods. I find that more information is captured from expected

state variables through the latent processes, which can improve the performance of models.

These models give better predictions of market returns, with R2 ranging from 13% to 18%.

I also compare the latent processes with other common methods. I first test basic linear

regressions based on different variables and extend the simple model to an VAR model to

simulate the process by including relations over time. The R2 ranges from 6% to 10% for

these models.

For state-space models, I start with defining latent variables, expected dividends, and

expected returns. Following Cochrane (2007 & 2008) [22] [23] and Campbell and Shiller’s
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decomposition (Campbell & Shiller, 1988a) [16], I generate a time-varying process for latent

stock or accounting variables. The state-space model with time-varying latent stock variables

improves the forecastability of aggregate stock returns. The stability of the state-space model

is further tested based on the training and testing datasets.

Following Vuolteenaho (2000) [90], I make three assumptions for the analysis in this

paper. First, book and market value are assumed to be positive, which is fundamental

for the clean surplus identity (Equation (1.22)). Second, the dividend-price ratio and the

book-to-market ratio are assumed to be stationary. This assumption helps to specify a value

around which the price changes. The third assumption is the clean surplus identity, which

links the current book value with earnings, dividends, and the last period’s book value.

My main contributions are the following. First, I examine the traditional market return

forecasting models on new datasets. I find that the results from VAR are the best, but they

cannot capture the potential movements in the latent variables. By examining the residuals

from VAR models, I believe there is some critical information in residuals that the model does

not capture. Thus, it is crucial to introduce the state-space model to uncover the dynamics

behind observed variables further.

Second, I improve the forecastability of aggregate stock market returns by using two new

state-space models. The first state-space model is based on dividend yield and includes the

market return in the measurement equation directly rather than calculates the returns based

on predicted dividend growth rates and dividend yields (Binsbergen & Koijen, 2010, [88]).

Then, I can bring more information existing in unobserved variables to the predictive system,

which highly improves the predictability. And, expected market returns are more persistent

than expected dividend growth rates.

My second state-space model is based on aggregate accounting data and generates the best

forecasting results. Due to the instability in dividend policies over time, I use the book-to-

market ratio as a substitute for the dividend-price ratio and create the structure based on the

clean surplus identity (Equation (1.22)) and first-order Taylor expansions. With accounting

variables, I find that market returns are consistently predicted with relatively significant
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improvements, where expected returns on equity are more persistent than expected market

returns.

By decomposing variance of unexpected market returns, I find that cash-flow news ac-

counts for 3.7% or 147.9% of the variance, discount news accounts for 135.8% or 9.5% of

the variance, and the covariance between these two news accounts for the rest. The de-

composition suggests that accounting data can help to significantly explain the variation of

unexpected market returns.

Further, both state-space models show great forecastability of short-range market returns

because of the persistent state variables over time. Considering the unstable dividend policy,

the accounting-based state-space model performs better than the other due to the persistent

of cash-flow state variables, expected returns on equity.

The organization of this paper is as follows. In Section 1.2, I review the background of

return forecastability, including historical forecasting approaches and previous state-space

models. In Section 1.3, I describe the stock and accounting data for this paper. In Section

1.4, I discuss two state-space models with different information sets, and in Section 1.5 I

outline the results from different methods. Section 1.6 contains my conclusions.

1.2 Literature Review

There is a long research history of forecasting stock returns. Starting from the 1920s, Dow

and Selden (1920) [27] try to optimize the trading algorithms based on forecasting stock

returns using dividend ratios. Different papers use different algorithms or variables to forecast

the excess returns, considering various measurements of stock risks.

1.2.1 Background of Forecasting

For forecasting stock returns, the dividend-price ratio is used by Campbell (1987) [13],

Campbell and Shiller (1988a) [16], Fama and French(1988) [28], Hodrick (1992) [47], Wolf

(2000) [93], Lewellen (2004) [58], Campbell and Yogo (2006) [15], Ang and Bekaert(2006) [2],

Cochrane(2007) [22], Goyal and Welch (2008) [37], and Van Binsbergen and Koijen (2010)
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[88]. Most of these authors argue that the dividend yield can be used to forecast stock

returns, although the strength of predictions varies considerably across studies.

The research studying the dividend-price ratio contains contradictory findings regarding

the forecastability of excess stock returns. For example, Goyal and Welch (2008) [37] in-

vestigate the forecasting power of a diverse group of stock and accounting variables based

on out-of-sample observations. They find that the prediction models change significantly

over time and that most of the predictors perform worse than predicting returns using the

historical means. They also point out that available information cannot help investors make

additional profits, Cochrane (2007) [22], however, argues that Goyal and Welch’s results

only show difficulties in using predictions to form trading strategies. In other words, the

out-of-sample R-square is a statistic that evaluates the performance or usefulness of making

market decisions based on the prediction, which does not indicate the rejection of the fore-

castability of stock returns. Cochrane (2007) tests the hypothesis that “if returns are not

predictable, then dividend growth must be predictable.” Based on the absence of dividend

growth predictability, it can indirectly defend the forecastability of stock returns.

Other researchers also estimate stock returns based on accounting variables. They find

that forecasting using earning price ratio performs better than forecasting using dividend-

price ratios, which is initially tested in a VAR model by Campbell and Shiller (1988b) [17]

and Lamont (1998) [56]. Currently, researchers proved a positive relationship between firm-

level earnings and stock prices or returns (Choi et al. (2016) [20], Bonsall et al. (2013) [10]).

However, for the aggregate-level market, there is a negative relationship between earnings

and stock market returns (Kothari, Lewellen, and Warner (2006) [54], Sadka (2007) [80],

Sadka and Sadka (2009) [81], Hirshleifer, Hou, and Teoh (2009) [45], Patatoukas (2013)

[70]). They also examine the relation between earnings news and stock returns and conclude

that aggregate returns are forecastable.
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1.2.2 Background of Variance Decomposition

Campbell and Shiller (1988b) [17] decompose unexpected stock returns into two parts,

changes in expected future cash flow (dividends) news and changes in expected future dis-

count rate (stock returns) news. Later, Campbell (1991) [14] shows that the variance of

future cash flow news accounts for one third of the variance of unexpected aggregate stock

returns.

Motivated by Modigliani-Miller’s dividend irrelevant theory, the instability in aggregate

dividend policy, and the weak results regarding forecasting long-horizon stock returns using

dividend price ratios, Vuolteenaho (2000) [90] develops a return model which builds upon

the relationships among book-to-market ratio, return on equity (ROE), interest rates, and

returns. Using this model, Vuolteenaho (2002) [91] finds that cash-flow news significantly

drives the firm-level stock returns, while expected-return information is significantly driven

by aggregate-level components.

Then, the current period stock return can be separated into three parts: change in

conditional expected returns, change in expected cash-flow news, and change in expected-

return news. While people estimate the firm-level relations between returns and earnings,

they conclude that Cov(Ncf,i,t,∆Xi,t) > 0 and Cov(Ri,t,∆Xi,t) > 0, where ∆Xi,t denotes the

changes in earnings for firm i. Hecht and Vuolteenaho (2006) [44] further extend the relations

to the remaining variables in the decomposition, stating that the change in earnings is

correlated with lagged and leading information. Moreover, the aggregate earning is negatively

correlated with the return news.

1.2.3 Background of Estimated Models

When forecasting stock returns using dividend price ratios and other accounting data, the

type of forecasting model is important. In empirical work, the Vector Autoregressive model

(VAR) is the most common model used for predicting stock returns, see examples such as

Cochrane (2007) [22] and Brandt and Kang (2004) [11]. In contrast to the VAR model,
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Rytchkov (2007) [79], Pastor and Stambaugh (2009) [69], Van Binsbergen and Koijen (2010)

[88], and Monache et al. (2021) [64] focus on predicting stock returns based on the state-space

model and treating the expected stock return as a latent variable.

State-space models allow time variation in parameters and automatically apply restric-

tions in the updating process of latent components in the model. For modeling returns based

on present-value representations, state-space models can handle complex relations and effi-

ciently utilize all the information. After considering the movements in market-wide data, all

the papers above show evidence regarding improvement in stock return forecastability.

Besides the dividends and accounting variables, improvements in computational technolo-

gies induce lots of research based on event-driven data or different markets. These research

focus more on interesting predictors, feature selections, and data mining. For example, Bijl

et al. (2016) [9] find that data from Google traffic can predict the stock returns. Salisu

et al. (2019) [84] proposed an alternative approach to forecast market returns based on

Bitcoin prices. In other words, the additional available public or private information further

improves predictability.

There are also other interesting and useful factors, including investor sentiments (Huang

et al. (2015) [50], Li et al. (2015) [60]), Ren et al. (2018) [76], Audrino et al. (2020)

[5]), financial news (Atkins et al. (2018) [4], Nam and Seong (2019) [67]), technical indi-

cators (Neely et al. (2014) [68], Lin (2018) [61], Dai et al. (2020) [25]), and others. Also,

more advanced and maturer machine learning techniques are widely used to improve the

predictability of market returns, including big data with principal component analysis (De

Mol et al. (2008) [26], Brodie et al. (2009) [12], Carrasco and Rossi (2016) [18], Reichlin et

al. (2017) [75]), regression trees (Rossi (2018) [77], Rasekhschaffe (2019) [73]), deep learning

(Chong et al. (2017) [21], Fischer and Krauss (2018) [32], Hu et al. (2018) [49]), etc. In this

paper, I focus on building state-space models based on stock and accounting variables, and

the modern methods are revisited in the next paper.
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1.3 Data

Following Sadka and Sadka (2009) [81] and Vuolteenaho (2002) [91], for the analysis in

this paper, I generate aggregate-level dividend growth rates, dividend-price ratios, returns,

returns on equity, book equity, market value, and book-to-market ratio.

1.3.1 Basic Data

The basic data contain all firm data in the Center for Research in Security Prices (CRSP)

and COMPUSTAT databases obtained from Wharton Research Data Services (WRDS) [85].

The CRSP data contains with-dividend and without-dividend monthly stock market returns

based on the value-weighted portfolios of NYSE, AMEX, and NASDAQ stocks for the period

1950 - 2019. The COMPUSTAT annual research file contains the relevant accounting infor-

mation for most publicly traded firms, including book values, market values, and returns on

equity etc. In this paper, I additionally use rolled-over 90-day Treasury-bills (the risk-free

rate) and the Consumer Price Index (CPI) from CRSP and compute the corresponding se-

ries for dividend growth rates, dividend-price ratios, returns, returns on equity, and risk-free

rates. All variables are at the annual frequency.

1.3.2 Data Manipulations

By utilizing the value-weighted stock market returns from CRSP, I generate the price-

dividend ratio and dividend growth ratio. For firm-level data from COMPUSTAT, firms

must have December as the fiscal-year end to align accounting variables across firms. To

filter out data errors, I exclude firms with less than $10 million market values and more than

100 or less than 0.01 book-to-market ratio.

Firm-level variables are calculated as follows. The market value of equity is the product of

common outstanding shares and the closing price in certain fiscal years. For book equity, I use

the total common equity (data item 60). If the data is not available, I use the liquidity value

(data item 235) as a substitute. Considering taxes, short-term and/or long-term deferred
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taxes (data item 35 and 71) are added to book equity if available. If neither the total common

equity nor the liquidity value is available, I use the clean surplus identity (Equation (1.22))

to approximate book value. All firm-level book equity must be non-negative to be included

in the analysis.

Firms’ net incomes (data item 172) are regarded as earnings, and if the data is missing,

earnings are approximated using the clean surplus identity (Equation (1.22)). Return on

equity (ROE) or profitability is the earnings over the last period’s book equity. Intuitively,

firms cannot lose more than their book values. Thus, if firms have negative earnings, the

absolute value of earnings must be smaller than its book equity.

To convert firm-level data into aggregate-level data, I utilize market capitalization to

calculate value-weighted variables. Market-level data are calculated as the value-weighted

mean of existing variables scaled by the price level in the fiscal year.

1.3.3 Descriptive Statistics

Table 1.1 shows the descriptive statistics for the aggregate-level variables, including means,

standard deviations, and quantiles for log excess returns, log excess return on equity, and

other variables from 1950 to 2019. These statistics are similar to the results from Vuolteenaho

(2002) [91] and Hecht and Vuolteenaho (2006) [44], though the length of data is different.

Comparing log returns with the log excess return on equity, the volatility in the stock market

return is larger than the accounting-based ROE (standard deviation of 0.16 vs. 0.05). Also,

the log dividend growth rate contains great fluctuations over time as the standard deviation

is 5 times larger than its mean.

Comparing the log dividend-price ratio with the log book-to-market ratio, there are

similar standard deviations or volatility. This can be evidence for the following state-space

model, in which the book-to-market ratio can be used as a substitute for the dividend-

price ratio. And the log excess earnings can be the substitute for dividend growth rates,

considering the similar quantiles in the sample data (except the extreme values).

Table 1.2 shows the correlations among the logged variables. Similar to previous liter-
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Table 1.1: Descriptive Statistics: Summary

Mean SD Min 25% Median 75% Max

r - rf 0.0576 0.1628 -0.4959 -0.0358 0.0944 0.1638 0.3970
∆d 0.0208 0.1172 -0.2747 -0.0614 0.0106 0.0798 0.3268
dp -3.4429 0.3417 -4.1785 -3.6771 -3.4735 -3.1795 -2.8394

e - rf 0.1024 0.0524 0.0011 0.0654 0.0935 0.1405 0.2794
θ -0.4452 0.3151 -1.1664 -0.6735 -0.4788 -0.2110 0.1760

This table reports means, standard deviations, and quantiles of log excess return, r
- rf , log dividend growth rate, ∆d, log dividend-price ratio, dp, log excess return on
equity, e - rf , and log book-to-market ratio, θ.
These statistics are estimated based on the data from CRSP and COMPUSTAT from
1950 - 2019.

ature, such as Cochrane (2007) [22], the correlation between the log dividend growth rate

and log excess return is about 0.7, which shows that the log dividend growth rate shares

some common patterns with the log returns. There is a similar relationship between the log

dividend yield and the log book-to-market ratio, which further reinforces the use of the clean

surplus identity.

The log dividend-price ratio has a small correlation with market returns, but large cor-

relations with accounting returns. This suggests that the clean surplus identity can support

a model with better performance for forecasting market returns, as the variables are more

related to the aggregate firm-level states.

The negative correlation (-0.6) between log excess return on equity and log dividend yield

shows evidence that firms’ returns on equity are reduced while distributing an increasing

number of dividends. There is also similar relation between the log book-to-market ratio

and the log excess return on equity, given the correlation as -0.5.

One notable feature of the data is that the correlation between log excess return on

equity and log returns is about 0.11, which illustrates the small relationship between market

and accounting returns. Intuitively, in an open economy, considering all the firms as a

whole, aggregate returns on equity is not significantly affected by the domestic aggregate-
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level returns.

Table 1.2: Descriptive Statistics: Correlations

r - rf ∆d dp e− rf θ

r - rf 1
∆d 0.6942 1
dp -0.0028 0.0005 1

e− rf 0.1127 0.1891 -0.6413 1
θ -0.1637 -0.1154 0.8965 -0.4871 1

This table reports correlations among log excess return, r - rf , log dividend growth rate,
dg, log dividend-price ratio, dp, log excess return on equity, e - rf , and log book-to-market
ratio, θ. Sample from 1950 - 2019, CRSP and COMPUSTAT.

1.3.4 OLS Forecasting Performance

This section summarizes the in-sample forecasting ability of stock and accounting variables

for stock returns. Table 1.3 presents the regressions of real return and profitability on lagged

dividend-price or book-to-market ratio as below.

rt+1 = a+ bdpt + εt+1

rt+1 − rf,t+1 = a+ bdpt + εt+1

∆dt+1 = a+ bdpt + εt+1

rt+1 = a+ bθt + εt+1

rt+1 − rf,t+1 = a+ bθt + εt+1

et+1 − rf,t+1 = a+ bθt + εt+1

(1.1)

where a denotes the intercept, b denotes the coefficient, rt+1 denotes the real log market

return at time t + 1, rf,t+1 denotes the log risk-free rate at time t + 1, ∆dt+1 denotes the

log dividend growth rate at time t+ 1, dpt denotes the log dividend-price ratio at time t, θt

denotes the log book-to-market ratio at time t, et+1 − rf,t+1 denotes the log excess return on
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equity at time t+ 1.

Table 1.3: OLS Forecasting Performance

Regressions
a b

t R2 σ(bx)
est se est se

rt+1 = a+ bdpt + εt+1 0.4808 0.1343 0.1200 0.0400 2.9988 0.0618 0.0412
rt+1 − rf,t+1 = a+ bdpt + εt+1 0.4041 0.1343 0.1013 0.0392 2.5816 0.0452 0.0347

∆dt+1 = a+ bdpt + εt+1 0.0605 0.0722 0.0109 0.0218 0.5012 0.0010 0.0037
rt+1 = a+ bθt + εt+1 0.1234 0.0252 0.1255 0.0576 2.1776 0.0572 0.0396

rt+1 − rf,t+1 = a+ bθt + εt+1 0.1086 0.0268 0.1195 0.0545 2.1931 0.0534 0.0377
et+1 − rf,t+1 = a+ bθt + εt+1 0.0676 0.0176 -0.0802 0.0294 -2.7228 0.2321 0.0253

This table reports linear regressions based on real variables. est represents estimated values of
coefficients and se denotes the HAC standard errors of estimations. r is the real log market return,
rf is the log risk-free rate, r - rf is the log excess return, ∆d is the log dividend growth rate, e -
rf is the log excess return on equity, dp is the log dividend-price ratio, and θ is the log book-to-
market ratio. Annual data, 1950 - 2019, from CRSP & COMPUSTAT. t reports the t-values for
the coefficient, b, in each regression. σ(bx) shows the standard deviations of the fitted value of
the regression.

The coefficients show the forecastability of log excess returns based on dividend-price and

book-to-market ratios, which is mentioned by Cochrane (2007) [22], Hecht and Vuolteenaho

(2006) [44], etc. Also, considering the coefficients and R2 from the third and last regressions,

we can see that variation in market dividend yield do not forecast future dividend growths,

but that variation in market book-to-market ratio forecasts future growth opportunities.

This is evidence which briefly illustrates that using the accounting variables can improve the

performance of forecasting market returns.

The estimated standard deviation of expected returns from the first and fourth regressions

are similar, around 4%, which is much less than the standard deviation of market returns

from the sample, 16%. For the fitted expected dividend growth rate, its standard deviation

is about 0.3% which is much more smaller than the sample standard deviation of 12%. These

results are similar to those from Cochrane (2007) [22]. The standard deviation of the log

excess ROE captures about half of the volatility from the sample, which is another evidence
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that the accounting earning is a better predictor of market returns than the dividend growth

rate.

1.4 Models

In this section, I define and evaluate different models based on both stock and accounting

variables, including vector autoregressive and state-sapce models.

1.4.1 Vector Autoregressive Model

The Vector Autoregressive Model (VAR) is the most common model used for multivariate

prediction of returns and accounting variables. In this section, I present two models to

capture dynamic relationships among log returns, log dividend growth rate, and log dividend-

price ratio, and dynamic relationships among log returns, log returns on equity, and log

book-to-market ratio. These models interpret the sample data, and tests if the model is

useful for predicting expected returns. The first VAR model based on stock variables has

the form in Equation (1.2).


rt

∆dt

dpt

 =


ar

ad

adp

+


b11 b12 b13

b21 b22 b23

b31 b32 b33




rt−1

∆dt−1

dpt−1

+


εt,r

εt,d

εt,dp

 (1.2)

which can be represented as:

zt = At +Bzt−1 + εt (1.3)
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The VAR for accounting variables is shown in Equation (1.4), which is similar to the above

VAR model.
rt

et − rf,t

θt

 =


ar

ae

aθ

+


b11 b12 b13

b21 b22 b23

b31 b32 b33




rt−1

et−1 − rf,t−1

θt−1

+


εt,r

εt,e

εt,θ

 (1.4)

In general, with one lag, there are twelve coefficients and six covariance terms that need to

be estimated from the 210 annual observations. To estimate the order of VAR consistently,

Akaike’s Information Criterion (AIC), Bayesian Information Criterion (BIC), and Hannan-

Quinn Information Criterion (HQC) are used. The optimal selection of the orders for the

accounting-variable VAR model (Equation 1.2) is one. Even though the optimal orders for

the stock-variable VAR model (Equation 1.4) is two, the higher-order VAR only gives lower

adjusted R2 due to the less degree of freedom. Thus, this section shows a short VAR model

with order one.

Table 1.4 presents the results for each regression in the estimated VAR models (Equation

(1.2) & (1.4)), along with the results from serial correlation tests. Similar to Vuolteenaho

(2002) [91], the expected returns on equity is high when the past return and past returns

on equity are high, and the log book-to-market ratio is low. It also shows that the expected

dividend-price ratio or the book-to-market ratio largely depends on its past ratio.

Further, the serial correlation test has a 0.0001 p-value for the stock-variable VAR model,

indicating strong autocorrelations in the residuals. A stock-variable VAR model with two

lags still shows the existence of serial correlations in the residuals with a p-value equals to

0.03. While the p-value for the accounting VAR model is about 0.2, which fails to reject the

null hypothesis that there is no serial correlation in the residuals. This also illustrates that

accounting variables can generate better forecasting results.

