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This work, broadly speaking, is a study of coinvariants of abstract group actions on functors.

We discuss background on coinvariants of group actions on objects in categories in general,

as we benefit from taking the perspective of a functor F : C → D as an object of the category

of functors from C to D. That said, the focus of this work concerns the nth tensor power

functor Tn on the category of modules over a commutative unital ring k. We show that

the k-algebra of endomorphisms of Tn is isomorphic to the group algebra kSn. This allows

us to identify specific groups of automorphisms of Tn and investigate the resulting functors

of coinvariants. For example, the nth symmetric power functor Symn and the nth exterior

power functor ∧n are coinvariants of Tn with respect to actions of the symmetric group Sn.

Hence, the study of coinvariants of Tn with respect to group actions is a way of generalizing

these familiar functors.

We give examples of groups G1 and G2 of automorphisms of Tn over Z such that |G1| is

countably infinite whilst |G2| is finite, and they give rise to canonically isomorphic coinvari-

ants of the functor Tn.

We also explore the topic of sequences of groups Gn with actions on components of a

graded algebra S. We provide sufficient conditions for when the resulting direct sum of

modules of coinvariants is a quotient algebra of S. For example, this condition implies that



for any R-moduleM , the actions of the sequence of alternating groups An on the components

of the tensor algebra T(M) induces an algebra C of coinvariants. While C is distinct from

the algebras Sym(M) and ∧(M), we observe that for finitely generated R-modules M and

sufficiently large n, there are isomorphisms Cn
∼= Symn(M).
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Chapter 1

INTRODUCTION

For any object c of a category C, we consider group actions as group homomorphisms

α : G→ AutC(c). In this framework, a morphism f : c→ d of C is G-equivariant with respect

to actions α and β of a group G on c and d if for all g ∈ G the following diagram commutes,

c d

c d

f

α(g) β(g)

f

We are particularly interested in G-equivariant morphisms such that the action on the

codomain d is trivial. For a given object c and group action α of G on c, we define the

G-coinvariants of c to be the universal G-equivariant morphism with trivial action on its

codomain, Definition 3.9.

As an example, let k be a commutative unital ring and consider a k-module M . Fix a

positive integer n. There is an action of the symmetric group Sn on the nth tensor power

M⊗n, such that a permutation σ permutes the factors of a simple tensor,

σ · x1 ⊗ · · · ⊗ xn = xσ−1(1) ⊗ · · · ⊗ xσ−1(n) (1.1)

As we discuss in Section 3.8, the k-module of coinvariants ofM⊗n with respect to this action

of Sn is isomorphic to the nth symmetric power of M ,

(
M⊗n)

Sn
≃ Symn(M)

The kernel of the canonical homomorphism M⊗n → Symn(M) has the following generating

set, {
x1 ⊗ · · · ⊗ xn − xσ−1(1) ⊗ · · · ⊗ xσ−1(n) : σ ∈ Sn

}
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which is recognized to be the kernel of the coinvariants map in the more familiar setting of

G-modules, such as that described in [Wei94].

In fact, if C is an abelian category with all small direct sums, then our definition of

coinvariants by universal property agrees with the direct generalization of the familiar con-

struction of coinvariants via the kernel.

Proposition 1.1 (Proposition 3.18). Let C be an abelian category that has all small direct

sums. Let G be an abstract group action on an object c of C. Then, the coinvariants of c

with respect to G arises as the following cokernel,

cG = coker

(⊕
σ∈G

im(σ − idc)→ c

)

Provided that 2 is a unit in k, the exterior powers arise as coinvariants with respect to a

different action of Sn on M⊗n, namely

σ · x1 ⊗ · · · ⊗ xn = sgn(σ)xσ−1(1) ⊗ · · · ⊗ xσ−1(n)

so that, with this action, we have (M⊗n)Sn
≃ ∧n(M).

The fact that alternating groups are subgroups of the symmetric groups means that

there are induced actions of An on M⊗n. Both of the actions of Sn on M⊗n that we have

contemplated so far restrict to the same action of An on M⊗n. The modules of coinvarians

(M⊗n)An
are distinct from the corresponding nth exterior power and the nth symmetric

power of M in gereral. However, for finitely generated k-modules M , with minimal number

of generators µ(M), and all n > µ(M), we show

(
M⊗n)

An
≃ Symn(M)

in Proposition 5.10.

We have so far considered coinvariants with respect to three separate group actions on

individual k-modules M . An organizing mechanism for the above discussion is to work with

the nth tensor power functor Tn on the category of k-modules. The group actions of Sn and
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An on nth tensor powers of modules arise from related group actions on the functor Tn by

natural automorphisms. The group Aut(Tn) is difficult to study in general. However, the

following theorem gives a classification of all natural endomorphisms.

Theorem 1.2 (Theorem 3.8). The action (1.1) of Sn on Tn(M) extends to a k-algebra

isomorphism ρ of the group algebra kSn to the k-algebra End(Tn) of natural endomorphisms

of the functor Tn.

Thus, Aut(Tn) is isomorphic to the group of units, U(kSn).

The proof of Theorem 3.8 is developed out of the thought that every element of every

object in the image of the category Modk under the functor T
n can be described using a map

kn → M in the domain category and an element η ∈ Tn(kn). Using naturality squares, we

reduce to understanding the image of the element η ∈ Tn(kn) under a natural endomorphism

of Tn.

Having described the ring of endomorphisms of Tn we set ourselves up to explore examples

of coinvariants of Tn. Working with the group of units of the integral group ring ZSn, which

has been studied in [PMS02], we obtain an infinite order automorphism σ and a finite order

automorphism τ of the same functor Tn, such that the coinvariants with respect to the

subgroups they generate are naturally isomorphic.

Theorem 1.3 (Theorem 4.7). The pair of subgroups H1 and H2 of the group algebra ZS5

given by

H1 = ⟨(1)− (13524)− (14253)⟩ and H2 = ⟨−(12345)⟩

satisfy the following: |H1| = ∞, |H2| = 10, and for the tensor power functor T5 : ModZ →

ModZ, there is a natural isomorphism of coinvariants,

T5
H1
∼= T5

H2

Given a module M over a commutative unital ring k, the symmetric and (when 2 is

invertible in k) exterior algebras arise as quotients of the tensor algebra. Componentwise,
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they are the quotient maps Tn → Symn and Tn → ∧n that we have been considering above.

We investigate the problem of whether a functor FG that arises from a graded functor

F = (Fn)n∈N by a sequence of group actions of G = (Gn) is an algebra. We give a sufficient

condition, lr-compatibility of the group actions, that ensures the componentwise coinvariants

comprise an algebra.

Definition 1.4 (Definition 5.3). A sequence of groups Gi, i ∈ N is lr-compatible with

respect to a functor F : C → GrAlgk if for all i, j ∈ N and all g ∈ Gi there exist two elements

g′ and g′′ of Gi+j such that the following diagroms commute,

Fi ⊗ Fj Fi+j

Fi ⊗ Fj Fi+j

µ

g⊗ id g′

µ

Fj ⊗ Fi Fi+j

Fj ⊗ Fi Fi+j

µ

id⊗ g g′′

µ

The purpose of lr-compatibility is to set up an ideal from the componentwise kernels of

the coinvariants maps. We shown in Proposition 5.5 that lr-compatibility is indeed sufficient

for the coinvariants of a functor to the category of graded algebras to be an algebra. In light

of Theorem 1.2, lr-compatibility has a concrete description for the functor T, as described in

Lemma 5.8, and we show how to form the coinvariants of the tensor algebra functor T with

respect to the sequence of alternating groups An.
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Chapter 2

PRELIMINARIES

2.1 Categories and Functors

We use facts about category theory and follow conventions from standard references such

as [ML98]. A (locally small) category C consists of a class of objects and for each pair of

objects c and d, a set of morphisms, Mor(c, d) along with a rule of composition,

◦ : Mor(d, e)×Mor(c, d)→ Mor(c, e)

that is associative, and for every object c ∈ C, there is a corresponding identity morphism

idc ∈ Mor(c, c).

A functor F : C → D from a category C to a category D is a mapping on objects and

morphisms such that, for f ∈ MorC(c1, c2), the image F (f) belongs to MorD(F (c1),F (c2)).

The conditions that F preserves composition and identities must also be satisfied.

Example 2.1. Let k be an associative unital ring. Then, Modk is a category, consisting of

the k-modules and k-module homomorphisms.

