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This dissertation presents a collection of statistical tools to analyze modern biomedical
datasets, which have been transformed by developments in high-throughput and high-
content biology. Due to rapid growth in both scale and complexity of these datasets, there
is a need for new inference procedures that combine both statistical and computational
perspectives. Our results have been organized according to two major themes. In Part
One, we use modern sequencing and gene-editing technologies to understand immunological
and developmental processes. In Part Two, we study the accuracy and reliability of non-
parametric machine learning algorithms, motivated by their growing use in medicine and
healthcare.
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INTRODUCTION

This dissertation is a collection of statistical tools developed for biomedicine, against the

backdrop of advancements in computation and biotechnology in the past fifty years. Expo-

nential growth in computational power and speed has removed computational bottlenecks

of existing algorithms and facilitated the growth of many new statistical techniques. High-

throughput and high-content biotechnologies have rapidly increased the amount of data we

can measure and the information we can capture. However, with scale comes complexity,

and our need for interpretable and reliable statistical models is more important than ever.

In Part I, we build interpretable models for understanding biological processes. The

models are interpretable by design, as they are built in close collaboration with domain

experts and incorporate their expertise and prior knowledge. Chapter 1 adapts survival

analysis methods to analyze immune receptor sequencing data and estimate the e↵ect of

local sequence context on antibody mutation rates. Chapter 2 proposes a likelihood-based

phylogenetic method to analyze data from CRISPR-based cell lineage tracing technologies

and reconstruct cell lineage trees of large multicellular organisms.

In Part II, we study the accuracy and reliability of non-parametric machine learning

methods, motivated by their growing use in medicine and healthcare. The reliability of

these models is imperative, since they may be used to make important and risky medical

decisions. Chapter 3 introduces a modified neural network architecture and training proce-

dure for analyzing datasets that are common in biomedicine, i.e. those with a large number

of covariates, relatively few observations, and a small signal-to-noise ratio. We employ theo-

retical analyses to understand the method’s properties as well as its limitations. In Chapter

4, we build a statistical framework, based on online hypothesis testing, for monitoring and

regulating machine-learning algorithms that evolve over time.
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Part I

INTERPRETABLE MODELS FOR BIOLOGY

The first part of this thesis considers two areas in biology that have seen rapid transfor-

mation in the past decade: immunology and developmental biology. Using modern immune

receptor sequencing technology, we are now able to sequence millions of receptors from a

single individual to perform more comprehensive immune profiling. In addition, by com-

bining CRISPR-based gene-editing technologies with single-cell sequencing technologies,

researchers are now able to perform cell lineage tracing in large multicellular organisms.

We develop computationally-e�cient statistical procedures in the following two chapters to

model the mutation process that generate these data. Chapter 1 applies a survival analysis

framework to model somatic hypermutation of immune receptor genes. Chapter 2 models

the CRISPR/Cas9 mutation process as a continuous time Markov chain. We then apply

these tools to gain insight into these highly complex biological processes.
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Chapter 1

SURVIVAL ANALYSIS OF DNA MUTATION MOTIFS WITH
PENALIZED PROPORTIONAL HAZARDS

Summary

Antibodies, an essential part of our immune system, develop through an intricate process to

bind a wide array of pathogens. This process involves randomly mutating DNA sequences

encoding these antibodies to find variants with improved binding, though mutations are not

distributed uniformly across sequence sites. Immunologists observe this nonuniformity to

be consistent with “mutation motifs”, which are short DNA subsequences that a↵ect how

likely a given site is to experience a mutation. Quantifying the e↵ect of motifs on mutation

rates is challenging: a large number of possible motifs makes this statistical problem high

dimensional, while the unobserved history of the mutation process leads to a nontrivial

missing data problem. We introduce an `1-penalized proportional hazards model to infer

mutation motifs and their e↵ects. In order to estimate model parameters, our method uses

a Monte Carlo EM algorithm to marginalize over the unknown ordering of mutations. We

show that our method performs better on simulated data compared to current methods and

leads to more parsimonious models. The application of proportional hazards to mutation

processes is, to our knowledge, novel and formalizes the current methods in a statistical

framework that can be easily extended to analyze the e↵ect of other biological features on

mutation rates.

1 Introduction

We introduce a proportional hazards model approach to study DNA mutation processes.

Our study is motivated by somatic hypermutation, a mutation process that occurs in

DNA sequences that encode B-cell receptors (BCRs), proteins that recognize and neutralize



5

pathogens. When BCRs are secreted from B cells they are known as antibodies. The im-

mune system relies on this somatic hypermutation process to generate a diversity of BCRs

that can bind to a large and continually evolving variety of pathogens. The starting mate-

rial for this mutation process is a BCR sequence that is formed by recombination [48, 44].

From this sequence, a complex system of enzymes introduces mutations in a random pat-

tern that is known to be highly sensitive to the sequence motif : the sequence of DNA bases

surrounding the mutating position [13, 4, 42, 36].

Our goal is to develop a solid statistical framework that estimates the mutation rates of

motifs and provides interpretable results for this mutation process. A better understanding

of somatic hypermutation will help in designing vaccines for challenging viruses [21, 29, 51],

in furthering understanding of the biological mechanisms at play [38, 43], and in gaining

insight into the natural selection process occurring in the immune system [23, 49, 35, 27].

Several strategies have been used to model a motif’s mutability – that is, how likely a

position is to mutate given the motif at that position. The general approach is to compare

a mutated sequence with its inferred ancestor sequence and model the di↵erences between

them. Cohen, Kleinstein, and Louzoun [6] and Elhanati, Sethna, Marcou, Callan, Mora,

and Walczak [14] model the mutabilities of motifs as the product of the mutabilities of

short subsequences (usually 1 or 2 bases). By using a log-linear model with only first-order

terms they keep the parameter count low, but miss interactions between the positions.

Yaari, Vander Heiden, Uduman, Gadala-Maria, Gupta, Stern, O’Connor, Hafler, Laserson,

Vigneault, and Kleinstein [54] and Cui, Di Niro, Vander Heiden, Briggs, Adams, Gilbert,

O’Connor, Vigneault, Shlomchik, and Kleinstein [8] do not use this log-linear assumption:

they allow a separate parameter for each possible five-nucleotide motif (of which there

are 45), and use ad-hoc methods to handle motifs with few observations. Rather than

these restrictive and ad-hoc approaches, a more data-adaptive variable selection method is

desirable.

Another drawback of these methods is that they ignore mutations that occur in neigh-
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boring positions, even though such events can carry important information about highly

mutable motifs. Indeed, these methods require counting the number of times a motif is

observed to mutate: if mutations occur in neighboring positions, they cannot attribute the

mutation to the correct motif. For settings with high rates of mutation, these methods

end up estimating the mutabilities poorly. To properly estimate mutabilities, one needs

to account for the di↵erent possible orders that mutations occurred in. Previous work has

developed methods for performing various types of inference when this mutation order is

unknown [28, 26], but these inference procedures make the parametric assumption that

the mutation process follows a continuous time Markov process. Here we relax this model

assumption and use a semiparametric model instead.

In this chapter, we advance the modeling of motif mutabilities in several directions. We

propose a method to fit mutabilities using survival analysis of mutation motifs, called samm.

We formalize the problem using Cox proportional hazards, in which mutations are the failure

events to be investigated. Although survival models are used implicitly by computational

immunologists for simulation [53, 45], we believe this is the first time they have been used

for inference.

To estimate motif mutabilities, our method uses the Monte Carlo expectation–maximization

algorithm [MCEM, 50]. Since the orders in which mutations occur are unobserved in our

data, expectation–maximization [EM, 10] allows us to perform maximum likelihood while

averaging over these unknown orders. However the E-step in EM requires calculating the

expected log-likelihood, which is analytically intractable since we must average over all

possible mutation orders; thus we estimate this expectation using Gibbs sampling. This

approach is similar to that used by Goggins, Finkelstein, Schoenfeld, and Zaslavsky [19] to

model interval-censored failure-time data where the order in which the failure events occur

is unknown.

Our method also handles high-dimensional settings in which there are many more predic-

tors than observations, which is important because many motifs are hypothesized to a↵ect
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the mutation rate but the specific ones are unknown. For instance, Yaari et al. [54] and Cui

et al. [8] consider all motifs of length 5. We use the lasso [46] to improve estimation and

perform variable selection. To provide a measure of uncertainty of our estimates, we use a

two-step approach: we fit an `1-penalized Cox proportional hazards model [47] to perform

variable selection and refit an unpenalized model over the selected variables to obtain our

final estimates along with approximate confidence intervals.

Section 2 describes our estimation methods, starting with a simplified logistic regression

model and then progressing to our full estimation method. Section 3 presents simulation re-

sults. In Section 4, we apply our method to model somatic hypermutation of BCR sequences

from Cui et al. [8] and compare results with previous methods.

2 Methods

Our data consists of BCR nucleotide sequences that have mutated for an unknown period

of time. Specifically, we target sequences that are undergoing mutation but not natural

selection. Such data can be obtained, for example, through immunization experiments in

transgenic mice designed to have a DNA segment that is carried along and mutated but not

expressed as part of the BCR [56, 8].

Though we focus on modeling the somatic hypermutation process of BCRs, our approach

can be framed more generally as a problem of modeling a sequence-valued mutation process.

We refer to the original, unmutated sequences as “näıve” and their descendants as “mutated”

sequences. Throughout, we suppose that these näıve sequences are known. In the BCR case,

we restrict our attention to a computationally-identified näıve segment coded in germline

DNA [the V region, 52].

More formally, the mutation process of a sequence with p positions can be described as

a vector-valued stochastic process {X(t) = (X1(t), ..., Xp(t)) : t 2 [0,1)} indexed by time

t. Each {Xj(t)} represents the mutation process of the jth position in the sequence. For

a given time t, the state space of Xj(t) is the set of nucleotides {A, C, G, T} and the state

space of X(t) is the set of length-p nucleotide sequences S = {A, C, G, T}p. At the start of
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the mutation process, X(0) is fixed to be the näıve sequence.

In a context-sensitive model, the probability that a position mutates at time t depends

on the current nucleotide sequence X(t). In our work, we assume that only local context

matters: The mutation rate at each position is a↵ected only by the local nucleotide sequence

called the motif. For motif m, we denote the length of the motif as len(m), where len(m) is

typically much smaller than the number of nucleotides inX(t). The function I(X(t),m, j, j
0)

is the binary indicator of whether motif m appears in sequence X(t) from positions j�j
0+1

to j � j
0 + len(m). More formally, it is defined as

I(X(t),m, j, j
0) =

len(m)Y

k=1

1
�
Xj�j0+k(t) = mk

 
, (1.1)

where mk is the nucleotide in the kth position of motif m. This is known as a len(m)-mer,

i.e., a motif of length len(m). For example, a 5-mer is a motif of length 5. In the special

case where len(m) is odd and j
0 = (len(m)+1)/2, (1.1) checks if X(t) has motif m centered

at position j. We call this a centered motif; for all other cases we say that (1.1) is checking

for an o↵set motif.

Define a motif dictionary to be a set M of sequence features (m, j
0) that may a↵ect

mutation rate. Example dictionaries include 1-mers (all length 1 motifs), o↵set 2-mers

(length 2 motifs with j
0 = 1, 2), all of the central and o↵set 3-mers (length 3 motifs, with

j
0 = 1, 2, 3), and all of the central 5-mers. We may also consider all possible unions of

these dictionaries. Suppose we have selected a set M. To ease exposition, we choose an

arbitrarily assigned but fixed order
�
(m(1)

, j
0(1)), . . . , (m(q)

, j
0(q))

 
where q is the number

of motif features in the dictionary M. We may now define a function that indicates which

elements in M occur at each position. For each position j, let  j : S 7! {0, 1}q be defined

by [ j(X(t))]k ⌘ I(X(t),m(k)
, j, j

0(k)) for k = 1, ..., q. We use  j as the feature vector for

modeling the mutation rate of position j (Figure 1.1).

Of course, the framework we present here generalizes to other types of dictionaries,

including dictionaries that only specify bases for a subset of positions, but we will restrict
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m1Motif m

Sequence

Sequence 
position 

j

Start 
position 
j-j’+1

End 
position 
j-j’+len(m)

Motif position 
j’

m2 m3 m4

A G T C C A G

Figure 1.1: An example of how feature vectors are generated: if we believe that the mutation
rate at a position depends on the 4-mer (i.e. length 4 motif) starting one position to its left,
then the feature vector for position j is a one-hot encoding of the sequence that appears in
position j � 1 through j + 2. More formally, each element in the feature vector at position
j indicates whether or not a motif m appears from start position j � j

0 + 1 through end
position j � j

0 + len(m) (here m = 4 and j
0 = 2). The start and end positions are derived

by aligning position j of the sequence with position j
0 of the motif.

to the above-described dictionaries for concreteness.

2.1 Logistic regression

As a simplified approach to modeling the mutation process, one may ignore the time compo-

nent and use logistic regression. In this model, each position in the sequence is independent

and the probability of each position mutating only depends on the initial nucleotide se-

quence X(0), i.e.

Pr(mutation at position j) =
1

1 + exp(�✓>
 j(X(0)))

8j 2 {1, ..., p}. (1.2)

Yaari, Vander Heiden, Uduman, Gadala-Maria, Gupta, Stern, O’Connor, Hafler, Laserson,

Vigneault, and Kleinstein [54] essentially take this approach; the logistic model here just

formalizes their intuition within a statistical framework and allows us to generalize their

method to be applicable for any feature vector mapping. Moreover, we can use penal-

ized logistic regression for handling high-dimensional models and encode various structural
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assumptions regarding the mutation rates; we discuss this in detail later in Section 2.4.

Logistic regression ignores the time component in a mutation process, and as such ignores

how the mutation rate of each position may change as other positions mutate (Figure 1.2).

The assumption that the mutation rate only depends on the initial nucleotide sequence is

most problematic when the mutation rate is high. Also, logistic regression ignores censoring:

the method estimates the average mutation probability with respect to a particular sampling

process. The estimates will be di↵erent if we tend to sample sequences that mutate for long

vs. short periods of time. The following section addresses these issues by modeling the

mutation process using a survival analysis framework.

2.2 Cox proportional hazards

We propose using a survival analysis framework to model the mutation process. We view po-

sitions in a single sequence as subjects observed for the same time period. A mutation event

at position j occurs at time t if the nucleotide immediately before time t, lims!t� Xj(s),

di↵ers from the nucleotide at time t, Xj(t). If a position never mutates, we consider its

mutation time to be censored.1 The hazard (or mutation) rate of a position is the instanta-

neous risk of mutating at time t given that it has been conserved up to time t. In between

successive mutation times, each position has a constant hazard rate, and mutates indepen-

dently from all other positions. The dependence between positions is introduced when a

mutation occurs: upon a mutation event, the hazard rate for each neighboring position can

change (Figure 1.2).

Accounting for how the sequence can change over time complicates our estimation pro-

cedure. Since we do not observe the order of mutation events in the data – we only observe

pairs of näıve and mutated sequences – there are many possible mutation orders that could

explain how the mutated sequence arose from the näıve sequence; each mutation order

1 By using a survival analysis framework, we implicitly assume that a mutation will occur at every position
given a su�ciently long period of time. This assumption is reasonable for somatic hypermutation – the
complex system of enzymes has the ability to mutate any position along the sequence [4]. This assumption
may not hold for other DNA mutation processes, and the method may need to be modified accordingly.
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A

T

T

C

C

A

G

A

C

G

C

C

T

G

Naive 
Sequence

Observed 
Sequence

C

G

T

Figure 1.2: Survival analysis for BCR sequences, where the positions that have not mutated
are indicated by light gray squares and those that have mutated are indicated by dark gray
squares. In a context-dependent mutation model, a mutation event can change the mutation
rates of other positions. Suppose the hazard (i.e. mutation) rate of a position depends on
the position’s two neighboring bases. Changes in the motif at a potential mutating position,
and thus its hazard rate, are indicated by a change from solid to dashed lines.

corresponds to a distinct sequence of hazard rates.

For ease of exposition, we present our estimation method for the mutation process of

a single pair of näıve and mutated nucleotide sequences. The method readily applies to

estimating rates given many independent mutation processes (a typical application will be

to thousands or more sequences).

As part of our modeling framework, we assume that each position can mutate at most

once during the mutation process. This is a simplification of the somatic hypermutation

process since it is possible for a position to mutate more than once, though in our data

the näıve and mutated sequence typically di↵er in 1–5% of the positions. We think this

assumption is reasonable and makes the problem easier to handle from a computational

standpoint. We discuss how this assumption a↵ects performance under model misspecifica-

tion in Section A.3 of the Appendix [18].

We model the hazard rate of position j using Cox proportional hazards, which supposes
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that the hazard rate j at time t is assumed to be of the form

hj(t) = h0(t) exp
⇣
✓>
 j (X(t))

⌘
, (1.3)

where ✓ 2 Rq and the baseline hazard rate h0(·) is an arbitrary unspecified baseline hazard

function. Extending (1.3), we can additionally model the rate at which our process mutates

to a specific nucleotide – the target nucleotide. Previous work [7, 43, 54, 8] suggests that the

context-dependent mutation process is biased in favor of mutations to particular bases. We

can take into account these preferences by considering a per-target model. In such a model,

we additionally define vectors ✓N for each possible target nucleotide N 2 {A, C, G, T}. Using

a competing events framework, the rate of mutating to nucleotide N at position j at time t

is modeled as

hj,!N(t) = 1{Xj(t) 6= N}h0(t) exp
⇣
(✓ + ✓N)

>
 j(X(t))

⌘
. (1.4)

As N ! N is not considered a mutation, we include the indicator function 1{·} in (1.4) to

specify that a position cannot mutate to the nucleotide that currently appears there.

2.3 Maximum likelihood via MCEM

We are now ready to present a maximum likelihood estimation method for our model. We

assume that the hazard rate follows (1.3). The per-target model in (1.4) is a straightforward

extension of this simpler case. Let the observed data, namely the single pair of näıve and

mutated nucleotide sequences, be denoted Sobs, where we suppose that n positions have

mutated.

When h0(t) is an arbitrary unspecified baseline hazard function, only the order of the

mutations carries information about ✓, even if the mutation times are observed [30]. Ex-

plained intuitively, time can be transformed by an arbitrary increasing function and the

form of the hazard function would still be of the form (1.3). [For more details, see Chapter
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4 in 30]. Consequently, estimating ✓ involves only maximizing the likelihood of observing

the mutation order.

For now, suppose we observe the order that the mutations occurred in. Let ⇡j be the

position of the jth mutation for j = 1, ..., n. Let ⇡1:j denote the positions of the first through

jth mutation, where ⇡1:0 is defined to be the empty set. Define S(⇡1:j) to be the nucleotide

sequence after positions ⇡1:j mutate. Thus the observed data is Sobs = {S(⇡1:0), S(⇡1:n)}.

The set R(⇡1:j) ⌘ {1, ..., p} \ ⇡1:j is the set of positions at risk of mutating, commonly

referred to as the risk group in the survival analysis literature. Then the marginal likelihood

of ✓ is

Lc(Sobs,⇡;✓) =
nY

j=1

exp(✓>
 ⇡j (S(⇡1:j�1)))P

k2R(⇡1:j�1)
exp(✓>

 k(S(⇡1:j�1)))
. (1.5)

Our result looks like the marginal likelihood derived in equation 4.47 in [30] except that it

is derived under a more general set of assumptions – whereas they assume the covariates

are fixed, we assume the covariates to be fixed between events. The derivation of (1.5) is

given in the Appendix [18].

The marginal likelihood in (1.5) implies that the mutation order can be simulated by

drawing positions from successive multinomial distributions. To simulate mutation at the

jth position, we draw a position from the risk group R(⇡1:j�1). In fact, Gupta, Vander Hei-

den, Uduman, Gadala-Maria, Yaari, and Kleinstein [20] use this procedure to simulate the

somatic hypermutation process, though they do not provide a statistical justification.

Unfortunately the mutation order ⇡ is not observed in our problem. We instead maxi-

mize the observed data likelihood, which is the complete data likelihood marginalized over

all admissible mutation orders A(Sobs):

L(Sobs;✓) =
X

⇡2A(Sobs)

Lc(Sobs,⇡;✓). (1.6)

Assuming positions mutate at most once, A(Sobs) is a set of n! possible mutation orders.
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When the number of mutated positions n is small, we can enumerate all possible mutation

orders and maximize (1.6) using a nonlinear optimization algorithm such as EM [10]. How-

ever, in most data sets, n is much too large for direct enumeration to be computationally

tractable, so we maximize (1.6) using MCEM.

MCEM extends the traditional EM algorithm by approximating the expectation in the

E-step using a Monte Carlo sampling method. Let ⇡ = ⇡1:n be a full mutation order. We

use the Gibbs sampler in Algorithm 1 to sample ⇡ | {Sobs,✓}. Given a full mutation order

⇡, let ⇡(�j) be the partial mutation order where the jth mutation is removed from ⇡; a

full mutation order ⇡0 is consistent with ⇡(�j) if there is some j
0 2 {1, ..., n} such that

⇡0
(�j0) = ⇡(�j). For instance, if ⇡ = [1, 3, 2] then the partial mutation order ⇡(�2) is [1, 2]

and ⇡0 = [3, 1, 2] is consistent with ⇡(�2) since ⇡(�2) = ⇡0
(�1)

. For each Gibbs sweep, the

index j cycles through {1, ..., n} in some random order. For Gibbs step k, we sample a full

mutation order ⇡(k) that is consistent with the partial mutation order ⇡(k�1)

(�j) . The proof

that this sampler converges to the desired probability distribution is standard and similar

to that of Goggins, Finkelstein, Schoenfeld, and Zaslavsky [19].

We e�ciently calculate the probability of a full mutation order given a partial mutation

order by reusing previous computations. In particular, for partial mutation order ⇡(�j),

we calculate the probabilities of each consistent full mutation order starting from the full

mutation order where position ⇡j mutates first to that where position ⇡j mutates last. By

ordering consistent full mutation orders in this way, the j
0th consistent full mutation order

⇡0 and (j0 + 1)th consistent full mutation order ⇡00 are the same except that the j
0 and

(j0 + 1)th mutations are swapped. The ratio of the conditional probabilities of ⇡0 and ⇡00
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given ⇡(�j) is

Pr(⇡0|⇡(�j))

Pr(⇡00|⇡(�j))
=

exp
⇣
✓>
⇣
 ⇡0

j0

⇣
S(⇡0

1:j0�1
)
⌘
+  ⇡0

j0+1

⇣
S(⇡0

1:j0)
⌘⌘⌘

exp
⇣
✓>
⇣
 ⇡00

j0

⇣
S(⇡00

1:j0�1
)
⌘
+  ⇡00

j0+1

⇣
S(⇡00

1:j0)
⌘⌘⌘⇥

P
i2R(⇡00

1:j0 )
exp

⇣
✓>
 i

⇣
S(⇡00

1:j0)
⌘⌘

P
i2R(⇡0

1:j0 )
exp

⇣
✓>
 i

⇣
S(⇡0

1:j0)
⌘⌘ .

(1.7)

So if we already have Pr(⇡00|⇡(�j)), we can divide it by (1.7) to quickly obtain Pr(⇡0|⇡(�j)).

Moreover, we can e�ciently calculate (1.7) by storing previous computational results: for

instance, the summation over the risk group R(⇡0
1:j0) shares many elements with the sum-

mation over the risk group R(⇡00
1:j0). Similar ideas can be used to speed up other calculations

required for MCEM.

Algorithm 1 Gibbs sampler for mutation orders

Initialize Gibbs step index k = 1 and mutation order ⇡(0).
for Gibbs sweep index i = 1, 2, ... do

for j 2 {1, ..., n} do

⇡(�j) := ⇡(k�1)

(�j)

Sample ⇡(k) from the distribution Pr
⇣
⇡
��⇡(k�1)

(�j)

⌘
.

k := k + 1
end for

end for

Given the Monte Carlo samples from the E-step, the M-step maximizes the mean

log-likelihood of the complete data. Suppose the E-step generates Monte Carlo samples

⇡(1)
, ...,⇡(E). Then during the M-step, we solve

max
✓

1

E

EX

i=1

logLc

⇣
Sobs,⇡

(i);✓
⌘

(1.8)

using iterative procedures such as gradient ascent.

We use ascent-based MCEM [3] to maintain the monotonicity property of the EM al-

gorithm. Briefly, ascent-based MCEM gives a rule for deciding if the proposed MCEM
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estimate at each iteration should be accepted or if the Monte Carlo sample size should be

increased. As the number of Monte Carlo samples increases, the standard error of the esti-

mated expected log likelihood decreases. So for a su�ciently large number of Monte Carlo

samples, we can ensure that the observed data likelihood increases with high probability.

2.4 Regularization and variable selection

In many cases, it is desirable to model the e↵ects of many features. For instance, Yaari

et al. [54] estimate a 5-mer model with 1024 parameters. Estimating the parameters for

a per-target model increases the number of parameters by an additional factor of four. If

the number of sequences in the dataset is small compared to the number of features, the

optimization problem in (1.6) can be ill-posed. For such high-dimensional settings, it is

common to use regularization to stabilize our estimates and encourage model structure.

In particular, we may believe that only a small subset of the features a↵ects the mutation

rate. Yaari et al. [54] assume that the nucleotides closest to a position have the most

significant e↵ect on its mutation rate: for 5-mer motifs with a small number of observations,

they estimate its mutation rate using an o↵set 3-mer motif. In our method, we use the lasso

[46] to perform variable selection.

To incorporate the lasso, our estimation procedure requires two steps. The first step

maximizes the observed log-likelihood with a lasso penalty and thereby performs variable

selection. The second step aims to quantify the uncertainty of our model parameter esti-

mates: we refit the model parameters by maximizing the unpenalized objective and use the

confidence intervals for the unpenalized model as an assessment of uncertainty.

In the first step, we split the data into training and validation sets denoted Sobs,train and

Sobs,val, respectively, and maximize the penalized log-likelihood of the training data

✓̂ = argmax
✓

{logL(Sobs,train;✓)� �k✓k1} , (1.9)

where � > 0 is a penalty parameter. To solve (1.9), we use a variant of MCEM: the E-step
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is the same as before, but we maximize the penalized EM surrogate function during the

M-step. The penalized EM surrogate function is simply (1.8) with a lasso penalty:

1

E

EX

i=1

logLc

⇣
Sobs,train,⇡

(i);✓
⌘
� �k✓k1. (1.10)

This can be maximized using the generalized gradient ascent algorithm given in Algorithm 2

[2, 37].

Algorithm 2 M-step via generalized gradient ascent

Initialize ✓. Choose a step size ↵ > 0.
for iteration k = 1, 2, ... until convergence do

✓ := ✓ + ↵r✓
1

E

EX

i=1

Lc(Sobs,train,⇡
(i);✓)

for parameter index j = 1, .., p do
✓j := sign(✓j)max(|✓j � �|, 0)

end for
end for

We tune the penalty parameter � in (1.9) by training-validation split. In the typical ideal

case, we choose the penalty parameter that maximizes the likelihood of the observed vali-

dation data. Unfortunately the likelihood of observed data is computationally intractable.

Instead we use the property that, for any ✓ and ✓0, the di↵erence between the log-likelihoods

of the observed data is bounded below by the di↵erence between the expected log-likelihoods

of the complete data

logL(Sobs;✓)� logL(Sobs;✓
0) �

E
⇥
logLc(Sobs,⇡;✓)� logLc(Sobs,⇡;✓

0) | Sobs;✓
0⇤
,

(1.11)

which follows directly from Jensen’s inequality. The expectation above is taken with respect

to the conditional distribution of the mutation orders ⇡ given the observed data Sobs and

model parameter ✓0. Thus the right-hand side can be estimated by sampling mutation
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orders from the Gibbs sampler in Algorithm 1. If the right-hand side of (1.11) is positive,

then ✓ has a higher log-likelihood than ✓0 on the validation set. However, if the right-hand

side is negative, we do not know how the two parameters compare.

Our proposal for tuning the penalty parameter, Algorithm 3, is based on (1.11). The

algorithm searches across a one-dimensional grid of penalty parameters, from largest to

smallest. For consecutive penalty parameters, we estimate the right-hand side of (1.11)

to determine if the smaller penalty parameter has a higher observed log-likelihood. We

keep shrinking the penalty parameter until the estimate for the right-hand side of (1.11) is

negative. Since the check based on (1.11) is conservative, we may end up choosing a penalty

parameter that is slightly larger than desired. Nonetheless, our simulation results suggest

that this procedure works well in practice.

Algorithm 3 can be easily extended to incorporate multiple training-validation splits

such as in k-fold cross-validation: we average the estimates of the right-hand side of (1.11)

across the training-validation splits and stop shrinking the penalty parameter if the average

is negative. After selecting a penalty parameter, we obtain the final parameter support

from the k-fold procedure by refitting the penalized model on the whole training set.

Algorithm 3 Tuning penalty parameters via training-validation split

Consider a grid of penalty parameters �1 > ... > �K � 0.
Initialize �best := �1. Fit �1 to get ✓̂(1).
for iteration i = 2, ...,K do

Solve (1.9) with � ⌘ �i to get ✓̂(i).
Estimate via Monte Carlo

⌘ = E
h
logLc

⇣
Sobs,val,⇡; ✓̂(i)

⌘
� logLc

⇣
Sobs,val,⇡; ✓̂(i�1)

⌘ ��Sobs,val; ✓̂(i�1)

i
. (1.12)

if ⌘ > 0 then
�best := �i

else
break

end if
end for
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Now we move on to the second step where our goal is to quantify the uncertainty of our

estimated model parameters. Unfortunately, estimating confidence intervals after model

selection is a di�cult problem, even in the much simpler case of linear models [12]. Hence

some papers use the approach of fitting a penalized model, refitting an unpenalized model

based on the selected variables, and then using the confidence intervals generated using

traditional inference procedures for unpenalized models [31, 24]. We proceed in the same

manner: we refit the model by maximizing the unpenalized observed log-likelihood (1.6)

of the entire dataset with respect to the selected variables and constraining the others to

zero; then we construct confidence intervals for the unpenalized model, ignoring the fact

that we have already peeked at the data in the first step. Though these confidence intervals

are asymptotically valid only under very restrictive conditions, they provide some measure

of the uncertainty of our fitted parameters; we show via simulation in Section 3 that the

coverage of these intervals is close to nominal. To highlight that these intervals are not

truly confidence intervals, we refer to them as uncertainty intervals, where 100(1 - ↵)%

uncertainty intervals are constructed using intervals with nominal 100(1 - ↵)% coverage.

To obtain these uncertainty intervals, we calculate the standard error of our estimates

using an estimate of the observed information matrix. Louis [34] shows that the observed

information matrix is related to the complete data likelihood via the following identity:

I [✓ | Sobs] = �E
⇥
r2

✓ logLc(Sobs,⇡;✓) | Sobs;✓
⇤

� E
h
r✓ logLc(Sobs,⇡;✓) (r✓ logLc(Sobs,⇡;✓))

> | Sobs;✓
i

+ E [r✓ logLc(Sobs,⇡;✓) | Sobs;✓]E> [r✓ logLc(Sobs,⇡;✓) | Sobs;✓] .

Therefore we can estimate the observed information matrix using samples from the final

MCEM iteration and then invert it to obtain uncertainty intervals.

Finally, one caveat of our method is that the two-step procedure is not guaranteed to

give estimates of standard errors/uncertainty intervals: The first step of our procedure may

choose a penalty parameter such that the estimated information matrix in the second step
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is not positive definite. We see this behavior in a small number of simulations in Section 3,

though we do not observe such behavior in our data analysis. To avoid this issue, we suggest

combining k-fold cross-validation with Algorithm 3 and use the average estimate of the lower

bound (1.12) from each of the k folds to tune the penalty parameter.

Our GPLv3-licensed Python implementation of samm is available at http://github.

com/matsengrp/samm. The repository includes code used for generating plots in this manuscript,

as well as a tutorial for how to run samm. All output from Sections 3 and 4 is available on

http://zenodo.org/record/1321330 with DOI 10.5281/zenodo.1321330.

2.5 Examples

By varying the motif dictionary M, our procedure can fit di↵erent models of the mutation

process. In this section, we list some example models that can be fit using our procedure

and discuss the interplay between the motifs included in M and our feature-selection step.

In the simplest case, analogous to existing work [54, 8], we can estimate a “k-mer model”

(where k is odd) by letting

M =
n
(m, (k + 1)/2) : m 2 {A, C, G, T}k

o
. (1.13)

The lasso would encourage setting elements in ✓ to zero, which means that these k-mer

motifs would have the same baseline risk of experiencing a mutation.

