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Future aerospace vehicles, and other autonomous systems at large, will operate with

higher levels of automation and in more general environments than their predecessors.

Counter-intuitively, the sought-after generality of operation of new autonomous systems

calls for the consideration of far more constraints during system operation. To name a few

examples, these constraints may relate to obstacle avoidance, sensing, or actuator constraints.

This future breed of more-constrained autonomous agents calls for the development of new

control methods that seamlessly and reliably deal with a host of nonconvex (in other words,

difficult) intrinsic and extrinsic constraints. This dissertation makes the basic assumption

that, for safety reasons, the control methods are required to be extremely reliable. With this

premise in mind, the chapters of this document focus on developing convex optimization-

based methods for dealing with nonconvex feedback and feedforward control tasks. The

resulting algorithms are applicable to the broad spectrum of aerospace vehicles. The partic-

ular cases considered are satellite orbit station-keeping, spacecraft rendezvous and docking,

and planetary rocket landing. In each case, it is shown using numerical examples that the

algorithms attain levels of performance above the current state-of-the-art.

The dissertation is organized into four major parts. In Chapter 3, a robust model pre-

dictive feedback controller is presented that is based on convex optimization alone, and that



applies to satellite orbit station-keeping. In Chapter 4, an explicit model predictive controller

is presented that can be used to precompute optimal control laws for general mixed-integer

convex problems, albeit at the price of higher onboard storage memory. In Chapter 6, a novel

method is presented for computing feedforward trajectories of hybrid systems using lossless

convexification. Applications are shown for spacecraft rendezvous and for rocket landing.

Finally, Chapter 7 considers an iterative method to solve even more difficult hybrid system

problems. This method is based on the methodologies of sequential convex programming

and numerical continuation.

Danylo Malyuta, June 11, 2021.
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Chapter 1

INTRODUCTION

This dissertation develops a set of real-time, optimization-based algorithms with provable

properties for demanding aerospace control applications. The purpose of this introduction is

to break down and to justify the worthiness of this thesis statement, which consists of three

key operator phrases that are italicized.

No single book, let alone a thesis, can appropriately address every aspect of algorithm

design. This dissertation thus focuses on two must-have properties for algorithms in safety-

critical systems: real-time capability and provable (in other words, predictable) behavior. An

algorithm is real-time if it is able to finish execution in less time than the allotted duration on

relevant hardware. For example, heritage planetary lander trajectory generation has targeted

computation speeds in the 1 Hz range [1].

A real-time algorithm has little practical use, however, if it requires excessive compute

power. This is especially relevant for aerospace, where embedded computing hardware lags

far behind of commercial desktop computers. In 2012, the Mars Science Laboratory (MSL)

mission landed the 899 kg Curiosity rover on Mars using a RAD750 radiation-hardened

processor with just 4 GB of flash memory, 128 MB of random access memory (RAM), and a

clock-speed of 133 MHz [2, 3, 4]. Today, the National Aeronautics and Space Administration

(NASA), the Air Force Research Laboratory (AFRL), and commercial partners are working

on a high-performance spaceflight computing (HPSC) project to deliver a next-generation

spaceflight processor featuring an 8-core cluster of ARM A53 processors running at 800 MHz

[5, 6, 7]. However, on-board1 compute power for individual algorithms remains at a premium.

1Literature often refers to on-board optimization as on-line optimization. Similarly, optimization per-
formed on the ground is called off-line optimization.



2

Algorithms that satisfy system requirements with few computational resources are always

preferred.

If on-board compute power is lacking, why not relegate calculation to ground computers?

To answer this question, it is first of all necessary to realize that for operations such as

planetary landing, being able to recompute the control strategy to adjust for real-world

uncertainty is essential for system reliability. The only way then to involve ground computers

for computation is if it is possible to communicate calculation results to the real vehicle. Even

for lunar flight, the two-way Earth-Moon communication is approximately 2.5 s, which is

slower than the typical 1 Hz trajectory computation rate during landing [1]. For Mars, the 8

minute landing sequence was about a third of the two-way Earth-Mars communication delay

[8, 9]. Hence, the physics (of the dynamic portions) of spaceflight do not yield themselves

well to ground-based calculation. As for Earth-based applications, the curvature of the

Earth would require multiple ground stations around the globe while large vehicle fleets

would impose communication bandwidth constraints. In summary, on-board computation,

when it is possible, is the ideal engineering choice. Already during the Apollo era, the

MIT Instrumentation Laboratory recognized the benefits of a fully self-contained on-board

autonomy system in order to not compromise the mission due to broken or jammed ground

communication [10].

Now that we have established that real-time on-board computation is an important

enough feature to be studied, let us ask the following question. What does it take for a

real-time algorithm to be trusted in a safety-critical, multi-million (or billion) dollar system?

Perhaps a system that human lives depend on? At least part of the answer lies with recogniz-

ing two crucial implicit requirements for a “real-time on-board” algorithm: A) the algorithm

must be guaranteed to execute fast enough, and B) the algorithm must be guaranteed to

return a correct solution. In the context of this dissertation, to guarantee means to provide

a mathematical proof of favorable algorithm behavior under a well-defined set of circum-

stances. We say that the algorithm behaves predictably when the evolution of all governing

properties has been mathematically proven. We refer to properties for which mathematical
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theorems are available as provable properties. Having provable properties is essential for

deployment on safety-critical systems.

This dissertation only studies optimization-based algorithms. The aim of such algorithms

is to solve problems of the form:

min
x

J(x) (1.1a)

s.t. x ∈ C, (1.1b)

where J : Rn → R is a cost function, C ⊆ Rn is a feasible set, and n is the number of decision

variables. There are two reasons why optimization is a relevant study area for autonomous

control: A) appropriateness of formulation, and B) existence of efficient solution methods.

Let us first discuss the formulation.

Modern and future aerospace systems seek ever greater levels of performance and ef-

ficiency while navigating ever more complex environments. Take, for example, planetary

landers. Instead of landing “anywhere” on a planet, or in an open desert-like region, future

missions will have to navigate challenging environments such as volcanic vents and jagged

blades of ice [11, 12, 13]. Meanwhile, human planetary exploration missions will likely be

preceded by cargo missions, requiring landings to occur in close proximity [14]. Motivated

by the presence of water ice, future missions to the Moon will target its south pole [15]. The

low tilt of the Moon’s spin axis, however, creates extreme light-dark lighting conditions at

the poles, thus requiring an automated sensor-based landing [16]. If we look at terrestrial ap-

plications, unmanned micro aerial vehicles (MAVs), also known as drones, as well as ground

and walking robots are being developed for rescue operations in global positioning system

(GPS)-denied cluttered and dynamic environments [17], for last-mile delivery in urban land-

scapes [18, 19, 20], for exploring caves [21], and for mapping farm fields [22], to name just a

few applications. At the same time, the vehicle to be controlled for accomplishing these high-

level tasks is becoming itself more complicated. New designs feature more flexible structures

[23], bio-inspired flight [24], compliant actuation [25], microscopic size, and reconfigurability
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[26, 27]. If we were pressed to summarize the current trend in cutting-edge autonomy for

aerospace and robotic systems, it is a trend to create a diverse pool of systems that operate

at far greater levels of performance and with far more interaction with their surrounding

environment.

Perhaps somewhat counterintuitively, robotic systems that can operate in far more uncon-

strained environments require the solution of far more constrained decision making problems.

Here are a few examples. A flexible aircraft will have to deal with more coupling between its

rigid-body and flexible modes [23]. A tunnel-navigating drone will have to avoid infinitely

diverse obstacles [21]. A robotic fly will have to be aware of the limitations of its small actua-

tion mechanism, the wings. A planetary lander will have to satisfy a multitude of navigation

sensor pointing constraints as it identifies hazardous geography while seeking to land on a

dwindling fuel supply [28]. To design a successful control strategy for such systems means

to be feasible with respect to their constraints. Often, efficient operation requires operation

at the boundary of the set of feasible solutions, in other words to “ride” the constraints. By

virtue of the feasible set C in (1.1b), optimization is one of the few suitable methods (and is

perhaps the most natural method) to directly impose system constraints [29].

Rarely, however, is there only one feasible solution. For example, there are many ways

to drive without crashing – but certain driving behaviors are better than others. Slow

acceleration, smooth breaking, lane change indication and respecting stop signs are all parts

of good driving. How is this behavior, among all possible behaviors, to be encouraged in an

autonomous system? A natural choice is to construct a cost function J : Rn → R which

assigns a cost to each choice of n decision variables. When the cost is low, the decision is

good, and the best decision x∗ is one which achieves the lowest possible cost J(x∗). Thus, by

including (1.1a), the optimization formulation allows to select the best control strategy. To

go back to our driving example, there is ongoing work to use machine learning to determine

the “right” cost function for good driving [30, 31]. Summarizing, by combining (1.1a) with

(1.1b), optimization can naturally describe favorable control of highly constrained dynamical

systems.
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An appropriate formulation, however, does not get us far if no algorithm exists to solve

Problem 1.1 efficiently. Fortunately, it turns out that efficient algorithms do exist for an

important class of so-called convex optimization problems (see Chapter 2 for more detail)

[32, 33, 34]. A great number of practical instances of Problem 1.1 are convex, and recent

applications were demonstrated for planetary rocket landing by the NASA Jet Propulsion

Laboratory (JPL) and Masten Space Systems as well as (independently) by SpaceX [9, 35,

36].

Even so, future system requirements surpass what can be done with “vanilla” convex

optimization, so that solving nonconvex optimization problems will be required [28]. For

nonconvex optimization, fewer real-time algorithms with provable properties are available,

their operating assumptions are more limiting, and their computational demand is higher.

Nevertheless, by exploiting problem structure, it has been possible to harness convex opti-

mization to solve special cases of difficult nonconvex optimal control problems reliably [37,

38]. The topic of this dissertation is to extend the palette of such methods available to the

control engineer. By harnessing existing convex optimization problem solvers, this disser-

tation devises modeling methods and iterative schemes in order to reliably solve practical

instances of nonconvex control problems encountered in aerospace applications.

1.1 Reliable Algorithm Design Avenues

What are the possible avenues to design real-time algorithms when the original problem

statement is nonconvex? Three avenues are explored in this dissertation:

1. Modeling: Find an equivalent convex problem and solve it instead of the difficult

original problem;

2. Precomputation: Compute an approximation of the optimal solution in a pre-defined

system operating region, and store it in a static database for on-board referencing;

3. Iteration: Iteratively compute a local optimum of the nonconvex problem by solving
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a sequence of convex approximations to the problem.

The modeling avenue uses mathematical proofs, in particular optimal control theory [39,

40, 41], to show that the optimal solution of a so-called convex “relaxation” (in other words,

approximation) exactly matches the optimal solution of the original nonconvex problem. It

is also sometimes possible to show via mathematical manipulation that sets which appear

nonconvex at first look, may in fact be handled in a fully convex formulation [38]. As may

be expected, this is only possible in a very specialized set of circumstances. Nevertheless,

the results are useful in certain applications and have in fact been flight-proven for planetary

rocket landing [1, 35].

The modeling avenue is in some sense “ideal” since all nonconvexity is removed by paper

mathematical calculations and human thought. What is actually written in software is a

fully convex optimization for which efficient solution algorithms exist [33, 42, 43, 44, 45].

But as problems grow in nonconvexity, mathematical tools quickly fall short of being able

to convexify everything. In such cases, a provable method of solving the nonconvex problem

is to precompute (an approximation of) the optimal solution using powerful ground-based

computers, and to store the resulting lookup table database on-board the vehicle2. This

database can be referenced efficiently at a tiny compute cost, albeit with a high static memory

storage requirement. Fortunately, for earth-based applications such as in aerial drones and

ground robots, terabytes of on-board commercial off-the-shelf (COTS) flash memory are

available for purchase [48]. The fundamental research task, then, is to develop sufficiently

capable precomputation algorithms that can scale to meaningfully complex high-dimensional

real-world systems. Through the algorithm developed in Chapter 4, we shall see that this is

a non-trivial task and remains an active area of research.

Many nonconvex problems simply cannot be molded into either the modeling or the

precomputation frameworks. For example, their nonconvexities may be too great to be dealt

with by smart variable and constraint manipulation. Furthermore, their size may be too

2This approach is often called explicit (in other words, precomputed) model predictive control [46, 47].
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Figure 1.1: Research branches explored in this dissertation.

large, leading to intolerably slow runtimes and large memory footprints for precomputation

methods (that typically have combinatorial worst-case computation complexity). In these

cases, researches and engineers have found that an iterative approach called sequential convex

programming (SCP) is uniquely well suited to solve problems in real-time along with some

hope of guaranteed convergence [49, 50].

This dissertation develops novel algorithms for all three avenues: modeling, precompu-

tation, and iteration. Four problems within control system development are addressed, as

shown in Figure 1.1. From a bird’s-eye view, control systems engineering can be divided into

two branches: feedforward and feedback systems. Let us briefly explain the goal of these

systems, with no pretense of covering either field in its full generality.

At the risk of providing an unconvential explanation, we propose the following mental

model: feedforward (Figure 1.2a) concerns the command of a dynamical system, while feed-

back (Figure 1.2b) concerns the modification of system dynamics. Feedback algorithms can

stabilize an unstable system, make the outputs of a stable system track desired reference

values, or make the system behaviour agnostic to external disturbances. Manipulation of

system behaviour is the very purpose of feedback control. Feedforward control has a dif-
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Algorithm SystemInputs

(a) Feedforward control architecture.

Algorithm SystemInputs

(b) Feedback control architecture.

Figure 1.2: Comparison of feedforward and feedback algorithms in relation to the system
being controlled.

ferent purpose. Within the context of this disseration, feedforward control assumes that

the dynamical system is well-behaved in the sense that it can follow the commands given

to it. In other words, feedforward assumes that the dynamical system has been feedback-

stabilized. Then, the task of a feedforward algorithm is to decide how the system should

evolve over time at a high level – in other words to be the decision-making “brain” of the

system. Feedforward can tell a rocket what trajectory to follow for landing, tell a robot

how to navigate an obstacle course, or provide a strategy for how to optimally manage a

supply warehouse. Although feedforward is not about modifying system dynamics, knowing

the system state can be useful for replanning in order to account for the unforeseen effects

of real-world uncertainty. As a result, a feedback loop may be established from the system

to the feedforward algorithm, as shown in Figure 1.2a. However, this loop does not serve

a stabilization purpose like it does for feedback control, and is not a fundamental part of

feedforward algorithm analysis.

1.2 Primary Contributions

Figure 1.1 shows a map of the four algorithms developed in this dissertation. Along the

modeling avenue for feedforward control, the rocket landing work started by [35] and gener-

alized by [59, 60, 61], is extended into the domain of mixed-integer programming [51, 52]. It

is shown how direct convex optimization can still be used to solve even more difficult rocket

landing and satellite docking tasks than was previously thought possible.

Along the modeling avenue for feedback control, it is shown how an important class of
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state and input dependent uncertainty can be handled with convex model predictive control

[58]. An application is demonstrated for a satellite reaction control system (RCS) with a

popular type of uncertainty known as the Gates thruster execution-error model [62, 63, 64].

Along the precomputation avenue for feedback control, a massively parallel algorithm

is developed for handling convex model predictive control with integer variables [56, 57].

Mixed-integer convex optimizers are not certifiably real-time due to the combinatorial na-

ture of branch-and-bound solution [65]. Instead, the algorithm presented here computes an

arbitrarily close approximation of the optimal solution and stores it in a binary tree, which

can be provably referenced in real-time on-board the vehicle.

Perhaps the most complex case considered in this dissertation is the iteration avenue

for feedforward problems. Here, a high-dimensional dynamical system is assumed and the

nonconvexity of the optimization task exceeds the application domain of [51, 52]. This kind

of high-dimensional nonconvex problem is the traditional candidate for being solved with an

SCP algorithm [66, 67, 68]. Algorithms based on SCP perform remarkably well for highly

nonconvex problems [69] and can achieve real-time execution speeds [70]. However, SCP

traditionally allows only for continuous optimization variables. When the problem contains

discrete logic elements (such as valves and other on-off events), then traditional SCP cannot

be used. To overcome the issue, a continuous embedding was recently introduced under the

name of state-triggered constraints (STCs) [67, 68, 69, 71]. However, it was discovered in

[54] that STCs can exhibit into a phenomenon called “locking” for an important class of

constraints that includes an ever-present minimum impulse-bit (MIB) constraint on RCS

thruster firing duration [54, Definition 1]. In brief terms, locking means that once the

algorithm chooses a set of decision variable values at a particular iteration, it is unable to

change these values at later iterations. The effect is that the algorithm is susceptible to

getting into a “corner” where it is unable to use control inputs when they become needed

at later refinements of the trajectory. The consequence is failure to generate a feasible, let

alone optimal, trajectory. This thesis develops a new breed of STCs in Chapter 7 which are

free from the locking phenomenon of previous formulations [55]. The new approach is based
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on numerical continuation, whereby a smooth approximation of discrete logic is updated

until it becomes arbitrarily accurate. In the process, the algorithm is able to find feasible

trajectories that satisfy discrete logic constraints – all without ever using integer variables

or mixed-integer programming.

1.3 Document Outline

The dissertation is organized as follows. Because optimal control theory and convex analysis

underly all of the algorithms presented in the later chapters, Chapter 2 introduces these

topics at a sufficient level. Next, the algorithms mapped in Figure 1.1 are developed in the

following order. First, Chapter 3 discusses feedback modeling using the method of robust

model predictive control. This is followed by Chapter 4 on feedback precomputation using

explicit model predictive control. We then delve into the topic of feedforward control (i.e.,

trajectory) optimization. We begin with a history of lossless convexification in Chapter 5.

Building on this foundation, Chapter 6 presents a novel algorithm for computing feedforward

trajectories of hybrid systems using lossless convexification. Finally, Chapter 7 considers an

iterative method to solve even more difficult hybrid system problems. This method is based

on the methods of sequential convex programming and numerical continuation.
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Chapter 2

CONVEXITY AND OPTIMAL CONTROL THEORY

The algorithms developed in this dissertation rely heavily on convex analysis, convex

optimization and optimal control theory (in particular, the maximum principle [39]). To

make this text more self-contained, this chapter introduces the main notions from convex

analysis and optimal control. For a deeper understanding of these vast fields of mathematics,

the reader is referred to the cited references.

2.1 Convex Optimization

Convex optimization seeks to minimize a convex objective function while satisfying a set of

convex constraints. The technique is expressive enough to capture many trajectory genera-

tion and control applications, and is appealing due to the availability of solution algorithms

with the following properties [32, 34]:

• A globally optimal solution is found if a feasible solution exists;

• A certificate of infeasibility is provided when a feasible solution does not exist;

• The runtime complexity is polynomial in the problem size;

• The algorithms can self-initialize, eliminating the need for an expert initial guess.

The above properties are fairly general and apply to most if not all trajectory generation

or control applications. This makes convex programming safer than other optimization

methods for autonomous applications with no human presence.

To appreciate what makes an optimization problem convex, we introduce some basic

definitions here and defer to [34, 72] for further details. Two fundamental objects must



12

(a) A convex set contains all line segments con-
necting its points.

(b) A convex function lies below all line seg-
ments connecting its points.

Figure 2.1: Illustration of a notional convex set (a) and convex function (b). In both cases, the
variable θ ∈ [0, 1] generates a line segment between two points. The epigraph epi f ⊆ Rn×R
is the set of points which lie above the function, and itself defines a convex set.

be considered: a convex function and a convex set. For reference, Figure 2.1 illustrates a

notional convex set and function. By definition, C ⊆ Rn is a convex set if and only if it

contains the line segment connecting any two of its points:

x, y ∈ C ⇒ [x, y]θ ∈ C (2.1)

for all θ ∈ [0, 1], where [x, y]θ , θx + (1 − θ)y. An important property is that convexity

is preserved under set intersection. This allows us to build complicated convex sets by

intersecting simpler sets. By replacing the word “sets” with “constraints”, we can readily

appreciate how this property plays into modeling trajectory generation problems using convex

optimization.

A function f : Rn → R is convex if and only if dom f is a convex set and the function

lies below the line segment connecting any two of its points:

x, y ∈ dom f ⇒ f([x, y]θ) ≤ [f(x), f(y)]θ (2.2)
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for all θ ∈ [0, 1]. A convex optimization problem is simply the minimization of a convex

function subject to a number of convex constraints that act to restrict the search space:

min
x∈Rn

f0(x) (2.3a)

s.t. fi(x) ≤ 0, i = 1, . . . ,nineq, (2.3b)

gi(x) = 0, i = 1, . . . ,neq, (2.3c)

where f0 : Rn → R is a convex cost function, fi : Rn → R are convex inequality constraints,

and gi : Rn → R are affine equality constraints. We stress that the equality constraints

must be affine, which means that each function gi is a linear expression in x plus a constant

offset. The equations of motion are equality constraints, therefore basic convex optimization

restricts the dynamics to be affine (i.e., linear time-varying at most). Handling nonlinear

dynamics will be a major topic of discussion throughout this article.

Each constraint defines a convex set so that, together, (2.3b) and (2.3c) form a con-

vex feasible set of values that the decision variable x may take. To explicitly connect this

discussion back to the generic convex set introduced in (2.1), we can write the feasible set

as:

C = {x ∈ Rn : fi(x) ≤ 0, i = 1, . . . ,nineq,

gi(x) = 0, i = 1, . . . ,neq}. (2.4)

A fundamental consequence of convexity is that any local minimum of a convex function is

a global minimum [34, Section 4.2.2]. More generally, convex functions come with a plethora

of properties that allow algorithm designers to obtain global information about function

behavior from local measurements. For example, a differentiable convex function is globally

lower bounded by its local first-order approximation [34]. Thus, we may see the benefit

of convexity in the following light: it is an assumption on function behavior that enables

efficient algorithm design. Indeed, a landmark discovery of the twentieth century was that
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it is convexity, not linearity, that separates “hard” and “easy” problems [73].

For practitioners, the utility of convex optimization stems not so much from the ability

to find the global minimum, but rather from the ability to find it (or indeed any other

feasible solution) quickly. The field of numerical convex optimization was invigorated by

the interior-point method (IPM) family of optimization algorithms, first introduced in 1984

by Karmarkar [74]. Today, convex optimization problems can be solved by primal-dual

IPMs in a few tens of iterations [34, 75]. Roughly speaking, we can say that substantially

large trajectory generation problems can usually be solved in under one second [1, 42, 70].

In technical parlance, IPMs have a favorable polynomial problem complexity: the number

of iterations required to solve the problem to a given tolerance grows polynomially in the

number of constraints nineq + neq. With some further assumptions, it is even possible to

provide an upper bound on the number of iterations [76, 77]. We defer to [32, Chapters 14

and 19] for futher details on convex optimization algorithms. Throughout this article, our

goal will be to leverage existing convex problem solvers to create higher-level frameworks for

the solution of trajectory generation problems.

2.2 Important Notions from Convex Geometry

In this section we introduce some important notions from convex geometry that will be used

throughout the text. First, given a set of points x1, . . . ,xk, the convex combination of these

points is given by
∑k

i=1 θixi where θi ∈ [0, 1] and
∑k

i=1 θi = 1. We can think of a convex

combination as a “mixing” operation where each θi represents the “concentration” of xi in

the total mix. This is illustrated in Figure 2.2a.

Building on this definition, the convex hull of a set C ⊆ Rn, denoted conv C, is the set of

all convex combinations of its points:

conv C =

{
k∑

i=1

θixi : xi ∈ C, θi ≥ 0,
k∑

i=1

θi = 1

}
, (2.5)

where k = ∞ is possible for dense sets. As the name suggests, conv C is convex because
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(a) Convex combination of 5
points, with x1 dominating.
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(b) Convex hull of a set C = C1∪
C2, generating a convex set.
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(c) Conic hull of a set C, gener-
ating a convex cone.
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(g) Support function to set C for
a given y ∈ Rn.

Figure 2.2: Illustration of several convex geometry concepts, which shall be reused through-
out the text.
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the convex hull operation “fills in” the non-convex areas. The operation is illustrated in

Figure 2.2b. Similarly, a conic hull of C, denoted cone C, is the set of all conic combinations

of its points:

cone C =

{
k∑

i=1

θixi : xi ∈ C, θi ≥ 0

}
. (2.6)

Given a set C ⊆ Rn, we call an extreme point of C a point v ∈ C which does not lie in

any open line segment joining two points of C. The set of such points shall be denoted ext C.
Intuitively, ext C generalized the vertices of a polytope, which are in fact the polytope’s

extreme points. Figure 2.2d illustrates the set of extreme points.

Give a convex set C ⊆ Rn, the normal cone to C at x ∈ C, denoted NC(x), is the set of all

vectors which form a non-positive inner product with vectors that emanate from x to other

points in C. Formally, the normal cone for a convex set is defined as [78]

NC(x) = {y ∈ Rn : yT(z − x) ≤ 0 ∀z ∈ C}. (2.7)

For a general convex set C, examples of normal cones are illustrated in Figure 2.2e.

However, when C is a polyhedral cone of the form C = {x ∈ Rn : nT
ix ≤ 0, i = 1, . . . , p}

then its normal cone is given by cone{n1, . . . ,nm}. This is illustrated in Figure 2.2f, where

a facet generated by cone{n1,n2} is highlighted.

Last but not least, the support function δ∗C : Rn → R of a set C ⊆ Rn is defined as

δ∗C(y) = sup
x∈C

yTx, (2.8)

which can be visualized as the smallest distance from the origin to a supporting hyperplane

of C with normal vector y, in other words a hyperplane which touches C at some x ∈ C and

for which C ⊆ {z : yTz ≤ yTx}. Figure 2.2g illustrates this interpretation.
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2.3 The Maximum Principle

The maximum principle states the necessary conditions of optimality for a solution of a so-

called optimal control problem. The result was developed in the mid-1950s by Lev Pontryagin

in collaboration with his students, Vladimir Boltyanskii and Revaz Gamkrelidze. Notably,

the proof of the maximum principle was obtained by Vladimir Boltyanskii [79]. The original

maximum principle was published in a joint monograph in Russian in 1961 [80], with an

English translation appearing a year later by collaboration with Lucien Neustadt of the

University of Southern California [81]. The maximum principle will be used in Chapter 6

to prove that convex relaxations of a certain class of difficult non-convex optimal control

problems are optimal for the original non-convex problems.

