
©Copyright 2026

Trager Joswig-Jones



Transitioning to Inverter-based Resources:
Stability of AC Power Systems considering Current Constraints,

Small-signal Sensitivities, and Large Loads

Trager Joswig-Jones

A dissertation submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy

University of Washington

2026

Reading Committee:

Baosen Zhang, Chair

Daniel Kirschen

Jing Yu

Program Authorized to Offer Degree:
Electrical and Computer Engineering



University of Washington

Abstract

Transitioning to Inverter-based Resources:
Stability of AC Power Systems considering Current Constraints,

Small-signal Sensitivities, and Large Loads

Trager Joswig-Jones

Chair of the Supervisory Committee:

Keith & Nancy Rattie Endowed Professor Baosen Zhang

Electrical and Computer Engineering

The large-scale integration of inverter-based resources (IBRs) has fundamentally altered the

dynamics of alternating-current (AC) power systems. Traditionally founded on the physical

dynamics of synchronous machines, the grid is transitioning toward a power-electronics-

dominated system driven by renewable generation and the proliferation of inverter-based

loads from data centers and electrification efforts. While digitally controlled IBRs provide

programmable flexibility, they are bound by rigid hardware constraints that limit their ca-

pabilities. Ensuring grid stability now requires generalized approaches that move beyond

synchronous-machine-centric models to account for the unique dynamics of power electron-

ics. This dissertation investigates IBR control and stability across three critical domains:

individual device constraints, system-wide network stability, and large load regulation.

First, we address the nonlinear control challenges posed by inverter current magnitude

limits, which are essential for protecting semiconductor devices, but inhibit IBRs ability to

provide a strong voltage source response during transients. We characterize the geometry

of the feasible output of current-limited inverters and derive Lyapunov stability conditions

for devices with direct current limiters. We then propose a safety filter approach that

minimally modifies desired control actions to maintain safety, and finally propose a safe

trajectory gradient flow controller that iteratively optimizes the future trajectory to remain

within a defined safe set.



Second, we examine the impact of IBRs on system-wide small-signal stability. Leverag-

ing equivalent admittance modeling of systems, we propose a sensitivity-based metric that

quantifies how perturbations to power flow parameters, such as bus power injections or net-

work admittances, impact system eigenvalues. We demonstrate the insights these metrics

provide for identifying and mitigating stability challenges in high-IBR networks.

Lastly, we investigate leveraging IBRs within data centers to mitigate load volatility.

We demonstrate how reactive power control and energy storage dispatch can be optimized

for voltage regulation, reducing fluctuations and violations caused by the load variations

typical of LLM training tasks.

Collectively, this work provides an overview of a range of stability-related challenges

that must be considered when integrating IBRs into modern, large-scale power systems.
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Chapter 1

INTRODUCTION

The development of high-efficiency semiconductor switches and microprocessor-based

digital controllers made power electronic converters viable for wide-spread deployment in

modern electrical systems. This combined with advances in power electronic dependent

energy technologies, such as solar photovoltaics, wind turbines, and battery energy storage

systems, has led to the proliferation of grid-interfacing direct current (DC) to alternat-

ing current (AC) inverters in AC power systems. The adoption of these Inverter-Based

Resources (IBRs) has caused a renaissance in power system control and stability, which

had previously stagnated due to the fact that many challenges related to conventional syn-

chronous generation had been considered solved. Of particular interest at the moment is

the control and stability of power systems with high levels of IBRs. These devices are fast

and flexible in how we can control them; They are simply a set of switches controlled with a

microcontroller. However, they are inflexible in other ways due to the physical limitations of

the hardware used in these devices and uncertainty in power availability from the resource

behind the inverter. This flexibility in control and rigidity in constraints make integrating

IBRs into the grid an interesting optimization and control problem.
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1.1 Motivation

Electrical power grids worldwide were built around the generation and transmission of AC

electric power; A decision shaped by the capabilities of AC synchronous generators and the

ability to increase or decrease AC voltages efficiently using transformers1 [1]. High-voltage

AC transmission enabled long-distance power delivery with lower losses, while three-phase

AC systems reduced conductor material and improved power quality. These AC system

networks provide power at nominal voltage values to many loads that are connected in

parallel across the network. Around the world, AC wide-area synchronous interconnections

continue to enable the economical delivery of electric power to every corner of our modern

lives.

At the heart of these wide-area interconnections is the physical reliance on the rotating

mass of synchronous generators. The inherent inertia of synchronous generator’s rotors pro-

vides a critical link between power balance and frequency; any mismatch between generation

and load causes the rotors to accelerate or decelerate, directly manifesting as frequency de-

viations. This inertia is derived from the kinetic energy stored within the rotating mass,

which acts as a physical buffer against power imbalances. A larger rotating mass stores

more kinetic energy, effectively slowing the rate of change of frequency following a distur-

bance and providing critical time for system regulation. This relationship allows frequency

to serve as a global, decentralized measurement of the grid’s power balance, facilitating the

stabilization and regulation of the system.

Today, however, the technological landscape of the electric power grid is shifting. Many

increasingly prevalent energy technologies, such as solar photovoltaics, battery-energy stor-

age, electric vehicles, and large computational loads, either produce, store, or operate on

DC power or require power electronics to efficiently interface with an AC grid. The con-

version between DC and AC power that enables these devices to interface with the grid is

handled by power electronics devices called inverters2. As more inverters are interfaced with

1In the 1890s, no practical technology (e.g. power electronics) existed for stepping the voltage up and down
in a DC system making the interconnection of systems that were separated by long distances infeasible.

2The conversion of AC to DC power is performed by rectifiers. However, inverter devices can also be
controlled to rectify AC to DC, as well as convert DC to AC (i.e. consume or produce AC power).



3

the grid, the underlying physics of AC systems, that used to be dominated by synchronous

generators, are changing.

1.1.1 Inverter-Based Resources

AC power systems were founded on conventional synchronous generators that generally

combust fossil fuels, such as oil, coal, and natural gas to produce the power required to

generate electricity. Recently, there has been a push to transition to renewable energy based

resources, such as solar, wind, and waves, to reduce the cost of generating electricity as well

as reduce the emission of greenhouse gases released when combusting fossil fuels3. Indeed,

this transition is already well under way with one third of electrical energy world-wide being

produced from renewable energy resources in 2024 [3]. Fig. 1.1 shows the rapid rate at which

renewable energy technologies, particularly solar photovoltaics and wind, have increased and

are projected to continue increasing their contribution of total electricity generation globally.

Looking at the North American Western Interconnection, in 2024, entities retired 1.4 GW

of generation capacity, most of which was coal (920 MW) and natural gas (413 MW), while

75% of the new generation (24 GW) added was IBRs [4].

While renewable energy resources can provide low cost power production, this power

production is variable and uncertain based on the availability from the resource (e.g. wind

turbines only produce power when the wind is strong enough.). To mitigate the challenge of

uncertainty and variability in renewable power production, battery-energy storage has been

seeing increased adoption ranging from home battery storage systems to grid-scale storage

projects. Global battery storage additions reached 77 GW, in 2024 alone [3]; This is higher

than in any previous year as shown in Fig 1.2 and demonstrates that these yearly additions

have been growing in terms of total battery power capacity.

This growth in renewable generation and battery energy storage has been fueled by the

decreasing costs of building wind and solar generation and battery energy storage systems

over the past decade. When evaluated without subsidies, utility-scale solar and onshore wind

are the most cost-effective forms of new-build energy technologies in the United States. As of

3The combustion of fossil fuels produces greenhouse gases, which contribute to anthropogenic climate
change [2].
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Figure 1.1: Global electricity generation by source in the Current Policies Scenario (CPS) to 2050 (Figure

3.18 from [3]).

2025, utility-scale solar has a levelized cost of energy (LCOE) of $58 per MWh, while onshore

wind has an LCOE of $61 per MWh [6]. Utility-scale standalone battery energy storage

systems with 4-hour capacities have reached a levelized cost of storage of approximately

$200 per MWh [6]. Meanwhile, Gas-fired generation have reached 10-year high LCOE at

$78 per MWh with construction costs expected to continue rising for combined cycle gas

turbine generating plants due to turbine shortages and long delivery times [6].

With the growth of IBRs outpacing that of synchronous generators, systems are be-

coming dominated by IBRs. This has brought with it a range of challenges relating to the

control and stability of power systems.

1.1.2 Challenges with Grid-interfacing Inverters

The conventional synchronous generators, that AC systems were founded upon, inherently

have inertia due to the large spinning mass that makes up the rotor of these devices, and

provide voltage support through field excitation of their rotor windings. This inertia has

long provided a stable foundation for AC power systems and allowed these systems to
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Figure 1.2: Global battery storage capacity additions, 2010-2023 [5].

maintain stability following disturbances. IBRs do not come with this inherent physical

inertia or voltage regulation, and must be intentionally controlled in ways that support AC

power systems.

Inverter Control

Most commercial IBRs currently utilize grid-following (GFL) control, which employs a

phase-locked loop (PLL) to synchronize to the grid voltage, allowing the inverter to ad-

just current injections to meet power targets. While this approach is effective in strong

grids, it relies on the assumption that the point of interconnection voltage remains stable

and provides a reliable phase reference–an assumption that is increasingly challenged as IBR

penetration rises. This reliance on a grid reference creates several stability challenges. Con-

ventional power systems have historically relied on synchronous generator inertia to limit

the rate of change of frequency (RoCoF) following a disturbance [7]. As GFL IBRs displace
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synchronous generation, system inertia decreases, leading to higher RoCoF and increased

frequency instability. Although GFL inverters can be augmented with grid-supporting fea-

tures, such as fast frequency response [8] or reactive power-voltage droop controls, these

solutions are often constrained by the inverter’s primary operating mode. GFL inverters

are typically controlled to inject maximum active power at near-unity power factor, which

leaves limited headroom for the reactive power adjustments necessary to provide the voltage

support typically offered by synchronous generators.

To overcome these fundamental limitations of grid-following control, inverters can in-

stead use grid-forming (GFM) control. With GFM control an inverter synthesizes its own

angle reference and can effectively provide synthetic inertia. Many GFM control methods

have been proposed in the literature, but the three most common are virtual synchronous

machine (VSM) control [9], virtual oscillator control (VOC) [10], and power angle droop

control [11, 12]. VSM enables the inverter to imitate the physical behavior of synchronous

machines. VOC generates its internal reference from a digitally simulated oscillator. Droop

control adjusts its voltage magnitude (V ) and frequency (ω) from nominal values based on

deviations in the measured active (P ) and reactive (Q) power output values from desired

reference values (P ∗, Q∗) with the control law

V = Vnom −mq(Q−Q∗), (1.1)

θ̇ = ω = ωnom −mp(P − P ∗). (1.2)

All of these GFM control methods can be considered as instances of a generic model, and

exhibit similar droop-like relations in steady-state [13]. Each method fundamentally com-

mands the inverter voltage to operate as an oscillator that is coupled to the grid through the

device’s measured power outputs, thereby enforcing synchronization and regulation through

active and reactive power balance.

Another interpretation of GFM control is that it causes the inverter to act as a stiff

voltage source behind an impedance [14]. By controlling the inverter to act as a stiff voltage

source, grid-forming control can imitate the physical properties of synchronous generators,

which resist changes in the voltage frequency due to the inertia of their rotors, inherently

supporting the system during transients. If there is a perturbation on the grid-side voltage,
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then the inverter will temporarily hold its voltage output based on its internal angle reference

and inject more power into the grid resisting the change. This can be seen in (1.2), where

the voltage angle of the droop control takes time to respond to sudden changes in its

active power output during a transient where the grid frequency deviates from the nominal

value. These GFM control methods have been shown to be able to help stabilize IBR-based

systems [15, 16] and are widely consider an integral part of achieving high levels of IBR

penetration in large-scale power systems [17].

Inverter Current Limits

While GFM control methods appear to be promising in supporting the development of stable

power systems with high IBR penetration, there are still challenges with deploying these

methods in practice. A significant challenge with GFM control is how to handle fault-ride

through when maintaining the desire-able stiff voltage reference from the GFM control would

require current output levels beyond the current magnitude limits of the inverter device [18,

19]. When a fault occurs on the system the current output from GFM devices increases

rapidly as the grid-voltage magnitude or frequency deviates from its nominal values4. To

maintain the voltage source behavior of the GFM requires a significant increase in the

current output of the device which may not be feasible due to the device’s current limits.

These current limits are important to prevent damaging current levels from conducting

through the switches that compose an inverter [20]. Therefore, fault-ride through strategies

are required for GFM controlled IBRs. At the moment, it is unclear what the best approach

for controlling a GFM IBR when its current limits are reached as it becomes a trade-off

between maintaining the voltage source behavior of the GFM control mode and maintaining

the physical current limits of the device.

System Stability

As IBRs are increasingly influencing system dynamics, stability analysis approaches relevant

to systems dominated by synchronous generators are becoming less applicable. Voltage

4This is typical of low voltage faults and phase jumps
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stability in conventional power grids is typically related to slower timescale dynamics, while

frequency stability relates to faster timescales, allowing for the decoupling of the stability

analysis of these parameters. With increasing IBR penetration, traditional boundaries in

timescales used to decouple stability analysis of voltage and frequency are becoming less

distinct and both mechanisms are increasingly influenced by faster dynamics [21]. This has

made it more challenging to evaluate the stability of these systems.

The ability of power systems to maintain stable voltage and frequency under disturbances

can broadly be referred to as system strength [22]. The large-scale integration of IBRs over

the last decade has led to a decrease in the strength of the grid [23], which has resulted

in challenges with maintaining stability. Weak grids and GFL IBRs are associated with

stability challenges such as voltage instability [24] and subsynchronous oscillations [25].

These instabilities occur due to control interactions between IBR devices and the rest of the

system or other IBR devices. GFM IBRs can help support system stability, but are prone

to becoming unstable in strong grids and can also induce oscillations due to interactions

between their controllers and the rest of the system.

Ensuring systems with high IBR contributions remain stable requires careful consider-

ation of how the inverters in the system are controlled, and rigorous assessments of the

system’s performance. Electromagnetic transient (EMT) simulations can be used to assess

grid stability, but these simulations are computationally and time intensive for large systems

and can be performed only for a limited number of possible transients and system states.

Metrics that reflect the strength of the grid can be used to screen for weak system areas

and identify potential instability issues to focus these studies. However, traditional indices

like the short-circuit ratio (SCR) that rely on short-circuit analysis cannot accurately quan-

tify system strength for systems with high IBR penetration. Consequently, they can fail

to identify areas prone to instabilities caused by control interactions between IBR devices.

Therefore, there is a demand for new system strength metrics that can both be used to

identify weak areas of the grid to focus EMT studies and serve as online indicators of grid

strength.
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Inverter-based Loads

The impact of power electronics on AC power system stability is not limited to generation,

but is increasingly influenced by the growth of inverter-based loads. Historically, power

system loads were passive, characterized by constant impedance properties, and were largely

treated as stochastic, aggregate variables. However, modern computational loads act as fast

changing constant power loads that break this load passivity assumption.

This challenge is exacerbated by the recent growth in data center demand, particularly

for the training of large language models (LLMs). LLM training requires thousands of

GPUs to operate in temporal synchronization, creating a highly volatile bimodal load pro-

file where aggregate demand steps from idle to maximum capacity in milliseconds. These

rapid transitions induce recurring voltage sags across distribution feeders, complicating lo-

cal voltage regulation. Furthermore, modern data centers are highly sensitive to transient

voltage dips. If voltage sags at the point of interconnection trigger sensitive undervoltage

protection, facilities may instantaneously disconnect from the grid to transition to backup

power. This sudden loss of load can induce significant system-level power imbalances and

frequency excursions.

As computational loads scale, the assumption that they function as passive grid partici-

pants is no longer valid. To maintain system stability, it is imperative that these large loads

be subjected to regulation. Focus must shift from supply-side generation regulation toward

demand-side mechanisms that align load behavior with system stability requirements. Con-

sequently, the adoption of active, integrated control is required for these loads to mitigate

their impact on the system.
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1.2 Outline

In Chapter 2, we introduce the challenge of controlling IBRs considering current limits and

our approaches to this problem. We first identify stability conditions for the control of an

IBR with a current limiter, next we propose a safety filter approach for IBR control to

ensure current limits are maintained, then we show that the geometry of the feasible output

of an IBR constrained by current limits is convex, and lastly we propose a safe trajectory

optimizing controller and apply it to a grid-interfacing inverter.

In Chapter 3, we focus on the small-signal stability of power systems containing IBRs.

We review the topics of grid strength and system strength as they relate to small-signal

stability, and evaluate the applicability of existing metrics to systems with high levels of

IBRs. Next, we propose a new system strength metric that is based on the sensitivity of a

system’s eigenvalues to perturbations in power flow parameters.

In Chapter 4, we turn our attention towards the application of IBRs in voltage regulation

problems. In particular, we consider how IBRs can be used to mitigate voltage fluctuations

due to fast changing data center loads. First, we consider the use of switching reference

reactive power control scheme that regulates the grid voltage. Then we consider how unin-

terruptible power supply energy storage headroom can be used to regulate the active power

load of data centers.

The dissertation concludes by identify future directions for research that builds upon

this work.
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Chapter 2

OPTIMAL & SAFE CONTROL OF GRID-INTERFACING
INVERTERS WITH CURRENT MAGNITUDE LIMITS

In this chapter, we investigate the control of grid-interfacing inverters with current mag-

nitude limits. This chapter is split up into four sections on this topic: First, we introduce the

problem and a standard inverter system model that we base our investigation on. Next, Sec-

tion 2.2 covers conditions for the stability of IBRs with current limiters. Then, Section 2.3

proposes a safety filter approach for ensuring current limits are not violated. Section 2.4

discusses the geometry of the feasible output space of IBRs with current magnitude limits.

Lastly, Section 2.5 proposed a control strategy based on safe gradient flows for trajectory

optimization and applies it to the IBR current limiting control problem.
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2.1 Introduction, Background & Modeling

A number of control approaches have been proposed with the aim of supporting the stability

of the grid, such as droop control [11], virtual synchronous machines [9], and virtual oscillator

control [10]. However, these approaches assume the inverter model to be ideal (i.e. the device

can achieve arbitrary voltage and current outputs) and do not model physical limitations

on the devices that are important in practice. In reality, controlling an inverter connected

to the grid requires a trade-off between system stability and self-protection [26]. One of

these limitations needed for self-protection is the amount of current that can pass through

the switches of inverter devices before they are damaged. To compensate for neglecting

these limitations when designing controllers auxiliary modules such as current limiters and

virtual impedance methods are used, but these can introduce undesirable side effects, such

as altered voltage dynamics or poor stability [27]. While many current limiting methods

for grid-interfacing inverters have been proposed, there are still open issues related to how

to limit the current when controlling an inverter as a voltage source (as is the case with

grid-forming control) [27].

2.1.1 Literature on the Control of IBRs with Current Limits

A current limiter saturates the reference of a closed-loop current controller to avoid exceed-

ing the allowed current magnitude, as seen in Fig. 2.1. This approach, although simple,

changes the behavior of an inverter, and makes its stability and voltage support capability

depend on the exact operating conditions [28, 29]. To avoid these qualitative behavioral

changes, voltage limiters have been proposed to directly limit the voltage difference across

the inverter filter, such that the current would not exceed its magnitude limits [30, 31].

Virtual impedance methods can also be used to avoid changes in voltage leading to large

changes in current that exceed the current magnitude constraint [32, 33]. However, these

methods require careful design based on detailed knowledge of parameters or system mea-

surements. In addition, they invariably involve a tradeoff between current limiting, and the

performance and stability of the inverter.

This type of saturation is nontrivial to analyze. In particular, currents are vectors
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Figure 2.1: Full-order inverter system model with inner control loops and current limiter. This diagram

shows the angle reference being generated using a phase-lock loop tracking the LCL capacitor voltage angle,

but this angle reference for the dq reference frame can also be generated from other sources (e.g. the power

control loop) for use with this same general control scheme.

in R2 (in the dq frame) and the saturation is on their magnitudes. Hence the tools for

sector-constraints developed for Lur’e systems [34] do not readily apply. Currently, current

saturation is either ignored or analyzed in linearized [35] and reduced model systems [36].

To optimize the tradeoff between satisfying current limits and performance, a number

of techniques have been proposed. A common approach is to design a “good” controller by

looking at a system without consideration for the current constraint, then modify its control

action as little as possible when current limits are encountered. Some research has been

presented for virtual impedance methods indicating that the magnitude of the change of the

inverter terminal voltage is minimized when the phase angle of the virtual impedance equals

that of the passive impedance composed by filter impedance and grid impedance [37]. This

provides a method for selecting the virtual impedance parameters, but requires knowledge

of the passive impedance which can change under different operating scenarios and be

challenging to obtain exactly. Another relevant approach is the safety filter framework

presented in [38], which is demonstrated with a model of an inverter connected to an infinite
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bus. This framework can design safety filters (functions that modify control actions) by

solving a sum of squares optimization problem and implement the resulting safety filter

as a quadratically constrained quadratic program. However, finding these guarantees is

computationally difficult and would have to be computed separately for differing inverter

systems. Next, projected-droop control, a control method that explicitly considers the

current limits of an inverter, is proposed in [39]. This approach is designed specifically

for the dynamics of a droop controller and is not generally applicable to other control

methods. [40] presents a similar approach that uses primal-dual gradient dynamics to

develop a feedback controller for a generic grid-forming control problem and considers a

range of constraints. However, this approach does not guarantee constraint satisfaction for

all times as the model does not capture the circuit dynamics of the system.

2.1.2 Current-limited Inverter Dynamics & Modeling

We base our approaches on the dynamics and general control structure of the following

model of an inverter system connected to the grid via an LCL filter [41]. This inverter

system model employs inner voltage and current control loops [36], a phase-locked loop

(PLL) [42] and a current limiter. The dynamics for this full-order model can be found in

Appendix A.1.

Simplified Inverter Model

To simplify the full-order model shown in Fig. 2.1, we assume the inner voltage and current

control loops act fast enough, such that we can ignore the dynamics of the capacitor. This

results in a dynamical system model of a voltage-source inverter connected to the grid

through an RL filter, which isİd
İq

 =

−R
L ω

−ω −R
L

Id
Iq

+
1

L

V cos(δ)

V sin(δ)

−Edq

 , (2.1)

where R and L are the resistance and impedance of the RL filter, respectively, Edq is the

grid-side voltage with reference to some angle θ, ω is the rotational frequency of the reference
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frame, V is the inverter voltage magnitude, and δ is the angle difference between the inverter

voltage and θ. A diagram representing this simplified inverter model is shown in Fig. 2.2.

Vdq Idq P,Q

L R

Edq

Figure 2.2: A simplified model of an inverter as a controllable voltage source in the dq-frame connected via

an RL filter to an infinite bus.

Making a small-angle assumption, such that cos(δ) ≈ 1 and sin(δ) ≈ δ, assuming the

reference frame rotates near to a nominal value ωnom, and assuming Edq = (E, 0), where E

is the grid-side voltage magnitude, this reduces to the affine system [43, 44]

ẋ = Ax+Bu−Edq, (2.2)

with A =

 −R
L ωnom

−ωnom −R
L

 and B =

√
2

L 0

0
√
2E
L

, where our states are x = (Id, Iq) and our

inputs are u = (V, δ). Note that we can alternatively take the inputs to be u = (Vd, Vq),

with B = 1
L and Vq = E · δ. Taking the inputs to be centered around the grid voltage and

centering the states to be around an equilibrium value results in a linear system model.

Inverter Current Limits

To protect the inverter from damaging current levels, the magnitude of the current must

be limited [45, 46]1 With the full-order model with LCL filter, introduced in Section 2.1.2,

we consider the current limits as a constraint on the magnitude of the inverter-side current

Iidq. We denote this limit as Imax, and we define the safe (or feasible) current operating

1Inverter current limits arise from two aspects, thermal limits and inductor saturation [47]. Thermal
limits are “soft constraints,” in that they can be violated for short periods of time. Inductor saturation is
a hard constraint and has values typically a few times larger than thermal constraints [48].
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region as

I := {Iidq | ∥Iidq∥22 ≤ I2max}. (2.3)

Fig. 2.3 visualizes this circular magnitude limit. Note that we can find the current reference

Imax 0 Imax
Id

Imax

0

Imax

Iq
Iidq 2 Imax

Iidq 2 = Imax

Iidq 2 = 0

Figure 2.3: Current magnitude constraint imposed on inverter output current.

from desired power reference values asI∗d
I∗q

 =

V ∗
d V ∗

q

V ∗
q −V ∗

d

P ∗

Q∗

 , (2.4)

if we solve for (V ∗
d , V

∗
q ) = (V ∗ cos δ∗, V ∗ sin δ∗) from steady-state power flow equations with

the stiff grid voltage and given power references [49].
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2.2 Optimal Control of IBRs with Current Limiters2

One common approach to current limiting is to simply saturate a controller that is designed

for an unconstrained system. This can be done with a direct current limiter, which is an

element that can address over-currents that may appear during faults and voltage fluctua-

tions, and damage sensitive semiconductor devices in inverters. These limiters achieve this

by directly saturating the current reference provided to the fast inner current control loop,

such that the current cannot exceed the device’s limits [50]. This approach can lead to

stability issues or limit the control actions to be too conservative. This type of saturation

is nontrivial to analyze. In particular, currents are vectors in R2 (in the dq frame) and

the saturation is on their magnitudes. Hence, the tools for sector-constraints developed for

Lur’e systems [34] do not readily apply. Currently, current saturation is either ignored or

analyzed in linearized [35] and reduced model systems [36].

In this section, we directly focus on a nonlinear system that explicitly accounts for the

saturation of the current magnitude. We use a Lyapunov stability approach to determine a

stability condition for the system, guaranteeing that a class of controllers would be stabi-

lizing if they satisfy a simple semidefinite programming condition. With this condition we

fit a linear-feedback controller by sampling the output of (offline) model predictive control

problems. This learned controller has improved performances compared to existing designs.

2.2.1 System Model

We use the simplified inverter system model described in Section 2.1.2. With this model, our

goal is to design a feedback controller such that the system tracks a constant power setpoint,

(P ∗, Q∗), at the grid side. The dynamics of the system comes from the RL filter element in

the circuit, and we think of the current Idq = (Id, Iq) as the state of the system. We model

the inverter itself as a voltage source converter, and treat its output, Vdq = (Vd, Vq) as the

actuator output. We take the magnitude of the inverter voltage, V , and the angle difference

between the inverter and grid voltages, δ, to be the controller outputs and choose the d-axis

2Adapted from T. Joswig-Jones and B. Zhang, “Optimal control of grid-interfacing inverters with current
magnitude limits,” in 2024 IEEE 63rd Conference on Decision and Control (CDC). IEEE, 2024, pp.
4623–4628 [29]
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to align with the inverter voltage such that Vd = V and Vq = 03. For the simplified model,

we assume that the angle of the grid-voltage is known, however in the full-order model this

is a measured value using a phase-lock loop. We further assume the grid side voltage E has a

constant magnitude such that EDQ = (
√
2Vnom, 0), where Vnom is the nominal phase-neutral

voltage of the grid4. In the inverter reference frame, this is Edq = (Ed, Eq) = R(δ) · EDQ,

where R(·) is a counter-clockwise rotation matrix.

With the above notations and assumptions, the active and reactive powers at the grid

side are given by

P =
3√
2
Vnom · Id, Q = − 3√

2
Vnom · Iq.

Therefore, tracking a given P ∗, Q∗ is equivalent to tracking some I∗d and I∗q .

The reason we make these assumptions is to isolate the challenge introduced by the

nonlinear saturation block, which we describe next.

Current Saturation

To protect internal devices, the inverter’s output current cannot exceed a preset limit.

Different from typical saturation limits in the literature, which limits each component of

control input or the state, the limit in our case is on the magnitude of the current vector.

More precisely, we define

sat(z) =


z if ∥z∥2 ≤ 1

1
∥z∥2 · z if ∥z∥2 > 1

=
1

max (∥z∥2, 1)
· z. (2.5)

This modeling approach assumes the direct current limiter instantaneously tracks the given

saturated current reference values projecting the current state to the circular magnitude

limit. This saturation on the magnitude5 of the currents is not a sector inequality, therefore

some of the results from Lur’e problems do not directly apply. The main theoretical result

3With a small-angle assumption this is equivalent to taking Vdq to be the controller outputs.

4The assumption that Eq = 0 can be made without loss of generality, but the assumption Ed is constant
is more material. An important future question is to allow time variation in Ed.

