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The higher-rank numerical range is a convex compact set generalizing the classical numerical

range of a square complex matrix, first appearing in the study of quantum error correction.

In this thesis, we will discuss some of the real algebraic and convex geometry of these sets,

including a generalization of Kippenhahn’s theorem, and describe an algorithm to explicitly

calculate the higher-rank numerical range of a given matrix. We will also discuss the inverse

field of values problem, an inverse problem on the numerical range. We focus on the geometric

properties of the set of solutions. Finally, we consider an analogous problem for higher-rank

numerical ranges and show how to solve it using the ideas behind the proof of convexity for

these sets.
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Chapter 1

INTRODUCTION

The main objects of study of this thesis are numerical ranges of matrices, also known as

field of values, and a generalization thereof. Given a complex square matrix A ∈ Cn×n we

define the numerical range as

W(A) = {x∗Ax : x ∈ Cn and x∗x = 1}. (1.1)

This is a set in the plane of convex numbers. The fact that these sets are nonempty, com-

pact and convex is a classical result in functional analysis known as the Toeplitz-Hausdorff

theorem. The introduction of these sets was attributed to Toeplitz in 1918 [36] while their

convexity was established by Hausdorff in 1919 [16].

It is also worth mentioning that the spectrum of A, i.e. the set of eigenvalues of A,

is contained in W(A). This set has been studied extensively in the numerical analysis

community and it plays a key role in determining the convergence rate for iterative algorithms

that rely on powers and exponentials of A [11].

But numerical ranges have also captured the attention of computational algebraic geome-

ters. A classical result in this field is known as the Kippenhahn theorem [23]. For a complex

matrix A, let

ℜA =
A+ A∗

2
and ℑA =

A− A∗

2i
.

Observe that ℜA and ℑA are Hermitian matrices and also A = ℜA + iℑA. Kippenhanh

showed that W(A) is the convex hull of a real algebraic curve. This curve is dual to the

algebraic curve defined by the vanishing of the Kippenhahn polynomial of A, namely

fA = det (tIn + xℜ(A) + yℑ(A))
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More details on projective duality and how to compute a generator for this dual curve are

given in Section 2.5.

Given a matrix A ∈ Cn×n and a positive integer 1 ≤ k ≤ n, the rank-k numerical range

of A is defined to be

Λk(A) = {µ ∈ C : ∃ a rank-k orthogonal projection P s.t. PAP = µP} . (1.2)

In the context of quantum error correction, elements µ ∈ Λk(A) are known as compression

values [9]. An equivalent description of this set is

Λk(A) =
{
µ ∈ C : ∃X ∈ Cn×k such that X∗X = Ik and X∗AX = µIk

}
. (1.3)

From this description, one can see that the higher-rank numerical ranges are nested and

that the rank-one numerical range coincides with W(A). That is, W(A) = Λ1(A) and

Λk(A) ⊇ Λk+1(A) for all k. Higher-rank numerical ranges have special behavior when fA is

a power of a single linear form, i.e. fA = (t+ ax+ by)n. In this case Λk(A) = {a+ ib} for all

k = 1, . . . , n [8, Prop. 2.2].

Choi et. al. conjectured that higher-rank numerical ranges are always convex, which was

proved by Woerdeman in 2008 [37]. Independently, Li and Sze also proved that Λk(A) is

convex [26] by proving a description as an intersection of half-planes, namely

Λk(A) =
⋂

θ∈[0,2π)

{
µ ∈ C : Re(e−iθµ) ≤ λk(ℜ(e−iθA))

}
(1.4)

where λ1(M) ≥ . . . ≥ λn(M) denote the real eigenvalues of a Hermitian matrix M .

Example 1.1. The 4× 4 weighted cyclic shift matrix

A =


0 2 0 0

0 0 4 0

0 0 0 6

8 0 0 0

 gives fA = det


t x− iy 0 4x+ 4iy

x+ iy t 2x− 2iy 0

0 2x+ 2iy t 3x− 3iy

4x− 4iy 0 3x+ 3iy t


= 25(x4 + y4) + 434x2y2 − 30(x2 + y2)2 + t4.
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Figure 1.1: The curve fA = 0 and numerical ranges Λ1(A) and Λ2(A) of the 4× 4 matrix A

from Example 1.1. The zero set of the polynomial gA vanishes on the boundaries of Λ1(A)

and Λ2(A).

Figure 1.1 shows the zero set of fA(1, x, y) together with rank-one and rank-two numerical

ranges of A. The dual curve of fA is defined by the polynomial

gA = 15625a12 + 273750a10b2 + 90375a8b4 + 549236a6b6 + 90375a4b8 + 273750a2b10 + 15625b12

− 1368750a10 − 17139750a8b2 + 44934900a6b4 + 44934900a4b6 − 17139750a2b8 − 1368750b10

+ 47610625a8 + 429249700a6b2 − 1058169786a4b4 + 429249700a2b6 + 47610625b8

− 838188000a6 − 5975989920a4b2 − 5975989920a2b4 − 838188000b6 + 7621461600a4

+ 39076977600a2b2 + 7621461600b4 − 30526848000a2 − 30526848000b2 + 21083040000.

By Kippenhahn’s theorem, W(A) is the convex hull of {a+ ib ∈ C : gA(a, b) = 0}.

Higher-rank numerical ranges arose in the study of quantum error-correcting codes. In

this context, errors are represented as sets of operators that are applied to vectors in the

Hilbert space of possible quantum states. The goal is to find a projection that makes the

action of these operators on the data negligible, usually at the expense of restricting to a

subspace, thereby lowering the capacity of the channel. Each projection is associated with

a compression value, and the set of all possible compression values for rank-k projections
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corresponds to the rank-k numerical range. See [8], [9] for more details. Gau and Wu [13]

showed that the Kippenhahn polynomial fA of a matrix A completely determines all of its

higher-rank numerical ranges and, conversely, any two matrices all of whose higher-rank

numerical ranges coincide have the same Kippenhahn polynomial. Bebiano, Providência,

and Spitkovsky [5] give a description of the rank-k numerical range for certain families of

matrices.

The contents of this thesis are organized as follows. In Chapter 2, we give an overview

of some of the basic concepts and theorems used throughout this work. We cover basic

results in linear algebra, algebraic geometry, and convex geometry. We finish this section by

giving a proof of the classical Toeptlitz-Hausdorff theorem using the concepts and theorems

introduced in the preliminaries.

In Chapter 3, we study how to represent higher-rank numerical ranges and give algo-

rithms to compute such representations. Emphasis is placed on how to compute higher-rank

numerical ranges when they are not full-dimensional.

In Chapter 4, we look at the inverse Field of Values Problem (iFVP). This is well studied

problem in numerical analysis (see [4] and [6]). We focus on the set of solutions of the iFVP

and try to determine its algebraic structure and properties. One of our main tools is the *-

congruence canonical form of a complex squared matrix which is introduced at the beginning

of the section.

Chapter 5 extends the iFVP to higher-rank numerical ranges. In this chapter, we formu-

late this problem and give a symbolic method to obtain a solution. This solution is obtained

by studying a proof for convexity of the higher-rank numerical range in depth.

Chapter 6 covers a handful of results that do not fit the general themes of the other

chapters but are nonetheless valuable in their own right. We end with a recompilation of

open questions in the field that might be of use to the interested reader.
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Chapter 2

PRELIMINARIES

2.1 Notation

This is some of the notation that we will be using throughout this thesis.

– R and C denote the fields of real and complex numbers, respectively. Z denotes the

ring of integers and N the set of natural numbers (including 0).

– R≥0 denotes the set of nonnegative real numbers.

– [n] denotes the set of natural numbers from 1 to n where n ∈ N.

– i denotes the complex square root of −1 .

– For a field K, we use Pn(K) to denote the projective space of dimension n over K.

Primarily, we would be working with Pn(R) and Pn(C).

– The identity matrix in Cn×n (Rn×n) is denoted by In. The zero matrix in Cn×n (Rn×n)

is denoted by 0n.

– For a Hermitian matrix M , we use λ1(M) ≥ . . . ≥ λn(M) to denote the eigenvalues of

M . We often fix a matrix A and use the notation

λk(θ) = λk(ℜ(e−iθA)) = λk(cos(θ)ℜA+ sin(θ)ℑA) and λk(x, y) = λk(xℜA+ yℑA),

where θ ∈ [0, 2π) and (x, y) ∈ R. Any (x, y) ∈ R2 can be written as (x, y) =

r(cos(θ), sin(θ)) for some r ≥ 0 and θ ∈ [0, 2π), in which case λk(x, y) = rλk(θ).
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2.2 Real structure of a complex vector space

The vector space Cn also has an underlying structure as a real vector space of dimension 2n.

If {e1, . . . , en} is the canonical basis for Cn, then a basis for the underlying real vector space

consists of the vectors {e1, . . . , en, ie1, . . . , ien}.

Let M = A+ iB be a complex square matrix representing a linear automorphism of Cn,

with A,B ∈ Rn×n. This map corresponds to an automorphism of R2n with its respective

matrix in R2n×2n which we denote by M̂ . Given our choice of basis, this matrix would be

M̂ =

A −B

B A

 . (2.1)

For a Hermitian matrix H, consider the map fH : V → R given by wH(v) = v∗Hv. This

is a quadratic form over R2n. The next lemma shows that the associated symmetric matrix

to this quadratic form is in fact Ĥ.

Lemma 2.1. Let H be a Hermitian matrix in Cn×n and let z = (x1+ iy1, . . . , xn+ iyn) ∈ Cn

and z = (x1, . . . , xn, y1, . . . , yn) ∈ R2n. Then z∗Hz = z⊤Ĥz. Moreover, rank(Ĥ) = 2 rankH.

Proof. Let H = A + iB with A, B ∈ Rn×n. Since H is Hermitian, we must have that A is

symmetric and B is antisymmetric. Then

z∗Hz = (x− iy)⊤(A+ iB)(x+ iy)

= x⊤Ax+ ix⊤Ay − iy⊤Ax+ y⊤Ay + ix⊤Bx− x⊤By + y⊤Bx+ iy⊤By

= x⊤Ax+ y⊤Ay − x⊤By + y⊤Bx.

The first two underlined terms above cancel by the symmetry of A since

x⊤Ay = y⊤Ax.

The last two underlined terms also cancel by the antisymmetry of B since for any vector

v ∈ Rn and any antisymmetric matrix B ∈ Rn×n we have

v⊤Bv = −v⊤Bv = 0.
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On the other hand,

z⊤Ĥz =
(
x⊤ y⊤

)A −B

B A

x
y

 = x⊤Ax+ y⊤Ay − x⊤By + y⊤Bx.

To check the rank of Ĥ, set S =

−iIn iIn

In In

. Then we can check that

S−1

A −B

B A

S =

A− iB 0

0 A+ iB

 = H ⊕H.

Which clearly has rank equal to 2 rank(H). Since S is invertible and rank is preserved by

conjugation with S, this is also the rank of Ĥ.

To complement our discussion, we give a counterpart to the process of obtaining R2n

from Cn. Starting with the vector space R2n we can give it the structure of an n-dimensional

complex vector space via a construction called the linear complex structure [24, Chapter IX,

Section 1]. This involves finding a matrix J ∈ R2n×2n such that J2 = −I. Then the scalar

multiplication in C is defined as (x + iy)v = xv + yJ(v). Commonly, J is taken to be the

matrix

J =

 0 In

−In 0

 .
Observe that the matrices M̂ we defined in Eq. (2.1) satisfy the property that JM̂ = M̂J .

This characterizes all matrices that correspond to linear maps of the linear complex structure

of R2n.

2.3 Convex geometry

A set S ⊂ Rn is convex if for any points x,y ∈ S, the line segment between them, {λx +

(1 − λ)y : 0 ≤ λ ≤ 1}, is contained in S. We call S a convex cone if it is also closed

under nonnegative scaling, or equivalently if for any two points x,y ∈ S, the set of conic

combinations {λx+µy : λ, µ ∈ R≥0} is contained in S. We call F ⊆ S a face of a convex set
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if for every p ∈ F , if p = λx + (1− λ)y for some λ ∈ (0, 1) where x,y ∈ S, then x,y ∈ F .

That is, any way to express a point from F as a convex combination of points from S involves

only points from F .

The convex hull of a set S ⊂ Rn is the smallest convex set containing S and its conic

hull is the smallest convex cone containing S. We can write these as

conv(S) =

{
k∑

i=1

λipi : k ∈ N, pi ∈ S, λi ≥ 0,
k∑

i=1

λi = 1

}
, and

conicalHull(S) =

{
k∑

i=1

λipi : k ∈ N, pi ∈ S, λi ≥ 0

}
.

It is often more convenient to work with convex cones than convex sets. Following the

notation of [34], for any set S ⊆ Rn, we define Ŝ to be the conical hull of S embedded into

Rn+1 at height one:

Ŝ = conicalHull({1} × S) =

{
k∑

i=1

λi(1, pi) : k ∈ N, pi ∈ S, λi ≥ 0

}
⊂ Rn+1.

For any convex cone C, the set of linear functions that take only nonnegative values on

C also forms a convex cone, known as the dual cone of C, denoted C∗. For C ⊆ Rn this is

C∗ = {w ∈ Rn : ⟨w, v⟩ ≥ 0 for all v ∈ C}.

This is a closed convex cone in Rn. It is a classical theorem in convex geometry that the

dual of C∗ coincides with the closure of C in the Euclidean topology. See Theorem 1.2, the

subsequent Problem 2, and Lemma 1.4 of [2, Section IV.1]. This is known as the biduality

theorem:

Theorem 2.2 (Biduality). For any nonempty convex cone C, (C∗)∗ = C.

Note that when C = ∅, C∗ = Rn and (C∗)∗ = {(0, . . . , 0)}. From an inequality description

of a cone C, we can therefore understand its dual.

Corollary 2.3. Let K = {a ∈ Rn : ⟨x(θ), a⟩ ≥ 0 for all θ ∈ Θ} where x(θ) ∈ Rn. The dual

cone of K is

K∗ = conicalHull{x(θ) : θ ∈ Θ}.
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Proof. The condition that ⟨x(θ), a⟩ ≥ 0 for all θ ∈ Θ is equivalent to the condition that

⟨x, a⟩ ≥ 0 for all x in the conical hull of {x(θ) : θ ∈ Θ}. This shows that K is the dual cone

of C = conicalHull{x(θ) : θ ∈ Θ}. The result then follows from the biduality theorem.

A set in Rn is called an affine space if it can be written as W + x where x ∈ Rn and

W is a linear subspace of Rn. The dimension of x +W is defined to be the dimension of

W as a linear subspace. The affine span (also known as affine hull) of a set S ∈ Rn is the

intersection of all affine subspaces that contain S.

aff(S) =

{
k∑

i=1

λipi : k ∈ N, pi ∈ S, λi ∈ R,
k∑

i=1

λi = 1

}
The dimension of a convex set S is defined to be the dimension of its affine span.

The relative interior of a set S is its interior relative to the affine span of S.

ri(S) = {x ∈ S : ∃ϵ > 0 such that B(x, ϵ) ∩ aff(S) ⊆ S},

where B(x, ϵ) denotes the open ball of radius epsilon around x.

B(x, ϵ) = {y ∈ Rn : ∥x− y∥2 < ϵ}.

The following property of relative interiors would be useful for our purposes.

Theorem 2.4 (Theorem 6.6 in [32]). Let K be convex set in Rn and ψ : Rn → Rm be a

linear map. Then ψ(ri(K)) = ri(ψ(K)).

2.4 Properties of the PSD cone of Hermitian matrices

This section follows Barvinok’s discussion about the cone of positive semidefinite matrices [2,

Chapter II, Section 12]. Here, as in most references, only the PSD cone for real symmetric

matrices is studied in detail. All analogous statements on the PSD cone of Hermitian matrices

are left as exercises to the reader. For completeness, we give solutions to some of these

exercises.

For any complex square matrix A we denote its conjugate transpose by A∗. A is Hermitian

if A = A∗. We denote the set of Hermitian matrices of size n by Hermn.
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Theorem 2.5. The set of n × n Hermitian matrices of size n is a real vector space of

dimension n2.

Proof. Let A, B be two Hermitian matrices and b ∈ R. Observe that (A + bB)∗ = A∗ +

(bB)∗ = A+bB. This shows that Hermitian matrices are closed under addition and real scalar

multiplication. Denote the elementary matrix with 1 in the ij entry and zero everywhere

else by Eij. To check that the dimension is n2 observe that a basis of Hermn is given by the

matrices Eii for 1 ≤ i ≤ n, and Eij + Eji, iEij − iEji, 1 ≤ i < j ≤ n. The basis has size

n+ 2
(
n
2

)
= n2.

This space comes equipped with an inner product

⟨A,B⟩ = tr(AB) =
∑

1≤i,j≤n

aijbij.

A Hermitian matrix A ⊆ Rn×n is positive semidefinite (PSD) if all of its eigenvalues are

non-negative. If all of its eigenvalues are strictly positive then we say that the matrix is

positive definite (PD).

Theorem 2.6. The following conditions are equivalent.

1. A is PSD.

2. x∗Ax ≥ 0 for all x ∈ Cn.

3. All principal minors of A are nonnegative.

4. A = B∗B for some matrix B ∈ Cn×n.

The PD property has very similar equivalences.

Theorem 2.7. The following conditions are equivalent.

1. A is PD.
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2. x∗Ax > 0 for all x ∈ Cn.

3. All leading principal minors of A are strictly positive.

4. A = B∗B for some full-rank matrix B ∈ Cn×n.

To check if a matrix is PD using (3) it is only necessary to check the leading principal

minors rather than all of them. Computationally, this is a big difference, since there are n

leading principal minors and 2n − 1 principal minors in total.

We use the PSD property to introduce a partial ordering in Hermn. We say that A ⪰ B

if A − B is PSD. In particular, A is PSD if and only if A ⪰ 0. We denote the set of all

Hermitian PSD matrices of size n as PSDn(C). Building on our previous section, we will

show that this is a convex cone inside the real vector space of Hermitian matrices.

Theorem 2.8. The set of positive semidefinite matrices is a closed pointed convex cone in

Hermn.

Proof. To show that PSDn is a cone we can use the second characterization in Theorem 2.8.

For any two PSD matrices A and B and for any two scalars a, b ∈ R≥0 we have

x∗ (aA+ bB)x = ax∗Ax+ bx∗Bx ≥ 0.

Observe that for a fixed nonzero x ∈ Cn, PSDn(C) satisfies the closed constraint x∗Hx ≥ 0.

Moreover,

x∗Ax = tr(xx∗A) = ⟨xx∗, A⟩.

Therefore, PSDn(C) is equal to the intersection of the half-spaces ⟨xx∗, A⟩ ≥ 0 for all x ∈

Cn\0. In particular, PSDn(C) is closed.

Finally, we can check that PSDn(C) is a pointed cone by observing that in PSDn(C)

there is no straight line that passes through the origin. This is not possible because for any

nonzero PSD matrix A, −A has at least one strictly negative eigenvalue and therefore −A

is not in PSDn(C).
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Theorem 2.9. PSDn(C) is generated by the set of rank-1 n× n Hermitian matrices.

Proof. Observe that all rank-1 Hermitian matrices can be written as vv∗ up to sign for some

vector v. Let H be a Hermitian matrix and let {λ1, . . . , λn} be its eigenvalues. Then there

exists a unitary matrix U such that UDU∗ = H with D = diag(λ1, . . . , λn).

Let ui denote the i-th column of U . Then observe that ui is an eigenvector of H.

Hui = UDU∗ui = UDei = Uλiei = λui.

Then we claim that

H =
n∑

j=1

λjuju
∗
j . (2.2)

Since the ui form a basis of Cn we can show this by checking that(
n∑

j=1

λiuju
∗
j

)
ui = λiui,

for all i ∈ [n]. But this is immediate from the fact that ui is a unitary basis, so u∗jui = 0 for

all j ̸= i and the only surviving term above is λiuiu
∗
iui = λiui.

The expression on the right-hand side of Eq. (2.2) is known as the rank-1 decomposition

of H. If we assume that H is PSD then its rank-1 decomposition is just a conical combination

of rank-1 PSD matrices.

Theorem 2.10. The faces of PSDn are indexed by the subspaces of Cn. They are of the

form

FV = {A ∈ PSDn : kerA ⊃ V }.

where V is a subspace of Cn.

Proof. A proof for the symmetric case is given in [2, Proposition 12.3]. The proof for Her-

mitian matrices is analogous.