We shall now present a more modern maximum principle result than the original discovery

of the 1950s, known as the nonsmooth maximum principle. Its main advantages are to unify

mixed state-input constraint handling and to be free of many encumbering hypotheses such

as constraint qualifications [82]. This dissertation requires only a restricted presentation of

the nonsmooth maximum principle, which we provide by considering the following optimal

control problem:

min
u,tf

m(tf ,x(tf )) +

∫ tf

0

`(t,u(t),x(t))dt (2.9a)

s.t. ẋ(t) = f(t,x(t),u(t)), x(0) = x0, (2.9b)

g(t,u(t)) ≤ 0, (2.9c)

b(tf ,x(tf )) = 0. (2.9d)

The state trajectory x : R → Rn is absolutely continuous and the control trajectory

u : R→ Rm is measurable. The dynamics f : R×Rn×Rm → Rn are convex and continuously

differentiable. The terminal cost m : R×Rn → R, the running cost ` : R×Rm×Rn → R, the

input constraint g : R×Rm → Rng , and the terminal constraint b : R×Rn → Rnb are convex.

Note a subtle but important difference: Problem 2.9 is a dynamic optimization problem
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whereas Problem 2.3 is static [83, 84]. While the latter can be thought of as optimization

“at a point in time”, dynamic optimization involves system dynamics (2.9b). The dynamics

of mechanical systems are usually given in continuous-time, hence Problem 2.9 is infinite-

dimensional due to the continuous nature of the sought-after optimal input signal. This

motivates the development of new methods for seeking the optimal solution. On the analysis

side, the maximum principle (to be given shortly in Theorem 1) is the method of choice.

Although typically intractable to solve in real-time, the conditions provided by Theorem 1 are

invaluable for exploiting optimal solution structure in efficient real-time solvers. Note that

although static and dynamic optimization appear to be quite different at first, approximate

solutions to dynamic optimization problems can be obtained via static optimization by the

process of discretization, yielding a family of direct solution methods [85]. In this dissertation,

discretization and direct solution are used to numerically solve optimal control problems.

To state the nonsmooth maximum principle for Problem 2.9, define the terminal manifold

as T , {x ∈ Rn : (2.9d) holds} and the Hamiltonian function:

H(t,x(t),u(t),α,ψ(t)) , α`[t] + ψ(t)Tf [t], (2.10)

where α ≤ 0 is the abnormal multiplier and ψ : R → Rn is the adjoint variable trajectory.

We now state the nonsmooth maximum principle, due to [86, Theorem 8.7.1] (see also [82,

87]), which specifies the necessary conditions of optimality for Problem 2.9. To understand

the background and the development of this theorem, the reader is referred to [41] which

provides an excellent introduction. For this dissertation, the theorem is to be taken as a

“mathematical recipe” for deriving the necessary conditions of optimality.

Theorem 1. (Maximum Principle) Let x : R → Rn and u : R → Rm be optimal on the

interval [0, tf ]. There exist a constant α ≤ 0 and an absolutely continuous ψ : R→ Rn such

that the following conditions are satisfied:

1. Non-triviality:

(α,ψ(t)) 6= 0 ∀t ∈ [0, tf ]; (2.11)
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2. Pointwise maximum:

u(t) = argmax
v∈(2.9c)

H(t,x(t), v,α,ψ(t)) a.e. [0, tf ]; (2.12)

3. The differential equations and inclusions:

ẋ(t) = ∇ψH[t]T a.e. [0, tf ], (2.13a)

ψ̇(t) ∈ −∂xH[t]T a.e. [0, tf ], (2.13b)

Ḣ[t] ∈ ∂tH[t] a.e. [0, tf ]; (2.13c)

4. Transversality:

ψ(tf ) ∈ α∂xm[tf ]
T +NT (x(tf )), (2.14a)

0 ∈ H[tf ] + α∂tm[tf ] +NT (tf ). (2.14b)
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Chapter 3

ROBUST MODEL PREDICTIVE CONTROL WITH
NONCONVEX UNCERTAINTY

This chapter presents a computationally efficient robust model predictive control (RMPC)

law for discrete linear time invariant systems subject to additive disturbances that may

depend on the state and/or input norms. Despite the dependency being non-convex, it is

shown that at most a second-order cone convex program is needed for the control task. Both

open-loop and semi-feedback planning strategies are presented [88]. The formulation has

linear complexity in the planning horizon length, making the approach amenable to efficient

real-time implementation with guaranteed recursive feasibility and global optimality. Robust

position control of a satellite using the Gates thruster execution-error model is considered

as an illustrative example [62].

Within the context of real-time optimization-based control algorithms developed in this

dissertation, this algorithm takes the modeling avenue as discussed in Chapter 1. Figure 3.1

situates the algorithm within the research branches of Figure 1.1. This work was partially

supported by the National Science Foundation, grant number CMMI-1613235, and was par-

tially carried out at the Jet Propulsion Laboratory, California Institute of Technology, under

a contract with the National Aeronautics and Space Administration. Government spon-

sorship acknowledged. Particular thanks go to Martin Cacan, David S. Bayard, Daniel P.

Scharf, Jack Aldrich and Carl Seubert for their helpful insight and discussions.

3.1 Introduction

It was mentioned in Chapter 1 that the optimization Problem 1.1 is advantageous in its

ability to describe favorable control of highly constrained dynamical systems. The level
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(iteration)
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Figure 3.1: This chapter considers the modeling approach to real-time optimization-based
feedback control with provable convergence and recursive feasibility.

of uncertainty in the system can be seen as a form of constraint – control must remain

adequate despite imperfect knowledge. In this context, a major advantage of RMPC is its

ability to guarantee by design that input and state constraints are satisfied for all uncertainty

realizations.

Several extensive survey papers cover available RMPC modeling assumptions and solution

methods [88, 89]. We restrict our attention to discrete linear time invariant systems and

focus on developing a real-time implementable algorithm on computationally constrained

hardware. We assume a perfect dynamical model of the system, that is affected by additive

bounded uncertainty. The resulting RMPC law takes is given for both open-loop and semi-

feedback formulations [88, Section 8]. Note that these strategies merely refer to the method

of handling uncertainty within the RMPC optimization problem. In each case, the on-

line implementation is done in the traditional feedback sense of re-solving and applying the

first value in the optimal control history at every time step. There is evidence that this

description is a reasonable choice [90, 91, 92]. Although several authors have considered

closed-loop formulations, such approaches typically suffer from combinatorial complexity in
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the problem dimension unless certain restrictive assumptions are made in terms of cost norm

or feedback type [47, 93, 94, 95, 96, 97].

Closest to our work, [98, 99, 100, 101] use pre-computed constraint tightening factors

to guarantee robustness to worst-case uncertainty through a set of linear constraints. The

computational cost is marginally higher than that of nominal MPC and the on-board problem

is at most a quadratic program (QP). A similar idea is exploited for nonlinear systems

in [92]. State and input dependent uncertainty has received some attention in nonlinear

MPC [102, 103, 104]. These formulations, however, are conservative due to their use of a

Lipschitz constant for constraint tightening, which considers uncertainty magnitude but not

direction. A less conservative formulation is considered in [38] via tube MPC [105], where an

incrementally conic uncertainty is used to assure robustness via a static feedback component

obtained by an off-line linear matrix inequality procedure and an on-line nominal MPC law.

The main contribution of this chapter is to show how a state and input dependent

uncertainty model relevant for spaceflight can be included in RMPC while retaining low

computational complexity. An open-loop formulation is presented first, followed by a less

conservative semi-feedback extension where a static feedback gain is embedded into the finite-

horizon planning problem [94, 106]. The state and input dependent uncertainty model is

effectively a subset of [38] but has the advantage of using the more computationally effi-

cient second-order cone programming (SOCP) for a robust solution. Unlike [102, 103, 104],

the method presented here captures disturbance direction dependency via Hölder’s inequal-

ity and is therefore less conservative. To demonstrate the method in practice, the popular

Gates thruster execution-error uncertainty model for spacecraft RCS systems is used in a

satellite robust position control task [62, 63, 64]. Because this method has linear complexity

in the planning horizon length and is at most a convex SOCP problem, the algorithm is

theoretically amenable to real-time implementation [42, 43, 107, 108].
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3.2 Problem Formulation

This section describes the control problem and, in particular, defines the state and input

dependent uncertainty model. Consider a discrete linear time invariant system with additive

uncertainty:

xk+1 = Axk +Buk +Dpk, (3.1)

where k ∈ Z+, xk ∈ Rn, uk ∈ Rm and pk ∈ Rd are, respectively, the time step, state, input

and uncertainty, while A, B and D are constant matrices of commensurate dimension. The

following state and input constraints are to be respected for all time:

xk ∈ X ⊂ Rn ∀k ∈ Z+, (3.2a)

uk ∈ U ⊂ Rm ∀k ∈ Z+, (3.2b)

where X and U are compact convex polytopes that we express as follows:

X , {x ∈ Rn : Fx ≤ f}, (3.3a)

U , {u ∈ Rm : Hu ≤ h}, (3.3b)

where the rows of F and H, and the elements of f and h, define the constraint polytope

facet normals and distances respectively. Consider now that the uncertainty term in (3.1)

can be any vector that satisfies

pk ∈ P(xk,uk) ⊂ Rd, (3.4)

where the uncertainty set is defined by:

P(xk,uk) , {Ww +

nq∑

i=1

Liqi ∈ Rd : Rw ≤ r, ‖qi‖pq,i ≤ φi(‖Fx,ixk‖px,i ,

‖Fu,iuk‖pu,i), i = 1, . . . ,nq}. (3.5)
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Figure 3.2: Example of a non-convex input dependent uncertainty set P(uk) (green). The
set is expressed as the Minkowski sum of a polytopic independent component (red) and a
conic dependent component (blue).

Each function φi : R+×R+ → R+ is convex and non-decreasing such that φi(‖·‖px,i , ‖·‖pu,i)
is convex [34]. The uncertainty set is effectively the sum of an independent component

originating from a polytope and a state and input dependent component that is bounded

by a non-convex inequality. Because unbounded disturbances are not practical, we assume

that P(xk,uk) is compact ∀xk ∈ X , uk ∈ U . Note that P(xk,uk) is a non-convex set. A

simple example of (3.5) for n = m = d = nq = 1 and no state dependency is illustrated in

Figure 3.2, where:

W = 1, R =


 1

−1


 , r =


1

1


 , L1 = 1, φ1(|uk|) = |uk|.

3.3 Control Law Description

This section develop the RMPC law with planning horizon length N ∈ Z++ that solves the

control problem presented in Section 4.2. We begin with a set theoretic motivation for how

the state constraint (3.2a) may be robustly satisfied given the input constraint (A.6) and the

uncertainty (3.4).

Definition 1. A compact convex set I is feasible robust controlled invariant (fRCI) for
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system (3.1) and constraints (3.2a), (A.6) and (3.4) if it satisfies the following definition:

I = {x ∈ X : ∃u ∈ U s.t. Ax+Bu+Dp ∈ I ∀p ∈ P(x,u)}. (3.6)

By constraining xk ∈ I ⊆ X , the state constraint can thus be feasibly satisfied for all

time as long as x0 ∈ I. Numerous set-based iterative methods are available for computing

the maximal volume I [109, 110, 111]. Approaches like [111] that attempt to deal with

state and input dependent uncertainty, however, scale poorly beyond n = 2 because they

require computing set differences and projections of polytopes. Both operations have O(2n)

complexity [112]. For this reason we use a more computationally efficient algorithm developed

for independent uncertainty and which avoids these two operations [110]. This requires using

the convex hull of our uncertainty model:

pk ∈ conv{P(xk,uk) : xk ∈ X , uk ∈ U}. (3.7)

While this introduces conservatism into the computation of I by considering a larger

uncertainty set, the approach is more scalable to higher dimensions given existing methods

for computing fRCI sets. Furthermore, Corollary 1 in Section 3.4 presents a computationally

efficient method for checking if X itself is fRCI, at which point the computation of I can be

avoided altogether as described in Algorithm 1.

The proof of Theorem 2 in Section 3.4 shows that I is a convex set and may therefore be

inner-approximated by a polytope. We henceforth assume that this polytopic description is

available:

I , {x ∈ Rn : Gx ≤ g}, (3.8)

where G ∈ Rng×n and g ∈ Rng .

Since I is fRCI, for each xk ∈ I ∃uk ∈ U such that xk+1 ∈ I ∀pk ∈ P(xk,uk). We compute

such a uk via a tightened state constraint in an optimization problem. Albeit conservative,

constraint tightening is an efficient method of inducing robustness in MPC [47]. Letting xk
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be the current state, the system (3.1) has the following impulse response over t = 1, . . . ,N

future time steps:

xk+t = Atxk +
t−1∑

i=0

BA
t,iuk+i +

t−1∑

i=0

DA
t,ipk+i, (3.9)

where BA
t,i , At−1−iB and DA

t,i , At−1−iD. An invariance-preserving input sequence over the

N -step planning horizon satisfies:

G(Atxk +
t−1∑

i=0

BA
t,iuk+i +

t−1∑

i=0

DA
t,ipk+i) ≤ g, (3.10)

for all sequences pk+i ∈ P(xk+i,uk+i), i = 0, . . . , t − 1 and t = 1, . . . ,N . Similarly to [98,

113] we reformulate this requirement by maximizing the left hand side of (3.10):

GT

j x̄k+t + max
pk+i∈P(xk+i,uk+i)

i=0,...,t−1

t−1∑

i=0

GT

jD
A
t,ipk+i ≤ gj, (3.11)

for j = 1, . . . ,ng and t = 1, . . . ,N , where x̄k+t denotes the nominal state after t time steps:

x̄k+t , Atxk +
t−1∑

i=0

BA
t,iuk+i. (3.12)

The maximization term in (3.11) encodes the worst-case disturbance sequence over t time

steps for violating the j-th facet of the state constraint polytope (3.2a). However, the cost

function of the problem

max
pk+i∈P(xk+i,uk+i)

i=0,...,t−1

t−1∑

i=0

GT

jD
A
t,ipk+i (3.13)

is not separable, which makes the selection of the worst-case uncertainty sequence up to time

t a fully coupled problem over the time steps i = 0, . . . , t− 1. While it is possible to find a

conservative upper bound to (3.13) in terms of the initial state xk and the input sequence

uk+i for i = 0, . . . , t − 1, simulation experience with the example in Section 3.6 shows that

this maximum singular value-based bound is far too conservative. A better approach is to
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simply consider the uncertainty set P(x̄k+i,uk+i) based on the nominal state. This makes

the cost function of (3.13) separable, allowing to write:

t−1∑

i=0

max
pk+i∈P(x̄k+i,uk+i)

GT

jD
A
t,ipk+i =

t−1∑

i=0

δ∗DAt,iP(x̄k+i,uk+i)
(Gj), (3.14)

where the last formulation uses the definition of the support function. The following example

makes the transition from (3.13) to (3.14) more intuitive by considering a simple case.

Example 1. Let us begin with (3.13) and consider the following simple case: t = 2, A =

I ∈ Rn×n, D = I ∈ Rn×d, and Gj = ej ∈ Rn is the j-th Eucledian basis unit vector. Let the

uncertainty model (3.5) be only-state dependent:

P(xk+i,uk+i) = {q ∈ Rd : ‖q‖2 ≤ ‖xk+i‖2}. (3.15)

Then, (3.13) simplifies to:

max
pk,pk+1

eTj (pk + pk+1) (3.16a)

s.t. ‖pk‖2 ≤ ‖xk‖2, (3.16b)

‖pk+1‖2 ≤ ‖xk +Buk + pk‖2. (3.16c)

Because the decision variables pk and pk+1 are coupled through the constraint (3.16c), the

cost (3.16a) is not separable. Furthermore, the constraint (3.16c) is not convex. However, a

separable convex approximation exist by replacing (3.16c) with:

‖pk+1‖2 ≤ ‖xk +Buk‖2 + ‖pk‖2, (3.17)

which yields:

max
(3.16b) holds

eTjpk + max
(3.17) holds

eTjpk+1. (3.18)

Note that (3.18) gives a more conservative (in other words, larger) constraint tightening



28

factor to work with for (3.11) than the proposed non-conservative version in (3.14), which

would yield:

max
(3.16b) holds

eTjpk + max
‖pk+1‖2≤‖xk+Buk‖2

eTjpk+1. (3.19)

Simulations for the example in Section 3.6 have shown that (3.19) is far less conservative

than (3.18). Because it is still robust in an RMPC receding horizon implementation, we

prefer (3.19) over (3.18).

Using (3.14) has no impact at t = 1 since xk = x̄k. The same cannot be said over the

remaining N − 1 steps because perturbed states with a larger norm may occur, inducing a

larger uncertainty than the one predicted by P(x̄k+i,uk+i). However, since the control law

is implemented in a receding horizon fashion and uk is anyway the only input to be applied,

the implementation remains robust. Furthermore, the formulation remains exact over the

entire planning horizon for only-input dependent uncertainty. With this in mind, the support

function in (3.14) is simplified using the separable nature of (3.5) and Hölder’s inequality

[34]:

δ∗DAt,iP(x̄k+i,uk+i)
(Gj) = δ∗DAt,iW

(Gj)+

nq∑

l=1

‖GT

jD
A
t,iLl‖qq,lφl(‖Fx,lx̄k+i‖px,l , ‖Fu,luk+i‖pu,l), (3.20)

where the qq,l-norm is dual to the pq,l-norm in (3.5), so that 1/qq,l +1/pq,l = 1. Note that the

first term on the right-hand side of (3.20) is the polytopic independent uncertainty part of

P(x̄k+i,uk+i). Further note that (3.20) is not conservative since Hölder’s inequality is tight

[34]. Using (3.20), we can approximate (3.11) as a set of Nng convex constraints:

GT

j x̄k+t +
t−1∑

i=0

δ∗DAt,iW
(Gj)+

t−1∑

i=0

nq∑

l=1

‖GT

jD
A
t,iLl‖qq,lφl(‖Fx,lx̄k+i‖px,l , ‖Fu,luk+i‖qul ) ≤ gj, (3.21)
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for j = 1, . . . ,ng and t = 1, . . . ,N . Importantly, δ∗
DAt,iW

(Gj) can be pre-computed off-line,

leading to a faster on-line implementation. The RMPC on-line optimization problem to be

implemented in receding horizon fashion can thus be written as:

min
uk,...,uk+N−1

J(uk, . . . ,uk+N−1) (3.22a)

s.t. Constraints (A.6) and (3.21) hold. (3.22b)

The cost function J : (Rm)N → R is a design choice which should be convex. If J is

linear and the 1- or∞-norms are used for all φi in (3.5), this is a linear program (LP). If J is

quadratic, it is a QP. In all cases when the 2-norm is used in the φl functions, Problem 3.22 is

an SOCP. Note that all of these problem types are convex and have efficient solvers available

that guarantee convergence to the global optimum when the feasible set is non-empty (which

it is certified to hold across iterations in Section 3.4). Furthermore, the constraint count of

Problem 3.22 is O(N) owing to the welcome property that the effect of the approximate

worst-case uncertainty on a discrete time linear system is explicitly given by (3.20), avoiding

a combinatorial search. Algorithm 1 summarizes the off-line and on-line steps that make up

the full RMPC controller.

3.4 Main Results

This section proves in Theorem 2 that the control law given by Problem 3.22 is recursively

feasible. Furthermore, Corollary 1 provides an alternative sufficient condition for certifying

the set X to be fRCI. This helps to avoid calling the more laborious set-based algorithm of

[110] for computing I.

Theorem 2. The control law given by Problem 3.22 is recursively feasible if and only if it

is feasible at the vertices of I.

Proof. Let V , {v1, ..., vM} be the set of vertices of I. The forward implication is trivial. If

Problem 3.22 is recursively feasible then it must be feasible in particular when xk ∈ V . For
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Algorithm 1 Off-line and on-line RMPC steps.

Off-line:
if Corollary 1 is satisfied for I = X then
I ← X

else
Compute I using the set-based algorithm in [110]
if Corollary 1 is not satisfied for I then

Report error “N is too large”
end if

end if
Store δ∗

DAt,iW
(Gj) for j = 1, . . . ,ng, t = 1, . . . ,N , i = 0, . . . , t− 1

On-line:
Obtain the current state x
Set xk ← x, solve Problem 3.22 and apply uk
Sleep Ts seconds . Discretization time step

the reverse implication, suppose that we solve Problem 3.22 with xk set to each vertex vm,

m = 1, . . . ,M , and obtain the associated optimal input sequences umk+t, t = 0, . . . ,N − 1,

and the nominal state sequences x̄mk+t, t = 0, . . . ,N , as given by (3.12):

x̄mk+t = Atvm +
t−1∑

i=0

BA
t,iu

m
k+i.

Consider now a state xk ∈ I. Since I is a convex polytope, we can express xk as a convex

combination of I’s vertices:

xk =
M∑

m=1

θmvm,
M∑

m=1

θm = 1, θm ≥ 0 ∀m = 1, . . . ,M .

It is now possible to sum the constraint (3.21) applied at each vertex, weighted by θm,

to obtain:

GT

j

M∑

m=1

θmx̄
m
k+t +

t−1∑

i=0

δ∗DAt,iW
(Gj) +

t−1∑

i=0

nq∑

l=1

‖GT

jD
A
t,iLl‖qq,l

M∑

m=1

θmφl(‖Fx,lx̄
m
k+i‖px,l ,

‖Fu,lu
m
k+i‖pu,l) ≤ gj.
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Because each φl is convex, it follows from Jensen’s inequality that:

φl(‖Fx,l

M∑

m=1

θmx̄
m
k+i‖px,l , ‖Fu,l

M∑

m=1

θmu
m
k+i‖pu,l) ≤

M∑

m=1

θmφl(‖Fx,lx̄
m
k+i‖px,l , ‖Fu,lu

m
k+i‖pu,l),

and as a result we have:

GT

j

M∑

m=1

θmx̄
m
k+t +

t−1∑

i=0

δ∗DAt,iW
(Gj) +

t−1∑

i=0

nq∑

l=1

‖GT

jD
A
t,iLl‖qq,lφl(‖Fx,l

M∑

m=1

θmx̄
m
k+i‖px,l ,

‖Fu,l

M∑

m=1

θmu
m
k+i‖pu,l) ≤ gj. (3.23)

Because U is convex and umk+i ∈ U ∀m = 1, . . . ,M and i = 0, . . . ,N − 1, we have
∑M

m=1 θmu
m
k+i ∈ U ∀i = 0, . . . ,N − 1. Furthermore:

M∑

m=1

θmx̄
m
k+t = Atxk +

t−1∑

i=0

BA
t,i

M∑

m=1

θmu
m
k+i.

We thus recognize that (3.23) is nothing but (3.21) for the initial state xk and the feasible

input sequence
∑M

m=1 θmu
m
k+i, i = 0, . . . ,N − 1. The feasible set of Problem 3.22 is thus

non-empty. Since this control input ensures that xk+1 ∈ I under the worst-case disturbance,

Problem 3.22 continues to be feasible at the next time step, which means that it is recursively

feasible.

The following corollary provides a faster method than computational geometry approaches

for verifying that a particular polytope is fRCI. This is used in Algorithm 1 for checking if

X in (3.2a) is fRCI, avoiding an unnecessary call to the more time consuming set-based

algorithm in [110]. This is particularly useful for higher dimensional systems.

Corollary 1. A sufficient condition for X to be fRCI is for Problem 3.22 to be feasible at

its vertices. The condition becomes also necessary when N = 1.
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Proof. The sufficient condition follows from Theorem 2 and the fact that (3.21) yields the

fRCI property by design whenever Problem 3.22 is recursively feasible. Because (3.21) is not

conservative when N = 1, the condition is necessary in that case.

3.5 Extension to Semi-feedback RMPC

The RMPC law given by Problem 3.22 can be overly conservative because it does not model

feedback action, meaning that the control policy {uk, . . . ,uk+N−1} cannot mitigate the ef-

fect of disturbances during the planning stage. This is why such an RMPC strategy is

sometimes referred to as an “open-loop” formulation [88]. Indeed, the disturbance action

terms δ∗
DAi W

(Gj) and ‖GT
jD

A
i Ll‖qq,l in (3.21) are independent of the control policy. This sec-

tion extends Problem 3.22 to semi-feedback RMPC, which introduces feedback action into

the planning stage without significantly increasing computational complexity [94, 106]. To

achieve this, a static feedback gain K ∈ Rm×n is designed and the control input is re-defined

as

uk = vk +Kxk, (3.24)

where vk ∈ Rm becomes the optimized decision variable. The nominal state (3.12) becomes:

x̄k+t = Ãtxk +
t−1∑

i=0

BÃ
t,ivk+i, (3.25)

where Ã = A+BK. The robust constraint (3.21) becomes:

GT

j x̄k+t +
t−1∑

i=0

δ∗
DÃt,iW

(Gj) +
t−1∑

i=0

nq∑

l=1

‖GT

jD
Ã
t,iLl‖qq,lφl(‖Fx,lx̄k+i‖px,l ,

‖Fu,l(vk+i +Kx̄k+i)‖qul ) ≤ gj, (3.26)

where, by similar reasoning to Example 1, we used the nominal state for the uncertainty’s

input dependence. Applying the discussion in Section 3.3, this choice has no impact at t = 1

so the RMPC law remains robust when implemented in receding horizon fashion. With these
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Figure 3.3: LVLH frame showing the leader and follower satellites.

changes, semi-feedback RMPC can be implemented in the same way as Problem 3.22.

3.6 Illustrative Example

In this section the control law presented in Section 3.3 and Section 3.5 is applied to satellite

robust position control in low Earth orbit (LEO). Consider a formation of two satellites as

shown in Figure 3.3 with a leader cL in a circular orbit with radius a, and a follower cF.

The follower’s translation in a local-vertical local-horizontal (LVLH) frame is given by the

Clohessy-Wiltshire equations (time is omitted for notational simplicity):

ẍ = 3ω2
0x+ 2ω0ẏ + ux + wx, (3.27a)

ÿ = −2ω0ẋ+ uy + wy, (3.27b)

z̈ = −ω2
0z + uz + wz, (3.27c)

where ω0 =
√
µ/a3 and µ is the standard gravitational parameter. Let ρ = (x, y, z) ∈ R3

denote the follower’s position relative to the leader, where the coordinate x is not to be

confused with the state vector. Using the state x , (ρ, ρ̇) ∈ R6, input u = (ux,uy,uz) ∈ R3

and exogenous disturbance w = (wx,wy,wz) ∈ R3, the dynamics (3.27) take on the familiar

linear form:

ẋ = Acx+Bc(u+ w). (3.28)



34

We use an impulsive control input in which the RCS system can induce every Ts seconds an

instantaneous velocity increment ∆v(τ) at time τ via the control input u(t) = ∆v(τ)δ(t−τ),

where δ is the Dirac delta. Meanwhile, w is assumed to be a constant acceleration over the

Ts period. These assumptions allow (3.28) to be discretized [114]:

xk+1 = Axk +Buk + Ewk, (3.29)

A = eAcTs , B = ABc, E =

∫ Ts

0

eAc(Ts−t)Bdt.

