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ABSTRACT 

Terahertz technologies have been attracting attention over the past few years due to their 

unique applications in bio-chemical sensing, bio-imaging, spectroscopy, security, and 

communications. Traditionally, the systems used in these applications steer electromagnetic (EM) 

waves in free space, resulting in bulky systems with a maximum spatial resolution defined by the 

Abbe diffraction limit. This paper studies active and tunable devices for EM wave steering and 

confinement with subwavelength beam sizes as a means to minimize the system size and increase 

the spatial resolution beyond the Abbe limit. These devices are employed in two major 

applications, a multifunctional waveguide and a gradient flat lens. However, finalizing the design 

requires that the constitutive parameters and material properties of metamaterials (MMs) be 

determined and characterized. 

 

First, investigations were conducted to retrieve the material constitutive parameters of the 

proposed active metamaterials, such as effective permittivity and permeability. Classical methods 

for determining these properties are not robust; in this study, improved methods for single-layered 

and multi-layered MMs are proposed to fully retrieve effective material properties and 

constitutive parameters of the MMs at all frequencies of the interest, including the values in the 

resonant band. 

 

Second, new kinds of active tunable MM structures were invented, based on a passive 

gradient dielectric substrate and partially disconnected electrodes. This creates a system capable 

of actively reconfiguring a beam profile by tuning the material properties of individual unit cells 

as desired. This active gradient MMs technology has great potential in several fields, such as 

optical communications, quantum computing, and as an in-situ reconfigurable mask for 

photolithography. 

 

Finally, a novel subwavelength waveguide and a multifunctional flat lens based on the 

proposed active tunable MMs are investigated. This novel active waveguide design would lead to 

vastly superior wave couplers, splitters, and phase compensators, able to alter beam profiles, steer 

beams, act as optical multiplexers, switches, tunable filters and selectable polarizers, etc. The 

proposed methods and invented active tunable MMs can be adopted in systems operating at 

different frequencies, from microwaves to optics. 
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Chapter 1. INTRODUCTION OF METAMATERIALS 

 

Until recently, the lack of naturally existing materials responding to the incident waves at 

Terahertz frequencies created an unexplored band of the electromagnetic spectrum, called 

the “THz Gap” [1]. Over the past two decades, Terahertz technology has garnered 

increasing attention due to its unique applications [2-12] relating to bio-chemical sensing 

[6, 8], spectroscopy [5, 7, 8, 10-12], bio-imaging [3, 6, 9, 13, 14], security detection [2], 

and communications [15]. These applications rely on several different THz technologies, 

such as THz sources, detectors, beam splitters, polarizers, and lenses [5, 16-18]. 

Traditionally, those applications are implemented by steering electromagnetic (EM) 

waves in free space, resulting in bulky and diffraction-limited systems [5]. Another 

inherent constraint in free space propagation is the Abbe diffraction limit, corresponding 

to the travelling wave in the medium and numerical aperture of a system, is roughly half 

of the wavelength, and defines the maximum spatial resolution of the system. In order to 

create compact THz systems, devices that can confine and steer EM waves at dimensions 

much smaller than one wavelength are necessary. Thanks to the development of 

metamaterials (MMs) [19-21], the requirements for these exotic phenomena can be 

fulfilled in THz band. 

 

The prefix “meta-” implies “beyond”, and the terminology “metamaterial” hints that the 

artificially engineered material, typically synthesized by periodic arrays of noble metallic 

patterns inside or on a dielectric or semi-conducting substrate, possesses the exotic 

phenomena beyond all the naturally existing materials [22], such as in single negative 

(SNG) or double negative (DNG) permittivity (ߝ ) and permeability (ߤ ) in a certain 

frequency range, as shown in Figure 1.1. Most natural dielectric materials possessing 

double positive (DPS) permittivity and permeability fall in the first quadrant in Figure 

1.1. Noble metals such as silver and gold behaving as plasmas in the infrared and optical 

frequency band can be classified in the second quadrant and have negative ߝ (ENG). For 

gyrotropic materials such as ferrites and some artificial material such as split ring 

resonators (SRR) at certain frequencies can be classified into the fourth quadrant and 
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have negative	ߤ (MNG). It is worth mentioning that the waves can only propagate in the 

medium classified in the first and third quadrant. 

 

 

 

Figure 1.1. Materials classified by the real parts of the permittivity and the permeability. 

 

 

1.1 HISTORY OF METAMATERIALS 

 

Throughout human history, scientists and craftsmen worked to engineer and create 

complex materials for specific purposes. However, the possibility of a material to 

simultaneously possess negative permittivity and permeability was not until realized until 

Veselago published a theoretical study in 1967 on what he termed ‘left-handed material’ 

(LHM) [21]. His work theoretically showed that the Poynting vector of a plane wave 

travelling in such a material is antiparallel to the direction of the phase velocity. Such a 
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material has yet to be found in any naturally occurring medium, though Veselago 

speculated the existence of gyrotropic substances possessing both plasma and magnetic 

properties. 

 

In 1996, Pendry [23] theoretically proposed (then demonstrated in 1998) that periodical 

arrays of thin metallic wires with periodicity much less than the incident wavelength can 

behave like a plasma medium, as shown in Figure 1.2 (a). Therefore, negative 

permittivity exists at certain frequencies lower than its corresponding electric plasma 

frequency. 

 

In 1999, Pendry [24] first theoretically introduced and considered loops, helices, spirals, 

omega-shaped, and split ring structures (shown in Figure 1.2 (b)), as magnetically 

resonant patterns leading to negative magnetic permeability. He also indicated that the 

effective magnetic permeability can be described by Lorentz dispersion models. 

 

Based on Pendry’s discoveries, the first experiment demonstrating a negative refractive 

index was conducted by D.R. Smith in 2000, using a prism composed of thin wires and 

SRRs in microwave frequency band[20]. Since then, interest in the field has grown, 

pushing metamaterials to work in frequency bands ranging from acoustics to optics. 
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Figure 1.2. (a) Periodic array of thin metallic wires, (b) array of split ring resonators 

(SRRs), (c) double negative metamaterial(DNG MM) comprised by thin wires and SRRs 

are illustrated to show the negative values occurring for particular wave polarizations. 

 

1.2 EPSILON-NEGATIVE (ENG) METAMATERIALS 

 

As shown in Figure 1.2 (a), a periodic array of thin metallic rods can only generate 

negative permittivity for the incident wave with E field polarized parallel to the rod 

elongation direction. The frequency-dispersive Drude model can be adopted to describe 

the effective electric permittivity of the rods: 

 

௥௭ߝ  ൌ ௥௭ᇱߝ െ jߝ௥௭ᇱᇱ ൌ 1 െ ௘݂௣
ଶ

݂ଶ െ j ߨ௘݂/2ߛ
 (1.1)

 

where ௘݂௣  is the electric plasma frequency, ߛ௘  is the electric damping factor, with 

௥௫ᇱߝ ൎ 1, ௥௬ᇱߝ ൎ 1. 
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It can be seen in (1.1) that if the material is operated at the frequencies lower than its 

electric plasma frequency, the negative real part of the permittivity can be obtained. 

Otherwise, the material will just behave like naturally existing materials, with only 

positive real parts of the permittivity. 

 

 

1.3 MU-NEGATIVE (MNG) METAMATERIALS 

 

Considering a single SRR as a small, capacitively loaded loop antenna operating slightly 

above the resonant frequency, the scattered magnetic field in the near-field will be out of 

phase with the incident field and result in a lower magnetic field than that of the incident 

field, i.e., a negative magnetic susceptibility that may cause negative permeability. The 

frequency-dispersive Lorentz model has the form given by 

 

௥௫ߤ  ൌ ௥௫ᇱߤ െ jߤ௥௫ᇱᇱ ൌ 1 െ ௠݂௣
ଶ െ ௠݂௢

ଶ

݂ଶ െ ௠݂௢
ଶ െ j ߨ௠݂/2ߛ

 (1.2)

where ௠݂௣ is the magnetic plasma frequency,	 ௠݂௢ is the magnetic resonant frequency and 

 .௠ is the magnetic damping factorߛ

 

It can be observed that that if the material is operated at the frequencies higher than its 

magnetic plasma frequency or lower than its magnetic resonant frequency, the real part of 

the permittivity will be positive as the naturally existing materials. Only when operated in 

the frequency band between its magnetic plasma frequency and magnetic resonant 

frequency will it have negative real parts of the permeability. 

 

In addition, the SRR structure [25] can be analogous to a series-parallel lumped-element 

circuit, as shown in Figure 1.3. The angular frequency of the magnetic resonance in 

radians can be described by the geometry parameters of the SRR structure as 
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 ߱௠௢ ൌ
ଵ

√௅஼
ൌ ଵ

௟

௖

ఌ೎
ටௗ

௪
 . (1.3)

 

 

Figure 1.3. A single SRR structure and its equivalent lump circuit elements are depicted. 

 

1.4 SRR-ROD TYPE DOUBLE NEGATIVE (DNG) METAMATERIALS 

 

A typical SRR-rod metamaterial slab in THz band is simulated, and material properties 

such as electric permittivity, magnetic permeability, and refractive index are calculated 

and shown in Figure 1.4. The electric plasma frequency ௘݂௣ can be found in Figure 1.4 (a) 

at which ߝ௥௭ᇱ ൌ 0 , so is the magnetic plasma frequency ௠݂௣ can be found in Figure 1.4 

(b) at which ߤ௥௫ᇱ ൌ 0 . The green band is defined by ௠݂௣	and ௘݂௣ , where ݊ᇱ ൎ 0. The 

yellow band is defined by magnetic resonant frequency ௠݂௢	and plasma frequency	 ௠݂௣, 

where ߝ௥௭ᇱ and ߤ௥௫ᇱ	are both negative. For strong resonating SRR-Rod metamaterials, the 

curve with gradually decreasing slope as shown in the orange band will exhibit 

asymptotic behavior with sharp decreasing slope. 
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Figure 1.4. (a) Electrical permittivity, (b) magnetic permeability, and (c) refractive index 

of a typical SRR-Rod MMs in THz band show different signs of material properties and 

constitutive parameters at different frequency bands. 

   

P
er

m
it

ti
vi

ty
 

P
er

m
ea

b
il

it
y 

R
ef

ra
ct

iv
e 

In
d

ex
 



 

 

8

1.5 APPLICATIONS OF METAMATERIALS 

 

Metamaterials have been utilized in microwave devices, such as antennas [26-29], wave 

couplers [30, 31], splitters [32, 33], and high impedance ground planes [34]. For 

example, the gain of a monopole antenna can be increased while remaining 

omnidirectional by covering it with a fractal metamaterial sheet. Another example is to 

use MMs to design backward leaky wave antenna [26, 35, 36]. Among all the 

applications, the two most ‘futuristic’ applications, are the super lens [21, 29, 37-39] and 

invisibility cloak [40]. 

 

The concept of the invisibility cloak is as follows: If a plane incident wave is impinging 

obliquely on a flat PEC (perfect electrical conductor) surface, the reflected wave should 

remain as a plane wave. If the wave impinges on a hump, then the reflected wave will not 

remain as a plane wave, and there will be a shadow zone. If the metamaterial cloak is 

placed on top of the hump, the reflected wave can still behave like a plane wave. 

 

 
 

1.6 PROPOSED PATTERN-LESS ELECTROMAGNETIC WAVE MANIPULATION 

BY ACTIVE CONTROL OF METAMATERIALS 

 

Traditionally, guiding and steering EM waves in the microwave frequency range use 

many kinds of waveguides [41, 42] and transmission lines [36, 42], some examples being 

coaxial cables, rectangular or circular metallic waveguides, striplines, and microstrip 

lines. They are categorized by the geometry designs or the polarizations and modes of the 

guided waves [43]. 

 

Coaxial cables and striplines are usually used to guide transverse electromagnetic (TEM) 

waves; however, due to high loss and bulky characteristics, they are not useful in high 

frequency operation. Rectangular and circular metallic waveguides can transmit high 
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power TE (transverse electric) or TM (transverse magnetic) waves, but not TEM waves. 

Therefore, this type of waveguide is always dispersive. In addition, since the waves are 

propagating in the hollow parts of the waveguides, the diffraction limit constrains the 

sizes of geometry designs.  

 

Microstrip Lines are commonly seen in many microwave devices due to the compact 

sizes and easy integration with other devices. In addition, microstrip lines can transmit 

quasi-TEM waves, thus, are not as dispersive as rectangular or circular metallic 

waveguides. Dielectric rib waveguides [44] are usually used to guide TE or TM waves in 

THz and optical frequency bands, and can confine most of the waves within or around the 

rib, a medium with higher dielectric constant. However, this type of waveguide will have 

very high loss at curving or discontinuous parts. Optical fibers made of different 

dielectrics are also used in transmission of millimeter waves and lights in TM-like LP01 

mode [45]. Unfortunately, bend losses and dispersion also exist in the optical fibers. 

Recently, a new hybrid design [46] applied the hollow concept of circular waveguides on 

dielectric rib waveguide, was proposed to guide the in THz. This type of waveguides has 

lower loss than dielectric rib waveguide since there are less lossy dielectric materials 

existing in the wave travelling path. Another hybrid design [47] uses the ground metal 

plate and high dielectric constant rib to confine EM waves. 

 

However, the aforementioned devices can only transmit certain mode of waves in one 

fixed path once the geometries are defined. To prevent frequency dispersions and power 

losses, the best choice is a hollow-shaped waveguide that can transmit TEM waves. 

Therefore, in the proposed research, a new design utilizing hollow-shaped MMs that can 

transmit TEM waves in subwavelength dimensions and reroute the transmission path will 

be studied. 

 

Lenses are the most common means of steering optical range waves. Traditionally, the 

convex or concave lens is made from a homogenous medium with a constant refractive 

index, inheriting optical aberration problems, as reported by Ernst Abbe in 1893. 

Gradient index (GRIN) lens is made of a material with gradual variations of the refractive 



 

 

10

index, and thusly does not inherit the optical aberration problems of flat surfaces. In [48], 

a tunable GRIN lens is reported for the variable focusing of light using a microfluidic 

chamber to mix two fluids different refractive indices to create gradient refractive index 

effect on the lens. Theoretical study of using liquid crystal (LC) arrays in a GRIN lens is 

also reported in [49] in order to create active GRIN lenses with liquid crystal. Since the 

refractive index of polymer dispersed liquid crystal (PDLC) is related to the LC droplet 

sizes, a GRIN lens can be made from gradient PDLC for light control [50, 51]. However, 

the spatial resolutions of aforementioned GRIN lenses are still under the constraint of the 

diffraction limits due to the positive refractive index. Therefore, the research proposes a 

flat lens that can defeat the diffraction limit and optical aberrations. 

 

The objective of this research is to create compact, multifunctional, and reconfigurable 

devices, such as a patternless waveguide that can confine THz TEM waves with 

subwavelength spatial resolution and guide the waves into different routes depending on 

the configurations of surrounding active metamaterials, and a multifunctional flat lens 

optical bench that can collimate the waves in THz, steer the beam direction, change the 

locations of the focal points and even do subwavelength focusing. 

 

1.7 SUMMARY 

 

This chapter introduced the background, motivation, objective and proposed approaches 

of this research. In Chapter 2, improved retrieval methods are proposed to extract the 

constitutive material properties of single-layered and multi-layered metamaterials based 

on the existing methods. The tuning mechanisms of active metamaterials (AMM) will be 

studied and proposed in Chapter 3. Two novel approaches to manipulate EM waves in 

subwavelength dimensions are offered and preliminary simulation results are discussed in 

Chapter 4. Finally, the conclusions and proposed future work will be given in Chapter 5. 
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Chapter 2. RETRIEVAL METHODS OF MATERIAL PROPERTIES AND 

CONSTITUTIVE PARAMETERS 

 

To obtain the best simulation results for the proposed waveguide and gradient 

metamaterial design, the constitutive parameters and material properties of fundamental 

constitutive unit cells of metamaterials need to be determined and characterized. Several 

methods have been reported in [52-54], with the highly valuable method [54] proposed 

by D.R. Smith is based on the inversion of the scattering parameters calculated or 

measured from a plane wave normally incident on a slab of metamaterial to obtain 

material impedance and refractive index. In some instances, such as misestimating the 

thickness of the slab or very small values in magnitude of the scattering parameters, the 

method in [54] may fail with discontinuous material properties. In order to solve this 

issue, Kong et al. [52] proposed a much more robust method based on the modifications 

of the method in [54] while sacrificing and remaining an undetermined result in the 

resonant band, which is crucial for operating MMs in this frequency band for negative 

permittivity (ߝ ) or permeability (ߤ ) effects. Another key issue is to determine the 

effective boundary of MMs since the strong resonance occurring around the MMs makes 

distinguishing the material boundaries very difficult. Therefore, extra investigations are 

necessary in order to determine the exact solutions of material properties in the resonant 

frequency band. 