Theorem 2.11. A Hermitian matrix A is in the interior of PSDn(C) if and only if A is

positive definite.
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Proof. We can use the characterization that A is PD if det(Ak) > 0 for all leading principal

submatrices Ak of A. The determinant is a continuous function from Hermk to R. So PDn is

the finite intersection of preimages of open sets and therefore it is open. The other direction

follows from Theorem 2.10 because if a Hermitian matrix A is PSD and it is not full-rank

then its kernel is non trivial and therefore it must be contained in the proper face of PSDn

indexed by kerA.

Corollary 2.12. PSDn(C) is a full-dimensional cone.

Proof. This follows from the previous lemma because the interior of PSDn(C) is nonempty.

In particular In is an interior point of PSDn(C).

A spectahedron is the intersection of PSDn with an affine linear subspace of Hermn. For

example, for any n×n Hermitian matrices X and Y , the set {In+aX+bY ⪰ 0 : (a, b) ∈ R2}

is a spectahedron. Other examples are sets of the form {H ∈ PSDn(C) : ⟨X,H⟩ = b} for

X ∈ Hermn and b ∈ R. Spectahedrons are convex because they are the intersection of two

convex sets (PSDn(C) and an affine linear subspace).

On the other hand a linear tranformation of a spectahedron is called a spectahedral

shadow. For example, for X and Y as above

{(⟨X,H⟩, ⟨Y,H⟩) : H ∈ PSDn and ⟨H, In⟩ = 1}

is a spectahedral shadow. Spectahedral shadows are also convex since convexity is preserved

under affine linear maps.

2.5 Duality of plane curves

Let f ∈ R[t, x, y] be a homogeneous polynomial of degree n. That is, f =
∑

i+j≤n cijt
ixjyn−i−j

for some constants cij ∈ R. We use V(f) and VR(f) to denote the variety of f in P2(C) and

P2(R), respectively. Up to scaling, the polynomial f has a unique factorization into irre-

ducible polynomials f =
∏s

i=1 f
mi
i where gcd(fi, fj) = 1 for i ̸= j. We use f red to denote the

square-free product
∏s

i=1 fi. Then V(f) = V(f red).
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A point p ∈ V(f) is called a smooth point of V(f) if the gradient ∇(f red) is nonzero at

p, in which case ∂f red

∂t
(p)t + ∂f red

∂x
(p)x + ∂f red

∂y
(p)y = 0 defines the tangent line of V(f) at p.

Otherwise, we call p a singular point of V(f). We use Sing(f) and SingR(f) to denote the

set of singular points of V(f) and VR(f), respectively.

For Pn(C), the set of hyperplanes H ⊆ has the structure of a projective space. We call

this set the dual projective space of dimension n and denoted by Pn(C)∗. This set is, in fact,

isomorphic to Pn(C) via the following map. For any hyperplane H, map H to its normal

vector.

The dual variety of V(f), denoted V(f)∗, is defined as the closure of the image of

V(f)\ Sing(f) under the map p 7→ [∇f red(p)]. That is,

V(f)∗ =
{
[c : a : b] ∈ P2(C) : ct+ ax+ by = 0 is tangent to V(f) at some point p

}
.

When f is irreducible and has degree ≥ 2, V(f)∗ is an irreducible plane curve. When

f = ct+ax+by, the dual variety V(f)∗ is a single point [c : a : b]. In general, if f =
∏s

i=1 f
mi
i

is an irreducible factorization of f , the dual variety of f is the union of the dual varieties of

its irreducible factors, V(f)∗ = ∪s
i=1V(fi)∗.

2.6 Saturation and variable elimination

This is an overview of the algorithms an operations on ideals described in [10]. Consider two

ideals I and J in R[x1, . . . , xn]. The saturation of J over I, denoted by (I : J∞) is defined as

(I : J∞) =
∞⋃
k=1

(I : Jk).

By the ascending chain condition, the chain of ideals (I : Jk) stabilizes and so (I : J∞) is

equal to (I : Jk) for big enough k. The saturation ideal has the property that V(I : J∞) =

V(I)\V(J). Thus, saturation is useful when we want to remove irreducible components from

a variety.
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Theorem 2.13 (Elimination of variables). Let I be a homogeneous ideal in C[x0, . . . , xm, y0, . . . , ym]

and consider the variety V(I) = P ∈ Pn(C)× Pm(C). Then

π1(P) = V((I : (y0, . . . , ym)
∞ ∩ C[x1, . . . , xn]) ,

where π1 denotes the projection of Pn(C)× Pm(C) onto Pn(C).

Proof. See [10, Chapter 8, Section 5, Proposition 5].

Given f ∈ R[t, x, y] we would like to find an ideal I ⊆ R[a, b, c] such that V(I) = V(f)∗.

For this we introduce a new variety in Pn × (Pn)∗ called the conormal variety.

CN(f) = {(x,H) : x ∈ V(f)\Sing(f) and H ⊇ Tx(V(f))}.

This consists of pairs of points p in the variety V(f) and hyperplanes that are tangent at

V(f) on p. The projection of CN(X) onto (Pn)∗ is the dual curve.

Consider the ideal I,

I = ⟨f, ct+ ax+ by⟩+

〈
2× 2 minors

 c a b

∂f
∂t

∂f
∂x

∂f
∂y

〉 (2.3)

By saturating I with the ideal J = I(Sing(f)) = ⟨∂f
∂t
, ∂f
∂x
, ∂f
∂y
⟩, we obtain the vanishing

ideal for CN(f).

I(CN(f)) = (I : J∞).

We can get the ideal of a projection through variable elimination. In particular, if we

eliminate the variables t, x, y we obtain the ideal for V(f)∗. If V(f) is not a line, then the

above variety has dimension 1 and its defining ideal is principal.

2.7 Coordinate changes

Numerical ranges behave nicely under affine-linear maps on C ∼= R2. Consider an affine-linear

map L : R2 → R2 given by

L(a, b) = (u01 + u11a+ u21b, u02 + u12a+ u22b), (2.4)
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where uij ∈ R. We can extend this to an action of the affine-linear group on n× n matrices

as follows. Given a matrix A ∈ Cn×n, define

L · A = (u01 + iu02)I + (u11 + iu12)ℜ(A) + (u21 + iu22)ℑ(A).

One can check that L(Λk(A)) = Λk(L ·A). Note that this also corresponds to a linear change

of coordinates on the Kippenhahn polynomial:

fL·A(t, x, y) = fA (t+ u01x+ u02y, u11x+ u12y, u21x+ u22y) .

For an n× n matrix M , we defined the corank of M to be n− rank(M).

Lemma 2.14. For A ∈ Cn×n and p = (p0, p1, p2) ∈ R3 with (p1, p2) ̸= (0, 0), the following

quantities coincide:

(i) the corank of the matrix p0I + p1ℜ(A) + p2ℑ(A),

(ii) the maximum d such that rd divides fA(rq + sp) ∈ R[r, s] for every q ∈ R3 , and

(iii) the minimum degree of a monomial of fL·A(t, x, 1) where L : R2 → R2 is any invertible

affine linear transformation as in (2.4) with (u02, u12, u22) = p.

This number is called the multiplicity of fA at p. The multiplicity of fA is ≥ 1 if and

only if fA(p) = 0 and ≥ 2 if and only if both fA(p) = 0 and ∇fA(p) = 0.

Proof. For (t, x, y) ∈ R3, let MA(t, x, y) denote the linear matrix pencil

MA(t, x, y) = tI + xℜ(A) + yℑ(A).

(i)=(iii) For an invertible affine linear transformation L : R2 → R2 as in (2.4) with

(u02, u12, u22) = p, ℑ(L · A) =MA(p). Therefore

fL·A(t, x, y) = det(tI + xℜ(L · A) + yMA(p)).
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By the Laplace expansion of the determinant, we see that the degree of fL·A in the variable

y, denoted degy(fL·A), is ≤ rank(MA(p)). Conversely, the restriction fL·A(t, 0, y) factors as

td
∏

i(t+λiy) where the product is taken over the nonzero eigenvalues of MA(p). This shows

that degy(fL·A) ≥ rank(MA(p)). Since fL·A(t, x, y) is homogeneous of degree n, n−degy(fL·A)

is the quantity in (iii). Similarly n− rank(MA(p)) is the quantity in (i).

(i)=(ii) Similarly, for q ∈ R3, fA(rq + sp) = det(rMA(q) + sMA(p)). By the Laplace ex-

pansion of the determinant, we see that the degree of s in this polynomial is ≤ rank(MA(p)).

Since it is homogeneous of degree n in r, s, it is therefore divisible by rd where d = n −

rank(MA(p)). Conversely, for q = (1, 0, 0), this restriction factors as rd
∏

i(r + λis) where

the product is taken over the nonzero eigenvalues of MA(p).

2.8 Convexity of the numerical range

Recall that the numerical range of a complex squared matrix A is given by

W(A) = {x∗Ax : x ∈ Cn and x∗x = 1}.

Throughout our work, we have come across numerous proofs of the convexity of the

numerical range. In Barvinok’s book, a proof is given that relies on properties of the PSD

cone [2, Theorem 14.2]. The crux of the proof is showing that under suitable conditions a

Hermitian matrix that satisfies a linear equation can be replaced with another Hermitian

matrix of relatively low rank [2, Propostion 13.4]. This follows from the topological fact that

there are no continuous injective maps between Sn and Pn(R) [2, Topological Fact 13.5].

Another proof using numerical analysis is given in Horn’s book [20, Section 1.3]. The key

step is to reduce the problem to the case of 2 by 2 matrices. For such matrices, it is explicitly

shown that their numerical ranges are ellipses (possibly degenerate) and, therefore, convex.

Here we give a unified proof that combines ideas from the two references cited above.

Specifically, we use the reduction to the 2 by 2 case but we show that convexity in this case

follows easily from the results shown in the preliminary section on PSD cones (no topological

fact 13.5 needed).
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Lemma 2.15. Let A ∈ Cn×n and X ∈ Cn×k such that X∗X = Ik. Then W(X∗AX) ⊆

W(A).

Proof. Suppose that µ ∈ W(X∗AX). Then there exists some u ∈ Ck with ∥u∥2 = 1 such

that

u∗X∗AXu = µ.

It follows that µ ∈ W(A), since for v = Xu we have v∗v = u ∗ X∗Xu = u∗u = 1 and

v∗Av = µ.

Lemma 2.16. For any A ∈ C2×2, W(A) is convex.

Proof. Let ℜA and ℑA be the real and imaginary part of A respectively. Observe that

x∗Ax = x∗ℜAx+ ix∗ℑAx. Moreover,

x∗ℜAx = tr(x∗ℜAx) = tr(xx∗ℜA) = ⟨x∗x,ℜA⟩.

For the condition ∥x∥2 = 1 we have the following equivalences:

∥x∥22 = x∗x = x∗Inx = ⟨xx∗, In⟩.

Finally, for all rank-1 PSD Hermitian matrices H there exists a vector x such that x∗x = H.

Putting all of these assertions together we get the following representation of the numerical

range.

W(A) = {(⟨X,ℜA⟩+ i⟨X,ℑA⟩) : X ∈ PSD2(C), ⟨X, I2⟩ = 1 and X is rank-1} (2.5)

In particular,

W(A) ⊆ {(⟨X,ℜA⟩+ i⟨X,ℑA⟩) : X ∈ PSD2(C) and ⟨X, I2⟩ = 1}. (2.6)

The set on the right-hand side of Eq. (2.6) is convex since it is a spectahedral shadow. It

is obtained by intersecting the PSD cone with a hyperplane and then projecting this plane

onto R2. To finish, we must show that Eq. (2.6) is actually an equality. Suppose that a+ ib
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belongs to the right-hand side of the previous containment. In particular, there exists an

X ∈ PSD2(C) such that

⟨X,ℜA⟩ = a ⟨X,ℑA⟩ = b and ⟨X, I2⟩ = 1. (2.7)

If we think about the set of Hermitian matrices that satisfy the previous equations, they

form an affine subspace U of codimension at most 3 that intersects with PSD2(C). Since

PSD2(C) is a closed pointed cone it cannot contain any line in Hermn (see Theorem 2.8).

Therefore, U must intersect the boundary of PSD2(C). But given that we are in the 2-by-2

case, this boundary corresponds to the rank-1 Hermitian matrices and the zero matrix by

Theorem 2.10. Since ⟨02, I2⟩ = 0, the zero matrix is not contained in the line U and thus we

conclude that a matrix in the intersection must correspond to a rank-1 matrix.

In the case where ℜA, ℑA and I2 are linearly independent then U corresponds to a line.

In this case there are at most 2 rank-1 Hermitian matrices that satisfy Eq. (2.7). With this

we are ready to prove the main theorem.

Theorem 2.17. W(A) is a convex set.

Proof. Consider two values µ1 and µ2 and suppose there exist v1 and v2 ∈ Cn such that

v∗i vi = 1 and v∗iAvi = µi. We aim to show that W(A) contains the convex hull of µ1 and µ2.

We can assume without loss of generality that v1 and v2 are linearly independent. Otherwise,

v1 and v2 would be proportional and then it would follow that µ1 = µ2 in which case there

is nothing to prove. Take X to be an n by 2 matrix such that X∗X = I2 and the span of the

columns of X equals the span of v1 and v2. This can be achieved, for example, by applying

Gram-Schmidt to the matrix [v1 v2].

Then we can consider the matrix X∗AX. Because v1 and v2 are in the column span of

X, there exists some vector u1 and u2 such that Xui = vi.

Moreover, u∗iui = u∗iX
∗Xui = v∗i vi = 1. It follows that µ1 and µ2 ∈ W(X∗AX). By

Lemma 2.16 it follows that Λ1(X
∗AX) is convex and therefore the line segment between µ1
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and µ2 is contained in W(X∗AX). Then by Lemma 2.15 it follows that this line segment is

also contained in W(A) from which the claim follows.

Corollary 2.18. For any complex matrix A ∈ Cn×n

W(A) = {(⟨X,ℜA⟩+ i⟨X,ℑA⟩) : X ∈ PSDn(C) and ⟨X, In⟩ = 1}. (2.8)

Proof. We follow the same argument as in [18, Lemma 1]. By the same reasoning as in

Lemma 2.16 we can conclude the same equality as in Eq. (2.5). That is,

W(A) = {(⟨X,ℜA⟩+ i⟨X,ℑA⟩) : X ∈ PSDn(C), ⟨X, In⟩ = 1 and X is rank-1} (2.9)

By the characterization of the basis of PSDn(C) in Theorem 2.9, the convex hull of the

right hand side of Eq. (2.9) is precisely the right hand side of Eq. (2.8). But, since we

established that W(A) is convex, the convex hull of the right-hand side of Eq. (2.9) is equal

to itself.

The following lemma is useful when working with block diagonal matrices.

Lemma 2.19. Suppose that A = A1 ⊕ A2 with A1 ∈ Ck×k and A2 ∈ C(n−k)×(n−k). Then

W(A) = conv(W(A1) ∪W(A2)).

Proof. (⊇): Observe that A1 = X∗AX where X =

Ik
0

 ∈ Cn×k. It is clear that X∗X = Ik.

Therefore, by Lemma 2.15, W(A1) ⊆ W(A). A similar argument shows that W(A2) ⊆

W(A). From these two containments, we conclude that W(A) ⊇ conv(W(A1) ∪W(A2)).

(⊆): If z1 = 0, then ∥z2∥2 = ∥z∥2 = 1 and z∗Az = z∗2Az2 ∈ W(A2). Similarly, if z2 = 0

we can show that zAz ∈ W(A1).

If z = (z1, z2) with z1 ∈ Ck\{0} and z2 ∈ Cn−k\{0} then

z∗Az = z∗1A1z1 + z∗2A2z2 = ∥z1∥22
(

z1
∥z1∥2

)∗

A1

(
z1

∥z1∥2

)
+ ∥z2∥22

(
z2

∥z2∥2

)∗

A2

(
z2

∥z2∥2

)
.

The condition ∥z∥2 = 1 implies that ∥z1∥22 + ∥z2∥22 = 1. This shows that any element in

W(A) can be written as a convex combination of elements in W(A1) and W(A2).
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Chapter 3

COMPUTATION OF HIGHER-RANK NUMERICAL RANGES

The content of this chapter can be found in [28] which was written jointly with Cynthia

Vinzant.

3.1 The dual convex cone of the rank-k numerical range

Li and Sze [26] gave a description (1.4) of Λk(A) as the intersection of half-planes. Taking

µ = a+ ib, we rewrite this description as

Λk(A) = {a+ ib ∈ C : a cos(θ) + b sin(θ) ≤ λk(θ) for all θ ∈ [0, 2π)} (3.1)

where λk(θ) is short-hand notation for λk(cos(θ)ℜA+ sin(θ)ℑA). Using this description, we

use convex duality to study Λk(A). For convenience, we lift Λk(A) to a convex cone in R3.

Namely, let

Λ̂k(A) = {(λ, λa, λb) : a+ ib ∈ Λk(A), λ ∈ R≥0}

when Λk(A) is nonempty. When Λk(A) is empty, we use the convention Λ̂k(A) = {(0, 0, 0)}.

To understand the dual cone, consider the closed curve in R3 parametrized by

Ok(A) = {(λk(θ),− cos θ,− sin θ) : θ ∈ [0, 2π)}. (3.2)

This curve is contained in the set of points (t, x, y) ∈ R3 with fA(t, x, y) = 0 and x2+y2 = 1.

Theorem 3.1. The convex cone Λ̂k(A) has the inequality description

Λ̂k(A) = {(c, a, b) : c ≥ 0 and cos(θ)a+ sin(θ)b ≤ λk(θ)c for all θ ∈ [0, 2π)}

and its dual cone is given by

(Λ̂k(A))
∗ = conicalHull({(1, 0, 0)} ∪Ok(A)).
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Proof. From Corollary 2.3, it suffices to prove the inequality description for Λ̂k(A) and the

description of (Λ̂k(A))
∗ follows. The containment ⊆ follows directly from the description of

(1.4) of Li and Sze.

For the reverse containment, suppose that (c, a, b) satisfies c ≥ 0 and cos(θ)a+ sin(θ)b ≤

λk(θ)c for all θ ∈ [0, 2π). If c > 0, then 1
c
(a, b) satisfies all the inequalities that define Λk(A)

and so (c, a, b) = c(1, a/c, b/c) belongs to Λ̂k(A). If c = 0, we claim that (a, b) = (0, 0).

Taking θ ∈ {0, π/2, π, 3π/2}, we see that (a, b) must satisfy the inequalities −a ≥ 0, −b ≥ 0,

a ≥ 0 and b ≥ 0, which imply (a, b) = (0, 0). Therefore (c, a, b) = (0, 0, 0) ∈ Λ̂k(A).

Remark 3.2. Since Λk(A) is compact, Λ̂k(A) is a closed, pointed cone. That is, it is closed

and does not contain any line through the origin.

Corollary 3.3. A point a+ ib belongs to Λk(A) if and only if the linear function t+ ax+ by

is nonnegative on Ok(A).

Proof. This follows directly from the description (1.4) of Li and Sze.

The following example shows why the inclusion of (1, 0, 0) in Theorem 3.1 is necessary:

Example 3.4. Consider the 3× 3 matrix A =


0 0 0

0 0 2

0 0 0

. The Kippenhahn polynomial is

fA(t, x, y) = t(t2 − x2 − y2). One can check that λ2(θ) = 0 for all θ ∈ [0, 2π) and therefore

Λ2(A) = {0}. The conical hull of O2(A) is therefore the plane {c = 0} and so the dual cone

of this conical hull is the whole real line spanned by (1, 0, 0). This strictly contains Λ̂2(A),

which is the ray {(c, 0, 0) : c ≥ 0}. The conical hull of {(1, 0, 0)} ∪ O2(A) is the half-space

{(t, x, y) : t ≥ 0}, whose dual cone is Λ̂2(A), as promised by Theorem 3.1.

In Example 3.4, the curve Ok(A) was contained in a plane. As we will see below, this is

the only way for (Λ̂k(A))
∗ to differ from the closure of the conical hull of Ok(A). To see this,

we prove some very simple but useful inequalities.
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Lemma 3.5. For any θ ∈ [0, 2π),

λk(θ) + λk(θ + π) ≥ 0 for k ≤ (n+ 1)/2, and

λk(θ) + λk(θ + π) ≤ 0 for k ≥ (n+ 1)/2.

