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University of Washington
Abstract

Causal Inference in HIV Vaccine Trials:

Comparing Outcomes in a Subset Chosen After Randomization
by Bryan E. Shepherd

Chair of Supervisory Committee:

Professor Peter B. Gilbert
Biostatistics

In many experiments researchers would like to compare between treatments an outcome
that only exists in a subset of participants selected after randomization. For example, in
preventative HIV vaccine efficacy trials it is of interest to determine whether randomiza-
tion to vaccine affects post-infection outcomes such as HIV viral load or the time from
infection diagnosis to AIDS. This dissertation addresses some of the challenges of making
causal comparisons conditioning on an event that occurs after randomization. Following
the approach of Gilbert, Bosch, and Hudgens (2003) (GBH), I propose sensitivity analysis
methods to estimate the average causal effect of treatment assignment on a post-infection
outc;)me among those who would be infected whether randomized to vaccine or placebo.
My key assumption is that subjects randomized to the vaccine arm who become infected
would also have become infected if randomized to the placebo arm. It is not known which
of those subjects infected in the placebo arm would have been infected if assigned vaccine,
but this can be modeled using baseline covariates, the observed outcome variable, and a
specified sensitivity parameter. In this dissertation I first construct a general likelihood.
Using this likelihood, I then show that the method proposed by GBH yields a semipara-
metric maximum likelihood estimate of the average causal effect. Based on the likelihood,

I extend GBH by including baseline covariates; allowing discrete, truncated, and censored



outcomes; and permitting more general selection bias functions. In particular, I study two
different modeling approaches for estimating the average causal effect conditional on base-
line covariates when the outcome of interest is continuous. In addition, I propose and study
the behavior of semiparametric estimators of the causal effect of vaccination on an inde-
pendently censored time to event outcome, deriving asymptotic properties and evaluating
small sample behavior through simulations. I apply these methods to the first Phase III
preventative HIV vaccine trial (VaxGen’s trial of AIDSVAX B/B).
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Chapter 1

INTRODUCTION

Vaccines are being developed in an attempt to curb the spread of HIV. VaxGen recently
completed the first Phase III preventive HIV vaccine trial. In this trial, over 5,000 HIV
negative, high risk individuals were randomized to receive either the vaccine (AIDSVAX
B/B) or placebo. Individuals were followed for three years and tested for HIV infection.
With consent, those who became infected were enrolled in a post-infection phase of the

study and were followed for an additional two years.

VaxGen’s trial is the first of many HIV vaccine efficacy trials: other efficacy trials are
in progress and many more are expected. Of primary interest in these trials is whether a
vaccine protects against HIV infection; a perfect vaccine would eliminate infection. However,
a less than perfect vaccine could also reduce morbidity and mortality by preventing infection
for some and ameliorating disease progression or decreasing infectiousness among those who
acquire HIV (Nabel, 2001; Graham, 2002; Gilbert et al., 2003b). In fact, the next wave of
vaccines being tested are actually designed to induce a cellular response to destroy infected
cells, not to prevent infection. (A short introduction to HIV and vaccines is found in

Appendix A.)

To that end, investigators are very interested in the effect of candidate vaccines on
post-infection outcomes. One such outcome is HIV viral load, a commonly used surrogate
variable for measuring the extent of an infected individual’s HIV disease and infectiousness
(Mellors et al., 1996; O’Brien et al., 1996; Quinn et al., 2000). Viral load (typically logio-
transformed) is a continuous measurement on the positive real line. (There are actually
upper and lower quantification limits to assays measuring viral load, so in practice viral

load is a continuous measurement on some positive interval. This distinction is addressed



in Chapter 3.) Other post-infection outcomes that may be of interest include CD4 count,
genetic distance of the infecting HIV to the vaccine, time from HIV infection diagnosis
to AIDS, time from HIV infection diagnosis to a composite endpoint (defined by viral load
exceeding a certain value or onset of antiretroviral therapy), whether or not one’s partner(s)
become infected, and the number of infected partners over a fixed time, to name just a few
possibilities. Some of these variables are continuous, others are discrete, some are time-
to-event outcomes in the presence of censoring. Some of these outcomes exist whether or
not someone is infected (e.g., CD4 count), others do not exist unless infected (e.g., genetic
distance).

Two types of questions emerge from such investigations. Clinicians or epidemiologists
are ultimately interested in whether they should recommend the vaccine to the general
population (or a targeted subgroup therein). Scientists, however, may want to know whether
there exists a mechanism through which the vaccine altérs post-infection outcomes, perhaps
leading to further scientific innovation and the elaboration of new vaccines.

For purpose of example, we will here assume that the outcome of interest is viral load.
Naively comparing the distribution of viral loads between HIV infected individuals in the
vaccine and placebo arms of a randomized experiment does not lead to unbiased estimates
of the causal vaccine effect on viral load after infection because it improperly conditions on
a post-randomization variable, HIV infection (Rosenbaum, 1984; Halloran and Struchiner,
1995). It addresses what may be an interesting question: among participants who become
infected, do those in the vaccine arm have lower/higher viral loads than in the placebo
arm? However, this is not a causal comparison and results of this analysis do not imply
causation without making other assumptions. To illustrate this point, suppose half the study
population have strong immune systems and half have weak immune systems. Suppose trial
participants with a strong immune system are not infected if assigned vaccine but if assigned
placebo they are infected and have a (logjg) viral load value of 3. Suppose individuals with
a weak immune system are infected regardless of randomization assignment and have a viral
load of 5. (See Table 1.1.) One can see that the vaccine is partially effective to prevent
infection, and has no effect on viral load. However, by comparing viral loads conditioning

on infection status, the vaccine arm’s mean viral load is 5, higher than the placebo arm



Table 1.1: Illustration of possible viral load values stratified by immune system.

Immune System

Strong Weak

Vaccine —_ Y = Y =
Placebo Y=3 Y= Y

mean of 4. If interpreted incorrectly, this suggests a detrimental effect of vaccine to increase

viral load.

In the above example, there is an unmeasured variable, immune system, which is as-
sociated with viral load and with vaccine efficacy that is not allowing one to make a fair
causal comparison of the effect of vaccine on viral load. This is related to the problem of
confounding in observational studies. In an observational study, one often wants to see the
effect of treatment on an outcome. However, because treatments are not randomly assigned,
there could be unmeasured variables that are associated with both treatment and outcome
that confound the causal effect of treatment on outcome. In our situation, we randomly
assign treatment. However, by conditioning on infection, we are possibly biasing the esti-
mate of the causal effect of vaccine on viral load because there may be other variables that
are associated with vaccine efficacy and with viral load (see Figure 1.1). (This is more fully
discussed in Section B.2 of the Appendix. Appendix B also contains a simple introduc-
tion to causal inference and discusses how this work relates to some of the existing causal

literature.)

An alternative analytical strategy would assign a viral load value of O (or best rank) to
all uninfected participants and perform an ITT analysis. This analysis addresses a causal
question (i.e., does randomization to vaccine lower viral loads), but as verified in simulations,
will lack power because most of the vaccine effect is washed out by the zeroes, which can
occur in a large fraction of participants in an HIV vaccine trial (93% for the VaxGen trial).

In addition, for other outcome variables there may not be a natural value to assign those who



Observational Study:

Other Variables
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Outcome

Treatment

Vaccine Trial:
Other Variables

/ N\

Treatment — " Infection Viral Load
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Figure 1.1: Causal diagrams of observational studies and vaccine trials



do not become infected. For example, suppose the outcome of interest is genetic distance,
i.e. some measure of how much an HIV strain’s genetic composition taken from an infected
participant differs from the genetic blueprint of the vaccine. A genetic distance of 0 means
that there is no difference between the two. There is no clear genetic distance value that
one could assign to an individual who did not become infected. Naturally, one would want
to assign a value far from zero, but how far? The choice would be arbitrary. In fact, the
choice of viral load values of 0 for uninfected individuals is somewhat arbitrary. Since these
measurements are in reality a logio transformation, a logjg viral load value of 0 actually
corresponds to someone being infected and having a very small viral load value (a value of
1). An uninfected individual truly has a viral load value of 0, which implies their log;o viral
load value is actually —co. And in scientific importance, the difference between viral load
values (untransformed) 0 and 1 is quite significant. (It should be noted that this may be
less of a problem using rank-based ITT analyses, although the approach there will still have
problems with low power.)

As pointed out by many authors (Kalbfleish and Prentice, 1980; Robins, 1995; Rubin,
2000; Robins and Greenland, 2000), a meaningful causal effect on viral load is defined in
the subset of the population which would become infected under either placebo or vaccine.
Specifically, each subject has a potential infection status if assigned vaccine and a poten-
tial infection status if assigned placebo, only one of which is observed during the trial. In
addition, every subject who would be infected under a treatment (vaccine or placebo) also
has a potential viral load under that treatment. Every subject can be classified into one
of four possible combinations of the two potential infection status outcomes: never infected
(not infected if assigned vaccine or placebo), harmed (infected if assigned vaccine but not
infected if assigned placebo), protected (not infected if assigned vaccine but infected if as-
signed placebo), and always infected (infected regardless of assignment). This classification
has been referred to as principal stratification by Frangakis and Rubin (2002). A com-
parison between treatment arms within a principal stratum is a valid causal comparison
because principal stratum membership is unaffected by randomization and can be thought
of as a comparison conditioning on a baseline covariate. Only in the always infected (i)

principal stratum do subjects have a potential viral load under both treatments. Therefore,



only in the a4 principal stratum are causal comparisons meaningful. The type of questions
addressed in this work are whether in individuals who would have been infected regardless
of vaccine/placebo assignment, the vaccine alters viral load.

The vaccine trial cannot provide a definite answer to such questions because an individ-
ual’s principal stratum membership can never be known and thus the distribution of viral
load in the ai stratum under each treatment is not identified. One goal of this research
is to derive a set of reasonable and easily understandable assumptions under which such
distributions are identified by the clinical trial data. A second goal is to indicate how to
conduct inference about the treatment effect in the ai stratum under such assumptions.

Hudgens, Hoering, and Self (2003) (HHS) and Gilbert, Bosch, and Hudgens (2003)
(GBH) addressed the same question in the absence of baseline covariates. These authors
assumed monotonicity which postulates that an individual who would get infected under
vaccine would also get infected under placebo. Monotonicity appears to be a realistic as-
sumption when comparing vaccine to placebo. These HIV vaccines are designed in such
a way that the vaccine cannot mutate to become the virus. In addition, these trials are
randomized, double blinded, and placebo controlled. Therefore, behavior should not change
if one is randomized to the vaccine arm relative to the placebo arm. (It should be recog-
nized that there are some hypothesized biological mechanisms which could possibly make
monotonicity invalid. These issues are addressed at the end of Appendix A and in Section
B.4.2 of Appendix B.)

Monotonicity implies that the vaccine effect on infection risk is either beneficial or harm-
less, and that all individuals infected in the vaccine group belong to the ai principal stratum.
Thus, monotonicity and randomization are sufficient to identify the proportion of partic-
ipants in the ai stratum (which can be estimated as simply the proportion of infected
subjects randomized to vaccine) and the viral load distribution under vaccine in the a:
stratum (which is simply the viral load distribution for individuals in the vaccine arm who
become infected). These assumptions also allow us to compute the probability of being in
the a7 principal stratum given randomization to placebo and infection. This is equal to
the probability of being infected if assigned vaccine divided by the probability of infection

if assigned placebo. One minus this relative risk is a common measure of vaccine efficacy



to prevent infection (VE). This quantity can be estimated as one minus the proportion
infected in the vaccine arm divided by the proportion infected in the placebo arm, or the
observed proportions could be replaced by Kaplan-Meier estimates.

However, monotonicity is not sufficient to identify the viral load distribution under
placebo in the ai stratum because infected individuals randomized to placebo can belong
to either the ai or the protected principal strata. Therefore, the distribution of viral loads
among participants who become infected in the placebo arm is a mixture of the viral load
distributions in the ai and protected principal strata. As stated above, one can estimate
the proportion of participants in the a¢ principal stratum, but one cannot identify this
distribution because one does not know which of the subjects infected in the placebo arm
would have been infected if randomized to vaccine. For example, consider the density of
placebo viral loads shown in Figure 1.2. An estimable proportion of them are in the ai
principal stratum (represented by the shaded regions of the density). However, even though
one can consistently estimate the proportion in the az principal stratum, from the observed
data one cannot distinguish between any of the four plots.

Since this distribution is not identified, HHS proposed a method which estimated bounds
on the estimate of the average causal effect (ACE) of vaccine on viral load in the ai prin-
cipal stratum. Their method performs the analysis assuming that everyone infected after
randomization to placebo with a viral load above the estimated V E** quantile (in infected
placebos) would have been infected if randomized to the vaccine. Visually, this corresponds
to the lower-left plot in Figure 1.2. Under this assumption, the mean viral load for place-
bos in the as stratum is computed and the ACE is estimated as this quantity subtracted
from the mean viral load for participants infected in the vaccine arm. This represents the
estimated lower bound of the ACE. The upper bound is estimated in a similar manner,
assuming that everyone infected after randomization to placebo with a viral load below the
estimated (1 — VE)** quantile would have been infected if randomized to the vaccine. In
this manner, estimated upper and lower bounds for the ACE are computed.

Bounds are useful, but they represent extremes and do not allow the inclusion of addi-
tional scientific information to further refine estimation. The actual estimates that result

from this type of analysis are biologically unlikely, and treat all values within the bounds



Figure 1.2: Density of placebo viral loads, with shaded area representing those in az principal

stratum. One can estimate the proportion in the a7 stratum, but one cannot identify its
location.

as equally probable. One may want to refine the analysis by performing it over a more

restricted range. GBH advocated this approach.

In order to identify the distribution of viral loads for placebos in the ai principal stratum,
GBH assumed that the probability that a subject who becomes infected under placebo is an
always infected individual depends on his/her viral load y under placebo through the expit
function w (y) = e*+#¥/ (1 + e**A¥) . GBH showed that the parameter 8 is not identified
by the clinical trial data but once it is specified, « is identified. This implies that one can
identify the distribution of viral load under placebo in the ai stratum and therefore the
ACE. Thus, similar to Scharfstein et al. (1999), GBH advocated carrying out a sensitivity
analysis in which 8 is varied along a plausible range and inference about vaccine effects in
the a7 stratum is repeated for each value of 3 in the range. If results hold in one direction for
a plausible range of the sensitivity parameter 3, then a causal conclusion in that direction

may be drawn. Otherwise, the analysis remains inconclusive.

An important extension of these methods would be to incorporate baseline covariates



into the analysis. This would allow one to investigate the conditional average causal effect of
vaccination and possible interactions. These types of analyses may be of particular interest
when studying the effect of vaccination. For example, in the VaxGen trial the vaccine did
not appear to be effective at preventing infection from HIV in the main cohort. However,
subgroup analyses were performed in which the vaccine appeared to be partially protective
for non-whites and those involved in high risk behavior. These subgroup analyses were
controversial and many are skeptical of their implications for the usual reasons (smaller
samples, if one performs many subgroup analyses one is bound to find some false positive
significants, etc.). If the vaccine is truly partially protective for these subpopulations, then
it is quite possible that the same mechanism that is protecting individuals from infection
may also lead to a beneficial post-infection immune response. Therefore, it is of particular
interest to see if the vaccine is altering viral load and other post-infection outcomes in these
subpopulations.

In addition, there are many diffferent types of post-infection outcomes. Ideally methods
should be able to handle viral load measurements censored by assay detection limits, discrete
outcomes, and time to event outcomes in the presence of censoring.

In this dissertation I extend the sensitivity analysis methods of HHS and GBH. In
Chapter 2 I give notation and assumptions. My methods are likelihood based; in Chapter 3
I construct the likelihood and describe general estimation procedures. In Chapter 4 I show
that in the special case where one does not include covariates and leaves the distribution of
viral loads unspecified, the estimators of GBH are the semi-parametric maximum likelihood
estimators. In Chapter 5 I study the method using baseline covariates in the continuous case
under different parametric assumptions. In Chapter 6 I study methods where the outcome of
interest is some time to event outcome in the presence of independent censoring. In Chapter
7 these methods are applied to the VaxGen trial, and Chapter 8 contains a discussion of
this work and possible areas of future research. Most of the technical details and other

information that did not fit in the main text of this work is found in the appendices.
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Chapter 2

THE SET-UP

2.1 Notation

Consider a study in which N subjects, independently and randomly selected from a given
population of interest, are randomized to either placebo or vaccine. Let Z; = 1 if subject ¢,
i=1,..., N,israndomized to vaccine and Z; = 0 if randomized to placebo. Trial participants
are monitored for HIV infection for a predetermined period of time. The recorded data on
subject ¢ are composed of a vector of baseline covariates X;, an indicator S; of infection
during the study follow-up period (S; = 1 if infected and S; = 0 if not), and, if infected, the

viral load Y; (measured on a log;, scale) shortly after diagnosis of infection.

Although variables are defined in terms of a vaccine study, they could generally apply to
the case where Z is some random treatment assignment, S some post-randomization variable
on which one would like to condition, and Y some outcome of interest. I define variables
in the HIV vaccine trial context because I believe this makes the explanation more clear
and obviously this work is motivated by the vaccine trials. Applications of these methods
in other settings are discussed in Chapter 8. Along this same train of thought, although
Y is defined as viral load, Y could be defined as any discrete or continuous post-infection
outcome.

In order to define the estimand of interest, we use the concept of potential outcomes —
also called counterfactuals (Rubin 1978; Robins 1986). Specifically, define S; (0) to be the
infection status indicator if, possibly contrary to fact, subject ¢ is assigned placebo. Define
S; (1) to be the infection status indicator if subject ¢ is assigned vaccine. Similarly, define
Y; (0) to be the viral load if participant ¢ is assigned placebo and Y; (1) the viral load if
assigned vaccine, where for a subject who does not become infected, i.e., S;(j) = 0, we

define Y; (j) = %, j = 0,1. The notation implicitly assumes that the potential outcomes
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of each trial participant are not influenced by the treatments of other participants. This
assumption is known as the Stable Unit Treatment Value Assumption (SUTVA) (Rubin,
1978, 1986). It implies that

That is, the potential outcome under the treatment actually assigned is equal to the observed
outcome. Assuming the study participants make up a random sample from a large pop-
ulation of interest, then the potential outcomes W; = (5;(0),S;(1),Y;(1),Y;(0), Z;, X3),

i=1,..., N, are independent and identically distributed (i.i.d.) copies of a random vector
W =(5(0),5(1),Y(1),Y(0),2,X)

and similarly the observed data vectors O; = (Z;, X;, 5, Y;), ¢ = 1, ..., N, are i.i.d. copies of
a vector O = (Z,X,S,Y), where we define ¥ = if § = 0.

Randomization, possibly depending on the baseline covariates X, ensures that
(5(0),5(1),Y(1),Y(0) I Z]X (2.2)

because (S (0),5(1),Y (1),Y (0)) can, like genetic make-up, be considered an unobserved
baseline characteristic of each subject. Here, for random variables A, B and C,AI B | C
indicates conditional independence of A and B given C (Dawid, 1979).

The four principal strata alluded to in the introduction can be defined in terms of the
counterfactual pair (S(0),S (1)): the never infected are those with S (0) = §(1) = 0, the
harmed are those with S (0) = 0 and S (1) = 1, the protected are those with S (0) =1 and
S (1) = 0, and the always infected are those with S (0) = S (1) = 1.

For a subject 4 who is in the as principal stratum, a causal effect measure on his/her viral
load is some measure of discrepancy between the values of ¥; (0) and Y; (1), for example the
difference Y; (1) — Y; (0). The average causal effect at covariate level X = z in the always

infected principal stratum is defined as
ACE(z)=FE[Y(1)-Y (0)|S(0)=5(1)=1,X =z].
The average causal effect, not conditioning on covariates, is similarly defined:

ACE=E[Y(1)-Y (0)|S(0) =8 (1) =1].
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2.2 Key Assumptions

Our goal is to propose methods for estimating the function ACE (-) based on the observed
data O;,i = 1, ..., N. Unfortunately, if no assumptions are made on the distribution of W,
ACE (z) is not identified by the observed data because randomization alone does not suffice
to determine the ai principal stratum in each arm. Arguing as in GBH, it can be shown

that the following assumptions, together with (2.1) and (2.2), do identify ACE (z).

e A.1: Monotonicity: S;(1) < S;(0) foralli=1,-, N.

e A.2: A model for the mixing probabilities of the always infected and protected in the

placebo arm. Specifically,
P(5(1)=1[5(0)=1,Y(0),X)=w(X,Y (0);6); (2.3)
w(z,y;8) =2 {m(z)+g(z vy 6)},

where (3 is fixed and known, ® (*) is a known cdf, m (-) is an unspecified function of

X, and for each 8, g (-, -; 8) is a known function of X and Y.

Monotonicity is tantamount to assuming that if a subject is to be infected under vaccine
then he/she is also to be infected under placebo and hence that the infected subjects in the
vaccine arm are all members of the ai principal stratum. The assumption implies that the
vaccine does not increase infection risk. The assumption is not unrealistic in our scenario
comparing vaccine to placebo, but may be called into question when comparing two vaccines.

The parameter 3 is not identified by the observed data. We propose regarding 3 (and
therefore, the function g(-, -; 3)) as fixed and known and, as a form of sensitivity analysis,
estimating ACE(z) under different values of 3. The range for 8 should be chosen inde-
pendently from the data. Choosing 3 such that g(X,Y(0); 8) = 0 is the same as assuming
that Y (0) L1 S(1)|S(0) = 1, X (here referred to as assumption A.3), or equivalently that
the distribution of viral loads under placebo is the same in the always infected and in the

protected principal strata. This is illustrated by the upper-left plot in Figure 1.2.
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2.3 DModeling Assumptions

If X is discrete and can take a small number of values, we can then estimate ACE (z) by
applying the methods of GBH within each level z of the covariate vector X. However, if the
distribution of X is continuous or discrete with a large number of values in its support this
approach is unfeasible because the data are too sparse to conduct cell-specific estimation.
I will address this problem by imposing the following additional distributional assumptions

on the law of W:

e M.1: The probability of infection given covariates when assigned placebo is known up

to a finite dimensional parameter y; that is,
P(S(0) = 11X) = 6, (X; )

where u is an unknown parameter vector and for each y, 6, (+; 1) is a known function.

e M.2: The function m (z) in the mixing model of A.2 follows a parametric model
m(X)=m((X;a)

where o is an unknown parameter vector and m (-;-) is a known function of X and c.

e M.3: The conditional distribution of viral load under vaccine given covariates X and
infection (hence, by A.1 being in the always infected stratum) is known up to a finite

dimensional parameter 71; that is,

fraysy=1,x WIS (1) =1,z) = fu(ylz;m)

where n; is an unknown parameter vector and for each n1, fu(:|z;n1) is a known

conditional density.

We additionally make one of the following two assumptions on the distribution of viral

loads under placebo:
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e M.4a: The conditional distribution of viral load under placebo given covariates X in
the population comprising both protected and always infected individuals, is known

up to a finite dimensional parameter ng; that is,

fro)s©=1,x ¥lS (0) = 1,z) = fp(ylz; n5)

where n¢ is an unknown parameter vector and for each 7§, f,(:|z;ng§) is a known

conditional density.

e M.4b: The conditional distribution of viral load under placebo given covariates X in
the always infected principal stratum is known up to a finite dimensional parameter

ng; that is,

Froyso=say=1,x (¥IS(0) =S (1) =1,z) = 2 (y|z; ng)

where 18 is an unknown parameter vector and for each e, fgi(-lw;ng) is a known

conditional density.

Notice that M.4b models the distribution of viral loads in the placebo arm for those
in the ai stratum, whereas M.4a models the distribution of viral loads for all infected
individuals in the placebo arm (both those in the ai and protected principal strata). For
ease of reference, we call the model defined by assumptions (2.1), (2.2), A.1, A.2, M.1-M.3
and M.4a, model M,. We call M, the model defined like M, except that M.4a is replaced
by M.4b and in A.2 we demand that w(z,y; ), now written as w (z,y; 5, o) because of
M.2, satisfy w (z, y; B, a) > 0 for all (z, y, B, &) . There are advantages and disadvantages to

choosing between models M, and My, which we discuss in Chapter 5.
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Chapter 3

MAXIMUM LIKELITHOOD ESTIMATION

3.1 Constructing the Likelihood
Under model M,, ACE(z) is a function of the unknown parameters (o, 71, 7§) . Specifically,
ACE(z) = ACE,(z; a,m1,n§) where

7y'ﬁ, )fp(ylw;ng)dy
z,y; B, @) fp(yla; n§)dy(0)

a yw (z
AOEa(w;a,m,no)E/yfv(ylw;m)dy— ffw

Similarly, under model M, ACE(z) is a function of (1, 778) since it equals ACEy(x;n1,n8)
= [yfo(ylz;n)dy — fyf;,”(y|x; ng)dy. This is shown in Section C.1 of the Appendix. The
maximum likelihood estimators of ACE(z) under models M, and M, are therefore equal to
the functions ACE,(x;-,-, ) and ACEp(z;-, ) evaluated at the ML estimators of (c, 11, 1§)
and (171, 778) under models M, and My, respectively.

To derive the maximum likelihood estimator under model M, we express the joint

density of the observables O
fo (0) = fx (X) Pz x (Z|X) Pz x (512, X) fyis,zx (YIS, Z, X),

in terms of the parameters of the model (and we do the same for model My). Specifically,
in Section C.2 of the Appendix we show that
Fp(ylz; )

_ _ wTNeyiB,0) 5 (ylzmg)
I (ylz; o, m) = fw—l (z,y;8,) i(ylm;ng)dy

friszxWlS=1,2=0,X=z)= {
under M, and Mp, respectively,
fyis,z,x WS=1Z=1X=2z)= f,(ylz;m) under M, or My,

Pgizx (S=1Z=0,X =) = 0 (z; 1) under M, or My,



16

and

by (z3 ) fw(z,y; B, 0) fp(ylz;mG)dy ~ under M,

Ps|z,x(s=1[Z=1,X=:L‘)= . b
O (z; 1) [w (z,y; B, @) fy(ylz; o, ng)dy  under Mp.