 

In this chapter, the improved methods along with the patch algorithms were proposed in 

order to preserve the robustness of retrieval methods while keeping the ability to retrieve 

all effective material properties, such as refractive indices, impedances, and material 

constitutive parameters, such as the permittivity and the permeability, of metamaterials 

over the frequencies of the interest.  

 

The first method modified from Kong’s retrieval method allows effective constitutive 

parameters over all frequencies including the anti-resonant band, where imaginary parts 

of ߝ or ߤ are negative, to be solved. The second method is based on the genetic algorithm 
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and optimization of properly defined goal functions to retrieve parameters of Drude and 

Lorentz dispersion models. Equations of effective refractive index and impedance at any 

reference planes are derived. SRR-rod based metamaterials operating in Terahertz 

frequencies are designed and examined with the proposed methods. The retrieved 

material properties and constitutive parameters are used to regenerate S-parameters, and 

the regenerated S-parameters are compared with original simulated results by CST 

microwave studio software in order to see the accuracies of retrieved results by the 

proposed methods. 

 

2.1 INTRODUCTION  

 

Artificial electromagnetic media built of either periodically ordered or random scattered 

unit cells that possess negative real parts of the electric permittivity and magnetic 

permeability at certain frequencies are called double negative metamaterials (DNG MMs) 

[19, 55]. DNG MMs have attracted extensive attention of researchers in optics, applied 

electromagnetism, photonics, and material sciences during the past few years due to their 

unique applications, such as invisible cloaking, super lenses and reductions in antenna 

geometry [56-59]. In order to retrieve constitutive parameters of MMs as a homogeneous 

medium, a typical unit cell of MMs needs to satisfy the assumption of effective medium 

theory that the lattice size is much smaller than the operating wavelengths inside the 

medium. Several methods [54, 58, 60, 61] based on this assumption have been reported. 

Among them, the most widely used approach is to calculate the effective refractive index 

( ݊ ) and impedance ( ݖ ) by inverting the reflection (S11) and transmission (S21) 

coefficients of the scattering parameters (S-parameters) from measurements or 

simulations, and derive the effective constitute parameters ߝ  and ߤ  from ݊  and ݖ . 

However, there are known issues of this process that may make the extraction fail, such 

as when either the magnitude of S11 or S21 is small or when the effective slab 

boundaries are not well estimated. Although these issues have been somewhat addressed 

in [52], the proposed modifications will help clarify the determination of effective 
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boundaries of MMs and simplify the process for choosing the correct refractive index 

from the multiple branches due to the inverse of logarithm or arccosine operator.  

 

In addition, there is no refractive index retrieved in the resonance band defined in [52], at 

which no branch satisfies the requirements of lossy and passive medium. As a result, no 

constitutive parameters can be determined in the resonance band. In other words, 

transmission and reflection coefficients cannot be reconstructed from ݊ and ݖ. However, 

there should be a value of ߝ and ߤ at any frequency to describe material properties, where 

transmission and reflection coefficients can also be derived or measured. In this paper, 

two full extraction methods are proposed to retrieve constitutive parameters over the 

frequencies of the interest, including the resonant band. The first method allows the 

retrieval of constitutive parameters with negative imaginary parts of ߝ or	ߤ. The second 

method is based on the passive material dispersive Drude and Lorentz models, allowing 

the retrieval of constitutive parameters with positive imaginary parts of ߝ  andߤ . The 

retrieval of the parameters in the Drude and Lorentz dispersion models is accomplished 

through genetic algorithms (GA) and the optimization method with well-defined goal 

functions and proper initial searching ranges for some variables. 

 

2.2 THEORY FOR RETRIEVAL METHODS 

 

The measured or simulated S-parameters of a homogeneous slab surrounded by air with 

the reference planes set at the slab boundaries in the wave travelling direction for a 

normal incident plane wave can be derived by the transfer matrix (ABCD matrix) method 

[62] and written as functions of effective material properties, such as refractive index ݊ 

and normalized impedance ݖ. Assuming that a slab with thickness ݀ surrounded by air 

has a normalized impedance of ݖ ൌ ݇	଴ and wavenumberݖ/ܼ ൌ ݇଴݊, where ݖ଴ and ݇଴ are 

the impedance and wavenumber of air, respectively, the ABCD matrix of the slab, which 

is related to the material properties and geometry of the media, can be represented as 
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 ൤
௠ܣ ௠ܤ
௠ܥ ௠ܦ

൨ ൌ ቈ
cosሺ݇݀ሻ ݖ݆ sinሺ݇݀ሻ
௝ ୱ୧୬ሺ௞ௗሻ

௭
cosሺ݇݀ሻ

቉ . (2.1) 

 

The slab surrounded by air can be regarded as a two-port network device with source 

impedance	ݖௌ and load impedance	ݖ௅ equal to	ݖ଴. The S-parameters of the slab measured 

at the slab boundaries can be converted from the ABCD matrix of the slab using [63, 64] 

as  

 

 ൤ ଵܵଵ ଵܵଶ
ܵଶଵ ܵଶଶ

൨ ൌ ൦

ܵݖ	ܦെܮݖܵݖ	ܥെܤ൅ܮݖ	ܣ
ܵݖ	ܦ൅ܮݖܵݖ	ܥ൅ܤ൅ܮݖ	ܣ

2ඥܮݖܵݖሺܣ	ܦെܤ	ܥሻ

ܵݖ	ܦ൅ܮݖܵݖ	ܥ൅ܤ൅ܮݖ	ܣ
2ඥܮݖܵݖ

ܵݖ	ܦ൅ܮݖܵݖ	ܥ൅ܤ൅ܮݖ	ܣ

െܮݖܣ൅ܤെܥ	ܮݖܵݖ൅ܦ	ܵݖ
ܵݖ	ܦ൅ܮݖܵݖ	ܥ൅ܤ൅ܮݖ	ܣ

൪ . (2.2) 

 

The S-parameters in terms of refractive index ݊ , normalized impedance ݖ  and slab 

thickness ݀ can be obtained by rewriting the results of (2.2) into exponential forms as 

follows, considering multiple reflections of waves between different interfaces in 

agreement with Nicolson-Ross-Weir (NRW) method [60], 

 

 ଵܵଵ ൌ
௰൫ଵି௘షమೕೖబ೙೏൯

ଵି௰మ௘షమೕೖబ೙೏
  (2.3) 

 ܵଶଵ ൌ
௘షೕೖబ೙೏൫ଵି௰మ൯

ଵି௰మ௘షమೕೖబ೙೏
  (2.4) 

 

where	߁ ൌ ௓ି௓బ
௓ା௓బ

ൌ ௭ିଵ

௭ାଵ
 is the reflection coefficient at the boundary between free space and 

the medium with infinite thickness and the normalized impedance ݖ. 

 

From [63, 64], the S-parameters of the slab measured at the slab boundaries can be 

inverted to represent ABCD matrix of the slab in another form by  

 

 ൤
௦ܣ ௦ܤ
௦ܥ ௦ܦ

൨ ൌ

ۏ
ێ
ێ
ۍ ට

௭ೄ
௭ಽ

ሺଵାௌభభሻሺଵିௌమమሻାௌమభௌభమ
ଶௌమభ

ඥ௭ೄ௭ಽሾሺଵାௌభభሻሺଵାௌమమሻିௌమభௌభమሿ

ଶௌమభ

ଵ

ඥ௭ೄ௭ಽ

ሺଵିௌభభሻሺଵିௌమమሻିௌమభௌభమ
ଶௌమభ

ට
௭ಽ
௭ೄ

ሺଵିௌభభሻሺଵାௌమమሻାௌమభௌభమ
ଶௌమభ ے

ۑ
ۑ
ې
 . (2.5) 
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By examining the element A in the ABCD matrix and setting ܣ௠ ൌ  ,௦ in (2.1) and (2.5)ܣ

the refractive index ݊ can be determined by 

 

 ݊ ൌ േଵ

௞బௗ
ቀcosିଵ ଵିௌభభ

మାௌమభ
మ

ଶ	ௌమభ
൅  ቁ (2.6)݉	ߨ	2

 

where	݉ is an integer representing the branch index of ݊ due to arccosine operation. 

The normalized impedance ݖ of the slab can be obtained by dividing ܤ over	ܥ in ABCD 

matrix and equate ܤ௠/ܥ௠ ൌ  ,௦ in (2.1) and (2.5) as followsܥ/௦ܤ

 

ݖ  ൌ േටሺଵାௌభభሻమିௌమభ
మ

ሺଵିௌభభሻమିௌమభ
మ . (2.7) 

 
Since the medium of the slab is considered as a passive and lossy material, the refractive 

index ݊ and the impedance ݖ of the slab have to satisfy the following requirements as 

shown in DR Smith’s method, 

 
 ݊ᇱᇱ ൒ 0 (2.8) 

ᇱݖ  ൒ 0 (2.9) 

 

where	ሺ. ሻ′and	ሺ. ሻᇱᇱ represent the real part and the imaginary part operators, respectively. 

The ambiguity of the signs of the refractive index ݊ and the impedance ݖ can then be 

determined by (2.8) and (2.9). 

 
 

2.2.1 Simulation Models 

 

The model is based the split ring resonator (SRR) rod design shown in [19]. The size of 

the DNG unit cell is reduced for THz operation (Figure 2.1). The dimensions of the unit 

cell are the lattice size	ܽ ൌ ܾ	ring spacing ,݉ߤ	50 ൌ ݄	outer SRR height ,݉ߤ	5 ൌ  ,݉ߤ	30

strip width	ݓ ൌ ݃	and gap width ,݉ߤ	2.5 ൌ  ݉ߤ	for the SRR-Rod model-1, and 2.5 ݉ߤ	5

for SRR-Rod model-2. The dielectric material with 2.5	݉ߤ thickness between copper 
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SRR and copper rod, are characterized by ߝ௥ ൌ 3.84  and 	tan ߜ ൌ 0.018 . The slab 

thickness	݉ܮ is determined by the numbers of unit cell in the ̂ݖ direction. 

 

Figure 2.1. Geometry of a two-cell SRR-Rod metamaterial slab with effective boundaries 

at new reference planes. For a single cell slab, the slab thickness	ܮ௠ is	ܽ. For the two-cell 

slab (two unit cells stacked in the ̂ݖ direction), the slab thickness	ܮ௠ ൌ 2ܽ. 

 

Assume a plane incident wave with the electric field polarized in the ݕො  direction is 

propagating in the ̂ݖ  direction. The periodicities of the DNG unit cell in the ݔො  and ݕො 

directions are implemented using Floquet boundary conditions. S-parameters of the 

metamaterial slab with one or two cells in the wave propagation direction can be 

simulated using a frequency domain solver with the Floquet ports set originally 	10ܮ ൌ

20ܮ	 ൌ ݉ߤ	75
	
 away from the slab/air interfaces in the ̂ݖ direction. 

 

2.2.2 Effective Material Boundaries for Metamaterials 

 

For a homogenous slab of passive material with well-defined boundaries, the constitutive 

parameters	݊ and ݖ can be retrieved from the S-parameters and the slab thickness by (2.6) 

and (2.7) with the requirements of passive materials, (2.8) and (2.9). However, for a 

strong resonant metamaterial, the location of the effective boundaries between the slab 
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and air need to be determined. When a plane wave propagates through a metamaterial, 

the wave will not act like a plane wave inside and around the metamaterial because of the 

nonuniform scattering fields produced by the induced current on the metal. However, 

when a plane wave is incident normal to a homogenous slab from free space, the 

wavefront will remain planar and perpendicular to the propagating direction through 

different homogenous media. Therefore, it is not a good idea to determine the boundaries 

of a homogenous slab in free space by searching for the locations at which the wave 

behaves as a plane wave.  

 

Another method to determine the effective boundaries of a homogeneous slab utilizes the 

slab’s impedance, independent of its thickness. By inspecting the impedance difference 

of two different slabs with different numbers of unit cells stacked in the direction of wave 

propagation, the effective boundaries of the slabs can be defined at the locations where 

the impedance difference of two slabs with different thickness is minimized, as shown in 

Figure 2.1. 

 

The original goal function of the optimization model defined in [52] is set up to find the 

locations of new reference planes around two slabs such that the impedance mismatch 

between the slabs at their effective boundaries is minimized: 

 

 min∑
|௭భሺ௙೔,௫̅ሻି௭మሺ௙೔,௫̅ሻ|

୫ୟ୶ሼ|௭భሺ௙೔,௫̅ሻ|,|௭మሺ௙೔,௫̅ሻ|ሽ

ே೑
௙೔ୀଵ

 (2.10) 

 

where	 ௙ܰ  is the total number of samples of frequencies of interest and	݆ݖ ቀ݂݅,ݔഥቁ is the 

impedance of slab ݆  measured at frequency ௜݂  with effective boundaries set at new 

reference planes ̅ݔ ൌ ሺ1ܮ௦, 2௦ሻܮ . Positive signs of ሺ1ܮ௦, 2௦ሻܮ  denote that the new 

reference planes are shifted outward from the slab while negative signs of ሺ1ܮ௦,  2௦ሻܮ

denote that the new reference planes are shifted inward toward the slab from the original 

locations	ሺ10ܮ,  .	20ሻܮ	

 



 

 

18

Here, two new goal functions of the optimization model are defined to find the effective 

boundaries where the impedance mismatch at the investigated frequencies is minimized 

and equally weighted in the magnitude and phase terms or the real and imaginary parts of 

the impedance: 

 

 min∑
ห|௭భሺ௙೔,௫̅ሻ|ି|௭మሺ௙೔,௫̅ሻ|ห

୫ୟ୶ሼ|௭భሺ௙೔,௫̅ሻ|,|௭మሺ௙೔,௫̅ሻ|ሽ

ே೑
௙೔ୀଵ

൅
ห|∠௭భሺ௙೔,௫̅ሻ|ି|∠௭మሺ௙೔,௫̅ሻ|ห

୫ୟ୶ሼ|∠௭భሺ௙೔,௫̅ሻ|,|∠௭మሺ௙೔,௫̅ሻ|ሽ
 (2.11) 

 min∑
ห௭భᇲሺ௙೔,௫̅ሻି௭మᇲሺ௙೔,௫̅ሻห

୫ୟ୶ሼ|௭భᇲሺ௙೔,௫̅ሻ|,|௭మᇲሺ௙೔,௫̅ሻ|ሽ
൅

ห௭భᇲᇲሺ௙೔,௫̅ሻି௭మᇲᇲሺ௙೔,௫̅ሻห

୫ୟ୶ሼ|௭భᇲᇲሺ௙೔,௫̅ሻ|,|௭మᇲᇲሺ௙೔,௫̅ሻ|ሽ

ே೑
௙೔ୀଵ

 (2.12) 

 

Three goal functions are selected to generate the density plots of mismatched impedance 

within the searching range of	ሺ1ܮ௦,  as shown in Figure ,݉ߤ	80	to ݉ߤ	2௦ሻ set from െ80ܮ

2.2 (a-c). The darker zone represents smaller value of mismatch of the impedances. In 

Figure 2.2 (d-f), there are at least three local minimums along the diagonal line	ሺ1ܮ௦ ൌ

1௦ܮሺ	2௦ሻ on 2D density plots and two local minimums along the anti-diagonal lineܮ ൌ

െ2ܮ௦ሻ  . The locations of the global minimum of the original goal function are at 

	ሺ1ܮ௦, ,݉ߤ	2௦ሻ. They are either equal to ሺെ40ܮ  ሻ while the݉ߤെ40,݉ߤሻ or ሺ40݉ߤ	40

locations of the global minimum of the other two goal functions are both at	1ܮ௦ ൌ 2௦ܮ ൌ

െ73	݉ߤ. The original definition of the goal function does not give the equal weight on 

the magnitude and phase of the impedance, ݖᇱand	ݖᇱᇱ. As a result, the impedances of the 

two slabs at locations retrieved by the original goal function do not have similar real and 

imaginary parts of the impedance at the frequencies of interest. 
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Figure 2.2. (a) 2D density graph of the goal function defined in [52] with x,y axes 

denoting searching range of L1s and L2s, respectively. (b) and (c) are 2D density graphs 

of the proposed goal functions defined in eq. (2.11) and (2.12). (d), (e) and (f) are 1D 

graphs along diagonal and anti-diagonal directions of 2D density graphs of (a), (b), and 

(c), respectively. 