In practice, instead of modeling only the e↵ects of k-mers for a fixed k, we may believe

that the hazard rate for a position is a↵ected more by positions closer to it. In this case,

we can model the e↵ect of z-mers of varying length, e.g., 1, 3, ..., k-mer motifs, with

M = {(m, (z + 1)/2) : m 2 {A, C, G, T}z, z 2 1, 3, . . . k} . (1.14)

We refer to this model as “hierarchical”, as the elements inM relate to each other in a nested

fashion. By including motifs in a hierarchical fashion, the lasso penalty encourages z-mers

http://github.com/matsengrp/samm
http://github.com/matsengrp/samm
http://zenodo.org/record/1321330
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with the same inner (z � 2)-mer to share the same mutation rate. This model formalizes

the intuition used by Yaari et al. [54]: they try to estimate the mutation rates of 5-mers

but fall back to using a 3-mer sub-motif if that 5-mer does not appear enough times in the

data.

As mentioned before, we can add o↵set motifs to our motif dictionary as previous work

suggests the mutation rates depend on upstream or downstream motifs [42, 38, 54]. For

instance, one can include all the o↵set motifs that overlap the mutating position in the

motif dictionary. We refer to such models as o↵set k-mer models.

Finally, we can model the hazard rate of motifs mutating to di↵erent target nucleotides

as in (1.4). We parameterize the model using ✓ and ✓N for N 2 {A, C, G, T} since the penalized

per-target model

arg max
✓,✓N:N2{A,C,G,T}

logL (Sobs,train; ✓, {✓N : N 2 {A, C, G, T}})

� �

0

@k✓k1 +
X

N2{A,C,G,T}

k✓Nk1

1

A
(1.15)

will encourage hazard rates for the di↵erent target nucleotides to be the same if they share

the same motif.

Many of these example models are overparameterized in order to obtain some desired

sparsity pattern. Such overparameterized models may have singular information matrices

during the refitting procedure. However this is not a problem since we are truly interested

in the confidence intervals for the parameters ✓agg = A✓ associated with the simple k-mer

model, whereA is a matrix that aggregates hierarchical motifs into a single k-mer. Since this

aggregate k-mer model is identifiable, we can get uncertainty intervals for ✓agg: we calculate

the pseudo-inverse I� of the (estimated) information matrix and then use AI�A> to get

an estimate of the covariance matrix of ✓agg.
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3 Simulation results

We now present a simulation study of our procedure, including a comparison to the current

state-of-the-art method SHazaM [54, version 0.1.8] and the logistic regression approach in

Section 2.1.

3.1 Understanding the e↵ect of various models and settings

We fit the following three models to simulated data:

• 3-mer model: the hazard rate modeled by (1.3) with motif dictionary (1.13) where

k = 3,

• 3-mer per-target model: the hazard rate modeled by (1.4) with motif dictionary (1.13)

where k = 3,

• 2,3-mer model: the hazard rate modeled by (1.3) with motif dictionary

M =
�
(m, j

0) : m 2 {A, C, G, T}2, j0 2 {1, 2}
 
[
�
(m, 2) : m 2 {A, C, G, T}3

 
.

To understand how dataset composition a↵ects the performance of our procedure, we sim-

ulate di↵erent datasets by varying the sample sizes, sparsity levels, and e↵ect sizes.

We generate the true ✓⇤ according to the same hierarchical structure as each model we

consider. Let the model parameters corresponding to the motif m be ✓⇤m and corresponding

to motif m with target nucleotide N be ✓⇤m!N. To obtain the desired sparsity level, we

randomly select a portion of the parameters to zero out. For per-target parameters, instead

of setting the probability of mutating to N to zero, we set ✓⇤m!N to log 1/3 for all possible

values of N, indicating no mutation preference. We scale the model parameters appropriately

to control the e↵ect size.

Our goal with these simulations is to obtain synthetic data that reflects di↵erent possible

settings one may encounter when analyzing experimental data. We use the experimental
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data in Cui, Di Niro, Vander Heiden, Briggs, Adams, Gilbert, O’Connor, Vigneault, Shlom-

chik, and Kleinstein [8] analyzed in Section 4 as a template and alter various underlying

properties of this dataset to simulate data that replicates what typical real-world datasets

look like. We first generate näıve sequences using partis
2 [39, 40] by drawing a set of genes

from the IMGT database [33] and simulating an observation frequency for each. Antibodies

are composed of two units, a heavy and a light chain. Further, light chains can be classed

as either  or � depending on where the encoded sequence came from in the genome. Both

mice and humans have antibodies structured in this way. We select only -light chain mouse

BCRs for our simulation, as this reflects our experimental data in Section 4. To generate the

true ✓⇤ parameters, we randomly draw values from the mouse somatic hypermutation tar-

geting model MK RS5NF of Cui et al. [8]; we refer to these parameters as ✓⇤
MK. The MK RS5NF

model is a collection of mutabilities and substitution probabilities from a 5-mer fit to -light

chain mouse BCR data.

The average length of the näıve sequences is around 290 nucleotides. We use the survival

model to mutate between 1% and 5% of the positions of each näıve sequence, obtaining a col-

lection of simulated BCR sequences. Conditional on their näıve sequences, BCR sequences

mutate independently.

We vary sparsity, e↵ect size, and sample size as follows. We generate the true ✓⇤ param-

eters with 25%, 50%, and 100% non-zero elements. We also consider di↵erent e↵ect sizes

by scaling ✓⇤ such that its variance is 50%, 100%, and 200% of the variance of the values

in ✓⇤
MK. Finally, we fit the model using 100, 200, and 400 mutated BCR sequences. For the

main manuscript, we report the simulation settings where we vary one simulation setting

and fix the other settings to the middle value (e.g., we vary number of samples but keep

the e↵ect size at 100% and the number of non-zero elements at 50%); we report the result

from running one hundred replicates for each setting. For the remaining possible settings,

as each separate model fit takes on average an hour to complete, we run only ten replicates

2Version 0.12.0: http://git.io/fNvOx

http://git.io/fNvOx


24

and report the results in the Appendix Section A.3 [18].

To determine the optimal penalty parameter for samm, we split the data by gene sub-

groups, an externally-defined categorization that groups genes that share at least 75%

identity at the nucleotide level [32], reserving 20% of subgroups for validation and the

remainder for training. Splitting by gene subgroup ensures that the training and vali-

dation sets look su�ciently di↵erent; otherwise the sequences in the validation set look

nearly identical to those in the training set, and we select a penalty parameter that is too

small. We then apply Algorithm 3 over a decreasing sequence of penalty parameter-values

10�j
, 10�(j+0.5)

, 10�(j+1)
, . . .. The starting value for the sequence of penalty parameter val-

ues was pre-tuned so that we use a smaller j for smaller e↵ect sizes and sample sizes. In

particular, we chose j = 1 if e↵ect size is 50% or sample size is 100; j = 2 if the e↵ect size

is 200% or sample size is 400; and j = 1.5 otherwise.

For each penalty parameter-value, we run a maximum of ten MCEM iterations. Muta-

tion orders are sampled from each Gibbs sampler run every eight sweeps, after an initial

burn-in period of 16 Gibbs sweeps. For each E-step, we sample four mutation orders and

continue to double the number of sampled mutation orders if the proposed estimate is not

accepted by ascent-based MCEM. Once we have an estimate of the support of our model,

we refit an unpenalized model to obtain uncertainty estimates. We run MCEM until the

model has converged and the variance estimates of the estimated model parameters are all

nonnegative.

We assess the performance of our procedure using three measures. These performance

metrics are all calculated with respect to the aggregate model since our complete model is

overparameterized by design. We calculate the relative ✓ error, defined as k✓�✓⇤k2/k✓⇤k2,

to see how close the estimated parameters are to the true parameter ✓⇤. We also calculate

Kendall’s tau coe�cient to see how well our procedure ranks the motifs in terms of their

mutabilities. Finally we calculate the coverage of our approximate 95% uncertainty intervals.

We define the average coverage as the proportion of aggregate model parameters where
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the uncertainty intervals covered the true value. The coverage calculations only involve

aggregate parameters not zeroed out by our models.

These simulations demonstrate that our estimation procedure performs as expected (Fig-

ure 1.3). As the sample size and e↵ect size increase, the relative ✓ error decreases and the

rank correlation increases. On the other hand, as the percent of non-zero elements increases,

both the relative ✓ error and rank correlation increase. The error increases because there are

more parameters to estimate. The increase in rank correlation is likely an artifact of how the

metric is calculated, as Kendall’s tau removes ties from the calculations. In particular, as

the percent of non-zero elements increases, the number of ties in the data decreases, so the

rank correlation seems to increase. In all the plots, we see that the 3-mer per-target model

tends to be the most di�cult to estimate. This is expected as it contains 256 parameters

whereas the 3-mer model only has 64 parameters.

Our simulations show that the coverages for the 3-mer and the 2,3-mer models are

close to 95%, which is surprising as our uncertainty intervals ignore the double-peeking

issue (Figure 1.3). Zhao, Shojaie, and Witten [57] explain why this procedure might work:

under certain assumptions, the variables selected by the lasso are deterministic with high

probability, so using the lasso to select variables does not really constitute as peeking at the

data twice.

However, the coverage of the 3-mer per-target is much lower, dropping below 80% in

certain settings (Figure 1.3). We suspect that the low coverage is mainly due to a lack of

data, as the coverage improves with the number of samples. When there is a small number of

samples compared to the number of parameters, our method may only provide a reasonable

ranking of how mutable the motifs are but may not provide good estimates and uncertainty

intervals.

Across the 2700 simulation runs, there were twenty where the estimated information

matrices were not positive definite and therefore uncertainty intervals cannot be calculated

(Table 1.5). We believe that this occurs when the selected penalty parameter is too small;
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Figure 1.3: Relative error, correlation and coverage under di↵erent simulations settings for
3-mer, 3-mer per-target and 2,3-mer models.

for small penalty parameters, the support of the fitted model becomes too large. In this case,

when we refit the model with no penalty parameter the problem is ill-posed and therefore

the estimated information matrix is not positive definite. To avoid this issue, we recommend

using k-fold cross-validation in practice, rather than just a training/validation split. (We

use 5-fold cross-validation for the real data analysis and do not run into this issue.)
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3.2 Method comparisons

In this section, we compare the performance of samm to SHazaM and penalized logistic

regression on simulated data. Since SHazaM only estimates the e↵ect of 5-mer motifs, we

simulate data such that the mutation rate at a specific site depends on the 5-mer centered

at that position and the target nucleotide. We simulate 2000 BCR sequences from 4 mice.

For each mouse, we generate a separate set of näıve sequences using the same procedure as

in Section 3.1. From these näıve sequences, we simulate the mutation process independently

to generate BCR sequences. We use two methods to simulate the mutation process:

• Survival Simulation: We generate model parameters ✓ by resampling the values

from ✓MK into a 3,5-mer per-target model structure. We then mutate the näıve se-

quences according to the survival model.

• SHMulate Simulation: We use ✓MK and mutate the näıve sequences using the SHMulate

function in the SHazaM package [54, 20]. SHMulate simulates the mutation process us-

ing a procedure that is similar to a survival model. However the exact calculations

di↵er somewhat (e.g. it does not allow the mutation process to create stop codons).

SHazaM should have an advantage in the SHMulate simulations since the ✓MK was estimated

using SHazaM on a separate BCR dataset and SHazaM uses some prior assumptions about

the model structure. In particular, SHazaM assumes that 5-mer motifs that share certain

upstream/downstream nucleotides have similar mutabilities. The simulations are run until

1–5% of the sequence is mutated. This mutation rate is on the low end for a�nity-matured

BCR sequences [compare the 3⇥ higher rate in 22], giving SHazaM and logistic regression a

slight edge since the mutation rates will not change for most positions with accumulation

of BCR mutations.

We fit a 3,5-mer per-target sammmodel using the same procedure as in Section 3.1. Using

the same motif dictionary, we also fit a 3,5-mer per-target logistic regression model using
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Table 1.1: Comparison of samm, SHazaM, and penalized logistic regression given 2000 simu-
lated B-cell receptor sequences from 4 mice. Relative ✓ error and Kendall’s tau computed
separately for each of the 100 replicates. Monte Carlo standard errors calculated over these
100 estimates are given in parentheses.

Simulator Model Relative ✓ error Kendall’s tau

survival model
samm 0.571 (0.002) 0.630 (0.001)

SHazaM 0.731 (0.002) 0.507 (0.002)
logistic 0.611 (0.002) 0.596 (0.001)

SHMulate
samm 0.478 (0.001) 0.689 (0.001)

SHazaM 0.489 (0.001) 0.690 (0.001)
logistic 0.499 (0.002) 0.677 (0.001)

logistic regression with a lasso penalty. We measure model performance by the relative ✓

error and rank correlation over 100 simulation replicates.

Our method implemented in samm significantly outperforms logistic regression and SHazaM

in both scenarios (Table 1.1), even though SHazaM should have an advantage when we sim-

ulate data using a dense model from SHMulate. Logistic regression and SHazaM tended to

produce similar estimates, though logistic regression tended to do better when we simulated

using the survival model and SHazaM tended to do better when we used the SHMulate model.

We present the results of model fitting in more detail in Figure 1.4. For negative ✓ values,

all the methods are biased towards zero, though SHazaM and logistic regression tend to be

more so. For positive ✓ values, samm is nearly unbiased while SHazaM and logistic regression

are somewhat biased towards zero. The methods probably have trouble estimating negative

values since we only observe a small number of mutations per sequence and the data is

more informative for finding motifs with high mutation rates rather than those with low

mutation rates. Based on results from Section 3.1, we expect the bias of samm to shrink as

the number of training observations increases.
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(a) Survival simulation (b) SHMulate simulation

Figure 1.4: Boxplots of the di↵erences between median-centered fitted and true ✓ values for
samm (left), SHazaM (middle), and logistic regression (right).

4 Data analysis

We fit models to the BCR sequence data obtained from a vaccination study of four transgenic

mice published in [8]. In this experimental setting, the substitutions present in the -light

chain sequences are unlikely to be a↵ected by natural selection on BCR function. Thus we

restrict our analysis to only -light chain data in order to estimate somatic hypermutation

rates, rather than a combination of somatic hypermutation and selection [53, 35, 55]. A sin-

gle näıve sequence can give rise to many di↵erent B-cell receptors by somatic hypermutation,

forming a so-called “clonal family” which may have varying levels of shared evolutionary

history. We use partis [39] to assign mutated sequences to clonal families and infer the

most likely näıve sequence in each family. In both the sequencing and the clonal family

inference there is the possibility of error propagation; we begin our analysis by assuming

BCRs are accurately sequenced and assigned to clonal families. The resulting data has

the composition shown in Table 1.2. To mitigate double-counting mutations, we sample a
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single mutated sequence from each clonal family. Though this discards a lot of the data,

we believe this gives more accurate estimates than other approaches that try to use all the

data or estimate mutation history; we analyze this issue in more depth in Section A.3 in

the Appendix [18].

Table 1.2: Statistics of processed -light chain data from Cui et al. [8]. SHazaM uses all
sequences while samm samples a single sequence from each clonal family. We filter sequences
with indels in all analyses. There are fewer clonal families in the sampled sequences as samm
filters out sequences with no mutations.

All sequences Sampled sequences

Number of mutated sequences 15,025 2,429
Number of clonal families 2,565 2,429
Median mutated sequence length 282 282
Average mutation frequency (%) 2.32 2.17
Number of 5-mers in näıve sequences 1,014 967

We fit a 3,5-mer model using samm using the same settings as before (Figure 1.5), though

with 5-fold cross-validation to determine the optimal parameter support. The ✓ estimate

has a block-like and 4-fold-repetitive pattern because many 5-mer motifs were zeroed out

during the lasso step. The 95% uncertainty intervals suggest that many motifs have a

marked nonzero e↵ect.

Our model recovers many of the well-known “hot” (more mutable) and “cold” spots (less

mutable k-mers), which are denoted by the red, blue, and green bars in Figure 1.5. Hot/cold

motifs are typically denoted with an underline indicating which position is mutating and

represented by degenerate bases W = {A, T}, R = {A, G}, Y = {C, T}, S = {C, G}, N =

{A, G, C, T}. We confirm that many highly mutable 5-mer motifs match the classical hot

spot motif W R C and its reverse complement GYW (since the mutation process can happen on

either DNA strand) [41]. We also confirm that many less mutable 5-mer motifs match the

canonical cold spot SYC/G R S [54]. For example, one of the 5-mers we estimate to have high

mutability (✓ = 1.688) is A A G C T, which is of the form N N GYW and ends with the 3-mer GYW.
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As C is an example of a Y nucleotide and T is an example of a W, A A G C T is an example of

the hot spot motif GYW.

Our model also reveals shortcomings with the current hot and cold spot definitions. Our

estimates show significant variability in the mutabilities of motifs, even if they contain the

same hot or cold spot motif. For instance, in the established literature the A TGG C motif is

considered to be a cold spot since it is of the form G R S. We estimate its ✓ value to be very

large (✓ = 2.206) relative to the other ✓ values, suggesting that it is actually a hot spot. We

also see SHazaM estimates all motifs of the form C C C N N to have negative mutability, and

these are examples of the known cold spot SYC. Estimates from samm show C C CG N has a

positive mutability even though it is also of the form SYC, indicating the inner 3-mer C CG

may increase mutation rate more than the two C nucleotides to the left of the mutating

position. In addition, the classic hot spots with a central T nucleotide actually had very low

mutability estimates; this suggests that using the well-known WA/TW to identify hot spots

may not be appropriate.

Finally, our model suggests that samm can be used to discover new hot and cold spots.

For example, consider motifs with the central base Cmutating. We find that the mutabilities

of the 5-mer C A CG C and of the 3-mers GCG, GCT, A CT, and A CG are all higher than any motif

of the form W R C. As each of these motifs are of the form N R C, this indicates the R nucleotide

immediately preceding the mutating C may a↵ect mutation rate more than the W nucleotide

two bases away. A well-defined inferential procedure to determine significant collections of

hot and cold spots with ample support from the data will require additional future work.

For comparison, we fit SHazaM on the same data without sampling a single sequence

from each clonal family, as was done by Yaari et al. [54]. We also fit the logistic model on

the same data as samm. All models use the data to determine the degrees of freedom to

use in fitting ✓, resulting in the number of unique ✓ values fit to be less than the saturated

model size of 1024 for a 5-mer model. SHazaM estimated 1015 unique ✓ values out of a

maximum of 1024 while samm only estimated 137 unique ✓ values and logistic estimated
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Figure 1.5: Estimated somatic hypermutation model for mouse light chains using samm for
5-mer motifs centered on the bases A (top left), T (top right), G (bottom left), and C (bottom
right). The motif corresponding to an x-axis position can be read from bottom to top. Plots
depict the estimated aggregate ✓ of 5-mer motifs after estimating the model for a 3,5-mer
model and aggregating estimates using the procedure outlined in Section 2.5. A negative
value means a reduced mutation rate relative to the baseline hazard, whereas a positive
means an enhancement. Well-known hot spots, W R C/GYW and WA/TW, are colored red and
green, respectively. The well-known cold spot SYC/G R S is colored blue. All other motifs are
colored grey. The 95% uncertainty intervals for the estimates are depicted by black lines in
the center of each bar.
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(a) SHazaM: 1015 unique ✓ values (b) samm: 137 unique ✓ values (c) logistic: 485 unique ✓ values

Figure 1.6: A comparison of fitted aggregate ✓ values from SHazaM (left), samm (middle),
and logistic regression (right) for 5-mer motifs with central base C. The samm fit is the same
as in Figure 1.5. Both samm and logistic are 3,5-mer fits aggregated into 5-mer models.
samm and logistic tend to fit more parsimonious models compared to SHazaM, so the left plot
looks more “spiky” than the middle and right ones. samm produces the most parsimonious
fits among the three methods.

485. Visually, estimates from the three models look similar, with similar hot- and cold-

spots, though SHazaM is more “spiky” than samm and logistic (Figure 1.6). In terms of

model interpretability, samm or logistic regression seem to be preferable to SHazaM as they

produce much more parsimonious models. The logistic model seems to fit a model that is

intermediate to samm and SHazaM in terms of parameter support.

Ideally, we would be able to compare the di↵erent methods in terms of their observed

data likelihood on a test set. However due to methodological di�culties and incompati-

bilities of the methods, we were unable to come up with a concrete way to compare the

methods. In particular, SHazaM is not a likelihood-based method. In addition, the observed

data likelihood for samm is computationally intractable, which makes it di�cult to compare

to other likelihood-based methods. We hope to come up with a good solution for assessing

samm on real-world data in the future.
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5 Discussion

We have modeled somatic hypermutation of BCR sequences using Cox proportional hazards.

Due to the context-dependence of mutation rates, we must take into account the unknown

mutation order to compute the full likelihood. To deal with this missing data, we used

MCEM, where we marginalize over the possible mutation orders using Markov chain Monte

Carlo. Unlike current methods, our regression framework can model the e↵ect of arbitrary

features, such as varying motif lengths and sequence positions. We use the lasso to perform

feature selection and stabilize our estimates in high-dimensional settings. One can easily

extend this approach to use other sparsity-inducing penalties to reflect other prior beliefs

about the model structure. We show that samm achieves better performance than the state-

of-the-art method under a variety of simulation settings.

There are a few limitations with our current method. We currently subsample our data

significantly to ensure our training set is composed of independent observations. This would

not be necessary if we were able to perform accurate phylogenetic ancestral sequence estima-

tion using context-sensitive models. In addition, our method returns “uncertainty” intervals

rather than confidence intervals since there are no guarantees on their nominal coverage.

Simulations show that our uncertainty intervals are close to their nominal coverage levels if

there is a su�cient amount of data (Figure 1.3), but better methods may be available.

While the present analysis only considers sequence context, other biologically-motivated

features may be just as informative: nucleotide position, proximity to other contexts, etc.

By incorporating other types of features into the model, we may be able to help verify or

find problems with the currently accepted model of somatic hypermutation [36].

Finally, our model can be used in other contexts to model other biological processes. For

instance, our method could be used to model the rate of single-nucleotide polymorphisms

[1] and transcription-factor binding [58].
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A Appendix

A.1 Proof of marginal likelihood

We now prove the statement in Section 2 that the marginal likelihood of ✓ is given by (1.5)

and only depends on the mutation order ⇡1:n.

Proof. Suppose the mutation times are observed, so ui is the time of the ith mutation.

Then the conditional probability of observing a mutation order ⇡1:n given mutation times

u = (u1, ..., un) can be written as

Pr (⇡1:n|u;✓, h0) =
nY

i=1

Pr (⇡i|⇡1:i�1, ui�1, ui;✓, h0) (1.16)

=
nY

i=1

Pr (⇡i, ui|⇡1:i�1, ui�1;✓, h0)P
q2R(⇡1:i�1)

Pr (q, ui|⇡1:i�1, ui�1;✓, h0) ,
(1.17)

where the conditional probability of observing a mutation in position q at time ui is defined

as

Pr (q, ui|⇡1:i�1, ui�1;✓, h0) (1.18)

= h0(ui) exp
⇣
✓>
 q(S(⇡1:i�1))

⌘
⇥ (1.19)

exp

0

@�
X

q02R(⇡1:i�1)

exp
⇣
✓>
 q0(S(⇡1:i�1))

⌘Z ui

ui�1

h0(t)dt

1

A . (1.20)

Notice that in (1.18), the terms h0(ui) and (1.20) do not depend on q. So plugging (1.18)

into (1.17), these two terms cancel and we get

Pr (⇡1:n|u;✓, h0) =
nY

i=1

exp(✓>
 ⇡i(S(⇡1:i�1)))P

q2R(⇡1:i�1)
exp(✓>

 q(S(⇡1:i�1)))
. (1.21)

Since the conditional probability of the mutation order does not depend on mutation times

u, then the marginal probability of the mutation order Pr(⇡1:n;✓, h0) is also equal to (1.21).
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A.2 Pre-processing data

If we are interested in modeling the e↵ect of k-mer motifs on the hazard rate where k > 1,

then the positions at the ends of the B-cell receptor sequences must be properly handled.

The issue is that the positions at the ends might not have enough neighboring nucleotides

to fully construct a k-mer motif.

In order to deal with this issue, we first preprocess our data by trimming the two ends

of the BCR sequences until the ends of the näıve and mutated sequences are the same. We

then assume that these end positions are fixed and not part of the mutation process.

For example, if we are interested in modeling how 3-mer motifs a↵ect the mutation rate

of the center position, we need to handle the special case of the two positions at the ends of

the sequence. Given a näıve BCR sequence and its associated mutated sequence, we trim

away the positions at the ends of both sequences until the first and last positions are the

same. If our trimmed sequence is of length p
0, we suppose that only positions 2 through

p
0 � 1 can undergo mutation. We can now apply our estimation method since all positions

use the same feature vector mapping.

A.3 Other simulations

Reconstructing mutation history

Since most clonal families contain multiple sequences, including all sequences without recon-

structing the shared mutation history within each family can introduce bias by considering

some mutations more than once. To overcome this bias, we consider two approaches: we

can either attempt to estimate this history using standard methods, or we can randomly

sample a single sequence from each clonal family. For the former case, to date, there are

no methods that incorporate context-specific mutation models; we introduce one standard

and useful approach to consider for a single clonal family.

Assume we have a collection of nucleotide sequences that have mutated away from a

known näıve sequence. In time, as we mutate away from this näıve sequence, a series
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Table 1.3: Statistics on reconstructing ✓ using various data preprocessing methods.

Relative ✓ error Kendall’s tau
Data processing Model

All data
SHazaM 0.677 0.595
samm 0.515 0.657

Imputation
SHazaM 0.721 0.580
samm 0.537 0.639

Sampling
SHazaM 0.721 0.515
samm 0.500 0.647

of intermediate nucleotide sequences are introduced on the way to obtaining the mutated

sequences. These intermediate sequences, known as “ancestral states,” are related to one

another and to our observed sequences by an unknown phylogeny: a tree of dependencies

that ties all sequences together by common ancestry. For a comprehensive treatment of

phylogenetics, see Felsenstein [16].

Unfortunately we do not observe these ancestral states. A simple approach to estimate

them is to use parsimony imputation [15], a method that minimizes the total number of

mutations that occur on the tree. Reconstructing ancestral states using parsimony with

dnapars [17] involves searching through a number of candidate trees and computing the

minimum number of changes necessary to obtain each tree. Among the equally parsimonious

trees returned by dnapars, we choose the first one to compute mutation contexts.

To determine the optimal data processing strategy between sampling, imputing ancestral

states, and including all sequences without imputation, we simulate 3000 clonal families with

realistic sizes. The composition for each of these clonal families is determined by sampling

at random a cluster size and an inferred näıve sequence from the partis-processed Cui

et al. [8] dataset. Cluster sizes range from 1–109. The median cluster size is two, and about

42% of all clusters are singletons. Sequences are 2.5% mutated on average. We take ✓ to

be a random resampling of ✓MK parameters [8].

In Table 1.3 we see imputing ancestors using parsimony does not provide any improve-
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ments in the model fit in most cases. Given that mutations in the simulation above occur

based on the sequence context, the relatively poor performance of imputing ancestors may

be due to the heterogeneity of mutation rates among sites [25]. Sampling a random de-

scendant from each clonal family decreases the relative error for samm. For SHazaM, using

all of the data results in the lowest relative error, most likely due to the fact that SHazaM

fits mutabilities di↵erently when not enough observations are present, and this case has

more data than in the case of sampling. In Section 4, we sample from each clonal family to

estimate the fit for samm while using all of the data for SHazaM.

Model misspecification: mutating with replacement

Throughout this manuscript, we have assumed that the positions in a BCR sequence mutate

at most once. This assumption is for computational simplicity: if a position can mutate

more than once, our estimation procedure must consider every single possible nucleotide

sequence. However, this may not be realistic biologically. In this section, we present a

simulation study to see how samm’s accuracy changes when positions are allowed to mutate

multiple times.

Much of the simulation settings are similar to before. For the somatic hypermutation

model, we resample from ✓MK – defined in Section 2.5 – for each 3-mer motif, then randomly

set half of them to zero. Each dataset consists of 300 simulated BCR sequences from a

single mouse. Mutations are simulated using a survival model where each position can

mutate multiple times versus at most one time. This simulation study is run twenty times.

For low mutation rates of 1–5%, we have similar accuracy when the model is misspecified

(Table 1.4). The accuracies are similar since a position is very unlikely to mutate more than

once in a low mutation rate setting.

We also try higher mutation rates as it is common to see mutation rates of 5–15% in

humans, especially in individuals with chronic viral infections [22]. Even in this scenario

with higher mutation rates, the accuracies are still similar. These results suggest that
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Table 1.4: Results on twenty replicates of simulated data with standard errors (SE).

Mutation Rate (%) True Model Relative ✓ error (SE) Kendall’s tau (SE)

1–5
Mutate at most once 0.364 (0.015) 0.722 (0.008)

Mutate multiple times 0.348 (0.014) 0.723 (0.008)

5–15
Mutate at most once 0.194 (0.010) 0.791 (0.008)

Mutate multiple times 0.190 (0.010) 0.781 (0.007)

our simplifying assumption gives up very little accuracy for a huge gain in computational

e�ciency.

Simulation results for the 27 settings

We report the results from the full set of possible simulation settings from Section 3.1 for

the unpenalized (Tables 1.6 and 1.7) and penalized (Table 1.8) fits. Settings reported in

the main manuscript were run 100 times; the others were run ten times. Across all 2700

simulation runs, a total of twenty replicates fail to obtain confidence intervals after eighty

MCEM iterations, given in Table 1.5.

In most cases, the penalized fits and unpenalized fits obtain similar relative errors and

rank correlations. In roughly half of cases, the penalized fits obtain smaller relative errors

than the unpenalized fits; this may be an e↵ect of the shrinkage present in the penalized ✓.

In all cases but four, the unpenalized fits have higher correlation. We prefer unpenalized fits

as they are the only way to obtain reliable uncertainty estimates, though if reconstructing

✓ is the primary goal then penalized fits provide a quicker solution.

For the unpenalized fits, the average number of false positives is less than one in the

majority of settings, indicating our procedure has good support recovery. Our model has

the most false positives with hierarchical fits on large numbers of samples. Moreover, we

see expected trends in the output – relative error decreases and correlation increases as

sample size increases, and per-target models are more di�cult to fit than same-target ones.

Varying e↵ect size and sparsity levels does not seem to a↵ect our method’s performance
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Table 1.5: Number of failed replicates, i.e. replicates where variance estimates are negative,
out of total number of failed replicates for the simulations

Model: failed reps/total reps
% e↵ect size % nonzeros # of samples

50 50 200 2,3-mer: 1/100
100 25 200 2,3-mer: 2/10

50 100 2,3-mer: 1/100
3-mer per-target: 1/100

200 2,3-mer: 1/100
400 2,3-mer: 7/100

100 200 2,3-mer: 2/100
200 50 200 2,3-mer: 1/100

3-mer per-target: 1/100
400 3-mer per-target: 1/10

100 100 3-mer per-target: 1/10
200 3-mer: 1/10

significantly.
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A.4 Computing the survival process likelihood on a tree with ancestral sequences at internal

nodes

Sequences evolve along a tree with a shared mutation history. Often, given a set of sequence

data, many candidate trees optimize the maximum parsimony objective function [15], and

thus phylogenetic algorithms can return multiple solutions. We have found it to be useful

to rank a set of equally-parsimonious phylogenetic trees in terms of an additional objective

function [9, 11]. To do such ranking with a motif mutability model requires taking into

account mutation order – though the näıve and mutated sequences are the same across trees,

the pairs of parent and descendant sequences on each branch are not. Though tempting,

we cannot use the surrogate function (1.11) on di↵erent trees separately and compare them

as the observed data di↵ers between di↵erent trees. Instead we are interested in

logL(Sobs;✓)� logL(S0
obs;✓) (1.22)

which requires estimating the observed likelihood.

To obtain the observed likelihood of data given a tree with inferred ancestral sequences

at internal nodes, we use Chib’s method to integrate out mutation order along each branch

[5]. This gives us an estimate of the observed likelihood and allows us to compare multiple

trees fit to the same data.
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Chapter 2

ESTIMATION OF CELL LINEAGE TREES BY
MAXIMUM-LIKELIHOOD PHYLOGENETICS

Summary

CRISPR technology has enabled cell lineage tracing for complex multicellular organisms

through insertion-deletion mutations of synthetic genomic barcodes during organismal devel-

opment. To reconstruct the cell lineage tree from the mutated barcodes, current approaches

apply general-purpose computational tools that are agnostic to the mutation process and

are unable to take full advantage of the data’s structure. We propose a statistical model

for the CRISPR mutation process and develop a procedure to estimate the resulting tree

topology, branch lengths, and mutation parameters by iteratively applying penalized maxi-

mum likelihood estimation. By treating the barcode as a molecular clock, our method infers

relative ordering across parallel lineages, whereas existing techniques only infer ordering for

nodes along the same lineage. When analyzing transgenic zebrafish data from ? ], we find

that our method recapitulates known aspects of zebrafish development and the results are

consistent across samples.