Example 2.2. Given categories C and D, there is a category DC of all functors from C

to D. For a pair of functors F ,G : C → D, morphisms from F to G in DC are natural

transformations η, which are collections of morphisms ηc : F (c) → G (c) in D, indexed by

objects c of C, such that for any morphism f : c→ d in C the following diagram commutes,

F (c) G (c)

F (d) G (d)

ηc

F(f) G(f)

ηd
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Lemma 2.3 (Yoneda Lemma). For a category C, there is a natural isomorphism,

Mor(MorC(c, ·),F) ≃ F

natural with respect to objects c of C and functors F : C → Set.

Corollary 2.4 (Yoneda Embedding). The functor y : Cop → SetC that sends an object c of

Cop to the covariant hom-functor Mor(c, ·) is fully faithful.

Remark 2.5. Fully faithful functors reflect isomorphisms.

Definition 2.6. A morphism f : c→ d in a category C is a

� monomorphism if the natural transformation y(f) : Mor(·, c)→ Mor(·, d) consists of

injective functions.

� epimorphism if the natural transformation y(f) : Mor(d, ·) → Mor(c, ·) consists of

injective functions.

Inherited structure on functor categories

In many cases the category of functors from C to D inherits properties from the target

category D. As an illustration, we show how the property of having k-module structures on

sets of morphisms is inherited.

Proposition 2.7. For any category C and functors F ,G : C → Modk the set of natural trans-

formations Mor(F ,G) has the structure of a k-module that is induced by k-module structures

on hom-sets in Modk. Moreover, composition in the functor category ModCk is k-linear.

Proof. Let η, τ be natural transformations from F to G, and let λ, µ ∈ k. We claim that the

collection,

ληc + µτc ∈ HomModk(F (c),G (c)) (c ∈ C)

is a natural transformation.
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Given a morphism f : c→ d in C, we have,

G (f) ◦ (ληc + µτc) = λG (f) ◦ ηc + µG (f) ◦ τc

= ληdF (f) + µτdF (f) = (ληd + µτd) ◦ F (f)

and this shows that λη + µτ is a natural transformation.

That Mor(F ,G) is a k-module follows from the fact that each HomModk(F (c),G (c)) is a

k-module.

Also, let E and H be functors from C to Modk along with natural transformations

ε : E → F and σ : G → H

For each object c of C, the component of the natural transformation σ◦(λη+µτ)◦ε satisfies,

(σ ◦ (λη + µτ) ◦ ε)c = σc ◦ (ληc + µτc) ◦ εc

= λ(σc ◦ ηc ◦ εc) + µ(σc ◦ τc ◦ εc)

=
(
λ(σ ◦ η ◦ ε) + µ(σ ◦ τ ◦ ε)

)
c
,

because composition is k-linear in Modk. Hence, composition is k-linear in ModC
k .

Corollary 2.8. For any category C and any functor F : C → Modk the endomorphisms

of F have a k-algebra structure induced by the k-algebra structures on the components

EndModk(F (c)).

If limits and colimits with fixed index category exist for all diagrams of that shape in the

target category D, then for any domain category C, the functor category Φ = CD, has all

limits and colimits of that shape.

Let I be a small category. Functors δ : I → D represent diagrams in the category D.

Proposition 2.9 ([KS06, p. 38]). Let C be any category and suppose D is a category that

has all limits (resp. colimits) of shape I. Then, DC has all limits (resp. colimits) of shape

I.

Proposition 2.10 ([Wei94, p. 25]). If A is an abelian category and C is an arbitrary

category, then the functor category CA is an abelian category.
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2.2 Tensor products

Proposition 2.11. For a k-module M , the nth tensor power of M is generated by simple

tensors x1 ⊗ · · · ⊗ xn.

Proof. This follows from the standard construction of the tensor product of a pair of k-

modules, see [Mat86, p. 266].

Example 2.12. The nth tensor power of the free module km is a free module of rank mn

and it has a free basis ei1 ⊗ · · · ⊗ ein for tuples (i1, . . . , in) of indices in [m].

2.3 Tensor products of functors

We show how to construct tensor products in an object-by-object manner. This is fimiliar due

to the fact that monoidal structure is inherited by categories of functors. For any category

C and a monoidal category D, the functor category DC is monoidal with induced monoidal

structure, by [ML98, p. 161]. In particular, the functor category ModC
k has tensor products

and the tensor product of two functors F ,G : C → Modk is given object- and morphism-wise

by (F ⊗ G)(f) = F(f)⊗k G(f). That Modk is monoidal is discussed in [ML98, p. 159-160].

Let F and G be functors from a category C to the category Modk. We define their tensor

product using the tensor product in Modk. For an object c of C, we have

(F ⊗ G) (c) = F(c)⊗ G(c)

and on morphisms, one uses the tensor product of the morphisms,

(F ⊗ G) (f) = F(f)⊗ G(f)

Remark 2.13. There is a distinct notion of the tensor product of functors F : Cop → Modk

and G : C → Modk as the coend of the bifunctor on Cop × C that sends an object (c, d) to

F(c)⊗G(d). This is given by an object of Modk along with a universal property, rather than

a functor.
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A helpful way of thinking about this notion of tensor product is that for a left k-module

M and a right k-module N , which can be described as functors kop → Ab and k → Ab on

categories with one object, and the tensor product of these functors is the tensor product

M ⊗k N .

For a given n ∈ N and a functor F : C → Modk, one can take the nth tensor power of

F , as an iterated tensor product,

Tn(F) = F ⊗ · · · ⊗ F

Special case: F = idModk , then Tn(F) = Tn which maps a k-module M to its nth tensor

power, Tn(M) =M⊗n.

Example 2.14. Picking out a simple tensor in Tn(M) For any simple tensor x1⊗· · ·⊗xn
in Tn(M), we have a k-module homomorphism h : kn →M that sends ei to xi for i = 1, . . . , n.

Then,

Tn(h) (e1 ⊗ · · · ⊗ en) = h(e1)⊗ · · · ⊗ h(en) = x1 ⊗ · · · ⊗ xn

Showing that every member of a generating system of Tn(M) can be obtained as the image

of the specific element e1 ⊗ · · · ⊗ en of Tn(kn) via a k-module homomorphism kn →M .
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Chapter 3

GROUP ACTIONS AND COINVARIANTS

3.1 Group action on an object of a category

We set up our notation and conventions for group actions on objects of a category.

3.1.1 Definitions

There are familiar conceptions of group actions, such as actions of groups on sets or linear

representations of groups. A common feature is that the group G maps into the group of

automorphisms, structured by the category in which the object lives.

Definition 3.1. An action of a group G on an object c of a category C is a group homo-

morphism α : G→ AutC(c).

Remark 3.2. For any group G and object c of a category C, the trivial group action is

obtained using the group homomorphism G→ AutC(c) that sends every element of G to the

identity automorphism of c.

Remark 3.3. A group G corresponds to a category G with one object, in which the elements

of the group correspond to morphisms in that category. Then, a group action on an object

c of C can be viewed as a functor δ : G → C that sends the object of G to c.

Definition 3.4. For an object c of a category C, there is a category GrpActc in which the

objects are group actions on c, and a morphism from a group action α of a group G on c to

a group action β of a group H on c consists of a group homomorphism G → H such that

the following diagram commutes:
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G

H AutC(c)

α

β

Alternatively, if you hold the group fixed and allow the object to vary, the structure

preserving maps are equivariant.

Definition 3.5. Let G be a group with actions α and β on objects c and d in a category C.

A morphism φ : c→ d is G-equivariant if for any g ∈ G the following diagram commutes:

c d

c d

φ

α(g) β(g)

φ

We shall use the notation MorG(c, d) for the set of all G-equivariant morphisms from c

to d.

Proposition 3.6. Let G be a group along with actions α1 and α2 on objects c1 and c2 of a

category C. For a group homomorphism ω : H → G there are induced actions βi = αi ◦ ω of

H on ci. With respect to these actions there is an inclusion of sets equivariant morphisms,

MorG(c1, c2) ⊆ MorH(c1, c2)

Moreover, for all G-equivariant morphisms φ : c2 → d the following diagram is well-defined

and commutative,

MorG(c1, c2) MorG(c1, d)

MorH(c1, c2) MorH(c1, d)

φ∗

⊆ ⊆

φ∗

(3.1)

Proof. Let ψ : c1 → c2 be a G-equivariant morphism. Then, for any element h of H, the

following diagram commutes,

c1 c2

c1 c2

ψ

β1(h) β2(h)

ψ
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so that f is an H-equivariant morphism. This shows that MorG(c1, c2) is a subset of

MorH(c1, c2).