We include three uncertainty sources:

1. Atmospheric drag, modeled as an independent component wk ∈ {w : ‖w‖∞ ≤ wmax};

2. Additive input error using the Gates thrust execution-error model. This accounts for

error in the RCS system’s reproduction of a desired ∆v velocity increment [62, 63,

64]. Because (3.5) does not capture directional dependency, we confine ourselves to an

isotropic description. In fact, this may anyway the best modeling choice if the satellite’s

design is unknown [62]. The error term is vk = vfix
k +vprop

k where vfix
k ∈ {v : ‖v‖2 ≤ σfix}

and vprop
k ∈ {v : ‖v‖2 ≤ σrcs‖uk‖2};

3. Additive state estimation error ek = efix
k +


I

0


 epos

k +


0

I


 evel

k where:

efix
k ∈ {e ∈ R6 : ‖

[
I 0
]
e‖∞ ≤ pmax, ‖

[
0 I
]
e‖∞ ≤ vmax},

epos
k ∈ {e ∈ R3 : ‖e‖∞ ≤ σpos‖

[
I 0
]
xk‖2},

evel
k ∈ {e ∈ R3 : ‖e‖∞ ≤ σvel‖

[
0 I
]
xk‖2}.

Altogether, these form a set of independent and dependent polytopic and spherical un-
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certainties that area readily described by (3.5). In particular,

d = 21, nq = 4, w =


wk
efix
k


 , q1 = vfix

k , q2 = vprop
k , q3 = epos

k , q4 = evel
k ,

pq,1 = pq,2 = 2, pq,3 = pq,4 =∞, φ1 = σfix, φ2 : uk 7→ σrcs‖uk‖2,

φ3 : xk 7→ σpos‖
[
I 0
]
xk‖2, φ4 : xk 7→ σvel‖

[
0 I
]
xk‖2,

D =
[
E −A B B −A −A

]
, W =


 I9

018×9


 , R =


 I9

−I9


 ,

L1 =




09×3

I

015×3


 , L2 =




012×3

I

012×3


 , L3 =




015×3

I

09×3


 , L4 =


024×3

I


 ,

r =




wmax13

pmax13

vmax13

wmax13

pmax13

vmax13




.

We use the following cost:

J ,
N−1∑

t=0

ûT

k+tûk+t + λˆ̄xT

k+t+1
ˆ̄xk+t+1, (3.30)

where the decision variables ûk and ˆ̄xk are the scaled input and nominal state respectively.

Scaling is performed by diagonal scaling matrices Du ∈ Rm×m and Dx ∈ Rn×n, such that

uk = Duûk and x̄k = Dx ˆ̄xk. The objective of scaling is to ensure that the scaled quantities

ûk and ˆ̄xk attain ±1 at the boundary of their respective constraint polytopes U and I.

We choose the trade-off weight λ = 0.003. The input penalty reflects a minimum-fuel type
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problem and the state penalty endows the finite horizon control law with an otherwise lacking

long-term knowledge that the origin corresponds to minimal fuel usage, since nominally it

takes zero control action to remain there. In this problem, X in (3.2a) takes on the direct

interpretation of a maximum control error specification. We use the following numerical

values:

X = {x ∈ R6 : ‖
[
I 0
]
x‖∞ ≤ 10 cm, ‖

[
0 I
]
x‖∞ ≤ 1 mm s−1},

U = {u ∈ R3 : ‖u‖∞ ≤ 2 mm s−1},

µ = 3.986 · 1014 m3 s−2, a = 6793.137 km, Ts = 100 s,

wmax = 50 nm s−2, σfix = 1 µm s−1, pmax = 0.4 cm, N = 4,

vmax = 4 µm s−1, σrcs = tan
π

180
, σpos = 0.02, σvel = 0.001.

We compare the following four controllers:

1. Nominal MPC : ignores the uncertainty, effectively removing the summations in

(3.21);

2. Conservative RMPC: replaces φi in (3.5) by its maximum over xk ∈ X and uk ∈ U ,

which results in a conservative independent uncertainty model;

3. Our open-loop RMPC: solves Problem 3.22;

4. Our semi-feedback RMPC: solves Problem 3.22 with the modifications described

in Section 3.5. The static feedback gain K is computed as a linear quadratic regulator

(LQR) with weight matrices Q = I6 and R = 105I, scaled to I and U respectively in

the same way as for (3.30).

In each case, the satellite is acted upon by all three of the uncertainty sources described

above. It turns out that for this problem, Corollary 1 holds and so I = X . To demon-

strate the conservatism exhibited by the conservative RMPC law, consider Figure 3.4 which
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Figure 3.4: Projections of the transient response shown in dash dotted red for nominal MPC,
dashed green for conservative RMPC, solid blue for our open-loop RMPC and solid orange
for our semi-feedback RMPC. The dotted black rectangle shows the boundary of I.
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shows the four controllers’ transient responses when starting from a vertex of I. While

nominal MPC briefly exits I, conservative RMPC tends to drive the satellite more quickly

into the interior of I because it assumes more uncertainty than necessary. Open-loop and

semi-feedback RMPC yield similar responses that are somewhere in between nominal and

conservative MPC, staying within I and not avoiding the boundaries of I unnecessarily.

The RMPC law Problem 3.22 enables the control engineer to work with a richer set

of feasible parameters. For example, the required position accuracy can be increased to

5 cm without changing any other parameter, while doing so with the conservative RMPC

law requires using N ≤ 2. The open-loop RMPC law works for N ≤ 4 before the passively

propagated uncertainty “outgrows” I. The less conservative semi-feedback RMPC law works

for N ≤ 6.

Next, we compare the fuel consumption and computational efficiency of the three con-

trollers. Fuel consumption is quantified by the sum of velocity increment magnitudes com-

manded per year as obtained from a linear regression, yielding units of m s−1 yr−1. This is

common in space applications, where a mission is characterized by a “∆v budget”, which is

not to be exceeded over the mission duration. Computational efficiency is measured by the

time taken to solve Problem 3.22. Since both quantities are affected by uncertainty, 2000

Monte Carlo simulations are run for each controller where the satellite is initialized at the

origin and controlled over four orbits.

Figure 3.5a shows the fuel consumption cumulative distribution plot using a Gaussian

smoothing kernel. There is no statistically significant difference between the nominal MPC,

conservative RMPC and open-loop RMPC laws. As expected, the embedded LQR con-

troller increases the fuel consumption of semi-feedback RMPC by an average amount of

0.09 m s−1 yr−1.

Figure 3.5b shows the solver time distribution using Python 2.7.15 with ECOS 2.0.7.post1

[43] in Ubuntu 18.04.1 with a 3.60 GHz Intel i7-6850K CPU and 64 GB of RAM. All four

controllers have comparable solver times. The distributions reflect the problem difficulty

hierarchy, wherein our RMPC laws are the most difficult due to second order cone (SOC)
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constraints. On average, nominal MPC takes 1.1 ms, conservative and open-loop RMPC

take 2.9 ms, and semi-feedback RMPC takes 3 ms. These differences are all statistically

significant at the 99.9% confidence level. Generally speaking, SOCP problems are amenable

to real-time implementation and we expect this to be the case here [42, 43, 107, 108].

3.7 Future Work

This section introduced a state and input dependent uncertainty model (3.5) and a provable

real-time and recursively feasible RMPC law in Problem 3.22, which is at most an SOCP.

Both open-loop and semi-feedback implementations are possible. Simulations of a satellite

system demonstrate that the approach is more versatile and less conservative than RPMC

based on an independent uncertainty model. The approach, however, is currently hampered

by the ability to compute a robust controlled invariant set for a high dimensional system.

Recent work on controllable set computation for convex optimal control problems has the

potential to remove this shortcoming [115].
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Chapter 4

APPROXIMATE MULTIPARAMETRIC MIXED-INTEGER
CONVEX PROGRAMMING

This chapter presents an algorithm for generating explicit solutions of multiparametric

mixed-integer convex programs to within a given suboptimality tolerance. The algorithm

is applicable to a very general class of optimization problems, but is most useful for hy-

brid model predictive control, where on-line implementation is hampered by the worst-case

exponential complexity of mixed-integer solvers. The output is a simplicial partition which

defines a static map from the current state to a suboptimal solution. The primary theoretical

contribution is to introduce a non-zero optimal cost overlap metric which is necessary and

sufficient for convergence. The overlap size is also linked to partition complexity. The algo-

rithm is massively parallelizable and its implementation, which is publicly available, is run

on a cluster of several hundred processors. The output of the algorithm is a static database,

in the form of a binary tree, which is accessible in deterministic time and which performs

faster than on-board optimization by up to three orders of magnitude.

Within the context of real-time optimization-based algorithm development, this research

considers the precomputation avenue for creating efficient on-board feedback algorithms

whose underlying structure is expressed as a difficult-to-solve optimization problem. Fig-

ure 4.1 places this work in the context of the research branches introduced in Figure 1.1.

This work was partly supported by the National Science Foundation, grant number CMMI-

1613235. The use of advanced computational, storage, and networking infrastructure was

provided by the Hyak supercomputer system and funded by the student technology fee (STF)

at the University of Washington. Special thanks go to Martin Cacan, David S. Bayard, Daniel

P. Scharf, Jack Aldrich and Carl Seubert of the NASA Jet Propulsion Laboratory, California
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Figure 4.1: This chapter considers the precomputation approach to provably real-time
optimization-based feedback control.

Institute of Technology, for their helpful insights and discussions.

4.1 Introduction

Hybrid model predictive control handles systems with discrete switches or piecewise affinely

approximated nonlinearities like chemical powerplants, pipelines and aerospace vehicles [65,

116, 117]. This requires solving a mixed-integer convex program (MICP), which is hampered

by the worst-case exponential complexity of mixed-integer solvers [65, 118]. In this paper,

we present a provably convergent algorithm for computing explicit solutions of MICPs with

a specified suboptimality tolerance.

Several approaches have been proposed to improve hybrid MPC performance. By lever-

aging the polynomial runtime complexity of convex solvers, successive convexification is able

to solve nonlinear programs in real-time [119]. Recently, the method was extended to handle

binary decision making via state-triggered constraints [54, 120]. Hence, at least some MICPs

are solvable in real-time. However, successive convexification is a local method which may

not always converge to a feasible solution.



43

The traditional method of ensuring real-time MPC performance while guaranteeing con-

vergence and global optimality is to pre-compute the optimal solution off-line. Reflecting the

approach, the family of methods for doing this are known as explicit MPC. Various explicit

MPC methodologies have been proposed [46]. For MPC laws more complicated than linear or

quadratic programs, however, pre-computation of the exact solution is generally not possible

due to non-convexity of common active constraint sets [121]. Instead, approximate solu-

tions have been proposed via local linearization [122] or via optimal cost bounding by affine

functions over simplices [121] and hyperrectangles [123]. An approximate explicit solution

to mixed-integer quadratic programs has been proposed based on difference-of-convex pro-

gramming [124] and for MICPs based on local linearization and primal/master subproblems

[125].

Our contribution in this paper is twofold. First, we introduce a massively parallelizable al-

gorithm for computing the explicit solution to a very general class of multiparametric MICPs

and to within a user-specified suboptimality tolerance. Our implementation is available on-

line1. Second, we define a novel “overlap” metric which turns out to be the fundamental

driver of partition complexity. A non-zero overlap is necessary and sufficient for conver-

gence of the pre-computation algorithm. To the best of our knowledge, the overlap metric

is to-date the most insightful theoretical tool for considering the partition complexity of ex-

plicit MPC algorithms similar to the one presented here [121, 123, 126, 127]. Furthermore,

parallelization of explicit MPC algorithms has not yet been exploited in existing literature.

The chapter is organized as follows. Section 4.2 defines the class of optimization problems

that the pre-computation algorithm can handle. Section 4.4 presents the solution algorithm.

Section 4.6 proves the algorithm’s convergence and complexity properties. Section 4.8 applies

the method to robust control several test problem cases, including the robust control of a

satellite’s position. Section 4.10 concludes with future research directions.

1Hosted on GitHub: https://github.com/dmalyuta/explicit_hybrid_mpc.

https://github.com/dmalyuta/explicit_hybrid_mpc
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4.2 Problem Formulation

Our algorithm can handle any problem that can be formulated as the following multipara-

metric MICP:

δ∗, θ∗ = min
x,δ

f(θ,x, δ) (4.1a)

s.t. g(θ,x, δ) = 0, h(θ,x, δ) ∈ K. (4.1b)

In Problem 4.1, θ ∈ Rp is a parameter, x ∈ Rn is a decision vector and δ ∈ Im is a

binary commutation. Note that Problem 4.1 is called multiparametric because its optimal

solution essentially depends on the value of parameter θ [128, 129]. The cost function f :

Rp × Rn × Rm → R is jointly convex and the constraint functions g : Rp × Rn × Rm → Rl

and h : Rp × Rn × Rm → Rd are affine in their first two arguments. The convex cone

K = C1 × · · · × Cq ⊂ Rd is a Cartesian product of q convex cones. Examples include the

positive orthant, the second-order cone and the positive semidefinite cone [34]. If δ is fixed,

Problem 4.1 becomes a multiparametric convex program:

V ∗δ (θ) = min
x

f(θ,x, δ) (4.2a)

s.t. g(θ,x, δ) = 0, h(θ,x, δ) ∈ K. (4.2b)

Problem 4.2 corresponds to Problem 4.1 where δ has been fixed, in other words assigned

a specific value. The following definitions are closely related to [121].

Definition 2. The feasible parameter set Θ∗ ⊂ Rp is the set of all θ parameters for which

Problem 4.1 is feasible.

Definition 3. The fixed-commutation feasible parameter set Θ∗δ ⊂ Rp is the set of all θ

parameters for which Problem 4.2 is feasible.
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Definition 4. The feasible map fδ : Θ∗ → Im associates θ ∈ Θ∗ to a commutation such that

Problem 4.2 is feasible.

Definition 5. The optimal map f ∗δ : Θ∗ → Im associates θ ∈ Θ∗ to any optimal commutation

of Problem 4.1, in other words any δ ∈ {δ ∈ Im : V ∗(θ) = V ∗δ (θ)}.

Definition 6. The suboptimal map f εδ : Θ∗ → Im associates θ ∈ Θ∗ to an ε-suboptimal

commutation δ such that

V ∗δ (θ)− V ∗(θ) < max{εa, εrV
∗(θ)}, (4.3)

where εa and εr are the absolute and relative errors.

The ultimate aim of this chapter is to reliably and efficiently compute f εδ over a subset

Θ ⊆ Θ∗. It is assumed that Θ is a full-dimensional convex polytope in vertex representation.

Section 4.9.1 discusses how one might obtain Θ. It is implicitly assumed that Problem 4.1

and all related problems are appropriately scaled. We suggest a per-axis unit scaling such

that maxθ∈Θ |eTi θ| = 1 ∀i = 1, . . . , p where {ei}pi=1 is the standard Eucledian orthonormal

basis.

Figure 4.2 illustrates our explicit MPC at a high level. In order to achieve the end goal

of computing the suboptimal map f εδ , we begin by computing the feasible map fδ. The

result of this “feasible partition” computation shall seed the algorithm for computing the

“ε-suboptimal” partition.

4.3 Computing the Feasible Map fδ

The main idea is to express fδ as a simplicial partition data structure, R , {(Ri, δi)}|R|i=1. In

this data structure, Θ =
⋃|R|
i=1Ri and each cell Ri is associated with a fixed commutation

δi that is feasible everywhere in Ri. In other words, Ri ⊆ Θ∗δi . This provides sufficient
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Compute fδ [56]

Success? FAIL

Compute f εδ [57]

Success?

FINISH
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via (4.14))
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Figure 4.2: Flowchart description of the two main steps in our explicit MPC algorithm: 1)
compute the feasible map fδ, and 2) compute the suboptimal map f εδ .
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information to evaluate fδ via:

fδ(θ) = δi such that θ ∈ Ri. (4.4)

Lemma 1. For any fixed δ ∈ Im, Θ∗δ is a convex set and V ∗δ is a convex function.

Proof. Suppose θ′, θ′′ ∈ Θ∗δ . Let α′,α′′ ∈ [0, 1], α′ + α′′ = 1 and θ = α′θ′ + α′′θ′′. Since g,h

are affine in their first argument and K is a convex cone:

g(θ,x, δ) = α′g(θ′,x, δ) + α′′g(θ′′,x, δ) = 0,

h(θ,x, δ) = α′h(θ′,x, δ) + α′′h(θ′′,x, δ) ∈ K,

so θ ∈ Θ∗δ which is thus a convex set. Next, Problem 4.2 is a minimization of f over a convex

set in x which preserves convexity in θ by the joint convexity property of f [34]. Thus, V ∗δ

is a convex function.

Algorithm 2 Brute force fδ computation.

1: R ← ∅, Θ̄← Θ
2: for all δ ∈ Im do
3: R ← {(R′, δ) : R′ ∈ Θ̄ ∩Θ∗δ} ∪ R
4: Θ̄← Θ̄ \Θ∗δ
5: if Θ̄ = ∅ then
6: STOP
7: end if
8: end for

Since Θ∗δ is convex, an arbitrarily precise inner approximation of it can be found [115].

A conceptually trivial method for generating R is given by Algorithm 2. The set difference

and intersection operations in Algorithm 2 are element-wise [112]. The idea is to exploit

the ability to inner approximate Θ∗δ to procedurally “cover” Θ by intersecting it with fixed-

commutation feasible parameter sets.

The filling problem is combinatorial, however, such that in the worst case all 2m possible

values of δ are needed, excepting those that are infeasible directly due to the constraints
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in Problem 4.1. Furthermore, accurate polytopic inner approximation of Θ∗δ in higher-

dimensional spaces than about R4 suffers from excessive vertex count [115]. Last but not

least, the set intersection and set difference operations used by Algorithm 2 have poor numer-

ical properties such as creating badly conditioned (in other words, quasi lower-dimensional)

polytopes. One would like instead an algorithm which 1) avoids exploring all 2m combina-

tions for δ, 2) minimizes vertex count and 3) uses only numerically robust operations. We

thus propose Algorithm 3 in which the first requirement is addressed via Problem 4.5 dis-

cussed below, the second by using only simplices (which have the lowest vertex count among

full-dimensional polytopes [130]) and the third by working solely in the vertex representa-

tion which is much more numerically robust than the halfspace representation and avoids

the numerically fragile operation of converting between the two representations.

Algorithm 3 Proposed computation of fδ.

1: Create empty tree with open leaf Θ as root
2: S ← delaunay(V(Θ))
3: Add child open leaves Si ∀Si ∈ S
4: while any open leaf exists do
5: R ← the first open leaf
6: if Problem 4.1 is infeasible for θ = |V(R)|−1

∑
v∈V(R) v then

7: STOP, (Θ∗)c ∩Θ 6= ∅
8: else
9: δ̂ ← solve Problem 4.5

10: if Problem 4.5 is infeasible then
11: v̄, v̄′ ← arg maxv,v′∈V(R) ‖v − v′‖2

12: vmid ← (v̄ + v̄′)/2
13: Add child open leaf conv{(V(R) \ {v̄}) ∪ {vmid}}
14: Add child open leaf conv{(V(R) \ {v̄′}) ∪ {vmid}}
15: else
16: Replace leaf with closed leaf (R, δ̂)
17: end if
18: end if
19: end while

Algorithm 3 creates a simplicial partition of Θ as follows. The partition is stored as

a tree whose leaves are cells (R, δ) storing the simplex R and associated commutation δ.
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Non-leaf nodes in the tree store just the simplex and make evaluating (4.4) more efficient

(see Section 4.7). A “closed leaf” refers to a cell that will be a leaf in the final tree while an

“open leaf” will be further partitioned at the next iteration and thus will be merely a non-leaf

node in the final tree. In the algorithm, we refer to nodes directly by their contents, in other

words R for open and (R, δ) for closed leaves. On Algorithm 3 L3 the tree root is initialized

to Θ and, since generally Θ is not a simplex, Delaunay triangulation is first applied [131,

Section 9.3]. The tree is then iterated on Algorithm 3 L4 in a depth-first manner until no

open leaves are left. By doing a depth-first search, Assumption 1 in Section 4.6 is disproved

more quickly in case that it does not hold, such that the algorithm fails with less wasted

time.

An open leaf R in the tree is selected on Algorithm 3 L5. First, it is checked whether

Problem 4.1 is feasible at its center of gravity. If not, this point is a certificate of infeasibility

of Problem 4.1 in Θ, in which case Section 4.9.1 should be consulted. If however Problem 4.1

is feasible, then Algorithm 3 L9-16 partition R into at most 2 simplices. First, it is checked

whether R is fully contained inside some particular Θ∗δ . The following lemma is used for this

purpose.

Lemma 2. R ⊆ Θ∗
δ̂
⇔ Problem 4.2 is feasible ∀θ ∈ V(R) and δ = δ̂.

Proof. (⇒) Since R ⊆ Θ∗
δ̂
, θ ∈ V(R)⇒ θ ∈ Θ∗

δ̂
. Since Θ∗

δ̂
is the fixed-commutation feasible

parameter set, Problem 4.2 is by definition feasible. (⇐) Any θ such that Problem 4.2 is

feasible satisfies, by definition, θ ∈ Θ∗
δ̂
. By Lemma 1, since Θ∗

δ̂
is convex, conv{θ ∈ V(R)} ≡

R ⊆ Θ∗
δ̂
.

Using Lemma 2, one can efficiently check ifR ⊆ Θ∗δ for some δ via the following feasibility

MICP:

δ̂(R) = find δ (4.5a)

s.t. g(θ,xθ, δ) = 0 ∀θ ∈ V(R), (4.5b)

h(θ,xθ, δ) ∈ K ∀θ ∈ V(R), (4.5c)
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δ ∈ Im. (4.5d)

Variable xθ in Problem 4.5 denotes a feasible decision vector corresponding to the partic-

ular value of θ. Problem Problem 4.5 can be solved in the standard fashion (in other words,

with a solver such as Gurobi or MOSEK [132, 133]) as a MICP. If a feasible commutation is

found, it can be associated with R and the leaf can be subsequently closed. If Problem 4.5

is infeasible, however, then R is not fully contained in any Θ∗δ . In this case, R is split into

two smaller simplices at the midpoint of its longest edge. As explained in Section 4.6, this

yields a volume reduction that necessarily leads to convergence if Assumption 1 holds.

Algorithm 3 enables computing the feasible map fδ. Moving down the flowchart in

Figure 4.2, the next section presents an algorithm which uses fδ as a starting point for

computing the suboptimal map f εδ over the same subset Θ ⊆ Θ∗.

4.4 Computing the Suboptimal Map f εδ

Similar to the computation of fδ in the previous section, we express f εδ as a simplicial partition

data structure, Rε , {(Ri, δi, {x∗i,j}|V(Ri)|
j=1 )}|Rε|i=1 . As before, Θ =

⋃|R|
i=1Ri. However, in this

case each cell Ri is associated not with a feasible δi, but an ε-suboptimal one. Furthermore

{x∗i,j}|V(Ri)|
j=1 , the optimal decision vectors of Problem 4.2 for the commutation δi at the Ri

vertices, are carried along for the fully explicit implementation (refer to Section 4.5).

Algorithm 4 computes the Rε data structure and stores it as a binary tree. The initial-

ization step sets Rε = R, the feasible partition from the previous section. Subsequently,

the leaves of this tree are all set to the open state. Algorithm 4 L4-14 carry out the main

work of partitioning the simplex-commutation tuple (R, δ). First, the algorithm checks if δ

is ε-suboptimal in R. If it is not, the following mixed-integer nonlinear program (MINLP)

must be feasible due to (4.3):

δ∗, θ∗ = find
θ∈R

δ′ (4.6a)

s.t. V ∗δ (θ)− V ∗δ′(θ) ≥ max{εa, εrV
∗
δ′(θ)}. (4.6b)
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Algorithm 4 Proposed computation of f εδ .

1: Run Algorithm 3 and relabel all leaves as nodes
2: while any open leaf exists do
3: (R, δ)← the first open leaf
4: if Problem 4.8 is infeasible then
5: Replace leaf with closed leaf (R, δ, {x∗j}|V(R)|

j=1 )
6: else
7: δ∗, θ∗ ← solve Problem 4.9
8: if Problem 4.9 is feasible and (4.10) holds then
9: Change node to (R, δ∗)

10: else
11: δ∗ ← δ if Problem 4.9 is infeasible
12: v1, v2 ← arg maxv,v′∈V(R) ‖v − v′‖2

13: Si ← conv{(V(R) \ {vi}) ∪ {(v1 + v2)/2}}, i = 1, 2
14: Add child open leaves (S1, δ∗) and (S2, δ∗)
15: end if
16: end if
17: end while

The costs V ∗δ and V ∗δ′ are convex due to Lemma 1. However, V ∗δ appears on the wrong

side of the inequality. Hence, Problem 4.6 is non-convex and so is not readily solvable. As a

remedy, we formulate a conservative convex upper bound.

Definition 7. Let vi ∈ V(R) be the i-th vertex of R and let θ =
∑|V(R)|

i=1 αivi where αi ≥ 0

and
∑|V(R)|

i=1 αi = 1. The affine over-approximator of V ∗δ (θ) over R is:

V̄δ(θ) ,
|V(R)|∑

i=1

αiV
∗
δ (vi).� (4.7)

Since V ∗δ is convex, V ∗δ (θ) ≤ V̄δ(θ) ∀θ ∈ R. Hence, the following problem is convex and

“conservative” in the sense of Theorem 3:

δ∗, θ∗ = find
θ∈R

δ′ (4.8a)

s.t. V̄δ(θ)− V ∗δ′(θ) ≥ max{εa, εrV
∗
δ′(θ)}. (4.8b)
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+∞V ∗δ

V ∗δ′

R

δ′ is a bad
choice here

Figure 4.3: Illustration in R2 of the motivation for constraint (4.9c). Without the constraint,
δ′ would be wrongly selected as a “locally better” commutation, but one that is not feasible
over the entire simplex R. The gray zone above V ∗δ′ is the set of ε-suboptimal cost values
with respect to V ∗δ′ .

Theorem 3. If Problem 4.8 is infeasible then δ is ε-suboptimal.

Proof. If δ is not ε-suboptimal then Problem 4.6 is feasible, hence Problem 4.8 is feasible.