Proof. Note that k ≤ (n + 1)/2 if and only if k ≤ n − k + 1. By definition, we have that

λk(θ) ≥ λn−k+1(θ). Also we have λk(θ + π) = −λn−k+1(θ). Together this gives

λk(θ) + λk(θ + π) = λk(θ)− λn−k+1(θ) ≥ 0.

The second statement follows analogously by taking the inequality λk(θ) ≤ λn−k+1(θ).

Corollary 3.6. Suppose that Ok(A) is not contained in a plane through the origin in R3. If

k ≤ (n+ 1)/2, then

(Λ̂k(A))
∗ = conicalHull(Ok(A))

and if k ≥ (n+ 1)/2, then (Λ̂k(A))
∗ = R3, Λ̂k(A) = {(0, 0, 0)}, and Λk(A) = ∅.

Proof. We show that when k ≤ (n + 1)/2, (1, 0, 0) belongs to the closed convex cone C =

conicalHull(Ok(A)). Suppose, for the sake of contradiction, that it does not. Then there

exists a hyperplane separating these sets. That is, there exists (c, a, b) ∈ R3 with ct+ax+by ≥

0 for all (t, x, y) ∈ C and c < 0.

Since Ok(A) is not contained in the plane {(t, x, y) : ct + ax + by = 0}, there must be

some point of Ok(A) not on this plane. That is, there is some θ ∈ [0, 2π) for which

λk(θ)c− cos(θ)a− sin(θ)b > 0.

Since ct+ ax+ by is nonnegative on Ok(A), we also have that

λk(θ + π)c+ cos(θ)a+ sin(θ)b = λk(θ + π)c− cos(θ + π)a− sin(θ + π)b ≥ 0.

Adding these two inequalities gives that c(λk(θ) + λk(θ + π)) > 0. Since c < 0, this

contradicts the first inequality in Lemma 3.5 when k ≤ (n + 1)/2. Therefore (1, 0, 0) ∈

conicalHull(Ok(A)). The claim then follows from Theorem 3.1.
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For k ≥ (n+ 1)/2, we use that Ok(A) = −On−k+1(A) and n− k+ 1 ≤ (n+ 1)/2. By the

arguments above, the point (−1, 0, 0) belongs to C. The cone conicalHull({(1, 0, 0)} ∪Ok(A))

therefore contains the whole real line {(t, 0, 0) : t ∈ R}. By Theorem 3.1, this cone coincides

with (Λ̂k(A))
∗. From this and the parametrization of Ok(A), we see that it also contains

the set {(0,− cos(θ),− sin(θ)) : θ ∈ [0, 2π)}. It follows that (Λ̂k(A))
∗ is all of R3. By the

biduality theorem, Λ̂k(A) = {(0, 0, 0)}. It follows that Λk(A) = ∅.

Example 3.7. The 4× 4 symmetric matrix

A =


0 2 0 0

2 0 i 0

0 i 0 1

0 0 1 0

 gives fA = det


t 2x 0 0

2x t y 0

0 y t x

0 0 x t

 = t4 − 5t2x2 + 4x4 − t2y2.

Figure 3.1 shows the curves Ok(A) for k = 1, 2, 3, 4 as well as the convex hull of O2(A).

Every point (t, x, y) in the curve O1(A) satisfies t ≥ 1. Its convex hull does not contain the

origin and its conical hull is a pointed convex cone given by

(Λ̂1(A))
∗ = {(t, x, y) ∈ R3 : fA(t, x, y) ≥ 0, 2t2 − 5x2 − y2 ≥ 0, t ≥ 0}.

On the other hand, the convex hull of O2(A) has a family of edges whose tangent planes

approach {c = 0}. The plane {c = 0} meets this convex body in an edge between the two

points (0,±1, 0). The conical hull of O2(A) is therefore {(t, x, y) : t > 0}∪{(0, x, 0) : x ∈ R}.

The closure is the half-plane (Λ̂2(A))
∗ = {(t, x, y) : t ≥ 0}. The dual cone is the ray

Λ̂2(A) = {(c, 0, 0) : c ≥ 0}, giving Λ2(A) = {0} ⊂ C.

We end with the following corollary, which is useful for studying rank-k numerical ranges

when k ≥ (n+ 1)/2.

Corollary 3.8. Let k ≥ (n+1)/2 and suppose that Λk(A) = {a+ib}. Then Λj(A) = {a+bi}

for all n− k + 1 ≤ j ≤ k.
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Figure 3.1: The curves Ok(A) from Example 3.7 with the cone (Λ̂1(A))
∗, the convex hull of

O2(A), and higher-rank numerical ranges Λ1(A) and Λ2(A).

Proof. By Corollary 3.6, if Λk(A) is nonempty then Ok(A) has to be contained in a plane. By

duality, the functional t+ax+by must be nonnegative in this plane. This is only possible if the

plane in question is t+ax+ by = 0. In particular, for any θ ∈ [0, 2π) λk(θ) = a cos θ+ b sin θ.

Now consider,

λn−k+1(θ) = −λk(θ + π) = −a cos(θ + π)− b sin(θ + π) = λk(θ).

It then follows that λn−k+1(θ) = λn−k+1(θ) = . . . = λk−1(θ) = λk(θ) = a cos θ + b sin θ.

Therefore, all Oj(A) are the same for n− k + 1 ≤ j ≤ k and the statement follows.

3.2 A membership test for the rank-k numerical range

In this section we describe an algorithm for testing membership of a given point a + ib in

Λk(A). This relies on the description of the dual cone from Theorem 3.1. Note that a point

(1, a, b) belongs to Λ̂k(A) if and only if the functional ℓ(t, x, y) = t+ ax+ by is nonnegative

on Ok(A). This results in many different equivalent conditions for membership in Λk(A).

Theorem 3.9 (Membership test). Let (a, b) ∈ R2 and ℓ = t + ax + by. The following are

equivalent:
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(a) a+ ib ∈ Λk(A),

(b) tIn+xℜA+yℑA has at most n−k strictly positive eigenvalues for all (t, x, y) ∈ VR(ℓ),

(c) tIn+xℜA+yℑA has at most n−k strictly negative eigenvalues for all (t, x, y) ∈ VR(ℓ),

(d) λn−k+1(xℜA+ yℑA) ≤ ax+ by for all (x, y) ∈ R2,

(e) λk(xℜA+ yℑA) ≥ ax+ by for all (x, y) ∈ R2, and

(f) λk(ℜA+ yℑA) ≥ a+ by and λn−k+1(ℜA+ yℑA) ≤ a+ by for all y ∈ R.

Proof. (a)⇔(e) The ⇒ direction follows directly from the description (3.1) of Λk(A). For

the converse, suppose (x, y) ∈ R2. We can write (x, y) = r(cos θ, sin θ) for some θ ∈ [0, 2π)

and r ∈ R≥0. By (3.1), λk(θ) ≥ a cos(θ)+ b sin(θ). Rescaling both sides by r gives the claim.

(d)⇔(e) For any Hermitian matrixM , λk(−M) = −λn−k+1(M). Since R2 is closed under

negation and (−x)ℜA+ (−y)ℑA = −(xℜA+ yℑA), the claim follows.

(d,e)⇔(f) Specializing to x = 1 gives the forward direction. Conversely, suppose that (f)

holds and take (x, y) ∈ R2. If x > 0, then

λk(xℜA+ yℑA) = xλk(ℜA+ (y/x)ℑA) ≥ x(a+ b(y/x)) = ax+ by.

The inequality follows from (f). Similarly, if x < 0, then

λk(xℜA+ yℑA) = −xλk(−ℜA− (y/x)ℑA)

= xλn−k+1(ℜA+ (y/x)ℑA) ≥ x(a+ b(y/x)) = ax+ by.

Finally, we note that λk(xℜA+ yℑA) is a continuous function of (x, y). Since it is ≥ ax+ by

for all (x, y) with x ̸= 0, it is ≥ ax+ by for any (x, y). This shows that condition (e) holds,

which implies (d) as above.

(c)⇔(e) Condition (c) is equivalent to the condition that λk(tIn + xℜA + yℑA) ≥ 0 for

all (t, x, y) ∈ VR(ℓ). Note that (t, x, y) ∈ VR(ℓ) if and only if t = −ax− by. We see that

λk((−ax− by)In + xℜA+ yℑA) = −ax− by + λk(xℜA+ yℑA).
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This is ≥ 0 if and only if λk(xℜA+ yℑA) ≥ ax+ by.

(b)⇔(c) Since VR(ℓ) is closed under scaling and λk(−M) = −λn−k+1(M).

These equivalences reduce the problem of deciding whether an element a+ ib belongs to

Λk(A) to checking the signs of the eigenvalues in the matrix pencil −(a+ by)In+ℜA+ yℑA.

An eigenvalue can only change signs at the roots of the determinant det(−(a+ by)In+ℜA+

yℑA) = fA(−a − by, 1, y). It therefore suffices to check the signature of this matrix pencil

at a single point between consecutive roots of this univariate polynomial.

One subtlety is that the restriction of fA to the line t+ ax+ by = 0 could be identically

zero, in which case ℓ = t+ ax+ by is a factor of fA. To deal with this, we first factor out all

powers of ℓ from fA. This gives the following algorithm:

Algorithm 1 Membership test

Input: A ∈ Cn×n, k ∈ Z with 1 ≤ k ≤ n, a+ ib ∈ C

Output: “True” if a+ ib ∈ Λk(A), “False” otherwise.

Take f = det(tIn + xℜA+ yℑA) and ℓ = t+ ax+ by.

Let d = max{e ∈ N : ℓe divides f} and define f̃ := f/ℓd.

Let h(y) = f̃(−a− by, 1, y) ∈ R[y] and compute the distinct real roots r1 < . . . < rm of h.

if h(y) has no real roots then

define s0 = 0

else

define s0 = r1 − 1 and sm = rm + 1.

for i = 1, . . . ,m− 1 do

define si = (ri + ri+1)/2.

for i = 0, . . . ,m do

if λk(ℜA+ siℑA) < a+ bsi or λn−k+1(ℜA+ siℑA) > a+ bsi then

return “False” and stop

return “True”
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Proposition 3.10. Algorithm 1 correctly determines membership in Λk(A).

Proof. If the algorithm returns “False”, then, for some i, λk(ℜA + siℑA) < a + bsi or

λn−k+1(ℜA+ siℑA) > a+ bsi. By Theorem 3.9, a+ ib does not belong to Λk(A).

Conversely, if a+ib ̸∈ Λk(A), then λk(ℜA+sℑA) < a+bs or λn−k+1(ℜA+sℑA) > a+bs

for some s ∈ R. Since these inequalities hold for an open set of s ∈ R, we can assume that s is

not a root of h. It follows that s belongs to some connected component I of R\{r1, . . . , rm},

which has some representative si ∈ I. We claim that, for any j, the value of

λj((−a− by)In + ℜA+ yℑA) = −a− by + λj(ℜA+ yℑA)

is either identically zero or has constant sign on the open interval I. Note that by definition

f(t− a− by, 1, y) = tdf̃(t− a− by, 1, y) = det((t− a− by)In + ℜA+ yℑA).

For given y, the roots of this polynomial (in t) are the eigenvalues of the matrix (a+ by)In−

ℜA−yℑA. The values of y for which t = 0 is a root of multiplicity > d are exactly the roots

of h(y) = f̃(−a − by, 1, y). Therefore for y ∈ I, the roots of f̃(−a − by, 1, y) are nonzero

and have constant sign. It follows that for y ∈ I, λj((−a − by)In + ℜA + yℑA) is either

identically zero or has constant sign. In particular, since I contains s and si, λk(ℜA+siℑA) <

a+ bsi or λn−k+1(ℜA+ siℑA) > a+ bsi and the algorithm returns “False”.

We finish this section by illustrating the membership test on a small example.

Example 3.11. Consider the 3×3 matrix A =


1 0 0

0 0 1/2

0 0 0

, k = 2, and a+ib = 1+0i. The

Kippenhahn polynomial is f(t, x, y) = 1
16
(t+x)(16t2−x2−y2). We take ℓ = t+ax+by = t+x.

Note that ℓ is the highest power of ℓ that divides f , so f̃ = f/ℓ = 1
16
(16t2 − x2 − y2). Then

h(y) = f̃(−1, 1, y) =
1

16
(16(−1)2 − 12 − y2) =

1

16
(15− y2)
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which has m = 2 real roots, r1 = −
√
15 and r2 =

√
15. From this, we define three test points

s0 = −
√
15− 1, s1 = 0, and s2 =

√
15 + 1. For any y ∈ R, the matrix

(−a− by)In + ℜA+ yℑA =


0 0 0

0 −1 1−iy
4

0 1+iy
4

−1


has eigenvalues 0,−1± 1

4

√
1 + y2. In particular, for y = s1 = 0, it has two negative eigenval-

ues. By Theorem 3.9, we conclude that 1 ̸∈ Λ2(A). The curve V(fA) is shown in Figure 3.2

in the chart {t = 1}. Connected components of the complement are labelled with the signs

of the eigenvalues of the matrix In + xℜA+ yℑA.

3.3 The algebraic boundary of Λk(A)

In this section we define a polynomial gA ∈ R[a, b] that vanishes on the boundary of Λk(A)

for any k. This polynomial will be well-defined whenever fA is not a power of a linear form.

We define gA as the minimal polynomial vanishing on the dual curve of V(fA) and all lines

coming from singularities of fA. Formally, we compute gA as follows. Let f = f red
A denote the

square-free part of the factorization of fA, i.e. the minimal polynomial vanishing on V(fA).

Consider the ideal I ⊂ R[t, x, y, a, b] given by

I = ⟨f, t+ ax+ by⟩+

〈
2× 2 minors

 1 a b

∂f
∂t

∂f
∂x

∂f
∂y

〉

=
〈
f, t+ ax+ by, ∂f

∂x
− a∂f

∂t
, ∂f
∂y

− b∂f
∂t
, a∂f

∂y
− b∂f

∂x

〉
and the ideal J obtained from I by saturating by the irrelevant ideal ⟨t, x, y⟩ and then

eliminating the variables (t, x, y):

J = radical (eliminate (I : ⟨t, x, y⟩∞, {t, x, y})) .

See [10] for more details on the operations of taking radicals, saturation, and elimination

of variables. We claim that this is a principal ideal whose variety consists of the dual curve

of V(fA) and lines corresponding to singularities of V(fA).
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Lemma 3.12. If fA is not a power of a linear form, then the ideal J above is principal and

V(J) = V(fA)∗ ∪
⋃

[p0:p1:p2]∈Sing(fA)

V(p0 + p1a+ p2b). (3.3)

Proof. We first show that the variety of J is as claimed. As in the construction of J , let

f = f red
A denote the squarefree part of the factorization of fA. By construction, the variety

of J (over C) consists of the set of (a, b) ∈ C2 for which there exists p = (p0, p1, p2) ∈

C3\{(0, 0, 0)} and λ ∈ C with f(p) = 0, p0 + ap1 + bp2 = 0, and λ(1, a, b) = ∇f(p). Under

the additional restriction that ∇f(p) is nonzero, this is exactly the dual curve of V(f). We

see that for any singular point p, any point (a, b) ∈ C2 satisfying p0 + p1a+ p2b = 0 belongs

to V(J), since 0 · (1, a, b) = ∇f(p).

To show that V(J) is principal, it suffices to show that its variety is a union of plane

curves. Suppose f = ℓ1 · · · ℓr · f1 · · · fs where ℓ1, . . . , ℓr are linear forms and f1, . . . , fs have

degree ≥ 2. The dual curve of f is the union of the dual curves of its factors, i.e. V(f)∗ =

(∪r
i=1V(ℓi)∗) ∪

(
∪s

j=1V(fj)∗
)
. For each i and j, V(ℓi)∗ is a point and V(fj)∗ is a curve. It

suffices to show that each point V(ℓi)∗ is contained in V(p0 + p1a + p2b) for some singular

point p of V(f). To do this, consider the factorization f = ℓi · h. By assumption, fA is

not a power of a linear form and so its reduced polynomial f is not linear, implying that

deg(h) ≥ 1. It follows that the intersection of V(ℓi) and V(h) in P2(C) is nonempty. Let

p be a point in this intersection. Then p will be a singular point of V(f). Moreover, since

ℓi(p) = 0, the point V(ℓi)∗ is contained in the line V(p0 + p1a + p2b). Therefore the variety

of J is

V(J) =

(
s⋃

j=1

V(fj)∗
)

∪

 ⋃
[p0:p1:p2]∈Sing(f)

V(p0 + p1a+ p2b)

 ,

which is a union of plane curves. It follows that J is a principal ideal.

Definition 3.13 (The polynomial gA). Let A ∈ Cn×n and suppose that fA is not a power of

a linear form. Define the polynomial gA ∈ R[a, b] to be the generator of the ideal J above.

When V(fA) is singular, the variety of gA includes both the dual curve of V(fA) and lines

corresponding to its singular points.
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Lemma 3.14. Let f = f red
A . If ∇f is nonzero at p = (λk(x

∗, y∗),−x∗,−y∗) for some

(x∗, y∗) ∈ R2, then the function λk(x, y) is differentiable at (x∗, y∗) with

∂λk
∂x

(x∗, y∗) =
∂f
∂x
(p)

∂f
∂t
(p)

and
∂λk
∂y

(x∗, y∗) =

∂f
∂y
(p)

∂f
∂t
(p)

.

Proof. Suppose that ∇f(p) is nonzero. By [30, Lemma 2.4], ∂f
∂t

is nonzero at p. Note that

for any (x, y) ∈ R2, the point (λk(x, y),−x,−y) belongs to the variety of f . The result then

follows from the implicit function theorem.

Theorem 3.15. If a+ ib belongs to ∂Λk(A), then gA(a, b) = 0.

Proof. Since a+ ib ∈ Λk(A), the linear function ℓ = t+ ax+ by is nonnegative on the curve

Ok(A) = {(λk(θ),− cos(θ),− sin(θ)) : θ ∈ [0, 2π)} ⊂ V(fA). Moreover, since it belongs to

the boundary of Λk(A), ℓ must be zero at some point p = (p0, p1, p2) ∈ Ok(A) (otherwise ℓ

is positive on Ok(A) and any small enough perturbation of ℓ would remain positive).

If p is a singular point of V(fA), then the linear form p0 + p1a + p2b is a factor of the

polynomial gA. Since 0 = ℓ(p) = p0 + ap1 + bp2, (a, b) belongs to the variety of gA.

Now, suppose that ∇f red
A (p) is nonzero and consider F(a,b) : R2 → R given by function

F(a,b)(x, y) = ℓ(λk(x, y),−x,−y) = λk(x, y)− ax− by.

Since λk(µx, µy) = µλk(x, y) for any µ ∈ R>0 and ℓ is nonnegative on Ok(A), F(a,b) is

nonnegative on all of R2. Moreover, it is zero at (p1, p2). By Lemma 3.14, F(a,b) is also

differentiable at (p1, p2) with

∂F(a,b)

∂x
(p1, p2) =

∂f red
A

∂x
(p)

∂f red
A

∂t
(p)

− a and
∂F(a,b)

∂y
(p1, p2) =

∂f red
A

∂y
(p)

∂f red
A

∂t
(p)

− b.

Since F(a,b) achieves its minimum value at (p1, p2), these derivatives must be zero, from which

we conclude that (1, a, b) is a scalar multiple of ∇f red
A (p). Since p ̸= 0 belongs to V(fA), it

follows by definition that (1, a, b) belongs to V(fA)∗.
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Figure 3.2: The curves V(fA) and V(gA) from Example 3.11 and Example 3.16.

Example 3.16 (Example 3.11 continued). Consider the 3× 3 matrix A from Example 3.11

with fA(t, x, y) =
1
16
(t+x)(16t2−x2−y2). The dual curve of V(fA) is the union of the duals

of its two components V(fA)∗ = {[1 : 1 : 0]} ∪ V(1− 16a2 − 16b2). The curve V(fA) has two

singular points, at which the two factors are both zero, namely [1 : −1 : ±
√
15]. These both

contribute a linear factor to gA, giving

gA(a, b) = (1− 16a2 − 16b2)(1− a+
√
15b)(1− a−

√
15b).