For G-equivariant φ from c2 to an object d with action α, and all g ∈ G, the following

diagram commutes,

c1 c2 d

c1 c2 d

ψ

α1(g)

φ

α2(g) α(g)

ψ φ

So, φ ◦ ψ ∈ MorG(c1, d). As we have shown, φ is also H-equivariant and it follows that

φ ◦ ψ ∈ MorH(c1, d). This shows the morphisms of the diagram (3.1) are well-defined and

that the diagram is commutative.

3.2 Group Actions on functors C →Modk

Proposition 3.7. Given a group action α of G on a functor F : C → Modk the group

homomorphism α : G → Aut(F) extends to a unique k-algebra homomorphism ρ : kG →

End(F), which is to say that the following diagram commutes:

G Aut(F)

kG End(F)

α

⊆ ⊆

∃!ρ

Proof. By Corollary 2.8, End(F) has a structure of a k-algebra, in which the multiplication

is composition of natural endomorphisms. The map ρ is uniquely determined, if it exists,

because G is a basis for kG as vector space over k, and the formula is,

ρ

(
r∑
i=1

aigi

)
=

r∑
i=1

aiα(gi)

It is immediate that ρ is a k-linear map. The fact that ρ preserves multiplication and

multiplicative identity comes from the fact that α is a group homomorphism, as the following

calculation reveals.

Let u, v ∈ kG. They can simultaneously be expressed using finitely many elements of G,

u =
r∑
i=1

aigi and v =
r∑
i=1

bigi
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and the product is given by,

uv =
∑
g∈G

cgg where cg =
∑

1≤i,j≤r
gigj=g

aibj

Hence,

ρ(uv) =
∑
g∈G

cgα(g)

Because it is the case that for all g and all i, j such that gigj = g we have α(gi)α(gj) = α(g),

we get,

ρ(uv) =
r∑
i=1

aiα(gi)
r∑
j=1

bjα(gj) = ρ(u)ρ(v)

This establishes the existence and uniqueness of such an extension.

3.3 Group Actions on Tensor power functors

Let k be a commutative unital ring. For n ≥ 0, let Tn : Modk → Modk be the nth tensor

power functor. We consider the ring of natural endomorphisms of Tn, the units of which are

especially interesting to us. Any permutation σ ∈ Sn induces an automorphism of Tn, by

permutating components of simple tensors and extending linearly.

By Proposition 3.7, the action of Sn on Tn induces a k-algebra homomorphism

ρ : kSn → End(Tn). (3.2)

We prove Theorem 3.8, which states that ρ is an isomorphism. In Section 3.8 we describe

how the functors Sym and ∧n are coinvariants of Tn with respect to specific subgroups of

kSn.

Recall the ring homomorphism ρ of (3.2) which is induced by the action of Sn on the

functor T. Given an element τ of the group algebra kSn, written out in terms of permutations

σi as τ =
∑r

i=1 aiσi, a k-module M , and a simple tensor x1 ⊗ · · · ⊗ xn in the n-fold tensor

product of M , the image of this simple tensor under ρ(τ) is given by,

ρ(τ)M(x1 ⊗ · · · ⊗ xn) =
r∑
i=1

aixσ−1
i (1) ⊗ · · · ⊗ xσ−1

i (n) (3.3)
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The following theorem states that every natural endomorphism of the functor Tn is of the

form ρ(τ) for a unique τ .

Theorem 3.8. The ring homomorphism ρ of (3.2) is an isomorphism.

Proof. We first verify that ρ is injective. Let τ =
∑

σ∈Sn aσ σ be an element of kSn and

ω = ρ(τ) the corresponding endomorphism of the functor Tn. For the standard basis e1, . . . ,

en of the free module kn,

ωkn (e1 ⊗ · · · ⊗ en) =
∑
σ∈Sn

aσ eσ−1(1) ⊗ · · · ⊗ eσ−1(n)

as in (3.3). Note that the simple tensors eσ−1(1)⊗ · · · ⊗ eσ−1(n) are distinct and thus are part

of a free basis of Tn(M), by Example 2.12. So, if ω = 0, then we would have aσ = 0 for

every σ, which implies τ = 0. Having shown ker(ρ) = 0, we conclude that ρ is injective.

We now show that ρ is surjective. Let η ∈ End(Tn). We examine the element,

x0 = ηkn (e1 ⊗ · · · ⊗ en) ∈ Tn(kn)

Expanding x0 with respect to the basis of Tn(kn) of Example 2.12, we have

x0 =
∑
I

aI ei1 ⊗ · · · ⊗ ein

with the sum being taken over all tuples I = (i1, . . . , in) of indices ij ∈ { 1, . . . , n } and

coefficients aI ∈ k. We shall show that for any tuple I with a repeat, ij = ik, the coefficients

aI = 0.

We do this using naturality of η with respect to the following k-module homomorphisms

κi. For each i, let κi : k
n → kn be the unique k-linear mapping such that

κi (ej) =

ej if j ̸= i

0 if j = i

Relevantly, Tn(κi) filters out basis elements of Tn(kn) that include ei. Put more precisely,

for an n-tuple I = (i1, . . . , in), we have,

Tn(κi) (e1 ⊗ · · · ⊗ en) =

e1 ⊗ · · · ⊗ en if i1 ̸= i and . . . and in ̸= i

0 if i1 = i or . . . or in = i

(3.4)
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By naturality of η, we have

ηkn ◦ Tn(κi) = Tn(κi) ◦ ηkn

and we compare the values of both sides on e1⊗ · · · ⊗ en. Using the description of Tn(κi) in

(3.4), we have

Tn(κi) (e1 ⊗ · · · ⊗ en) = 0

and

Tn(κi) (ηkn(e1 ⊗ · · · ⊗ en)) =
∑
I

aI ei1 ⊗ · · · ⊗ ein

where the sum is taken over those index sets I that do not include i.

We conclude that aI = 0 for all I such that any given i does not occur. It follows that

the only terms in the expression for ηkn (e1 ⊗ · · · ⊗ en) that could be nonzero correspond to

index tuples I that are permutations of 1, . . . , n.

Hence, we can write the image of e1 ⊗ · · · ⊗ en in the following way,

ηkn (e1 ⊗ · · · ⊗ en) =
∑
σ∈Sn

aσ eσ−1(1) ⊗ · · · ⊗ eσ−1(n)

We finish by proving that

η = ρ

(∑
σ∈Sn

aσ σ

)

Let x1 ⊗ · · · ⊗ xn be a simple tensor in Tn(M) for a k-module M . We will use the map

ϕ : kn →M : ei 7→ xi

to compute ηM(x1 ⊗ · · · ⊗ xn). By naturality of η, the following diagram commutes,

Tn(kn) Tn(kn)

Tn(M) Tn(M)

ηkn

Tn(ϕ) Tn(ϕ)

ηM
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By following the element e1 ⊗ · · · ⊗ en we get

ηM(x1 ⊗ · · · ⊗ xn) = Tn(ϕ)

(∑
σ∈Sn

aσ eσ−1(1) ⊗ · · · ⊗ eσ−1(n)

)

=
∑
σ∈Sn

aσ xσ−1(1) ⊗ · · · ⊗ xσ−1(n)

= ρ

(∑
σ∈Sn

aσσ

)
(x1 ⊗ · · · ⊗ xn)

as desired. Since Tn(M) is generated by simple tensors, we conclude ηM = ρ
(∑

σ∈Sn aσσ
)
M
.

Thus, η is in the range of ρ, showing that ρ is surjective.

3.4 Coinvariants of an abstract group action on an object of a category

We give a definition of coninvariants for a group action on an object of a category. The def-

inition is by a universal property, and the coinvariants need not exist. Under the hypothesis

the category has all small colimits, then coinvariants do exist. For example, coinvariants in

the category Set exist for all group actions, and are given by the set of orbits. In the cate-

gory Modk coinvariants in our sense agree with a common definition as a quotient, stated in

Corollary 3.19.