1 Introduction

Recent advancements in genome editing with CRISPR1 has enabled the construction of

large-scale cell lineage trees for complex organisms [? ? ? ? ? ]. One of the pioneering

methods — and the focus of this chapter — is Genome Editing of Synthetic Target Arrays

for Lineage Tracing (GESTALT) [? ]. GESTALT integrates an array of CRISPR/Cas9

targets, referred to as a barcode, into the genome of an embryo. Cas9 enzymes injected

into the embryo are directed by single guide RNAs (sgRNAs) to bind and cleave the bar-

1Clustered Regularly Interspaced Short Palindromic Repeats
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code. A mutation is introduced when nucleotides are deleted and/or inserted during DNA

repair. As the organism develops, the barcode accumulates these random mutations and

the mutated barcode is passed from parent cell to daughter cell, which thereby encodes the

ontogeny. These mutated barcodes are sequenced from the organism at some timepoint,

and computational phylogenetic methods are used to estimate the cell lineage tree. Due to

the high diversity of the mutated barcodes, GESTALT has the potential to reveal organism

development in high resolution. Other CRISPR-based lineage-tracing methods are similar

but can vary in which genomic regions they target and how Cas9 is expressed. See ? ] for

a comprehensive review of current CRISPR-based lineage-tracing technologies.

Current computational phylogenetic tools to analyze GESTALT data are insu�cient.

The most common methods are Camin-Sokal (C-S) parsimony [? ] and the neighbor-joining

distance-based method [? ]. Tree estimates from these methods have limited interpretability

since the branch lengths are in terms of an abstract notion of distance rather than time.

Thus, they can only order nodes on the same lineage but not on parallel lineages. In addition,

these general-purpose methods are blind to the mutation mechanism in GESTALT, so their

accuracy can be poor [? ]. Finally, because parsimony is a coarse scoring metric, C-S

parsimony often generates many parsimony-optimal trees — over ten thousand in some

existing datasets — requiring the user to choose one of them.

We set out to develop a statistical model and estimation method to address these chal-

lenges. No appropriate probabilistic model is currently available for GESTALT because the

mutation process violates the classical statistical phylogenetic assumptions. For example,

long tracts of DNA can be deleted from the barcode during GESTALT. So, the usual as-

sumptions that mutations occur pointwise and that individual positions are independent

are not satisfied [? ? ]. Moreover, the GESTALT mutation process is irreversible unlike

most models in phylogenetics.

We introduce a statistical model for GESTALT and an iterative penalized maximum like-

lihood procedure to estimate the tree topology, branch lengths, and mutation parameters.
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Our method, called GAPML (GESTALT analysis using penalized Maximum Likelihood),

models the mutation process as a two-step procedure: Targets are cut according to a con-

tinuous time Markov chain, immediately followed by random insertions or deletions of nu-

cleotides (indels). We have carefully tailored a new set of assumptions and approximations

for GESTALT that makes the likelihood tractable yet maintains biological realism. We

show that the Markov process can be modeled using a higher-level Markov process with

many fewer “lumped” states [? ]. We then combine lumpability with Felsenstein’s pruning

algorithm to e�ciently compute the likelihood [? ]. Throughout, we treat the GESTALT

barcode as a molecular clock and obtain time estimates with respect to this clock.

We have designed GAPML for datasets generated by a small number of barcodes because

inserting many barcodes is currently a technical challenge. In fact, existing GESTALT

datasets were generated using only a single barcode. Maximum-likelihood phylogenetic

methods are known to be unstable when the number of parameters is large but the number of

independent observations (barcodes) is small [? ? ? ]. Based on the success of penalization

techniques in the high-dimensional statistics literature [? ], we augment the objective with a

penalty on the branch lengths and mutation parameters, and design an iterative tree search

procedure compatible with this penalty. We note that penalties on the distance between

the tree estimate and a pre-specified tree [? ? ] are not applicable here because we have

little to no knowledge about the true tree.

Finally, our method estimates trees at a finer resolution compared to other methods.

Whereas C-S parsimony estimates trees with many multifurcations (nodes with 3+ children),

GAPML resolves multifurcations as caterpillar trees to infer additional ordering information.

We e�ciently tune the caterpillar tree orderings by solving a single continuous optimization

problem, rather than a combinatorial one. This is noteworthy since there are very few

situations in phylogenetics in which a topology search can be formulated as a continuous

optimization problem.

The chapter is organized as follows. Sections 2 and 3 present the probabilistic model
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and estimation method, respectively. We validate our method on simulated data in Sec-

tion 4 and empirical data in Section 5. Compared to existing tree-estimation methods,

our method is more accurate in simulations and better recapitulates the known biology of

zebrafish development given data from ? ]. Our simulation engine and estimation method

are available at https://github.com/matsengrp/gapml.

2 GESTALT model

Our goal is to reconstruct the cell lineage tree using data from ? ], which is generated using

a barcode with 10 contiguous CRISPR/Cas9 target sites. Nodes in the tree represent cell

divisions and branch lengths represent time between cell divisions. The full tree describes

the relationships of all cells in the organism. Our goal is to recover the subtree for the

observed sequences.

The experimental protocol in ? ] is as follows. At the single-cell zygote stage, a single

barcode is integrated into the genome and Cas9 enzyme and sgRNAs are injected (Fig 2.1).

Each target in the barcode is 23 nucleotides long, including the required protospacer adjacent

motif, and are separated by a 4 base spacer. Individual sgRNAs matching the nucleotide

sequence of a single unmodified target guide Cas9 enzymes to make double-stranded breaks

at a specific cut site within each target. Mutations are introduced when a break is re-

paired in an error-prone fashion, and nucleotides are inserted or deleted around the cut site.

Sometimes, two targets are cut, the intervening sequence is removed, and nucleotides are

inserted/deleted during repair. Once a target is modified, the sgRNA no longer matches

and the target can no longer be cut.

Since barcodes are inherited from mother to daughter cells, mutations accumulate along

the barcodes in a lineage-specific fashion. These mutated barcodes, which we refer to as

alleles, are recovered by DNA sequencing at the timepoint of interest. The number of unique

sampled alleles are typically on the order of hundreds or thousands. Future experiments

will likely include multiple barcodes to increase the number of unique alleles.

We model the GESTALT barcode as a continuous time Markov chain (CTMC). Calcu-

https://github.com/matsengrp/gapml
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Figure 2.1: Overview of the GESTALT experimental setup. A barcode composed of CRISPR/Cas9
target sites is embedded into the genome of a zygote. During development, the barcode is inherited
from mother to daughter cells. Mutations accumulate along the barcode when the Cas9 enzyme cuts
target(s) and an error-prone repair process deletes and/or inserts nucleotides.

lating the likelihood of the tree for a general CTMC is computationally intractable for two

reasons: First, the mutation rate can depend on the entire barcode sequence and second,

because long deletion tracts mask previous mutation events, we must marginalize over an

infinite number of possible ancestral states. To simplify the calculations, we propose the

following assumptions, which are formalized mathematically later:

1 An indel is introduced by cuts at the outermost cut sites.

2A The cut rates only depend on which targets are unmodified.

2B The conditional probability that an indel is introduced only depends on which

targets were cut.

2C The mutation process is irreversible.

In addition, we introduce approximations of the likelihood that significantly speeds up

computation. Fig 2.15 in the Appendix summarizes how the main results are derived from

the assumptions and approximations.

2.1 Definitions and notation

We begin with presenting mathematical abstractions for GESTALT. Table 2.4 in the Ap-

pendix is provided as a reference for the main definitions used in this chapter.
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c(1)

pos(1)

c(2)

pos(2)

c(M)

pos(M)

c(M-1)

pos(M-1)

…
p0,1 p1,1

c(j0,1),c(j1,1)

p0,2 p1,2

c(j0,2) c(j1,2)

s2

Insertion
Deletion

Figure 2.2: Left: A barcode with M targets. The cut site of the targets c(·) are indicated by bold
lines. The positions associated with each target are highlighted using gray boxes. Right: Example
allele with two indel tracts IT[p0,i, p1,i, si, j0,i, j1,i] for i = 1, 2. The first one was introduced by a
cut at a single target and inserted nothing. The second one was introduced by cuts at two targets
and the insertion of s2.

Barcode

The unmodified barcode is a nucleotide sequence composed of M disjoint subsequences

called targets (Fig 2.2 left). The targets are numbered from 1 to M from left to right,

and the positions spanned by target j are specified by the set pos(j). Each target j is

associated with a single cut site c(j) 2 pos(j). For convenience, define pos(0) = {0} and

pos(M + 1) = {l + 1}} where l is the length of the barcode.

A barcode can be modified by the introduction of an indel tract. An indel tract, denoted

by IT[p0, p1, s, j0, j1], is a mutation event in which targets j0 and j1 are cut (j0  j1),

positions p0, p0 + 1, . . . , p1 � 1 in the unmodified barcode are deleted, and a nucleotide

sequence s is inserted. If j0 = j1, only a single target is cut. When p0 = p1, no positions

are deleted. A valid indel tract must modify the sequence (p0 < p1 or s has positive length)

and have cut sites for its targets nested within positions p0 and p1.

An allele is a sequence of m � 0 disjoint indel tracts (Fig 2.2 right):

a ⌘ {IT[p0,k, p1,k, sk, j0,k, j1,k] : k 2 {1, . . . ,m}} (2.1)

where p1,k < p0,k+1 and j1,k < j0,k+1 for k = 1, . . . ,m� 1. Note that the indices are always

defined with respect to the original unmodified barcode. Let ⌦ be the set of all possible

alleles.
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New indel tract does not overlap previous indel tract

New indel tract completely masks previous indel tract

New indel tract partially overlaps previous indel tract

New indel tract adjacent to previous indel tract

Example mutated barcode

Possible transitions

Figure 2.3: Possible transitions from the left allele are shown on the right. From top to bottom, the
mutation process can introduce a new indel tract that does not overlap, completely masks, partially
overlaps, or is adjacent to the previous indel tract.

Target j is active in allele a if no nucleotides in pos(j) are modified. We denote the

target’s status as TargStat(j; a), where zero means the target is active and one otherwise:

TargStat(j; a) = {9 IT[p0, p1, s, j0, j1] 2 a and 9p0 2 pos(j) s.t. p0  p
0  p1}.

For convenience, denote the target status of allele a as

TargStat(a) = (TargStat(1; a), . . . ,TargStat(M ; a)). (2.2)

The mutation process can introduce indel tract d = IT[p0, p1, s, j0, j1] into an allele if

and only if (i) targets j0 and j1 are active and (ii) p0 and p1 have not been deleted. Let

Apply(a, d) be the resulting allele from introducing indel tract d into allele a. A new indel

tract either does not overlap existing indel tracts, completely masks other indel tracts, or

merges with other indel tracts by partially overlapping or being adjacent to them (Fig 2.3).
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Mutation process

The mutation process up to time T is formulated as a continuous time Markov chain {X(t) :

0  t  T} with state space ⌦. Since ⌦ is defined as the set of possible alleles, we have

implicitly assumed that indel tracts are introduced instantaneously, i.e. nucleotides are

inserted and/or deleted immediately after target(s) are cut.

For tree T, denote the leaves for node N as Leaves(N); use Leaves(T) to denote the set

of all leaves. Let aL be the allele observed at leaf node L. For the branch ending with node

N, denote its length as tN and the Markov process along it as {XN(t) : 0  t  tN}. For

simplicity, we present the model in the context of a single barcode. If there are multiple

barcodes, we assume in this chapter that they are su�ciently far apart that they act in an

independent and identically distributed (iid) manner.

2.2 Assumptions

We now formalize the assumptions presented before. Assumption 1 states that for any indel

tract that cuts targets j0 and j1, its deletions cannot extend past the cut site of neighboring

targets j0 � 1 and j1 + 1. Note that it can still deactivate neighboring targets by mutating

nucleotides at the edge of these targets. We use this assumption to limit the set of possible

mutation histories.

Assumption 1. Each indel tract IT[p0, p1, s, j0, j1] satisfies c(j0 � 1) < p0  c(j0) and

c(j1)  p1 < c(j1 + 1).

To formalize Assumptions 2A-C, define a target tract as a set of indel tracts that cut and

deactivate the same target(s). A target tract, denoted TT[j0
0
, j0, j1, j

0
1
] (j0

0
 j0  j1  j

0
1
),

is the set of all indel tracts that cut targets j0 and j1 and delete nucleotides such that targets

j
0
0
through j

0
1
are inactive, i.e.

TT[j00, j0, j1, j
0
1] =

�
IT[p0, p1, s, j0, j1] : p0 2 pos(j00), p1 2 pos(j01)

 
. (2.3)
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For instance, TT[2, 2, 3, 4] is the set of indel tracts that cut targets 2 and 3, introduce

deletions rightward that deactivate target 4 but not beyond, and introduce short deletions

leftward so that target 1 is una↵ected. Every indel tract d belongs to a single target tract,

which we denote TT(d).

The second assumption states that the instantaneous rate of introducing indel tract d

into allele a is the product of the rate of introducing any element from TT(d), which only

depends on the target status of a, and the conditional probability of introducing d given

TT(d). It also states that the mutation process is irreversible and homogeneous. As such,

we treat the GESTALT barcode as a molecular clock. Note that the total mutation rate of a

barcode varies over time based on which targets are active, but the model for the transition

rates is stationary.

Assumption 2. Let a be an allele, d be an indel tract that can be introduced into a, and

⌧ = TT(d). The instantaneous rate of introducing d in a at time t can be factored into two

terms: first, a function that only depends on the triple (⌧,TargStat(a), t), and second, the

conditional probability of introducing d given ⌧ :

q(a,Apply(a, d)) := lim
�!0

Pr (X(�) = Apply(a, d) | X(0) = a)

�

= h (⌧,TargStat(a)) Pr (d | ⌧) .

Moreover, h(⌧,TargStat(a)) = 0 if ⌧ cuts a target that is inactive in a.

Using Assumptions 1 and 2, we can calculate the (approximate) likelihood e�ciently as

described below. Assume the topology is fixed for now, which we denote as T.

2.3 Summing over likely ancestral states

The first step to calculating the likelihood is to characterize the possible ancestral states.

In this section, we provide a recursive algorithm for characterizing a subset of the ancestral

states, which should capture all the likely ancestral states and only exclude those with very

small probability.
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Our approximation of the likelihood excludes mutation histories where overlapping indel

tracts merged but did not fully mask one another:

Approximation 1. The probability of indel tracts merging is approximately zero, i.e.

Pr (XL(tL) = aL8 L 2 Leaves(T))

⇡Pr (XL(tL) = aL8 L 2 Leaves(T),no indel tracts merged) .
(2.4)

We will refer to the right-hand probability as the approximate likelihood. We believe merge

events are rare since they occur when deletion lengths are long, whereas most deletions

are short in ? ]. By excluding merge events, we show that the set of ancestral states in

Approximation 1 can be expressed compactly.

Now, let us define a partial ordering among alleles using Approximation 1 and Assump-

tion 1. Given two alleles a, a0 2 ⌦, a � a
0 means that a can transition to a

0 without merging

indel tracts, i.e. there is a sequence of indel tracts {di}mi=1
for some m � 0 such that

a
0 = Apply (dm,Apply (dm�1, . . .Apply(d1, a)))

where no indel tracts merge. Then, the set of “likely” ancestral states at internal node N in

tree T is defined as

AncState (N) = {a 2 ⌦ : a � aL 8 L 2 Leaves(N)} . (2.5)

(Note that AncState(·) is also defined for leaf nodes, in which case it is the set of alleles

that likely preceded the observed allele.) To calculate the approximate likelihood in (2.4),

we marginalize over AncState(N) at each internal node N.

We can characterize AncState(N) using only two building blocks (Fig 2.4): wildcards and

singleton-wildcards. A wildcard2 WC[j0, j1] is the set of all indel tracts that only deactivate

2In software systems, a wildcard is a symbol used to represent one or more characters (e.g. “*”). Similarly,
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targets within the range j0 to j1, inclusive:

WC[j0, j1] =
�
IT[p00, p

0
1, s

0
, j

0
0, j

0
1] : pos(j0 � 1) < p

0
0, p

0
1 < pos(j1 + 1)

 
. (2.6)

A singleton-wildcard SGWC[p0, p1, s, j0, j1] is the union of the singleton set {IT[p0, p1, s, j0, j1]}

and its inner wildcard WC[j0 + 1, j1 � 1], if it exists:

SGWC[p0, p1, s, j0, j1] =
8
>><

>>:

{IT[p0, p1, s, j0, j1]} [WC[j0 + 1, j1 � 1] if j0 + 1  j1 � 1

{IT[p0, p1, s, j0, j1]} otherwise.

(2.7)

Two or more wildcards (WCs) and/or singleton-wildcards (SGWCs) are disjoint if the max-

imum ranges of targets deactivated by indel tracts in these sets do not overlap.

Given a set of indel tracts D, let the alleles generated by D, denoted Alleles(D), be the

set of alleles that can be created using subsets of D:

{{IT[p0,k, p1,k, sj , j0,k, j1,k]}mk=1 ✓ D :

m 2 N, p1,k < p0,k+1, j1,k < j0,k+1 8k = 1, . . . ,m� 1}.

Then for leaf L with allele {IT[p0,k, p1,k, sk, j0,k, j1,k]}mk=1
, AncState(L) is any subset of the

alleles generated by its corresponding singleton-wildcards, i.e.

AncState(L) = Alleles

0

@
[

k=1,...,m

SGWC[p0,k, p1,k, sk, j0,k, j1,k]

1

A .

We now define a recursive procedure to characterize AncState(·) for all nodes in the tree.

We have already established that AncState for a leaf node is characterized by a union of

disjoint SGWCs. To recur up the tree, Lemma 1 states that AncState(N) for node N is also

characterized by a union of disjoint WC/SGWCs.

we define wildcard here as all indel tracts that only deactivate targets within a specified range.
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WC[2,3]

s

{IT[p0,p1,s,1,4]}

SGWC[p0,p1,s,1,4] TT[1,1,3,4]

……

Figure 2.4: Relationship between indel tracts (IT), target tracts (TT), wildcards (WC), and
singleton-wildcards (SGWC). Each IT is shown in the context of a barcode. Each box represents
a set of ITs. For example, the singleton set {IT[p0, p1, s, 1, 4]} is the indel tract that cuts targets
1 and 4, deletes positions p0 to p1, and inserts sequence s. Wildcard WC[2, 3] contains all indel
tracts that only deactivate targets 2 and/or 3. SGWC[p0, p1, s, 1, 4] is the union of the singleton set
{IT[p0, p1, s, 1, 4]} and the internal wildcard WC[2, 3]. TT[1, 1, 3, 4] is the set of indel tracts that cut
targets 1 and 3 and deactivate 1 to 4.

Lemma 1. Consider any internal node N with children nodes C1, . . . , CK . For each child

Ck, suppose

AncState(Ck) ✓ Alleles

0

@
MCk[

m=1

DCk,m

1

A (2.8)

where {DCk,m}MCk
m=1

are pairwise disjoint wildcards and/or singleton-wildcards. Then, AncState(N)

can be written in the form of (2.8) where {DN,m}MN

m=1
are disjoint wildcards and/or singleton-

wildcards and is equal to the non-empty intersections of DC1,m1 \ . . . \DCK ,mK , i.e.

{DC1,i1 \ . . . \DCK ,mK : m1 = 1, . . . ,MC1 , · · · ,mK = 1, . . . ,MCK} \ ;. (2.9)

In practice, we use the recursive algorithm in Section A.2 of the Appendix to compute

AncState(·) exactly for additional computational e�ciency.

2.4 Lumpability

The previous section discussed approximating the likelihood by summing over likely ances-

tral states. Nevertheless, there are still an infinite number of these likely ancestral states.



66

…

…

Target activity
Inactive

Active

Barcodes 
with the above 
target activity

Figure 2.5: An example of lumping together barcodes that share the same target activity. The
two outer boxes correspond to two of the lumped states. The left box is the grouped state for
possible ancestral barcode states where the second target is no longer active, while the right box
represents when the second, fourth, and fifth targets are no longer active. The arrows represent
possible transitions and the color represents the transition rates. Notice that each barcode in the
left box has the same set of outgoing arrows. To show that the states are lumpable, we show that
the total transition rate out of a barcode in the left box to the right box is identical for all barcodes
in the left box.

Next, we use Assumption 2 and e�ciently compute the approximate likelihood by marginal-

izing over a small number of “lumped” states.

Lumpability, a well-studied property for Markov chains, states that the behavior of a

Markov process can be described by a Markov process over the lumped states [? ? ]

(Fig 2.5):

Definition 1. Let X(t) be a continuous time Markov chain with state space ⌦. If there

exists a partition {A1, . . . , AM} of ⌦ and a continuous time Markov chain Y (t) with state

space {A1, . . . , AM} such that

Pr(X(t) 2 Ai) = Pr(Y (t) = Ai) 8i = 1, . . . ,M, (2.10)

then X is lumpable.

If we can find a partition that satisfies (2.10), then we can calculate the likelihood over the

lumped states instead. The main practical hurdle in using lumpability is finding such a
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partition [? ].

There is relatively little work on using lumpability in phylogenetics. The one application

in ? ] calculates the likelihood of a codon model approximately by assuming states are

lumpable, even though this is not satisfied. Here we show that lumpability is satisfied

exactly in our setting. Since our solution partitions the state space di↵erently at each node,

we must extend Felsenstein’s pruning algorithm [? ] to calculate the approximate likelihood

(2.4).

We will define a partition of ⌦ at node N denoted {g(b; N) : b 2 B} for some index set

B. We partition the states based on their target status and whether or not they are likely

ancestral states (Fig 2.5), as defined below.

Definition 2. Define index set B to be {0, 1}M [ {other}.

For internal tree node N, partition the state space ⌦ into

8
>><

>>:

g(b; N) = {a 2 AncState(N) : TargStat(a) = b} 8 b 2 {0, 1}M

g(other; N) = ⌦�AncState(N).

(2.11)

For leaf node N, partition the state space ⌦ into

8
>>>>>><

>>>>>>:

g(b; N) = {aN} if b = TargStat(aN)

g(b; N) = ; if b 2 {0, 1}M and b 6= TargStat(aN)

g(other; N) = ⌦� {aN}.

(2.12)

Using Assumption 2, we prove in Lemma 4 (see Appendix) that for any b, b
0 2 {0, 1}M ,

the instantaneous transition rate from any allele a in g(b; N) to g(b0; N) is the same. Therefore

we can construct a Markov process over the lumped states {g(b; N) : b 2 B}, calculate its

instantaneous transition rate matrix Qlump,N as defined in Lemma 4, and exponentiate this
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matrix to calculate the transition probability

Pr
�
XN(t) 2 g(b0; N)|XN(0) 2 g(b; N)

�
=
�
e
Qlump,Nt

 
b,b0

8b, b0 2 B. (2.13)

The following theorem extends Felsenstein’s pruning algorithm to calculate the phylo-

genetic likelihood by marginalizing over at most 2M lumped states. For b 2 B, let the

probability of observing the data (marginalizing over likely ancestral states) given that the

allele at node N is in partition g(b; N) be denoted

pN(b) = Pr (XL(tL) = aL8 L 2 Leaves(N)|XN(tN) 2 g(b; N)) . (2.14)

Theorem 1. Suppose Assumptions 1 and 2 and Approximation 1 hold. For any internal

tree node N, target status b, and nonempty allele group g(b; N), we have

pN(b) =
Y

C2children(N)

8
>>><

>>>:

X

b02{0,1}M
g(b0;C) 6=;

pC(b
0) Pr

�
XC(tC) 2 g(b0; C)|XC(0) 2 g(b; C)

�

9
>>>=

>>>;
. (2.15)

where Pr (XC(tC) 2 g(b0; C)|XC(0) 2 g(b; C)) is defined in (2.13).

2.5 Caterpillar trees

We would like to estimate trees at the finest resolution possible. C-S parsimony produces

estimates at a coarse resolution: If the ordering between nodes is ambiguous, they are all

grouped under a single parent node. We propose estimating trees resolving multifurcations

at the finer resolution of caterpillar trees (Fig 2.6a). A caterpillar tree is one where all

subtrees branch o↵ of a central path called the spine. We do not assume that the true tree

is a caterpillar tree. Rather, we use the caterpillar tree to uncover the order in which indel

tracts were introduced.

Calculating the likelihood for all possible branch orderings in a caterpillar tree is compu-



69

tationally intractable because there are K! such orderings for K children nodes. We sidestep

this issue by approximating the likelihood using another lower bound: we only marginalize

over mutation histories where the alleles are constant along caterpillar spines. To see why

this a reasonable approximation, consider the example in Fig 2.6b. Because the GESTALT

mutation process is irreversible, the only possible ancestral state at many internal nodes

along the spine is the unmutated barcode. In other words, the allele was constant along

most of the spine. Thus, we propose the following approximation of the likelihood.

Approximation 2. We approximate Pr (XL(tL) = aL8 L 2 Leaves(T)) by considering only

the mutation histories that have a constant allele along the caterpillar spines:

Pr (XL(tL) = aL8 L 2 Leaves(T), alleles are constant on all spines) . (2.16)

This approximation is particularly attractive because it can be computed using the same

mathematical expression regardless of the ordering of the children nodes. This allows us to

tune the ordering in the caterpillar tree by solving a single continuous optimization problem

(Fig 2.6b).

We re-parameterize the branch lengths for caterpillar branches (Fig 2.6c). Consider a

caterpillar tree with root node N and child node C. Let `C indicate the distance between C

and N. For �C 2 (0, 1), let �C`C be branch length of C. We can capture all possible orderings

for the caterpillar tree rooted at N by varying the values of (`C,�C) for each child node C.

With this parameterization, we now extend Theorem 1 to calculate (2.16). For allele a

and node N, define p̃N(a) the same as (2.14) but now assuming both Approximations 1 and

2. Again, apply Felsenstein’s pruning algorithm to recursively compute p̃N for each node N.
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Resolution HighLow

Cell lineage subtreeCollapse subtrees into

caterpillar trees

Full cell lineage tree

Collapse subtrees into

star trees

(a) We show the subtree of a full cell lineage tree (top) from low (left) to high (right) resolutions.
The lowest resolution collapses ambiguous orderings as multifurcating nodes. To infer ordering
information, we increase the resolution of the tree by projecting onto the space of caterpillar trees
(middle).

…

(b) Our method resolves multifurcating nodes
as caterpillar trees. There are many possible
orderings in a caterpillar tree, two of which
are shown above. We tune the ordering by
maximizing the penalized log likelihood.

��
�� ��

�

…

…

…

…
�

(c) We parameterize the branch lengths in a
caterpillar tree by associating each child node
C with parameters `C > 0 and �C 2 [0, 1]. The
length of the caterpillar spine, highlighted in
bold, is the maximum value of `C(1� �C) over
all children nodes C.

Figure 2.6: Caterpillar tree goals and parameterization



71

However, if N is the root of a caterpillar tree, then p̃N(a) is equal to

Pr (XN(tspine) = a|XN(0) = a)
Y

C2children(N)

(
X

a02⌦
Pr
�
XC(`C�C) = a

0|XC(0) = a
�
p̃C(a

0)

)

(2.17)

where tspine = max{`C(1� �C) : C 2 children(N)}. To e�ciently calculate the likelihood, we

marginalize over the corresponding lumped states instead.

In summary, we have shown how to tune caterpillar trees by solving a single continuous

optimization problem. Compared to considering each tree topology separately, this approach

is more computationally e�cient and performs a more comprehensive search over tree space

in practice.

2.6 Model implementation

We briefly describe our specific model implementation here and leave details to Section A.5.

Each target is associated with a di↵erent cut rate �j . If targets j0 and j1 are active, the

rate for cutting target j0 is �j0 and the rate for simultaneously cutting targets j0 and

j1 is !(�j0 + �j1) for some ! > 0. We model the distribution of deletion lengths using

zero-inflated truncated negative binomial random variables (RVs) and insertion lengths

using zero-inflated negative binomial RVs. Finally, Section A.7 discusses our actual code

implementation, which includes an additional approximation used to limit memory usage.

3 Estimation method

Now that the approximate likelihood is computationally tractable, we are ready to estimate

the cell lineage tree and mutation model parameters.

3.1 A simple approach

Consider the following estimation procedure: Given a pool of candidate tree topologies, se-

lect the one with the highest likelihood after optimizing over its corresponding parameters.
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Unfortunately, this procedure can be highly inaccurate for existing GESTALT datasets,

where we must estimate thousands of parameters given data generated by a single barcode.

Because this problem is high-dimensional, we found in simulations that the maximum like-

lihood estimate tends to overestimate the length of the leaf branches and the variance of

the target rates.

3.2 Penalization

To improve the estimation accuracy, we propose performing penalized maximum likelihood

estimation instead. We penalize large di↵erences in the branch lengths ` and target rates

� using

Pen(✓) = 1

�����log�� 1

M

MX

i=1

log(�i)

�����

2

2

+ 2

�����log `�
1

L

LX

i=1

log(`i)

�����

2

2

,

where 1,2 > 0 are penalty parameters and L is dimension of `. A similar branch-length

penalty was considered in ? ], but they assume the topology is known.

We cannot directly combine this penalty with the simple approach in Section 3.1 because

di↵erent topologies may naturally have larger branch length penalties. To ensure that the

penalized log likelihood (PLL) is comparable between di↵erent topologies, we use an iterative

search procedure instead.

For fixed penalty parameters, our estimation procedure follows Algorithm 4. We initial-

ize the topology by selecting a random parsimony-optimal tree from C-S parsimony. At each

iteration, we select a random subtree and consider candidate subtree-prune-regraft (SPR)

moves that preserve the parsimony score, since parsimony-optimal trees tend to have the

highest likelihoods (Fig 2.21). To make sure the PLLs are comparable, we choose a random

leaf from the subtree, calculate the likelihood for the tree from regrafting only this random

leaf, and calculate the penalty with respect to the shared subtree (Fig 2.7).3 We select the

3We chose to regraft a random leaf from the subtree to make the penalty as comparable as possible across
candidate SPR moves. Using this approach, the resulting trees from the SPR move di↵er by only a single
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SPR1 score = -100.1

SPR2 score = -98.9

SPR3 score = -101.2

Original tree New tree

Figure 2.7: To tune the tree topology, we select a random subtree (left) and score possible
SPR moves that preserve the parsimony score by selecting a random subleaf and calculating
the maximized penalized log likelihood of the resulting tree (middle). We then update the
tree by applying the SPR move with the highest penalized log likelihood (right).

SPR move with the highest PLL. In simulations, we found that this procedure progressively

improves the tree estimate (Fig 2.20b). See Section A.4 for a discussion on tuning penalty

parameters.

4 Simulation engine and results

We built a simulation engine of the GESTALT mutation process during embryonic develop-

ment. Since cell divisions during embryonic development begin in a fast metasynchronous

fashion and gradually become more asynchronous [? ], the simulation engine generates a

cell lineage tree by performing a sequence of synchronous cell divisions followed by a birth-

death process where the birth rate decays with time. We mutate the barcode along this

cell lineage tree according to our model of the GESTALT mutation process. The simulation

engine generates data that closely resembles the data collected from zebrafish embryos in ?

] (Fig 2.8). We can input di↵erent barcode designs into the simulation engine to understand

how they a↵ect our ability to reconstruct the cell lineage tree.