By contraposition, if Problem 4.8 is infeasible then δ must be ε-suboptimal.

Since Problem 4.8 is a MICP, its feasibility can be certified with a mixed-integer solver.

If Problem 4.8 is infeasible, Algorithm 4 L5 converts the node to a leaf since no further

partitioning is necessary. Otherwise, we cannot conclude about the ε-suboptimality of δ. In

this case, we search for a potentially better commutation δ∗ via the following extension of

Problem 4.8:

δ∗, θ∗ = find
θ∈R

δ′ (4.9a)

s.t. V̄δ(θ)− V ∗δ′(θ) ≥ max{εa, εrV
∗
δ′(θ)}, (4.9b)

δ′ ∈ {δ′′ ∈ Im \ {δ} : R ⊆ Θ∗δ′′}. (4.9c)

The last constraint of Problem 4.9 ensures that δ′ is feasible in R, and can be embedded

via Lemma 2. Figure 4.3 motivates the presence of this constraint, which ensures that R
does not get associated with a commutation that is not feasible everywhere over R.

If Problem 4.9 is infeasible, Section 4.6 shows that a sound strategy is to keep δ and
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to split R in half at the midpoint of its longest edge, as done on Algorithm 4 L14. This

may also be done if Problem 4.9 is feasible, since shrinking R improves the accuracy of the

over-approximator (4.7). However, to avoid unnecessary partitioning, Algorithm 4 L8 checks

if V ∗δ varies over R by less than the ε-suboptimality threshold with respect to Vδ∗(θ
∗) as

output by Problem 4.9:

max
θ∈R

V ∗δ (θ)−min
θ∈R

V ∗δ (θ) < max{εa, εrV
∗
δ∗(θ

∗)}, (4.10)

which can be done with convex optimization. If (4.10) holds, Theorem 6 assures that R does

not need to be subdivided further and δ∗ is assigned directly on Algorithm 4 L9. If (4.10)

does not hold, Section 4.6 shows that a sound strategy is to split R in half at the midpoint

of its longest edge on Algorithm 4 L14.

Let us now return to the model predictive control scenario. In this context, let θ denote

the current state of the system. Suppose that θ ∈ Θ and, in particular, θ belongs to some

simplex R ⊆ Θ. With the data structure Rε available, one can show (see Theorem 8) that

it is possible to obtain the ε-suboptimal commutation in polynomial time (in other words,

in real-time):

δ = f εδ (θ) such that θ ∈ R. (4.11)

With δ available, one can then solve the remaining convex problem Problem 4.2 to obtain

the optimal control input (which would be part of the optimal decision vector x∗). We call

this approach a semi-explicit implementation, since it already simplifies the “difficult” mixed-

integer solution to a convex solution for on-board implementation.

However, to further speedup the runtime and to decrease the on-board compute require-

ment, it is possible to remove on-line optimization entirely via a fully explicit implementation.

To do this, Rε stores the optimal solution vectors x∗j at vertices j = 1, . . . , |V(R)| of each

partition cell R. In the next section, we show how this information can be used to alge-

braically obtain an ε-suboptimal decision vector x̂ corresponding to the current value of θ.

By this process, the original MICP optimization problem 4.1 is fully distilled into a sequence



54

of algebraic, optimization-free operations.

4.5 Explicit Computation of the ε-Suboptimal Decision Vector

Consider a cell (R, δ, {x∗j}|V(R)|
j=1 ) of the computed data structure Rε. We first recognize the

following property.

Theorem 4. Suppose that θ ∈ R and let vj ∈ V(R) be the j-th vertex of R. One can

write θ =
∑|V(R)|

j=1 αjvj where αj ≥ 0 and
∑|V(Rj)|

j=1 αj = 1. Let x̂ ,
∑|V(R)|

j=1 αjx
∗
j and

V̂δ(θ) , f(θ, x̂, δ). Then x̂ is feasible for Problem 4.2 and

V̂δ(θ) ≤ V̄δ(θ). (4.12)

Proof. For feasibility, exploit that g(·, ·, δ) and h(·, ·, δ) in Problem 4.2 are affine. For (4.12),

exploit that f(·, ·, δ) is convex:

V̂δ(θ) = f(vj,
|V(R)|∑

j=1

αjx
∗
j , δ) ≤

|V(R)|∑

j=1

αjf(vj,x
∗
j , δ) =

|V(R)|∑

j=1

αjV
∗
δ (vj) = V̄δ(θ).�

As a result of (4.12), Problem 4.8 continues to be infeasible if V̄δ(θ) is substituted by

V̂δ(θ). Therefore x̂ is ε-suboptimal, in other words

V̂δ(θ)− V ∗(θ) < max{εa, εrV
∗(θ)}. (4.13)

Hence, given θ ∈ R ⊆ Θ, x̂ in Theorem 4 gives an explicit solution and is obtained by

querying the partition via:

x̂ =

|V(R)|∑

j=1

αjx
∗
j where θ =

|V(R)|∑

j=1

αjvj, vj ∈ V(R). (4.14)

To summarize, the full precomputation algorithm proceeds following Figure 4.2. First, the
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data structure R is computed via Algorithm 3, which allows to evaluate fδ. If this succeeds,

next the data structure Rε is computed via Algorithm 4, which allows to evaluate f εδ . If this

succeeds, an explicit on-board implementation is possible by storing Rε in static memory

and using (4.14) to obtain the optimal control input for the current state in polynomial time

(in other words, in real-time). The next two sections analyze the convergence properties of

Algorithm 3 and Algorithm 4, and the asymptotic complexities of metrics such as leaf count

and storage memory size for the partitions R and Rε. If the reader chooses to skip these

sections, the key take-away points are:

1. Guaranteed convergence: if Problem 4.1 is well-defined, in other words has positive

overlap (see Definitions 8 and 9), Algorithms 3 and 4 both converge;

2. Polynomial time complexity: the evaluation complexity of (4.14) is polynomial

time, in other words it is amenable to real-time performance even for high-dimensional

systems.

4.6 Precomputation Algorithm Convergence

The first algorithm to execute according to the flowchart in Figure 4.2 is Algorithm 3. Thus,

convergence of the entire precomputation procedure is conditioned on the convergence of

Algorithm 3. We therefore discuss the convergence of this algorithm first. Without loss of

generality, we restrict the discussion to ∆, the set of feasible commutations in Θ:

∆ , {δ ∈ Im : Θ∗δ ∩Θ 6= ∅}. (4.15)

The main convergence result for this phase of the precomputation procedure is Theorem 5,

which guarantees convergence of Algorithm 3 under Assumption 1. We define a fundamen-

tal quantity for both the convergence and the complexity of Algorithm 3: the “feasibility

overlap” between fixed-commutation feasible parameter sets.
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Definition 8. The feasibility overlap is the largest value κ ∈ R+ such that for each θ ∈ Θ,

∃δ ∈ ∆ which is feasible in (κB + θ) \ (Θ∗ ∩Θ)c.

Assumption 1. The feasibility overlap is positive, in other words κ > 0.

The feasibility overlap depends on Problem 4.1 and the choice of Θ. Assumption 1

implies that a non-zero overlap between fixed-commutation feasible parameter sets exists

everywhere in the neighborhood of ∂Θ∗δ ∀δ ∈ ∆. This “fuzzy” commutation transition

property is instrumental for the convergence proof in Theorem 5.

Theorem 5. If Assumption 1 holds then Algorithm 3 either converges or fails in a finite

number of iterations.

Proof. Let Rk be the leaf chosen at the k-th call of Algorithm 3 L5. Whenever Rk is not

closed, it can be shown that the partition along its longest edge on Algorithm 3 L11-14 halves

the volume, therefore limk→∞ vol(Rk) = 0. Since the longest edge length is also halved, ∃k
large enough such that Rk ⊆ (κB + cRk) where cRk = | V (R) |−1

∑V(R)
i=1 vi is the center of

gravity of Rk. Two possibilities exist: 1) Rk ⊆ (κB + cRk) \ (Θ∗ ∩Θ)c or 2) Rk ∩ (Θ∗)c 6= ∅.
In the first case, the δ̂ picked on Algorithm 3 L9 is then the one feasible ∀θ ∈ V(Rk). Leaf

Rk is therefore closed on Algorithm 3 L16. By this logic, for a large enough (but finite) k

all regions that do not intersect the infeasible parameter set (Θ∗)c get closed. If the second

case does not occur, the algorithm terminates.

In the second case, recall that limk→∞ vol(Rk) = 0. Since Rk ∩ (Θ∗)c 6= 0, in a finite

number of iterations cRk /∈ Θ∗ so Algorithm 3 L6 will evaluate to true and the algorithm will

fail on Algorithm 3 L7.

Corollary 2. If Assumption 1 does not hold and Θ ⊆ Θ∗ then Algorithm 3 does not converge.

Proof. If Assumption 1 does not hold then there exists a region Θ′ ⊆ Θ such that ∀θ ∈ Θ′,

(κB + θ) \ (Θ∗ ∩ Θ)c ⊆ Θ∗δ for some δ ∈ ∆ ⇔ κ = 0. This, however, implies that the only

simplex that would validate Lemma 2 is one with coincident vertices, in other words a point.

Since this occurs at iteration k =∞, Algorithm 3 does not converge.
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Theorem 5 and Corollary 2 suggest that κ > 0 is not only necessary and sufficient2 for

convergence but that κ also drives the convergence rate. A small κ implies a high iteration

count k until Assumption 1 guarantees leaf closure. We call a MICP with large κ “well-

conditioned” and Algorithm 3 will converge more quickly with a rate that is derived in

Corollary 3 of Section 4.7.

With Theorem 5 stating the convergence property of Algorithm 3, we now move on to

proving convergence of the next precomputation phase: Algorithm 4. The main convergence

result here is Theorem 6, which guarantees convergence of Algorithm 4 under Assumption 2.

Similarly to Definition 8, we define a fundamental quantity for both the convergence and the

complexity of Algorithm 4: the “suboptimality overlap” between regions where particular δ

values are ε-suboptimal.

Definition 9. The suboptimality overlap is the largest γ ∈ R+ such that for each θ ∈ Θ,

∃δ ∈ ∆ which is ε-suboptimal in (γB + θ) \Θc.

Assumption 2. The suboptimality overlap is positive, in other words γ > 0.

The suboptimality overlap γ is this time between sets where a given commutation is

ε-suboptimal. Its value is a non-trivial property of Problem 4.1 and increases for larger

values of εa and εr in (4.3). Because Algorithm 4 requires Algorithm 3 to converge, we know

that γ ≥ 0 exists. Figure 4.4 illustrates just three overlap possibilities. For convergence,

Algorithm 4 should not “oscillate” between δ choices for the same R. This is guaranteed by

the following lemma.

Lemma 3. Let (R, δ) be the node selected on L3 at some iteration of Algorithm 4. If δ is

replaced with δ∗ on Algorithm 4 L9, the node (R, δ) will not reappear in a future iteration.

Proof. We begin by showing that

min
θ∈R

V ∗δ∗(θ) < min
θ∈R

V ∗δ (θ). (4.16)

2Provided Θ ⊆ Θ∗.
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Since Problem 4.9 is feasible, ∃θ∗ ∈ R such that

V ∗δ∗(θ
∗) ≤ V̄δ(θ

∗)−max{εa, εrV
∗
δ∗(θ

∗)}. (4.17)

Since (4.10) holds, we have:

V̄δ(θ
∗) ≤ max

θ∈R
V ∗δ (θ)

< min
θ∈R

V ∗δ (θ) + max{εa, εrV
∗
δ∗(θ

∗)}. (4.18)

Substituting (4.18) into (4.17) shows that (4.16) holds. If (R, δ) reappears in a future

iteration, then it must be that all of the preceding iterations finished on Algorithm 4 L9.

Consider a future iteration where the node is (R, δ̃). Recursively applying (4.16), we have:

min
θ∈R

V ∗
δ̃

(θ) < · · · < min
θ∈R

V ∗δ∗(θ) < min
θ∈R

V ∗δ (θ). (4.19)

By contradiction, suppose that δ is chosen on Algorithm 4 L7. This means that ∃θ̃ ∈ R
such that

V ∗δ (θ̃) ≤ V̄δ̃(θ̃)−max{εa, εrV
∗
δ (θ̃)}. (4.20)

In the same way that we obtained (4.18), we have:

V̄δ̃(θ̃) < min
θ∈R

V ∗
δ̃

(θ) + max{εa, εrV
∗
δ (θ̃)}. (4.21)

Using (4.21) in (4.20), we have

V ∗δ (θ̃) < min
θ∈R

V ∗
δ̃

(θ) ⇒ min
θ∈R

V ∗δ (θ) < min
θ∈R

V ∗
δ̃

(θ),

which contradicts (4.19), hence δ cannot be more optimal than δ̃ and thus cannot be re-

associated with R.
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(a) Positive overlap from conti-
nuity.

(b) Positive overlap from small
discontinuity.

(c) Zero overlap.

Figure 4.4: Illustration of the “suboptimality overlap” in Definition 9. In (a) the overlap is
positive thanks to local continuity and in (b) it is positive because the downward jump from
V ∗δ to V ∗δ′ is not too high. In (c) the jump is too high, causing zero overlap.

Theorem 6. Algorithm 4 terminates if and only if Assumption 2 holds.

Proof. Suppose that Assumption 2 holds. The algorithm terminates when all nodes become

leaves. An iteration of Algorithm 4 can exit on L5, L9 or L14. Since exiting on L5

terminates a branch, it is necessary and sufficient to show that only a finite number of

iterations can exit on L9 or L14. Since V ∗δ is convex, it is continuous and therefore (4.10)

holds for a small enough R but with a non-empty interior [34, 134]. If an iteration exits on

L14, the volume of R is halved and its size is reduced, so after a finite number of iterations

R will be small enough such that (4.10) holds and R ⊂ γB + θ for some θ ∈ Θ. Once this

occurs, by Definition 9 ∃δ∗ ∈ ∆ such that Problem 4.9 is feasible. As a result, for any δ ∈ ∆

it will take a finite number of iterations until all iterations persistently exit on L9. However,

by Lemma 3 and since |∆| is finite, this can only occur a finite number of times. Thus, after

a finite number of iterations there will remain only one possible choice of δ and the iteration

will exit on L5, so the algorithm terminates. If Assumption 2 does not hold, it will take

infinite iterations until R ⊂ γB + θ, so the algorithm does not terminate.

Theorem 6 indicates that the partition complexity is driven by γ and the required “small-

ness” of R such that (4.10) holds. We formally define the latter quantity below.



60

Definition 10. The (conservative) variability is the largest ν > 0 such that (4.10) holds for

any δ ∈ ∆, any R ⊂ νB + θ, any θ ∈ Θ and any θ∗ ∈ R.

Combining Definitions 9 and 10, we can state an overall condition number :

ψ , min{γ, ν}−1, (4.22)

which is positively correlated to how much R must be subdivided until Theorem 6 assures

convergence. We call Problem 4.1 with small ψ “well-conditioned” and Algorithm 4 will

converge faster. Note that larger εa and εr decrease ψ.

In summary, this section introduced two fundamental quantities, the feasible and sub-

optimal overlaps (Definitions 8 and 9), which are used in Theorems 5 and 6 to guarantee

the convergence of Algorithms 3 and 4 respectively when the corresponding overlap quanti-

ties are positive. However, knowing that an algorithm converges is in general not enough,

as it may take arbitrarily (albeit finitely) many iterations to do so. In the next section,

we thus provide theoretical order of magnitude guarantees (in other words, “computational

complexity” [135]) on how the iteration count grows with problem size.

4.7 Precomputation Algorithm Complexity

We begin by analyzing the computational complexity of Algorithm 3, as it is the first algo-

rithm to be executed in the precomputation procedure (see Figure 4.2). Complexity results

are given both in terms of the partition cell count of the R data structure as well as the

on-line evaluation complexity.

Theorem 7. The maximum tree depth τ of Algorithm 3 is O(p2 log(κ−1)).

Proof. Algorithm 3 reduces search space volume by halving the longest edge length on Al-

gorithm 3 L11-14. Suppose that l0 is the longest edge length of a simplex R ⊂ Rp, then

its length is lk , l0/2
k after k divisions. We wish to determine the number of divisions

necessary until R ⊆ κB + cR and gets closed by Theorem 5. This approximately requires
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lk ≤ κ ⇒ k ≥ log2(l0/κ). Since R has p(p + 1)/2 edges then an approximate number of

required subdivisions, in other words the depth of the partition tree, is given by:

τ =

⌈
p(p+ 1) log2(l0/κ)

2

⌉
, (4.23)

which yields τ = O(p2 log(κ−1)).

Corollary 3. The maximum tree leaf count η of Algorithm 3 is O(2p
2 log(κ−1)).

Proof. In the worst case, Algorithm 3 generates a perfect binary tree of depth τ = O(p2 log(κ−1))

according to Theorem 7. Note that we neglected the first layer where the node count depends

on |S| from Algorithm 3 L2. Such a tree contains η = 2τ = O(2p
2 log(κ−1)) leaves.

Corollary 3 tells us that the leaf count is exponential in the parameter dimension and

polynomial in the overlap. However, if we assume that the algorithm terminates with a

given finite leaf count then the following lemma states that a linearly proportional number

of problems will have had to be solved (known as “output complexity” [121, Section 4.1.1]).

Lemma 4. The iteration count ν of Algorithm 3 is O(η).

Proof. A perfect binary tree with η leaves has 2η−1 nodes, thus at most ν = O(η) iterations

will have occured.

We have analyzed the tree complexity alone, with disregard for the complexity of the

optimization problems that need to be solved at each iteration of Algorithm 3. Unlike [121]

where convex nonlinear programs (NLPs) need to be solved at each iteration (due to their

MPC law being non-hybrid), we must solve MICPs whose solution time is O(2m) in the

worst case. However, the basic assumption is that Problem 4.1 is solvable in the first place,

and that the basic desire is to simply offload on-line computation to an off-line solution.

Therefore, we do not consider solving Problem 4.1 for a given θ ∈ Θ to be an issue in

practice.

Theorem 8. The on-line evaluation complexity of fδ is O(p4).



62

Proof. Algorithm 3 outputs a tree with η0 nodes in the first level followed by a binary tree

thereafter, where η0 = |S| from Algorithm 3 L2. Checking if θ is contained in a given simplex

can be done via a matrix-vector product in vertex representation, which is O(p2). Given a

tree depth τ , there are η0 + τ − 2 containment checks to perform. Since τ = O(p2) by

Theorem 7, the overall evaluation complexity of fδ is O(p4).

In conclusion, Theorem 8 guarantees that the evaluation complexity of fδ is polynomial

in the parameter size. Thus, the evaluation of (4.4) is expected to be amenable to real-time

implementation even for high-dimensional systems (in other words, control systems with

a large state vector for MPC applications). In this manner, the computed feasible δ may

be used to warm-start a mixed-integer solver if a globally optimal solution is desired and

the time and compute resources are available3. Otherwise, we now continue by analyzing

the computational complexity of evaluating f εδ , which will give us guarantees on real-time

performance of semi-explicit or explicit MPC implementations. The main result here is to

show that evaluating (4.14) has polynomial complexity (see Theorem 9). We assume that Θ

is a simplex, so the partition Rε is a binary tree.

Lemma 5. The depth τ of the tree output by Algorithm 4 is O(p2 log(ψ)).

Proof. In the worst case, Algorithm 4 has to reduce the size of R until R ⊂ ψB + θ for

some θ ∈ Θ. Once this occurs, Theorem 6 assures that a future iteration will close the

corresponding branch without further subdivision. It was shown in Theorem 7 that reducing

R until R ⊂ ψ−1B + θ takes τ = O(p2 log(ψ)) subdivisions.

Theorem 9. The evaluation complexity of (4.14) is O(p4).

Proof. As explained in Section 4.9.2, checking if θ ∈ R can be done via a matrix-vector

product, which is O(p2). Since there are τ such checks to perform and since τ = O(p2)

due to Lemma 5, it takes O(p4) operations to find the R which contains θ. It subsequently

3This point is important. It emphasizes that the output of Algorithm 3 is already useful in itself, namely
in warm starting a mixed-integer solver to achieve faster solution times or an anytime implementation.
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takes O(np) operations to compute x̂ via (4.14), hence the overall evaluation complexity is

O(p4).

Theorem 9 guarantees polynomial time evaluation complexity of for the explicit imple-

mentation (4.14). Thus, even for problems with a high-dimensional state vector, we expect

the on-board explicit implementation to be amenable to real-time performance4. This stands

in contrast to implementing Problem 4.1 directly with a mixed-integer solver, which has an

exponential runtime O(2m).

We shall corroborate the theoretic convergence and complexity results of Sections 4.6 and

4.7 on several practical examples, including a more complicated (mixed-integer) formulation

of satellite robust position control using RCS, a milder version of which was solved at the

end of Chapter 3.

4.8 Numerical Examples

This section presents two numerical tests of Algorithms 3 and 4:

1. Control of an uncertain multiple degree of freedom oscillator: this tests only

the capability of Algorithm 3 to generate the feasible partition data structure R for

computing fδ. The output can be used in an aforementioned warm start scheme. The

multiple-DoF oscillators are randomly generated, allowing us to test the algorithm for

a whole suite of systems with growing state dimension;

2. Position control of a satellite with RCS minimum impulse-bit constraint:

this test is primarily for Algorithm 4, however it implicitly also tests Algorithm 3 as it

will have had to converge prior to calling Algorithm 4 (as illustrated in Figure 4.2).

4Note that this statement relates strictly to on-board implementation, that is once the data structure
Rε has been computed. Since the maximum tree leaf count is exponential in the parameter size (see
Corollary 3), computing Rε itself is an exponential hard task in the parameter dimension. This downside
is characteristic of all explicit MPC methods [46].
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(a) Volume versus cell count.
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(b) Volume versus runtime.

Figure 4.5: Normalized convergence plots. Cumulative closed volume, cumulative closed leaf
count and runtime are normalized by their final respective values. The solid/dashed lines
show the envelope max/min while the dotted reference line shows linear convergence.

The aim of these tests, and the focus of the following discussion, is to analyze the quality

of the theoretical bounds established in Section 4.7. It will be seen that the theoretical

bounds predict the algorithm behaviour well. In particular, Section 4.8.2 the behaviour as a

function of an estimator for the condition number ψ in (4.22).

4.8.1 Performance for Multiple-DoF Oscillator Control

Appendix A constructs a model predictive control law (Problem A.7) for a randomly gener-

ated instance of a multiple-DoF oscillator system. This allows us to perform a Monte Carlo

analysis of Algorithm 3 on a whole class of systems, rather than on one or a small number

of specific examples. Thus, Algorithm 3 is applied to 100 randomly generated instances of

Problem A.7 with state dimensions of 2, 4 and 6. This yields tested parameter dimensions of

p = 2, 4, 6, and commutation dimensions m = 9, 15, 21. This demonstrates that Algorithm 3

can scale up to at least p = 6 and m = 21, with higher dimensions likely possible via massive

parallelization (discussed for the next example in Section 4.8.2).
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Figure 7.19 shows convergence plots using the volume fraction of Θ made up by the closed

leafs as the metric. Since at first none and in the end all leaves are closed, this metric goes

from 0 at the start to 1 at the end of Algorithm 3 and is easily evaluated since the volume

of a simplex is well known [136]. The algorithm has a favorable convergence characteristic

in that no convergence curve in our tests deviated significantly from a linear rate. The

practical significance of this is that the algorithm progresses steadily towards filling up the

entire volume of Θ rather than being very slow at the beginning and very fast at the end or

vice versa. Both cases would be poor for the user to supervise since, especially for p > 3, it

becomes difficult to diagnose the reason for slow convergence.

Figure 4.6a shows the wall-clock total runtime corresponding to each run, which appears

to increase linearly and with unity slope as a function of the final partition cell count. The

linear trend agrees with the linear output complexity of Lemma 4 while the unity slope may

be interpreted as that, regardless of p, it takes the current implementation on average 1

second to add 1 closed leaf to the partition tree. Note that this measurement includes the

time taken to traverse potentially many layers of the tree until adding a closed leaf (up to

about 20 layers according to Figure 4.6c).

Figures 4.6b, 4.6c, and 4.6d show statistics on the final tree leaf count and depth along

with fitted complexity curves resulting from Section 4.7. Figure 4.6b shows clearly that the

partition tree leaf count increases exponentially with p as stipulated by Corollary 3. Interest-

ingly, we note from Figure 4.6c that for some instances of Problem A.7 the tree depth does

not go beyond the first layer. In other words, sometimes the Delaunay triangulation of Θ on

Algorithm 3 L2 of Algorithm 3 suffices. Note that because the complexities in Theorem 7

and Corollary 3 depend also on the overlap κ, which currently cannot be computed a priori,

the regressions in Figure 4.6b and Figure 4.6c carry an omitted variable bias. However,

Corollary 3 allows to compute normalized values for κ by assuming that the deviations in

Figure 4.6b of the actual cell count from the fitted one are due to κ alone. This effectively

captures the normalized variation required from κ in order to explain the deviation of ob-

served results from the regressed theoretical values. This is shown in Figure 4.6d where
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Figure 4.6: Final partition statistics. Whiskers show the full range.
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Figure 4.7: A non-convex input lower-bound constraint for satellite MPC can be modeled as
the union of convex sets. This induces a mixed-integer program.

κ = 1/e if the match between the fitted and predicted cell counts is perfect. As expected,

the effect of κ diminishes for higher p where the exponential complexity in p dominates over

the polynomial complexity in κ.

4.8.2 Performance for Satellite Robust Position Control

This section presents two examples to corroborate the effectiveness of Algorithm 4 and

the conclusions of Sections 4.6 and 4.7. We consider robust hybrid MPC of a satellite’s

out-of-plane (cwh_z) and in-plane (cwh_xy) position, as an extension of the MPC problem

solved in Section 3.6. Explicit MPC is relevant for satellite control because the conservative

design of space systems typically prohibits the use of on-line optimization. We split the

Clohessy-Wiltshire equations into the out-of-plane and in-plane components (whose motions

are decoupled):

cwh xy:




ẍ = 3ω2

0x+ 2ωoẏ + ux + wx,

ÿ = −2ωoẋ+ uy + wu,
(4.24)

cwh z: z̈ = −ω2
oz + uz + wz, (4.25)
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Figure 4.8: The tree depth for cwh z is approximately logarithmic in the condition number
ψ, as predicted by Lemma 5.

where ωo is the orbital rate in rad/s and w are disturbance terms. The full explanation

of this model was already provided in Section 3.6 of Chapter 3, so will not be repeated

here. For cwh_xy, the state is
[
x ẋ y ẏ

]T
∈ R4 and the input is

[
ux uy

]T
∈ R2. For

cwh_z, the state is
[
z ż

]
∈ R2 and the input is uz ∈ R. Assuming an impulsive input, the

system is discretized at a Ts = 100 s thruster firing period. On top of the example problem

in Section 3.6, we add a lower-bound constraint ‖u‖∞ ≥ umin on the thrust magnitude,

which arises from the thruster minimum impulse-bit. The constraint is non-convex but

can be modeled as the union of convex sets, as illustrated in Figure 4.7, yielding a mixed-

integer second order cone program. We use a prediction horizon N = 4 and, letting X ,
[−10, 10] cm × [−1, 1] mm/s, choose Θ = X for cwh_z and Θ = X × X for cwh_xy. It

was shown in Section 3.6 that this Θ choice is a robust controlled invariant set, hence the

partition will be sufficient for controlling the satellite.