3.4 Lower dimensional Λk(A)

In this section, we study the geometric and algebraic conditions under which Λk(A) is

nonempty but has dimension ≤ 1. We do this by considering the convex hull, conv(Ok(A)),

of the curve Ok(A) ⊂ R3 defined in (3.2). We will see that when Λk(A) has dimension 0

or 1, the origin (0, 0, 0) lies on a face F of conv(Ok(A)) with 1 ≤ dim(F ) ≤ 2. We then

differentiate when F contains antipodal points of Ok(A) and when it does not. Here, we say

that (λk(θ),− cos(θ),− sin(θ)) and (λk(θ+π),− cos(θ+π),− sin(θ+π)) are antipodal points

of Ok(A) when λk(θ) = λn−k+1(θ), in which case,

(λk(θ + π),− cos(θ + π),− sin(θ + π)) = (−λn−k+1(θ), cos(θ), sin(θ))

= (−λk(θ), cos(θ), sin(θ)),
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giving antipodal points ±(λk(θ),− cos(θ),− sin(θ)). This occurs only when the curve V(fA)

has a real singularity with a prescribed signature. First we consider the dimension of F .

Proposition 3.17. Suppose Ok(A) is not contained in a plane through the origin and k ≤

(n + 1)/2. Then dim(Λk(A)) ∈ {0, 1} if and only if (0, 0, 0) belongs to the relative interior

of a face F of conv(Ok(A)) with 1 ≤ dim(F ) ≤ 2.

(i) If dim(F ) = 1, then it is the convex hull of two antipodal points on Ok(A).

(ii) If dim(F ) = 2 and F ⊆ {(t, x, y) : t+ ax+ by = 0}, then Λk(A) = {a+ ib}.

Proof. Recall that the cone over Λk(A), Λ̂k(A) ⊆ R3, has dimension one more than that

of Λk(A). By Corollary 3.6, Λ̂k(A) is the convex dual cone of the conical hull of the curve

Ok(A). The cone Λ̂k(A) is full dimensional if and only if its dual cone, conicalHull(Ok(A))

is pointed, which occurs if and only if (0, 0, 0) does not belong to conv(Ok(A)). We can

therefore assume that (0, 0, 0) belongs to conv(Ok(A)) and let F be the unique nonempty

face of conv(Ok(A)) containing (0, 0, 0) in its relative interior.

Note that Λk(A) = ∅ is equivalent to Λ̂k(A) = {(0, 0, 0)}, which happens if and only if

its dual cone, conicalHull(Ok(A)), is all of R3. This occurs if and only if conv(Ok(A)) is

three-dimensional and (0, 0, 0) belongs to its interior. That is, if dim(F ) = 3.

It follows that dim(Λk(A)) ∈ {0, 1} if and only if (0, 0, 0) belongs to the boundary of

conv(Ok(A)). The 0-dimensional faces of this convex body are precisely the points on the

curve Ok(A). Since (0, 0, 0) does not lie on this curve, it lies on the boundary of conv(Ok(A))

if and only if it lies in the relative interior of some face F with 1 ≤ dim(F ) ≤ 2.

(dim(F ) = 1) If dim(F ) = 1, it is the convex hull of two points (λk(θ),− cos(θ),− sin(θ))

and (λk(θ
′),− cos(θ′),− sin(θ′)). Since (0, 0, 0) is a convex combination of these points and

the last two coordinates lie on the unit circle, these points must be negatives of each other.

It follows that θ′ ≡ θ + π mod 2π and λk(θ + π) = −λk(θ).

(dim(F ) = 2) Suppose dim(F ) = 2 and F ⊆ {(t, x, y) : t+ax+by = 0}. If a′+ib′ ∈ Λk(A),

then by (3.1), the linear function t + a′x + b′y is nonnegative on Ok(A), in which case it
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must vanish identically on F . Since F has dimension two, there is a unique linear function

vanishing on F , up to scaling, showing that (a′, b′) = (a, b).

We first explore the case when the face F has no antipodal points. In this case, Λk(A)

will consist of a single point that corresponds to a tritangent line of the curve V(fA) or linear

factor of fA.

Definition 3.18. Let ℓ = t + ax + by, f ∈ C[t, x, y] be homogeneous of degree one and d,

respectively. Let f red denote the square free part of f . We say that ℓ is tritangent to V(f) if

the restriction of f to the line ℓ = 0 has ≥ 3 double points. That is, f red(−ax− by, x, y) =

(ℓ1 · ℓ2 · ℓ3)2 · h for some ℓ1, ℓ2, ℓ3, h ∈ C[x, y] with deg(ℓi) = 1 for i = 1, 2, 3.

Note that each square factor ℓ2i gives a point vi at which the line V(ℓ) intersects V(f)

with multiplicity ≥ 2. That is, either the the curve V(f) is smooth at vi and V(ℓ) is tangent

to V(f) at this point or the curve V(f) has multiplicity ≥ 2 at vi and vi is contained in

V(ℓ). When the linear factors ℓ1, ℓ2, ℓ3 are distinct, the line V(ℓ) is tangent to V(f) at three

distinct points, justifying the name “tritangent”.

Theorem 3.19. Suppose dim(Λk(A)) ∈ {0, 1} and that λk(θ) ̸= λn−k+1(θ) for all θ. Then

Λk(A) = {a+ ib} where t+ ax+ by is either tritangent to V(fA) or divides fA.

When the curve Ok(A) is smooth, this follows from a characterization of faces for convex

hulls of smooth algebraic curves in R3 [31]. In general, this curve may have singularities.

Proof. Note that the assumption λk(θ) ̸= λn−k+1(θ) guarantees that Ok(A) is not contained

in a plane through the origin. Proposition 3.17 then implies that (0, 0, 0) is contained in the

relative interior of a face F of conv(Ok(A)) with dim(F ) = 2 and that Λk(A) = {a + ib},

where t+ ax+ by = 0 defines the unique plane through the origin containing F .

Let ℓ = t+ ax+ by and suppose that ℓ does not divide fA. It follows that there are only

finitely many points of the curve Ok(A) with ℓ = 0. In particular, the vertices of the face F

belong to this finite intersection. Since dim(F ) = 2, it has three vertices v1, v2, v3 (possibly
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among others), which necessarily belong to Ok(A). As the curve Ok(A) has no antipodal

points, the images, [v1], [v2], [v3], of these points in P2(R) are all distinct.

We claim that the restriction of f red
A to the line ℓ = 0 has roots of multiplicity ≥ 2 at

each of these points. Suppose to the contrary that [vi] is a simple root of the restriction

of f red
A to ℓ = 0. It follows that [vi] is not a singular point of V(f red

A ) and that V(f red
A )

and V(ℓ) meet transversely at [vi]. From this, we see that vi is a smooth point of the

curve Ok(A) and that Ok(A) and the plane V(ℓ) meet transversely at vi. This implies that

ℓ(λk(θ),− cos(θ),− sin(θ)) changes sign at vi, contradicting the fact that ℓ is nonnegative on

Ok(A). Therefore, the restriction of f red
A to the line ℓ = 0 has ≥ 3 roots of multiplicity ≥ 2

and ℓ is tritangent to V(fA).

Up to rescaling by arbitrary real scalars, antipodal points ±(λk(θ),− cos(θ),− sin(θ)) are

arbitrary points ±(−λk(p1, p2), p1, p2) in the variety of fA with λk(p1, p2) = λn−k+1(p1, p2).

Lemma 3.20. Suppose that Ok(A) contains a pair of antipodal points. That is, suppose

λk(p1, p2) = λn−k+1(p1, p2) for some (p1, p2) ∈ R2\{(0, 0)}. Then

(i) Λk(A) ⊆ {a+ ib : λk(p1, p2) = ap1 + bp2}, and

(ii) if k < (n+ 1)/2, then p = [−λk(p1, p2) : p1 : p2] satisfies fA(p) = 0 and ∇fA(p) = 0.

Proof. (i) After rescaling, we can take p = (λk(θ),− cos(θ),− sin(θ)). Suppose that a+ ib ∈

Λk(A). Then the function ℓ(t, x, y) = t + ax + by is nonnegative on Ok(A). In particular,

ℓ(p) ≥ 0 and ℓ(−p) = −ℓ(p) ≥ 0. It follows that

0 = ℓ(p) = λk(θ)− a cos(θ)− b sin(θ).

(ii) When k < (n + 1)/2, k < n − k + 1. By definition for any k ≤ j ≤ n − k + 1,

λn−k+1(θ) ≤ λj(θ) ≤ λk(θ). Since λn−k+1(θ) = λk(θ) we see that these are equalities. It

follows that the matrix Inλk(θ) − cos(θ)ℜA − sin(θ)ℑA has corank ≥ n − 2k + 2 ≥ 2. By

Lemma 2.14, fA has multiplicity ≥ 2 at [λk(θ) : − cos(θ) : − sin(θ)].
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Corollary 3.21. Let S = {[p0 : p1 : p2] ∈ V(fA) : −p0 = λk(p1, p2) = λn−k+1(p1, p2)} and

consider the projective linear space V ⊂ P2(R) spanned by S. Then

dim(Λk(A)) ≤ 1− dim(V ).

In particular, if dim(V ) = 2 then Λk(A) is empty and if dim(V ) = 1 then Λk(A) is either

empty or the single point {a+ ib : [1 : a : b] ∈ V ⊥}.

Note that [1 : a : b] ∈ V ⊥ if and only if t+ ax+ by = 0 for all [t : x : y] ∈ V .

Remark 3.22. The condition λk(p1, p2) = λn−k+1(p1, p2) is well-defined on points in P2(R).

It is clearly invariant under nonnegative scaling. Moreover, by definition λk(−p1,−p2) =

−λn−k+1(p1, p2). Similarly, λn−k+1(−p1,−p2) = −λk(p1, p2).

When Λk(A) is one-dimensional, we see from Proposition 3.17 and Lemma 3.20 that the

curve V(fA) has a point p of multiplicity ≥ 2. In this case, we would like to determine the

end points of the line segment Λk(A). These will correspond to lines passing through p with

additional tangency to V(fA).

Definition 3.23. Let p ∈ V(fA). Let f red
A denote the square-free part of the factorization

of fA into irreducible polynomials. Then p is a point of V(f red
A ) of some multiplicity d ≥ 1.

Recall from Lemma 2.14 that for any q ∈ C3 the restriction f red
A (rq + sp) has a factor of rd.

We say that the line {[rq+ sp] : [r : s] ∈ P1(C)} is p-tangent to V(fA) if one of the following

holds:

(I) f red
A (rq + sp) = rd · ℓ2 · h for some ℓ ∈ C[r, s]1 and h ∈ C[r, s], or

(II) f red
A (rq + sp) = rd+1 · h for some h ∈ C[r, s].

Observe that part (I) in this definition allows for ℓ = r, which satisfies (II). Similarly,

both conditions are satisfied when the restriction f red
A (rq + sp) is identically zero, in which

case the linear form defining the line is a factor of f red
A and hence fA.



37

Theorem 3.24. If k < (n + 1)/2 and p = [p0 : p1 : p2] ∈ V(fA) with −p0 = λk(p1, p2) =

λn−k+1(p1, p2) then Λk(A) is the convex hull of its elements a + ib for which t + ax + by is

p-tangent. That is,

Λk(A) = conv({a+ ib ∈ Λk(A) : t+ ax+ by = 0 is p-tangent to V(fA)}).

We will often perform a change of coordinates to take p to the point [0 : 0 : 1]. The

following will be a useful way of discovering p-tangent lines.

Lemma 3.25. Suppose that [0 : 0 : 1] is a point of V(fA) of multiplicity d ≥ 1. Then

t + cx is [0 : 0 : 1]-tangent to V(fA) of type (II) if and only if t + cx divides the lowest

degree part of f red
A (t, x, 1). Moreover, this condition is satisfied when limx→0+ λk(x, 1)/x = c

or limx→0− λk(x, 1)/x = c for some k.

Proof. Recall the notation λk(x, 1) := λk(xℜA + ℑA). For ease of notation let f denote

f red
A . By assumption [0 : 0 : 1] is a point of V(f) of some multiplicity d ≥ 1. Consider the

expansion f(t, x, y) = ym−dhd + ym−d−1hd+1 + . . . + hm, where hj ∈ R[t, x] is homogeneous

of degree j and m = deg(f).

To see the first equivalence, note that the line t+ cx = 0 is spanned by q = (−c, 1, 0) and

p = (0, 0, 1). We expand f(rq + sp) =
∑m

j=d s
m−jrjhj(−c, 1) to see that hd(−c, 1) = 0 if and

only if rd+1 divides f(rq + sp). Since hd(t, x) is homogeneous and bivariate, t + cx divides

hd(t, x) if and only if hd(−c, 1) = 0.

For the further claim, we find the limit

lim
x→0±

f(−λk(x, 1), x, 1)
xd

= 0

by noting that its numerator is identically zero. We can then rewrite this limit as

0 = lim
x→0±

hd(−λk(x, 1), x)
xd

+
hd+1(−λk(x, 1), x)

xd
+ · · ·+ hm(−λk(x, 1), x)

xd

= lim
x→0±

hd

(
−λk(x, 1)

x
, 1

)
+ xhd+1

(
−λk(x, 1)

x
, 1

)
+ · · ·+ xm−dhm

(
−λk(x, 1)

x
, 1

)
= hd(−c, 1).
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In the last limit, note that the limx→0± hj(−λk(x,1)
x

, 1) = hj(−c, 1) for all j. This shows that

t+ cx must be a linear factor of hd(t, x).

Lemma 3.26. Let φ : R → R be a continuous semialgebraic function. If inf{φ(y) : y ∈ R}

equals zero, then either φ(y∗) = 0 for some y∗ ∈ R, limy→∞ φ(y) = 0, or limy→−∞ φ(y) = 0.

Proof. By definition, there is some polynomial F (y, z) ∈ R[y, z] for which F (y, φ(y)) = 0

for all y ∈ R. Then φ is differentiable at all but finitely many points and has finitely many

critical points, at which φ′ is zero or undefined. See, for example, [3, Thm 5.56]. Let [a, b]

be a closed interval containing those critical points. The minimum of φ(y) over y ∈ [a, b] is

attained. If this minimum is zero, then there is a point y∗ ∈ [a, b] with φ(y∗) = 0. If not, then

the infimum of φ over either (−∞, a) or (b,∞) must be zero. On (−∞, a) and (b,∞) the

function φ is monotone. It follows that either limy→∞ φ(y) or limy→−∞ φ(y) equals zero.

Proof of Theorem 3.24. After a change of coordinates, we may assume that p = [0 : 0 : 1].

From Lemma 3.20, it follows that Λk(A) ⊂ R. If Λk(A) is empty then there is nothing to

prove. Therefore, we assume that Λk(A) is non-empty. By applying another affine linear

transformation we can assume that Λk(A) = [−1, 0] or Λk(A) = {0}. In either case 0 ∈ Λk(A)

and ε ̸∈ Λk(A) for all ε ∈ R>0. It suffices to show that t = 0 is a p-tangent line of V(fA). By

definition, if t is a factor of fA, then, since it passes through p, it is p-tangent. Therefore we

can assume that t is not a factor of fA.

Recall the notation λj(x, y) = λj(xℜ(A)+yℑ(A)). Since 0 ∈ Λk(A), by Theorem 3.9(a)(f),

we have that for all y ∈ R,

λn−k+1(1, y) ≤ 0 ≤ λk(1, y). (3.4)

Similarly, since ε ̸∈ Λk(A), there exists yε ∈ R for which λk(1, yε) < ε or λn−k+1(1, yε) > ε.

Since λn−k+1(1, y) ≤ 0 for all y ∈ R, it must be that λk(1, yε) < ε. It follows that

inf
y∈R

λk(1, y) = 0. (3.5)

Because the function y 7→ λk(1, y) is continuous and semialgebraic, it follows from
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Lemma 3.26 that either λk(1, y
∗) = 0 for some y∗ ∈ R, limy→∞ λk(1, y) = 0, or limy→−∞ λk(1, y) =

0.

For x > 0, λk(1, 1/x) = λk(x, 1)/x. Then limy→∞ λk(1, y) = limx→0+ λk(x, 1)/x. Simi-

larly, for x < 0, λk(1, 1/x) = λn−k+1(x, 1)/x. So limy→−∞ λk(1, y) = limx→0− λn−k+1(x, 1)/x.

If either of these limits equals zero, Lemma 3.25 gives that t = 0 is a p-tangent line of V(fA).

Finally, suppose λk(1, y
∗) = 0 for some y∗ ∈ R. If the point (0, 1, y∗) is a singularity of

V(f red
A ), then the restriction f red

A (0, 1, y) has a zero of multiplicity ≥ 2 at y∗, by Lemma 2.14.

In the case that this point is smooth, we can consider the function λk(x, y). This function

is locally minimized at (1, y∗). Therefore, it must be the case that its gradient is zero. Hence

∇f red(0, 1, y∗) is proportional to (1, 0, 0). See Lemma 3.14. From here we can conclude that

the line t = 0 is tangent to V(f red
A ) at (0, 1, y∗). In particular, the restriction f red

A (0, 1, y) is

either identically zero or has a root of multiplicity ≥ 2. In either case, t = 0 is a p-tangent

of V(fA).

Example 3.27. Consider the Kippenhahn polynomial

fA = t4 − 13

36
t2x2 +

1

36
x4 − 1

4
t2y2 − 2

25
txy2 +

1

100
x2y2.

The curve V(fA) is singular at the point p = [0 : 0 : 1]. The lowest degree part of fA(t, x, 1)

is h2(t, x) =
1
4
t2 − 2

25
tx + 1

100
x2 = (t + 1

25
(4 +

√
41)x)(t + 1

25
(4 −

√
41)x). Both factors give

p-tangent lines of fA. One can check that a = 1
25
(4 −

√
41) belongs to Λ2(A) and will form

one of its end points. The line t + 1
3
x = 0 passes through [0 : 0 : 1] and is additionally

tangent to V(fA) at the point [1 : −3 : 0], showing that it is also p-tangent to V(fA). In this

case, Λ2(A) is the line segment [ 1
25
(4−

√
41), 1/3].

The curve O2(A) along with a portion of the boundary of its convex hull is shown in

Figure 3.3. The plane t+ 1
3
x = 0 defines a two-dimensional face of this convex hull, whereas

t+ 1
25
(4−

√
41)x = 0 is a limit of supporting hyperplanes of edges.

Lastly, we consider the case when k ≥ (n+ 1)/2. It is known that if Λk(A) = {a+ ib} is

nonempty then a + ib must be an eigenvalue of A with geometric multiplicity ≥ 2k − n [8,

Proposition 2.2]. Here we give an algebraic analogue of this result.
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Figure 3.3: The curve V(fA) and two [0 : 0 : 1]-tangent lines from Example 3.27 in the

{t = 1} and {y = 1} affine charts and curve O2(A).

Lemma 3.28. If k ≥ (n + 1)/2 and a + ib ∈ Λk(A) then (t + ax + by)2k−n divides the

Kippenhahn polynomial det(tIn + xℜA+ yℑA).

Proof. Let ℓ = t + ax + by. By the Membership test Theorem 3.9, for all real points in the

line VR(ℓ), the matrix M = tIn + xℜA+ yℑA has at most n− k strictly positive eigenvalues

and at most n− k strictly negative eigenvalues. It follows that the rank of M at this point

is at most 2(n − k), meaning that its d × d minors are all zero for d = 2(n − k) + 1. Since

this holds for every point (t, x, y) ∈ VR(ℓ) and ℓ is irreducible, ℓ divides the d× d minors of

M . By Lemma 3.29 below, it follows that ℓn−d+1 = ℓ2k−n divides fA = det(M).

The converse of this lemma is not true even for the case n = 3 and k = 2. For example,

one could take A to be a 3 × 3 diagonal matrix whose diagonal entries are not co-linear in

C. One can check that in this case fA has three linear factors but that Λ2(A) is empty.

Lemma 3.29. Let M be an n× n matrix with entries in a unique factorization domain R.

Let ℓ ∈ R be irreducible and suppose that ℓ divides all d × d minors of M , where d ≤ n.

Then ℓn−d+1 divides det(M).

Proof. We induct on n−d and follow the proof of [30, Lemma 4.7]. For n−d = 0, this holds

by assumption. Suppose that n− d ≥ 1 and that ℓ divides all d× d minors of M . This also
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holds for any of the d× d minors of any (n− 1)× (n− 1) submatrix of M , so, by induction

ℓn−d divides the (n − 1) × (n − 1) minors of M . We use the identity MadjM = det(M)In,

where Madj denotes the adjugate matrix of M , whose entries are signed (n − 1) × (n − 1)

minors of M . Taking the determinant of boths sides, we find that det(Madj) = det(M)n−1.

Suppose that det(M) = ℓmh where ℓ does not divide h. Then det(Madj) = ℓm(n−1)hn−1.