5Without loss of generality, we can take the value of the saturated magnitude to be 1 when developing
these theorems.
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of this paper is that a simple geometric argument allows us to characterize the stability of

a linear system with magnitude saturation.

Inverter Model

We obtain the discrete time dynamical system model by discretizing the differential equa-

tions (2.2) governing the current through the inductor using the forward Euler method,

with a saturation limit on the current:

xt+1 = sat{Âxt + B̂ut}, (2.6)

where

Â = I−∆t

 −R
L ωnom

−ωnom −R
L

 , B̂ = ∆t

√
2

L 0

0
√
2E
L

 ,

where I is the identity matrix and ∆t is a sufficiently small discretization timestep. Fig. 2.4

provides a diagram of this system model.

L R dqI DQE)δ(R

P

Q

power
control0 δ

V

−
+

)dqIsat(
dqV

Figure 2.4: Simplified inverter system model under study.

Our goal is to design an optimal linear feedback controller such that the system in (2.6)

is asymptotically stable around a setpoint x∗.

2.2.2 Lyapunov Stability

We assume that the tracking problem is feasible, that is, the reference x∗ satisfies ||x∗||2 < 1.

Let ∆x = x − x∗ denote the shifted state with the reference at the origin. Note that the
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saturation is on ||∆x+x∗||2. In this paper, we study the class of linear feedback controllers

with the gain matrixK, where u = u∗−K(x−x∗). In this section we find a constraint onK,

such that the saturated-state system is asymptotically stable and has a unique equilibrium.

The system with shifted state ∆x is

∆xt+1 = A(x̂t − x∗)−BK(x̂t − x∗), (2.7a)

x̂t = sat(∆xt + x∗), (2.7b)

where we introduce x̂t as a variable that represents the saturated state at time t. We have

the following result.

Theorem 1. Consider the system in (2.7). Suppose the reference and the initial starting

point satisfy ||x∗||2 < 1 and ||x0||2 < 1, respectively. The system is asymptotically stable

around x∗ if K satisfies

(A−BK)⊤(A−BK)− I ≺ 0. (2.8)

We will first develop some intuitions as to the issues that including the saturation bound

on the states introduces. The condition in (2.8) is the standard Lyapunov stability condition

for linear systems where the P matrix is chosen to be identity [51]. This means that the

unsaturated system needs to be stable with a Lyapunov function that has circular level

sets. The intuition behind this result is that if the Lyapunov function’s level sets and the

saturation function have the same shape, we can use triangle inequality to show that the

trajectory of the system with saturation never gets “stuck”. It is possible to find systems

that are stable but do not have Lyapunov functions with circular level sets, where the

trajectory of the saturated system can remain stationary at some point along the magnitude

bound and not converge to the reference (see Section 2.2.4). Fig. 2.5a shows how without

a circular level set the state dynamics can align with the normal of the circular saturation

function, resulting in the state getting ”stuck” in this position. Fig. 2.5b visualizes how

with a circular level set the normal of the saturation function circle and the dynamics step

in the states cannot align. The proof of Theorem 1, can be found in Appendix A.2
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(a) A case where xt is ”stuck” and will remain stationary;

never reaching x∗.

xt+1
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x
*

(b) A case where the Lyapunov level set is circular and

xt+1−xt can not align with the saturation function nor-

mal xt.

Figure 2.5: Illustrative figures showing the impact the shape of the Lyapunov level sets has on asymptotic

stability. The saturation function boundary and the Lyapunov level sets are represented as ellipses with

solid and dashed lines, respectively.

Stability with unknown line parameters

The resistance and inductance parameters—R and L defining the matrices A and B—are

the sum of the inverter side and grid side parameters. In practice, the inverter side R and L

are known since they are part of the design parameters, but the grid side parameter depends

on the exact connection setup and is often unknown. Therefore, it is useful to design K to

be robust to this uncertainty in the grid parameters. The next theorem provides a way to

do this assuming that the grid-side line is inductive (Lg > 0).

Theorem 2. Suppose the gain matrix K satisfies (2.8) for some given A and B matrices.

Then K satisfies (2.8) if the value of R is increased, as long as L > 0 and the discretization

steps ∆t are sufficiently small.

Therefore, if the parameters of the grid-side line inductance and resistance are unknown,

then it suffices to design the controller assuming the grid side resistance is 0 (the value of the

inductance does not enter into stability). This leads to a suboptimal, but robust controller.

The proof of Theorem 2 is in Appendix A.3.
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2.2.3 Controller Development

In the last section, Theorems 1 and 2 provided stability conditions on the gain matrix K,

but not optimality conditions for how to select a stabilizing K. A number of objective

functions are used in practice to optimize the controller gain, including settling times, rate

of change of current, overshoot, control efforts, and a combination of these. In general,

there are no simple rules on how to find an optimal K. In this paper, we take a data-driven

approach, where we first simulate a set of MPC controlled trajectories and then fit a K that

best approximates the MPC solutions.

Model Predictive Controller

We formulate the optimal control problem for the discrete time system with saturation as

the constrained optimization problem

uxinit,x
∗

mpc := argmin
u1,...,uT

T∑
i=1

f(xi,ui,x
∗) (2.9a)

s.t. ∆xt+1 = A(xt − x∗) +But (2.9b)

xt = sat(∆xt + x∗) (2.9c)

x0 = xinit (2.9d)

where xinit and x∗ are the initial value of the states and the reference value for the controller,

respectively, and f(xi,ui,x
∗) is a user selected objective function. We use this problem

formulation to run a nonlinear model predictive controller.

Fitting a Static Controller

Using the stability constraint from Theorem 1 we formulate the linear regression problem:

argmin
K

∑
i∈U

(
Ti−1∑
t=0

∥ −K(∆xi
t)− ui

t∥2
)

(2.10a)

s.t. (A−BK)⊤(A−BK)− I ≺ 0. (2.10b)
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This problem is convex, since we can express (2.10b) as a linear matrix inequality using

Schur complement as shown in [52]:

argmin
K

∑
i∈U

(
Ti−1∑
t=0

∥ −K(∆xi
t)− ui

t∥22

)
(2.11a)

s.t.

 I (A−BK)⊤

(A−BK) I

 ≻ 0. (2.11b)

Here U is a dataset containing sets of state values, ∆xi ∈ Rn×Ti and associated MPC

optimal input values, ui ∈ Rm×Ti−1, where n is the number of states, m is the number of

inputs, and Ti is the length of simulation i.

2.2.4 Simulation Results

To test our approach, we fit a controller to a series of MPC responses and we simulate the

response of the system with the MPC-fit controller and a base-line controller for comparison.

We select the base-line controller to be the linear–quadratic regulator (LQR) with

Kbase =

1.206 0.0957

0.096 0.0671

 , (2.12)

found withQ =

1 0

0 0.1

 andR = 5·B. In the following we use the function linspace(a, b, n) :=

a + n−1
i−1 (b − a) to define a list of evenly spaced numbers over a specified interval, and the

notation (· × ·) to represent a Cartesian product of two sets.

We generate a set of MPC responses, U := {xxinit,x
∗

mpc ,uxinit,x
∗

mpc | (xinit,x
∗) ∈ Xinit×Xref}.

U contains the state trajectories and optimal MPC inputs for each (xinit,x
∗) pair from

a mesh of values in the polar grids, X := {r cos θ + π
4 | (r, θ) ∈ R × Θ}, where R :=

linspace(0, Imax, 3) and Θ := linspace(0, 2π − 2π
4 , 4). Imax is the current magnitude limit of

the inverter.

We use GurobiPy [53] to solve a rolling time horizon version of (2.9a) with an LQR

objective
∑T

i=1 (xi−x∗)⊤Q(xi−x∗)+u⊤
i Rui where Q and R are the same matrices used

to design the LQR base-line controller. We choose a discretization step size of ∆t = 10 µs
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Table 2.1

Inverter & filter simplified system parameters

Parameter Vnom Snom Inom Imax E ωnom R L

Value 120 V 1.5 kVA 4.167 A 4.167 A 120 V 2π60 rad s−1 1.3 Ω 3.5 mH

and use parameter values that are modified from those used in [36] for the inverter and

LCL filter system. The parameter values used in these simulations are listed in Table 2.1.

The optimization horizon used is 5 periods and each simulation runs until the states reach

a steady-state value; ∥xt − xt−1∥2 < 10−5 for 10 consecutive periods.

We then fit a linear feedback controller Kfit by solving (2.11) with our dataset U using

CVXPY [54]. We find the optimal fit matrix to be

Kfit =

0.608 0.027

0.012 0.026

 . (2.13)

We then test this MPC-fit controller and base-line controller on the simplified sys-

tem by running simulations with all (xinit,x
∗) in the set X. The results of these tests

are detailed in the next section. The code used to generate these results is available at

https://github.com/TragerJoswig-Jones/Current-Magnitude-Limited-Inverter-Control.

Simplified Model Test Results

The average cost of control for the MPC-fit and base-line controllers were 59.2 and 115.1,

respectively. While the fit controller outperformed the base-line controller in terms of the

average cost, the base-line controller showed lower costs for a majority of the test cases.

However, for some test cases (22 to be exact) the base-line controller got stuck along the

boundary and did not converge to the reference value.

Fig. 2.6a shows the trajectory of the absolute value of the state errors for the MPC-fit

controlled and base-line controlled systems for a selected test case. In this case the base-

line controller gets stuck at the circular magnitude bound and does not converge to the

https://github.com/TragerJoswig-Jones/Current-Magnitude-Limit-Inverter-Control
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Figure 2.6: State and input trajectories for K,Kfit, and MPC controllers with x0 = (0.00 A, 0.00 A),

x∗ = (2.95 A, 2.95 A). The Kfit, and MPC controllers converge to the reference value, while the base K

controller gets stuck at a point along the current limit.

reference value. We note that for this selection of Q and R the LQR controller, Kbase,

does not satisfy Theorem 1. In this case, the MPC-fit controller converges to the reference

value along a similar trajectory to the MPC controlled system. The control inputs of the

MPC-fit controlled system and the MPC controlled system align well, as seen in Fig. 2.6b,

further demonstrating that the static linear feedback controller can adequately reproduce

the optimal inputs from a rolling horizon MPC controller for this system and choice of LQR

objective function.

Comparison of Simplified and Full-order model

We compare simulation response of the full-order system described by (A.1), (A.2), (A.3)

with the simplified system model used in this paper and described by (2.6). We control

both of these systems with the MPC-fit controller and simulate their response to steps in

P ∗, Q∗. I∗d , I
∗
q are found from P ∗, Q∗ using (2.4). The full-order system parameter values

are selected according to the methods used in [42, 36] are similar to those in Table 2.1 with

C = 1 µF. We compare the grid-side currents Igdq of the full-order system to the currents
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Figure 2.7: dq current values and magnitude of the simplified and full-order systems for a step in (P ∗, Q∗)

from (0 W, 0 VAr) to (775 W,−775 VAr).

of the simplified model. Fig. 2.7a shows that both systems display similar trajectories

and settling times. Discrepancies in the trajectories are likely due to the dynamics and

steady-state response of the capacitor.
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2.3 Safe Control of IBRs with Current Limits6

In this section, we demonstrate a control barrier function based safety filter method for

current limiting of inverter-based resources controlled as a voltage source. The safety filter

optimization problem is formulated with a control barrier function constraint that encodes

the current magnitude limit. The feasibility of this optimization problem is guaranteed by

the existence of a safe linear feedback controller for a given feasible reference. To guarantee

the existance of a safe linear controller we use the dynamic properties of an inverter con-

nected to a voltage source through an RL branch. This method aims to minimally alter

the nominal control action to try to preserve the performance of a nominal controller, while

safely limiting the current output at all times. We provide a simple closed-form solution to

the safety filter problem that can be applied to a nominal control action resulting in a safe

controller. Simulations are performed comparing an unsafe nominal controller to the safety

filter controller and a safe linear feedback controller.

2.3.1 System Model & Control Objective

In this paper, we consider a three-phase inverter connected to an infinite bus via an RL

branch. The model assumes we have balanced three-phase and can use a direct-quadrature

(dq) reference frame with reference to some rotating angle to describe all the rotating

physical quantities [56]. This model was introduced in Section 2.1.2, and is commonly used

when studying the transient stability of inverters controlled as a voltage source.

For this work, we set V = E and take u = δ to be the only control input to the system.

The states are still x = (Id, Iq). The active and reactive power outputs from the inverter

are given by

P =
3

2
(V cos (δ)Id + V sin (δ)Iq) ,

Q =
3

2
(V sin (δ)Id − V cos (δ)Iq) .

6Adapted from T. Joswig-Jones and B. Zhang, “Safe control of grid-Interfacing inverters with current
magnitude limits,” in 2025 Hawaii International Conference on System Sciences. Hawaii International
Conference on System Sciences, 2025 [55].
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With the above notation and assumptions, tracking a given P ∗, Q∗ is equivalent to tracking

some I∗d and I∗q .

Safety and Stability

To protect internal switching devices, the inverter’s output current cannot exceed a given

magnitude limit 2.3. To satisfy this bound we must always have ∥x∥2 ≤ Imax. We define a

set of safe states in terms of the current magnitude bounds as S := {x | h(x) ≥ 0}, where

h(x) = I2max − ∥x∥22,

and the set of states at the boundary of this set as ∂S := {x | h(x) = 0}. We want the

inverter to be able to operate near or at this bound to maximize the use of the inverter’s

capabilities especially during faults or transients when the grid requires support.

A control action is safe if it pushes the states such that they do not leave the safe set

anytime they are at the boundary of the safe set. Mathematically, the set of safe control

inputs for some x ∈ S, with dynamics ẋ = f(x) + g(x) · u, can be defined as the values of

u that satisfy the control barrier function (CBF) constraint

ḣ(x) = ∇h(x)⊤(f(x) + g(x) · u) ≥ −α(h(x)) ∀ x ∈ S, (2.14)

where ∇h(x) is the gradient of h(x) with respect to x, and α is a class K function (strictly

increasing and α(0) = 0) [57]. The inclusion of the term α(h(x)) allows the safety condition

to be applied to the entire safe region instead of just at its boundary. We note that for our

system f(x) = Ax and g(x) = B.

To control the power output of the inverter to a desired value, we need the system to be

able to track to a given set point, x∗. Formally, we require the control to be asymptotically

stable with respect to some control Lyapunov function (CLF) [58, 59]. Given a CLF, V (x),

the set of stabilizing control inputs for some x ∈ S can be defined as the values of u satisfying

the constraint

V̇ (x) = ∇V (x)⊤(f(x) + g(x) · u) ≤ 0. (2.15)

We want to control our system such that S is an invariant set and the control is stabilizing

(i.e. given an initial condition x0 ∈ S the system will converge to a feasible x∗ without
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the states leaving S at any point during their trajectory). Typically, a nominal voltage

controller unom(x) that is stabilizing will not satisfy the safety constraint for references near

the current magnitude boundary and will produce unsafe control actions.

2.3.2 Current Limiting Safety Filter

We assume that the reference point is feasible: ∥x∗∥2 ≤ Imax, and u∗,x∗ satisfy

Ax∗ +Bu∗ = 0. (2.16)

Our goal is to design a feedback controller such that the system in (2.2) is stable with

respect to a given setpoint x∗ (x(t)→ x∗ as t→∞), and is safe with respect to the current

magnitude limit.

Safety Filter Formulation

A nonlinear control method often used to achieve safety guarantees with a well performing

controller is a safety filter. A safety filter is a function that is applied to some control action

that can detect unsafe control inputs that may lead to constraint violations and minimally

modifies them to ensure safety [60]. In this section we introduce how such a safety filter

can be applied to our system and provide guarantees on the feasibility of the safety filter

problem constraints.

We can formulate this safety filter as a quadratic program (QP) as follows [61].

ū = argmin
u
∥u− unom(x)∥22 (QP)

s.t. ∇h(x)⊤(f(x) + g(x) · u) ≥ −αh(x) (CBF)

∇V (x)⊤(f(x) + g(x) · u) ≤ 0, (CLF)

where ū is the filtered voltage control action, and we select α to be a positive constant. For

this paper we use the CLF V (x) = (x− x∗)⊤(x− x∗).

Although QPs are considered to be simple optimization problems, using iterative solvers

in real-time on inverters themselves is not trivial, because of microprocessor limitations and

sampling/input delays [62, 63]. However, this form of QP has a closed-form solution [57].
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In our case, because the optimization is over a scalar variable u, there is actually a simple

closed-form solution (see Algorithm 1 of [55]). This algorithm comes from projecting a point

into an interval, and can be implemented on existing inverter microcontrollers.

When using an optimization-based controller it is important to ensure that there exists

at least one feasible solution at any possible state of the system. This is especially relevant

to our problem where the safety and stability constraints often can seem to be working

towards opposite goals (we want a controller that can track current references near the

current magnitude limit, but never exceeds this current magnitude limit). In general, there

is no guarantee that there is a feasible input to this safety filter problem for a generic linear

system, but given the properties of our system and safety constraint we can guarantee the

existence of a feasible solution. In the following section we prove that there always exists a

feasible control action that satisfies (CBF) and (CLF) for (2.2).

Safety Filter Feasibility

The theorem below states the main result of the paper.

Theorem 3. Given the linear system in (2.2) with input u = δ and assume that the setpoints

x∗ and u∗ are feasible. Consider the magnitude barrier function h(x) = I2max − ∥x∥22. If

A+A⊤ ≺ 0, and A−1B ̸= 0, then a safe and stable control actions always exists such that

if h(x0) ≥ 0 then h(xt) ≥ 0 and xt → x∗.

Our approach to proving that there always exists a feasible solution to the safety filter

problem is to prove the existence of a safe and stable linear feedback controller, K, for

a given x∗,u∗. Because this controller exists, there is at least one feasible action u that

satisfies (CBF) and (CLF), namely, the linear control action, u = u∗ − K(x − x∗). The

main condition on the system is that the A matrix is ”stable” enough, namely A+AT ≺ 0

(this can be seen as the Lyapunov stability condition for linear systems with a Lyapunov

function of ||x||22). This result is intuitive in the following sense. Because the level sets

of the Lyapunov function and the barrier function have the same shape—they are both

circular—the tension between stability and safety can be resolved. The formal proof of this

theorem is nontrivial, and the details are given in Appendix A.4.
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Even though a safe and stable linear controller exists, there may be more optimal control

actions that are safe and stabilizing. Imposing a safe linear controller over the entire safe

region is overly conservative and can result in a suboptimal performance. Further, for any

linear system and reference value there is a limited set of safe linear feedback controllers

that satisfy the criteria required by Theorem 3. For some systems this set is small and can

be restrictive when designing a controller to meet certain performance criteria. Therefore,

we are motivated to look at the nonlinear safety filter controller when the control objective

includes safety constraints and performance specifications. The ability of this safety filter

to provide more optimal safe control actions compared to a safe linear controller can be seen

in Section 2.3.3.

2.3.3 Simulation Results

To test this approach we simulate the response of the inverter system for a range of initial

conditions and power references. We test the system with an LQR controller, a safe linear K

controller, and the LQR controller with CBF safety filter. The parameters used for the sys-

tem in these simulations are the same as those in Table 2.1 other than the current limit which

is |I|max = 5 A. The code used to generate these results is available at https://github.

com/TragerJoswig-Jones/Safe-Current-Magnitude-Limit-Inverter-Control.

The nominal LQR controller is computed with Q = I, R = Vnom/(10 · L) and is found

to be KLQR =
[
0.0009 0.0099

]
. To design a safe linear feedback controller we use the

conditions of Lemma 2 to formulate the optimization problem

min
K,λ

∥K∥2

s.t. (x∗)⊤(A−BK) = (x∗)⊤λ,

λmax((A−BK) + (A−BK)⊤) ≤ λ,

(A−BK) + (A−BK)⊤ ≺ 0,

(2.18)

where we choose to minimize the spectral norm of K as the objective. Note that it is

difficult to select an objective that designs a controller for performance with this form of

static controller optimization problem. We also note that these constraints are convex in

K and λ. We solve (2.18) using CVXPY [54, 64] to get K =
[
−0.0111 0.0111

]
. The CBF

https://github.com/TragerJoswig-Jones/Safe-Current-Magnitude-Limit-Inverter-Control
https://github.com/TragerJoswig-Jones/Safe-Current-Magnitude-Limit-Inverter-Control
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Table 2.2

Average cost with x∗ = (3.56 A, 3.51 A) and x0 ∈ X0

controller K CBF LQR

cost 82.22 59.16 58.57

safety filter, (QP), is ran with the nominal control action, unom = u∗ −KLQR(x− x∗), and

α = 1000, and is solved using the closed-form solution. Simulations are performed using

the odeint solver from SciPy with a sampling time of ∆t = 10 µs and simulation length of

tend = 50 ms. The costs for these tests are calculated as

costi = 1000 ·
tend∑
t=0

∆t
(
x̃⊤
i,tQx̃i,t + ũ⊤i,tRũi,t

)
,

where x̃i,t = xi,t − x∗
i,t and ũi,t = ui,t − u∗i,t are the state and input errors at time t for test

i.

In the following we use the function lin(a, b, n) := a+ n−1
i−1 (b−a) to define a list of evenly

spaced numbers over a specified interval.

x0 ∈ ∂S tests

We test the three controllers for a range of initial conditions from ∂S, specifically X0 :=

{(Imax sin(ϕ), Imax cos(ϕ])) | ϕ ∈ lin(0, 2π− 2π
100 , 100)}. We select a single x∗ reference value

for these tests, that is x∗ = (3.56 A, 3.51 A), by selecting a feasible x∗ value from (2.16)

with magnitude Imax.

The average cost for each controller can be found in Table 2.2. The nominal LQR

controller always performs optimally, but also always has a trajectory that is unsafe in

these tests. The safe K controller is always safe, but performs poorly for the given LQR

costs. Lastly, the CBF safety filter controller has a similar, yet slightly worse, performance

to the LQR controller, but the trajectory always remains safe due to the safety filter. A

selected example trajectory can be seen in Fig 2.8a. Notably, the CBF trajectory aligns with

the LQR trajectory up until the safety constraint would be violated and the safety filter
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Figure 2.8: State and input trajectories for CBF, LQR, and Ksafe controllers with x0 =

(−1.55 A,−4.76 A),x∗ = (3.56 A, 3.51 A). The LQR control is seen to exceed the safety bound, the

safe K control has costly performance, and the CBF control performs well and remains safe.

intervenes. The alteration of the control action that causes this divergence in trajectories

can be seen in Fig 2.8b.

Sampled x0,x
∗ tests

We then test these controllers with randomly sampled x0 and x∗ values. We sample x∗

reference values by selecting a feasible x∗ value from (2.16) and scaling the magnitude

to a uniformly sampled value from the range [−Imax, Imax]. x0 values are calculated as

x0 = (r0 cos (ϕ0), r0 sin (ϕ0)) with r0, ϕ0 uniformly sampled from the ranges [0, Imax] and

[0, 2π], respectively.

Testing with 1,000 randomly sampled x0 and x∗ values we see a similar trend in the

average costs with K performing the worst, LQR control performing the best, and the CBF

control performing slightly worse than the LQR controller. The distribution of costs from
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Figure 2.9: Costs of CBF, LQR, and Ksafe controllers for 1,000 randomly sampled x0 and x∗ values.

these tests can be seen in Fig 2.9. Of these tests 24 of them had unsafe trajectories with

LQR control, while all tests were safe with the other two controllers. The difference in the

LQR and CBF controller costs are small, but for all tests the CBF controller cost is equal

or slightly higher than the LQR controller cost due to the safety filter intervening.

Small-angle assumption

Lastly, we test the validity of the small-angle assumption with the CBF control. In this

section we compare the linear system used for analysis to the nonlinear system without the

small-angle assumption (2.1). For the nonlinear system we use the CBF control formulated

for the linear system. We subject the two systems to the same range of initial conditions

as in Section 2.3.3, but take x∗ to be (3.42 A,3.64 A), a feasible reference value for the

nonlinear system (2.1).

An exemplary case can be seen in Fig 2.10a. The trajectories of the two systems do not

differ significantly for any of the test cases, demonstrating that the small-angle assumption

holds well with the CBF control. However, the trajectories do differ and the nonlinear
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Figure 2.10: State and input trajectories for for the linear and nonlinear systems with CBF control and

x0 = (−1.55 A,−4.76 A),x∗ = (3.42 A, 3.64 A). The linear and nonlinear systems have a similar trajectories.

system slightly exceeds the current magnitude bound by up to 0.5% in some of the tests.

Further the nonlinear system is seen to not fully converge to the reference value due to the

safety filter. Fig 2.10b shows the input trajectories are nearly aligned, but when the safety

filter activates at 2 ms it introduces an offset between the inputs which prevents the states

of the nonlinear system from completely approaching the magnitude bound.

These issues seen when applying the linear CBF control to the nonlinear system are

small, but may not be tolerable. The boundary violation issue can be mitigated by setting

the boundaries to be slightly tighter than the actual current limit values. A solution to re-

solve both issues would be to formulate the CBF control for the nonlinear system. However,

this would introduce nonlinearity into the constraints of the safety filter problem making it

more computationally expensive to solve in real time.
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2.4 Geometry of the Feasible Output Regions of IBRs with Current Limits7

As seen in the previous two sections, current limits complicate the control of inverter-

based resources. One topic that is not addressed in these works is the geometry of the

feasible output region defined by current-magnitude limits. Understanding this geometry

is important to the control problem, particularly when trying to determine how to control

the inverter device to optimal steady-state outputs.

In this section, we study the geometry of the feasible output region of an inverter with

current magnitude limits. That is, given a current limit and the inverter parameters, what

is the region of all achievable outputs? Answering this question is the natural first step

towards ensuring the safe operations of inverters and designing controllers that optimize

their performances. We show that, under the simplified RL branch model, the feasible region

is convex when two of active power, reactive power and square of the voltage magnitudes

are considered. We provide an explicit characterization of this region using linear matrix

inequalities. This analytical definition of the region can be used to efficiently find optimal

operating points of the inverter.

Because power and voltage magnitude depend quadratically on the current, and the

current is a vector in R2 (in the dq frame), the feasible region is a quadratic map of a disk

(current magnitude is upper bounded). Unlike affine transformations, a quadratic map of a

convex set is not, in general, convex. It turns out that the particular structure of the inverter

circuit preserves convexity, which we will explain in detail in this paper. We demonstrate

how knowing the feasible set and its convexity allows us to improve upon existing grid-

forming inverters such that their steady-state currents always remain within the current

magnitude limit, whereas standard grid-forming controllers can lead to instabilities and

violations.

7This section is adapted from L. Streitmatter, T. Joswig-Jones, and B. Zhang, “Geometry of the feasible
output regions of grid-interfacing inverters with current limits,” IEEE Control Systems Letters, 2025 [65].
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2.4.1 Model and Problem Formulation

System Model

This study uses a similar simplified model of a three-phase inverter connected to a fixed grid

voltage represented by an infinite bus through an RL branch as introduced in Section 2.1.2

with affine dynamics 2.2. Note that for this work we take our state to be Idq, the inverter

current output, with input Vdq, the inverter voltage, both in the dq-reference frame of the

grid [41]. This choice is mainly for notational convenience. We show in Section 2.4.2 that

our overall approach and main results do not require the knowledge of the grid voltage angle

and in fact we can take any angle to be the reference. The matrix A being skew-symmetric

with equal diagonal elements is the key structural property of the inverter system that

allows us to derive the main results.

Inverter Output

Inverters in the grid are usually provided set points which they try to track with their

output, typically a combination of active power, reactive power, and voltage magnitude.

The natural question becomes how well we can optimize these outputs given the constraint

that current needs to stay in the safe region (or feasible set) I, (2.3).
The active power, reactive power, and the squared voltage magnitude at the inverter

terminals can all be expressed as quadratic functions of the current and the voltage:

P =
3

2
I⊤dqVdq (2.19a)

Q =
3

2
I⊤dqJVdq (2.19b)

V 2 = V⊤
dqVdq, (2.19c)

where J =

 0 1

−1 0

. We note that here we consider the squared magnitude of the voltage.

This is equivalent to considering the magnitude from the point of view of achieving a desired

setpoint, but the squared form in (2.19c) is easier to work with.

The quantities in (2.19) are defined for all time t since Idq and Vdq are functions of t, but

we are usually interested in optimizing the equilibrium values resulting from the dynamics
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in (2.2). Assuming that (2.2) is asymptotically stable (we show this in Section 2.4.2), we

denote the equilibrium of current and voltage as Idq and Vdq, respectively. Substituting

these into (2.19), we get the equilibrium values of P , Q and V
2
. We are interested in two

related questions: 1) finding the optimal values of P , Q and V
2
and 2) using these values

to improve the performance of existing grid-forming controllers.