Our implementation is available online (see Footnote 1). The code is written in Python

3.7.2, using CVXPY 1.0.21 [137] and MOSEK 9.0.87 [132]. Recognizing that Algorithm 4 L4-

14 can run in parallel across tree branches, we used MPICH 3.2 in CentOS 7 on a cluster

of up to 420 2.4 GHz Intel E5-2680 CPU cores with 20 GB of RAM per compute node (28

cores). The code can also run locally.

Table 4.1 summarizes the output of Algorithm 4 using a sequence of increasingly tight
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Example sa εr τ λ Twall [hr] Tcpu [hr] M [MB]

cwh_z 0.50 2.00 13 101 0.01 0.09 < 0.01
cwh_z 0.25 1.00 17 978 0.06 0.96 < 0.01
cwh_z 0.10 0.10 20 13500 0.31 7.72 11
cwh_z 0.03 0.05 26 235231 1.91 154.19 202
cwh_z 0.01 0.01 31 3322941 6.37 2516.98 2916
cwh_xy 0.50 2.00 32 30448 0.57 53.44 36
cwh_xy 0.25 1.00 49 884323 3.38 1297.35 1069

Table 4.1: Numerical results for several ε-suboptimality settings; τ is the tree depth, λ is the
leaf count, Twall is the Algorithm 4 runtime, Tcpu is the computation time summed across
parallel processors, and M is the tree file size.

ε-suboptimality settings. We compute εa as the largest cost among the vertices of a shrunk

Θ, i.e. εa = max{V ∗(θ) | θ ∈ V(saΘ)}. The smaller sa is, the more dense the partition will

be in a neighborhood of the origin. Figure 4.11 shows the progress of Algorithm 4 for the

last row of Table 4.1. We can see that the progress is mostly linear. Because multiple cores

do not participate in evaluating Algorithm 4 L4-14 for the same node (R, δ), progress slows

down near the end when only a few nodes are left.

Figure 4.8 confirms that τ = O(log(ψ)) using the proxy ψ = (εa/ε̄a + εr/ε̄r)
−1, where ε̄a

and ε̄r are the largest of the tested values. The leaf count is exponential in ψ. It follows

that Tcpu and M are also exponential in ψ. Note that the exponential increase in Tcpu can

be offset by an exponential increase in parallel core count, until a certain limit. Thus, our

method allows for reasonable Twall runtimes.

Figure 4.10a show statistics for the on-line control input computation time. For implict

MPC, this is the mixed-integer solver time. For explicit MPC, it is the time to evaluate (4.14),

which involves querying the partition tree. Statistics are computed by uniformly randomly

sampling 1000 values of θ ∈ Θ. As expected from Theorem 9, explicit MPC can be up to

three orders of magnitude faster. Importantly, explicit MPC provides a real-time guarantee

given by the time that it takes to traverse the tree to the deepest leaf. The implicit approach
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(a) Input 2-norm history for cwh z with sa = 0.5
and εr = 2.

(b) Input 2-norm history for cwh z with sa =
0.01 and εr = 0.01.

Figure 4.9: Comparison of control input histories for a coarse and a refined ε-suboptimal
partition. By reducing εa and εr, explicit MPC approaches the behavior of implicit MPC.

may be arbitrarily slower for some values of θ, subject to the success of the mixed-integer

solver’s heuristics.

Figure 4.10b quantifies the fuel consumption suboptimality with respect to implicit MPC.

The data is collected based on a 20 orbit simulation where the satellite is initialized at the

origin, i.e. with zero control error. As expected, partitions with a tighter ε-suboptimality

setting perform better. Importantly, explicit MPC can outperform implicit MPC since the

control scheme is finite horizon while fuel is an integrated quantity. This is the case for

cwh_z with sa = 0.03 and εr = 0.05, which achieves ≈ 40 % fuel reduction. The source of

this reduced fuel consumption is clearly visible in Figure 4.9, where one can see that with

a tighter ε-suboptimality setting, explicit MPC better reproduces the optimal behavior of

implicit MPC.

4.9 Comments on Implementation

The previous section discussed several numerical results for the implementation of Algo-

rithms 3 and 4. In this section, we discuss some best practices and give general advice for

how to implement the precomputation procedure illustrated in Figure 4.2.
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Figure 4.10: Comparison of the proposed semi-explicit and explicit implementations to im-
plicit MPC in terms of (a) on-line control input computation time and (b) total fuel con-
sumption over 20 orbits.

4.9.1 Choice of Θ

Throughout this paper we have assumed that Θ is available. We now explain possible

methods of obtaining it. First of all, Θ ⊆ Θ∗ should hold. If it does not, per Theorem 5

Algorithm 3 will report it in a finite number of iterations and a different Θ must be chosen.

Assuming the task of Problem 4.1 is to drive θ (e.g. the current state) to the origin, a Θ in

a small enough neighborhood of 0 ∈ Rp should satisfy this property as long as Problem 4.1

is a well-defined controller.

Since fδ is defined only over Θ, in practice it must be ensured that θ /∈ Θ is never

encountered during runtime. This requires Θ to be a robust controlled invariant set of

Problem 4.1. A straightforward method for ensuring this is to include the constraint Θ+ ⊆ Θ

in Problem 4.1 where Θ+ models all possible future values of θ. This is a constraint in some

RMPC methods [58, 98], in which case Θ is explicitly known. Section 4.8.1 leverages this

fact in Problem A.7. Note that convergence of Algorithm 3 then certifies recursive feasibility

of Problem 4.1.



72

Figure 4.11: Algorithm 4 progress plot. The partition complexity and the volume fraction
of Θ comprised by completed tree branches steadily increase. The partitioning becomes
serialized near the end.

Finally, note from the proof of Theorem 8 that the practical complexity of fδ is O(η0p
2)

since in practice η0 � τ . There is therefore a considerable interest to make the Delaunay

triangulation of Θ yield a small η0, e.g. by using a simplex or a small number of simplices

to define Θ.

4.9.2 Improving the Storage Memory Requirement

Our implementation (see Footnote 1) is not optimized for storage size, so the M values

in Table 4.1 are far larger than necessary. A more efficient storage model is as follows.

Given a simplex R ⊂ Rp and its vertices vi ∈ V(R), a parameter θ ∈ R if an only if

α = H−1
R (x − v1) ≥ 0, 1Tα ≤ 1, where the i-th column of HR equals vi+1 − v1. Since

Θ and hence R are full-dimensional, HR is invertible. By leveraging mutual exclusivity of

the partition cells, we can thus store a matrix H ∈ Rp×p and a vector v1 ∈ Rp for each

“left” child node. For each leaf, in order to evaluate (4.14) we store the p + 1 ε-suboptimal

decision vectors x∗j at its vertices. Assuming a perfect binary tree and that Θ is a simplex,
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the improved storage size is:

M∗ ≈ 3

2
λµfp(p+ 1) + λ(p+ 1)n̂µf , (4.26)

where µf is the floating point size and n̂ ≤ n is the dimension of the part of the decision

vector that is necessary to compute the control input (i.e. the first control input for MPC).

For the examples in Table 4.1, M∗ is 3 to 10 times less than M . Greater economy is possible

by eliminating further redundancy in the stored vertices and optimal decision vectors.

4.10 Future Work

This chapter presented a partitioning algorithm for generating explicit solutions of a very

general class of multiparametric mixed-integer convex programs to within a given subopti-

mality tolerance. Figure 4.2 illustrates the method, which relies on the sequential solution

of: 1) Algorithm 3, then 2) Algorithm 4, and finally the application of (4.14) on-board the

target system.

From a theoretical standpoint, the chapter showed in Sections 4.6 and 4.7 that the pos-

itivity of novel “feasibility overlap” and “suboptimality overlap” metrics is necessary and

sufficient for convergence. To the best of our knowledge, this is the first deep theoretical

insight into the fundamental driver of convergence rate and partition complexity of subop-

timal explicit MPC precomputation algorithms similar to the one in this chapter [121, 123,

126, 127].

In future work it will be interesting to prove the stability of the resulting control law

along the lines of [126] and [127], and to see if the selection of εa and εr could be automated

to ensure convergence. Furthermore, the method was presented as a way for partitioning

some set Θ ⊆ Θ∗. A possible extension is to partition the entire Θ∗. Since by Lemma 1 Θ∗δ

is convex, it may be inner-approximated with arbitrary precision [115]. Doing so for each

δ, one can run the algorithm for each commutation δ ∈ Im by taking Θ = Θ∗δ . To remove

overlapping regions, the intersection of Θ∗δ with all previously considered fixed-commutation
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feasible parameter sets can be removed.
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Chapter 5

HISTORY OF LOSSLESS CONVEXIFICATION

Lossless convexification (LCvx) is a modeling technique that solves nonconvex optimal

control problems through a convex relaxation. In this method, Pontryagin’s maximum prin-

ciple [39] is used to show that a convex relaxation of a nonconvex problem finds the globally

optimal solution to the original problem, hence the name “lossless”. To date, the method

has been extended as far as relaxing certain classes of nonconvex control constraints, such

as an input norm lower bound (see Example 2) and a nonconvex pointing constraint (see

Example 3).

The LCvx method has been shown to work for a large class of state-constrained optimal

control problems, however a working assumption is that state constraints are convex. Lossless

relaxation of nonconvex state constraints remains under active research, and some related

results are available [116] (which we will cover in this section).

As the reader goes through this section, it is suggested to keep in mind that the main

concerns of lossless convexification are:

• To find a convex lifting of the feasible input set;

• To show that the optimal input of the lifted problem projects back to a feasible input

of the non-lifted problem.

Figure 5.1 chronicles the development history of LCvx. The aim of this section is to

provide a tutorial overview of the key results, so theoretical proofs are omitted in favor of a

more practical and action-oriented description. Ultimately, our aim is for the reader to come

away with a clear understanding of how LCvx can be applied to their own problems.
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2005

2007

2010
2011
2012
2013
2014

2019
2020
2021

Input lower
bound [35, 138]

Minimum landing
error [139]

Generalized input
non-convexity [59]

Active state constraints
at discrete times [59]

Input pointing
constraint [140]

Fusion with
mixed-integer
programming [116]

Persistently active
quadratic state
constraints [141]

Persistently active
linear state
constraints [60, 141]

Semi-continuous
input norms [52]

Disconnected sets [142]

Fixed-final time [143]

Mixed constraints [144]

Figure 5.1: Chronology of lossless convexification theory development. Note the progression
from state-unconstrained problems to those with progressively more general state constraints
and, finally, to problems that contain integer variables.

In the following sections, we begin by introducing LCvx for the input norm lower bound

and pointing nonconvexities using a baseline problem with no state constraints. Then, the

method is extended to handle affine and quadratic state constraints, followed by general

convex state constraints. We then describe how the LCvx method can also handle a class

of dynamical systems with nonlinear dynamics. For more general applications, embedding

LCvx into nonlinear optimization algorithms is also discussed. At the very end of this section

we cover some of the newest LCvx results from the past year, and provide a toy example

that gives a first taste of how LCvx can be used in practice.



77

5.1 No State Constraints

We begin by stating perhaps the simplest optimal control problem for which an LCvx result

is available. Its salient features are a distinct absence of state constraints (except for the

boundary conditions), and its only source of nonconvexity is a lower-bound on the input

given by (5.1c). A detailed description of LCvx for this problem may be found in [35, 59,

138].

min
u,tf

m(tf ,x(tf )) + ζ

∫ tf

0

`(g1(u(t))) dt (5.1a)

s.t. ẋ(t) = A(t)x(t) +B(t)u(t) + E(t)w(t), (5.1b)

ρmin ≤ g1(u(t)), g0(u(t)) ≤ ρmax, (5.1c)

x(0) = x0, b(tf ,x(tf )) = 0. (5.1d)

In Problem 5.1, tf > 0 is the terminal time, x(·) ∈ Rn is the state trajectory, u(·) ∈ Rm

is the input trajectory, w(·) ∈ Rp is an exogenous additive disturbance, m : R × Rn → R

is a convex terminal cost, ` : R → R is a convex and non-decreasing running cost modifier,

ζ ∈ {0, 1} is a fixed user-chosen parameter to toggle the running cost, g0, g1 : Rm → R+ are

convex functions, ρmin > 0 and ρmax > ρmin are user-chosen bounds, and b : R×Rn → Rnb is

an affine terminal constraint function. Note that the dynamics in Problem 5.1 define a linear

time varying (LTV) system. For all the LCvx discussion that follows, we will also make the

following two assumptions on the problem data.

Assumption 3. If any part of the terminal state is constrained then the Jacobian ∇xb[tf ] ∈
Rnb×n is full row rank, i.e., rank∇xb[tf ] = nb. This implies that the terminal state is not

over-constrained.

Assumption 4. The running cost is positive definite, in other words `(z) > 0 for all z 6= 0.
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Figure 5.2: Relaxation of the non-convex input constraint set (5.3) to the convex set (5.4)
by using a slack input σ. If the optimal input (u∗,σ∗) ∈ ∂LCvxV (5.6), then u∗ is feasible for
the non-convex constraint (5.3).

When faced with a nonconvex problem like Problem 5.1, an engineer has two choices.

Either devise a nonlinear optimization algorithm, or solve a simpler problem that is convex.

The mantra of LCvx is to take the latter approach by “relaxing” the problem until it is

convex. In the case of Problem 5.1, let us propose the following relaxation, which introduces

a new variable σ(·) ∈ R called the slack input.

min
σ,u,tf

m(tf ,x(tf )) + ζ

∫ tf

0

`(σ(t)) dt (5.2a)

s.t. ẋ(t) = A(t)x(t) +B(t)u(t) + E(t)w(t), (5.2b)

ρmin ≤ σ(t), g0(u(t)) ≤ ρmax, (5.2c)

g1(u(t)) ≤ σ(t), (5.2d)

x(0) = x0, b(tf ,x(tf )) = 0. (5.2e)

Example 2. A typical rocket engine’s thrust is upper bounded by the engine’s performance

and lower bounded by combustion instability issues for small thrusts. Thus, (5.1c) can be

written as

ρmin ≤ ‖u‖2 ≤ ρmax, (5.3)
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so that g0(u) = g1(u) , ‖u‖2. The relaxation (5.2c)-(5.2d) then becomes:

ρmin ≤ σ, ‖u‖2 ≤ min(σ, ρmax). (5.4)

Figure 5.2 shows how for u ∈ R2, going from (5.3) to (5.4) lifts a non-convex annulus to

a convex volume V ,

V , {(u,σ) ∈ R3 : ρmin ≤ σ, ‖u‖2 ≤ min(σ, ρmax)}. (5.5)

The drawback is that inputs that were not feasible for (5.3) become feasible for (5.4).

In particular, any u for which ‖u‖2 < ρmin is now feasible. However, for the special case of

(u,σ) ∈ ∂LCvxV , where:

∂LCvxV , {(u,σ) ∈ R3 : ρmin ≤ σ, ‖u‖2 = min(σ, ρmax)}, (5.6)

the input u is feasible. The goal of lossless convexification is to show that this occurs at

the global optimum of Problem 5.2, in other words (u∗(t),σ∗(t)) ∈ ∂LCvxV . Theorem 10

guarantees this.

The relaxation of the nonconvex input constraint (5.1c) to the convex constraints (5.2c)-

(5.2d) is illustrated in Example 2 for the case of a rocket engine. Note that if (5.2d) is

replaced with equality, then Problem 5.2 is equivalent to Problem 5.1. Indeed, the entire

goal of LCvx is to prove that (5.2d) holds with equality at the globally optimal solution of

Problem 5.2. Because of the clear importance of constraint (5.2d) to the LCvx method, we

shall call it the LCvx equality constraint. This special constraint will be highlighted in red

in all subsequent LCvx optimization problems.

Consider now the following set of conditions, which arise naturally when using the max-

imum principle to prove lossless convexification. The theoretical details are provided in [59,

Theorem 2].
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Condition 1. The pair {A(·),B(·)} must be totally controllable. This means that any

initial state can be transferred to any final state by a bounded control trajectory in any

finite time interval [0, tf ] [116, 145]. If the system is time invariant, this is equivalent to

{A,B} being controllable, and can be verified by checking that the controllability matrix is

full rank or, more robustly, via the PBH test [114].

Condition 2. Define the quantities:

mLCvx =


 ∇xm[tf ]

∇tm[tf ] + ζ`(σ(tf ))


 ∈ Rn+1, (5.7a)

BLCvx =


∇xb[tf ]

T

∇tb[tf ]
T


 ∈ R(n+1)×nb . (5.7b)

The vector mLCvx must be linearly independent from the columns of BLCvx.

We can now state Theorem 10, which is the main lossless convexification result for Prob-

lem 5.1. The practical implication of Theorem 10 is that the solution of Problem 5.1 can be

found in polynomial time by solving Problem 5.2 instead.

Theorem 10. The solution of Problem 5.2 is globally optimal for Problem 5.1 if Conditions 1

and 2 hold.

There is a partial generalization of Theorem 10. Let us restrict Problem 5.1 to the choices

ζ = 1 and g0 = g1, and let us introduce a new pointing-like input constraint (5.8d). The

quantities n̂u ∈ Rm and n̂g ∈ R are user-chosen parameters. The new problem takes the

following form:

min
u,tf

m(tf ,x(tf )) +

∫ tf

0

`(g0(u(t))) dt (5.8a)

s.t. ẋ(t) = A(t)x(t) +B(t)u(t) + E(t)w(t), (5.8b)

ρmin ≤ g0(u(t)) ≤ ρmax, (5.8c)
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n̂T

uu(t) ≥ n̂gg0(u(t)), (5.8d)

x(0) = x0, b(tf ,x(tf )) = 0. (5.8e)

Using (5.8d) one can, for example, constrain an airborne vehicle’s tilt angle. This con-

straint, however, is nonconvex for n̂g < 0. We take care of this nonconvexity, along with the

typical nonconvexity of the lower bound in (5.8c), by solving the following relaxation of the

original problem:

min
σ,u,tf

m(tf ,x(tf )) +

∫ tf

0

`(σ(t)) dt (5.9a)

s.t. ẋ(t) = A(t)x(t) +B(t)u(t) + E(t)w(t), (5.9b)

ρmin ≤ σ(t) ≤ ρmax, (5.9c)

g0(u(t)) ≤ σ(t), (5.9d)

n̂T

uu(t) ≥ σ(t)n̂g, (5.9e)

x(0) = x0, b(tf ,x(tf )) = 0. (5.9f)

Just like in Problem 5.2, we introduced a slack input σ(·) ∈ R to strategically remove

nonconvexity. Note once again the appearance of the LCvx equality constraint (5.9d). Mean-

while, the relaxation of (5.8d) to (5.9e) corresponds to a halfspace input constraint in the

(u,σ) ∈ Rm+1 space. A geometric intuition about the relaxation is illustrated in Example 3

for a typical vehicle tilt constraint. Lossless convexification can again be shown under an

extra Condition 3, yielding Theorem 11. Theoretical details are provided in [140, 146].

Condition 3. Let N ∈ Rm×(m−1) be a matrix whose columns span the nullspace of n̂u in

(5.8d). The pair {A(·),B(·)N} must be totally controllable.

Theorem 11. The solution of Problem 5.9 is globally optimal for Problem 5.8 if Condi-

tions 1, 2, and 3 hold.



82

Figure 5.3: Relaxation of the non-convex input set (5.10) to a convex set (5.11) via intersec-
tion with a halfspace in the lifted (u,σ) space. If the optimal input (u∗,σ∗) ∈ ∂LCvxV then
u∗ is feasible for the non-convex constraint (5.10).

Example 3. Practical mechanical systems, such as Segways and rockets, may have a con-

straint on their tilt angle away from an upright orientation. To model such cases, the inequal-

ity (5.8d) can be specialized to an input pointing constraint. By choosing n̂g = cos(θmax)

and g0(u) = ‖u‖2, the constraint becomes

n̂T

uu ≥ ‖u‖2 cos(θmax), (5.10)

which constrains u to be no more than θmax radians away from a nominal pointing direction

n̂u. The relaxed constraint (5.9e) becomes

n̂T

uu ≥ σ cos(θmax), (5.11)

which is a halfspace constraint and is thus convex even for θmax > π/2, when (5.10) becomes

non-convex.

Figure 5.3 shows how for u ∈ R2, relaxing (5.10) to (5.11) lifts an obtuse “pie slice” to a

convex halfspace V ,

V , {(u,σ) ∈ R3 : n̂T

uu ≥ σ cos(θmax), ‖u‖2 ≤ σ}. (5.12)



83

The drawback is that inputs that were not feasible for (5.10) become feasible for (5.11). In

particular, low magnitude inputs for which n̂T
uu < ‖u‖2 cos(θmax) become feasible. However,

if (u,σ) ∈ ∂LCvxV ,

∂LCvxV , {(u,σ) ∈ R3 : n̂T

uu ≥ σ cos(θmax), ‖u‖2 = σ}, (5.13)

then the input u satisfies the original constraint (5.10). The goal of lossless convexification is

to show that this occurs at the global optimum, in other words (u∗,σ∗) ∈ ∂LCvxV . Theorem 11

guarantees this.

5.2 Affine State Constraints

The logical next step after Theorems 10 and 11 is to ask whether Problem 5.1 can incorporate

state constraints. It turns out that this is possible under a fairly mild set of extra conditions.

The results presented in this section originate from [60, 61, 141].

Affine inequality constraints are the simplest class of state constraints that can be handled

in LCvx. The nonconvex statement of the original problem is a close relative of Problem 5.1:

min
u,tf

m(x(tf )) + ζ

∫ tf

0

`(g1(u(t))) dt (5.14a)

s.t. ẋ(t) = Ax(t) +Bu(t) + Ew, (5.14b)

ρmin ≤ g1(u(t)), g0(u(t)) ≤ ρmax, (5.14c)

Cu(t) ≤ c, (5.14d)

Hx(t) ≤ h, (5.14e)

x(0) = x0, b(x(tf )) = 0. (5.14f)

First, we note that Problem 5.14 is autonomous, in other words the terminal cost in

(5.14a), the dynamics (5.14b), and the boundary constraint (5.14f) are all independent of



84

Figure 5.4: A spacecraft planetary landing glideslope cone can be approximated as an affine
state constraint (5.14e). By adding more facets, a cone with circular cross-sections can be
approximated to arbitrary precision.

time. Note that a limited form of time variance can still be included through an additional

time integrator state whose dynamics are ż(t) = 1. The limitation here is that time variance

must not introduce nonconvexity in the cost, in the dynamics, and in the terminal constraint

(5.14f). The matrix of facet normals H ∈ Rnh×n and the vector of facet offsets h ∈ Rnh

define a new polytopic (affine) state constraint set. A practical use-case for this constraint

is described in Example 4. Similarly, C ∈ Rnc×m and c ∈ Rnc define a new polytopic subset

of the input constraint set, as illustrated in Example 5.

Example 4. A typical planetary landing problem may include a glideslope constraint to

ensure sufficient elevation during approach and to prevent the spacecraft from colliding with

nearby terrain [35]. Letting ê3 ∈ R3 represent the local vertical unit vector at the landing

site, the glideslope requirement can be expressed as a convex second-order cone constraint:

êT3x ≥ ‖x‖2 cos(γgs), (5.15)

where γgs ∈ [0, π/2] is the glideslope angle, i.e. the maximum angle that the spacecraft

position vector is allowed to make with the local vertical. As illustrated in Figure 5.4,
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Figure 5.5: Halfspace constraints from (5.14d) can be used to select only portions of the
non-convex input set defined by (5.14c). The remaining feasible input set is filled in red.

we can approximate (5.15) as an intersection of four halfspaces with the following outward

normal vectors:

n̂1,




cos(γgs)

0

− sin(γgs)


, n̂2,




0

cos(γgs)

− sin(γgs)


, (5.16a)

n̂3,




− cos(γgs)

0

− sin(γgs)


, n̂4,




0

− cos(γgs)

− sin(γgs)


. (5.16b)

Thus, (5.15) can be written in the form (5.14e) by setting:

H =




n̂1
T

n̂2
T

n̂3
T

n̂4
T




, h = 0 ∈ R4. (5.17)

Example 5. The input constraint set defined by (5.14c) generally lacks the ability to de-

scribe constraints on individual input components, or on combinations thereof. To enhance

the descriptiveness of the input constraint set, halfspace constraints in (5.14d) may be used.
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This is illustrated in Figure 5.5 where g0(·) = ‖ · ‖1, g1(·) = ‖ · ‖2, and

C =


n̂

T
1

n̂T
2


 , c =


c1

0


 . (5.18)

For example, u1 and u2 may describe the concentrations of two chemical reactants –

hydrochloric acid (HCl) and ammonia (NH3) – to produce ammonium chloride (NH4Cl).

Then, the first affine constraint may describe the maximum concentration of NH3 while the

second affine constraint may describe an inter-dependency in the concentrations of both

reactants. Meanwhile, the by-now familiar constraint (5.14c) describes the joint reactant

concentration upper and lower bounds.

Let us propose the following convex relaxation of Problem 5.14, which takes the familiar

form of Problem 5.2:

min
σ,u,tf

m(x(tf )) + ζ

∫ tf

0

`(σ(t)) dt (5.19a)

s.t. ẋ(t) = Ax(t) +Bu(t) + Ew, (5.19b)

ρmin ≤ σ(t), g0(u(t)) ≤ ρmax, (5.19c)

g1(u(t)) ≤ σ(t), (5.19d)

Cu(t) ≤ c, (5.19e)

Hx(t) ≤ h, (5.19f)

x(0) = x0, b(x(tf )) = 0. (5.19g)

To guarantee lossless convexification for this convex relaxation, Condition 1 can be mod-

ified to handle the new state and input constraints (5.14d) and (5.14e). To this end, use the

following notion of cyclic coordinates from mechanics [147].