As a result, the log returns are poorly estimated based on the two models, but the

dividend-price and book-to-market ratios are firmly estimated based on past ratios. Based

on this result, I present a state-space model with a latent AR(1) process for the expected
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Table 1.4: Short VAR for Aggregate Stock Market

rt ∆dt dpt rt et − rf θt

const 0.495 0.094 -0.269 0.104 0.016 -0.040
(0.197) (0.131) (0.129) (0.046) (0.009) (0.041)

rt−1 -0.272 -0.315 -0.043 -0.036 0.002 0.011
(-0.162) (0.107) (0.106) (0.123) (0.024) (0.110)

∆dt−1 0.389 -0.024 -0.429 - - -
(0.230) (0.152) (0.150) - - -

dpt−1 0.121 0.014 0.922 - - -
(0.057) (0.037) (0.037) - - -

et−1 − rf - - - 0.309 0.770 -0.341
- - - (0.448) (0.085) (0.401)

θt−1 - - - 0.146 -0.020 0.855
- - - (0.073) (0.014) (0.066)

R2 0.109 0.214 0.908 0.0659 0.662 0.791
Adjusted R2 0.067 0.177 0.903 0.0221 0.646 0.781

Serial Test (p-value) 0.0001 0.2

This table reports the parameter estimates for the short VAR. This table includes the log
stock market return (r), log dividend growth rate (∆d), log dividend-price ratio (dp), log
excess return on equity (e − rf ), and log book-to-market ratio (θ). The parameters in the
table are estimated based on the following system:

zt = A+Bzt−1 + εt (1.5)

For each regression, the estimates and standard errors (in parenthesis) are reported, along
with the R2 and adjusted R2. Also, for each VAR model, the p-value from the serial cor-
relation test (Breusch-Godfrey LM test) is reported. The Null hypothesis for the serial
correlation test is: no serial correlation exists. Sample from 1950 - 2019, CRSP and COM-
PUSTAT.
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returns on equity and expected dividend yield.

1.4.2 State-Space Model (Market Returns and Dividend Growth)

Following Campbell and Shiller (1988) [16], by using the log-linearization on price, dividend,

and returns, this section presents a state-space model for log excess returns and dividend

growth. Increasing the orders for the latent process in the state-space model may not signif-

icantly improve the performance since it only adds more correlation terms among the lagged

variables, reinforcing the relations among those latent variables (Cochrane, 2008 [23]). Thus,

an AR(1) latent process is sufficient for forecasting stock market returns.

Log Linearization

The model starts with the return function, where Rt+1 denotes the simple return at t + 1,

Pt+1 denotes the price of the aggregate stock market at t+1, and Dt+1 denotes the dividend

at t+ 1.

Rt+1 =
Pt+1 +Dt+1

Pt

(1.6)

Following the first-order Taylor Series, the continuous compounded return can be represented

by:

rt+1 = ln
(
1 + e−dpt+1

)
+∆dt+1 + dpt

≈ ln
(
1 + P̄ /D̄

)
+

−P̄ /D̄

1 + P̄ /D̄

(
dpt+1 − d̄p

)
+∆dt+1 + dpt

= κ− ρdpt+1 +∆dt+1 + dpt (1.7)

where dpt+1 ≡ ln (Pt+1/Dt+1), ∆dt+1 ≡ ln (Dt+1/Dt), ρ ≡ P̄ /D̄

1+P̄ /D̄
and κ ≡ ln(1 + P̄

D̄
) + ρd̄p.

D̄ and P̄ are the sample average of aggregate dividends and prices, and d̄p is the sample
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average of linearized dividend-price ratio. Then, the log-linearized dpt can be written as

dpt = − κ

1− ρ
+

∞∑
j=1

ρj−1rt+j −
∞∑
j=1

ρj−1∆dt+j (1.8)

Assumptions for Latent Processes

Similar to Van Binsbergen and Koijen (2008) [88], and Cochrane (2008) [23], I assume that

expected returns and dividend growth rates follow the AR(1) process below, where µt ≡

E(rt+1|It) denotes the conditional expectations of log return at time t+ 1, gt ≡ E(∆dt+1|It)

denotes the conditional expectations of log dividend growth rate at time t+1, εµ,t+1 represents

the shocks for expected return at time t+1, εg,t+1 represents the shocks for expected dividend

growth rate at time t+1, and εd,t+1 represents the residual for dividend growth rate at time

t+ 1.

µt+1 = ϕµµt + εµ,t+1

gt+1 = ϕggt + εg,t+1

(1.9)

I use Et to denote expectations conditional on the information set (It) up to time period

t. By taking the conditional expectation, Equation (1.8) becomes:

Etdpt = − κ

1− ρ
+ Et

∞∑
j=1

ρj−1 (rt+j −∆dt+j) (1.10)

=⇒ dpt =
µt

1− ϕµρ
− gt

1− ϕgρ
− κ

1− ρ
(1.11)

The log dividend growth follows the equation below:

∆dt+1 = gt + εd,t+1 (1.12)
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Then, by substituting the equations back to Equation (1.7), the return can be written as:

rt+1 = µt + εd,t+1 − ρ(kµεµ,t+1 − kgεg,t+1) (1.13)

where kµ ≡ 1
1−ρϕµ

and kg ≡ 1
1−ρϕg

.

Measurement & Transition Equations

Given the processes above, we have the following state-space model, where the observable

variables are yt+1 = (rt+1,∆dt+1)
′ and the unobserved variables are βt = (µt, gt, εµ,t+1, εg,t+1, εd,t+1)

′.

Measurement Equation:

 rt+1

∆dt+1


︸ ︷︷ ︸

≡yt+1

=

 1 0 −ρkµ ρkg 1

0 1 0 0 1


︸ ︷︷ ︸

≡H



µt

gt

εµ,t+1

εg,t+1

εd,t+1


︸ ︷︷ ︸

≡βt

(1.14)

Transition Equation:

µt

gt

εµ,t+1

εg,t+1

εd,t+1


︸ ︷︷ ︸

≡βt

=



ϕµ 0 1 0 0

0 ϕg 0 1 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


︸ ︷︷ ︸

≡F



µt−1

gt−1

εµ,t

εg,t

εd,t


︸ ︷︷ ︸

≡βt−1

+



0 0 0

0 0 0

1 0 0

0 1 0

0 0 1




εµ,t+1

εg,t+1

εd,t+1


︸ ︷︷ ︸

≡vt

(1.15)
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For the error terms, the variances are defined as:

Q = var





0 0 0

0 0 0

1 0 0

0 1 0

0 0 1




εµ,t+1

εg,t+1

εd,t+1




=



0 0 0

0 0 0

1 0 0

0 1 0

0 0 1




σ2
µ σµg σµd

σµg σ2
g σgd

σµd σgd σ2
d




0 0 1 0 0

0 0 0 1 0

0 0 0 0 1



(1.16)

To simplify the estimating process, covariances are decomposed as:

σij = σi × σj × ρij ∀i, j ∈ {µ, g, d} and i ̸= j (1.17)

Estimations for Stock-variable State-Space Model

Given the measurement and transition equations above, we have the following state-space

model.

Measurement Equation: yt+1 = Hβt (1.18)

Transition Equation: βt = Fβt−1 + vt vt
i.i.d∼ N(0, Q) (1.19)

Following the above models, I utilize the Kalman filter (Hamilton, 1994 [42]) and conditional

maximum likelihood estimation to estimate the vector of parameters1:

(ϕµ, ϕg, σµ, σg, σd, ρµg, ρµd, ρgd) (1.20)

The optimization problem is solved by using the R package astsa [86]. Also, when we consider

the reduced form of the state-space model, there are more parameters than can be identified

with the observed data. Following Cochrane(2008) [23], Van Binsbergen and Koijen (2010)

1See Appendix A.1 for the details of the Kalman Filter
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[88], and Rytchkov (2012) [79], I restrict the correlation between expected dividend growth

shocks and realized dividend growth shocks to be 0, ρgd = 0.

To examine the performance of state-space models, following Van Binsbergen and Koijen

(2010) [88], I compute the R2 values for returns as:

R2
Ret = 1−

ˆvar
(
rt+1 − µF

t

)
ˆvar (rt)

(1.21)

where ˆvar denotes the sample variance, and µF
t is the predictions of expected returns (µt).

Table 1.5 shows the conditional maximum likelihood estimates of the parameters for the

previous model (Equations (1.14) to (1.20)), including log returns and log dividend yields.

Also, this table reports the R2 (Equation (1.21)) for in-sample one-step-ahead predictions

of market returns. The one-step-forward in-sample predictions of market returns are further

estimated in Table 1.7 and plotted in Figure 1.1. The out-of-sample predictions are generated

in Table 1.9 and Figure 1.2.

From Table 1.5, I find that the conditional expected return is highly persistent over

time, with a significant coefficient (ϕµ = 0.9621) at 5% level. The coefficient of conditional

expected dividend growth (ϕg) is not significant at 5% level, with a value equal to 0.1788.

The R2 for in-sample predictions of market returns is 12.60%, and I find an R2 value of

14.04% for dividend growth rates.

Shocks for expected returns and dividend growth rates are smaller than the shock for

expected dividend growth rates. It shows that most of the information existing in expected

market returns is carried over time, but the expected dividend policy is not significantly

predicted due to high volatility.

These results are consistent with Cochrane (2007) [22], Pastor and Stambaugh (2009)[69],

and Binsbergen and Koijen (2010) [88], showing that expected returns are more persistent

than conditional expected dividend growth. But, the R2 estimated base on Equation (1.21)

is slightly higher than the one from Binsbergen and Koijen (2010) [88], which may be caused

by different observable variables and the length of data.
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Table 1.5: SSM Estimation Results based on Returns & Dividend Yield

Estimates S.E.

ϕµ 0.9621 0.0207
ϕg 0.1788 0.1235
σµ 0.0308 0.0120
σg 0.0824 0.1357
σd 0.0089 0.0073
ρµg 0.8181 0.1091
ρµd -0.0604 1.1004

Market Return R2 0.1260
Dividend Growth R2 0.1404

This table reports the estimations of parameters for the state-space model based on the
log returns (µt) and log dividend growth rate (gt) from Equations (1.14) to (1.20). The
restriction, ρgd = 0, is implemented. The models are estimated by conditional maximum
likelihood using sample data from 1950 - 2019, CRSP and COMPUSTAT. This table also
reports the R2 (Equation (1.21)) for one-step-ahead predictions (in-sample) of market re-
turns and dividend growth rate. The one-step-forward predictions of market returns are
plotted in Figure 1.1.

1.4.3 State-Space Model (Market Returns and Returns on Equity)

Following Campbell and Shiller (1998a) [16], Vuolteenaho (2000) [90], and Vuolteenaho

(2002) [91], by assuming the clean-surplus identity, this section presents a State-Space-Model

based on returns, returns on equity, and book-to-market ratios.

Clean Surplus Identity

Vuolteenaho (2000) [90] constructs the clean-surplus identity based on book equity (Bt),

earnings (Xt) and dividends (Dt).

Bt = Bt−1 +Xt −Dt (1.22)
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Based on the clean surplus accounting identity, Equation (1.22), and return on equity (ROE):

Et = Xt/Bt−1 (1.23)

we can define log returns for market and accounting as:

rt + ft ≡ ln

(
Mt +Dt

Mt−1

)
= ln

(
1 +

∆Mt +Dt

Mt−1

)
= ln (1 +Rt + Ft) (1.24)

et ≡ ln

(
Bt +Dt

Bt−1

)
= ln

(
1 +

∆Bt +Dt

Bt−1

)
= ln (1 + Et) (1.25)

whereMt denotes the market value at time t, Ft denotes the interest rate at time t, ft denotes

ln(1 + Ft) at time t, and Dt denotes the dividend at time t.

Log Linearization

By defining δt = dt − bt, where dt is the log dividend at time t and bt is the log book equity

at time t, the log market returns can be written as:

rt + ft = ln

(
exp

(
ln

Mt

Dt

)
+ 1

)
+ ln (Dt/Dt−1) + ln (Dt−1/Mt−1)

= ln (exp (−δt) + 1) + ∆dt + δt−1

(1.26)

By defining γt = dt − mt, where mt is the log market value at time t, the log accounting

returns can be written as:

et = ln

(
exp

(
ln

Bt

Dt

)
+ 1

)
+ ln (Dt/Dt−1) + ln (Dt−1/Bt−1)

= log (exp (−γt) + 1) + ∆dt + γt−1

(1.27)
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Then, by using Equation (1.27) to subtract Equation (1.26), the identity can be approximated

based on the first-order Taylor Series as:

et − rt − ft = ln(1 + B̄/D̄) +
−B̄/D̄

1 + B̄/D̄
(γt − γ̄)− ln(1 + M̄/D̄)− −M̄/D̄

1 + M̄/D̄

(
δt − δ̄

)
− θt−1

≈ α + ρθt − θt−1 + κt

(1.28)

where θt denotes the log book to market ratio, α denotes a constant parameter, ρ denotes

the discount ratio (a constant parameter smaller than 1), and κt denotes the approximation

errors 2.

Similar to the log linearization for dividend yield, the log-linearized book-to-market ratio

can be written as:

θt−1 =
α

1− p
+

∞∑
j=0

ρjrt+j −
∞∑
j=0

ρje∗t+j (1.29)

where e∗t+j ≡ et − κt − ft, which denotes the log excess return on equity.

Assumptions for Latent Processes

Similar to the state-space model above, I assume that expected returns and excess return

on equity follow the AR(1) process below, where µt ≡ E(rt+1|It), ht ≡ E(e∗t+1|It), εµ,t+1

represents the shocks for expected return at time t + 1, εh,t+1 represents the shocks for

expected excess return on equity at time t+1, εe,t+1 represents the approximation errors for

excess return on equity at time t+ 1.

µt+1 = ϕµµt + εµ,t+1

ht+1 = ϕhht + εh,t+1

(1.30)

2See Appendix A.2 for approximating κt in detail.
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By taking the conditional expectation based on the information set, It, the log-linearized

book-to-market ratio is:

θt =
α

1− ρ
+

µt

1− ϕµρ
− ht

1− ϕhρ
(1.31)

The log excess return on equity follows the equation below:

e∗t+1 = ht + εe,t+1 (1.32)

After plugging the result back into Equation (1.28), the identity becomes:

rt+1 = µt + εe,t+1 + ρ (khεh,t+1 − kµεµ,t+1) (1.33)

where kh ≡ 1
1−ρϕh

and kµ ≡ 1
1−ρϕµ

. Then, we no longer have the dividends existing in the

model.

Measurement & Transition Equations

Given the processes above, we have the following state-space model, where the observable

variables are yt+1 = (rt+1, e
∗
t+1)

′ and the unobserved variables are βt = (µt, ht, εµ,t+1, εh,t+1, εe,t+1)
′.

Measurement Equation:

 rt+1

e∗t+1


︸ ︷︷ ︸

≡yt+1

=

 1 0 −ρkµ ρkh 1

0 1 0 0 1


︸ ︷︷ ︸

≡H



µt

ht

εµ,t+1

εh,t+1

εe∗,t+1


︸ ︷︷ ︸

≡βt

(1.34)
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Transition Equation:

µt

ht

εµ,t+1

εh,t+1

εe∗,t+1


︸ ︷︷ ︸

≡βt

=



ϕµ 0 1 0 0

0 ϕh 0 1 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


︸ ︷︷ ︸

≡F



µt−1

ht−1

εµ,t

εh,t

εe∗,t


︸ ︷︷ ︸

≡βt−1

+



0 0 0

0 0 0

1 0 0

0 1 0

0 0 1




εµ,t+1

εh,t+1

εe∗,t+1


︸ ︷︷ ︸

≡vt

(1.35)

For the error terms, the variances are defined as:

Q = var





0 0 0

0 0 0

1 0 0

0 1 0

0 0 1




εµ,t+1

εh,t+1

εe∗,t+1




=



0 0 0

0 0 0

1 0 0

0 1 0

0 0 1




σ2
µ σµh σµe∗

σµh σ2
h σhe∗

σµe∗ σhe∗ σ2
e∗




0 0 1 0 0

0 0 0 1 0

0 0 0 0 1



(1.36)

To simplify the estimating process, similar to the previous state-space model, covariances

are decomposed as:

σij = σi × σj × ρij ∀i, j ∈ {µ, h, e∗} and i ̸= j (1.37)

Estimations for Accounting-variable State-Space Model

Given the measurement and transition equations above, we have the following state-space

model.

Measurement Equation: yt+1 = Hβt (1.38)

Transition Equation: βt = Fβt−1 + vt vt
i.i.d∼ N(0, Q) (1.39)
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To simplify the estimating process, I utilize the Kalman filter (Hamilton, 1994 [42]) and

conditional maximum likelihood estimation to estimate the vector of parameters:

(ϕµ, ϕh, σµ, σh, σe∗ , ρµh, ρµe∗ , ρhe∗) (1.40)

The optimization problem is solved by using the R package astsa [86]. Similar to the previous

state-space model, I restrict the correlation between expected ROE shocks and realized ROE

shocks to be 0, ρhe = 0.

Table 1.6 shows the conditional maximum likelihood estimates of the parameters for the

previous model (Equations (1.34) to (1.40)), including log returns and log returns on equity.

Also, this table reports the in-sample one-step-forward predictions R2 for market returns

and dividend growth. The one-step-forward in-sample predictions are further estimated in

Table 1.7 and plotted in Figure 1.1. The out-of-sample predictions are generated in Table

1.10 and Figure 1.2.

From Table 1.6, I find that the conditional expected return and returns on equity are

highly persistent over time, with significant coefficients (ϕµ = 0.8886 & ϕh = 0.9619) at 5%

level. Different from the expected dividend growth rate, the expected return on equity is

more persistent than expected market returns, which supports that aggregate earnings are

more stable than dividend policies. Intuitively, if firms have a large log return on equity in

the last period, firms will have more returns on equity for the next period.

Also, the correlation between expected returns and returns on equity is 0.8647, which

is larger and more significant than the correlation between expected returns and dividend

growth rates, 0.8181. It shows while considering firms as a whole, firms with higher expected

return on equity will lead to higher expected returns, which provide more useful information

when forecasting the market returns.

In Table 1.6, the R2 for in-sample predictions of market returns is 17.85%, and I find

an R2 value of 23.63% for returns on equity. Comparing the results with Table 1.5, I find

that this R2 for one-step-forward predictions of market returns is larger. The dividend yield
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or dividend-price ratio contains the information of future stock market returns, but with

unstable dividend policies, the predictions perform poorer than the accounting variables.

Also, the R2 for returns on equity is larger than the R2 for dividend growth rates, which

further shows that accounting data are more persistent than dividends. Section 1.5 will

further analyze the results.

Table 1.6: SSM Estimation Results based on Returns & Returns on Equity

Estimates S.E.

ϕµ 0.8886 0.1043
ϕh 0.9619 0.0359
σµ 0.0237 0.0187
σh 0.0202 0.1049
σe 0.0762 0.0070
ρµh 0.8647 4.2596
ρµe -0.1598 0.1735

Market Return R2 0.1785
Return on Equity R2 0.2363

This table reports the estimations of parameters for the state-space model based on the log
returns (µt) and log returns on equity (e∗t ) from Equations (1.34) to (1.40). The restriction,
ρhe = 0, is implemented. The models are estimated by conditional maximum likelihood
using sample data from 1950 - 2019, CRSP and COMPUSTAT. This table also reports
the R2 (Equation (1.21)) for one-step-ahead predictions (in-sample) of market returns and
dividend growths. The one-step-forward predictions of market returns are plotted in Figure
1.1.

1.5 Results

In this section, I compare and discuss the estimated results from previous models. Then, I

decompose variances of price-dividend ratio, book-to-market ratio, and unexpected returns

in both state-space models. Also, by splitting the sample as training and testing datasets,

this part tests the out-of-sample predictions’ stability of state-space models.
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1.5.1 In-sample Predictions

Table 1.7 shows the in-sample one-step-forward prediction R2 for all the methods mentioned

above. The linear regressions of returns on the dividend-price ratio or book-to-market ratio

show the poorestR2, but with significant coefficients. These results are similar to past results,

such as Van Binsbergen and Koijen (2010) [88], Goyal andWelch (2008) [37], Cochrane (2007)

[22], and Vuolteenaho (2002) [90]. Further, predictions from VAR models show the possibility

of depicting the stock market with the order selected based on information criterion. While

estimating VAR models, existing unit roots in the dividend-price and book-to-market ratio

weaken the prediction results, which is also shown by the serial correlation tests from Table

1.4. The state-space models give better in-sample predictions than previous ones, which can

roughly capture the main movements of market returns.

Based on the results from Table 1.5 and 1.6, it is shown that the unexpected variables

capture some important parts of the return predictions. The evolving latent process for the

state space model with market returns and dividend growth is similar to the results from

Van Binsbergen and Koijen (2010), showing more persistence in expected market returns

than dividend growth rates. For the state-space model based on market returns and returns

on equity, it generates the best in-sample predictions. Also, it shows persistence both in

expected market returns and returns on equity, which improves the forecastability of the

predictive system.