We used two evaluation metrics to evaluate tree estimates: BHV distance [? ] and a

leaf; Whereas, if we regrafted an entire subtree, the resulting trees will di↵er significantly.
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Algorithm 4 Cell lineage tree reconstruction for penalty parameter 

1: Initialize tree T. Let the sequenced GESTALT barcodes be denoted D.
2: for Iteration k do
3: Pick a random subtree from T. Select one of the leaves C of the subtree.
4: for each possible SPR move involving the subtree that doesn’t change the parsimony

score (including the no-op) do
5: Construct T0 by applying the SPR to leaf C; let T0

shared
be the subtree of T0 when

excluding C

6: Evaluate the penalized log likelihood for the SPR move, maximized with respect
to parameters ✓:

max
✓

log Pr(D, alleles are constant on caterpillar spines, no merging events;T0
, ✓)| {z }

Approximation to the likelihood

� Pen(T0
shared, ✓)| {z }

Penalty on branch lengths and mutation parameters

7: end for
8: Update the tree T by performing the SPR move on the subtree with the highest

penalized log likelihood
9: end for

Figure 2.8: Comparison of simulated data (each thin line is a replicate) versus observed alleles
from a fish at 4.3 hours post-fertilization (bold line). The distribution of inactive targets and the
number of times an allele is observed are similar.
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A B C A B C

t2’

t1’
t1

t2

Tree X reference:
Tree X Tree Y

MRCA of ABC t1 t1’
MRCA of AB t2 t1’ 1

2

Tree Y reference:
Tree X Tree Y

MRCA of ABC t1 t1’
MRCA of BC t1 t2’Tree X Tree Y

Figure 2.9: Example calculation of the internal node time correlation. For each tree, calculate the
heights for each internal node (e.g. t1, t2, t

0
1, t

0
2) and calculate the correlation between the times of

the most recent common ancestors (MRCAs) of corresponding leaf groups. The internal node time
correlation is the average of correlations ⇢1 and ⇢2.

new metric we call internal node time correlation. Intuitively, the BHV distance between

two trees is the smallest total change in branch lengths to transform one tree into the other

(so its minimum value is zero). It is a formal distance metric and therefore enjoys many nice

mathematical properties; However, our collaborators found internal node time correlation

easier to interpret, particularly when BHV distance is large. Given ultrametric trees X

and Y for the same set of leaves, the internal node time correlation is calculated as follows

(Fig 2.9):

1. For each internal node in tree X, find the matching node in tree Y that is the most

recent common ancestor of the same set of leaves.

2. Calculate the Pearson correlation of the heights of matched nodes.

3. Repeat steps 1 and 2 but swap trees X and Y .

4. Average the two correlation values.

A correlation of 1 means that the trees are exactly the same; the smaller the correlation is,

the less similar the trees are.

We compare our method to estimating the tree topology using C-S parsimony [? ] or

neighbor-joining (NJ) [? ] and then applying semiparametric rate smoothing (chronos
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Figure 2.10: Error of trees estimates from GAPML as well as Camin-Sokal parsimony (CS) and
neighbor-joining (NJ) with node time estimation by semiparametric rate smoothing (chronos). Sim-
ulated trees has⇡100 leaves, where the barcode is composed of six targets and the number of barcodes
is varied from one to six. GAPML outperforms other methods in terms of BHV (left) and the internal
node time correlation metrics (middle). The methods are similar in terms of the Robinson-Foulds
(RF) metric (right).

in the R package ape) to estimate node times [? ]. We refer to these approaches as

“CS+chronos” and “NJ+chronos,” respectively. Previous in silico analyses measured ac-

curacy in terms of the Robinson-Foulds (R-F) distance, which only evaluates di↵erences in

tree topology [? ]. However, this is a very coarse metric and fails to recognize that trees

with di↵erent topologies can still have very similar internal node times. As such, we also

evaluate tree estimates using BHV distance and internal node time correlation; We find

that GAPML consistently outperforms the other methods with respect to these two metrics

(Fig 2.10 and Table 2.1).

Figure 2.10 also shows that GAPML improves in performance as the number of inde-

pendent barcodes increases. In this simulation, the estimated tree from a single barcode

has internal node time correlation of 0.5 with the true tree whereas using six barcodes in-

creases the correlation to 0.9. Even though other analyses have recommended increasing

the number of targets in a single barcode to improve tree estimation [? ], we found that

adding independent barcodes is more e↵ective (Fig 2.19).

Section A.9 is a larger simulation study of the method’s asymptotic properties. We show

that the method continues to improve, even when there are hundreds of barcodes. Section

A.9 shows that tree estimates from GAPML are robust to errors resolving ambiguous indels.
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Method BHV 1 - Internal node correlation

GAPML 5.33 (5.06, 5.60) 0.43 (0.39, 0.46)
CS + chronos 6.57 (6.45, 6.9) 0.57 (0.54, 0.60)
NJ + chronos 8.55 (8.51, 8.59) 0.67 (0.66, 0.68)

Table 2.1: Comparison of methods on simulated data using a single barcode with ten targets
and around 200 leaves. The 95% confidence intervals are given in parentheses.

5 Real data analysis of a zebrafish

To validate our method, we reconstructed cell lineages using our method and other tree-

building methods on GESTALT data from zebrafish [? ]. As the true cell lineage tree is not

known for zebrafish, we employed indirect measures of validity. For each method, we asked

(1) if similar conclusions could be made across di↵erent biological replicates and (2) if the

tree estimates aligned with the known biology of zebrafish development.

The dataset includes two adult zebrafish where cells were sampled from dissected organs.

The organs were chosen to represent all germ layers: the brain and both eyes (ectodermal),

the intestinal bulb and posterior intestine (endodermal), the heart and blood (mesodermal),

and the gills (neural crest, with contributions from other germ layers). The heart was

further divided into four samples— a piece of heart tissue, dissociated unsorted cells (DHCs),

FACS-sorted GFP+ cardiomyocytes, and non-cardiomyocyte heart cells (NCs). In addition,

datasets were collected from embryos at the dome stage (4.3 hours post-fertilization (hpf)),

pharyngula stage (30 hpf), and from early larvae (72 hpf), where the cell types are unknown.

We set the total height of each tree estimate to T = 1.

5.1 Replication of developmental relationships between tissue types

Here, we check if the estimated developmental relationships between tissue types is repli-

cated in the two adult fish samples. For each estimated tree, we calculated the distance

between tissues, which we define as the average tree distance between a leaf of one tissue

to the closest internal node leading to a leaf from the other tissue, weighted by the allele

abundance (Fig 2.11). (All alleles that were found in the blood were removed since blood
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Figure 2.11: Average distance between tissue sources from adult fish 1 (left) and 2 (right) for tree
estimates from GAPML. The distance between tissues is the average time from a leaf of one tissue
to the closest internal node with a descendant of the other tissue. The shading reflects distance,
where bright means far and dark means close. The tissue distances share similar trends between the
two fish. For example, the top (brain and eyes) and lower right (heart-related organs) tend to be
the darker regions in both distance matrices.

is found in all dissected organs and can confound the relationship between organs [? ].)

Recall that all of the fitting procedures are completely agnostic to any tissue source or cell

abundance information. We tested if the correlations were significant by permuting the cell

types and abundances in the estimated trees. The correlation was 0.730 (p < 0.001) using

our method, whereas ‘CS+chronos’ and ‘NJ+chronos’ had correlations of 0.306 (p = 0.21)

and -0.325 (p = 0.22), respectively.4

5.2 Replication of mutation parameters

Here, we check if the mutation parameters replicate across fish samples. For each time

point, the fish replicates were traced using the same GESTALT barcode and processed

using the same experimental protocol (Table 2.2). We compared the estimated target rates

from our method to those estimated using a model-free empirical average approach where

4 One might be concerned that our method is consistent across fish replicates because it returns very
similar trees regardless of the data. However, this is not the case: When we re-run our method with
randomly permuted cell types and abundances, the average correlation between the tissue distances drops
to zero.
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Fish age n Barcode version GAPML Correlation Empirical average correlation

4 months 2 7 0.891 0.685
72 hpf 6 7 0.897 (0.855, 0.973) 0.648 (0.616, 0.842)
30 hpf 4 6 0.287(0.287, 0.788) 0.052 (0.052, 0.727)
4.3 hpf 5 7 0.942 (0.942, 0.976) 0.749 (0.714, 0.918)

Table 2.2: Mean Spearman correlation between the estimated target lambda rates across fish
replicates (hpf is short for hours post fertilization). 95% confidence intervals via bootstrap
are shown in parentheses. The correlation is higher for GAPML estimates, compared to
setting rate estimates as the proportion of times each target was cut.

Figure 2.12: Fitted target lambda rates for fish sampled at di↵erent time points; Each line cor-
responds to estimates for a single fish. Fish sampled at 4.3hpf (left) and 72 hpf (middle) used the
same barcode and have similar rate estimates. The 30hpf fish (right) used a di↵erent barcode and
has di↵erent rate estimates.
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the estimated target cut rate is the proportion of times a cut was observed in that target

in the set of unique observed indels. The average correlation between the estimated target

rates from our method were much higher than that for the alternate approach (Table 2.2).

In fact, we can also compare target cut rates between fish of di↵erent ages that share the

same barcode, even if the experimental protocols are slightly di↵erent. The 4.3hpf and

72hpf fish share the same barcode version, and we find that the target rate estimates are

indeed similar (Fig 2.12).

5.3 Recovery of cell-type and germ-layer restriction

It is well known that cells are pluripotent initially and specialize during development. To

evaluate recovery of specialization by tissue type, we calculated the correlation between the

estimated time of internal tree nodes and the number of descendant tissue types; to evaluate

recovery of specialization by germ layer, we calculated the correlation between the estimated

time of internal nodes and the number of germ layers represented at the leaves. (As before,

all the estimation methods do not use the tissue origin and germ layer labels.) Since any

tree should generally show a trend where parent nodes tend to have more descendant cell

types than their children, we compared our tree estimate to the same tree but with random

branch length assignments and randomly permuted tissue types. Our method estimated

much higher correlations compared to these random trees (Table 2.3). We show an example

of the node times versus the number of descendant cell types and germ layers in Figure 2.13.

The other methods have lower correlation compared to GAPML in all cases, except for ‘NJ

+ chronos’ in the second adult fish. However, upon inspection, the correlation is high for

‘NJ + chronos’ because it estimates that cells are pluripotent for over 90% of the fish’s life

cycle and specialize during a small time slice at the very end.
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Adult Estimation # tissue types vs time # germ layers vs time
Fish Method Corr Random corr p-value Corr Random corr p-value

1
GAPML -0.476 -0.176 < 0.001 -0.404 -0.125 < 0.001

CS+chronos -0.182 0.037 0.002 -0.142 0.032 0.044
NJ+chronos -0.271 -0.126 0.003 -0.179 -0.094 0.084

2
GAPML -0.547 -0.243 <0.001 -0.437 -0.184 0.002

CS+chronos -0.389 0.070 0.001 -0.397 0.090 < 0.001
NJ+chronos -0.621 -0.236 <0.001 -0.475 -0.183 0.001

Table 2.3: Correlations between the number of descendant cell types/germ layers vs. the
time of internal nodes for di↵erent estimation methods. For each tree estimate, we create
random trees by fixing the topology but shu✏ing cell types and assigning random branch
lengths. The correlation for these random trees are shown. The p-value is calculated with
respect to these random trees.

Figure 2.13: Visualization of internal node times for the first adult fish using GAPML, stratified
by the number of descendant cell types (left) and germ layers (right). The estimated node times
recover the known phenomenon of cell type and germ layer restriction during organism development.
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5.4 Analysis of the zebrafish GESTALT data

Now we analyze the fitted trees of the adult zebrafish in more detail to check if summaries

concord with known zebrafish biology; and generate new hypotheses about zebrafish devel-

opment and the experimental procedure.

The estimated tissue distance matrices (Fig 2.11) present a coarse summary of the

developmental process. We observe that they recapitulate some well-established facts about

zebrafish development. For example, we estimate that tissue types from the endoderm

and mesoderm tended to be closer. This signal potentially captures the migration of the

endoderm and mesoderm through the blastopore, isolating them from the ectoderm [? ]. In

addition, previous studies established that gills form when the anterior part of the intestine

grows toward and fuses with the body integument [? ]. Likewise, our method estimates

that gill cells are closer to tissues from the endoderm and mesoderm.

Fig 2.11 also shows that the GFP+ cardiomyocytes tend to be farthest away from other

tissue types, which could be either a developmental signal or an artifact of the experimental

protocol. GFP+ cardiomyocytes were sorted using fluorescence-activated cell and this purity

could drive their separation from the other more heterogeneous organ populations. An

interesting biological speculation would be that the myocardial cells are one of the first cells

to di↵erentiate during vertebrate embryo development, which could be driving this observed

signal [? ].

The cell lineage tree estimated using GAPML provides significantly more detail than

the C-S parsimony tree inferred in ? ] (Fig 2.14). Unlike the C-S tree, the GAPML tree

infers relative timing of events across parallel subtrees and infers the order of events.

The full tree estimated using GAPML for the first adult zebrafish is displayed in Fig-

ure 2.24. The raw tree data and tools for visualizing the tree are available at https:

//github.com/matsengrp/gapml. Its longest caterpillar spine starts from the root node

and connects all the major subtrees that share no indel tracts. As the zebrafish embryo

rapidly divides from the single-cell stage, these initial CRISPR editing events establish the

https://github.com/matsengrp/gapml
https://github.com/matsengrp/gapml
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Percentage of organ
Allele Percentage of organ

Allele

Figure 2.14: Subtree from trees estimated using GAPML (left) and Camin-Sokal parsimony (right).
Red and blue bars in the allele indicate deletions and insertions, respectively. Alleles observed in
multiple organs are plotted on separate lines per organ. The barchart on the right of each subfigure
indicates the proportion of cells in that organ represented by each allele. The dashed lines in the
GAPML tree correspond to the caterpillar spines.

founding cell in each subtree. We see that the last three subtrees at the end of this spine

(farthest away from the root) were observed primarily in the intestinal bulb and the pos-

terior intestine. This concords with our understanding of zebrafish development: of the

dissected organs, the digestive tract is the last to fully di↵erentiate [? ]. These examples

show that this more refined lineage tree can inspire new and interesting biological questions

and provide a means to answer them.

5.5 Analysis of mutation parameters

Finally, our estimated mutation parameters (Table 2.5) can guide redesigns of the GESTALT

barcode. For example, we estimate that Targets 1 and 9 in the barcode from ? ] have the

highest cut rates. To decrease the frequency of inter-target deletions, one suggestion is

therefore to move those targets to the center of the barcode and targets with lower cut rates

to the outside.
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6 Discussion

We have proposed a statistical model for the mutation process of GESTALT, a lineage-

tracing technology that leverages a synthetic barcode of CRISPR/Cas9 targets to record

development. Our method, GAPML, estimates the cell lineage tree and the mutation pa-

rameters of this system. GAPML outperforms existing methods on simulated data, provides

more consistent results across biological replicates, and outputs trees that better concord

with our understanding of developmental biology. Its performance will continue to improve

with our ability to integrate more barcodes.

Our method provides a number of technical contributions to the phylogenetics litera-

ture. Because the GESTALT mutation process violates many of the classical phylogenetic

assumptions, we have introduced new assumptions and methods to make the problem com-

putationally tractable. We believe these techniques could be useful for other phylogenetic

problems where the common assumptions do not hold.

A limitation of our method is that it treats the barcode as a molecular clock, even

though its mutation rates can actually vary due to cell state, e.g. chromatin state and

transcriptional activity. Future work includes relaxing the molecular clock assumption,

as well as quantifying the uncertainty of our estimates and merging data across sample

replicates.

Finally, our methods may be useful for analyzing other CRISPR-based cell lineage trac-

ing technologies. GAPML is most readily applied to techniques that insert arrays of Cas9

targets [? ? ] or those that mutate transgenes in organisms [? ? ]. More work needs to be

done to adapt it to homing CRISPR guide RNA systems [? ? ].
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A Appendix

A.1 Useful guides for reading the proofs

Symbol Description Eq.

XN(t) Markov process along branch ending with node

N

aN Observed allele at leaf N

pos(j) Positions of target j in the unmodified barcode

c(j) Cut site of target j

Leaves(N) Leaves of node N

Desc(N) Descendants of node N

TargStat(a) Status of targets in allele a. 1 in position j in-

dicates target j is inactive

(2.2)

IT[p0, p1, s, j0, j1] Indel tract that cuts targets j0 and j1, deletes

positions p0 to p1 � 1, inserts s

TT[j0
0
, j0, j1, j

0
1
] Target tract: all indel tracts that cut targets j0

and j1 and deactivate targets j0
0
to j

0
1

(2.3)

TT(d) The target tract that indel tract d belongs to

WC[j0, j1] Wildcard: any indel tract that only deactivates

targets with indices j0 to j1

(2.6)

SGWC[p0, p1, s, j0, j1] Singleton-wildcard: union of an indel tract and

its inner wildcard

(2.7)

AncState(N) The set of likely ancestral states for node N (2.5)

Table 2.4: Notation used in this chapter
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Assumption 1 
Indels are introduced 
by cuts at the 
outermost cut sites

Assumption 2 
A) Cut rates only depend on which 
targets are unmodified

B) The conditional probability that an 
index is introduced depends on which 
targets were cut

C) Mutation process is irreversible

Theorem 1 
The likelihood can be 
computed with respect 
to the lumped states 
using Felsenstein’s 
pruning algorithm.

Lemma 1 
We can efficiently construct 
the states to sum over for 
approximating the likelihood.

We can efficiently calculate 
the approximate likelihood

Approximation 1 
Approximate the 
likelihood by only 

summing over 
mutation histories 

where no indel 
tracts merge.

Figure 2.15: A guide for how assumptions, approximations, and derived results connect and
lead to our final algorithm for approximating the likelihood.

A.2 Calculating possible ancestral states

Proof for Lemma 1

First, we present the following lemma.

Lemma 2. The intersection of any two wildcard/singleton-wildcards must also be a wildcard,

singleton-wildcard, or the empty set.

Proof. Consider the case where we intersect two distinct two singleton-wildcards D =

SGWC[p0, p1, s, j0, j1] andD
0 = SGWC[p0

0
, p

0
1
, s

0
, j

0
0
, j

0
1
]. Since IT[p0, p1, s, j0, j1] 6= IT[p0

0
, p

0
1
, s

0
, j

0
0
, j

0
1
],

then D\D0 does not contain either indel tract and D\D0 is equal to the intersection of their

inner wildcards WC[j0 + 1, j1 � 1] and WC[j0
0
+ 1, j0

1
� 1]. It is staightforward to show that

the intersection of a wildcard with another wildcard or with a singleton-wildcard satisfies

the lemma.

Next, we introduce some more notation. For indel tract set D, let targstart(D) be the

leftmost target that can be deactivated some d 2 D and targend(D) be the rightmost target
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that can be deactivated some d 2 D.

We now present the proof for Lemma 1.

Proof. We prove the case where internal node N has two children nodes C1 and C2. It is easy

to prove the case where N has 3+ children by induction.

For each pair DC1,m1 and DC2,m2 , define its intersection as DN,m1,m2 . Then

AncState(N) = AncState(C1) \AncState(C2) (2.18)

✓ Alleles

0

@
MC1[

m1=1

DC1,m1

1

A \Alleles

0

@
MC2[

m2=1

DC2,m2

1

A (2.19)

= Alleles

0

@
MC1[

m1=1

MC2[

m2=1

DN,m1,m2

1

A (2.20)

Consider any m1,m2. Per Lemma 2, if DN,m1,m2 is not the empty set, it is a wildcard

or a singleton-wildcard that satisfies:

targstart(DN,m1,m2) � max (targstart(DC1,m1), targstart(DC2,m2)) (2.21)

targend(DN,m1,m2)  min (targend(DC1,m1), targend(DC2,m2)) . (2.22)

Since the associated wildcard/singleton-wildcards {DC,m : m = 1, ...,MC} for each child

node C are pairwise disjoint, then the set of intersections {DN,m1,m2} must also be pairwise

disjoint wildcards/singleton-wildcards.

Calculating AncState(·) exactly

For e�ciency reasons, we are not satisfied with computing supersets of AncState(·); rather,

we would like to concisely express the set of alleles that is exactly equal to AncState(·).

The only case in which the algorithm computes a strict superset of AncState(N) is when the

alelles observed at the leaves of N imply that the observed indel tracts must be introduced

in a particular order. For example, if an allele has indel tracts d1 and d2, we know that d1
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d2d1

pos(1) pos(2) pos(3) pos(4) pos(5)

?

Figure 2.16: Bottom: An example of an allele with two indel tracts d1 and d2 where d1 must have
been introduced before d2, because d1 cuts target 2 while d2 deactivates target 2 through 4. Top:
A two-leaf tree where one leaf is the example allele and the other leaf is an allele with only d2. Since
d1 must be introduced before d2, the only possible ancestral state of the parent is an unmodified
allele. On the other hand, if d2 did not overlap with pos(2), we can simply take the intersection of
the two alleles to get a possible ancestral state.

must be introduced before d2 if d1 cuts target j and d2 deactivates target j (Figure 2.16).

To indicate such orderings, we use the notation d 2 a ) d
0 2 a to denote that “if indel

tract d is in allele a, then indel tract d0 must also be in a.” The set of alleles respecting this

ordering constraint is denoted

Order
�
d ) d

0� =
�
a 2 ⌦ : d 2 a =) d

0 2 a
 
.

Note that Order(d ) d
0) contains all alleles that do not include d.

The following lemma builds on Lemma 1. Whereas Lemma 1 constructed supersets of

AncState(·), the following lemma constructs sets exactly equal to AncState(·). Using the

following lemma, the recursive algorithm now also requires parent nodes to adopt ordering

requirements from their children. Note that ordering requirements only involve observed

indel tracts. The proof for the lemma is straightforward so we omit it here.

Lemma 3. For any leaf node L, suppose its observed allele is {dm : m = 1, ...,ML} for some

ML � 0, where dm = IT[p0,m, p1,m, s, j0,m, j1,m]. Its set of ordering requirements, denoted



89

OrderlistL, is

�
Order (dm ) dm0) : m,m

0 2 {1, ...,ML},m 6= m
0
, p1,m 2 pos(j0,m0) or p0,m 2 pos(j1,m0)

 
.

Then

AncState(L) = Alleles

 
ML[

m=1

DL,m

!
\

2

4
\

Order(d)d0)2OrderlistL

Order(d ) d
0)

3

5 (2.23)

where DL,m = SGWC[p0,m, p1,m, sj , j0,m, j1,m].

Similarly, for any internal node N, we can also write AncState(N) in the form of (2.23).

If node N has children nodes C1, ..., CK , {DN,m}MN

m=1
are pairwise disjoint wildcards and/or

singleton-wildcards satisfying (2.9) and

Orderlist
N

=

(
Order(d ) d

0) 2
"

K[

k=1

Orderlist
Ck

#
: d 2

"
MN[

m=1

DN,m

#)
.

Proof. We will prove the lemma for any internal node with children nodes C1 and C2. We

can easily prove the case for nodes with more than two children by applying the result

iteratively.

We give a proof by induction. Recall the definition of AncState, which is given in (2.5).

Then it is easy to see that the base case at the leaf nodes, specified by (2.23), holds. Any

allele a � aL must be composed of observed indel tracts in aL and/or indel tracts masked

by the the observed indel tracts in aL. It also must respect all the ordering requirements

specified in OrderlistL, since an indel tract cannot be introduced if its target is deactivated

already. Therefore the left hand side is a subset of the right hand side. Next, consider any

allele a from the right hand side. To see that a � aL, note that we can apply the remaining

indel tracts from aL (i.e. those not in a) in the order they were introduced into aL.

The rest of the induction is simple. We defined AncState(N) is defined as the intersec-

tion of AncState(C1) and AncState(C2). Likewise, the right hand side for characterizing
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AncState(N) is simply an intersection of the right hand sides characterizing the children

nodes.

A.3 Lumpability

Proof of lumpability

Under Assumption 2, we can show that the instantaneous transition rate from any allele in

g(b; N) to the set g(b0; N) is the same. Assuming the transition rate between lumped states

g(b; N) and g(b0; N) is nonzero, we show that there are two types of transitions. Either the

only transition between the two lumped states is through an indel tract d observed at the

leaf nodes; or all indel tracts from a set of target tracts are valid transitions between the

lumped states.

Lemma 4. Suppose Assumptions 1 and 2 and Approximation 1 hold. For node N, let

SG(N) to be the singletons from the singleton-wildcards in AncState(N). Consider any branch

with child node C, and target statuses b, b
0 2 {0, 1}M where the sets g(b; C) and g(b0; C) are

nonempty. For any alleles a, a
0 2 g(b; C), we have

qlump

�
g(b; C), g(b0; C)

�
= lim

�!0

Pr (XC(�) 2 g(b0; C)|XC(0) = a)

�

= lim
�!0

Pr (XC(�) 2 g(b0; C)|XC(9) = a
0)

�
.

(2.24)

If the only transition from an element in g(b; C) to g(b0; C) is via the unique indel d 2 SG(C)

that deactivates the targets b
0 \ b, then

qlump

�
g(b; C), g(b0; C)

�
= h(TT(d), b) Pr(d|TT(d))

where h is defined in Assumption 2. Otherwise, we have

qlump

�
g(b; C), g(b0; C)

�
=

X

⌧ :9d2⌧=TT(d) s.t. Apply(d,a)2g(b0;N)

h(⌧, b).
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Proof. The instantaneous transition rates for an allele a 2 g(b; C) to the set g(b0; C) is

lim
�!0

Pr (X(�) 2 g(b0; C)|X(0) = a)

�
=

X

a02g(b0;C)

q(a, a0)

=
X

d:Apply(d,a)2g(b0;N)

h(⌧, b) Pr(d|⌧).

If d is an indel tract that can be introduced to the allele a 2 g(b; C) and Apply(a, d) has

target status b0, then we can introduce the same indel tract to any other allele a
0 2 g(b; C)

and Apply(a0, d) will also have the target status b
0. Therefore we have proven that (2.24)

must hold for all a, a0 2 g(b; C).

To calculate the hazard rate between these lumped states, we rewrite the summation by

grouping indel tracts with the same target tract:

qlump

�
g(b; C), g(b0; C)

�
=

X

⌧ :9d2⌧=TT(d)
s.t. Apply(d,a)2g(b0;N)

8
<

:
X

d2⌧ :Apply(d,a)2g(b0;N)

h(⌧, b) Pr(d|⌧)

9
=

; . (2.25)

One of the following two cases must be true:

1. From the decomposition (2.23) of AncState(C), there is only one indel tract d in the sets

DC,m for m = 1, ...,MC such that Apply(a, d) 2 g(b0, C) for all a 2 g(b, C). d cannot

be from a wildcard or the inner wildcard of a singleton-wildcard since this would

contradict the fact that d is the only indel tract in {DC,m} such that Apply(a, d) 2

g(b0, C) for all a 2 g(b, C). Therefore d must be the singleton for some singleton-

wildcard DC,m. In other words, the only possible transition from g(b; C) to g(b0; C) is

via the indel tract d.

2. Otherwise, for some target tract ⌧ , there are at least two indel tracts in d, d
0 2 ⌧ in the

sets DC,m form = 1, ...,MC that deactivate targets b0\b such that Apply(a, d) 2 g(b0, C)

and Apply(a, d0) 2 g(b0, C) for all a 2 g(b, C). In this case, d and d
0 must be from a

wildcard or the inner wildcard of a singleton-wildcard (d and d
0 cannot both be from
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a singleton of a singleton-wildcard since d 6= d
0). Therefore every indel tract d in ⌧

satisfies Apply(a, d) 2 g(b0, C) for all a 2 g(b, C).

Therefore (2.25) simplifies to

qlump

�
g(b; C), g(b0; C)

�
=

8
>><

>>:

h(⌧, b) Pr(d|⌧) if case (1)

P
⌧ :9d2⌧=TT(d) s.t. Apply(d,a)2g(b0;N) h(⌧, b) if case (2).

Note that to construct the entire instantaneous transition rate matrix of the aggregated

process, we can easily calculate the total transition rate away from a target status and then

calculate the transition rate to sink state g(other; C) using the fact that each row sums to

zero. The transition rate away from g(other; C) is zero.

Proof for Theorem 1

Proof. For any internal node, we know that

pN(b) =
Y

C2children(N)

8
>>><

>>>:

X

b02{0,1}M
g(b0;C) 6=;

pC(b
0) Pr

�
XC(tC) 2 g(b0; C)|XC(0) 2 g(b; N)

�

9
>>>=

>>>;
.

(We do not need to sum over the partition g(other; N) since it contributes zero probability.)

By irreversibility of the mutation process, g(b; N) ✓ g(b; C) if C is a child of N. By (2.24) in

Lemma 4,

Pr
�
C(tC) 2 g(b0; C)| C(0) 2 g(b; N)

�
= Pr

�
C(tC) 2 g(b0; C)| C(0) 2 g(b; C)

�
,

which means (2.15) also holds for node N.
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A.4 Tuning penalty parameters

By varying the value of the penalty parameters 1 and 2, we can control the trade-o↵

between minimizing the penalty versus maximizing the log likelihood. Choosing appropriate

values is crucial for estimation accuracy. A common approach for tuning penalty parameters

is to use cross-validation [? ]; we use this procedure whenever possible. Note that we keep

the tree topology fixed when tuning the penalty parameter.

We can perform cross-validation when there are multiple barcodes. First we partition

the barcodes into training and valdation sets T and V , respectively. Next we fit tree and

mutation parameters ˆ̀
 and ✓̂, respectively, for each  using only the training data. We

choose the  with the highest validation log likelihood

1

|V |
X

i2V
log Pr

⇣
X

(i)
L (tL) = aL8 L 2 Leaves(T); ˆ̀, ✓̂

⌘
.

For our simulation studies with two and four barcodes, we used half of the barcodes for the

validation set and half for training.

Unfortunately cross-validation cannot be utilized when there is a single barcode since

we cannot split the dataset by barcodes. Instead we propose a variant of cross-validation

described in Algorithm 5. The main di↵erences are that we partition the leaves instead of

the barcodes into training and validation sets S and S
c, respectively; and we select the best

penalty parameter that maximizes the conditional probability of the observed alleles at Sc

given the observed alleles at S.

To partition the leaves, we randomly select a subset of leaf children of each multifurcating

node to put in the validation set Sc. We partition leaves in this manner, rather than simply

dividing the leaves in half, because we must be able to evaluate (or closely approximate)

(2.27) at the end of Algorithm 5 using the fitted branch length and mutation parameters.

That is, we must be able to regraft the leaves in the set Sc onto the fitted tree. Regrafting is

easy for the leaves in our specially-constructed set: The parent node of each leaf in S
c must
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be located somewhere along the caterpillar spine corresponding to its original multifurcating

parent. In our implementation, we chose to regraft the leaves to the midpoints of their

corresponding caterpillar spines. The regrafting procedure is illustrated in Figure 2.17.

Note that we do not tune the branch lengths of these validation leaves since it amounts to

peeking at the validation data. In our simulations, we found that when tuning the branch

lengths to maximize the unpenalized (or penalized) log likelihood, we nearly almost always

choose the smallest penalty parameter since it prioritizes maximizing the likelihood and,

therefore, (2.27).

To assess each candidate penalty parameter , we compare the conditional probability

of the observed alleles at S
c given the observed alleles at S. Our motivation is similar to

that in cross-validation: If the alleles are observed from the tree with branch and mutation

parameters `⇤ and ✓⇤, we know that

E [log Pr(XL(tL)8 L 2 S
c | XL(tL8 L 2 S); `⇤, ✓⇤); `⇤, ✓⇤]

� E [log Pr(XL(tL)8 L 2 S
c | XL(tL8 L 2 S); `, ✓); `⇤, ✓⇤] 8`, ✓

(2.26)

by Jensen’s inequality. (Note that this conditional probability is high only for if we have

good estimates of both the mutation parameters and branch lengths of leaves S
c. It is

not su�cient to only have an accurate estimate of the mutation parameters.) Recall cross-

validation is motivated by a similar inequality but uses Pr(X; `, ✓) rather than a conditional

probability.

From a theoretical standpoint, using (2.26) to select penalty parameters makes the most

sense if we have an unbiased estimate of the expected conditional probability. Unfortunately,

in our setting, the conditional probability in (2.27) is actually a biased estimate since the

fitted parameters depended on the observed alleles at leaves S. Nonetheless, in simulations

(where the truth is known), this biased estimate seemed to work well, as the selected penalty

parameter was typically close to the best penalty parameter.

To perform the entire GAPML estimation procedure, we must tune the penalty parame-
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Algorithm 5 Cross validation for a single barcode

1: Initialize S to be all the leaves in tree T. Throughout, let Sc denote all the leaves in T
not in S.

2: for each multifurcating node N where at least one children is a leaf do
3: Let C1, ..., Cm be the children nodes of N that are leaves. Randomly select m0 � 1 of

them and remove these from S.
4: end for
5: Let TS be the subtree over the leaves S.
6: for each candidate penalty parameter  do
7: Maximize the penalized log likelihood of the tree TS with respect to its branch lengths

` and mutation parameters ✓

ˆ̀
, ✓̂ = argmax

`,✓
log Pr (XL(tL) = aL8 L 2 S; `,✓)� Pen (`,✓) .