3.4.1 Definition of Coinvariants

Definition 3.9. Let G be a group with an action on an object c in a category C. An object cG

of C along with a G-equivariant morphism φ : c→ cG where the codomain is equipped with

trivial G-action are coinvariants of c with respect to G if the following universal property

is satisfied:

For any G-equivariant morphism ψ : c → d in the category C for which d has the trivial

G-action, there exists a unique morphism θ : cG → d in C such that the following diagram

commutes:

c

cG d

φ
ψ

θ



17

3.4.2 Existence of coinvariants

We address the question of the existence of coinvariants for a group action by observing

that cG is a colimit of the diagram δ of Remark 3.3. This has the consequence that any

category with all small colimits has coinvariants. In particular an abelian category that has

arbitrary direct sums has coinvariants, and a description of coinvariants that is particular to

that setting is provided in Section 3.6.

Proposition 3.10. If one of the following constructions exists, then both of them exist and

are canonically isomorphic:

1. The coinvariants cG

2. For the diagram δ in C for the group action of G on c, colim(δ)

Proof. For an object d of C with trivial G-action, the set MorG(c, d) is the set of all co-cones

of δ under d. The relevant universal properties imply,

MorC(cG, d) ≃ MorC(colim(δ), d)

whence, cG and colim(δ) are naturally isomorphic.

Corollary 3.11. If C has all small colimits, then all coinvariants with respect to all groups

and all objects of C exist.

3.4.3 Functoriality

Let C be a category that has all small colimits, then the coinvariants with respect to any

group action on any object of C exists in C. The following proposition addresses functoriality

of coinvariants, i.e. G 7→ cG is a functor on the category of group actions on c.

Proposition 3.12. Let c be an object of a category C that has all small colimits. Then, there

is a covariant functor GrpActc → C such that an action on c is mapped to its coinvariants.

Moreover, a morphism of group actions is mapped to an epimorphism in C.
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Proof. Let ω : H → G be a morphism of group actions β → α on an object c of C. For any

object d of C, endowed with the trivial actions of G and H, Proposition 3.6 implies,

MorG(c, d) ⊆ MorH(c, d) (3.5)

In fact, Proposition 3.6 shows the inclusion is natural with respect to d.

By the universal property of coinvariants, there is a natural monomorphism

Mor(cG, ·) ↪→ Mor(cH , ·)

The Yoneda lemma implies there exists cH → cG that is an epimorphism by definition.

The fact that the mapping on morphisms preserves composition follows from the obser-

vation that the composition of inclusions of sets in (3.5) is an inclusion of sets. Preservation

of identity morphisms of group actions is immediate.

The following proposition shows that from the perspective of taking coinvariants, there

is no difference between using a group G with action α : G → Aut(c) and using its image

α(G).

Proposition 3.13. Let c be an object of a category C. Let α : G → Aut(c) and assume

that the coinvariants cG exists. Form the group G′ = α(G), which has an action on c via

the inclusion of G′ in Aut(c). Then, there is a canonical isomorphism of coinvariants with

respect to G and coinvariants with respect to G′:

cG ≃ cG′

Proof. Let f : c → d be a G′-equivariant morphism with trivial G′ action on d. For any

g ∈ G we have α(g) ∈ G′ and thus the following diagram commutes,

c d

c d

f

α(g)

f

Let φ : c→ cG be the universal morphism for coinvariants with respect to G. By definition,

there exists a unique morphism f : cG → d such that f ◦ φ = f . So, φ and cG satisfy
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the universal property of coinvariants with respect to G′. By uniqueness up to unique

isomorphism, we conclude that cG and cG′ are canonically isomorphic.

3.5 Properties of Coinvariants

Proposition 3.14. If G1 → G2 is a morphism of group actions on an object c of a category

C and the coinvariants cGi
exist for i = 1, 2, then the morphism on coinvariants cG1 → cG2

is an epimorphism.

Proof. Let h : G1 → G2 be a morphism of group actions on c. Let d be an object of C,

equipped with the trivial G1 and G2 actions. We have MorG2(c, d) ⊆ MorG1(c, d) by Propo-

sition 3.6. Since cG1 and cG2 represent the functors MorG1(c, ·) and MorG2(c, ·) from C to

Set, we thus have a natural monomorphism of hom-functors,

MorC(cG2 , ·) ↪→ MorC(cG1 , ·)

By the Yoneda lemma, Corollary 2.4, there is a uniquely determined morphism cG1 → cG2 ,

which is an epimorphism by Definition 2.6.

Corollary 3.15. If the G-coinvariants cG exists for an object c equipped with a G-action,

then the canonical morphism c→ cG is an epimorphism.

Proof. Let G be a group with identity e. Then, the inclusion of the trivial subgroup { e } in

G induces an epimorphism c{ e } ↠ cG, and c = c{ e }.

Proposition 3.16. Let H1 and H2 be conjugate subgroups of a group G that acts on an

object c of C. Assume C has all small colimits. Then, the coinvariants cH1 and cH2 are

isomorphic.

Proof. By assumption, there exists α ∈ G such that α−1H1α = H2.

Let δj : Hj → C, for j = 1, 2, be the relevant diagrams. Let φ : H1 → H2 be the functor

that corresponds to the group homomorphism h 7→ α−1hα. Then, the automorphism α : c→

c induces a natural isomorphism δ1 → δ2 ◦φ. Since φ is an isomorphism, lim−→ δ2 = lim−→(δ2 ◦φ).

We have thus established cH1
∼= cH2 .
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3.5.1 Coinvariants are inherited in functor categories

Let F : C → D be a functor and G a group that acts on F by natural transformations.

Under the assumption that D has all colimits, the functor category DC inherits colimits.

Thus, Corollary 3.11 implies that FG exists.

Proposition 3.17. Assume D has small colimits. Then, for every object c of C we have

canonical isomorphisms

FG(c) ≃ F (c)G

Proof. The assumption that D has small colimits implies the functor category DC has small

colimits, using Proposition 2.9. The desired result is then a consequence of Proposition 3.10.

3.6 Coinvariants as a cokernel

There is a familiar description of the kernel of the coinvariants map on modules, [Wei94, p.

160],

ker(M →MG) = ⟨x− σ(x) : x ∈M,σ ∈ G ⟩ (3.6)

We show that this description holds, under the definition we have given. An abelian category

A satisfies Grothendieck axiom (AB3) if it is closed under all infinite direct sums, introduced

in [Gro57]. Proposition 3.18 is the analogue of (3.6) in the setting of abelian categories with

arbitrary direct sums. We deduce the statements for Modk and categories of functors into

Modk in Corollaries 3.19 and 3.21.

Let G be a group with an action on an object c of an additive category C. We observe

that for any morphism f : c → d of C, it is G-equivariant for the trivial action on d if and

only if for all σ ∈ G, we have f ◦ (σ − idc) = 0. If C is abelian and satisfies (AB3), we can

use a construction that imitates the sum of the images of morphisms σ− idc as σ varies over

the elements of G. Proposition 3.18 is borne out of this idea.
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Proposition 3.18. Let C be an abelian category that satisfies the axiom (AB3). Let G be

an abstract group action on an object c of C. Then, the coinvariants of c with respect to G

arises as the following cokernel,

cG ≃ coker

(⊕
σ∈G

im(σ − idc)→ c

)

Proof. Let φ :
⊕

σ∈G im(σ − idc) → c be the canonical morphism. Let d be an object of C

with trivial G-action. We first prove the equality,

HomG(c, d) = { f ∈ HomC(c, d) : f ◦ φ = 0 } (3.7)

Suppose f ◦ φ = 0. Given σ0 ∈ G, observe that σ0 − idc is the composition

c
σ0−idc−−−−→ im(σ0 − idc)

ι−→
⊕
σ∈G

(σ − idc)
φ−→ c

This implies f ◦ (σ0 − idc) = 0. We have thus shown that f is G-equivariant.

Conversely, suppose f is G-equivariant. This implies that f ◦ (σ − idc) = 0 for every

σ ∈ G. Since im(σ − idc) = ker(coker(σ − idc)) and f factors through coker(σ − idc), the

composition

im(σ − idc)
ι−→ c

f−→ d

is 0. This holds for all σ ∈ G, so f ◦ φ = 0.

We have established (3.7). Exploiting the natural bijections,

HomG(c, d) ≃ Hom(cG, d) and { f : c→ d : f ◦ φ = 0 } ≃ Hom(coker(φ), d)

we have an isomorphism coker(φ) ≃ cG by the Yoneda Lemma, Corollary 2.4.