Figure 1.1 plots all the in-sample predicted values from different models. OLS and VAR

share common trends in predictions of market returns. The state-space model with stock

variables fluctuates around the initial value of expected market returns, which does not

capture the volatility of returns over time. However, the accounting-based state-space model

follows the movement of market returns in the 70 years, which reinforces the statement that

accounting data can help to improve the performance in predicting market returns.
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Figure 1.1: In-sample One-step-forward Predictions

This figure plots the one-step-forward predictions based on different models. OLS(dp) denotes the
predictions based on table 1.3, VAR(dp, dp) denotes the predictions based on the short VAR model
(including returns, dividend yield, and dividend growth rate), VAR(ROE, b/m ratio) denotes the
short VAR model (including returns, returns on equity, and book-to-market ratio), SSM(dp) is the
state-space model based on returns and dividend-price ratio, and SSM(e) denotes the state-space
model based on returns and return on equity. The models are estimated by conditional maximum
likelihood using sample data from 1950 - 2019, CRSP and COMPUSTAT
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Table 1.7: In-Sample Predictions R2

R2

OLS(dp) 0.0618
OLS(bm) 0.0572

VAR(dp, dg) 0.1090
VAR(e, theta) 0.0659

SSM(dp) 0.1260
SSM(e) 0.1785

This table reports the R2 (Equation (1.21)) for one-step-ahead predictions based on
different models. OLS(dp) and OLS(bm) denotes the predictions based on the first and
fourth regressions in table 1.3, VAR(dp, dp) denotes the predictions based on the short
VAR model (including returns, dividend yield, and dividend growth rate), VAR(e, theta)
denotes the short VAR model (including returns, returns on equity, and book-to-market
ratio), SSM(dp) is the state-space model based on returns and dividend-price ratio,
and SSM(e) denotes the state-space model based on returns and return on equity. The
predictions are plotted in Figure 1.1. The models are estimated by conditional maximum
likelihood using sample data from 1950 - 2019, CRSP and COMPUSTAT.

1.5.2 Variance Decomposition

Following Campbell and Shiller (1988a, 1988b) [16] [17], Vuolteenaho (2002) [91] and Bins-

bergen and Koijen (2010) [88], I derive variance decompositions of price-dividend ratio,

book-to-market ratio, and unexpected returns in both state-space models. The variance

decomposition for the price-dividend ratio is given as:

var (dpt) =

(
1

1− ϕµρ

)2

var (µt) +

(
1

1− ϕgρ

)2

var (gt)

− 2

(1− ϕµρ) (1− ϕgρ)
cov (µt, gt)

(1.41)

The first term denotes the variation due to expected returns (discount rate news); the second

term measures the variation due to expected dividend growth rates (cash-flow news); and

the last term represents the covariation between these variation.
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For the book-to-market ratio, the variance decomposition is given as:

var (θt) =

(
1

1− ϕµρ

)2

var (µt) +

(
1

1− ϕhρ

)2

var (ht)

− 2

(1− ϕµρ) (1− ϕhρ)
cov (µt, ht)

(1.42)

Similar to the price-dividend ratio, the book-to-market ratio is decomposed into three terms:

variation due to expected returns (discount rate news), variation due to expected returns on

equity (cash-flow news), and the covariation between these two news.

In Panel A from Table 1.8, I show the results of variance decompositions for price-dividend

and book-to-market ratios. Following Binsbergen and Koijen (2010) [88], I standardize the

right-hand side of Equation (1.41) & (1.42), and the sum of three terms is 100%. Similar

to the results from Binsbergen and Koijen (2010) [88], I find that most of the variation in

the price-dividend ratio is related to expected return variation. However, I find that both

expected market returns and expected returns on equity play important roles in affecting

variation of book-to-market ratios.

Further, I decompose the variation of unexpected aggregate stock returns with dividend

growth rate news and market returns news as:

var (rt+1 − µt) = (ρkµ)
2 var (εµ,t+1) + var (εd,t+1 + ρkgεg,t+1)

− 2ρkµ cov (εµ,t+1, εd,t+1 + ρkgεg,t+1)
(1.43)

This equation follows similar algorithms as above, where the variance of unexpected returns

is decomposed into three parts: variation in discount rate news, variation in cash-flow news,

and co covariation between these two components. The second term groups the news from

real and expected dividend growth rates together.

For the decomposition of variance of unexpected aggregate stock returns with returns on
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equity and market returns, it is given as:

var (rt+1 − µt) = (ρkµ)
2 var (εµ,t+1) + var (εe,t+1 + ρkhεh,t+1)

− 2ρkµ cov (εµ,t+1, εe,t+1 + ρkhεh,t+1)
(1.44)

As before, I group the news from real and expected returns on equity together to form the

cash-flow news (second term). Then, I compute the influence of discount news, cash-flow

news, and the covariance between these two terms.

In Panel B from Table 1.8, I show the results of variance decompositions for unexpected

returns with two different variable sets, dividend growth rates and returns on equity. Similar

to Panel A, I standardize all terms on the right-hand size of Equations (1.43) & (1.44), so

the sum of these terms is 100%.

In Panel B, for the variance decomposition with returns on equity, cash-flow shocks play

a more significant role in affecting the variance of unexpected market returns. Also, the

correlation between discount rate and cash-flow news is higher than the one with dividend

growth rates. The difference comes from the persistence of expected returns on equity (ϕh),

which is larger and more significant than the expected dividend growth rates as shown in

Table 1.5 & 1.6. Finally, using accounting data not only improves the forecastability of

market returns but also suggests that cash-flow news plays a profound role in explaining the

variation of unexpected market returns.

1.5.3 Out-of-sample Predictions

To generate out-of-sample predictions, I split the sample data into training and testing

datasets. The training dataset contains the data from 1950 to 2012, and the testing dataset

contains the data from 2013 to 2019.

Table 1.9 shows the parameters estimated based on the state-space model (market returns

and dividend growth rates) with training(in-sample) and testing(out-of-sample) dataset. It

has similar results as the one with the entire dataset (Table 1.5) in Section 1.4.2. Expected
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Table 1.8: Variance Decompositions of the Price-Dividend/Book-to-Market Ratio and
Unexpected Market Returns

Discount Rates Cash Flows Covariance

Panel A: Decomposition of Price-Dividend/Book-to-Market Ratio

Price-Dividend Ratio 115.6% 2.47% -18.2%
Book-to-Market Ratio 76.5% 154.2% -130.6%

Panel B: Decomposition of Unexpected Market Returns

Returns & Dividends 135.8% 2.8% -38.6%
Returns & Returns on Equity 9.5% 147.9% -57.43%

This table reports variance decompositions of price-dividend ratio, book-to-market ratio,
and unexpected returns. “Discount Rates” refers to variation due to expected return
variation, “Cash Flows” refers to the variation due to expected dividend growth rates or
expected returns on equity variation, and “covariance” refers to the covariation between
these two terms. In Panel A, I present variance decompositions of price-dividend ratio and
book-to-market ratio based on Equation (1.41) & (1.42). In Panel B, I present variance
decompositions of unexpected returns with different variables based on Equation (1.43) &
(1.44). The models are estimated by conditional maximum likelihood using sample data
from 1950 - 2019, CRSP and COMPUSTAT.
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returns are still more persistent than expected dividend growth rate over time. Also, as it

has a smaller dataset, R2 for in-sample predictions is smaller than the one in Table 1.5.

However, I find a high R2 for out-of-sample predictions, 31.42%. When predicting the

market returns, the state-space model perform well for short-range forecasting. Because

expected returns are persistent over time, with a significantly estimated coefficient (ϕµ),

most of the out-of-sample market returns are predicted by the model.

Table 1.9: Out-of-Sample SSM Estimated Results based on Dividend Yield & Returns

Estimates S.E.

ϕµ 0.9574 0.0230
ϕg 0.1896 0.3089
σµ 0.0313 0.0146
σg 0.0443 0.4993
σd 0.1081 0.2045
ρµg 0.8749 3.613
ρµd 0.07518 2.3398

In-sample Market Returns R2 0.0611
Out-of-sample Market Returns R2 0.3142

This table reports the estimations of parameters for the state-space model based on the
log returns and log dividend growth rate from equations (1.14) to (1.20). The restriction,
ρgd = 0, is implemented. The models are estimated by conditional maximum likelihood
using sample data from 1950 - 2012 and tested on sample data from 2013 - 2019, CRSP and
COMPUSTAT. This table also reports the R2 (Equation (1.21)) for the one-step-forward
predictions (in-sample) and one-step-forward predictions. The one-step-forward predictions
are plotted in Figure 1.2.

Table 1.10 shows the parameter and R2 estimated based on the state-space model (market

returns and return on equity) with training(in-sample) and testing(out-of-sample) dataset.

The results are similar to the previous results from Table 1.6 based on the full sample.

Also, expected returns on equity are still more persistent than expected returns over time.

Similarly to the stock-variable based state-space model, with a smaller dataset, it shows a

smaller R2 for in-sample predictions.
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Also, I find the R2, 35.62%, for out-of-sample predictions is larger than the one from the

state-space model with returns and dividends. It shows that, with significant and persistent

state variables (ϕµ, ϕh), more information of market returns is captured by the latent pre-

dictive process in the accounting-based state-space model. This is also part of the evidence

that accounting earnings are more stable than dividend growth in market returns.

Table 1.10: Out-of-Sample SSM Estimated Results based on Returns on Equity & Returns

Estimates S.E.

ϕµ 0.9353 0.1177
ϕh 0.9815 0.0365
σµ 0.0141 0.296
σh 0.0131 0.0085
σe 0.0688 0.0066
ρµh 0.8108 3.4930
ρµe -0.3318 0.5706

In-sample Market Returns R2 0.0920
Out-of-sample Market Returns R2 0.3562

This table reports the estimations of parameters for the state-space model based on the
log returns and log dividend growth rate from equations (1.34) to (1.40). The restriction,
ρhe = 0, is implemented. The models are estimated by conditional maximum likelihood
using sample data from 1950 - 2012 and tested on sample data from 2013 - 2019, CRSP and
COMPUSTAT. This table also reports the R2 (Equation (1.21)) for the one-step-forward
predictions (in-sample) and one-step-forward predictions. The one-step-forward predictions
are plotted in Figure 1.2.

Figure 1.2 further supports the statements above. The in-sample predictions for the state-

space model with returns and dividends varies around the mean of market returns, while the

in-sample predictions for the state-space model with market returns and returns on equity

captures most of the fluctuations over time. The out-of-sample predictions are similar for

the two state-space models, but the accounting-based model captures more information in

the market returns by showing similar movements over time.

As a result, this section shows that the state-space model performs well and is stable
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Figure 1.2: Out-of-sample One-step-forward Predictions

This plot shows the in-sample and out-of-sample one-step-forward predictions based on dividend-
price ratio or log returns on equity. IS Predictions (dp) & OOS Predictions (dp) are estimated based
on the state-space model of returns and dividend-price ratio. IS Predictions (e) & OOS Predictions
(e) are estimated based on the state-space model of returns and returns on equity. The models are
estimated by conditional maximum likelihood using sample data from 1950 - 2012 and tested on
sample data from 2013 - 2019, CRSP and COMPUSTAT.
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on the sample. Accounting variables have better performance than dividend yields due to

the unstable dividend policies over time. Though the out-of-sample predictions are similar,

the forecastability of expected returns on equity can improve the performance of accounting-

based state-space model in the long-range predictions. Also, when there is a truncated

dataset, the estimated coefficients may vary based on different time ranges, but the perfor-

mance seems to be consistent.

1.6 Conclusion

In this paper, I test the performance of different models based on the identities of stock

market variables and accounting variables. I also estimate a present-approach to predict

annual market returns by assuming several latent variables, including expected market re-

turns, and expected dividend growth rates. The model is combined with the log-linearized

identity to drive the dynamics of variables behind the observations and utilize the Kalman

filter to estimate the movements. Comparing with VAR models, state-space models handle

the instability of data and dividend policy by forming evolving latent processes, which reduce

the uncovered information in residuals.

Then, I propose a new approach with accounting variables based on the clean surplus

identity from past literature. Accounting variables are more stable than the stock market

variables while considering the changes and differences in dividend policy. As a result,

the latent processes based on accounting variables further improve the forecastability of

future market returns. Also, cash-flows news based on expected returns on equity is more

persistent than expected market returns. Estimated results from in-sample and out-of-sample

predictions show that new approaches can improve the forecastability of future returns.

These approaches generate latent processes for expected market returns and involve pre-

dictions in the measurement equation by introducing the log linearization of market returns.

In this case, the information existing in the uncovered state variables is used while updat-

ing the predicting system. For the latent dynamics, it could be useful to incorporate more

variables, but it would be much more complex to build the correct identity among the vari-
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ables. For long run, predictions gradually approach to averages of sample data due to the

mitigation of state variables. And, the filtering system can be further extended with other

algorithms, considering the improvements in computational tools. Incorporating more ad-

vanced techniques, such as machine learning or deep learning, can increase the accuracy of

selecting features or updating the existing system, especially the long-short-term memory

networks. Also, the increasing availability of data could help to build different predicting

systems with different linear constraints.
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Chapter 2

PROBABILISTIC DEEP-LEARNING MODELS FOR
PREDICTING U.S. MARKET RETURNS

2.1 Introduction

Forecasting the aggregate market equity returns is one of the main questions in modern

empirical asset pricing research. Researchers have been creating different information sets

to use, including variables such as sentiments, news, and various indicators. Given a large

number of variable sets, traditional models may not work well, as there may be overfit-

ting or structural problems. Recently, machine learning has been introduced into economic

literature, such as Gu et al. (2020) [40]. Moreover, considering the evolving processes of

time series, researchers study multiple dependencies across both macro and individual ef-

fects (Salinas et al. (2020) [83], Rangapuram et al. (2018) [71], Salinas et al. (2019) [82],

Wang et al. (2019) [92]). For example, the U.S. stock market returns depend both on U.S.

economy and firms’ financial statements.

In this paper, I introduce advanced models based on recurrent neural networks (RNN)

with long short-term memory (LSTM). Also, I conduct a comparative analysis of these

methods for forecasting U.S. market returns. My primary contributions are two-fold. First,

this is the first paper that introduces new state-of-art models, probabilistic deep learning

models, into asset pricing, which significantly improves the predictability of market returns.

The high out-of-sample R2 ranges from 42.33% to 65.80% with different information sets.

Probabilistic deep learning models can be regarded as extensions of classical methods,

such as autoregressive (AR), vector autoregressive (VAR), or state-space models (SSM),

which build the link between traditional metrics and advanced neural nets. Classical models

must be re-trained or re-fitted for each set of time series, which is complex while forecasting
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multiple time series together1. This may fail to optimize predicting accuracy, especially

when people consider the covariation among multiple time series and temporal dynamics

with seasonality.

However, deep-learning models discover more information by automatically building

structures and sharing covariation across different time series. These processes reduce labor

efforts of manually computing sophisticated structures. For example, the deep state-space

model (DSSM) automatically learns the latent dynamic systems by using the outputs from

RNNs, which reduces potential bias or inaccurate knowledge of internal latent states. This

also helps to reduce the requirement of having long historical data. Incorporating deep

learning into classical models also alleviates strict assumptions, such as homoskedasticity or

stationarity, especially for multivariate time series forecasting. Further, by estimating the

conditional distribution of future market returns, probabilistic deep learning models provide

more interpretability and flexibility than other neural nets.

Second, I analyze and compare various methods within the family of probabilistic deep-

learning models and with results from classical time series models. Then, I use the same

dataset to design experiments, including both stock and accounting variables. Similarly

to the analysis conducted in the last chapter, I find that accounting variables are more

informative than stock variables when using advanced deep learning models. Deep AR model

performs the best when using aggregate stock variables(market returns, dividend growth

rates, and divided-price ratios) with 42.33% R2. When using accounting variables(market

returns, returns on equity, book-to-market ratios), deep state-space model performs the best

with 50.92% R2. Deep AR models with both stock and accounting variable reports the

highest R2, 65.80%.

While considering the capture of future market movements, deep state-space and deep

AR models perform well even with a relatively small dataset. But, deep VAR and deep

factor models may require larger datasets to improve the accuracy of predicting market

1See Gu et al. (2020) [40] for their way of fitting models to different datasets.
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returns. Also, I conduct robust analysis based on different train-test split, 90:10 and 85:15

ratios. Increasing the length of datasets generates better performance statistics for most

of the models. Nevertheless, simply increasing data size does not help to improve model

performance. Probabilistic deep learning models do not perform well with large amount of

noise in the data, and feature selection must be applied to generate informative variables.

Also, as probabilistic deep learning models automatically learn structure of latent states,

their performance may not be significantly affected by the size of data. Chapter three

further analyzes these models in detail.

The organization of this paper is as follows. In Section 2.2, I review the background of

machine learning and deep learning in the existing literature, including historical forecasting

approaches and potential flaws. Section 2.3 discusses four different deep-learning models

for forecasting market returns through intuitive, structural, and tuning perspectives. In

Section 2.4, I outline the empirical findings based on U.S. stock market returns, including

data manipulations, empirical results, and discussions of methods. Section 2.5 contains my

conclusions and further steps.

2.2 Literature Review

With the rapid development of computational technologies, researchers have been widely

using machine learning models in financial econometrics. Machine learning can help improve

asset pricing models’ performance, uncover casual relationships, and predict future move-

ments. For example, Rapach et al. (2013) [72] utilize the LASSO to show that lagged U.S.

market returns can significantly predict market returns in other countries. Varian (2014)

[89], Kelley et al.(2019) [52], and Giglio and Xiu (2021) [35] use machine learning to improve

the accuracy of feature selections to handle “the curse of dimensionality” with large economic

datasets. Mullainathan and Spiess (2017) [66] mention that introducing different algorithms

in machine learning can improve the predictability and estimations in economics. Similarly,

Gu et al. (2020) [40] state that machine learning methods profoundly help to measure asset

risk premia. By allowing for nonlinearities and vast predictor sets, they compare different
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approaches to figure out the best model and most potent variables.

Following three subsections briefly summarize the past literature in machine learning,

deep learning, and probabilistic deep learning models.

2.2.1 Machine Learning for Asset Pricing

When researchers apply machine learning methods in social science, besides techniques,

there are other ethical problems that have to be considered. Bartlett (2020) [7] and Morse

and Pence (2021) [65] argue that machine learning and artificial intelligence can discrim-

inate against marginalized groups in different areas, such as housing mortgage and credit

determination. Also, the choices of algorithms made by analysts or programmers can still

discriminate against the public in financial markets. Though some methods such as sequen-

tial learning and causal modeling can help, it is easy to ignore potential bias. However, while

applying machine learning to financial economic research, especially asset pricing, researchers

focus on estimations and predictions, mostly unrelated to potential ethical problems. And

people can utilize the advantages of these advanced technologies.

Compared with traditional econometrics, machine learning has some conflicts with finan-

cial economic research. Generally, machine learning focuses more on developing algorithms

to make predictions (Wu et al. (2008) [94]), but traditional econometrics is “to specify a

target, an estimand, that is a function of a joint distribution of the data” (Athey and Im-

bens (2019) [3]). Also, traditional econometrics form relationships among variables based

on specific assumptions, but machine learning does not have a lot of assumptions about the

model or data structure. Then, researchers must validate their results to balance bias and

variance due to the flexibility.

As machine learning model can produce excellent forecasts, they have the potential of

making significant progress in predicting excess stock returns, especially considering the

accumulated predictors or methods in the past century. Researchers, such as Cochrane

(2007) [22] and Goyal and Welch (2008) [37], have been arguing the predictability of excess

stock returns for years. Though Cochrane (2007) [22] defends the forecastability of excess
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market returns by showing that dividend growth rates are not predictable, researchers are

still attempting to find different ways to depict or estimate stock markets. Considering the

wide list of predictors or information sets, machine learning is ideal for selecting features

and reducing dimensionality due to its high flexibility (Gu et al. (2020) [40]). Also, different

from traditional approaches, the data mining process in machine learning requires relatively

larger datasets, which may be a problem in some fields with short history.

When estimating models to predict asset returns, most common methods are built under

linear assumptions among variables, such as the vector autoregressive (VAR). Researchers

also use penalized linear methods, such as least absolute shrinkage and selection operator

(LASSO), to avoid overfitting large datasets, in which computers automatically focus more

on the relevant predictors instead of the least relevant ones. Moreover, one of the complex

problems is the vague format of functional forms based on different sets of information. Then,

besides linear models with penalization, other nonlinear methods are worth to be considered,

including tree-based models (boosted trees and random forests), dimension reduction, deep

learning, and neural nets.

To apply machine learning to time series data, researchers must figure out the number

of lags for each variable. Due to the non-convex optimization problem of linear or penalized

linear regressions in time series, tree-based models and neural networks perform the best for

predictions in general (Gu et al., 2020, [40]). Chen et al. (2021) [19], Feng et al. (2018)

[30], Gu et al. (2021) [41], Heaton et al. (2017) [43], and Benzoni (2011) [8] also apply deep

learning in asset pricing to improve the performance of predictions or exploit the relationships

across assets or portfolios. These researches further show that deep learning can help to solve

the challenges due to large datasets or standard methods, as deep learning can detect hidden

interactions inside the market.

2.2.2 Deep Learning for Asset Pricing

Deep learning neural networks, one of the most powerful models in machine learning, has been

efficiently used in both academia and industry to solve complex problems, such as natural
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language process (NLP) and artificial intelligence (Deep Blue and Alpha Go). Neural nets

build several nonlinear layers to make predictions through different interactions. In general,

the tuning process of neural networks requires substantial efforts.

Economists started studying neural nets in econometric methods around the 1990s (Hornik

et al. (1989) [48]; Cybenko (1989) [24]; Athey and Imbens (2019) [3]). However, due to the

computational costs, neural networks were not popular in finance until recent years. For

asset pricing, deep learning provides a powerful framework due to its capability to extract

nonlinear relationships and handling complex structures of large datasets (Goodfellow et al.

(2016) [36], Feng et al. (2020) [31]).