By assumption, ℓn−d divides all entries of Madj and so ℓn(n−d) divides its determinant. Since

ℓ is irreducible, it follows that ℓn(n−d) must divide ℓm(n−1), giving n(n − d) ≤ m(n − 1). If

m ≤ n− d, then m(n− 1) ≤ (n− d)(n− 1) < (n− d)n. Since this contradicts the inequality

above, we conclude that n− d+ 1 ≤ m, as desired.

3.5 Algorithms

In this section we discuss an algorithm to compute the rank-k numerical range of an n× n

matrix. This builds off Algorithm 1, which tests membership of a given point in Λk(A),

as well as the characterizations of the boundary of Λk(A) in Section 3.3 and of algebraic

conditions satisfied when Λk(A) is lower dimensional in Section 3.4. To build up to the full

algorithm, we first establish some subroutines to compute p-tangents and tritangent lines of

V(fA), as defined in Section 3.4.

Many of these computations involve the discriminant. Formally, given a polynomial

p(t) =
∑d

k=0 akt
k, the discriminant is a polynomial Disct(p) in Q[a0, . . . , ad]. It is the unique

minimal polynomial (up to scaling) satisfying Disct(p) = 0 whenever p(t) that has a double

root. For a multivariate polynomial f ∈ C[x1, . . . , xn], we use Discxi
(f) to denote the

discriminant of f interpreted as a univariate polynomial in xi. This is a polynomial in

C[xj : j ̸= i]. For a detailed discussion on discriminants, see [3, Section 4.1].

Lemma 3.30. The output of Algorithm 2 is the set of (a, b) ∈ R2 for which t + ax + by is

p-tangent to V(fA).

Proof. Note that t+ax+by is a p-tangent line of fA if and only if t+cx is a [0 : 0 : 1]-tangent

line of fL·A, where (c, 0) = L(a, b). Therefore, it suffices to show that the computed set S is
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Algorithm 2 Singularity Tangents

Input: A ∈ Cn×n and p ∈ V(fA)

Output: T = {(a, b) ∈ R2 : t+ ax+ by is p-tangent to V(fA)}.

Take an invertible L : R2 → R2 as in (2.4) with [u02 : u12 : u22] = p.

Let f = fL·A and let f red be the square-free part of f .

Let hd(t, x) to be the smallest degree part of f red(t, x, 1).

Take S = {c ∈ R : hd(−c, 1) = 0} ∪ {c ∈ R : Discy(f
red)(−c, 1) = 0}

return T = {L−1(c, 0) : c ∈ S}.

the set of c ∈ R for which t+ cx is [0 : 0 : 1]-tangent to V(fL·A). By Lemma 3.25, t+ cx is a

[0 : 0 : 1]-tangent line of the form (II) if and only if hd(−c, 1) = 0.

We claim that t + cx is a [0 : 0 : 1]-tangent line of the form (I) with ℓ ̸= r if and only if

Discy(f
red)(−c, 1) = 0. As above, the line t+ cx = 0 is parametrized by the points (−c, 1, 0)

and (0, 0, 1). In particular, f red(r(−c, 1, 0) + s(0, 0, 1)) = f red(−cr, r, s) has a square factor

ℓ2 ̸= r2 in C[r, s] if and only if its restriction to r = 1 has a repeated root. This happens if

and only if its discriminant, Discy(f
red)(−c, 1), is zero.

As discussed in Corollary 3.21, the presence of antipodal points gives a restriction on

higher-rank numerical ranges and guaranties that its dimension is at most 1. Given our

definition of antipodal points it is possible to have infinitely many of them, in particular,

when the Kippenhahn curve has irreducible components of multiplicity ≥ 2. However, we

show that it is only necessary to consider antipodal points that are also singularities of V(fA).

Lemma 3.31. Suppose λk(p1, p2) = λn−k+1(p1, p2) for some (p1, p2) ∈ R2\{(0, 0)} and k <

(n+ 1)/2. Then one of the following holds:

(i) [−λk(p1, p2) : p1 : p2] is a singularity of V(f red
A ),

(ii) Λk(A) = {a+ ib} for some a, b ∈ R where (t+ ax+ by)2 divides fA, or
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(iii) Λk(A) is empty.

Proof. Let ℓ = t+ax+by. Suppose that (i) and (iii) are false. That is, there exists some point

a + ib ∈ Λk(A) and also [−λk(p1, p2) : p1 : p2] is a smooth point of V(f red
A ). In particular,

∂f red
A

∂t
̸= 0 by [30, Lemma 2.4]. By the implicit function theorem there exists a neighborhood

(p1, p2) ∈ U ⊆ R2 and a unique continuously differentiable function φ(x, y) such that

f red
A (−φ(x, y), x, y) = 0 for all (x, y) ∈ U.

Since λk, . . . , λn−k are locally continuously differentiable functions that satisfy the previous

statement they must all agree on U . Thus, for every (q1, q2) in U , the point [−λk(q1, q2) : q1 :

q2] is a smooth point of V(f red
A ) and λk(q1, q2) = λn−k+1(q1, q2). Following the arguments of

Lemma 3.20 we can conclude that −λk(q1, q2)+aq1+bq2 = 0. Since there are infinitely many

points (t, x, y) in V(ℓ) at which the matrix tIn + xℜA+ yℑA has corank ≥ 2, it follows that

ℓ must divide all of the (n−1)× (n−1) minors by Bezout’s theorem. Then, by Lemma 3.29,

ℓn−(n+1)+1 = ℓ2 divides fA.

As shown in Lemma 3.28, when k ≥ (n+1)/2, we only need to check points corresponding

to linear factors with a multiplicity of 2k − n. For the sake of completeness we present a

simple algorithm that computes Λk(A) under this assumption in Algorithm 3.

Algorithm 3 Computing the rank-k numerical range of a matrix for (n+ 1)/2 ≤ k ≤ n

Input: A ∈ Cn×n, k ∈ N with (n+ 1)/2 ≤ k ≤ n

Output: d ∈ {−1, 0} : dimension of Λk(A)

If d = −1, return the empty set.

If d = 0, returns (a, b) ∈ R2 such that Λk(A) = {a+ bi}.

fA = det(tIn + xℜA+ yℑA).

Compute all distinct linear factors of fA (or all factors appearing with power ≥ 2k − n)

and perform membership test on each.
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After this, we present the main algorithm for computing rank-k numerical ranges, Algo-

rithm 4. Roughly speaking, this algorithm splits the problem in different cases given by the

presence of antipodal points and the possible dimension of Λk(A). Then, for each of these

cases the problem is reduced to applying the membership test to a finite list of points to

determine which of those points belong to Λk(A).

Algorithm 4 Computing the rank-k numerical range of a matrix for k < (n+ 1)/2

Input: A ∈ Cn×n, k ∈ Z with 1 ≤ k < (n+ 1)/2

Output: dim ∈ {−1, 0, 1, 2} : dimension of Λk(A)

If dim = 0, returns a+ ib ∈ C such that Λk(A) = {a+ ib}.

If dim = 1, returns a+ ib, c+ id ∈ C such that Λk(A) = conv{a+ ib, c+ id}.

If dim = 2, returns a polynomial gA vanishing on the boundary of Λk(A) and a representative

for each connected component of C\{a+ ib : gA(a, b) = 0} that is contained in Λk(A).

Take fA = det(tIn + xℜA+ yℑA) and let f red
A be the square-free part of fA

Compute S = {[p0 : p1 : p2] ∈ SingR(f
red
A ) : −p0 = λk(p1, p2) = λn−k+1(p1, p2)}

Compute V = spanS ⊆ P2 and dimV ∈ {−1, 0, 1, 2}

if dimV = 2 then return dim = −1

if dimV = 1 then compute {[1 : a : b]} = V ⊥

Use Algorithm 1 to test a+ ib ∈ Λk(A).

if a+ ib ∈ Λk(A) then return dim = 0, {a+ ib}

else return dim = −1

if dimV = 0 then S = {p}

Use Algorithm 2 to compute T = {a+ ib : t+ ax+ by is p-tangent to V(fA)}

Use Algorithm 1 to compute T ∩ Λk(A).

if |T ∩ Λk(A)| ≥ 2 then compute end points {a+ ib, c+ id} of conv(T ∩ Λk(A))

return dim = 1, {a+ ib, c+ id}

if T ∩ Λk(A) = {a+ ib} then return dim = 0, {a+ ib}
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if T ∩ Λk(A) = ∅ then return dim = −1

if dimV = −1 then compute gA ∈ R[a, b] as in Definition 3.13

Compute representatives R for each connected component of C\{a+ ib : gA(a, b) = 0}

Use Algorithm 1 to compute R∩ Λk(A).

if R∩ Λk(A) ̸= ∅ then return dim = 2, gA, R∩ Λk(A)

else Compute C = {a + ib : t + ax + by divides fA or is tritangent to f red
A } (Re-

mark 3.33).

Use Algorithm 1 to compute C ∩ Λk(A).

if C ∩ Λk(A) = {a+ ib} then return dim = 0, {a+ ib}

else return dim = −1

Theorem 3.32. Let A ∈ Cn×n for which fA is not a power of a linear form. For any

k < (n+ 1)/2, Algorithm 4 computes the dimension and stated description of Λk(A).

Proof. Let S and V be as computed in the algorithm. Note that V is a projective linear

subspace of P2, so dim(V ) ∈ {−1, 0, 1, 2}. Let

S ′ = {[p0 : p1 : p2] ∈ P2(R) : −p0 = λk(p1, p2) = λn−k+1(p1, p2)} and V ′ = span(S ′) ⊆ P2.

The set S is contained in S ′ and so dim(V ′) ≥ dim(V ). By Corollary 3.21, if dim(V ) = 2, then

Λk(A) is empty and if dim(V ) = 1, then Λk(A) is either empty or the single point a+ib where

[1 : a : b] = V ⊥, which can be determined by the membership test. If dim(V ) = 0, then S is a

single point p. By Lemma 3.20(i), Λk(A) is contained in the line {a+ ib : p0+ap1+bp2 = 0}.

By Theorem 3.24, Λk(A) is the convex hull of the set of a+ ib ∈ T ∩ Λk(A).

It remains to examine the case S = ∅. If S ′ is nonempty, then by Lemma 3.31, Λk(A) is

either empty or equal to {a + ib} where t + ax + by is a linear factor of fA, in which case

a+ ib ∈ C. Otherwise, S ′ is empty. By Theorem 3.19, Λk(A) is then either two-dimensional,

a singleton {a+ ib} with a+ ib ∈ C, or empty.

We claim that Λk(A) is two-dimensional if and only if R ∩ Λk(A) is nonempty. By

Theorem 3.15, the boundary of Λk(A) is contained in VR(gA). In particular, a point in R
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belongs to Λk(A) if and only if it belongs to the interior of Λk(A). If there is any such

point, then Λk(A) is two-dimensional. Conversely, if Λk(A) is two-dimensional, then it will

contain some non-empty bounded connected component of C\{a + ib : g(a, b) = 0}. The

representative of this connected component gives a point inR∩Λk(A). Moreover, by applying

the membership test to R, a set of representatives of each bounded connected component

of the complement of gA, we obtain at least one point for each connected component of

Λk(A)\{a + ib : gA(a, b) = 0}. If Λk(A) = {a + ib}, then, by Theorem 3.19, we conclude

that t + ax + by is either a tritangent or a linear factor of fA. In particular, a + ib ∈

C ∩Λk(A). Finally, if Λk(A) is empty, then no points in T , R or C pass the membership test

in Algorithm 1 and we correctly conclude that dim(Λk(A)) = −1.

We finish the discussion of the previous algorithm by describing how to compute the sets

R and C. We give an algorithm for computing R based on the theory of cylindrical algebraic

decompositions for semialgebraic sets. For a thorough presentation see [3, Section 5.1].

Algorithm 5 Bounded connected components of R2\V(g)

Input: g(a, b) a square-free polynomial in R[a, b]

Output: A set of representatives for each bounded connected component of R2\V(g).

Set h = Disca(g).

Compute the distinct real roots b1 < . . . < bm of h.

for i = 1, . . . ,m− 1 do

define b′i = (bi + bi+1)/2.

for i = 1, . . . ,m− 1 do

Find the distinct real roots ai1 < . . . < aini
of g(a, b′i).

for j = 1, . . . , ni do

define a′ij = (aij + ai(j+1))/2.

Set R =
⋃m−1

i=1 {a′ij + ib′i, . . . , a
′
i(ni−1) + ib′i}.

return R.
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Remark 3.33 (Computing tritangent lines and linear factors). Let f ∈ C[t, x, y] be a homo-

geneous polynomial and let f red be the square-free part of f , which is homogeneous of some

degree d. We can compute the set (a, b) for which the line t+ax+ by is tritangent to V(f) or

divides f via elimination theory. We note that when t+ ax+ by divides f , the restriction of

f to this line is identically zero, which satisfies our definition for being tritangent, by taking

h = 0. Note that if d < 6, then the only lines tritangent to f are its linear factors. The set

of (a, b) for which t + ax + by divides f red is the variety of the ideal generated by the d + 1

coefficients of f red(−ax− by, x, y) as a polynomial in x and y.

For d ≥ 6, consider the ideal I ⊂ C[a, b, ℓ00, ℓ01, ℓ10, ℓ11, ℓ20, ℓ21, h0, . . . , hd−6] generated by

the d+ 1 coefficients of

f red(−ax− by, x, y)− (ℓ00x+ ℓ01y)
2 · (ℓ10x+ ℓ11y)

2 · (ℓ11x+ ℓ12y)
2 ·

(
d−6∑
j=0

hjx
jyd−6

)
(3.6)

in x and y. The line t+ ax+ by is tritangent to V(f) if and only if there exists values of ℓij

and hj for which the polynomial in (3.6) is identically zero. The set of (a, b) for which this

holds is therefore equal to the variety of the elimination ideal

J = radical (eliminate (I, {ℓ00, ℓ01, ℓ10, ℓ11, ℓ20, ℓ21, h0, . . . , hd−6})) .

Remark 3.34. For the above algorithms we focus on correctness rather than computational

efficiency. For an implementation of the above algorithm some modifications can be made

in order to make it more computationally efficient. It is also worth noting that most of

the sets of points that we need can be reused when computing Λk(A) for different k
′s. The

polynomial gA is also independent of k and therefore it needs to be computed only once.

3.6 Gallery of Examples

In this section we illustrate the behavior of the given algorithms of Section 3.5 and highlight

the many possible subtle behaviors of higher-rank numerical ranges.

Example 3.35. In this example, we construct a matrix Ã with 0-dimensional Λk(Ã) coming

from a tritangent line not passing through any singularities of V(fÃ).
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To start, let A denote the matrix from Example 1.1. The polynomial fA defines a quartic

plane curve. We define a parametric family of 6× 6 matrices by

Ã(u) =

B + u(1 + i)I2 0

0 A

 where B =

0 3

0 0


and I2 denotes the 2× 2 identity matrix. The boundary of the numerical range of B is the

circle {a+ ib : 4a2 +4b2 = 9}. The boundary of the numerical range of B+ u(1+ i)I2 is this

circle translated by u(1 + i). Fig. 3.4 shows the Kippenhahn curves and numerical ranges of

Ã(u) for u = −1, û and −9/4 where

û =
−4
√

540 + 330
√
3− 3

√
1374 + 792

√
3

72 + 44
√
3

.

We see that for u = −1, Λ3(Ã) is full dimensional, corresponding to the two-dimensional

family of lines not intersecting the curve VR(fÃ). On the other hand, for u = −9/4, Λ3(Ã) is

empty, as every line intersects regions of R3\VR(fÃ) at which the matrix tI+xℜ(Ã)+yℑ(Ã)

has four positive or negative eigenvalues. The value of û was computed so that for u = û,

Λ3(Ã) is a single point. This corresponds to the unique line on which the matrix pencil has

at most three positive and at most three negative eigenvalues. This line is tritangent to the

curve VR(fÃ), as promised by Theorem 3.19.

In Fig. 3.4, the sets Λ2(Ã) are shown in light blue. As promised by Theorem 3.15, the

boundary of these regions is contained in the zero locus of gÃ.

Example 3.36. Here we give a 6× 6 matrix Ã for which the curve V(fÃ) is irreducible and

smooth but the numerical range Λ3(Ã) is empty.

Let A denote the diagonal matrix diag(1, 1,−1+i,−1+i,−1−i,−1−i). By the formula

of Λk(A) for normal matrices we know that Λ3(A) is empty. To construct a smooth curve
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Figure 3.4: Kippenhahn curve and dual curve for Example 3.35. Here we study a family

of curves obtained by allowing the circle on the right to be shifted along the line a = b.

The regions shaded by light and dark blue correspond to Λ2(Ã) and Λ3(Ã), respectively.

As we translate the circle, the rank-3 numerical ranges passes from being 2-dimensional to

0-dimensional to empty.
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Figure 3.5: Kippenhahn curve for Example 3.36 in the charts t = 1 and y = 1.

with the same property we do a small perturbation. Specifically, define

B =



0 1 1 −1 0 1

1 0 0 0 1 0

−1 1 1 −1 1 1

1 1 1 0 1 0

0 −1 1 1 1 −1

−1 0 1 0 1 −1


.

The matrix Ã = A + (1/5)B has the desired properties. The curve V(fÃ) is shown in the

affine charts t = 1 and y = 1 in Fig. 3.5.

Example 3.37. As we saw in Section 3.4, zero-dimensional rank-k numerical ranges can

also come from antipodal points on the curve Ok(A), which give rise to singularities in the

Kippenhahn curve VR(fA). Consider the 4×4 matrix A from Example 3.7 with Kippenhahn

polynomial fA = t4 − 5t2x2 + 4x4 − t2y2. The point 0 + 0i, corresponding to the line t = 0,

is the only one that passes the membership test for Λ2(A). The curve VR(fA) and line t = 0

in the affine chart y = 1 are shown in Fig. 3.6.

If a+ ib is the endpoint of a one-dimensional Λk(A), the line t+ ax+ by is either tangent

to VR(fA) at multiple points or has a zero of multiplicity d+1 at a singularity of multiplicity
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Figure 3.6: The Kippenhahn curve VR(fA) from Example 3.37.

d. One might think that the algebraic condition for Λk(A) to be a single point should be a

degeneration of the algebraic condition for two endpoints of a one-dimensional Λk(A). This

would suggest that the corresponding line is either tangent to the curve VR(fA) at multiple

points or has a zero of multiplicity d+2 at a singularity of multiplicity d. The next example

shows that this is not the case.

Figure 3.7: The curve V(fA) from Example 3.38 along with its three [0 : 0 : 1]-tangent lines.

On the right is the curve VR(gA) along with the points corresponding to these lines. The

unique point in Λ2(A) and corresponding line are shown in blue.
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Example 3.38. Consider the matrix

A =


1 + i 1 1 0

1 −1 −1 0

1 −1 −1 −1

0 0 −1 0

 .

The Kippenhahn polynomial is

fA(t, x, y) = t4 − t3x+ t3y − 5t2x2 − 2t2xy − tx2y + 2x4 + x3y

and its dual curve is given by

gA = 49a6 − 644a5b+ 196a5 + 3824a4b2 − 2212a4b+ 98a4 − 12172a3b3 + 8942a3b2 + 56a3b−

294a3 + 21248a2b4 − 16084a2b3 − 3420a2b2 + 2324a2b− 147a2 − 18836ab5 + 11860ab4+

9244ab3 − 4754ab2 + 56ab+ 98a+ 7260b6 − 5132b5 − 1739b4 − 1600b3 + 2402b2 − 672b+ 49.

The curve VR(fA) has a singularity at p = [0 : 0 : 1] and λ2(0, 1) = λ3(0, 1) = λ4(0, 1) = 0.

By Theorem 3.24, it follows that Λ2(A) is contained in the line b = 0. The curve has three

p-tangent lines. The lines and the corresponding points of VR(gA) are shown in Fig. 3.7. Of

these, only one point passes the membership test for Λ2(A) and we conclude that Λ2(A) is

this single point.

The curve V(fA) has multiplicity three at p. The restriction of fA to each p-tangent line

has a single root of multiplicity four. In particular, this shows that we are unable to use

algebraic methods to distinguish between the point of a zero-dimensional set Λk(A) and the

endpoint of a one-dimensional set Λk(A).