Corollary 3.19. For an action of a group G on a k-moduleM , the kernel of the coinvariants

map takes the following form:

ker(M →MG) = ⟨x− σ(x) : x ∈M,σ ∈ G ⟩
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Proof. Using Proposition 3.18, we have

ker(M →MG) = ker

(
coker

(⊕
σ∈G

im(σ − idM)→M

))
and that is the sum, in M , of the images of the maps σ − idM , as wanted.

Corollary 3.20. For a k-module M and a group G of (k-linear) automorphisms of M , let

xi, i ∈ I , be a system of generators for the k-module M and σα, α ∈ A , generators for the

group G. Then, for the coinvariants map φ : M →MG, the kernel is generated as a k-module

by the set

{xi − σα(xi) : i ∈ I , α ∈ A }

Proof. Let K = ker(φ). By Corollary 3.19,

K = ⟨x− σ(x) : x ∈M,σ ∈ G ⟩

Let L be the submodule of M ,

L = ⟨xi − σα(xi) : i ∈ I , α ∈ A ⟩

It is immediate that L ⊆ K. We show the inclusion K ⊆ L.

Consider the following subset H of G.

H = {σ ∈ G : ∀x ∈M,x− σ(x) ∈ L }

Because L is closed under addition and scalar multiplication by elements of k, we have

σα ∈ H (α ∈ A ) (3.8)

We proceed to show that H is closed under multiplication and inverses. Let σ, τ ∈ H. For

any x ∈M , we have

x− σ(τ(x)) = x− τ(x) + τ(x)− σ(τ(x)) ∈ L

and

x− σ−1(x) = −(σ−1(x)− σ(σ−1(x))) ∈ L
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Therefore, H is a subgroup of G. Recalling that xα is a system of generators of G and (3.8),

we conclude

H = G

We conclude that K ⊆ L.

Corollary 3.21. Let F : C → Modk be a functor into the category of k-modules, which admits

an abstract group action by G. Let φ : F → FG be the coinvariants map. Then, the functor

kerφ exists and is given on objects c of C by

(kerφ)(c) = ker(φc) = ⟨x− σx | x ∈ Fc, σ ∈ G⟩ ⊆ Fc

Proof. Coinvariants and kernels can be computed object-by-object using Proposition 3.17

and Proposition 2.9. Thus, we can appeal directly to Corollary 3.19.

3.7 Coinvariants of functors C →Modk with respect to finite groups

Let α be a group action of a group G on a functor F : C → Modk. If α(G) is a finite group of

automorphisms of F and its order is invertible in k, then the coinvariants of F with respect

to G is a direct summand of F . We use a construction that resembles the way in which

Schur functors are defined using Young tableaux. By Proposition 3.13, we may replace G

with its image in Aut(F).

Proposition 3.22. Let F be a functor from a category C to Modk. Given a finite group G of

automorphisms of F such that |G| is invertible in k, there exists an idempotent endomorphism

πG of F such that

im(πG) ≃ FG

In particular, FG is a direct summand of F .

Proof. We form πG as a linear combination in End(F),

πG =
1

|G|
∑
g∈G

g
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Right multiplication by an element of the group G is a bijection, so

πGg = πG (∀g ∈ G)

Then, it follows that πG ◦ πG = πG.

Now, the category of functors from C to Modk is Karoubian, meaning that it is preadditive

and idempotent endomorphisms have kernels. By the proof of [Sta24, Lemma 09SH], the

kernel of πG is given by

ker(πG) = im(idF − πG)

We can rewrite idF − πG as |G|−1
∑

g∈G(idF − g). Using Propositiion 3.18, for the universal

morphism φ : F → FG, we have

ker(πG) = ker(φ)

and we conclude that the image of πG is isomorphic to the coinvariants FG. By [Sta24,

Lemma 09SH] again, it follows that FG is a direct summand of F .

3.8 Examples

3.8.1 Symmetric power functors

The nth symmetric power of a k-moduleM arises as the quotient of Tn(M) by the submodule,

N =
〈
x1 ⊗ · · · ⊗ xn − xσ(1) ⊗ · · · ⊗ xσ(n) : x1, . . . , xn ∈M,σ ∈ Sn

〉
See [Lan02, p. 635]. By Corollary 3.19 N is the kernel of the coinvariants map Tn(M) →

Tn
Sn(M) in which we identify Sn with its image under ρ. We thus have a natural transfor-

mation,

Tn
Sn ≃ Symn

3.8.2 Alternating power functors

If 2 is invertible in k, then we also obtain the nth alternating power of a k-module M as a

module of coinvariants. The nth alternating power of a k-module M arises as the quotient

https://stacks.math.columbia.edu/tag/09SH
https://stacks.math.columbia.edu/tag/09SH
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of Tn(M) by the submodule,

A = ⟨x1 ⊗ · · · ⊗ xn : x1, . . . , xn ∈M,∃i ̸= j, xi = xj ⟩

See [Lan02, p. 731]. Consider the subgroup

Hn = { sgn(σ)σ : σ ∈ Sn } < U(kSn)

We claim that ∧n(M) arises as the coinvariants of Tn(M) with respect to Hn, and we

approach it by analyzing the kernel of the coinvariants map,

A′ = ker
(
Tn(M)→ Tn

Hn
(M)

)
=
〈
x1 ⊗ · · · ⊗ xn − sgn(σ)xσ−1(1) ⊗ · · · ⊗ xσ−1(n) : x1, . . . , xn ∈M,σ ∈ Sn

〉
Indeed, if σ is the transposition of i and j, with i ̸= j, we have

x1 ⊗ · · · ⊗ xn + xσ−1(1) ⊗ · · · ⊗ xσ−1(n)

= x1 ⊗ · · · ⊗ xi ⊗ · · · ⊗ xj ⊗ · · · ⊗ xn + x1 ⊗ · · · ⊗ xj ⊗ · · · ⊗ xi ⊗ · · · ⊗ xn

=
1

2
(x1 ⊗ · · · ⊗ (xi + xj)⊗ · · · ⊗ (xi + xj)⊗ · · · ⊗ xn

− x1 ⊗ · · · ⊗ (xi − xj)⊗ · · · ⊗ (xi − xj)⊗ · · · ⊗ xn)

with the sums and differences taking place in positions i and j. This shows that A′ ⊆ A. On

the other hand, for a tensor with x repeated at indices i and j, we have for the transposition

τ of i and j,

x1 ⊗ · · · ⊗ x⊗ · · · ⊗ x⊗ · · · ⊗ xn =
1

2

(
x1 ⊗ · · · ⊗ xn + xτ−1(1) ⊗ · · · ⊗ xτ−1(n)

)
which shows that A ⊆ A′.

Thus, we have A = A′ and this shows that in fact there is a natural isomorphism of

functors,

Tn
Hn
≃ ∧n
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Chapter 4

AN EXAMPLE OF AN UNLIKELY ISOMORPHISM OF
COINVARIANTS

4.1 Background on Units of Integral Group Rings

We provide a pair of subgroups End
(
T5
)
over Z where one subgroup is infinite while the

other is finite such that they give rise to naturally isomorphic coinvariants of T5. Since

End
(
T5
) ∼= ZS5, we will benefit from the literature on group algebras, and – as it turns out

– the theory of cyclotomic fields.

We develop an understanding of the units in integral group rings, ZG, for finite abelian

groups G. This exposition, which serves as a brief introduction while setting up our example,

is based on the seminal work [Hig40] and the more recent book [PMS02].

Let G be a finite abelian group of order n. There are n inequivalent irreducible repre-

sentations of G, with characters χ0, . . . , χn−1 : G → C∗. As G has finite order, all of the

characters map into the set of nth roots of unity. Let G = {g0, . . . , gn−1} with g0 taken to

be the identity. For notational convenience, we shall write χji for χ
j(gi). Since |χji | = 1, we

have χ̄ji = (χji )
−1.

We use h to denote the exponent of the abelian group G, which is the least common

multiple of the orders of the elements of G. Let ζ be a primitive hth root of unity, and let

K = Q(ζ) the relevant cyclotomic field. Since (χji )
h = 1 for all i and j, we have χji ∈ K for

every i and j.

As a vector space over K, the group algebra KG has for a basis g0, . . . , gn−1. However,

there is a basis for KG over K with respect to which it straightforward to detect units in

the algebraic closure R of Z in KG.