 

It is worth noting that the retrieved effective boundaries occurred where the two slabs of 

unequal thickness obtain the same impedance, i.e., the effective impedance at the 

retrieved boundaries is somehow independent of the slab thickness. However, as shown 

in Figure 2.3, the wave observed at the retrieved effective boundaries does not behave 

like a plane wave when viewed in 3D simulation software (CST AG, Germany) because 

the wave is still being affected by the strong resonant structure of the DNG unit cell. 
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Figure 2.3. 3D Power flow of incident EM wave at 	1ܮ௦ ൌ 2௦ܮ ൌ െ73	݉ߤ 

 

To figure out the exact location of a plane wave closest to the metamaterial slab, the 

reference planes are shifted and the corresponding effective refractive indices are 

calculated, as depicted in Figure 2.4. The plane wave will occur at the boundaries,		1ܮ௦ ൌ

2௦ܮ ൌ െ35	݉ߤ, where the effective refractive index ݊ᇱ ൌ 1. The uniformly distributed 

Poynting vectors at the boundaries indicating the uniformly distributed power flow of a 

plane wave are shown in Figure 2.5. 

 

 

Figure 2.4. The real part of effective refractive index ݊ᇱ at different reference planes 
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Figure 2.5. 3D Power flow of incident EM wave at 	1ܮ௦ ൌ 2௦ܮ ൌ െ35	݉ߤ 

 

2.2.3 Equations of Effective Impedance and Refractive Index at Any Reference Plane 

 

To calculate the goal functions defined in (2.10), (2.11) and (2.12), the effective 

impedance equation at any reference plane in air has to be derived. Considering a 	݉ܮ 

thick slab of a metamaterial surrounded by air with effective boundaries located at 

ሺ1ܮ௔, 2௔ሻܮ ൌ ሺ1ܮ௢ ൅ ,1௦ܮ 2௢ܮ ൅  direction ݖ̂ 2௦ሻ away from the slab/air interfaces in theܮ

respectively, the effective ABCD matrix can be represented by cascading ABCD matrices 

of the air, MM and air slab: 

 

௘ܦܥܤܣ  ൌ ௅ଵೌܦܥܤܣ ⋅ ௅೘ܦܥܤܣ ⋅  ௅ଶೌ (2.13)ܦܥܤܣ

 

where	ܦܥܤܣ௅ଵೌand ܦܥܤܣ௅ଶೌare the ABCD matrices, obtained from (2.1), of the air slabs 

with respective thicknesses	1ܮ௔and	2ܮ௔. ܦܥܤܣ௅೘ is the ABCD matrix of the MM slab 

represented in terms of S-parameters measured originally at the slab/air interfaces by 

(2.5).  
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Since the overall slab containing air and the metamaterial has total thickness ݀ ൌ

1௔ܮ		 ൅ ௠ܮ ൅  and can be described by effective constitutive parameters, such as	2௔ܮ	

normalized effective impedance ݖ௘ and refractive index	݊௘, the effective ABCD matrix 

can also be written by (2.1) as 

 

 ൤
௘௠ܣ ௘௠ܤ
௘௠ܥ ௘௠ܦ

൨ ൌ ൥
cosሺ݇௘݀ሻ ௘ݖ݆ sinሺ݇௘݀ሻ
௝ ୱ୧୬ሺ௞೐ௗሻ

௭೐
cosሺ݇௘݀ሻ

൩ (2.14) 

 

where	݇௘ ൌ 	݇଴	݊௘ is the effective wavenumber of the overall slab. 

 

The normalized effective impedance ݖ௘ can be obtained by comparing ܥ/ܤ terms in the 

effective ABCD matrices in (2.13) and (2.14) 

 

௘ݖ  ൌ േ݆ට
ି௝ሺௌభభ

మିௌమభ
మିଵሻୗሺ୐ሻା൫ௌభభ

మିௌమభ
మାଵ൯େଵሺ୐ሻାଶௌభభେଶሺ୐ሻ

௝ሺௌభభ
మିௌమభ

మିଵሻୗሺ୐ሻା൫ିௌభభ
మାௌమభ

మିଵ൯େଵሺ୐ሻାଶௌభభେଶሺ୐ሻ
 (2.15) 

 

where	ܵሺܮሻ ൌ sin	ሺ݇଴ሺ1ܮ௔ ൅ ሻܮ1ሺܥ , 2௔ሻሻܮ ൌ cosሺ݇଴ሺ1ܮ௔ ൅ 2௔ሻሻܮ 	, and 
ሻܮ2ሺܥ ൌ cos൫݇଴ሺ1ܮ௔ െ  .2௔ሻ൯ܮ

 

The effective refractive index 	݊௘ can be determined by examining the A element in the 

ABCD matrices in (2.13) and (2.14) as 

 ݊௘ ൌ
േଵ

௞బௗ
ቀcosିଵ ிሺௌሻ

ଶ	ௌଶଵ
൅  ቁ (2.16)݉	ߨ	2

 

where	ܨሺܵሻ ൌ െ݆൫sin൫݇଴ሺ1ܮ௔ ൅ 2௔ሻ൯ܮ ሺെ ଵܵଵܵଶଶ ൅ ଵܵଶܵଶଵ െ 1ሻ ൅ ሺ ଵܵଵ ൅ ܵଶଶሻ sin൫݇଴ሺ1ܮ௔ െ

2௔ሻ൯൯ܮ ൅ cos൫݇଴ሺ1ܮ௔ ൅ 2௔ሻ൯ܮ ሺെ ଵܵଵܵଶଶ ൅ ଵܵଶܵଶଵ ൅ 1ሻ ൅ ሺ ଵܵଵ െ ܵଶଶሻ cos൫݇଴ሺ1ܮ௔ െ  .2௔ሻ൯ܮ

 

The effective S-parameters measured at new reference planes can be retrieved from 

effective ABCD matrices in (2.13) and (2.2): 
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 ൤
ܵ11௘ ܵ12௘
ܵ21௘ ܵ22௘

൨ ൌ ቈ
ܵ11	݁ି௝௞బଶ	௅ଵೌ ܵ12݁ି௝௞బሺ	௅ଵೌା	௅ଶೌሻ

ܵ21݁ି௝௞బሺ	௅ଵೌା	௅ଶೌሻ ܵ22	݁ି௝௞బଶ	௅ଶೌ
቉ . (2.17) 

 

In (2.17), additional phase delay has been added in the reflected waves, ܵ11௘ and ܵ22௘, 

due to the additional distance waves have to travel in the air, i.e., twice the added air 

thickness	ሺ2	1ܮ௔,  2௔ሻ. For transmitted waves, the additional distance the waves haveܮ	2

to travel is 	1ܮ௔ ൅  .2௔ܮ

 

2.2.4 Determination of Effective z and ݊ᇱᇱ from S-parameters 

 

As indicated in [52, 59], the sign ambiguity of the impedance in (2.7) and (2.15) can be 

determined by applying the passive and lossy material conditions in (2.8) and (2.9). For 

this, the ݊ᇱᇱ derived from (2.3) and (2.4) can also be written in exponential form [52]: 

 

 ݊ᇱᇱ ൌ ିሺ୪୬௘షೕೖబ೙	೏ሻᇲ

௞బௗ
 . (2.18) 

 

And from (2.3) and (2.4), ݁ି௝௞బ௡ௗ can be written in terms of S-parameters and the 

impedance z as [52]: 

 ݁ି௝	௞బ௡	ௗ ൌ
ܵ21

ଵିܵ11
೥షభ
೥శభ

 . (2.19) 

 

From (2.8), (2.18) and (2.19), the equivalent condition of passive and lossy media for 

݊ᇱᇱcan be obtained as 

 

 ห݁ି௝௞బ௡ௗห ൌ ቤ
ܵ21

ଵିܵ11
೥షభ
೥శభ

ቤ ൑ 1 . (2.20) 

 

By using conditions in (2.20) and (2.9), the sign ambiguity of the impedance calculated 

from S-parameters as seen in (2.7) and (2.15) can be uniquely determined, and ݊ᇱᇱ can 

also be obtained uniquely from (2.18). 
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2.2.5 Partial Retrieval Method of ݊ᇱ from Multiple Branches 

 

The ambiguity of ݊ᇱ exists in the signs and the branch index ݉ (seen in (2.6) and (2.16)) 

because of the arccosine function, and can be determined by ߝᇱᇱ ൒ 0 and ߤᇱᇱ ൒ 0 along 

with the mathematical continuity of the parameters [54]. Since ߤ ൌ ߝ and ݖ	݊ ൌ  the ,ݖ/݊

requirements of positive ߝᇱᇱ and ߤᇱᇱcan be combined into one condition [52] as 

 

 |݊ᇱݖᇱᇱ| ൑ ݊ᇱᇱݖᇱ . (2.21) 

 

By applying (2.21) to ݊ᇱ at all frequencies of the interest, a table of ݉ candidates at each 

frequency that satisfies the condition in (2.21) can be created first. It is likely that at some 

frequencies, there will be multiple ݉ candidates due to small values of ݖᇱᇱor ݊ᇱᇱ , or there 

will be no	݉ candidate due to large number of conductive metal rods with strong EM 

couplings that cause negative ߝᇱᇱor	ߤᇱᇱ. Most often, there will be only one ݉ candidate at 

each frequency, which can be used as an initial seed in the determination of the branch. 

 

The mathematical continuity of the parameter	݊ᇱ  can be applied by examining Taylor 

series expansion of ݁ି௝௞బ௡ௗ  at frequency ௜݂  and 	 ௜݂ାଵ . Instead of solving the binomial 

equation proposed in [52] and doing the value comparisons twice to determine the right 

branch index ݉  at frequency ௜݂ାଵ  by the known value of ݉  at frequency 	 ௜݂ , a goal 

function is defined to find the ݉ value from the table of m candidates at frequency ௜݂ାଵ 

that minimize the difference of ݁ି௝௞బ௡ௗ at ௜݂ and ௜݂ାଵ as 

 

 min௠ೕሺ௙೔శభሻ ݁
ି௝௞బ௡ௗሺ ௜݂ሻ ቀ1 ൅ Δ ൅ ୼మ

ଶ
ቁ െ ݁ି௝௞బ௡ௗሺ ௜݂ାଵሻ� (2.22) 

 

where ݁ି௝௞బ௡ௗሺ ௜݂ሻ denotes the value of ݁ି௝௞బ௡ௗ at frequency 	 ௜݂ 	and can be obtained from 

(2.19), ݇଴ሺ ௜݂ሻ denotes the wave number in free space at frequency 	 ௜݂,	݊൫ ௝݉ሺ ௜݂ାଵሻ, ௜݂ାଵ൯ 

denotes the refractive index of the branch	 ௝݉ 	at frequency 	 ௜݂ାଵ, 

and	Δ ൌ െ݆݇଴ሺ ௜݂ାଵሻ݊൫ ௝݉ሺ ௜݂ାଵሻ, ௜݂ାଵ൯݀ െ ሺെ݆݇଴ሺ ௜݂ሻ݊ሺ݉ሺ ௜݂ሻ, ௜݂ሻ݀ሻ. 

 



 

 

25

By applying the optimization model described in (2.22) on the table of	݉ candidates 

created by (2.21), the right branch of ݊ᇱ from ݉ candidates can be determined and the 

refractive index can be partially retrieved at the investigated frequencies since there 

might be no ݉ candidates at some frequencies, such as the resonant band defined in [52] 

or anti-resonant zone defined in [65]. 

 

2.2.6 Full Retrieval Method of ݊ᇱ 

 

In order to retrieve ݊ᇱ  at frequencies where there is no ݉  candidate that satisfies the 

condition in (2.21), a full retrieval method was proposed to retrieve	݊ᇱ  based on the 

partially retrieved 	݊ᇱ  from the procedures in Section 2.2.1-2.2.5. Partially retrieved 

values of	݊ᇱat the investigated frequencies were used as known seeds in the forward 

extraction algorithm.  

 

The algorithm is modified from (2.22) by searching the ݉ value from all integers instead 

of from the table of ݉ candidates that minimize the difference of ݁ି௝௞బ௡ௗ at ௜݂ and ௜݂ାଵ. 

Instead of the condition defined in (2.21), the physical rules applied in this algorithm are 

(2.8) and (2.9), the same as those used in D.R. Smith’s method. As this algorithm scans 

through all investigated frequencies, the	݊ᇱ can be fully retrieved. Furthermore, since the 

effective refractive index ݊  and the effective impedance ݖ  are fully retrieved for all 

frequencies, ߤ	and ߝ can also be fully obtained, as shown in Figure 2.6. The solid lines 

denote the values retrieved by the partial retrieval method and the dashed lines denote the 

values retrieved by the full retrieval method. Notice that the values of ߝᇱᇱ in the dashed 

line are negative. This is why there are no ݉ candidates at this frequency band, while the 

values of ߤᇱᇱ	in the solid and dashed lines are both positive. The procedures of the partial 

and full retrieval methods are illustrated in Figure 2.7. 
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Figure 2.6. Retrieved permittivity and permeability of single cell and two cell 

metamaterial slabs are shown in (a), (c) and (b), (d), respectively. 

 

 

 

Figure 2.7. Flow chart of the proposed (partial and full) retrieval methods 
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2.3 RETRIEVAL METHOD BASED ON DISPERSION MODELS 

 

Since the first full retrieval method proposed in this research will extract negative ߝᇱᇱ or 

 ᇱᇱ at some frequencies and it is still arguable whether parameters can be extracted nearߤ

the resonant band where ߝᇱᇱ or ߤᇱᇱ is negative or the anti-resonant band where ߝᇱᇱ and ߤᇱᇱ 

have different signs [61, 66, 67], the second full retrieval method was proposed to extract 

 ᇱᇱ based on parameterized dispersive Drude and Lorentzߤ ᇱᇱ andߝ with all positive ߝ and	ߤ

models defined in (2.23)-(2.25) and partially retrieved impedance ݖ and refractive index 

݊ of the slab shown in Figure 2.1 by the procedures proposed in Section 2.2. 

 

2.3.1 Drude and Lorentz Models 

 

Because the effective impedances ݖ and refractive indices ݊ of the single and two cell 

MMs slabs at the effective boundaries are similar, the effective homogenous slab can be 

modeled with the effective dielectric dispersion	݂݂݁ߝሺ߱ሻ described by the Drude model in 

(2.23) or by the Lorentz model in (2.24), with the effective magnetic dispersion ݂݂݁ߤሺ߱ሻ 

described by Lorentz model in (2.25) to represent the original DNG MMs slab. 

 

ሺ߱ሻൌ݂݂݁ߝ  ∞ߝ െ
2݌߱

߱ሺ߱െ݆߱ܿሻ	
 (2.23) 

 

where ߝ∞ is the permittivity at the high frequency limit, ߱݌ is the radial plasma frequency, 

and ߱ܿ is the collision frequency.  

 

ሺ߱ሻ݂݂݁ߝ  ൌ ∞ߝ ൅
ሺߝିݏߝ∞ሻ߱0

2

߱0
2൅݆߱ߜെ߱2	

 (2.24) 

 

where ݏߝ and ߝ∞ are the permittivity at the low and high frequency limit, respectively,	߱0 

is the resonance frequency, and ߜ	is the damping frequency.  
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ሺ߱ሻ݂݂݁ߤ  ൌ ∞ߤ ൅
ሺߤିݏߤ∞ሻ߱0

2

߱0
2൅݆߱ߜെ߱2	

 (2.25) 

 

where ݏߤ  and ߤ∞  are the permeability at the low and high frequency limit, 

respectively,	߱0 is the resonance frequency, and ߜ	is the damping frequency.  