We first look at the question of optimizing the equilibrium values. Let S1, S2 ∈ (P ,Q, V
2
)

denote some choice of two out of the three quantities. We are interested in solving the

following problem:

minimize f(S1, S2)

subject to Idq ∈ I,
(2.20)

where f : R2 → R is some objective function. For example, suppose that we are interested

in tracking some setpoints S∗
1 , S

∗
2 as closely as possible. The objective would be f(S1, S2) =

1
2(S1 − S∗

1)
2 + γ 1

2(S2 − S∗
2)

2 with γ being some tradeoff parameter.

It is not immediately clear whether the problem (2.20) is easy to solve. Even if f is a

convex function, the quadratic forms in (2.19) make the overall problem not convex in Idq.

Feasible Operating Regions

We can rewrite (2.20) as an optimization over S1 and S2:

minimize f(S1, S2)

subject to (S1, S2) ∈ S
(2.21)

where S is the set of all feasible points achieved by currents Idq ∈ I. In the next section,

we show that S is convex, and consequently, (2.21) is a convex optimization problem if f is

convex. Using the tracking example again, (2.21) with f(S1, S2) =
1
2(S1−S∗

1)
2+γ 1

2(S2−S∗
2)

2

can be solved efficiently at real-time, allowing us to achieve perfect tracking if possible, and

the closest setpoints if not.

2.4.2 Geometry of the Feasible Region

In this section, we study the geometry of the feasible set S. The main result is given by

Theorem 4.
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Theorem 4. Let (S1, S2) be a pair of points formed by choosing any two of the three

quantities P ,Q, V
2
. Let S ∈ R2 be the set of all achievable points (S1, S2) by Idq ∈ I. Then

S is convex.

The proof of this theorem is given in [65], with an alternate proof provided in Ap-

pendix A.5. Fig. 2.11 plots what the regions look like for the combinations of (P,Q),

(P, V 2), and (Q,V 2). The convexity of the regions do not depend on the values of R and

L (as long as they are positive) or Edq. The exact shape depends on R, L and ||Edq||2,
but not the phase angle of Edq. Therefore, we do not need a PLL to sense the grid voltage

angle. We do assume that inverters know their own RL filter specifications or can estimate

them, as well as ||Edq|| is measurable [66, 67].

Theorem 4 shows that for any two combinations of P,Q, V 2, the feasible region is convex.

But it does not immediately provide a way to solve (2.21), since it does not directly give an

algebraic description of the set. However, as the next theorem shows, we can describe the

set using linear matrix inequalities.

Lemma 1. Let W be a 3 by 3 matrix whose (i, j)th element is denoted by Wij and define

Ĉ as

Ĉ = {(Tr(M1W),Tr(M2W)|W11 +W22 ≤ 1,W33 = 1,

W ⪰ 0},
where ζ1, ζ2 are arbitrary constants and I2 is the 2 by 2 identity matrix and

M1 =

 I2
1
2a

1
2a

⊤ ζ1

 and M2 =

 I2
1
2b

1
2b

⊤ ζ2

 , (2.22)

Then with C defined as C =
{(

αx⊤x+ a⊤x, βx⊤x+ b⊤x
)
| x⊤x ≤ 1

}
, we have C = Ĉ.

Lemma 1 is proven in [65] and shows that we can find optimal steady-state current values

by solving

min f(Tr(M1W, )Tr(M2W)) (2.23a)

s.t. W11 +W22 ≤ I2max (2.23b)

W33 = 1 (2.23c)

W ⪰ 0, (2.23d)
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Figure 2.11: The set of feasible inverter currents (I) (top left) always forms a circle of radius Imax due

to the magnitude constraint on Idq. The shapes of feasible (P,Q)(top right), (P, V 2)(bottom left), and

(Q,V 2)(bottom right) regions depend on specific network parameters, namely RL filter impedance values

and grid-side voltage magnitude ||Edq||2.

where M1,M2 can be chosen to be

3
2RI2

3
4Edq

3
4E

⊤
dq 0

 for P ,

 3
2ωLI2

3
4J

⊤Edq

3
4E

⊤
dqJ 0

 for Q and(R2 + ω2L2)I2 A⊤Edq

E⊤
dqA ||Edq||22

 for V2
dq.

So far we have shown that given a feasible W to (2.23), we can find a feasible current

Idq that achieves the same objective value. However, the optimal solution to (2.23) may

not be rank 1. We can easily solve a quadratic equation to find the corresponding Idq, but

an interesting observation from simulations is that the solution to (2.23) is always rank 1

(possibly with a small regularization term on the nuclear norm of W). An important part
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of our future work is to rigorously prove this observation.

We also remark that (2.23) can be solved with data that are easy to obtain in practice.

The grid voltage magnitude ||Edq||2 is easy to measure and R,L values can be estimated

with existing inverter hardware if not already known. Since the feasible region in (2.23)

is invariant to the rotation of the angle in Eeq, an arbitrary phase angle (e.g., 0) can be

chosen.

Inverter Control

Given the steady-state values Idq for (2.2), we need to find a controller such that the current

will reach this equilibrium. If we have full information, including the phase angle of the

grid voltage, we could use a linear feedback control on Vdq:

V̇dq = −kv(Vdq −Vdq), (2.24)

where kv is a positive proportional gain constant. It is easy to show that the closed-loop

system is always stable (e.g., by computing the eigenvalues), and the trajectories remain

within I with a correctly chosen kv [55].

If full information is not available, the following section demonstrates how our approach

can be used to provide an optimal setpoint to existing grid-forming controllers that do not

need to know the system parameters [68, 69]. Thus, our approach advances the grid-forming

control technology by guaranteeing safe and optimal steady-state setpoints.

2.4.3 Case Study

To demonstrate our approach, we solve (2.23) for both feasible and infeasible reference

setpoints, then use different controllers to achieve the optimal setpoints. We evaluate the

performance of a standard grid-forming droop controller adapted from [70] given an in-

feasible setpoint against the same controller provided with an updated, optimal setpoint

from (2.23). We then implement the linear controller in (2.24) to show that both transient

and steady-state currents remain safe in the idealized case when full system information is

available.
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Table 2.3

P ∗, Q∗, V 2∗ setpoints used in simulations

P ∗(W) Q∗(VAr) V 2∗(V2)

PQ Pre-Disturbance 800 0 –

Tracking Post-Disturbance 1100 0 –

PV 2 Pre-Disturbance 200 – 1202

Tracking Post-Disturbance 850 – 1202

QV 2 Pre-Disturbance – 0 1202

Tracking Post-Disturbance – −500 1202

To solve (2.23) for different (P ∗, Q∗), (P ∗, V 2∗) and (Q∗, V 2∗) setpoints, we select the

appropriate matrices M1, M2 and use the CLARABEL solver in CVXPY [54]. From the op-

timal solution W∗, we extract I
∗
dq and solve for the corresponding power and/or voltage

equilibrium values that the controller needs to track.

All simulations are conducted using the SciPy odeint solver with a sampling time of

∆t = 100µs and simulation period of tend = 1s. Reference setpoints used in the simulations

are provided in Table 2.3 where the disturbance is modeled as an update to the setpoint

values at time t0 from pre- to post-disturbance values.

Grid-Forming Droop Control Comparison

The PQ droop controller first filters the inverter’s active and reactive power (P ,Q) through

a low-pass filter with cut-off frequency ωc to measure P̃ and Q̃. These filtered values have

dynamics ˙̃P = ωc(P − P̃ ), ˙̃Q = ωc(Q− Q̃).

Then, voltage magnitude droop and frequency droop are implemented as V̇dq = mqωc(Q̃−
Q) and ∆ωi = −mp(P̃ − P ∗), where ∆ωi is the deviation of inverter frequency from

grid frequency, and mp and mq are proportional gain parameters. These follow from

∆Vdq = −mq(Q̃ −Q∗), where ∆Vdq is the deviation in voltage magnitude from a desired

Vdq,nom value.

The PV 2 droop controller has the same low-pass PQ filter and power-frequency dynam-
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ics as the PQ droop controller, but it replaces the reactive power-voltage dynamics with

linear feedback on V2
dq as V̇2

dq = −mv2(V
2
dq−V2∗

dq). Parameters for the PQ and PV 2 droop

controllers can be found in [65].

Figure 2.12: The two plots compare the current magnitude response (top) and (P, V 2) region trajectory

(bottom) for the same droop controller tracking two different setpoints: the original infeasible setpoint

(dashed blue line) and the best feasible setpoint output from the optimization problem (solid blue line).

Fig. 2.12 shows the unsafe transient and steady-state response of the original PV 2 droop

controller to an infeasible setpoint of P ∗ = 850W,V 2∗ = 1202V . In contrast, when we solve

(2.23) to provide an updated, safe (P ∗, V 2∗) setpoint for the droop controller, we allow

the grid-forming inverter to settle to the optimal feasible operating point. This prevents

a consistent and unsafe violation of current limits in steady-state. The transient response

violates the current constraints for a short time, which might be tolerable [48, 71] or can be

mitigated with other techniques [50, 20].

Linear Feedback Optimal Controller (OC)

The linear feedback controller in (2.24) tracksV
∗
dq = Edq−L·A I

∗
dq. We implement feedback

on Vdq with kv = 10. We simulate two simple examples of the optimal controller tracking

PQ and PV 2 setpoints. Fig. 2.13 and Fig. 2.13b show the inverter current response following
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(a) The response of the optimal controller current magni-

tude to a feasible (P ∗, Q∗) setpoint.

(b) The response of the optimal controller to an infeasible

(P ∗, V 2∗) setpoint.

Figure 2.13: The response of the optimal controller current magnitude to a feasible and infeasible setpoints.

In both simulations, the inverter current magnitude remains within the safe operating region. The infeasible

setpoint in the bottom plot causes the inverter current to settle at the boundary of the safe operating region.

a feasible change in the PQ tracker’s setpoint and an infeasible change in the PV 2 tracker’s

setpoint, respectively (see Table 2.3 for details). The linear feedback controller ensures

both the transient and steady-state currents remain within the safe operating region of the

inverter.

These advantages of the optimal controller motivate further investigation into whether

we can control the inverter to achieve safety at all times without knowing the grid voltage

magnitude or with different output filters. This is addressed in [72].
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2.5 Safe Trajectory Gradient Flow Control of IBRs with Constraints8

Optimization-based control methods that steer a control system to a solution of an optimiza-

tion problem have been studied in the context of constrained dynamical systems [74]. Recent

works have proposed online feedback controllers that continuously regulate a system to the

solution of an optimization problem with constraints on the state at steady-state [75, 76].

However, applying these methods to dynamic systems may lead to constraint violations

during the transient. To solve this issue the approach in [77] uses high-order control barrier

functions with safe gradient flows to ensure their feedback-optimization method enforces

state and input constraints at all times.

In this section, we present a control framework that directly incorporates constraints

into the control of a voltage-source inverter. We propose a safe trajectory gradient flow

controller, which applies the safe gradient flow method to a rolling horizon trajectory opti-

mization problem to ensure that the states remain within a safe set defined by the constraints

while directing the trajectory towards an optimal equilibrium point of a nonlinear program.

Simulation results demonstrate that our approach can drive the outputs of a simulated in-

verter system to optimal values and maintain state constraints, even when using a limited

number of optimization steps per control cycle.

2.5.1 Notation

Given f : Rn → Rm, let ∂f
∂x ∈ Rm×n be the Jacobian of f(x). When m = 1, ∇xf denotes

the gradient. Consider a nonlinear program (NLP)

min
x

c(x) (2.25a)

s.t. g(x) ≤ 0 (2.25b)

h(x) = 0 (2.25c)

where x ∈ Rn, g : Rn → Rl, and h : Rn → Rk. Denote the feasible set as C = {x ∈
Rn|g(x) ≤ 0, h(x) = 0}. Let x∗ denote a locally optimal point that satisfies the KKT

8Adapted from T. Joswig-Jones and B. Zhang, “Safe Trajectory Gradient Flow Control of a Grid-
Interfacing Inverter,” IEEE Power & Energy Society General Meeting, 2026, in press [73].
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conditions for (2.25) and XKKT to be the set of all these points.

2.5.2 Safe Gradient Flow

One approach for solving (2.25) that is guaranteed to return a feasible solution regardless of

when it is terminated, is referred to as safe gradient flow [78, 79]. This approach is shown

to be asymptotically stable with equilibria in XKKT, if the constraints satisfies the so-called

Linear Independence Constraint Qualification Condition. Consider the control-affine system

ẋ = −∇xc(x)−
∂g(x)

∂x

⊤
µ− ∂h(x)

∂x

⊤
ν, (2.26)

where x ∈ Rn is the state, and µ ∈ Rl, ν ∈ Rk are inputs. Here the gradient of c pushes x in

a direction that minimizes the cost function, while the additional inputs are used to ensure

that the state remains within the safe set C.
Applying CBF theory here, the admissible control set that ensures C is invariant is

K(x) = {(µ, ν) |

− ∂g

∂x

∂g

∂x

⊤
µ− ∂g

∂x

∂h

∂x

⊤
ν ≤ ∂g

∂x
∇c(x)− α(g(x)),

− ∂h

∂x

∂g

∂x

⊤
µ− ∂h

∂x

∂h

∂x

⊤
ν =

∂h

∂x
∇c(x)− α(h(x))}.

A feedback controller to find minimally altering values of µ, ν is synthesized as the quadratic

program (QP)

(µ(x), ν(x)) = argmin
µ,ν∈K(x)


∥∥∥∥∥∂g(x)∂x

⊤
µ+

∂h(x)

∂x

⊤
ν

∥∥∥∥∥
2
 (2.27)

This feedback controller finds the minimum alteration to the gradient descent term required

to make the set C invariant while driving the state to a locally optimal point.

2.5.3 System Model

For this approach, we consider the simplified model of a three-phase inverter connected to

an infinite bus via an RL branch as shown in Fig. 2.2 and first introduced in Section 2.1.2.

The model assumes we have balanced three-phase on the AC-side and can use a direct-

quadrature (dq) reference frame with reference to the inverter voltage which rotates with



47

frequency ω [41]. Here we consider the system dynamics with reference to the inverter

voltage angle, such that the dynamics are

f(x,u) =


İd

İq

δ̇

 =


−R

L Id + ωIq +
√
2

L (V − E cos (δ))

−R
L Iq − ωIq +

√
2

L (−E sin (δ))

ωe − ω

 . (2.28)

Idq = (Id, Iq) and Vdq = (
√
2V, 0) are the inverter current and voltage, respectively, in the

inverter reference frame. The grid voltage rotates with frequency ωe and δ is the angle differ-

ence between the grid voltage and inverter voltage. Edq = (
√
2E cos(δ),

√
2E sin(δ)) defines

the grid voltage in the inverter reference frame. We take the states to be x = (Id, Iq, δ) and

the control inputs to be u = (V, ω). P,Q are the active and reactive powers injected into the

grid, computed as P = 3
2 (E cos (δ)Id + E sin (δ)Iq), Q = 3

2 (E sin (δ)Id − E cos (δ)Iq). To

prevent the semiconductor switches of the inverter from becoming damaged, the magnitude

of the current must be limited according to (2.3):

g(x) = ∥Idq∥22 − I2max ≤ 0. (2.29)

We want to control the inverter such that we inject close to some given desired active

and reactive power values P ∗, Q∗ without significantly deviating from the nominal voltage

and frequency values Vnom, ωnom. We formulate our cost as

c(x,u) =
mp

2
(P − P ∗)2 +

mq

2 · τv
(Q−Q∗)2

+
1

2 · τv
(V − Vnom)

2 +
1

2
(ω − ωnom)

2
(2.30)

where mp,mq, τv are the active power droop term, reactive power droop term, and voltage

control speed term, respectively.

Our goal is to define a controller that drives the system to optimal equilibrium points,

which is equivalent to solving:

min
x,u

c(x,u) (2.31a)

s.t. g(x) ≤ 0 (2.31b)

f(x,u) = 0. (2.31c)
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We note that we cannot directly apply the SGF approach here as our dynamical sys-

tem (2.28) does not directly align with (2.26) and we may not always be able to fully

control f(x,u) such that it flows according to the gradient of the cost.

2.5.4 Safe Trajectory Gradient Flow

We design a controller using the safe gradient flow method by applying it to a rolling horizon

trajectory optimization problem. We discretize (2.31) to obtain the following trajectory

optimization problem that is related to (2.31). In this section we consider a given discrete

time system

xτ+1 = f(xτ ,uτ ), (2.32)

where xτ refers to the state at timestep τ . First, we formulate the trajectory optimization

problem

min
x,u

cf (xt+T ) +
t+T∑
τ=t

c(xτ ,uτ )

s.t. g(xτ ) ≤ 0 ∀ τ ∈ (t, t+ T ]

h(xτ ) = 0 ∀ τ ∈ (t, t+ T ]

xτ+1 = f(xτ ,uτ , ) ∀ τ ∈ (t, t+ T − 1]

(2.33)

where T is the horizon of the trajectory being optimized, and x ∈ Rn×T ,u ∈ Rm×T are the

trajectories of the states and inputs, respectively. cf (x) is an altered cost function that only

depends on the final state on the horizon T by removing the terms with the inputs V, ω.

Next we denote

G(w) =


g(xt)
...

g(xt+T )

 , H(w) =



h(xt)
...

h(xt+T )

xt+1 − f(xt,ut)
...

xt+T − f(xt+T−1,ut+T−1)


,
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and C(w) = cf (xt+T ) +
∑t+T

τ=t c(xτ ,uτ ), where w = (x,u). With this notation we can fit

this into the form of (2.25) as

min
w

C(w) (2.34a)

s.t. G(w) ≤ 0 (2.34b)

H(w) = 0 (2.34c)

Applying the safe gradient flow method to this trajectory optimization problem steps the

trajectory (x,u) towards a locally optimal trajectory (x∗,u∗). However, we want to imple-

ment a controller in real time and may only be able to update the trajectory for a limited

number of times per step.

To solve this in real time and apply the control inputs to our system, we adopt a

rolling horizon implementation inspired by model predictive control. At each time step, we

formulate the above optimization problem using the current state as the initial condition,

perform a limited number of updates, K, (i.e. gradient steps) toward minimizing the cost

subject to constraints, apply the first control action from this solution, shift the horizon

forward, and repeat the process. This process is detailed in Algorithm 1, which we call a

safe trajectory gradient flow (STGF) controller.

This results in a feedback control policy that iteratively improves its trajectory while

always maintaining feasibility (retaining the anytime property central to safe gradient flows),

if the predicted state dynamics align with the true state dynamics 9 and a sufficiently small

step size is used. Although the full optimal trajectory may not be reached at each step,

the quality of the control inputs improves over time, and the feasible set remains invariant

throughout.

2.5.5 Simulation Results

We test our STGF controller by apply the approach to the simplified inverter system with

the per unitized parameters shown in Table 2.4 and compare it to model predictive control

and a modified droop controller. To apply our STGF approach we discretize our dynamics

9Measuring exogenous values and estimating the system’s true dynamics are important challenges with
this approach, which we reserve for future work.
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Algorithm 1 Safe Trajectory Gradient Flow

Input: Initial state x0 ∈ Rn, Initial input trajectory u ∈ R(T−1)×m, horizon length T ,

termination time N , optimization updates per step K, dynamics f(x,u), constraints

(g(x,u), h(x,u)), cost function c(x,u), time step ∆t, optimization step-size ξ, CBF

parameter α

1: Initialize trajectory: x ∈ RT×n ← (x0, f(x0,u0), . . . , f(xT−1,uT−1))

2: Create C,G,H from applying c, g, h, f at each timestep in the horizon T

3: while t ≤ N do

4: Measure current timestep state xt

5: x0 ← xt

6: Propagate state trajectory with predicted dynamics:

7: for τ = 0 to T − 1 do xτ+1 ← f(xτ ,uτ )

8: end for

9: for j = 0 to K do

10: w← (x,u)

11: µ, ν ← Solve QP (2.27) with w, C,G,H, α

12: ẇ← −Dwc(w)− ∂g(w)
∂w

⊤
µ− ∂h(w)

∂w

⊤
ν

13: x,u← w + ξ · ẇ
14: end for

15: Apply control input u0 from the optimized trajectory

16: Roll forward control inputs:

17: for τ = 0 to T − 2 do uτ ← uτ+1

18: end for

19: uT−1 ← uT−2

20: t← t+ 1

21: end while



51

Table 2.4

Simulation Parameters

Parameter Value Cost Parameter Value

R 0.0069 pu mp 2π

L 0.0196 pu mq 0.05

Imax 1 pu τp 0.1

Base Value Opt. Parameter Value

ωbase 2π60 rad s−1 ∆t 1 ms

Vbase 120 V ξ 1× 10−3

Sbase 1500 VA T 10

Ibase 4.167 A K 2

(2.28) using forward Euler with ∆t = 1 ms. A control horizon of T = 10 is selected and each

time step only a single iteration of the trajectory optimization problem is performed with

K = 2 and α(z) = 20e10z. The STGF QP (2.27) is formulated with CVXPY [54] and solved

using OSQP [80]. The dynamics of the inverter system are simulated using the solve ivp

function from SciPy [81]. We compare our approach to model predictive control (MPC)

implemented with do-mpc [82, 83, 84], and a droop controller modified with a current limiter

and an additional synchronization term [29, 85]. We assume the controllers have perfect

knowledge of the grid voltage and frequency in each timestep.

Trajectory Performance & Steady-State Optimality

We test the system by simulating a step in the active and reactive power reference. The sim-

ulation lasts N = 300 time steps (i.e. 0.3 s) with initial values x0 = 0, u0 = 0, and reference

values P ∗ = 0 p.u., Q∗ = 0 p.u., Vnom = 1 p.u., ωnom = 2π · 60 rad s−1. At T = 100, we step

the active and reactive power references to infeasible values P ∗ = 2.5 p.u., Q∗ = −0.5 p.u..

Fig. 2.14 shows the trajectory of Idq with the STGF controller approaching the desired

reference values while remaining within the current magnitude constraint. In Fig. 2.15, the

output cost parameters are seen to converge to optimal values calculated by solving (2.31)
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Figure 2.14: The states and current magnitude from the inverter system controlled with different control

methods. While the MPC and droop controllers act are more aggressive, the STGF control drives the states

smoothly to their new equilibria.

directly using a NLP solver. The trajectory of these output cost parameters along with the

current magnitude constraint is visualized in Fig. 2.16. The MPC controller also approaches

the optimal values and does so faster than the STGF controller, but struggles to maintain

consistent control inputs when the nonlinear current limit constraint is active. The droop

controller also acts faster, but does not settle to the optimal outputs.

Ideally, one would be able to select a horizon within which the system would be able

to settle to a new equilibrium within. However, there is a trade-off that must be made

in terms of computation time and numerical errors, and the length of the trajectory T ,

number of optimizing steps K, step size ξ, and the selected discretization time step ∆t.

These are important tuning-parameters to investigate when applying this approach. These

simulations show that with a long enough horizon the future inputs can be continuously

optimized as the system’s state evolves even with only a single optimization step each time
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Figure 2.15: The outputs of the system included in the cost function for each control method. With STGF

or MPC control the outputs converge to optimal values ’near’ the given reference values. The droop control

converges to values away from the optimal values.

step of the simulation. When selecting T it is important to ensure that T > r, were r is

the relative degree of the system dynamics which is the number of times the output values

used in c(x,u) must be differentiated before the input explicitly appears. For MPC one

must select similar parameters to STGF relating to the trajectory optimization problem

formulation. With the augmented droop controller there are multiple parameters in the

synchronization term that must be tuned to ensure the droop controller remains stable,

which can be challenging to guarantee for all cases.

At the moment, it is unclear what conditions must be met when selecting T for a given

controllable system such that the quadratic program (2.27) is always feasible, however it is

likely tied to the relative degree of the system dynamics with regard to the state and input

constraints.
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Figure 2.16: The trajectory of Idq with the safe gradient flow trajectory optimization controller and P ∗ =

2.5, Q∗ = −0.5, Vnom = 1,ωnom = 2π · 60 rad s−1. The states are initialized at 0. The trajectory is seen to be

constrained by the current magnitude limit. Also plotted are the projected trajectory at each timestep.

Controller Computational Burden & Solve-time

Although QPs are considered to be simple optimization problems, using iterative solvers in

real-time on inverters themselves is not trivial, because of microprocessor limitations and

sampling/input delays [62, 63]. While, this form of QP has a closed-form solution [57], this

closed-form solution requires checking which set of inequality constraints are active which

becomes burdensome when there are many constraints. For these test we run the controllers

and simulations using an Intel(R) Xeon(R) 2.20GHz CPU, which we note has significantly

more processor power than a standard microprocessor. Fig. 2.17 shows the optimization

solve times for each step of the simulation for the STGF and MPC controllers. The average

STGF controller single step runtime is roughly 40 times faster than the MPC controller,

demonstrating its potential to generate faster trajectories updates compared to fully solving

the nonlinear trajectory optimization problem each time step. Further, the maximum solve
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time of the STGF QP is orders of magnitude smaller than that of MPC. This difference

in solve time is most pronounced when the current magnitude limit is active. The average

solve time of STGF was still greater than the simulation step sized used in these tests,

indicating that without further computational speed up these approaches could not be used

directly to control an inverter system with this setup. In comparison, the explicit droop

controller implementation is significantly less computationally intensive.
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Figure 2.17: Single-step run-times for solving controller optimization problems. An inset enlarged view of

STGF run-times shows that they are significantly shorter than most MPC run-times.
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Chapter 3

SYSTEM STRENGTH & STABILITY OF POWER SYSTEMS WITH
INVERTERS

This chapter introduces the problem of ensuring stability in power systems with high

levels of IBRs, through the lens of system strength. Section 3.1 reviews the definition

of system strength, modeling for system strength analysis, and existing system strength

metrics; highlights their capabilities and limitations, and identifies future directions for

developing new tools and metrics to support grid reliability and resilience. Section 3.2

then defines our own system strength metric based on calculations of the sensitivity of the

system’s eigenvalues to perturbations in power injections and shows how this metric can be

used by system operators to find remedial actions in response to stability issues.

The increasing share of inverter-based resources (IBRs) in electrical power systems is

causing a range of challenges related to maintaining power system stability. It is computa-

tionally challenging and time-intensive to evaluate the stability of power systems with high

IBR penetration levels through time-domain simulation or small-signal analysis. Therefore,

system strength metrics capable of screening systems for potential stability issues are valu-

able. The conventional grid strength metric, Short-Circuit Ratio (SCR), has proven useful.

However, it is inaccurate when applied to power systems with high IBR penetration. To

resolve this issue, a range of new metrics aimed at quantifying system strength have been

proposed in the literature.
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3.1 Introduction, Background & Modeling1

The ability of power systems to maintain stable voltage and frequency under disturbances

can broadly be referred to as system strength. The large-scale integration of IBRs with con-

ventional grid-following (GFL) control has led to a decrease in the strength of the grid [23].

Some stability challenges associated with IBRs and weak grids are voltage instability [24]

and subsynchronous oscillations [25], which have been observed in power systems repeatedly

over the past decade. The effect of weak system strength on wind turbine performance was

seen in ERCOT when poorly damped voltage oscillations due to weak grid conditions were

observed and eventually tripped the wind power plant [24]. Another event, which was in

part due to a system strength shortfall, is a blackout that occurred in 2016 in South Aus-

tralia [87]. Lastly, Ireland’s power system operators face an ongoing grid strength challenge

choosing to constrain the penetration of IBR generation to avoid stability concerns related

to grid strength shortfalls [88].

Metrics that reflect the strength of the grid can be used to screen the weak system areas

and identify potential instability issues. This is particularly important when new IBRs

are connected to the grid. Electromagnetic transient (EMT) simulations can be used to

assess their impact on grid stability, but the simulations can be computationally and time

intensive. Therefore, there is a demand for screening tools or metrics that can be used to

identify weak areas of the grid to focus these EMT studies [89]. Accessible and intuitive

system strength metrics are essential for the reliable deployment and operation of systems

with high levels of IBRs. However, the current literature lacks a clear consensus on which

metric best characterizes system strength in such systems.