8: end for
9: Return the penalty parameter that maximizes the conditional probability:

̂ = argmax


Pr
⇣
XL(tL) = aL8 L 2 S

c | XL(tL) = aL8 L 2 S; ˆ̀, ✓̂

⌘
. (2.27)

1. Partition leaves 2. Fit tree over

remaining leaves

3. Regraft held-out

leaves

Figure 2.17: Cross-validation to tune penalty parameters with only one barcode. We split
leaves into training and validation sets S and S

c, respectively as follows (left): For each
multifurcating node, randomly select a subset of its children that are leaves to put in the
“validation“ set, denoted by the gray boxes. Fit branch lengths and mutation parameters
on the subtree over the remaining leaves (middle). Regraft the leaves in the “validation“
set back onto the fitted tree (right).
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ters and the topology of the tree. Our full algorithm alternates between tuning the penalty

parameters for a fixed tree topology and running a single iteration of Algorithm 4 for a fixed

penalty parameter. After the penalty parameters are stable, we keep them fixed and only

run Algorithm 4.

A.5 Specific model implementation

First, let us define short and long deletions. The deletion to the left in indel tract d =

IT[p0, p1, s, j0, j1] is short if target j0� 1 is una↵ected or long if target j0� 1 is deactivated,

i.e.

d has a short left deletion if p0 2 pos(j0) (2.28)

d has a long left deletion if p0 2 pos(j0 � 1). (2.29)

We define short and long deletions to the right similarly.

Rate parameterization

To parameterize the rate at which a target tract ⌧ = TT[j0
0
, j0, j1, j

0
1
] is introduced, we

decompose the rate into a rate h0 that represents the rate at which the targets j0 and j1

are cut and various scaling factors that control how often deletions are short or long (recall

the definition in (2.28) and (2.29)):

h (⌧,TargStat(a)) = h0 (j0, j1,TargStat(a))
1Y

i=0

⇥
�i {ji 6= j

0
i}+ {ji = j

0
i}
⇤
,

where �0 and �1 parameterize how often long deletions occur to the left and right, respec-

tively.

We specify h0 using the assumption that the cutting time for target j follows an expo-
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nential distribution with rate of �j > 0. For focal target cuts where j0 = j1, we define

h0 (j0, j0,TargStat(a)) = �j0 {TargStat(j0, a) = 0}.

For double cuts at targets j0 and j1, we suppose the cut time follows an exponential distri-

bution with rate ! · (�j0 +�j1), where ! is an additional model parameter that we estimate

and does not depend on the targets. Our parameterization of the double-cut rate is based on

i) the assumption that an inter-target deletion is introduced when the cuts at both targets

occur within a small time window of length ✏ and ii) approximating the probability of such

an event as follows. The probability that random cut times Xj0 and Xj1 for targets j0 and

j1 occur within a small window ✏ is approximately

p

✓
|Xj0 �Xj1 |  ✏,

Xj0 +Xj1

2
= t

◆
(2.30)

⇡Pr(|Xj0 �Xj1 |  ✏) p(Xj0 = Xj1 = t|Xj0 = Xj1) (2.31)

⇡ !(�j0 + �j1). (2.32)

Our approximation for the first line using the second improves as ✏ ! 0. Next, the first

component in (2.31) approaches zero as ✏ ! 0 and does not vary much for di↵erent values

of �j0 ,�j1 if ✏ is su�ciently small. Thus we approximate it using the same value of ! for all

targets. The second component in (2.31) corresponds to an exponential distribution with

the rate �j0 + �j1 .

We can interpret ! in two ways. First, ! controls how often a double cut is introduced.

In an unmodified barcode, the relative rate that a double cut is introduced versus a single

cut is !
P

j1<j2
(�j1 + �j2) versus

PM
j=1

�j . The second interpretation, based on (2.32),

is that ! serves as a proxy for ✏: Larger ! indicates that an inter-target deletion can be

introduced by two cuts spaced farther apart in time.
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Deletion/insertion sequence parameterization

The second major component of the GESTALT mutation model specifies the conditional

probability of introducing a particular indel tract given target tract ⌧ = TT[j0
0
, j0, j1, j

0
1
]. An

indel tract can be represented by its deletion lengths to the left and right and the insertion

sequence. We will suppose that the probability of a single insertion sequence is uniform

over all possible nucleotide sequences of that length.

Let X0, X1, X2 be the random variables (RVs) that parameterize the lengths of the left

deletion, right deletion, and insertion, respectively. Let x⌧,min,i and x⌧,max,i for i = 0 and 1

specify the minimum and maximum deletion lengths to the left and right, respectively, for

target tract ⌧ . (For example, if j0 = j
0
0
, the left deletions must be short so x⌧,min,i = 0 and

x⌧,max,i is the longest deletion without deactivating target j0 � 1. As another example, if

j0 = j
0
0
+1, the left deletion is long so x⌧,min,i is the minimum deletion length to deactivate

target j0
0
and x⌧,max,i is the longest length without deactivating target j0

0
�1.) For insertions,

x⌧,min,2 = 0 and x⌧,max,i = 1 regardless of the target tract.

In our implementation, X0 and X1 are zero-inflated truncated negative binomial RVs

for short trims and zero-inflated truncated poisson RVs for long trims. X2 is a zero-inflated

negative binomial RV. Let NB(m, q) denote the negative binomial distribution, which is

the distribution for the number of successes until m failures are observed and q is the

probability of success. Let Pois(r) be a poisson distribution with mean r. For i = 0, 1,

define Pr(Xi = xi|⌧) as

8
>>>>>><

>>>>>>:

pi, {j0=j1} if xi = 0

(1� pi, {j0=j1}) Pr (Xi = xi � x⌧,min,i � 1|Xi < x⌧,max,i � 1;NB(mi, qi)) if xi > 0, j0
0
= j0

(1� pi, {j0=j1}) Pr (Xi = xi � x⌧,min,i � 1|Xi < x⌧,max,i � 1; Pois(ri)) if xi > 0, j0
0
6= j0

.

(2.33)

Here, p0,1 and p1,1 are the probabilities of deleting zero nucleotides to the left and right,
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respectively, in single-target indels; Likewise, p0,0 and p1,0 are the probabilities of deleting

zero nucleotides to the left and right, respectively, in inter-target indels. The distribution

of the insertion length is defined as

Pr(X2 = x2|⌧) =

8
>><

>>:

p2 if x2 = 0

(1� p2) Pr (X2 = x2 � 1;NB(m2, q2)) if x2 > 0

, (2.34)

where p2 is the probability of inserting zero nucleotides.

Using the building blocks from above, we model the conditional probability of indel d

with left deletion, right deletion, and insertion lengths x0, x1, x2 given target tract ⌧ as

Pr (X0 = x0, X1 = x1, X2 = x2 | ⌧)

=

8
>><

>>:

Pr(X0=x0|⌧) Pr(X1=x1|⌧) Pr(X2=x2|⌧)
Pr(X0+X1+X2>0|⌧) if j0

0
= j0 = j1 = j

0
1

Pr(X0 = x0|⌧) Pr(X1 = x1|⌧) Pr(X2 = x2|⌧) otherwise

.

(2.35)

The case where j
0
0
= j0 = j1 = j

0
1
corresponds to single-target indels with short left and

right trims. We needed to separate out this special case because we only observe indels in

this category if there is some deletion or insertion, i.e. X0 +X1 +X2 6= 0.

We chose to model the deletion/insertion lengths using these distributions primarily for

their simplicity. In practice, the choice to use this model should depend on the probability

that the same indel will be introduced independently in parallel lineages, also known as

homoplasy. When homoplasy is rare, the tree estimate (topology and branch lengths) is

not very sensitive to the model used for deletion/insertion lengths, because Assumption 2

assumes the mutation rates factorize into the target cut rates and deletion/insertion prob-

abilities. However, if homoplasy is likely to occur, we suggest modeling the insertion and

deletion process more carefully.
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A.6 Data pre-processing

The data in this chapter are all from ? ] and are available at the Gene Expression Omnibus

under GSE81713. We use the aligned data where each allele was described with the observed

insertion/deletions (indels) at each target. Each CRISPR target can only be modified once

and indels can only be introduced via a double-stranded break at a target cut site, so we

further processed the aligned data accordingly: merging indels if there were more than one

associated with a given target, and extending the deletion lengths and insertion sequences

so that a target cut site was nested within each indel. We assume that the processed data

is correct and do not attempt to model the e↵ects of alignment error.

A.7 Code implementation

The code is implemented in Python using Tensorflow [? ]. We maximize the penalized log

likelihood using Adam [? ]. We chose to use an automatic di↵erentiation software since

it has enables us to quickly iterate on the specific GESTALT model, without needing to

recode the gradients. Just as automatic di↵erentiation has greatly accelerated deep learning

research [? ], we believe that it can also accelerate the development of maximum likelihood

estimation methods in phylogenetics.

Calculating the likelihood and its gradient can therefore become memory-intensive when

there are many branches and/or barcodes. For large trees, we reduce memory usage by

adding one more approximation. In particular, we only sum over states in AncState(·)

where at most one masked indel tract occured along the branch. If there are still over 20

states, we only sum over states where no masked indel tracts occur along that branch. This

is reasonable since it is unlikely for many hidden events to occur.

A.8 Comparison Methods

We use PHYLIP version 3.697 [? ], the neighbor-joining algorithm in Bio.Phylo (Biopython

version 1.72) [? ], and the chronos function in R package ape version 5.2 [? ].
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Figure 2.18: Plot of bias and variance of the mutation parameter estimates versus number
of barcodes.

A.9 Simulation setup and additional results

For the results in Figure 2.10, the data was simulated with 5 synchronous cell division cycles

followed by a birth-death process where the birth rate decayed at a rate of exp(�18t). The

barcode was composed of six targets with � = 0.9, 0.85, 0.8, 0.75, 0.7, 0.65, 0.6. The weight

! was set to 0.06 so that 20% of the unique observed indel tracts were due to double cuts.

We sampled 8% of the leaves so that the average number of unique observed alleles was

around 100 leaves. We refer to this simulation setup as Simulation A. We ran 20 replicates

of Simulation A. In addition, plots of the bias and variance of the mutation parameter

estimates are given in Figure 2.18.

The results in Figure 2.1 are from a larger simulation, which we will refer to as Sim-

ulation B, that is closer to the data collected in ? ]. Since zebrafish undergo around 11

synchronous cell division cycles at the beginning of development, this larger simulation en-

tailed 9 synchronous cell division cycles followed by a birth-death process. We simulated

with a barcode composed of ten targets. The resulting tree had on average around 200

leaves. We ran GAPML for 8 topology tuning iterations; at each iteration, we consider at

most 15 SPR moves. The displayed results are from 20 replicates.

For this larger simulation, we also compared the runtimes of the methods on a server with
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an Intel Xeon 2x8 core processor at 3.20GHz and 256 GB RAM. Obtaining tree topologies

from C-S parsimony and neighbor-joining runs on the order of minutes. Branch length

estimation using chronos runs on the order of seconds. In contrast, GAPML required up

to three hours. Though the runtime of our method is much longer, it is still reasonable

compared to the amount of time spent on data collection, which includes waiting until the

organism is a certain age.

Using our simulation engine, we compare two very simple barcode design ideas: a single

barcode with many targets, recommended in ? ], or many identical barcodes. However we

believe the latter is more e↵ective since spreading the targets over separate barcodes tends

to create more unique alleles. In particular, the inter-target deletions tend to be shorter,

which means fewer existing mutations are deleted and fewer targets are deactivated. To test

this idea, we compared to the two design options in a simulation setup where we iteratively

increased the number of targets by six, i.e. add six targets to the existing barcode or add

a new barcode with six targets. Here we observe all 1024 leaves of a full binary tree with

10 levels. All targets had the same single-cut rate. We calibrated the double-cut weight !

to be around 18% for both barcode designs – this slightly favors the single-barcode design

since it would have a higher rate of double cuts in vivo compared to a multiple-barcode

design. Nevertheless, we find in our simulations that splitting the targets over separate

barcodes tends to result in a much larger number of unique alleles than using a single

barcode (Figure 2.19). At 30 targets, the multiple-barcode design has roughly 200 more

unique alleles on average than the single-barcode design. Another reason we prefer the

multiple-barcode design is that our model and tree estimates improve as the number of

independent and identical barcodes increases, as illustrated in Figure 2.10.

Next, to better understand our algorithm GAPML, we show in-depth simulation results

from a single replicate (Figure 2.20). Here we use the settings from Simulation B. Starting

from the initial tree topology, the algorithm tunes the branch lengths and mutation parame-

ters to maximize the penalized likelihood. During the gradient descent algorithm, the BHV
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Figure 2.19: We compare the number of unique alleles obtained in GESTALT using a single
barcode with many targets versus splitting the targets over multiple independent barcodes.
The alleles are simulated on a full binary tree with 1024 leaves. Each line corresponds to a
simulation where we iteratively add six targets, either by extending the single barcode or
adding another barcode with six targets. A positive di↵erence that the multiple-barcode
design has more unique alleles, and vice versa.

distance of the tree estimate decreases (Figure 2.20a). In addition, we see that the BHV

distance of the tree estimate decreases as Algorithm 4 iteratively performs SPR moves to

update the tree topology.

Our method searches over the maximally parsimonious trees since they tend to have the

highest penalized log likelihood. To justify this restricted search, we compared the penalized

log likelihood for tree topology candidates of di↵erent parsimony scores, where the data was

generated using Simulation A. To generate tree topologies with di↵erent parsimony scores,

we started with the maximally parsimonious tree fit from Camin-Sokal and iteratively ap-

plied random SPR moves. For each of tree rearrangement, we fit a model by maximizing

the penalized log likelihood. The penalty parameter is the same across all rearrangements.

As seen in Figure 2.21, the most parsimonious trees have the highest penalized log likeli-

hoods. Since our method aims to select a tree topology that maximizes the penalized log

likelihood, it would not benefit from considering SPR moves that make the tree less parsi-
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(a) Example of how the BHV distance changes
as the branch lengths and mutation parameters
are updated using gradient descent to maximize
the penalized likelihood.

(b) Example of how the BHV distance changes
at each SPR iteration, where we select the SPR
with the highest likelihood with penalizaton
over only the shared tree.

Figure 2.20: Examples of how the BHV distance changes as the algorithm proceeds for one
simulation replicate from the ten-target setting.

monious; instead, considering these additional moves would make the method much slower.

Consistency analysis

Here we evaluate the consistency of our method through a simulation study. We consider

barcodes with 6 targets and insert 16, 64, and 256 barcodes into the embryo cell. We

simulated trees with roughly 110 leaves and sample 8% of the leaves. We then evaluated

the BHV distance between the estimated tree and the true tree, as well as the mean squared

error between the estimated and true mutation parameters as defined in Section A.5. As

seen Figure 2.22, the tree and the mutation parameter estimates improve with the number

of barcodes.

These simulation results complement the results in Section 4 of the main manuscript.

There, we considered a small number of barcodes, which is more realistic with the cur-

rent GESTALT technology. Here, we establish that adding more barcodes will continue to
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Figure 2.21: We compare the maximized penalized log likelihood of maximally parsimo-
nious trees to less parsimonious trees. Each simulation replicate, represented by each line,
shows four candidate tree topologies, starting from the most parsimonious one (x = 0) to
increasingly less parsimonious ones (large di↵erences in parsimony score). The y-value is
the maximized penalized log likelihood of the candidate tree topology minus that of the
maximally parsimonious tree.

improve estimates, even for much larger numbers of barcodes.

Sensitivity analysis

We now evaluate the sensitivity of our algorithm to errors when sequencing the mutated

barcodes or ambiguities when resolving indels. Recall that the main manuscript assumed

that all indels were sequenced and resolved accurately. This can be di�cult to do in prac-

tice because there might be mixtures of insertions and deletions that cannot be resolved

unambiguously.

If the primary goal is to recover tree topology and branch lengths, we find that the

GAPML algorithm is relatively robust to errors when resolving indels. We simply require

the method for resolving indels to map each unique indel d to the same indel d0 from the same

target tract (at least most of the time). This robustness property is a natural consequence

of Assumption 2, which states that the mutation rate factors into the target cut rate and

the insertion/deletion probabilities. As such, our ability to estimate the tree topology and
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Figure 2.22: Mean squared error of estimated mutation parameters (left) and BHV distance
between the estimated and true trees (right). Data is generated using 16, 64, and 256
barcodes. Plot reflects 20 simulation replicates.

branch lengths mostly depend on our ability to accurately estimate the target cut rates.

We illustrate the robustness of our algorithm in the following simulation study. For

each unique indel, we introduced small perturbations to the resolved left deletion lengths,

right deletion lengths, and the inserted sequence, each with some probability p. Using this

mapping, each sampled allele is resolved as a collection of these incorrectly observed indels.

We varied this error rate p from 0% to 20%. The barcode here is composed of six targets;

four barcodes are inserted into the embryo. We simulated trees with 400 leaves on average

and sample 5% of the leaves. As expected, the BHV distance and the internal node time

correlation are relatively constant across the di↵erent error rates (Figure 2.23).

Finally, we note that this robustness property does not hold if the goal is to accurately

estimate the insertion/deletion parameters (e.g. those defined in Section A.5). In that case,

the indels need to be resolved correctly.

Zebrafish data analysis

For the zebrafish analyses, we estimated the tree over at most 400 randomly selected alleles

(without replacement). 50% of the fish in this dataset had fewer than 400 alleles and the

median number of unique alleles over the zebrafish datasets was 443. 25% of the fish in this

dataset had more than 1000 alleles. We limit the number of alleles analyzed due to runtime

restrictions.
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Figure 2.23: BHV distance and internal node time correlation between estimated and true
trees when the indels are resolved with error rates 0%, 5%, 10%, and 20%. Plots reflect 50
simulation replicates.

To test if the fitted trees are recovering similar developmental relationships across fish

rather than random noise, we ran a permutation test comparing the correlation between tis-

sue distances from the estimated trees to that from randomly-estimated trees over randomly-

shu✏ed data. More specifically, for a given tree topology, we randomly permute the observed

alleles at the leaves. Each allele is associated with the number of times it is observed in each

tissue type; we randomly shu✏e these abundances over the possible tissue types within each

allele. Finally, we randomly assign branch lengths along the tree by drawing samples from a

uniform distribution and using the t-parameterization of ? ] to assign branch lengths. The

correlation between tissue distances in these random trees is close to zero. All permutation

tests were performed using 2000 replicates.

We also tested if the Pearson correlation between the number of tissue types/cell types

and the internal node times is di↵erent from that of random trees. The random trees were

generated using the same procedure as above.

We conclude by noting that the random trees are generated using the estimated tree

topology from each method. Thus the null distributions are di↵erent and the p-values are

not directly comparable between methods. Though this slightly complicates interpretation,
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we prefer this approach since the estimated tree topology may naturally induce correlation

between tissue distances. For most validation tests, the mean of the null distribution was

similar across the di↵erent methods, and therefore the p-values are somewhat comparable.

The major exception was the tests that checked recovery of cell-type and germ-layer re-

striction: here the mean of the null distribution were very di↵erent and we abstain from

comparing p-values across methods.

For Figure 2.2, we bootstrapped fish replicates to estimate confidence intervals for the

average correlation between estimated target cut rates.
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Adult fish #1 Adult fish #2 72 hpf #1 30 hpf #5 4.3 hpf #1

Target 1, �1 3.142 1.449 1.675 2.122 0.730
Target 2, �2 1.591 0.393 0.560 1.262 0.125
Target 3, �3 0.172 0.156 0.222 1.265 0.054
Target 4, �4 1.555 1.228 0.593 1.151 0.288
Target 5, �5 1.099 0.821 0.462 0.958 0.208
Target 6, �6 1.854 0.969 0.613 1.723 0.199
Target 7, �7 1.015 0.740 1.452 0.801 0.696
Target 8, �8 0.183 0.270 0.261 1.763 0.076
Target 9, �9 2.508 1.594 1.265 1.777 0.607
Target 10, �10 0.367 0.428 0.181 1.333 0.049
Long factor left �0 0.040 0.067 0.058 0.058 0.051
Long factor right �1 0.102 0.122 0.092 0.025 0.133
Double cut rate ! 0.047 0.062 0.045 0.049 0.041

Left short trim zero prob 0.048 0.093 0.081 0.490 0.053
Left short trim length mean 6.142 6.381 6.210 2.244 5.123
Left short trim length sd 4.533 4.657 4.525 3.625 4.013
Left long trim length mean 25.302 25.210 25.617 24.592 25.335
Left long trim length sd 1.183 1.190 1.136 1.150 1.180
Right short trim zero prob 0.541 0.530 0.520 0.169 0.530
Right short trim length mean 2.141 2.058 2.105 4.721 2.028
Right short trim length sd 3.401 3.286 3.351 3.831 3.242
Right long trim length mean 25.254 25.563 26.173 25.012 25.939
Right long trim length sd 1.323 1.247 0.987 1.359 1.107
Insertion zero prob 0.548 0.614 0.618 0.629 0.622
Insertion length mean 5.161 4.504 4.575 5.446 5.635
Insertion length sd 5.898 5.479 4.711 7.291 5.209

Table 2.5: Fitted parameters in the adult fish as well as some other fish embryos. The
parameters above the line are related to target cut rates and the ones below the line are
related to the nucleotide deletion and insertion process. Short versus long deletions are
defined in (2.28) and (2.29), respectively.
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Figure 2.24: Estimated cell lineage tree for 400 randomly selected alleles from the first adult zebrafish using GAPML. Editing
patterns in individual alleles are represented as shown previously. Alleles observed in multiple organs are plotted on separate
lines per organ and are connected with stippled branches. Two sets of bars outside the alleles identify the organ in which
the allele was observed and the proportion of cells in that organ represented by that allele (log10 scale). The dashed lines
correspond to the caterpillar spines.
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Part II

PREDICTION MODELS FOR MEDICINE AND HEALTHCARE

The second part of this thesis investigates the accuracy and reliability non-parametric

machine learning algorithms and their use in precision medicine. In Chapter 3, we take the

view of a model developer and study the e�cacy of neural networks on datasets commonly

found in biomedicine, which tend to have a large number of covariates, a limited number

of observations, and a low signal-to-noise ratio. Neural networks are typically dismissed in

this setting because they tend to overfit and are computationally expensive. This can be

surprising, given that neural networks are also state-of-the-art in many complex problem

domains like computer vision and natural language processing. To resolve this large gap

in performance, we show that simple modifications to neural networks can make them a

practical alternative to existing o↵-the-shelf machine learning algorithms. In Chapter 4, we

then take the view of a regulatory agency that aims to ensure the safety and accuracy of

machine learning algorithms used for medical decision making. Our goal is to design policies

that can approve good modifications to these algorithms both e�ciently and judiciously.

Moreover, given the popularity of black-box prediction models, the policies must be agnostic

to the specific estimation and modification procedure used.
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Chapter 3

ENSEMBLED SPARSE-INPUT HIERARCHICAL NETWORKS FOR
HIGH-DIMENSIONAL DATASETS

Summary

Neural networks have seen limited use in prediction for high-dimensional data with small

sample sizes, because they tend to overfit and require tuning many more hyperparame-

ters than existing o↵-the-shelf machine learning methods. With small modifications to

the network architecture and training procedure, we show that dense neural networks can

be a practical data analysis tool in these settings. The proposed method, Ensemble by

Averaging Sparse-Input hiERarchical networks (EASIER-net), appropriately prunes the

network structure by tuning only two L1-penalty parameters, one that controls the input

sparsity and another that controls the number of hidden layers and nodes. The method

selects variables from the true support if the irrelevant covariates are only weakly corre-

lated with the response; otherwise, it exhibits a grouping e↵ect, where strongly correlated

covariates are selected at similar rates. On a collection of real-world datasets with di↵erent

sizes, EASIER-net selected network architectures in a data-adaptive manner and achieved

higher prediction accuracy than o↵-the-shelf methods on average.

1 Introduction

Deep neural networks are highly modular and expressive nonparametric models that can

learn complicated relationships between their inputs and outputs. Although they are state-

of-the-art in many complex prediction problems where large amounts of data are available,

their utility for analyzing datasets with few observations has been limited, particularly when

the number of dimensions is high and the signal to noise ratio is low. There are two reasons

why data analysts usually dismiss deep neural networks in these settings. First, they easily
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overfit to the training data. Second, the data analyst needs to tune many hyperparameters,

including the number of hidden layers, the number of hidden nodes per layer, regularization

parameters, learning rates for the optimization algorithm, among others [4].

Nevertheless, the assumption that deep learning is too brittle or burdensome in these

settings is worth revisiting. Many methods have been developed to reduce the generalization

error of deep neural networks [13], such as the use of rectified linear units [12], stochastic

gradient descent, regularization, and ensemble methods. In fact, Zhang et al. [53] has urged

the research community to rethink generalization error for neural networks, since these

models were able to both achieve low generalization error and memorize the training data.

In addition, neural networks are easier than ever to implement and train. Many powerful

automatic di↵erentiation packages are freely available (e.g. Tensorflow [1] and PyTorch

[36]) and computing power has grown exponentially in the past few decades.

Although most analyses of deep learning have been performed in large image datasets,

there is now a growing body of evidence that neural networks can also be used for smaller

sample sizes. In an analysis of over a hundred UCI classification datasets, Olson et al. [34]

showed that ensemble neural networks with zero hyperparameter tuning do only slightly

worse than random forests on average. An alternate approach pruned input weights using

L1 and L2 penalties, resulting in sparse-input neural networks (SPINN), and outperformed

random forests and the Lasso in certain cases [9]. Finally, Bayesian neural networks have

been used for variable selection in high-dimensional datasets [32, 15, 25].

While these methods are promising, they are still insu�cient. We found that the per-

formance of network ensembles in Olson et al. [34] heavily depends on the dataset and

can be quite poor without any network structure learning. SPINN requires tuning five or

more hyperparameters, which is time consuming even with the help of modern hyperpa-

rameter optimization methods (see e.g., Snoek et al. [44]). Bayesian networks even more

computationally expensive than their non-Bayesian counterparts.

Our goal is to design a procedure that is competitive with o↵-the-shelf machine learning
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algorithms and requires only a “reasonable” amount of hyperparameter tuning. As many

popular statistical procedures require tuning one or two hyperparameters (see e.g. Zou and

Hastie [54] and Simon et al. [42]), we define tuning two hyperparameters as “reasonable.”

Training neural networks typically involves an outer search over hyperparameters such as the

entire network structure and an inner training procedure for each candidate hyperparameter

set. Here, we design the outer search to tune two summary features of the network structure

that correspond to major sources of variation for generalization error: input sparsity and

network size. The inner procedure is then responsible for both selecting the specific network

structure and fitting model parameters.

We propose a method for training a single network, Sparse-Input hiERarchical network

(SIER-net), and its ensemble version, Ensemble by Averaging Sparse-Input hiERarchical

networks (EASIER-net). In SIER-net, the network is initialized with a fixed architecture

with many hidden layers (deep), many hidden nodes per layer (wide), skip-connections from

each layer to the output, and an input filter layer. Network structure learning is performed

solely by tuning two L1 penalty parameters, one to modulate the number of selected inputs

and another for the number of hidden nodes and layers. Although many nodes and layers

are included in the initial topology, these are perhaps better thought of as “candidate”

nodes and layers: The combination of penalties and skip-connections allows the network to

data-adaptively determine appropriate widths and depth (up to the maximum network size

indicated).

By deriving probability bounds on the variable selection accuracy, we show that SIER-

net is likely to select covariates in the true support that have high predictive value relative to

the remaining covariates. On the other hand, if the covariates are highly correlated, we show

that it is impossible for any procedure to accurately recover the true support. Since support

recovery is unrealistic in these settings, we show that ensembling these networks using

EASIER-net lets us quantify the uncertainty of the variable selection procedure. Moreover,

in cases where correlated variables belong to a meaningful group (e.g. gene expression values
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from the same pathway), EASIER-net exhibits a grouping e↵ect, where covariates in the

same group are selected at similar rates.

We evaluate EASIER-net on a collection of regression and classification tasks from the

UCI Machine Learning Repository, which were chosen to represent a variety of dataset

sizes. EASIER-net consistently achieves higher prediction accuracy than other neural net-

work estimators. In addition, EASIER-net achieves higher prediction accuracy on average

compared to o↵-the-shelf machine learning methods and is competitive in computation time.

The chapter is organized as follows. Section 2 discusses related work. In Section 3,

we define SIER-net and analyze its variable screening accuracy. We then introduce our

ensembled estimator and discuss the e↵ects of ensembling using a Bayesian perspective.

Finally, we present empirical analyses of EASIER-net on both simulated and real data

in Section 4. Code for fitting EASIER-net is available at https://github.com/jjfeng/

easier_net.

2 Related Work

There is a growing body of literature on applying neural networks to high-dimensional

datasets with low sample sizes. Existing methods typically rely on some form of regulariza-

tion to mitigate the neural network’s tendency to overfit. Sparsity-inducing penalties, like

the lasso and group lasso, can be applied to the network weights to encourage feature selec-

tion and drastically improve prediction accuracy [41, 50, 9]. A similar idea in the Bayesian

literature is to apply a prior over the model weights, such as through an “Automatic Rele-

vance Determination” (ARD) prior [29, 32, 33] or a Bernoulli prior for the probability that

a weight is included [25]. An alternative idea inspired by the success of random forests is to

regularize neural networks by ensembling [34]. Even though these methods are promising,

neural networks still have limited utility in these settings. Many of these methods either

require substantially more hyperparameter tuning or o↵er negligible gains in prediction ac-

curacy compared to existing o↵-the-shelf machine learning methods. Here, we propose using

three simple ideas — sparsity, skip-connections, and ensembling — to improve prediction

https://github.com/jjfeng/easier_net
https://github.com/jjfeng/easier_net
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accuracy and decrease hyperparameter tuning requirements.

Applying sparsity-inducing penalties to perform network structure learning is a well-

accepted practice [17, 24, 51, 16, 48]. In addition to lower computational and memory

requirements, sparser networks often achieve lower generalization error [26, 50, 9]. However,

these penalization-based methods typically require tuning many penalty parameters and/or

network structure hyperparameters. In contrast, EASIER-net requires tuning only two L1

penalty parameters and select an appropriate network structure for each candidate penalty

parameter set.

Skip-connections are a classical technique for expanding the neural network model class

to include simpler models like linear and logistic regression (e.g. Chapter 5 of Ripley and

Hjort [40]). This technique often improves prediction accuracy on high-dimensional datasets

with small sample sizes by leveraging the performance of simple parametric models. As such,

Liang et al. [25] used skip-connections to combine Bayesian linear regression with Bayesian

neural networks with a single hidden layer. Our method EASIER-net can fit even deeper

networks and adaptively chooses the depth using a Lasso penalty. Although skip-connections

have also been used to improve gradient propagation in ultra-deep neural networks [18, 20],

our architecture is designed for shallower networks with five or so hidden layers, which tend

to perform well on smaller datasets.

Ensembling has been shown to improve the generalization error [34] and uncertainty

quantification of neural networks [23]. The benefit of ensembling has been explained from

many perspectives, including its ability to reduce model variance [6] and its similarity to

Bayesian posterior inference and model averaging [2, 27, 37, 49]. However, none of these

works have discussed the interaction between variable selection procedures and ensembling.

In this work, we show that ensembling sparse-input neural networks better reflects the

uncertainty of the true support and induces a “grouping e↵ect” for correlated predictors, a

feature commonly associated with the elastic net [54].
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3 Method

3.1 Notation

Consider the usual prediction setup with covariates x = (x1, ..., xd) 2 X ✓ Rd and response

y 2 Y. Y may be real-valued in the case of regression and categorical in the case of classi-

fication. Suppose we observe n independent and identically distributed (IID) observations,

denoted (xi, yi) for i = 1, ..., n.

The typical dense neural network with L layers is defined as follows. Let dl be the

number of nodes in layer l and zl 2 R1⇥dl be the node values, where l = 1 denotes the

input layer (i.e. z1 = x) and l = L denotes the output. For simplicity, we suppose all

hidden nodes use the same nonlinear activation function � : R 7! R. Here, we set � as the

rectified linear unit a 7! a+, though one could use alternative activation functions like the

sigmoid and hyperbolic tangent. Each non-output layer l is associated with a weight matrix

Wl 2 Rdl⇥dl+1 and bias vector bl 2 R1⇥dl+1 that is used to linearly combine its inputs. The

specified activation function is then applied to create the input for the subsequent layer.