Lemma 4.1 ([Hig40]). For a finite abelian group G = {g0, . . . , gn} and K = Q(ζ) as above,
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consider η0, . . . ηn−1 ∈ KG where

ηi =
1

n

n−1∑
r=0

χirgr

Then, {ηi} is a basis for KG over K such that for all i, j, we have ηiηj = δijηi, written in

terms of the Kronecker δ.

Proof (Outline). The fact that ηiηj = δijηi uses the orthogonality relations ([FH91, (2.10)

on p. 16 and Exercise 2.21(i)] on the characters χji [Hig40, p. 234]). Moreover, the change

of basis matrix from g0, . . . , gn−1 to η0, η1, . . . , ηn−1 is given by,

C =


χ̄0
0 χ̄1

0 . . . χ̄n−1
0

χ̄0
1 χ̄1

1 . . . χ̄n−1
1

...
...

. . .
...

χ̄0
n−1 χ̄1

n−1 . . . χ̄n−1
n−1


Specifically, given x = a0g0 + · · ·+ an−1gn−1, then for b = Ca, we have

x = b0η0 + b1η1 + · · ·+ bn−1ηn−1

So, η0, . . . , ηn−1 spans KG and it follows that it is a basis over K.

We remark that it follows that
∑
ηi = 1.

Before we fully take advantage of the basis from Lemma 4.1, we introduce some notation

and terminology. For σ ∈ Gal(K/Q) there corresponds a permutation of {0, 1, . . . , n − 1}

which we will also denote by σ, as there is little room for confusion to arise. Given i, the

composition σ ◦ χi is a character. So, there exists an index σ(i) such that

σ ◦ χi = χσ(i)

We see that σ is a bijection on indices by observing that the mapping σ−1 on indices must

be the inverse of σ. Call representations Γi and Γj conjugate if there exists σ that maps i

to j.
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After relabeling indices, there is a positive integer p such that Γ0,Γ1, . . . ,Γp−1 is a com-

plete set of irreducible, mutually inequivalent and non-conjugate representations of G. Note

that by doing this, we reorder the basis η0, . . . , ηn−1. For each α ∈ {0, 1, . . . , p−1}, let hα be

the least common multiple of the multiplicative orders of the roots of unity χαi , as i ranges

from 0 to n − 1. We shall denote by ξα a choice of primitive root of unity of order hα. Let

Kα = Q(ξα).

Theorem 4.2 ([Hig40]). In the above notation, there exists an isomorphism

Q ·G ∼=
p−1⊕
α=0

Q(ξα)

such that x = a0g0+ · · ·+an−1gn−1 is sent to the tuple (b0, . . . , bp−1) coming from the change

of basis x = b0η0 + · · ·+ bp−1ηp−1 + · · ·+ an−1bn−1.

Proof (Outline). Any b0, . . . , bp−1 with bα ∈ Q(ξα) extends to a unique sequence b0, . . . , bn−1

satisfying σ(bi) = bσ(i) for all i and all σ in the Galois group of Q(ζ) over Q. That condition

is, in turn, necessary and sufficient for
∑n−1

r=0 brηr ∈ QG. One can prove that directly from

formulas relating the coefficients ai and bi as in [Hig40, pp. 235-236].

Let R denote the integral closure of Z in QG. Then, ZG is a subring of R and thus

we have a containment of groups U(ZG) ⊆ U(R). The latter can be understood using the

isomorphism of Theorem 4.2.

Corollary 4.3 ([Hig40]).

U(R) ∼=
p−1∏
α=0

U
(
OQ(ξα)

)
Finally, the preceeding work leads to a clean description of exactly which units in the

integral group algebra ZG are of finite order.

Theorem 4.4 ([Hig40]). A unit in ZG is of finite order if and only if it is of the form ±gi.

Remark 4.5. Units of a group algebra RG of the form rg, with r ∈ U(R) and g ∈ G, are

referred to as trivial units. [Hig40, p.231]
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Proof. The reverse implication follows from the fact that G is a finite group, so that all of

its elements have finite order. We thus prove the forward implication. Let x =
∑n−1

r=0 argr

be a unit in ZG that has a finite order m. Expressing x =
∑n−1

r=0 brηr, we observe that each

coefficient br is an mth root of unity. For i such that ai ̸= 0, we thus have

|ai| =

∣∣∣∣∣ 1n
n−1∑
r=0

brχ
r
i

∣∣∣∣∣ ≤ 1

In light of the fact that ai is a nonzero integer, we must have |ai| = 1. So, equality holds in

the triangle inequality step. This means ai = bjχ
j
i . which holds for all i such that ai ̸= 0

and every j. Hence,

bj =
n−1∑
r=0

arχ̄
j
r = # { i | ai ̸= 0 } · bj

Because x is nonzero, there exists j such that bj ̸= 0, which can be canceled in the above

equation. This leaves us with just 1 index i such that ai ̸= 0. As we have observed, |ai| = 1

so x = ±gi as claimed.

4.2 The group of units in ZC5 and an application to coinvariants

If |G| < 5, then Theorem 6 in [Hig40] implies that every unit of ZG is trivial, meaning that

it is of the form ±g with g ∈ G. From this perspective, the first interesting case is when

G = C5. Based on more recent work the group of units of ZC5 has been understood.

Proposition 4.6 ((8.3.11) in [PMS02]). Let C5 be the group of order 5 with generator x.

For u = (1 + x)2 − 1− x− x2 − x3 − x4, the group of units of ZC5 is given by

U(ZC5) = ⟨±x, u ⟩

Proof. Let R be the integral closure of Z in QC5. Let ζ be a primitive 5th root of unity. By

Proposition 1.2 in [Was82], the ring of integers of Q(ζ) is Z[ζ]. By Corollary 4.3, we thus

have U(R) ∼= U(Z)×U(Z[ζ]). We recall that the mapping is induced from the isomorphism

φ : QC5
∼= Q⊕Q(ζ) of Theorem 4.2. We find it convenient to index the characters of C5 such

that χ1 sends x to ζ4. By changing basis to ηi and extracting the coefficients of η0 and η1 we
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find that φ sends x to (1, ζ). Using Theorem 5.1 in [Lan78] and the fact that the real class

number of Q(ζ) is 1 (in other words the ring Z(ζ + ζ−1) is a PID), see p. 352 in [Was82],

we deduce that U(Z[ζ]) is generated by ±ζ and the cyclotomic units which are the units

(1− ζa)/(1− ζ) for integers a not divisible by 5. One cyclotomic unit is 1+ ζ, for the choice

a = 2. In fact U(Z[ζ]) = ⟨±ζ, 1 + ζ ⟩:

1. 1−ζ3
1−ζ = 1 + ζ + ζ2 = −ζ3 − ζ4 = −ζ3(1 + ζ), and

2. 1−ζ4
1−ζ = 1 + ζ + ζ2 + ζ3 = −ζ4

Now, we transfer this fact to the situation of the group ring ZC5. Let x be a generator of

C5. The mapping φ sends the element u = (1+x)2− (1+x+x2+x3+x4) to 22− 5 = −1 in

the first component and (1+ ζ)2 in the second. Let G = ⟨±x, u ⟩ ⊆ U(ZC5); it is immediate

that the index of the image of G in U(Z[ζ]) is at most 2. Hence, the image of U(ZC5) in

U(Z[ζ]) has index at most 2. Also, by (8.3.10) in [PMS02], the latter quantity is precisely 2.

Therefore, U(ZC5) = G.

Equipped with an understanding of the group of units of ZC5, we produce the example

that is relevant for the setting of coinvariants.

Theorem 4.7. The pair of subgroups H1 and H2 of the group algebra ZS5 given by

H1 = ⟨(1)− (13524)− (14253)⟩ and H2 = ⟨−(12345)⟩

satisfy the following: |H1| = ∞, |H2| = 10, and for the tensor power functor T5 : ModZ →

ModZ, there is a natural isomorphism of coinvariants,

T5
H1
∼= T5

H2

Proof. Given a generator x of C5, the above description of U(ZC5) gives a generator u =

x(1 − x2 − x3) which implies 1 − x2 − x3 is a unit in ZC5. By Theorem 4.4, 1 − x2 − x3

generates an infinite subgroup of U(ZC5). We view C5 as a subgroup of S5 by identifying x
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with the permutation σ = (12345). It is thus clear that H1 is an infinite cyclic subgroup of

U(ZC5).