3.1.1 System Strength

System strength refers to the ability of an AC power system to maintain stable voltage and

frequency under all operating conditions [22]. In the specific context of voltage stability,

it relates to the sensitivity of bus voltages to perturbations in current injections [90] or

1Partially adapted from T. Joswig-Jones, S. Dong, J. Tan, D. Wu and B. Zhang, “A Review of Grid
Strength Metrics for Inverter-based Power Systems,” IEEE Power & Energy Society General Meeting,
2026, in press. [86]
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the ability of the power system to maintain and control the voltage waveform at any given

location in the power system, both during steady state operation and following a distur-

bance [91]. In a strong system the sensitivity of the voltage to system disturbances is low,

while in a weak system this sensitivity is higher. Areas identified as having a low system

strength are more susceptible to instability [92] and can not support the stable operation

of conventional grid-following (GFL) IBRs [93].

Voltage stability in conventional power grids is typically related to slower timescale dy-

namics, while frequency stability relates to faster timescales, allowing for the decoupling

of the stability analysis of these parameters. With increasing IBR penetration, traditional

boundaries in timescales used to decouple stability analysis of voltage and frequency are

becoming less distinct and both mechanisms are increasingly influenced by faster dynam-

ics [21]. Reflecting this, the term system strength has progressively come to encompass

broader ideas of system stability over the years [94]. The work in [95] proposes a new

classification of system strength: steady-state system strength and dynamic-state system

strength. Specifically, steady-state system strength deals with operation around nominal

operating values, while dynamic-state system strength deals with stability of the system

when subject to large disturbances. As system strength metrics exist in the literature, only

steady-state system strength is considered; however, outside of the typical scope of system

strength exist other metrics related to transient stability such as the critical clearing time

of faults and system inertia, which can be used in conjunction with typical system strength

metrics [96]. In fact, the Grid Strength Assessment Tool [96] – developed by EPRI – calcu-

lates the critical clearing time (CCT) of IBR devices for a three-phase fault at its POI to

be used in conjunction with other SCR-related metrics to identify critical buses for further

study [97]. In [98] the Southwest Power Pool uses CCT as a threshold to determine if further

study was required; transient stability analysis was performed for events with a calculated

critical clearing times less than 9 cycles. This tool has also been applied in case studies of

the Ireland All Island system in [99]. In our work, we focus on existing system strength

metrics relating to the stability of the system when operating in steady-state and subject

to small disturbances.

When discussing system strength metrics, it is necessary to distinguish between grid
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strength and system strength, terms that are often used interchangeably in the litera-

ture [100, 95]. Grid strength refers to the sensitivity of the network based strictly on

its passive characteristics. System strength, conversely, refers to the stability of the entire

coupled system, encompassing both the power network and the active control dynamics of

the connected IBR devices. For instance, traditional metrics like the Short-Circuit Ratio

(SCR) measure grid strength at a specific bus, but a low SCR does not strictly guarantee

that a well-tuned IBR connected at that location will be unstable.

In the literature, system strength metrics can generally be categorized into two groups:

fault-current based metrics and admittance-model based metrics. Fault current based met-

rics are defined using short-circuit fault currents. To determine the system strength with

these metrics, their value must be compared to its critical value. Industry experience in-

forms approximate ranges for critical values, but their true critical value must be found

through EMT simulation. This has led to recent efforts to develop metrics based on ad-

mittance models. Admittance-model based metrics use equivalent frequency-domain ad-

mittance/impedance models of devices and the power network in their formulation which

capture the small-signal characteristics of the system around a steady-state operating point

through frequency-domain analysis.

3.1.2 Short-Circuit Analysis Based System Strength

Short-circuit Ratio (SCR) is a metric that has conventionally been used to quantify the

strength of the grid focusing on voltage stability [90]. [93]. SCR was originally defined to

classify the stability characteristics of synchronous generators and was used as a measure

of the electrical stiffness of the machine [101, 102]. The term was later used SCR was

originally used with reference to the strength of the AC grid in the context of high-voltage

direct-current lines, which can exhibit small-signal instability in weak grids [103]. More

recently, SCR, described as (3.1), has been used as a screening tool when connecting IBRs

to the system.

SCR :=
SSCMVA

PRMW
, (3.1)
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where SSCMVA denotes the short-circuit apparent power at a point of interconnection (POI);

PRMW represents the rated power of the connected IBR device.

Short-circuit Ratio (SCR) described in (3.1), is commonly used to quantify the grid

strength in terms of voltage stability [90, 103]. Typically, an SCR greater than 3 implies a

strong grid, an SCR between 2 and 3 implies a weak grid, and an SCR below 2 indicates a

very weak grid [104]. However, a low SCR does not necessarily imply an IBR connected at

that POI will be unstable. To evaluate the system strength in terms of its stability, both

the power network and device dynamics need to be considered. Thus, the SCR needs to be

compared with its critical value, i.e., the critical short-circuit ratio (SCRcrit), which depends

on IBR device dynamics, control mode, control parameters, and dispatch. The system is

considered stable when SCR > SCRcrit and unstable when SCR < SCRcrit. In addition, the

difference between these two values can be referred to as the stability margin.

SCR can not capture interactions between an IBR device and the rest of the system

including other IBRs. When multiple IBRs are connected to a power system electrically

close to each other, the short-circuit level of the system in that area is shared between the

IBRs. This results in the grid strength being significantly less than the SCR calculated for a

single one of these IBRs would imply [22]. Further, conventional GFL inverters are prone to

instability in weak grids, while grid-forming (GFM) inverters are prone to instability when

connecting to strong grids [105]. Thus, applying conventional SCR to systems with high

IBR penetrations can lead to inaccurate measures of grid strength. Section 3.1.2 provides an

overview of other grid strength metrics proposed in the literature to address this challenge.

System Model for Short-Circuit Analysis

To quantify grid strength using fault-current-based metrics, the power system is traditionally

evaluated using fundamental-frequency, positive-sequence short-circuit analysis. Under this

paradigm, the complex dynamics of the grid are abstracted into static, phasor-domain

equivalent circuits [106].

For the assessment of a single IBR connected to the grid, the power network – as seen

from the Point of Interconnection (POI) – is reduced to a Thevenin equivalent circuit [22].
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This model consists of an ideal voltage source, representing the open-circuit grid voltage

(Eth), in series with a Thevenin equivalent impedance (Zth). Under the assumption of a

bolted three-phase fault at the POI, the short-circuit apparent power capacity (SSCMVA)

provided by the grid is fundamentally defined by this equivalent impedance:

SSCMVA =
|Vnom|2
|Zth|

, (3.2)

where Vnom is the nominal voltage at the POI. In this framework, a ”strong” grid is char-

acterized by a minimal Zth, yielding a high fault-current capacity that stabilizes the local

voltage during disturbances.

When evaluating multi-infeed systems – where several IBRs are located in close electrical

proximity – a single-port Thevenin equivalent is inadequate to capture the interactions

between resources. Instead, the passive AC network is modeled using an N × N nodal

impedance matrix (Zbus), where N is the number of IBR interconnection buses [49]. The

diagonal elements, Zii, represent the self-impedance (or Thevenin impedance) at bus i,

while the off-diagonal elements, Zij , represent the transfer impedance between bus i and

bus j. These transfer impedances mathematically capture the electrical coupling between

different nodes in the network. Specifically, they quantify how a voltage perturbation or

power injection at one bus influences the voltage profile at another. Consequently, the nodal

impedance matrix provides the generalized mathematical foundation necessary to evaluate

the collective impact of multiple resources in multi-infeed fault-current metrics.

In practical power system studies, the elements of Zbus and the resulting short-circuit

capacities are calculated using standardized fault analysis algorithms [107]. These com-

putational methods construct the network model by representing traditional synchronous

generators using their subtransient reactances (X ′′
d ) behind an internal voltage source, al-

lowing for an accurate evaluation of the maximum initial fault current contributions [106].

This algorithmic approach forms the foundation of commercial short-circuit simulation plat-

forms, providing the necessary short-circuit values to compute the fault-current-based grid

strength metrics discussed below.
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Review of Fault-current Based Metrics

Many SCR variants based on fault-current values have been proposed to more accurately

define the grid strength to overcome the shortfalls of SCR, particularly evaluating systems

with multiple IBRs. While these methods vary in how they are calculated and what they

consider, many of these metrics are based upon fault-infeed values. Short-circuit calculation

tools in RMS power system simulators, such as PSS®/E, are often used to calculate these

values.

Weighted Short-circuit Ratio The Weighted Short-Circuit Ratio (WSCR) [108] – pro-

posed by the Electric Reliability Council of Texas (ERCOT) – is found by assuming the

electrical distance between IBRs can be ignored but interactions between these devices must

be considered. It is defined as

WSCR :=

∑NIBR
i SSCMVAi · PRMW,i(∑NIBR

i PRMW,i

)2 , (3.3)

where the subscript i indicates the value relating to the i-th of theNIBR IBRs. This approach

provides a conservative measure of SCR for the aggregated group of IBRs.

Composite Short-circuit Ratio The Composite Short-Circuit Ratio (CSCR) [109] –

proposed by General Electric (GE) – assumes the IBRs of interest are electrically close and

connects them all to a common bus while neglecting their electrical distance. The short-

circuit MVA at this common bus excluding current contributions from IBRs, SCSCMVA, is

then calculated. CSCR is defined as

CSCR :=
SCSCMVA∑NIBR
i PRMW,i

. (3.4)

Like WSCR, CSCR calculates a single value for a group of IBRs.

Equivalent Short-circuit Ratio To account for the electrical distances between IBR

devices, the Equivalent Short-Circuit Ratio (ESCR) – also referred to as SCR with inter-

action factors (SCRIF) [90] – is introduced in [110]. ESCR uses interaction factors defined
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as the observed change in the voltage at bus i for a given change in voltage at bus j,

IFij = ∆Vi/∆Vj , to determine the level of interaction between IBRs. ESCR is defined as

ESCRi :=
SSCMVA,i

PRMW,i +
∑

j(IFji · PRMW,j)
. (3.5)

ESCR gives a value at each bus, which differs from WSCR and CSCR that provide a single

value for an area.

Site-Dependent Short-circuit Ratio The Site-Dependent Short-circuit Ratio (SD-

SCR) [111] considers how the IBRs in a multi-infeed system interact through their power

injections. In deriving this metric the authors define the equivalent power injection at bus i,

using Thevenin equivalent models, as Seq,i = PRMW,i+
∑

j ̸=i PRMW,j ·wij where the power in-

jections from other IBRs are considered through the interaction factor wij =
ZRR,ij

ZRR,ii

(
VR,i

VR,j

)∗
,

which depends on the ratio of the electrical distances and the ratio of the bus voltages of

the i-th and j-th IBR resource. Using the static voltage stability limit and combining it

with the change in voltage due to the equivalent power injection, SDSCR is then defined as

SDSCRi :=
|VR,i|2

|Seq,i||ZRR,ii|
. (3.6)

SDSCR measures the system strength in terms of the distance to the static voltage stability

limit of each bus; when SDSCRi is smaller than 1, there is a heightened risk of voltage

stability. [111] provides a case study of a 39-bus system comparing SCR, WSCR, CSCR,

and SDSCR showing that SDSCR can accurately characterize static voltage stability of the

network when the other methods cannot.

Inverter Penetration Short-circuit Ratio The Inverter Penetration Short-circuit Ra-

tio (IPSCR) [112] – proposed by Electranix – is calculated solely using fault infeed data

from short-circuit analysis and does not require the calculation of interaction factors. IP-

SCR is defined at each bus as the ratio of the short-circuit apparent power provided by

conventional generators to that provided by IBRs:

IPSCRi :=
SSCMVA,SG,i

SSCMVA,IBR,i
, (3.7)
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where SSCMVA,SG,i and SSCMVA,IBR,i are the short-circuit powers evaluated on the bus i

when all the IBRs turned off and when conventional generators turned off, respectively. In

the IBR only case, each IBR’s source impedance is adjusted until it contributes 1 p.u. of

SSCMVA at its POI based on its rated capacity. This approach naturally groups IBRs on

the basis of their electrical distances and considers their power injection interactions.

Normalized Short-circuit Ratio Taking into consideration the impact that the power

dispatch, control parameters, and control mode can have on the stability margin of an IBR,

the Normalized Short-circuit ratio (NSCR) [113] is defined based on the stability margin

found from comparing SCR to the critical SCR value of an IBR. NSCR is defined at bus i

as

NSCRi :=
SCRi − SCRmin

crit,i

SCRmax
crit,i − SCRmin

crit,i

(3.8)

where SCRmin
crit,i and SCRmax

crit,i are the minimum and maximum critical SCR values for the

IBR connected at bus i as its active power dispatch varies from 0.0 p.u. to 1.0 p.u. These

critical SCR values are obtained through EMT simulations or small-signal analysis based

on a single-IBR infinite-bus system.

3.1.3 Admittance Modeling Based System Strength

While fault-current-based metrics provide a useful heuristic for evaluating grid strength,

they are inherently limited by their static formulation and inability to capture the high-

frequency control interactions characteristic of IBRs. To accurately evaluate the stability of

a power electronics-dominated system, the grid must be analyzed using dynamic frequency-

domain transfer functions. This approach, first used for impedance-based stability crite-

ria [114], models the small-signal dynamic characteristics of the coupled system around a

specific steady-state operating trajectory.

Equivalent Admittance Modeling Formulation

To construct these frequency-domain models, the physical and control dynamics of the active

devices (IBRs and synchronous machines) are first represented using detailed, nonlinear



65

state-space equations in a local dq reference frame:

ẋ = f(x,Vdq) (3.9)

Idq = g(x,Vdq), (3.10)

where x represents the internal state variables of the device (e.g., controller integrator states,

phase-locked loop angles, and filter currents), while the inputs and outputs are the point of

interconnection (POI) voltage (Vdq) and injected current (Idq), respectively.

Because small-signal stability is strictly dependent on the system’s current state, these

nonlinear models are linearized around an equilibrium point (x0,Vdq0, Idq0) established by

the AC optimal power flow (ACOPF) equations. This yields the linearized state-space

model:

∆ẋ = A∆x+B∆Vdq (3.11)

∆Idq = C∆x+D∆Vdq, (3.12)

where A, B, C, and D are the respective Jacobian matrices evaluated at the operating

point.

Applying the Laplace transform maps these time-domain state-space equations into the

frequency domain, yielding the equivalent admittance model of the device:

Ydq(s) = C(sI−A)−1B+D. (3.13)

For a given device, this formulation acts as a 2 × 2 multi-input multi-output (MIMO)

transfer function matrix, explicitly relating voltage perturbations to current perturbations

at the POI.

Whole-System Admittance Model To evaluate the system globally, the individual

device models are aligned to a common, global dq-reference frame. Once aligned, the

passive network and active devices can be combined to form a whole-system admittance

model—a comprehensive frequency-domain transfer function matrix that characterizes the

coupled dynamic behavior of the entire grid [115].
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The whole-system admittance matrix, Ŷ(s), is defined analytically as:

Ŷ(s) = (I+Ynet(s)Zdev(s))
−1Ynet(s), (3.14)

where Ynet(s) is the nodal admittance matrix of the passive AC network, and Zdev(s) =

diag(Z1(s), Z2(s), . . . , ZK(s)) is a block-diagonal matrix containing the equivalent impedances

of all K active devices.

The poles of each element within Ŷ(s) are mathematically equivalent to the small-signal

eigenvalues (λ) of the entire system [115]. If all system eigenvalues reside in the open left-half

of the complex plane, the system is small-signal stable. Further, as discussed in [116], the

sensitivity of these eigenvalues is related to Ŷ(s) as ∂λ
∂Ŷ−1(λ)

= −ResλŶ and the perturbation

of these eigenvalues with respect to sufficiently small perturbations in Ŷ(s) is

∆λ = ⟨−Res∗λŶ,∆Ŷ−1⟩,

where ⟨·, ·⟩ is the Frobenius inner product of two matrices, ResλŶ is the residue of the whole-

system admittance matrix evaluated at λ, and ∗ denotes the conjugate transpose [117].

A critical limitation of admittance-based modeling is its strict dependency on the lin-

earization point. As the power injected by a device or its POI voltage magnitude fluctuates,

the point at which the connected device is linearized shifts. Consequently, the device’s

equivalent impedance matrix, Zdev(s), changes, subsequently altering the system eigenval-

ues. Because of this, traditional admittance metrics must be repeatedly recalculated to

verify stability across varying dispatch scenarios.

Review of Admittance-Model-Based Metrics

The following metrics use equivalent admittance models in their formulation. These admit-

tance models can capture the small-signal characteristics around a steady-state operating

point. With this approach the stability of the whole system can be determined using meth-

ods applicable to MIMO transfer functions, such as the generalized Nyquist criterion [118]

or disk margin [119].

Generalized SCR A natural extension of SCR to a multi-infeed system that reflects the

interaction of IBRs led to the definition of generalized SCR (gSCR) in [120]. The approach is
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based on dividing the IBR system into decoupled subsystems using eigenvalue decomposition

and then focusing on the weakest of these subsystems. Later studies have linked gSCR to

small-signal stability [121], addressed heterogeneous IBR control [122], and considered GFM

IBRs [123]. The gSCR value can be calculated from the steady-state system values as

gSCR := min
i=1,..,nGFL

λi(Y eq) (3.15)

where Y eq = S−1
b B with Sb being a diagonal matrix containing the rated capacity of each

GFL and B representing the reduced node susceptance matrix after eliminating passive

and the infinite bus. gSCR provides a single value that represents the grid strength of a

multi-infeed system; the grid strength of each POI can be further quantified based on the

participation factor of the j-th device to the equivalent weakest equivalent subsystem, i.e.,

p1j = W 1jW
−1
j1 , whereW contains the eigenvectors of Y eq. Calculating gSCR only requires

phasor-domain parameters and GFM voltage support can be considered by embedding IBR

device dynamics into network parameters [123]. The critical gSCR value can be obtained

by either EMT simulations based on the weakest equivalent single-IBR subsystem or small-

signal analysis by solving the expression

det

(
CgSCR · I −

n∑
i=1

p1iF
−1Y GFL,i(sc) + δGFM(sc)

)
= 0

sc = jωc,

the determinant of the return difference matrix of the weakest subsystem, for CgSCR. This

expressions requires measurements of Y GFL,i(s) and Y GFM,i, the admittance transfer func-

tion matrices of the grid-following inverters and grid-forming inverters. δGFM(s) represents

the shunt admittance models representing the angle dynamics of the grid-forming invert-

ers, and F represents the admittance of a per-unit inductive line. This requires grey-box

modeling of the GFMs as knowledge of the GFMs voltage and current control dynamics is

required to calculate δGFM(s). Another option is to ignore the perturbation term from the

GFM devices and solve for CgSCR from

det (Y GFL(s) + gSCR · Y net(s)) = 0

s = jω.
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gSCR has been proposed as being useful for solving a range of problems related to

integrating IBRs [124, 125, 126, 127, 128]. In [124] and [125] they use gSCR to determine the

optimal placement of GFM IBRs to increase grid strength and constrain grid strength to a

desired stability margin, respectively. In [126] gSCR is applied to formulate an optimization

constraint for assessing the maximum capacity of GFL IBRs in a system. In [127] they use

gSCR to develop a grid strength constrained cooperative control approach for IBRs. A

recent extension of gSCR is proposed in [128] – this index is called the extended generalized

SCR (EgSCR) – to consider the influence of local loads on the strength of IBR systems.

For evaluating the stability of GFM IBRs, grid current strength (GCS), the dual concept

of grid voltage strength, is introduced in [129], where the grid current strength is defined as

GCS =
SB

SSCMVA

with SB representing the rated capacity of the IBR. Similar to gSCR, the generalized GCS

(gGCS) metric is defined relating to the weakest decoupled GFM IBR subsystem. [129]

proposes using both gSCR and gGCS in tandem to evaluate the stability of hybrid GFM-

GFL system.

Grid Strength Impedance Metric The Grid Strength Impedance Metric (GSIM) de-

fines a metric using a ratio including the eigenloci of the system admittance, Y sys(s), and

the base impedance of the system, Zb(s) [100]. These eigenloci of the system admittance

and base impedance are defined as

λ(Y sys(s)) =

|λY sys,q(s)|
|λY sys,d(s)|

 , λ(Zb(s)) =

|λZb,q(s)|
|λY b,d(s)|

 ,

respectively. The dq-axis GSIM values are calculated asGSIMq(s)

GSIMd(s)

 = λ⃗(Y sys(s))⊙ λ⃗(Zb(s)) (3.16)

where λ⃗(Y sys(s)) and λ⃗(Zb(s)) are the eigenloci of the system admittance and base impedance,

respectively, and ⊙ represent the element-wise multiplication of two vectors. GSIM is then
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defined by combining values from (3.16) as

GSIM(s) :=

√
GSIMq(s)2 +GSIMd(s)2

2
. (3.17)

This metric is defined across the frequency spectrum and can vary significantly when

evaluated at different frequencies. Interpreting GSIM can be challenging as it has no direct

relationship to the stability margin of a system. However, a larger GSIM generally indicates

a greater system strength. GSIM is applied in [130] for a case study of a 12-bus model to

help identify stability challenges related to GFL IBRs.

Impedance Margin Ratio The Impedance Margin Ratio (IMR) [131] uses the fact that

a change in the equivalent impedance of a device connected at a bus will result in a change

in the modes of the system, based on the sensitivity of these modes to changes in device

impedances. A low IMR identifies buses where perturbations in the impedance at that bus

is associated with a large sensitivity in one of the system’s modes. This modal sensitivity

is shown in [116] to be ∂λ/(∂ZAk(λ)) = −ResλY sys
kk , where ResλY

sys
kk is the residue of the

whole-system admittance matrix [115] measured at the POI of bus k, evaluated at the mode

of interest, λ = σ+jω . This sensitivity is used to determine an impedance margin, which is

defined as the maximum allowable change in impedance of a device such that the dominant

mode will remain stable, as ∥∆ZAk(λ)∥max = |σ|/∥Res∗λY sys
kk ∥, where ∥ · ∥ indicates the

Frobenius norm of a matrix. IMR is defined as the magnitude of this impedance margin

divided by the magnitude of the original impedance of the device,

IMR :=
∥∆ZAk(λ)∥max

∥ZAk(λ)∥
. (3.18)

To calculate IMR the modes of the system must first be identified and the strength of a

bus is determined by the minimum IMR over the range of modes observed at that bus. It

should be noted that the approximate impedance margin used in IMR is ’conservative’ as

it assumes the worst-case direction for the perturbation in the device impedance. Further,

this margin is only accurate when small perturbations in the device impedance would result

in the mode becoming unstable, as it is using a first-order sensitivity which does not capture

the potentially nonlinear behavior of the paths of the modes for larger changes in device
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impedance. Lastly, the Admittance Margin (AM) is defined in [132] as a complement to

IMR used to define grid strength at buses without any devices connected yet.

Dynamic Impedance Margin The authors of [133] proposed the Dynamic Impedance

Margin (DIM) to address a gap between steady-state analysis tools and dynamic models.

DIM provides insights into the dynamic voltage stability of systems by modeling generation

resources using their dynamic impedance values. These values are extracted from the sen-

sitivity of the current injected by a resource to changes in the voltage at that POI and is

defined as

Zdyn =
1

Yadj
, Yadj =

dIq
dVmag

cos (ϕv − ϕIq − π),

where Iq is the reactive current injected and ϕv, ϕIq are the phase angles of the voltage and

reactive current, respectively. The dynamic impedance varies, particularly for GFL IBRs,

over the range of frequencies, so to evaluate the dynamic impedance requires selecting a

perturbation frequency. Each device is then represented with a Thevenin equivalent model –

an ideal voltage source behind its dynamic impedance value – in a steady-state power flow

model and the system’s power transfer limits are tested using P-V analysis. The authors

show that the power transfer stability limit predicted using DIM is typically conservative

compared to results found from EMT studies, where they evaluate stability through a list of

criteria related to deviations in the active powers and voltages in the system. DIM extracts

information from admittance models; however, it does not directly consider the small-signal

stability of the system.

3.1.4 Comparison of Existing Metrics

In this section, we compare the reviewed grid strength metrics in terms of their character-

istics, advantages, and limitations. Table 3.1 summarizes the characteristics of each metric.

The first distinction between the metrics presented aligns with our categorization. Fault-

current based metrics cannot consider IBR control modes or GFM voltage support, except

when compared to critical values obtained from EMT simulation. In contrast, admittance-

model based metrics inherently consider device dynamics. This benefit of using admittance-

model based metrics comes at the cost of acquiring admittance models, compared to fault-
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current based metrics which only require more readily available phasor-domain system pa-

rameters used in short-circuit analysis. Admittance models can be extracted from analyt-

ical models of device dynamics, which are not typically available from vendors, or can be

obtained via frequency scanning techniques in black box scenarios [134]. Implementing fre-

quency scanning in real time may need additional hardware, such as phasor measurement

units, which complicates practical implementation. In this regard, gSCR is different from

the other admittance-model based metrics as it is derived based on admittance models but

its calculation only requires phasor-domain system parameters.

While all admittance-model based metrics consider the interactions between devices via

admittance-based models, fault-current based metrics differ significantly in their consider-

ation of IBR interactions. SCR ignores other IBRs, while WSCR and CSCR assume IBRs

are connected at the same bus, thus ignoring the IBR interaction via the network. The

fault-current based metrics can consider inverter interactions to some extent, but they can-

not fully consider control interactions between IBRs that can lead to small-signal stability

issues, such as subsynchronous oscillation. Admittance-model based approaches inherently

reflect these control interactions.

To assess system stability, most metrics are interpreted relative to a critical value, which

can be defined empirically (from industry experience), theoretically (based on voltage sta-

bility or small-signal stability theory), or via simulation (from EMT results). Most fault-

current based metrics have approximate ranges indicating when a system is susceptible to

instability based on industry experience. To accurately determine the critical value of these

metrics, one must run EMT simulations of the full system being considered. Admittance-

model based methods can instead use frequency-domain analysis to determine accurate

critical values without requiring EMT simulation of the full system.

Within the admittance-model based metrics the robustness of the system’s stability can

be represented by not only a stability margin, but also through the sensitivity of the stability.

Of the metrics reviewed, only IMR reflects both the stability margin and sensitivity. gSCR

only indicates the stability margin when comparing it to the critical gSCR value and GSIM

is not directly related to the stability of the system. DIM provides a stability margin in

the form of power transfer limits, but it is unclear precisely how this relates to the overall
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stability of the system. While IMR reflects the sensitivity of the eigenvalues to perturbations

in device impedances, it should be noted that it does so using first-order approximations

of ∂λ/∂ZAk, which does not capture the potentially nonlinear behavior of the paths of

the modes for larger changes in device impedance, and the impedance margin calculation

is ’conservative’ as it assumes the worst-case direction for the perturbation in the device

impedance.

Admittance-model and fault-current metrics depend on the system operating point and

must be calculated over a range of operating points to understand how system strength

varies with these values. Among the metrics considered, only NSCR explicitly incorporates

the effect of varying device power set points in its definition. We discuss this challenge and

propose our own system strength metric to address it in Section 3.2.

Lastly, in Table 3.1, we compare the scope and the ease of industry adoption of each

metric. A metric’s scope determines if it calculates a value for each bus in the system or a

single value for the whole system being considered. Its ease of industry adoption gives an

idea of how easily the metric can practically be implemented in an industry setting and is

qualitatively rated out of three stars based on the modeling effort, required data availability,

and ease of integration into existing short-circuit analysis programs.

3.1.5 Gaps and Future Directions for Metric Development

Current gaps and challenges related to grid strength metrics and possible future directions

for research are as follows:

1. Fault-current metrics have not been developed to consider voltage support from GFM

IBRs. The development of fault-current metrics that better consider GFM IBR capa-

bilities would benefit IBR connection studies.

2. Fault-current and admittance-based metrics do not all provide clear critical values

relating to system stability or practical approaches for calculating these critical values.

Researchers should ensure metrics are developed such that they have clear definitions

of critical values that can help inform system operator decisions.
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3. Fault-current and Admittance-based metrics are dependent on the operating point of

the system and must be recalculated as this value differs. Metrics that can reflect

the grid strength and its sensitivity over a range of operating conditions could assist

operators in identifying potential stability challenges in the system.

4. Admittance-model based metrics lack industrial documentation and guidance on their

implementation. Collaboration between industry and academia to apply these metrics

to real-world systems and the development of tools to automate or simplify the process

of acquiring admittance models and implementing admittance-model metrics could

accelerate adoption.
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Figure 3.1: Illustration of a power system with its equivalent impedance model.