Definition 11. For a dynamical system ẋ = f(x), with state x ∈ Rn, any components of

x that do not appear explicitly in f(·) are said to be cyclic coordinates. Without loss of
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generality, we can decompose the state as follows:

x =


 xc
xnc


 , (5.20)

where xc ∈ Rnc are the cyclic and xnc ∈ Rnnc are the non-cyclic coordinates, such that

nc + nnc = n. We can then write ẋ = f(xnc).

Many mechanical systems have cyclic coordinates. For example, quadrotor drone and

fixed-wing aircraft dynamics do not depend on the position or yaw angle [148]. Satellite

dynamics in a circular low Earth orbit, frequently approximated with the Clohessy-Wiltshire-

Hill equations [149], do not depend on the true anomaly angle which locates the spacecraft

along the orbit.

With Definition 11 in hand, we call a cyclic transformation Ψc : Rn → Rn any mapping

from the state space to itself which translates the state vector along the cyclic coordinates.

In other words, assuming without loss of generality that the state is given by (5.20), we can

write:

Ψc(x) =


xc + ∆xc

xnc


 (5.21)

for some translation ∆xc ∈ Rn. Let us now consider the polytopic state constraint (5.19f)

and, in particular, let Fi = {x ∈ Rn : HT
i x = hi} be its i-th facet (HT

i is the i-th row of H).

The following condition must then hold.

Condition 4. Let Fi = {x ∈ Rn : HT
i x = hi} denote the i-th facet of the polytopic

state constraint (5.19f), for any i ∈ {1, . . . ,nh}. If hi 6= 0, then there must exist a cyclic

transformation Ψc such that

HT

i Ψc(x) = 0. (5.22)

To visualize the implication of Condition 4, simply consider again the case of the landing

glideslope constraint from Example 4. Because the position of a spacecraft in a constant

gravity field is a cyclic coordinate, Condition 4 confirms our intuitive understanding that
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Figure 5.6: Illustration of a landing glideslope constraint (orange, sideview of Figure 5.4)
that undergoes a cyclic shift in position along the positive x2 axis, to arrive at a new landing
location (blue). Thanks to Condition 4, the LCvx guarantee continues to hold for the new
glideslope constraint, even though the new constraint facets are not subspaces.

we can impose landing at a coordinate other than the origin without compromising lossless

convexification. Figure 5.6 provides an illustration.

From linear systems theory [60, 150, 151], it turns out that x(t) ∈ Fi can hold for a non-

zero time interval (i.e. the state “sticks” to a facet) if and only if there exists a triplet of

matrices {Fi ∈ Rm×n,Gi ∈ Rm×nv ,Hi ∈ Rm×p} such that:

u(t) = Fix(t) +Giv(t) +Hiw. (5.23)

The “new” control input v(t) ∈ Rnv effectively gets filtered through (5.23) to produce a

control that maintains x(·) on the hyperplane Fi. The situation is illustrated in Figure 5.7 in

a familiar block diagram form. While the matrix triplet is not unique, a valid triplet may be

computed via standard linear algebra operations. The reader may consult these operations

directly in the source code of the LCvx examples provided at the end of this article.

The proof of LCvx for Problem 5.14 was originally developed in [60, 141]. The theory

behind equation (5.23) is among the most abstract in all of LCvx, and we shall not attempt

a proof here. The ultimate outcome of the proof is that the following condition must hold.
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Figure 5.7: Given x(0) ∈ Fi, the dynamical system (5.14b) evolves on Fi if and only if u(t)
is of the form (5.23).

Condition 5. For each facet Fi ⊆ Rn of the polytopic state constraint (5.19f), the following

“dual” linear system has no transmission zeros:

λ̇(t) = −(A+BFi)
Tλ(t)− (CFi)

Tµ(t),

y(t) = (BGi)
Tλ(t) + (CGi)

Tµ(t).

Transmission zeros are defined in [152, Section 4.5.1]. Roughly speaking, if there are

no trasmission zeros then there cannot exist an initial condition λ(0) ∈ Rn and an input

trajectory µ ∈ Rnc such that y(t) = 0 for a non-zero time interval.

We can now state when lossless convexification holds for Problem 5.19. Note that the

statement is very similar to Theorem 10. Indeed, the primary contribution of [60, 141] was to

introduce Condition 5 and to show that LCvx holds by using a version of the maximum prin-

ciple that includes state constraints [87, 153]. The actual lossless convexification procedure,

meanwhile, does not change.

Theorem 12. The solution of Problem 5.19 is globally optimal for Problem 5.14 if Condi-

tions 2 and 5 hold.

Most recently, a similar LCvx result was proved for problems with affine equality state

constraints that can furthermore depend on the input [144]. These so-called mixed con-
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straints are of the following form:

y(t) = C(t)x(t) +D(t)u(t), (5.24)

where y, C, and D are problem data.

5.3 Quadratic State Constraints

In the last section, we showed an LCvx result for state constraints that can be represented by

the affine description (5.14e). The natural next question is whether LCvx extends to more

complicated state constraints. It turns out that a generalization of LCvx exists for quadratic

state constraints, if one can accept a slight restriction to the system dynamics. This result

was originally presented in [61, 151]. The nonconvex problem statement is as follows:

min
u,tf

m(x(tf )) + ζ

∫ tf

0

`(g1(u(t))) dt (5.25a)

s.t. ẋ1(t) = Ax2(t), (5.25b)

ẋ2(t) = Bu(t) + w, (5.25c)

ρmin ≤ g1(u(t)), g0(u(t)) ≤ ρmax, (5.25d)

x2(t)THx2(t) ≤ 1, (5.25e)

x1(0) = x1,0, x2(0) = x2,0, b(x(tf )) = 0, (5.25f)

where (x1,x2) ∈ Rn×Rn is the state that has been partitioned into two distinct parts, u ∈ Rn

is an input of the same dimension, and the exogenous disturbance w ∈ Rn is some fixed

constant. The matrix H ∈ Rn×n is symmetric positive definite such that (5.25e) maintains

the state in an ellipsoid. An example of such a constraint is illustrated in Example 6.

Example 6. If we set A = In and B = In in Problem 5.25 then the state x2 can be

interpretated as a vehicle’s velocity. A maximum velocity constraint ‖x2‖2 ≤ vmax can then
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Figure 5.8: Illustration of the boundary of a maximum velocity constraint, which can be
expressed as (5.25e).

equivalently be written in the form (5.25e) as

xT

2(v−2
maxIn)x2 ≤ 1. (5.26)

Figure 5.8 illustrates the maximum velocity constraint.

Although the dynamics (5.25b)-(5.25c) are less general than (5.14b), they can still ac-

commodate problems related to vehicle trajectory generation. In such problems, the vehicle

is usually closely related to a double integrator system, for which A = In and B = In such

that x1 is the position and x2 is the velocity of the vehicle. The control u in this case is the

acceleration.

The following assumption further restricts the problem setup, and is a consequence of

the lossless convexification proof [141].

Assumption 5. The matrices A, B, and H in Problem 5.14 are invertible. The functions

g0(·) and g1(·) satisfy ρmin ≤ g1(−B−1w) and g0(−B−1w) ≤ ρmax.

Assumption 5 has the direct interpretation of requiring that the disturbance w can be

counteracted by an input that is feasible with respect to (5.25d). The relaxed problem once

again simply convexifies the nonconvex input lower bound by introducing a slack input:
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min
σ,u,tf

m(x(tf )) + ζ

∫ tf

0

`(σ(t)) dt (5.27a)

s.t. ẋ1(t) = Ax2(t), (5.27b)

ẋ2(t) = Bu(t) + w, (5.27c)

ρmin ≤ σ(t), g0(u(t)) ≤ ρmax, (5.27d)

g1(u(t)) ≤ σ(t), (5.27e)

x2(t)THx2(t) ≤ 1, (5.27f)

x1(0) = x1,0, x2(0) = x2,0, b(x(tf )) = 0. (5.27g)

Thanks to the structure of the dynamics (5.27b)-(5.27c), it can be shown that Condition 1

is automatically satisfied. On the other hand, Condition 2 must be modified to account for

the quadratic state constraint.

Condition 6. If ζ = 0, the vector ∇xm[tf ] ∈ R2n must be linearly independent from the

columns of the following matrix:

B̃LCvx =


∇x1b[tf ]

T 0

∇x2b[tf ]
T 2Hx2(tf )


 ∈ R2n×(nb+1). (5.28)

Note that Condition 6 carries a subtle but important implication. Recall that due

to Assumption 3, ∇xb[tf ]
T must be full column rank. Hence, if ζ = 0 then the vector

(
0, 2Hx2(tf )

)
∈ R2n and the columns of ∇xb[tf ]

T must be linearly dependent. Otherwise,

B̃LCvx is full column rank and Condition 6 cannot be satisfied. With this in mind, the

following LCvx result was proved in [151, Theorem 2].

Theorem 13. The solution of Problem 5.27 is globally optimal for Problem 5.25 if Condi-

tion 6 holds.
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5.4 General Convex State Constraints

The preceding two sections discussed problem classes where an LCvx guarantee is available

even in the presence of affine or quadratic state constraints. For obvious reasons, an engi-

neer may want to impose more exotic constraints than afforded by Problems 5.14 and 5.25.

Luckily, there exists an LCvx guarantee for general convex state constraints.

As may be expected, generality comes at the price of a somewhat weaker result. In

the preceding sections, the affine and quadratic state constraints could be activated as they

please: instantaneously, for period of time, and even for the entire optimal trajectory dura-

tion. In contrast, for the case of general convex state constraints, an LCvx guarantee will

only hold as long as the state constraints are active pointwise in time. In other words, they

get activated at isolated time instances and never persistently over a time interval. This

result was originally provided in [59]. The nonconvex problem statement is:

min
u,tf

m(x(tf )) + ζ

∫ tf

0

`(g1(u(t))) dt (5.29a)

s.t. ẋ(t) = Ax(t) +Bu(t) + Ew, (5.29b)

ρmin ≤ g1(u(t)), g0(u(t)) ≤ ρmax, (5.29c)

x(t) ∈ X , (5.29d)

x(0) = x0, b(x(tf )) = 0, (5.29e)

where X ⊆ Rn is a convex set that defines the state constraints. Without the state constraint,

Problem 5.29 is nothing but the autonomous version of Problem 5.1. As for Problem 5.14,

time variance can be introduced in a limited way by using a time integrator state, as long as

this does not introduce nonconvexity. The relaxed problem uses the by-now familiar slack

variable relaxation technique (5.29c):

min
σ,u,tf

m(x(tf )) + ζ

∫ tf

0

`(σ(t)) dt (5.30a)
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Figure 5.9: The blue dotted curve represents any segment of the optimal state trajectory for
Problem 5.29 which evolves in the interior of the state constraint set. Because the optimal
control problem is autonomous, any such segment is the solution to the state-unconstrained
Problem 5.1. When ζ = 1 and in the limit as a→∞, LCvx applies to the entire segment in
intX [59].

s.t. ẋ(t) = Ax(t) +Bu(t) + Ew, (5.30b)

ρmin ≤ σ(t), g0(u(t)) ≤ ρmax, (5.30c)

g1(u(t)) ≤ σ(t), (5.30d)

x(t) ∈ X , (5.30e)

x(0) = x0, b(x(tf )) = 0. (5.30f)

The LCvx proof is provided in [59, Corollary 3], and relies on recognizing two key facts:

1. When x(t) ∈ intX for any time interval t ∈ [t1, t2], the state of the optimal control

problem is unconstrained along that time interval;

2. For autonomous problems (recall the description after Problem 5.14), every segment

of the trajectory is itself optimal [151].

As a result, whenever x(t) ∈ intX , the solution of Problem 5.30 is equivalent to the

solution of Problem 5.2. Consider an interior trajectory segment, as illustrated in Figure 5.9.

The optimal trajectory for the dashed portion in Figure 5.9 is the solution of the following
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Figure 5.10: Illustration of when lossless convexification with general convex state constraints
may fail. The two figures on the right show an in-plane projection of the 3D figure on the left.
In (a) the glideslope constraint is only activated once prior to landing, hence the solution is
lossless. In (b) the constraint is activated for a non-trivial duration and the solution may be
infeasible over that interval.

fixed final state, free final time problem:

min
u,tf

m(z(te)) + ζ

∫ te

ts

`(g1(u(t))) dt (5.31a)

s.t. ż(t) = Az(t) +Bu(t) + Ew, (5.31b)

ρmin ≤ g1(u(t)), g0(u(t)) ≤ ρmax, (5.31c)

z(ts) = x(ts), z(te) = x(te). (5.31d)

We recognize that Problem 5.31 is an instance of Problem 5.1 and, as long as ζ = 1 (in

order for Condition 2 to hold), Theorem 10 applies. Because a > 0 can be arbitrarily large

in Figure 5.9, lossless convexification applies over the open time interval (t1, t2). Thus, the

solution segments of the relaxed problem that lie in the interior of the state constraint set

are feasible and globally optimal for the original Problem 5.29.

Example 7. Let us go back to the landing glideslope constraint for a spacecraft, which was

previously motivated in Example 4. Because Problem 5.29 allows us to use any convex state
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constraint, we can directly use the second-order cone constraint (5.15).

As illustrated in Figure 5.10, lossless convexification in this case will only hold if the

spacecraft touches the “landing cone” a finite number of times. In Figure 5.10a, the glideslope

constraint is activated only once at time t1 prior to landing. Hence, T = {t ∈ [0, tf ] : x(t) ∈
∂ X} = {0, t1} is a discrete set and Theorem 14 holds. Note that the constraint may be

activated at other times, e.g. T = {0, t1, t2}, as long as these times are all isolated points.

In Figure 5.10b there is a non-trivial interval for which the glideslope constraint is active.

This results in a non-discrete set of activation times T = {0} ∪ [t1, t2]. For t ∈ [t1, t2], there

is not LCvx guarantee, so the solution of Problem 5.30 may be infeasible for Problem 5.29

over that interval.

For historical context, LCvx theory was initially developed for the express use in plan-

etary rocket landing. For this application, glide slope constraint activation behaves like

Figure 5.10a, so LCvx holds in that important case. Indeed, the constraint (5.15) has been

part of NASA Jet Propulsion Laboratory’s optimization-based rocket landing algorithm flight

tests [1, 9, 154, 155, 156].

The same cannot be said when x(t) ∈ ∂ X . During these segments, the solution can

become infeasible for Problem 5.29. However, as long as x(t) ∈ ∂ X at isoalted time instances,

LCvx can be guaranteed to hold. This idea is further illustrated in Example 7.

When ζ = 0, the situation becomes more complicated because Condition 2 does not hold

for Problem 5.31. This is clear from the fact that the terms defined in Condition 2 become:

mLCvx =


∇zm[te]

0


 , BLCvx =


In

0


 ,

which are clearly not linearly independent. Thus, even for interior segments the solution

may be infeasible for Problem 5.29. To remedy this, [59, Corollary 4] suggests Algorithm 5.

At its core, the algorithm relies on the following simple idea. By solving Problem 5.30 with

the suggested modifications in Algorithm 5 L3, every interior segment once again becomes
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Algorithm 5 Solution algorithm for Problem 5.29. When ζ = 0, a two-step procedure
is used where an auxiliary problem with ζ = 1 searches over the optimal solutions to the
original problem.

1: Solve Problem 5.30 to obtain x∗(t∗f )
2: if ζ = 0 then
3: Solve Problem 5.30 again, with the modifications:

• Use the cost
∫ tf

0
`(σ(t))dt

• Set b(x(tf )) = x(tf )− x∗(t∗f )
4: end if

an instance of Problem 5.1 for which Theorem 10 holds. Furthermore, due to the con-

straint x(tf ) = x∗(t∗f ), any solution to the modified problem will be optimal for the original

formulation where ζ = 0 (since m(x(tf )) = m(x∗(t∗f ))).

This modification can be viewed as a search for an equivalent solution for which LCvx

holds. As a concrete example, Problem 5.30 may be searching for a minimum miss distance

solution for a planetary rocket landing trajectory. The ancillary problem in Algorithm 5

can search for a minimum fuel solution that achieves the same miss distance. Clearly, other

running cost choices are possible. Thus, the ancillary problem’s running cost becomes an

extra tuning parameter.

We are now able to summarize the lossless convexification result for problems with general

convex state constraints.

Theorem 14. Algorithm 5 returns the globally optimal solution of Problem 5.29 if the state

constraint (5.29d) is activated at isolated time instances, and Conditions 1 and 2 hold.

5.5 Nonlinear Dynamics

A unifying theme of the previous sections is the assumption that the system dynamics are

linear. In fact, across all LCvx results that we have mentioned so far, the dynamics did

not vary much from the first formulation in (5.1b). Many engineering applications, however,

involve non-negligible nonlinearities. A natural question is then whether the theory of lossless
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convexification be extended to systems with general nonlinear dynamics.

An LCvx result is available for a class of nonlinear dynamical systems. The groundwork

for this extension was presented in [116]. The goal here is to show that the standard input

set relaxation based on the LCvx equality constraint is also lossless when the dynamics

are nonlinear. Importantly, note that the dynamics themselves are not convexified, so the

relaxed optimization problem is still nonlinear, and it is up to the user to solve the problem

to global optimality. This is possible in special cases, for example if the nonlinearities are

approximated with piecewise affine functions. This yields a mixed-integer convex problem

whose globally optimal solution can be found via mixed-integer programming [157].

With this introduction, let us begin by introducing the generalization of Problem 5.1 that

we shall solve using LCvx:

min
u,tf

m(tf ,x(tf )) + ζ

∫ tf

0

`(g(u(t))) dt (5.32a)

s.t. ẋ(t) = f(t,x(t),u(t), g(u(t))), (5.32b)

ρmin ≤ g(u(t)) ≤ ρmax, (5.32c)

x(0) = x0, b(tf ,x(tf )) = 0, (5.32d)

where f : R× Rn × Rm × R→ Rn defines the nonlinear dynamics. Just as for Problem 5.8,

it is required that g0(·) = g1(·) , g(·). Consider the following convex relaxation of the input

constraint by using a slack input:

min
σ,u,tf

m(tf ,x(tf )) + ζ

∫ tf

0

`(σ(t)) dt (5.33a)

s.t. ẋ(t) = f(t,x(t),u(t),σ(t)), (5.33b)

ρmin ≤ σ(t) ≤ ρmax, (5.33c)

g(u(t)) ≤ σ(t), (5.33d)

x(0) = x0, b(tf ,x(tf )) = 0. (5.33e)
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Note that the slack input σ makes a new appearance in the dynamics (5.33b). The more

complicated dynamics call for an updated version of Condition 1 in order to guarantee that

LCvx holds.

Condition 7. The pair {∇xf [t],∇uf [t]} must be totally controllable on [0, tf ] for all feasible

sequences of x(·) and u(·) for Problem 5.33 [116, 145].

Using the above condition, we can state the following quite general LCvx guarantee for

problems that fit the Problem 5.32 template.

Theorem 15. The solution of Problem 5.33 is globally optimal for Problem 5.32 if Condi-

tions 2 and 7 hold.

Alas, Condition 7 can in general be quite difficult to check. Nevertheless, two general

classes of systems have been shown to automatically satisfy this condition thanks to the

structure of their dynamics [116]. These classes accommodate vehicle trajectory generation

problems with double integrator dynamics and nonlinearities like mass depletion, aerody-

namic drag and nonlinear gravity. The following discussion of these system classes can

appear hard to parse at first sight. For this reason, we provide two practical examples of

systems that belong to each class in Example 8.

Example 8. At first sight, the discussion around Corollaries 4 and 5 may be hard to parse

into something useful. However, we will now show two concrete and very practical examples

of dynamical systems that satisfy these corollaries. Both examples originate from [116].

Nonlinear Rocket Landing. First, LCvx can be used for rocket landing with nonlinear

gravity and aerodynamic drag. Both effects are important for landing either on small celestial

bodies with a weak gravitational pull, or on planets with a thick atmosphere (such as Earth).

In this case, the lander dynamics can be written as:

r̈(t) = g(r(t))− c

m(t)
‖ṙ(t)‖2ṙ(t) +

T (t)

m(t)
, (5.34a)
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(a) Landing a rocket in the presence of nonlinear
gravity and atmospheric drag.

(b) Unmanned aircraft trajectory generation
with a stall constraint and wind drag.

Figure 5.11: Illustrations of two nonlinear system examples for which the lossless convexifi-
cation result of Theorem 15 can be applied.

ṁ(t) = −α‖T (t)‖2, (5.34b)

where r denotes position, m is mass, T is thrust, c is a drag coefficient, α relates to the rocket

engine’s specific impulse, and g : R3 → R3 is the nonlinear gravity model. An illustration is

given in Figure 5.11a.

We can rewrite the above dynamics using the template of (5.32b) by defining the state

x , (r; ṙ;m) ∈ R7, the input u , T ∈ R3, and the input penalty function g(u) , ‖u‖2. The

equations of motion can then be written as (omitting the time argument from x and u for

conciseness):

f(t,x,u, g(u)) =




fr(x,u)

fṙ(x)

fm(g(u))


 ,
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=




ṙ

g(r)− cm−1‖ṙ‖2ṙ + Tm−1

−α‖T‖2


 .

This system belongs to the class in Corollary 5. In particular, let f1 = (fr; fṙ) and

f2 = fm. Working out the algebra in (5.39), we have:

M =


 0 m−1I

m−1I M22


 , (5.35)

where M22 = − c
m2

(
‖ṙ‖2 − ṙṙT

‖ṙ‖2

)
+α TTT

m2‖T‖2 . Thanks to the off-diagonal terms, null(M) = {0}
unconditionally, so the rocket lander dynamics satisfy the requirements of Corollary 5.

AAV Trajectory Generation Without Stalling. An autonomous aerial vehicle (AAV)

can lose control and fall out of the sky if its airspeed drops below a certain value. This

occurs because the wings fail to generate enough lift, resulting in an aerodynamic stall. It

was shown in [116] that a stall speed constraint of the form vmin ≤ ‖v‖2 can be handled by

LCvx via the following dynamics:

ṙ(t) = v(t) + v∞(t), (5.36a)

v̇(t) = κ
(
vd(t)− v(t)

)
− c‖v(t)‖2v(t), (5.36b)

where v is the airspeed, ṙ is the ground velocity, and v∞ is the velocity of the air mass

relative to the ground (also known as the freestream velocity). An illustration is given in

Figure 5.11b.

The important transformation in (5.36) is to make the desired airspeed vd the control

variable, and to include a velocity control inner-loop via a proportional controller with gain

κ. Because the velocity dynamics are first order, v converges to vd along a straight path in

the velocity phase plane, hence the stall speed constraint is closely approximated for small
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control errors ‖vd − v‖2.

We can rewrite the dynamics using the template of (5.32b) by defining the state x ,

(r; v) ∈ R6 and the input u , vd ∈ R3. The equations of motions can then be written as:

f(t,x,u, g(u)) =


fr(t,x)

fv(x,u)


 ,

=


 v + v∞

−κv − c‖v‖2v + κvd


 .

This system belongs to the class in Corollary 4. In particular, let f1 = fr and f2 = fṙ. We

then have ∇uf2 = κI and ∇x2f1 = I. Therefore, null(∇uf2) = {0} and null(∇x2f1) = {0},
so the aircraft dynamics satisfy the requirements of Corollary 4.

The first corollary to Theorem 15 introduces the first class of systems. A key insight is

that the nullspace conditions of the corollary require that 2m ≥ n, in other words there are

at least twice as many control variables as there are state variables. This is satisfied by some

vehicle trajectory generation problems where 2m = n, for example when the state consists of

position and velocity while the control is an acceleration that acts on all the velocity states.

Corollary 4. Suppose that the dynamics (5.32b) are of the form:

x =


x1

x2


 , f(t,x,u, g(u)) =


 f1(t,x)

f2(t,x,u)


 , (5.37)

where null(∇uf2) = {0} and null(∇x2f1) = {0}. Then Theorem 15 applies if Condition 2

holds.

The next corollary to Theorem 15 introduces the second class of systems, for which

2m < n is allowed. This class is once again useful for vehicle trajectory generation problems

where the dynamics are given by (5.38) and g(u) is a function that measures control effort.

A practical example is when the state x2 is mass, which is depleted as a function of the
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control effort (such as thrust for a rocket).

Corollary 5. Suppose that the dynamics (5.32b) are of the form:

x =


x1

x2


 , f(t,x,u, g(u)) =


f1(t,x,u)

f2(t, g(u))


 . (5.38)

Define the matrix:

M ,


 ∇uf1

d∇uf1

dt
− (∇uf)∇xf1


 . (5.39)

Furthermore, suppose that the terminal constraint function b is affine and x2(tf ) is un-

constrained, such that ∇x2b = 0. Then Theorem 15 applies if null(M) = {0} and Condition 2

holds.

It must be emphasized that Problem 5.33 is still a nonlinear program and that for The-

orem 15 to hold, a globally optimal solution of Problem 5.33 must be found. Although this

cannot be done for general nonlinear programming, if the dynamics f are piecewise affine

then the problem can be solved to global optimality via mixed-integer programming [118,

157, 158]. In this case, convexification of the nonconvex input lower bound reduces the num-

ber of disjunctions in the branch-and-bound tree, and hence lowers the problem complexity

[116]. Several examples of nonlinear systems that can be modeled in this way, and which

comply with Corollaries 4 and 5, are illustrated in Example 9.

Example 9. Piecewise affine functions can be used for arbitrarily accurate approximation of

any nonlinear function. This is the technique used by [116] to write the nonlinear dynamics

(5.33b) in piecewise affine form. Doing so enables solving Problem 5.33 to global optimality

via mixed-integer programming, which is imperative for the LCvx guarantee of Theorem 15.