One of the essential deep learning models is the feedforward neural network (FNN)

(Hornik et al. (1989) [48]), in which information is carried over activation functions, in-

termediate(hidden) layers, and evaluated at the output layer2. For time series or sequential

data, recurrent neural networks (RNN) (Rumelhart et al. (1986) [78]) perform the best, as

they can recall and re-scale information from its internal states and automatically influence

the current input and output based on historical data3. By sharing parameters, recurrent

neural networks can analyze samples with different frequencies and share information across

them.

In recurrent neural networks, the long short-term memory (LSTM) model (Hochreiter

and Schmidhuber (1997) [46]) is one of the most effective models, especially for time se-

quential data. By introducing LSTM-RNNs, researchers can prevent models from getting

ill-conditioned results due to vanishing or exploding gradients used by the stochastic gradient

descent algorithms used to fit the models. Also, instead of simply applying nonlinearities

to the transformed inputs and recurrent units, LSTM brings an internal recurrence, and for

each cell, there are the same inputs and outputs as the original data with different weights.

Then, most of the critical information is utilized through the self-looping process, which

2See Appendix B.1 for details of FNN.

3See Section 2.2.4 for details of RNN.
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improves the performance of predictability4.

For predictions in time series, Hyndman and Athanasopoulos (2021) [51] summarize most

of the classical methods, where different models have various structures. In my last chapter,

I show that SSMs learn stock returns through forming latent variables, which are good at

depicting trends and variations with great interpretability. Also, these models are manually

selected and optimized for specific scenarios. While forecasting thousands of firm-level stock

returns or building trading strategies, it can be hard to efficiently generate out-of-sample

predictions. Moreover, considering selections of lagged variables, classical methods require

closed-form solutions, which may reduce the efficiency of data.

To solve these problems, deep learning methods are introduced. In general, deep learning

models relax assumptions about modeling, such as stationarity or heteroskedasticity, which

widen the domain of applying these models (Rangapuram et al. (2018) [71])5. Also, they

can be used to train thousands of time series simultaneously and discover similar patterns,

even for those with little or no history. Further, considering the lack of interpretability, I use

the family of probabilistic deep learning models to forecast aggregate market returns.

2.2.3 Probabilistic Deep Learning Models

Probabilistic time series forecasting estimates the conditional distribution of future time

series given its past. Given strong structural assumptions, classical time series models are

data efficient and can produce uncertainty forecasts (Wang et al. (2019) [92]). But, they

“fail to capture complex patterns in the data, and multivariate techniques struggle to scale to

large problem sizes” (Wang et al. (2019) [92]). On the other hand, deep neural networks can

learn sophisticated patterns but rely on large data. By combining deep learning with classical

models, researchers invented methodologies for producing precise probabilistic forecasts with

benefits from both sides and less manual effort (Salinas et al. (2020) [83]).

Probabilistic deep learning models learn the entire dataset through a global model, where

4See Section 2.2.5 for more information of LSTM.

5Please see Section 2.3 for details.
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similar patterns may exist across various time series. Then, using these models can help to

predict thousands or millions of related time series with limited or no history available

(Salinas et al. (2020) [83]). Also, based on the estimated conditional distribution of future

time series, they can produce consistent quantile estimations (Rangapuram et al. (2018)

[71])6.

2.2.4 Recurrent Neural Network

I follow Goodfellow et al. (2016) [36] to give a brief introduction to recurrent neural networks

(RNN), which “are a family of neural networks for processing sequential data.” Unlike the

feedforward neural network, recurrent neural networks use both feedforward and feedback

connections to estimate or predict variables. While sharing parameters through evaluat-

ing process, it is possible for the model to utilize information from samples with different

frequencies or lengths and generalize through layers.

A dynamical system driven by an external signal x(t) is given as:

h(t) = f
(
h(t−1), xt; θ

)
where h(t) denotes the hidden state of the system at step t, xt denotes the inputs at step t,

yt denotes the target outputs at step t, and θ denotes the parameter of a mapping function

f .

As shown in Figure 2.1, RNNs are non-linear dynamic systems with hidden states. The

parameter used in RNNs can be used for different time steps, where fewer parameters are

estimated than FNNs.

2.2.5 Long Short-Term Memory Model

Learning long-term dependencies in RNNs via gradient-optimization process can result in the

ill-conditioned optimization problems, vanishing or exploding gradients. The long short-term

6Please see Section 2.3 for details.
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Figure 2.1: Simple Recurrent Neural Network

h(··· ) h(t−1) h(t) h(··· )unfold−−−→h

f

yt−1

xt−1

yt

xt

yt

xt

This figure provides a diagram of simple recurrent neural networks (Left: A folded RNN; Right:
An unfolded RNN). The recurrent neural network passes xt to hidden states h(t), which are passed
forward through time. yt are the target outputs. The recurrent neural network has connections
among inputs, hidden, and outputs, and each is parameterized by weight matrices.

memory (LSTM) model (Hochreiter and Schmidhuber (1997) [46]) is one of the favorable

solutions by introducing self-loops to produce paths that keeps gradients for long time.

As shown in Figure 2.2, by introducing self loops and forget gate, a RNN can produce

input features within artificial neurons. Then, values from input gates can be accumulated

into the state neurons, in which the weights are controlled by the forget gate and passed into

the self loops. State cells can also generate inputs, and the outputs of cells can be controlled

by the output gates. As a result, LSTM networks can improve the performance of estimating

long-term dependencies through the self-looping process.

2.3 Models

This section briefly describes the deep learning methods that I use in my analysis. Starting

from the first subsection, I introduce and describe a deep learning model in terms of three

parts. First, I describe the contributions and intuitions behind each deep-learning forecasting

model. Secondly, I briefly describe the process of estimating deep learning models, includ-

ing the probabilistic function and structure of the algorithm. Finally, I discuss the tuning

parameter sets for each deep-learning model, as they may have different parameter sets for
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Figure 2.2: Block diagram of the LSTM recurrent network “cell”

This figure provides a block diagram of the LSTM recurrent network “cell”, from Goodfellow et
al. (2016) [36]. Cells are connected recurrently to each other, replacing the usual hidden units of
ordinary RNNs. An input feature is computed with a regular artificial neuron unit. Its value can be
accumulated into the state if the sigmoidal input gate allows it. The state unit has a linear self-loop
whose weight is controlled by the forget gate. The output of the cell can be shut off by the output
gate. All the gating units have a sigmoid nonlinearity, while the input unit can have any squashing
nonlinearity. The state unit can also be used as an extra input to the gating units. The black square
indicates a delay of a single time step.
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various architectures.

All of the models are evaluated by the R2, mean absolute prediction errors (MAE), and

mean absolute percentage prediction errors (MAPE) for forecasting annual stock market

returns. I discuss the trade-off between different evaluating metrics in the last subsection,

where I also show the validating and tuning processes.

Though neural networks require fewer structural assumptions, they often leave the intu-

itions veiled. I focus my analysis on advanced techniques with more expressive power than

standard neural nets. Probabilistic deep learning models estimate the conditional distribu-

tion of future time series, which can compute quantile estimates of asset returns. All the

models are constructed based on LSTM or gated recurrent unit (GRU) RNNs, where the

forget state takes care of the long-term flow of information without inducing vanishing or

exploding problems.

2.3.1 Deep AR Model

Following Salinas et al. (2020) [83], the deep AR model (DeepAR) is based on autoregressive

recurrent neural networks, which predicts market returns by using a long short-term memory-

based RNN architecture. Similar to the classical autoregressive model, DeepAR can capture

seasonal behaviors and time dependencies in stock returns. It can automatically utilize the

covariation across time series without further manual interventions. Compared with other

deep learning models, DeepAR estimates the conditional distribution of future time series and

provides more details of predicted values, including standard errors and confident interval,

which helps to make optimal decisions.

Model. DeepAR focuses on forecasting one-dimensional (univariate) time series, and the

training input is one or more target time series.7 Unlike classical forecasting models, such

as autoregressive integrated moving average (ARIMA) or exponential smoothing (ETS),

7Please see Section B.2 for examples of training data (model inputs).
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DeepAR can fit multiple time series simultaneously instead of individually fitting each time

series. Also, it can fit a time series with little or no history due to its algorithm.

Figure 2.3: Summary of the DeepAR Model

This figure provides a summary of the DeepAR model from Salinas et al. (2020) [83]. zi,t denotes
the target value at time step t, xi,t denotes the covariates at time step t, hi,t denotes the outputs
from hidden states at time step t, and θi,t denotes the model parameters at time step t. Left:
training model, at each time step t, inputs include covariates, lagged target values, and results from
the previous hidden state. The output of hidden states at time step t, hi,t = h(hi,t−1, zi,t−1, xi,t,Θ),
will be passed to the next hidden states and used to compute the parameter θi,t = θ (hi,t,Θ) of the
likelihood function p(z|θ). Right: predicting model, at each time step t, predicted target values,
z̃i,t−1, along with covariates and outputs from previous states are used to predict target value in the
next period. The predicting process keeps iterating until the end of the prediction range.

As shown in Figure 2.3, DeepAR follows the autoregressive recurrent neural network

introduced by Graves (2013) [38] and Sutskever et al. (2014) [87]. For each time step t,

DeepAR has inputs including covariates, xi,t, lagged target values, zi,t−1, and outputs from

previous hidden states, hi,t−1. The goal is to model the conditional distribution of future

time series:

P (zi,t0:T | zi,1:t0−1,xi,1:T ) (2.1)

where zi,t0:T ≡ [zi,t0 , zi,t0+1, · · · , zi,T ] denotes the future of time series, i, and zi,1:t0−1 ≡
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[zi,1, zi,2, · · · , zi,t0 ] denotes the history of the i-th time series.

Then, the distribution of DeepAR contains a product of likelihood factors:

QΘ (zi,t0:T | zi,1:t0−1,xi,1:T ) =
T∏

t=t0

QΘ (zi,t | zi,1:t−1,xi,1:T )

=
T∏

t=t0

p (zi,t | θ (hi,t,Θ)) ,

(2.2)

where hi,t = h (hi,t−1, zi,t−1,xi,t,Θ) denotes the outputs from hidden network, which is pa-

rameterized by Θ through LSTM cells. Depending on the type of data, I incorporate Gaussian

likelihood for market returns, where the likelihood function is parameterized by the mean

and standard deviation, θ = (µ, σ)8. The mean is gained by applying the projecting function,

and the standard deviation is transformed based on the softplus activation function9. Then,

the likelihood function:

L =
N∑
i=1

T∑
t=t0

log p (zi,t | θ (hi,t)) (2.3)

is maximized directly to evaluate the parameters of hidden RNN, h(·), and distributions,

θ(·).

For the covariates, xi,t are assumed to be known for all the time series, and they can

associate with individual time series, time frequencies, or both. For example, time-dependent

covariates can be holidays or certain weeks of a year, including information on time patterns.

Item-dependent can be shocks or news that affect the outcomes of target values. As I use

annual stock data in this paper, there are no seasonality and covariates, xi,t, do not exist.

8Functions µ(hi,t) and σ(hi,t) map the outputs of the hidden state to the mean and covariance of a
Gaussian distribution in this paper.

9Softplus activation function is f(x) = log(1+exp(x)), which forces the standard deviation to be positive
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Tuning Process. Similar to general RNNs, I tune DeepAR based on the number of RNN

layers, the number of RNN cells for each layer, batch size and learning rate10.

Similar to RNNs, the number of layers control the depth of the DeepAR model, and

the number of cells controls the evolution process in each layer. For the batch size and

learning rate, they control the rate of convergence process for the DeepAR model. Instead

of searching over uncountable parameter sets, I fix a range for each parameter to make

reasonable comparisons across models. Details are described in section 2.3.5.

2.3.2 Deep State Space Model

Following Rangapuram et al. (2018) [71], the Deep State-Space Model (DSSM) forecasts

asset returns by combining the classical state-space model (SSM) with recurrent neural

networks. Traditional state-space models study the data by constructing a complex structure

for each time series with a long enough history. Modelers have to specify all of the components

that may involve with the targets. In other words, SSMs cannot infer patterns of data while

evaluating nonlinear relationships, long-term dependencies, or multivariate time series.

As an alternative, deep neural networks require fewer structural assumptions and can

effectively extract information from existing datasets. However, due to the structure of deep

neural nets, they lack interpretability and generally require large datasets. Rangapuram et

al. (2018) [71] propose the deep state-space model (DSSM) that parametrizes a state-space

model by using recurrent neural networks for multivariate time series. The balance between

interpretability and forecastability can improve the performance of predicting data without

enough history and alleviate problems with overfitting.

Model. Similar to Fraccaro et al. (2017) [33], DSSM utilizes the highly efficient Kalman

filter and uses a RNN to output SSM parameters directly, eliminating the additional tuning

steps. DSSM focuses oon forecasting one-dimensional(univariate) time series with dynamic

10See gluonts.model.deepar for the full list of parameters

https://ts.gluon.ai/stable/api/gluonts/gluonts.model.deepar.html
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features, and the training input is one or more target time series. 11 As shown in Figure

2.4, let z
(i)
1:Ti

∈ R denote the i-th observed univariate time series,
(
z
(i)
1 , z

(i)
2 , . . . , z

(i)
Ti

)
, ranging

from 1 to T . x
(i)
1:Ti

∈ RD denotes a set of time-varying covariate vectors, associating with

target values, z
(i)
1:Ti

. The goal is to model the distribution of future target values given the

historical data:

p
(
z
(i)
Ti+1:Ti+τ | z(i)1:Ti

,x
(i)
1:Ti

; Φ
)

(2.4)

where Φ denotes the set of parameters of the model, shared across all the target time se-

ries data. Prediction range starts from the time period, T + τ , and the training range

is {1, 2, · · · , T}. DSSM assumes that each target time series (an individual asset return),

{z(i)1:Ti
}Ni=1, is independent of others, but due to the structure of RNN, it can always model

the covariation among different time series through the sharing parameter, Φ.

By denoting Θ
(i)
t as the parameter set of a linear state-space model for the i-th time

series, DSSM maps the covariate vectors, x
(i)
1:Ti

,and target time series, z
(i)
1:Ti

, to parameters

of the state space model at time step t, Θ
(i)
t . Then, this mapping is given as:

Θ
(i)
t = Ψ

(
x
(i)
1:t,Φ

)
, i = 1, . . . , N, t = 1, . . . , Ti (2.5)

where Φ denotes the set of parameters of the hidden RNN, which is jointly learned from all

the time series. And, the distribution of target time series is denoted as:

p
(
z
(i)
1:Ti

| x(i)1:Ti
,Φ

)
= pSS

(
z
(i)
1:Ti

| Θ(i)
1:Ti

)
, i = 1, . . . , N (2.6)

where pSS denotes the marginal likelihood function for state-space models. Similar to the

DeepAR model, after applying the affine transformation, results from hidden layers, h
(i)
t =

h
(
h
(i)
t−1, x

(i)
t ,Φ

)
, are mapped into the parameters of state-space models, Θ

(i)
t (Rangapuram

11Please see Section B.2 for examples of training data (model inputs).
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Figure 2.4: Summary of the Deep State-Space Model

This figure provides a summary of the Deep state-space model from Rangapuram et al. (2018) [71].

z
(i)
t denotes the target value at time step t, x

(i)
t denotes the covariates associated with the i-th time

series at time step t, h
(i)
t denotes the outputs from hidden states at time step t, and Θ

(i)
t denotes the

parameters of the state space model at time step t. Θ
(i)
t are computed by maximizing the likelihood

function of the state space model. Left: training model, given the historical target time series,

z
(i)
t , and associated covariates, x

(i)
t , the posterior of the latent state, lt, is formed as p(lTi |z

(i)
1:Ti

).
The output of hidden states at time step t, hi,t = h(hi,t−1, zi,t−1, xi,t,Θ), will be passed to the next
hidden states and used to compute the parameter θi,t = θ (hi,t,Θ) of the likelihood function p(z|θ).
Right: predicting model, starting at time period, Ti + 1, state-space parameters are obtained by the
RNN model, and predictions fo target time series are generated through transition and measurement
equations. The predicting process keeps iterating until the end of the prediction range.
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et al. (2018) [71]). By maximizing the log-likelihood function across different time series:

L(Φ) =
N∑
i=1

log p
(
z
(i)
1:Ti

| x(i)
1:Ti

,Φ
)
=

N∑
i=1

log pSS

(
z
(i)
1:Ti

| Θ(i)
1:Ti

)
(2.7)

we can get the optimal parameters, Φ∗, for the RNN model. During the process, DSSM

automatically trains the state-space models and generate outputs without manual interven-

tions.

Given Φ∗, probabilistic forecasts are made for each given time series. By assuming the

multivariate Gaussian distribution, the joint distribution of predictions is estimated. Then,

we can forecast market returns by recursively applying the latent system with outputs from

the hidden RNN. This process also reduces the effort of tuning additional hyper-parameters

of state-space models by using the outputs from RNN directly.

Different from the DeepAR model, DSSM utilizes target information through the like-

lihood term instead of using it as inputs directly. Also, DSSM is more computationally

efficient than DeepAR due to the fewer times of unrolling RNN.

Tuning Process. Similar to DeepAR, I tune DSSM based on the number of RNN layers,

the number of RNN cells for each layer, batch size, and learning rate12. Moreover, instead

of searching over uncountable parameter sets, I fix a range for each parameter to make

reasonable comparisons across models. Details are described in section 2.3.5.

2.3.3 Deep VAR Model

DeepVAR can be regarded as a multivariate variant of DeepAR. Following Salinas et al.

(2019) [82], the Deep Vector Autoregressive Model (DeepVAR) focuses on forecasting multi-

variate time series by combining the Gaussian copula process output model with an LSTM-

RNN. 13 In general, while researchers handle large datasets, they apply dimension reduction

12See gluonts.model.deepstate for the full list of parameters

13Please see Section B.2 for examples of training data (model inputs).

https://ts.gluon.ai/stable/api/gluonts/gluonts.model.deepstate.html
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methods, such as principal component analysis, to datasets first and use classical vector

autoregressive models (VAR) afterward to alleviate limitations on data. However, these

models separate the steps of preprocessing and estimations, which restricts the learning pro-

cess from the full dataset and can worsen the performance. Salinas et al. (2019) use a

low-rank-plus-diagonal parametrization of the covariance matrix (See Figure 2.5) to reduce

the computational complexity and number of parameters in the DeepVAR model.

Model. The goal for DeepVAR is to forecast the future values of the target time series by

estimating the joint conditional distribution:

P (zT+1, · · · , zT+τ |z1, · · · , zT ) (2.8)

where z1, · · · , zT denote the T observations, and zT+1, · · · , zT+τ denote the future observa-

tions that need to be predicted. As shown in Figure 2.5, each time series is passed into a

LSTM-RNN, and the joint distribution becomes:

p (zT+1, . . . zT+τ | z1, . . . , zT ) = p (zT+1, . . . zT+τ | hT+1) =
T+τ∏

t=T+1

p (zt | ht) (2.9)

Then, outputs of the hidden state, hi,t, are passed into a Gaussian copula, which studies

the structure of the dataset without assuming any prior marginal distribution for generating

the data. As a result, following the Sklar’s theorem, the log-likelihood function of the original

observations is written as:

log p(z;µ,Σ) = log ϕµ,Σ

(
Φ−1(F̂ (z))

)
− log ϕ

(
Φ−1(F̂ (z))

)
+ log F̂ ′(z). (2.10)

where ϕµ,Σ
14 denotes the multivariate normal distribution, Φ denotes the cumulative density

function (CDF) of the standard normal distribution, and F̂ denotes the empirical CDF of

14Functions µ(ht) and Σ(ht) map the outputs of the hidden state to the mean and covariance of a Gaussian
distribution. See Figure 2.5 for an example.
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the marginal distribution of chosen observations. Parameters of the distribution, µ(ht) and

Σ(ht), are obtained based on a low-rank-plus-diagonal parametrization of the covariance

matrix, which reduces the computational complexity. By maximizing the summation of the

log-density function across all the time steps, we can get the optimal model to forecast target

values.

Figure 2.5: Summary of the Deep Vector Autoregressive Model

This figure provides a summary of the Deep VAR model from Salinas et al. (2019) [82]. zi,t denotes
the target value at time step t, hi,t denotes the outputs from the hidden states at time step t, and
µi,t, di,t, vi,t denotes the parameters of an assumed multivariate Gaussian distribution, which depend
on the hidden-state outputs. These parameters are shared across all the time series DeepVAR model
can be trained by considering a subset of time series in each batch, which is illustrated on the left
(time series 1, 2, and 4) and right (time series 1, 3, and 4) parts.

DeepVAR is a multivariate variant of Deep AR, which links chosen time series by as-

suming a multivariate Gaussian distribution. DeepVAR reduces the number of parameters

by incorporating a log-rank-plus-diagonal covariance matrix. Moreover, DeepVAR randomly

samples a subset of time series for each batch, which alleviates the computational complexity

while having a high-dimensional time series dataset. Following Salinas et al. (2019) [82],

DeepAR and DeepVAR show similar experimental results, and both of them are represen-

tations of state-of-art in deep-learning forecasting. This paper shows similar results while

predicting market returns.
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Tuning Process. Similar to DeepAR, I tune DeepVAR based on the number of RNN

layers, the number of RNN cells for each layer, batch size, and learning rate15. Though there

are some additional tuning parameters, I simply fix a range for similar parameters in the

DeepAR model to make reasonable comparisons across models. For the dataset used in this

paper, the highest dimension is five, which is one of the reasons for fixing some parameters,

such as the level of rank. Details are described in section 2.3.5.