The curve VR(fA) in the affine chart y = 1 is the union of the graphs of the function

t = −λk(xℜ(A) + ℑ(A)) for k = 1, 2, 3, 4. In many other examples, the branches of VR(fA)

meeting at a singularity with a common tangent line correspond to the λk and λn−k eigen-

functions. Here the branches λ2 and λ4 meet along common tangent lines at p.
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Chapter 4

THE FIBER OF SOLUTIONS OF THE INVERSE FIELD OF
VALUES PROBLEM

The inverse Field of Values Problem (iFVP) is stated as follows. For A ∈ Cn×n and

a+ ib ∈ W(A) find a vector z ∈ Sn−1(C) such that z∗Az = a+ ib. We extend this question

further by asking what is the structure of the set of all unit vectors such that z∗Az = a+ ib.

4.1 A review of the *-congruence canonical form

To solve the general field of values problem for the general case we use the *-congruence

canonical decomposition. In order to actually compute U we need to explicitly find S such

that S∗AS is in *-congruence canonical form.

Consider the space of complex square matrices in Cn×n. We say that two matrices A, B

in Cn×n are *-congruent if there exists an invertible matrix S such that S∗AS = B. Observe

that this is a generalization of unitary equivalence, since any unitary matrix is invertible.

Also, this should not be confused with the notion of similarity. Two matrices A and B are

similar if there exists an invertible matrix S such that S−1AS = B.

The *-congruence canonical form of A is a representative of the equivalence class of A

under the relation of *-congruence. It plays the same role as the Jordan canonical form for

the relation of similarity.

Theorem 4.1. Any matrix A is *-congruent to a matrix B which is a direct summand of

blocks of the following form.

i) Jm(0) : upper triangular Jordan block of size m with eigenvalue 0.
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ii) H2m =

 0m Im

Jm(µ) 0m

: where |µ| > 1.

iii) eiθKm, where [Km]ij =

1 if i+ j = m+ 1

i if i+ j = m+ 2

, θ ∈ [0, 2π).

Moreover, B is unique up to permutation of its blocks.

Proof. This is proven in [21, Theorem 1.b]

The *-congruence canonical form was used by Li and Sze [26] to prove that the higher-rank

numerical ranges are convex. However, since our main motivating questions are concerned

with computing higher-rank numerical ranges and their associated fibers we need to address

the following questions: Given the matrix A, how can we compute its *-congruence canonical

form? How to find an invertible S such that S∗AS is in *-congruence canonical form?

The answers we have found work for symbolical computations. Unfortunately, the methods

discussed, even just for finding the *-congruence canonical form, are known to be highly

unstable numerically. That is, they are very susceptible to small perturbations in the entries

of M .

An answer to the first question is given explicitly in [21, Section 4]. The algorithm can

be divided into two parts.

1. Reduce the matrix A to the following form

B ⊕ Jr1(0)⊕ Jr2(0)⊕ . . .⊕ Jrp(0) (4.1)

where B is invertible.

2. Compute B−∗B, the *cosquare of B and compute is Jordan Canonical form. Group

the blocks of the Jordan canonical form into pairs of the form Jm(µ) ⊕ Jm(µ
−1) for

|µ| > 1. The remaining blocks would be of the form Jm(e
iθ). Then for each pair of
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Jordan blocks in the grouping above there is one block of the form H2m(µ) and for each

of the remaining Jordan blocks there is a corresponding block of the form ξeiθ/2Kn with

ξ ∈ {−1, 1}.

The first part is achieved via the regularization algorithm which is studied in detail in

[22]. It is an iterative process that involves using *-congruence relations to write a singular

matrix A in the form


A(1) B 0

0 C D

0 0 0m1

 .
Then, if A(i) is singular, the same type of reductions are applied to it to obtain a new

matrix A(i+1). This process is repeated until we find a matrix A(τ) that is invertible.

The *-congruence relations used in the stage can be performed using unitary matrices

[22, Theorem 2]. At this point, rather than giving an explicit S such that S∗AS has the

form Eq. (4.1) they show that by applying successive *-congruence reductions they can get

that decomposition. Therefore, a strategy to find S is to keep track of all the *-congruence

reductions used.

For example, in [22, Lemma 4], for a full-rank complex rectangular matrix M ∈ Cn×m

with m ≥ n, they find an invertible matrix V such that MV =
[
I 0

]
. Such a matrix V

can be obtained, for example, by reducing M to reduced column-echelon form and keeping

track of all the column operations performed.

Once the regularization of A is computed the next step is to determine the *-congruence

form of B. There is some nuance in determining the correct signs ξ for each of the blocks of

the form ξeiθ/2Kn.

However, once they are found we could compute S in the following way.

1. Construct a block diagonal matrix C as explained in Part 2 of the algorithm above.
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2. Use Jordan decomposition to compute an invertible matrix V such that V −1B−∗BV =

J and J is in Jordan Canonical Form.

3. Use Jordan decomposition to compute an invertible matrix T such that T−1C−∗CT =

J . This is possible since both *cosquares are similar.

4. Take M to be [V T−1]∗B[V T−1]C−1. M has the property that MB = BM∗.

5. Find matrix P such that P 2 = M and PB = BP ∗. Such a matrix can be found, via

the theory of primary functions.

6. Then P−∗[V T−1]∗B[V T−1]P−1 = C, so S = [V T−1]P−1.

4.2 The fiber of solutions of the inverse field of values problem

Consider the map wA : Cn → C given by

wA(z) = z∗Az = z∗ℜAz + iz∗ℑAz. (4.2)

This maps the unit sphere to the numerical range W(A). The map above is not algebraic

over Cn since we are taking conjugates of z. However, if we consider the map as a function

of the real and imaginary parts of z then it becomes algebraic over R2n. To make this

more evident, we give the following notation. For any Hermitian matrix H ∈ Hermn, let

qH(x, y) := (x − iy)⊤H(x + iy), where x = (x1, . . . , xn) and y = (y1, . . . , yn). Observe that

qH is a homogeneous quadratic polynomial in R[x1, . . . , xn, y1, . . . , yn] by Lemma 2.1. Then

we can express the map wA as

wA(x+ iy) = qℜA(x, y) + iqℑA(x, y).

Later we will discuss how to find qℜA and qℑA explicitly.

In this section, we are interested in studying the geometric and algebraic properties of

the fibers w−1
A (a + ib). These fibers are real affine algebraic varieties in R2n defined by the
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following equations:

qℜA(x, y) = a, qℑA(x, y) = b and qIn(x, y) = 1. (4.3)

We start by studying the case where A is normal. We begin by proving some simple

statements about polytopes, i.e., convex hulls of finite subsets of Rm. Let K be the convex

hull of {p1, . . . , pn} ∈ Rm. Consider the linear map ψ : Rn → Rm given by

(t1, . . . , tn) 7→ t1p1 + · · ·+ tnpn.

Denote by {e1, . . . en} the canonical basis of Rn. Let ∆[n] be the simplex with n vertices

conv{ei : i ∈ [n]}. By the definition of convex hull, we have ψ(∆[n]) = K. The faces of ∆[n]

correspond to subsets of [n]. We denote by ∆I the face of ∆[n] corresponding to I ⊆ [n],

∆I = conv{ei : i ∈ I}.

Lemma 4.2. Let p ∈ K and suppose that p ∈ riF where F is a face of K. Let I = {i ∈

[n] : pi ∈ F}. Then ψ−1(p) ∩∆[n] ⊆ ∆I . Moreover, dim(ψ−1(p) ∩∆[n]) = |I| − 1− dimF .

Proof. Consider a supporting hyperplane of F given by some linear equation ℓ(·) = d. Then

ℓ(p) = d, but also ℓ(pi) = d for all i ∈ I and ℓ(pj) > d for all j ̸∈ I. Consider t = (t1, . . . , tn) ∈

∆[n] such that ψ(t1, . . . , tn) = p. Then

ℓ(p) = ℓ ◦ ψ(t) =
n∑

i=1

tiℓ(pi) ≥
n∑

i=1

tid = d.

Observe that the above is an equality if and only if tj is equal to 0 for all j ̸∈ I. In other

words, ψ(t) ∈ F if and only if t ∈ ∆I .

For the statement about the dimension we use the notion of affine hull. We denote the

affine hull of a set S by aff(S). Recall that for a convex set S, dim(S) = dim(aff(S)). The

linear map ψ gives an affine surjective map between aff(∆I) and aff(F ). In particular,

|I| − 1 = dim∆I = dimF + dim(ψ−1(p) ∩ aff ∆[n]).

Therefore, ψ−1(p) ∩ aff ∆[n] is an affine subspace of Rn with dimension |I| − 1− dimF . On

the other hand, since ψ is a linear map, we also have ψ(ri∆I) = riF by Theorem 2.4. In

particular, ψ−1(p) ∩∆[n] must contain points in the relative interior of ∆I .
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The previous lemma allow us to prove the following theorem about the fibers of wA.

Recall that for normal matrices the numerical range W(A) is a polygon in C ≃ R2.

Theorem 4.3. Suppose that A is a normal n × n matrix and let {p1, . . . , pn} ⊆ C be its

eigenvalues. Let a + ib ∈ W(A) and F be a minimal face of W(A) containing a + ib.

Then w−1
A (a + ib) is a real affine algebraic variety of dimension 2|I| − dimF − 1, where

I = {i ∈ [n] : pi ∈ F}.

Proof. We may assume without loss of generality that A is diagonal. Then

wA(x+ iy) = (x− iy)⊤A(x+ iy) =
n∑

i=1

pi(x
2
i + y2i ).

We may decompose the map wA : R2n → C as follows. Consider the map φ : R2n → Rn

given by

(x1, . . . xn, y1, . . . , yn) 7→ (x21 + y21, . . . , x
2
n + y2n).

This map sends S2n−1 to ∆[n]. Moreover, consider the map ψ : Rn → C given by

t 7→
n∑

i=1

piti.

Then wA(x + iy) = ψ ◦ φ(x, y). By Lemma 4.2, ψ−1(a + ib) ∩ ∆[n] is contained in ∆I .

The minimality of F guarantees that a + ib is contained in the relative interior of F . Then

ψ−1(a+ ib) ∩∆[n] is a section of ∆I of dimension |I| − 1− dimF .

Now, consider any point q = (q1, . . . , qn) ∈ Rn
≥0 in the interior of ψ−1(a + ib). The

elements of the fiber φ−1(q) are of the form

(q1 cos θ1, . . . , qn cos θn, q1 sin θ1, . . . , qn sin θn), (θ1, . . . , θn) ∈ [0, 2π)n.

Thus, the fiber φ−1(q) is a product of circles. The dimension of this fiber is the number of

circles in the product, which corresponds to the number of nonzero coordinates in q. Because

q is in the relative interior of ∆I we know that this number is equal to |I|. Therefore,

dimw−1
A (a+ ib) = dimψ−1(a+ bi) + dimφ−1(q) = 2|I| − dimF − 1.
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Corollary 4.4. If A is normal and µ is in the interior of W(A) then w−1
A (µ) has dimension

2n− 3.

Corollary 4.5. If W(A) has dimension 1 and µ is in the relative interior of W(A) then

w−1
A (µ) has dimension 2n− 2.

Proof. If dimW(A) = 1 then all higher-rank numerical ranges are contained in a line seg-

ment. We conclude that A is normal by [13, Corollary 6].

Next, we study the case where A is a general matrix and µ lies on the boundary of W(A).

It turns out that the behavior is very similar to that of the normal case. Note that fibers

are invariant under translations and rotations.

Lemma 4.6. Suppose that 0 ∈ W(A). Also, suppose that a ≥ 0 for any a + bi ∈ W(A).

Then ℜA is positive semidefinite and at least one of its eigenvalues is zero.

Proof. If we consider the cone Ŵ(A) then the linear functional ⟨(0, 1, 0), (c, a, b)⟩ = a is

nonnegative over Ŵ(A). Therefore, (0,1,0) belongs to Ŵ(A)
∗
. But

Ŵ(A)
∗
= {(t, x, y) ∈ R3 : tIn + xℜA+ yℑA ⪰ 0},

so ℜA ⪰ 0.

On the other hand, since 0 ∈ W(A), then (1, 0, 0) ∈ Ŵ(A). By duality, the linear

functional ⟨(t, x, y), (1, 0, 0)⟩ = t is non-negative on Ŵ(A)
∗
. Moreover, (0,1,0), satisfies the

equation t = 0. The plane t = 0 is therefore a supporting hyperplane for a proper face of

Ŵ(A)
∗
containing (1,0,0) which shows that this point is on the boundary of Ŵ(A)

∗
.

Finally, points in the boundary of Ŵ(A)
∗
must satisfy that det(tIn + xℜA + yℑA) = 0.

Therefore, the kernel of ℜA must be nontrivial.

After applying a unitary change of basis, we can assume that ℜA is diagonal and that

the first m elements in the diagonal are zero, and the rest of the elements are strictly greater

than zero.
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Theorem 4.7. Suppose that A satisfies the assumptions in Lemma 4.6 and letm = corank(ℜA).

Furthermore, suppose that ℜA is diagonal and the first m entries in its diagonal are zero.

Then w−1
A (0) = w−1

B (0) where B is the m-by-m leading principal submatrix of ℑA. Moreover,

the dimension of w−1
B (0) is equal to 2m − 2 if W(B) has dimension 1 and the point 0 is in

the relative of W(B). Otherwise, the dimension is 2l − 1 where l = corank(B).

Proof. Recall that w−1
A (0) is defined by the following equations:

qℜA(x, y) = 0, qℑA(x, y) = 0 and qIn(x, y) = 1. (4.4)

Due to our assumption about ℜA, we can write the first equation as

n∑
i=m+1

di(x
2 + y2) = 0,

with di > 0. Because this is a sum of squares, its vanishing set is the linear subspace V ⊆ R2n

defined by the equations xi = yi = 0 for all m + 1 ≤ i ≤ n. Thus, w−1
A (0) can be obtained

by taking the last two equations and restricting them to V . These equations are the same

as those that define the fiber w−1
B (0).

The last two statements in the proof follow by Theorem 4.3 and the fact that B is

Hermitian if and only if W(B) is contained in the real line.

We end this section by considering the case where A is a general matrix and a+ ib is in

the interior of A. First, we introduce a projective variety version of the fiber w−1
A (a+ ib).

We start by observing that vectors that satisfy the third equation qIn = 1 in Eq. (4.3),

must also satisfy aqIn = a. Then we can rewrite the first two equations for w−1
A (a + ib) in

the following way.

qℜA − aqIn = 0, qℑA − bqIn = 0 and qIn = 1.

Notice that the first two equations are now homogeneous of degree 2. Then consider the

projective variety

PA,a+ib := V(qℜA − aqIn , qℑA − bqIn) ⊆ P2n−1(C),
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and its real projective counterpart

PA,a+ib(R) := VR(qℜA − aqIn , qℑA − bqIn) ⊆ P2n−1(R).

Observe that there is a 2-to-1 correspondence between w−1
A (a + ib) and Pa+ib(R). In

particular, the dimension of these varieties is the same. Also, observe that we can obtain the

same system by taking the translation A−(a+ib)In and obtaining the equations in Eq. (4.3)

for the fiber at zero. We use this new approach to prove the converse of Corollary 4.5.

Lemma 4.8. If w−1
A (a+ ib) has an irreducible component X of dimension 2n−2 then W(A)

has dimension 1 and µ is in its relative interior. In this case w−1
A (a+ ib) = X ∪ (−X ).

Proof. This irreducible component corresponds to an irreducible component Y of dimension

2n − 2 of Pa+ib. Due to its dimension, there exists a homogeneous polynomial h such that

VC(p) = Y . Then h must be a common divisor of qℜA − aqIn and qℑA − bqIn . In particular,

its degree must be either 2 or 1.

In the first case, we have that qℜA − aqIn and qℑA − bqIn are scalar multiples of h. This

implies that ℜA is a scalar multiple of ℑA. From here we conclude that A is normal and

dimW(A) ≤ 1. But, by Theorem 4.3 in order for the fiber to have dimension 2n − 2,

dimW(A) = 1 and a + ib must be in the relative interior of W(A). Otherwise, if a + ib

was a vertex of W(A) then its fiber would have dimension 2l − 1 , where l is the algebraic

multiplicity of the eigenvalue a + ib in A. This dimension is odd and, therefore, can never

equal 2n− 2.

The second case, deg(h) = 1 is actually impossible. Suppose by contradiction that

qℜA − aqIn and qℑA − bqIn have h as a common linear factor. By Lemma 2.1,

qℜA − aqIn = z⊤ ̂ℜA− aInz,

where z = (x, y).

Then qℜA−aqIn is reducible if and only if rank ̂ℜA− aIn ≤ 2 [15, Exercise 5.12]. This, in

turn, happens if and only if rank(ℜA−aIn) ≤ 1. In particular ℜA−aIn is either positive or
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negative semidefinite. As we saw in Theorem 4.7 this restricts a+ ib to be in the boundary

of W(A). But the dimension of w−1
A (a+ ib) can only be 2n− 2 if ℜA− aIn = 0n.

By applying the same argument, we conclude that ℑA−bIn = 0n. But then w
−1
A (a+ib) =

S2n−1 which in particular has no irreducible components of dimension 2n− 2.

The last statement follows by observing that PA,a+ib = V(h) = Y .

Next we use *-congruence, which is defined in Section 4.1, to reduce the general case to

the case when A is in *-congruence canonical form. Through the remaining of this section

we assume without loss of generality that a+ ib = 0.

To simplify notation we denote PA,0 as PA.

Lemma 4.9. For any invertible S ∈ Cn×n and A ∈ Cn×n, the projective varieties PA and

PS∗AS are isomorphic.

Proof. The linear automorphism given by (x + iy) 7→ S(x + iy) in Cn extends to a linear

automorphism in R2n which in turn gives rise to a linear automorphism ϕ in P2n−1. The

proof follows by observing that ϕ(PS∗AS) = PA.

Take (x, y) such that (x+ iy)∗S∗AS(x+ iy) = 0 and set

(x′, y′) := ϕ(x, y) = (ReS(x+ iy), ImS(x+ iy)).

Observe that

(x′ + iy′)∗A(x′ + iy′) = (S(x+ iy))∗A(S(x+ iy)) = (x+ iy)∗S∗AS(x+ iy) = 0.

Remark 4.10. In general, the isomorphism above does not give an isomorphism of affine

varieties between w−1
A (0) and w−1

S∗AS(0). However, we do obtain the map

φ : w−1
S∗AS(0) → w−1

S∗AS(0), z 7→ Sz

∥Sz∥2
.

This map in bijective and semialgebraic.
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Lemma 4.11. If 0 is in the relative interior of W(A) then it is also in the relative interior

of W(S∗AS) for any invertible matrix S.

Proof. Recall that W(A) is a spectahedral shadow as is shown in Corollary 2.18. It is the

image of Q = {X ∈ PSDn : ⟨X, In⟩ = 1} under the projection map

ΦA(X) = ⟨ℜA,X⟩+ i⟨ℑA,X⟩.

Observe that Q is convex and ΦA is a linear map between convex sets. Therefore, Φ(riQ) =

riW(A) and in particular this implies that there exists X ∈ PDn such that ⟨X, In⟩ = 1 and

Φ(X) = 0. Now, we show that ΦS∗AS(S
−1XS−∗) = 0. Indeed,

⟨S∗(ℜA)S, S−1XS−∗⟩ = tr(S−1XS−∗S∗(ℜA)S) = tr(XℜA) = 0

Similarly, we can show that ⟨S∗(ℜA)S, S−1XS−∗⟩ = 0. Observe that S−1XS−∗ ∈ PDn since

we are multiplying invertible matrices and positive semidefiniteness is preserved under *-

congruence. By scaling S−1XS−∗ so that it has trace 1 we have found a Hermitian matrix

in the interior of Q, such that ΦS∗AS(0). By the same argument about the image of relative

interiors we conclude that 0 is in the relative interior of W(S∗AS).

The previous lemmas allow us to study the fiber of wA by taking the *-congruence canon-

ical form of A and finding the fiber of that element instead.

Theorem 4.12. Let B be the *-congruence canonical form of A as defined in Theorem 4.1.

Then 0 is in the interior of W(A) if and only B can be written as B1 ⊕B2 where B1 is one

of the following:

i) Jm(0) with m ≥ 2.

ii) H2m(µ) with m ≥ 1 and |µ| > 1.

iii) eiθKm with m ≥ 3.

iv) eiθK2 ⊕ [ei(θ+θ′)] with 0 ≤ θ < 2π and π/2 < θ′ < 3π/2.
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v) eiθ1K2 ⊕ eiθ2K2 with 0 ≤ θ1 < θ2 < 2π.

vi) [eiθ1 ]⊕ [eiθ2 ]⊕ [eiθ3 ] such that 0 is in the interior of conv{eiθ1 , eiθ2 , eiθ3}.