 

The reference data ݂݁ݎߝ and ݂݁ݎߤ	for the optimization models can be obtained from the 

retrieved impedance ݖ and refractive index ݊ in Chapter 2 by 

 

ሺ߱ሻ݂݁ݎߝ  ൌ  ሺ߱ሻ (2.26)݀݁ݒ݁݅ݎݐ݁ݎݖ/ሺ߱ሻ݀݁ݒ݁݅ݎݐ݁ݎ݊

ሺ߱ሻ݂݁ݎߤ  ൌ ሺ߱ሻ݀݁ݒ݁݅ݎݐ݁ݎ݊ ൈ  ሺ߱ሻ . (2.27)݀݁ݒ݁݅ݎݐ݁ݎݖ

 

2.3.2 Optimization Methods 

 

Goal functions for finding the parameters of dielectric permittivity and magnetic 

permeability dispersion model are defined as follows: 

 

 

    
    

min min

min

G Abs eff
fi

i ref i

Abs eff i ref
fi

i

   

   

 

    (2.28) 

 

    
    

min min

min

G Abs eff i ref i
fi

Abs eff i ref i
fi

   

   

 

    (2.29) 

 

To speed up the optimization calculation and prevent the solution of optimal parameters 

from falling into the goal function’s local minimum, proper constraints (e.g. ߜ ൐ 0) and 

initial search ranges for certain parameters (e.g. ݏߤ ,0߱ ,∞ߝ ,ݏߝ and ߤ∞) are necessary.  
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For example, the initial search range for ߤ∞  can be set from 0.8	ߤ௥௘௙ሺ߱ஶሻ  to 

 ௥௘௙ሺ߱ஶሻ. If there is a resonant band at the investigated frequencies, the initial searchߤ	1.2

range for ߱0 can be set to the resonant band. There are several algorithms that can be 

adopted to perform optimization of the goal functions, such as Differential Evolution, a 

genetic algorithm (GA) that is robust but somewhat slower than other algorithms due to a 

large set of data points required during iterations [68]. 

 

Using (2.26) and (2.27), ߝ and ߤ can be calculated directly from n	and ݖ. However, to 

evaluate ݂݂݊݁ and ݂݂݁ݖ from ݂݂݁ߝ and ݂݂݁ߤ, the equations (2.26) and (2.27) cannot just be 

inverted to calculate ݂݂݊݁  and ݂݂݁ݖ  by ඥߤ௘௙௙ߝ௘௙௙  and ඥߤ௘௙௙/ߝ௘௙௙ , respectively. The 

proper formulae take into consideration the right phase terms of operands as follows: 

 

݂݂݁ݖ  ൌ ቀቚ݂݂݁ߤቚ / ቚ݂݂݁ߝቚቁ
1/2

݆݁
݂݂݁ߝ∠ష݂݂݁ߤ∠

2 , (2.30) 

 ݂݂݊݁ ൌ ቀቚ݂݂݁ߤቚ ⋅ ቚ݂݂݁ߝቚቁ
1/2

݆݁
݂݂݁ߝ∠శ݂݂݁ߤ∠

2  . (2.31) 

 

The retrieved optimal parameters of Drude and Lorentz models for the single cell SRR-

Rod models 1 and 2 illustrated in Figure 2.1 with effective boundaries set at 	1ܮ௦ ൌ

2௦ܮ ൌ െ73	݉ߤ are given in Table 2.1. The only difference between model 1 and model 2 

is the width of the straight conductive rod. The effective permittivity ݂݂݁ߝ and 

permeability ݂݂݁ߤ , obtained by the second full retrieval method proposed in this 

dissertation, are respectively plotted in Figure 2.8 and Figure 2.9, and compared with 

other aforementioned retrieval methods.  
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Table 2.1 Retrieved Drude/Lorentz Parameters of two models of Single-layered SRR-Rod MMs 

Parameters SRR-Rod Model 1 SRR-Rod Model 2a 

ஶߤ  1.144 1.111 

௦ߤ  1.294 1.254 

ߜ  0.245 THz 0.223 THz 

߱଴  5.862 THz 5.942 THz 

ஶߝ  2.104 1.962 

߱௣  9.955 THz 9.035 THz 

߱௖  0.107 THz 0.149 THz 

a. Rod width of SRR-Rod Model2 is only half of Model1’s 

 

 

 

 

 

From Figure 2.8 and Figure 2.9, it can be seen that a DNG behavior occurs in the 

frequency band 0.94-0.99 THz, and the ݂݂݁ߝ retrieved by the first full retrieval method has 

negative ݂݂݁ߝᇱᇱ at the resonant frequency band, as plotted in the red dashed line in Figure 

2.8, while the ݂݂݁ߝ  retrieved by the second full retrieval method based on Drude and 

Lorentz models at all frequencies of interest has	ߝ௘௙௙ᇱᇱ ൒ 0. In addition, the ݂݂݁ߝ obtained 

by all proposed methods agree with each other very well at all frequencies, except for the 

resonant frequency band. 

 

 



 

 

31

 

Figure 2.8. Effective permittivity ߝ௘௙௙  of the (a) single and (b) two-cell MMs slabs 

retrieved by different methods.  

 

 

In Figure 2.9, it can be seen that	݂݂݁ߤ
ᇱᇱ is positive at all frequencies of interest. The values 

of ݂݂݁ߤ obtained by all the proposed methods are in excellent agreement at all frequencies 

(including the resonant frequency band), because there is only the negative ݂݂݁ߝᇱᇱ 

occurring at the resonant frequency band and yielding discrepancy of ݂݂݁ߝ retrieved by the 

first and second full retrieval methods, with no negative 	݂݂݁ߤ
ᇱᇱ creating a similar effect as 

 .ᇱᇱ݂݂݁ߝ
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Figure 2.9. Effective permeability ߤ௘௙௙  of the (a) single and (b) two-cell MMs slabs 

retrieved by different methods. 

 

The effective refractive index ݂݂݊݁	and impedance ݂݂݁ݖ retrieved by (2.30) and (2.31) and 

݂݂݁ߤ  and ݂݂݁ߝ  from dispersion models are plotted in Figure 2.10 and Figure 2.11, 

respectively, along with the other proposed methods. Blue lines represent the real 

components and red lines represent the imaginary components. Solid lines represent the 

values retrieved by the partial retrieval method, and dashed lines represent the values 

obtained by the full retrieval methods. 

 

It can be observed that negative refractive index occurs not only at the frequencies where 

ᇱ݂݂݁ߝ  and	݂݂݁ߤ
ᇱ are both negative, and the ݂݂݊݁  retrieved by the different methods agree 

closely at most frequencies, as does	ݖ௘௙௙. A noticeable discrepancy between the first full 

retrieval method and the second full retrieval method occurs at the resonant frequency 

zone because the second method eliminates the negative ݂݂݁ߝᇱᇱ in this frequency range. 
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Figure 2.10. Effective refractive indices ݊௘௙௙ of the single (a) and two-cell (b) MM slabs 

retrieved by different methods. 

 

Figure 2.11. Effective impedances ݖ௘௙௙ of the (a) single cell and (b) two-cell MMs slab 

retrieved by different methods. 
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2.3.3 Equations to Retrieve S-parameters from ߝ and ߤ 

 

The retrieved S-parameters can be calculated using (2.3) and (2.4) with constitutive 

parameters ݂݂݊݁ and ݂݂݁ݖ retrieved by the aforementioned methods and effective boundary 

thickness ݀ ൌ 1௔ܮ		 ൅ ௠ܮ ൅  2௔, determined in Section II B. Notice that the referenceܮ	

planes of the retrieved S-parameters are set at the effective boundaries. In order to 

compare the retrieved S-parameters with one obtained by the 3D simulation measured at 

original reference planes (set at port 1 and port 2, as shown in Figure 2.1), we need to use 

(2.17) with ሺ1ܮ௔, ,1௦ܮ2௔ሻ equal to positive ሺܮ  2௦ሻ to shift the reference planes of theܮ

retrieved S-parameters outward to the same locations as used in the simulation. From the 

results shown in Figure 2.12, it can be observed that the S-parameters retrieved by the 

partial and the first full retrieval method in Section 2.2 agree exactly with original S-

parameters at all frequencies while the S-parameters retrieved by the second method 

agree very well at most of frequencies, but are slightly shifted at resonant frequency 

band. In other words, the first full retrieval method can extract the exact values for the 

material properties and constitutive parameters that can be used in (2.30), (2.31), (2.3) 

and (2.4) to get the same values of original S-parameters, while the second method 

cannot. The difference between these two methods is the ability to retrieve negative 

imaginary components of permittivity or permeability, with the results of the comparison 

to the simulation demonstrating the first full retrieval method works and has greater 

accuracy than the second method. 
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Figure 2.12. The magnitude and phase of S-parameters for the (a,b) single and (c,d) two-

cell MMs slabs retrieved by different methods along with the original S-parameters. 

 

2.3.4 Discussion of Anti-resonant Zone 

 

The anti-resonant zone is defined as the frequency band where the imaginary part of the 

permittivity ߝᇱᇱ  and ߤᇱᇱ  have different signs and seem to violate the lossy and passive 

material requirements, ߝᇱᇱ ൒ 0  and ᇱᇱߤ	 ൒ 0 . This phenomenon is illustrated in several 

papers [66, 67] as a violation of effective medium theory since the wavelength is 

comparable to (or smaller than) the unit cell size of the metamaterials, so that the MMs 

can no longer be considered as homogeneous materials in that frequency band. However, 

we observe that the anti-resonant zone may not have the largest absolute value ݊ᇱ among 

all retrieved data at frequencies of interest as shown in Figure 2.13 and Figure 2.14, 

which means that the smallest wavelength among all interesting frequencies is still big 

enough compared to the unit cell size and the maximum refractive index can be retrieved 

at this frequency. Examining the max refractive index of material allowed at the resonant 

frequency provides another piece of evidence suggesting that all wavelengths are large 

enough to support of effective medium theory [65]: 

 

 |݊ெ௔௫
ᇱ | ൑ ௖బ

ଶ	௙బ	௅೎೐೗೗
 (2.32) 
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where ଴݂ is the resonant frequency, ܮ௖௘௟௟  the unit cell size in the direction of wave 

propagation, and ܿ଴ is the speed of light in free space. For the SRR-rod metamaterial in 

this discussion, ௖௘௟௟ܮ	 ൌ and	݉ߤ	50 	|݊ெ௔௫
ᇱ |  at resonant frequency (0.95 THz) is 3.16, 

larger than any retrieved refractive index. 

 

As shown in Figure 2.13, anti-resonant zone can be reduced as the reference planes are 

shifted outward from the metamaterial slab. For the SRR-Rod model 1 with reference 

planes set at the effective boundaries where single cell and 2-cell SRR-Rod metamaterial 

slabs have the minimum impedance difference, the anti-resonant zone covers most parts 

of the resonant band. However, for the SRR-Rod model 2, with reference planes set at 

effective boundaries, anti-resonant zone does not even exist in the whole resonant band.  

 

In conclusion, a unit cell of the metamaterial with narrower width of the rod will have 

smaller EM wave coupling between SRRs and rods, and the anti-resonance in electric 

permittivity is weaker. 
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Figure 2.13. Real	 parts	 of	 refractive	 indices	 of the (a) single and (b) two-cell MMs slabs 

retrieved by different methods at different boundaries. 
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Figure 2.14. (a) ݊  of single and two-cell SRR-Rod Model 1 retrieved by different 

methods at effective boundaries set at reference planes shifted 1ܮ௦ ൌ 2௦ܮ ൌ െ63	݉ߤ 

inward. (b) ݊ of single and two-cell SRR-Rod Model 2 retrieved by different methods at 

effective boundaries set at reference planes shifted 1ܮ௦ ൌ 2௦ܮ ൌ െ73	݉ߤ. 

 

2.4 DERIVATIONS OF EQUATIONS OF REFRACTIVE INDEX AND IMPEDANCE 

FOR SINGLE-LAYERED ASYMMETRIC METAMATERIALS  

 

There are certain situations where the proposed method would fail, such as when the 

metamaterial slab is asymmetric along the wave propagation direction, or when the slab 

is not mounted exactly in the middle of two measurement ports (as shown in Figure 

2.15). For a plane incident wave impinging on the MM slab from port 1, the reflected and 

transmitted waves will not be the same as the plane incident wave impinging from port 2, 

i.e., ଵܵଵ ് ܵଶଶ and ܵଶଵ ് ଵܵଶ. 
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Figure 2.15. Asymmetric fishnet metamaterial slab is not placed in the middle position 

between the two measurement ports, i.e. 1ܮ௢ ്  .2௢ܮ

 

To solve this problem, the new equations to retrieve the refractive index and impedance 

from all S-parameters are required. Conventionally, it is assumed that ଵܵଵ is equal to ܵଶଶ 

and ܵଶଵ	is equal to ଵܵଶ if the slab is located exactly in the middle of two measuring ports 

in the derivation of (2.6) and (2.7). However, in real measurements, the assumption of 

equal travelling distance from slab surfaces to each port is not guaranteed and the slab is 

not always designed to be symmetric in the transverse plane of a wave. For general cases, 

the refractive index and normalized impedance derived from (2.1) and (2.5) should be 

 

 ݊ ൌ േଵ

௞బௗ
ቀcosିଵ ሺ1൅ܵ11ሻሺ1െܵ22ሻ൅ܵ21ܵ12

ଶ	ௌమభ
൅  ቁ (2.33)݉	ߨ	2

ݖ  ൌ േට
ሺ1൅ܵ11ሻሺ1൅ܵ22ሻെܵ21ܵ12
ሺ1െܵ11ሻሺ1െܵ22ሻെܵ21ܵ12

 . (2.34) 

 

By following the procedures mentioned in Section 2.2.3 and considering a 	ܮ௠ thick slab 

surrounded by air with reference planes set at	ሺ1ܮ௔, 1௔ܮ 2௔ሻ, whereܮ ൌ 1௢ܮ ൅ 1௦ܮ ൐ 0 
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and 2ܮ௔ ൌ 2௢ܮ ൅ 2௦ܮ ൐ 0 , the effective refractive index and normalized impedance 

equations at any references planes, considering all S-parameters, can be derived as: 

݊௘ ൌ
േଵ

௞బௗ
ቀcosିଵ

ି୨ሺୗଵሺ୐ሻሺିୗభభୗమమାୗభమୗమభିଵሻାሺୗభభାୗమమሻୗଶሺ୐ሻሻାେଵሺ୐ሻሺିୗభభୗమమାୗభమୗమభାଵሻାሺୗభభିୗమమሻେଶሺ୐ሻ

ଶ	ௌమభ
൅  ቁ    (2.35)݉	ߨ	2

௘ݖ ൌ േ݆ට
ି௝ሺሺௌభభௌమమିௌభమௌమభିଵሻୗଵሺ୐ሻାሺௌభభିௌమమሻୗଶሺ୐ሻሻାሺௌభభௌమమିௌభమௌమభାଵሻେଵሺ୐ሻାሺௌభభାௌమమሻେଶሺ୐ሻ

௝൫ሺௌభభௌమమିௌభమௌమభିଵሻୗଵሺ୐ሻିሺௌభభିௌమమሻୗଶሺ୐ሻ൯ିሺௌభభௌమమିௌభమௌమభାଵሻେଵሺ୐ሻାሺௌభభାௌమమሻେଶሺ୐ሻ
(2.36) 

where	S1ሺLሻ ൌ 1௔ܮሺ݇଴ሺ	݊݅ݏ ൅ S2ሺLሻ	2௔ሻሻ,ܮ ൌ 1௔ܮሺ݇଴ሺ	݊݅ݏ െ   ,2௔ሻሻܮ

													C1ሺLሻ ൌ 1௔ܮሺ݇଴ሺݏ݋ܿ ൅ 2௔ሻሻܮ 	, and C2ሺLሻ ൌ 1௔ܮሺ݇଴ሺݏ݋ܿ െ  .2௔ሻሻܮ

 

A fishnet metamaterial slab shown in Figure 2.16 is simulated by CST studio simulation 

software and the results are utilized to verify and compare the new derived equations, 

(2.33)-(2.36), with the conventional ones, (2.6) and (2.7). The dielectric sandwiched 

between the two fishnet-shape gold conductors has ߝ௥ ൌ 2.25 and the unit cell of the 

fishnet metamaterial slab has a square lattice size	ܿ ൌ  square conductive pad ,݉ߤ	150

length	݀ ൌ ݁	and ,݉ߤ	104 ൌ  The slab thickness is the thickness of dielectric .݉ߤ	10

layer	ݐ௦ ൌ ௖ݐ2	plus the thickness of two conductive layers ݉ߤ	9 ൌ  .݉ߤ	0.8

 

 

Figure 2.16. (a) A single-layered fishnet MM slab with dielectric sandwiched between the 

top and bottom fishnet-shaped conductors, (b) Geometry of a fishnet MM unit cell with 

the slab thickness	ܮ௠ ൌ  ௦ݐ൅	௖ݐ	2

 

Considering the case where a plane wave propagates and impinges normal to the 

symmetric fishnet MM slab’s surface in the x-y plane and the S-parameters are measured 

with ports set equidistant from the slab/air interfaces in the ̂ݖ direction, i.e.,	1ܮ଴ ൌ 2଴ܮ	 ൌ

	݉ߤ	75 , the retrieved effective refractive indices by proposed methods with both the 

(a)                                                                                       (b)
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conventional and newly derived equations are the same and continuous as expected for 

ଵܵଵ ൌ ܵଶଶ  and ܵଶଵ ൌ ଵܵଶ . As shown in Figure 2.17, the red lines represent the data 

retrieved by the proposed partial retrieval method and the blue lines represent the data 

retrieved by the proposed full retrieval method. It is worth mentioning that discontinuity 

can be seen in the	Imሾݖ] when using ݖᇱ ൒ 0 in determination of ݖᇱ′ as shown in Figure 

2.18. Zm1p (positive sign) and Zm1n (negative sign) are the impedances calculated from 

equation (2.34). Zm1t is the impedance with discontinuous 	ݖᇱ′	determined by	ݖᇱ ൒ 0. 