2.3.4 Deep Factor Model

Following Wang et al. (2019) [92], this subsection introduces the Deep Factor model with

a noise RNN (DF-RNN), which combines latent, global and deep components together.

Considering the dependencies among time series, DF-RNN “represents each time series, or

its latent function, as a combination of a global time series and a corresponding local model.”

By introducing the local model, DF-RNN captures random effects in each time series based

on the chosen time series model. Similar to DeepAR, DF-RNN is a state-of-art deep-learning

model for forecasting time series, and DF-RNN can be transformed into the DeepAR with

restrictions on factors and random effects.

Model. Similarly to DeepAR model, DF-RNN focuses on forecasting one-dimensional (uni-

variate) time series, and the training input is one or more target time series.16 For DF-RNN

model, we have inputs including covariates, xi,t ∈ Rd and target values, zi,t ∈ R, where

i ∈ {1, 2, · · · , N} and t ∈ {1, 2, · · · , T}. The goal is to calculate the conditional joint distri-

bution of future time series:

p
(
{zi,T+1:T+τ}Ni=1 | {xi,1:T+τ , zi,1:T}Ni=1

)
(2.11)

15See gluonts.model.deepvar for the full list of parameters

16Please see Section B.2 for examples of training data (model inputs).

https://ts.gluon.ai/stable/api/gluonts/gluonts.model.deepvar.html
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where τ denotes the forecast horizon. Similar to DeepAR, covariates, xi,t, are assumed to

be known for all the time series and associated with target values.

Figure 2.6: Summary of the Deep Factor Model

This figure provides a summary of the Deep Factor model, from Wang et al. (2019) [92]. zi,t
denotes the target value at time step t, xi,t denotes the covariates, gt denotes the global effects based
on the common patterns of all the time series, ri,t denotes the random effect for local fluctuations
(individual time series), and ui,t denotes the values of latent functions. Then, we can form the
conditional distribution of zi,t as p (zi,t | ui (xi,t)).

Following Wang et al. (2019) [92], DF-RNN model has the following structure:

global factors: gk(xi,t) = RNNk(xi,t), k = 1, · · · , K,

fixed effect: fi(xi,t) =
K∑
k=1

wi,k · gk(xi,t),

random effect: ri(xi,t) ∼ N
(
0, σ2

i,t

)
, i = 1, · · · , N,

latent function: ui(xi,t) = fi(xi,t) + ri(xi,t),

emission: zi,t ∼ p (zi,t | ui (xi,t))

(2.12)
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As shown in Figure 2.6, the global effects are driven by the outputs of RNNs with a chosen

number of latent factors, K. Then, effects from the latent dynamic system are restricted to

be deterministic. Fixed effects use the outputs from global factors to customize the values

for each time series through an embedding layer, wi,k. For random effects, DF allows various

probabilistic time series models and I choose a RNN to generate the variance of noises,

where the standard deviation of εi,t is denoted as σi,t ≡ RNN(xi,t). As a result, we have the

likelihood function as:

p (zi) =
∏
t

N
(
zi,t − fi,t | 0, σ2

i,t

)
(2.13)

Then, by maximizing the log-likelihood function across different time series, we can get the

optimized parameter set for local and global models.

DF-RNN can be transformed into a DeepAR model by having one factor and no random

effects and by adding autoregressive inputs (Wang et al. (2019) [92]). The difference comes

from the scaling of data, where DF-RNN automatically scale each time series instead of pre-

select. Moreover, by adding random effects, DF-RNN generally performs well for forecasting

multiple time series with different local patterns. With more time-series data, DF-RNN is

slightly better than other deep-learning methods (see details in section 2.4)

Tuning Process. DF-RNN has a different structure from the previous models, and the

tuning process is more complex. I tune DF-RNN based on the number of hidden layers for

both global and local RNN models, the number of units per hidden layer for both global and

local RNN models, the number of global factors, batch size, and learning rate17. The deep

factor RNN model asks for the number of factors for the dynamic system, which is related

with the dimension of data. Details are described in section 2.3.5.

17See gluonts.model.deep factor for the full list of parameters

https://ts.gluon.ai/stable/api/gluonts/gluonts.model.deep_factor.html
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2.3.5 Validating and Tuning Processes

To validate and select the models with best performance, I follow the standard way to

split observations into training and testing sets. For time series or sequential data, if we

randomly split the data, then the information existing in the testing dataset may lead to

bias because of data-leakage problems and may destroy existing dependencies. Thus, I form

the training dataset (90%) containing the data from 1950 to 2012, and the testing dataset

(10%) containing the data from 2013 to 2019. Moreover, to robustly test models, I generate

a second training dataset containing 85% of the data, and the second testing dataset includes

the rest.

Performance Evaluations. To compare the performance among various models, I use

out-of-sample R2
Ret, Mean Absolute Error (MAE), and Mean Absolute Percentage Error

(MAPE) as the evaluating stats. Same as the last chapter, R2
Ret is defined as:

R2
Ret = 1− ˆvar (rt+1 − r̂t+1)

ˆvar (rt)
(2.14)

where ˆvar denotes the sample variance, and r̂t+1 are the predictions of market returns (Van

Binsbergen and Koijen (2010) [88]). MAE is defined as:

MAE =
1

T

∑
t

|rt+1 − r̂t+1| (2.15)

MAPE is defined as:

MAPE =
1

T

∑
t

|rt+1 − r̂t+1

rt+1

| (2.16)

R2 shows the wellness of explaining variability in the model, and can be largely affected

by outliers. MAPE18 is skewed towards the condition that actual returns are small (rt+1

18If rt+1 approximates to zero, a noise, ε, is added to prevent from exploding.
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is small), which is useful when values significantly differ across time. And MAE shows the

average of absolute residuals, which is robust to outliers. I present these three metrics to

understand the empirical results thoroughly.

Also, due to the randomness of predictions, I generate one-hundred sample paths for each

model, and take the mean of sample paths to produce performing metrics. It is also possible

to create empirical quantile loss, which is robust to outliers and over- or under-fittings. I

will further show empirical results in the third chapter.

Hyper-parameter Tuning. To forecast market returns, I conduct a grid-search within

the chosen range of hyperparameters to find the best values. For each set of hyperparameters,

I fit the model on the training set and generate evaluation metrics on the testing set. With

small datasets, neural networks often perform well with a few layers and cells. For each model,

the dimensionality of inputs is different, and the controlling parameter is also changed. Table

2.1 lists the parameters that are tuned and the searching range. Other parameters are set

as default.

Table 2.1: Hyper-parameters Values Range Searched in Hyper-parameter Tuning

DeepAR, DSSM, DeepVAR DF-RNN

No. of RNN layers 1,2,3,4,5 -
No. of RNN cells per layer 8,16,32 -
Batch size 16,32,48 16,32,48
Learning rate 0.1,0.01,0.001,0.0001 0.01,0.001,0.0001
No. of units per layer for global RNN - 25,50
No. of layers for global RNN - 1,2,3,4,5
No. of global factors - 1,2,3,4,5,6
No. of units per layer for local RNN - 16,32,48
No. of layers for local RNN - 1,2,3,4,5
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2.4 Empirical Findings in U.S. Stock Market

I implement deep-learning models using GluonTS (Alexandrov et al. (2020) [1]) and use AWS

SageMaker to forecast U.S. market returns. This paper uses the same datasets (annual ag-

gregate stock market returns associated with annual dividend-price ratios, dividend growths,

returns on equity, and book-to-market ratios) as the first chapter to directly compare deep-

learning methods with classical time series models from the first chapter. Train-test splitting

follows the procedure described in Section 2.3.5. The length of the prediction horizon is eight.

This section shows results from various models with different datasets and discusses the

differences among experiments. Section 2.4.1 describes the data, and Section 2.4.3 presents

the results from other experiments. Comparisons of experiments are shown in Section 2.4.4.

2.4.1 Data

This chapter uses the same data set as the first chapter.

Manipulations. By utilizing the value-weighted stock market returns from CRSP, I

generate the price-dividend ratio and dividend growth ratio. For firm-level data from COM-

PUSTAT, firms must have December as the fiscal-year end to align accounting variables

across firms. To filter out data errors, I exclude firms with less than $10 million market

values and more than 100 or less than a 0.01 book-to-market ratio.

Firm-level variables are calculated as follows. The market value of equity is the product of

common outstanding shares and the closing price in certain fiscal years. For book equity, I use

the total common equity (data item 60). If the data is not available, I use the liquidity value

(data item 235) as a substitute. Considering taxes, short-term and/or long-term deferred

taxes (data item 35 and 71) are added to book equity if available. If neither the total common

equity nor the liquidity value is available, I use the clean surplus identity (Equation (1.22))

to approximate book value. All firm-level book equity must be non-negative to be included

in the analysis.
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Firms’ net incomes (data item 172) are regarded as earnings, and if the data is missing,

earnings are approximated using the clean surplus identity (Equation (1.22)). Return on

equity (ROE) or profitability is the earnings over the last period’s book equity. Intuitively,

firms cannot lose more than their book values. Thus, if firms have negative earnings, the

absolute value of earnings must be smaller than its book equity.

To convert firm-level data into aggregate-level data, I utilize market capitalization to

calculate value-weighted variables. Market-level data are calculated as the value-weighted

mean of existing variables scaled by the price level in the fiscal year.

2.4.2 Model Inputs

To equally compare results, I use three different datasets. The first one, the “stock-variable

dataset”, contains market returns, dividend growths, and dividend-price ratios. The second

one, the “accounting-variable dataset”, contains market returns, returns on equity, and book-

to-market ratios. The third one has all the time series in the first and second datasets.

DeepAR The data layout of DeepAR is univariate (Salinas et al. (2020) [83]).19 In other

words, each time series is represented as an individual line following the JSON format.

DeepAR-r denotes the DeepAR model with only one input, annual market returns. I denote

the DeepAR model with stock or accounting variables as, DeepAR-s and DeepAR-a, where

they both have three time series. DeepAR-all denotes the DeepAR model with all the data,

five time series. This model forecasts all the target inputs (all the individual/market asset

returns) at the same time.

DSSM The data layout of DSSM is univariate (Rangapuram et al. (2018) [71]).20 In

other words, each time series is represented as an individual line associated with dynamic

features, such as dividend growth, following the JSON format. Also, to compare with classical

19Please see Section B.2 for examples of training data (model inputs).

20Please see Section B.2 for examples of training data (model inputs).
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SSM, DSSM takes lags of dynamic features as inputs. DSSM-s denotes the DSSM model

with stock variables, and dividend growths and dividend-price ratios are used as dynamic

features. DSSM-a denotes the DSSM model with accounting variables, and returns on equity

and book-to-market ratios are used as dynamic features. DSSM-all denotes the DSSM model

with all the data, where market return is the target time series associated with all the other

data. This model forecasts only the target time series, market returns. 21

DeepVAR The data layout of DeepVAR is multivariate (Salinas et al. (2019) [82]).22 In

other words, both target time series and features are represented in the same line following the

JSON format. Also, to compare with classical methods, DeepVAR takes lags of features as

inputs. DeepVAR-s denotes the DeepVAR model with stock variables. DeepVAR-a denotes

the DeepVAR model with accounting variables. DeepVAR-all denotes the DeepVAR model

with all the data. This model forecasts all the available inputs at the same time, including

market returns, dividend growth rates and others.

DF-RNN The data layout of DF-RNN is univariate (Wang et al. (2019) [92]).23 In other

words, each time series, such as market returns and dividends, is represented as an individual

line following the JSON format. I denote the DF-RNN model with stock or accounting

variables as, DF-RNN-s and DF-RNN-a, where they both have three time series. DF-RNN-

all denotes the DF-RNN model with all the data, five time series. This model forecasts all

the available inputs at the same time, including market returns, dividend growth rates and

others.

21DSSM does not forecast dynamic features of market returns, such as dividend growth rates.

22Please see Section B.2 for examples of training data (model inputs).

23Please see Section B.2 for examples of training data (model inputs).



65

2.4.3 Results

In this section, I show results from linear regressions and probabilistic deep learning models.

Table 2.2 shows parameter estimates of linear regressions with different datasets. Based on

the testing R2, we can see that simply increasing lags may weaken the model performance.

Table 2.2: Results from Linear Regressions (90/10 Split)

rt rt rt rt rt rt rt rt

const 0.0698 0.0861 0.5120 -0.0455 0.1114 0.1459 0.7006 -0.1920
(0.0238) (0.0227) (0.1942) (1.5827) (0.0376) (0.0463) (0.3205) (1.4297)

rt−1 -0.0682 -0.0860 -0.2333 3.6156 -0.0228 0.1773 -0.2389 9.2570
(0.0915) (0.1110) (0.1279) (11.2007) (0.0967) (0.1994) (0.1139) (11.0155)

dgt−1 - - 0.3345 -3.6441 - - 0.3104 -9.2000
- - (0.1032) (11.2196) - - (0.1078) (11.0318)

dpt−1 - - 0.1277 3.7229 - - 0.1999 9.0770
- - (0.0582) (10.8329) - - (0.1118) (10.7230)

et−1 - - - - 0.1606 0.9123 0.4447 1.6690
- - - - (0.4282) (0.1232) (0.5199) (0.6235)

b/mt−1 - - - - 0.1371 0.4096 -0.0412 0.2030
- - - - (0.0560) (0.2168) (0.1127) (0.2507)

rt−2 - -0.2403 - -0.1062 - -0.2373 - -0.2010
- (0.0670) - (0.1874) - (0.0726) - (0.1626)

dgt−2 - - - -0.1863 - - - -0.2380
- - - (0.2716) - - - (0.2232)

dpt−2 - - - -3.7227 - - - -9.0300
- - - (11.1800) - - - (11.0047)

et−2 - - - - - -1.4776 - -1.4180
- - - - - (0.4736) - (0.4978)

b/mt−2 - - - - - -0.3494 - -0.4140
- - - - - (0.2325) - (0.2441)

Test R2 0.0372 0.2439 0.2641 0.3262 0.0734 -1.0964 0.3270 -1.1598

This table shows parameter estimates for linear regressions of market returns. r denotes log market
returns, dp denotes log dividend-price ratio, dg denotes log dividend growth rate, e denotes log
returns on equity, and b/m denotes book-to-market ratio. The models are estimated based on the
sample data from 1950 - 2019, CRSP and COMPUSTAT. Train-test split ratio is 90:10.

Table 2.3 shows performance metrics for all the models mentioned above. Compared
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with Table 2.2, market returns have much higher testing R2. Panel A shows the results from

DeepAR model with only one input, log market returns. Comparing to the classical SSM

with stock variables, the R2 raises from 0.3142 to 0.3678. Given the definition of R2, we can

see that the out-of-sample predictions are close to the observed data, as shown in Figure

2.7a.

Table 2.3: Results from Deep Learning Models (90/10 Split)

Dataset MAE MAPE R2

Panel A: Forecast of Market Returns with Univariate Input

DeepAR-r r 0.1444 0.6584 0.3678

Panel B: Forecast of Market Returns with Stock Variables

DeepAR-s r, dp, dg 0.1037 0.6986 0.4233
DSSM-s r, dp, dg 0.22791 2.0138 0.3075
DeepVAR-s r, dp, dg 0.1257 0.53970 0.3716
DF-RNN-s r, dp, dg 0.1467 0.9937 0.1642

Panel C: Forecast of Market Returns with Accounting Variables

DeepAR-a r, e, b/m 0.1197 1.0677 0.4857
DSSM-a r, e, b/m 0.1304 0.7141 0.5092
DeepVAR-a r, e, b/m 0.1215 0.8165 0.2876
DF-RNN-a r, e, b/m 0.1045 0.8978 0.2986

Panel D: Forecast of Market Returns with All Variables

DeepAR-all r, dp, dg, e, b/m 0.1316 1.0506 0.6580
DSSM-all r, dp, dg, e, b/m 0.1363 0.5529 0.4964
DeepVAR-all r, dp, dg, e, b/m 0.1018 0.6483 0.4245
DF-RNN-all r, dp, dg, e, b/m 0.1949 1.4176 0.6279

This table shows testing statistics for out-of-sample predictions of market returns. The
second column presents the information set for each model. r denotes log market returns,
dp denotes log dividend-price ratio, dg denotes log dividend growth rate, e denotes log
returns on equity, and b/m denotes book-to-market ratio. The best results are marked in
bold (R2: the higher is better; MAE: the lower is better; MAPE: the lower is better.) The
models are estimated based on the sample data from 1950 - 2019, CRSP and COMPUSTAT.
Train-test split ratio is 90:10.
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In Panel B, I show the results of all deep learning models with stock variables (dividend-

price ratios & dividend growth rates). Given different metrics, DeepAR has the smallest

MAE and highest R2, while DeepVAR has the smallest MAPE. As shown in Figure 2.7b,

DeepAR fits the data better than others, and captures almost all market returns movements

in the testing dataset. DeepVAR fits the model With a higher MAPE than DeepAR when

observations are relatively small. With stock variables, DSSM generates similar out-of-

sample prediction performance as in the first chapter, and roughly showing the movements

of real market returns.

Comparing results from DeepAR in Panel B with those in Panel A shows that including

more time series or information helps to improve the performance. The hidden RNN is

trained better than only using univariate time series, as it can capture covariates among

various time series.

In Panel C, I present the results based on using accounting variables (book-to-market

ratios & returns on equity). DSSM has the highest R2 and lowest MAPE, and DF-RNN

has the smallest MAE with a smaller R2. As shown in Figure 2.7c, DSSM captures all the

volatility but with a smaller magnitude than observations. DF-RNN does not strictly follow

the trend, but it has smaller predictions than others, which induces a smaller MAE. DeepAR

also has similar R2 and MAE to DSSM, but it deviates from observed values.

Comparing the results of DSSM in Panel C (50.92% R2) to the ones from chapter one

(35.62% R2) and Panel A, we can see that with accounting variables, DSSM can capture more

information and further support the informative power of accounting variables. Also, lack

of essential factors in the accounting identity may weaken the performance in the classical

SSM, as we may not have enough knowledge of the latent dynamic system.

Given the results in Panel A and B, I conclude that accounting data are more relevant to

aggregate market returns than stock variables. As dividend policies are unstable over time,

accounting data can be used as substitutes to forecast market returns.

In Panel D, I summarize the results using all the data (dividend-price ratios, dividend

growth rates, book-to-market ratios, and returns on equity). Also, it gives the best results
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Figure 2.7: Out-of-sample Predictions of Market Returns with Different Models and Variable
Sets

(a) DeepAR w/ Univariate Market Returns (b) Deep Learning w/ Stock Variables

(c) Deep Learning w/ Accounting Variables (d) Deep Learning w/ All Variables

This plot shows four subplots that predicts out-of-sample market returns. Part (a) is generated
by DeepAR model with univariate time series, market returns. Part (b) and (c) use stock or
accounting variables to generate out-of-sample predictions of market returns based on four different
deep learning models. Part (d) shows out-of-sample predictions of market returns for various deep
learning models. The models are estimated based on the sample data from 1950 - 2012 and tested
on sample data from 2013 - 2019, CRSP and COMPUSTAT. Train-test split ratio is 90:10.

compared with previous ones. DeepAR has the highest R2; DeepVAR has the smallest MAE;

and DSSM has the smallest MAPE. As shown in Figure 2.7d, DeepAR precisely captures
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Table 2.4: Results from Deep Learning Models (85/15 Split)

Dataset MAE MAPE R2

Panel A: Forecast of Market Returns with Univariate Input

DeepAR-r r 0.1071 0.6154 0.3141

Panel B: Forecast of Market Returns with Stock Variables

DeepAR-s r, dp, dg 0.1306 0.7231 0.4223
DSSM-s r, dp, dg 0.1120 1.1207 0.3126
DeepVAR-s r, dp, dg 0.0951 0.8549 0.4201
DF-RNN-s r, dp, dg 0.1530 0.9467 0.3497

Panel C: Forecast of Market Returns with Accounting Variables

DeepAR-a r, e, b/m 0.1047 0.8363 0.4469
DSSM-a r, e, b/m 0.1254 0.7137 0.3617
DeepVAR-a r, e, b/m 0.1124 0.7908 0.4197
DF-RNN-a r, e, b/m 0.1344 0.8533 0.3603

Panel D: Forecast of Market Returns with All Variables

DeepAR-all r, dp, dg, e, b/m 0.2467 2.1643 0.5200
DSSM-all r, dp, dg, e, b/m 0.1558 0.6785 0.4491
DeepVAR-all r, dp, dg, e, b/m 0.1017 0.7136 0.5140
DF-RNN-all r, dp, dg, e, b/m 0.1711 0.5259 0.5793

This table shows testing statistics for out-of-sample predictions of market returns. The
second column presents the information set for each model. r denotes log market returns,
dp denotes log dividend-price ratio, dg denotes log dividend growth rate, e denotes log
returns on equity, and b/m denotes book-to-market ratio. The best results are marked in
bold (R2: the higher is better; MAE: the lower is better; MAPE: the lower is better.) The
models are estimated based on the sample data from 1950 - 2019, CRSP and COMPUSTAT.
Train-test split ratio is 85:15.

the movements of market returns, but with smaller magnitudes. DF-RNN shows similar

trends, but it deviates farther than DeepAR. DSSM shows similar results as in Panel C, but

it forecasts market returns accurately when market returns are small (smaller MAPE).