For l = 1, ..., L�2, we define zl+1 = � (zlWl + bl) where � is applied element-wise. The final

model output is defined as zL = �out(zL�1WL�1 + bL�1). For regression problems, dL = 1

and �out : R1⇥1 7! R is typically the identity function; For classification problems, dL is the

number of classes and �out : R1⇥dL 7! [0, 1]dL is typically the softmax function.

3.2 Sparse-input hierarchical networks

Our method, Sparse-Input hiERarchical networks (SIER-net), modifies a dense neural net-

work by adding an input filter layer and skip-connections from each intermediate layer to

the output (Figure 3.1). The structure of the network and the estimation procedure in

SIER-net are specially designed to facilitate network structure learning in a data-adaptive

manner: the network is first initialized per some maximum allowable network structure

and then network nodes and layers are pruned by minimizing an L1-penalized empirical

loss. The network is parameterized by weights W and biases b in the base network, input
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�

�1 �2
�3

�4

Input � 

Scaled input � 

Hidden node � 

Skip-connection node � 

Output �

xj
z1,j
zl,j

�l
f(x)

(a) Initial network structure

�

�1

�2

�3

(b) Fitted network

Figure 3.1: A sparse-input hierarchical network with three hidden layers. The network
augments a dense neural network by adding i) an input filter layer (yellow edges) that
scales the inputs by parameter � and ii) skip-connections from each layer to the output.
The output is the weighted average of the blue nodes with weights |↵l| for l = 1, .., 4. The
network is initialized with non-zero weights along all edges. During training, many of these
edges are set to zero by lasso penalties in the objective, which may prune away inputs,
nodes, and entire layers.

scaling factors � 2 Rd, skip-connection factors ↵ 2 RL�1, as well as additional weights W 0

and biases b0 associated with the skip-connections. We denote the network as fW,b,�,↵ and

provide the full set of equations defining its output in Section A.1 in the Appendix. For

regression problems, training involves minimizing the following objective with loss function

` : R⇥ R 7! R:

min
W,b,�,↵

1

n

nX

i=1

` (fW,b,�,↵(xi), yi) + �1

�
k�k1 + kW 0

1k1
�
+ �2

 
L�2X

l=1

kWlk1 +
L�1X

l=2

kW 0
l k1

!
(3.1)

where �1 � 0 and �2 � 0 are penalty parameters. For classification problems, the L1

penalties are applied to the bias parameters as well to regularize the marginal probability

estimates for each class. Broadly speaking, the first set of L1 penalties scaled by �1 controls

the input sparsity and the second set of L1 penalties scaled by �2 controls the number of

active layers and hidden nodes.

The input filter layer replaces the first layer with scaled inputs z1,i = �ixi for i = 1, ..., d,

where � is a learnable parameter. Since the lasso penalty encourages parameters to be
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exactly equal to zero, minimizing (3.1) will encourage the model to depend on a smaller set

of covariates. So as �1 increases, the size of the fitted model’s support will decrease.

To add skip-connections, we add dL additional nodes per layer, denoted by ⇣l 2 R1⇥dL ,

to layers l = 1, · · · , L � 1, where ⇣l = zlW
0
l + b0l for W

0
l 2 Rdl⇥dL and b0l 2 R1⇥dL . (Recall

that dL is the number of output nodes from the network, so dL = 1 in the regression setting.)

For each l = 1, ..., L � 1, nodes ⇣l are associated with scalar weight ↵l. We then set the

network’s output as a function of the weighted average of these additional nodes, i.e.

fW,b,�,↵(x) := zL = �out

 
L�1X

l=1

|↵l|PL�1

l0=1
|↵l0 |

⇣l

!
. (3.2)

Normalizing the skip-connection weights is useful in a few ways. First, normalizing the

skip-connection weights serves as a form of regularization. Second, we can modulate the

normalized skip-connection weights by varying �2. In particular, as �2 decreases, the number

of active layers and nodes increases and, consequently, the model tends to assign larger skip-

connection weights to layers closer to the output. Finally, the normalized weights can be

roughly interpreted as the conditional importance of each layer. For a formal comparison,

we evaluate the proportion of variance contributed by layer l = 1, ...., L � 1 to the final

network output, i.e.

Var (|↵l|⇣l)
�
Var

 
L�1X

l0=1

|↵l0 |⇣l0
!
. (3.3)

With the aforementioned modifications, the neural network is naturally hierarchical,

where simpler models can be represented with fewer nonzero weights. Consider a few special

cases in the regression setting. If all network parameters are set to zero except for �, ↵1, W 0
1
,

and b01, then the fitted network is a linear model. More generally, if all of the parameters

associated with layers l � L
0 are zero for some L0

< L, then fW,b,�,↵ is a neural network with

only L
0 hidden layers. Finally, if many entries of � are zero, the fitted network is sparse

with respect to the number of inputs. By design, the ordering in the hierarchy corresponds
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to the axes defined by penalty parameters �1 and �2.

To minimize (3.1) (or find a local minimum), the simplest approach is to run the pop-

ular stochastic gradient-based optimization algorithm Adam [21]. However, Adam does not

shrink network weights exactly to zero. So to obtain a network that is actually sparse, we

recommend running a few more steps of (batch) proximal gradient descent [35] after Adam

converges. Recall that proximal gradient descent is a form of projected gradient descent

used to solve non-di↵erentiable convex optimization problems; therefore, it should converge

within a few iterations, as (3.1) should be locally quadratic after Adam converges. This

two-step optimization procedure is shown in Algorithm 6. At each iteration of proximal

gradient descent, we perform a batch gradient update with respect to the empirical loss,

followed by the proximal operator on the two L1 penalties. The proximal operator, in this

case, is very e�cient, since it is the soft-thresholding function

S�(✓) =

8
>>>>>><

>>>>>>:

✓ � � if ✓ > �

0 if |✓|  �

✓ + � if ✓ < ��

. (3.4)

Algorithm 6 SIER-net
Run Adam until convergence
for k = 1, 2, 3... do
⌘
(k+1) := ⌘

(k) � tkr⌘
1

n

Pn
i=1

`(f⌘(xi), yi)
for each parameter ⌘i with an L1 penalty with penalty parameter �i do

⌘
(k+1)

i := S�itk(⌘
(k+1)

i )
end for

end for

Variable screening

In this section, we derive probability bounds to understand the variable screening properties

of SIER-net. We show that the expected number of false negatives is intimately tied to the
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predictive value of each variable in the true support, relative to the remaining covariates.

We formalize this idea by defining a predictive value function � in Definition 3 and then

show how it appears in the probability bounds on the number of false negatives. Our results

show that SIER-net is e↵ective at support screening when the predictive value of the true

support is high, which is maximized when the covariates are independent. We then show

that no estimation procedures can accurately perform support screening or recovery if the

predictive value is low, which occurs when the covariates are highly correlated. Given this

impossibility result, we will introduce an ensembling procedure in Section 3.3 that quantifies

the uncertainty of the true support instead. The proofs for results in this section are given

in Section A.2 of the Appendix.

We start by introducing some notation and definitions. Let F be a class of functions that

map from X to Y. For any function f 2 F, define its support s(f) as the set s̃ ✓ {1, ..., d} such

that f(x) = f(x0) for all x, x0 2 X where xi = x
0
i for all i 2 s̃ (If there are multiple possible

supports, use a random rule to select one among those with the smallest cardinality). Also,

for any set s̃ ✓ {1, ..., d}, let Fs̃ be the set of functions f 2 F with support s(f) ✓ s̃ and let

|s̃| denote its cardinality. Suppose we observe IID observations (Xi, Yi) for i = 1, ..., n drawn

from joint distribution P . Let its conditional mean be denoted µP (x) = EP [Y |X = x] and,

for convenience, let the true support be denoted s
⇤
P = s(µP ).

Let ⇥L,B0,B1 be the set of all sparse-input hierarchical network parameters with up to

L layers, infinity norm up to B0, and total variation norm up to B1. Here, we use the total

variation norm of a neural network as defined in Barron and Klusowski [3], which scales

with the size of the support and number of hidden nodes. Given a neural network estimator

f✓̂n
, our goal is to characterize the probability of missing at least m relevant covariates, i.e.

P

⇣���s⇤P \ s(f✓̂n)
��� � m

⌘
. (3.5)

For simplicity, we suppose the inputs are scaled such that X = [�1, 1]d, consider only the

regression setting, and let ` be the squared error loss. Moreover, suppose that ✏ = Y �µ(X)
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is a Gaussian random variable with variance �2 and the true regression function is a neural

network, i.e. µP = f✓⇤ for some ✓⇤ 2 ⇥L,B0,B1 . The results here can be generalized to

sub-Gaussian noise and alternative loss functions.

We quantify the predictive value of individual variables and groups of variables using

the following definition.

Definition 3. For set s̃ ✓ {1, ..., d}, let f⇤
s̃ be the population risk minimizer with support

s̃, i.e.

f
⇤
s̃ = argmin

f2Fs̃

EP `(f(X), Y ). (3.6)

For integers m = 1, ..., d, denote the minimum achievable excess risk when omitting m

variables from the true support as

�(m;P ) = min
s̃✓{1,...,d}:|s⇤P \s̃|=m

EP {`(f⇤
s̃ (X), Y )� `(µP (X), Y )} . (3.7)

Specifically, a large value for �(m;P ) means that any model that fails to include m variables

from the true support will have significantly worse prediction accuracy. Put another way,

�(m;P ) is large if the variables outside the true support are not highly predictive of the

response Y . Next, we show that our ability to perform variable screening is fundamentally

tied to �.

We derive the following upper bound of (3.5) by combining our definition of � with stan-

dard techniques for bounding the excess risk of the constrained empirical risk minimizer.

Although the previous section described fitting the network by minimizing the penalized

empirical risk in (3.1), we analyze the constrained minimizer here since we can directly

apply results from Barron and Klusowski [3]. Moreover, by using the method of Lagrangian

multipliers, the constrained problem can be transformed to a similar structure as the pe-

nalized form. For appropriately chosen penalty parameters, the two estimation procedures
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can give similar estimates and, in fact, are equivalent in convex settings.

Theorem 2. Given n observations, let ✓̂n be a global minimizer of the empirical risk

✓̂n 2 argmin
✓2⇥L,B0,B1

1

n

nX

i=1

` (f✓(xi), yi) . (3.8)

Then for any m = 1, . . . , d and � � 0, we have

P

⇣���s⇤P \ s(f✓̂n)
��� � m

⌘


(
B1(4B0 + �)L

r
2(L log(2) + log(2d))

n
+ 2� � �(m;P )

)

+ exp

✓
� n�

2

2B4
0

◆
+ 2 exp

✓
� n�

2

8B2
0
�2

◆
.

(3.9)

Using asymptotic notation, the upper bound in (3.9) is nontrivial (i.e. smaller than one)

only if the number of observations n & 1/�2(m). Thus, the upper bound is small when the

predictive value of the true support relative to the remaining covariates is high. These con-

ditions are nonparametric generalizations of those used for support screening and variable

selection in linear models, i.e. incoherence and beta-min conditions and variants thereof

[7, 47].

In addition, Theorem 2 reveals how variable screening performance and prediction ac-

curacy depend on the model capacity. In particular, we see that the upper bound grows

quickly with respect to L, B0, and B1. So, one should therefore constrain the network

structure search to networks with depth, infinity norm, and total variation norm no more

than that of the true model. Indeed, we designed SIER-net based on this theoretical result:

the second set of L1 penalties in (3.1) helps us control network depth; the sum of all the

penalties controls the infinity norm; and because the first set of penalties controls the input

sparsity and the second controls the number of hidden nodes, their sum controls the total

variation norm.

Next, we characterize how the best achievable performance by any support screening
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procedure depends on �. Consider any non-negative monotonically non-decreasing function

�. For any k 2 {1, ..., d}, let Pk,� be the set of distributions P with support size up to k

where the predictive value of the true support is lower bounded by �, i.e.

Pk,� := {P : |s(µP )|  k, �(m;P ) � �(m) 8m = 1, ..., k} .

Thus our goal is to lower bound the minimax probability

inf
f̂n:|s(f̂n)|k

sup
P2Pk,�

P

⇣���s(µP ) \ s(f̂n)
��� � m

⌘
(3.10)

for m = 1, ...,min(k, bd/2c).1 For this minimax probability to be meaningful, note that we

have removed trivial estimation procedures that select an excessive number of predictors.

Instead, (3.10) is restricted to estimators that select at most k predictors. The following

lower bound is a straightforward application of Le Cam’s method (see Wainwright [47]). The

proof relates the di�culty of the estimation procedure to the distance between probability

models, which in turn can be bounded by �.

Theorem 3. For any positive integer m  min(k, bd/2c), we have that

inf
f̂n:|s(f̂n)|k

sup
P2Pk,�

P

⇣���s(µP ) \ s(f̂n)
��� � m

⌘
� 1

2

 
1�

r
n�2

2
�(2m)

!
. (3.11)

Assuming � is strictly positive, the minimax probability is smaller than q 2 (0, 1/2) only if

the number of observations n & (1/2� q)2/�(2m).

From Theorems 2 and 3, we see that the upper and lower bounds on the probability

of having m false positives both depend on �. For this probability to be small, the upper

bound states that n & 1/�2(m) while the lower bound states that n & 1/�(2m). Admit-

1We ignore the case where m > bd/2c since this probability is only relevant if k > bd/2c. However, the
probability must be zero in this case by the pigeonhole principle.
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tedly, the bounds di↵er by a polynomial factor, which we believe could be tightened with

additional assumptions about the neural network estimation procedure. Nevertheless, the

results clearly show that our ability to perform support screening is fundamentally connected

to the predictive value of the relevant covariates relative to the irrelevant ones.

Although the proof techniques used in this section are not novel, this connection between

support screening and � has important practical implications that, to our knowledge, have

not been su�ciently emphasized in the literature. In particular, we have established that

good support recovery is an unrealistic goal if covariates in the true support can be pre-

dicted accurately using covariates outside the support. This issue cannot be ignored since

covariates are likely to be correlated in high-dimensional data. We will address this issue

in the following section by constructing an ensemble of sparse-input hierarchical networks.

3.3 Ensemble by averaging sparse-input hierarchical networks

We now propose ensemble by averaging sparse-input hierarchical networks, which we refer

to as EASIER-net. Ensembling addresses two issues with training a single sparse-input hi-

erarchical network. First, as shown in Section 3.2, accurate variable screening is unrealistic

when covariates are highly correlated because there is not enough information to distinguish

relevant versus irrelevant variables. Instead, the fitted model should reflect the uncertainty

of the true support. Second, in many high-dimensional datasets, strongly-correlated covari-

ates actually belong to a group, such as gene expression values from the same pathway.

In this case, we would like the variable selection method to select variables from the same

group at similar rates. We outline the ensembling procedure below and engage a Bayesian

perspective to help us understand how ensembling addresses these two issues.

In EASIER-net, the ensemble is composed of B independently-trained sparse-input hi-

erarchical networks, denoted {f̂(1), ..., f̂(B)}. We inject noise into the training procedure to

reduce correlation across the fitted models and, thereby, the variance of the ensemble [6].

We follow nearly the same recipe as in Lakshminarayanan et al. [23]: for each network, we
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randomly initialize the parameters and minimize (3.1) by running Adam with shu✏ed mini-

batches and then batch proximal gradient descent. To predict the response for a given input

x, we average the predictions across networks, i.e. f̂ensemble = 1

B

PB
b=1

f̂(b)(x). Note that

in classification problems, this involves averaging the categorical distributions. Also, unlike

some ensembling procedures, e.g. random forests, we do not bootstrap or subsample our

data. In empirical experiments, we found that random network initializations and random

mini-batch ordering without data re/sub-sampling achieved stronger performance.

Ensembling can be viewed as an approximation of Bayesian model averaging (BMA), a

connection that has been noted in previous works [37, 49]. BMA places a prior over all pos-

sible model classes and averages over the posterior distributions to make a prediction [30].

Ensembling uses a similar approach: since stochastic gradient descent approximates the

Bayesian posterior using a single mode [31], the aforementioned ensembling procedure ran-

domly samples maximum a posteriori (MAP) estimates and averages their predictions. By

sampling multiple modes, ensembling often produces better approximations of the posterior

distribution than procedures that sample from a single mode [49, 37]. Since BMA is compu-

tationally intractable in many settings, we can instead use ensembling as a computationally

e�cient approximation.

We use this Bayesian perspective to understand why ensembling can help in settings

where covariates are highly correlated. In variable selection problems, BMA quantifies the

uncertainty of the true support via the posterior distribution [38, 19, 46]. Since EASIER-net

is an approximate BMA procedure, the probability that a member in EASIER-net selects

support s̃ is approximately equal to the posterior probability that the true support is s̃, i.e.

for any b = 1, .., B, we have

Pr
⇣
s(f̂(b)) = s̃; {(xi, yi) : i = 1, . . . , n}

⌘
⇡ P (s(f) = s̃ | {(xi, yi) : i = 1, . . . , n}) . (3.12)

Thus, the variety of the fitted supports in EASIER-net reflects the uncertainty of the variable

selection procedure. Moreover, (3.12) implies that the selection rate of variable i in EASIER-
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net is approximately the posterior probability of variable i belonging in the true support.

So if all variables in a group are strongly correlated, their selection rates should be similar.

3.4 Hyperparameter tuning

We tune the two penalty parameters in EASIER-net using K-fold cross-validation and fix

the remaining hyperparameters to their default values (see the Section A.3 in the Appendix

for reasonable defaults). We recommend performing either a grid search or a random search

[5] over candidate penalty parameter values since these procedures are easily parallelizable.

For each candidate value, we apply EASIER-net to each of the K folds and obtain the

average validation loss. We then apply EASIER-net on all of the data using the penalty

parameters that minimize the average validation loss.

4 Empirical analyses

For all analyses, we initialize SIER-net with 5 hidden layers and 100 hidden nodes per layer.

In all cases, EASIER-net was trained with B = 20 members, unless specified otherwise. To

handle class imbalance issues in (multi-)classification problems, we weight the observation’s

loss by the inverse of the empirical frequency of its class. All continuous covariates and

outcomes were centered and scaled to have mean zero and variance one. Penalty parameters

were tuned via 4-fold cross-validation unless specified otherwise. The mini-batch size for

Adam was one-third of the training dataset size.

4.1 Simulation study: Deconstructing EASIER-net

The purpose of this simulation is to study the contribution from each of the proposed

modifications in EASIER-net. We do this by deconstructing EASIER-net, starting from a

dense neural network and adding modifications progressively.

We consider three model-fitting procedures and ensemble versions of each one. The

baseline model (DropoutNet) is a typical dense neural network that is regularized using

a dropout rate of 15%; its ensemble version is similar to that in Olson et al. [34]. For
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Model Test loss # layers Avg # hidden nodes # support

20 relevant, 600 observations
DropoutNet-Single 0.497423 5 100.0 100.0
DropoutNet-Ensemble 0.355795 3.0 100.0 100.0
SparseNet-Single 0.241641 1 100.0 39.0
SparseNet-Ensemble 0.226045 3.0 100.0 100.0
SIER-net 0.223311 3 100.0 17.0
EASIER-net 0.226281 3.0 100.0 25.6

20 relevant, 3000 observations
DropoutNet-Single 0.473178 5 100.0 100.0
DropoutNet-Ensemble 0.278896 5.0 100.0 100.0
SparseNet-Single 0.076208 1 65.0 25.0
SparseNet-Ensemble 0.060577 1.0 100.0 23.6
SIER-net 0.087473 5 100.0 43.0
EASIER-net 0.069780 5.0 100.0 43.2

100 relevant, 600 observations
DropoutNet-Single 0.511054 3 100.0 100.0
DropoutNet-Ensemble 0.404107 3.0 100.0 100.0
SparseNet-Single 0.382923 1 71.0 58.0
SparseNet-Ensemble 0.399566 3.0 100.0 100.0
SIER-net 0.382481 3 100.0 64.0
EASIER-net 0.385061 5.0 100.0 92.0

100 relevant, 3000 observations
DropoutNet-Single 0.513196 3 100.0 100.0
DropoutNet-Ensemble 0.304877 3.0 100.0 100.0
SparseNet-Single 0.271722 1 16.5 100.0
SparseNet-Ensemble 0.269778 1.0 17.7 100.0
SIER-net 0.264340 2 32.0 100.0
EASIER-net 0.256367 2.0 86.4 100.0

Table 3.1: We deconstruct EASIER-net to understand how each of the three modifications
— sparsity, ensembling, and skip-connections — a↵ect the test loss and the selected network
structure. The baseline method DropoutNet only regularizes the model using dropout and
requires tuning one hyperparameter. Next, the SparseNet method adds lasso penalties and
increases the number of hyperparameters to three. Then, SIER-net adds skip-connections
and reduces the number of hyperparameters to two; its ensemble version is EASIER-net. For
DropoutNet and SparseNet, we denote the two single and ensemble versions using -Single

and -Ensemble.
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DropoutNet and its ensemble version, we only tune the number of hidden layers. Next,

SparseNet adds an input filter layer and regularizes the network weights using two L1

penalties, one to encourage sparsity in the inputs and another for the network weights.

For SparseNet and its ensemble version, we tune the number of hidden layers and two

L1 penalty parameters. Finally, SIER-net adds skip-connections to SparseNet, keeps the

initial number of hidden layers fixed, and reduces the number of hyperparameters to two.

All networks were initialized with 100 hidden nodes per layer.

We consider four di↵erent simulation setups to reflect a variety of probable settings.

Covariates (X1, ..., X100) are sampled independently from Unif(0, 1). Response Y is defined

as

Y =
mX

i=0

(sin(2x4i+1 + 2x4i+2) + 5x4i+3 |x4i+4 � 0.25|) + ✏

where ✏ is a Gaussian random variable with variance chosen so that the signal to noise ratio

is 2. To vary the sparsity of the true data-generating mechanism, we consider m = 4 and 19,

which correspond to 20 and 100 relevant covariates, respectively. We also vary the amount

of training data by considering 600 versus 3000 observations. We tune the hyperparameters

using a single training validation split, where the number of validation samples is one-fourth

of that for training.

As shown in Table 3.1, sparsity and ensembling improve the test loss in all four simu-

lation settings. Sparsity o↵ers the most improvement when the true model truly depends

on a small subset of the covariates, but is still helpful when the true model depends on

all the covariates. Ensembling o↵ers the most improvement to the dense neural network

because sparse models tend to be smaller and have more similar structures. The improve-

ment in prediction accuracy by ensembling sparse-input hierarchical networks appears to

depend on the data. Although ensembling seemed to improve accuracy only slightly in these

simulations, we find that it provides significant gains on certain datasets in Section 4.3.

Ensemble sparse neural networks and EASIER-net have very similar predictive accuracy

in all simulation settings, which is exactly as desired. Recall that the former requires
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Figure 3.2: Illustration of how varying the penalty parameter �2 controls the proportion of
variance contributed by each layer to the final prediction, which thereby controls the size of
the fitted network. When �2 = 1, the fitted network only depends on the first layer, which
means it is linear in the inputs. As �2 decreases, the higher levels contribute more to the
final prediction and the lower levels contribute less.

tuning three hyperparameters whereas the latter requires tuning only two. Thus, the skip-

connections in EASIER-net help reduce the amount of computation time spent on network

structure learning without sacrificing predictive accuracy.

Finally, we give an example to illustrate how varying penalty parameter �2 modulates

the dependence on each of the network layers. Figure 3.2 plots the proportion of variance

contributed by each layer, as defined in 3.3. For large values of �2, the proportion of variance

contributed by the scaled inputs (layer l = 1) is one, which means the neural network is

simply a linear model. As �2 decreases, the contribution from scaled inputs decreases, and

the contribution by the hidden layers increase in the order of their depth; the first and

second hidden layers begin contributing earliest, then the third and fourth, and finally the

fifth. As expected, the fifth hidden layer contributes the most as �2 approaches zero, since

the last hidden layer has the highest model capacity.

4.2 Simulation study: Variable selection

In this section, we study the two claims in this chapter regarding variable selection by

EASIER-net: i) the number of false negatives should be small if the truly relevant covariates

contain predictive information that the other covariates do not and ii) highly correlated

variables should be selected with similar proportions across the ensemble.
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We run a simulation study where we vary the correlation between the covariates. For

di↵erent values of ⇢ 2 [0, 1], we generate eight covariates X by sampling X̃i from Unif(0, 1)

for i = 1, ..., 8 and defining Xi = X̃i and Xi+4 = ⇢X̃i + (1 � ⇢)X̃i+4 for i = 1, ..., 4. The

response only depends on the first four through the equation Y = X1⇤X2+sin(X3+X4)+✏,

where ✏ is a Gaussian random variable with variance such that the signal to noise ratio is 2.

We generated a total of 500 observations. To get accurate estimates of the variable selection

rates, we fit EASIER-net with B = 100 members rather than 20.

In this simulation, EASIER-net was highly e↵ective at support screening for ⇢ from 0

to 0.8 (Table 3.2). In fact, we had perfect support recovery in most cases, which is a more

di�cult task than support screening. For ⇢ = 0.8, only one member in the ensemble omitted

the first covariate and selected the fifth one instead. In addition, these results show that

most member networks will select the same support in settings where support screening is

e↵ective using a single network. This means that ensembling does not make sparse-input

hierarchical networks less interpretable when support screening is feasible.

The simulation results also show a clear grouping e↵ect from ensembling. As ⇢ increases,

the selection probabilities of the correlated covariates Xi and Xi+4 get closer, showing evi-

dence of the grouping e↵ect. In the extreme case where covariates (X1, ..., X4) are identical

to (X5, ..., X8) (i.e. ⇢ = 1), the selection probabilities for Xi and Xi+4 are similar for all

i = 1, ..., 4. This is unsurprising since no procedure can di↵erentiate which covariates are

truly relevant in this setting.

4.3 Evaluation on UCI datasets

We study the performance of EASIER-net on five classification problems and six regression

problems from the UCI repository [8], whose details are shown in Table 3.4 of the Appendix.

To represent a variety of problem settings, the selected datasets vary in sample size, number

of features, and number of classes. We compare against three other classifiers: logistic or

linear regression with the lasso, random forests, and gradient boosted trees. Based on Olson
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Covariate index
⇢ 1 2 3 4 5 6 7 8

0.00 1.000 1.000 1.000 1.000 0.000 0.000 0.000 0.000
0.50 1.000 1.000 1.000 1.000 0.000 0.000 0.000 0.000
0.80 0.980 1.000 1.000 1.000 0.020 0.000 0.000 0.000
0.90 0.860 0.890 0.870 0.990 0.160 0.120 0.280 0.010
0.95 0.630 0.730 0.540 0.940 0.380 0.300 0.570 0.270
1.00 0.550 0.480 0.470 0.570 0.460 0.540 0.600 0.640

Table 3.2: The proportion of networks in EASIER-net that select each of the covariates.
Only the first four covariates are in the true support. We simulate covariates such that
the correlation between Xi and Xi+4 is ⇢ for i = 1, ..., 4. For small ⇢, the model recovers
the true support; for big ⇢, the variable selection rates reflect the uncertainty of the true
support.

et al. [34], we also fit an ensemble of dense neural networks with dropout with ten hidden

layers and 100 hidden nodes per layer. We used the negative log likelihood and squared

error as the loss functions for the classification and regression tasks, respectively.

EASIER-net attains the smallest test loss across the regression and classification datasets

on average. In particular, they achieve the best performance on two of the five classification

problems and two of the six regression problems (Figure 3.3). We found that EASIER-net

typically has similar or better performance than SIER-net, presumably because they are

able to quantify model uncertainty. Among the remaining datasets, SIER-net, Lasso with

linear or logistic regression, random forests, and XGBoost attained top performance in at

least one dataset. On the other hand, deep neural networks with dropout never achieved top

performance on any dataset, because they can almost always benefit from network structure

pruning.

The computation time for EASIER-net was on the same order as the other methods.

For most of the datasets, the time to fit a single sparse-input hierarchical network took only

a few minutes; for the largest dataset CT slices with 53500 observations, this took around

forty minutes. By parallelizing both the ensembling and cross-validation procedures, the

total time for running EASIER-net should take around double the time to fit a single sparse-
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Average test loss
Method Regression Classification

EASIER-net 0.259 0.448
SIER-net 0.286 0.605
Lasso 0.306 0.500
RF 0.302 0.568
XGBoost 0.273 0.541
DropoutNet 0.276 0.637

Figure 3.3: Comparison of test loss of di↵erent estimation methods across regression (left)
and classification (right) datasets. The average test loss for each method is shown in the
table.

input hierarchical network. Thus, given the prediction accuracy and computation time of

EASIER-net, we conclude that they are a useful addition to the data analyst’s toolbox.

Across the eleven datasets, EASIER-net selected a variety of network structures via

cross-validation (Table 3.3). In three cases, the selected model was linear in the input.

In the remaining datasets, the network used at least one hidden layer, and the layer that

contributed the most variance varied. We also show the variable selection rates for each

dataset in Figure 3.4. The agreement across member networks in the ensemble depends on

the dataset. For instance, the agreement was high on the soybean dataset and was much

lower on the arrhythmia, semieon, and Iran house datasets. This is consistent with our

analysis: the soybean dataset contains a small number of high-level features that likely

measure di↵erent pieces of information whereas many features in the arrhythmia dataset

were extracted from the same channel [14].

5 Discussion

We have shown that an ensemble of sparse-input hierarchical networks is a useful modeling

technique for datasets with a small number of observations. By employing skip-connections

and sparsity-inducing penalties, this methodology can data-adaptively determine the ap-

propriate model complexity: they can fit simple linear models, shallow neural networks, or
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Proportion of variance contributed by layer
Dataset Avg # hid-

den nodes
1 2 3 4 5 6

Classification tasks
gene cancer C 0.0 (0.0) 1.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00)
soybean 0.0 (0.0) 1.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00)
semieon 100.0 (0.0) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.99 (0.00)
hill valley 100.0 (0.0) 0.00 (0.00) 0.00 (0.00) 0.01 (0.00) 0.01 (0.00) 0.02 (0.01) 0.61 (0.03)
arrhythmia 60.0 (6.1) 0.00 (0.00) 0.00 (0.00) 0.61 (0.10) 0.32 (0.09) 0.07 (0.03) 0.00 (0.00)

Regression tasks
crime 6.5 (0.6) 0.00 (0.00) 0.00 (0.00) 0.95 (0.05) 0.05 (0.05) 0.00 (0.00) 0.00 (0.00)
ct slices 100.0 (0.0) 0.02 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.03 (0.01) 0.46 (0.02)
boston 100.0 (0.0) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.10 (0.02) 0.53 (0.04)
iran house 100.0 (0.0) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.01 (0.00) 0.08 (0.00) 0.32 (0.01)
wine 9.9 (4.9) 0.01 (0.01) 0.71 (0.11) 0.30 (0.11) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00)
gene cancer 0.0 (0.0) 1.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00) 0.00 (0.00)

Table 3.3: Summaries of the structure of member networks from EASIER-net: the average
number of hidden nodes per active layer and the proportion of variance contributed by each
layer. Standard errors are shown in parentheses. We highlight the layer that contributes
the most to the network prediction.

(a) Classification (b) Regression

Figure 3.4: For each dataset, the proportion of member networks from EASIER-net that
selected each variable, where each ensemble consists of 20 independently-trained networks.
Variables are sorted along the x-axis according to their selection rates. The plot titles show
the average support size and the standard error in parentheses. The variable selection rates
reflect the uncertainty of the true support.
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deep networks. Empirically, we find that EASIER-net can significantly outperform pop-

ular machine learning algorithms in terms of prediction accuracy. Moreover, the model

can do variable screening when the mutual information between the relevant and irrelevant

covariates is low, and appears to induce a grouping e↵ect when the mutual information is

high.

The theoretical analyses of SIER-net provide probability bounds on the number of false

negatives. We have not bounded the number of false positives and leave this to future work.

Nevertheless, the empirical experiments demonstrate that both SIER-net and EASIER-net

are able to perform support recovery under certain conditions.

Because neural networks are highly modular, our method can be easily extended. For

example, by modifying the output layer and objective function, we can output prediction

sets/intervals to better quantify model uncertainty [45, 11]. For specific problem domains,

we can also tailor the network structure and sparsity pattern to reflect our prior knowledge,

such as applying a group lasso to known groups of covariates [52].