Proof. (⇐): It is enough to assume that B = B1, in other words, there are no other blocks

appearing in the *-congruence canonical form of A. By Lemma 2.19 if 0 is in the interior of

W(B1) it would also be in the interior of W(B). Denote by {e1, . . . en} the canonical basis

of Cn.

Type i) Suppose that B = Jn(0). To show that 0 is in the interior, observe that if we

take X = [e1 e2] then X
∗BX = J2(0) and

W(J2(0)) = {x+ iy ∈ C : x2 + y2 ≤ 1/4}.

This is a circle of 1/2 radius centered at the origin. Therefore, 0 ∈ intW(X∗BX) ⊆

intW(B).

Type ii) After a rotation and a unitary change of basis we can assume that B = H2m(|µ|).

Take X = [e1 em+1]. Then X
∗BX = H2(|µ|) and

W(H2(|µ|)) =

{
x+ iy : (x, y) ∈ R2 and

(
x

|µ|+ 1

)2

+

(
y

|µ| − 1

)2

≤ 1

4

}
.

This is a nondegenerate ellipse centered at the origin and therefore 0 is in its interior.

Type iii) Without loss of generality we can assume that θ = 0. To check that 0 is in the

interior of W(B) consider the following vectors: x1 = (e1 + ie2)/
√
2 and x2 = en and take

X = [e1 e2]. We have two cases.

For n = 3, we have

X∗BX =

 1
2

0
√
2 0

 .
The numerical range of this 2 by 2 matrix is an ellipse containing 0 in its origin.

For n ≥ 4, we have

X∗BX =

 0 0
√
2 0

 .
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The numerical range in this case is the circular disk centered at 0 with radius 1/
√
2.

Type iv) Without loss of generality assume that θ = 0. Observe that

W(B) = conv(W(K2) ∪ eiθ
′
).

Note that W(K2) is the ellipse

{a+ ib : a2 +
(b− 1/2)2

4
≤ 1}.

The point 0 is at the boundary of the ellipse and the only supporting hyperplane is b = 0.

In particular, any other line passing through zero contains points of W(K2) in both half-

planes defined by the line. Therefore, if we assume by contradiction that 0 is in the boundary

of W(B) then b ≥ 0 for all points in W(B) but this is not true for eiθ
′
since sin(θ′) < 0.

Type v) Assume that θ = 0. Then W(B) = conv(W(K2) ∪W(eiθ
′
K2)).

As in the previous case, if 0 was in the boundary ofW(B) then b ≥ 0 for all a+ib ∈ W(B).

But for any θ′ ̸= 0, W(eiθ
′
K2)) has points such that b < 0. In fact, the only supporting line

for 0 in W(eiθK2) is −a sin θ + b cos θ = 0.

Type vi) This is true by assumption.

(⇒): Observe that if B has no blocks of the types above then its decomposition after a

rotation must be of the form

[0]⊕m1 ⊕K⊕m2
2 ⊕

m3⊕
i=1

[eiθi ], 0 ≤ θi ≤ π,

Then it follows that b ≥ 0 for all a + ib ∈ W(B). This is enough to show that either

0 ̸∈ W(B) or it is in the boundary of W(B).

A consequence of the previous lemma is that for 0 to be in the boundary of W(A) then

the *-congruence canonical form of A can only consist of blocks of size 1 or 2×2 blocks of the

form eiθK2. We can then determine the dimension of the fiber by exploiting this structure

and using the following general fact from real algebraic geometry.
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Lemma 4.13. Let q1 and q2 be two quadratic homogeneous polynomials in R[x1, . . . , xn+1].

Suppose that q1 and q2 have no linear factors in common. Let X = V(q1, q2) ⊂ Pn(C) and

X(R) = VR(q1, q2) ⊂ Pn(R). Furthermore, suppose that there exists a point p ∈ X(R) such

that the Jacobian ∇q1(p)
∇q2(p)


has rank 2. Then p is smooth in X. Moreover, dimX(R) = dimX = n− 2.

Proof. Let Y be an irreducible component of X. Because X = V(q1, q2) it follows that

codimY ≥ 2. The codimension is 0 if and only if q1 and q2 are both equal to 0 in which

case the Jacobian above would be 0 as well. Suppose by contradiction that there exists

some irreducible component Y such that codim(X) = 1. Then there exists an irreducible

polynomial h such that V(h) = Y [15, Proposition 1.13]. The polynomial h must be a

common factor of q1 and q2. In particular, the degree of h is at most two. But since q1

and q2 have no common linear factors, it follows that the degree of h is 2 and q1 and q2 are

scalar multiples of q2. Then X = Y and the Jacobian has rank at most 1 for any p ∈ X,

contradicting our assumption.

Let q1 and q2 be part of a set of generators for X. Since the Jacobian above has rank 2

it follows that p is a smooth point of X.

Let Y be an irreducible component of X that contains p. By [35, Theorem 5.1] or [27,

Theorem 12.6.1], Y (R) is dense in Y . In particular, Y (R) has the same dimension as Y ,

which is 2n− 2.

We end the section by proving the following theorem on the dimension of fibers for points

in the interior of W(A).

Theorem 4.14. If 0 is in the interior of W(A) then w−1
A (0) has dimension 2n− 3.

Proof. Since dimw−1
A (0) = dimPA(R), we focus on checking that this last projective variety

has dimension 2n− 3. By Lemma 4.11, we can substitute A with its *-congruence canonical

form. Let B be the *-congruence canonical form of A. By Lemma 4.11, we can assume that
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B = B1⊕B2 where B1 is of the form i)-vi). By Lemma 4.13, it is enough to find a real point

z ∈ PB(R) ⊆ P2n−1(R) such that its Jacobian has rank 2. By Lemma 2.1 this Jacobian is of

the form ∇qℜB(z)

∇qℑB(z)

 =

∇z⊤ℜ̂Bz

∇z⊤ℑ̂Bz

 =

2ℜ̂Bz

2ℑ̂Bz

 .

We can further reduce this to the case where B2 = 0. Suppose that there exists z1 ∈ PB1

such that 2ℜB1z1 and 2ℑB1z1 are linearly independent. Observe that qℜB = qℜB1 + qℜB2

and that these two polynomials do not have any variables in common (similarly for qℑB).

Then z = z1 ⊕ 0 ∈ PB would be the point that we are looking for on the account that∇qℜB(z)

∇qℑB(z)

 =

2ℜ̂B1z1 0

2ℑ̂B1z1 0


and this Jacobian is also full-rank. Let {ex1 , . . . , exn, e

y
1, . . . , e

y
n} denote the canonical base of

R2n.

Type i) Consider z = ex1 .

2ℜB = (Jn(0) + Jn(0)
⊤) and 2ℑB = i(Jn(0)

⊤ − Jn(0)).

Then 2ℜ̂Bex1 = ex2 and 2ℑ̂Bex1 = ey2. Clearly, these two vectors are linearly independent.

Type ii) Under our assumptions, n = 2m. Consider z = ex1 . Let µ = a+ ib.

2ℜB =

 0m Im + Jm(µ
∗)⊤

Im + Jm(µ) 0m

 2ℑB = −i

 0m Im − Jm(µ
∗)⊤

Im − J(µ) 0m


Then 2ℜ̂Bex1 = (1 + a)exm+1 + beym+1 and 2ℑ̂Bex1 = bexm+1 + (a− 1)eym+1. The only non zero

elements in these vector form the following minor of the Jacobian:∣∣∣∣∣∣1 + a b

b 1− a

∣∣∣∣∣∣ = 1− a2 − b2.

Since µ = a+ ib has norm bigger than 1 we conclude that the previous minor is nonnegative

and that these two vectors are linearly independent.
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Type iii) Without loss of generality assume that B = Kn, i.e., θ = 0. Take z = exn.

Observe that (exn)
∗Kne

x
n = (exn)

∗(ex1 + iex2) = 0.

ℜKn =



1

1

. .
.

1

1


ℑKn



0

0 1

. .
.

0

0 1


ℜ̂Aexn = ex1 while ℑ̂Aexn = ex2 . Again, this are linearly independent so we are done.

Type iv) Without loss of generality we may assume that B = K2 ⊕ [eiθ]K2 with π <

θ < 2π.

Then

ℜA =


0 1 0

1 0 0

0 0 cos θ

 ℑA =


0 0 0

0 1 0

0 0 sin θ


Then qℜB = 2x1x2 + 2y1y2 + cos θ(x23 + y23) and qℑB = x22 + y22 + sin θ(x23 + y23). Consider

the point z =
[

cos θ
2 sin θ

: 1 :
√

2
− sin θ

: cos θ
2 sin θ

: 1 : 0
]
which belongs to PB.

Then

ℜ̂Bz =

[
1 :

cos θ

2 sin θ
: cos θ

√
2

− sin θ
: 1 :

cos θ

2 sin θ
: 0

]
and ℑ̂Az =

[
0 : 1 : cos θ

√
2

− sin θ
: 0 : 1 : 0

]
.

By checking the first two entries in each of these vectors we conclude that they are linearly

independent and therefore z is a smooth point.

Type v)Without loss of generality we may assume that B = K2⊕eiθK2 with 0 < θ < 2π.

Then

ℜA =


0 1 0 0

1 0 0 0

0 0 0 cos θ

0 0 cos θ − sin θ

 ℑA =


0 0 0 0

0 1 0 0

0 0 0 sin θ

0 0 sin θ cos θ


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Then consider z = [1 + cos θ : sin θ : −1− cos θ : sin θ : sin θ : 0 : sin θ : 0].

Excluding the case θ = π, this is a nonzero vector that belongs in PB. We have

ℜ̂Bz = [sin θ : 1 + cos θ : cos θ sin θ : −1− cos θ : sin θ : 0 : cos θ sin θ : − sin2 θ]

ℑ̂Bz = [0 : 1 : sin θ : −1 : 0 : 1 : sin θ : cos θ]

The minor of the Jacobian consisting of the first two columns is∣∣∣∣∣∣sin θ 1 + cos θ

0 1

∣∣∣∣∣∣ = sin θ

which is not zero given our assumptions on θ.

For the case θ = π, consider z = ex2 + ex4 . It can be checked that z ∈ PB. On the other

hand ℜ̂Bz = ex1 − ex3 and ℑ̂Bz = ex2 − ex4 which are linearly independent so we are done.

Type vi) Without loss of generality, we assume that θ1 = 0. Then,

ℜB =


1 0 0

0 cos θ2 0

0 0 cos θ3

 and ℑB =


0 0 0

0 sin θ2 0

0 0 sin θ3


B is a normal matrix. By Theorem 4.3 we know what the fiber w−1

B (0) looks like. This

fiber consists of points of the form

z = (r1 cosϕ1, r2 cosϕ2, r3 cosϕ3, r1 sinϕ1, r2 sinϕ2, r3 sinϕ3), ϕi ∈ [0, 2π)

where ri ∈ R≥0 and r
2
1 + r22e

iθ2 + r23e
iθ3 = 0. From the assumption that 0 is in the interior of

W(B) we conclude that (1) ri ̸= 0 and (2) sin(θ2) ̸= 0.

Now consider the point z = [r1 : r2 : r3 : 0 : 0 : 0] ∈ PB. Then

ℜ̂Bz = [r1 : r2 cos θ2 : r3 cos θ3 : 0 : 0 : 0] and ℑ̂Az = [0 : r2 sin θ2 : r3 sin θ3 : 0 : 0 : 0]

By (1) and (2), it follows that these two vectors are linearly independent.
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Chapter 5

THE RANK-K FIELD OF VALUES PROBLEM

As was discussed in the introduction, one of the initial motivations in studying higher-

rank numerical ranges was their connection to quantum error correcting codes. Choi et. al,

discussed ways of finding all projections P for which PTP = λP [8, Section 4]. However,

they restrict themselves to the case where T is a Hermitian matrix. In this section, we give a

way of computing one such projection for any type of matrix. Since this is similar in nature

to the inverse field of values problem, we call this the rank-k inverse field of values problem

(rank-k iFVP). The problem is as follows: Given a matrix A ∈ Cn×n and µ ∈ Λk(A), find

a matrix X ∈ Cn×k such that X∗X = Ik and X∗AX = µIk. The projection matrix can be

obtained from X by taking P = XX∗.

An equivalent way to formulate this problem is to find a unitary matrix U ∈ Cn×n such

that U∗AU has µIk as a principal submatrix. We call such a matrix U a solution for the

rank-k iFVP of A at µ. If µ = 0 we say that U is a solution for the rank-k iFVP of A. The

proof of convexity of Λk(A) by Li and Sze establishes the existence of such a matrix U [26].

In this section, we revisit their arguments with the aim of pointing out how to construct U

explicitly.

5.1 The normal case

We first consider the case where the matrix A is normal. Without loss of generality, we may

assume that A is diagonal and that µ = 0. Up to permutation of the entries in the diagonal,

we can write A in the following way:

A = 0j ⊕
p⊕

i=1

Bθi ⊕ C, (5.1)
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where 0j denotes the j × j zero matrix. Bθi denotes a 2-by-2 diagonal matrix such that its

two entries have opposite arguments θi and θi + π, i.e, it has the following form:

Bθi =

αie
iθi 0

0 βie
i(θi+π)

 , θi ∈ [0, 2π) and αi, βi > 0. (5.2)

Finally, C is a diagonal matrix such that it is invertible and no pair of its eigenvalues have

opposite arguments.

We proceed to show that we can solve the rank-k iFVP by solving a ranked iFVP for

each of the blocks in Eq. (5.1) individually. Let M be a complex n × n matrix. By [26,

Theorem 2.2], 0 ∈ Λt(M) if and only if the matrices

M(ξ) = ℜM cos ξ + ℑM sin ξ

have at least t nonnegative eigenvalues for all ξ ∈ [0, 2π). We begin by checking that we can

relax this condition so that it is satisfied by all but finitely many ξ ∈ [0, 2π).

Lemma 5.1. Suppose that for a complex n× n matrix M , M(ξ) has at least t nonnegative

eigenvalues for all but finitely many ξ ∈ [0, 2π]. Then the statement holds for all ξ ∈ [0, 2π].

Proof. The above statement is equivalent to λt(M(ξ)) ≥ 0. The function λt(M(ξ)) gives a

continuous map from [0, 2π] to the real numbers. Therefore, the set of ξ ∈ [0, 2π] such that

λt(M(ξ)) ≥ 0 must be a closed subset of [0, 2π].

Theorem 5.2. Let A be as in Eq. (5.1). Suppose that 0 ∈ Λk(A). Then the following

statements are true:

1. 0 ∈ Λj(0j)

2. 0 ∈ Λ1(Bθi) for all 1 ≤ i ≤ p

3. If k > p+ j then 0 ∈ Λk−j−p(C)

In particular, U = Ij ⊕
⊕p

i=1 Ui⊕UC is a solution for the rank-k iFVP of A, where Ui is the

solution for the rank-1 iFVP of Bθi and UC is a solution for the rank-(k− p− j) iFVP of C.
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Proof. Claim (1) follows easily from the fact that Λk(0) = {0} for all 1 ≤ k ≤ j.

For claim (2) we observe that Λ1(Bθi) = W(Bθi) = conv{αeiθ,−βeiθ}. Therefore, W(Bθi)

is a line segment that contains the point 0.

For claim (3) we will show that, for any ξ ∈ [0, 2π), C(ξ) has at least k−p−j nonnegative

eigenvalues. By our assumptions, A(ξ) has at least k nonnegative eigenvalues. The matrix

A(ξ) has the same block decomposition as A.

A(ξ) = 0j ⊕
p⊕

i=1

Bθi(ξ)⊕ C(ξ).

We make the following observations:

a) The 0j matrix has j nonnegative (actually zero) eigenvalues.

b) If θi − ξ ̸∈ {−π, 0, π} then Bθi(ξ) has exactly one nonnegative eigenvalue. This is

because

Bθi(ξ) =

αi cos(θi − ξ) 0

0 −βi cos(θi − ξ)


and by our assumptions cos(θi − ξ) ̸= 0.

By a) and b) we know that for all but finitely many ξ ∈ [0, 2π), the first two types of blocks

in the decomposition of A(ξ) account for exactly j + p nonnegative eigenvalues of A(ξ).

Therefore, C(ξ) must have at least k − j − p nonnegative eigenvalues. By Lemma 5.1 it

follows that 0 ∈ Λk−j−p(C).

We now proceed to solve the rank-k iFVP problem block by block. Notice that for the

blocks of type Bθi , we only need to solve the classical iFVP. In Section 4.2 we give the set

of all iFVP solutions for any normal matrix. For the sake of completeness, we give one of

these solutions explicitly.

Lemma 5.3. There exists a unitary matrix Ui such that the top leftmost entry of U∗
i BθiUi

is zero.
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Proof. Consider the following orthogonal matrix

Ui =
1√

αi + βi

√
βi −√

αi

√
αi

√
βi

 . (5.3)

The top-leftmost entry of U∗
i BθiUi corresponds to u∗Bθiu where u = (

√
βi,

√
αi)/

√
αi + βi.

Therefore, u∗Bθiu = 1
αi+βi

(
√
βi,

√
αi)

⊤(eiθiαi

√
βi,−eiθiβi

√
αi) = 0

We now proceed to solve the iFVP of C. In order to do this, we need the following

lemma.

Lemma 5.4. Suppose there exists an invertible matrix S ∈ Cn×n such that S∗AS has 0t as

a leading principal submatrix. Then there exists a unitary matrix U such that 0t is a leading

principal submatrix of U∗AU .

Proof. As it is shown in [26, Lemma 2.5], we can use QR-decomposition to find a unitary

matrix U and an upper triangular matrix R such that UR = S. Since S is invertible so is

R. In particular U = SR−1 and

U∗AU = R−∗S∗ASR−1 = R−∗

0t ∗

∗ ∗

R−1.

The inverse of an upper triangular matrix is still upper triangular. Its conjugate on the

other hand is lower triangular. Multiplying by R−1 on the right is equivalent to applying

columns operations to S∗AS. Moreover, the i-th column is only affected by operations in-

volving columns 1 through i. On the other hand R−∗ is now lower triangular and multiplying

by it on the left is equivalent to doing row operations. Again the i-th row is only affected by

rows 1 through i. Both of these types of operations preserve the submatrix 0t.

To simplify notation, throughout the rest of the section we assume that j = p = 0 . Let

k′ := max{t ∈ [n] : 0 ∈ Λt(C)}. The next step in our construction is to find a line in C passing

through the origin such that k of the eigenvalues are in one side and n− k are in the other.

However, this line only exists when k = k′. Luckily for us, Λk′(C) ⊆ Λk(C). Furthermore,
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a solution for the rank-k′ iFVP of C would also be a solution for the rank-k iFVP of C.

Therefore, without loss of generality, we may assume that k = k′, i.e., 0 ̸∈ Λk+1(C).

Lemma 5.5. Suppose that 0 ∈ Λk(C)\Λk+1(C). Then there exists ξ ∈ [0, 2π) such that k

eigenvalues of C are strictly on one side of the line {a cos ξ + b sin ξ = 0} and n − k are

strictly in the other.

Proof. By the membership test (Theorem 3.9), we know that for all ξ ∈ [0, 2π), λk(C(ξ)) ≥ 0.

Moreover, by Lemma 5.1 there must be infinite ξ such that λk+1(C(ξ)) < 0. We claim that

under our assumptions of C, there are only finitely many ξ such that λk(C(ξ)) = 0.

If λk(C(ξ)) = 0 then C(ξ) would have to be singular. But such C(ξ) would correspond

to an intersection point of V(fC), the Kippenhahn curve of C, with the circle x2 + y2 = 1.

Since C is normal, V(fC) is the union of n lines. By Bezout’s theorem, there can only be

finitely many of these intersection points. Therefore, we can select ξ such that

λk(C(ξ)) > 0 > λk+1(C(ξ)).

In particular, k of the eigenvalues of C(ξ) are strictly positive and n− k of the eigenvalues

of C(ξ) are strictly negative.

Let {λ1, . . . , λn} ⊆ C be the eigenvalues of C. Because C is normal, the eigenvalues of

C(ξ) are of the form Reλi cos ξ + Imλi sin ξ. Therefore, the condition above is equivalent to

Reλi cos ξ + Imλi sin ξ > 0 for k of the eigenvalues λi of C and Reλi cos ξ + Imλi sin ξ < 0

for the rest of them.