3.2 Sensitivity-Based System Strength Assessment7

3.2.1 System Model

We consider a system of devices connected in an AC network. A representation of such

a network can be seen in Fig. 3.1. The network is defined with a set of N buses N and

lines E , where Yik = Gik + jBik denotes the admittance between buses i and k. Bus i ∈ N
is characterized by power injections Si = Pi + jQi and voltage Vi∠θi; these are collected

into vectors V,Θ,P,Q. A slack bus maintains system power balance by varying its power

injections.

Power Flow

In steady-state, the power flow through the network satisfies the AC power flow equations

Pi = Vi

∑
i∼k

Vk(Gik cos θik +Bik sin θik), (3.19a)

Qi = Vi

∑
i∼k

Vk(Gik sin θik −Bik cos θik), (3.19b)

7Adapted from T. Joswig-Jones, B. Zhang, S. Dong and J. Tan, “System Strength Sensitivity to Power
Flow Perturbations in AC Power Systems with Inverter-based Resources,” IEEE Power & Energy Society
General Meeting, 2026, in press. [135]
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for each bus i ∈ N . The first-order Taylor series expansion of (3.19) gives∆P

∆Q

 = J(M)

∆V

∆Θ

 , J(M) =

 ∂P
∂V

∂P
∂Θ

∂Q
∂V

∂Q
∂Θ

 , (3.20)

where J is the Jacobian typically used to solve the power flow problem. Here we denote the

power flow parameters at all buses in the system asM, whereMi = [Pi, Qi, Vi,Θi] are the

power flow parameters at bus i.

To solve power flow models, buses are specified as having two of their four power flow

parameters being specified. Typically, bus types are PQ, PV, and VΘ (the slack bus) where

the bus type indicates the parameters that are specified at that bus. We let V, Θ, P, and
Q denote the set of buses where the respective parameter is specified at that bus and we let

Ṽ, Θ̃, P̃, and Q̃ denote the set of buses where the respective parameter value at that bus is

dependent upon the specified values and (3.19).

Dynamics and Small-Signal Stability

As established in Section 3.1.3, the small-signal stability of the coupled power system is

dictated by the poles of the whole-system admittance matrix, Ŷ(s). However, directly

analyzing Ŷ(s) to determine grid strength can be mathematically cumbersome because

the passive network admittance (Ynet) and the active device impedance (Zdev) are deeply

coupled through a matrix inverse, as seen in (3.14).

To evaluate the sensitivity of the system with respect to physical network parameters, it

is highly advantageous to analyze the inverse whole-system admittance matrix. By inverting

(3.14), the system components can be algebraically separated into a simple summation:

Ŷ−1(s) = Y−1
net(s) + Zdev(s). (3.21)

This formulation fundamentally isolates the dynamics of the active IBR controllers (Zdev)

from the passive topological characteristics of the AC grid (Y−1
net).

To quantify system strength, it is necessary to track how the system eigenvalues (λ)

migrate in response to changes in this system matrix. As demonstrated by the authors
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in [116], the sensitivity of a system mode to perturbations in the inverse whole-system

admittance matrix is analytically defined by its residue:

∂λ

∂Ŷ−1(λ)
= −ResλŶ. (3.22)

Consequently, the perturbation of a specific eigenvalue (∆λ) with respect to sufficiently

small perturbations in the system matrix (∆Ŷ−1) can be evaluated using the Frobenius

inner product:

∆λ = ⟨−Res∗λŶ,∆Ŷ−1⟩, (3.23)

where ⟨·, ·⟩ denotes the Frobenius inner product, ResλŶ is the residue of the whole-system

admittance matrix evaluated at the eigenvalue λ, and ∗ denotes the conjugate transpose [117].

While this analytical framework has been successfully applied to derive admittance-

based metrics evaluating device impedance margins, such as the Impedance Margin Ratio

(IMR) [131], it has not been fully leveraged to quantify grid strength regarding the physical

network topology itself. Because admittance models vary with the system operating point,

tracking stability as the physical network changes (e.g., during line outages or topological

reconfigurations) traditionally requires recalculating the entire system state.

To address this limitation and provide an intuitive measure of structural grid strength,

a new framework must be established that connects these eigenvalue sensitivities directly

to the physical power flow and line admittance parameters of the network.

3.2.2 Method

The proposed methodology uses analytical sensitivities to evaluate how system eigenvalues

respond to power flow parameter changes. As demonstrated in Fig. 3.2, while first-order

approximations do not directly capture highly nonlinear trajectories under large parameter

variations, they successfully indicate the initial direction and magnitude of modal perturba-

tions. To formulate these metrics, this section first evaluates how parameter changes shift

the operating point, and subsequently maps those shifts to the system’s global eigenvalues.

The resulting sensitivities are used to define system strength metrics.
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ω < 160 Hz}.



79

Power Flow Sensitivity

Sensitivity to P,Q, V : When the power injection or voltage magnitude at a bus changes,

the system adjusts to a new power flow solution satisfying (3.19). Accurately assessing the

impact of such a perturbation on small-signal stability requires accounting for its effect on

the overall power flow as this determines the operating point the devices in the system

are linearized about [136]. Although this nonlinear problem is generally challenging, for

sufficiently small perturbations it can be approximated using a first-order expansion. In

this section we discuss how to calculate the power flow perturbation ∆M for a perturbation

to a chosen specified power flow parameter ∆x (e.g. for a perturbation in the active power

at bus 2 set x = P2).

First, we partition the Jacobian relating to whether or not a power flow parameter is

specified or dependent and define sub-matrices as shown in (3.24).

J =

∂P
∂V

∂P
∂Θ

∂P

∂Ṽ

∂P

∂Θ̃

∂Q

∂V

∂Q

∂Θ

∂Q

∂Ṽ

∂Q

∂Θ̃

∂P̃
∂V

∂P̃
∂Θ

∂P̃

∂Ṽ

∂P̃

∂Θ̃

∂Q̃

∂V

∂Q̃

∂Θ

∂Q̃

∂Ṽ

∂Q̃

∂Θ̃




=

J−,− J−,∼

J∼,− J∼,∼

  (3.24)

Here J−,∼ represents the mapping of dependent voltage parameters, (Ṽ, Θ̃), to specified

power parameters, (P, Q). We further define J−,• = [J−,−, J−,∼], which selects the rows of

J corresponding to specified power injections and the columns corresponding to all voltage

values.

For a perturbation in the active power at buses in P or reactive power at buses in

Q (x = Pi, i ∈ P or x = Qi, i ∈ Q) we can calculate the voltage magnitude and angle

sensitivities at buses in Ṽ and Θ̃, respectively, from

(
∂P

∂x
,
∂Q

∂x

)
= J ·

(
∂V

∂x

∂Θ

∂x

)
(3.25)
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by taking ∂V
∂x ,

∂Θ
∂x = 0 to get ∂Ṽ

∂x

∂Θ̃
∂x

 = J−1
−,∼

 ∂P
∂x

∂Q
∂x

 . (3.26)

We can then calculate the sensitivities of P̃, Q̃ as ∂P̃
∂x

∂Q̃
∂x

 = J∼,•

∂V
∂x

∂Θ
∂x

 . (3.27)

We combine these sensitivities to get the local sensitivities ∂Mi
∂x = [∂Pi

∂x , ∂Qi

∂x , ∂Vi
∂x ,

∂Θi
∂x ] at

each bus in the system.

Similarly, for a perturbation in V or Θ values, we can calculate the sensitivities such

that ∂P
∂x ,

∂Q
∂x = 0 from (3.25) to find ∂Ṽ

∂x ,
∂Θ̃
∂x as∂Ṽ

∂x

∂Θ̃
∂x

 = −J−1
−,∼ · J−,−

∂V
∂x

∂Θ
∂x

 . (3.28)

Then we can find ∂P̃
∂x ,

∂Q̃
∂x from (3.27).

Note that these first-order power flow sensitivity calculations are linear, such that we

can combine the sensitivities from multiple power flow parameter perturbations by summing

the sensitivity values for each individual power flow parameter perturbation.

Sensitivity to Line Admittances: A change in a network line admittance value will

also result in a change in the power flow values. Assuming that the line admittance is

perturbed such that τ , the R/L line impedance ratio, is held constant then fromGik+Bikj =

Rik−Xikj
R2

ik+X2
ik

we have Bik = 1
Xik(1+(τ/ωnom)2)

, Gik = τ/ωnom · Bik. The first-order sensitivity of

the dependent power injection values to a change in this admittance can be calculated from

(3.19) for bus i by taking the partial derivatives
∂Pi
∂Bik

∂Qi

∂Bik

 =

V
2
i

(
τ

ωnom

)
− ViVk

(
τ

ωnom
cos θik − sin θik

)
V 2
i − ViVk

(
τ

ωnom
sin θik + cos θik

)
 (3.29)

Swapping the indices in 3.29 we can calculate the power flow sensitivities at the other bus

k that the line connects to. Taking these sensitivities, we define b = (∂P/∂Bik, ∂Q/∂Bik)
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The vector b is accordingly partitioned into b (corresponding to the specified injections)

and b̃ (corresponding to the dependent injections). Because the specified power parameters

are held constant during the line perturbation, their variations are zero.

Applying these boundary conditions, the first-order Taylor expansion of the power flow

equations reduces to:

0 = J−,∼

 ∂Θ̃
∂Bik

∂Ṽ
∂Bik

+ b (3.30)

where J−,∼ is the sub-matrix of the partitioned power flow Jacobian containing the partial

derivatives of the specified injections with respect to the unknown state variables.

The sensitivities of the unknown voltage magnitudes and angles across the network can

therefore be solved directly as  ∂Θ̃
∂Bik

∂Ṽ
∂Bik

 = −J−1
−,∼b. (3.31)

Finally, the sensitivities of the dependent power injections can be evaluated using the

Jacobian sub-matrix J∼,∼ corresponding to those dependent variables: ∂P̃
∂Bik

∂Q̃
∂Bik

 = J∼,∼

 ∂Θ̃
∂Bik

∂Ṽ
∂Bik

+ b̃. (3.32)

Eigenvalue Sensitivity

Sensitivities to Power Flow: Using these power flow sensitivities we can determine the

system eigenvalue sensitivities using intermediate device impedance sensitivity to changes in

the local power flow parameters. This requires the sensitivities ∂Zk
∂µ of the device impedances

with respect to local power flow parameters. Equivalent device impedances and these sensi-

tivities can be obtained from analytical models or from frequency-scanning measurements,

as described in [116]. Because most black-box inverter models allow specification of power

references, this approach is also compatible with black-box modeling when using frequency

scanning to obtain device admittance models.

Using the chain rule, we can determine the sensitivity of a device’s equivalent impedance
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to a power flow parameter x as

∂Zk

∂x
=
∑

µ∈Mk

∂Zk

∂µ

∂µ

∂x
. (3.33)

We collect these as ∂Zdev
∂x = diag(∂Z1

∂x , ∂Z2
∂x , . . . , ∂ZK

∂x ). Then using (3.14) and (3.23), noting

that Ŷ−1

∂x = Ẑ
∂x (See Appendix B.1 for details) we calculate the sensitivity of the system

eigenvalue λ as

∂λ

∂x
=

〈
−Res∗λŶ,

∂Zdev

∂x

〉
. (3.34)

Since Zdev is a block-diagonal matrix, this formulation can be localized to

∂λ

∂x
=
∑
k∈N
⟨−Res∗λŶkk,

∂Zk

∂x
⟩,

where Ŷkk are 2× 2 diagonal blocks of Ŷ corresponding to bus k, which can be calculated

from the local device impedance and the grid impedance seen from that device’s POI [116].

Sensitivities to Line Admittance Perturbing the admittance of a line, not only impacts

the device equivalent admittances through perturbations to the power flow parameters, but

it also directly impacts the eigenvalues through the perturbation to the network admittance

transfer function matrix Ynet. The sensitivity of the network admittance Ynet to a specific

line susceptance Bij is

∂Ynet(s)

∂Bij
= Lij ⊗

 β(s) α(s)

−α(s) β(s)

 (3.35)

where Lij is the Laplacian matrix with only the entries for the line being perturbed, Bij is the

admittance of the line, ⊗ represent the Kronecker product, and α(s) = ω0
(s+τ)2/ω0+ω0

, β(s) =

s+τ
(s+τ)2/ω0+ω0

. Then using (3.14) and (3.23), we calculate the eigenvalue sensitivity as

∂λ

∂Bij
=

〈
−Res∗λŶ,Y−1

net

∂Ynet(s)

∂Bij
Y−1

net +
∂Zdev

∂Bij

〉
. (3.36)

where ∂Ynet(s)
∂Bij

comes from (3.35) and ∂Zdev
∂Bij

is obtained by calculating (3.33) for each device

using the power flow sensitivities described in Section 3.2.2. The derivation of this can be

found in Appendix B.2.
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Sensitivities of Load Models

In small-signal stability analysis, static constant power loads are modeled as equivalent

parallel shunts. Linearized around a steady-state operating point, the equivalent shunt

admittance YLk = GLk + jBLk at bus k is calculated from the specified power demand

(PLk, QLk) and steady-state voltage magnitude Vk as: GLk = PLk/V
2
k , BLk = −QLk/V

2
k .

Loads can also be modeled as ZIP loads, where portions of the demand are classified as

constant impedance, constant current, and constant power. The selection of these ZIP

proportions significantly impacts the damping of the system; constant impedance compo-

nents increase system damping, whereas constant power components introduce negative

incremental resistance that reduces damping.

These equivalent load admittances are embedded within the network matrix Ynet(s).

Therefore, a change in a local power flow parameter x induces a sensitivity in the network

matrix relating to the load:

∂Ynet(s)

∂x
= Ekk ⊗

∂Lkk(s)

∂x
(3.37)

where Ekk is an N ×N standard basis matrix with a 1 at the k-th diagonal, and Lkk(s) is

the 2×2 admittance transfer function matrix of the load. ∂Lkk(s)
∂x is found by differentiating

GLk and BLk with respect to x.

The eigenvalue sensitivity to this load perturbation is then evaluated using the network

sensitivity formulation in (3.36). For a structural network perturbation (like a line out-

age) that simultaneously alters load voltages, the total ∂Ynet
∂Bij

is the sum of the direct line

contribution from (3.35) and this indirect load contribution.

Note that loads can also be represented with dynamic models (e.g., induction motors

or inverters) rather than static steady-state equivalents. In such cases, the dynamic load is

modeled as a standard power electronic or electromechanical apparatus, and its power-flow-

driven impedance sensitivities are incorporated into the device matrix Zdev(s) and evaluated

using (3.2.2).
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3.2.3 Small-Signal Stability Metrics

In this section we define system strength metrics based on the first-order approximation of

eigenvalue shifts to changes in system parameters. Using the eigenvalue sensitivity ∂λ
∂µ we

can calculate a scaled eigenvalue perturbation ∆µλ as

∆µλ =
∂λ

∂µ
∆µ,

where ∆µ can reflect the sensitivity to an absolute change in the parameter (∆µ = 1 pu)

or a proportion of the base parameter value (∆µ = µ0). We define the sensitivity index for

an eigenvalue λ and parameter µ at bus i as

µSIi,λ =
re(∆µλ)

|re(λ)| . (3.38)

This normalizes the sensitivity of the real part of an eigenvalue by the magnitude of the

real part of that eigenvalue. The smaller the real part of an eigenvalue and the higher its

sensitivity, the larger the sensitivity index will be. From this we can consider the maximum

normalized eigenvalue shift towards the right hand plane for an increase (to) or decrease

(from) in the power value and define the to sensitivity index (µTSI) and from sensitivity

index (µFSI) as

µTSIi = max
λ

(µSIi,λ), µFSIi = max
λ

(−µSIi,λ). (3.39)

The inverse of the µTSI and µFSI sensitivity indices give a first-order approximate of how

large a perturbation to the parameter can be before the eigenvalue will cross into the RHP

and the system will become unstable. With this intuition, it is clear that larger sensitivities

indicates a weaker system which we show in the case study results in the following section.

3.2.4 Calculation Scalability

This sensitivity-based approach is significantly faster than recalculating the full system

eigenvalues at a perturbed operating point, as it leverages system residues to compute

sensitivities through simple linear algebraic operations and can be calculated for a selected

subset of the system eigenvalues. Utilizing selective eigenvalue algorithms [137] to acquire
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the base eigenvalues and sparse state-space representations to avoid the numerical precision

challenges of high-order transfer function matrices allows the method to be applied to large-

scale systems. Acquiring equivalent admittance models and their sensitivities from black-

box models through vector fitting [138] is the most intensive step; however, these device-level

admittances are independent and can be calculated in parallel or pre-calculated offline for

a range of operating points.

When evaluating large-scale systems with high state dimensionality, specific computa-

tional strategies are required. Large time-scale separation in power systems yields highly

stiff state matrices, while the dense clustering of network modes causes their corresponding

eigenvectors to become nearly parallel. Together, these factors generate an ill-conditioned

global eigenbasis that induces severe numerical instability and precision loss in standard

dense eigensolvers [139, 140]. To overcome this, selective eigenvalue algorithms [137, 141]

can be utilized to project the system into targeted frequency bands, allowing for the ac-

curate extraction of critical eigen-pairs. Furthermore, sparse state-space representations

are employed to avoid the numerical precision challenges inherent to high-order transfer

function matrices.

The computational scalability of the proposed framework is demonstrated with the sys-

tems described in Table 3.2. Fig. 3.4 compares the runtimes for calculating the eigenvalues

sensitivities with our analytical approach against sampling the perturbed eigenvalues for a

perturbation in the parameter of interest and see a significant increasing reduction in com-

putation time as the system size grows. The total runtimes consider sampling all specified

power flow parameters and all non-bridging line’s network admittances for a selection of

critical eigenvalues that lie within a specified set.

3.2.5 Case Study

We perform case studies to validate the eigenvalue sensitivity calculations and test the

performance of our proposed metrics in identifying weak buses and informing remedial

actions. These case studies use a modified version of the Simplus Grid Tool [142] available at

https://github.com/TragerJoswig-Jones/Simplus-Grid-Tool-System-Sensitivity.

https://github.com/TragerJoswig-Jones/Simplus-Grid-Tool-System-Sensitivity
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Sample:	Line	Sens.Figure 3.4: Runtimes comparing calculating the eigenvalue sensitivities to resampling the eigenvalues for a

perturbation in a parameter for a range of systems. PG, QG, V sensitivities are tested for all specified power

flow values at buses, and the Bij sensitivities are tested for all non-bridging lines.

Table 3.2

Test System Parameters

System Buses Lines Devices States
Considered

Eigenvalues

Considered

Lines

14-bus 14 6 20 249 16 19

68-bus 68 83 29 1041 35 65

118-bus 118 179 26 2130 66 170
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Table 3.3

IEEE 14-bus case study case descriptions

Case Changes from Base Case

Case A PG : 0.5→ 1.2 pu at bus 8 and bus 10

Case B PG : 0.5→ 1.2 pu at bus 6 and bus 10

Case A-2
PG : 0.5→ 1.2 pu at bus 8 and bus 10,

QG : 0.05→ 0.5 pu at bus 8.

Case A-3
PG : 0.5→ 1.2 pu at bus 8 and bus 10,

Bus 8 GFL to GFM control.

3.2.6 14-Bus Test System Results

First, we use a modified IEEE 14-bus system where the synchronous condensers are replaced

by identical GFL IBRs, with one additional IBR at bus 10.For this system, we choose to

focus on perturbations to specified active and reactive power injections and model all buses

other than the slack bus as PQ buses. The inverters are all selected to have identical GFL

control schemes and vary their current injections to align with active and reactive power

set points. We compare different generation cases detailed in Table 3.3.

First, we validate that the proposed methodology for calculating eigenvalue perturba-

tions produces accurate results. We calculate the actual eigenvalue perturbations by per-

turbing the power injection at a bus, calculating the new steady-state power flow for the

system, and then computing the resulting eigenvalue perturbation. As shown in Table 3.4,

the actual and predicted eigenvalue perturbations align closely.

Next, we calculate the proposed power flow sensitivity metrics proposed in Section 3.2.3

with a selection of eigenvalues for the Base Case scenario. We also plot the system’s

Impedance Margin Ratio (IMR) values in Fig. 3.6, and compare this to our metrics shown in

Fig. 3.5. We see that IBR buses identified as weak by IMR are also identified as being weak

by the PTSI and QFSI metrics; however, these metrics link this weakness to shifts in power

injections at these buses. Although similar to IMR in their use of admittance residues, the
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(a) PTSI (b) PFSI

(c) QTSI (d) QFSI

Figure 3.5: 14-bus system base case generator active and reactive power injection sensitivities.

proposed metrics distinguish themselves by linking eigenvalue sensitivities directly to power

flow perturbations rather than relying on conservative, worst-case impedance margins.

Next, we apply increases in active power injection at buses with differing PTSI values

and simulate the nonlinear time-domain system to see how this impacts its response to a

step in the active power load at bus 5. Both cases increase the power injection at bus 10,

but Case A increases generation at the more sensitive bus 8 IBR and Case B selects the

less sensitive IBR at bus 6. Fig. 3.7 shows that the increase in power injected at bus 8

with the higher PTSI value results in a maintained oscillation post-disturbance, while the

same increase in power injected at the less sensitive bus 6 results in the system maintaining
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Figure 3.6: 14-bus system base case IMR values.

adequate damping of this mode.

Lastly, we explore two remedial actions to mitigate the subsynchronous oscillation intro-

duced in Case A. Our first action is informed by looking at the reactive power sensitivities

for Case A in Fig. 3.8. According to the QFSI values, an increase in the reactive power

injection at bus 8 will result in some eigenvalue shifting to the left and increase the damping

of its associated mode. The QTSI value at bus 8 being low indicates that this increase will

not significantly shift any eigenvalues towards the right. Following this, in Case A-2 we

increase the reactive power injection of the IBR at bus 8 and observe a significant increase

in the damping of the oscillatory mode in Fig. 3.7. Next in Case A-3, we change the control

mode of the IBR at bus 8 from GFL to a grid-forming (GFM) droop controller and plot

the active power sensitivity injections for the Base Case in Fig. 3.9. Fig. 3.9a shows that

the system is no longer sensitive to increases in active power injection at bus 8, which we

validate by simulating Case A with GFM control at bus 8 and seeing an improved response

in Fig. 3.7.

3.2.7 118-Bus Test System Results

For further studies on the network admittance and voltage sensitivities, we use the IEEE

118-bus test system [143, 144]. We modify the system to contain a mix of SM and IBR

devices including GFLs and GFMs. The SMs are represented with 8-th order generator

models with exciters, power stabilizers, and governors. Load buses and most GFLs are
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Figure 3.7: Time-domain response of bus 10 voltage magnitude and frequency for the cases in Table 3.3.

A 0.67 pu load step at bus 5 occurs at t = 1 s. Case A exhibits an undamped 1.4 Hz oscillation, which is

not prevalent in Case B. Increasing reactive power injected at bus 8 (Case A-2) or changing its control from

GFL to GFM (Case A-3) mitigate the oscillation introduced in Case A.

Table 3.4

Comparison of predicted and actual eigenvalue perturbations for three modes of the Base

Case 14-bus test system.

Perturbation
Eigenvalue Perturbation (∆λ× 105)

λ = −10.610 + 0.000 j λ = −10.791 + 3.382 j λ = −159.545 + 427.018 j

∆P8 = 1 pu

Actual 0.016 0.302 - 0.183 j 0.456 + 0.073 j

Pred. 0.016 0.302 - 0.183 j 0.455 + 0.073 j

Error 0.28% 0.02% 0.20%

∆Q8 = 1 pu

Actual 0.522 -0.645 + 0.008 j 2.985 + 0.935 j

Pred. 0.522 -0.645 + 0.008 j 2.983 + 0.933 j

Error 0.00% 0.01% 0.09%

∆V1 = 1 pu

Actual 2.330 -3.455 - 5.890 j 18.035 + 4.269 j

Pred. 2.330 -3.455 - 5.890 j 18.036 + 4.266 j

Error 0.00% 0.00% 0.02%

∆B5,6 = 1 pu

Actual 0.112 0.188 - 0.075 j 20.251 + 1.385 j

Pred. 0.112 0.188 - 0.075 j 20.248 + 1.386 j

Error 0.04% 0.04% 0.02%
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(a) QTSI (b) QFSI

Figure 3.8: 14-bus generator reactive power injection sensitivities for case A.

(a) PTSI (b) PFSI

Figure 3.9: 14-bus generator active power injection sensitivities for base case with a GFM at bus 8.
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modeled as PQ buses, while SMs and GFMs are modeled as PV buses (besides bus 1, which

is taken to be the slack bus). The system is initialized with a set of lines that are switched

off. We linearize the loads around the initial operating point and maintain this constant

impedance between perturbations.

We calculate the line admittance sensitivities for eigenvalues in the set {λ = σ+ jω |λ ∈
poles(Ŷ(s)), |λ| > 0.016 Hz,−40 Hz < σ, ω ̸= 0 Hz, |ω − ωnom| > 0.016 Hz, |ω| < 160 Hz}.
We plot the sensitivity indices for a decrease and increase in the line admittances in

Fig. 3.10a and Fig. 3.10b, respectively. Fig. 3.10a shows that the system has a high sensi-

tivity to decreases in the admittance of the line from bus 103 to 110, while Fig. 3.10b shows

that it has low sensitivity to increases in this line’s admittance. Looking at line 100-103,

Fig. 3.10 shows that the system has a moderate sensitivity to increases in the admittance

and a low sensitivity to decreases in its admittance. From these values we can anticipate

that switching off (i.e. decreasing the admittance to zero) line 103-110 will have a more

detrimental impact on the system’s small-signal stability, than switching off line 100-103.

In Fig. 3.11, we test the system’s time-domain response to switching of these lines. We

switch line 100-103 off and on, at t = 0.5 s and t = 1.0 s, and see the system return to a

new stable steady-state damping out any induced oscillations. At t = 2 s we switch off line

103-110 and see that the system becomes unstable with growing undamped oscillation of

95 Hz. With ’No Action’ taken, the system states diverge.

Looking for remedial actions, we calculate the reactive power injection and voltage mag-

nitude sensitivities of only the unstable eigenvalue (λ = 1.59+600.85j Hz) with line 103-110

off. Fig. 3.12, shows that with this line off the system has high sensitivities to increases in

the reactive power at bus 112 and the voltage at bus 100. In the ’Remedial Action’ simu-

lation, we decrease these values at t = 2.2 s and the oscillation is dampened out stabilizing

the system. At t = 2.5 s we switch line 103-110 back on.

Returning to Fig. 3.2, we can observe that the first-order eigenvalue sensitivities may

not provide perfect predictions of the nonlinear trace of the eigenvalues for large steps in

a parameter, such as when switching a line admittance off, however indices defined using

these sensitivities can provides valuable insights into which lines have little affect on the

system stability and which lines the system is sensitive to and should be further studied.
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(a) BijFSI

(b) BijTSI

Figure 3.10: 118-bus line admittance sensitivities.
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Figure 3.11: Time-domain response of bus 103 and bus 100 voltage magnitude and measured frequency when

switching the line between bus 100 and bus 103 off at time t = 0.5 s and on at t = 1.0 s, then switching line

103-110 off at t = 0.2 s and on at t = 2.7 s. Following the line 103-110 switch, the system becomes unstable

if no action is taken; the simulation diverges at t ≈ 2.6 s. Applying a remedial action decreasing the voltage

at bus 100 by 0.1 p.u and decreasing QG at bus 112 by 0.3 p.u at t = 2.2 s resolves the instability.

(a) QTSI (b) VTSI

Figure 3.12: Generator reactive power injection and voltage increase unstable eigenvalue (λ = 1.59 +

600.85j Hz) sensitivities for a portion of the 118-bus system with line 103-110 switched off.
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Chapter 4

UTILIZING INVERTERS FOR VOLTAGE REGULATION IN
DISTRIBUTION SYSTEMS

In this section we focus on the control of inverter-based resources as it relates to volt-

age regulation. In Section 4.1, we discuss the challenge of regulating voltages with large

data center loads and then introduce the system model used in the following studies. In

Section 4.2, we propose a switching-reference voltage control approach for regulating the

voltage at the grid interconnection of a data center. Then in Section 4.3, we explore the via-

bility of using data center uninterruptible power supply energy storage headroom to provide

active power regulation of the data center load.
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4.1 Introduction, Background & Modeling

The rapid growth of artificial intelligence (AI) has led to the deployment of increasingly large

training workloads in hyperscale data centers. Empirical scaling laws show that model per-

formance improves predictably with increasing model size, data, and computational bud-

get [145, 146]. As a consequence, electricity demand from AI training has also grown

rapidly [147]. At the same time, the scale and geographic concentration of modern data

centers make their power consumption an increasingly important factor in power system

operation.