Finally, interpretability of SIER-net and EASIER-net remains an issue, even with the

help of sparsity. To better understand the model’s inner-workings, one may try using

techniques like variable importance measures [39, 28, 10], saliency maps [43], and influence

functions [22].
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A Appendix

A.1 Sparse-input hierarchical network definition

For the reader’s convenience, the full set of equations that define a sparse-input hierarchical

network fW,b,�,↵ is given below:

z1,i = �ixi 8i = 1, ..., d (3.13)

zl = �(zl�1Wl�1 + bl�1) 8l = 2, ..., L� 1 (3.14)

⇣l = zlW
0
l + b0l 8l = 1, ..., L� 1 (3.15)

fW,b,�,↵(x) = zL = �out

 
L�1X

l=1

|↵l|PL�1

l0=1
|↵l0 |

⇣l

!
(3.16)

A.2 Proofs

For convenience, we overload the notation as follows. Consider a probability space (⌦,A, P )

with sample space ⌦ = X ⇥ Y, �-algebra A, and probability measure P . For a real-valued

function f : X⇥Y 7! R, let Pf(X,Y ) denote the expected value of f(X,Y ). For a set-valued

function g : X⇥ Y 7! A, let Pg(X,Y ) denote the probability measure of g(X,Y ).

The proof for Theorem 2 uses standard empirical process techniques. Recall that for a

given distribution µ, the µ-complexity of function class F for sample (X1, ..., Xn) is defined

as

E

"
sup
f2F

1

n

nX

i=1

⇠i(f(Xi)� f
⇤(Xi)) | X1, ..., Xn

#
(3.17)

where ⇠ ⇠ µ are independent and identically distributed (IID). The Gaussian complexity of

F refers to the case when µ = N(0, 1). Let Gn(F) denote the uniform bound of the Gaussian

complexity of F over all samples from X. The Rademacher complexity of F refers to the

case when µ is the Rademacher distribution. Analogously, let Rn(F) denote the uniform

bound of the Rademacher complexity of F over all samples from X.
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We will use the µ-complexity bounds derived in Barron and Klusowski [3]. We note

that their bounds technically pertain to dense ReLU neural networks, not sparse-input

hierarchical networks. Nevertheless, it is easy to show that any sparse-input hierarchical

network can be expressed as a dense ReLU neural network, albeit with additional hidden

nodes per layer. Thus their derived complexity bounds are also valid for sparse-input

hierarchical networks.

Proof for Theorem 2. Let Pn be the empirical distribution of the training data. Because ✓̂

is a global empirical risk minimizer, we have that

P

n
(f✓̂n(X)� Y )2 � (f✓⇤(X)� Y )2

o
 (P � Pn)

⇣
(f✓̂n(X)� Y )2 � (f✓⇤(X)� Y )2

⌘

= (P � Pn)
⇣
(f✓̂n(X)� f✓⇤(X))2 � ✏(f✓⇤(X)� Y )

⌘
.

Then for any j = 1, · · · , d, we have that

P (|s� ŝ| � j) (3.18)

P

⇣
P

n
(f✓̂n(X)� Y )2 � (f✓⇤(X)� Y )2

o
� �(j;P )

⌘
(3.19)

P

⇣
(P � Pn)

⇣
(f✓̂n(X)� f✓⇤(X))2 � ✏(f✓̂n(X)� f✓⇤(X))

⌘
� �(j;P )

⌘
(3.20)

P

 "
sup

✓2⇥L,B0,B1

(P � Pn) (f(X)� f✓⇤(X))2
#
+

"
sup

✓2⇥L,B0,B1

(P � Pn) ✏(f(X)� f✓⇤(X))

#
� �(j;P )

!
.

(3.21)

For convenience, let FL,B0,B1 = {f✓ : ✓ 2 ⇥L,B0,B1}. We can bound the above probability
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by the union bound

P (|s� ŝ| � j)  P (4B0Rn(FL,B0,B1) + � + �Gn(FL,B0,B1) + � � �(j;P )) (3.22)

+ P

 
sup

f2FL,B0,B1

(P � Pn) (f(X)� f✓⇤(X))2 � 4B0Rn(FL,B0,B1) � �

!

(3.23)

+ P

 
sup

f2FL,B0,B1

(P � Pn) ✏(f(X)� f✓⇤(X))� �Gn(FL,B0,B1) � �

!
(3.24)

So with minor modifications of the Rademacher complexity to handle squared of func-

tions with infinity-norm bounded by B0, we have that (3.23) is bounded by exp
⇣
� n�2

2B4
0

⌘
.

Likewise, since ✏ is a mean-zero Gaussian RV with variance �2, then (3.24) is bounded by

2 exp
⇣
� n�2

8B2
0�

2

⌘
. Combining the above inequalities, we have for all j = 1, · · · , d that

P (|s� ŝ| � j)  {4B0Rn(FL,B0,B1) + �Gn(FL,B0,B1) + 2� � �(j;P )} (3.25)

+ exp

✓
� n�

2

2B4
0

◆
(3.26)

+ 2 exp

✓
� n�

2

8B2
0
�2

◆
. (3.27)

Finally, since Barron and Klusowski [3] proved that Gn(FL,B0,B1) and Rn(FL,B0,B1) are both

bounded by B1

p
2(L log(2) + log(2d))/n, we can plug this into (3.25) and obtain our desired

result.

Our proof for Theorem 3 depends on the following lemma, which is a straightfor-

ward adaptation of Proposition 15.1 in Wainwright [47]. For any positive integer m 

min(k, bd/2c), select two distributions P(1), P(2) 2 Pk,� such that

�(P(1), P(2)) = min(|s(µP(1)
) \ s(µP(2)

)|, |s(µP(2)
) \ s(µP(1)

)|) � 2m. (3.28)

Let Q denote the joint distribution over the pair of random variables (Z, Y ) generated using
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the following procedure:

1. Sample J from {1, 2} uniformly at random.

2. Given J = j, sample X1, ...., Xn iid from P(j).

Define a testing function  as a mapping from Xn 7! {1, 2}.

Lemma 5. For any positive integer m  min(k, d/2), we have that

inf
f̂n:|s(f̂n)|k

sup
P2Pk,�

P

⇣���s(µP ) \ s(f̂n)
��� � m

⌘
� inf

 
Q ( (X1, ...., Xn) 6= J) (3.29)

where the infimum ranges over all test functions.

Proof. For any M , we have that

sup
P2Pk,�

P

⇣���s(µP ) \ s(f̂n)
��� � m

⌘
� 1

2

2X

j=1

P(j)

⇣���s(µP(j)
) \ s(f̂n)

��� � m

⌘
. (3.30)

Define the testing function  (X1, ..., Xn) = argminj2{1,2}

���s(µP(j)
) \ s(f̂n)

���. We next show

that if µP(j)
is the true distribution, the event

h���s(µP(j)
) \ s(f̂n)

���  m

i
implies that  (X1, ..., Xn) =

j. Because f̂n can choose at most k elements in the support and the assumption that µP(1)

and µP(2)
di↵er by at least 2m elements in their support, we have that if

���s(µP(j)
) \ s(f̂n)

��� 

m for some j = 1, 2, then
���s(µP(j0)) \ s(f̂n)

��� � m for j
0 6= j. Moreover, this implies that

 (X1, ..., Xn) = j. Thus, we have established that

1

2

2X

j=1

P(j)

⇣���s(µP(j)
) \ s(f̂n)

��� � m

⌘
� Q ( (X1, ...., Xn) 6= J) . (3.31)

Finally, take the infimum with respect to all estimators on the left hand side and the infimum

over all induced tests on the right hand side. Since the full infimum can only be smaller,

we have established the desired result.
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Proof for Theorem 3. From Le Cam’s inequality, for any P(1), P(2) 2 Pk,� that satisfy (3.28),

we have that

inf
 

Q ( (X1, ...., Xn) 6= J) � 1

2

⇣
1�

���Pn
(1)

� P
n
(2)

���
TV

⌘
, (3.32)

where k ·kTV is the total variation norm for probability distributions. We then lower bound

the right hand side by relating the KL-divergence to the total variation norm as follows:

���Pn
(1)

� P
n
(2)

���
TV


r

1

2
D(Pn

(1)
||Pn

(2)
) =

r
n

2
D(P(1)||P(2)). (3.33)

Since we assumed that ✏ ⇠ N(0,�2), the squared error loss ` is equal to the negative

log likelihood scaled by �2. Thus, �(2m)/�2 is the minimum KL-divergence between two

functions in Pk,� with support di↵ering by 2m, i.e.

inf
P(1),P(2)2Pk,� :�(P(1),P(2))�2m

D(P(1)||P(2)) = �(2m)/�2. (3.34)

Combining the above results with Lemma 5, we have that

inf
f̂n:|s(f̂n)|k

sup
P2Pk,�

P

⇣���s(µP ) \ s(f̂n)
��� � m

⌘
� sup

P(1),P(2)2Pk,� :�(P(1),P(2))�2m

1

2

⇣
1�

���Pn
(1)

� P
n
(2)

���
TV

⌘

(3.35)

� 1

2

✓
1�

r
n

2
�(2m)/�2

◆
, (3.36)

where the first inequality follows from taking the supremum over the right hand side of

(3.32).

A.3 Hyperparameter default values

We recommend selecting the size of the ensemble B to be su�ciently large for its predicted

value to plateau. We found that B = 20 worked well in all our experiments. We initialize the
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Dataset # features # observations # classes Held-out proportion

Classification
soybean 35 307 19 1/4
arrythmia 279 452 13 1/4

gene cancer C 20531 801 5 1/3
hill valley 100 606 2 1/3
semeion 256 1593 10 1/3

Regression
boston 13 506 – 1/3

gene cancer R 20530 801 – 1/3
ct slices 384 53500 – 1/3
crime 122 1994 – 1/3

iran house 103 372 – 1/3
wine 11 4898 – 1/3

Table 3.4: Summary statistics for the selected datasets from the UCI Machine Learning
Repository. The datasets were chosen to represent varying dataset shapes and sizes. One
third of the data was held out for testing unless a random split resulted in no samples from
a particular class. The gene cancer regression (gene cancer R) task is a derivative of the
gene cancer classification (gene cancer C) task, where we try to predict the expression value
for the first gene in the dataset instead of the type of cancer.

sparse-input hierarchical networks to be su�ciently wide and deep to obtain a small training

loss. In the empirical analyses, we use 5 hidden layers and 100 hidden nodes per layer. To

perform penalized empirical minimization, we run Adam with the default learning rates and

parameters until convergence and then batch proximal gradient descent until convergence.

We use a mini-batch size that is one third of the total size of the data.

To speed up K-fold cross-validation, one could try to fit a smaller ensemble for each

candidate penalty parameter set. In our work, we used B = 10 for tuning the penalty

parameters.
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Chapter 4

APPROVAL POLICIES FOR MODIFICATIONS TO MACHINE
LEARNING-BASED SOFTWARE AS A MEDICAL DEVICE: A

STUDY OF BIO-CREEP

Summary

Successful deployment of machine learning algorithms in healthcare requires careful assess-

ments of their performance and safety. To date, the FDA approves locked algorithms prior

to marketing and requires future updates to undergo separate premarket reviews. However,

this negates a key feature of machine learning–the ability to learn from a growing dataset and

improve over time. This chapter frames the design of an approval policy, which we refer to as

an automatic algorithmic change protocol (aACP), as an online hypothesis testing problem.

As this process has obvious analogy with noninferiority testing of new drugs, we investigate

how repeated testing and adoption of modifications might lead to gradual deterioration

in prediction accuracy, also known as “bio-creep” in the drug development literature. We

consider simple policies that one might consider but do not necessarily o↵er any error-rate

guarantees, as well as policies that do provide error-rate control. For the latter, we define

two online error-rates appropriate for this context: Bad Approval Count (BAC) and Bad

Approval and Benchmark Ratios (BABR). We control these rates in the simple setting of

a constant population and data source using policies aACP-BAC and aACP-BABR, which

combine alpha-investing, group-sequential, and gate-keeping methods. In simulation stud-

ies, bio-creep regularly occurred when using policies with no error-rate guarantees, whereas

aACP-BAC and -BABR controlled the rate of bio-creep without substantially impacting

our ability to approve beneficial modifications.
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1 Introduction

Due to the rapid development of artificial intelligence (AI) and machine learning (ML), the

use of AI/ML-based algorithms has expanded in the medical field. As such, an increas-

ing number of AI/ML-based Software as a Medical Device (SaMD) are seeking approval

from the Center of Diagnostics and Radiologic Health (CDRH) at the US Food and Drug

Administration (FDA). In the past couple years, the FDA has approved algorithms for

computer-aided diagnosis [2], medical triage [27], consumer-facing health devices [1], among

others.

ML algorithms are attractive for their ability to improve over time by training over a

growing body of data. Thus, rather than using a locked algorithm trained on a limited

dataset, developers might like to train it further on a much more representative sample of

the patient population that can only be obtained after deployment. To collect input on

this regulatory problem, the FDA recently outlined a proposed regulatory framework for

modifications to AI/ML-based SaMDs in a discussion paper [15].

Regulating evolving algorithms presents new challenges because the CDRH has histori-

cally only approved “locked” algorithms, i.e. algorithms that do not change after they are

approved. This is a new regulatory problem because updating traditional medical devices

and drugs is often logistically di�cult whereas updating software is both fast and easy.

The FDA [15] proposes companies stipulate SaMD Pre-specifications (SPS) and an Al-

gorithm Change Protocol (ACP). When listing the anticipated modifications in the SPS, it

behooves the company to cast as wide a net as possible within FDA-imposed constraints.

The ACP specifies how the company will ensure that their modifications are acceptable for

deployment. Once the FDA approves the SPS and ACP, the company follows these pre-

specified procedures to deploy changes without further intervention. As such, we refer to

the ACP in this thesis as an “automatic ACP” (aACP). The aACP is the FDA’s primary

tool for ensuring safety and e�cacy of the modifications. However, specific aACP designs

or requirements are noticeably absent from FDA [15]. We aim to address this gap in this
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chapter.

A manufacturer has two potential motivations for changing an AI/ML-based SaMD: to

advance public health and to increase their financial wealth. Modifications that improve

performance and usability are encouraged. On the other hand, changes that do not and are

deployed only for the sake of change itself have been used in the past to advance a manufac-

turer’s financial interest and are contrary to public interest. Historically, such modifications

have been used to 1) decrease competition because it is di�cult for competitors to compare

against an ever-changing benchmark; 2) file for a patent extension and keep prices artifi-

cially high; and 3) increase sales for a supposedly new and improved product [20, 23, 19].

To prevent this type of behavior with drugs and biologics, the FDA regulates modifica-

tions through various types of bridging studies ([24]). Likewise, an aACP should only grant

approval to modifications to AI/ML-based SaMD after ensuring safety and e�cacy.

Here, we provide a framework for designing and evaluating an aACP, consider a variety

of aACP designs, and investigate their operating characteristics. We assume the manufac-

turer is allowed to propose arbitrary (and possibly deleterious) modifications, which include

changes to model parameters, structure, and input features. For this manuscript, we focus

on the setting of a constant population and data source, rather than more complicated set-

tings with significant time trends. Throughout, we evaluate modifications solely in terms of

their operating characteristics. Thus, the aACPs treat simple models and complex black-

box estimators, such as neural networks and boosted gradient trees, the same. This parallels

the drug approval process, which primarily evaluates drugs on their e�cacy and safety with

respect to some endpoints, even if the biological mechanism is not completely understood.

To our knowledge, there is no prior work that directly addresses the problem of regulating

modifications to AI/ML-based SaMD, though many have studied related problems. In online

hypothesis testing, alpha-investing procedures are used to control the online false discovery

rate (FDR) [18, 25, 30, 31, 35], which is important for companies that test many hypotheses

over a long period of time (Tang et al. [34]). We will consider aACPs that use alpha-investing
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to control online error rates; However, we will need to significantly adapt these ideas for use

in our context. In addition, di↵erential privacy methods [8, 12] have been used to tackle

the problem of ranking model submissions to a ML competition, where the submissions are

evaluated using the same test data and models are submitted in a sequential and adaptive

manner. Though that problem is related, those approaches cannot evaluate modifications

that add previously-unmeasured covariates. Finally, online learning methods are a major

motivation for studying this regulatory problem and can be used to automatically update

the model [32]. However, rather than designing bespoke aACPs for online learning methods,

we will consider approval policies for arbitrary modifications as a first step.

We evaluate the rates at which di↵erent policies make bad approvals as well as their rates

of approving beneficial modifications. Due to the analogy between this problem and nonin-

feriority testing of new drugs, we investigate how repeated testing of proposed modifications

might lead to gradual deterioration in model performance, also known as “bio-creep” [17].

We compare simple aACPs that one might consider, but do not necessarily have error-rate

guarantees, to policies that do provide error rate control. For the latter, we define two online

error rates appropriate for this context—the expected Bad Approval Count (BAC) and Bad

Approval and Benchmark Ratios (BABR)—and control them using policies aACP-BAC and

aACP-BABR, respectively. In simulation studies, bio-creep frequently occurred when using

the simple aACPs. By using aACP-BAC or -BABR instead, we significantly reduce the

risk of bio-creep without substantially reducing the rate of model improvement. Based on

these findings, we conclude that 1) bio-creep is a major concern when designing an aACP

and 2) there are promising solutions for mitigating it without substantially hindering model

improvements.

2 Motivating examples

We present examples of actual AI/ML-based medical devices and discuss possible modifica-

tions that manufacturers might consider. The examples are ordered by increasing regulatory

complexity and risk. Throughout, we only discuss regulating modifications to the software



154

and assume the intended use of the device remains constant.

2.1 Blood tests using computer vision

Sight Diagnostics has developed a device that collects and images blood samples to estimate

complete blood count (CBC) parameters. They are evaluating the device in a clinical

trial (ClinicalTrials.gov ID NCT03595501) where the endpoints are the estimated linear

regression parameters (slope and intercept) between their CBC parameter estimates and

gold standard.

The FDA requires locking the entire procedure, which includes blood collection, imag-

ing, and the ML algorithm, prior to marketing. Nonetheless, the company might want

to improve the accuracy of their test after obtaining regulatory approval. For instance,

they can train more complex models that capture nonlinearities and interactions (between

covariates and/or outcomes) or use a di↵erent FDA-approved device to image the blood

sample. All these changes have the potential to improve prediction accuracy, though it is

not guaranteed.

To regulate such modifications, we will need to define acceptable changes to endpoint

values. This is not straightforward when multiple endpoints are involved: Do all endpoints

have to improve? What if the model has near-perfect performance with respect to some

endpoints and room for improvement for others? To tackle these questions, we must run

both superiority and non-inferiority (NI) tests. Moreover, introducing NI tests prompts

even more questions, such as how to choose an appropriate NI margin.

2.2 Detecting large vessel occlusion from CT angiogram images of the brain

ContaCT is a SaMD that identifies whether CT angiogram images of the brain contain a

suspected large vessel occlusion. If so, it notifies a medical specialist to intervene. The

manufacturer evaluated ContaCT using images analyzed by neuro-radiologists. The pri-

mary endpoints were estimated sensitivity and specificity. The secondary endpoint was the
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di↵erence in notification time between ContaCT and standard-of-care. ContaCT achieved

87% sensitivity and 89% specificity and significantly shortened notification time.

Having obtained FDA approval [14], the company might want to improve ContaCT

by, say, training on more images, extracting a di↵erent set of image features, or utilizing

clinical covariates from electronic health records. This last modification type requires special

consideration since the distribution of clinical covariates and their missingness distribution

are susceptible to time trends.

2.3 Blood test for cancer risk prediction

GRAIL is designing a blood test that sequences cell-free nucleic acids (cfNAs) circulating in

the blood to detect cancer early. They are currently evaluating this test in an observational

study (ClinicalTrials.gov ID NCT02889978) where the gold standard is a cancer diagnosis

from the doctor within 30 months. For time-varying outcomes, one may consider evaluating

performance using time-dependent endpoints, such as those in Heagerty and Zheng [21].

After the blood test is approved, GRAIL might still want to change their prediction

algorithm. For example, they could collect additional omics measurements, sequence the

cfNAs at a di↵erent depth (e.g. lower to decrease costs, higher to improve accuracy), or

train the model on more data. Regulating modifications to this blood test is particularly

di�cult because the gold standard might not be observable in all patients, its definition

can vary between doctors, and it cannot be measured instantaneously. In fact, the gold

standard might not be measurable at all because test results will likely a↵ect patient and

doctor behavior.

3 Problem setup

In this section, we provide a general framework and abstractions to understand the approval

process for modifications to AI/ML-based SaMD. We begin with reviewing the approval

process for a single AI/ML-based SaMD since it forms the basis of our understanding and

is a prerequisite to getting modifications approved.
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3.1 AI/ML-based SaMD

Formally, the FDA defines SaMD as software intended to be used for one or more medical

purposes without being part of a hardware medical device. An AI/ML-system is software

that learns to perform tasks by tracking performance measures. A SaMD must be approved

for a specific indication, which describes the population, disease, and intended use. Here

we only consider SaMDs whose predictions do not change the observed outcome; We leave

SaMDs that a↵ect the observed outcome (e.g. by recommending treatment) to future work.

Predictive accuracy is typically characterized by multiple endpoints, or co-primary end-

points [26, 13]. The most common endpoints for binary classifiers are sensitivity and speci-

ficity because they tend to be independent of disease prevalence, which can vary across

subpopulations [28]. Additionally, we can evaluate endpoints over di↵erent subgroups to

guarantee a minimum level of accuracy for each one.

We now define a model developer (the manufacturer) in mathematical terms. Let X

be the support of the targeted patient population, where a patient is represented by their

covariate measurements. Let Y be output range (possibly multivariate). Let Q be a family

of prediction models f : X 7! Y. Each model f defines the entire pipeline for calculating

the SaMD output, including feature extraction, pre-processing steps, and how missing data

is handled. The model developer is a functional g that maps the training data (XT , YT ) 2

Xn⇥Yn to a function in Q. Let P be the family of distributions forX⇥Y . The performance of

a model f on population P 2 P is quantified by theK-dimensional endpointm : Q⇥P 7! RK .

For each endpoint mk, we assume that a larger value indicates better performance.

3.2 Modifications to AI/ML-based SaMD

The proposed workflow in FDA [15] for modifying an AI/ML-based SaMD iterates between

three stages. First, the manufacturer proposes a modification by training on monitoring

and/or external data and adds this to a pool of proposed modifications. Second, the aACP

evaluates each candidate modification and grants approval to those satisfying some criteria.
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The most recently approved version is then recommended to doctors and patients. Finally,

a new batch of monitoring data is collected, which can be used to evaluate and train future

models. For simplicity, suppose these three stages are executed in the above order over a

fixed grid of time points t = 1, 2, ....

The model developer is allowed to propose arbitrary modifications in a sequential and

possibly adaptive manner. For example, the modification can depend on all previously

collected monitoring data as well as the set of approvals up to that time point. For generality,

we represent each modification as an entirely separate model. Let filtration Ft be the sigma

algebra representing the information up to time t, which includes observed monitoring data,

proposed models, and aACP outputs up to time t. We now redefine the model developer in

this online setting as a sequence of functionals {gt : t = 1, 2, ...}, where gt is a Ft-measurable

functional mapping to Q. Let f̂t be the realized model proposal at time t. In addition,

suppose that each proposed model f̂t has a maximum wait time �t that specifies how long

the manufacturer will wait for approval of this model, i.e. the model is no longer considered

for approval after time t+�t.

Time trends are likely to occur in long-running processes, as found in long-running

clinical trials and non-inferiority trials [3, 17]. This includes changes to any component of

the joint distribution between the patient population and the outcome, such as the marginal

distributions of the covariates, their correlation structure, their prognostic values, and the

prevalence of the condition. As such, let the joint distribution at time t of patients Xt

and outcomes Yt be denoted Pt. For endpoint m, its value for model f at time t is then

m(f,Pt). More generally, we might characterize a model by the average endpoint value

over time points t to t + D � 1 for some D � 1. We denote the average endpoint using

m(f,Pt:t+D�1), where Pt:t0 indicates a uniform mixture of Pt, ...,Pt0 . Here D acts as a

smoothing parameter; Larger D increases the smoothness of endpoint values.

Finally, we assume that monitoring data collected at time t are representative of the

current population Pt. Of course, satisfying this criteria is itself a complex issue. We will
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Figure 4.1: Example of an acceptability graph for binary classifiers evaluated on sensitivity
and specificity. Given a reference model (triangle) and NI margin ✏, a candidate model is
acceptable if one endpoint is non-inferior and the other is superior compared to the reference
model. The NI margin can be chosen to encourage approval of updates to a better ROC
curve. Models in the shaded area are acceptable updates to the reference model. Model 3
is not acceptable since it is on a strictly inferior ROC curve. Model 1 and 2 are likely on
better ROC curves, but 1 is not within the NI margin and is therefore not acceptable either.

not discuss the challenges here and instead refer the reader to Pepe [28] for more details, such

as selecting an appropriate sampling scheme, measuring positive versus negative examples,

and obtaining gold standard versus noisy labels.

Defining acceptable modifications

A fundamental building block for designing an aACP is defining when a modification is

acceptable to a reference model. Our solution is to represent which modifications are ac-

ceptable using a directed graph between models in Q, which we refer to as an “acceptability

graph.” That is, if there is a directed edge from model f to model f 0, then it is acceptable

to update f to f
0. Here, “acceptability” is defined for a pre-defined vector of non-inferiority

(NI) margins ✏ 2 RK
+ . An update from f to f

0 is acceptable if it demonstrates non-inferiority

with respect to all endpoints and superiority in at least one [6, 7]. So for a binary classifier

where the endpoints are sensitivity and specificity, one may select the NI margins to encour-
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age modifications that shift the model to a better ROC curve (Figure 4.1). An acceptability

graph is formally defined below:

Definition 4. For a fixed evaluation window D 2 Z+ and NI margin ✏ 2 RK
+ , the ac-

ceptability graph at time t over Q contains the edge from f to f
0 if mk(f,Pt:t+D�1) � ✏k 

mk(f 0
,Pt:t+D�1) for all k = 1, ...,K and there is some k = 1, ...,K such that mk(f 0

,Pt:t+D�1) >

mk(f,Pt:t+D�1). The existence of this edge is denoted f !✏,D,t f
0 and f 9✏,D,t f

0 otherwise.

Here, we assume D is fixed and use the notation f !✏,t f
0. For simplicity, Definition 4

uses the same NI margin across all models. In practice, it may be useful to let the margin

depend on the reference model or the previously established limits of its predictive accuracy.

We obtain di↵erent graphs for di↵erent choices of ✏. For instance, ✏ = 0 means that

a model is only acceptable if it is superior with respect to all endpoints, though this can

be overly strict in some scenarios. Setting ✏ 6= 0 is useful for approving modifications that

maintain the value of some endpoints or have very small improvements with respect to some

endpoints.

Finally, we define hypothesis tests based on the acceptability graph. In an ✏-acceptability

test, we test the null hypothesis that a model f 0 is not an ✏-acceptable update to model f

at time t, i.e. H0 : f 9✏,t f
0 . A superiority test is simply an ✏-acceptability test where

✏ = 0.

4 An online hypothesis testing framework

At each time point, we suppose an aACP evaluates which candidates to approve by running

a battery of hypothesis tests. Since AI/ML-based SaMDs can be modified more easily and

frequently compared to drugs, the aACP may run a large number of tests. To account for

the multiplicity of tests, we will frame aACPs as online hypothesis testing procedures where

the goal is to control the error rate over a sequence of tests.

Each aACP specifies a sequence of approval functions At for times t = 1, 2, ... (Fig-
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Pool of candidate 
algorithms�fj j = 1,...,t

Approvals�Aj
j = 1,...,t � 1

Automatic Algorithm 
Change Protocol 

(aACP)

�At:  Most recently approval up to time t

Monitoring data 
up to time t

Figure 4.2: An automatic Algorithm Change Protocol (aACP) outputs the index of the most
recently approved model Ât at each time t. To do so, it evaluates the pool of candidate
models against the pool of previously approved models using monitoring data collected up
to that time.

ure 4.2), where At is a F̃t-measurable function that outputs the index of the most recently

approved model at time t (some value in {0, ..., t � 1}). Filtration F̃t is the sigma-algebra

for monitoring data up to time t and proposed models and aACP outputs up to time t� 1.

The index of the latest approved model at time t is denoted Ât. A model was approved at

time t if Ât 6= Ât�1. Assuming companies are not interested in approving older models, we

require Ât � Ât�1.

Di↵erent approval functions lead to di↵erent aACPs. We only consider aACPs that

evaluate candidate modifications using prospectively-collected monitoring data, i.e. data

collected after the candidate modification has been proposed, as candidate modifications

can train on all previously-collected monitoring data. The following are two simple aACPs

that one may plausibly consider but do not provide error-rate guarantees:

aACP-Baseline approves any modification that demonstrates ✏-acceptability to the ini-

tially approved model at a fixed level ↵. This can be useful when the initial model has high

predictive accuracy. The manufacturer may also argue this is reasonable policy because the

current laws only require a model to perform better than placebo, i.e. the standard of care

without utilizing AI/ML-based SaMDs.
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aACP-Reset approves any modification that demonstrates ✏-acceptability to the currently

approved model at some fixed level ↵. As opposed to aACP-Baseline, this policy encourages

the model to improve over time.

5 Online error rates for aACPs

We define two online Type I error rates for this setting and describe aACPs that uniformly

control these error rates over time. Manufacturers and regulators should select the error

rate definition and aACP most suitable for their purposes. These aACPs achieve error rate

control as long as their individual hypothesis tests are controlled at their nominal levels.

For both definitions, the error rate at time T is evaluated over the window 1_ (T �W )

to T for some width W � 1. The hyperparameter W must be pre-specified and specifies

di↵erent trade-o↵s between error control and speed: W = 1 requires the strongest error

rate control, but is overly strict in most cases, and W = 1 requires the weakest error control,

but can lead to bad long-running behavior. The desired trade-o↵ is typically in between

these extremes.

5.1 Bad approval count

We define a bad approval as one where the modification is unacceptable with regards to

any of the previously approved models. The first error rate is defined as the expected Bad

Approval Count (BAC) within the current window of width W :

Definition 5. The expected bad approval count within the W -window at time T is

BACW (T ) = E

2

4
TX

t=1_(T�W )

n
9t0 = 1, ..., t� 1 s.t. f̂Ât0

9✏,t f̂Ât

o
3

5 .

This error rate captures two important ways errors can accumulate over time: bio-creep

and the multiplicity of hypotheses. We discuss these two issues below.
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When a sequence of NI trials is performed and the reference in each trial is the latest

model that demonstrated NI, the performance of the approved models will gradually degrade

over time; This phenomenon has been called bio-creep in previous work [17]. Bio-creep

can also happen in our setting: Even if each approved model demonstrates superiority

with respect to some endpoints and NI with respect to others, repeated applications of ✏-

acceptability tests can still lead to approval of strictly inferior models. The risk of bio-creep

is particularly pronounced because the model developer can perform unblinded adaptations.

To protect against bio-creep, Definition 5 counts it as a type of bad approval.

Second, when a long sequence of hypothesis tests is performed, the probability of a

false rejection is inflated due to the multiplicity of hypotheses. Definition 5 accounts for

multiplicity by summing the probabilities of bad approvals across the window. It is an upper

bound for the probability of making any bad approval within the window, which is similar

to the definition of family-wise error rate (FWER). In fact, we use the connection between

FWER and BAC in the following section to design an aACP that controls this error rate.

aACP to control bad approval counts

We now present aACP-BAC, which uniformly controls BACW (·). An aACP is defined by

its skeletal structure, which specifies the sequence of hypothesis tests run, and a procedure

that selects the levels to perform the hypothesis tests. To build up to aACP-BAC, we i) first

describe a simple aACP skeleton that launches a fixed sequence of group sequential tests

(GSTs), ii) add gate-keeping to increase its flexibility, and iii) finally pair it with a sequence

of F̃t-measurable functions {↵t : t = 1, 2, ...} for choosing the hypothesis test levels. The full

algorithm is given in Algorithm 7 in the Appendix. For now, we assume the distributions

are constant and simply use the notation !✏ in place of !✏,t. We discuss robustness to

time trends in a later section.