It follows that the likelihoods £, (p%) and L (p°) for p* = (u, @, ng,m) and b =

(,u, Q, 178, m) under models M, and M, respectively, with 8 known, are

N S
La(p*) o H{|:fv (yilzis m) Op (mi;u)/w(wi,y;ﬁ, a)fp(ylxi;ng)dy]
i=1

1-8;Y %
X [1—0,, (xi;ﬂ)/w(mi,y;ﬁ, a)fp(ylwi;ng)dy] }
{8 (i) Syl ) 11— 6y (o 5} (3.1)

and Ly (pb) is defined like £, (p*) but with f3(y|z; nd) replacing fp(y|z; ng).

3.2 Estimation

When w(-) depends on y, obtaining the MLEs of p® and p? requires maximizing over an
integral that is not in closed form, which makes estimation more cumbersome, but still
possible. In Chapter 5 I discuss numerical methods that I used to maximize the likelihood
under the specific parameterizations used in my simulations and examples.

Provided the protected principal stratum is non-empty, then under sufficiently smooth
parameterizations the ML estimators of the model parameters are asymptotically normally
distributed. The variance of the normal limiting distribution can be consistently estimated
with either the observed or the (estimated) expected information. These, in turn, can
be used in conjunction with the delta method to obtain consistent variance estimators of
ACE(z) for each fixed z. (Details are given in Section C.3 of the Appendix.)

In our simulation studies, variance estimates based on the observed and expected infor-
mation yielded nearly identical inferences. Alternatively, variances may be calculated by
bootstrapping in a manner similar to that of GBH. Bootstrap procedures are more fully

discussed in Chapter 6.
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3.3 Extensions of the Likelihood

The likelihood given by (3.1) is obviously also the likelihood when Y is a discrete outcome,
with the different distributional form of Y reflected in modeling assumptions M.3 and M.4.
In the simple case where Y is binary and there are no covariates, then as shown in Section
C.4 of the Appendix, this likelihood is equivalent to the likelihood presented by Hudgens
and Halloran (2005).

In some datasets, including that from the VaxGen trial, the outcomes Y; may be censored
either above or below certain detection limits, say U and L. The likelihood in such cases

becomes

N
Lo(p*) o H{':fv (yilas; ) FE==T) 9p(wi;u)/w(xi,y;ﬁ,a)fp(ylxi;né‘)dy
i=1

1S;
x F, (L|zs; nl)I(yi<L) (1—F, (Ulzs; m))](ypu)

11-5;) %
X {1—0;, (xi;u)/w(xi,'y;ﬁ, ) fp(ylzi; nG)dy }

X { [ep (5 1) fp(yila:i; nS)I(LSyiSU)
. : a , 18:
x Fy (L|zi;ng)! <P (1 = F, (Ulai; n§)T 9|

X [1 = 6, (x3; u)]l‘s"}l_Zi (3.2)

where F,(L|z;) = ffoo f2(ylzi)dy for 2 = p,v and I(:) is the indicator function. The
likelihood Ly (p*) under model My is modified accordingly.
Extending the likelihood to handle the case where Y is a time-to-event outcome is

discussed in Chapter 6.
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Chapter 4

CONTINUOUS OUTCOME WITHOUT COVARIATES

4.1 Estimators of GBH are Semi-Parametric MLEs

In the absence of baseline covariates, with w(y; 8, @) = ezp(a + By)/(1 + exp(a + By), and
with M.3 and M.4 left unspecified, models M, and M, are the same model and the ML
estimator of ACE = E[Y (1) — Y (0)|S(0) = S(1) = 1] coincides with the estimator of ACE
derived by GBH. The proof follows.

Proof. Let 0,(z) = 6p, w(z,y; B, 0) = w(y; B,a),and 1 - VE = fw(y;ﬂ, a) fp(y)dy. From
(3.1), the likelihood is

N A
£ o [[{f )60 -VEI 1 -6~ VE)™}"
i=1

.

1—2;

x { B folw)] (1= 6,74} (41)

As before, N, = SN 2, Ny =N (1= 2), ny = SN zsi, and n, = SN (1 - 2)s.

For notational convenience, we will order the data so that Z; =0 fori=1,--+ ,Np, S; =1
fori=1,---,npand S;=1fori=Np,+1,--+,Np+n,. For S; = 1, assume a dominating
measure which is a counting measure on the discrete values {1, , Uny» YNp+1, " * s YNptny }-

In other words, probability mass will only be put on this set of points. Without loss
of generality we will assume there are no ties (the proof is easily extended if there are
ties). Define p, = P(Y = y;|Z = 0,8 = 1) and py; = P(Y = y|Z = 1,8 = 1), where
Sz ps = 1 for z = p,v. Since f,(-) factors out of the likelihood, its estimation can
be considered separately: The ML estimates for p,; (and hence F,(-)) are the standard
nonparametric ML estimators, 1/n, (and Zf\i 128 1(Y; < y)/ny). The log-likelihood for
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what remains can be written as

Tip

Z log (ppi) + nplog(6p) + (Np — np)log(l — 6,) + nylog(6p)

i=1

+nylog(1 = VE) + (N, —ny)log (1 - 6,(1 -VE)), (4.2)

where 1 —VE = Z?ﬁl w(yi; B, &) Ppi-
One way to maximize the log-likelihood is to use a Lagrange multiplier. Consider the

problem of minimizing the function:
Tp
= - Z log (ppi) — nplog(8y) — (Np — np)log(1 — 6,) — nylog(6y)

—nylog (1 — VE) — (N, — ny)log (1 — 8,(1 = VE)) + A (ip,,,- - 1) .
i=1

Setting the partial derivatives equal to zero yields the equations

O _ _1 w8 o) o Gpuw(ys b))

o = T tAT Mo ””)1—9(1-VE)‘0’ (4.3)
dpx ny — Nobp (1—VE o .

Pa ~ A-VE)(1-6,(1-VE) Z“’ (v53 8, ) (4.4)
o ~ N8, U—Nvép(l—VE)__O ws)
50, 9(1-9) T 9,1-0,1-VE) '

with the ML estimators being the solutions to these equations. Note that E?ﬁl Ppi = 1,
which taken with equation (4.3) implies that

n ~ — -1
e = Nup(1-VE) B |
; A w(yuﬂ,a)(l—ép(l—ﬁ))(l—ﬁ) =1 (46)

In order for (4.4) to hold, one of the following two conditions must hold:

p
Zw/(yj; /35 &)ﬁpj = 07 (47)
j=1

nv N

5 =6,0-VE). (4.8)

Suppose (4.7) does not hold. Then from (4.5), (4.6), and (4.8) it is easily seen that
ép =np/Np, 1 — VE = Ny Np/(Nynyp), and pp; = 1/n,. (Solving first for ép and VE, in order
for (4.6) to hold, A must equal ny,, which implies fp; = 1/n;.)
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Now consider the case where (4.7) holds. In the special case where w(y;; 8, a) is the

expit function, then (4.7) is equivalent to

i exp(a+By) o o
2 v eap(a+ By )2 ™
which implies & = oco. Therefore, w(y;8,&) = 1 for all y and 1 — VE =1. Plugging this
into (4.5) and (4.6), one learns that ép = (np + ny)/(Np+ Ny) and pp; = 1/np.

Notice that if n,/Ny, > np/N, (which implies that A3 is suspect), then the estimator
1-VE = nyNp/(npNy) yields an estimate for 1 — VE outside the interval in which it is
constrained to belong, [0, 1]. Therefore, when n, /N, > n,/N, the ML estimators must be
such that (4.7) holds, and the ML estimators are

é _ Np + Ny
PN+ N

1 .
pvj=n— forj=1,--,n,

P
&=oc0=VE=0. (4.9)

On the other hand, if n,/N, < n,/Np, the ML estimators are

o Ny

9p=Fp

. 1 .
Puj = — for]=1,~--,nv
v

R 1 ,
Ppi = — fori=1,---,m

P

exp(é+By:) . _ Mo, Tp (4.10)

Np
A h that =
@ such tha ; 1+ exp(& + ﬁyi)pm Nyny

the estimators used in GBH. And if n,/N, = n,/Np, then the two estimators are equivalent.
a

Some technical notes: The estimators (4.9) are also solutions to (4.3)-(4.5) when n, /N, <
ny/Np. However, they do not maximize the log-likelihood. (This is easily seen by plugging

in values for n,, Ny, np, Np,. However, I have not been able to mathematically prove this for

all ny, Ny, np, Np with ny /N, < np/Np.)
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Notice that the score equations (4.3)-(4.5) and hence the conditions (4.6)-(4.8) are for
any general w(y;; 8, @), as defined by A.2. Therefore, maximum likelihood estimators based

on different w(:) can be constructed based on these score equations in a similar manner.

4.2 Other Models

As pointed out by GBH, setting 8 = +oo is equivalent to performing the analysis of HHS.
This can also be written by defining w(y) as I >vey and I ca-vey for § = oo and —oo,
respectively; where ¢V E designates the V E™ quantile of Y/(0).

One could model the distribution of viral loads by specifying M.3 qnd either M.4a or
M.4b. Parametric approaches are discussed in Chapter 5, in the context of including baseline

covariates in the analyses.
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Chapter 5

CONTINUOUS OUTCOME WITH COVARIATES

In Chapter 3, I constructed a general likelihood. The purpose of this chapter is to study
estimation under specific parameterizations when baseline covariates are included in the
models. In Chapter 3, there were two general choices for parameterization, M, and Mj.
Here I study both, examining advantages and disadvantages of both approaches. Although
I focus on a continuous outcome and will make specific distributional assumptions, the
general principles discussed in this chapter apply to other types of outcomes and other
distributional assumptions.

For the simulations and example described in the following sections, in both models M,

and My we have considered

ezp(z” 1)

O (x: )= ——=~" "~ 5.

P(xalj“) 1+€.'L'p(.’L'T/.L) ( 1)
T
ezp(z” a + By)
: = 5.2
w(z‘ay,/g3 a) 1+e:cp(xTa+ﬂy) ( )
where z = (1,zy, - - - ,a:q)T and p and o are parameter vectors of length ¢ + 1.

5.1 Parameterization under M,

M, is a natural approach to modeling the potential outcomes. One assigns parametric dis-
tributions to the observed viral loads and then through w(z, y; 8, @), models which portion
of the infected placebos would have been infected regardless of treatment. Therefore the
two modeling assumptions, M.2 and M.4a, together induce the distribution of placebo viral
loads in the always infected principal stratum.

Model M,, however, has drawbacks. First, estimands of interest cannot be easily ex-
pressed with model parameters. For example, natural functional forms for ACE (z) when

Hy fails cannot be expressed as simple restrictions on the parameters of the model. Similarly,
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there are no parameters that describe the interaction between treatment and covariates on
viral load in the a¢ stratum.

A second drawback of model M, involves model compatibility. Under this parame-
terization there are difficulties choosing distributional models such that all parameters are
identifiable and the null hypothesis can hold. Under model M,, in order to ensure that the
null hypothesis Hy : ACFE (z) = 0, for all z is not a-priori excluded, f, (y|z;n1) in M.3 must
have a particular functional form. Specifically,

o w(m,y; By, aw) fo(ylTs )
fo (lzym) = fw(x,y;ﬂv,av)fz(ylm;nv)dy’ (5.3)

where 11 = (o, By, 7v) is an unknown parameter vector.

The choice (5.3) brings some identification problems. Specifically, at the value of 3, that
makes w (z,y; By, @) a function of = only, the parameter ¢, is not identified. For example,
under (5.2) the parameter «,, is not identified at 8, = 0. Also, depending on the functional
forms of w (z,y; -, ) and fp(y|z; ), there may be additional non-identification problems. For

example if, as we assume in our example and simulations, in addition to (5.2) we assume

Folylzsng) = o(y; 27X, 0% (5.4)
where n¢ = (), 0),A = (Mo, A1, -+, Ag)T and ¢(y; 2T\, 0?) is a normal density with mean
2T\ and variance o2, then with 1, = (A, 0y), all values of 71 = (au, By, Ay, 0y) that satisfy
= (=Budwo — B202/2, —Budu1, -+, —Burug) = O give the same function f,(y|z;n1). This
is shown in section D.1 of the Appendix.

The lack of identifiability of 71 may not appear to be a problem because it does not
rule out the identifiability of f,(y|z;n1) and hence of E(Y(1)|S (1) = 1,X = z) which is
the relevant term needed to compute ACE (z). Indeed, in our example ACE (z) remains
identified even when 7; is not. However, the lack of identification of n; does complicate
inference. Specifically, standard asymptotic theory does not apply for the asymptotic dis-
tribution of ML estimators of n;. (See Appendix C.2.) Consequently, using the delta method
in conjunction with the usual calculations for the asymptotic variance of the ML estimator
of n; to compute estimates of the variance of the ML estimator of ACE () yields Wald
confidence intervals whose coverage probability, even with large samples, is not close to the

nominal level.
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Even though standard asymptotic calculations do not result in consistent variance esti-
mators, we suspect that boostrap estimators of the variance of the estimate of E(Y (1){S(1) =
1, X = z) can be used to compute valid confidence intervals. Our suspicion follows from the
conjecture that the ML estimators of E(Y(1)|S(1) = 1, X = z) may be regular and asymp-
totically normal even when 7; is not identified. Our simulations support this conjecture.

Since fy(y|z;n) factors out of the likelihood, one may perform the bootstrap by re-
sampling only from those infected in the vaccine arm. The resulting bootstrap variance
estimator for the estimate of E(Y(1)|S(1) = 1, X = z) can be added to the variance esti-
mator for the estimate of E(Y(0)|S(0) = S(1) = 1, X = z) obtained from the information
matrix using the delta method, to estimate the variance of the ML estimator of ACE(zx).
There are, of course, additional complications to modeling M.3 with (5.3) which we will
discuss more fully in the simulations section. Briefly, we have found that it is often difficult
and computationally time consuming to find the ML estimators of E(Y(1)|S(1) = 1, X = z)
under (5.3) due to there being many local maxima. And because of the many free parame-
ters (twice as many as there would be if we modeled f,(y|z;n1) with a normal linear model),
estimates of F(Y(1)|S(1) = 1, X = z) tend to over-fit the data.

One can use other models to estimate E(Y(1)|S(1) = 1,X = z). The simplest is to
set B, in (5.3) equal to 0, assuming Y'(1)|S(1) = 1,X and Y (0)|S(0) = 1,X have the
same distributional form. With M.4a defined by (5.4) this models viral loads in the vaccine
arm with a normal linear model. This approach eliminates problems of over-fitting and
non-identifiability. Its disadvantage, however, is that the distributions to be compared,
F;i(y]x; -) and F,(y|z;-), are not of the same form when 8 # 0. This means that for any
given sensitivity parameter 8 # 0, there do not exist parameter values n; and ng§ such
that ACE(z) = 0 for all z, therefore forcing a non-null causal vaccine effect for at least
one subgroup. In practice this may not be important; any a-priori bias in the null may
be much smaller than stochastic variation. Indeed, in our simulations we found that even
though the data were generated from (5.3), estimates obtained fixing 3, = 0 performed well
- essentially demonstrating the robustness of normal linear regression. However, in large
samples, if 3 # 0 the inferential procedures will always find an ACE(z) # 0, irrespective of

the data. (A similar phenomenon, when using standard parametric families for estimating



25

the effects of sequential treatments on an outcome, was reported by Robins and Wasserman,
1997.)

Another approach is to fix 8, = 3. This reduces the number of parameters to estimate
by one and eliminates the problem of non-identifiability. This also allows the null hypothesis
to be true for every 8 and every z. Since the other parameters remain free the model is
still fairly flexible. However, one complaint against this parameterization is that it implies
that the distribution of Y'(1)|S(1) = 1, X changes for every value of 3 even though this
distribution is identifiable without 8 based on the standard assumptions (A.1-A.2). There
is some justification for allowing 3, to change: One type of sensitivity analysis might be to
change the functional form of w(:), doing one analysis using a logistic function and a second
using, for example, a probit function. For the null hypothesis to be possible, the functional
form of the distribution of Y (1)|S(1) = 1, X given by (5.3) would have to change as the
form of w(-) changes. Our approach is analagous, we are considering the value of 3 to be
an intrinsic part of the functional form of w(-), and changing the form of the distribution
of Y(1)|S(1) = 1, X each time we change 3.

One could take this approach to an extreme, fixing (o, 3y) = (a, 3). Since f,(-) factors
out of the likelihooed, this could be done by estimating «, ignoring f,(-), and then setting
ay, of (5.3) equal to &. However, this approach is somewhat ad-hoc: estimating a parameter
and then fixing another parameter equal to this estimate. The other option would be
to maximize the likelihood under the constraint that (e, 3,) = (e, 3) where 3 is still
considered a known constant. However, this would make obtaining MLEs more difficult
because the likelihood would not factor as nicely. More importantly, it does not make sense
intuitively to use vaccine viral loads to help estimate the odds of being in the ai stratum
given infection in the placebo arm, or vice versa. Therefore, we did not study this final
approach.

There are no identifiability/compatibility problems in the placebo arm. Estimating the
expected conditional viral load among always infected placebos, E(Y(0)|S(0) = S(1) =
1, X = z), and the variance of this estimate is a little complex computationally (discussed
below) but possible. Using the observed or expected information, one can estimate the

variance of parameter estimates and then use the delta method to estimate the variance of
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the ML estimator for E(Y(0)|S(0) = S(1) = 1, X = z). Details are shown in section D.2 of
the Appendix.

5.2 Computation under M,

Under M, using (5.1)-(5.4), MLEs were obtained using quasi-newton methods implemented
in R using the function optim(-). When § # 0, obtaining MLEs requires maximizing over
an integral that is not in closed form. Numerical integration programs written in C were
used to obtain these integrals, which were then called into R. For some simulations, there
were local maximums. Analyses were run using multiple initial values in order to obtain
the MLE. Computationally, it is important to specify good initial parameter values. For
instance, if B is relatively large, for many choices of o, w(z,y; 3, @) is very close to 1 for
all plausible values of z and y. Optimization routines may have difficulty finding MLEs
because minor shifts in the value of o may result in w(z,y; 8, @) still approximately equal
to 1 for all = and y, yielding an identical likelihood. In practice we recommend starting the
estimation at 3 = 0, and then iteratively conduct estimation at increasing (or decreasing)
values of 3 using as initial values the ML estimators obtained at the nearest neighbour of

the current 8.

5.3 Simulations under M,

To evaluate the small sample performance of our estimators of ACE(x) under M, we
conducted a 2 x 3 x 3 factorial simulation experiment, corresponding to generating data
under VE = P(S(1) = 0|S(0) = 1) ~ 0.3 0or 0.6; =0, 1, or 3; ACE(:) constant and equal
to 0,1/3, or 1/2. Each simulation generated 1000 vectors W according to the following
steps:
Step 1. The first 500 vectors were set at Z = 0, the second 500 were set at Z = 1.
Step 2. X was a single covariate generated according to the N(38, 62) distribution (this

distribution resembles the age distribution in the VaxGen trial).
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Step 3. Given X, S(0) was drawn from a Bernoulli(6,(X; ut)) distribution where
0,(X; 1) was as in (5.1) with p = (log(1/3),0) so that 6,(X;p) was constant and equal
to 0.25 (this choice yields an expected number of infections in the placebo arm of 125,
which is typical for a Phase III vaccine trial).

Step 4. Y (0) was generated for all realizations with S(0) = 1 according to the density
fp(ylz;ng) given in (5.4). The parameter n§ = (Ao, A1, o) = (2.3,0.05,1.0) (which resembles
the viral load distribution for infected placebos in the VaxGen trial, where the mean and
variance were 4.2 and 1.0, respectively).

Step 5. Given X and Y(0), for each realization with Z = 1 and S(0) = 1, §(1) was
drawn from a Bernoulli(w(X,Y (0); 3, )) distribution with w(z, y; 8, &) defined as in (5.2)
and a = (ap, @1) . In all simulations, a; = log(2)/10, so that for a 10 year increase in age,
the odds of being in the always infected stratum doubled. The parameter oy was chosen
so that VE = 1 — [ [w(z,y; B, &) folylz; nd)e((z — 38) /6%)dzdy = 0.3 or 0.6 (where (")
denotes the standard normal density). To ensure that VE =~ 0.3, ap was set at —1.8, —5.8,
or —13.4, when 3 was set at 0,1, or 3 respectively; and to ensure that VE ~ 0.6, ag was
set at —3.1, —7.4, or —16.3, when 8 =0, 1, or 3.

Step 6. For the realizations with Z =1 and S(1) = 1, Y/(1) was set equal to Y(0) + A,
with A = 0,1/3, or 1/2. Note that with this choice, A is equal to ACE(z).

It is easily shown that these steps generate data under model M,. We first investigate
the different techniques for esimating E(Y(1)|S(1) =1, X = z).

As stated above, under (5.3), n; is not identifiable. Hence, within local neighborhoods
of the regions of unidentifiability there may be several maxima, standard asymptotic theory
may not apply, the variance of the MLE may not be the inverse information, and the Wald
confidence intervals may not cover at the nominal level. Our simulations demonstrate many

of these phenomena:

o There are several local maxima, so even after maximizing using many different starting

values, we are not sure that our final estimate is the true MLE.

o At our sample sizes, the estimates of o and (3, are biased and are nowhere near

converging to a multivariate normal distribution.
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e Many of the simulations yielded information matrices that were either not invertible

or else resulted in negative variances.

Figure 5.1 is an example of a simulated dataset with multiple local maxima. Each
curve represents a different estimate for E(Y(1)|S(1) = 1, X = z), obtained by starting
optimization routines at different initial values. The true parameter values under which
data were generated are (oo, 1, Buy Ao, A1, 0p) =(-16.3, 0.069, 3, 2.3, 0.05, 1.00), and the
expected value under the truth is shown with the solid line. Estimated parameter values
are A: (-39.2, 0.47, 4.07, -2.81, 0.15, 1.01), B: (-126, -0.35, 35.5, 5.94, -0.026, 0.73), C: (-217,
5.39, 0.083 ,5.59, -0.014, 0.62), D: (39.2, -0.47, -4.07, 1.36, 0.15, 1.01). Notice that some of
the curves are very similar despite parameter estimates being quite different. The estimates
A and D actually yield essentially identical estimates for E(Y(1)|S(1) = 1,X = z) and
are closely related to each other, with (&0, Gy1, Bv, Aoty 62) of A approximately equal to
(—éuwo, =G, —Bv, 5\1,1, 62) of D. Parameter estimates B result in the largest value for the
likelihood, so we take it to be the MLE.

The MLE under (5.3) with 3, unknown also has a tendency to over-fit the data. The
three plots in Figure 5.2 show the MLE of different datasets simulated under the same
distributions and parameters as Figure 5.1, and estimated with 3, free, 8, = 0,and 8, = 8 =
3. (Table 5.1 contains the parameter estimates for the plots in Figure 5.2.) Although 8 # 0,
one can see that a straight line is a good approximation to the true value E(Y(1)|S(1) =
1, X = z). On the other hand, the estimate based on leaving 3, free sees more in the data
than is actually there. Naturally, as the sample size increases or as the variance of the data
decreases, problems with over-fitting the data become smaller.

Although there is a tendency to over-fit the data, based on our simulations the estimate
for E(Y(1)|S(1) = 1, X = z) under (5.3) appears unbiased (see Table 5.2, columns A).
The most serious limitation to this parameterization is that second moment estimation is
not feasible using standard likelihood theory. If one improperly estimated the variance as
the inverse of the information, then approximately 10% of simulations resulted in either
negative variance estimates or had uninvertible information matrices. And if one removed

the simulations with variance problems, the coverage probability was poor, between 82 and
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93.5%, instead of the nominal 95% level.

Although variance estimation based on the information was never completely success-
ful, it is interesting to notice the differences between rows. For example, for those sim-
ulations where VE =~ 0.3 and 8 = 3, the naive variance estimate performed much bet-
ter than simulations generated with VE =~ 0.6 and § = 0. As previously stated, data
were generated setting a,; = log(2)/10 ~ 0.07, A\,; = 0.05, 0, = 1, and (a0, B) =
(-1.8,0),(—5.8,1),(-13.4,3),(-3.1,0),(-7.4,1),(~16.3,3). For the simulations with 8, =
0 we are in a region of non-identifiability. And for 3, = 1 and 3 there is non-identifiability
if a, = (—2.8,—-0.05) and (—11.4, —0.15), respectively. Our simulations do not appear to
be far enough from this region to have performed adequately, although perhaps those that
did perform better were further from the region of non-identifiability.

Because of the computational time it takes to calculate the bootstrap variance of the
estimate of E(Y(1)|S(1) = 1, X = z) under M,, it is not feasible to perform an extensive
simulation study with M.3 correctly specified as (5.3). On a small subset of the simulated
data used in Table 5.2 (the first 200 datasets generated with VE ~ 0.3 and 8 = 1) we
examined the performance of the ML estimator of E(Y(1)|S(1) = 1,X = z) with M.3
properly specified by (5.3) (leaving 8, free) and with its variance estimated from 100 boot-
strap repetitions. The coverage probabilities of Wald-based 95% confidence intervals of
E(Y(1)|S(1) = 1,X = z) for z = 30, 38, and 55 using the bootstrap variance estimates and
leaving (3, free were 0.950, 0.975, and 0.955, respectively. Coverage probabilities for the
same 200 simulated datasets using linear regression (3, = 0) were 0.960, 0.940, and 0.915,
respectively.

Table 5.2 columns B and C also contain coverage probabilities fixing 3, = 0 and fixing
B, = B, respectively. For these simulations, simple linear regression (8, = 0) performed
very well, with good coverage probability and small bias. Of course, since setting 3, = 0 is
actually a model misspecification, for certain simulation scenarios this model will not work
as well. And, as the sample size increases, eventually one will have poor coverage probability.
However, our choices for parameters from which to simulate the data were chosen a-priori
and we feel they are fairly realistic of what one could see in practice. In many cases it may

be reasonable to model f,(y|z;n1) with the same distribution as fp(y|z;n§).
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In general, when fixing 8, = (3, the coverage and bias were worse than the analyses
assuming B, = 0. Although not as extreme as leaving 3, free, there was still some over-
fitting with G, = 3.