Zm1final is the final determined impedance with continuous	ݖᇱ′ , which is applied the 

rule, ห݁ି௝௞బ௡ௗห ൑ 1. 

 

 

 

Figure 2.17. Retrieved refractive index of a symmetric single-layered fishnet MM slab 

with equal distances to the measurement ports from slab/air interface in the x-y plane 

 

 

Re[n] 

Im[n] 
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Figure 2.18. Retrieved normalized impedances with different applied rules 

 

Considering the case that a plane wave propagates and impinges on the same fishnet 

metamaterial slab, but the slab is not placed in the middle of two measurement ports, 

(i.e.,	1ܮ௢ ൌ 2௢ܮ	,݉ߤ	75 ൌ  the retrieved effective refractive indices by proposed (݉ߤ	79

methods using conventional equations are discontinuous as shown in Figure 2.19 (a). 

However, the retrieved effective refractive indices by proposed methods using new 

derived equations are continuous as shown in  

Figure 2.19 (b). The reason why the conventional equations fail is due to the lack of 

considering ଵܵଵ ് ܵଶଶ ,	ܵଶଵ ് ଵܵଶ. Comparing the results from Figure 2.17 and  

Figure 2.19 (b), we can see that the retrieved refractive indices are the same since the 

inspected slab is the same one despite the different locations of the measurement ports. 
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Figure 2.19. (a) Discontinuous retrieved refractive indices of a symmetric single-layered 

fishnet MM slab using conventional equations. (b) Continuous retrieved refractive 

indices of the same MM slab using the new derived equations. 

 

2.5 METHODS FOR MULTILAYERED FISHNET METAMATERIALS 

 

It is interesting that the aforementioned methods, including partial and full retrieval 

methods, can extract material properties and constitutive parameters from single- or 

multi-layered SRR-rod and single-layered fishnet metamaterials very well, but not from 

the multi-layered fishnet metamaterials as shown in Table 2.2. More precisely, the 

previous methods are functional for the metamaterials whose electrodes or conductors of 

the unit cell will not have extra coupling effects with the conductors from other layers to 

create extra resonant modes near the original resonant frequency of the single-layered 

MMs. The coupling effect is also reported by Liu in [69]; however, there are no detailed 

procedures describing how to retrieve those material properties, and his reported 

refractive indices and constitutive parameters are not correct. By observing the refractive 

Re[n] 

Im[n] 

Freq.[Hz]

Freq.[Hz]

Re[n]

Im[n]

Freq.[Hz]

Freq.[Hz]

(a)                   (b)
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index curves of fishnet metamaterials with three and four conductive layers in his paper, 

the value of Re[n] at 200 THz is changed from -3.5 to 3. This phenomenon does not 

happen when an extra conductive layer is added to fishnet MMs with two or four layers. 

Also, discontinuous curves can be seen in Liu’s plots.  

 

In this section, patch algorithms are introduced to modify the previous methods and can 

successfully extract continuous material properties and constitutive parameters of single-

layered and multilayered metamaterials with coupling effects between different 

conductive layers occurring near the original resonant frequency. The results can be 

verified by observing forward/backward travelling waves for positive/negative refractive 

indices at different frequencies in 3D CST simulation software. 

 

Table 2.2 Retrieval methods capability for different metamaterials 

  Single‐layered 

SRR‐Rod MMs 

Multi‐layered 

SRR‐Rod MMs 

Single‐layered 

&  

Multi‐layered 

SRR‐Rod MMs 

૚૚ࡿ ്   ૛૛ࡿ

Single‐layered 

Fishnet MMs 

Single‐layered 

Fishnet MMs 

૚૚ࡿ ്   ૛૛ࡿ

Multi‐layered 

Fishnet MMS 

Multi‐layered 

Fishnet MMs 

૚૚ࡿ ്   ૛૛ࡿ

Partial retrieval 

method 
       

Full retrieval 

method 
       

Model‐based 

method 
       

Partial retrieval 

method with  

new equations 

       

Full retrieval 

method with  

new equations 

       

Algorithm‐based 

retrieval methods 
       

Coupling effect 

between layers 
       
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2.5.1 Coupling Effect Problems with Multilayered Metamaterials 

 

It is apparent that when a dielectric layer is sandwiched between two conductive layers, 

there will be a resonant mode due to the capacitance and inductance created by the 

structure. When a third conductive layer is added, extra resonant modes, due to the 

coupling effects between 1st - 3rd and 2nd - 3rd conductive layers will appear and the 

resonant frequencies, ߱௖ ൌ
ଵ

√௅஼
	, will depend on the induced inductance and capacitance, 

i.e., the dielectric constant, surface area, and the distance between conductors. In order to 

see the impact of the coupling effect in multilayered SRR-Rod and fishnet metamaterial 

slabs, the SRR-Rod MM model described in Section 2.2.1 is adopted, along with a fishnet 

MM model based on the one in Section 2.4, slightly modified with 4	݉ߤ thick polyimide 

layer outside the two gold conductive layers of the fishnet unit cell. The SRR-rod and 

fishnet MMs are stacked in the wave propagation direction for multilayered MM slabs as 

shown in Table 2.3. 

 

The normalized impedances of multilayered SRR-Rod and fishnet MM slabs are 

calculated by the procedures in Section 2.2 and evaluated at the material boundaries, i.e., 

1଴ܮ	 ൌ 2଴ܮ	 ൌ 1௦ܮ	 ൌ 2௦ܮ	 ൌ  - as shown in Figure 2.20 and Figure 2.21. Re[z1] ,	݉ߤ	75

Re[z4] are the curves of real parts of the impedance corresponding to 1-, 2-, 3-, and 4-

layered MM slabs, respectively. There are only two peaks that can be observed on each 

curve in Figure 2.20, meaning that coupling effect is not occurring at the investigated 

frequencies after extra layers are added to the original unit cell structure. Thus, the 

method introduced in Section 2.2.2 to find the effective material boundaries can be 

adopted. 
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Table 2.3 Unit cells of 1-, 2-, 3-layered SRR-Rod and fishnet metamaterials and 3D plots 

of 4-layered SRR-Rod and fishnet metamaterial slabs with Floquet boundary conditions 

 

 SRR-Rod MM Fishnet MM 

Single-layered 

unit cell 

  

Two-layered 

unit cell 

  

Three-layered 

unit cell 

  

Four-layered MM 

Slabs with 

Floquet Boundaries 
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Figure 2.20. The normalized impedances of 1-, 2-, 3-, and 4-layered SRR-Rod MM slabs 

 

 

 

Figure 2.21. The normalized impedances of 1-, 2-, 3-, and 4-layered fishnet MM slabs 

 

However, it is obvious that there are different numbers of peaks to be observed on 

different curves in Figure 2.21. For example, there are 2 peaks on the single-layered 

impedance curve, 4 peaks on the 2-layered curve, 5 peaks on the 3-layered curve, and 6 

peaks on the 4-layered curve. In other words, extra resonant modes are induced at the 

investigated frequencies due to the coupling effects of the extra added layers. It is worth 

noting that the proposed methods to find effective material boundaries should not be 

applied in this case as there is no meaning to find the boundaries that can minimize the 

impedance difference of two slabs with different material properties. 
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Another way to look for the coupling effects is to investigate dramatic changes in the 

magnitude and phase terms of S11 and S21. S-parameters of the multilayered fishnet 

metamaterial slabs are simulated and plotted in Table 2.4. Red lines represent magnitude 

and phase of S11 and blue lines denote the same for S21. For example, the resonant mode 

Ia of 1-layered fishnet MM slab can be found at the dip of the |S11| curve corresponding 

with the phases, ∠S11 and ∠S21, at the same frequency (0.89 THz) located in the resonant 

hump zones. For another dip, “mode Io” of the |S11| curve, only the corresponding 

phase	∠S11 is located in the resonant peak zone but not the ∠S21 at the same frequency, 

1.06 THz. So, Io is not a resonant mode of the 1-layered fishnet MM slab. By following 

the same rule, three resonant modes of the 2-layered fishnet MM slab, IIa, IIb, and IIc, can 

be found at the dips of the |S11| curve with corresponding phases in the resonant humps. 

The extra resonant modes, IIb and IIc are introduced by the coupling effects between the 

original layer and the added layer of fishnet MMs. In order to see these three resonant 

modes of 2-layered fishnet MM slabs, two different types of fishnet MM slabs are 

simulated. One is the fishnet MM with PI layers, the other one is the fishnet MM without 

PI layers. The corresponding E-field and H-field plots are shown in Table 2.5 and Table 

2.6, respectively.  

 

Further evidence showing that the retrieved refractive indices and constitutive parameters 

are not correct in [69] is to observe the wave travelling directions at the resonant mode 

frequencies in the 3D simulation software. In [69], the refractive indices of multilayered 

MM slabs with four and five conductive layers at the fundamental resonant “mode a” 

were claimed to be positive. However, our simulations show backward travelling waves 

occur at the fundamental “mode a” frequencies of 1-, 2-, 3-, and 4-layered fishnet MM 

slabs. 

 

Because of the coupling effects, discontinuous refractive indices are extracted from the 

multilayered fishnet MM slabs by using the previous (unpatched) methods and are 

illustrated in Figure 2.22. Even though the retrieved results are not correct at all 

investigated frequencies, we can still see the negative refractive indices at the 
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fundamental resonant “mode a” of different multi-layered fishnet MM slabs, which 

agreed with the 3D simulation results.  

 

Table 2.4 S-parameters of 1-, 2-, 3-, and 4-layered fishnet MM slabs obtained from 3D 

simulation software 

 |S11| and |S21| Phases of S-parameters (rad) 

Single-layered 

Two-layered 

Three-layered 

Four-layered 
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Figure 2.22. Continuous and discontinuous refractive indices of 1-, 2-, 3-, and 4-layered 

fishnet MM slabs are retrieved by previous unpatched methods. 

 

Mathematically, there are three major classifications of discontinuities, including 

removable, jump and essential discontinuities [70]. In Figure 2.22, the jump discontinuity 

can be observed easily. Since material properties are described in complex numbers, the 

phase terms can also be adopted to distinguish the continuity. A jump discontinuity can 

be seen on the phase curve of refractive index of the 2-layered fishnet MM slab in Figure 

2.23. 

 

 

Figure 2.23. Continuous and discontinuous phases of refractive indices of 1- and 2-

layered fishnet MM slabs are plotted in the blue and red curves, respectively. 
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Table 2.5 E-field plots of 2-layered fishnet MM slabs  

  Fishnet MM with PI layers  Fishnet MM without PI layers 

IIa  
E‐field 

IIb  
E‐field 

IIc  
E‐field 
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Table 2.6 H-field plots of 2-layered fishnet MM slabs  

  Fishnet MM with PI layers  Fishnet MM without PI layers 

IIa H‐field 

IIb H‐field 

IIc H‐field 

 

2.5.2 Reasons for Discontinuities of Retrieved Refractive Indices 

 

Since the retrieved results in Figure 2.22 are discontinuous, it implies something went 

wrong in the retrieving procedures. To find out what causes the jump discontinuities of 

retrieved refractive indices of multilayered MM slabs, the refractive index candidates, 

݊ାand ݊ି , and S-parameters, S11and S21, of the single-layered fishnet MM slab are 

investigated and plotted in Figure 2.24. ݊ା	 and ݊ି	 represent the refractive index 

candidates with the positive and negative sign in the ݊ equation and branch index ݉ ൌ 0. 
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Figure 2.24. (a) Refractive index candidates ݊ାand ݊ି of 1-layered fishnet MM slab, (b) 

Im[݊ି] and phases of S11and S21 

 

In Figure 2.24 (a), there is one jump discontinuity on the curves of imaginary parts of 

refractive index candidates at the frequency around “mode I0” (1.01THz), where there is 

a resonant hump area of ∠S11 curve nearby (1.06THz) and a principle angle phase change 

of ∠S21 curve (1.02THz) as shown in Figure 2.24 (b). This jump discontinuity at the 

frequency around “mode I0” can be solved by simply applied the rule,	݊ᇱᇱ ൐ 0, mentioned 

in the previous methods to determine the final continuous result of the refractive index. 

 

 

(a) 

 

 

 

            

 

 

 

  (b) 

 

Io 

Ia 
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Figure 2.25. (a) Refractive index candidates ݊ାand ݊ି of 2-layered fishnet MM slab, (b) 

Im[݊ି] and phases of S11and S21 

 

There are more than one jump discontinuities observed in Figure 2.25 (a). At the 

frequency of “mode II0” (1.06THz), the jump discontinuity on the curve of imaginary 

parts of refractive index candidate Im[݊ି] is the same as the one of 1-layered fishnet MM 

slab and can be solved by simply applying the rule,	݊ᇱᇱ ൐ 0, mentioned in the previous 

method. This kind of jump discontinuity happens with a resonant hump occurring on only 

one phase curve of an S parameter (S11 or S21), not in both. However, two more jump 

(a) 

 

 

 

            

 

 

 

  (b) 

 

IIo 

IIo 

IIa IIb 

IIc 

IIb 
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discontinuities can be observed on the same curve around the frequency of “mode IIb” 

(0.87THz). This kind of jump discontinuity happens with a resonant hump occurring on 

both phase curves of S-parameters (S11 and S21). In other words, this kind of jump 

discontinuity is due to the coupling effect resonant mode causing phase changes in S-

parameters. After using these S-parameters in the refractive index equation, the jump 

discontinuities can happen naturally due to the phase changes in S-parameters. 

 

2.5.3 Patch Algorithms 

 

As shown in Figure 2.25 (a), one resonant mode caused by the coupling effect may create 

two jump discontinuities, and the values of the curves between the two jump 

discontinuities have sign changes that cause the wrong determination and a discontinuous 

result in the final retrieved refractive index.  

 

The first proposed patch algorithm, called the pre-fixing algorithm, is to fix the unwanted 

jump discontinuities in the refractive index candidates before applying the methods 

proposed in Section 2.2-2.4 to determine the final refractive index. The algorithm is 

described as follows: 

 

1. Determine the frequencies of resonant modes and the types of the resonant modes 

from the dips on the |S11| curve. 

2. Associate the modes with the jump discontinuities of the refractive index 

candidates. 