For an abelian group M , let K = ker
(
T5(M)→ T5

H1
(M)

)
. By Corollary 3.21, K is

generated by the elements of the form

x− (x− σ2x− σ3x) x = x1 ⊗ x2 ⊗ x3 ⊗ x4 ⊗ x5, xi ∈M

and that simplifies as σ2x+ σ3x. Hence, we obtain relations,

x4 ⊗ x5 ⊗ x1 ⊗ x2 ⊗ x3 + x3 ⊗ x4 ⊗ x5 ⊗ x1 ⊗ x2

Given that the choice of x1, . . . , x5 in M is arbitrary, it follows that K can equally well be

described as follows,

K =
〈
x+ σ(x) : x ∈ T5(M)

〉
Recalling our choice of H2, it is immediate that K = ker

(
T5(M)→ T5

H2
(M)

)
. The kernel

functors associated with T5 → T5
H1

and T5 → T5
H2

are thus identical. By the universal

property of coinvariants, there is a natural isomorphism,

T5
H1
∼= T5

H2

as desired.
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Chapter 5

COINVARIANTS FOR GRADED ALGEBRAS

5.1 What constitutes a compatible sequence of group actions

We notice that in the case of tensor powers, there are sequences of subgroups of Aut(T n)

that yield coinvariants which combine to form graded algebra quotients, viz. the symmetric

algebra and exterior algebras associated to a k-module.

The examples of Sym and ∧ suggest considering sequences of group actions on the graded

components of T and forming coinvariants on each component. The resulting object is a

functor with codomain ModN
k . We state a condition on the sequence of group actions, lr-

compatibility, such that in any instance for which the condition is satisfied, the functor

factors through the forgetful functor GrAlgk → ModN
k .

Thus, the lr-compatibility condition provides a means to construct functors of graded

algebras as coinvariants of the tensor algebra functor T. We work through the examples of

the sequence of alternating groups An in Sn as well as the sequences of symmetric subgroups

Skn ⊂ Sn.

5.1.1 The algebra of endomorphisms of the tensor algebra functor

In contrast to Theorem 3.8, the k-algebra of endomorphisms of the tensor algebra functor

T: Modk → GrAlgk consists only of scalars in k. Morally, this is due to the universal

property of the tensor algebra associated with a module, which implies that for k-modules

M and N ,

HomGrAlgk(T(M),T(N)) ∼= HomModk

(
T1(M),T1(N)

)
= HomModk(M,N)

Proposition 5.1. The k-algebra End(T) is naturally isomorphic to k.
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Proof. Let λ ∈ k. Let λ̂M = T(λ) be the endomorphism of T(M) which scalar multiplies a

homogeneous degree n element of T(M) by λn. For a k-module homomorphism f : M → N ,

we have,

T(f) ◦ λ̂M = T(f ◦ λ) = T(λ ◦ f) = λ̂N ◦ T(f)

and this shows that λ̂ is a natural endomorphism of T. We claim that all natural endomor-

phisms of T are of this form.

To this end, let α be a natural endomorphism of T. Note that T1(k) ∼= k and let e be its

generator. There exists λ ∈ k such that

αk(e) = λe

Now, letM be a k-module and x ∈M . Let f : k →M be the k-module homomorphism that

sends 1 to x. We observe that T(f) (e) = x in degree 1.

Considering the following commutative diagram,

T(k) T(M)

T(k) T(M)

T(f)

αk αM

T(f)

we find that αM(x) = λx. By the universal property of tensor algebras, the endomorphism

αM is determined by the k-module homomorphism in degree 1. We have shown that in

degree 1, αM is scalar multiplication by λ. Therefore, αM = λ̂M .

This shows that interesting coinvariants of the functor T are not obtained directly via

group actions on that functor. Instead, we use sequences of group actions that satisfy a

compatibility condition to form new functors out of T.

5.2 Compatibility of Group Actions on Components of a Functor to GrAlgk

Let k be a commutative unital ring. Consider the category of N-graded k-algebras, which

we denote GrAlgk. For each i ∈ N, there is a functor

πi : GrAlgk → Modk
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which sends a graded k-algebra to its ith graded component. Taken together, the functors

πi constitute a functor

U : GrAlgk → ModN
k

The functor U forgets the binary multiplication on a k-algebra, while retaining the scalar

multiplication by k.

For a functor F from a category C into GrAlgk the components of F are given by Fi =

πi ◦ F . For an object c of the domain category C, we have Fi(c) is the ith component of the

graded algebra F(c), as expected.

For a given object c of C, the multiplication map on the graded k-algebra F(c) gives

componentwise k-module homomorphisms

µc = (µi,j)c : Fi(c)⊗k Fj(c)→ Fi+j(c)

Because F maps morphisms of C to graded k-algebra homomorphisms, the morphisms (µi,j)c

comprise natural transformations,

µi,j : Fi ⊗Fj → Fi+j.

Let Gi be a group for each i ∈ N such that for each i, there is a group action of Gi on the

ith component of a functor F : C → GrAlgk. Formation of coinvariants on each component

provides a functor FG· : C → ModN
k , so that

πi ◦ FG· = (Fi)Gi

We are particularly interested in the circumstance in which FG· maps into the category of

graded algebras.

Definition 5.2. A sequence of groups Gi, i ∈ N along with group actions on a functor

F : C → GrAlgk is compatible (for F) if there exists a functor G : C → GrAlgk such that

FG· = U ◦ G
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i.e., the following diagram commutes.

C

GrAlgk ModN
k

∃G
FG·

U

5.3 lr-compatibility: A sufficient condition for compatibility

In order to work with compatibility, we introduce a sufficient condition that is relatively

straightforword to check. We then show that this condition implies compatibility.

Definition 5.3. A sequence of groups Gi, i ∈ N is lr-compatible with respect to a functor

F : C → GrAlgk if for all i, j ∈ N and all g ∈ Gi there exist two elements g′ and g′′ of Gi+j

such that the following diagroms commute,

Fi ⊗ Fj Fi+j

Fi ⊗ Fj Fi+j

µ

g⊗ id g′

µ

Fj ⊗ Fi Fi+j

Fj ⊗ Fi Fi+j

µ

id⊗ g g′′

µ

Remark 5.4. We frequently work with sequences of subgroups of Aut(Fi). From the per-

spective of lr-compatibility this makes no difference: if Gi is an arbitrary sequence of groups

with actions αi on Fi, then Gi is lr-compatible for F if and only if the sequence of images

Gi in Aut(Fi) is lr-compatible. Indeed, the relevant diagrams pertain to αi(g) and αi+j(g
′),

αi+j(g
′′) which are the images of elements of Gi and Gi+j in the automorphism groups of Fi

and Fi+j.

What the diagrams in the definition of lr-compatibility are saying is that for objects c of

C and elements a ∈ Fi(c) and b ∈ Fj(c), we have

g(a)b = g′(ab) and bg(a) = g′′(ba)

We show that lr-compatibility is a sufficient condition for compatibility. The idea is to ensure

that the kernel of the componentwise coinvariants maps is a functor of ideals of the given

functor of graded algebras.
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Proposition 5.5. Any lr-compatible sequence of groups for a functor F is compatible for F .

Proof. Let Gi, i ∈ N be an lr-compatible sequence of groups for F . We form a functor

I : C → ModN
k by taking the kernel of the componentwise coinvariants map,

I = ker(U ◦ F → FG·)

We first show that for each object c of C the sequence of modules I(c) is an ideal of F(c).

We recall that Ii(c) is generated by elements of the form a − g(a) for a ∈ Fi(c) and

g ∈ Gi. Given any j ∈ N, let g′ and g′′ be as in the definition of lr-compatibility. Then, for

any b ∈ Fj(c),

(a− g(a))b = ab− g(a)b = ab− g′(ab) ∈ Ii+j(c)

and

b(a− g(a)) = ba− bg(a) = ba− g′′(ba) ∈ Ii+j(c)

Since the condition for an ideal of a graded algebra can be checked on k-module generators

and on components, by Corollary 3.20, we conclude that I(c) is an ideal of F(c).

We have thus shown that FG·(c)
∼= F(c)/I(c). In particular, FG·(c) is a graded k-algebra.

It remains to prove FG· sends morphisms in C to graded k-algebra morphisms.

Let f : c → d be a morphism. Then F (f) is a graded k-algebra homomorphism from

F (c) to F (d) and F (f) maps the ideal I(c) into I(d). Applying Lemma 5.6, we conclude

that FG·(f) is a graded k-algebra homomorphism.