Data center loads themselves are interfaced to the grid through inverters that can be

actively leveraged to help regulate the impact that data center loads have on the grid

voltage by adjusting their reactive power output. Further, data centers are often equipped

with significant portions of battery-energy storage that sits idle waiting to power the data

center in the event that the center decides to disconnect from the grid and switch to its

backup power supply. Data center loads can be volatile, significantly impacting the voltage

at their point of interconnection, but are inherently built with non-insignificant resources

that can be used to mitigate their impact on the grid.

4.1.1 Data Center Loads

Data center loads vary significantly over relatively short timescales, particularly when run-

ning Large Language Model (LLM) inference and training tasks [148]. A representative AI

training power trace is shown in Fig. 4.1, characterized by rapid ramps and periodic fluctua-

tions. This distinctive pattern arises from the distributed training of large AI models across

multiple GPU racks: power demand increases substantially during computation in each

training iteration and drops sharply during communication. These abrupt load transitions

constitute the dominant source of voltage deviations along the distribution feeder.

Since the most severe voltage violations arise during these abrupt transitions, existing

regulation methods designed for smoothly varying loads often fail to respond sufficiently

fast to mitigate the worst violations. Furthermore, responding to repeated large power

fluctuations using traditional methods can incur substantial control costs.
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Figure 4.1: Per unit power readings from an at-scale training job on DGX H100 racks [160, 161].

One common approach to voltage regulation in distribution systems is network-wide re-

active power control. Traditionally achieved using mechanical devices such as tap-changing

transformers, this method is unsuitable for frequent adjustments due to equipment lifespan

limitations. Inverter-based resources have therefore emerged as valuable assets for voltage

regulation due to their ability to update reactive power setpoints rapidly. Accordingly, volt-

age droop control and its variants have been widely proposed [149, 150, 151, 152]. However,

these methods are primarily designed for slowly varying loads.

Beyond grid-side regulation, recent studies have treated data centers as active partic-

ipants by leveraging internal infrastructure for voltage support. This includes workload-

aware power capping [153], server-level power modulation [154, 148], coordinated control

of UPS and cooling systems [155], and GPU utilization control [156]. Some works have

further considered coordination with external grid assets, such as grid-forming battery sys-

tems [157, 158] and EV charging stations [159]. However, these approaches often overlook

the underlying power dynamics of modern AI training workloads, leading to unnecessarily

large control efforts with limited improvement in worst-case voltage deviations.

4.1.2 Distribution System Modeling

To evaluate how active power transitions from AI workloads impact bus voltages across

the network, the physical power flow must be mathematically defined. We model a radial

distribution feeder system as a directed tree graph G = (N , E), where N represents the set

of buses and E represents the set of distribution lines. The substation at the head of the

feeder is designated as the slack bus, establishing the reference voltage.
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DistFlow Power Flow Formulation

For the accurate physical simulation of the distribution network, we employ the DistFlow

model [162], which represents the true nonlinear branch flow equations. For each line

(i, j) ∈ E connecting bus i to bus j at time t, the real and reactive power flows are governed

by:

Pij,t = pj,t +
∑

k:(j,k)∈E

Pjk,t + rijlij,t (4.1a)

Qij,t = qj,t +
∑

k:(j,k)∈E

Qjk,t + xijlij,t (4.1b)

v2j,t = v2i,t − 2(rijPij,t + xijQij,t) + (r2ij + x2ij)lij,t, (4.1c)

where pj,t and qj,t are the net active and reactive power injections at bus j, rij and xij are

the resistance and reactance of line (i, j), and vi,t is the voltage magnitude at bus i. The

term lij,t = (P 2
ij,t+Q2

ij,t)/v
2
i,t represents the squared magnitude of the complex line current,

which explicitly captures the nonlinear power losses. These equations are used to simulate

the physical system voltages. For radial networks, the non-convex equality defining the

line current can be relaxed to an inequality (lij,t ≥ (P 2
ij,t + Q2

ij,t)/v
2
i,t), forming a convex

Second-Order Cone (SOC) constraint [163]. Although the SOC relaxation provides a useful

approach for power flow routing, it can still introduce significant computational overhead

for receding-horizon control, and it is mathematically cumbersome for deriving closed-form

stability guarantees.

LinDistFlow Approximation

While the exact DistFlow model is necessary for accurate physical simulation, its non-

linearities make it computationally burdensome for receding-horizon optimal control and

mathematically intractable for deriving closed-form stability guarantees.

To facilitate controller synthesis—specifically when establishing the error-tracking con-

traction of voltage references or incorporating network-wide voltage constraints into a convex

framework—the system is linearized. By assuming the line losses (lij,t) are relatively small

and the bus voltages remain close to the nominal 1.0 p.u. reference, the higher-order loss
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terms are neglected. This yields the LinDistFlow approximation [162, 150]:

vj,t ≈ vi,t − (rijPij,t + xijQij,t). (4.2)

By aggregating these linearized equations across the entire radial network, the relation-

ship between nodal power injections and bus voltages can be expressed compactly in matrix

form:

vt = Rpt +Xqt + 1, (4.3)

where vt, pt, and qt are the vectors of bus voltage magnitudes, active power injections,

and reactive power injections, respectively, and the all-ones vector 1 represents the nominal

slack bus voltage. The positive definite matrices R,X ∈ Rn×n capture the network-wide

sensitivity mapping of power injections to bus voltages.

Traditional voltage regulation relies on decentralized Volt-VAR droop control, where

inverter-based resources adjust qt in response to (4.3) to drive voltages toward a fixed

reference. However, because fixed-reference control responds only after a voltage change has

occurred, it is fundamentally ill-equipped to preempt the severe step-transitions induced by

AI workloads.

Data Center Workload Modeling

Modern synchronized LLM training workloads exhibit temporal structure in active power

consumption that differs fundamentally from conventional slowly varying demand. As shown

in Fig. 4.1, the aggregate data center power exhibits repeated switching between two dom-

inant operating levels with abrupt transitions. We refer to the high-power phase (forward

and backward propagation) as the compute phase, and to the lower-power phase (synchro-

nization and checkpointing) as the communication phase. Because accelerators operate

synchronously, the aggregate demand switches collectively between these two phases.

Motivated by this temporal structure, we model active power injection at the data center

bus i as:

pi,t = p̄i(mt) + wt, |wt| ≤ w̄(mt), (4.4)

where mt ∈ {0, 1} denotes the mode, with 0 for communication and 1 for computation.
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The injections p̄i(0) and p̄i(1) are the corresponding average demands, while wt captures

intra-phase fluctuations bounded by w̄(mt).

During large-scale AI training, short-term active power variation is dominated by the

training workload within the data center, and we regard the power injections at other buses

as remaining nearly constant. Let p̄(0), p̄(1) ∈ Rn denote the network average active power

injections associated with the communication and computation modes, respectively. For a

data center connected at bus i, the two network injection profiles differ only at that bus:

p̄(0)− p̄(1) = (p̄i(0)− p̄i(1))ei, (4.5)

where ei is the i-th standard basis vector.
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4.2 Regulation of Data Center Loads Using Switching-Reference Voltage Con-
trol1

In this work, we aim to answer the following question: How should we design a voltage

control law to mitigate voltage deviations induced by AI training workloads, while avoiding

excessive control effort?

We propose a decentralized switching-reference voltage control for distribution systems

with AI-training data centers. The key idea is to exploit the structured switching dynamics

of such loads to reduce worst-case voltage deviations with minimal control effort. We first

characterize the two-mode structure of large-scale AI training workloads, and then design

a switching-reference droop controller that aligns the voltage reference with the dominant

operating level of the data center load. On this basis, we establish conditions for volt-

age convergence and characterize when voltage reference placement can effectively reduce

voltage deviations. We further develop a rule for switching voltage references based solely

on local voltage measurements, enabling simple local implementation while significantly re-

ducing control effort. Case studies demonstrate that the proposed approach substantially

reduces voltage deviations and reactive power control effort compared with conventional

fixed-reference droop control. It remains effective under multiple data centers and data-

center-level load smoothing, without the need for extensive coordination.

The decentralized switching-reference is defined at each bus i as:

vrefi,t = vbiasi,t + si,tv
amp
i,t , (4.6)

where vbiasi,t tracks the midpoint of the two operating levels, vamp
i,t captures half the magnitude

of the mode-induced voltage shift, and the sign selector si,t ∈ {−1,+1} acts as a local

estimate of the unknown data center mode mt. This control law is updated completely

autonomously using only local voltage measurements. The rigorous mathematical proofs

establishing the closed-loop contraction of the reference-tracking error and the optimization

of the worst-case steady-state deviation are thoroughly detailed in [161].

1Adapted from M. Yan, T. Joswig-Jones, B. Zhang, Y. Chen and W. Cui, “Switching-Reference Voltage
Control for Distribution Systems with AI-Training Data Centers,” arXiv, 2026. [161]
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By aligning the voltage reference with the dominant operating level, this approach sig-

nificantly mitigates the worst-case voltage violations while drastically reducing the reactive

power control effort required by grid-side inverters.

4.2.1 Grid-Side Voltage Control

Voltage Control and Challenges

Large and rapid variations in data center power usage affect voltages throughout the system

and may drive them toward or beyond acceptable operating limits (e.g., within ±5% of

nominal) [164].

Reactive power control is commonly used for voltage regulation in distribution systems.

A widely adopted approach is decentralized Volt–VAR droop control [149, 151, 165], in

which inverter-based resources adjust reactive power injections based on local voltage mea-

surements. In discrete time, a typical droop update can be written as

qt+1 = qt −K
(
vt − 1

)
, (4.7)

where K = diag(k1, . . . , kn) with ki > 0.

This droop control only uses current information to drive voltages toward a fixed refer-

ence (e.g., 1 p.u. in (4.7)). However, when applied to step power transitions induced by AI

training workloads, the controller repeatedly reacts to each transition without accounting

for the underlying two-mode structure of the training workload. As a result, large voltage

deviations can persist during frequent mode transitions.

To address the above challenges, we propose a decentralized grid-side voltage control

framework that exploits the structured power dynamics of AI training workloads. The key

idea is to incorporate the characteristic step power changes of data centers into the design

of voltage control, as illustrated in Fig. 4.1. As we will show, by aligning voltage regulation

with this structured load behavior, voltages can be maintained within the desired range

with much smaller and less frequent reactive power injections. Importantly, the proposed

controller operates independently of internal power management in data centers. If internal

resources such as battery storage partially smooth the active power profile [166], the grid-

side controller remains effective and compatible with internal data center control strategies.
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Figure 4.2: Voltage response to step-like data center power transitions. (a) Active power profile at the data

center bus, where the power switches between two operating levels and exhibits a step change of ∆pj,tm at

each transition. (b) Voltage trajectory under decentralized droop control with a fixed reference vref ≡ 1.

Each transition induces a voltage shift approximately Rjj∆pj,tm . (c) Voltage trajectory with a time-varying

reference aligned with the data center mode switching. By shifting the reference, the worst post-transition

voltage deviation is reduced to approximately 1
2
Rjj∆pj,tm .

Control Law with Time-varying Voltage References

Our proposed controller retains the form

qt+1 = qt −K
(
vt − vref

t

)
, (4.8)

with the key difference from (4.7) being that the reference used to compute the feedback

error term, vref
t , is now time-varying. To see why this reference should be set dynamically

rather than be held constant, we note that the voltage change between two neighboring

time steps satisfies

vt+1 = vt +R∆pt +X∆qt, (4.9)

where ∆pt := pt+1 − pt and ∆qt := qt+1 − qt.
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Motivated by this observation, we assign different voltage reference levels for the two data

center operating modes so that the reference effectively shifts between two levels to preempt

the large load changes. As shown in Fig. 4.2(c), this time-varying reference effectively shifts

between two levels, allowing part of the voltage change induced by the power transition

to be absorbed by the reference shift itself. For example, right after a transition, the

peak voltage deviation is approximately |Rjj∆pj,tm |. However, choosing the reference as

vrefj,tm
= 1− 1

2Rjj∆pj,tm yields a post-transition voltage vj,tm+1 ≈ 1 + 1
2Rjj∆pj,tm , reducing

the peak deviation to roughly half that under fixed-reference droop control.

In particular, we implement this time-varying reference as a switching reference that

alternates between two levels. More formally, we parameterize the reference as

vrefi,t = 1 + si,tv
amp
i , (4.10)

where si,t ∈ {−1,+1} selects one of the two reference levels, and vamp
i ∈ R≥0 determines

their magnitude. We will later show how to set si,t such that the reference of each bus i

switches between 1± vamp
i depending on the data center mode mt.

In practice, voltage fluctuations exist within each operating mode and may have different

magnitudes (e.g., voltage variations during the compute phase are larger than those during

the communication phase). To accommodate this asymmetry, we introduce a bias term that

allows the midpoint of the two reference levels to shift. Accordingly, we generalize (4.10) to

vrefi,t = vbiasi + si,tv
amp
i , (4.11)

where vbiasi ∈ R is the bias of voltage reference at bus i.

Under this parameterization, the two reference levels for each bus i are centered at vbiasi

and separated by 2vamp
i . The remaining question is how these reference levels should be cho-

sen so that the steady-state voltage shift induced by active power variation is incorporated

into the reference itself.

Switching Law and Closed-Loop Voltage Deviation Analysis

We now analyze the closed-loop reference-tracking error, and show how the references should

be chosen to reduce the worst-case voltage deviation from its nominal value.
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Substituting (4.8) into the LinDistFlow model in (4.3), the voltage deviation relative to

the reference evolves as

vt+1 − vref
t+1 = (I−XK)

(
vt − vref

t

)
+ dt, (4.12)

where dt := R∆pt − ∆vref
t , ∆pt := pt+1 − pt, and ∆vref

t := vref
t+1 − vref

t . The detailed

derivation is provided in [161].

The reference-tracking error vt+1 − vref
t+1 depends on both terms on the right-hand side

in (4.12). Therefore, we design K to ensure closed-loop contraction and bound the size of

the disturbance dt. We have the following theorem2:

Theorem 5 (Convergence of voltage deviation). If the diagonal gain matrix K satisfies

0 ≺ K ≺ 2X−1, then there exist a nonnegative matrix C and a constant 0 < ϵ < 1 such that

for any initial time t0 and all t ≥ t0,

|vt − vref
t | ≤ C ϵt−t0 |vt0 − vref

t0 |+
t−1∑
τ=t0

C ϵt−1−τ |dτ |. (4.13)

In particular, for any d̄ where |dt| ≤ d̄ for all t,

lim sup
t→∞

|vt − vref
t | ≤

1

1− ϵ
C d̄. (4.14)

Theorem 5 shows that the voltage deviation |vt − vref
t | is driven by the disturbance

dt = R∆pt−∆vref
t . For conventional fixed-reference droop control, dt = R∆pt and therefore

the large fluctuation of load (i.e., large ∆pt) results in large voltage deviations. The proof

of Theorem 5 is presented in [161].

Next, we show how designing switching references can reduce the magnitude of dt,

thereby limiting the steady-state voltage deviation. The active-power increment at the

data center can be decomposed as ∆pj,t = (p̄j(mt+1) − p̄j(mt)) + (wt+1 − wt), where the

first term represents the structured shift of power caused by mode transitions of data center

loads, and the second term captures the intra-mode fluctuations. To cancel the voltage

2Here |·| denotes element-wise absolute value. Vector and matrix inequalities are interpreted element-wise,
and lim sup applied to vectors is also understood element-wise.
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deviation induced by mode transitions, we design the reference to depend only on the data

center mode mt rather than directly on time t,

vref
t = v̄ref(mt), (4.15)

where v̄ref(0) and v̄ref(1) denote the reference voltages associated with the two data center

modes. From (4.3), the voltage change induced by a data center power step is ∆vmode :=

R
(
p̄(0) − p̄(1)

)
. The next proposition shows that a bias–shift parameterization of the two

mode-dependent reference levels cancels the disturbance induced by mode switching, corre-

sponding to (4.11) with vbias = b and vamp = 1
2∆vmode.

Proposition 6 (Voltage reference switching). Let the reference design follow (4.15) and

∆vmode := R
(
p̄(0)−p̄(1)

)
. If, for some bias vector b ∈ Rn,the two mode-dependent reference

levels are chosen as

v̄ref(0) = b+
1

2
∆vmode, v̄ref(1) = b− 1

2
∆vmode, (4.16)

then the disturbance term dt in (4.12) reduces to dt = rj(wt+1 − wt), where rj denotes the

jth column of R.

Proposition 6 is proven in [161] and shows that a proper choice of the references can

reduce the disturbance magnitude |dt|, and consequently the voltage deviation |vt − vref
t |.

Our ultimate objective, however, is to reduce the worst-case steady-state voltage deviation

from the nominal value of 1 p.u. We next characterize how shifting the reference bias can

achieve this objective.

In particular, under the reference design (4.15)–(4.16), the steady-state extrema v+(b)

and v−(b) induced by the current bias b provide the information needed to correct the

bias and reduce the worst-case steady-state deviation. This observation is formalized in the

following proposition.

Proposition 7 (Bias shifting). Under the reference design (4.15)–(4.16), define for each

mode m ∈ {0, 1} the steady-state voltage extrema v+(m, b) := lim supt→∞ vt and v−(m, b) :=

lim inft→∞ vt along trajectories with fixed mode mt ≡ m. The corresponding component-wise
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extrema across two modes are

v+(b) := max{v+(0, b), v+(1, b)}, v−(b) := min{v−(0, b), v−(1, b)}.

Then the bias that minimizes the worst-case steady-state voltage deviation from the nominal

value is

b⋆ = b−
(v+(b) + v−(b)

2
− 1
)
. (4.17)

The proof of Proposition 7 can be found in [161].

Measurement-Based Reference Adaptation

In practice, neither the data center mode mt, the mode-induced voltage shift ∆vmode from

the mode switching, nor the optimal bias b⋆ is directly available to the grid controller. We

therefore construct a measurement-based reference using only local voltage observations.

Fortunately, both the mode-induced voltage shift ∆vmode and the voltage extrema

needed for bias correction can be approximated from recent voltage measurements. We

therefore maintain the most recent L voltage samples for each bus i, Wi,t := {vi,t−ℓ | ℓ =

0, . . . , L− 1}.
Specifically, for each bus i, we use the reference structure characterized in Proposition 6

and 7 to construct the time-varying reference

vrefi,t = vbiasi,t + si,tv
amp
i,t , (4.18)

where vbiasi,t , si,t, and vamp
i,t serve as estimates of the bias bi, mode mt and

1
2∆vmode,i, respec-

tively.

Amplitude Update Guided by Proposition 6, we set vamp
i,t to 1

2∆vmode,i, that is, half

of the step voltage change induced by a mode transition. We therefore adapt this value

online using the largest per-step voltage change in the past window. Let La ≤ L denote the

window length used for amplitude estimation. If La is sufficiently long to include a mode

transition, the window Wi,t contains at least one recent transition, and the largest one-step

voltage change within this window max0≤ℓ≤La−2 |vi,t−ℓ − vi,t−ℓ−1| provides an estimate of
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the mode-induced voltage shift ∆vmode,i. The amplitude is therefore updated as

vamp
i,t = 1

2 max
0≤ℓ≤La−2

∣∣vi,t−ℓ − vi,t−ℓ−1

∣∣. (4.19)

Bias Update Proposition 7 shows that the optimal bias can be determined from the

steady-state voltage extrema using (4.17). Since these extrema are not directly observable,

we approximate them from recent voltage measurements over a horizon Lb ≤ L. Let Wi,t

denote the corresponding measurement window. If Lb is sufficiently long relative to the typi-

cal interval between mode transitions, the windowWi,t captures the voltage range produced

by the two operating modes. The midpoint of this range therefore provides an estimate of

the bias correction term ∆b in Proposition 7

∆bi,t =
1
2

(
max

0≤ℓ≤Lb−1
vi,t−ℓ + min

0≤ℓ≤Lb−1
vi,t−ℓ

)
− 1.

The bias is then updated incrementally as

vbiasi,t+1 = vbiasi,t − ηb∆bi,t, (4.20)

where ηb ∈ (0, 1] is a smoothing gain. Equation (4.17) corresponds to a full correction, i.e.,

ηb = 1. Here we instead use a smaller gain to reduce the influence of outdated extrema

that may remain in the finite window until replaced by newer samples. A smaller ηb helps

prevent the bias update from overreacting to such stale extrema.

Sign Selection The sign si,t ∈ {−1,+1} acts as a local estimate of the unknown data

center mode mt, enabling a decentralized approximation of (4.15) using only local voltage

measurements. We choose:

si,t =


+1, vi,t > vbiasi,t ,

−1, otherwise.

(4.21)

Because the bias approximates the midpoint between the two operating levels and intra-

phase fluctuations are typically much smaller than the level separation, the voltage remains

consistently above or below the bias within each phase, providing a simple decentralized

rule for reference selection.
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The above construction does not depend on a particular workload, model scale, or switch-

ing period. Different AI training jobs or internal data center controls may lead to different

phase durations and transition magnitudes. Since these changing power patterns are re-

flected in the most recent voltage measurements, the measurement-based implementation

enables the controller to adapt effectively to variations in the power profile. As will be

demonstrated in the case study, the proposed controller can accommodate disturbances

from multiple data centers, as well as changes in the data center load profile induced by

internal power-smoothing control.

4.2.2 Experiments

Simulation Setup

We evaluate the proposed method on the IEEE 33-bus distribution feeder [162]. The base

unit for power and voltage is 10 MVA and 12.66 kV, respectively. The system is simulated

with time step ∆tsim = 0.1 s, at which voltage states and active power injections are

updated. Reactive power control operates on a slower time scale, with updates applied

every ∆tctrl = 1.0 s, while reactive injections are held constant between control instants,

consistent with practical inverter-based regulation [167].

For the proposed switching-reference method, both the bias-update and the amplitude-

estimation window are set to 120 s. We compare it with the fixed-reference droop controller

in (4.7), which employs a fixed voltage reference of 1 p.u.. For both methods, we adopt

a symmetric deadband of 0.02 p.u. and per-update reactive power saturation of 0.01 p.u.,

consistent with IEEE 1547 [149]. Moreover, the linear droop gain K is identical for both

methods.

Simulations use an approximately 45-minute power trace collected during synchronous

distributed training of the LLaMA-2-70B model [168] with a QLoRA configuration [169] on

a 4×H200 GPU server. We use this trace as a representative AI-training power profile to

capture the temporal structure induced by synchronized training. Such a workflow produces

repeatable compute/communication phase alignment and periodic patterns in the aggregate

power trace. Scaling the number of accelerators primarily changes the magnitude of the
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(b) Switching-reference control

Figure 4.3: Single data center scenario: comparison of incremental reactive adjustment ∆q (p.u.) and voltage

trajectory v (p.u.) under fixed-reference and switching-reference control. The proposed switching-reference

control substantially reduces reactive power control effort while maintaining voltage within the admissible

±5% voltage-deviation band.

aggregate load, while largely preserving its underlying temporal structure.

Decentralized Grid-Side Control

Fig. 4.3 compares the conventional fixed-reference droop control with the proposed switching-

reference control when a data center is connected to bus 22. Under fixed-reference control,

control actions repeatedly reach the per-update limit, indicating sustained saturation of the

control action. The resulting voltage trajectory exhibits persistent oscillations synchronized

with the load fluctuations. In contrast, the switching-reference control substantially reduces

both the magnitude and persistence of control actions after a short transient. The voltage

remains consistently within the admissible ±5% voltage-deviation band and closer to the

nominal value.
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Figure 4.4: Decentralized grid-side voltage control with internal data center load smoothing. (a) Data center

power profile with internal load smoothing starting at t ≈ 1400s. (b) Reactive control actions ∆q (p.u.) and

voltage trajectories v (p.u.) under the proposed switching-reference controller.

Compatibility with Data Center Load Smoothing

To examine compatibility with potential load-smoothing control in the data center, we

simulate a case in which the data center initially operates without internal power regulation

and activates internal load smoothing at t ≈ 1400 s. The power trace therefore allows us to

assess whether the proposed controller can promptly adapt to changes in the power profile

induced by internal load-smoothing control.

Specifically, the data center is modeled as a single aggregated load equipped with an

energy storage system, where the storage is sized to supply the maximum data center

power for 60s, corresponding to the time required for backup generators to come online.

The storage dispatch changes the net active power injection at the data center bus as

p̂j,t = pj,t − zj,t, where zj,t denotes the storage power dispatched to offset deviations of

the instantaneous data center load from its recent average. Its dispatch follows a simple

droop-type rule: zj,t = kp
(
pj,t − 1

T

∑t
τ=t−T pj,τ

)
, with droop gain kp = 0.6 and averaging
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horizon T = 100s. To preserve backup capability, the storage is restricted to operate within

a narrow state-of-charge band around 95% (0.93–0.97), and the dispatch is forced to zero

whenever these energy limits are reached.

The data center power profile is shown in Fig. 4.4(a), where the power trace initially

follows the original switching pattern of the training workload and exhibits a reduced mag-

nitude of power transitions after internal regulation begins. The corresponding voltage

trajectory and control actions are shown in Fig. 4.4(b). After internal load smoothing is

activated, the reduced power fluctuations lead to smaller voltage deviations. These results

illustrate that the proposed controller remains effective without requiring extensive coordi-

nation when the load switching pattern is altered by load smoothing in the data center.
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4.3 Regulation of Data Center Loads Using Uninterruptible Power Supply
Energy Storage

While Section 4.2 addresses grid-side reactive power compensation, we can also leverage

active power compensation using the internal energy storage capacities of data centers in

the form of Uninterruptible Power Supplies (UPS). If dispatched strategically, this UPS

storage can directly smooth the active power profile before the fluctuations propagate to the

distribution feeder. In this section, we investigate whether the energy storage units in data

center UPSs can be effectively leveraged for active voltage regulation without compromising

their core backup redundancy functions.

4.3.1 Data Center System Modeling and Reliability Constraints

To leverage the data center for active power regulation, the internal topology of the facility

must be considered. The facility is modeled as a set of uninterruptible power supplies

(UPSs), S, and server racks, D. For a data center located at bus i ∈ N , its UPSs are

collected in the subset Si, and its server rack loads in the subset Di.

The connections between UPSs and server racks are modeled via the biadjacency matrix

A ∈ {0, 1}ND×NS , where Aj,k = 1 indicates that the j-th server rack can receive power from

the k-th UPS. The energy stored in the k-th UPS at time t is denoted ek,t, bounded by its

maximum capacity ēk. The active power output of each UPS is represented by the decision

variables uPk .

UPS N-1 Redundancy Constraints

A fundamental operational limitation is that a data center must maintain sufficient battery-

energy storage in its UPS units to power all server racks for Tbackup, the time required for

backup generators to come online, even during an N-1 UPS contingency event [170]. In each

timestep t, rack j demands Dj,τ power. The backup energy demand for rack j over this

horizon is defined as dj,t =
∑t+Tbackup

τ=t Dj,τ ·∆t.

To ensure adequate energy reserves in any N-1 contingency, generalized routing con-

straints introduce an energy allocation matrix Et ∈ RND×NS , where element ek→j,t repre-
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sents the energy allocated from UPS k to rack j. For each failed UPS scenario f ∈ S, the
weighted allocations Ê

f
t = Af ⊙ Et (where Af is the biadjacency matrix with column f

zeroed out [171]) must simultaneously satisfy the rack demands and respect the surviving

UPS capacities: ∑
k∈S

êfk→j,t = dj,t ∀j ∈ D,∀f ∈ S (4.22a)

∑
j∈D

êfk→j,t ≤ ek,t ∀k ∈ S, ∀f ∈ S. (4.22b)

While this generalized formulation accommodates arbitrary routing topologies, data

centers typically employ standardized physical architectures that eliminate the need for the

dense ND ×NS allocation variables entirely.