3. Fix the jump discontinuities associated with the resonant modes by changing the 

signs of values. 

4. Follow the methods proposed in Sections 2.2-2.4 to retrieve material properties 

and constitutive parameters. 
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The patched and original refractive index candidates are shown in Table 2.7. Only the 

discontinuities associated with resonant modes are modified. After pre-fixing the 

refractive index candidates, the continuous refractive indices can be retrieved. 

 

Table 2.7 Patched and unpatched refractive index candidates of different layered fishnet MM slabs  

  Unpatched n candidate Patched n candidate 

Single-layered 

Two-layered 

Three-layered 

Four-layered 
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The second patch algorithm is called the ‘iterative fixing algorithm’. It can be used to fix 

the refractive index candidates and then follow the proposed methods to retrieve material 

properties. Alternatively, it can be used to fix the incorrect and discontinuous refractive 

indices retrieved by the previously proposed methods without fixing the refractive index 

candidates in advance. Since the jump discontinuities in the refractive index candidates 

can only occur in the resonant mode frequencies, and each resonant mode may come with 

zero or two jump discontinuities in the refractive index candidates that cause one jump 

discontinuity in the final retrieved refractive index, we can search for the discontinuities 

in the resonant band starting from the low resonant mode frequency to high resonant 

frequency and change the sign of all the following values after the frequency of the 

discontinuity. The algorithm for fixing the refractive index candidates is implemented as 

follows: 

 

For (f_resonant_low<fi< f_resonant_high or f_last_jump_discontinuity_mode_o ) 

{ 

 If jump_ discontinuity [n’’(fi)] is true 

 Do  

  { 

    n’’_new(fi+1)=n’’_origin(fi+1) 

    fi=fi+1 

  } Until (fi<f_investigation_high or f _last_jump_discontinuity _mode_o) 

} 

 

The transitions of retrieved refractive indices in the fixing process by the iteratively 

fixing algorithm are shown in Table 2.8. Blue, red, green and black curves represent the 

refractive indices of 1-, 2-, 3- and 4-layered fishnet MM slabs, respectively. For 2- and 3-

layered fishnet MM slabs, the correct and continuous results can be obtained after two 

iterations of the algorithm, fixing the jump discontinuity since there are two 

discontinuities on their refractive index candidates. The original correct value of n after 

the discontinuity might be changed to the wrong sign after the 1st iteration but it will be 
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changed back to the correct sign after the 2nd iteration, as expected, because for one 

resonant mode there can only be zero or two discontinuities. 

Table 2.8 The changes of retrieved refractive indices of different layered fishnet MM 

slabs by the iterative fixing algorithm  

  Real parts of Refractive indices 

Original discontinuous results 

Iteration 1: 
Fixing 1st jump discontinuity 

Iteration 2: 
Fixing 2nd  jump discontinuity 

Iteration 3: 
Fixing 3nd  jump discontinuity 

Iteration 4: 
Fixing 4th  jump discontinuity 
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The third proposed patch algorithm is called the post-fixing algorithm. By applying the 

physical rules and examining the continuity of retrieved results of the effective refractive 

index, impedance, permittivity and permeability, we can determine which signs of values 

have to be changed. Since ݊ᇱᇱand ݖᇱ are already determined by physical rules, we can first 

plot the phases of ݊	and ݖ to see if either ݊ᇱor ݖᇱᇱ is one to be corrected. Then, we can fix 

the parts that cause a jump discontinuity of any material properties or constitutive 

parameters. For example, the phase of the refractive index of 2-layered fishnet MM is 

discontinuous, as shown in Figure 2.23. It can be seen that ݊ᇱ is one to be corrected. The 

patched and unpatched ݊	and ݖ can be used to derive ε and μ as shown in Figure 2.26. It 

can be observed the original sharp rising	μ′ at the resonant mode IIa is suppressed by the 

resonant mode IIb induced by the coupling effect. 

 

 

Figure 2.26. Patched and unpatched permittivity curves (a) and permeability curves (b) of 

2-layered fishnet MM slab  



 

 

60

The figure of merit (FOM) [71] is defined as - ݊ᇱ/݊ᇱᇱ	to determine the “quality” of 

negative refraction, i.e. , the number of times that the wave can oscillate inside the 

metamaterial before being absorbed or dissipated [72]. By feeding the retrieved effective 

refractive indices into FOM and observing the FOM of multilayered fishnet MM slabs in 

Figure 2.27, the maximum values of FOM increase with more layers of fishnet 

metamaterials stacked up in the slab. In this case, the full width at half maximum 

(FWHM) bandwidth of the FOM for a multilayered fishnet MM slab is wider than the 1-

layered fishnet MM slab.  

 

 

Figure 2.27. The figure of merit (FOM) for 1-, 2-, 3-, and 4-layered fishnet MM slabs 

 

The final retrieved refractive indices of 2-layered fishnet MM slab show the negative	݊ at 

the resonant modes IIa and IIb while the paper [69] claimed the positive	݊ at the resonant 

mode IIa and the unpatched methods extracted positive	݊ at the resonant mode IIb. To 

verify the negative ݊ at the resonant modes IIa and IIb, we use 3D simulation software to 

observe backward travelling waves and validate the correction of final retrieved results as 

shown in Table 2.9. In the simulation model, a plane wave is travelling from the front to 

the back side of a fishnet MM slab and a backward travelling wave can be observed 

around the fishnet slab travelling anti-parallel to the incident wave.  
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Table 2.9 Backward travelling waves observed by 2D E field plots at the resonant modes 

IIa and IIb with phase variations from 0 to 180 degree 

 ∠૙° ∠૜૙° ∠૟૙° ∠ૢ૙° ∠૚૛૙° ∠૚૞૙° ∠૚ૡ૙°

E field at mode IIa 

 

E field at mode IIb 

 

 

2.6 CONCLUSIONS  

 

In this chapter, improved robust methods were proposed to fully retrieve effective 

material properties and parameters of metamaterials based on the material continuity and 

dispersion models. The first extraction method based on material continuity can retrieve 

missing properties in anti-resonant zone, where imaginary part of permittivity is negative, 

from partially retrieved data. The second extraction method can retrieve material 

parameters of dispersive Drude and Lorentz models by genetic algorithms and 

optimization methods, and use these models to find effective impedance and refractive 

index at all frequencies of interest. Imaginary parts of permittivity retrieved by the first 

method will still be negative in anti-resonant zone, while the imaginary parts of 

permittivity and permeability retrieved by the second method will always be positive. In 

addition, improvements in finding effective material boundaries are made by a clearer 

and better definition on the effective boundary based on a plane incident wave and the 

homogenous material condition. Moreover, a very efficient algorithm in choosing the 

correct branch of nᇱ	is proposed and can reduce two comparisons in the procedures to 

one, saving computational time in solving the binominal equation (Eq. 7 in [52]). 

Equations of effective refractive index and impedance at new reference planes are 

derived and can be used in examining anti-resonant effect at different boundaries. 

Incident 

Wave 
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Additionally, the equations to fix discontinuous retrieved material properties due to 

unequal distances from material boundaries to the measurement ports were derived. The 

effective material properties, such as impedance, refractive index, electric permittivity 

and magnetic permeability that were obtained by different methods agree very well with 

each other. The scattering parameters reconstructed from retrieved permittivity and 

permeability at original reference planes are consistent with the original data obtained 

from the simulation software, showing the allowance of retrieved negative imaginary 

parts of permittivity. 

 

Furthermore, extra resonant modes that occur in multilayered fishnet metamaterials 

due to strong coupling effects between different conductive layers create problems in 

choosing the correct branch index m of the refractive index and end up with the 

discontinuous retrieved effective refractive indices. To solve this special issue, several 

patch algorithms were proposed to successfully retrieve the results of continuous material 

properties and constitutive parameters. The retrieved negative refractive index can be 

verified by observing the backward travelling wave inside the material from 3D CST 

simulation software, i.e., the directions of the phase velocity of the incident wave inside 

the material is antiparallel to the Poynting vector of the wave. 

 

Although the debate over whether the negative imaginary parts of permittivity or 

permeability should exist or not still remains, two retrieval methods along with patch 

algorithms for multilayered strong coupled fishnet metamaterials were proposed for both 

sides of the discussion. In addition, the anti-resonant zone can be reduced by shifting the 

reference planes outward from the metamaterial slab or by changing the geometry of the 

unit cell. Also, the anti-resonant zone may exist at the frequency band where the absolute 

value of real part of refractive index is not the largest, i.e., the wavelength at the anti-

resonant zone is still sufficiently large compared to the MM unit cell size. In other words, 

the assumption of effective medium theory still stands at the anti-resonant zone. 
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Chapter 3. TUNABLE ACTIVE METAMATERIALS 

 

Passive metamaterials intrinsically can only be operated at certain narrow frequency 

bands, with electric and magnetic resonant frequencies fixed by the geometry and 

material properties of the unit cell. In order to fully utilize the potential of metamaterials 

and dynamically control the material properties in real time, a study of tunable active 

metamaterials (AMMs) is necessary. This chapter investigates variations in the 

modulation of THz electromagnetic waves by using different unit cell geometries (Figure 

3.1) in periodic structures and different tuning mechanisms, such as changing the material 

properties of the dielectric or conductive elements of the unit cells.  

 

 

Figure 3.1. Several SRR-based patterns for MM unit cells. (a) typical SRR-Rod unit cell, 

(b) modified SRR-Rod unit cell, (c) modified SRR unit cell, (d) SRR with one internal 

gap,(e) SRR with two external gaps, (f) modified SRR with external gaps in two axial 

directions. 
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The SRR-based patterns in Figure 3.1 can either generate negative permittivity, negative 

permeability, or a double negative effect according to the polarization directions of the 

incident waves. By combining patterns in a single MM unit cell, for example, patterning 

SRR with one internal gap, as shown in Figure 3.1(d), on top and bottom surfaces of the 

unit cell, the resonance can occur for multiple polarization directions. The pattern in 

Figure 3.1(f) is proposed in order to have negative electric resonant effect in both ݔො and ݕො 

directions. The key point for designing these patterns is to generate equivalent lump 

element models, inductance and capacitance, for electric and/or magnetic resonance in 

order to create negative permittivity and/or permeability. If a surface current flows along 

a long conductive strip in a pattern, then the strip can serve as an inductance element. If a 

surface current flows on the conductive strip with a gap, then the gap can serve as a 

capacitive element. Further studies on these patterns can help the design of proposed 

devices for wave manipulation in Chapter 4. 

 

3.1 MECHANICALLY TUNABLE AMM 

 

Assuming that the metamaterial slab is stretchable, we can mechanically modulate an 

AMM by simply elongating or compressing the metamaterial slab along the transverse or 

longitudinal direction. In this case, the geometries of both conductive metal and dielectric 

substrate are modified mechanically. Another way is to manipulate the metallic conductor 

of metamaterials based on the lateral movement of a Micro-Electro-Mechanical Systems 

(MEMS) comb drive such that the gap sizes of the split rings or the SRR patterns can be 

changed as desired. Another kind of structurally tunable MM is achieved by shifting the 

whole MM layer in the transverse wave direction, while maintaining the geometry of the 

unit cell. This lateral-shift AMM has been realized in the microwave [73] and THz [74] 

ranges. Additionally, Tao has demonstrated a structurally tunable MM created by 

reorienting the SRR direction using MEMS technologies [75]. 

First, to investigate the effect of gap size change in the unit cells, a typical SRR-Rod 

metamaterial with a plane incident wave polarized in (Ey, Hx) is used (Figure 3.2). 
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Figure 3.2. A typical SRR-Rod metamaterial for a plane incident wave propagating in the 

 ො directionݕ direction with E field polarized in the ݖ̂

 

It can be observed that the frequency where S11 and S21 intersect shifts from 1.1658 to 

1.2208 THz in Figure 3.3, because the gap size of SRR varies from 0.5	݉ߤ to 0.75	݉ߤ, 

causing the capacitance change in the resonant mode. 

 

 

Figure 3.3. Simulation results for a typical SRR-Rod metamaterial with gap size 

variations from 0.5 to 0.75	݉ߤ 

 

Second, reorientation of either the SRR or Rod in the unit cell is studied in four cases, 

shown in Table 3.1. The simulation results of S11 and S21 are plotted in blue and red 
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colored lines, respectively. Case 1 is the default, where the SRR and rod are in their 

original orientations. In case 2, both the SRR and rod are rotated 90 degrees around the ݔො 

axis, placed at the center of the cell. In case 3, only the SRR is rotated 90 degrees around 

the ݔො axis. In case 4, only the rod is rotated 90 degrees around the ݔො axis. 

 

Observing the transmission coefficients S21 of these four cases in Figure 3.4 and 3D 

simulation results shows that dramatic changes in the characteristics of the transmitted 

signals (including the phase, magnitude, and the phase velocity direction of the 

transmitted wave) occur at 1.1 THz. At 1.1 THz, the transmitted wave can be found with 

the backward travelling wave in case 1 and with the forward travelling wave for the other 

cases. Meanwhile, the minimum and maximum magnitude of S21 from four cases at 1.1 

THz can be found in case 3 and case 4, respectively. It means that by mechanically 

rotating the SRR or Rod of the unit cell in plane, the original MM slab can be changed 

from a DNG material to a DPS or SNG material, resulting in high transmission, reflection 

or other effects. 

 

 

 

Figure 3.4. S-parameters of the SRR-Rod MM unit cell for four different orientations 
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Table 3.1 SRR-rode models for reorientation study and their S-parameters. 

Case  The unit cell of the model  S‐parameters 

1 
Original DNG 
SRR‐Rod 

2 
SRR and Rod  

are Rotated 90° 

3 
SRR  

is Rotated 90° 

4 
Rod  

is Rotated 90° 

 

Third is a study on changing the coupling effect of multilayered fishnet MM slab 

mechanically. By shifting two MM layers in the wave propagation direction, the gap 

between the two MM layers and distances between top and bottom metallic conductors 

on different MM layers will be changed so that the induced resonant modes will occur at 

different frequencies, changing the corresponding phases and magnitudes of the 

transmitted waves. This study utilizes the fishnet MM model with PI protection layers 

described in Section 2.5. The size of the gap will vary from 0, 1, 2, 3, 4, to 8	݉ߤ. 
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Figure 3.5 shows the induced resonant modes are shifted due to the coupling effects 

between the two MM layers as the gap space changes, and can be observed in the S21 

magnitude or by the S21 phase as indicated by the colored arrows. As the gap space 

increases, the capacitance value for the induced resonance decreases and the induced 

resonant frequency increases as expected.  

 

 

 

Figure 3.5. (a) The magnitudes and (b) the phases of S-parameters of a 2-layered fishnet 

MM slab with different shifted gap spaces between layers 

 

In Figure 3.5, it can be seen that the transmitted signal can be changed dramatically by 

the shift. For example, at 0.94 THz, the magnitude of S21 can vary from 0.12 to 0.95 as 

(a) 

 

 

 

            

 

   

 

 

 (b) 
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the gap size changes from 2 to 1 ݉ߤ. It is worth noting that if the gap is increased to 

 the backward travelling wave can be observed around the effective boundaries ,݉ߤ	200

of the two MM layers, while the forward travelling wave can be seen in air zone between 

the two effective boundaries of the MM layers at the resonant mode IIa (or DNG 

frequency band). 

 

3.2 ELECTRICALLY TUNABLE AMM  

 

In addition to manipulating the metallic conductors of MM cells, moving the whole MM 

layer laterally, and reorienting the unit cells of MMs, there are several different tuning 

mechanisms based on manipulating the raw material properties (e.g. dielectric constant or 

conductivity) of dielectric substrates of MM cells. In [53], the conductivity of the silicon 

layer substrate in the gap regions is changed by laser exposure and its frequency shift can 

be controlled by varying the laser energy. The pattern shown in Figure 3.1(e) on the top 

and bottom surfaces of the MM cell and a semi-conductive substrate with varying 

conductivity is considered to simulate this effect. The simulated surface currents for top 

impinging waves with differing polarizations are shown in Figure 3.6 (b) and (c). It can 

be seen that for a plane incident wave polarized as (Ey, Hx), the surface currents induced 

by the incoming E field in the ݕො direction cannot generate a capacitance between the gap 

splits of the ring. However, for an incident wave polarized as (Ex, Hy), the E field induced 

surface currents in the ݔො direction can provide the capacitance required for the electric 

resonance between the gaps. The S11 and S21 curves for different conductivity are 

plotted in Figure 3.7. 
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Figure 3.6. (a) Metamaterial slab impinged by an incident wave propagating in surface 

normal direction, (b) induced surface currents by a (Ey, Hx) polarized wave, (c) induced 

surface currents by a (Ex, Hy) polarized wave. 