Lemma 5.6. Let h : A→ B be a graded k-algebra homomorphism and let I and J be graded

ideals of A and B, respectively, such that h(I) ⊆ J . Then, h induces a graded k-algebra

homomorphism on the quotients h : A/I → B/J .

Proof. There exist k-module homomorphisms hi from Ai/Ii to Bi/Ii by functoriality of cok-

ernels in the category of k-modules. The condition that h(I) ⊆ J implies h is a ring homo-

morphism. Hence, it is a graded ring homomorphism.



37

5.3.1 lr-compatibility for tensor algebras

The lr-compatibility condition works for the tensor algebra functor T largely because the

multiplication maps µi,j have a straightforward description. Indeed, the functors Ti⊗Tj

and Ti+j are canonically isomorphic, via µi,j.

For a given k-moduleM , the k-linear map (µi,j)M acts on simple tensors by concatenation,

(µi,j)M ((x1 ⊗ · · · ⊗ xi)⊗ (y1 ⊗ · · · ⊗ yj)) = x1 ⊗ · · · ⊗ xi ⊗ y1 ⊗ · · · ⊗ yj

The universal property of the i+ jth tensor power of M ensures that there is a k-linear map

α : Ti+j(M)→ Ti(M)⊗ Tj(M) with the property that

α(x1 ⊗ · · · ⊗ xi+j) = (x1 ⊗ · · · ⊗ xi)⊗ (xi+1 ⊗ · · · ⊗ xi+j)

and it is immediate that α is the inverse of µ. Because the natural transformation µi,j has

object-wise inverses, it is invertible.

Note that while µi,j is invertible, we are not claiming that the multiplication on tensor

algebras is invertible. That is because, more than one µi,j have the same target Ti+j.

A consequence of the invertibility of the componentwise multiplication maps is the unique-

ness of the automorphisms g′ and g′′ in the lr-compatibility condition.

Let Gi, i ∈ N be lr-compatible with respect to the tensor algebra functor T: Modk →

GrAlgk. Using Theorem 3.8, we identify End(Tn) with kSn. In light of Remark 5.4, we may

view Gi as a subgroup of U(kSi).

We select two group homomorphisms, λi, ρi : Si → Si+1 such that for a permutation σ of

[i], the images λi(σ) and ρi(σ) are the permutations of [i+ 1] that satisfy,

λi(σ)(m) =

σ(m) if m ≤ i

m if m = i+ 1

ρi(σ)(m) =

m if m = 1

ρ(m− 1) + 1 if m ≥ 2

The group homomorphisms λi and ρi have k-linear extensions as k-algebra homomorphisms

λ̃i, ρ̃i : kSi → kSi+1
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These k-algebra homomorphisms are used in describing lr-compatibility for sequences of

group actions with respect to the tensor algebra functor.

Lemma 5.7. For any τ ∈ kSi the following diagrams commute,

Ti⊗T1 Ti+1

Ti⊗T1 Ti+1

µ

τ⊗id λ̃i(τ)

µ

T1⊗Ti Ti+1

T1⊗Ti Ti+1

µ

id⊗τ ρ̃i(τ)

µ

Proof. Expand τ =
∑

σ∈Si
aσσ with coefficients in k. Because ⊗ preserves k-linear combina-

tions, and refencing Proposition 2.7, we have

µ ◦ (τ ⊗ id) ◦ µ−1 =
∑
σ∈Si

(
aσµ ◦ σ ◦ µ−1

)
Also, by the construction of λ̃i, we have

λ̃i(τ) =
∑
σ∈Si

aσλi(σ)

So, we may assume τ ∈ Si. Then, the result for λi follows from

λi(τ)(x1 ⊗ · · · ⊗ xi ⊗ xi+1) = xτ−1(1) ⊗ · · · ⊗ xτ−1(i) ⊗ xi+1

= (τ ⊗ id)(x1 ⊗ · · · ⊗ xi ⊗ xi+1)

The proof for ρ̃i is essentially the same.

Lemma 5.8. A sequence Gi of group actions on the components of the tensor algebra functor

T is lr-compatible if and only if for each i ∈ N,

λ̃i(Gi), ρ̃i(Gi) ⊆ Gi+1

Proof. Suppose Gi is an lr-compatible sequence of subgroups of kSi. For each g ∈ Gi, there

exist g′, g′′ ∈ Gi+1 such that the following diagrams commute,

Ti⊗T1 Ti+1

Ti⊗T1 Ti+1

µi,1

g⊗id g′

µi,1

T1⊗Ti Ti+1

T1⊗Ti Ti+1

µ1,i

id⊗g g′′

µ1,i
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Because µi,1 and µ1,i are invertible, the automorphisms g′ and g′′ are uniquely determined

by g. Hence, by Lemma 5.7, it follows that

g′ = λ̃i(g) and g′′ = ρ̃i(g)

it follows that λ̃i(Gi) and ρ̃i(Gi) are contained in Gi+1.

Conversely, assume that for each i ∈ N, the images λ̃i(Gi) and ρ̃i(Gi) are contained in

Gi+1. We will show that the sequence Gi is lr-compatible for the tensor algebra functor.

Let i, j ∈ N be arbitrary and let g ∈ Gi. Then,

g′ =
(
λ̃i+j−1 ◦ · · · ◦ λ̃i

)
(g) and g′′ =

(
ρ̃i+j−1 ◦ · · · ◦ ρ̃i

)
(g)

satisfy the lr-compatibility condition for g, using Lemma 5.7 and induction on j.

Proposition 5.9. Let Gi and Hi be lr-compatible sequences for the tensor power functor T.

Assume that Gi, Hi < U(kSi) for each i. Then, Gi ∩ Hi is a lr-compatible sequence for T.

Proof. We have

λ̃i(Gi ∩Hi) ⊆ λ̃i(Gi) ∩ λ̃i(Hi) ⊆ Gi+1 ∩Hi+1

and

ρ̃i(Gi ∩Hi) ⊆ ρ̃i(Gi) ∩ ρ̃i(Hi) ⊆ Gi+1 ∩Hi+1

The result follows from Lemma 5.8.

5.4 Examples

� The sequence of symmetric groups Si < U(kSi) is lr-compatible for the tensor algebra

functor. This is because λi and ρi map permutations to permutations. The functor

that results from taking componentwise coinvariants is Sym.

� The groups Hi = { sgn(σ)σ : σ ∈ Si } < U(kSi) are lr-compatible, because the func-

tions λi and ρi preserve the sign of a permutation. Taking componentwise coinvariants,

we get ∧.
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� We get a new example by intersecting the lr-compatible sequences Si and Hi in U(kSi).

The intersections are the alternating groups Ai, and there are natural transformations,

Sym← TA· → ∧

5.4.1 Coinvariants of action of An in the case of finitely generated modules

We can say more about the example of TA· . For a finitely generated k-module M , let µ(M)

be the minimal number of generators. Then, ∧n(M) = 0 for all n > µ(M). In fact, for all

such n, the maps Tn
A·(M)→ Symn(M) are isomorphisms.

Proposition 5.10. Let M be a finitely generated k-module. For all n > µ(M), the number

of generators of M , the natural map

TAn(M)→ TSn(M) = Symn(M)

is an isomorphism.

Proof. Letm = µ(M) and x1, . . . , xm be a system of generators forM . The k-module Tn(M)

is generated by elements of the form t = xi1 ⊗ · · · ⊗ xin involving the specified generators of

M . Let T be the set of all such tensors. Given that n > m, at least two of the indices must

be repeated. Let j1 and j2 be distinct indices such that ij1 = ij2 .

By Corollary 3.19, we have, Tn
A·(M) ∼= Tn(M) /I and Tn

S·(M) ∼= Tn(M) /J for submod-

ules

I = ⟨ t− σ(t) : t ∈ Tn(M) , σ ∈ An ⟩ and J = ⟨ t− τ(t) : t ∈ Tn(M) , τ ∈ Sn ⟩

We have I ⊆ J in general, and we aim to show the reverse inclusion. Let t− τ(t) be one of

the generators of J . If τ is an even permutation, then t − τ(t) ∈ I by definition. We thus

assume τ is an odd permutation. Write t = xi1⊗· · ·⊗xin . Let σ = τ · (jk) in cycle notation.

Then, σ(t) = τ(t) whilst σ is an even permutation. Hence, t− τ(t) ∈ I.
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