Table 5.3 reports Monte Carlo rejection probabilities, based on 1000 simulated datasets,
of two-sided Wald tests of Hy : ACE (z) = 0 at nominal 0.05 level for the values z = 30, 38,
and 55 under model M, using (5.1)-(5.4) with values of 8 set at 0, 1 or 3 (only one of
them being the true value under which the data were generated) and 8, in (5.3) fixed at 0.
Interestingly, even when the true value of 3 was different from 0 (and hence inference was
conducted assuming an incorrect value of 3, in (5.3)) the type I error (i.e. the rejection
probability under A = 0) was quite close to the nominal 0.05 level and the tests had
substantial power for detecting A = 1/2 at z = 38 (the mean of X). The lower power of
the tests at z = 30 and especially 55 is due to the fact that these values are quite distant
from the mean of X (with 55 being about three standard deviations away from the mean).

Also, as predicted by theory, very poor inference is obtained when the values of 3 are
incorrectly specified. The ACE(z) is monotone decreasing in 3, so if true 8 = 0 and
one assumes 3 = 1, then the estimated ACE(z) will be less than the truth. And if one
incorrectly presumes that 8 = 3, then the ACE(z) will be estimated as even smaller. This

fact makes sense of the estimated powers reported in Table 5.3 when 3 is misspecified.
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Table 5.1: Estimated parameter values for Figure 5.2

Plot o 1 By Ao A O
Top Left B, unknown -126 -0.35 355 5.94 -0.026 0.73
By =0 - - - 570 -0.016 0.62
By =0 -16.0  0.12 - 535 -0.01 0.68
Bottom Left (3, unknown 0.23 050 -3.3 7.00 -0.04 0.75
By =0 - - - 4.56 0.012 0.66
By =8 -9.9 -0.05 - 4.47 0.01 0.74
Right B, unknown -27.1 0.15 479 -8.89 0.28 143
By,=0 - - - 3.14 005 075
Bv =20 -186 0.14 - -091 013 0.99




Table 5.2: Coverage Probability and (Bias) of different methods for estimating
E(Y(1)|X); based on 95% Wald confidence intervals, the observed information, and
1000 simulations. Columns A: Estimating 3,; B: fixing £, = 0; C: fixing 8, = 8.

True A" B c*
Jéj X=30 X=38 X=55 X=30 X=38 X=55 X=30 X=38 X=55

VE =03

0 0892 0918 0875 0954 0960 0958 0954 0960  0.958
(-0.000) (-0.019) (0.062) (-0.012) (-0.009) (-0.003) (-0.012) (-0.009) (-0.003)

1 0928 0930 0912 0951 0954 0939 0937 0902  0.892
(0.019) (-0.015) (0.068) (-0.014) (0.010) (-0.065) (0.004)  (0.002)  (0.029)

3 0920 0935 0927 00940 0952 0925 0946 0940  0.912
(0.022) (-0.018) (0.129) (-0.033) (0.014) (-0.092) (0.018) (-0.015)  (0.105)

VE = 0.6

0 0.865  0.886  0.820 0942 0951 0934 0942 0951  0.934
(-0.030)  (0.004) (-0.033) (-0.013) (-0.005) (0.012) (-0.013) (-0.005) (0.012)

1 0839  0.885 0820 00946 0932 0946 0927 0902  0.916
(0.037)  (-0.016) (0.110)  (0.002) (-0.003) (-0.038) (-0.006) (-0.002)  (0.008)

3 0.874 0927 0858 0949 0951 0912 0915 0930  0.872
(0.067) (-0.018) (0.117) (-0.013) (0.011) (-0.074) (0.019) (-0.006)  (0.009)

* Coverage probability is after those with uninvertible informations or negative vari-
ances were removed. For VE = 0.3,8=0,1,3and VE = 0.6,3 = 0,1, 3, a total of
118, 100, 18, 217, 97, and 78 of the 1000 simulations in columns A were removed,
respectively; a total of 0, 2, 1, 0, 5, and 1 of the 1000 simulations in columns C were

removed, respectively.
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Table 5.3: Power for detecting a 0, 1/3, and 1/2 mean shift alternative (Ho : ACE(z; 8) = 0)
under M, with 3, in (5.3) set equal to 0.

VE  True Presumed A=0 A=1/3 A=1/2

J¢] <] X=30 X=38 X=55 X=30 X=38 X=5B5 X=30 X=38 X=55

~0.3 0 0 0.047 0.052 0.050 0.251 0.634 0.129 0.506 0.936 0.230
0 1 0.260 0.342 0074 0.0583 0.098 0.073 0.096 0.360 0.145

0 3 0.520 0.588 0.086 0.137 0.097 0.065 0.066 0.080 0.106

1 0 0.383 0.479 0.048 0.868 0994 0.115 0.956 1 0.237

1 1 0.056 0.056 0.059 0.264 0.605 0.086 0.477 0.919 0.159

1 3 0.146 0.132 0.060 0.066 0.173 0.075 0.123 0460 0.128

3 0 0.832 0.951 0.067 0.993 1 0.161  0.998 1 0.288

3 1 0.178 0.275 0074 0653 0949 0.114 0.838 0.998 0.197

3 3 0.048 0.073 0.083 0.184 0.521 0.089 0.379 0.860 0.161

~0.6 0 0 0.058 0.042 0.058 0.193 0.462 0.128 0.350 0.807 0.195
0.462 0.752 0.085 0.144 0.122 0.061 0073 0.049 0.086

0 3 0.825 0.979 0.141 0507 0682 0.061 0.318 0336 0.059

1 0 0.483 0.813 0.062 0.828 0.997 0.193 0.921 1 0.303

1 1 0.058 0.071 0.043 0.213 0.471 0.107 0.357 0.775 0.167

1 3 0.217 0.391 0.051 0.057 0.109 0.171 0.102 0.060 0.096

3 0 0.987 1 0.114 1 1 0.335 1 1 0.487

3 1 0.433 0635 0.068 0.999 1 0.334 1 1 0.485

3 3 0.049 0.053 0.067 0.190 0.492 0.1153 0.339 0.807 0.189
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5.4 Parameterization under My

Rather than modeling viral loads for infected placebos, a different approach assumes a
distribution for viral loads in infected placebos in the always infected principle stratum. In
other words, instead of specifying f,(y|z; ), specifying f;i(y|x; 9. If w(z, y; o, B) is greater
than 0 for all  and y, then one can write

w(z, y; o, B) 754yl z; )
w(z, y; o, )~ L% (y|z; ng)dy’

£r(yla; o, mb) = i

and all components of the likelihood (3.1) are specified as shown in Appendix C.1.

A major advantage of model M, is that, as opposed to model M,, the functional form
for f,(y|z;n1) can be easily chosen so as to ensure both that the null hypothesis Hp can hold
under the model and that 7; is identified and v/N—estimable. This approach also yields
clearly interpretable parameter estimates and simple tests of null hypotheses.

We study estimation for this method of parameterization using logistic/Gaussian models.

In our example and simulations we use

£ ylz; nd) = é(y; 2T yp, 02) and fi(yla; ) = ¢(y; 27 v, 02), (5.5)

where 18 = (Yp, 0p) , 11 = (Vv, 0v) , 7p and 7, are unknown vectors of the same dimension as
z, ¢(y; 27y, 02) is a normal density with mean 2T, and variance o2, and op and o, are
unknown. Note that under (5.5) ACE (z) takes the simple and easily interpretable form
zT (v, — ). Interestingly, under (5.2) and (5.5) a closed form expression for the likelihood

Lyn (pb) exists because

1~ VE(z; 8, 0md) = / w (@, y; B, 0) £ (u]; o, nE)dy

-1
= [1 + exp <——ﬁ <:vayp — %Bag) - xTa)} .

ot (ylz; B,mg) = é(y; 7 p — Bog, o).

In addition,

This is derived in section D.3 of the Appendix. The log-likelihood and score equations under

these parameterizations are given in section D.4.
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In addition to tests of Hy : ACE(z) = 0, parameterization under My allows simple tests
for interaction, i.e. a test of HEMe™ : ~,; = ~,; is a test of no interaction between treatment
and the jth covariate. A global test of the average causal effect of vaccine on viral load is a
test of HZ'%! : ~, = ~,. Specifically, a likelihood ratio statistic for testing HE i

\ = Lol
Ly(88)’

where 5P is the MLE of p® and 4} is the MLE under the constraint that v, = v,. A similar

with 2logh —4 X2,

likelihood ratio statistic could be used for testing H{™®", or alternatively one could use a
Wald statistic.

Computation is also more simple under My using (5.1)-(5.2) and (5.5) than under M,
using (5.1)-(5.4) because the likelihood can be written in closed form. Computationally, the
only challenge to maximizing this likelihood is that f;(y|z; o, ng) is written as the mixture
(1-VE(z; ) (ylz; )+ VE(z; ) 7% y)a; -), which suggests employing an EM or Newton-
Rapson algorithm. For our simulations and examples, we again have used quasi-newton
methods implemented in R using the function optim(:).

One potential disadvantage of model Mj is that it requires that w(z, y; 8, o) is nonzero
for all z and y. This rules out sharp bound analyses (HHS) and is tantamount to assum-
ing the vaccine is not 100% effective in any subpopulation. However, this is a plausible
assumption for most candidate HIV vaccines (see Graham, 2002), and even if there were
subpopulations where the vaccine was known to be 100% effective, participants in these
subpopulations would not belong to the ai principal stratum and could therefore simply be
removed before performing the analysis.

Note that by assuming a functional form for fy () s(0)=s(1)=1,x (¥1S(0) =S (1) = 1,2)
and another for P (S (1) =1|5(0) =1,Y (0), X = ) we are indirectly imposing functional
form restrictions on the distribution fy (o) s(0)=1,x (¥/5 (0) = 1, z), which is identified by the
observed data without assumptions A.1 and A.2. Indeed, this functional form is strongly
driven by the chosen value of 5. In fact, 3 is identified under model My. A consequence of this
remark is that some choices of 8 can result in poor model fits. For example, extreme values
of 8 may correspond to a bimodal distribution for fy(o)s(0)=1,x (¥/S (0) = 1,z) and this

may be contradicted by the evidence in the data. This is demonstrated in Figures 5.3 and
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Figure 5.3: Induced placebo viral load densities at the mean covariate value for different
values of the sensitivity parameter § under M.

5.4, which show how the density and expected value of Y (0)|X, S(0) = 1 differ for different
assumed values of 3. These figures were created under model Mj, using (5.1)-(5.2) and (5.5)
with each distribution set up so that VE = 0.3 and E(Y(0)|X = 38,5(0) = 1) ~ 4.2 (see
Simulations Section). One can see that at these settings for a sensitivity analysis ranging
from B = 0 to 3, one assumes widely different distributional forms for the observed viral
loads in the placebo arm. In order for an analysis to be reasonable, the observed data
must support the distributional assumptions. If extreme values of 3 were indeed regarded
as plausible prior to assuming M.1-M.4b, then we recommend that the analyst consider
more flexible distributional shape assumptions since poor model fits under plausible values
of 3 suggest incorrect specification of at least one of the assumptions in M.1-M.4b. (More

discussion of this point is found in Appendix D.5).

A second disadvantage of model M, therefore, is that sensitivity analyses may be

valid only over a smaller range of 3. From simulations (see Section 5.5 for details on
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how data were generated) we have found that when ( is incorrectly set away from its
true value, some parameter estimates are nonsensical because the model poorly fits the
observed data. Figure 5.5 is a sensitivity analysis on data simulated under M; (with
8 = 0,VE =~ 0.3, and ACE(z) = 0 for all ) where the model appears to be a good
fit to the data for all 8 € [—3,3]. As one would expect, A/C\E(x) is monotone in 8 and
the model-based estimates for VE, va VE(z;; 8, do, 10) /N, written at the top of the plot
for 8 = (-3.0,—2.5,-2.0,---,2.5,3.0) are similar to the non-parametric estimate of VE,
1 — nyNp/(npNy). In contrast, Figure 5.6 is an example of a sensitivity analysis where
this parameterization breaks down. The data used to construct Figure 5.6 were generated
under the same model as the data used to construct Figure 5.5. However, as the assumed
B moves farther away from the true 8 (8 = 0), the A/@(x) shifts unexpectedly. Notice
that at the same time, the model-based estimate of VE becomes very different from the
non-parametric estimate. In short, what is happening is that for large/small values of 3
the assumed model is forcing a bimodal distribution, and at some point the model becomes
such a bad fit that the estimated mixing proportion VE(z; 3, &g, n0) is forced to be either
much higher or much lower than the truth, implying that most of the observed viral loads

in the placebo arm come from only one of the distributions, f5"(:) or f3(-).

5.5 Simulations under M,

Simulation studies were performed to investigate finite sample properties and robustness of
estimates to misspecifying 3. Data were generated from the models (5.1)-(5.2) and (5.5)
using a 2 x 3 x 3 factorial simulation experiment, corresponding to VE = P(S(1) = 0|5(0) =
1)~ 0.30r0.6; 3=0,1, or 3; ACE(-) constant and equal to 0, 1/3, or 1/2. Each simulation
generated 1000 vectors W according to the following steps (repeated from Section 5.3, with
changes in Steps 4 and 5):

Step 1. The first 500 vectors were set at Z = 0, the second 500 were set at Z = 1.

Step 2. X was a single covariate generated according to the N (38, 62) distribution.

Step 3. Given X, S(0) was drawn from a Bernoulli(d,(X; u)) distribution where 6,(X; w)
was as in (5.1) with u = (log(1/3),0).
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Figure 5.5: Sensitivity analysis of a simulated dataset under M, where the model appears
adequate for all 5.
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Figure 5.6: Sensitivity analysis of a simulated dataset under M, where the model is not

adequate for all 3.
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Step 4. Y(0) was generated for all realizations with S(0) = 1 according to the density
I (ylz; e ng) induced by fz‘,‘i(ylm; ng) in (5.5) and w(z, y; B, @) in (5.2). We detail our choices
of @ and n§ in Step 5.

Step 5. Given X and Y (0), for each realization with Z = 1 and S(0) = 1, S(1) was
drawn from a Bernoulli(w(X, Y (0); 8, @)) distribution with w(z, y; 3, o) defined as in (5.2).
In all simulations, a; = log(2)/10, so that for a 10 year increase in age, the odds of being
in the as stratum doubled. Parameter values, ap and 13 were chosen together so that
E(Y(0)|S(0) = 1) ~ 4.2 and VE ~ 0.3 or 0.6. For VE ~ 0.3 we set (ao,¥p0, ¥p1, 9p)
as (—1.8,2.3,0.05,1.0), (—5.7,2.6,0.05,1.0), or (—12.1,3.1,0.05,1.0), when 3 was equal to
0,1, or 3, respectively; for VE = 0.6 we set (o, Yp0, Yp1, 0p) as (—3.1,2.3,0.05,1.0), (=7.4,
2.9,0.05,1.0), or (—17,4.2,0.05,1.0), when 8 =0, 1, or 3, respectively.

Step 6. For the realizations with Z = 1 and S(1) = 1, Y(1) was set equal to Y (0) + A,
with A =0,1/3, or 1/2.

The sensitivity analyses shown in Figures 5.5 and 5.6 were performed on data generated
using VE =~ 0.3,3 = 0, and A = 0. Based on informal observation, only one out of every
four or five simulated datasets generated under these specifications resulted in sensitivity
analyses that were valid (i.e. the data fit the model, as in the lower right plot of Figure 5.7)
for all B from 8 = [-3,3]. Figure 5.8 shows a typical sensitivity analysis generated with
true 3 = 3,VE ~ 0.3, and A = 0. In this sensitivity analysis, the data appear to fit the
model for 8 as low as —1 or —2.

It is impossible to specify a range of 3 where the method under M, always performs well.
In general, the more narrow the range of 3 the more likely M, is reasonable. The modeling
will actually perform better for smaller sample sizes: with smaller samples it is harder to see
models and values of 8 that are incompatible with the observed data because the less data
you have the easier it is to use whatever you want to describe it. In practice, I recommend
computing the empirical and model-based estimates of V'E. Although not a formal test,
when these two quantities are clearly different, the model is obviously misspecified.

Table 5.4 reports rejection probabilities for the same test under the same settings as
in Table 5.3 except that data were generated under model M;, and ML estimation was

conducted under model M, using (5.1)-(5.2) and (5.5). Simulation results are similar,
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although it should be pointed out that because data were generated under different models,
Tables 5.3 and 5.4 are not directly comparable. Table 5.5 reports rejection probabilities for
Hinter and Hgl"bal, as defined in Section 4.2, based on the data and estimators used in Table
5.4. Finally, Table 5.6 shows the power to reject Hy assuming no interaction and o, = op.

In all cases, when 3 is properly specified the tests have adequate power and size.
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Table 5.4: Size/power for detecting a 0, 1/3, and 1/2 mean shift alternative of the Wald
test of Hy : ACE(z) = 0 under M.

VE  True Presumed A=0 A=1/3 A=1/2
B8 J¢] x=30 =38 z=55 =30 =38 z=55 2=30 =38 =055
~0.3 0 0 0.058 0.055 0.047 0.308 0.673 0.124 0.559 0.949 0.211
0 1 0.232 0.363 0.051 0.054 0.084 0.096 0.110 0.350 0.157
0 3 0.492 0.710 0.153 0.253 0.323 0.133 0.213 0.272 0.159
1 0 0.471 0.573 0.048 0.881 0.988 0.095 0.956 1 0.172
1 1 0.056 0.061 0.050 0.269 0.547 0.121 0.449 0.853 0.197
1 3 0.314 0.432 0.096 0.384 0.439 0.140 0.441 0.579 0.200
3 0 1 1 0.391 1 1 0.173 1 1 0.092
1 0.422 0.422 0.051 0.767 0.945 0.032 0.888 0.994 0.057
3 3 0.056 0.052 0.058 0.186 0.502 0.121 0.351 0.831 0.201
~ 0.6 0 0 0.057 0.058 0.069 0.209 0.507 0.143 0.387 0.824 0.212
1 0.466 0.742 0.117 0.139 0.136 0.066 0.063 0.050 0.098
0 3 0.797 0.988 0.210 0.492 0.697 0.127 0.326 0.382 0.120
1 0 0.644 0.900 0.083 0.896 0.998 0.174 0.964 1 0.257
1 1 0.061 0.049 0.062 0.180 0.388 0.113 0.307 0.686 0.167
1 3 0.284 0.460 0.129 0.132 0.110 0.121 0.124 0.170 0.164
3 0 1 1 0.062 1 1 0.048 1 1 0.070
3 1 0.505 0.655 0.038 0.750 0.935 0.076 0.838 0.982 0.116
3 3 0.063 0.064 0.056 0.145 0.301 0.105 0.240 0.545 0.168
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Table 5.5: Size of the Wald test for ACE(z) independent of = (HJ™*: ~,1 = 1), and
size/power of the likelihood ratio test of ACE(z) = 0 for all z (HZ*®: ~, = 4,), under

Mp.

VE  True Presumed H{™" Hgtobe
8 B A=0 A=1/3 A=1)2
~ 0.3 0 0 0.063 0.051 0.561 0.907
1 0.068 0.283 0.093 0.289
0 3 0.128 0.569 0.460 0.530
1 0 0.162 0.491 0.983 1
1 1 0.057 0.052 0.456 0.780
1 3 0.135 0.261 0.311 0.453
3 0 0.948 1 1 1
1 0.187 0.307 0.874 0.979
3 3 0.055 0.057 0.420 0.769
~ 0.6 0 0 0.075 0.056 0.430 0.766
1 0.087 0.662 0.124 0.076
0 3 0.139 0.975 0.635 0.368
1 0 0.146 0.824 0.994 1
1 1 0.051 0.059 0.317 0.599
1 3 0.118 0.383 0.104 0.151
3 0 0.878 1 1 1
1 0.170 0.507 0.901 0.971
3 3 0.057 0.056 0.275 0.528
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5.6 Summary

In this chapter I have presented two different parametric approaches to estimating ACE(z).
The defining difference between models M, and M, is whether one specifies the distribu-
tional form for viral load for infected placebos (M,) or for always infected placebos (Myp).
There are advantages and disadvantages to both methods. Under M, parameters are eas-
ily interpretable and lead to simple tests for interaction and tests of Hgl"bal. However, (3 is
identifiable under My, which may mean that it is difficult to choose parametric distributions
that are compatible with the observed data over the range of 3 that is scientifically interest-
ing. This is not a problem under M,. However, M, has problems of its own, particularly
the fact that it may not be possible to choose models that have identifiable parameters but
that allow the null hypothesis, ACE(z) = 0, to hold for all z as sample sizes go to infinity.
For the above reasons, one would probably prefer model M, if the scientifically plausible
range for § is narrow. For a large range, M, might be preferable. In practice, I would
recommend doing both (and reporting both). These are, of course, sensitivity analyses —
which I define as analyses performed over a range of assumptions to investigate the sensi-
tivity of conclusions to those assumptions. Why not investigate the sensitivity of results to
distributional assumptions?

These sensitivity analyses can be thought of as examining departures from assumption
A.3, that Y(0) I1 S(1)|S(0) = 1, X. If A.3 holds, then one can simply perform standard
regression analyses on the infected subjects. Adding to X additional covariates thought
to be associated with both vaccine efficacy and viral load may make A.3 more believable.
However, this does not imply that adding covariates to the analysis restricts the range of

values of B considered plausible (Scharfstein et al., 1999).
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Table 5.6: Size/power for detecting a 0, 1/3, and 1/2 mean shift alternative of the Wald
test of Hy : ACE(z) = 0 under My assuming (vv1,0v) = (Yp1, 0p).

VE  True Presumed A
38 B8 0 /3 1/2
~ 0.3 0 0 0.049 0.672 0.938
0 1 0.366 0.090 0.350
0 3 0.216 0.575 0.774
1 0 0.484 0.990 0.999
1 1 0.057 0.544 0.860
1 3 0.371 0.645 0.728
3 0 0.992 1 1
3 1 0.408 0.959 0.994
3 3 0.046 0.564 0.872
~ 0.6 0 0 0.058 0.491 0.819
0 1 0.800 0.171 0.058
0 3 0.966 0.836 0.634
1 0 0.865 0.998 1
1 1 0.056 0.412 0.723
1 3 0.629 0.195 0.161
3 0 1 1 1
3 1 0.998 1 1

3 3 0.045 0.871 0.996
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Chapter 6

TIME-TO-EVENT OUTCOMES

6.1 Additional Motivation

Some of the most important outcomes in HIV vaccine trials may be post-infection time-
until-event outcomes (Gilbert et al., 2003b). A couple of examples include the time from
HIV infection diagnosis until the onset of AIDS or the time from infection diagnosis until

the viral load passes a specific threshold.

In Phase III vaccine trials, such as VaxGen'’s trial of AIDSVAX B/B, several thousands
of individuals are randomized to either the vaccine or placebo arm. As in a typical clinical
trial, they are followed for a certain amount of time, with the primary endpoint being HIV
infection. Those that get infected are then enrolled in a post-infection study, and monitored
for several additional years. Those who are not infected by the initial stopping time are no

longer followed.

In this situation one could make a strong argument for performing an intention-to-treat
(ITT) analysis: i.e., using all randomized individuals, ignoring infection status and defining
the outcome of interest as the post-infection outcome (e.g., time from randomization until
AIDS). However, this is not an ideal analysis because the vast majority of trial participants
will not get infected and are therefore not followed past the time that the initial study
concludes, t;. If one censors these uninfected individuals at ¢; (which we refer to as analysis
ITT,), then one induces dependent censoring, leading to a biased estimate that under-
estimates the survival probability for ¢ > ¢;. On the other hand, if one assumes that the
post-infection outcome occurs in none of the individuals who are not infected at time ¢; and
censors these individuals at the time when the post-infection study ends, ¢ + to, (we refer
to this analysis as IT'T}) then one is most likely over-estimating the survival probability at

t > t1, particularly for large 3.



51

A simple illustration: Define X; as the time from randomization to HIV infection di-
agnosis and X5 as the time from HIV infection diagnosis to AIDS. The ITT outcome of
interest is therefore X = X; + X,. For simplicity, assume that all uninfected individu-
als are censored at the end of the first phase of the trial (we assume this throughout).
This is stated by defining C; as the time from randomization to pre-infection censoring
and setting C; = t; for all participants. Define Cy as the time from HIV infection diag-
nosis to post-infection censoring. Under the ITT, analysis, the time from randomization
to censoring, C, equals min(Xy,t1) + I(X; < t1)min(Cy, t2). Under the ITT} analysis,
C = I(X1 > t1)(t1 + to) + (X1 < t1)(X1 + min(Cy, t2)) and X is assumed to be greater
than C if X; > t;. Under either analysis, X and C are not independent, even if X; and Xo
are independent of C; and Cy respectively.

For example, consider the simple scenario where ¢; = t2, X1 and X3 are independent and
both are distributed as EXP(A) with cdf F. This implies that the true survival probability
at time ¢ is 1 — G(t), where G is the cdf of a GAM(2, \) distribution. Under this model
the analysis ITT, yields a Kaplan-Meier estimate of S(¢) for ¢ > t; that converges to
(1 — F(t))(1 — G(t1)). For analysis ITTs, for t > t; the estimate of S(t) converges to
1—G(t1) — F(t — t1)[F(t1) — G(t1)]. Both estimates are clearly biased as shown in Figure
6.1 forty =ty =3 and A=0.1.

The only unbiased ITT analysis would be to censor everyone who does not experience
the post infection event at t;. This is, of course, unattractive because much information is
thrown away. From a statistical standpoint, the ideal trial design would not have an initial
stopping point, but would follow all individuals for the entire study time, ¢; + 2. However,
resource constraints make a Phase III trial of this type unfeasible.

In this chapter I will extend the methods of the previous chapters to the case where the
outcome of interest is a right-censored time-to-event outcome. Therefore, my methods will
answer the following type of question: among those who would have been infected regardless
of treatment assignment, does assignment to the vaccine increase/decrease the probability
of being AIDS free t months post-infection? This question allows us to specifically look at
the causal effect of vaccination on the time from infection diagnosis to some post-infection

outcome. It should be emphasized that my methods address a different question than
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Figure 6.1: Example of survival distribution and biased estimation of that distribution using
different ITT analyses.
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the question answered by an ITT analysis. An ITT analysis addresses whether or not
vaccination increases the probability of being AIDS free ¢ months post-randomization. One
could legitimately argue that despite the problems mentioned in the preceding paragraphs,
an ITT analysis better addresses a more important question for public health purposes
because it is more interpretable for future subjects and because it includes information
with regards to both infection and the post-infection outcome. In a sense, an ITT analysis
combines the primary and secondary analyses into one analysis. However, many researchers
want an analysis that specifically addresses the post-infection questions. This is especially
true for the next round of candidate HIV vaccines (Graham (2002); Gilbert et al. (2003b);
www.hvtn.org; see also Appendix A). The analyses discussed in this chapter allow one to
look directly at the causal effect of vaccination on post-infection time-to-event outcomes.