  

Figure 3.7. Simulation results for semi-conductive substrate metamaterials with 

variations in substrate conductivity 
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Liquid Crystal (LC) molecules are well-known for their birefringence,	∆݊ ൌ ݊௘ െ ݊௢ , 

and reorientation ability causing refractive index changes as shown in Figure 3.8.  

 

 

Figure 3.8. A LC molecule tilted an angle ߠ w.r.t the E-field polarization direction of an 

EM wave 

 

The refractive index can be calculated by the refractive index of ellipse equation in (3.1):  

 

 

ଵ

௡మሺఏሻ
ൌ ௖௢௦మሺఏሻ

௡೐మ
൅ ௦௜௡మሺఏሻ

௡೚మ

݊ሺߠሻ ൌ ௡೚௡೐
ඥ௡೚మ௖௢௦మሺఏሻା௡೐మ௦௜௡మሺఏሻ

 (3.1) 

where	݊݁ and	݊௢are the ordinary and extraordinary refractive indices of a LC molecule, ߠ 

is the angle between the optical axis of the LC molecule and the wave’s E-field 

polarization direction. 

 

Assuming that an EM wave polarized as (Ex, Hy) is propagating in the ̂ݖ direction and 

the LC molecule with ߤ ൌ 1 has the optical axis aligned in the ݔො axis, the ߝ of the LC 

molecule in tensor form can be written as 

ߝ  ൌ ቎
݊௘ଶ 0 0
0 ݊௢ଶ 0
0 0 ݊௢ଶ

቏ . (3.2) 

 

If the optical axis of the LC molecule is only reoriented on x-y plane and a EM wave is 

also polarized as (Ex, Hy), the ߝ of the LC molecule in tensor form can be written as 



 

 

72

ߝ  ൌ

ۏ
ێ
ێ
ێ
ۍ

௡೚మ௡೐మ

௡೚మ௖௢௦మሺఏሻା௡೐మ௦௜௡మሺఏሻ
0 0

0 ௡೚మ௡೐మ

௡೐మ௖௢௦మሺఏሻା௡೚మ௦௜௡మሺఏሻ
0

0 0 ݊௢ଶے
ۑ
ۑ
ۑ
ې

	. (3.3) 

 

If the optical axis of the LC molecule is reoriented to be on y plane for the same EM 

wave polarized as (Ex, Hy), the ߝ of the LC molecule can be derived from (3.3) as 

 

ߝ  ൌ ቎
݊௢ଶ 0 0
0 ݊௘ଶ 0
0 0 ݊௢ଶ

቏ . (3.4) 

 

The ߝ of the LC molecule in different tensor forms can be used and selected carefully in 

the simulations to describe the anisotropic material property under different conditions, 

such as varied polarizations of the incident waves and orientations of the LC molecules. 

 

Thus, another tuning mechanism can be achieved by using the reorientation property of 

LC. LC molecules were designed and used as a superstrate and a substrate on a MM slab 

for near-infrared frequencies [76]. Minovich et al. [77] reported an optical range design 

using small amounts of LC in the voids of a fishnet MM slab, while Zhang et al. [78] 

demonstrated a tunable fishnet MM with LC sandwiched by two metallic fishnet 

conductors operating in the microwave range. Zhao et al. [79], presented a design for 

tunable negative permeability using a periodic array of SRR infiltrated with nematic LC. 

In addition, variators were reported to create tunable MM with SRRs in [80, 81]. This 

reseach proposes the creation of a new type of tunable MM by replacing 

variators/capacitors in the gaps of SRR metallic patterns with a small amount of LC. The 

orientation of LC molecules can be controlled by using static or slowly-varying biased 

electric field [79], by applying external magnetic field [82], or by thermal fluctuations. 

Among these options, controlling the electric field achieves the best spatial resolution, 

with small electrode pads on the LC cells. In THz region, the LC molecules evaluated in 

[83] possess an ordinary optical index of ݊଴ ൌ 1.38 and an extraordinary optical index of 
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݊௘ ൌ 1.43. In the following simulations, the dielectric permittivity at LC orientation 

angles of 0° and 90° is assumed to be 2.0449 at and 1.9044, respectively. 

 

Two metamaterial slabs composed of the unit cell pattern from Figure 3.1(e) on one side 

of the surfaces and of the unit cell with the same pattern on top and bottom surfaces are 

investigated as shown in Figure 3.9 (a-b).  

 

Figure 3.9. (a) The metamaterial slab with the single-side patterned unit cell, (b) the 

metamaterial slab with the two-side patterned unit cell, (c) TE(Ey, Hx)-wave induced 

surface currents, (d) TM(Ex, Hy)-wave induced surface currents. 

 

Figure 3.9 (c-d) shows that the (Ey, Hx)-wave can generate the resonance for the 

capacitance in the gap splits of metallic patterns induced by looped surface currents and 

(Ex, Hy)-wave cannot. The simulation results are shown in Figure 3.10. Clearly, the 

double-side patterned MM slab has larger frequency shifting range than the single-side 

patterned slab. 
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Figure 3.10. (a), (b) Simulations results of two metamaterial slabs in Figure 3.9 (a), (b) 

with epsilon variation, respectively. 

 

(a) 

(b) 
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. 

Figure 3.11. Metamaterial slab with double patterns on top and bottom surfaces using the 

SRR pattern in Figure 3.1(f) 

 

Using the periodic unit cell patterned with gap splits in both ݔො and ݕො directions (shown in 

Figure 3.1(f)) in a metamaterial slab creates the configuration shown in Figure 3.11. 

Here, both the top and bottom surface are impinged upon by an incident wave 

propagating in the surface normal direction. The simulation results reveal that the MM 

reacts to both (Ey, Hx) and (Ex, Hy) polarized waves, because both waves can generate the 

capacitances necessary for resonant modes by the induced surface currents. 
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Figure 3.12. S-parameters of the MM slab for (Ey, Hx) incident wave  

 

Figure 3.13. S-parameters of the MM slab for (Ex, Hy) incident wave 

 

Next, the substrate of the 1- layered fishnet MM slab described in Section 2.5 is replaced 

by the LC molecules. The slab is simulated for three different orientations of the LC 

optical axis, aligned with the	ݔො,	ݕො and ̂ݖ axes. The results are shown in Figure 3.14. By 

observing the intersections of S11 and S21 curves (the marker 1 and 2 in Figure 3.14), it 

can be seen that the maximum tuning frequency range is about 0.1 THz by reorienting the 

optical axis of LC from the ݔො to ̂ݖ direction. At 0.882 THz, the magnitudes of S21 for LC 

optical axis aligned with the ݔො  axis and with the ̂ݖ  axis are the same, but the phase 
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difference can be up to 92.2°, i.e., the phase can be changed from 69.3° to 161.5°if the 

LC optical axis is reoriented from the ݔො to ̂ݖ axis. 

 

Figure 3.14. S-parameters of the single-layer fishnet MM slab for LC aligned with the 

 axes ݖ̂ ො andݕ	,ොݔ

 

An investigation of the 3-layer fishnet MM slab with the LC optical axis aligned with the 

ොݔ , ොݕ	  and ̂ݖ  axes was also conducted, with the corresponding S-parameters from the 

simulation is shown in Figure 3.15. It can be seen that the simulation results of the cases 

with the LC optical axis aligned with the ݔො  and ොݕ	  axes are identical because of the 

symmetric geometry. By comparing the “mode a” resonances with the LC optical axis 

reoriented from the ݔො to ̂ݖ axis as marked, the observed frequency shift is about -0.055 
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THz. The phase shift at 1.8942 THz is about -90.3°. The retrieved refractive indices with 

the LC optical axis aligned with the ݔො and ̂ݖ axes are shown in Figure 3.16. At 0.856 

THz, the real part of refractive index can be changed from -3.85 (LC aligned with the ̂ݖ 

axis) to -0.10 (LC aligned with the ݔො axis). 

 

 

Figure 3.15. S-parameters of the 3-layered fishnet MM slab for LC aligned with the ݔො,	ݕො 

and ̂ݖ axes 
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Figure 3.16. The real parts (a), imaginary parts (b) and FOM (c) of the refractive indices 

of the 3-layered fishnet MM slab for LC aligned with the ݔො and ̂ݖ axes 

 

Another interesting discovery of the fishnet MM is that the transmitted wave is stronger if 

the substrate, without the metallic conductors covering the top and the bottom, is 

removed or cut off. Here, several different situations of 1-layered MM models (shown in 

Figure 3.17) are simulated and compared, including the lossy and lossless dielectric 

substrate and PI layers, cut and uncut uncovered substrates and PI layers. The simulation 

results are calculated using the proposed methods, and shown in Table 3.2. 

(a) 

 

 

 

 

   

(b) 

 

 

 

 

(c) 
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Figure 3.17.Single-layer fishnet MM models: (a) metal-uncovered substrate and PI cut 

off, (b) metal-uncovered substrate cut off, (c) uncut substrate and PI. 

 

Table 3.2 The simulation results of 1-layered MM with different situations. 

Gold + Lossless PI + 
Lossless Substrate  

Max |Re[n]| @
Frequency(THz)

Max |S21|@
Frequency(THz)

Re[n]@
Max |S21|

Cut (PI+Sub.)  12.56 @0.877  0.9368 @0.896 ‐5.734 

Cut Sub. + uncut PI  11.64 @0.869 0.9551 @0.899  ‐3.89362

Uncut (PI+Sub.)  9.7214 @0.815  0.9716 @0.864 ‐1.29721

Gold + slightly LOSSY 
PI + LOSSY Substrate  

Max |Re[n]| @
Frequency(THz)

Max |S21|@
Frequency(THz)

Re[n]@
Max |S21|

Cut (PI+Sub.) 12.1428 @0.8775 0.9256 @0.897  ‐5.56191

Cut Sub. + uncut PI 11.2091 @0.869 0.9460 @0.9 ‐3.89362 

Uncut (PI+Sub.) 9.15051 @0.815  0.9684 @0.865  ‐1.24243 

Gold + more LOSSY 
Substrate  

Max |Re[n]| @
Frequency(THz)

Max |S21|@
Frequency(THz)

Re[n]@
Max |S21|

Cut Sub. 9.35225 @0.8795  0.8583 @0.9115  ‐4.09174

Uncut Sub.  7.58056 @0.839  0.8902 @0.867  ‐3.39499

 

It can be seen that the maximum values of |݊ᇱ| and	|ݏଶଵ| of lossy substrate cases are 

always smaller than the lossless substrate case. Regardless of whether the substrate and 

PI are lossy or lossless, the maximum values of |݊ᇱ| are always found in the cases where 

(a)                 (b)                                             (c)
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the substrates without metal coverings are cut off and removed, and the maximum 

transmitted waves are always found in uncut substrate cases while the corresponding |݊ᇱ| 

are smaller than cut substrate cases. For cut substrate cases, the resonant frequencies are 

always higher than uncut cases because the less the substrate is in the MM slab, the lower 

the capacitance is for the resonance. 

 

 

3.3 CONCLUSIONS 

 

In this chapter, several tuning mechanisms and metamaterial patterns based on SRR have 

been proposed and simulated. The results show good tuning ability, especially for unit 

cells with double patterns on top and bottom surfaces. However, due to the anisotropic 

characteristics of a typical SRR pattern, the polarization orientation of the incident wave 

is critical and selective. The proposed SRR-based pattern needs to be modified to react to 

incident waves with different polarizations. Some of the proposed SRR designs can only 

provide negative permittivity for certain incident directions, while others can provide 

DNG for certain incident directions. In addition, the dielectric permittivity of LC cannot 

be controlled using the metals on top and bottom surfaces as electrodes to create biased 

voltages, due to the discontinuity of the metallic conductor in the SRR-based pattern. To 

solve this problem, a fishnet structure is adopted for tuning LC with top and bottom 

conductive patterns as electrodes. Finally, to have a conformable metamaterial slab, a 

flexible polymer-based substrate and active metamaterial is necessary to fine tune the 

requested properties.  
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Chapter 4. NOVEL DEVICES BASED ON ACTIVE CONTROL 

OF TUNABLE METAMATERIALS 

 

Lenses are the most fundamental optical elements in manipulating electromagnetic 

waves. Lenses can be used to collimate, reflect, refract, focus, or filter EM waves 

depending on their geometry, curved interfaces, and materials. Traditionally, a lens can 

only be designed for one purpose; as a result, an optical system usually requires many 

elements and can end up becoming very bulky and complicated. In addition, the 

diffraction limit, which is roughly half of the operating wavelength in the medium, 

imposes constraints on the device geometry and limits to the spatial resolution. To 

overcome these problems, two techniques are proposed: one using an active controlled 

metamaterial lens that can transform the lens to perform different functions (e.g. 

convergence, divergence, collimation, etc.) by applying a voltage. The second design is 

an active controllable patternless metamaterial waveguide to achieve a low-dispersion, 

low-loss waveguide while actively controlling wave propagation properties. 

 

4.1 MULTIFUNCTIONAL FLAT LENSES  

 

A conventional lens shaped with different curves can be operated with positive refractive 

index but constrained by the diffraction limit. However, the spatial resolution of the lens 

can be improved by liquid or solid immersion techniques [84-86], but it is still limited by 

the refractive index of natural materials. As shown in Figure 4.1, a gradient flat lens 

infiltrated with nonuniformly distributed LC molecules can create an optical effect 

similar to a triangular prism. To create such gradient LC cells, a UV curable polymer 

dispersed liquid crystal (PDLC) is adopted in the design as a dielectric substrate. 

Exposing the material at different intensities forces the LC inside the polymer matrix to 

form pockets of varying sizes. Since the ordinary and extraordinary refractive indices of 

PDLC can be changed corresponding to the average size of the liquid crystal droplets 

inside the polymer host medium, the material can be exposed at a constant increase 
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dosage to achieve the effect of a prism. In this chapter, a multifunctional flat lens 

sandwiched a gradient PDLC substrate is proposed. The idea is to use this design to 

create a tunable flat lens, a prism with active steering, or even more complicated lens 

designs depending on how the PDLC substrate is configured. However, this type of flat 

lens still possesses a positive refractive index, meaning that it is constrained by the 

diffraction limit, and cannot achieve subwavelength focus. 

 

Figure 4.1. Proposed multifunctional flat lenses 

 

A multifunctional flat lens with a negative refractive index and sub-wavelength focusing 

capabilities will need to be made of tunable active metamaterials and a gradient PDLC 

substrate whose material properties of each individual cell can be altered independently. 

When no biasing voltage is applied to the gradient PDLC substrate, the lens will act like a 

wedge-shaped prism with a negative refractive index. When a biasing voltage is applied, 

the lens loses the gradient refractive index and can be regarded as a flat lens with a 

controllable negative refractive index. However, if the conductive metallic wires and 

patterns on the metamaterial surface are all connected (as in fishnet MMs), the wires 
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cannot be used as electrodes to address and control each MM unit cell independently. As 

a result, the whole material has to be tuned in the same pace, as discussed in Section 3.2. 

Naturally, if all the wires to the patch patterns on the MM surface are disconnected, there 

is no way to apply a biasing voltage to the unit cells. Adding additional wires to apply 

biasing voltages will destroy the resonant mode of the original pattern. Therefore, when 

the SRR MM slab in Figure 2.1 is infiltrated with electrically-tunable dielectric (e.g. LC, 

PDLC, or EO), it can be tuned by external electrodes placed on opposing surfaces (e.g. 

top and bottom surfaces on y-z plane) of the slab, such that any applied voltage affects 

the entire slab. 

 

Figure 4.2. Proposed active metamaterial patterns: (a) ‘Dotnet’ MM unit cell, (b) 

‘Holenet’ MM unit cell, (c) partially disconnected dotnet MM unit cell, (d) partially 

disconnected holenet MM unit cell. 