Such ξ can be found explicitly using the procedure described in Algorithm 1 taking C,

k + 1 and 0 as inputs. The algorithm returns False at one of the points (1, si) used to test

membership. These points are chosen so that [1 : si] ̸∈ V(fA). Finally, by normalizing the

point, we can write it as [r cos ξ : r sin ξ] with r > 0. Then ξ would be the value we are

looking for.

We then obtain a matrix C(1) = eiξC with the property that the separating line in

Lemma 5.5 is b = 0. Here we note that if UC is a solution for the k-rank iFVP of eiξC then
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it is also a solution for the k-rank iFVP of C. Therefore, we continue our discussion with

C(1). Also, after an appropriate permutation of the entries in C we may assume that

C(1) = diag{c1 + id1, . . . , ck + idk,−ck+1 + idk+1, . . .− cn + idn}

where ci > 0 for all i ∈ [n].

Then consider the matrix T = diag{√c1−1, . . . ,
√
cn

−1}. By conjugating C(1) by T and

permuting the entries of C as necessary, we obtain a matrix with the following form.

C(2) = T ∗C(1)T =

Ik + iD 0

0 −In−k + iG

 , (5.4)

with D = diag(g1, . . . , gk), G = diag(gk+1, . . . , gn), g1 ≥ g2 ≥ . . . ≥ gk and gk+1 ≥ . . . ≥ gn.

It turns out that under our assumption on C, we must have k < n− k + 1.

Lemma 5.6. Let C be a normal invertible matrix such that no pair of eigenvalues have

opposite arguments. Then if 0 ∈ Λk(C) the size of C must be at least 2k + 1.

Proof. Suppose there exists one eigenvalue λ of C such that no other eigenvalue has the

opposite argument and additionally one of the open half-planes defined by the line that passes

between 0 and λ has k−1 eigenvalues of C on it. Then if we consider a small perturbation on

the angle of the line we would have a closed half-plane that contains only k − 1-eigenvalues

contradicting our hypothesis of C. Thus, there must be at least k eigenvalues on each side

of the line, meaning that the size of C has to be at least 2k + 1.

In fact, if 2k ≥ n and 0 ∈ Λk(C) then for every eigenvalue λ of C there must exist another

eigenvalue µ with the opposite argument. Next, we introduce the notion of imbeddable

matrices.

Definition 5.7. Let A ∈ Hermm and B ∈ Hermn with m ≥ n. Then B is imbeddable in

A if there exists a unitary m ×m matrix V such that V ∗AV has B as a leading principal

submatrix.
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The following theorem is very useful to establish if one matrix is imbeddable in another.

Theorem 5.8 (Theorem 1 in [12]). Let {a1, . . . am} and b1, . . . , bn be the eigenvalues of A

and B respectively. Suppose additionally that a1 ≥ . . . ≥ am and b1 ≥ . . . ≥ bn. Then B is

imbeddable in A if and only if the following inequalities hold:

ai ≥ bi ≥ ai+m−n, for all 1 ≤ i ≤ n

We refer to the sequences {ai} and {bi} that satisfy the inequalities in the previous

theorem as having the interlacing property. In Section 5.2 we explore the interlacing property

in more depth and give an explicit construction of V . For now, we use V to make further

manipulations on C(2).

Proposition 5.9. Suppose that C(2) is as described in Eq. (5.4) and 0 ∈ Λk(C). Then D is

imbeddable in −G.

Proof. The following inequalities are established in the proof of [26, Lemma 2.7]:

−gn > g1 > −g2k, −gn−1 > g2 > −g2k−1, . . . − gn−k+1 > gk > −gk+1.

The proposition then follows by Theorem 5.8.

By the previous proposition, we conclude that there exists a unitary matrix V such that

−V ∗GV hasD as a leading principal submatrix. We are ready to transform C(2) even further.

C(3) = (Ik ⊕ V ∗)C(2)(Ik ⊕ V ) =


Ik + iD 0 0

0 −Ik − iD ∗

0 ∗ ∗

 (5.5)

A final step is necessary to transform C into the desired form. Consider the matrix

W =
1√
2

Ik Ik

Ik −Ik

 .
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Observe that W is a 2k × 2k matrix that is both symmetric and unitary. Then take

C(4) = (W ⊕ In−2k)C(3)(W ⊕ In−2k) =


0k Ik + iD 0n−2k

Ik + iD 0k ∗

0n−2k ∗ ∗

 . (5.6)

The matrix C(4) has the desired 0k submatrix that we are looking for. We summarize

how to obtain C(4) from C and the desired invertible matrix S in the following theorem.

Theorem 5.10. There exists a unitary matrix Uc such that U∗
cCUc has 0k as a leading

principal submatrix.

Proof. Let ξ be as described in Lemma 5.5 and consider the invertible matrix S = T (Ik ⊕

V )(W ⊕ In−2k) where T , V and W are as defined previously in the section. Then S∗CS =

e−iξC(4), which has the desired leading submatrix 0k. Using QR-decomposition, we can

find a unitary matrix Uc and an upper triangular matrix R such that S = UcR. Then by

Lemma 5.4, Uc has the desired property.

5.2 Eigenvalue interlacing property

In this section, we dive deeper into the work of Fan and Pall [12] in order to come up

with a construction of a unitary matrix V that imbeds a Hermitian matrix B onto another

Hermitian matrix A. We begin by checking some of the details of their proof of Theorem 5.8.

Proof of Theorem 5.8. The proof is done for the case n = m− 1. For the general case, note

that it is possible to construct a series of interlacing sequences between {ai} and {bi} each

with one fewer member. Then for each of these intermediate sequences the proof is applied.

The solution for n = m−1 is very constructive. It amounts to solving an m-by-m system

of linear equations. To work out the system, we observe that if such a V existed then V ∗AV

would be unitarily equivalent to a matrix of the following form:
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C =



b1 z̄1

b2 z̄2
. . .

...

bm−1 z̄m−1

z1 z2 · · · zm−1 γ


, (5.7)

with zi ∈ C and γ ∈ R.

We can assume that

a1 < b1 < a2 < . . . < am−1 < bm−1 < am.

If this was not the case, say bi = ai, then we can take zi = 0. We may then proceed by

removing that corresponding row and column from the matrix C. This is equivalent to

removing ai and bi from their sequences, which preserves the interlacing property. In the

case where bi = ai+1 we would also set zi = 0 and proceed by removing these elements from

the set of interlacing eigenvalues.

From Eq. (5.7) we can deduce that the characteristic polynomial of C is equal to(
λ− γ −

m−1∑
j=1

|zj|2

λ− bj

)
m−1∏
i=1

(λ− bi). (5.8)

For C to be unitarily similar to A, the ai should be roots of this polynomial. This happens

if and only if

γ +
m−1∑
j=1

|zj|2

ai − bj
= ai, for all 1 ≤ i ≤ m− 1. (5.9)

This gives a linear system of equations over the variables γ and xi = |zi|2. In [12] it is shown

that this system has a unique solution and that all of the values of xi are positive.

If we want to construct V explicitly, we could do so by choosing values for the intermediate

interlacing sequences between {ai} and {bi}. Then we must iteratively solve Eq. (5.9) and

find V(i) that diagonalizes the matrix Eq. (5.7).
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Example 5.11. To illustrate this, we show how to find V when m = 4 and n = 2. First of

all we need to begin by finding values a
(2)
1 , a

(2)
2 and a

(2)
3 such that the following inequalities

are met:

a1 a2 a3 a4

≥ ≥ ≥ ≥ ≥ ≥
a
(2)
1 a

(2)
2 a

(2)
3

≥ ≥ ≥ ≥
b1 b2

(5.10)

We extend ai to be defined by all i ∈ Z by setting ai = ∞ if i < 1 and ai = −∞ if

i > m. Similarly, bi = ∞ if i < 1 and bi = −∞ if i > n. Then a
(2)
i must satisfy the following

inequalities:

min{ai, bi−1} ≥ a
(2)
i ≥ max{bi, ai+1} for all i ∈ [3]. (5.11)

The interlacing property between {ai} and {bi} guarantees min{ai, bi−1} ≥ max{bi, ai+1}. It

should also be clear by Eq. (5.10) that {a(2)i } interlaces {ai} and {bi} interlaces {a(2)i }. Once

the sequence {a(2)i } is set we construct the following matrix:

C1 =


a
(2)
1 0 0 z̄1

0 a
(2)
2 0 z̄2

0 0 a
(2)
3 z̄3

z1 z2 z3 γ


We then proceed to find values for |zi|2 and γ by setting zi = 0, whenever ai = a

(2)
i or

a+1 = a
(2)
i . We then solve for the linear system of equations in Eq. (5.9) to obtain a value

for γ and the rest of the xi = |zi|2. The value |zi|2 is invariant under multiplication of zi

by any root of unity. We may choose zi =
√
xi. Once all the values in C1 have been found,

we proceed to find a unitary matrix V1 that diagonalizes this matrix. We could do so by

finding a unitary basis of eigenvectors of C1 and setting these vectors as the columns of V1.

Then V ∗
1 C1V1 = diag{a1, . . . , a4} = A and V1AV

∗
1 has A2 = diag{a(2)1 , . . . , a

(2)
3 } as a leading

principal submatrix.
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Repeating the same procedure as before, we can find a unitary 3 × 3 matrix V2 such

that V2A(2)V
∗
2 has B = diag{b1, b2} as a leading principal submatrix. Then the matrix

V = V ∗
1 (V

∗
2 ⊕ [1]) is the unitary matrix that we are looking for.

5.3 Solution of the general case

We now focus on the case where A is any complex n × n matrix. Suppose that 0 ∈ Λk(A).

Recall that by [26, Lemma 2.7] it is enough to find an invertible matrix T such that T ∗AT has

0k as a principal submatrix. We turn our attention once again to the *-congruent canonical

form of A.

Let SA be an invertible matrix such that B = S∗
AASA is in *-congruence canonical form.

By Theorem 4.1, we know that

B =

p⊕
i=1

Jki(0)⊕
q⊕

i=1

J2li(µj)⊕
r⊕

i=1

eiξiK2mi
⊕

s⊕
i=1

eiθiK2ni+1 (5.12)

Following the arguments in [26, Lemma 2.8] for the blocks of type eiθKn we distinguish

between those of even and odd size. Excluding the last type of blocks in the decomposi-

tion above, each of these blocks Bi has the property that Bi(ξ) has a minimum number t

of nonnegative eigenvalues for all ξ ∈ [0, 2π) and that the block Bi has 0t as a principal

submatrix.

For the blocks of type Jki(0), t = ⌊ki+1
2

⌋ and we can obtain 0t as a principal submatrix

by taking the submatrix consisting of entries at odd rows and columns of Jn(0). For H2li(µi)

and eiξiK2mi
, t = mi or t = li, respectively, and 0t is the leading principal submatrix.

Finally, for the blocks of type eiθiK2ni+1 it is argued that eiθK2ni+1(ξ) is congruent to

D(ξ) ⊕ [eiθ+ξ + e−iθ−ξ] where D(ξ) contributes ni nonnegative eigenvalues. Meanwhile, the

leading principal submatrix of size ni + 1 eiθiK2ni+1 is 0ni
⊕ [eiθi ]. Therefore, we can find

a permutation matrix P such that P ∗BP has a principal leading submatrix 0u ⊕ N , where

N = diag(eiθ1 , . . . , eiθs) and u =
∑p

i=1⌊
ki+1
2

⌋+
∑q

i=1 li +
∑r

i=1mi +
∑s

i=1 ni

By a pigeonhole theorem argument, it is shown that N(ξ) = e−iξN must have at least

k−u nonnegative eigenvalues for all ξ ∈ [0, 2π). Since N is normal, we can use the procedure
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discussed in Section 5.1 to find an invertible matrix SN such that S∗
NNSN has 0k−u as a

leading principal submatrix. Then the invertible matrix T = SAP (Iu⊕SN ⊕In−s−u) satisfies

that T ∗AT has 0k as a leading principal submatrix. The solution of the rank-k iFVP is the

unitary matrix U obtained in the QR decomposition of T by Lemma 5.4.
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Chapter 6

ADDITIONAL TOPICS ON HIGHER-RANK NUMERICAL
RANGES

6.1 The emptiness of the higher rank numerical range is an open condition

In Corollary 3.6, we learned that Λk(A) is empty if and only if (−1, 0, 0) is contained in the

dual cone Λ̂k(A)
∗
. By Carathéodory’s theorem [2, Theorem 2.3], for some c > 0, (−c, 0, 0) can

be represented as a convex combination of three points pi := (−λk(θi), cos θi, sin θi) ∈ Ok(θ),

i ∈ [3]. That is,

µ1p1 + µ2p2 + µ3p3 = (−c, 0, 0), 0 ≤ µi ≤ 1 and
3∑

i=1

µi = 1

We call such a convex combination a certificate of emptiness for Λk(A). Then in particular,

we have

µ1λk(A(θ1)) + µ2λk(A(θ2)) + µ3λk(A(θ3)) = −c.

We use the following fact from matrix analysis.

Lemma 6.1 (Hoffman-Wiedland Theorem). For two Hermitian matrices A and B,

n∑
k=1

|λk(A)− λk(B)|2 ≤ ∥A−B∥2F .

In particular each λk(·) is Lipschitz continuous.

Proof. See [19, Theorem 1]

Theorem 6.2. Under the topology induced by the Frobenius norm, if Λk(A) = ∅ then there

exists an open neighborhood U of A such that Λk(B) is empty for all matrices B in U .



83

Proof. Let θ1, θ2 and θ3 be the angles corresponding to the points that appear on a certificate

that Λk(A) is empty. Consider the neighborhood of matrices B such that ∥B −A∥F < ϵ for

some ϵ > 0. First, let us observe that for any θ ∈ [0, 2π],

|λk(B(θ))− λk(A(θ))| ≤ ∥B(θ)− A(θ)∥F = ∥(B − A)(θ)∥F ≤ 2∥B − A∥F .

Then we have that

λk(B(θ)) ≤ λk(A(θ)) + |λk(B(θ))− λk(A(θ))| < λk(A(θ)) + 2ϵ

Applying this inequality to the three terms in a certificate for the emptiness of Λk(B)

with the same angles, we conclude that

µ1λk(B(θ1)) + µ2λk(B(θ2)) + µ3λk(B(θ3)) = −c+ 2ϵ.

Given that ϵ is arbitrary, we can choose it such that the above sum remains negative.

6.2 Non-emptiness of a generalization of higher rank numerical matrices

During our discussion about higher-rank numerical ranges, the following question arose.

Given A ∈ Cn×n and 1 ≤ k ≤ n, what conditions guarantee that Λk(A) is nonempty? Li,

Poon and Sze showed Λk(A) is nonempty if k < 1 + n/3 [25].

We propose the following generalization. Suppose you take dHermitian matrices {A1, . . . , Ad}

of size n and a unit vector u in Rd. Then let A(u) = ⟨u, (Ai, . . . , Ad)⟩. Next, following the

characterization of higher-rank numerical range given in [26], for each u take the affine half-

space

Hk(u) = {x ∈ Rd : ⟨u, x⟩ ≤ λk(A(u))}

where λk(A) is the k-th largest eigenvalue of the matrix A. Then we define the generalized

higher-rank numerical range as

Λk(A1, . . . , Ad) =
⋂

u∈Sd−1

Hk(u).

By the same proof as in [25], we can show the following.
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Theorem 6.3. For k ≤ (n+ d)/(d+ 1) < n/(d+ 1) + 1, Λk(A1, . . . , Ad) is nonempty.

Proof. By Helly’s theorem [2, Theorem 4.2], it suffices to show that for any d + 1 points

{u1, . . . ud+1} ⊆ Sd−1 the set
⋂d+1

i=1 Hk(ui) is nonempty. For each ui consider the following

vector space.

Vk(ui) = span{wk(ui), . . . , wn(ui)}

where wi(u) is an eigenvector corresponding to the i-th eigenvalue of A(u). Observe that

codimVk(ui) = k− 1. Then codim
⋂d+1

i=1 Vk(ui) ≤ (d+ 1)(k− 1). Our assumption guarantees

(d+ 1)(k − 1) < n. Observe that

(d+ 1)(k − 1) < n

k − 1 < n/(d+ 1)

k < n/(d+ 1) + 1

Therefore, there exists a unit vector ω ∈
⋂d+1

i=1 Vk(ui). It turns out that for any u ∈ Sd−1 and

any x ∈ Sd−1 ∩ Vk(u) the vector µ = (x∗A1x, . . . x
∗Adx) belongs to Hk(u). By this fact, the

vector µ = (ω∗A1ω, . . . ω
∗Adω) belongs to

⋂d+1
i=1 Hk(ui).

To show this last fact, observe that ⟨u, µ⟩ = x∗A(u)x, by linearity. Next, given that

{w1(u), . . . wn(u)} are the eigenvectors of A(u) we can write this product as

x∗A(u)x =
n∑

i=1

λi(u)x
∗wi(u)wi(u)

∗x =
n∑

i=1

λi(u)⟨x,wi(u)⟩2

Because x ∈ Vk(u) we know that ⟨x,wi(u)⟩ = 0 for the first k − 1 terms. Therefore,

n∑
i=1

λi(u)⟨x,wi(u)⟩2 =
n∑

i=k

λi(u)⟨x,wi(u)⟩2 ≤ λk(u)
n∑

i=k

⟨x,wi(u)⟩2

By the Pythagorean theorem, this last sum is equal to the norm square of x which is one.

So in conclusion ⟨u, µ⟩ ≤ λk(A(u)) which shows that µ ∈ Hk(u).

6.3 Relation between the rank-k numerical ranges and Kippenhanh’s polyno-
mial

This was a question proposed by one of the reviewers for [28]. Consider the following theorem.
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Theorem 6.4 (Theorem 1 in [13]). Any two complex square matrices A, B have their rank-

k numerical range equal to each other for 1 ≤ k ≤ ⌊n
2
⌋ + 1 if and only if the Kippenhahn

polynomials fA and fB are the same.

In [13], Gau and Wu showed that their bound on k for the above theorem cannot be

relaxed further via counterexamples. They showed matrices A and B where Λk(A) = λk(B)

for k < k′ and Λk′(A) ̸= Λk′(B) for k′ = ⌊n
2
⌋+ 1. However, in all of their examples n is odd.

It is not clear if the same holds when n is even. In fact, we believe the following conjecture

to be true.

Conjecture 6.5. Let n = 2m. Let A and B ∈ Cn×n such that Λk(A) = λk(B) for 1 ≤ k ≤ m.

Then Λm+1(A) = Λm+1(B)

This would imply that Theorem 6.4 can be refined so that equality of Λk(A) and Λk(B) is

sufficient for 1 ≤ k ≤ ⌊n+1
2
⌋ to conclude fA and fB are the same. Let us suppose that there

exist some matrices A and B such that Λk(A) = Λk(B) for 1 ≤ k ≤ m and Λk(A) ̸= Λk(B).

Now, Λm+1(A) is either a singleton or the empty set. By Corollary 3.8, if Λm+1(A) is equal

to {µ} then so would be Λm(A). So we can exclude the case where Λm+1(A) and Λm+1(B)

are both nonempty. Therefore, if we were to disprove our conjecture, we would need to

find two matrices A and B whose rank-k numerical ranges agree for k ≤ m and so that

Λm(A) = Λm(B) = Λm+1(A) = {µ} and Λm+1(B) = ∅.

6.4 Dimension of the fiber for the rank-k inverse field of values problem

In Chapter 5 we showed a way to explicitly compute a solution to the rank-k iFVP. Following

the discussion in Chapter 4 we could study the structure of the set of all solutions to this

problem.

For now, we focus on the case where A is normal. If we follow the construction of the

solution given in Section 5.1 we see that there is one degree of freedom in the choice of the

half-plane that separates k eigenvalues of A from the other n− k (see Lemma 2.1).
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Some extra degrees of freedom are also found in the choices of intermediate interlacing

sequences. For given n and k there are (n−k)(n−k− 1)/2− (k+1)k/2 of these parameters

as Example 5.11 suggests.

Moreover, each of the variables zi in Eq. (5.9) contributes one degree of freedom because

we can multiply this value by a root of unity and still get a solution. Considering all systems

of equations that must be solved, there is a total of (n− k)(n− k − 1)/2− (k)(k − 1)/2.

This suggests that the dimension of this fiber should be −2kn+k+n2−n+1. However,

a more thorough analysis must be conducted to establish that this is indeed the case.
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