In practice, I advocate using and presenting results from both ITT and causal analyses.

6.2 Notation and Assumptions

I slightly adjust my notation here from that presented in Chapter 2 to address the time-to-
event problem. Let T} be the time from infection diagnosis until some event for subject i, and
define C; as the time from infection diagnosis until censoring. As with typical time-to-event
outcomes, we do not observe T; but rather we observe Y; = min(T;, C;) and A; = I(Y; = T5).
Notice that T, C;,Y;, and A; only exist if S; = 1; otherwise they are assigned the value *
with probability 1.

As before, I use potential outcomes and assume SUTVA. The outcomes W; = (Z;, S;(0),
S;(1), T;(0), Ty(1), C;(0), Ci(1), X;) for ¢ = 1,--+, N are i.i.d. copies of a random vec-
tor W = (Z,5(0),5(1),T(0),T(1),C(0),C(1),X) and similarly the observed data O; =
(Zs, S;, Y, Ai, X;) are i.i.d. copies of O = (Z,5,Y,A,X;). As before, one could eval-
uate the average causal effect of vaccination in the ai stratum defined as ACE(z) =
ET(1)-T(0)|S0)=5(1)=1,X ==z]. With a time-to-event outcome, it may be of
greater interest to compare within the always infected stratum the probablities of being

event free at time ¢, defined as 1 — P(T;(2) < ¢|S;(0) = S;(1) = 1,X = z) for 2 = 0, 1.
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Hence, my estimand of interest is the “survival” causal effect in the ai stratum, defined as

SCE(t,z) = P(Ti(0) < t]8;(0) = S;(1) = 1, X = z) — P(Ty(1) < ¢[8i(0) = §i(1) = 1, X = z)
= F¢(tlz) — F'(tlz).

My goal is to estimate the function SCE (t, z) based on the observed data O;,i =1, ..., N.
As in Chapter 2, in addition to assuming SUTVA, I assume

o Randomization:

(5(0),5(1),T(0),T(1),C(0),C(1) L Z|X (6.1)

e Monotonicity:

Si(1) < Sy(0), fori=1,---, N (6.2)

o A form for P(S(1) =1|S(0) = 1,T(0), X):
P(S(1) = 1]5(0) = 1,T(0), X) = w(T(0), X 8); (6.3)

where w(t, z; 8) = & {m(z) + g (¢, z; B)}, B is fixed and known, ® (-) is a known cdf,
m(-) is an unspecified function of X, and for each 3, g (-; 5) is a known function of X

and 7.
Our only additional assumption is

e Independent Censoring:

C(z)UT(2)|8(z) =1, X. (6.4)

This final assumption is equivalent to the standard assumption of independent censoring
often made when analyzing time-to-event data. I will refer to the collective assumptions of

SUTVA, (6.1), (6.2), (6.3), and (6.4) as assumptions A.
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6.3 Maximum Likelihood Estimation

In chapter 3, I constructed the likelihood for the case where there is no censoring. One
can easily extend the likelihood to account for independent censoring. I express the joint

density of the observables as
fo(0) = fx(X)Pzx(Z|X)Ps2,x(SZ, X) fris,z,x(T|S; Z, X) forr,s,2,x(C|T, S, Z, X).

Notice that this is the same form as given in chapter 3, only now I have replaced Y with
T (I redefined the outcome of interest to be T') and included the density of the time until
censoring, conditional on all other variables. Under A the restrictions presented in chapter
3 and derived in appendix C.1 are identical here (of course replacing Y with T'). In section

E.1 of the Appendix I show that

forrszxWIT,S=1,Z =2 X) = g.(y|z),

where g,(:|-) is the density of C(z) given S(z) =1 and X =, for 2 =0, 1.

It then follows that the likelihood given by (3.1) can be extended to give

L) o ﬂ{[mmxi;m)éf(l—Fv<yi|xi;m>>1-5fgl<yz-|mi>1-5i
(1= G 0 () [0 36,) ol o) |
X [1 Op (zi; 1) | w(zi,y; B, a)fp(ylwi;no)dy]l—Si}zi
x { [fo(wilzis mo)® (1 = Fp(aileis mo))' ™ golyiles) ="
(

x (11— Go(yz|xz)) ) (a:i; p,)] % [1 _ ep (mi; N)]l_si}l——zz' ,

where G(y|z) = fo s|z)ds and F(y|z) = [ f(s|z;no)ds. We are not interested in es-
timating the censoring distribution, so it can be factored out of the product leaving us

with
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{[# dassmn)® (1 = Fuwilai;m)) =

o

S

K
=

X0 (mi;u)/w(mi,y;ﬁ, @) fp(y|$i§770)dy:| ,

1-5,) %
X [1-9P (:ci;,u)/w(fbi,y;ﬁ, a)fp(ylﬂii;no)dy] }

X {[fp(yi|1'i; m0)% (1 - Fp(yi|zism0)) ! ™%

X8y (@))% [1 = 0y (a0} (6.5)

The manner in which this likelihood is written implicitly assumes some parametric mod-
els. Specifically, distributional assumptions M.1-M.4 are made. (One could either assume
M.4a or M.4b. And, of course, Y is replaced by T in our distributional assumptions.
Standard choices for the conditional distribution of T" include Weibull and exponential dis-
tributions. Notice that no assumptions are made with regards to the censoring distribution
other than its conditional independence from T'.)

One can maximize the likelihood with respect to parameters to obtain maximum likeli-
hood estimates and then estimate the average causal effect of vaccine on the post-infection
time-to-event outcome in the a¢ principal stratum in the same manner described in Chapter
3. And, as in Chapter 3, since Fz‘,“' and F2 are fully specified, one can make other types
of comparisons: for example, one can compare medians of the time-to-event outcomes at
certain covariate levels or one could estimate SCE(t, z) for some post-infection time ¢ and

some covariate level X = z.

As stated in Chapter 2, the primary reason for making parametric assumptions M.1-
M.4 is to allow the inclusion of baseline covariates in the analysis. Of course, if one does
not want to condition on baseline covariates, these parametric models still may be useful.
The general strengths and weaknesses of parametric methods seen in Chapter 5 are similar
here, although I have not formally studied parametric methods for time-to-event outcomes.
The remaining sections of this chapter discuss estimation of SCE(t) not conditioning on

covariate values, making less distributional assumptions.
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6.4 Non-parametric Estimation: Sharp Bounds

Perhaps we are unwilling to make any modeling assumptions, but would like to estimate
bounds on SCE(t). One can think of this as extending HHS to the time-to-event scenario.
It is easy to show that under (6.2), bounds on F2*(t) are

F;“7@)=jnhz{1{%gzg,l}, (6.6)
Fﬁ%n=mm{ﬂgg%5ﬂ} (6.7)

These expressions are equivalent to those given in HHS.
If in addition to (6.2), we also assume SUTVA, (6.1), and (6.4), then bounds for F;‘,”(t)

for t < 7 can be consistently estimated with

F;i’U(t) = min { Fp(t) 1} ,

1-VE’
E,t) -VE 0}

Foil(t) = maz —
e ) { 1-VE

where VE = min{l — nyNp/(npN,),0} and Ep(t) is the Kaplan-Meier estimator of the
distribution of the time-to-event outcome among those in the placebo arm who become
infected. Since under monotonicity F2(t) = F,(t), estimated sharp bounds for SCE(t) are
B () — By(t) and EZ%Y(t) — F(t), where Fy(t) is the Kaplan-Meier estimator among
infected participants in the vaccine arm.

Under certain conditions, ﬁ‘ﬁi’U(t) and F;i’L(t) are asymptotically normal. Specifi-
cally, VE is asymptotically normal if 0 < VE < 1, or equivalently 0 < P(S(0) = 1)
and P(S(1) =1) < P(S(0) = 1). The Kaplan-Meier estimate, E,(t) is asymptotically nor-
mal under the usual standard conditions (Fleming and Harrington). Therefore, Eg “U(t) and
F’;i’L (t) are asymptotically normal if, in addition to these conditions, 0 < Fy(t) <1-VE
and VE < F,(t) < 1, respectively. (These latter conditions are a result of (6.6) and (6.7).
If these conditions are violated then by definition, F2Y(t) and Fg"%(t) are 1 and 0, re-
spectively, and hence estimates will not be asymptotically normal.) This follows from the

~

asymptotic normality of (Fp(-), 171\*7) (Appendix E.3), the Hadamard differentiability of the
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maps F‘p(t)/(l - I//E‘) and (Ep(t) — @)/(1 - ﬁ), and the functional delta method (Ander-
sen et al., 1992). Under these conditions, expressions for the asymptotic variance obtained

via the functional delta method are

var (BgV (1)) = (@)Qaz(t) . (F”(t)>2p0(1 —po) (Fp(t)po>2p1(1 —p1)

P1 b1 Np p? N,
2 2 9
var (Bgh(8)) = (g—f) a2<t)+(1—pfp<t>) po<1]\;po>+(<1—1;%<t»po> p1<1N—vp1>’

where o2(t) is the variance of the Kaplan-Meier estimate, po = P(S = 1|Z = 0), and
p1 =po(l —VE) = P(S = 1|Z = 1). From these equations one may estimate variances in
the usual manner, by plugging in parameter estimates.

Variances may alternatively be estimated using a standard bootstrap procedure. Specif-

ically, from (O, -, On) sample with replacement N vectors O;, creating (Of, -, O%).
Compute SCE (t) (or any other relevant function) based on the bootstrap sample (O7, - - - , O%).

Repeat this process K times to obtain K bootstrapped estimates @*(t) The variance
of S’/@(t) can be estimated by the variance of Sﬁ*(t), which can then be used to obtain
Wald-based confidence intervals of SCE(t). 100(1 — a)%- level confidence intervals may
also be constructed using the «/2- and 1 — a/2- quantiles of S@*(t).

6.5 Semi-parametric Estimation: Extension of GBH

One can think of the previous section as an extension of HHS to time-to-event outcomes. Still
leaving the distribution of the time-to-event outcome unspecified, rather than constructing
bounds, one might want to perform sensitivity analyses over a more limited, plausible range
of scenarios similar to the approach of GBH. One can think of this section as extending
GBH to time-to-event outcomes.

The estimating equations of GBH when n, /N, < n,/N, are

(1= Z)(Si — po)

) (6.8)
N, 2 (S = w0 f5owit o, B

¢(P0, a) =

Similar to section 6.4, a natural approach would be to use these same equations, only

now estimating Fj,(t) with the Kaplan-Meier estimate. In practice, however, this approach
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may not be feasible because F‘p(t) may not be well defined for large ¢t. Specifically, suppose
data are only collected up to time 7 after infection, at which time point every remaining
subject is censored. (This will almost always be the scenario in these vaccine trials, because
resources are not available to follow participants indefinitely.) In this situation we cannot
estimate F'(t) for ¢ > 7. This is problematic because we estimate « using an estimating

equation that requires computing the integral

/Ooo w(y; @, B)dFp(y) = /OT w(y; o, B)dEx(y) + /Too w(y; @, B)dFy(y).
This second integral cannot be computed if F},(T) <1
One way to fix this problem would be to assume some distributional form for the tail of
Fp(-). (Using the parametric methods of Section 6.3, because Fy(-) is fully specified we do
not have this problem.) However, we want to leave Fp(-) unspecified. Therefore, another
approach would be to change the form of w(-), making it constant after time 7. For example,

consider w(-) defined as follows:

P -1
w(t; o, B) = (+ezp(~o= )y “Hort <7 (6.9)
(1+ ezxp(—a — ﬂr))'l for ¢t > 7.

Another choice for w(-) could be

w(t; o, B) = (1 + ezp(—a — Blisty)) (6.10)

for some tg < 7. Both (6.9) and (6.10) define w(:) with the expit function, but do so in a

manner that w(-) is constant for ¢ > 7. If w(:) is constant for ¢ > 7, then one can write:

/Ooow(y; a, ﬁ)dﬁ‘p(y) = /()Tw(y; o, B)dﬁ’p(y) + w(T; o, B) (1 — F‘p(r)> .

Of course, these choices of w(+) have implications with regards to interpretation. Under
(6.9) the interpretation of 8 is technically the following: Given infection in the placebo
arm, the odds of infection if randomized to the vaccine arm for T' = ¢; versus T' = tg are
exp {8 min (t1,7) — min (t2, 7)]}. This more complex interpretation might appear trouble-

some. However, if 7 is chosen as the maximum study follow-up time it is important to realize



60

that over the range of ¢t for which there is data, § has the usual odds ratio interpretation.
Under (6.10), 3 has a standard odds ratio interpretation, except now we have dichotomized
failure times, assigning w(-) a particular value for ¢t > tg and another for ¢ < {o.

With w(-) modeled by either (6.9) or (6.10), an extension of GBH using the Kaplan-
Meier estimates for Fy,(t) is the semi-parametric MLE under .A. The proof is a simple
extension of that given in Chapter 4, and is found in Appendix E.2. In Appendix E.3 I
show that under these same assumptions and 0 < VE < 1, pp > 0, and for a properly
specified well-behaved w(-) (i.e., constant for ¢ > 7, bounded, and twice differentiable),
Fz‘}i(t) is consistent and asymptotically normal for t € (0,7]. Therefore, S/C?Z‘(t) is also
consistent and asymptotically normal (of course, this is also under the standard conditions
that guarantee the asymptotic normality of £,(t) and F’p(t)). In fact, the results in the
appendix actually show that F’;i(-) converges to a Gaussian process, implying that so does
SCE().

Because Sﬁ(t) is asymptotically normal, pointwise confidence intervals based on the
bootstrap will be valid for large sample sizes. It is also possible to obtain an analytic
form for the asymptotic variance of Sﬁ(t) This variance estimate relies on being able to
approximate ﬁ‘p(t) with a sum of i.i.d. random variables. Such an approximation can be
obtained from Stute (1995). Using this result, one can augment (6.8) by including additional

estimating equations:

N
> (1= Z:)8: (Vi - Fp(t1))
i=1

N

> (1= Z)8; (Vii — Fp(tx)),
i=1

where k is the number of distinct failure times in the placebo arm, t; is the jth ordered
failure time, and for a specific j, Vj; are i.i.d. random variables for ¢« = 1,---,N. One
can then estimate the variance of parameter estimates using a sandwich estimator type
approach, and from there one can estimate the variance of S/C\E(t) using the delta method.

Details are given in the Appendix E.4.
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6.6 Simulations

To evaluate the small sample performance of our estimators of SCE(t) we conducted a 2 x 4
factorial simulation experiment, corresponding to generating data under VE = P(S(1) =
0|S(0)=1)~ 0.3 or 0.6, and 5 = 0.1,0.2,1, or co. Each simulation generated 1000 vectors
W according to the following steps:

Step 1. The first 500 vectors were set at Z = 0, the second 500 were set at Z = 1.

Step 2. S(0) was drawn from a Bernoulli(pg) distribution with pg = 0.25 (this choice
yields an expected number of infections in the placebo arm of 125, which is typical for a
Phase III vaccine trial).

Step 8. T(0) was generated for all realizations with S(0) = 1 according to the distri-
bution F,(t;n) with F,(-) a Weibull distribution and n = (shape = 0.5, scale = 25). This
distribution was chosen to reflect the distribution of the time from infection to initiation of
antiretroviral therapy (ART) in the VaxGen trial, for which approximately 50% of infected
participants started ART by 24 months post-infection diagnosis.

Step 4. Given T(0), for each realization with Z = 1 and §(0) = 1, S(1) was drawn
from a Bernoulli(w(T (0) ; 8, @)) distribution. For 8 = 0.1,0.2, and 1, w(t; 8, o) was defined
as in (6.9) with 7 = 24 months. To ensure that VE ~ 0.3, a was set at —0.2, -0.9, or —3.6,
when 3 was set at 0.1,0.2, or 1 respectively; and to ensure that VE = 0.6, o was set at
—1.8,-3.4, or —20, when 8 = 0.1,0.2, or 1. For 8 = oo, w(t) = I;;»,vey as discussed in
Section 4.2, where q'o'3 = 3.18 and ¢%¢ = 21.0.

Step 5. For the realizations with Z = 1 and S(1) = 1, T(1) was set equal to T(0).

Step 6. For the realizations with S = 1, C; was generated from a Weibull distribution
with shape and scale parameters 3 and 35. Then C was set as min(7, Cy), with 7 = 24
months.

Step 7. For all realizations with S =1, Y was chosen as min(C,T) and § = I{y_r}.

It is easily verifed that these steps result in simulating data under assumptions A and
model (6.9).

For each simulated dataset, I computed F;i(t) and ,@(t) for t = 24 months, assuming

the proper model for w(-) and the true value for 5. Wald-based 95% confidence intervals
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were constructed by estimating the standard error of estimates using both the bootstrap and
asymptotic variance estimates for those simulations generated under § = 0.1,0.2,1. The
variance was estimated using only the bootstrap for those simulations with 3 = co. Note
that data were generated using time on a months scale. This is important for interpretation
purposes, particularly with regards to §.

Table 6.1 reports the performance of S/C’\E(t) based on 1000 simulation iterations for
¢t = 24 months. Since ﬁ(t) is the difference between ﬁ‘;i(t) and F,(t), it is also sensible
to look at the performance of the estimates of F2*(t). Table 6.2 does this using the same
simulations and analyses reported in Table 6.1. In addition to presenting the coverage of
the untransformed 95% confidence intervals for F;i(t), Table 6.2 also presents confidence
intervals using the log-log transformation, which often results in better small sample cov-
erage and ensures that confidence intervals do not extend beyond [0, 1] (Dorey and Korn
(1987); see Appendix E.4 for details).

In most cases, bias is minimal and coverage is good — perhaps just slightly below the
nominal level using either the bootstrap or the asymptotic variance estimate. The only
exceptions are when VE =~ 0.6 and S is large. The poor coverage probabilities here are
essentially due to a boundary issue. Consider first the simulations with 8 = co. As discussed
in Section 6.4, as N — oo, under the usual assumptions and if VE < Fp(t) then ﬁ}?i‘l‘(t)
(which is equivalent to ﬁ‘;i(t) with 8 = oo) will be asymptotically normal and Wald-based
confidence intervals will cover at their nominal level. However, in these simulations F,(t) =
0.6246 for t = 24 months, which is very close to VE = 0.6001. Therefore, due to stochastic
variation and our relatively small sample size, VE is often greater than F’p(t) resulting in
F;i(t) = 0 in nearly half of the simulations. Consequently, the distribution of F‘;i(t) is far
from normal; therefore these confidence intervals that assume normality have poor coverage.
(It is worth noting that in this particular setting, Wald-based confidence intervals extended
outside the [0, 1] range; and log-log transformed confidence intervals could not be computed
because the estimated value of F i’L(t) was often 0 (see Appendix E.4). Interestingly, if one
instead uses the 2.5- and 97.5- bootstrapped percentiles to construct confidence intervals for
ng(t) and SCE(t), the coverage probabilities for the simulations with VE ~ 0.6, 3 = o
were 0.938 and 0.964, respectively. Analytic coverage probabilities when VE ~ 0.6, 8 = oo
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Table 6.1: Bias of estimates and coverage probability of Wald-based 95% confidence intervals

for SCE(t) with t = 24 months.

VE Jé; Bias Coverage Probability
Mean Median Bootstrap  Analytic

~03 01 -0.002  0.000 0.946 0.948

0.2 -0.007  -0.007 0.943 0.949

1 -0.006  -0.003 0.943 0.946

o0 -0.007  0.005 0.948 0.953

~0.6 0.1 0.003 0.006 0.939 0.940

0.2 0.013  0.015 0.945 0.945

1 0.042  0.020 0.933 0.912

0 0.035 0.000 0.935 -

are not given in Table 6.1 because in many simulations, there were no failures in the vaccine

arm.) The same logic explains why coverage and bias were also poor for the simulations

with VE ~ 0.6, 83 = 1. Under these settings a value of 3 = 1 is quite large: for example, the

odds of being infected in the vaccine arm given infection in the placebo arm from t = 12

and t = 24 (a difference of one year) multiplicatively increase exp(12) ~ 163, 000! Hence,

analyses based on the assumption that 8 = 1 are not too different from analyses assuming

8 = oo. Again, the distribution of ﬁ’;’(t) is far from normal. Figure 6.2 shows a histogram

of ng(t = 24) for the simulations with VE ~ 0.6, 3 = 1, as well as a similar histogram with

VE =~ 0.3,8 = 1 (where the method worked well) for purpose of comparison. Figure 6.2

also shows the true values of Fy,(t) and ng(t) under these simulation settings. Notice how

close F(t) is to 0 at t = 24 months.
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Table 6.2: Bias of estimates and coverage probability of Wald-based 95% confidence intervals
for Fz‘,”(t) with ¢t = 24 months.

VE B8 Bias Coverage Probability
Standard Log-log transformation

Mean Median Bootstrap  Analytic Bootstrap  Analytic

~03 01 -0.001  -0.002 0.939 0.941 0.946 0.942
0.2 -0.006  -0.002 0.932 0.939 0.938 0.949
1 0.001  -0.005 0.940 0.953 0.959 0.973
o) -0.007  0.002 0.934 0.947 0.957 0.967
~0.6 01 0.001 0.003 0.939 0.942 0.947 0.947
0.2 0.015 0.011 0.929 0.927 0.938 0.937
1 0.045 0.010 0.903 0.819 0.902 0.859

00 0.036 -0.016 0.889 0.948 - -
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Chapter 7

EXAMPLE ANALYSIS

7.1 The VaxGen Trial

We illustrate our methods using data from VaxGen’s Phase III trial of AIDSVAX B/B. This
was a randomized, double-blind, placebo controlled trial conducted between 1998 and 2003.
This study recruited 5,403 HIV negative, at risk individuals from 61 sites spanning large
cities of North America and the Netherlands. The ratio of vaccine to placebo assignment
was 2:1. The primary objective of the trial was to assess whether vaccination reduced the
incidence of HIV infection, whereas the secondary objective of the trial was to see whether
vaccination delayed disease progression for participants who became infected (Francis et al.,
1998). Overall, the vaccine was not found to protect against HIV infection, although inter-
action tests suggested that the vaccine might partially prevent infection for non-whites and
high risk subjects. Detailed study results are found in Flynn et al. (2005). Secondary anal-
yses, looking at post-infection outcomes are reported in Gilbert et al. (in press, 2005). Most
of these analyses were either of the intent-to-treat type (including all 5,403 participants) or
analyses conditioning on infection (although the analyses that I will present in Section 7.2
were referenced in that paper). In this chapter we perform sensitivity analyses to compare
post-infection outcomes between the vaccine and placebo arms among participants (overall
and within covariate subgroups) who would have been infected regardless of randomization

assignment.

There was presumably little interaction among study participants because the study
was performed in many cities throughout North America and the Netherlands. Therefore
SUTVA was thought to be reasonable. Because this trial was randomized and double
blinded, individuals’ behavior and exposure to HIV were expected to be the same regardless

of treatment assignment. In addition, this vaccine was designed in such a way that it could
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not mutate to become the virus. These facts justify A.1, although the assumption could
be violated if the blinding was broken or if the vaccine induced susceptibility-enhancing
immune responses for certain subjects (see Appendix A). Assumption A.1 implies that the
rates of infection under vaccine cannot be greater than under placebo. Since the rates of
infection were 241 of 3598 (6.7%) in the vaccine arm and 127 of 1805 (7.0%) in the placebo
arm, a Wald test of H : P(S = 0|Z = 1) > P(S = 0|Z = 0) fails to reject. Thus,
monotonicity seems reasonable, although of course this is a population level test whereas
monotonicity is assumed at the individual level (see Appendix B.4.2).

Of the 368 subjects who were infected during the trial, 347 enrolled in the post-infection
phase of the study (225 in the vaccine arm). Infected subjects participating in this second
phase of the study were followed at months 0, < 1, 1, 2, 4, 8, 16, 20, and 24 post-infection
diagnosis. At each visit, the participants’ viral load, CD4 count, and whether or not they had
initiated antiretroviral fherapy (ART) was recorded. Before randomization, the following
baseline covariates were collected for each trial participant: race (white or non-white), risk
score (an indicator of behavioral risk for becoming infected, taking integer values from 0-9),

education (high school or less, more than high school), and age (18-30, 31-40, 41 and older).

7.2 Analysis of Set-Point Viral Load

We defined each participant’s set-point viral load as the median of all logio viral load
measurements taken by the Month 2 visit and prior to initiation of antiretroviral therapy.
(Results were comparable when means were used.) The viral load assay had lower and
upper quantitative limits of 400 and 750,000 copies/ml, respectively. A subject’s median
viral load was defined exactly if the number of detectable viral load values exceeded the
number undetectable. Otherwise, the median was left- or right-censored; 23 subjects had a
left-censored median and 7 had a right-censored median.

We first estimated the average causal effect of vaccine on viral load (ACE), defined in
Chapter 2. Figure 7.1 shows the estimated ACE for 8 in [—3, 3] using A) the method of GBH
with censored median viral load values set to either the lower or upper detection limit, and

B) the ML estimators for the censored likelihood under M, using (5.1)-(5.4) for the relevant
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distributions and probabilities except not conditional on covariates. Results based on the
two procedures are similar, with the method of GBH yielding slightly narrower confidence
intervals presumably because censored values were truncated. The range of [—3, 3] for
was chosen to reflect various possibilities about the relationship between the HIV viral load
distributions in the always infected and protected strata. When 3 is negative, the always
infected distribution is tilted to the left of the protected distribution and the opposite
happens when 3 is positive. The tilting is more marked the larger the absolute value of 3.
Absolute values of 3 as large as 3 correspond to pronounced tilting (for example, with 8 =3
the odds of being in the a7 stratum versus the protected stratum for a one unit increase
in viral load multiplicatively increase ezxp(3) ~ 20). Thus, for example, 8 would likely be
positive if individuals with relatively strong immune systems tend to have lower viral loads
when infected and if the vaccine is more likely to protect these individuals from infection.
On the other hand, postulating negative values of 3 would be reasonable if it is believed
that the vaccine prevents infection with relatively strong/virulent viruses better than it
prevents infection with weaker/a-virulent viruses. For all 8 in [—3, 3], the null hypothesis,
Hy: ACE = 0, was not rejected. The ML estimator of ACE under M, using (5.1)-(5.2)
and (5.5) was also computed for § in [—3,3]. Results using this parameterization were
similar for 8 in [~1, 1.5]. However, outside this range the assumed distribution of viral load
in the infected placebos under M, was not compatible with the observed distribution of
viral loads among people infected in the placebo arm. Hence, presumably for 3 outside this
range, the assumed model is misspecified (as discussed in Section 5.4). The test described
in HHS (which corresponds to GBH setting 3 = +o0) also did not reject Ho.