Using all the available data, these models generally perform better than previous ones,

especially for DF-RNN. DF-RNN is different from other models by having both global and
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local RNNs, which may require a larger dataset than other models. Moreover, with more

complex structures require more data to efficiently forecast market returns.

Further, to robustly check the performance of these models, I present the results based

on the second training (85%) and testing (15%) datasets in Table 2.4. Comparing with Table

2.3, there are similar results, but the best model’s performance is slightly weaker due to fewer

observations in the training dataset. With more informative variables, predictions are more

accurate, as shown in Table 2.4 Panel D. It also supports the argument that accounting data

is more informative than stock variables, as the metrics in Panel C are slightly better than

the ones in Panel B. Figure 2.8 shows the forecasting path of market returns based on the

second training and testing datasets.

2.4.4 Discussions

In this section, I briefly compare deep learning models for predicting stock market returns

based on model requirements, algorithms of learning data, and results from the previous

section.

As mentioned above, these models have different ways of inputting data. DeepAR and

DF-RNN require a univariate layout of data, which means that all the data have to be

imported as individual time series. Though inputs may contain covariates, they must be

known all the time, such as a specific day of a week. DF-RNN utilizes information by

building local and global RNNs, where common patterns are shared through the global RNN.

Similarly, DeepAR uses a RNN to learn covariation among these data and make predictions

directly. Also, DF-RNN can be transformed into DeepAR by restricting the number of

factors to one, eliminating random effects, and adding autoregressive inputs. Due to the

complex structure of DF-RNN, it performs better with larger datasets.

Unlike DeepAR, DSSM forecasts each target time series with dynamic features instead

of lagged values, and it only uses target variables through the likelihood function. With

informative variables, DSSM performs better than DeepAR, as shown in Table 2.3, Panel A

and B. However, DeepAR performs better than DSSM when the data size gets larger because
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Figure 2.8: Out-of-sample Predictions of Market Returns with Different Models and Variable
Sets

(a) DeepAR w/ Univariate Market Returns (b) Deep Learning w/ Stock Variables

(c) Deep Learning w/ Accounting Variables (d) Deep Learning w/ All Variables

This plot shows four subplots that predicts out-of-sample market returns. Part (a) is generated
by DeepAR model with univariate time series, market returns. Part (b) and (c) use stock or
accounting variables to generate out-of-sample predictions of market returns based on four different
deep learning models. Part (d) shows out-of-sample predictions of market returns for various deep
learning models. The models are estimated based on the sample data from 1950 - 2012 and tested
on sample data from 2013 - 2019, CRSP and COMPUSTAT. Train-test split ratio is 85:15.
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adding more dynamic features in DSSM is less effective than having more covariation in

DeepAR (See Table 2.3 Panel D).

Compared with traditional SSMs, DSSM avoids assuming the incorrect or inaccurate

structure of the latent dynamic system. DSSM does not require a specific form of the

dynamic system and automatically trains a globally shared RNN to generate inputs of state-

space models. Due to the process, DSSM does not require a long history of the data.

Compared with DeepAR, DSSM is more robust to noise or outliers, as it only includes target

values through the likelihood term.

Similar to DeepAR, DeepVAR requires a multivariate layout of data, where all the time

series are treated as target variables. DeepVAR automatically reduces the computational

complexity and number of evaluated parameters, which is less time-consuming but performs

a little worse than others when the data size is small.

In general, DeepAR, DSSM, and DF-RNN can predict time series data with little or no

history available, but DeepVAR requires historical data to make predictions. Moreover, due

to the complexity of structures, DeepVAR and DF-RNN require a larger dataset to perform

well compared with DeepAR and DSSM. While forecasting aggregate U.S. market returns,

DF-RNN and DeepAR perform best with all the available data (shown in section 2.4.3).

However, while predicting firm-specific stock returns, there may be thousands of firms, and

the data length may differ significantly. As DF-RNN and DeepAR cannot import features

for each individual firm, such as dividends and earnings, it may affect their performance.

At the same time, when we have new-listing companies in the dataset, it may be a problem

for DeepVAR due to its historical data requirements. To further understand the differences

among these models, I test them in the third chapter.

2.5 Conclusion

For this chapter, I test state-of-art models based on the architecture of probabilistic recurrent-

neural-network with long short-term memory. I use the same datasets with stock and ac-

counting variables to compare equally with the first chapter. Results from deep learning
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models further support the statement in the first chapter that accounting variables are more

informative for forecasting market returns.

Also, based on results from Table 2.3, I conclude that probabilistic deep-learning models

outperform traditional methods by presenting R2 ranging from 42.33% to 65.80%. These

models utilize neural nets’ computational advantages without largely reducing the inter-

pretability. Moreover, considering the history of data, we have to choose ideal models based

on different scenarios. DSSM and DeepAR perform better while having fewer inputs. Deep-

VAR’s and DF-RNN’s performance increases with the size of datasets.

Moreover, the deep state-space model is a straightforward improvement of traditional

state-space models, which keeps the highly efficient Kalman filter and incorporates RNNs to

improve the performance. By automatically studying the outputs of RNNs, DSSM also re-

duces the effort of building sophisticated transitional system and avoid inaccurate knowledge

of latent variables. Results of DSSMs in Table 2.3 show that the predictive system of classical

SSM with stock variables sufficiently discovers existing information, as the performance of

out-of-sample predictions is similar to the one from the first chapter. But, with accounting

variables, DSSM outperforms the traditional SSM by having R2 equal to 50.92%.

To thoroughly examine the performance of deep learning methods, I will train models on

expanded information sets in the next chapter. In other words, I will include more features

for the aggregate-level stock returns and estimate models with firm-level stock returns and

features. Also, I will focus on specific sectors of the market, such as the housing market, to

see if these models are stable while interacting with human decisions.
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Chapter 3

PROBABILISTIC DEEP-LEARNING MODELS FOR
PREDICTING U.S. STOCK RETURNS

3.1 Introduction

In this chapter, I perform a comparative analysis of probabilistic deep learning models by

forecasting U.S. stock returns at both aggregate and firm levels. My primary contributions

are tri-fold. First, I use larger datasets to forecast aggregate-level stock returns based on

different train-test datasets. With ten features, expected U.S. market returns have out-of-

sample R2 varies ranging from 58.55% to 76.51% based on the 90-10 train-test split, which

outperforms the results from previous chapters. Also, with an 85-15 train-test split, the

out-of-sample R2 ranges from 44.19% to 63.14%. These results also reinforce the result from

the second chapter that probabilistic deep learning models can outperform traditional time

series models, such as vector autoregressive and state-space models, in forecasting aggregate

stock retuirns.

Second, I use a large dataset with 102 features to forecast firm-level annual stock returns,

where the average number of stocks per year is around 5,635. With a large dataset, missing

values and noisy returns significantly deteriorate the performance of deep learning models,

especially for those with univariate data layouts. I filter the dataset with a Truncated SVD

to reduce the dimensionality and generate informative features. Here, I find that DSSM

provides optimal predictions with a 4.52% R2 on testing samples. I also split firm-level stock

returns into groups based on market values, book-to-market ratios, and expected future

returns. I find that middle-size stocks generally have more accurate predictions than others.

Also, predictions of neutral and value stocks are more precise than growth stocks.

Given the predicted results above, I build a zero-net-investment strategy. Essentially, I
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build equally-weighted and value-weighted portfolios by buying and selling the same amounts

of securities, and the net value of these positions is zero. After sorting stocks based on their

expected returns into ten deciles, I long stocks with the highest expected returns and short

those with the lowest ones. I find that the DSSM can build the optimal trading strategy with

a 30% average annual excess return and more than 400% cumulative returns over the both

testing (2008 - 2013) and out-of-sample periods (2014 - 2019). Though DeepAR provides a

slightly larger excess return, its predictions are more volatile than DSSM, given its variance

of predicted and real returns.

I find that the DSSM is more robust to noises than the other models and has the highest

R2 on the firm-level testing dataset. It also helps to build a profitable trading strategy with

value and equally weighted portfolios. DeepAR is the optimal method with a univariate data

layout while having a small dataset, and DF-RNN is better than others while having a large

dataset. With informative enough features, DeepVAR can generate the best predictions.

The organization of this chapter is as follows. In Section 3.2, I describe datasets for

aggregate and firm-level stock returns, along with the tuning processes. Section 3.3 shows

forecasting results of aggregate stock returns based on different models. In section 3.4, I

outline the empirical predictions based on U.S. firm-level stock returns and build a zero-net-

investment strategy. Section 3.5 discusses the results from the previous sections, and section

3.6 contains my conclusions and suggestions for further steps.

3.2 Data

In this section, I describe various datasets for firm-level and aggregate-level stock returns. I

also show how I manipulate the data for different deep learning models.

3.2.1 Aggregate-level Stock Returns

Based on results from the previous chapter, I find that larger datasets improve the perfor-

mance of forecasting aggregate-level stock returns. To generate comparable results with the

second chapter, I maintain the same length of market returns with additional features.
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Data Descriptions For aggregate-level stock returns, I construct ten macroeconomic pre-

dictors following Vuolteenaho (2002) [91], Cochrane (2007) [22], and Goyal and Welch (2008)

[37], where they provide significant in-sample predictions of aaggregate stock returns. These

variables include dividend-price ratio, dividend growth rate, return on equity, earning-price

ratio, book-to-market ratio, 90-day treasury bill, net equity expansion, term spread, default

yield spread, and stock variance1.

Stock return data from CRSP are based on the aggregate value-weighted stock returns,

containing stocks from NYSE, AMEX, and NASDAQ. Aggregate accounting data are calcu-

lated based on the firm-level data from COMPUSTAT, aggregated based on market capital-

ization and deflated. The dataset contains annual market returns with features from 1950

to 2019 (same length of data as the previous chapters), and the size of dataset is 70 years

by 11 features. All the variables are at the annual frequency.

Data Manipulations As discussed in the last chapter, DeepAR and DF-RNN have uni-

variate data layouts. Each time series is imported as an individual JSON-format line, and

all the data are predicted at the same time. DSSM utilizes information from stock returns

only through likelihood terms, where other time series are imported as dynamic features of

market returns. DeepVAR has a multivariate data layout, where all the data are imported in

the same line following the JSON format. Similar to DeepAR, DeepVAR uses lags of these

time series to estimate the joint conditional distribution.

Validating and Tuning Process Similar to the second chapter, I use out-of-sample R2
Ret,

mean absolute error (MAE), and mean absolute percentage error (MAPE) to evaluate the

1Dividend-price ratio and dividend growth rate are calculated directly from CRSP, value-weighted re-
turns. Returns on equity, earning-price ratio, and book-to-market ratio are computed from COMPUSTAT,
and aggregated based on market capitalization. “Net equity expansion is the ratio of 12-month moving
sums of net issues by NYSE listed stocks divided by the total end-of-year market capitalization of NYSE
stocks. Term spread is the difference between the long-term yield on government bonds and treasury bills.
Default yield spread is the difference between BAA and AA-rated corporate bond yields. Stock variance
is computed as sum of squared daily returns on the S&P 500” (Goyal and Welch (2008) [37]). Net equity
expansion, term spread, default yield spread, and stock variance are computed based on the data from
Amit Goyal’s website.
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performance. I split training and testing sets based on the common ratios, 90:10 and 85:15.

Due to the time-series data format, I split the data based on the time stamps directly instead

of having a random split. Also, to perform robust results, I construct two sets of training

and testing datasets.

For choosing hyperparameters of models, I conduct a grid search within a selected range.

For each set of hyperparameters, I fit the model on the training set and evaluate perfor-

mance on the testing set with selected metrics. Controlling parameters are changed due to

the different dimensionality of inputs and features. Table 3.1 presents the chosen range of

hyperparameters, and other parameters are set as default.

Table 3.1: Hyper-parameters Values Range Searched based on Aggregate-level Stock
Returns

DeepAR, DSSM, DeepVAR DF-RNN

No. of RNN layers 1,2,3,4,5,6,7 -
No. of RNN cells per layer 16,32,60,80,100 -
Batch size 16,32,48 16,32,48
Learning rate 0.1,0.01,0.001,0.0001 0.1,0.01,0.001,0.0001
No. of units per layer for global RNN - 25,50
No. of layers for global RNN - 2,3,4,5
No. of global factors - 3,4,5,6,7,8
No. of units per layer for local RNN - 16,32,48
No. of layers for local RNN - 2,3,4,5,6

3.2.2 Firm-level Stock Returns

To further test the performance of predicting stock-level returns, I conduct an analysis of

firm-level stock returns. I maintain the same frequency of stock returns with individual-level

features as aggregate-level stock returns to generate comparable results.

Data Descriptions Following Gu et al. (2020) [40], I obtain annual individual equity

returns and firm-level data from CRSP and COMPUSTAT for all firms listed on NYSE,
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AMEX, and NASDAQ. It is the hope that having a large dataset can help to improve the

models’ performance and avoid overfitting. Then, following Green et al. (2017) [39], I build

a large dataset of firm-level predictors, including 90 annually independent factors2. Due to

the missing values in financial statements, my firm-level sample starts in 1957 and ends in

2019, which has a shorter length than the aggregate-level sample.

Similar to the aggregate-level stock returns, I construct twelve macroeconomic predictors

following Fama and French (1993) [29], Vuolteenaho (2002) [91], Cochrane (2007) [22], and

Goyal and Welch (2008) [37]. These variables include dividend-price ratio, dividend growth

rate, returns on equity, earning-price ratio, book-to-market ratio, 90-day treasury bill, net

equity expansion, term spread, default yield spread, stock variance, SMB (small minus big),

and HML (high minus low)3. To ensure the length of data, I use Fama-French 3 Factors (SMB

& HML) instead of 5 Factors4, which are built based on the size of firms, book-to-market

ratios, and excess returns on the market.

Then, the dataset contains annual firm-level stock returns with 102 features from 1957

to 2019, and the dataset size is 355,002 observations by 102 features. The number of stocks

in my sample is 30,993, with an average number of stocks per year around 5,635.

Data Manipulations Before analyzing the data, I check for missing observations in firm-

level stock returns. Within the year range from 1957 to 2019, the average number of missing

returns is 51, and the median number is 55, given 30,993 stocks. Using a sparse dataset can

significantly weaken the performance of models, though these companies may have different

listing dates. Then, I use two steps to clean the dataset. First, I try to remove stocks with

2These factors are based on Green et al. (2007) [39], and I use the SAS code from Jeremiah Green’s
website to retrieve these data. Then I extend the sample period and convert it from monthly to annual
frequency. Following Gu et al. (2020) [40], I also adjust the data based on its frequency to avoid information
leakage, which may lead to bias. Please see Section C.2 for details.

3SML and HML are constructed based on Fama and French (1993) [29], and they are retrieved from
Kenneth French’s websites.

4Fama-French 5 Factors are available after 1964.



79

missing returns in the testing and out-of-sample sets5, as firms may delist before 2019. Then,

I check the number of firms based on the different number of missing returns. I find that

there are more than 10,000 firms with less than five annual returns. Thus, I remove those

firms from the datasets, ending with an average of 4,652 firms per year.

Similar to the aggregate-level stock returns, DeepAR and DF-RNN have inputs containing

individual stock returns without features, as they have univariate data layouts. Each time

series is imported as an individual JSON-format line, and all the firm-level stock returns are

predicted simultaneously.

To compare the performance based on different variables, returns, or returns with fea-

tures, I keep the same firm-level stocks within the testing and out-of-sample sets. However,

as DSSM and DeepVAR have multivariate inputs, I use different ways to handle missing

values in the dataset and defer the discussions to Section 3.4. For DSSM, it utilizes all the

information in the dataset to forecast stock returns. For each individual stock return, I

assign associated lagged factors as dynamic features following the JSON format. DeepVAR

has a similar format as DSSM, where all the variables are transformed into a list of lists.

Different from DSSM, stock returns and predictors are predicted at the same time.

Validating and Tuning Process To generate testing results, I split training, testing, and

out-of-sample sets based on the ratios, 80:10:10. Then, the training dataset is from 1957 to

2007, the testing dataset is from 2008 to 2013, and the out-of-sample dataset is from 2014

to 2019. For each year, the number of observations is different.

Then, similar to the aggregate-level predictions, I use out-of-sample R2
Ret, mean absolute

error (MAE), and mean absolute percentage error (MAPE) to evaluate the performance.

As the dataset contains 30,993 unique firms, for both the testing and out-of-sample sets, I

compute the average of firm-level evaluating metrics and form an aggregate testing statistics

across firms for each model. To further evaluate the models, I sort firms into ten deciles

based on book-to-market ratio, firm size, and prediction of future returns and check the

5Train-test splitting process is described in detail in section 3.2.2.
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aggregate testing statistics6.

Gu et al. (2020) [40] evaluate the performance of general machine learning models by

maintaining the same form over time and across different stocks, which is in “contrast to

standard asset pricing approaches”. They use monthly data to build interactions (covariates)

between stock-level and macroeconomic features to train the over-arching model recursively

every year. Different from their methods, probabilistic deep learning models can utilize all

the data without the loss of any information. In this case, I implement the entire dataset

into various methods simultaneously, which may provide more accurate results.

For choosing hyperparameters of models, I conduct a grid search within the selected range.

For each set of hyperparameters, I fit the model on the training set and examine performance

on the testing and out-of-sample sets with selected metrics. Controlling parameters are

changed due to the different dimensionality of inputs and features. Table 3.2 presents the

chosen range of hyperparameters, and other parameters are set as default.

Table 3.2: Hyper-parameters Values Range Searched based on Firm-level Stock Returns

DeepAR, DSSM, DeepVAR DF-RNN

No. of RNN layers 1,2,3,4,5,6,7 -
No. of RNN cells per layer 16,32,60,80,100 -
Batch size 16,32,48 16,32,48
Learning rate 0.1,0.01,0.001,0.0001 0.01,0.001,0.0001
No. of units per layer for global RNN - 25,50
No. of layers for global RNN - 2,3,4,5
No. of global factors - 3,4,5,6,7,8
No. of units per layer for local RNN - 16,32,48
No. of layers for local RNN - 2,3,4,5,6

6See Section 3.4.1 for details.
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3.3 Aggregate Stock Market Returns

In Table 3.3, I show performance metrics for simple linear models with different train-test

split ratios. I include up to two lags for each aggregate variable, including stock returns,

dividend-price ratio, dividend growth rate, and others. For simple linear regressions, includ-

ing more lagged variables weakens the performance of models.

Table 3.3: Aggregate-level Results from Simple Linear Models

No. of Lags MAE MAPE R2

90:10 Train-Test Split 11 0.1130 0.9681 0.2358
90:10 Train-Test Split 22 0.2029 1.8187 -2.2956
85:15 Train-Test Split 11 0.1418 1.1029 -0.0738
85:15 Train-Test Split 22 0.3469 2.9659 -4.9052

This table shows statistics for out-of-sample predictions of market returns on testing
dataset by using linear regressions. The second column presents the number of lagged
variables for each model, including aggregate stock return, dividend-price ratio, dividend
growth rate, returns on equity, earning-price ratio, book-to-market ratio, 90-day treasury
bill, net equity expansion, term spread, default yield spread, and stock variance. The mod-
els are estimated based on the sample data from 1950 - 2019, CRSP and COMPUSTAT.
Train-test split ratios are 90:10 and 85:15.

Table 3.4 shows performance metrics for all the probabilistic models (DeepAR, DSSM,

DeepVAR, and DF-RNN, based on out-of-sample predictions). Panel A shows the results

based on the first train-test dataset (90:10 ratio), while Panel B shows the results for the

second train-test dataset (85:15 ratio). Given the definition of R2, we can see that out-of-

sample predictions are close to the observed data, as shown in Figure 3.1.

In Panel A, DeepVAR has the smallest MAE; DF-RNN has the highest R2 with the

second smallest MAE; and DSSM has the best MAPE with the second-largest R2. Based on

the results, we can see that DSSM and DF-RNN capture more than 70% of aggregate stock

returns.

Comparing with Table 2.3 Panel D in the second chapter, we can see that with a larger
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Table 3.4: Aggregate-level Results from Deep Learning Models

No. of Features MAE MAPE R2

Panel A: 90/10 Train-Test Split

DeepAR-90 10 features 0.1262 0.7534 0.6128
DSSM-90 10 features 0.1279 0.4334 0.7356
DeepVAR-90 10 features 0.0824 0.7084 0.5855
DF-RNN-90 10 features 0.1098 0.5632 0.7651

Panel B: 85/15 Train-Test Split

DeepAR-85 10 features 0.1721 0.9603 0.4419
DSSM-85 10 features 0.2206 1.0341 0.6091
DeepVAR-85 10 features 0.1579 0.5471 0.6314
DF-RNN-85 10 features 0.2047 0.9916 0.5732

This table shows testing statistics for out-of-sample predictions of market returns. The
second column presents the number of features for each model, including dividend-price
ratio, dividend growth rate, returns on equity, earning-price ratio, book-to-market ratio,
90-day treasury bill, net equity expansion, term spread, default yield spread, and stock
variance. The best results are marked in bold (R2: the higher is better; MAE: the lower is
better; MAPE: the lower is better.) The models are estimated based on the sample data
from 1950 - 2019, CRSP and COMPUSTAT. Train-test split ratios are 90:10 and 85:15.

dataset, the performance of all models has improved. The best R2 increases from 0.6580

to 0.7651; the best MAE decreases from 0.1018 to 0.0824; and the best MAPE decreases

from 0.5529 to 0.4334. With more informative factors, DSSM performs better due to its

automatic learning of latent dynamic systems. Further, DF-RNN significantly improves

its performance by introducing the random and global factor models, which present better

results than DeepAR. Figure 3.1a shows the out-of-sample predictions for the 90:10 train-test

split. It shows that both DSSM and DF-RNN accurately predict the movements of future

market returns, but DSSM is more precise than DF-RNN when actual market returns are

small (close to zero).