Let us first consider a simple aACP skeleton that compares each proposed model to

previously approved models using a single hypothesis test (Figure 4.3). More specifically,
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�A2 = 0 �A3 = 1 �A4 = 1

H0�f0�� �f1

H0�f0�� �f2

�A1 = 0

Time 1                        2                          3                          4       

H0�f1�� �f3 �f0�� �f3OR

Figure 4.3: At each time point, this simple aACP launches a single group sequential test
(GST) comparing the newly proposed model to previously approved models. Here, each
model has a maximum wait time of � = 2 and each interim analysis is represented by a
square. A checkmark indicates that the null hypothesis is rejected and an “X” indicates
that the interim analysis is not performed. The final interim analysis for f̂2 is not performed
because its GST only compares f̂2 to f̂0 and not the newly approved model f̂1. Thus, f̂2
has no chance of being approved.

at time t, it launches a group sequential ✏-acceptability test with the null hypothesis

H0 : 9t0 = 1, ..., t s.t. f̂Ât0
9✏ f̂t. (4.1)

The number of interim analyses is the maximum wait time �t and the critical values are

chosen according to an alpha-spending function specified prior to launch [10]. At each time

point, we also perform interim analyses for all active hypothesis tests (i.e. those not past

their maximum wait time). The aACP approves f̂j at time t if it demonstrates acceptability

to f̂Â1
, ..., f̂Ât�1

. If multiple models are acceptable, it selects the latest one.

A drawback of this simple aACP skeleton is that it fails to adapt to new model ap-

provals that occur in the middle of a group sequential test (GST). Consider the example

in Figure 4.3, where a GST with null hypothesis H
0

f̂09✏f̂1
is launched at time t = 1 and a

second GST with null hypothesis H
0

f̂09✏f̂2
is launched at time t = 2. If f̂1 is approved at

time t = 3, this aACP cannot approve f̂2 since its GST only compares f̂2 to f̂0. Ideally, it

could adapt to the new approval and add a test comparing f̂2 to f̂1.

aACP-BAC addresses this issue by evaluating proposed model f̂t using a family of ac-
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ceptability tests instead (Figure 4.4). In addition to the aforementioned test for the null

hypothesis (4.1), this family includes acceptability tests to test each of the null hypotheses

H0,j : f̂j 9✏ f̂t for j = Ât + 1, ..., t� 1. (4.2)

As before, a model is approved at time t only if it demonstrates acceptability compared

to all approved models up to time t. To control the online error rate, aACP-BAC controls

the FWER for each family of tests using a serial gate-keeping procedure. Recall that gate-

keeping tests hypotheses in a pre-specified order and stops once it fails to reject a null

hypothesis [11]. No alpha adjustment is needed in gate-keeping; It controls FWER at ↵ by

performing all tests at level ↵. Here, the tests are naturally ordered by the index of the

reference models, from oldest to latest. Moreover, this ordering maximizes the probability

of approval, assuming the proposed models improve in predictive accuracy. We use the

overall hierarchical rule to perform GSTs with gate-keeping Tamhane et al. [33].

To uniformly control BACW (·) at ↵, aACP-BAC computes an over-estimate of BACW (t)

at each time t and selects level ↵̂t such that the over-estimate is bounded by ↵. Using a

union bound like that in Bonferroni correction, it uses the over-estimate

[BACW (t) =
tX

t0=1

↵̂t0
�
t�W  t

0 +�t0  t
 

(4.3)

and selects ↵̂t such that

[BACW (t)  ↵. (4.4)

See supporting information for a proof that aACP-BAC achieves the nominal rate.

Alternatively, we can think of aACP-BAC as an alpha-investing procedure [18] that

begins with an alpha-wealth of ↵, spends it when a family of tests is launched, and earns

it back when the family leaves the current window. Thus, aACPs that control BAC over
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�A2 = 0 �A3 = 1 �A4 = 2

H0�f0�� �f1

H0�f0�� �f2

�A1 = 0

Time 1                        2                          3                          4                         

H0�f1�� �f2

H0�f2�� �f3

H0�f1�� �f3 �f0�� �f3OR

Figure 4.4: At each time point, this aACP launches a family of group sequential tests
(shaded gray boxes) comparing the newly proposed model to previously approved models
as well as other models that might be approved in the interim. Within each family, we test
the hypotheses using a gatekeeping procedure, which provides a mechanism for comparing
a candidate model to newly approved models in the interim. We use the same notation
in Figure 4.3. An arrow between squares indicates that we rejected a null hypothesis and
proceeded to the next test in the gatekeeping sequence.

window size W = 1 inevitably have low power to approve later modifications because they

only spend but never earn alpha-wealth. This is analogous to the so-called “alpha-death”

issue that occurs in procedures that control online FWER [30]. We sidestep the issue of

alpha-death by selecting a reasonable value for W .

5.2 Bad approval and benchmark ratios

If the goal is to ensure that the SaMD improves on average and occasional drops in perfor-

mance are tolerated, the approval policies for controlling BACW can be overly strict and

unnecessarily conservative. There are two solutions to this problem. One approach (reward-

approach) is to reward the company for each superior model by resetting the level alpha.

The FDA essentially uses this procedure right now, as each clinical trial resets the alpha-

spending clock. Another idea (FDR-approach) is to draw on the false discovery rate (FDR)

literature: These procedures control the expected proportion of false rejections rather than

the FWER, which has higher power when some of the null hypotheses are false [5]. This
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section defines a second online error rate based on these ideas.

The reward-approach punishes bad approvals and rewards the approval of superior mod-

els. To signify that a recent set of modifications has led to the creation of a superior model,

we now define aACPs with an additional function that can label models as “benchmarks.”

By labeling a model as a benchmark, the aACP is claiming that it is superior to the pre-

vious benchmark. More formally, we define a benchmark function Bt as a F̃t measurable

function that outputs the index of the latest benchmark model at time t. For t = 0, we have

B0 ⌘ 0. We require benchmarks to be a previously approved model since superiority implies

acceptability. Again, we use the hat notation to indicate the realized benchmark index. A

bad benchmark is one in which f̂B̂t�1
90,t f̂B̂t

. We do not compare against all previous

benchmarks since 90,t is a transitive property when the superiority graph is constant.

Based on the FDR-approach, we now introduce bad approval and benchmark ratios. An

aACP needs to control both ratios to control the frequency of bad approvals and bench-

marks.

Definition 6. For NI margin ✏, the bad approval ratio within W -window at time T is

BARW (T ) =

PT
t=1_(T�W )

n
9t0 = 1, ..., t� 1 s.t. f̂Ât0

9✏,t f̂Ât

o

1 +
PT

t=1_(T�W )

n
B̂t 6= B̂t�1

o . (4.5)

The bad benchmark ratio within W -window at time T is

BBRW (T ) =

PT
t=1_(T�W )

n
f̂B̂t�1

90,t f̂B̂t

o

1 +
PT

t=1_(T�W )

n
B̂t 6= B̂t�1

o . (4.6)

Since only approved models can be designated as benchmarks, BARW is an upper bound

for the proportion of bad approvals (this is approximate because the denominator is o↵ by

one).

The denominator in (4.5) was deliberately chosen to be the number of unique benchmarks

rather than the number of approvals because the latter is easy to inflate artificially. We
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can simply propose models by alternating between two models that are ✏-acceptable to each

other. This strategy does not work for benchmarks because they require demonstrating

superiority.

aACP to control bad approval and benchmark ratios

Instead of controlling the expectations of (4.5) and (4.6), we describe aACP-BABR for

controlling the modified expected bad approval and benchmark ratios. These modified

ratios are based on a similar quantity in the online FDR literature known as modified

online FDR [18]. We chose to control the modified versions because they can be controlled

under less restrictive conditions and using relatively intuitive techniques [30]. Moreover,

Foster and Stine [18] found that modified online FDR has similar long-running behavior to

online FDR. We define modified expected bad approval and benchmark ratios below.

Definition 7. For NI margin ✏, the modified expected bad approval ratio within W -window

at time T is

meBARW (T ) =
E

hPT
t=1_(T�W )

n
9t0 = 1, ..., t� 1 s.t. f̂Ât0

9✏,t f̂Ât

oi

E

h
1 +

PT
t=1_(T�W )

n
B̂t 6= B̂t�1

oi . (4.7)

The modified expected bad benchmark ratio within W -window at time T is

meBBRW (T ) =
E

hPT
t=1_(T�W )

n
f̂B̂t�1

90,t f̂B̂t

oi

E

h
1 +

PT
t=1_(T�W )

n
B̂t 6= B̂t�1

oi . (4.8)

Next, we describe how aACP-BABR uniformly controls meBARW (·) and meBBRW (·) at

levels ↵ and ↵0, respectively (Algorithm 8). We begin with its skeleton and then discuss the

alpha-investing procedure. Again, we assume the distributions Pt are constant.

aACP-BABR uses the acceptability tests from aACP-BAC to approve modifications and

superiority tests to discover benchmarks. So at time t, in addition to launching a family of

acceptability tests to evaluate model f̂t for approval, aACP-BABR also launches a family
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of group-sequential superiority tests comparing f̂t to models with indices
n
B̂t�1, ...., t� 1

o
,

which are executed in a gate-keeping fashion from oldest to latest. Let �0
t be the maximum

wait time for the superiority tests, which can di↵er from the maximum wait time for ac-

ceptability tests. A model f̂j is designated as a new benchmark at time t if it demonstrates

superiority to models f̂B̂j�1
, ..., f̂B̂t�1

. If multiple benchmarks are discovered at the same

time, the aACP can choose any of them (we choose the oldest one in our implementation).

aACP-BABR uses an alpha-investing procedure based on Ramdas et al. [30] to control

the error rates. Let the F̃t-measurable function ↵0
t specify the level to perform superiority

tests launched at time t. At time t, aACP-BABR constructs over-estimates of the error

rates BARW (t) and BBRW (t) and selects ↵̂t and ↵̂t0 such that the over-estimates are no

larger than the nominal levels. The over-estimates are

[BARW (t) =

Pt
t0=1

↵̂t0 {t�W  t
0 +�t0  t}

1 +
Pt

t0=1_(t�W )
{B̂t0 6= B̂t0�1}

(4.9)

[BBRW (t) =

Pt
t0=1

↵̂
0
t0
�
t�W  t

0 +�0
t0  t

 

1 +
Pt

t0=1_(t�W )
{B̂t0 6= B̂t0�1}

. (4.10)

It selects ↵̂t and ↵̂0
t such that

[BARj(t)  ↵ 8j = 1, ...,W (4.11)

[BBRj(t)  ↵
0 8j = 1, ...,W. (4.12)

(We consider all window sizes since we also need to over-estimate future errors BARW (t0)

and BBRW (t0) for t0 > t.) So, aACP-BABR earns alpha-wealth when new benchmarks are

discovered, which unites ideas from FDR-approach and reward-approach. See the supporting

information for a proof that aACP-BABR provides the desired error control.
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5.3 E↵ect of time trends

Time trends are likely to occur when an aACP is run for a long time. We now discuss how

robust aACP-BAC and -BABR are to time trends. We consider levels of increasing severity:

the distributions are relatively constant over time (no-trend), the distributions are variable

but the acceptability graphs are relatively constant (graph-constant), and the acceptability

graphs change frequently (graph-changing).

When the distributions are relatively constant over time, aACP-BAC and -BABR should

approximately achieve their nominal error rates. Recall that the two aACPs perform paired

T-tests by approximating the distribution Pt:t+D�1 with monitoring data sampled from

Pj_j0:t�1, which is reasonable when the distributions are relatively constant over time. When

there are multiple endpoints, one can either choose a GST that rejects the null hypothesis

when all endpoints surpass the significance threshold at the same interim time point or

when the endpoints surpass their respective thresholds at any interim timepoint. The

former approach is more robust to time trends with only modest di↵erences in power [4].

When the distributions are not constant but the acceptability graphs are, the GSTs have

inflated error rates since they only guarantee Type I error control under the strong null.

To handle heterogeneity in distributions over time, we can instead use combination tests,

such as Fisher’s product test and the inverse normal combination test, to aggregate results

across time points [16, 22]. Since we assumed that the acceptability graphs are constant,

this tests the null hypothesis that the shared acceptability graph does not have a particular

edge (i.e. H0 : f 9✏,· f
0); The alternative hypothesis is that the edge exists. Thus, we can

replace GSTs with combination tests to achieve the desired error control.

The most severe time trend is where the acceptability graphs change frequently. Con-

trolling error rates in this setting is di�cult because previous data is not informative for

future time points. In fact, even bad approvals are not well-defined since the relative per-

formance of models changes over time, e.g. an approval at time t that looks bad at time

t + 1 might turn out to be a very good at time t + 2. As such, we recommend checking
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that the acceptability graphs are reasonably constant to ensure proper use of aACP-BAC

and -BABR. For example, one could track a moving average for the evaluation metrics

of all previously proposed modifications and check that their values and/or their relative

orderings are stable over time.

6 Cumulative utility of an aACP

Just as hypothesis tests are judged by their Type I error and power, aACPs should be

judged by their rates for approving bad and good modifications. Taking a decision-theoretic

approach, we characterize the rate of good approvals as the cumulative mean of an endpoint,

which we refer to as “cumulative utility.” This quantity is similar to “regret” in the online

learning literature [32].

Definition 8. The cumulative utility of an aACP with respect to endpoint m is

E

"
1

T

TX

t=1

m

⇣
f̂Ât

,Pt

⌘#
. (4.13)

There is no single aACP that maximizes (4.13) for all possible model developers since we

allow arbitrary unblinded adaptations. Instead, we suggest running simulation studies under

probable model improvement rates to understand the cumulative utility under di↵erent

aACP settings, such as window size W , NI margin ✏, and monitoring data batch size.

7 Simulations

Through simulation studies, we evaluate the operating characteristics of the following aACPs:

1. Blind: Approve all model updates

2. Reset: Perform an acceptability test at level 0.05 against the last-approved model

3. Baseline: Perform an acceptability test at level 0.05 against the initial model

4. aACP-BAC at level ↵ = 0.2 with window W = 15
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5. aACP-BABR at level ↵ = ↵
0 = 0.2 with window W = 15. The ratio of maximum wait

times between the benchmark and approval was fixed at �0
/� = 2.

6. Fixed: Only approve the first model

The first three aACPs have no error rate guarantees but are policies one may consider; The

others provide error rate control. In the first two simulations, we try to inflate the error

rates of the aACPs. The next two study the cumulative utility of the aACPs when proposed

models are improving on average. The last simulation explores the e↵ects of time trends.

In the simulations below, we consider a binary classification task with sensitivity and

specificity as metrics. We compare aACPs by plotting the metrics of the approved model

over time. We test for acceptability/superiority using repeated confidence intervals [9] and

Pocock alpha-spending functions [29], where ✏ = 0.05 for both endpoints. The Appendix

contains summary statistics of aACP performance (Table 4.1 and 4.2), simulation details

(Section A.2), and sensitivity analyses to hyperparameters W and ✏ (Section A.3).

7.1 Incremental model deterioration

In this simulation, the proposed models deteriorate gradually. This can occur in practice for

a number of reasons. For instance, a manufacturer might try to make their SaMD simpler,

cheaper, and/or more interpretable by using fewer input variables, collecting measurements

through other means, or training a less complex model. Even if their modifications are well-

intended, the sponsor might end up submitting inferior models. A model developer can also

inadvertently propose adverse modifications if they repeatedly overfit to the training data.

Finally, a properly trained model can be inferior if the training data is not representative

of future time points if, say, the biomarkers lose their prognostic value over time.

This simulation setup tries to induce bio-creep by submitting models that are accept-

able to the currently approved model but gradually deteriorate over time. Each proposed

model is worse by ✏/2 in one endpoint and better by ✏/4 in the other. By alternating be-
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Figure 4.5: Comparison of the sensitivity and specificity of models approved by di↵erent
aACPs when the proposed models are gradually deteriorating. (We omit aACP-Blind from
this plot since it would obviously perform the worst.)

tween deteriorating the two endpoints, the manufacturer eventually submits strictly inferior

models.

Bio-creep occurs consistently when using the aACP-Reset since it only compares against

the most recently approved model (Figure 4.5). Both the sensitivity and specificity for the

approved model at the final time point are significantly worse than the initial model. aACP-

BAC and aACP-BABR properly controlled the occurence of bio-creep since they require

modifications to demonstrate acceptability with respect to all previously approved models.

7.2 Periodic model deterioration and improvement

Next we consider a simulation in which the proposed modifications periodically decline

and improve in performance. This scenario is more realistic than the previous section

since a manufacturer is unlikely to only submit bad modifications. More specifically, the

proposed models monotonically improve in performance over the first fifteen time points

and, thereafter, alternate between deteriorating and improving monotonically every ten

time points.

As expected, aACP-Baseline had the worst error and cumulative utility. It performed

like aACP-Blind and the performances of the approved models were highly variable over
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Figure 4.6: Comparison of the sensitivity and specificity of models approved by di↵erent
aACPs when the proposed models periodically deteriorate and improve in performance.

time (Figure 4.6). In contrast, the other aACPs displayed much less variability and the

performances were generally monotonically increasing. aACP-Reset had the highest utility

here because it performs hypothesis tests at a higher level alpha than aACP-BAC and

aACP-BABR.

7.3 Accumulating data model updates

We now suppose the manufacturer automatically generates modifications by training the

same model on accumulating monitoring data. In this simulation, the developer iteratively

performs penalized logistic regression. Since model parameters are estimated with increas-

ing precision, the expected improvement decreases over time and performance eventually

plateaus. As such, we investigate aACP behavior over a shorter time period.

aACP-Blind approved good modifications the fastest (Figure 4.7). We find that the

remaining aACPs, excluding aACP-fixed, are close in cumulative utility because less e�cient

aACPs can “catch up”: Even if an aACP fails to approve a small improvement, there will

eventually be a proposal with su�ciently large improvement that is easy to discern. aACP-

BABR often discovered one or no new benchmarks within a window and was unable to earn

alpha-wealth much of the time because the models improved at a slow pace and performance
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Figure 4.7: Comparison of the sensitivity and specificity of models approved by di↵erent
aACPs when the model developer trains a logistic model on accumulating monitoring data.

plateaued over time. As such, aACP-BAC and -BABR behaved similarly in this simulation.

7.4 Significant model improvements

Next, we simulate a manufacturer that proposes models with large improvements in per-

formance at each time point. Large improvements usually occur when the modifications

significantly change the model, such as adding a highly informative biomarker or replacing

a simple linear model with a complex one that accounts for non-linearities and interactions.

Since large improvements are relatively rare, we used a short total time. We designed the

simulation to be less favorable for aACP-BAC and -BABR. The model developer proposes a

modification that improves both endpoints by 4% compared to the most recently approved

model. Therefore an aACP cannot catch up by simply waiting for large improvements.

As expected, Blind-aACP is the most e�cient, followed by aACP-Baseline and aACP-

Reset (Figure 4.8). The aACPs with error rate control are less e�cient. For example, the

performance of the final models approved by aACP-BABR and aACP-Reset di↵ered by

4% on average. Unlike in previous simulations, there is a clear improvement in e�ciency

from using aACP-BABR over aACP-BAP. Since the models here improve at a fast pace,

aACP-BABR earns enough alpha-wealth to discover new benchmarks with high probability.



175

Figure 4.8: Comparison of the sensitivity and specificity of models approved by di↵erent
aACPs when the model developer adaptively proposes a significantly better model than the
currently approved model. We evaluate three di↵erent settings for aACP-BABR, where a
larger index means that alpha-wealth is spent more greedily.

7.5 Robustness to time trends

Finally, we evaluate the robustness of aACP-BAC and -BABR to time trends by simulating

the three time trend severity levels from Section 5.3. We simulate the endpoints of the

proposed models to follow a sinusoidal curve. In addition, the proposed model is always

strictly inferior to the currently approved model on average. For the graph-constant setting,

the sinusoids are aligned so that the proposed model is unacceptable at all time points. For

the graph-changing setting, the sinusoids are o↵set by exactly half the period so that the

proposed model is superior to the currently approved model at certain time points.

The error rates in the graph-constant and no-trend settings were similar (Table 4.2 in

the Appendix), which implies that aACP-BAC and -BABR still control error rates if the

acceptability graphs stay relatively constant. However, they performed poorly in the graph-

changing setting since bad modifications appeared superior at particular time points.

8 Discussion

In this work, we have presented and evaluated di↵erent policies for regulating modifications

to AI/ML-based SaMDs. One of our motivations was to investigate the possibility of bio-
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creep, due to the parallels between this problem and noninferiority testing of new drugs.

We found that the risk of bio-creep is heightened in this regulatory problem compared to

the traditional drug development setting because software modifications are easy and fast to

deploy. Nonetheless, we show that aACPs with appropriate online error-rate guarantees can

su�ciently reduce the possibility of bio-creep without substantial sacrifices in our ability to

approve beneficial modifications, at least in the specific settings discussed in this chapter.

We have only considered a limited scope of problems and there are still many interesting

directions for future work. One direction is to develop more e�cient aACPs, perhaps by

spending alpha-wealth more judiciously, discovering benchmarks using a di↵erent procedure,

sequestering monitoring data for repeated testing, or considering the special case with pre-

specified modifications. Also, we have not considered aACPs that regulate modifications to

SaMDs that are intended to treat and are evaluated based on patient outcomes.

Our results raise the interesting question regarding the general structure of the regulatory

policy framework. Although aACP-BAC and -BABR mitigate the e↵ect of bio-creep, they

cannot provide indefinite error rate control without large sacrifices in cumulative utility.

So if one desires both indefinite error rate control and fast approval of good modifications,

perhaps the solution is not to use a fully automated approach. For example, human experts

could perform comprehensive analyses every couple of years and the manufacturer could

use an aACP in between to quickly deploy modifications.

Finally, we highlight that regulating modifications to AI/ML-based SaMDs is a highly

complex problem. We have primarily focused on the idealized setting of a constant diagnos-

tic environment. Our findings suggest that problems with bio-creep is more pervasive when

modifications are designed to accommodate time trends in the patient population, available

measurements, and bioclinical practice. It is crucial that we thoroughly understand the

safety risks before allowing modifications in these more complex settings.
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A Appendix

A.1 Proofs

Theorem 4. aACP-BAC achieves uniform control of BACW (·) at level ↵, i.e.

BACW (T )  ↵ T = 1, 2, ... (4.14)

Proof. At each time point, aACP-BAC launches a set of hypothesis tests comparing f̂t to

models with indices M̂t = {Â1, ..., Ât, Ât + 1, ..., t � 1}. Let the F̃t-measurable random

variable Gt indicate the indices of the true null hypotheses, i.e.

Ĝt =
n
j 2 M̂t : f̂j 9✏ f̂t

o
.

It is easy to see that the number of bad approvals is upper bounded by the number of

incorrect rejections of the launched null hypotheses, i.e.

TX

1_(T�W )

n
9t0 = 1, · · · , t� 1 s.t. f̂Ât0

9✏ f̂Ât

o


TX

1_(T�W )

n
9j 2 Ĝt, 9t0 = 1, · · · ,�t, s.t. reject f̂j 9✏ f̂t at time t+ t

0
o
.

(4.15)

Taking the expectations on both sides, BACW (T ) is upper-bounded by

TX

1_(T�W )

Pr
⇣
9j 2 Ĝt, 9t0 = 1, · · · ,�t, s.t. reject f̂j 9✏ f̂t at time t+ t

0
⌘
. (4.16)

Since the hypothesis tests are tested using a gatekeeping procedure, each probability in

(4.16) is equal to the probability of rejecting the first true null hypothesis in the gatekeeping
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sequence. Thus,

Pr
⇣
9j 2 Ĝt, 9t0 = 1, · · · ,�t, s.t. reject f̂j 9✏ f̂t at time t+ t

0
⌘

(4.17)

=Pr
⇣
Ĝt 6= ;, 9t0 = 1, · · · ,�t, s.t. reject f̂

min Ĝt
9✏ f̂t at time t+ t

0
⌘

(4.18)

E

h
Pr
⇣
Ĝt 6= ;, 9t0 = 1, · · · ,�t, s.t. reject f̂

min Ĝt
9✏ f̂t at time t+ t

0 | F̃t

⌘i
(4.19)

E

h
↵̂t

n
Ĝt 6= ;

oi
. (4.20)

Summing together the probabilities within the window, we have

BACW (T )  E

2

4
TX

1_(T�W )

↵̂t

3

5  ↵, (4.21)

where the last inequality follows from the fact that ↵̂t is always selected such that

TX

1_(T�W )

↵̂t  ↵.

Theorem 5. aACP-BABR achieves uniform control of meBARW (·) and meBBRW (·) at

levels ↵ and ↵0, respectively, i.e.

meBARW (T )  ↵ 8T = 1, 2, · · · (4.22)

meBBRW (T )  ↵
0 8T = 1, 2, · · · (4.23)

Proof. For all T , ↵̂T is selected such that

ˆBARW 0(T ) =

PT
t=1

↵̂t {t�W  t
0 +�t0  t}

1 +
PT�1

t=1_(T�W 0)

n
B̂t�1 6= B̂t

o  ↵ 8W 0 = 1, ...,W. (4.24)
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Note that we can always set ↵̂T = 0 to satisfy these constraints, assuming that (4.11) was

satisfied at times t = 1, ..., T �1. Using the result in the proof of Theorem 4, we then bound

the numerator of BARW (T ) as follows

E

2

4
TX

t=1_(T�W )

n
9t0 = 1, ..., t� 1 s.t. f̂Ât0

9✏,t f̂Ât

o
3

5 (4.25)

 E

"
TX

t=1

↵̂t
�
t�W  t

0 +�t0  t
 
#

(4.26)

 E

2

4↵

0

@1 +
TX

t=1_(T�W )

n
B̂t�1 6= B̂t

o
1

A

3

5 , (4.27)

where the last line follows from (4.24). Rearranging, we get that meBARW (T )  ↵. The

proof for uniform control of meBBRW (·) is essentially the same, where we replace the alpha-

spending function with ↵0
t and the threshold with ↵0.

Algorithm 7 aACP-BAC
for t = 1, 2, ... do

Ât = Ât�1 {Determine if there are new approvals}
for j = Ât�1 + 1, ..., t� 1 do
if t  j +�j then

Run ✏-acceptability tests: Test null hypotheses f̂j0 9✏ f̂j for j
0 =

Â1, ..., Âj�1, Âj�1 + 1, ..., Ât�1 with critical value cj(t) in gatekeeping style
end if
if All ✏-acceptability tests pass then

Ât = j

end if
end for{Launch new hypothesis tests for new model proposal}
Launch family of ✏-acceptability tests with null hypotheses f̂j 9✏ f̂t for j =
Â1, ...Ât, Ât + 1, ..., t � 1 Choose ↵̂t such that (4.4) is satisfied Select alpha-spending
function for ↵̂t and its critical value function ct(·) over the next �t time points.

end for
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Algorithm 8 aACP-BABR
for t = 1, 2, ... do

Ât = Ât�1 {Determine if there are new approvals}
for j = Ât�1 + 1, ..., t� 1 do
if t  j +�j then

Run ✏-acceptability tests: Test null hypotheses f̂j0 9✏ f̂j for j0 = Âj , ..., Ât�1 with
critical value cj(t) in gatekeeping style

end if
if All ✏-acceptability tests pass then

Ât = j

end if
end for
B̂t = B̂t�1 {Determine if there are new benchmarks}
for j = Â1, ..., Ât�1 do
if j > B̂t�1 and t  j +�j then

Run superiority tests: Test null hypotheses f̂j0 90 f̂j for j
0 = B̂j , ..., B̂t�1 with

critical value c
0
j(t) in gatekeeping style

end if
if All superiority tests pass then

Ât = j

end if
end for
{Launch new hypothesis tests for new model proposal}
Launch family of ✏-acceptability tests with null hypotheses f̂j 9✏ f̂t for j =

Â1, ...Ât, Ât+1, ..., t�1 Launch family of superiority tests with null hypotheses f̂j 9✏ f̂t

for j = B̂t, ..., t�1 Choose ↵̂t, ↵̂
0
t such that (4.11) and (4.12) are satisfied Select alpha-

spending function for ↵̂t and ↵̂
0
t and their critical value functions ct(·), c0t(·) over the

next �t time points.
end for
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A.2 Simulation settings

We ran 200 replicates for each simulation.

Hypothesis testing procedure for acceptability

All the aACPs tested for acceptability of a modification from f to f
0 with null hypothesis

H0 : f !✏ f
0 in the following manner. Let the true di↵erence in sensitivities and specificities

be denoted (✓1, ✓2). At each stage of the group sequential test, we construct rectangular

confidence regions for the evaluation metrics using confidence intervals for each metric [9].

At any stage, if the rectangular confidence region is completely within the region of ac-

ceptable modifications as defined by the NI margin ✏, then we reject the null hypothesis.

For simplicity, we use Pocock’s alpha-spending function to determine the confidence levels

at each stage [29]. Because our estimates for ✓1 and ✓2 are independent conditional on

the number of negative and positive samples, we can control the Type I error of testing

H0 : f !✏ f
0 at level ↵ by using the significance thresholds from level 1 �

p
1� ↵ group

sequential tests for the individual metrics. It is easy to see why this works:

Pr(Confidence region fails to cover (✓1, ✓2) at some stage) (4.28)

= 1� Pr(Confidence region covers (✓1, ✓2) at all stages) (4.29)

= 1� Pr(CI covers ✓1 at all stages) Pr(CI covers ✓2 at all stages) (4.30)

= ↵ (4.31)

We test for superiority by setting ✏ = 0.

Incremental deterioration

We set total time T = 200 and the maximum wait time � = 5 for all models. The number

of new monitoring observations at each time point increments by ten to estimate the true

performance di↵erence with increasing precision over time, starting with 200 observations.
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Periodic model deterioration and improvement

We set total time T = 100 and maximum wait time � = 5 for all models. We accumulate

200 new observations at each time point.

Accumulating data

Each patient is represented by 30 covariates and the true outcome is generated using a

logistic model. The developer performs logistic regression with a lasso penalty and tunes

the penalty parameter using cross-validation. To increase the margin of model improvement

at later time points and the ability to detect small improvements, we increase the number of

training observations at each time point by five, starting with size 20, and use a larger wait

time of � = 10. The total time is T = 40 since the model performance plateaus quickly.

Significant model improvements

In order to make the model improvements significant with high probability, we accumulate

650 observations at each time point, which is more than the other simulation settings.

Since large improvements are relatively rare, we used a short total time of T = 20. Since a

company is likely more confident in these improvements, the maximum wait time is set to

� = 3.

Time trends

The total time is T = 100 and the wait time is � = 5. We accumulate 300 new observations

at each time point.

A.3 Sensitivity to choice of hyper-parameters

The definition of the error rates depends on two hyper-parameters: the window size W

and the non-inferiority margin ✏. To study how sensitive the aACPs are to these hyper-

parameter, we run the same set of simulations from Section 7 but vary either W or ✏.
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First, we vary ✏ over the values 0, 0.01, 0.05, and 0.1 while keeping the window W = 15

fixed (Figure 4.9). (For ✏ = 0, note that approval requires demonstrating superiority.) As

the NI margin increases, all the aACPs approve more modifications, both bad and good

ones. Compared to aACP-BAC and -BABR, the error rates of aACP-Reset and -Baseline

increase more quickly with respect to ✏. As such, the relative ordering between the aACPs

is similar across di↵erent values of ✏.

In Figure 4.10, we vary the window size W over the values 1, 15, 25, and 50 while keeping

the NI margin ✏ = 0.05 fixed. Only aACP-BAC and -BABR depend onW ; The other aACPs

are agnostic to the choice of W . As W increases, aACP-BAC and -BABR become more

conservative and approve fewer modifications. Since their error rates are already quite low,

the error rates are not very sensitive to changes in W . On the other hand, choosing an

excessively large value of W , such as our example with W = 50, leads to significantly slower

approval rates for proposed model improvements. As such, we suggest selecting a value for

W that corresponds to the minimal time period one would like to control error rates for.
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Incremental model deterioration, Section 7.1

Periodic model deterioration/improvement, Section 7.2

Training on accumulating data, Section 7.3

Significant model improvement, Section 7.4

Figure 4.9: Specificity of the currently approved model over time for di↵erent simulation
settings (rows) and non-inferiority margin values ✏ (columns). Sensitivity plots are very
similar and, thus, have been omitted.
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Incremental model deterioration, Section 7.1

Periodic model deterioration/improvement, Section 7.2

Training on accumulating data, Section 7.3

Significant model improvement, Section 7.4

Figure 4.10: Specificity of the currently approved model over time for di↵erent simulation
settings (rows) and window sizes W (columns). Sensitivity plots are very similar and, thus,
have been omitted.
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FUTURE DIRECTIONS

In this thesis, we have presented methods for building interpretable and reliable models

for biomedicine. Broadly speaking, the models from Part I are carefully designed based on

prior knowledge whereas those from Part II are black-box algorithms that require no prior

knowledge. In Part I, the models are interpretable but require a large upfront cost; In Part

II, the models are quick to build but are di�cult to interpret. There is clearly a need for

methods that span these two extremes. Though this dissertation does not address this gap,

our results serve as a useful step towards this direction.
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