It is more compelling and interesting to estimate ACE(x) for covariate levels under which
vaccine efficacy is large; it is hypothesized that vaccine-induced antibodies that partially
protect against infection also may have a beneficial effect to lower viral load. One can
initially examine the relationship between baseline covariates and infection, vaccine efficacy,
and viral load by putting all covariates in the model and running the analysis under M,
using (5.1)-(5.4) with 8 = 8, = 0. (Since this analysis was performed at 3 = 0, we have
made the assumption that Y'(0) II S(1)|S(0) = 1,X; a no unmeasured confounders-type

assumption. Sensitivity analyses to violations of this assumption are reported in the next
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several paragraphs.) The resulting analysis is shown in Table 7.1. Results agree with those
seen in Flynn et al. (2005): risk score is highly associated with the probability of infection
and race and risk score tend to modify vaccine efficacy. There is an hypothesized biological
mechanism for why the vaccine’s ability to prevent infection and lower viral load might
vary by risk behavior: natural exposure to HIV may “prime” the immune system, which is
“boosted” by the vaccine to provide extra protection (Rowland-Jones et al., 1998). Hence,
it is of interest to apply our methods to estimate the ACE(x) at different risk levels and
also in the non-white cohort.

The first row of Figure 7.2 contains sensitivity analyses of the estimated ACE(z) at
different risk scores based on the non-white cohort data only, under distributional assump-
tions M, using (5.1)-(5.4) with z defined as risk score. For non-whites with risk scores of
2, if 8 < —1/2 then there is evidence that ACE(z) > 0. The second row of Figure 7.2 is
similar to the first, only this analysis was performed under M, using (5.1)-(5.2) and (5.5)
for the relevant distributions and probabilities. Under My, if 8 > 1, there is evidence that
the vaccine causes lower viral loads among non-whites with risk scores of 2, 3, and 4. In
addition, based on the analysis under My, if 3 > 1.5, Hgl"bal is rejected at the 0.05 level.
There is insufficient evidence, however, to conclude that ACE(z) varies by risk score; under
My, at all values of 3 in [—3, 3], we fail to reject Hi™*" (P-values > 0.18).

The discrepancies between the first and second rows of Figure 7.2 are primarily due to
different model choices for f,(y|z;n1). In the first row under M, using (5.3), fu(y|z;n1) is
modeled with six parameters, leading to a much more flexible estimate of E(Y(1)|5(1) =
1, X = z) than under M, using (5.5) (see Figure 7.3). When we perform the sensitivity
analyses under M, except setting 3, in (5.3) equal to O (as in Table 5.3 of our simulations,
which is equivalent to modeling f,(y|z;71) with the normal linear model (5.5)), then the
estimated ACE(z) is very similar to the estimate under M; (see Figure 7.2, row 3).

It should be noted that for large negative values of 3, our parameterization choices
under M, are probably inadequate. The sharp shifts in the ACE(z) (seen in the plot with
Risk=4) for 8 < —1.5 are presumably due to either M.2 or M.4b being misspecified.
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Estimated ACE

— GBH
--- Ma .

-3 -2 -1 0 1 2 3

Figure 7.1: Sensitivity analysis estimates and 95% confidence intervals of the ACE for
the complete VaxGen cohort using both the method of GBH and parameterizing with M,
accounting for censoring.
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Figure 7.3: Viral loads and estimates for the expected viral load among infected non-whites
in the vaccine arm conditional on risk score based on model (5.3) (solid line) and model
(5.5) (dashed line).
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7.3 Time-to-Event Analyses

One of the main post-infection analyses that VaxGen’s protocol specified was an analysis
looking at the time to a composite endpoint defined as the first occurrence of virologic
failure (logjo viral load > 4) or the initiation of ART. The rationale for choosing this
endpoint is discussed in Gilbert et al. (2003b). (Because of the great variability in viral
load values immediately after infection, month < 1 values were not used for determining
composite end points.) The protocol specified comparing the probability of this composite
end point occurring in the vaccine and placebo arms 14 months after infection diagnosis.
In this example, I also make the comparison 24 months after infection diagnosis. Another
post-infection end point that is of clinical interest is the time from infection diagnosis to
ART initiation; I also performed analyses investigating this outcome. For both end points,
the assumption of independent censoring (6.4) seems reasonable and was made in previous

analyses (Gilbert et al., in press, 2005).

My goal is to look at the causal effect of vaccination on each of these end points; specif-
ically investigating whether the probability of the end point occurring by time ¢t = 14 and
24 months differs by treatment among those who would have been infected regardless of
treatment assignment. This calls for the sensitivity analysis methods described in Chapter

6, testing the hypothesis Hy : SCE(t) =0 for t = 1.17 and 2 years.

The three plots in Figure 7.4 show analyses looking at the time from infection diag-
nosis to the initiation of ART. Figure 7.4.A shows the Kaplan-Meier estimates for both
the vaccine and placebo arms for the probability of not yet starting ART. The plot also
includes the estimates of the upper and lower bounds of F;i(t), described in Section 6.4.
Any semiparametric sensitivity analysis (described in Section 6.5) will result in estimates
of F;i(t) between these bounds. Figures 7.4.B and 7.4.C are semiparametric sensitivity
analyses looking at SCE(t) for t = 1.17 and 2 years. The plots contain both the estimate
for SCE(t) and 95% Wald confidence intervals (constructed using the asymptotic variance
approximation and the bootstrap, with 500 bootstrap replications). In these analyses (and
all other sensitivity analyses in this section), I modeled the probability of infection in the

vaccine arm given infection in the placebo arm, w(t; o, 3), with (6.9). Therefore, exp(5) has
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an odds ratio interpretation: given infection in the placebo arm for a one year increase in
the time from infection diagnosis to ART, the odds of infection if randomized to the vaccine
arm multiplicatively increase exp(B). (Of course, this interpretation is only for times less
than 7, which in these analyses was taken to be the last observed placebo failure time,
approximately 2 years post-infection diagnosis.) Before performing these analyses, I elicited
a plausible range for the sensitivity parameter from a subject matter expert, Dr. Marc
Gurwith of VaxGen. (My email eliciting the range and his response is given in Appendix
F.) His best “guess” for a range for exp(3) was 0.70 to 1.1, corresponding to 8 from -0.36
to 0.1. Figures 7.4.B and 7.4.C actually show the estimates of SCE(t) over a much larger
range, for 3 from -3 to 3. The open circles (and plus signs) in the plots represent the sharp
bounds of SCE(¢) (and 95% confidence intervals for these bounds based on 500 bootstrap
replications), corresponding to an analysis with 8 = +oo. (Confidence intervals based on
the analytic variance and bootstrap percentiles were similar.) Regardless of the range, it
is clear from the Figure 7.4 that the vaccine is having no causal effect on the initiation of
ART.

Figure 7.5 shows a similar analysis looking at the time from infection diagnosis to reach-
ing the composite end point. Again, the vaccine appears to be having no effect on the time
to event outcome.

As stated in Section 7.2, it may be of more interest to look at the effect of vaccination
on these time-to-event outcomes for the non-white subgroup, where the vaccine appeared
to partially protect against HIV infection. These analyses are shown in Figures 7.6 and 7.7
for the ART initiation and composite end points, respectively. Because the estimate for VE
is much larger in the non-white cohort (0.469), the bounds for F;,”(t) are farther apart, as
seen in Figures 7.6.A and 7.7A. This is also reflected in plots B and C of both figures, as
the estimates for SCE(t) cover a wider range. Of course, the smaller sample size (N = 914
non-whites, of which 59 became infected) also inflates the length of the confidence intervals.

Notice that for the analyses looking at the ART end point in the non-white cohort, if
B8 > 0.5 or 0 for t = 1.17 or 2 years, respectively, then Hy : SCE(t) = 0 is rejected at the
0.05-level. Let us specifically consider the analysis for ¢ = 2 years. This means that given

infection in the placebo arm, if the odds of infection if randomized to vaccine are greater
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for someone who has a longer time to the initiation of ART, then there is evidence that
the vaccine is causing non-white participants to have a higher probability of starting ART
by 2 years post-infection diagnosis. This would imply that among non-whites the vaccine
is having a detrimental effect, causing more rapid post-infection progression. Interestingly,
this value of 3 is just inside Dr. Gurwith’s plausible range. Therefore, if we use his range,
we are unable to make a conclusion about the causal effect of vaccination on this outcome
because both the null and the alternative are favored in the range. On the other hand, for
t = 1.17 years, the null is not rejected for all values of 8 in Dr. Gurwith’s range. Hence,
using his range there is insufficient evidence to conclude that the vaccine is having a causal

effect on the probability of not yet starting ART 1.17 years after infection diagnosis.
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Chapter 8

DISCUSSION

8.1 Summary

As candidate vaccines continue to be developed and enter the clinical trial phase, there is
particular interest in looking at the effect of vaccination on post-infection outcomes. In this
dissertation I have proposed sensitivity analysis methods for evaluating the causal effect of
vaccination on post-infection outcomes. One can think of this work as an extension of the
methods of GBH. Under plausible assumptions on the potential outcomes, I first constructed
a likelihood. This likelihood is general: the outcome of interest could be continuous or
discrete, and the likelihood is easily extended to handle truncation or censoring. One
may also incorporate different models for w(-), the probability of infection if randomized to
vaccine given infection in the placebo arm. I then showed that the estimators of GBH in fact
maximize this likelihood when one does not specify a distribution for the outcome variable
and models w(-) with the expit function. This likelihood was particularly constructed to
allow analyses conditioning on baseline covariates. I extensively studied these methods
under different parameterizations for a continuous outcome conditioning on covariates. I
then turned my attention to time-to-event outcomes, extending the methods of HHS and
GBH to handle independently right censored data. I explored asymptotic properties of these
estimators and derived an analytic variance expression. Finally, I applied the methods of
this dissertation to investigate the causal effect of VaxGen’s AIDSVAX B/B vaccine on

post-randomization outcomes.

As I have presented this research, I frequently have been informed of other situations
where these methods may apply. For example, in cancer research there was a major clinical
trial looking at the effect of Finasteride on the development of prostate cancer. Finasteride

was shown to lower the risk of prostate cancer. However, among those who developed
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prostate cancer, those in the Finasteride arm had more severe levels of cancer (Thompson
et al., 2003). For those who would have developed prostate cancer regardless of treatment as-
signment, does Finasteride cause higher-grade prostate cancer? Other possible applications
of these methods include: mother-to-child HIV transmission studies, comparing outcomes
in always surviving infants; quality of life studies, comparing some outcome between treat-
ments among those patients who would have survived regardless of treatment assignment;
and heart transplantation experiments, comparing liver toxicitiy between standard treat-
ment and standard treatment plus an experimental drug designed to increase the success
of transplantation, among those who would have had a successful transplantation in either
arm. These are only a few examples. I believe there are many others. In general, these
methods are applicable to intervention studies with post-randomization selection criteria
where SUTVA and monotonicity are thought to hold.

It should be re-emphasized that the goal of this work is not to replace ITT-type analyses
and standard analyses conditioning on post-infection outcomes with the causal analyses
of this dissertation. Each type of analysis addresses a different question which may be
the question of interest for a particular study. These sensitivity analyses are meant to
supplement other analyses, as a tool to address whether or not vaccination directly affects
post-randomization variables. In many studies, this may not be of interest. However, quite

often this is exactly the question researchers want answered.

8.2 New Developments

We have had the privilege of collaborating with Yannis Jemiai and Andrea Rotnitzky for
the past year-and-a-half. They have done some significant work that is closely related to

this dissertation that is worth mentioning.

8.2.1 Semiparametric Estimation Conditional on Covariates

In Chapter 5, we studied estimation of the average causal effect of vaccination on viral load,
conditional on baseline covariates. Modeling assumptions M.1-M.4 were made to allow the

inclusion of covariates. However, we assumed more than was necessary to estimate ACE(x).
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Under the basic assumptions (2.1), (2.2), A.1, and A.2, Jemiai et al. (submitted, 2005) show
that to estimate ACE(z) one only needs to additionally assume M.2 and forms for the
marginal viral load means in the ai stratum, i.e., the form of m(z, X;v) = E(Y(2)|5(0) =
S(1) = 1,X),z € 0,1, where m(z, z;+) is some smooth function of a parameter vector
v. Notice that these assumptions are similar to parameterization M, except no modeling
assumptions are made with regards to the form of 6,(x) (the probability of infection given
covariates when assigned placebo), and instead of modeling viral load densities in the a:
stratum, one is modeling the conditional expectations of viral loads in the aé stratum. This
paper then develops a class of estimating equations, deriving locally semiparametric efficient

estimators of .

Of course, there are advantages to using this semiparametric approach. The major ad-
vantage is that it gives inferences (in particular, tests of the null hypothesis Ho : ACE (z)
for all z), that are valid under less stringent assumptions about the distribution of the out-
come in the always infected population. Hence, these semiparametric methods are harder
to misspecify. Unfortunately, however, these semiparametric methods also suffer from in-
compatibility problems for certain values of the sensitivity parameter 3, due to it being
identified (similar to the parametric methods under My, as discussed in Chapter 5). But
these problems may be less of an issue because one is only specifying conditional means
rather than entire distributions. Advantages to the parametric, likelihood-based methods
of Chapter 5 include the usual advantages: if properly specified, the parametric methods
will have more power; since one has specified the entire distribution, one can make other
comparisons between treatment arms (in addition to comparing conditional means); and by
making parametric assumptions it is easy to account for the fact that viral load values are

actually truncated.

8.2.2 Asymptotic Behavior of ACE Under Monotonicity near the Boundary

Throughout this paper, when discussing asymptotics we have made the assumption that
VE > 0. Under monotonicity, this is equivalent to assuming that the protected principal

stratum is non-empty. Even though we have assumed V E > 0, we have provided estimators
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for the case when VE =1 — (nw/Ny)/(np/Np) < 0 (which, of course, is entirely possible
when VE > 0); under the assumption of monotonicity, these estimators are simply the
estimators assuming no selection bias.

An important result reported in Jemiai and Rotnitzky (submitted, 2005) is the behavior
of the estimator of GBH when V E is close to 0. Jemiai and Rotnitzky show that convergence
of GBH’s estimator is not uniform for all distributions allowed under the assumption that
VE > 0. Therefore, for any given sample size, one can find a law such that the distribution
of the estimator is not centered at the truth nor is it normal. As a consequence, this implies
that near the boundary, Wald-based confidence intervals may not have their prescribed
coverage.

This result has implications to the work of this dissertation, as it applies to all estimators
presented here, both parametric and semiparametric. In particular, this fact means we must
be cautious interpreting the analyses presented in Chapter 7. In the VaxGen trial, using the
entire cohort the estimate for V' F is 0.048. If V E does in fact equal 0.05, then as the sample
size goes to infinity, everything is well-behaved. But is the VaxGen sample large enough?
Jemiai and Rotnitzky performed simulations patterned after the VaxGen viral load analysis
(shown in Figure 7.1) and demonstrated that for large values of 3, coverage might be poor
(for B = 1, 2.5 they reported coverage of 0.909 and 0.827, respectively, for Wald-based 95%
confidence intervals of E(Y(0)|S(0) = S(1) = 1) using the bootstrap variance estimate; and
0.948 and 0.891, respectively, using the analytic variance estimate). This result causes one
to question the validity of the confidence intervals presented in Figures 7.1, 7.4, and 7.6. I
also performed a small simulation study, designed to resemble the VaxGen time to initiation
of ART data, with true VE = 0.05. This simulation was performed for 8 = 1.2 (based on a.
years time scale) in a manner identical to those simulations described in Section 6.6. From
these simulations, Wald-based 95% confidence intervals of SCE(t = 2 years) using the
bootstrap and analytic variance estimates had good coverage, 0.941 and 0.938, respectively.
Of course, in the VaxGen trial we do not know the true VE. It may be misleading to
read too much into any of these simulations, as coverage may be better or worse than seen
here. In any case, it is important to recognize this potential problem as one approaches the

boundary VE = 0. (This is not an issue for the analyses in the non-white cohort where
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VE = 0.469, although one could be concerned about the smaller sample sizes.)

An important area of future research, therefore, is trying to overcome this problem — ex-
amining approaches for creating confidence intervals near the boundary. We have toyed with
bootstrap-based confidence interval approaches proposed by Efron and Tibshirani (1998);
Andrea Rotnitzky believes this problem is similar to one encountered by Robins (2004),
where he suggests an approach for computing confidence intervals based on the inversion
of efficient semiparametric score tests. This warrants further investigation because as seen

from the VaxGen trial, VE close to 0 seems to be the current state of HIV vaccines.

8.3 Future Research

I believe that there are many other interesting questions either stemming from this disserta-
tion research or closely related to it. In this section I briefly mention a few ideas for future
study.

First, with regards to time-to-event analyses: This dissertation discusses methods for
testing Hp : SCE(t) = 0 for a given t. I would like to develop causal methods that
allow one to test this hypothesis over the entire range of ¢t. For example, by showing that
S/C\E() converges to a Gaussian process (when VE > 0), we had hoped to be able to
construct simultaneous confidence bands for SCE(-) using the methods of Parzen et al.
(1997). Creating confidence bands for SCE(t), however, is not a simple application of
Parzen et al. because their method requires the use of the failure indicator variable (&;).
In our case, we need d; for individuals in the ai stratum, who are not known. We could
weight the &; by their probability of corresponding to an individual in the as stratum, but
this would presumably have implications on the variance and needs to be further studied. A
related problem would be the development of a “log-rank”-type statistic. Anocther important
extension would be to allow the inclusion of baseline covariates in time-to-event analyses,
yet to not specify the distribution of the time-to-event outcome (as was done in Section 6.3).
A natural first thought would be to use a Cox proportional hazards type model. Solving
this problem may also givé us a log-rank-type statistic, as the log-rank test is equivalent to

a test of no treatment effect under a Cox proportional hazards model with treatment as the
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only covariate.

Another important research direction is extending these methods to incorporate repeated
measures after infection. For example, it is of particular scientific interest to study viral
load trajectories post-infection. Several different modeling choices must be made: Are we
more interested in a marginal means type model or a conditional model? How should we go
about performing sensitivity analyses, i.e., should we model the probability of being in the
ai stratum using the initial outcomes Y;;(0) of infected placebos, or the slope of outcomes,
or the intercept, etc? Ideally any new method will be flexible enough to handle a variety
of choices for w(+). In these HIV vaccine trials, when comparing viral load trajectories
there are also other complexities beyond the selection bias issue. One such challenge is that
ART has a tendency to lower viral load, so it is not fair to compare viral load trajectories
between individuals after one of them has commenced ART. One might therefore remove
post-ART observations. However, the missing data mechanism could bias results. (For
this reason, it would be helpful to set strict guidelines for ART initiation, for example a
viral load above a certain threshold, allowing one to model the missing data mechanism
based on observed data.) In practice, any longitudinal data methods accounting for post-
randomization selection that investigate viral load trajectories must account for missing
data due to the onset of ART.

Throughout this dissertation I have assumed that infection status is known for each
individual. A simple (hopefully) extension of these methods would be to consider the case
where S is not known, but must be estimated, perhaps using a Kaplan-Meier estimate. For
example, S; could be defined as infection by 2 years after randomization. Some individuals
may be censored before this time. In that case one might want to estimate V E as one minus
the ratio of infection probabilities at 2 years, estimated using Kaplan-Meier estimates. A
more complex extension would be to somehow account for the infection diagnosis time. For
instance, those people who become infected early in the study may have different post-
infection characteristics than those infected late in the study.

In application there are, of course, many other issues one should at least acknowledge,
that may warrant further study. For example, infection is diagnosed at different times for

different participants: one participant may be diagnosed 5 days post-infection, another 5
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months post-infection. How could one perform sensitivity analyses that account for this un-
equal diagnosis time as well as incorporating the selection bias techniques discussed here?
Another example: The key assumption of SUTVA (that the potential outcomes for trial
participants are independent of treatment assignment to any other participant) could be
violated in vaccine studies performed when participants are interacting. It might be inter-
esting to develop methods that allow one to investigate the sensitivity of analyses to minor
violations in the assumption of SUTVA. And how could one perform causal analyses looking
at post-randomization variables in community randomized trials, where SUTVA is clearly
violated?

Another related problem deals with investigating a vaccine’s efficacy against a particular
strain of HIV, say A. If the vaccine partially protects against another circulating strain,
strain B, then one might underestimate the efficacy of the vaccine against strain A because
those protected from infection with B by the vaccine are retained in the pool of subjects
susceptible to A, thereby creating greater exposure to A. How could one adjust for this
potential bias in the estimate of the vaccine efficacy against strain A?

I have heard some concerns (not just from my work, but more generally) about eliciting
sensitivity parameters. It might be fun to study this a little further. For example, I am
curious about the different ranges different subject-matter experts would select for these
sensitivity analyses. Also, it would be interesting to randomly assign different techniques
for eliciting sensitivity parameters to different experts, seeing how this affects the selected
range.

In its fullest sense, a sensitivity analysis includes not just varying &, but also varying
the form of w(z,y;3). Different models for w(-) or perhaps entirely different modeling
approaches could be explored. For example, in addition to models M, and My, one could
imagine a third parametric model, say M., based on assumptions (1), (2), and A.1, modeling
fo(), £24(-), and instead of w(-), modeling f§ "°%(.) (the distribution of viral loads for placebos
in the protected principal stratum), with a sensitivity parameter specifying some discrepancy

between f2"°(.) and f&(). (This is very similar to model M (Where we specified £

and w(-), inducing f£7*(-)).) There are surely advantages and disadvantages to models

of this type. For example, in contrast to My, under M, there would no longer be the



88

requirement that w(-) > 0 for all z and y. However, similar to M, care would still have
to be taken to make distributional assumptions compatible with the observed data for the
entire range of 3. This general type of model could also be considered for semiparametric
analyses. To be useful, any modeling approach must use a sensitivity parameter with a
meaningful interpretation, allowing one to intuitively choose a range over which to perform

the analyses.
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Appendix A

AN INTRODUCTION TO HIV AND HIV VACCINES

Human immunodeficiency virus (HIV) is one of the leading causes of death worldwide.
Since the virus was first isolated in 1983, well over 20 million people have died from HIV-
induced disease. There are approximately 40 million people living with HIV and 5 million
people were infected this past year. HIV is especially devestating in Sub-Saharan Africa,
with nearly 65% of infected individuals living in this region. However, HIV also appears to
be spreading rapidly in other areas, particularly southeast Asia (www.unaids.org).

The most common forms of virus acquisition are through sexual activity with an infected
individual, sharing intravenous needles with an infected person, or through an infected
mother passing on the virus to a child during birth or through breast feeding.

HIV gradually destroys its host’s immune system, killing T-cells used to fight off infec-
tions. Hence, as more and more T-cells are killed, the body becomes more susceptible to
so-called “opportunisitic infections” and eventually progresses to Acquired Immune Defi-
ciency Syndrome (AIDS) and death. Many researchers have studied the clinical manifesta-
tions of HIV and AIDS. (Early in my graduate studies at the University of Washington, I
was involved in some of this work, looking at opportunisitic infections among seropositive
individuals in Nairobi, Kenya (Mwachari et al, 2004)).

Two common, non-clinical measurements of HIV progression are HIV viral load and CD4
count. HIV infection is characterized by an initial spike in the viral load, because of rapid
viral replication shortly after infection. After the initial burst of viral replication, the host
immune system is able to control the virus to a certain extent and the viral load decreases
and levels off at what is referred to as the “set point” viral load. A higher set point viral
load is thought to be associated with more rapid progression to AIDS. As the virus lingers
in the host, it gradually kills T-cells, thus lowering the host’s CD4 count. Once the CD4

count gets fairly low, the immune system is no longer able to suppress the virus and viral
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load again increases. At this time clinical manifestations of AIDS become apparent and an
untreated individual progresses towards death. Without treatment, the median time from
HIV infection until death is around ten years.

One of the major breakthroughs in HIV science in the 1990s was the introduction of
highly active antiretroviral therapy (HAART). Through a combination of drugs, individuals
are now generally able to control the progression of the virus. HAART is effective but many
people experience drug toxicity problems when on these drug regimens, and unfortunately
HAART is unable to completely rid the body from HIV. In addition, HAART is largely
unavailable to individuals infected in 3rd world countries where HIV is most rampant.

As with many other viruses, HIV mutates frequently, which in turn means that it rapidly
evolves. This makes treatment challenging. The virus is known to “escape” treatment
regimens by mutating and favoring resistant strains under selective pressures. HIV’s rapid
evolution also makes it difficult to design a preventative vaccine. An ideal vaccine would
be effective at preventing infection for many different genetic strains of HIV. Much work
has been done attempting to characterize different types of HIV strains and looking at the
geographic distribution of HIV strains. (I have also done a little work in this area, designing
a sampling scheme for studying the molecular epidemiology of HIV in Honduras (Shepherd
et al., 2005)).

There are two general types of vaccines currently being studied in clinical trials: 1)
vaccines designed to prevent infection by creating neutralizing antibodies and 2) vaccines
designed to induce a cellular immune response to destroy infected cells.

The idea behind a neutralizing antibody vaccine is to train the immune system so that
it will recognize HIV antigens and destroy the virus before it has a chance to infect cells. In
order for this type of vaccine to be broadly effective, it will have to be general enough to rec-
ognize many different antigens corresponding to the genetic variation between HIV strains.
Viruses similar to HIV have been placed in monkeys and vaccines of this type have been
designed, producing antibodies that have protected monkeys from HIV challenges (Putko-
nen et al., 1991). VaxGen'’s candidate vaccine, AIDSVAX B /B, was based on this idea. It
contains recombinant HIV envelope glycoprotein 120 (rgp120) antigens. The idea behind

the vaccine is that the immune system might learn to recognize this antigen, producing
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antibodies that would recognize and destroy the virus, preventing infection.