Panel B presents robust results for forecasting out-of-sample market returns based on

different train-test split. In this part, DeepVAR has the smallest MAE, highest R2, and best
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MAPE, and DSSM has the second-largest R2. DSSM and DeepVAR capture more than 60%

of aggregate stock returns. All the metrics are worse than the results from Table 3.4 Panel

A due to the smaller training set and larger testing set. Also, R2 is better than the result

from Table 2.4 Panel D in the second chapter.

Figure 3.1b shows out-of-sample predictions for different models. Though there are a few

deviations from observed market returns, most of the movements are captured by DSSM and

DeepVAR. As a result, with more informative predictors, probabilistic deep learning models

can make more accurate out-of-sample predictions of U.S. market returns.

3.4 Firm-level Stock Returns

In this section, I present the results from different models based on firm-level stocks. For

DeepAR and DF-RNN, I only use individual stock returns without any predictors. And for

DSSM and DeepVAR, due to the data layout, I use stock returns with features to forecast

future annual stock returns.

To show the practical usefulness of the deep learning models’ predictions, I conduct

a portfolio forecasting analysis based on the pre-selected stocks. First, I sort stock into

deciles based on future returns predicted by various methods. Then, I construct a zero-

net-investment portfolio that longs stocks with the highest expected returns and shorts the

lowest ones. For each year in the testing and out-of-sample sets, I reform value-weighted

and equally-weighted portfolios based on the one-year-ahead return predictions. I find that

DSSM performs the best by having over 400% cumulative excess returns (about 30% yearly

excess returns).

3.4.1 Return Predictions

As mentioned in Section 3.2.2, while forecasting annual firm-level stock returns, there are

many missing observations. After removing firms with less than five annual returns, I present

aggregate testing statistics for simple linear regressions based on the same firm-level datasets

as deep learning models in Table 3.5. For the first two rows, I only use lagged firm-level



84

stock returns (same as DeepAR and DF-RNN) to make predictions on the testing dataset.

For the third and fourth rows, I use the results from Truncated SVD and lagged returns to

make predictions on the testing dataset. All the models have negative R2. Including more

lagged variables helps to reduce the MAE and MAPE, but fails to capture the volatility of

individual stock returns.

Table 3.5: Firm-level Predictions Based on Simple Linear Models

No. of Features MAE MAPE R2

Returns Only rt−1 0.1544 1.2494 -0.2861
Returns Only rt−1, rt−2 0.1466 1.1619 -0.5412
Truncated SVD 3 features, rt−1 0.1384 0.9245 -0.3794
Truncated SVD 3 features, rt−1, rt−2 0.1335 0.8437 -0.4599

This table shows performance statistics for out-of-sample predictions of firm-level returns on
the testing dataset. Equally-weighted performance metrics are reported for each dataset(R2:
the higher is better; MAE: the lower is better; MAPE: the smaller is better). The models
are estimated based on the sample data from 1957 - 2019, CRSP and COMPUSTAT. Train-
test-oos split ratios are 80:10:10.

DeepAR & DF-RNN

In Table 3.6, I show equally-weighted metrics for out-of-sample predictions of firm-level

returns on the testing dataset. Both DeepAR and DF-RNN predict future samples based

on firms’ returns only. Due to the structure of global and local factors, DF-RNN trains

data with both deterministic and random partitions. We can see that DF-RNN captures

more volatility than DeepAR given its R2 equals 2.33%. But, DeepAR has a smaller MAE

than DF-RNN, which means that DeepAR’s predictions are closer to the real observation,

on average. These results are further discussed in Section 3.4.2.

Due to the time-ordered data and structure of probabilistic deep learning models, I split

the testing dataset in advance (see Section 3.2.2). Though deep learning models can predict

asset returns with little or no history, predictions are subject to the length of recent historical
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data. A large dataset with many missing observations may weaken the performance of

DeepAR and DF-RNN7. To further test the performance, I sort the testing dataset based on

assets’ overall market capitalization, where middle-size firms have the smallest R2 8.

Table 3.6: Firm-level Predictions Based on DeepAR & DF-RNN

MAE MAPE R2

DeepAR 0.1208 0.5060 -0.0211
DF-RNN 0.1478 0.5410 0.0233

This table shows performance statistics for out-of-sample predictions of firm-level
returns on the testing dataset. Equally-weighted performance metrics are reported
for each dataset(R2: the higher is better; MAE: the lower is better; MAPE: the
smaller is better). The models are estimated based on the sample data from 1957
- 2019, CRSP and COMPUSTAT. Train-test-oos split ratios are 80:10:10.

Moreover, I assess forecasting performance based on pre-specified groups of stocks, which

I use to build potential trading strategies. Table 3.7 shows firm-level predictions of assets’

returns in the testing dataset based on different features of stocks, including market values,

book-to-market ratios, and expected future cumulative returns9. It shows that DF-RNN

forecasts returns of firms with middle sizes and neutral opportunities better than others. I

further test the effectiveness of using DF-RNN to build trading strategies based on predicted

returns in Section 3.4.2.

DSSM & DeepVAR

The inputs of DSSM and DeepVAR are annually firm-level stock returns with 102 features.

For this dataset, I keep the same companies as the ones for DeepAR and DF-RNN. The

7I show the testing results on different datasets in Table C.1. The ‘Filtered’ dataset refers to the stocks
with historical data in the training sample, and the ‘Full’ dataset contains all the stocks.

8Additional results from DeepAR and DF-RNN are shown in Section C.1, including forecasting the
difference between complete and filtered datasets and top/middle/bottom stocks’ performance. See Table
C.1, C.2, C.3.

9See Table C.4 for results from DeepAR model.
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Table 3.7: Firm-level Predictions Based on DF-RNN

Decile Market Value Book-to-Market Model Selection

MAE MAPE R2 MAE MAPE R2 MAE MAPE R2

Low 0.2380 0.6668 -0.0103 0.1819 0.4923 0.0041 0.1424 0.5344 0.0159
2 0.1879 0.6349 -0.0013 0.1434 0.4819 0.0055 0.1401 0.5098 0.0211
3 0.1746 0.6424 0.0084 0.1468 0.4457 0.0123 0.1364 0.5196 0.0243
4 0.1803 0.6199 0.0246 0.1385 0.4644 0.0629 0.1320 0.5451 0.0264
5 0.1436 0.5874 0.0440 0.1407 0.4989 0.0132 0.1424 0.5565 0.0228
6 0.1421 0.5272 0.0531 0.1405 0.5033 0.0129 0.1432 0.5501 0.0125
7 0.1240 0.4942 0.0511 0.1485 0.4878 0.0389 0.1389 0.5724 0.0206
8 0.1182 0.4395 0.0427 0.1574 0.5282 -0.0091 0.1509 0.5370 0.0464
9 0.0942 0.4137 0.0229 0.2012 0.6091 0.0085 0.1648 0.5436 0.0393

High 0.0747 0.3841 -0.0026 0.2063 0.5671 0.0083 0.1866 0.5417 0.0034

This table shows performance statistics for out-of-sample predictions of firm-level returns
on testing dataset. Firms are split into different deciles based on market values, book-to-
market ratios, or predictions of future returns. Equally-weighted performance metrics are
reported for each dataset(R2: the higher is better; MAE: the lower is better; MAPE: the
smaller is better). The models are estimated based on the sample data from 1957 - 2019,
CRSP and COMPUSTAT. Train-test-oos split ratios are 80:10:10.

average number of missing values in the dataset is 61,204. Then, I use two different ways to

deal with missing observations and build filtered dataset from the original one.

The first filtering method is based on the number of missing values and correlations

among features. For each dataset, I conduct a grid-search within the chosen range of hyper-

parameters (Table 3.2). The results vary a lot, and there is no specific rule about filtering

data. Based on the R2 of out-of-sample predictions on the testing set, dropping all features

with missing values provides the best predictions, where R2 equals to 3.23%. R2 and MAE’s

in each model are provided in Section C.1 Table C.5.

I reduce the dimension of the dataset based on the Truncated Singular Value Decompo-

sition (Truncated SVD). As mentioned by Reichlin et al. (2017) [74], similar to principal

component analysis, Truncated SVD is good at extracting significant information from data,

especially a sparse dataset. It factorizes the data matrix and truncates the smallest singular
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values to provide an optimal low-rank matrix. For each firm, I apply the Truncated SVD to

get a matrix with reduced dimensionality. To optimize forecasting results, I choose different

numbers of components for the Truncated SVD and fit DSSM and DeepVAR.

Similar to the above, Table 3.8 presents the equally-weighted metrics for out-of-sample

predictions on the testing dataset. After applying the Truncated SVD, DSSM has the highest

R2, 4.52%, compared with other methods. This may be due to the architecture of DSSM

and its resistance to noise. DeepVAR also shows slightly worse results than DF-RNN. But,

DSSM and DeepVAR have similar MAE, which indicates on average firm-level stock returns

predictions are similar. These results are further discussed in Section 3.4.2. Additional

results from DSSM and DeepVAR are shown in Section C.110.

Table 3.8: Aggregated Firm-level Predictions Based on DSSM & DeepVAR

MAE MAPE R2

DSSM 0.1194 0.5343 0.0452
DeepVAR 0.1125 0.6051 0.0189

This table shows aggregated performance statistics for out-of-sample predictions
of firm-level returns on the testing dataset. Equally-weighted performance metrics
are reported for each dataset(R2: the higher is better; MAE: the lower is better;
MAPE: the smaller is better). The models are estimated based on the sample
data from 1957 - 2019, CRSP and COMPUSTAT. Train-test-oos split ratios are
80:10:10.

Table 3.9 & 3.10 shows the forecasting performance within different deciles split based

on market values, book-to-market ratios, or expected future returns. Similar to the table

above, DSSM provides better predicting results. Predictions of middle-size firms’ returns are

more accurate than others, which have an R2 of 7%. Also, expected future returns of value

stocks are more precise than growth stocks.

10See Table C.5, C.6 for selecting number of features or dimension reductions.
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Table 3.9: Firm-level Predictions Based on DSSM

Decile Market Value Book-to-Market Model Selection

MAE MAPE R2 MAE MAPE R2 MAE MAPE R2

Low 0.2058 0.9637 0.0126 0.1286 0.5090 -0.0027 0.0614 0.5008 0.1054
2 0.1447 0.5871 0.0496 0.0888 0.5006 -0.0130 0.0968 0.4902 0.0549
3 0.1359 0.5745 0.0760 0.1104 0.4630 0.0523 0.0937 0.4382 0.0118
4 0.1284 0.5267 0.0504 0.1129 0.5026 0.0622 0.1006 0.4435 0.0408
5 0.1118 0.4600 0.0602 0.1141 0.5975 0.0474 0.1085 0.4310 0.0172
6 0.1201 0.4701 0.0798 0.1197 0.5361 0.0015 0.1044 0.4776 0.0662
7 0.1069 0.4937 0.0448 0.1182 0.5457 0.0279 0.1277 0.4818 0.0584
8 0.0915 0.4533 0.0453 0.1305 0.5711 0.0524 0.1215 0.4723 0.0697
9 0.0848 0.4176 0.0114 0.1684 0.6534 0.0481 0.1516 0.4874 0.0441

High 0.0644 0.3968 0.0221 0.1990 0.5987 0.0606 0.2280 1.1203 -0.0163

This table shows performance statistics for out-of-sample predictions of firm-level returns
on the testing dataset. Firms are split into different deciles based on market values, book-
to-market ratios, or predictions of future returns. Equally-weighted performance metrics
are reported for each dataset(R2: the higher is better; MAE: the lower is better; MAPE:
the smaller is better). The models are estimated based on the sample data from 1957 -
2019, CRSP and COMPUSTAT. Train-test-oos split ratios are 80:10:10.

3.4.2 Portfolios Predictions

To further assess the performance of forecasting firm-level stock returns, I design a set of

portfolios based on the sample predictions from the above models. Forecasting starts at the

end of the training dataset, and I use the one-year-ahead stock return predictions to sort

stocks into ten deciles. Then, I reform value-weighted and equally-weighted portfolios at the

end of each year and construct a zero-net-investment portfolio that longs stocks with the

highest expected returns and shorts the lowest.

Table 3.11 shows the results of models on testing samples. For each year, it shows the

excess returns based on the ten-minus-one trading strategy with both value-weighted and

equally weighted portfolios. Panel A shows the results from DeepAR and DF-RNN, which

use firm-level stock returns only without any features. The best 10-1 strategy comes from
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Table 3.10: Firm-level Predictions Based on DeepVAR

Decile Market Value Book-to-Market Model Selection

MAE MAPE R2 MAE MAPE R2 MAE MAPE R2

Low 0.2063 1.2177 0.0147 0.0910 0.5348 0.0111 0.1210 0.5956 0.0088
2 0.1467 0.7316 0.0091 0.1160 0.6516 0.0429 0.0863 0.6086 0.0097
3 0.1300 0.6759 0.0101 0.1189 0.5512 0.0125 0.1059 0.5415 0.0154
4 0.1207 0.5511 0.0287 0.1365 0.6272 0.0101 0.1038 0.5552 0.0213
5 0.1025 0.4705 0.0251 0.1024 0.5445 0.0341 0.1117 0.7488 0.0139
6 0.1093 0.4817 0.0193 0.0754 0.4923 0.0090 0.1132 0.5904 0.0138
7 0.0996 0.5729 0.0196 0.1058 0.5128 0.0401 0.1165 0.6359 0.0126
8 0.0851 0.4872 0.0050 0.1347 0.6449 -0.0011 0.1226 0.6212 0.0421
9 0.0772 0.4366 0.0147 0.1189 0.6859 0.0041 0.1595 0.7210 0.0201

High 0.0575 0.4260 0.0131 0.1353 0.8062 0.0221 0.1900 0.7111 0.0141

This table shows performance statistics for out-of-sample predictions of firm-level returns
on the testing dataset. Firms are split into different deciles based on market values, book-
to-market ratios, or predictions of future returns. Equally-weighted performance metrics
are reported for each dataset(R2: the higher is better; MAE: the lower is better; MAPE:
the smaller is better). The models are estimated based on the sample data from 1957 -
2019, CRSP and COMPUSTAT. Train-test-oos split ratios are 80:10:10.

DeepAR with an equally weighted portfolio, which, over six years, returns 513% cumulatively,

and the value-weighted portfolio reports 205%. Given the metrics in Table 3.6, we can see

that DF-RNN captures more movements than DeepAR, but DeepAR has a smaller MAE.

Better R2 results in more stable predictions but DeepAR may lack of precision while building

strategies.

Panel B in Table 3.11 reports the results from DSSM and DeepVAR, which uses reduced-

dimensional features. The best 10-1 strategy comes from DeepVAR with an equally weighted

portfolio, which, over six years, returns 450% cumulatively. These results seem to be slightly

better than DSSM, but DSSM provides more stable results, which can be seen in Table 3.11.

Recall the performance metrics from Table 3.8, DSSM has better R2 than DeepVAR but

smaller MAE.

Table 3.12 reports the results of ten-minus-one-strategy returns on the out-of-sample
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Table 3.11: Excess Returns for Pre-specified Portfolios on Testing Dataset

Panel A: DeepAR & DF-RNN

Year DeepAR DF-RNN

Value Weight Equally Weight Value Weight Equally Weight

Pred Ret Real Ret Pred Ret Real Ret Pred Ret Real Ret Pred Ret Real Ret

2008 0.2740 0.1103 0.3152 0.2073 0.0596 0.0646 0.0633 0.0548
2009 0.2590 0.2706 0.2912 0.4342 0.0430 0.0919 0.0446 0.1232
2010 0.2449 0.1380 0.2726 0.2946 0.0313 0.0517 0.0321 0.0387
2011 0.2244 0.1517 0.2508 0.2280 0.0226 0.0379 0.0232 0.0185
2012 0.2245 0.1284 0.2374 0.2551 0.0163 0.0309 0.0166 0.0496
2013 0.2013 0.1042 0.2194 0.2577 0.0122 0.0465 0.0126 0.0373

Cumulative Ret 3.3875 2.0459 3.8602 5.1282 0.3194 0.7437 0.3322 0.9738

Panel B: DSSM & DeepVAR

Year DSSM DeepVAR

Value Weight Equally Weight Value Weight Equally Weight

Pred Ret Real Ret Pred Ret Real Ret Pred Ret Real Ret Pred Ret Real Ret

2008 0.2828 0.1608 0.3340 0.1846 0.3972 0.1277 0.4616 0.1901
2009 0.3171 0.2448 0.3763 0.3543 0.3793 0.2002 0.4572 0.4242
2010 0.2395 0.1573 0.2871 0.2521 0.3889 0.1514 0.4361 0.2663
2011 0.2726 0.1686 0.3132 0.2212 0.3560 0.1353 0.4192 0.2294
2012 0.2910 0.1692 0.3254 0.2612 0.3609 0.1954 0.4038 0.2412
2013 0.2536 0.1404 0.2996 0.2337 0.3389 0.1149 0.3868 0.2538

Cumulative Ret 3.9836 2.5531 5.0633 4.2587 7.2752 2.1430 9.0835 4.4974

This table shows the excess returns gained for different pre-specified portfolios. Stocks are split into ten deciles
based on their expected returns on the testing sample periods. “Pred Ret” and “Real Ret” provides the excess
returns gained by building zero-net-investment portfolios. “Cumulative Ret” provides the cumulative excess
returns over the six years. Portfolios are both value and equally weighted. The models are estimated based on
the sample data from 1957 - 2019, CRSP and COMPUSTAT. Train-test-oos split ratios are 80:10:10.

dataset. In Panel A, DeepAR and DF-RNN use firm-level stock returns without any features.

The best 10-1 strategy comes from DeepAR with equally weighted portfolios. Compared with

Panel A in Table 3.11, DeepAR shows similar cumulative returns, 499%, but annual returns

have more volatility with both value-weighted and equally weighted portfolios.

Panel B shows the predictions of portfolio returns from DSSM and DeepVAR with

reduced-dimensional features. Equally weighted portfolio from DSSM has the best 10-1
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strategy with cumulative excess returns of 402%, which is slightly smaller than the one

on the testing dataset. However, DSSM’s expected and real returns are more stable than

DeepAR’s.

Recall the results from Table 3.6 and 3.8, we can see that DeepAR and DSSM report

similar MAE, but DSSM has a much higher R2. In this case, DSSM captures more volatility

based on the information existing in firm-level stock returns.

Table 3.12: Excess Returns for Pre-specified Portfolios on Out-of-sample Dataset

Panel A: DeepAR & DF-RNN

Year DeepAR DF-RNN

Value Weight Equally Weight Value Weight Equally Weight

Pred Ret Real Ret Pred Ret Real Ret Pred Ret Real Ret Pred Ret Real Ret

2014 0.2478 0.1739 0.2910 0.3146 0.0510 0.0462 0.0501 0.0328
2015 0.2225 0.1492 0.2485 0.2551 0.0347 0.0219 0.0359 0.0368
2016 0.2103 0.1168 0.2331 0.3110 0.0262 0.0230 0.0256 0.0185
2017 0.1913 0.0994 0.2203 0.3012 0.0175 0.0161 0.0187 0.0399
2018 0.1835 0.1600 0.2057 0.2775 0.0138 -0.0069 0.0141 0.0073
2019 0.1696 0.1690 0.1900 0.3285 0.0100 0.0113 0.0105 0.0572

Cumulative Ret 2.8769 1.7986 3.3977 4.9912 0.2609 0.2022 0.2638 0.4788

Panel B: DSSM & DeepVAR

Year DSSM DeepVAR

Value Weight Equally Weight Value Weight Equally Weight

Pred Ret Real Ret Pred Ret Real Ret Pred Ret Real Ret Pred Ret Real Ret

2014 0.3022 0.1168 0.3403 0.2250 0.4559 0.0929 0.4725 0.2146
2015 0.3366 0.1177 0.3832 0.2102 0.4322 0.0771 0.4715 0.2034
2016 0.2438 0.1716 0.2922 0.3123 0.4570 0.0814 0.4670 0.2999
2017 0.2833 0.1301 0.3235 0.2474 0.4158 0.0803 0.4637 0.2474
2018 0.2896 0.1600 0.3208 0.2271 0.4044 0.1191 0.4373 0.2475
2019 0.2716 0.1608 0.3074 0.3280 0.4178 0.1476 0.4404 0.3383

Cumulative Ret 4.4985 1.7772 5.4828 4.0158 10.3751 1.1062 11.5672 3.9920

This table shows the excess returns gained for different pre-specified portfolios. Stocks are split into ten deciles
based on their expected returns on the out-of-sample periods. “Pred Ret” and “Real Ret” provides the excess
returns gained by building zero-net-investment portfolios. “Cumulative Ret” provides the cumulative excess
returns over the six years. Portfolios are both value and equally weighted. The models are estimated based on
the sample data from 1957 - 2019, CRSP and COMPUSTAT. Train-test-oos split ratios are 80:10:10.
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3.5 Discussion

Based on the tables above, we can see that deep learning models significantly outperform

linear models. Considering results from aggregate-level stock returns (Table 3.4), with infor-

mative features, DSSM and DF-RNN report high R2, ranging from 73.6% to 76.5% based on

a 90-10 train-test split. These results are much higher than the ones from the second chapter

(65.8%) or the first chapter (35.6%). With an 85-15 train-test split, R2 ranges from 60.9% to

63.1% for DSSM and DeepVAR. While in the second chapter, the best performance model,

DF-RNN, reports an R2 of 57.9%. Then, we can see that by including more informative

features, probabilistic deep learning models perform better than before.