 

In this chapter, several active metamaterial pattern designs (shown in Figure 4.2) are 

proposed to achieve independent control of each MM unit cell. A flat lens composed of 
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the pattern shown in Figure 4.2 (d) is plotted in Figure 4.3. It can be seen easily that the 

metallic conductors on the top surface are all connected in the ݕො  direction and 

disconnected in the ݔො direction. On the bottom layer, the conductors are all connected in 

the ݔො direction and disconnected in the ݕො direction. As a result, different voltages can be 

applied to the different metallic strips, resulting in variable biasing voltages for each unit 

cell of a MM slab. The Appendix demonstrates several different functions for the voltage 

distributions on the top and bottom electrodes so that different voltage biases can be 

generated to alter the orientations of the PDLC for different unit cells. These functions 

create different equivalent 3D geometries of the lens conductors, including prisms with 

the flat surface tilted in different directions, a wedge with 2 different tilted slopes as a 

beam splitter, 1D/2D concave/convex lenses, and periodic ridged grating lenses, etc. In 

addition, the transformation optics [87] technology is the key to providing a well-

calculated gradient distribution of refractive indices in the material, which is required to 

create a Luneburg lens or a perfect cloaking system.  

 

  

Figure 4.3. A proposed multifunctional flat lens is made by the active metamaterial 

pattern with disconnected wires in one lateral direction.  

 

In Figure 4.4 (a), a beam converter is simulated by a gradient negative refractive index 

distribution from -3 at two sides to -1 at the center of a flat lens (greater computing power 

y 

x z 
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is necessary for more complex situations). A plane incident wave is converged to a focal 

point and the wave front is changed from planar to circular. In Figure 4.4 (b), a beam 

splitter is simulated by a gradient negative refractive index varying from -1 at the sides to 

-2 at the center of the lens, separating the incident plane wave into two main beams 

propagating in different directions.  

 

 

 

Figure 4.4. The proposed multifunctional flat lens emulating: (a) an equivalent beam 

converter, (b) a beam splitter . 

   

(a) 

 

 

 

 

            

 

   

(b) 
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4.2 PATTERN-LESS WAVEGUIDE  

 

Waveguides are widely used to confine and steer EM waves while maintaining signal 

integrity. However, due to the wave propagation in free space or naturally occurring 

media, the diffraction limit still constrains the size of waveguide designs. To get around 

the diffraction limit, minimizing the device size and increasing the spatial resolution, the 

waveguide must be able to operate on EM waves with a beam size smaller than half of 

the wavelength. 

 

The design for this waveguide is shown in Figure 4.5. Parallel metallic plates possessing 

negative permittivity can be considered 1D waveguides, confining the wave between the 

plates in sub-wavelength degree, with the E field polarized parallel to the surface normal. 

However, in another transverse direction, the beam size of the wave is still constrained by 

the diffraction limit. Analogous to waves with E fields polarized parallel to the surface 

normal of the plates, the waves with magnetic fields polarized parallel to the surface 

normal of parallel negative permeability plates can also be confined. Therefore, a novel 

waveguide based on active metamaterials is proposed, able to be controlled and tuned to 

become DNG or ENG or MNG material. 
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Figure 4.5. Concepts of guiding EM waves with ENG and MNG materials 

 

Assuming that ENG and MNG materials (respectively indicated as blue and green, in 

Figure 4.6) described by a Drude model are set to be negative for frequencies below 5 

THz, the waveguide is designed to have the ENG material stacked in the ݔො direction and 

the MNG material in the ݕො direction. At 1 THz, only a plane incident wave polarized in 

(Ex,Hy) (instead of (Ey,Hx)) can be transmitted and guided within the waveguide, due to 

negative ߝ material in the ݔො direction and negative ߤ material in the ݕො direction. If the 

wave is operating at 9 THz, the wave will not be confined within the waveguide. Another 

interesting application is to create a tapered waveguide by tuning the material to have 

gradient properties, as shown in Figure 4.6 (c). 
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Figure 4.6. Simulation results of a reconfigurable waveguide. (a) Power flow plot for a 

(Ex,Hy) polarized wave at 1 THz, (b) Power flow plot for a (Ex,Hy) polarized wave at 9 

THz, (c) E field plot of a taped waveguide for a (Ex,Hy) polarized wave at 1 THz. 

 

4.2.1 Mechanically Controlled Waveguide 

 

In order to change the material properties of the media surrounding the waveguide, 

mechanical tuning mechanisms were proposed to change the resonant frequency of the 

MMs deployed around the waveguide. For example, by stretching, squeezing, or heating 

the material, the conductive metallic pattern on the MM unit cell can be changed. 

Another way to change the metallic pattern is shown in Section 3.1, where reorienting the 

direction the whole unit cell or just the SRR or Rod components can shift the resonant 

(a) 

 

 

 

(b) 

            

   

 

   

(c) 
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frequency higher or lower, also changing the material properties at the operating 

frequency from DNG to ENG or to MNG as desired. 

 

4.2.2 Electrically Controlled Waveguide 

 

The most promising tuning mechanisms proposed in this research is to change the 

material properties electrically by applying biasing voltages or external magnetic fields 

onto the MM cells as discussed in Section 3.2. For a typical DNG MM slab, the 

distributions of DNG, ENG, MNG and DPS can be illustrated as in Figure 1.4. By 

altering the resonant frequency, the distributions can be changed as desired. To have an 

ENG material, the frequency can be operated in area (1)-(4). To have a MNG material, 

the operating frequency can only be selected in area (3). In addition, if the transmitted 

signal is expected to be highly transmitted, the operating frequency should be selected in 

area (3-5). Otherwise, the wave can be highly reflected, if the frequency is selected in 

area (1). As a result, pattern-less waveguide structures are proposed based on the tunable 

active MM patterns in Figure 4.2 and can be controlled to allow different beam sizes of 

incident waves to be transmitted and different polarized waves to pass or follow different 

routes to certain destinations, as shown in Figure 4.7. 
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Figure 4.7. Pattern-less waveguide design with (a) all conductors connected and (b) 

conductors partially connected in the ݔො and ݕො directions, (c) a single unit element of the 

waveguide. 

 

The simulated S-parameters of a 20-layered partially-connected fishnet MM slab are 

shown in Figure 4.8. A dramatic phase change can be found in the 1.17-1.27 THz range 

due to multiple resonant modes induced by strong coupling effects. Different 

wavelengths of backward travelling waves can be found in the same frequency band, as 

shown in Figure 4.9. It can be seen that for the lower frequencies in the negative 

refractive index band, more numbers of waves are inside the waveguide. For MM slabs 

with fewer layers, the strongest transmitted wave in the band can be found at resonant 
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“mode a”, accompanying with its half wavelength equal to the slab thickness. For the 20-

layered MM slab, the strongest transmitted wave in the band can be found at 1.251 THz.  

Since the substrate of the proposed pattern-less waveguide is made of PDLC and tuned 

by DC biasing voltages, we can apply different biasing voltages to different parts of the 

waveguide, creating pass/stop zones in the waveguide to output different beam sizes or 

create interference through phase differences. 

 

 

Figure 4.8. The S-parameter magnitudes (a) and phases (b) of a 20-layered dotnet MM 

slab comprised of the unit cell shown in Figure 4.2(c) 

 

 

(a) 

 

 

 

            

 

   

   

(b) 
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Figure 4.9. E field plot of the backward travelling wave at (a) 1.191 THz, (b) 1.223 THz 

and (c) 1.251 THz  
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To obtain sharper and clearer resonant peaks of S21, the metallic conductors of the 20-

layered partially disconnected Dotnet MM slab was changed from gold to PEC. The S-

parameters from the simulation results can be found in Figure 4.10. The resonant modes 

in the negative refractive index frequency band can be found at frequencies from 1.179 

THz to 1.271 THz and maximum transmitted wave in the band can be found at 1.224 

THz. In Table 4.1, it can be seen that different numbers of waves exist inside the 

waveguide at different resonant modes, and it can be used to verify the values of the 

retrieved refractive indices obtained by the proposed methods. 

 

Figure 4.10. The magnitudes (a) and phases (b) of S-parameters of a 20-layered dotnet 

MM slab comprised of the unit cell shown in Figure 4.2(c) 

 

(a) 

 

 

 

            

 

   

   

(b) 
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Table 4.1 The E-field plots of 20-layered MM at different resonances. 

 

Resonant 

Frequency 

(THz) 

E-Field Plots 

Resonant 

Frequency 

(THz) 

E-Field Plots 

1.271 

 

1.208 

1.268 1.202 

1.261 1.196 

1.252 1.191 

1.242 1.188 
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1.232 1.184 

1.224 1.179 

1.215   
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Chapter 5. CONCLUSIONS AND FUTURE WORK 

5.1 CONCLUSIONS 

 

Current THz range optical components typically perform EM beam steering in free space, 

leading to large, diffraction-limited components. This paper introduces a novel, 

metamaterials-based approach to THz beam steering that vastly reduces component size 

and surpasses the Abbe Diffraction limit. After providing the background, motivation, 

and related research in chapter 1, chapter 2 introduces improved robust methods to fully 

retrieve effective material properties and constitutive parameters of metamaterials at all 

frequencies of interest, even in strongly anti-resonant zones. The major improvement of 

the proposed full retrieval methods provide is the retrieval of the negative imaginary 

components of refractive index. In addition, several patch algorithms for fixing 

discontinuities in the retrieved refractive indices of strongly-coupled multilayered 

metamaterials are proposed. These algorithms correct for the effects of induced extra 

resonant modes, improving the accuracy of the constitutive parameter full retrieval 

methods.  

 

Several different tuning mechanisms for active metamaterials (AMM) were investigated 

in Chapter 3, including changing the gap widths of metallic conductors, in-plane rotation 

of the metallic pattern, mechanically shifting the entire MM layer in the direction of wave 

propagation, and electrically tuning the dielectric properties by applying DC biasing 

voltages, varying external magnetic fields, or changing the temperature. If a tunable MM 

is designed to be tuned electrically and mechanically, the tuning range can be increased 

while retaining the possibility of fine tuning. In chapter 4, two novel approaches to 

manipulate EM waves in sub-wavelength dimensions were proposed, simulated and 

discussed. 
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To sum up, improved retrieval methods along with three different patch algorithms for 

extracting continuous material properties and constitutive parameters in single and 

multilayered metamaterials were proposed in this thesis and successfully performed. 

Furthermore, a new kind of flexible, tunable active metamaterial was invented with the 

unique capability to change the material properties of each individual unit cell of a MM 

slab. Based on the proposed tunable active metamaterials, multifunctional and 

reconfigurable devices, such as a pattern-less waveguide and a multifunctional flat lens 

optical bench, have been designed and simulated. 

5.2 FUTURE WORK 

5.2.1 Improvements of Retrieval Methods 

The retrieved effective material properties and constitutive parameters by the proposed 

methods in Chapter 2 are based on implicit assumptions of metamaterial homogenization 

and effective media theory inspired by natural material Drude/Lorentz models. Thus, 

only the effective scalar material properties and constitutive parameters are retrieved. For 

the future, the proposed methods should be extended to retrieve the tensor form of 

material properties and constitutive parameters, as shown in (5.1).  

 

௘௙௙ߝ  ൌ ൥
௫௫ߝ ௫௬ߝ ௫௭ߝ
௬௫ߝ ௬௬ߝ ௬௭ߝ
௭௫ߝ ௭௬ߝ ௭௭ߝ

൩ 

௘௙௙ߤ   ൌ ൥
௫௫ߤ ௫௬ߤ ௫௭ߤ
௬௫ߤ ௬௬ߤ ௬௭ߤ
௭௫ߤ ௭௬ߤ ௭௭ߤ

൩ . (5.1) 

 

Furthermore, with the consideration of the magneto-electric coupling effect [88] in bi-

isotropic media in (5.2), the elements in the tensor form of constitutive parameters may 

be retrieved with all positive imaginary parts of values that strictly follow the physical 

rules. It is worth noting that the magneto-electric coupling effect in bi-isotropic media is 

caused by the chirality ߢ and Tellegen/reciprocity	߯ , and ߢ and ߯ are also in tensor 

forms. 
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ܦ  ൌ ܧߝ ൅ ܪߦ ൌ ܧߝ ൅ ሺ߯ െ  ܪߤߝ√ሻߢ݅

ܤ	  ൌ ܪߤ ൅ ܧߞ ൌ ܪߤ ൅ ሺ߯ ൅  (5.2) . ܪߤߝ√ሻߢ݅

 

5.2.2 Fabrication Considerations 

 

First, the material properties of the raw materials adopted in the metamaterial and device 

designs have to be determined in the THz band. For example, the material properties of 

PDLC have not yet been reported for the THz range. Obtaining those material properties 

will require the transmission and reflection coefficients of PDLC slab measured from 

THz time domain spectroscopy (TDS), which will be provided by the Hong Kong City U. 

research group.  

 

After the characterization of the necessary material properties of raw materials adopted in 

the designs, simulations of the proposed devices based on the exact material properties 

can be finalized for the implementations of the proposed devices.  

 

As PDLC is a polymer-based material embedded with dispersive liquid crystal droplets, 

the fabrication process can dramatically affect the final refractive index. Studies on the 

parameters of fabrication processes, such as the exposure time for the UV curing process, 

the intensity of UV light, and the incident direction of UV light, must be investigated. 

 

The deposition of noble metals on a freestanding structure such as PDLC is another 

important issue to investigate. The top-down approach for metamaterial fabrication has to 

be studied and performed using MEMS and/or nanofabrication procedures, such as 

focused ion beam lithography, E-beam lithography, soft lithography, etc.  

 

Finally, a study on overcoming the challenges of making multilayered metamaterial 

structures must be conducted, with attention given to the lead wire layout and electrodes 

necessary for pixel-by-pixel control of EM waves in active tunable metamaterials. 
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APPENDIX 

 

The following images demonstrate the possible 3D shapes of biasing voltages created by 

two voltage distribution functions, F(x) and F(y), of the top and bottom electrodes in the 

proposed tunable active metamaterials. The top electrodes are all connected in ݕො direction 

and disconnected in ݔො  direction, while the bottom electrodes are all connected in ݔො 

direction and disconnected in ݕො direction. 

 

1D Flat wedge surface (varying in X‐axis): F(x) = 10, F(y) = 0

 

1D Flat wedge surface (varying in Y‐axis): F(x) = 0, F(y) = ‐y
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1D Flat wedge surface slope 45: F(x) = x‐10, F(y) = y

 

1D Beam Splitter (varying in X‐axis): F(x) = 5‐abs(x‐5), F(y) = 0

 

1D Beam Splitter (varying in Y‐axis): F(x) = 0, F(y) = 5‐abs(Y‐5) 

 

1D convex (varying in X‐axis): F(x) = 10*cos(3.14*x/10+3.14/2), F(y) = 10
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1D convex (varying in Y‐axis): F(x) = 10, F(y) = 10*cos(3.14*y/10+3.14/2)   

 

1D concave(varying in X‐axis) : F(x) = 10*sin(3.14*x/10), F(y) = 10  

 

1D concave(varying in Y‐axis) : F(x) = 0, F(y) = 10‐10*sin(3.14*y/10) 

 

2D convex : F(x) = 10*sin(3.14*x/10), F(y) = 10*cos(3.14*y/10+3.14/2) 
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2D concave: F(x) = 10*sin(3.14*x/10)‐10, F(y) = 10*cos(3.14*y/10+3.14/2)+10

 

2D DarkCrossX: F(x) = 10*cos(3.14*y/10+3.14/2), F(y) = 10*cos(3.14*y/10+3.14/2) 

 

2D humps: F(x) = sin(3*x)+10*sin(1*x), F(y) = sin(3*y)+10*sin(1*y) 

2D humps: F(x) = sin(2*x), F(y) = sin(2*y) 
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1D flatter sin: F(x) = sin(3*x/2)+10*sin(1*x/2) +10, F(y) = sin(3*y)+10*sin(y)

 

3D periodic ridges: F(x) = sin(3*x/2)+10*sin(1*x/2) +10, F(y) = sin(5*y)

 

2D parabolic concave: F(x) = ‐(x‐5)^2 , F(y) = (y‐5)^2
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