The next wave of vaccines are designed to induce a cell-mediated response against in-
fected cells. These vaccines are not designed to prevent infection, but to suppress the virus
once infections have occurred. There is evidence favoring a vaccine of this type. Certain
people with significant exposure to HIV have not become infected, suggesting that perhaps
there was “transient infection,” eventually leading to protective immunity. Also, some long
term non-progressors appear to have T cell activity that has kept the virus under control.
Vaccines of this type have been tested in monkeys and have been shown to not protect
against infection, but to delay disease progression (Hirsch et al., 1996). (Unfortunately,
however, in the monkey vaccine studies the virus has eventually mutated, leading to viral
escape (Barouch et al., 2002).) Two current phase III HIV vaccines, HVTN trial 502 being
performed by Merck and a trial of ALVAC-HIV in Thailand, are of this type. In these trials,
post-infection outcomes are of primary interest for evaluating vaccine efficacy.

It is now generally believed that the most effective vaccine will be a combination of these
two vaccine approaches. The most effective vaccine will create neutralizing antibodies to
defend cells from infection and then provide a strong cell-mediated response to the virus in
cells that may become infected.

Most researchers believe that these vaccines will not increase participants’ risk of ac-
quiring HIV; throughout this dissertation I make this assumption. (This assumption, called
monotonicity, is formally written as assumption A.l in Section 2.2.) However, there are
hypothesized mechanisms whereby monotonicity could be violated. There is the theoreti-
cal possibility that the vaccine might enhance the probability of infection (Robinson et al.,
1988). For example, for several infectious diseases, vaccine-induced partial immunity has
been observed to increase disease severity post-infection (Mascola et al. (1993); see also
references in Gilbert et al. (2005)). However, in all of these situations the vaccine did not
increase the probability of infection — only disease severity after infection. (These exam-
ples actually demonstrate how important it is to look at the causal effect of vaccination
on post-infection outcomes.) In the VaxGen trial, immune response (measured by binding
and neutralizing antibody measurements) was correlated to the incidence of HIV infection.

Those people with higher antibody levels were less likely to be infected. This could be due
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to the vaccine causing both an increased and decreased risk for HIV acquisition. If this were
in fact the case, then monotonicity would be violated. However, it is more likely that the
antibody levels are simply correlates of susceptibility to HIV (Gilbert et al., 2005).

Of course, this Appendix is only a very brief introduction to HIV/AIDS. The literature
in this area is extremely rich. Additional references that I have found helpful include
Graham (2002); Lukashov et al. (2002); Crandall (ed) (1999); Lifson and Martin (2002);

Clements-Mann (1998); Anonymous (2001); www.hvtn.org; and www.iavi.org.
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Appendix B

CAUSAL INFERENCE

The field of causal inference is broad, and overlapping work has been developed in many
different disciplines. It is beyond the scope of this dissertation to give a good review of
the causal inference literature. Here I give a summary of some basic ideas and then briefly
discuss the links bétween this dissertation and some major areas of causal inference research.

Potential outcomes / counterfactuals were discussed as early as 1923 by Neyman with
regards to crop yields: a plot has a “potential yield” if exposed to a particular variety (say,
Z = 0) and another if exposed to a different variety (Z = 1). In my notation, the potential
yields are written Y (0) and Y (1). (The term “counter-factual” was apparently introduced
by Chisholm, 1946.) Rubin (1974, 1978) defined the individual causal effect of treatment Z
on outcome Y for subject 7 as Y;(1) — ¥;(0). One could more generally define a causal effect
for subject ¢ as any measure of discrepency between Y;(0) and Y;(1), for example the ratio.
However, the difference is often used because E(Y;(1) — Y;(0)) = E(Y;(1)) — E(Y;(0)). This
quantity is referred to as the average causal effect and is identifiable under random treatment
assignment and the assumption that potential outcomes for any subject ¢ are unrelated to
treatment assignment for other participants. This latter assumption is often referred to
as the stable unit treatment value assumption (SUTVA). SUTVA implies consistency, that
Y =Y(z) given Z = z (Robins, 1995). A good summary of basic causal inference ideas is

given by Holland (1986).

B.1 Propensity Scores

This potential outcomes framework has been used in the analysis of observational studies
through the use of propensity scores (Rosenbaum & Rubin, 1983). A propensity score is the
probability that a study participant is assigned to the treatment of interest rather than the

comparison group given covariates, and possibly the outcome variable. One estimates P(Z =
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Figure B.1: Directed acyclic graph of HIV vaccine trial

1|X), with X a vector of covariates, and uses this estimate as a weight to estimate E(Y (1) —
Y (0)). If there are no unmeasured confounders, then the estimate of the corresponding
average causal effect is consistent. Although I would not refer to my work as a propensity
score method, one could think of w(-) = P(S(1) =1 X =2,Y =y,5=1,Z = 0) as a sort
of propensity score — propensity to being in the always infected stratum. If one correctly
models the “propensity score,” i.e. w(-), and if there are no unmeasured “confounders,” i.e.

Y(0)I18(1)|S(0) = 1, X, then one can consistently estimate E(Y (1) — Y (0)).

B.2 Directed Acyclic Graphs

A major area of causal inference work deals with directed acyclic graphs (DAGs). These
graphs are used to visually express assumptions and to facilitate representation of joint
probability functions. Pearl (2000) discusses many of the developments in this area. Our
situation is shown in Figure B.1 in the form of a DAG.

Let G denote the graph, and define E as the set of evidence, or the set of information
(in addition to Z and Y) to be included in an analysis. The variables Z, S5, X, and Y are
as defined throughout this document: treatment, infection, baseline covariates, and viral
load, respectively. The edges or lines of the graph represent associations between variables
and the arrows represent causation. For instance in G, Z — S denotes that the value of Z
influences the value of S.

In G, there are multiple paths linking Z (treatment) to Y (viral load). I will label path
lasZ—S—Y,path2asZ— S~ X —Y, and path 3 as Z — Y. We are interested
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in knowing if path 3 exists. In path 2, S is said to be a collider because two arrows are
pointing towards it. On the other hand, S is a non-collider in path 1. X is a non-collider in
path 2. There is a standard calculus for determining conditional independence using DAGs.
Two variables are d-connected through a path if every collider is in E or has a descendent
in E and every non-collider on the path is not in E. Otherwise they are d-separated. If
Z and Y are d-separated by E in a DAG G, then Z is independent of Y conditional on
in every distribution compatible with G. Conversely, if Z and Y are not d-separated by
E in a DAG G, then Z and Y are dependent conditional on E in at least one distribution
compatible with G.

In order to determine the presence or absence of path 3, Z and Y must be d-separated
through all other paths. In other words, assuming path 3 does not exist and our graph
is correct, if Z and Y are d-separated through all paths, then Z and Y are conditionally
independent. Then if we do see an association between Z and Y, we know it must be
through path 3.

In our situation, if F is the empty set, then Z and Y are d-connected through path 1
and d-separated through path 2. If E = S, then Z and Y are d-connected through path 2
and d-separated through path 1. If £ = X then Z and Y are d-connected through 1 and
d-separated through 2. Finally, if E = {X, S} then Z and Y are d-separated through both
paths 1 and 2.

Therefore, in order to look at the causal effect of Z on Y, we must condition on both
X and S. If we do not condition on anything (the ITT analysis), then we can estimate
the effect of Z on Y but this is obviously dependent on S (infection); any observed effect
of Z on Y may actually be due to the effect of Z on S. If we condition only on S (the
simple or naive analysis) then we cannot estimate the causal effect of Z on Y because this
is dependent on X (other variables associated with vaccine efficacy and viral load). If we
condition on S and X then a causal comparison can be made.

Another scenario would be the case where the line between Z and S does not exist. In
this situation, Z and S are d-separated through paths 1 and 2, no matter what we condition
on, so any observed effect of Z on Y must be through path 3.

Notice that the graph G implicitly assumes that there are no unmeasured variables
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associated with vaccine efficacy and viral load (i.e., no path 4 with Z - § < U = Y,
with U not measured). This is typically a large assumption. Hence, the sensitivity analysis
methods discussed in this dissertation can be thought as what to do when we believe there

may be another path connecting S and Y through unmeasured variables.

B.3 Compliance

The counterfactual framework has also been extensively used to address the problem of
noncompliance in randomized trials. The goal of this research is to estimate the effect of
taking a treatment, not simply being randomized to a treatment. In much of this work, one
conditions on individuals who would comply with their treatment assignment regardless of
what it is. These individuals are referred to as compliers. The key assumptions are typically
SUTVA, randomization, the exclusion restriction (that treatment assignment has no effect
on the outcome other than on what treatment was taken; i.e., any effect of Z on Y must
be via the effect of Z on D and then D on Y, where D designates the treatment actually
taken), and monotonicity (that there are no defiers; i.e., no individuals who would always
take the treatment they were not assigned). Angrist, Imbens, & Rubin (1996) studied
noncompliance, linking this general framework to the instrumental variables work in the
economics literature.

The DAG describing the non-compliance problem in randomized trials is of the same
form as Figure B.1, replacing S (an indicator of infection) with D (an indicator of treatment
taken). However, there are fundamental differences between the vaccine and compliance
problems which do not allow one to apply previously developed methods for dealing with
non-compliance to the vaccine problem, and equivalently make the methods of this disser-
tation impractical for use in the compliance problem. First, in the compliance literature the
exclusion restriction is commonly made. This assumption is that there is no path Z —» Y
directly (no path 3). The effect of Z on Y is, of course, what we are studying. So assuming
the exclusion restriction would be assuming our problem away!

Second, the monotonicity assumption typically made in the compliance literature (empty

defiers principal stratum) is different from the monotonicity assumption of this work (empty
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Table B.1: Vaccine Trial Scenario

Vaccine (Z = 1)

Placebo (Z = 0)

Infected
(§=1)

always infected

harmed

always infected

protected

Not Infected
(§=0)

never infected

protected

never infected

harmed

Table B.2: Compliance Scenario

Treatment (Z = 1)

Control (Z = 0)

Took Treatment
(D=1)

always taker

complier

always taker

defier

Took Control
(D=0)

never taker

defier

never taker

complier
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harmed principal stratum). This difference is demonstrated in the tables above. In the
vaccine scenario, when one assumes that no individual is in the harmed principal stratum
then information is gained with regards to who is in the always infected principal stratum
(which is the stratum in which inference is to be made); i.e., everyone infected in the
vaccine arm is in the always infected principal stratum. In the compliance setting, however,
if one assumes there are no defiers, then no information is gained about those who are
compliers. Under this assumption one can estimate the proportion of subjects who are
compliers, but without making other assumptions one cannot identify who is a complier in
either treatment arm. Therefore the methods discussed in this dissertation do not apply.
On the other hand, the methods of this dissertation would apply if one assumes there are
no always takers (or similarly no never takers). Then one could say that everyone with Z=1
and D=1 is a complier, and one could then use a single sensitivity parameter to compare
Y between compliers in the two treatment arms. However, these assumptions are typically

not reasonable.

I choose to ignore compliance issues in this dissertation; these methods look at the effect

of being assigned vaccine, not the effect of actually taking the vaccine.

B.4 Frequently Asked Questions / Complaints

As I have presented this work to others, a few questions have been repeatedly asked. They
are valid questions, most dealing with causal inference philosophies. In fact, many of the
complaints are similar to those given by Dawid, 2000. I have written a few responses, which I
feel should be included in my dissertation. After all, a significant amount of my dissertation
work has been thinking over these and other issues, trying to understand assumptions, and
deciding if I am answering the right question. Some of my responses have been worked into
the main text of my dissertation. However, a few of them did not flow with the main text,

so I have put them here.
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B.4.1 Principal strata are “fatalistic” or “deterministic”
p

This concern is well stated in Section 7 of Dawid, 2000. In essence, this concern deals
with the existence of principal strata. Some argue that it is overly deterministic to group
people as belonging to the “always infected” principal stratum. They argue that there are
an infinite number of pathways an individual in a clinical trial can take to either end up
infected or uninfected and that putting someone in a principal stratum “leaves no scope
for introducing realistic stochastic effects of external influences acting between the times of

application of treatment and of the response.”

That each participant can be categorized into a principal stratum, I would not call

fatalism but rather realism (Casella and Schwartz, 2000).

Imagine an experiment where you flip two coins simultaneously, one with your right
hand and the other with your left hand. We want to answer the question: what is the
probability that both coins will be heads? Or in other words, what is the probability that
the coin is always heads. Another way to ask the same question is what is the probability
of being in the always heads stratum? (“Always” is referring to an individual getting heads
with both his right hand and with his left hand in this experiment - not at all times or in
all experiments the individual participates in. Obviously a person could be in the always
heads group and then repeat the experiment and not be in the always heads group the next
experiment.) There are many ways for each coin to go through the experiment (for example,
one coin may bounce twice on the ground before landing, and another coin may roll on the
ground), but what we are interested in is the final outcome. In other words, flipping the coin
is a stochastic event and there are many pathways to get heads, but we want the probability
of being in the always heads stratum (i.e. flipping heads with both hands). Assuming the
coin is fair and the results in both hands are independent, this probability is 0.25. You could
estimate this by conducting the experiment on many people and taking the proportion of
them who came up with both heads. As your sample gets big, your estimate will approach

0.25.

Now suppose each person can only flip one coin at a time, and they are randomized to flip

with either their right or left hand. Our question is still the same: what is the probability of
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being in the always heads stratum? In other words, what is the probability of being heads
if randomized to use left hand and being heads if randomized to use right hand? We do not
know if a particular individual is in the always heads group, because they only flip the coin
with one hand. But under reasonable assumptions (that the probability of getting heads
is identical for both hands for all individuals in the experiment and independent between
an individual’s hands and between individuals) we can estimate the probability of being in
the always heads group as simply the proportion of people who got heads who flipped with
their left hand times the proportion of people who got heads who flipped with their right
hand. As the sample gets big, this will approach 0.25 with a fair coin. We do not know
if an individual who flipped heads with, for example, his left hand is in the always heads
stratum. But under our assumptions, we can assume that conditional on getting heads with

his left hand, he has a probability of being in the always heads stratum of 0.5.

Similar to the coin toss experiment, in my setting we also have a dichotomous outcome,
HIV infection within a pre-specified follow-up period. There are also two treatment arms;
instead of left hand/right hand we have vaccine/placebo. People are randomized to get one
treatment and we want to know the probability of being in the always infected stratum
(similar to the always heads stratum). When I say “always infected” I mean that in this
experiment, these individuals would have become infected whether or not they received the
vaccine. I am not saying that no matter when they receive the vaccine or placebo they are
doomed to be infected, I am just talking about the realization of this experiment. (Perhaps
the use of the word “always” that causes confusion. Maybe a better name for the category
would be the “infected in this particular experiment regardless of treatment assignment”
category.) There may be many ways for each person to go through the experiment, but
we are interested in their final outcome. Of course we only observe one outcome for each
individual, and unlike the coin toss, it is no longer safe to assume that the infection status
if randomized to vaccine is independent of the infection status if randomized to placebo.
However, in some situations it may be reasonable to make other assumptions (such as inde-
pendence between participants and monotonicity) that allow one to identify the probability

of being in the always infected stratum.
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B.4.2 Monotonicity is Untestable and Easily Violated

Much weight is placed on the monotonicity assumption. This is that one of the principal
strata (the “harmed stratum”) is empty. This assumption is more than just assuming
P(S;(1) = 1) < P(S;(0) = 1), but is assuming that S;(1) < S;(0) for all 4. This assumption
is never completely verifiable. We cannot simultaneously assign someone to receive the
placebo and vaccine. Even with a crossover trial with a suitable washout period (which
is not possible in our setting), it is impossible to prove that the monotonicity assumption

holds.

As stated in the text, assumption A.1 and randomization imply that the rates of infection
under vaccine cannot be greater than under placebo. One could perform a test of H{ :
P(S =1|Z =1) < P(S = 1|Z = 0) and if H{ is rejected, then monotonicity is rejected.
However, this test is not a consistent test of monotonicity: if monotonicity is violated but
H{ holds, no amount of data will allow one to reject monotonicity. One might investigate
the reasonableness of monotonicity by performing tests of Hj condidional on covariates.
If one includes all of the covariates that explain vaccine efficacy and performs tests of Hg
at each covariate level, then in theory these tests combined consistently test monotonicity.
However, of course there is no way to know that all relevant covariates have been collected
and even if one did collect all relevant covariates and knew it, sparseness in the data would
almost certainly make such tests have inadequate power. Hence, one can look at the data
to get an idea of the reasonableness of monotonicity, but in the end, one must realize that

monotonicity is never completely testable.

There is another difficulty in making the monotonicity assumption. I call it the “butter-
fly effect” phenomenon, after the chaos theory idea that whether or not a butterfly decides
to flap its wings determines whether or not there will be a great storm (thought to have orig-
inated from Edward Lorenz, 1960). This goes to the idea that every little action influences
everything else.

Suppose a vaccine does not cause infection in any individual and in some individuals
it prevents infection. Then it would be natural to make the monotonicity assumption: no

individual has the potential outcome of infection if randomized to vaccine and non-infection
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if randomized to placebo. However, even in this situation the monotonicity assumption
could be violated.

For example, John did not get infected and he was assigned to the placebo pill. Had
he been assigned to the vaccine pill his provider would have read a different number off the
random number generator forever changing the course of history. The provider’s actions
would be slightly different, leading to different actions by John, which could lead to John
being at a different place at a different time, being exposed differently to the virus, and
perhaps being infected — even though the vaccine did not cause infection. In other words,
John could realistically be in the harm principal stratum completely by chance, not causally.
In this context, the monotonicity assumption appears to be even more difficult to support.
(Shafer hints at this concept in Shafer, 2000.)

But then what statistical assumptions are completely verifiable anyway? For example,
independence cannot be completely verified. We make the assumption when independence
is plausible or that any dependence is so minimal that it should not alter our conclusions.
If the “butterfly effect” is a concern to the validity of monotonicity, then it is also a concern
to the validity of independence. The effect of any very minor violation should not alter our
conclusions. If one wants to examine the effect of minor violations to the assumption of
monotonicity then one could perform a three-parameter sensitivity analysis as discussed in
Jemiai’s PhD disseration.

Another point worth noting is a sort of risk-benefits assessment of making assumptions.
One risk of being afraid of using assumptions is that inferences are more difficult to interpret
(e.g., a three-parameter sensitivity analysis). Humans have a limited range / window of
perception, and simplifying assumptions are often essential for comprehension.

In many circumstances, however, monotonicity may not be a valid assumption. For ex-
ample, if one were comparing two vaccines, monotonicity would probably not be reasonable.
If monotonicity is a major concern, then the methods of this dissertation should not be im-
plemented. In order to identify ACE(z) one will need to make other assumptions about the
joint distribution of (5(0), S(1)) given X. One such assumption is explainable non-random
infection (Hayden et al, 2005; Robins, 1998). In the absence of covariates and monotonicity,

sharp non-parametric bounds have been derived by Jemiai (unpublished Ph.D. dissertation)



112

and Zhang & Rubin (2003).

B.4.3 SUTVA may be Violated when Dealing with an Infectious Disease

The Stable Unit Treatment Value Assumption (SUTVA) states that the potential outcomes
of each trial participant are not influenced by the treatments of other participants. This
assumption may be violated when studying an infectious disease. For example, if a vaccine
is partially effective then some individuals in the trial will not be infected because they
took the vaccine. If they are not infected, then that may make it less likely for other trial
participants to become infected, because there are less infected people to infect them. In
this situation, the potential outcomes for some trial participants may be influenced by the
treatment assignment for other participants — violating SUTVA. Stated another way, one
might say the assumption of SUTVA is similar to an assumption of no “herd immunity.”

Clearly, SUTVA must be carefully considered before assuming. In our example dataset,
SUTVA was thought to hold because the trial was performed in sites all across North
America and the Netherlands and there was therefore presumably little, if any, interaction
between trial participants. SUTVA would be much less plausible if the trial were performed
in a smaller area, with more interaction between participants. SUTVA also might be less
plausible for a trial conducted over a longer period of time, allowing more time for the
infectious disease to spread between participants. Similarly, SUTVA may be less plausible
for a more infectious disease.

I am not aware of causal inference methods that allow one to relax the assumption of
SUTVA. Indeed, even the notation adopted in this dissertation implicitly assumes SUTVA.
Without this assumption, potential outcomes would need to be written as, for example,
Si(Z), where Z = (Zi,- - - , Zn) is the treatment assignments for all trial participants. Using
this notation, it is difficult to even define interesting estimands. One approach to relaxing
SUTVA might be to group interacting individuals together, perhaps defining outcomes at
a group level and making the assumption of SUTVA between groups. However, using this

type of approach it would still be difficult to define an interesting and identifiable estimand.
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Appendix C

TECHNICAL DETAILS FOR CHAPTER 3

C.1 Deriving ACE(z)

ACE(z) = E(Y(1)=Y(0)[S(0)=5(1)=1,X = z)
= BE(YQ)IS0)=S(1)=1,X = z) - BY(0)S(0) = S(1) = 1, X = z)
= /yfy(l)|S(0)=5(1)=1,X(y15(0) =8(1)=1,X ==z)dy

—/ny(O)|5(0)=3(1)=1,X(y|5(0) =5(1)=1,X = z)dy.

From A.1,
/ny(l)|s<o>=s<1>=1,x(y!~9(0) =5(1) =1, X = 2)dy
= / yfy (1s=sn=1,x(¥S(1) =1, X = z)dy
= /yfv(ylw;m) by M.3.
Under Mpy,

/ny(O)|5(o)=5(1)=1,x(y|5(0) =S(1)=1,X =z)dy= /yfgi(y|$;"73) by M.4b
which implies

ACE(z) = /yfv(ylx;m) —/yf;,”(ylw; 1) = ACEy(z;m1,n8)-
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Under My,

/ uFy 50)=5(1y=1.x¥IS(©) = S(1) = 1, X = z)dy

/ —1|5(0)=1,Y(0)=y X=z)P(Y(0)=y|S(0)=1,X =1z d
fP —150)=1,Y(0) =t,X = 2)P(Y(0) = |S(0) = 1, X = z)dt ~
(by Bayes Rule)
Jw(z,t; B, @) fyplt]z; n§) dt
which implies ACE(z) = ACE,(z;n1,1§).
C.2 Deriving Restrictions on the Observed Data
Under M,
friszx yS=12=0X=rz)
= froyso=1,zx @S(0)=1,Z2=0,X=z) by (2.1)
= froyso=1,x ¥lS(0)=1,X=2) by (2.2)
= fp (ylz;mp) by M 4a.
Under M,,
friszx (wlS=1,Z2=0,X=z)
= fyo)so=1,zx WS(0)=1,Z2=0,X =z) by (2.1)
= froyso=1,x ¥S0)=1,X =1z) by (2.2)
_ w(z, y; B, )w(z, y; B, @) fyoys0)=1,x(¥|S(0) = 1, X = )
Jw(z,y; B, @) fyo)s(0)=1,x W|S(0) = 1, X = z)dy
Jw™(z,y; B, yw(z, y; B, @) fy(oys0y=1,x (¥|S(0) = 1, X = z)dy if () > 0
Jw(z,y; B, @) fryso)=1,x W|S(0) = 1, X = z)dy
1 y Ys 9, S(0 S(1) = ]_,X =
_ 1( Y; B, @) fy(o)s()=s)=1,x (¥1S(0) = S(1) z) by A2, M.2
Jw™ (5'3 y; B, )fY(0)|s s<1)= x(ylS0)=S8(1)=1X =z)dy
-1

Jw =z, y; 8,
£ (ylas o).

f‘“(ylr no)dy
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Under M, or My,

friszx WlS=1,Z2=1,X =z)

= fraysw=1,zx WS1)=1,2=1X=2) by (2.1)
= fraysw=1.x @S =1,X=2) by (2.2)
= fulylz;m) by M.3.

Pszx (S=1Z=0X =)
= Poouzx(S0)=1Z=0,X=z) by 1)
= Ps)zx (S(0)=1|X ==z) by (2.2)
= 6, (z:p) by M.L.

Pszx (S=12=1,X =2)
= Psuyzx(S1)=1Z2=1X=z) by (2.1)
= Pswzx (S(1) =1|X = z) by (2.2)
= Pso)x (S(0) = 1|X = z) Pg1ys0),x (S(1)=1S(0)=1,X=2) byA.l

3 <w; W [ Pysorox (S =1USO = 1Y (0) =4, X =2

Y (0)s©0)=1,x (¥l5(0) =1, X = z)dy by M.1

9

b
_ Op (x5 ) [w(z,y; B, @) fp (ylz; ng) dy by A.2, M.2, M.4a
0y (z; 1) [w (2,93 B, @) f3 (yle; o, nb)dy by A.2, M.2, M.4b
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C.3 Asymptotic Distribution of the ML Estimator of ACE(x)

Define I(p*) = —E(%ng) where {(p?|O) = log(L.(p*|O)), the log-likelihood, with
L4,(p%0) given by (3.1). I also define Ip(c, n§) = _E(a_%(%%a%fﬂ) where (o, n§|O, Z =
0)=log(L.(p%|0,Z = 0)) and similarly, I1(m) = _E(%%f_ﬂl) where [(m|0,Z =
1) =log(L,(p%|0, Z = 1)). It is easily seen from (3.1) that

I(pa)= IO(avn(a)) 0
0 Lim)|

so we will consider the vaccine and placebo arms separately.

Let ho(a,ng) = E(Y(0)|S(0) = S(1) =1, X = x) and hy(m) = EY(1)|S(1) = 1,X =
z). Therefore, ACE(z) = hi(m) — ho(o,n§) and A/C\E(a:) = h1(M) — ho(&,n§) where 7j;
denotes the MLE of 7, etc.

In addition to the assumptions used to construct the likelihood and the assumption that
the protected principal stratum is non-empty (V E(z) > 0), we need the following standard
conditions (van der Vaart, 1998): (i) identifiability, (ii) the region of positive probability
does not depend on p?, and in open neighborhoods of the parameter space (iii) the log-
likelihood is twice continuously differentiable, (iv) second and third order derivatives exist
and are bounded, and (v) I(p®) is positive definite. If these conditions hold and ho(-) and
hi(+) are differentiable with hg(-) and hf(-) representing the first derivatives, then applying
standard likelihood theory and the delta method,

VNp (ho(&, 1) — hola, n8)) =% ho(a, n§)TN (0, To(e, m) ") (C.1)
V' Ny (R1(f1) = h1(m)) =% Ry (m)TN (0, Ii(m)™1). (C.2)

Therefore, asymptotically

——

ACE(z) ~ N <ACE(a:),

Ky ()T Ii(ny) "Ry (m) + ho(a, 1) T Io(e, n§) " hiy(e, ng)
N, N, '

Of course, one can estimate h{(m) with Ri(71) and I;(n1) with either I;(7;) (the esti-

Ny 3211(771)
—

mated expected information) or with —N; 1 5.7 B with n; evaluated at 7); (observed
1

information).
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Note that when we assume (5.3) with 3, unknown, the standard condition (i), identifi-
ability, does not hold in certain regions of the parameter space. Therefore (C.2) does not

hold, although (C.1) may still be valid.