However, when forecasting firm-level stock returns, results from models with more than

19 features are much weaker than those with fewer but more informative features (see Table

C.5). With many missing values, a sparse matrix can significantly deteriorate the predicting

performance of these models (see Table C.1 and C.5). Though probabilistic deep learning

models can estimate and forecast thousands of time series data at the same time, sparse

matrix can still significantly affect results. Moreover, for time series data, these models are

affected by the time interval between the end of training and forecasting periods, especially

for time-sensitive stock returns.

For firm-level stock returns, the best performance model, DSSM, has an R2 of 4.5%. I

also split the stocks into three groups based on their market values(See Table C.2, C.3, C.7,

and C.8.). In general, middle-size-firm returns can be more accurately predicted than firms

with large or small market capitalization.

Moreover, I sort firms into ten deciles based on market values, book-to-market ratios, and

expected returns (See Table C.4, 3.7, 3.9, and 3.10). Generally, neutral and value stocks can

be more accurately predicted than growth stocks. Also, based on expected future returns,

both bottom and top deciles provide roughly precise predictions.

Further, I build a zero-net-investment trading strategy by longing stocks with the highest

expected returns and shorting those with the lowest ones. Table 3.11 and 3.12 provide annual
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and cumulative returns over testing and out-of-sample periods. We can see that DSSM and

DeepAR have the highest cumulative returns with equally weighted portfolios. However,

DSSM provides a more stable result due to the smaller variance of both predicted and real

returns. As a result, while forecasting multiple firm-level stock returns, DSSM is the optimal

model with an equally weighted portfolio.

3.6 Conclusions

In this paper, I design more experiments to comparatively analyze probabilistic deep learning

models. My findings illustrate that these models can help to improve the forecastability of

stock returns in both aggregate and firm levels. By including more data, these models

significantly outperform traditional vector autoregressive and linear state-space models, as

shown in the first chapter. Additionally, a large dataset with an amount of missing values can

deteriorate the performance of these models, which emphasizes the importance of selecting

informative features. Further, estimating firm-level stock returns with features can help to

build a profitable trading strategy, with a 30% average annual return(around 500% over

testing or out-of-sample periods).

For predicting different time series, I find that DeepAR and DF-RNN perform the best

while having a small dataset without features. But, DF-RNN provides a slightly better result

and requires longer periods to train the model. Moreover, with more informative features,

DSSM and DeepVAR provide more accurate results at the aggregate level. For firm-level

stocks, DSSM has the optimal performance, considering its accuracy and stability. Also,

based on the results from zero-net-investment trading strategies, DSSM provides the best

excess returns.
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Figure 3.1: Out-of-sample Predictions of Market Returns with Different Models

(a) Deep Learning with 90:10 Train-test Split

(b) Deep Learning with 85:15 Train-test Split

This plot shows two subplots that predict out-of-sample market returns based on different train-test
split ratios. Part (a) shows out-of-sample predictions of market returns for different deep learning
models with 90:10 train-test split. Part (b) shows out-of-sample predictions of market returns for
different deep learning models with 85:15 train-test split. The models are estimated based on the
sample data from 1950 - 2019, CRSP and COMPUSTAT.
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Appendix A

PREDICTING THE U.S. MARKET RETURNS VIA
STATE-SPACE MODELS

A.1 Kalman Filter

This section shows details on the Kalman Filter for my state-space models. The discussion

follows a general case and uses the state-space model with returns and dividends in Section

1.4.2 as an example. The state-space model with market returns and returns on equity in

Section 1.4.3 should follow a similar setup. In this model, unobserved state variables are

βt ≡ (µt, gt, εµ,t+1, εg,t+1, εd,t+1)
′, and observed variables are yt+1 ≡ (rt+1,∆dt+1)

′. First, we

have the measurement and transition equations as follows:

Measurement Equation: yt+1 = Hβt

Transition Equation: βt = Fβt−1 + vt vt
i.i.d∼ N(0, Q)

where H, F , and vt follows Equations (1.14) and (1.15).
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The Kalman Filter is given by [53]:

β0|0 = E[β0], P0|0 = E[β0β
′
0]

βt|t−1 = Fβt−1|t−1

Pt|t−1 = FPt−1|t−1F
′ +Q

ηt|t−1 = yt − yt|t−1 = yt −Hβt|t−1

ft|t−1 = HPt|t−1H
′

βt|t = βt|t−1 + Pt|t−1H
′f−1

t|t−1ηt|t−1

Pt|t = Pt|t−1 − Pt|t−1H
′f−1

t|t−1HPt|t−1

The likelihood is based on prediction errors (ηt|t−1) and the covariance matrix (ft|t−1) through

each iteration from t = 0 to t = T .

l(θ) = −1

2

∑
t

ln
(
(2π)n

∣∣ft|t−1

∣∣)− 1

2

∑
t

η′t|t−1f
−1
t|t−1ηt|t−1

Then, we can maximize the conditional likelihood to estimate the vector of parameters:

(ϕµ, ϕg, σµ, σg, σd, ρµg, ρµd, ρgd)
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A.2 Estimation of Linearized Earning Identity

This part estimate the linearized earning identity (Equation (1.28)) by regressing the sum of

the return on equity at time period t, book-to-market ratio at time period t−1, and negative

market return and risk-free rate at time period t on the book-to-market ratio at time period

t. Thus, the equation could be re-written as:

et − rt − ft + θt−1 ≈ α + ρθt + κt (A.1)

where α and ρ are constants and estimated from the regression.

From Table A.1, results of the regression show the estimated ρ and α for the earning

model. The lagged model explains 92.2% of the variance in the one-step ahead book-to-

market ratio, while the discount rate is about 0.91. Though the estimation of α is not

significant, the constant is eliminated through the substitution back to the identity. And the

state-space-model is not affected.

Table A.1: Estimated Identity by OLS

Estimates S.E. t-stats

α 0.0045 0.0179 0.2500
ρ 0.9105 0.0327 27.880

Residual SE 0.0837
R2 0.9220

This table reports estimations of the regression for the above
earning identity (Equation (A.1)). The dependent variable is the
returns on equity minus market return and risk-free rate at time
period t, then minus the lagged book-to-market ratio. The in-
dependent variable is the book-to-market ratio at time period t.
Sample data from 1950 - 2019, CRSP and COMPUSTAT.
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Appendix B

PROBABILISTIC DEEP-LEARNING MODELS FOR
PREDICTING U.S. MARKET RETURNS

B.1 Feedforward Neural Network

Following Hornik et al. (1989) [48], Cybenko (1989) [24], and Goodfellow et al. (2016) [36],

deep feedforward networks (FNN) or multilayer perceptrons (MLP) are the essential deep

learning models. As shown in Figure B.1, FNNs consist of an input layer of features, one

or more hidden layers, and an output layer. The input layer contains the raw features or

predictor data, then the first hidden layer interacts and transforms the outputs nonlinearly

from the input layer. The following layers take outputs from the previous layer to aggregate

into the output layer. Similar to human brains, in each layer, there are a different number

of “neurons” that analyze the transmitted information.

Feedforward neural networks compose many different functions together. For example,

in Figure B.1, there are two hidden layers, and we have functions, f (1) and f (2) connected

in a chain to form f(x) = f (2)(f (1)(x)). Through the training process, labels, y ≈ f ∗(x), are

approximated for each example or predictor x. But, we do not know what each individual

layer does, and the learning algorithm should automatically evaluate the training data.

The number of neurons determines the dimensionality of hidden layers. Each neuron

receives inputs from units of the previous layer and uses the activation function to generate

its own value. There are a number of activation functions, such as rectified linear unit

(ReLU), sigmoid, hyperbolic, and softmax. Then, we must choose the loss function based

on the data type to form the optimization problems.
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Figure B.1: Feedforward Network with 2 Hidden Layers

Feature1

Feature2

Feature3

Feature4

Feature5

Returns

Input Layer x(0) Hidden Layer x(1) Hidden Layer x(2) Output Layer y(0)

This figure provides a simple feedforward neural network diagram with 2 hidden layers. Orange
circles denote the units in the input layer, blue circles denote the units in hidden layers, and red
circle denotes the output layer. Each arrow between layers is assigned a weighting parameter. In
each hidden layer, a nonlinear activation function f transforms outputs from the previous layer and
passes transformed outputs to the next layer.
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B.2 Training Examples

This section provides the training examples of the four models in Python. The codes below

require Python packages: “json”, “mxnet”, “gluonts”, “pandas”. The data layout for Deep

AR, DSSM, and DF-RNN are univariate. For Deep VAR, the data layout is multivariate.

The difference in data layout is shown below in the “target” part.

B.2.1 Deep AR & DF-RNN

These are examples of training inputs for Deep AR and DF-RNN. “ListDataset” is from

“gluonts” package, where each line is a time series. “start” is the start time of the time

series with frequency. The start time can be different for different time series, but the

frequency must be the same. The examples below have a start time on December 31st, 2008

at 12 am, with annual frequency. “target” is the target time series we want to estimate.

For the examples below, the first target time series is market returns, and the second one is

dividend growth rates. 1

t r a i n d s =

Li s tDatase t (

[

{

” s t a r t ” : pd . Timestamp( ’2008=12=31 00 : 00 : 00 UTC’ , f r e q =’12M’ ) ,

” t a r g e t ” : [ 0 . 14955653 , 0 .08291643 , 0 .0854723 , . . . ] ,

} ,

{

” s t a r t ” : pd . Timestamp( ’2008=12=31 00 : 00 : 00 UTC’ , f r e q =’12M’ ) ,

” t a r g e t ” : [ 0 . 09577301 , 0 .04371459 , 0 .08216365 , . . . ] ,

} ,

. . .

] ,

f r e q = ”12M”

)

1See DeepAR documentation (https://docs.aws.amazon.com/sagemaker/latest/dg/deepar.html)
for more details.

https://docs.aws.amazon.com/sagemaker/latest/dg/deepar.html
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B.2.2 DSSM

These are examples of training inputs for DSSM. “ListDataset” is from “gluonts” package,

where each line is a time series. “start” is the start time of the time series with frequency. The

start time can be different for different time series, but the frequency must be the same. The

examples below have a start time on December 31st, 2008 at 12 am, with annual frequency.

“target” is the target time series we want to estimate. For the examples below, the target

time series is market returns. “feat dynamic real” is the dynamic feature associating with

target time series. The first array of “feat dynamic real” is dividend growth rates.

t r a i n d s =

Li s tDatase t (

[

{

” s t a r t ” : pd . Timestamp( ’2008=12=31 00 : 00 : 00 UTC’ , f r e q =’12M’ ) ,

” t a r g e t ” : [ 0 . 14955653 , 0 .08291643 , 0 .0854723 , . . . ] ,

” f e a t dynami c r ea l ” : [

[ 0 . 09577301 , 0 .04371459 , 0 .08216365 , . . . ] ,

. . .

]

} ,

]

f r e q = ”12M”

)

B.2.3 DeepVAR

These are examples of training inputs for DeepVAR. “ListDataset” is from “gluonts” package,

where each line is a time series. “start” is the start time of the time series with frequency.

The start time can be different for different time series, but the frequency must be the

same. The examples below have a start time on December 31st, 2008 at 12 am, with annual

frequency. “target” is the target time series we want to estimate. For the examples below,

the target time series are market returns and dividend growth rates. We use command,

‘one dim target = False” to tell the model that this is a multi-dimensional input.

t r a i n d s =
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Li s tDatase t (

[

{

” s t a r t ” : pd . Timestamp( ’2008=12=31 00 : 00 : 00 UTC’ , f r e q =’12M’ ) ,

” t a r g e t ” : [

[ 0 . 14955653 , 0 .08291643 , 0 .0854723 , . . . ] ,

[ 0 . 09577301 , 0 .04371459 , 0 .08216365 , . . . ] ,

. . .

]

} ,

]

f r e q = ”12M” ,

one d im target=False

)

B.3 Steps on SageMaker

Probabilistic deep learning models are estimated on Amazon SageMaker. Below are the steps

to run similar estimations on SageMaker. 2

1. Create personal account.

2. Open Studio.

3. Install “gluonts”, and upgrade “mxnet” and “torch”.

4. Load required packages, such as: “pandas”, “numpy”, “json”, “mxnet”, “gluonts”.

2See GluonTS tutorial (https://ts.gluon.ai/stable/tutorials/forecasting/quick_start_
tutorial.html) for more details.

https://ts.gluon.ai/stable/tutorials/forecasting/quick_start_tutorial.html
https://ts.gluon.ai/stable/tutorials/forecasting/quick_start_tutorial.html
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Appendix C

PROBABILISTIC DEEP-LEARNING MODELS FOR
PREDICTING U.S. STOCK RETURNS

C.1 Additional Tables

Table C.1: Firm-level Results from DeepAR & DF-RNN with Filtered Dataset

Models Dataset MAE R2

DeepAR
Full 0.1249 -0.0226

Filtered 0.1208 -0.0211

DF-RNN
Full 0.1344 -0.0160

Filtered 0.1478 0.0233

This table shows performance statistics for out-of-sample predictions of firm-level
returns on the testing dataset. Equally-weighted performance metrics are reported
for each dataset. The best results are marked in bold (R2: the higher is bet-
ter; MAE: the lower is better.) The models are estimated based on the sample
data from 1957 - 2019, CRSP and COMPUSTAT. Train-test-oos split ratios are
80:10:10.
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Table C.2: Firm-level Results from DeepAR

Datasets MAE MAPE R2

Testing

Full 0.1208 0.5060 -0.0211
Top 1000 0.0749 0.4123 -0.0197
Med 1000 0.1141 0.4792 -0.0374
Bot 1000 0.1745 0.6399 -0.0147

OOS

Full 0.0870 0.6306 -0.1436
Top 1000 0.0519 0.4948 -0.1403
Med 1000 0.0796 0.6448 -0.1288
Bot 1000 0.1385 0.7560 -0.1791

This table shows performance statistics for out-of-sample predictions of firm-level
returns on testing and out-of-sample datasets. Top, medium, or bottom firms are
selected based on average market capitalization across sample periods. Equally-
weighted performance metrics are reported for each dataset(R2: the higher is
better; MAE: the lower is better; MAPE: the lower is better). The models are
estimated based on the sample data from 1957 - 2019, CRSP and COMPUSTAT.
Train-test-oos split ratios are 80:10:10.

Table C.3: Firm-level Results from DF-RNN

Datasets MAE MAPE R2

Testing

Full 0.1478 0.5410 0.0233
Top 1000 0.0878 0.4027 0.0111
Med 1000 0.1435 0.5529 0.0494
Bot 1000 0.2104 0.6480 -0.0028

OOS

Full 0.1044 0.6279 -0.1726
Top 1000 0.0523 0.4478 -0.2220
Med 1000 0.0971 0.6804 -0.1228
Bot 1000 0.1723 0.7412 -0.1987

This table shows performance statistics for out-of-sample predictions of firm-level
returns on testing and out-of-sample datasets. Top, medium, or bottom firms are
selected based on average market capitalization across sample periods. Equally-
weighted performance metrics are reported for each dataset(R2: the higher is
better; MAE: the lower is better; MAPE: the lower is better). The models are
estimated based on the sample data from 1957 - 2019, CRSP and COMPUSTAT.
Train-test-oos split ratios are 80:10:10.
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Table C.4: Firm-level Predictions Based on DeepAR

Decile Market Value Book-to-Market Model Selection

MAE MAPE R2 MAE MAPE R2 MAE MAPE R2

Low 0.1999 0.6981 -0.0214 0.1447 0.4912 -0.0265 0.0791 0.4652 -0.0433
2 0.1536 0.6000 -0.0083 0.1119 0.5452 -0.0720 0.0922 0.4419 -0.0155
3 0.1398 0.5259 -0.0215 0.1154 0.4347 -0.0420 0.0945 0.4439 -0.0193
4 0.1443 0.5297 -0.0420 0.1115 0.4934 -0.0024 0.1013 0.4655 -0.0092
5 0.1129 0.5195 -0.0178 0.1159 0.5220 0.0076 0.1168 0.4984 -0.0055
6 0.1129 0.4493 -0.0631 0.1149 0.5086 -0.0137 0.1173 0.4811 -0.0375
7 0.1031 0.4937 0.0144 0.1211 0.4792 -0.0069 0.1216 0.4740 0.0009
8 0.0964 0.4244 -0.0065 0.1336 0.5351 0.0123 0.1245 0.5284 -0.0243
9 0.0805 0.4290 -0.0248 0.1718 0.6131 0.0026 0.1451 0.5340 -0.0067

High 0.0647 0.3900 -0.0199 0.1774 0.5771 -0.0033 0.1716 0.6916 -0.0598

This table shows performance statistics for out-of-sample predictions of firm-level returns
on the testing dataset. Firms are split into different deciles based on market values, book-
to-market ratios, or predictions of future returns. Equally-weighted performance metrics
are reported for each dataset(R2: the higher is better; MAE: the lower is better; MAPE:
the smaller is better). The models are estimated based on the sample data from 1957 -
2019, CRSP and COMPUSTAT. Train-test-oos split ratios are 80:10:10.
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Table C.5: Firm-level Results from DSSM & DeepVAR with Reduced Dimensions

Models No. of Features MAE R2

DSSM

89 0.1556 0.0268
50 0.1439 0.0286
43 0.1458 0.0218
27 0.1458 0.0290
19 0.1336 0.0323

DeepVAR

89 0.1470 -0.0896
50 0.1392 -0.0878
43 0.1331 -0.0624
27 0.1330 -0.0715
19 0.1333 -0.0396

This table shows performance statistics for out-of-sample predictions of firm-level re-
turns on the testing dataset. For each dataset, I choose different number of features
based on filling rates and correlations among these variables. Equally-weighted perfor-
mance metrics are reported for each dataset. The best results are marked in bold (R2:
the higher is better; MAE: the lower is better.) The models are estimated based on the
sample data from 1957 - 2019, CRSP and COMPUSTAT. Train-test-oos split ratios are
80:10:10.
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Table C.6: Firm-level Results from DSSM & DeepVAR with Truncated SVD

Models No. of Components MAE R2

DSSM

2 0.1227 0.0233
3 0.1194 0.0452
4 0.1233 0.02496
5 0.1219 0.03034

DeepVAR

2 0.1130 -0.0213
3 0.1125 0.0189
4 0.1133 -0.0286
5 0.1142 -0.0282

This table shows performance statistics for out-of-sample predictions of firm-level re-
turns on the testing dataset. For each dataset, I choose a different number of components
for the truncated SVD method and reduce the dimensions of datasets. Equally-weighted
performance metrics are reported for each dataset. The best results are marked in bold
(R2: the higher is better; MAE: the lower is better.) The models are estimated based on
the sample data from 1957 - 2019, CRSP and COMPUSTAT. Train-test-oos split ratios
are 80:10:10.

Table C.7: Firm-level Results from DSSM

Datasets MAE MAPE R2

Testing

Full 0.1194 0.5343 0.0452
Top 1000 0.0935 0.4463 0.0407
Med 1000 0.1179 0.4995 0.0592
Bot 1000 0.1453 0.6224 0.0498

OOS

Full 0.0796 0.5899 -0.2972
Top 1000 0.0538 0.4593 -0.2966
Med 1000 0.0724 0.5715 -0.3099
Bot 1000 0.1052 0.7150 -0.3032

This table shows performance statistics for out-of-sample predictions of firm-level
returns on testing and out-of-sample datasets. All the datasets have reduced di-
mensions by applying Truncated SVD. Top, medium, or bottom firms are selected
based on average market capitalization across sample periods. Equally-weighted
performance metrics are reported for each dataset(R2: the higher is better; MAE:
the lower is better; MAPE: the lower is better). The models are estimated based
on the sample data from 1957 - 2019, CRSP and COMPUSTAT. Train-test-oos
split ratios are 80:10:10.
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Table C.8: Firm-level Results from DeepVAR

Datasets MAE MAPE R2

Testing

Full 0.1125 0.6051 0.0189
Top 1000 0.0857 0.4809 0.0144
Med 1000 0.0110 0.5401 0.0163
Bot 1000 0.1412 0.7294 0.0096

OOS

Full 0.1079 0.9659 -0.1948
Top 1000 0.0816 0.7891 -0.2039
Med 1000 0.1037 0.9701 -0.1925
Bot 1000 0.1352 1.1400 -0.1816

This table shows performance statistics for out-of-sample predictions of firm-level
returns on testing and out-of-sample datasets. All the datasets have reduced di-
mensions by applying Truncated SVD. Top, medium, or bottom firms are selected
based on average market capitalization across sample periods. Equally-weighted
performance metrics are reported for each dataset(R2: the higher is better; MAE:
the lower is better; MAPE: the lower is better). The models are estimated based
on the sample data from 1957 - 2019, CRSP and COMPUSTAT. Train-test-oos
split ratios are 80:10:10.
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C.2 Firm-level Variable Descriptions

This section includes tables from Green et al. (2007) [39], which describe the firm-level

variables. I drop four variables, chmom, maxret, mom1m, and mom6m, from the dataset, as

they are monthly momentum or returns, or daily variables.
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