Typical Data Center Layouts

Centralized UPS: If all server racks are supported by a common power bus fed by a

centralized pool of UPS units, the biadjacency matrix is an all-ones matrix (A = 1). The

point-to-point allocation variables vanish, and the N-1 redundancy requirement simplifies

to NS aggregate bounds ensuring the surviving fleet can meet the total facility demand:∑
i∈S\{k}

ei,t ≥
∑
j∈D

dj,t ∀ k ∈ S. (4.23)

Dedicated N+1 (Swing UPS): A typical N+1 backup layout is shown in Fig. 4.5. If

each rack is supported by a dedicated primary UPS with a single standby “swing” UPS s

acting as a universal backup, the biadjacency matrix becomes A = [I | 1]. This structure

decouples the contingencies into two strict bounds: every primary UPS must independently

support its own rack, and the swing UPS must possess enough energy to cover the maximum

demand of any single rack in the facility:

ek,t ≥ dk,t ∀k ∈ S (4.24a)

es,t ≥ dj,t ∀j ∈ D. (4.24b)

Leveraging these structurally simplified N-1 constraints, the computational burden of solv-

ing a storage dispatch problem with energy storage limits can be significantly reduced.
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Utility Grid Bus

UPS 1 . . . UPS N Swing UPS

PDU 1 . . . PDU N Swing PDU

Cluster 1 . . . Cluster N

Feed to any PDU

Figure 4.5: Diagram illustrates the N+1 UPS Layout. There are N primary power trains (Utility → UPS →

PDU → Cluster), and one single swing UPS and swing PDU pair acting as an isolated redundant backup.

In the event of a primary UPS failure, its dedicated PDU can switch to receive power from the backup UPS

via the swing PDU, as shown by the dashed lines.

4.3.2 Ideal MPC Storage Dispatch Problem

Subject to these reliability constraints assuming an N+1 UPS layout, we formulate the

baseline, deterministic voltage regulation optimization problem as:

min
uP ,uQ

∑
i∈N

∑
t∈T

1

2
(vi,t − vnom)

2 (4.25a)

s.t. pi,t = PL
i,t −

∑
k∈Si

uPk,t +
∑
j∈Di

Dj,t ∀ i ∈ N , ∀ t ∈ T (4.25b)

qi,t = QL
i,t +

∑
k∈Si

uQk,t ∀ i ∈ N , ∀ t ∈ T (4.25c)

vt = Rpt +Xqt + 1 ∀ t ∈ T (4.25d)

uPk ∈ [P k, P̄k] ∀ k ∈ Si (4.25e)

dk,t ≤ ek,t ≤ ēk ∀ k ∈ Si \ {s}, ∀ t ∈ T (4.25f)

dj,t ≤ es,t ≤ ēs ∀ j ∈ Di, ∀ t ∈ T (4.25g)

et+1 = et − uP
t ·∆t ∀ t ∈ T (4.25h)

where here PL
i,t is the background load at bus i from loads outside the data center.

Solving (4.25) globally over a long horizon is computationally intractable for fast control,
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and requires knowledge of the distribution system’s parameters, loads at other buses, and

the future demand of the data center racks.

4.3.3 Predictive Control Modeling Considerations

To transition from the idealized deterministic problem (4.25) to an implementable real-world

controller, the Model Predictive Control (MPC) algorithm requires a finite-horizon forecast

of the data center’s future load.

Because the true future active power demand of the server racks at future time step

τ > t, denoted as Dj,τ , is unknown at the current control time step t, the controller must

rely on a predictive forecasting model, F . This predictor utilizes a historical observation

window of the realized load to generate a sequence of future load predictions over the horizon

H.

The prediction sequence for a given rack over the horizon is thus defined as:

[D̃j,t, D̃j,t+1, . . . , D̃j,t+H−1] = F(Dj,t−W , . . . , Dj,t) (4.26)

where W is the historical look-back window utilized by the predictor.

Consequently, any state or constraint that depends on the future load must also be

treated as a predicted variable. Most critically, the dynamic N-1 backup energy requirement

integrated over the backup horizon Tbackup transforms from a known deterministic bound

into a predicted requirement. For a given prediction step τ , this is:

d̃j,τ =

τ+Tbackup∑
m=τ

D̃j,m ·∆t. (4.27)

The accuracy of the controller is intrinsically linked to the prediction error, defined as the

difference between the realized value and the forecasted value (e.g., Dj,t+τ − D̃j,τ ).

However, predicting LLM training workloads presents unique forecasting and opera-

tional challenges. Unlike traditional aggregate residential or commercial loads, the raw

active power demand of a synchronized LLM training cluster exhibits a highly volatile, dis-

tinctly bimodal distribution. It jumps abruptly between low-draw communication phases

and maximum-draw compute phases. This unmitigated bimodal base load behavior is illus-

trated in Fig. 4.6(a).
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Figure 4.6: Empirical characterization of the raw LLM training workload. Because the load is highly bimodal

(a), standard Gaussian assumptions fail. Consequently, extracting a robust 99th percentile limit from the

historical energy requirement (b) yields a large static lower energy bound for the UPS storage.

To successfully regulate this extreme profile, the predictive control architecture must be

carefully augmented to address four distinct challenges: predicting required energy bounds,

step-timing misalignments, finite-horizon trajectory inconsistencies, and integrated energy

prediction uncertainties.

Static Energy Capacity Bounds

Because the bimodal LLM distribution is not Gaussian, standard statistical assumptions

regarding load volatility are invalid. If a grid operator employs a standalone, reactive

controller without predictive foresight, they must size the N-1 emergency reserve against a

static, absolute worst-case scenario.

By evaluating the cumulative distribution function (CDF) of the historical backup energy

requirement (Fig. 4.6(b)), a robust percentile-based lower bound can be extracted. However,

utilizing this static bound locks away a significant percentage of the battery capacity that

would otherwise be available when the future energy requirements are lower, leaving it

unavailable for active power regulation.



118

Load Step Timing Errors

To utilize this additional capacity, the controller can use a time-series predictor to dynam-

ically forecast the baseline requirement. However, directly applying MPC to these predic-

tions introduces a vulnerability due to the sharp, bimodal step-changes of the workload. As

illustrated in the stylized power demand diagram in Fig. 4.7, even if a predictor perfectly

estimates the magnitude of an impending compute spike, it will inevitably lead or lag the

physical event by some amount of time. This misalignment, an error in predicting the
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Figure 4.7: Stylized illustration of a prediction phase-shift error. A slight timing lag in anticipating an

abrupt physical load step (a) immediately propagates into a persistent mismatch in the integrated backup

energy requirement (b).

timing of the load step, severely degrades the performance of a predictive controller. If the

MPC expects the load to drop, but the physical servers remain in a high-compute phase

for an extra second, the controller may start to charge the UPS early, exacerbating power

profile steps and grid voltage deviations.

A single-layer MPC operating at a coarse predictive timestep (e.g., 1 to 10 seconds)

cannot physically react quickly enough to correct these instantaneous step timing errors.

However, attempting to execute a predictive optimization at a sub-second resolution to

address these step changes is computationally intractable. Therefore, to safely control these
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volatile workloads, the control architecture must be decoupled into multiple levels. An outer

predictive layer is used to plan power and energy trajectories over a long horizon, while a

faster inner control loop is necessary to track the physical load and quickly reject the timing

errors of the predictor.

Finite Horizon Trajectory Anchoring

In addition to step timing misalignments, the periodic nature of LLM workloads makes

the average value of the load vary across finite computational horizons if the prediction

window does not align with the load period and is insufficiently long to capture the true

average of the periodic workload. As the receding horizon slides forward in time, the local

average load captured within the finite window fluctuates, causing the unanchored controller

to repeatedly step the power trajectory to align with this shifting local mean. Since our

controllers performance objectives are to regulate the power demand to reduce its ramp

rate and variance, these steps in the predicted average value degrade the performance of

the control when evaluated over the full simulation period.

To resolve this without increasing the computational burden of an extended prediction

window, we include an anchor cost penalty to the MPC formulation objective. By explicitly

penalizing large step deviations from the immediate prior control action, and simultane-

ously evaluating both the recent historical past and the predicted future against a shared,

optimized mean variable, the controller can tie its discrete optimization windows to the

previously established power trajectory.

Predicted Required Energy Buffering

To utilize the predictive foresight necessary to leverage additional battery capacity while

remaining robust against errors in the predicted backup storage energy, we propose adding

a buffer on the energy constraint.

While the instantaneous timing errors cause sharp power spikes, the N-1 contingency

constraint is fundamentally an energy requirement integrated over the backup horizon,

Tbackup. Fig. 4.8 evaluates the statistical distributions of the prediction errors. Because
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timing errors are auto-correlated, they can compound during integration over the control

and planning windows.
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Figure 4.8: Stylized illustration of potential errors in the predicted load. (a) The PDF of the instantaneous

power error highlighting the small long tails caused by step timing errors. (b) The PDF of the absolute

integrated energy prediction error (∆Et) over the backup horizon.

Furthermore, the directionality of the prediction error dictates different operational risks,

requiring asymmetric buffers. Underestimating the load creates an accumulated energy

shortage, risking violation of the N-1 contingency minimums. Conversely, overestimating

the load creates an accumulated energy surplus, risking battery overcharge or clipping if

the controller leaves insufficient headroom.

Fig. 4.9 demonstrates the resulting cumulative distribution functions (CDFs) of these

integrated energy errors. By extracting the 99th percentiles, we define two distinct buffers:

a lower safety buffer (Blower) derived from the accumulated shortages over the control and

planning horizons, and an upper headroom buffer (Bupper) derived from the accumulated

surplus resulting from synchronous updates.

Note that when a single UPS supports multiple server racks, the aggregate prediction

error inherently depends on the correlation between the individual rack workloads. If the

racks process independent computational tasks, their prediction errors partially cancel each

other out when aggregated, effectively reducing the total required safety buffer. In our
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Figure 4.9: Statistical evaluation of the asymmetric energy buffer requirements. (a) The CDF of the ac-

cumulated shortage (underestimates) used to size the lower safety buffer (Blower). (b) The CDF of the

accumulated surplus (overestimates) used to size the upper headroom buffer (Bupper).

formulation, however, we assume the server racks operate as a unified cluster training a

large language model in temporal synchrony. Because these workloads are highly correlated,

the aggregated prediction error simplifies to a direct summation. Therefore, we can safely

size the stochastic buffers directly from the aggregate synchronized load profile.

In instances of severe predictor overshoot, the sum of the forecasted requirement and the

lower stochastic buffer might artificially exceed the absolute maximum energy the physical

system could theoretically consume. To prevent the controller from locking away more

capacity than the load could possibly demand, this dynamic lower limit is strictly capped

by the static 99th percentile historical energy requirement (E99%
static) derived previously from

the raw load profile. The finalized, dynamically bounded contingency constraint for any

UPS k becomes:

ek,t ≥ min
(
Ẽreq

k,t +Blower, E99%
static

)
, (4.28)

where Ẽreq
k,t is the predicted energy requirement lower limit at time t for storage unit k as

defined in (4.22b) or (4.24b) depending on the data center architecture. This formulation

ensures a survival probability of P (ek,t ≥ Ẽreq
k,t ) ≥ 0.99 while firmly bounding the maximum

reserved capacity. It grants the controller the freedom to safely utilize the battery for load
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smoothing, temporarily using the Blower margin to absorb any underestimation inaccuracies

from the predictor, while guaranteeing that the system defaults to the safety of the static

historical limit for worst-case prediction failures.

4.3.4 Hierarchical Control Architecture

To reconcile the need for long-term predictive peak-shaving with the requirement for instan-

taneous disturbance rejection, we propose a two-layered hierarchical control architecture

that implements the solutions motivated in the previous sections. This structure decouples

the optimization horizons, allowing a supervisory MPC to handle optimizing the storage dis-

patch over time and maintaining the energy storage constraints while a decentralized inner

loop manages sub-second load volatility. This control structure is illustrated in Fig. 4.10.

The architecture is divided into two primary loops:

1. The Outer Planning Loop (Predictive): Operating at a coarse timestep, this

layer utilizes the predictor forecasts to compute the optimal, grid-smoothing power

baselines. It incorporates the asymmetric stochastic energy buffers (Blower and Bupper)

derived in Section 4.3.3 to probabilistically guarantee N-1 contingency survival and

prevent overcharge saturation despite predictor uncertainties.

2. The Inner Tracking Loop (Reactive): Operating at a high-frequency, sub-second

timestep, this layer responds to the actual current power demand. It utilizes a low-

pass filter to track the physical instantaneous load, rejecting the timing misalignments

of the predictor and ensuring the UPS hardware executes a smooth, safe AC power

injection.

Through this hierarchical structure, the system achieves optimal long-term planning

without being compromised by the load step timing errors inherent in high-volatility load

predictions.
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Figure 4.10: Proposed hierarchical control architecture. The supervisory MPC operates on a slow timescale

(Tcontrol = 1 s - 10 s) to establish smoothed grid targets (P ∗
nom), while the inner tracking filter operates at

the hardware timescale (∆t = 1 ms-100 ms) to reject instantaneous prediction errors.
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Outer Loop: Optimal Trajectory Planning

The outer loop consists of the supervisory MPC, executing at a slower timescale Tcontrol

solving a finite-horizon (T ) trajectory optimization problem. At each control step t, it uti-

lizes the finite-horizon (H) predictions of the LLM training workload. The objective of this

layer is to calculate an active power trajectory, P ∗
nom, for the grid point of interconnection

(POI).

To explicitly balance the competing interests of grid impact minimization and bat-

tery preservation, the supervisory MPC minimizes a multi-objective cost function J over

the prediction horizon H. The optimization considers the future prediction horizon τ ∈
{0, . . . , T − 1}. The total cost function is formulated as:

J(uP , µ, ϵ, Pnet,τ ) =

t+T−1∑
τ=t

[
α (Pnet,τ − µ)2︸ ︷︷ ︸
Power Deviations

+β (Pnet,τ − Pnet,τ+1)
2︸ ︷︷ ︸

Power Ramp Rate

+ γ
∑
k∈S

Φdeg(u
P
k,τ , eτ )︸ ︷︷ ︸

Battery Degradation

+ η
∑
k∈S
∥ϵk,τ∥2︸ ︷︷ ︸

Soft Constraints

]
+ Janchor

(4.29)

The primary summation evaluates the predictive objective over the future horizon. The

first term penalizes power deviations from the mean power demand (µ). Rather than fixing

this mean as a rigid parameter, µ is treated as a free decision variable within the optimiza-

tion. The second term penalizes step-to-step ramp rates of the power demand.

The third term introduces a battery degradation penalty, Φdeg(u
P
k,τ , ek,τ ) = (uPk,τ )

2 +

(ek,τ − e∗)2, applying a quadratic cost to the storage dispatch and deviations from the

specified SoC (e∗) to discourage aggressive power draws and deep discharge cycles, and

naturally promote proportional load sharing among the available UPS units. The fourth

term penalizes an energy constraint slack variables (ϵk = (ϵlowerk , ϵupperk )) introduced later,

ensuring that the buffered energy storage limits are only violated if necessary to maintain

solver feasibility during unpredicted transients.

To reduce large steps between MPC control iterations, an anchoring term is appended

to the objective function:
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Janchor = α

 t−1∑
τ=t−Tcontrol

(Pnet,τ − µ)2


︸ ︷︷ ︸

Historical Mean Anchor

+β (Pnet,t − Pnet,t−1)
2︸ ︷︷ ︸

Ramp Anchor

. (4.30)

This term applies the power deviation penalty (α) to the fixed historical trajectory (Pnet,τ

for τ ∈ {t − Tcontrol, . . . , t − 1}.) against the same shared free variable, µ. By minimizing

the combined variance of both the historical past and the predicted future against this

single decision variable, the optimization ties the future load trajectory to the recent past

average value. Further, we penalize the deviation of the power in the first step from the

last achieved power value to prevent large steps to occur in the desired power trajectory

between the MPC finite-horizon updates.

At each timestep t, the supervisory layer solves the following constrained optimization

problem over the prediction horizon T := {t, . . . , t+ T − 1}:

min
uP ,µ,ϵ

J(uP , µ, ϵ, P̃net) (4.31a)

s.t. P̃net,τ =
∑
j∈Di

D̃j,τ −
∑
k∈Si

uPk,τ ∀ τ ∈ T (4.31b)

ek,τ+1 = ek,τ − uPk,τ ·∆Tcontrol ∀ k ∈ S, ∀ τ ∈ T (4.31c)

P k ≤ uPk,τ ≤ P k ∀ k ∈ S, ∀ τ ∈ T (4.31d)

ek,τ ≥
(
Ẽreq

k,τ +Blower
)
− ϵlowerk,τ ∀ k ∈ S, ∀ τ ∈ T (4.31e)

ek,τ ≤ (ek −Bupper) + ϵupperk,τ ∀ k ∈ S, ∀ τ ∈ T (4.31f)

ϵlowerk , ϵupperk ≥ 0 ∀ k ∈ S, (4.31g)

Equation (4.31c) enforces the discrete-time battery energy dynamics, with the initial state

ek,0 set to the currently measured battery level at time t. Equation (4.31e) enforces the

dynamically calculated N-1 contingency lower bounds, protected by the lower energy buffer.

Equation (4.31f) establishes the upper State of Charge (SoC) limitation. To mitigate

long-term battery degradation (such as calendar aging) caused by floating at maximum

physical capacity, the operational limit ek is purposefully set below 100%. The upper

stochastic buffer (Bupper) is then subtracted from this ceiling to guarantee sufficient head-

room to absorb instantaneous energy surpluses resulting from load overestimates. Finally,
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integrating the slack variables (ϵupperk,τ , ϵlowerk,τ ) converts these limits into soft bounds, prevent-

ing problem infeasibility during large transients. If set to be sufficiently large, the buffered

energy constraints will only be violated if necessary for problem feasibility when there are

significant steps in the predicted energy requirement.

The optimal trajectory, P ∗
nom, is passed to the inner tracking layer as the reference target

over the following Tcontrol period.

Inner Loop: Fast Disturbance Rejection

Because the power trace predictions are inherently imperfect, the instantaneous aggregate

data center demand,
∑

Dj,t, will inevitably deviate from the MPC’s expected profile be-

tween the slower Tcontrol optimization updates. To prevent these high-frequency prediction

errors from propagating to the grid, the inner tracking layer operates at a fast control rate

to reject these instantaneous disturbances.

The tracking controller first calculates the total unpredicted active power residual, de-

fined as the difference between the actual required tracking power and the sum of the MPC’s

planned dispatch commands, uP∗
k,t :

∆Perr(t) =

∑
j∈Di

Dj,t − P ∗
nom

−∑
k∈Si

uP∗
k,t . (4.32)

To safely absorb this disturbance, the residual error is dynamically distributed among

the available UPS units proportionally to their available physical headroom. This available

headroom calculation evaluates both the instantaneous active power ratings (P k, P k) and

the remaining energy capacity relative to the lower energy bounds and upper energy limit,

preventing the inner loop from attempting to draw power from saturated units. Let ũPk,t de-

note the intermediary assigned power target for UPS k after this energy-aware distribution.

To achieve smooth hardware actuation and consider storage ramp rates, the controller

applies a discrete-time first-order low-pass filter to these intermediary targets to yield the

final active power dispatch commands:

uPk,t = αũPk,t + (1− α)uPk,t−1 (4.33)
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where the filter coefficient is defined as α = ∆t
τf+∆t , with τf being the filter time constant

and ∆t representing the execution timestep of the inner loop.

4.3.5 Case Study and Experimental Setup

To evaluate the effectiveness of the proposed hierarchical architecture under realistic fore-

casting uncertainties, we simulate a data center connected to an IEEE 33-bus radial distri-

bution system. The data center is modeled with 3 active server racks and 4 UPS storage

units to satisfy N+1 redundancy requirements. The aggregate data center load is scaled

to 2.0 MW and driven by an LLM training workload profile exhibiting abrupt compute-

to-communication phase transitions. The required backup period of the data center is 60

seconds.

To generate the requisite active power forecasts (D̃j,t) utilized by the supervisory MPC,

we employ a Long Short-Term Memory (LSTM) recurrent neural network as the specific

predictive model for this study. The LSTM was trained offline using power traces of the

LLM training workloads, enabling it to predict the compute-communication cycles of the

workload.

During the simulation, the supervisory MPC horizon is set to 60 seconds using 120 second

long predictions with a control update interval of 10 seconds. The costs and simulation

parameters can be found in Table 4.1. We evaluate three scenarios:

1. Base Load: The unmitigated data center active power profile.

2. Standard Proportional Droop: A standalone, purely responsive linear control law

that dispatches active power proportional to the instantaneous load error. Its target,

Pnom, is a simple historical moving average, and its safety bound is derived from

the absolute system load that is passed to the inner loop controller low-pass filter.

To guarantee survival without foresight, this requires a static, immutable offline lower

limit (e.g., 0.7816 pu) derived from the 99th percentile global maximum of the historical

energy requirement.
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Table 4.1

Simulation Parameters and MPC Tuning

Parameter Value Parameter Value

Temporal & Tracking Horizons Energy Limits (pu·s)
Sim. Duration 52 min Lower Limit (E99%

static) 0.7816

Backup Horizon (Tbackup) 60 s Upper Limit (ej) 0.8750

MPC Horizon (Tpred) 60 s Lower Buffer (Blower) 0.1590

Update Interval (Tcontrol) 6 s Upper Buffer (Bupper) 0.0180

Inner Timestep (∆t) 0.1 s MPC Objective Weights

Filter Constant (τf ) 0.5 s Smooth (α): 100 Ramp (β): 102

SoC Reference Pnlty. 10−2 Degrad. (γ): 10−1 Slack (η): 101

3. Hierarchical MPC: The proposed supervisory controller utilizing the LSTM pre-

dictor and asymmetric stochastic buffering.

Stochastic Bounds and Prediction Error

Prior to evaluating the closed-loop control performance, we first analyze the empirical fore-

casting accuracy of the trained LSTM model on a dataset of LLM load profiles. Charac-

terizing these distributions is a prerequisite for the simulation, as they directly dictate the

sizing of the asymmetric stochastic buffers utilized by the Hierarchical MPC.

To intuitively understand the nature of forecasting uncertainty in this domain, it is

instructive to first examine the LSTM’s behavior in the time domain. Fig. 4.11 illustrates

a single prediction window captured at t = 550 s during the evaluation of a LLaMA-2

70B training workload. As shown in Fig 4.11(a), the model successfully anticipates the

impending transition from a low-power communication phase to a maximum-draw compute

phase. However, slight misalignments due to mistiming the steps, are inevitable during

these exceptionally abrupt transitions. Fig. 4.11(b) demonstrates how these instantaneous

power mismatches integrate over the 60-second backup horizon, causing the predicted energy
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requirement to deviate from the true requirement.
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Figure 4.11: Time-domain alignment of the LSTM predictor evaluating a LLaMA-2 70B training workload.

While the predictor successfully captures the magnitude and general timing of compute spikes, minor step

timing errors occur at the transition boundaries, accumulating into the integrated energy deviations shown

in (b).

To guarantee operational safety, the control architecture must robustly account for these

step timing deviations. Therefore, we aggregate the statistical distributions of these errors

across the entire dataset. First, we characterize the physical demands of the unmitigated

data center load, illustrated in Fig. 4.12.

As shown in Fig. 4.12(a), the raw active power demand exhibits the expected bimodal

distribution, jumping abruptly between low-draw idle states and near-maximum capacity

during synchronized compute phases. Fig. 4.12(b) presents the cumulative distribution

function (CDF) of the absolute energy required to survive a worst-case Tbackup contingency.

A standalone, purely reactive controller must size its permanent static reserve against the

99th percentile of this global requirement (evaluated at 0.7816 pu), permanently locking

away storage capacity.

To safely use this capacity, the Hierarchical MPC utilizes the LSTM to forecast the

baseline requirement. Fig. 4.13 evaluates the statistical accuracy of these forecasts across

the different integration horizons.
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Figure 4.12: Empirical characterization of 63 different LLM training workloads. (a) The bimodal nature of

the instantaneous active power demand. (b) The CDF of the integrated energy required over Tbackup, which

establishes the conservative static safety limits required by standalone reactive controllers.

When the LSTM predictor is applied to the testing data, the instantaneous active power

prediction error (Fig. 4.13(a)) remains tightly centered around zero, indicating that the

model successfully captures steady-state load magnitudes. However, the presence of long

tails shows the occurrence of the step timing errors observed in the time domain.

For the enforcement of the N-1 redundancy constraints and upper capacity hardware

limits, Fig. 4.14 isolates the directional risks of these errors. By extracting the 99th per-

centiles from these empirical CDFs, we precisely size the dual stochastic buffers. For this

specific simulation workload, the 99th percentile of accumulated shortages yields a required

lower safety buffer of Blower = 0.1591 pu-s. Conversely, the 99th percentile of accumulated

surplus from synchronous updates yields an upper headroom buffer of Bupper = 0.0179 pu-

s. These empirical margins are applied to the Hierarchical MPC, guaranteeing the system

gracefully absorbs prediction uncertainties.
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Figure 4.13: Probability distributions of the LSTM predictor uncertainties when tested on 63 LLM workload

traces. While instantaneous power errors (a) are tightly zero-centered, integrating these auto-correlated

timing errors over the various backup and control horizons (b-d) results in wider energy error dispersions

that necessitate protective buffering.
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Figure 4.14: Cumulative Distribution Functions (CDFs) used to size the asymmetric safety margins. The

99th percentile of the accumulated shortages (a) dictates Blower, while the overestimates (b) dictate Bupper.

Control Performance and Constraint Management

The performance of the evaluated control strategies is quantified using the defined objective

function over the whole simulated trajectory. The proposed Hierarchical MPC achieves a

total realized cost of 0.0153, outperforming both the standard proportional droop controller

(0.0436) and the unmitigated base load (0.1303), as detailed in Table 4.2. This cost reduction

is primarily driven by minimizing power deviations from the average load and significantly

reducing the transient ramp rates. As illustrated in the top panel of Fig. 4.16, the MPC

establishes a smoothed power profile using its mean-ramp objective, whereas purely reactive

penalization results in continuous drifting within the load states. While the MPC utilizes

higher control effort—resulting in a slightly increased battery degradation cost compared to

the droop controller—the substantial improvements in load smoothing outweigh this penalty

under the selected tuning parameters.

A primary advantage of the predictive architecture is its ability to safely maximize

battery utilization. Lacking foresight, standalone reactive controllers must rely on a con-

servative, static N-1 lower bound (teal dashed line, Fig. 4.15), which severely restricts the
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permissible depth of discharge. Conversely, the Hierarchical MPC dynamically calculates

instantaneous backup requirements using load forecasts. By applying predefined stochastic

buffers to these forecasts, the MPC probabilistically guarantees N-1 compliance while safely

operating below the conservative static bound to reclaim stranded capacity.

Table 4.2

Final Realized Cost Evaluation by Control Strategy (×10−2)

Scenario Total Cost Smooth Ramp Degrad. SoC

Base Load 13.0300 6.4800 6.5500 0.0000 0.0000

Prop. Droop 4.3600 1.6400 2.6700 0.0400 0.0002

Hierarchical MPC 1.5300 0.5500 0.8900 0.0900 0.0006

Achieving comparable smoothing with a proportional droop controller requires aggres-

sively increasing its gain and manually lowering its static bounds, risking hardware limit

violations. During sustained compute phases, this aggressive tuning rapidly saturates the

battery at maximum capacity (green line, Fig. 4.15), forcing instantaneous curtailment that

produces unmitigated secondary load steps. Tuning the MPC objective weights presents

similar challenges in balancing performance trade-offs; however, the optimization frame-

work inherently incorporates system boundaries as constraints, automatically decelerating

the control action to prevent limit-induced saturation.

To improve the droop control method in the face of these challenges would require sig-

nificant structural augmentation, including state-of-charge feedback and predictive dynamic

bounds. While the evaluated droop controller naturally charges and discharges in line with

periodic workloads, it remains vulnerable to volatile load variations without explicit pre-

dictive boundary awareness. Ultimately, the MPC framework robustly smooths the active

power drawn from the grid, effectively mitigating severe voltage sags at the point of inter-

connection (POI) while maintaining operational limits.
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Figure 4.15: Simulation results comparing control strategies. Top: Net DC active power drawn from the

grid. Middle: Aggregate State-of-Charge for the UPS batteries. Bottom: Resulting Voltage at the Point

of Interconnection (POI). The MPC uses additional capacity while avoiding the dynamic buffered bounds

(purple shaded region), whereas the Droop controller occasionally saturates against the static limits.
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Figure 4.16: Zoomed in simulation results from t = 200 s to t = 450 s. The proposed Hierarchical MPC

effectively reduces power deviation (top) while smoothly managing energy throughput (middle) to prevent

the voltage steps (bottom) characteristic of the unmitigated base load.
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Chapter 5

CONCLUSION

This dissertation explored three main topics relating to IBRs: the control of inverters

with current magnitude constraints, the stability and sensitivity of systems with inverters,

and the regulation of large inverter-based loads.