C.4 Hudgens & Halloran’s work when Y is Binary

In a paper that is currently under revision, Hudgens & Halloran consider the case where ¥’
is a post-infection binary outcome. I have been asked how my work relates to their work.
This section of the appendix essentially works through notation and algebra to show that
the likelihood they present is a special case of the more general likelihood given by (3.1).
Let Y be a binary outcome that only exists in those who become infected. Define m, =
P(Y(0) =1]S(0) = 1) and 7, = P(Y (1) = 1|8(1) = 1). Therefore modeling assumptions
M.3 and M.4a are f,(y) = (1 — 7,)17Y for z = p,v. The integral [w(y;a, 8)fp(y; n§)dy
is written here as 1 — VE(a, 3, 7p). Hence writing the likelihood (8.1) without covariates I

get

N
£a(*10) o T]{16, (1~ VE (o B,m) m (1 = m) ']
i=1

x[1-6,(1-VE (o, Wp))]l‘si}zi

X _a 1%
x{ [ (1= m) ] g

I will adopt the notation of Hudgens & Halloran to count the number of subjects in each

group. Specifically,

nou(v) = Y zi(1 - si)

no(v) = Y zisi(l — i)
n11(v) = Y zisiy;

nos(p) = Y (1 —2)(1 - )
no(p) = Y _(1 - z)si(1 — %)
n(p) = (1 - zi)siyi,
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Table C.1: Translating Hudgens & Halloran’s notation to my notation.

My notation Hudgens and Halloran
p 1—6%
1-VE(a, B, mp) 611/(1 — 6%)
p ¢1011/(1—6%) + 411 - 611/(1 - 6%))
Ty ol
with all summations from ¢ =1, -+, N. The log-likelihood can then be written as

I(p%; O) =no.(p)log(1—6,) + nio(p)log(6p(1 — 7p)) + n11(p)log(Opmp)
+ nO*(v)log(l - ep(l - VE(av ﬁ, 7TP)))
+ (n10(v) + n11(v))log(6p(1 — VE(a, B,7p)))

+ n11(v)logmy, + nio(v)log(l — my).

Hudgens & Halloran make the same assumptions that I make throughout this disserta-
tion: SUTVA (2.1), randomization (or rather the conditional independence given by (2.2)
which randomization ensures), monotonicity (A.1), and various assumptions that can be
translated into using different forms of w(:) in assumption A.2. They define §°° = P(ni),
¢°! = P(prot), 611 = P(ai), v° = P(Y(0) = Olprot),y! = P(Y(0) = 1|prot),¢" =
P(Y(0) = 0,Y(1) = 0]ai),$!° = P(Y(0) = 1,Y(1) = 0|ai),¢"! = P(Y(0) = 0,Y(1) =
1lai), ¢!t = P(Y(0) = 1,Y(1) = 1]ai), ¢’} = ¢! + ¢!}, and ¢! = ¢! + ¢!!. My parameters
can be converted into their notation as shown in Table C.1.

Substituting the notation of Hudgens & Halloran into our log-likelihood and performing

some minor algebra, we get

1(p% O) =nox(p)log(8%°) + n1o(p)log(8*1(1 — ¢'1) — 8°29%) + nyy (p)log(¢ 0™ + +'6°")
+ nox (V) 10g (8% + 8°1) + n1o(v)log (61 (1 — ¢1)) + ny1(v)log(81e),

the log-likelihood reported by Hudgens & Halloran (2005).
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Appendix D

TECHNICAL DETAILS FOR CHAPTER 5

D.1 Identification of n; under M,

Under M, using (5.2)-(5.3) and (5.4) for relevant probabilities and distributions, n; =
(o, By, M) 1s identifiable if and only if

o A. (3, #0and

e B. o ?é (—/B’UAUO - 530'3/27 _ﬁv)\vla Tty _ﬂv/\vq)-

Proof. m; is identifiable if distinct values of 71 correspond to distinct pdfs. That is, if
m # 0y, then fu(ylz;m) # fo(yle; ny), where

(1 + e:l:p(-CL‘ Qy — ﬁvy)) T erp (__;T(y - -TT)VU)2>

2moy

f(l + exp(—xTau — 51)9))_ QM erp ( 303 (y — mTAU)2) dy.

fo(ylz;m) =

A If /Bv = 0 then m = (av707/\va0'v) 7é (04;707 /\v,av) = 77/1 but fv(y|m;771) = fu(y|$;77£)-
Therefore, , is not identifiable if 3, = 0.

B. For 3, # 0, fu(y|z;m) = fu(y|z;n1) if and only if the numerators of these densities are

equal, or equivalently,

exp(zTay + Buy) (1 + exp(—zTal, — Biy)) =
1+ exp(zTay + Bvy)

g 1 /1 Ty 1L Ty \2
0—7,)63310 [—5 (ﬁ(y—x Au) ===z )7

v v
Without loss of generality, consider the case where there is only one covariate. The

components of this equation that inhibit equality are the denominator on the left side of-
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the equation and x%, y?, and z1y on the right side of the equation. In other words, with
the denominator remaining in the left side of the equation or with :c%, y?, or T1y remaining
in the right side of the equation, equality is impossible for all ; and y. Notice that y?
disappears only if o, = o/, 22 disappears only if X,; /o, = |Av1|/0, and z1y disappears only
if A1/l = Ay1/0y. Considering the left side of the equation, the denominator disappears
only if (o, B,) = —(w, By). Therefore, if (o, B, 01, Xyyy) = (—ai,, =By, 04, Ayyp), there may

be an identifiability problem. In this parameter space, the equation becomes

exp(g:Tav + Buy) = exp [— 2(172 ((y - $T>\v)2 —(y— xT,\v)2)]

1 1 1
= exp [5&—3 ()\30 — /\{020) + 0_—12}‘>\v1 (/\UO - /\:.)O) 1 + 0_—3 (/\:)0 bt /\1,0) y:| .

This implies that

= (Hogth 2o o) Koo

v0
3 /\vOa Avl, Uv)

202 ol T o2
A20= 28 di(Awo = No)  Aporwo |, \ o
# |- 202 ' o2 1T T g2 D v Ov | =71,
v v v

and f,(y|lz;n) = fu(y|lz;n}). Therefore, at certain values of n; there is exactly one other
ni # m such that f,(y|z;m) = fo(y|z;n}), implying that n; is not identifiable. A little

algebra shows that this occurs only when 7; that can be written as

m= (_ﬁvAvO - /830'12;/2a _ﬂv)\vla ﬂv, /\vOa >“u1, Uv)-

Therefore 7n; is identifiable if

Qyy 75 (—ﬁv)‘vo - ﬁ303/2, _ﬂv)‘vly Tty _ﬁv/\vq)-

As previously stated, regardless of the choices for M.2 and M.4a, at the value of 3,
that makes w(z,y; By, &) a function of z only, the parameter a, is not identified. I just
showed that under distributional assumptions (5.2)-(5.3) and (5.4), there are other regions

of unidentifiability. These additional identification problems are also seen with other choices
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for M.2 and M.4a. For example, suppose we let w(z, y; o, §) be the function, exp(zT o+ By).
(For our purposes, let us assume that this is bounded between 0 and 1, making it a valid
cdf.) With f,(y|z;n§) being the normal density defined by (5.4), then it is easily shown by
completing the square that the density f;i(y|m; a,ng), is normal with mean 2T\ + Bo? and
variance o2, is independent of o, and 1 — VE(z; e, 8,n8) = exp (a:T)\ﬂ+ B202/2 + :vTa).
Hence, with f,(y|z;n1) defined by (5.3) there is no need to estimate a,. However, there is
still unidentifiability: If o, = o, and A\y; = X,; then £y, (y|z; m) = fo(y|z; ny) iff Ao+ By02 =

Xoo + 803

D.2 Score Equations and Information under M, using (5.1)-(5.4).

Because f,(y|z;m) factors out of the likelihood, it is considered separately later.

Score Equations:

N J;A;
am B Z{ el =00 =2 (e Tg
N N
+ Z(l - z;)8;zij(1 = 6;) — 2(1 = %)(1 = si)zi;0;
i=1 i=1
9 M;

N

ol B; - x; )\Az ‘ B; — m'f)\Az Yi — CL";F)\
— = ;Zisimij—az——- — Zzi(l — Sl)xzjezm + ;(1 — Zi)sixij —

N
ol Q; , N o [wi—2in)? 1
%_Zzlszz—{-;zz(l—sz)l_ei/li+Z(1 ;)8 { o3 ol’
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where

ezp(z{ 1)

E—rm
A= / muy)f;ﬂ y|$l)

0; =

yw(zs, y) fp(ylzi)dy

-/
C; /y2w i, ) fp(ylzi)dy
Ju-

’I.

D; = w(z;, y)fp(y]xz)
J=—
1+ e:cp(w?u)
’U)(:Cz, y
M, = )d
/ 1+ e:cp(x:fa + By) Tolulwi)dy
1 1

Qi‘_‘ "—D - =A;
g

In the presence of censoring, with lower and upper detection limits L and U, respectively,
the last terms of 3‘% and % are multiplied inside the summation by I(L < y; < U), and

the following is added to the score equations:

az i:: zi)eisid (v < L)g(é)) _ g(l — m)zysid (v > U)%;
i:: zi)migsid (s < L)g((LL)) - g;(l — z)zysil (v > U)_%
where
B = [ ful
o= [ U e
r)= [ : <(y —;2?/\)2 1) e
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Expected Information:

B o A; (1 +exp (zfp ) - 1) :
uauk— Z “ Zk[ (JQA " (1+e:vp(l’ #)) l_eiAi) >+NPJZ

(Bi — T AA;)?
o2 NvAz (1 - 91;_47;)0'2 + Np

i=1
N
_ 1 2N,p0; N,9;Q?
IUU—N;{ 02 +(1—91A1)Az:|
N
N, J;M;
Tyjar = 37 ; Tk T g1
N T
N, J; (B; — 2T 2A;)
I = 5 :
Wit =N ; IR 9,4 0
N
Lagn. = N ; Ttk T 2 4, (1-6;4)
N
N, JQZ
. i 0, M Q;
0 =N &I 6A) A
N
N, 6:Q; (B; — 2TAA;)
I e T TaT ) 5
Mo = 2% A (=040

@
I
A

forj=0,1,---,qand k=0,1,..-,q.

The expected information was not calculated in the case where there is censoring. In
practice, when there is censoring I recommend simply using the observed information, which

can be computationally obtained simply from the score equations.

Score Equations for ny:
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where A;, B;, C;, and M; are as previously defined except indexed by 7; rather than (o, 8, 7§).

Besides multiplying all of the above formulas by I(L < y < U), in the presence of

censoring the following is added to the score equations:

al Mi(L) M; M;(U Ai(U)M;
3 o ;zzszxw (y: < L) <Ai(L) - Az) 221.81331,3 (y; >U) < A 4.(0)) )7
al P(L) P v sz It P(U)A :
8,6’ z:zzslmU (yi <L) <m - Z) - ;zzszxuf(yz > U) < AZ(A A )
ol %, VL) Vi < Vi(U)A; — A(U)V;
8)\ 22131% (yi < L) (AZ((L)) - Z) ;z i8I (y; > U) < f(lz()Az (U))) )
T,(L T, N T;(U) (T
Zz’s z;;I(y; < L) (AzEL)) - Z:) — ;ZiSi.’EijI(yi > U) ( 1511( ))) )
where
mz, y)
P= / e e LY
— T\ 4;
Vi= —(%—
T = C; — 2mZT/\UBl + (x;r)\v)ZAi _ éi

ol oy

and A;(L), M;(L), P,(L), etc. are A;, M;, P;, etc. except the integrals are evaluated from

—oo to L (as opposed to —oo to o0).
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In B.2 I outlined the use of the delta method. The function

ho(a, ng) = E(Y(0)[$(0)=5(1) =1,X = z)
fyw 7yaﬁa )fp(y|xan8)dy
~ Ju (5B, 0) Faylz 1) dy(0)’
Under models (5.1)-(5.2) and (5.4), then

b () = [OR0 . o Dho o DRl
O™ 1 8ag” 78y dN’ 10N o |

where

Ohy m‘AP - BM

8aj - A2

Ohg _ A(C - zTAB) — B(B — 2T)\A)

ax; o2A?

Ohy _ AK - BQ

oo A?
for j=0,---,q and where A,C, D, M, P, and Q are as previously defined for z; = z, and

1 1
K =~ [ y(y— 2"\ w(@,y)fp(ylz)dy - ~B.

Programs:

/research/gilbert/simulations/newsims/programs

D.3 Closed form for VE(z;-) under (5.2) and (5.5)

Proof.
w(z, y; o, B) 7L (ylz; 1h)
Jw(z,y; o, B)~ 113 (y|z; ) dy
_ (L +ezp(=aTa0 — By)) f5'(yl; )
J (1 + exp(—2Tag — Bu)) f§ (ulz; -)du

fo(ylz; ) =

= k(fl’,ﬁ, 047778) l: ;z(mx, ) \/51;0_ erp (2_12( :ET’YP)z —{]JTOZ-—ﬁy>]
p

. 1 -1 —(z _ 2
= k(x, ) |:f;”(y|:z:, ) + \/Zr_o_ e;g(y (=T ﬂﬂp)) eﬁ(%ﬂﬂg—fET’yp)—xTa]
14

i 1352 -zt o
= k(z; ) [f,‘,”(yla:; )+ IOyl )eP@Pop—a T w) —at }

= (1 - VE(z;)) f2i(ylz; ) + VE(z; ) fF Y ylz; ),
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where

k(.’l}; ﬁa «, 778) =1- VE((SE? 5a «, 778)
[/ ulz; ) + f2H ul; )ePBPo—=Tw) == e gy

= [1 + eﬂ(iﬁap—l‘ “/P)“‘”T"‘] -

-1

D.4 Log-likelihood and Score Equations under M,

For computational convenience, instead of parameterizing as written by (5.5), I chose the

following equivalent parameterization:
94 (y|z; 1) = ¢(y; 27, 05) and fu(yla;m) = d(y; 7y + 227 10, 97), (D.1)

where n8 = (1, 0p) M = (¥, Y, Ov) , and 7y, therefore represents the interaction terms. This
parameterization allows flexibility in the number of interaction terms. To shorten notation,
A; = 1-VE(x), VE; = VE(z), 6 = 0,(z), fF = fF%wilas), [E 2 (yla)dy =
FErY(L), etc.

The log-likelihood is

N N
Uy o, m,m|H) = Z silog(0p(z:)) + Z 2i(1 = 83)log(1 - bp(z;)(1 — VE(z:))
B N = N
+ 3 zisilog(1=VE(z:)) + Y _(1— 2)(1 — s:)log(1 — 6p(x:))
i=1 i=1
N
+ > zisi(—log(ov) = (yi — v @i = 217, 21)*/(207))

i=1
N

+ 2 (1= 2)silog[(1 = VE(wi)) f5'(uil:) + VE(@:) 77 (ilei)] + k.
i=1

(D.2)

In the presence of censoring, the last two terms of (D.2) are multiplied by I(L < y; < U)
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inside the summation, and the following is added to the log-likelihood:

N N
> zisil (yi < L)log(Fy(L)) + Y zisil (yi > U)log(1 = Fy(U))
i=1 i=1

e

i
L

+ > (1—z)sid(yi < L)log(AFg* (L) + VEFH(U))

V] =

+ ) (1= 2)s:(y; > U)log(1 — A, FEF (L) — VE;FZ(U)).

1

.
I

The score equations are

N N N
8[ 9i 1 - 91' Al
T = E zisimij(l - 9@) - E Zi(]. - Si)xij__:(lTui‘_— + E (1 - Zi>mij<3i - 01)
Hj

i=1 Lt i=1
N N ; rot
ol VE;A6; VEAi(f8 - 5
6‘a] ; ;8174 V E; — ;ZZ 8)Lij 6.4, + _1(1 — 2)8:Tij 4 +VE, fpmt
N N
o o VE;A;0; yi — L xi—zi%mi
7 —ﬁ;zzslm”VEz ﬂ;zz(l 8i)Tij 0 T 6.4, + Z%Szl‘m o
+ 3 (1 = z;)siij ! {A'f‘“' {ﬁVE--Fi( i — Tx)]
-~ 1)Sidij Azf m VE, fPTOt iJp i 0_1% Yi—7 %

_VEfprot [514 —;1—( ;=Y Tri+ Bo )]}

P

N
ol yi — vz — vz
= Z 238iTi5
=1

Ov; o2
N 2
ol 9 (1—2z)s; Ny = ICz)
= _ . pai -V
90, * U”Z Aifgi + VE fI {A’f” [ oy &
T 212 2
+VEif£ [ ﬁza-g P
4 28(y; — v z; + Bo?)
73
VE Ab;
O’;,ZZVS@VE + 3 o'pz:z1 1-—9A
ol (yl - '7 Ti— Yo xl) 1
doy —; 8 [ ol Ou

for j=0,-+,q, with z; = {1, 21, , Ziqg}.
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These score equations can be easily modified to account for models assuming o, = 7. In

the presence of censoring, I (L <y <U)is multiplied inside all summations which include

y; (e.g., the last term in 2=

the following is also added.

, the last two terms in a

, etc.). In the presence of censoring,

¢ ol
[0} BT&]"
N rot
(v < L)(FH(L) - B™(L))
= z;)sizi;VE A
;(1 z;)sizi; VEA [ AFS(D )+VEiF;;7)rot(L)
Iy > D)EU) - B U) |
1 - AFei(U) - VEFEU) |
to ﬁ
;'
(Ul z) fv(lel)
;Z'LS iTij [I(yz > U)TW - I{y; < L) Fo(D) }
(1-2 slacwl(yi < L) A (pai/Ty _ pwrot
+ Z Fm + VEiFgrot(L) [/BVEiAl (FP (L) Fg (L))
—Ai f8(L|mi) = VE fF(Llz:)]
N
~ (1= z)sizijl (y; > U) AL ([ai(]Ty _ pprot
Z 1— F‘“ ) VEiFgTOt(U) [ﬂVE,A, (Fp (U) Fg (U))
Aif8(Ulzs) = VE fF(U)] 5
to ol
Ovyj’
T foUlzs) fo(Llzi) | |
ZZzS'L-TzJ |:I(y1, > U)]. — FU(U) I(yl < L) Fv(L) } )
¢ ol
© do,’
LR,(L) - N ) BFA0) = ZFA0)
z:zzs1 y; < L) F(L ZZzSzI v TR ;
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to .a_l
do,’
i(l YysiI( < L) ﬁQUpAiVEi (F},’M(L) - Ff@)) + A; (;%R;i(L) _ EI;F;i(L))
i=1 Zi)8id\Yq Angl(L) +VEiF;};WOt(L)

VE; (&R™(L) - LFY (L) + 260, 5 (L))
P
A;Fe(L) + VEFJ™(L)

N
+Z 1—21, sl yz<L)
1=1
N

Z 1 —Z; S’z,I(yi > UZOt |:141 (_%Rgz(U) — _lFaz(U))
o 1- AR (U) - VEF™ (U) Ip Ip

+B20p AV E; (F(U) - F'(U))]
v VE (LRE(U) = LEF*(U) + 280, 57 (Ula:))

— (1—2)s8il(y; >U) - yops ;
; | 1— AiFe(U) - VEF} HU)

where
N . 2
RE(L) = [5 (v — AT £2i (ula)dy = B (1 — () ET2GAM((L - 4722, 3/2,209),
RENL) = [ (y=Ta+ B0 5 (ylzi)dy = zz‘%(l—(—1)I(L>7T“_ﬁ”g)GAM((L—'yTme
ap) ,3/2, 2ap), etc., with GAM (a, b, ¢) denoting the cdf of a gamma distribution evaluated

at a with shape parameter = b and scale parameter = c.

Proof.

R‘“'([,):/L( T N2 paif, (o
o (L) = Y= i) fy (yles; )dy

—0oC

1 L 1
\/%O'p/ _Z(y Y xz)(y Y xz)e$p< ) g(y_’YTmi)2> dy

_ 1 1/2 1
__2\/%%/11, exp( 20pu> du

_L() )™ /u3/2—1e—u/<2a%> )
2o, T(3) ()"

where v is integrated over ((L — y7z;)?, 00) if L < T,

else over (0, 00) + (0, (L — v7z;)?);

Q
N’|’ﬁw

(1= (=1)IE>7"2GAM((L — 7T 2)?, 3/2,202).
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D.5 Identification of Sensitivity Parameters

If in assumption A.2 the parameter 3 of model (2.3) is regarded as unknown, it is not
identified under (2.1), (2.2), and assumptions A.1 and A.2. However, 8 is identified if the
distributional forms imposed by M.1-M.3 and M.4b are also assumed. Consequently, under
M, rather than regarding 3 as fixed and known, one could estimate it. (This also comes up
in the missing data literature — see Little (1995); Scharfstein et al. (1999)). In response
to pieces of this dissertation submitted for publication, one referee stated, “estimating
parameters identifiable from the data is not a stupid thing to do.” On this point I disagree.

Under My, 3 is only identified because of models imposed to reduce the data dimensionality.

Consider the case where there are no covariates. In this case, one only needs to assume
A.1 and A.2. Viral load distributions can be left unspecified and sensitivity analyses can be
performed over a plausible range for 8. This was the approach of GBH. Alternatively, one
could additionally assume a form for the distribution of viral loads in the always infected
principal stratum in the placebo arm (distributional assumption M.4b). This is model M,
without covariates. Under this model, some of the selected 5 might yield a distribution
for the viral loads among infected placebos that is not compatible with the observed viral
load data. It is true that one could argue that either A.2 is misspecified (possibly a poor
choice of 8) or M.4b is misspecified. We do not know which one. However, since M.4b
was an optional assumption (in this case with no covariates), rather than ruling out certain
values of 8 that we a priori thought were plausible, we would instead simply discard M.4b
and perform the analysis using GBH. The range for § is something that we want chosen
independent of the data.

When multiple or continuous covariates are included, it becomes necessary to make
some modeling assumptions. One choice is Mp. However, if certain model choices and
plausible values for 3 are incompatible with the observed data, then similar to the situation
without covariates we take this to imply that the distributional assumptions are misspecified
rather than 8. Our distributional assumptions were only made so that we could incorporate

covariates in the analysis.

It is important that we do not solve the inherent problem of identification of ACE(z) by



131

assuming it away in the technical details of the model. This is also important in the Bayesian
context. It is conceivable that one might want to put a distribution on the sensitivity
parameter 8 — integrating over this distribution to obtain a single estimate for ACE(z).
However, if one puts a prior distribution on 8, one would want the posterior distribution
of 3 to be equal to the prior. If the two are not equal (as would be the case under My)
then as stated before, this imples that information on 3 is obtained because of modeling

assumptions.
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Appendix E

TECHNICAL DETAILS OF CHAPTER 6

E.1 Additional Restriction on Observed Data

forr,szxWT,8=1,Z = 2,X)
= fewT,se=1,2x1WT0)=1S8(2) =1,Z = 2, X) by (2.1)

= fow)st=1,2xYlS(z) =1,Z = 2, X = z) by (6.4)
= fc(z)|5(2)=1’x(y|5(zo = 1,X = :E) by (6.1)
= gz(ylz)'

As stated in chapter 2, consistency (2.1) follows from SUTVA.

E.2 GBH Extension is Semi-parametric MLE

Consider the case where there are no covariates and the distribution of the censored time-

to-event outcome is left unspecified. Assume A with w(-) specified so that for y > 7, w()

is constant. With w(-) specified by (6.9) or (6.10), the semiparametric ML estimators for

F;}i(y) are equivalent to the estimators of GBH, only estimating Fy,(y) with Kaplan-Meier

estimates.

Proof. Under the scenario described above, the likelihood can be written as

X H{[f” vi)" 0 (1 - Fo (yi))l_ai/w(y;ﬁ, ) fp(y)dyr

[1- / (v; B, )fp(y)dy]l—&}%

x { [Bpsp(w)® (1= By ))'™] " (1 = 8)' 7}

1—21'
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Again, since

8424

[l (1= By ()]

factors out of the likelihood we can treat this part separately. It is well known that the
Kaplan-Meier estimates of F),(y) are the nonparametric ML estimates.

Similar to Chapter 4, to make things simpler I am going to order the data in the following
manner: 1) those randomized to placebo and infected, with Y; ordered; 2) those randomized
to placebo and not infected; 3) those randomized to vaccine. My notation is not going to
reflect this change of ordering (just to keep things simple) because it has no effect on the

likelihood. The part of the likelihood we are interested in is now written as

np (s, N,

i=1 =1

x H H / H )fp(y)dyri [1_ap/w(y;ﬁ>a)fp(y)dy}I_Si}Zi

i=Np+1

Consider estimation of f,. Probabilitly mass will only be put on the set of points
{Ukis* s Yknys } Where yi_ ., is some time later than y,, if 6,, = 0 and yy, if 6,, = 1. This
implies that there are m distinct failure times. These points, yj,, correspond to the non-
censored failure times where (1 — z;)s; = 1. Let (px,, - , Pk,,) be the parameters we want
to estimate where py, = fp(yx,). Those that are censored will also have their probability
mass put on these points. We use an EM-type approach: The “complete” data would tell
us when censored observations would have had their event. So the “complete” likelihood

could be written as follows:

m+1 1
£ ow Hp,:xnesz gy

84 1—s;y %

m+1 m+1

N
x ] Op Z w(yk;; B, )P | |1—0p Z w(yk;; B, @) )

i=Ny+1

where n; is the unknown number of events that happen at time point k;. It then follows
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that the “complete” log-likelihood is

m+1
I©° = C+ Z njlog (px;) + nplog(8p) + (Np — np)log(1l — 6p) + nylog(dp)
i=1
+nylog (1 — VE) + (Ny — ny)log (1 — 6,(1 - VE)), (E.2)

where VE =1— Z;”:ll w(yk,; B, )Pk

Notice that the “complete” log-likelihood is of the same form as (4.2) in Chapter 4, the
log-likelihood in the uncensored case. With w(-) specified by either (6.9) or (6.10), one can
follow the same steps shown in Chapter 4 to show that the ML estimators based on this

“complete” data log-likelihood are as follows:

For ny /Ny > np/Np:

Ao Mpt Ny

P N, + N,
.