We now show how a piecewise affine approximation can be obtained in the general case, and

concretely in the case of the dynamics from Example 8.
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General Case. We begin by finding a first order approximation of the nonlinear equation

f : R×Rn×Rm×R→ Rn from (5.33b) about an operating point (t, x̄i, ūi) ∈ R×Rn×Rm,

where i is an integer index that shall become clear in a moment. Without loss of generality,

assume that f is decomposable into an affine and a non-affine part:

f = fa + fna. (5.40)

The first order Taylor expansion of f is given by:

f ≈ fa + f ina,

f ina , f̄na +
(
∇xf̄na

)
(x− x̄) +

(
∇̃uf̄na

)
(u− ū), (5.41)

where we have used the shorthand:

f ina = f ina(t,x,u, g(u)), (5.42a)

f̄na = fna(t, x̄
i, ūi, g(ūi)), (5.42b)

∇̃ufna = ∇ufna + (∇gfna)∇g. (5.42c)

In (5.42c), we understand ∇gfna as the Jacobian of fna with respect to its fourth argu-

ment. Suppose that the linearization in (5.41) is sufficiently accurate only over the hyper-

rectangular region Ri ⊂ Rn × Rm defined by the following inequalities:

x̄i + biL,x ≤ x ≤ x̄i + biU ,x, (5.43a)

ūi + biL,u ≤ u ≤ ūi + biU ,u, (5.43b)

where biL,x and biU ,x represent the upper and lower bounds on the state, while biL,u and biU ,u

relate to the input. The index i denotes the i-th validity region. Without loss of generality, we

assume Ri ∩Rj = ∅ if i 6= j. In general, i = 1, . . . ,N , which means that f is approximated
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by affine functions over N regions. The piecewise affine approximation of f can then be

written as:

fpwa , fa + f ina, for i such that (x,u) ∈ Ri. (5.44)

The big-M formulation can be used to write (5.44) in a form that is readily used in a

mixed-integer program [158]. To this end, let M > 0 be a sufficiently large fixed scalar

parameter, and let zi ∈ {0, 1} be a binary variable indicating that (x,u) ∈ Ri if and only if

zi = 1. Then, the piecewise affine dynamics in mixed-integer programming form are encoded

by the following set of constraints:

ẋ = fa(t,x,u, g(u)) + f ina(t,x,u, g(u)), (5.45a)

x ≥ x̄i + biL,x −M(1− zi), (5.45b)

x ≤ x̄i + biU ,x +M(1− zi), (5.45c)

u ≥ ūi + biL,u −M(1− zi), (5.45d)

u ≤ ūi + biU ,u +M(1− zi), (5.45e)

1 =
∑N

i=1 z
i. (5.45f)

Nonlinear Rocket Landing. Consider the rocket dynamics in (5.34a) and, for simplicity,

suppose that the mass is constant. Define the state x , (r; ṙ) ∈ R6 and the input u , T ∈ R3.

The non-affine part of the dynamics (5.40) then takes the particular form:

fna =


 0

g(r)− cm−1‖ṙ‖2ṙ


 . (5.46)

For simplicity, let us consider only the nonlinear gravity term, g(r). We will consider

atmospheric drag for AAV trajectory generation below. Suppose that g(r) = (0; 0; gz(rz)),

which means that we only need to consider the vertical component gz : R → R. A typical

profile is gz(rz) = −µ/r2
z , where µ is the gravitational parameter. Given a reference point
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rz

gz
gz,pwa

Rir̄iz

biU ,rz
− biL,rz

Figure 5.12: Illustration of a piecewise affine approximation of gz, the z-component of the
nonlinear gravity force, using (5.49).

r̄iz, we have:

giz = gz(r̄
i
z) + g′z(r̄

i
z)(rz − r̄z). (5.47)

Using (5.44) and (5.47), Figure 5.12 draws gz,pwa.

AAV Trajectory Generation Without Stalling. Consider the AAV dynamics in (5.36)

and, for simplicity, assume constant altitude flight. Define the satte x , (r; v) ∈ R4 and the

input u = vd ∈ R2. The non-affine part of the dynamics (5.40) then takes the particular

form:

fna =


 0

−c−1‖v‖2v


 . (5.48)

Let us focus on the aerodynamic drag term, fd = −c‖v‖2v. The first order Taylor

expansion about a reference airspeed v̄i is:

f id = −c−1‖v̄i‖2

([
I + ‖v̄i‖−2

2 v̄iv̄i
T

]
v − v̄i

)
. (5.49)

Using (5.44) and (5.49), Figure 5.13 draws fd,pwa.
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(a) Surface of the continuous function −fd,x.
The blue dots display operating points at which
the gradient is evaluated.

(b) Surface of the discontinuous piecewise affine
approximation −fdx,pwa. The blue dashed rect-
angle in the airspeed space shows the boundary
of the approximation validity region Ri.

Figure 5.13: Illustration of a piecewise affine approximation of fdx , the x-component of the
aerodynamic drag force, using (5.49).

5.6 Embedded Lossless Convexification

The reader will notice that the LCvx theory of the previous sections deals with special

case problems that are simple enough, and whose nonconvexity is “just right” for an LCvx

guarantee to be provable by the maximum principle. While such problems have found their

practical use in problems like spaceflight [1] and quadrotor path planning [159], this leaves out

many trajectory generation applications that do not fit the tight mold of original problems

and conditions of the previous sections.

Despite this apparent limitation, LCvx is still highly relevant for problems that simply do

not conform to one of the forms given in the previous sections. In this case, we will assume

that the reader is facing the challenge of solving a nonconvex optimal control problem that

fits the mold of Problem 7.42 (presented in Chapter 7), and is considering whether LCvx

can help. There is evidence that the answer can be affirmative, by using LCvx theory only

on the constraints that are losslessly convexifiable. We call this embedded LCvx, because it

is used to convexify only part of the problem, while the rest is handled by other nonconvex

optimization methods such as those presented in the next section. Because LCvx reduces the



108

(a) The solution process for a nonconvex opti-
mal control problem, without using LCvx.

(b) The solution process for a nonconvex opti-
mal control problem, where LCvx is embedded
to convexify part of the original problem.

Figure 5.14: Illustration of how embedded LCvx can be used to solve an optimal control
problem that does not fit one of the templates presented in this section.

nonconvexity present in the original problem, it can significantly improve the convergence

properties and reduce the computational cost to solve the remaining problem.

The basic procedure for applying embedded LCvx is illustrated in Figure 5.14. As shown

in Figure 5.14b, we reiterate that LCvx is not a computation scheme, but rather it is a

convex relaxation with an accompanying proof of equivalence to the original problem. As

such, it happens prior to the solution and simply changes the problem description seen by

the subsequent numerical optimization algorithm.

There are a number of examples of embedded LCvx that we can mention. First, the

previous section can also be intepreted as embedded LCvx, since [116] solves a mixed-integer

optimal control problem where the nonconvex input constraint (5.32c) is convexified. An-

other example is [160], lossless convexification was embedded in a mixed-integer unmanned

aerial vehicle (AAV) trajectory generation problem in order to convexify a stall speed con-

straint if the form:

0 < vmin ≤ ‖vcmd(t)‖2 ≤ vmax, (5.50)

where the input vcmd(·) ∈ R3 is the commanded velocity, while vmin and vmax are lower and

upper bounds to guarantee a stable flight envelope. The same constraint is also considered

in [116]. In [161], the authors consider a highly nonlinear planetary entry trajectory op-

timization where the control input is the bank angle β ∈ R, parametrized via two inputs
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u1 , cos(β) and u2 , sin(β). The associated constraint ‖u‖2
2 = 1 is convexified to ‖u‖2

2 ≤ 1,

and equality at optimality is proven in LCvx-like fashion (the authors call it “assurance of

active control constraint”). Similar methods are used in [162] in the context of rocket landing

with aerodynamic controls. A survey of related methods is available in [37]. Finally, we will

mention [159, 163], where embedded LCvx was used to convexify the nonconvex input lower

bound constraint and an attitude pointing constraint in a sequential convex programming

framework for solving nonlinear optimal control problems for rockets and quadrotor drones.

The quadrotor application in particular is demonstrated as a numerical example at the end

of this article.

As a result of the success of these applications, we foresee there being further opportunities

to use LCvx as a strategy to derive simpler problem formulations. The result would be a

speed up in computation for optimization-based trajectory generation.

5.7 Toy Example

The following example provides a simple illustration of how LCvx can be used to solve a

nonconvex problem. This example is meant to be a “preview” of the practical application of

LCvx. More challenging and realistic examples are given in Part III.

The problem that we will solve is minimum-effort control of a double integrator system

(such as a car) with a constant “friction” term g. This can be written as a linear time-

invariant instance of Problem 5.1:

min
u

∫ tf

0

u(t)2 dt (5.51a)

s.t. ẋ1(t) = x2(t), (5.51b)

ẋ2(t) = u(t)− g, (5.51c)

1 ≤ |u(t)| ≤ 2, (5.51d)

x1(0) = x2(0) = 0, (5.51e)

x1(tf ) = s, x2(tf ) = 0, tf = 10. (5.51f)
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The input u(·) ∈ R is the acceleration of the car. The constraint (5.51d) is a nonconvex

one-dimensional version of the constraint (5.3). Assuming that the car has unit mass, the

integrand in (5.51a) has units of Watts. The objective of Problem 5.51 is therefore to move

a car by a distance s in tf = 10 seconds while minimizing the average power. Following the

relaxation template provided by Problem 5.2, we propose the following convex relaxation to

solve Problem 5.51:

min
σ,u

∫ tf

0

σ(t)2 dt (5.52a)

s.t. ẋ1(t) = x2(t), (5.52b)

ẋ2(t) = u(t)− g, (5.52c)

1 ≤ σ(t) ≤ 2, (5.52d)

|u(t)| ≤ σ(t), (5.52e)

x1(0) = x2(0) = 0, (5.52f)

x1(tf ) = s, x2(tf ) = 0, tf = 10. (5.52g)

To guarantee that LCvx holds, in other words that Problem 5.52 finds the globally

optimal solution of Problem 5.51, let us first attempt to verify the conditions of Theorem 10.

In particular, we need to show that Conditions 1 and 2 hold. First, from (5.51b)-(5.51c), we

can extract the following state-space matrices:

A =


0 1

0 0


 , B =


0

1


 . (5.53)

We can verify that Condition 1 holds by either showing that the controllability matrix

is full rank, or by using the PBH test [114]. Next, from (5.52a) and (5.52f)-(5.52g), we can
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extract the following terminal cost and terminal constraint functions:

m(tf ,x(tf )) = 0, b(tf ,x(tf )) =




tf − 10

x1(tf )− s
x2(tf )


 . (5.54)

We can now substitute (5.54) into (5.7) to obtain:

mLCvx =




0

0

σ(tf )
2


 , BLCvx = I3. (5.55)

Thus, BLCvx is full column rank and its columns cannot be linearly independent from

mLCvx. We conclude that Condition 2 does not hold, so Theorem 10 cannot be applied. In

fact, Problem 5.51 has both a fixed final time and a fixed final state. This is exactly the edge

case for which traditional LCvx does not apply, as was mentioned in the previous section on

future LCvx. Instead, we fall back on Theorem 20 which says that Condition 2 is not needed

as long as tf is between the minimum and optimal times for Problem 5.51. It turns out that

this holds for the problem parameters used in Figure 5.15. The minimum time is just slightly

below 10 s and the optimal time is ≈ 13.8 s for Figure 5.15a and ≈ 13.3 s for Figure 5.15b.

Most interestingly, lossless convexification fails (i.e., (5.52e) does not hold with equality) for

tf values almost exactly past the optimal time for Figure 5.15a, and just slightly past it for

Figure 5.15b.

Although Problem 5.52 is convex, it has an infinite number of solution variables because

time is continuous. To be able to find an approximation of the optimal solution using a

numerical convex optimization algorithm, the problem must be temporally discretized. To

this end, we apply a first-order hold (FOH) discretization with N = 50 temporal nodes, as

explained in [49, 53].

Looking at the solutions in Figure 5.15 for two values of the friction parameter g, we
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(a) Solution of Problem 5.52 for g = 0.1 m/s2

and s = 47 m.
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(b) Solution of Problem 5.52 for g = 0.6 m/s2

and s = 30 m.

Figure 5.15: LCvx solutions of Problem 5.52 for two scenarios. The close match of the ana-
lytic solution using the maximum principle (drawn as a continuous line) and the discretized
solution using LCvx (drawn as discrete dots) confirms that LCvx finds the globally optimal
solution of the problem.
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can see that the nonconvex constraint (5.51d) holds in both cases. We emphasize that

this is despite the trajectories in Figure 5.15 coming from the solution of Problem 5.52,

where |u(t)| < 1 is feasible. The fact that this does not occur is the salient feature of

LCvx theory, and for this problem it is guaranteed by Theorem 20. Finally, we note that

Figure 5.15 also plots the analytical globally optimal solution obtained via the maximum

principle, where no relaxation nor discretization is made. The close match between this

solution and the numerical LCvx solution further confirms the theory, as well as the accuracy

of the FOH discretization method. Note that the mismatch at t = 0 in the acceleration plot

in Figure 5.15b is a benign single-time-step discretization artifact that is commonly observed

in LCvx numerical solutions.
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Chapter 6

LOSSLESS CONVEXIFICATION OF MIXED-INTEGER
OPTIMAL CONTROL PROBLEMS

This chapter presents a convex optimization-based method for finding the globally op-

timal solution for a class of mixed-integer non-convex optimal control problems. The opti-

mization problems in this class are non-convex in the input norm, which is a semi-continuous

variable that can be zero or lower- and upper-bounded. Using the method of lossless convex-

ification, the non-convex problem is relaxed to a convex problem whose optimal solution is

proved to be optimal almost everywhere for the original problem. The relaxed problem can

be solved using second-order cone programming, which is a subclass of convex optimization

for which there exist numerically reliable solvers with convergence guarantees and polynomial

time complexity [33, 42, 43, 44, 45].

The results of this chapter represent a significant extension of traditional lossless convex-

ification theory from Chapter 5. To the best of our knowledge, our publication [52] was the

first work to propose a rigorous and fully convex solution method to a fairly broad class of

mixed-integer optimal control tasks. Most recently, an interesting addition to mixed-integer

lossless convexification theory appeared in a related work [142]. We discuss how the two

contributions are complementary at the end of this chapter in Section 6.7.

To corroborate the effectiveness and the utility of the results presented herein, two exam-

ples are given. First, docking trajectories are generated for an in-orbit rendezvous operation

between a spacecraft and a rotating space station. Second, landing trajectories are generated

for rocket landing with a coupled thrust-gimbal constraint (in other words, the allowable gim-

bal angle shrinks for larger main rocket engine thrust values). In both cases, the approach

of this chapter significantly outpaces classical mixed-integer programming, which either fails
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Control task

Feedforward Feedback

(modeling)

Convexifiable
nonconvexity

[51, 52]

(iteration)

Nonconvexifiable
nonconvexity
[53, 54, 55]

(precomputation)

Integer
variables
[56, 57]

(modeling)

Nonconvex
uncertainty

[58]

Figure 6.1: This chapter considers the modeling approach for provable real-time
optimization-based trajectory generation with guaranteed convergence and global optimality.

to find a solution or finds it too slowly for practical application.

Within the context of real-time optimization-based control algorithm development, the

approach of this chapter concerns feedforward control and takes the modeling avenue in which

the original problem’s non-convexity is completely removed for on-board implementation

via guarantees provided by optimal control theory (see Section 2.3 for an introduction).

Figure 6.1 situates the algorithm within the research branches of Figure 1.1. Particular

thanks go to Michael Szmuk and Taylor P. Reynolds for their technical insight and helpful

suggestions.

6.1 Introduction

This chapter is all about developing a fully convex programming solution to a class mixed-

integer (in other words, “strongly” non-convex1) optimal control problems. In this context,

1This is an informal statement to emphasize the core difficulty: it is not that some continuous function
or set is non-convex, but that fundamentally part of the decision space is discrete. Traditionally, this
requires an entirely different class of integer optimization algorithms (based on the branch-and-bound
method [164]).
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fully convex means that the original non-convex problem is converted into an entirely convex

relaxed problem. This latter problem is then solved in a one-shot convex optimization to

recover the globally optimal solution of the original problem. It is the one-shot nature of the

approach that distinguishes it from the iterative “sequential convex programming” methods

of Chapter 7.

The mixed-integer optimal control problems that we consider have semi-continuous con-

trol input norms. Semi-continuous variables are a particular type of binary non-convexity.

Definition 12. Variable x ∈ R is semi-continuous if x ∈ {0} ∪ [a, b] with 0 < a ≤ b [165].

The constraint az ≤ x ≤ bz with z ∈ {0, 1} models semi-continuity. We consider sys-

tems that have multiple inputs which may not all be simultaneously active, which point in

dissimilar directions in the input space, and whose norms are semi-continuous. Although

mixed-integer convex programming is applicable, it is an NP-hard optimization class [166,

167] and solving a practical path planning problem such as rocket landing or spacecraft ren-

dezvous can take hours. This paper proposes an algorithm based on lossless convexification

that solves these problems to global optimality in seconds.

6.2 Problem Statement

This section presents the class of optimal control problems that is to be solved via convex op-

timization by our method. We consider mixed-integer non-convex optimal control problems

with linear time-invariant (LTI) dynamics and semi-continuous input norms:

min
ui,γi,tf

m(tf ,x(tf )) +

∫ tf

0

`(x(t)) + ζ
∑M

i=1 ‖ui(t)‖2dt (6.1a)

s.t. ẋ(t) = Ax(t) +B
∑M

i=1 ui(t) + w, x(0) = x0, (6.1b)

γi(t)ρ
i
1 ≤ ‖ui(t)‖2 ≤ γi(t)ρ

i
2 i = 1, . . . ,M , (6.1c)

γi(t) ∈ {0, 1} i = 1, . . . ,M , (6.1d)

∑M
i=1 γi(t) ≤ K, (6.1e)
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(a) Original non-convex disjoint
input sets defined by (6.3c)-
(6.3f).

(b) The non-convexity is re-
moved by relaxing (6.3c) to
(6.4c)-(6.4d).

(c) The mutual exclusivity is
removed by relaxing (6.3d) to
(6.4e).

Figure 6.2: Illustration of the convex relaxation steps for the restricted Problem 6.3, here
shown for M = 2, K = 1 and m = 2.

Ciui(t) ≤ 0 i = 1, . . . ,M , (6.1f)

x(t) ∈ X , (6.1g)

b(x(tf )) = 0. (6.1h)

In Problem 6.1, x(t) ∈ Rn is the state, ui(t) ∈ Rm is the i-th input, and w ∈ Rn is a

known external input. Convex functions m : R × Rn → R, ` : Rn → R and b : Rn → Rnb

define the terminal cost, the state running cost and the terminal manifold respectively. The

binary coefficient ζ ∈ {0, 1} toggles the input running cost. The state must lie in the convex

set X ⊆ Rn. The input directions are constrained to polytopic cones called input pointing

sets :

Ui , {u ∈ Rm : Ciu ≤ 0}, (6.2)

where Ci ∈ Rpi×m is a matrix with Ci,j ∈ Rm the j-th row. The problem statement satisfies

the following assumption.

Assumption 6. The control norm bounds in (6.1c) are distinct, i.e. ρi1 < ρi2.
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For clarity of presentation as well as to follow the development history of this extension to

lossless convexification [51, 52], we will first consider a simpler “restriction” (in other words,

a special case) of Problem 6.1, given by the following problem.

min
ui,γi,tf

m(tf ,x(tf )) (6.3a)

s.t. ẋ(t) = Ax(t) +B
∑M

i=1 ui(t) + w, x(0) = x0, (6.3b)

γi(t)ρ1 ≤ ‖ui(t)‖2 ≤ γi(t)ρ2 i = 1, . . . ,M , (6.3c)

γi(t) ∈ {0, 1} i = 1, . . . ,M , (6.3d)

∑M
i=1 γi(t) ≤ K, (6.3e)

Ciui(t) ≤ 0 i = 1, . . . ,M , (6.3f)

b(tf ,x(tf )) = 0, (6.3g)

Problem 6.3 is simpler than Problem 6.1 in the following ways. First, there are no input

and state integral costs (compare (6.3a) to (6.1a)). Second, the input norm bounds are the

same for each input (compare (6.3c) to (6.1c)). Third, the state is unconstrained (constraint

(6.1g) is missing). Last and most important, Problem 6.3 makes the following additional

assumption which prevents the input pointing sets from overlapping. Figure 6.3 shows how

this enables richer input set geometry in Problem 6.1.

Assumption 7. The pointing set interiors in Problem 6.3 do not overlap, i.e. intUi∩intUj =

∅ for all i 6= j.

Although Problem 6.1 contains2 Problem 6.3, discussing the latter problem first makes for

a gentler and more intuitive explanation of the algorithm. Thus, the next section states the

lossless convexification result for Problem 6.3. The result is then generalized to Problem 6.1

in Section 6.4, and proved in Section 6.5.

2A minor technical detail, of little practical significance, is that (6.3g) may depend on the final time tf ,
whereas (6.1h) cannot.
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(a) Disjoint same-bound input sets allowed by
Problem 6.3 [51].

(b) Overlapping multiple-bound input sets al-
lowed by Problem 6.1 [52].

Figure 6.3: Input set example for m = 2. As shown in (a), Problem 6.3 does not allow
different input norm bounds or overlapping input pointing sets. As shown in (b), Problem 6.1
allows both features.

6.3 Lossless Convexification for the Restricted Problem

This section describes lossless convexification for the restricted Problem 6.3. The main

result is Theorem 16, which states that Problem 6.3 under certain conditions is solved via

convex optimization by Problem 6.4. Note that, like the problem, the theorem is a restricted

statement of the two theorems in the next section. As a result, the primary aim of this

section is to elucidate the idea of lossless convexification on a simpler problem, and the

theorem shall be proved in the more general context of Problem 6.1. The interested reader

may refer to the original publication for the specific proof of Theorem 16 [51].

Problem 6.3 is non-convex due to the input norm lower-bound in (6.3c) and is mixed-

integer due to (6.3d). This is made clear in Figure 6.2a, where an example in R2 for two

inputs shows how the input set non-convex and disjoint. Consider the following convex

relaxation of Problem 6.3:
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min
ui,γi,σi,tf

m(tf ,x(tf )) (6.4a)

s.t. ẋ(t) = Ax(t) +B
∑M

i=1 ui(t) + w, x(0) = x0, (6.4b)

γi(t)ρ1 ≤ σi(t) ≤ γi(t)ρ2 i = 1, . . . ,M , (6.4c)

‖ui(t)‖2 ≤ σi(t) i = 1, . . . ,M , (6.4d)

0 ≤ γi(t) ≤ 1 i = 1, . . . ,M , (6.4e)

∑M
i=1 γi(t) ≤ K, (6.4f)

Ciui(t) ≤ 0 i = 1, . . . ,M , (6.4g)

b(tf ,x(tf )) = 0. (6.4h)

The action of the convexified constraints (6.4c)-(6.4e) on the original problem set is

illustrated for a simple example in Figure 6.2a. The relaxation consists of three steps.

First, by relaxing (6.3c) to (6.4c)-(6.4d), individual input sets are convexified to 3D slices

(Figure 6.2b). Next by relaxing (6.3d) to (6.4e), a convex hull is obtained (Figure 6.2c). Take

note of that the constraint (6.4d) is the familiar LCvx equality constraint from Chapter 5.

By replacing (6.3c)-(6.3d) with (6.4c)-(6.4e), the input set of Problem 6.4 becomes the

convex hull of the Minkowski sums of every combination of at most K of the relaxed indi-

vidual input sets of Problem 6.3. Figure 6.4 shows the case of M = 3 and K = 2, where

the input set is projected onto the ui space. It will be shown in Section 6.5 that the optimal

solution is extremal, hence it will take values among the extreme points of the input set of

Problem 6.4 with at most K inputs active.

Consider the following conditions, which are sufficient to eliminate degenerate optimal

solutions of Problem 6.4 that may be infeasible for Problem 6.3. To state the conditions,

define an adjoint system whose output y(t) ∈ Rm is called the primer vector :

λ̇(t) = −ATλ(t), (6.5a)
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Figure 6.4: The relaxed input set of Problem 6.4 is the convex hull of the Minkowski sums
for every combination of K or fewer of the individual input sets (each one relaxed via (6.4c)-
(6.4e)). For M = 3, K = 2 and m = 2, (left) shows the case of one- and (right) shows
the case of two-input set combinations, with the relaxed set shown in bold red and the
boundaries of the constituent Minkowski sums shown as dashed lines. The optimal solution
takes values from the extreme points, shown as blue segments. The origin is also an extreme
point, corresponding to a combination of zero input sets (not shown).

y(t) = BTλ(t). (6.5b)

A generalized version of (6.5) will be seen in the next section, and its origin shall become

clear from the lossless convexification proof in Section 6.5. Essentially, we are interested in

“how much” y(t) projects onto the i-th input pointing set. This is given by the following

input gain measure:

Γi(t) , proj (Ui) y(t).

Condition 8. The adjoint system (6.5) is observable.
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Condition 9. The adjoint system (6.5) and pointing cone geometry (6.3f) satisfy either:

(a) Γi(t) 6= 0 a.e. [0, tf ] ∀i s.t. y(t) /∈ intNUi(0);

(b) on any interval where Γi(t) = 0, Γj(t) > 0 for at least K other inputs.

Condition 10. The adjoint system (6.5) and pointing cone geometry (6.3f) satisfy either:

(a) Γi(t) 6= Γj(t) a.e. [0, tf ] ∀i s.t. y(t) /∈ intNUi(0);

(b) on any interval where Γi(t) = Γj(t), there exist K inputs with Γk(t) > Γi(t) or M −K
inputs where Γk(t) < Γi(t).

Condition 11. The following intersection holds:

range


∇xb[tf ]

T

∇tb[tf ]
T


 ∩ cone


∇xm[tf ]

T

∇tm[tf ]


 = {0}.

We now state the main lossless convexification result for the restricted Problem 6.3, which

claims that Problem 6.4 solves Problem 6.3 under the above conditions. The next section

presents a generalized version of this theorem, applied to the broader class of problems

defined by Problem 6.1.

Theorem 16. The solution of Problem 6.4 is globally optimal a.e. [0, tf ] for Problem 6.3 if

Conditions 8-11 hold.

6.3.1 Discussion of Conditions 8-11 and Special Cases

This section describes situations when Conditions 8-11 are easy to verify. First, Condition 8

is readily verified by checking if the pair {−AT,BT} in (6.5) is observable [114].

Condition 11 originates from the maximum principle transversality requirement (2.14).

Figure 6.6a illustrates the general requirement. As shown in Figure 6.6b, the condition is

satisfied for a minimum-time problem with a fixed or (partially) free terminal state. As
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(b.1)

(b.2)

(a) When case (a) of Condition 9 fails, y(t) can
evolve on the normal cone boundary (a.1). Case
(b) then holds if y(t) ∈ ∂NUi(0) projects posi-
tively onto at least K other input pointing sets.
For K = 1, (a.2) illustrates a case where y(t)
projects positively onto Uj .

(a.1)

(a.2)

(b) When case (a) of Condition 10 fails, y(t) can
evolve on the manifold Γi(t) = Γj(t) as shown
in (b.1) for ray cones. Case (b) then holds if, for
example, y(t) projects more positively onto K
other cones. For K = 1, (b.2) shows a situation
where y(t) projects more positively onto Uk.