In Chapter 2, we covered a range of approaches for modeling and controlling inverters

with current limits. We identified stability conditions for the control of an IBR with a current

limiter giving insights into how uneven control actions can cause convergences challenges for

systems with circular magnitude limits. We proposed a safety filter approach for IBR control

that strictly enforces current limits with minimal intervention, advancing our understanding

of how to manage inverters when transients preclude stiff voltage source operation. We

showed that the geometry of the feasible output of an IBR constrained by current limits is

convex opening the door for the application of control approaches and optimization methods

that require convexity to systems of current constrained inverters. Lastly, we proposed a

safe trajectory optimizing controller applicable to a grid-interfacing inverters.

In Chapter 3, we focused on the small-signal stability of power systems containing IBRs.

First, we reviewed the topic of system strength and evaluated the applicability of exist-

ing system strength metrics to systems with high levels of IBRs. We found that traditional

fault current based metrics are unable to identify critical control interactions in systems with

IBRs that admittance model based metrics can. However, clear and intuitive admittance

model based metrics still have yet to developed and adopted in industry. Next, we proposed

a new grid strength metric based on the sensitivity of a system’s eigenvalues to perturba-

tions in power flow parameters. This approach to quantifying system strength through the

sensitivity of the system’s small-signal stability characteristics provides intuitive insights

into what changes in the system can cause instability challenges and what remedial actions

a system operator could take to resolve such issues.
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In Chapter 4, we considered the impact that large data center loads have on system

voltages and proposed two approaches for regulating voltages in systems with these loads.

We developed a switching-reference reactive power controller for IBRs that can preemptively

mitigate the rapid, step-change load fluctuations characteristic of LLM training. Next, we

established that by utilizing the idle headroom in Uninterruptible Power Supply (UPS)

energy storage—while strictly enforcing N-1 redundancy limits—data centers can actively

smooth their net active power draw, significantly buffering the distribution feeder from

severe compute volatility without compromising internal reliability.
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5.1 Directions for Future Work

Based upon the results presented in this dissertation, there are several avenues for subse-

quent research.

Control of Inverter-Based Resources under Current Constraints

Relating to the stability of IBRs with current limiters in Section 2.2, future work includes

considering the impact of disturbances in the grid voltage, investigating other objective

functions for the reference MPC trajectories, and considering the cost of actuation required

to maintain the current magnitude saturation bound.

Relating to the safety filter approach presented in Section 2.3, future work includes

considering the impact of disturbances and parameter uncertainty, extending these results to

include voltage magnitude control, modifying this method for integral control, and studying

the stability of networks of inverters using this approach.

Lastly, relating to the Safe Trajectory Gradient Flow control presented in Section 2.5, fu-

ture work includes, our future work includes finding conditions to guarantee the convergence

of the rolling horizon trajectory problem, and how to handle the impact of disturbances on

the ability of the approach to maintain safety. This could involve incorporating autore-

gressive filters for the real-time estimation of exogenous inputs [172]. In addition, reducing

the computational complexity to make it easier to implement on microcontrollers or a hi-

erarchical control structure with a slower outer loop controller that is driven with this safe

trajectory gradient descent approach would be required to make this approach to the control

of grid-interfacing inverters practical. Lastly, it is unclear what conditions are required such

that the quadratic program always remains feasible as the trajectory horizon rolls forward.

Finally, analyzing the stability of interconnected networks of these current constrained

inverters remains an open and highly relevant challenge.

System Strength and Small-Signal Stability

Building upon the system strength and eigenvalue sensitivity metrics introduced in Chap-

ter 3, future studies could explore extending the method to consider second-order eigenvalue
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sensitivities to more accurately predict the impact of large perturbations. Additionally, fu-

ture work could more accurately represent droop dynamics or automatic generation control

(AGC) when determining how the steady-state power flow solution is perturbed. Because

sensitivity-based stability approaches have proven highly effective for evaluating margins

in converter-interfaced systems [173, 174], other directions include utilizing these proposed

sensitivities to optimize generator dispatches to increase modal damping and strengthen

the system’s small-signal stability. In particular, these analytical sensitivities could be

highly useful when considering small-signal stability-constrained AC OPF (SSSC-OPF)

problems [175, 176], or when formulating sequential matrix perturbation-based optimization

methods [177]. Formally, this casts the dispatch problem as a spectral abscissa optimiza-

tion, where the goal is to systematically shift the dominant system modes deeper into the

stable region and increasing their damping. Finally, another potential research direction is

analyzing how the sensitivities of the eigenvalues change as they are perturbed, determining

methods for minimizing the overall system sensitivity in terms of the eigenvalue sensitivity

to parameter uncertainties.

Regulation of Large Data Center Loads

Regarding the regulation of data center workloads discussed in Chapter 4, future work

could focus on testing the proposed control approaches under highly uncertain operational

conditions, considering LLM inference loads and more accurately modeling the data center

as a whole. Data centers loads are determined by the computing tasks they are running,

and how these tasks are scheduled and dispatched to the servers within the center impact

how CPU power consumption aggregates. Further, the routing of power through these data

centers passes through many power electronics devices making electrical losses an important

detail to consider. To fully understand the impact of data centers on the grid modeling,

we must model system dynamics. While the approaches in our work utilize steady-state

distribution network models (e.g., DistFlow), subsequent studies can consider modeling the

voltage dynamics of the data center power electronics and grid system to accurately capture

the behavior of the system induced by abrupt LLM computing loads.
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Appendix A

OPTIMAL & SAFE CONTROL OF GRID-INTERFACING
INVERTERS WITH CURRENT MAGNITUDE LIMITS

A.1 Full-order Inverter with LCL Filter Model

We consider an inverter system connected to the grid via an LCL filter [41], with inner

control loops [36], a phase-locked loop (PLL) [42] and a current limiter. This system has

the dynamics

ẋ =
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(A.1)

where
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and I∗id, I
∗
iq, Vd, Vq, ωref are defined as

I∗id

I∗iq

Vd

Vq

ωref
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=
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(A.3)

where the states x contains the PLL angle difference from the grid voltage (δpll), the PLL in-

tegral term (Πpll), the voltage controller integral terms (Φdq), the current controller integral

terms (Γdq), the inverter-side inductor currents (Iidq), the capacitor voltages (Wdq), and

the grid-side inductor currents (Igdq). In the dq-reference frame the power can be calculated

as P
Q

 =
3

2

Vd Vq

Vq −Vd

Id
Iq

 , (A.4)

with Vdq, Idq being the voltage and current at the node of interest.

A.2 Proof of Theorem 1

We select the Lyapunov function V (z) = z⊤z. It is clear that V (0) = 0. Then it suffices to

show that V (∆xt+1) < V (∆xt) ∀ ∆xt ∈ R2, ∆xt ̸= 0.

If ∥∆xt + x∗∥2 ≤ 1, then ∆xt+1 = A(∆xt) + Bu(∆xt). Then V (∆xt+1) < V (∆xt) by

(2.8). Therefore, we focus on when ∥∆xt + x∗∥2 > 1, where x̂t =
∆xt+x∗

∥∆xt+x∗∥2 from (2.5) and

(2.7b) such that we have the step dynamics

∆xt+1 = (A−BK)

(
∆xt + x∗

∥∆xt + x∗∥2
− x∗

)
.

By (2.8), we have

V (∆xt+1) <

∥∥∥∥ ∆xt + x∗

∥∆xt + x∗∥2
− x∗

∥∥∥∥2
2

Now we show that

V (∆xt+1) <

∥∥∥∥ ∆xt + x∗

∥∆xt + x∗∥2
− x∗

∥∥∥∥2
2

< V (∆xt) = ∥∆xt∥22. (A.5)
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Given the vector xt, let v to be a vector orthogonal to it. Then {xt,v} forms a basis in R2,

and we can write x∗ as

x∗ = c1xt + c2v,

where c1 =
⟨xt,x∗⟩
∥xt∥22

and the term c1xt represents the projection of x∗ onto xt. Then

V (∆xt) = ∥xt − x∗∥22 =
∥∥∥∥xt −

⟨xt,x
∗⟩

∥xt∥22
xt

∥∥∥∥2
2

+ ∥c2v∥22. (A.6)

To show (A.5), we have
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∥∥∥∥ ∆xt + x∗

∥∆xt + x∗∥2
− x∗

∥∥∥∥2
2

(a)
=

∥∥∥∥ 1− ⟨xt,x
∗⟩

∥∆xt + x∗∥2
xt

∥∥∥∥2
2

+ ∥c2v∥22

=

(
1

∥xt∥2
− ⟨x

∗,xt⟩
∥xt∥22

)2

∥xt∥22 + ∥c2v∥22
(b)
<

(
1− ⟨x

∗,xt⟩
∥xt∥22

)2

∥xt∥22 + ∥c2v∥22

=

∥∥∥∥xt −
⟨xt,x

∗⟩
∥xt∥22

xt

∥∥∥∥2
2

+ ∥c2v∥22
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where (a) follows from xt and v being orthogonal to each other and (c) follows (A.6). The

step (b) follows from the fact that

⟨x∗,xt⟩
∥xt∥22

<
1

∥xt∥2
< 1.

To see this, note that by assumption, we assume xt saturates, so ∥xt∥22 > 1 and 1
∥xt∥2 <

1. Next, we manipulate the inequality ⟨x∗,xt⟩
∥xt∥22

< 1
∥xt∥2 by applying the Cauchy-Schwarz

inequality (|⟨x∗,xt⟩| ≤ ∥x∗∥2 · ∥xt∥2) to get

⟨x∗,xt⟩
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≤ ∥x
∗∥2 · ∥xt∥2
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=
∥x∗∥2
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<
1
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,

which is true since we assume ∥x∗∥2 < 1.
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A.3 Proof of Theorem 2

Proof of Theorem 2: We have

Â = I−∆t

 R
L ωnom

−ωnom
R
L
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 . Suppose K satisfies (A−BK)⊤(A−

BK)− I ≺ 0. Expanding this inequality and neglecting the terms that contain ∆t2 (by the

assumption that ∆t is sufficient small), we have

−∆t(A⊤ +K⊤B⊤ +A+BK) ≺ 0,

or

A⊤ +K⊤B⊤ +A+BK ≻ 0.

Writing the matrices out, we have2R
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Since L > 0, we obtain2R 0
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Now we note that the left hand side expression is a monotonic in terms of R. Namely, if K

satisfies this inequality for R1, then K also satisfies this inequality for any R2 > R1. ■

A.4 Proof of Theorem 3

We have two major lemmas that establish the existence of a safe and stable K.
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Lemma 2 (Conditions for a safe & stable system). Given M ∈ Rp×p, y ∈ Rp, and z ∈ Rp,

where ∥y∥2 ≤ ∥z∥2, if M⊤y = λy, λmin(M+M⊤) ≥ λ, and M+M⊤ ⪰ 0, then

z⊤Mz− z⊤My ≥ 0.

Lemma 3 (Existence of a safe & stable K). Given A ∈ Rp×p,B ∈ Rp×1. Given x∗

and u∗, satisfying Ax∗ + Bu∗ = 0, if A + A⊤ ≺ 0, and A−1B ̸= 0, then there exists a

K ∈ R1×p, such that the closed-loop system N := A−BK has the properties N⊤x∗ = λx∗,

λmax(N+N⊤) ≤ λ, and N+N⊤ ⪯ 0.

We can apply these lemmas to prove Theorem 3 as follows. Since we have x∗,u∗

satisfying (2.16), then the closed-loop dynamics of (2.2) with control u = u∗−K(x−x∗) can

be equivalently represented as ẋ = −Ā(x− x∗), where Ā = −(A−BK). For safety of this

equivalent system we require (2.14) to hold for all x ∈ ∂S, with f(x) = −Ā(x−x∗), g(x) = 0.

This is equivalent to the inequality

x⊤Āx− x⊤Āx∗ ≥ 0 ∀ x ∈ ∂S.

We can show this inequality holds using Lemma 2, where M = Ā, z = x and y = x∗, if

we can find a K that satisfies the following criteria:

(x∗)⊤(A−BK) = (x∗)⊤λ, (A.7a)

λmax((A−BK) + (A−BK)⊤) ≤ λ, (A.7b)

(A−BK) + (A−BK)⊤ ≺ 0, (A.7c)

where λ ∈ R is the eigenvalue associated with x∗. With Lemma 3, we can see that for

our system a K satisfying (A.7) always exists, as the A matrix of (2.2) meets the SDP

condition, A+A⊤ ≺ 0, and the system is controllable.

Once these two lemmas are established we can conclude that there exists a safe linear

feedback controller such that there always exists at least one feasible solution for the safety

filter (QP) with our system (2.2).

Proof of Lemma 2. We start by noting that z⊤Mz − z⊤My ≥ 0 is equivalent to (z −
y)⊤M(z− y) ≥ y⊤My − y⊤Mz. Since y is a left eigenvector of M with eigenvalue λ this
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inequality is equivalent to

(z− y)⊤M(z− y) ≥ λy⊤y − λy⊤z.

Noting that (z− y)⊤M(z− y) = (z− y)⊤M+M⊤

2 (z− y), we have

(z− y)⊤
M+M⊤

2
(z− y) ≥ λy⊤y − λy⊤z.

We define v1,v2 and λ1, λ2 to be the eigenvectors and eigenvalues of M+M⊤

2 , and note that

we can pick v1,v2 to form an orthonormal basis as M+M⊤

2 is real and symmetric. We define

c1 = (z − y)⊤v1, c2 = (z − y)⊤v2 such that (z − y) = c1v1 + c2v2 and our inequality is

equal to

λ1c
2
1 + λ2c

2
2 ≥ λy⊤y − λy⊤z

Rearranging (z− y) = c1v1 + c2v2 we have z = y+ c1v1 + c2v2 which we substitute in for

the remaining z to get

λ1c
2
1 + λ2c

2
2 ≥ −λ(y⊤(c1v1 + c2v2)).

Using our assumption that λ1, λ2 ≥ λ
2 we can see that the left-hand side of the inequality

is lower bounded as

λ1c
2
1 + λ2c

2
2 ≥

λ

2
(c21 + c22) ≥ −λ(y⊤(c1v1 + c2v2)),

which is equivalent to showing that

c21 + c22 ≥ −2(c1y⊤v1 + c2y
⊤v2),

as λ1c
2
1, λ2c

2
2 ≥ 0 (M + M⊤ ≻ 0 =⇒ λ1, λ2 > 0). This can be shown using Lemma 4,

with ζ = z, γ = y, and {w1,w2} = {v1,v2}, as by assumption ∥z∥2 ≥ ∥y∥2. ■

Lemma 4. Given an orthonormal basis {w1,w2}, and γ, ζ ∈ R2 such that ∥ζ∥2 ≥ ∥γ∥2,

c21 + c22 ≥ −2(c1b+ c2d),

where c1 = a− b, c2 = c− d, and a = ζ⊤w1, b = γ⊤w1, c = ζ⊤w2, d = γ⊤w2.
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Proof. Plugging the definitions for c1 and c2 into the inequality and expanding we have

(a2 − 2ab+ b2) + (c2 − 2cd+ d2) ≥ −2(ab− b2 + cd− d2).

Noting that a2 + c2 = ∥ζ∥22 and b2 + d2 = ∥γ∥22, as w1 ⊥ w2, this reduces to

∥ζ∥22 + ∥γ∥22 ≥ 2∥γ∥22,

which is true as we assume ∥ζ∥2 ≥ ∥γ∥2. ■

Because of space constraints, we only show the proof for Lemma 3 when the control

input is scalar (i.e. u ∈ R1). The proof for the vector case is considerably more involved

and not needed for the results we present.

Proof of Lemma 3. First we note that x∗ = A−1Bu∗ such that N⊤x∗ = λx∗ ⇐⇒
u∗B⊤A−⊤(A−BK) = λu∗B⊤A−⊤. Assuming u∗ ̸= 0 and dividing it out we get

B⊤A−⊤(A−BK) = λB⊤A−⊤.

Solving for K, noting that B⊤A−⊤B is a scalar, we get

K =
1

B⊤A−⊤B

(
B⊤A−⊤(A− λI)

)
.

Plugging this into our expression for N we have

A−BK = A− 1

B⊤A−⊤B

(
BB⊤A−⊤(A− λI)

)
,

which can be substituted into the inequality A−BK+ (A−BK)⊤ ≺ λI to get

M1 − λM2 ≺ 0,

where

M1 =A+A⊤

− 1

B⊤A−⊤B

(
BB⊤A−⊤A+A⊤A−1BB⊤

)
,

M2 =I− 1

B⊤A−⊤B

(
BB⊤A−⊤ +A−1BB⊤

)
.
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We will show the following such that we can always choose λ < 0, sufficiently small, to have

M1 − λM2 ≺ 0: M1 ⪯ 0, with a single zero eigenvalue associated with the eigenvector z

(i.e. M1z = 0), and z⊤M2z < 0.

First, we show that M1 ⪯ 0, using the fact that if X ≺ 0, then P⊤XP ⪯ 0 ∀ P.

To construct this form consider P = I − A−1BB⊤A−⊤A
B⊤A−1B

. By direct computation, M1 =

P⊤(A+A⊤)P. This implies that M1 ⪯ 0 as (A+A⊤) ≺ 0.

Now, we can show that M1 has only one zero eigenvalue using this same P⊤XP form.

If v is a zero eigenvector of M1 then we have that v⊤P⊤(A+A⊤)Pv = 0. Since we assume

A +A⊤ ≺ 0, then this implies that Pv = 0. Note that P is the sum of a rank n matrix,

I, and a rank 1 matrix, which implies that P is at least rank n − 1 and can have at most

one zero eigenvalue. We see that this zero eigenvalue is associated with the eigenvector

z = A−1B by direct computation; M1z = 0 using the equality B⊤A−1B = B⊤A−⊤B,

which holds as B⊤A−1B is a scalar.

Lastly, we can show that z⊤M2z < 0 as

z⊤M2z =(A−1B)⊤M2(A
−1B)

=B⊤A−⊤A−1B

− 1

B⊤A−1B

(
(B⊤A−⊤B)B⊤A−⊤A−1B

+B⊤A−⊤A−1B(B⊤A−1B)
)

(a)
= −B⊤A−⊤A−1B

=− ∥A−1B∥22 < 0

where (a) follows from B⊤A−1B = B⊤A−⊤B. ■

A.5 Alternate Proof of Theorem 4

We can write the quantities in (2.19) just as a function of the current using the fact that at

equilibrium the steady state voltage is

Vdq = Edq − LAIdq.
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Substituting this into (2.19), we have

P =
3

2
I
⊤
dq(Edq − LAIdq) (A.8a)

Q =
3

2
I
⊤
dqJ(Edq − LAIdq) (A.8b)

V 2
dq = (Edq − LAIdq)

⊤(Edq − LAIdq). (A.8c)

We note that these equations can be represented in the form of a quadratic expression (i.e.

x⊤Nx) as

P =
3

2

Idq
1

⊤ −LA⊤ 0

E⊤
dq 0

Idq
1

 (A.9)

Q =
3

2

Idq
1

⊤ −LA⊤J 0

E⊤
dqJ 0

Idq
1

 (A.10)

V 2
dq =

Idq
1

⊤  L2A⊤A −LA⊤Edq

−LE⊤
dqA E⊤

dqEdq

Idq
1

 . (A.11)

Because of the particular form of these equations, Theorem 1 follows directly from the

following Lemma.

Lemma 5. Given a function f(x) = (x̂⊤Nx̂, x̂⊤Mx̂), with x̂ = (x, 1) and N,M ∈
{L | L ∈ R3, L1,1 = L2,2, L1,2 = −L2,1}, and the unit ball X := {x | ∥x∥22 ≤ 1}, the set

Z := {f(x) | x ∈ X} is convex.

Proof. We note that we can take the trace of both terms of f(x) and apply the cyclic

property of trace such that we equivalently have

f(x) = (tr(Nx̂x̂⊤), tr(Mx̂x̂⊤)).

Now letW be the set of all symmetric 3×3 matrices w ∈ S3 where: w ⪰ 0, w1,1+w2,2 ≤ 1,

and w3,3 = 1. We can relax the x̂x̂⊤ terms of Z into w such that we have a new set

Ẑ = {(tr(Nw), tr(Mw) |w ∈W}.

It clear that Z ⊂ Ẑ. Ẑ is clearly convex in w as trace and matrix multiplication are linear

operations and the set W is convex.
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Expanding the trace terms, we note the constraints on N,M and the symmetry of w

(w1,2 = w2,1). Because the upper-left 2 × 2 blocks of N and M are defined to be skew-

symmetric in their off-diagonals (e.g. N1,2 = −N2,1), the cross terms cancel: N1,2w2,1 +

N2,1w1,2 = 0. Therefore, the traces simplify entirely to:

(tr(Nw), tr(Mw)) =

a1 a1 b⊤1

a2 a2 b⊤2



w1,1

w2,2

w1,3

w2,3

+

c1
c2

 ,

where a1 = N1,1 = N2,2, a2 = M1,1 = M2,2, b1 = (N1,3 + N3,1, N2,3 + N3,2), b2 = (M1,3 +

M3,1,M2,3 +M3,2), c1 = N3,3, c2 = M3,3. Similarly we have

(tr(Nx̂x̂⊤), tr(Mx̂x̂⊤)) =

a1 a1 b⊤1

a2 a2 b⊤2



x21

x22

x1

x2

+

c1
c2

 ,

Now we will show that for any w ∈ W we can always pick a x ∈ X such that

(tr(Nx̂x̂⊤), tr(Mx̂x̂⊤)) = (tr(Nw), tr(Mw)). Noting our constraints on the set W , and that

in general for an SDP matrix, A ⪰ 0, the off-diagonals are bound such that A2
ij ≤ (AiiAjj)

we have that w2
1,3 ≤ w1,1w3,3 and w2

2,3 ≤ w2,2w3,3. This provides the bound w2
1,3 + w2

2,3 ≤
w11w3,3 +w2,2w3,3. We have w3,3 = 1, so this becomes w2

1,3 +w2
2,3 ≤ w11 +w2,2 ≤ 1. In the

following, for brevity we define a := (a1, a2), B :=

b⊤1
b⊤2

, c := (c1, c2), such that

(tr(Nw), tr(Mw)) = a · (w1,1 + w2,2) +B

w1,3

w2,3

+ c, (A.12)

(tr(Nx̂x̂⊤), tr(Mx̂x̂⊤)) = a · (x21 + x22) +B

x1
x2

+ c. (A.13)

For the last step we want to show that for a given w there exists an x ∈ X such that

a · (w1,1 + w2,2) +B · (w1,3, w2,3) = a · (x21 + x22) +B · (x1, x2) (A.14)
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To prove (A.14), we seek a vector, denoted by w̃, shifted from w such that the output

of (A.12) remains invariant, but the relation w̃1,1 + w̃2,2 = w̃2
1,3 + w̃2

2,3 is satisfied. We can

isolate two trivial edge cases:

1. B is singular (not full rank): We can set w̃1,1 = w1,1 and w̃2,2 = w2,2, and shift

(w̃1,3, w̃2,3) along the null space of B without changing the trace output. By scaling

along this null space, we can easily satisfy w̃2
1,3 + w̃2

2,3 = w1,1 + w2,2.

2. a = 0: The trace output becomes completely independent of the diagonal terms. We

can therefore arbitrarily decrease w̃1,1 + w̃2,2 until w̃1,1 + w̃2,2 = w2
1,3 + w2

2,3 without

impacting (A.12).

Therefore, the remainder of the proof focuses on the non-trivial case where B is full rank

(i.e. invertible) and a ̸= 0.

We start by determining how we can move the terms of w such that the value of (A.12)

does not change. Solving for (w1,3, w2,3) from

a · (w1,1 + w2,2) +B · (w1,3, w2,3) = 0. (A.15)

we find (w1,3, w2,3) = −B−1a · (w1,1 + w2,2). This implies that

a · (w1,1 + w2,2) +B · (w1,3, w2,3) = a(w1,1 + w2,2 +∆) +B ·
(
(w1,3, w2,3) +−B−1a ·∆

)
for any ∆ ∈ R. We want to find a ∆ such that

w1,1 + w2,2 +∆ = ∥(w1,3, w2,3) +−B−1a ·∆∥22 (A.16)

and −(w1,1 + w2,2) ≤ ∆ ≤ 1− (w1,1 + w2,2).

We can show this using our constraints w2
1,3 ≤ w1,1, w

2
2,3 ≤ w2,2 that come from w ⪰

0, w3,3 = 1. We start by expanding and rearranging (A.16) to get

∥B−1a∥22 ·∆2 − (1 + 2(w1,3, w2,3)
⊤B−1a) ·∆− (w1,1 + w2,2)− ∥(w1,3, w2,3)∥22 = 0

which is a quadratic in terms of ∆. The solutions to this quadratic are of the form

−g ±
√

g2 − 4fh

2f
,
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where f = ∥B−1a∥22, g = −(1+2(w1,3, w2,3)
⊤B−1a), and h = −(w1,1+w2,2)−∥(w1,3, w2,3)∥22.

We note that f ≥ 0 and −1 ≤ h ≤ 0. This implies that −f ≤ fh ≤ 0 and the term within

the square root, g2− 4fh, is always positive and greater than or equal to g2 so it has a real

valued solution. Now we look at the case where the ± is negative. With this we know that

the numerator −g −
√

g2 − 4fh ≤ 0 for any g, and with the denominator 2f ≥ 0 we can

conclude that for one solution ∆ ≤ 0. We call this the negative solution ∆−. Now to show

the lower bound on ∆, we assume that ∆− < −(w1,1 − w2,2). This implies that

w1,1 + w2,2 +∆− = ∥(w1,3, w2,3) +−B−1a ·∆−∥22 < 0,

which is a contradiction. Therefore, ∆ ≥ −(w1,1 + w2,2). This implies that for any given

w, there exists an ∆−, and w̃ where w̃1,1 + w̃2,2 = w1,1 + w2,2 + ∆−, and (w̃1,3, w̃2,3) =

(w1,3, w2,3) − B−1a · ∆−, such that w̃1,1 + w̃2,2 = w̃2
1,3 + w̃2

2,3. This implies that we can

satisfy (A.14) by selecting x1 = w̃1,3 and x2 = w̃2,3, such that x21+x22 = w̃1,1+ w̃2,2 = w1,1+

w2,2 +∆−. Finally, because we established that ∆− ≤ 0 and we are given w1,1 + w2,2 ≤ 1,

it strictly follows that x21 + x22 ≤ 1. Thus, the constructed x is guaranteed to lie within the

unit ball X . Being able to construct such an x ∈ X for any w ∈W establishes that Z = Ẑ
and we can conclude that the set Z is convex. ■
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Appendix B

SYSTEM EIGENVALUE SENSITIVITIES

B.1 Proof of Device Impedance Sensitivity

The closed-loop whole-system admittance matrix Ŷ(s) is defined as the relationship between

the grid network admittance Ynet(s) and the aggregated device impedance Zdev(s):

Ŷ = (I +YnetZdev)
−1Ynet (B.1)

To find the first-order sensitivity of the system with respect to a local power flow parameter

x that only affects the device control state, we first invert the whole-system admittance

matrix to find the whole-system impedance Ẑ:

Ŷ−1 = Y−1
net(I +YnetZdev) (B.2)

Distributing the inverse network admittance yields:

Ŷ−1 = Y−1
net +Y−1

netYnetZdev = Y−1
net + Zdev (B.3)

Taking the partial derivative of both sides with respect to the power flow parameter x:

∂Ŷ−1

∂x
=

∂Y−1
net

∂x
+

∂Zdev

∂x
(B.4)

Because the physical network topology Ynet is independent of the device power flow set-

points, its partial derivative with respect to x is zero. Therefore, the sensitivity of the

inverse whole-system admittance reduces exactly to the sensitivity of the device impedance:

∂Ŷ−1

∂x
=

∂Zdev

∂x
(B.5)

B.2 Proof of Network Admittance Sensitivity

Following the derivation in Appendix B.1, the inverse of the whole-system admittance ma-

trix is analytically defined as the sum of the inverse network admittance and the device
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impedance:

Ŷ−1 = Y−1
net + Zdev (B.6)

To find the sensitivity of the system with respect to a change in the physical network topol-

ogy, we take the partial derivative of both sides with respect to a specific line susceptance

parameter Bij :

∂Ŷ−1

∂Bij
=

∂Y−1
net

∂Bij
+

∂Zdev

∂Bij
(B.7)

Applying the standard matrix derivative identity for an inverse matrix (∂A
−1

∂x =

−A−1 ∂A
∂x A

−1), the sensitivity of the inverse whole-system admittance evaluates to:

∂Ŷ−1

∂Bij
= −Y−1

net

∂Ynet

∂Bij
Y−1

net +
∂Zdev

∂Bij
. (B.8)
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