Pr, = — fori=1,---,m+1
Tp

For ny /N, < np/Np:

A n
6, ==L
P Np
. n; .
Dk, = — fori=1,.--,m+1
Np
Tip
’n,N ———
¢ h that i 6, B)ppi = —L =1-VE.
& suc a Z;w(y &, B)Pp Non,

We have just performed the maximization step of the EM-algorithm. Since we do not
know n;, we estimate it with its expectation [the following steps are taken almost directly
from my Stat 582 notes]:

p

E(nl) = ZP(X_’] = ykiléjyyj)7

j=l1
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where X is the observed time (minimum of time until censoring or the event). Therefore,

1 =14 (k1 — 1)pr,

ﬁ2=1+(k1—1)}3k1+(k2—/€1—1)1pk3

— Diy

. . D

Ay =14 (k= Dpe + 4 (b = kja = Dy ——
1 3

It can then be shown that

Pr; 1
St py,  mp—ki+ 1

for j = 1,---,m result in a stationary point of the EM algorithm. Hence, the ML estimator

for Fy(t) is

Fp(t)‘_‘ Z Pl

iy, <t

which can be equivalently written as the Kaplan-Meier estimator

1-F@o= ][] (1"K—115ﬁ_1)'
O

As stated at the end of Section 4.1, in the uncensored case maximum likelihood esti-
mators based on more general w(:) can be constructed from the score equations (4.3)-(4.5).
The same is true in the censored case. Notice that the above proof was written in terms
of a general w(:) up until after the “complete” log-likelihood was written. To construct
the ML estimator for a different w(:), one writes the “complete” log-likelihood (E.2), differ-
entiates with respect to the parameters to obtain score equations of the “complete” data,
and then solves to obtain MLEs in the “complete” data scenario. Then one performs the
E-step (computes the expectation of this “complete” data MLE) in a manner similar to

that described in the preceding proof.
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E.3 Asymptotic Normality of GBH Extension

Suppose that data are collected over a finite interval [0, 7] where 7 is fixed as the sample
size N - oo. Assume A, 0 < VE < 1,pp > 0, and let t € [0,7]. (Recall that VE =
1 - Pr(S;Z; = 1)/Pr(S;(1 — Z;) = 1).) Furthermore, assume 0 < w(t; o, 8) < 1 for all
t > 0,c, and B; is constant for ¢ > 7; and is twice continuously differentiable with respect
to a, with a bounded second derivative. Then ﬁ‘z‘,“(t) is consistent and asymptotically

normal.

Proof. The estimates (po, &) are the solutions to the estimating equation

N
> i(po, @) =0,
j=1

where

(1= Z:)(Si = po)
d)i(poa a) = .
Z: (Si = o 52 wit; o, D))

It is easily seen that the unique solution to the first equation is po = np,/Np. The second

equation can therefore be written as
w A o
Un(a) = / w(t; o, B)dFy(t) — <1 - VE) =0.
- Jo

(Recall that VE = 1 — ny N,/ (Nynp).)
The process ﬁ‘p(-) in D[0, 7] and VE are jointly asymptotically normal, where D[0, 7]
is the space of cadlag functions (i.e., right continuous whose limits from the left exist)

on [0,7]. This is shown by looking at the empirical distribution of the observed data
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0; = (Z;,S;,Yi, A;). Consider the following pieces of the empirical cdf:

a=Pyn(S;>0,Z;<1,Y; <00,A; £ 1),
b=Pn(S; <1,Z; < 1,Y; < 00,A; < 1),
c=PN(S;>0,Z;>0,Y; <o0,A; < 1),
d=Pn(Si<1,Z;>0,Y, <o0,A; £1),
e=Pn(S;i>0,Z; < 1,Y; <t,A; > 0),
f=Pn(S;>0,Z, < 1Y, <t+h,A;>0),
g=Pn(5;>0,Z;<1,Y; <t,A; < 1).

These pieces of the empirical cdf are jointly asymptotically normal. The estimate VE
and the Nelson-Aalen estimator of F,(t), labeled as ﬁ’;(t), can be written as Hadamard

(compact)-differentiable maps of these pieces of the empirical cdf:

VE = —

E da’

£ tlimh__,o&
Fp(t):l—exp[—/o ——1;g_h .

That the integration is Hadamard (compact)-differentiable is a result of Lemma 20.10 of
van der Vaart (1998). Hence (@, ﬁ’p(‘)), which is asymptotically equivalent to (ﬁ, F‘;()),
converges weakly to a Gaussian process.

Now consider the following maps:

(F’p(-), @) — (/[0,1-] w(t; o, B)dE,(t), w(T; a, B) (1 - FP(T)) 11— @)
= J, v B)dFy(t) + w(r; o, 6) (1 Fp(r)) - (1- VE)

= Un(a).

Each of these maps is Hadamard differentiable; that the first map is Hadamard-differentiable
follows from Problem 7, Chapter 20, van der Vaart (1998). (It is also a consequence of Propo-
sition I1.8.6 of Andersen, Borgan, Gill, & Keiding (1993)). Therefore, by the functional delta

method, Un(a) is asymptotically normal.
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Define the following terms:
Ue) = [~ wltio p)aR 0 - (1-VE)
- /[O,T] Wty B)dF(2) + w(r;, B) (1 - Fy(7)) — (1 - VE), and
U@ = [ wtio a0
= [ W0, 8)4R0 +0/(ri0,8) - B,

where w'(t; o, 8) is the partial derivative of w(-) taken with respect to . Because VE P
VE and E,(t) —F Fy(t) for all t € [0, 7], therefore Un(c) —P U(a) and Uy (a) =F U'(e)
by the continuous mapping theorem. Notice that the map a — Un(«) is continuous and
non-decreasing with Un (&) = 0. Let ap be the point such that U(ag —¢) < 0 < U(ap + €)
for every € > 0. Therefore, by Lemma 5.10 of van der Vaart (1998), & —P ag.

From here on, for notational convenience we will set « = og. Consider the Taylor

expansion:
0= Un(8) = Un(0) + U(a) (&~ @) + 2Uk(a")(é — a)?
which implies
VN (G- a) = —VNUny(a)

™ Tp(e) + 305 <a*><& —ay
where o* is some value between « and &, and Uj(a*) = [ w'(t« * B)dE,(t). Notice
that U} (a*) is bounded because |w”(t; a, B)| is bounded. Therefore, because Uy (o) —P
U'(a), & = a, Uf(a*) is bounded, and Uy(a) is asymptotically normal; from the Taylor
expansion & is asymptotically normal.

Now consider the following maps:

(@,Fp(-)) - </O°°w(t; &, ﬂ)dﬁ,,(t),/o

L b BARO)
T S w(t; & B)dEy(t)

That the process F;”() in D[0, 7] is asymptotically normal follows from Hadamard differ-

t

w(si &, )aFy(s)

R

entiability of each of these maps, the chain rule, and the functional delta method.

a
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The w(-) defined by (6.9) and (6.10) meet the necessary conditions for asymptotic nor-
mality. That |w”(¢; o, 8)] is bounded for w(-) defined by (6.9) (or (6.10)) is shown below:

. _ ' 1 — exp(a + Bt)
(Wt e B) = wlti o B) o i+ )2
1 —exp(a+ ft)
(1 + exp(a + Bt))?

1 1 exp(a + Ot
T (et T et ) ’
1 exp(a + [5t)
1+ezp(a+Bt) 1+ expla+ fFt) l

<1

E.4 Asymptotic Variance

Our goal is to estimate the variance of

F;i(t) = 20

Recall that ﬁ‘p(t) is the Kaplan-Meier estimate. Our estimating equations have been written

(1= Z;)(S; = po)

Z; (Si —po [5 w(t;a, ﬁ)dﬁ},(t)) :

When computing the variance, the tricky part is to account for the variance of the

¢i(p07 CY) =

Kaplan-Meier estimates and any correlation between these estimates and the estimate of c.
From Stute (1995), we learn that | ¢(t)dF,(t) can be written as a sum of i.i.d. terms plus

some remainder term, R,,, where
_ o (n—1/2
’Rnp| - 0(”}) / )’

and ¢(t) is some well-behaved function of ¢. Therefore, using this result one could include
additional estimating equations with zero expectation in the limit which allow us to in-
corporate the variance of F‘p('). Define k as the number of distinct failure times, and let
t1, -+, ti represent the distinct ordered failure times. Because we are not making any distri-

butional assumptions on Fj(), one could think of there being k + 2 parameters to estimate:
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(po, &, Fp(t1), Fp(ta), - - -, Fp(ty)) = 6. One could therefore add an additional k estimating

equations as follows:
(1= Z)(Si = po)

Zi (Si — po [y~ w(s; @, B)dFy(s))
¥i(0) = ¢ (1 - Z)S; (Vi — Fp(t1))

(1= Z:)Si (Vii — Fp(tk))
with Vj; for j=1,-.- ,kand i = 1,---, N defined as

Vii = ¢;(Y)v0(Y)di + v (Ya) (1 = &) — vj2(Y3),
where

¢;(Yi) = Livi<e;}y
70(Y:) = exp </_: %) )

(¥i) = —1_/I{n<w}¢j(w)70(w)H1(dw),
Tl // I{KK’U@}% ))2 (w)HO(dV)Hl(dw%
Hy) =Pn(Y < y,6=0) = 2 (1 _Zi):;(i;fsigf{nsw,
Hi(y)=Py(Y Sy, 0=1)= Z(]‘X_:(Zf)jij:;;?cgy}’
— 2 SiI <
Hy)=Py{Y <y) = 2(12(1 z Zi){:_y}_

(Details are given by Stute (1995). Note that if (1 — Z;)S; = 0, then V; can be assigned
any arbitrary value since it has no contribution to the estimating equations.) To be clear
and to simplify further notation:

k+1

/Ooo (85, B)dEFp(s ij - Fp(tj-1)),

where w;() = w(t; o, B), wry1(a) = w(T; @, B), Fp(to) = 0, and Fp(tk+1) = L.
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From our work in Section E.3, we know that
\/N(é-e) —4 N (0, 7).

Therefore, from Theorem 20.8 of van der Vaart (1998) (the functional delta method), the

asymptotic variance matrix of 8, ¥, can be written as

V-5 o] Flowens K%W))T] )

Taking derivatives, one can write

0

%1/%‘(9) =
“1-Z) -ZTw@)EE) -BE)) 0 0o
0 —Zipo Y wi(a)(Fp(t;) — Fp(tj-1)) 0
0 - ipo(w1(a) wa(o)) -(1-Z;)S;
0
0 —Zipo(wi(e) — wet1(a)) 0 o 00 =(1= 28]
(The summations are from j =1, ,k+ 1.) One can then estimate ¥ with
-1
i= [25 2ui)|” &3 [wwer] [NZ(%m Q )T} .
(The summations here are from¢=1,---,N.)

Of course, we are interested in the asymptotic variance of g(é) where

o(0) = Zaz (@ (Fpliy) = Fylty-1)
521 wi(@) (Fp(ts) = Fy(ts-1))

=F;?Z(t)’

and t; =sup(t;) such that t; < t. By the delta method,
VN (9(8) - 9(6)) ~* N (0,6') T (D)),

where

i Og(6) 8g(8) 0g(8) 9g(6)
9(0) = ( dpo | Oar ’an(tl)""’an(tk)>'
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These partial derivatives are

dg(0)

=0
9po
0g(6) (1-VE)D - BC
da ~  (1-VE)?
99(0) _ wil@ly<y —win(@gy  Cwj(e) = wiri(a))
OFy(t;) 1-VE a-veF
where
k
B =Y wj(a)(F(t;) - Fp(tj-1))
j=1
!
C =" wi(0)(Fp(t;) ~ Fylt;-1))
j=1

l
D= Z wi(a)(Fp(t;) — Fp(tj-1)), and of course
j=1

k
1-VE =Y wj(a)(Fp(t;) = Fp(tj-1).
j=1

One estimates ¢'(6) and ¥ with ¢’() and ¥.

Wald confidence intervals based on this variance estimate may be constructed in the
usual manner. Confidence intervals may also be constructed using a log-log transformation.
If 6(t) is defined as the estimated standard error of ﬁ‘;i(t) divided by F‘;}i(t), then a 95%

confidence interval for F;i(t) using the log-log transformation is

F;i (t) exp+l .96&(t)/log(1—ﬁ’;i(t)) '

The log-log transformation restricts the resulting confidence interval within (0, 1) and tends

to improve small-sample performance.
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Appendix F

ELICITING SENSITIVITY PARAMETERS

F.1 VaxGen Example

In order for these sensitivity analysis methods to be used, it is important to elicit meaning-
ful ranges for the sensitivity parameter. Before doing the VaxGen time-to-event analyses, I
emailed Dr. Marc Gurwith, the Chief Medical Officer at VaxGen, asking him for a biologi-
cally plausible range of values for 8. I felt it might be helpful to include my email to him.

It is given here:

“We are trying to do a sensitivity analysis, looking at the causal effect of vaccination
on the time from infection diagnosis to ART. (This is essentially an extension of Figure 2b
in the recent JID paper [Gilbert et al. (in press, 2005)].) We need some help choosing the
range over which to perform our sensitivity analyses. Let us explain:

‘From our primary analysis, we obtained an estimate for vaccine efficacy to prevent
infection using the entire cohort. This estimate was VE = 0.057 and can be considered
as an estimate of the probability that an infected participant in the placebo arm would
have been protected if randomized to the vaccine arm. However, this estimate of vaccine
efficacy is probably not uniform across all participants. Perhaps the vaccine is more or less
effective for people with certain characteristics. (For example, the vaccine may have been
more effective for non-whites and those with higher baseline risk scores.) However, there
may be some factors in addition to these baseline covariates that help predict whether or
not the vaccine may be more or less effective for a particular person. Consider two people
in the placebo arm who became infected during the course of the trial. Suppose one of them
(John) began ART two years after infection diagnosis, whereas the other (Bill) began ART
one year after infection diagnosis. Which one of these individuals do you believe would have

been more likely to be infected if randomized to vaccine?
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‘We would actually like you to put a numerical range on this belief, translating your
belief into a range of possible odds ratios. Recall that the odds of infection is defined as

probability of infection
1 — (probability of infection)

odds of infection =

The odds ratio is simply the odds of infection for individuals with certain characteristics
divided by the odds of infection for individuals with other characteristics. We want to elicit
a range for the odds ratio using the time from infection diagnosis to ART. For individuals
in the placebo arm who become infected, how does the time that they initiate ART affect
the odds of them being infected if they had been assigned the vaccine?

‘Returning to our example of John and Bill. Suppose the odds ratio is 2: This would
imply that the odds that John would have been infected if randomized to vaccine are twice
the odds that Bill would have been infected if assigned vaccine. On the other hand, an odds
ratio of 1/2 would imply that the odds of John being infected if randomized to vaccine are
half the odds of Bill being infected. An odds ratio of one implies that the odds of infection
are equal for John and Bill.

‘A couple thoughts that we have had that may be helpful: An individual with a shorter
time from infection diagnosis to ART would be more likely to be infected if assigned vaccine
if individuals with relatively strong immune systems tend to be slower to initiate ART and if
the vaccine is more likely to protect these individuals from infection. If this is thought to be
the case, then the odds ratio would be less than 1. On the other hand, the individual with a
longer time from infection diagnosis to ART would be more likely to be infected if assigned
vaccine if it is believed that the vaccine prevents infection with relatively strong/virulent
viruses better than it prevents infection with weaker/a-virulent viruses. This would be a
situation where the odds ratio would be greater than 1.

‘Of course, we realize that this is simply an educated guess. Please just give us a range

for the odds ratio that you feel is scientifically plausible.”

I believe Dr. Gurwith’s response reflects his understanding of both the problem and of
the sensitivity parameter. With his permission, I have included his response here:
“My ‘educated guesses’ are based on the following reasoning. Let me know if my reason-

ing was incorrect. If the vaccine was effective in preventing infection only in those with a
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strong immune system, then the time to ART would likely be longer in a vaccinee compared
to placebo, since the strong immune system would delay progression of disease. Therefore,
an individual in the placebo group with a longer time to ART would have a lower odds
ratio of becoming infected if he had received the vaccine, since the longer time to ART
would be a sign of a strong immune system. If the vaccine was effective only in preventing
-less virulent viruses, then the breakthrough infections in the placebo group would have a
greater proportion of less virulent viruses and the time to ART would be longer in the
placebo group; and therefore the placebo recipient with the longer time to ART would also
have a lower odds ratio of being infected if he had received vaccine because the longer time
to ART would be a sign of infection with a less virulent virus. However, if there were both
effects, the vaccine was effective only in those with a strong immune system, and even in
those with a strong immune system, it only protected against less virulent viruses, then
there would be even a lower odds ratio of being infected if the placebo recipient with a
longer time to ART received vaccine. Finally, the more likely case is the straightforward
one: the vaccine is equally effective against all viruses, regardless of their virulence, and
within limits of normal immune function, there are no meaningful differences in strength of
immune system among vaccinees. In that case, the major determining factors for whether
an individual is infected after exposure are factors extraneous to the vaccine and without
effect on subsequent course of infection, such as type of exposure and/or number of virus
particles to which the person is exposed. In this last scenario, I would say that placebo
recipients who had longer time to ART and those with shorter time to ART would have
similar risk of infection if they had been in the vaccine group.

‘Therefore, in our overall trial where vaccine efficacy was only slightly greater (and
nowhere near statistically significant) than 0, I think the range of odds ratios for becoming
infected for the placebo recipient with longer time to ART, if he had received vaccine, would
be 0.70 to 1.1.

‘For the non-white cohort, with an apparent vaccine efficacy > 50%, the bias would be
the same, the range of odds ratios would be greater, such as 0.40 to 1.20.

‘Please let me know if I am providing you the type of educated guesses you wanted, and

the emphasis still should be on ‘guess’.”
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Admittedly, Dr. Gurwith is somewhat familiar with this work, and probably not all
subject-matter experts would agree with his selected sensitivity analysis range — Dr. Gur-
with himself is the first to emphasize that it is a guess. However, this exercise has convinced

me that it is possible to elicit meaningful ranges for sensitivity analyses.

F.2 Interpretation

In most of my examples, w(-) is modeled with an expit function with sensitivity parameter
B. Under this model 3 has a standard log-odds ratio interpretation, i.e. given infection if
assigned placebo (and possibly covariates) for a one-unit increase in Y the odds of being
infected if assigned vaccine multiplicatively increase exp(3). Most medical researchers are
at least generally familiar with odds ratios. For example, they could say that an odds ratio
of 1.1 is small, 3 is big, and 10 is very big.

For some people, however, it may be difficult to choose a specific sensible range for 3.
To many, odds ratios are not as intuitive as probabilities and relative risks. These intuitive
difficulties may be compounded in our situation because the odds ratio is defined at the
counterfactual level and is not directly identified.

One alternative approach to eliciting a sensible range for 8 could be to map choices
of the sensitivity parameter into probabilities (or relative risks). Consider the situation
without covariates and with the outcome variable being viral load. Using previous viral
load data (such as data from the MACS cohort (Lyles et al., 2000)) and a particular V E,
one can construct a table containing the probabilies of being infected if assigned vaccine,
given assigned placebo for different viral load values and different choices of 3. Table F.1
shows these probabilities and relative risks (with respect to the mean viral load) of being
in the as stratum for VE = 0.1,0.3, and 0.6 using placebo viral load quantiles based on the
MACS data.

The probabilities and relative risks shown in Table F.1 were easily calculated: Assuming
a value of VE and at a fixed choice for 3, & was first computed using the MACS viral load
data. (From Lyles et al. (2000), the first quartile, median, and third quartile values for viral

loads at the first seropositive visit were 3.98, 4.49, and 5.01 respectively. Since I did not have
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the raw data, I had to make a distributional assumption in order to estimate &. Assuming
normality of the viral loads in the MACS dataset — which based on the median and quartiles
appears quite reasonable — the mean equals approximately 4.5, and the standard deviation
can be calculated as approximately 0.75, defining the viral load distribution.) Once there is
an estimate for o, one can calculate the probability of infection if randomized to the vaccine
which is simply the estimate w(y; &, 3) = exp(&+By)/(1+exp(éd+Fy)). From this quantity
one can easily calculate relative risks.

Hence, another approach to eliciting values of 8 would be to elicit relative risks comparing
some y with yo and converting them to 8. This could be done in a manner similar to that
based on odds ratios, only now asking questions such as the following: Do you believe an
infected participant in the placebo arm with a viral load one-log below average would have
been twice as likely to be infected? Three times as likely? Half as likely? It should be
recognized that there is not a perfect concordance between odds ratios and relative risks.
For example, a relative risk of rr may result in an odds ratio of exp(81) between y and
y + 1, but an odds ratio of exp(3s) between y — 1 and y, where 8, # [Ga.

Table F.2 shows relative risks converted to 8 for certain values of VE. This table
was also created using a viral load distribution based on the MACS dataset (assuming
Y (0)|S(0) = 1 ~ N(4.5,0.75%)). Relative risks in this table are defined as the probabilites
being in the as stratum given the mean placebo viral load divided by the probability of
being in the ai stratum given the mean placebo viral load minus one. Notice that some
levels of the relative risk might not correspond to any odds ratio for a given VE and viral
load distribution. For example, if vaccine efficacy is 0.1, it is not possible to obtain a value
of B corresponding to a relative risk of 0.5 between viral load values of 4.5 and 3.5.

An alternative way to elicit sensitivity parameters could be to convert choices of 3 into
some measure of discrepancy between f;”'(o) and f{,’mt(-) — for example, the difference in
means. Values using this approach also based on the MACS viral load data are shown in
Table F.3.

Finally, another approach could be to “invert” the sensitivity parameter. In other words,
the data analyst performs the sensitivity analysis and sees at what values of the sensitivity

parameter the study’s conclusions change. Then one could determine if these critical sensi-
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tivity parameter values are plausible. For example, consider a study where Hp : ACE =0
is rejected for all B < 2. Subject-matter experts may look at the results and decide that
an odds ratio greater than exp(2) is very unlikely. Hence, scientists may be confident con-
cluding ACE # 0, that the vaccine has a causal effect on the post-infection outcome. With
this approach, however, it should be recognized that researchers may have the tendency to
change what they think is plausible based on the results of the analysis.

In short, there are many alternative ways to interpret or elicit a range for the sensitivity
parameter based on the expit function. One could of course use other models for w(:): the
probit function immediately comes to mind; Jemiai has proposed and studied a different

weight function; and there are many other possibilities.
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Table F.1: Probabilities (relative risks with respect to the median) of infection if assigned
vaccine for given 8, VE, and viral load.

B8 Y(0)
3.27 3.54 3.99 45 5.01 5.46 5.73
(5%) (10%) (25%) (50%) (75%) (90%) (95%)

VE =01

0.1 0.80 (0.99) 0.89 (0.99) 0.90 (0.99) 0.90 (1) 0.90 (1.00) 0.91 (1.01) 0.91 (1.01)

0.5 0.84(0.92) 0.85(0.94) 0.88(0.97) 0.90 (1) 0.92(1.02) 0.94 (1.04) 0.95 (1.05)

1 076 (0.83) 0.81(0.88) 0.87(0.95) 0.92(1) 095 (1.03) 0.97 (1.05) 0.97 (1.06)

2 0.62(0.65) 0.74 (0.78) 0.87 (0.92) 0.95(1) 0.98 (1.03) 0.9 (1.04) 1.00 (1.05)

3 049 (0.50) 0.69 (0.70) 0.90 (0.92) 0.98 (1) 0.99 (1.02) 1.00 (1.02) 1.00 (1.02)
VE=03

0.1 0.67(0.96) 0.68(0.97) 0.69 (0.98) 0.70 (1) 0.71 (1.02) 0.72 (1.03) 0.73 (1.04)

0.5 0.56 (0.80) 0.60 (0.85) 0.65 (0.92) 0.71 (1) 0.76 (1.07) 0.79 (1.13) 0.82 (1.16)

1 0.43(0.60) 0.50 (0.69) 0.61(0.84) 072 (1) 0.81(1.12) 0.87(1.21) 0.90 (1.25)

2 0.22(0.28) 0.32(0.42) 0.54(0.71) 0.77(1) 0.90(1.17) 0.96 (1.25) 0.97 (1.27)

3 0.10(0.12) 0.20(0.24) 0.49 (0.60) 0.82(1) 0.95(1.17) 0099 (1.21) 0.9 (1.22)
VE =06

0.1 0.37(0.03) 0.38(0.94) 0.39(0.97) 040 (1) 0.41(1.03) 0.42(1.06) 0.43 (1.07)

0.5 0.26 (0.66) 0.29 (0.73) 0.34 (0.85) 0.40 (1) 0.46 (1.16) 0.52 (1.30) 0.55 (1.38)

1 0.16 (0.40) 0.20 (0.50) 0.28 (0.71) 0.39 (1) 0.51 (1.32) 0.62 (1.61) 0.69 (1.77)

2 0.05(0.13) 0.08(0.21) 0.17(0.47) 0.36 (1) 0.61(1.69) 0.79 (2.20) 0.87 (2.41)

3 0.01(0.04) 0.03(0.08) 0.10(0.29) 0.33 (1) 0.69 (2.10) 0.90 (2.74) 0.95 (2.90)
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Table F.2: Values of 3 for specific relative risks and VE.

VE RR

033 05 067 091 11 15 20 3.0
0.1 - - - - 075 32 85 >85
0.3 - - - 037 029 10 16 2.3
0.6 -3.5 -16 -0.79 -0.16 0.15 060 097 14

Table F.3: Difference in mean viral loads in the placebo arm between the ai and protected

principal strata for a given V E and 3, based on the MACS data.

VE B

01 05 10 20 3.0
0.1 0.06 0.28 0.53 091 1.13
0.3 0.06 0.27 0.51 0.82 0.98
0.6 0.06 0.27 0.50 0.80 0.96
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