Figure 6.5: Visualization of Condition 9 and Condition 10 when their case (a) fails. In
such circumstances, the conditions can nevertheless hold given the right input pointing set
geometry.
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(a) General Condition 11 re-
quirement.

(b) Minimum-time Condi-
tion 11 requirement.

(c) Minimum-error Condi-
tion 11 requirement.

Figure 6.6: Condition 11 for the general and two special cases.

shown in Figure 6.6c, the condition is also satisfied for a fixed- or free-time problem with a

(partially) penalized terminal state.

Conditions 9 and 10 are illustrated in Figure 6.5. Both conditions can be checked via

matrix algebra in the special case of ray cones, in other words cones of the form Ui = coneni

for some direction ni ∈ Rm. In this case, ∂NUi(0) = {u ∈ Rm : nT
iu = 0} which is a

hyperplane. Consider the adjoint system (6.5) with the “projected” primer vector:

nT

i y(t) = (Bni)
Tλ(t).

If the pair {−AT, (Bni)
T} is observable then Condition 9 case (a) holds. If not, let Vi

be the unobservable subspace and consider the special case rangeBT(−AT)kVi ⊆ range zi

∀k = 0, . . . ,n− 1 for some zi ∈ Rm. If proj (Uk) zi > 0 and proj (Uk)−zi > 0 for K or more

input pointing sets, then Condition 9 case (b) holds. Similarly, for Condition 10 we consider

the projected primer vector:

(ni − nj)Ty(t) =
(
B(ni − nj)

)T
λ(t).

If the pair {−AT,
(
B(ni − nj)

)T} is observable then Condition 10 case (a) holds. If not,

let zi ∈ Rm be defined as before with Vi the unobservable subspace for this new system. If

proj (Uk) zi > proj (Ui) zi for K other inputs or proj (Uk) zi < proj (Ui) zi for M −K other
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inputs, then Condition 10 case (b) holds.

6.4 Lossless Convexification for the Full Problem

We now address lossless convexification for the general Problem 6.1. At the end of the

section, two main results are gives in Theorems 17 and 18, for the free-state and state-

constrained cases respectively. The latter result is reminiscent of [59] in the sense of the

state constraint being permitted to activate only at discrete time instances (in other words,

never on a continuous time interval).

The input magnitude in Problem 6.1 is semi-continuous, i.e. ‖ui(t)‖2 ∈ {0}∪[ρi1, ρi2]. This

makes the problem mixed-integer and non-convex, which is readily apparent from Figure 6.3.

Consider the following convex relaxation:

min
ui,γi,σi,tf

m(tf ,x(tf )) + ζξ(tf ) +

∫ tf

0

`(x(t))dt (6.6a)

s.t. ẋ(t) = Ax(t) +B
∑M

i=1 ui(t) + w, x(0) = x0, (6.6b)

ξ̇(t) =
∑M

i=1 σi(t), (6.6c)

γi(t)ρ
i
1 ≤ σi(t) ≤ γi(t)ρ

i
2 i = 1, . . . ,M , (6.6d)

‖ui(t)‖2 ≤ σi(t) i = 1, . . . ,M , (6.6e)

0 ≤ γi(t) ≤ 1 i = 1, . . . ,M , (6.6f)

∑M
i=1 γi(t) ≤ K, (6.6g)

Ciui(t) ≤ 0 i = 1, . . . ,M , (6.6h)

x(t) ∈ X , (6.6i)

b(x(tf )) = 0. (6.6j)

Replacing (6.1c)-(6.1d) with (6.6d)-(6.6f) convexifies the input set of Problem 6.1. Fig-

ure 6.7 illustrates an example. The relaxation consists of two steps. First (Figure 6.7b), by

relaxing (6.1c) to (6.6d)-(6.6e), individual input sets are convexified. Second (Figure 6.7c),
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(a) Original non-convex input
set defined by (6.1c)-(6.1f).

(b) Non-convexity of individual
input sets is removed by relax-
ing (6.1c) to (6.6d)-(6.6e).

(c) Semi-continuity of the input
norm is convexified by relaxing
(6.1d) to (6.6f).

Figure 6.7: Illustration of the convex relaxation steps for the general Problem 6.1, here shown
for M = 2, K = 1 and m = 2.

by relaxing (6.1d) to (6.6f), a convex hull is obtained.

We now state conditions which remove degenerate solutions of Problem 6.6 that may be

infeasible for Problem 6.1. The conditions depend once again on the following generalization

of the aforementioned adjoint system (6.7):

λ̇(t) = −ATλ(t) + v(t), v(t) ∈ ∂`(x(t))T, (6.7a)

y(t) = BTλ(t), (6.7b)

where we note that the primer vector is unchanged. It will be seen in Section 6.5 that we are

interested in “how much” y(t) projects onto the i-th input pointing set. The measure of pro-

jection amount is given by the following input gain measure, which is again a generalization

of (6.8):

Γi(t) , (proj (Ui) y(t)− ζ)ρi2. (6.8)

Condition 12. The adjoint system (6.7) is strongly observable [150].

Condition 13. The adjoint system (6.7) and pointing cone geometry (6.1f) satisfy either:
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(a) Γi(t) 6= 0 a.e. [0, tf ] ∀i s.t. y(t) /∈ intNUi(0);

(b) on any interval where Γi(t) = 0, Γj(t) > 0 for at least K other inputs.

Condition 14. The adjoint system (6.7) and pointing cone geometry (6.1f) satisfy either:

(a) Γi(t) 6= Γj(t) a.e. [0, tf ] ∀i s.t. y(t) /∈ intNUi(0);

(b) on any interval where Γi(t) = Γj(t), there exist K inputs with Γk(t) > Γi(t) or M −K
inputs where Γk(t) < Γi(t).

Condition 15. The following equation holds:

`[t] + ζ
M∑

i=1

σi(t) +∇tm[tf ] 6= 0 ∀t ∈ [0, tf ). (6.9)

We now state the two main lossless convexification results, which claim that Problem 6.6

solves Problem 6.1 under the above conditions. The theorems are proved in the next section.

Theorem 17. The solution of Problem 6.6 is globally optimal a.e. [0, tf ] for Problem 6.1 if

Conditions 12-15 hold and the state constraint (6.1g) is never activated.

Theorem 18. The solution of Problem 6.6 is globally optimal a.e. [0, tf ] for Problem 6.1 if

Conditions 12-15 hold and the state constraint (6.1g) is activated at discrete times.

6.4.1 Discussion of Condition 12 and Strong Observability

This section describes Condition 12 and its verification. Strong observability extends the

concept of observability to the case of non-zero inputs. A strongly observable system does

not have transmission zeroes. To be precise, let us state strong observability in the context

of (6.7).

Definition 13. ([150, Definition 7.8]) A point λ0 ∈ Rn is weakly unobservable if there exists

an interval T = [τ1, τ2] and an input trajectory v(t) ∈ ∂`[t]T for t ∈ T such that if λ(τ1) = λ0

then the primer vector satisfies y(t) = 0 ∀t ∈ T . The set of all weakly unobservable points

is denoted V , which is called the weakly unobservable set.
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Theorem 19. ([150, Theorem 7.16]) The adjoint system (6.7) is strongly observable if V =

{0}.

To verify Condition 12 via simple matrix algebra, it is sufficient to apply the algorithm

for computing V in [150, Section 7.3] using the following alternative to (6.7a):

λ̇(t) = −ATλ(t) +Dv(t), (6.10)

where v(t) ∈ Rn and rangeD = span
⋃
t∈[τ1,τ2] ∂`(x(t))T. This conservative approximation as-

sumes that the input can come from a subspace spanned by the subdifferentials. Section 6.6.2

uses this approximation to verify Conditions 12 and 14 for the rocket landing problem.

6.5 Lossless Convexification Proof

This section proves Theorems 17 and 18. The general outline is as follows. We first prove

Theorem 17 by showing that (step 1) the solution of Problem 6.6 is feasible for Problem 6.1,

and (step 2) the solution is globally optimal. We then show Theorem 18 via a proof by

contradiction in which Theorem 17 is applied on each interval where the state constraint is

inactive.

Lemma 6. The solution of Problem 6.6 is feasible a.e. [0, tf ] for Problem 6.1 if x(t) ∈ intX
and Conditions Conditions 12-15 hold.

Proof. The proof uses the maximum principle from Theorem 1. Since there are two states,

partition the adjoint variable as ψ(t) = (λ(t) ∈ Rn, η(t) ∈ R). For Problem 6.6 and x(t) ∈
intX , the adjoint and Hamiltonian dynamics follow from (2.13b) and (2.13c):

λ̇(t) = −ATλ(t)− αv(t), v(t) ∈ ∂`[t]T, a.e. [0, tf ], (6.11a)

η̇(t) = 0 a.e. [0, tf ], (6.11b)

Ḣ[t] = 0 a.e. [0, tf ], (6.11c)
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Using the subdifferential basic chain rule [78, Theorem 10.6], the transversality condition

(2.14) yields:

λ(tf ) = ∇xm[tf ]
Tα +∇xb[tf ]

Tβ, (6.12a)

η(tf ) = αζ, (6.12b)

H[tf ] = −∇tm[tf ]α, (6.12c)

for some β ∈ Rnb . Due to (6.11b)-(6.11c), (6.12b)-(6.12c) and absolute continuity, we have

[168, Theorem 9]:

η(t) = αζ, ∀t ∈ [0, tf ], (6.13a)

H[t] = −∇tm[tf ]α, ∀t ∈ [0, tf ]. (6.13b)

We claim that the primer vector y(t) 6= 0 a.e. [0, tf ]. By contradiction, suppose there

exists an interval [τ1, τ2] ⊆ [0, tf ] for which y(t) = 0. Condition 12 implies that λ(τ1) = 0.

Due to (6.13), this implies α(`[τ1] + ζ
∑M

i=1 σi(τ1) +∇tm[tf ]) = 0. Due to Condition 15, it

must be that α = 0 which implies (α,ψ(τ1)) = 0. Since this violates non-triviality (2.11), it

must be that y(t) 6= 0 a.e. [0, tf ]. Having eliminated the pathological case, assume α < 0.

In particular, since the necessary conditions in Theorem 1 are scale-invariant, we can set

α = −1 without loss of generality. The pointwise maximum condition (2.12) implies that

the following must hold a.e. [0, tf ]:

argmax
ui,γi,σi

∑M
i=1 y(t)Tui(t)− ζσi(t) (6.14a)

s.t. constraints (6.6d)-(6.6h) hold. (6.14b)

We shall now analyze the optimality conditions of Problem 6.14. For concise notation, the

time argument t shall be omitted. Problem 6.14 as a minimization and treating constraints
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(6.6f) and (6.6g) implicitly, we can write the Lagrangian of Problem 6.14 [34]:

L(ui, γi,σi,λ
i
1...4) =

∑M
i=1 ζσi − yTui + λi1(‖ui‖2− σi)+

λi2(γiρ
i
1 − σi) + λi3(σi − γiρi2) + λi4

T
Ciui, (6.15)

where λij ≥ 0 are Lagrange multipliers satisfying the following complementarity conditions:

λi1(‖ui‖2 − σi) = 0, (6.16a)

λi2(γiρ
i
1 − σi) = 0, (6.16b)

λi3(σi − γiρi2) = 0, (6.16c)

λi4 ◦ Ciui = 0. (6.16d)

Next, the Lagrange dual function is given by:

g(λi1...4) = inf
ui,γi,σi

L(ui, γi,σi,λ
i
1...4)

=
∑M

i=1 infσi [(ζ + λi3 − λi2 − λi1)σi]−
∑M

i=1 supui [(y − CT
i λ

i
4)Tui − λi1‖ui‖2] +

inf(6.6f),(6.6g)

∑M
i=1(λi2ρ

i
1 − λi3ρi2)γi. (6.17)

The dual function bounds the primal optimal cost from above. A non-trivial upper-bound

requires:

‖y − CT

i λ
i
4‖2 ≤ λi1, (6.18a)

ζ + λi3 − λi2 − λi1 = 0, (6.18b)

where the first inequality is akin to the ‖ · ‖2 conjugate function [34, Example 3.26]. How-

ever, note that if (6.18a) is strict then ‖ui‖2 = 0 is optimal, which is trivially feasible for

Problem 6.1. Substituting (6.18b) into (6.18a) gives the following condition for non-trivial
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solutions:

‖y − CT

i λ
i
4‖2 = ζ + λi3 − λi2. (6.19)

Further simplification is possible by recognizing that a non-trivial solution implies γi >

0. By Assumption 6, (6.16b) and (6.16c), this means λi2 > 0 and λi3 > 0 cannot occur

simultaneously. Furthemore, (6.17) reveals that γi > 0 is not sub-optimal if and only if

λi2ρ
i
1 − λi3ρi2 ≤ 0. By this reasoning, λi2 = 0 and λi3 ≥ 0 are necessary for optimality. Thus,

(6.19) simplifies to:

‖y − CT

i λ
i
4‖2 = ζ + λi3. (6.20)

Next, note that at optimality the left-hand side of (6.20) equals the Eucledian projection

onto Ui, i.e. ‖y − CT
i λ

i
4‖2 = proj (Ui) y. This can be shown by contradiction using (6.16d)

and that ui = ‖ui‖2(y−CT
i λ

i
4)/‖y−CT

i λ
i
4‖2 in (6.17). Note that the degenerate case of ui 6= 0

and ‖y − CT
i λ

i
4‖2 = 0 is eliminated in the discussion below which leverages Condition 13.

Thus (6.20) simplifies to the following relationship, which we call the characteristic equation

of non-trivial solutions to Problem 6.6:

proj (Ui) y = ζ + λi3. (6.21)

Substituting (6.21) into (6.17) yields:

g(λi1...4) = − sup(6.6f),(6.6g)

∑K′

i=1(proj (Ui) y − ζ)ρi2γi, (6.22)

where we assume that the characteristic equation (6.21) does not hold for i = K ′+ 1, . . . ,M

such that γi>K′ = 0. To facilitate discussion, define the i-th input gain as in (6.8). Note

that Γi ≥ 0 due to (6.21). Thus (6.22) becomes:

g(λi1...4) = − sup(6.6f),(6.6g)

∑K′

i=1 Γiγi. (6.23)

Without loss of generality, assume a descending ordering Γi ≥ Γj for i > j. Let K ′′ ,
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min{K,K ′}. By inspection of (6.23), the condition:

ΓK′′ > 0 ∧ ΓK′′ > ΓK′′+1, (6.24)

is sufficient to ensure that it is optimal to set

γi =





1 if i ≤ K ′′,

0 otherwise.

(6.25)

The lemma holds if (6.24) holds a.e. [0, tf ]. This is assured by Conditions 13 and 14.

Condition 13 case (a) assures ΓK′′ > 0 a.e. [0, tf ]. If on some interval Γk = 0, Condition 13

case (b) assures that k > K ′′. If K ′′ < K then due to ΓK′′ > 0 and the definition of K ′, it

must be that ΓK′′+1 = 0 ⇒ ΓK′′ > ΓK′′+1. Else if K ′′ = K, Condition 14 case (a) assures

ΓK > ΓK+1 a.e. [0, tf ]. If on some interval Γk = Γk+1, Condition 14 case (b) assures that

k 6= K.

Thus, (6.24) holds a.e. [0, tf ] and the lemma is proved. From (6.25), the structure of the

optimal solution is bang-bang with at most K inputs active a.e. [0, tf ].

Lemma 6 guarantees that Problem 6.6 produces a feasible solution of Problem 6.1. We

will now show that this solution is globally optimal, thus proving Theorem 17.

Proof of Theorem 17. The solution of Problem 6.6 is feasible a.e. [0, tf ] for Problem 6.1

due to Lemma 6. Furthermore, if ζ = 0 then the cost functions of Problems 6.1 and 6.6 are

the same. This is also true when ζ = 1 because Lemma 6 guarantees that ‖ui(t)‖2 = σi(t).

The optimal costs thus satisfy J∗O ≤ J∗R. However, any solution of Problem 6.1 is feasible

for Problem 6.6 by setting σi(t) = ‖ui(t)‖2, thus J∗R ≤ J∗O. Therefore J∗R = J∗O so the

Problem 6.6 solution is globally optimal for Problem 6.1 a.e. [0, tf ].

Theorem 17 implies that Problem 6.1 is solved in polynomial time by an SOCP solver

applied to Problem 6.6. This can be done efficiently with several numerically reliable SOCP
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solvers [107]. Therefore the class of NP-hard problems defined by Problem 6.1 is in fact of

P complexity if x(t) ∈ intX and Conditions 12-15 hold.

6.5.1 The Case of Active State Constraints

So far it has been assumed that the state constraint (6.1g) is inactive. This section guarantees

lossless convexification in a limited setting when (6.1g) is activated at a discrete set of times.

To begin, define the interior time and contact time sets as follows:

Ti , {t ∈ (0, tf ) : x(t) ∈ intX}, (6.26a)

Tc , [0, tf ] \ Ti. (6.26b)

A point τ of Tc is called an isolated point if there exists a neighborhood of τ not containing

other points of Tc [169]. A set of isolated points is called a discrete set and any discrete subset

of a Eucledian space has measure zero [59]. We can now prove Theorem 18.

Proof of Theorem 18. The proof is similar to [59, Corollary 3]. To begin, let ΣO =

{t∗f ,x∗, ξ∗,u∗i , γ∗i ,σ∗i } be the original solution returned by Problem 6.6, which achieves the

optimal cost value J∗R. Since Tc is a discrete set, for any consecutive contact times τ1 < τ2

there exists a large enough real a > 0 such that τ1 + 1/a < τ2 − 1/a. Let τe = τ1 + 1/a

and τf = τ2 − 1/a. Now consider solving Problem 6.6 over [τe, τe + ∆τ ] with tf = ∆τ ,

x0 = x(τe), b[tf ] = x(∆τ)− x(τf ). Call the solution to this problem the subproblem solution

ΣS = {∆̃τ , x̃, ξ̃, ũi, γ̃i, σ̃i}, and let J∗S be the achieved optimal cost. We claim that the

corresponding portion of ΣO must also achieve J∗S. If it does not, the modified solution

ΣM = {t̂f , x̂, ξ̂, ûi, γ̂i, σ̂i} such that t̂f = t∗f + ∆̃τ − (τf − τe) and {x̂, ξ̂, ûi, γ̂i, σ̂i} =





{x∗(t), ξ∗(t),u∗i (t), γ∗i (t),σ∗i (t)} for t ∈ [0, t̂f ]\

[τe, τe + ∆̃τ ],

{x̃(t), ξ̃(t), ũi(t), γ̃i(t), σ̃i(t)} for t ∈ [τe, τe + ∆̃τ ],
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is also feasible for Problem 6.6 and achieves a lower cost than J∗R, which contradicts that

the [τe, τf ] segment of ΣO is optimal. Thus, ΣS must be optimal for the original problem.

By Theorem 17, ΣS must be globally optimal for Problem 6.1. Since a is arbitrarily large,

ΣS must be optimal for Problem 6.1 over t ∈ (t1, t2). Let Tc = {τi, i = 1, 2, . . . }, τi < τi+1

∀i. Hence int Ti =
⋃
i(τi, τi+1) and ΣO is globally optimal for Problem 6.1 a.e. Ti. Since

Tc is a discrete set, cl Ti = [t0, tf ] and so the Problem 6.6 solution is globally optimal for

Problem 6.1 a.e. [0, tf ].

The main lossless convexification results of Theorems 17 and 18 have now been proven.

These extend classical lossless convexification theory, which can only handle a continuous

signal, to input of semi-continuous nature that encapsulate fundamentally binary decision

making. Thus, by solving Problem 6.6, a significant class of optimal control problems mod-

eled by Problem 6.1 under Assumption 6 and Conditions 12-15, convex optimization can be

used to find the global optimum of mixed-integer optimal control problems in provable real-

time. The next section corroborates the effectiveness of this approach on two examples:

spacecraft rendezvous and rocket landing.

6.6 Numerical Examples

This section presents two numerical validations of Theorems 17 and 18, comparing both

accuracy and performance to standard solutions using a MICP solver:

1. Spacecraft docking to a rotating space station: for this example, the restricted

result of Section 6.3 is sufficient. An identical solution is achieved to a mixed-integer

solver for a minimum-time maneuver, but with a runtime that is almost three orders

of magnitude faster. The intuitive interplay between the input gain measure (6.3) and

the optimal input selection (given directly by (6.25) in the lossless convexification core

proof) is also plotted;

2. Rocket landing with a coupled thrust-gimbal angle constraint: this example

tests the full extent of the theory developed in this chapter. The system under study is
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a single-engine planetary rocket lander with the following complication: when thrust is

above a threshold then the maximum gimbal angle is restricted, but for low thrust val-

ues the gimbal angle may be higher. We call this a “coupled thrust-gimbal” constraint,

and the theory developed in this chapter allows to effectively handle more general cases

than what is allowed by previous lossless convexification results (discussion continued

in Section 6.6.2). Once again, a traditional mixed-integer approach is shown to be

either much slower, or incapable within reasonable runtimes of finding any solution at

all .

The source code for both examples is publicly available3. In both cases, Python 2.7.15

with ECOS 2.0.7.post1 [43] is used for implementation on a Ubuntu 18.04.1 64-bit platform

with a 2.5 GHz Intel Core i5-7200U CPU and 8 GB of RAM. The solution and runtime are

compared to a mixed-integer formulation where (6.3d) is implemented directly as a binary

constraint using Gurobi 8.1 [133].

6.6.1 Spacecraft Docking to a Rotating Space Station

This section shows how a trajectory for spacecraft docking to a rotating space station can be

computed more efficiently via Problem 6.4 versus a standard MICP approach. The space-

craft’s dynamics are described in the rotating frame by:

ẋ(t) = A(ω)x(t) +B
∑M

i=1 ui(t), (6.27)

where x(t) = (r(t), v(t)) : R+ → R6 is the position and velocity state, ω ∈ R3 is the space

station’s constant angular velocity vector, and

A(ω) ,


 0 I

−S(ω)2 −2S(ω)


 , B ,


0

I


 , (6.28)

3Hosted on GitHub: https://github.com/dmalyuta/lcvx.

https://github.com/dmalyuta/lcvx
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Figure 6.8: Spacecraft docking to a rotating space station is modelled in the space station’s
rotating frame. The spacecraft is assumed to have matched the space station angular velocity.

where S(ω) ∈ R3×3 is the skew-symmetric matrix representation of the cross product ω× (·).

We assume that the spacecraft is equipped with a reaction control system capable of

producing up to K = 4 acceleration vectors from a total of M = 12 distinct directions, as

illustrated in Figure 6.9. Acceleration vectors along the positive z-axis point with a pitch

and roll of 40 degrees. Along the negative z-axis, the pitch and roll is 30 degrees. The

docking port is positioned at the origin and rotates with the space station. The spacecraft

is assumed to rotate with the same angular velocity ω and is tasked to perform translation

control to berth with the docking port. We use the parameters:

ω = (0, 0, 1) rpm, ρ1 = 1 mm s−2, ρ2 = 10 mm s−2,

m[tf ] = tf , r(0) = (5, 5, 100) m, v(0) = (0, 0, 0) m s−1,

r(tf ) = (0, 0, 0) m, v(tf ) = (0, 0,−0.01) m s−1,

where the initial velocity choice makes the spacecraft’s inertial velocity ω × r(0) m s−1. A
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Figure 6.9: The spacecraft’s reaction control system is capable of producing up to K = 4
out of M = 12 acceleration vectors, acting through the center of mass.

more realistic setting would be v(0) = −ω× r(0) which makes the inertial velocity zero. The

motivation for the present choice is to enrich the solution. Since the cost is linear in tf , both

bisection and golden search can be applied to find the minimum tf [139, 170].

Conditions 8-11 are satisfied by this problem. Condition 8 is satisfied since {−A(ω)T,BT}
is observable. Condition 11 is satisfied according to the minimum-time special case in Fig-

ure 6.6b. Conditions 9 and 10 hold following the discussion in Section 6.3.1 and noting that

the primer vector y(·) in (6.5) can only be persistently normal to ω or to vectors normal to

ω. The conditions are checked automatically via a script in the public source code.

The dynamics (6.27) are discretized using zeroth-order hold over a uniform temporal grid

of 300 nodes. Figure 6.11 shows the resulting state, input and input gain trajectories for the

globally optimal solution. The solution is obtained in 20 s via Problem 6.4, whereas MICP

takes an intractable 6200 s. This is expected, since solving Problem 6.4 relies on an SOCP

solver with polynomial time complexity, whereas MICP has exponential time complexity.

Figure 6.11a confirms that the constraints (6.3c)-(6.3e) are satisfied. In particular, the

thrust magnitude is bang-bang as predicted in Lemma 6. The intermediate thrusts occur-

ing at rising and falling edges are discretization artifacts since the lossless convexification

guarantee is only “almost everywhere” in nature. These artifacts have been observed since
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(a) View in rotating frame
of the space station.

(b) View in inertial frame.

Figure 6.10: Optimal docking trajectory in (a) space station rotating frame, and (b) the
inertial frame. The time of flight is tf = 135 s. Red vectors show the scaled velocity, blue
vectors show the scaled thrust (negative of acceleration), and the green marker shows the
initial position.
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the early days of the lossless convexification method [35]. Figure 6.11b confirms the optimal

input structure (6.25). In particular, for the minimum-time solution it is always the inputs

corresponding to the largest K = 4 gain values Γi(t) that are active.

6.6.2 Rocket Landing with Coupled Thrust-Gimbal Constraint

This section performs a kind of stress-test of the most general lossless convexification results

derived in this section, namely Theorems 17 and 18. The system considered for this purpose

is a rocket-powered planetary lander. This example motivated the original lossless convexifi-

cation studies at NASA JPL in 2005-2007 [35, 138], whose practical results have been since

incorporated into JPL’s guidance for optimal large divert (G-FOLD) software [171]. The

latter underwent a successful 7-flight, 3-year flight test campaign in 2012-2014 [155, 156],

demonstrated on-board convex optimization and expanded the “divert4” capability of Mas-

ten Space Systems’ Xombie sounding rocket from 75 m to 750 m with horizontal speeds in

excess of 25 m s−1 [1, 9, 154].

Classical lossless convexification theory allows to handle a pointing constraint (in other

words, a constraint on the rocket engine gimbal angle) of the following form, as illustrated

in Figure 6.13 (and which we have introduced back in Examples 4 and 7):

n̂Tu(t) ≥ ‖u(t)‖2 cos(θ̄), (6.29)

where n̂ ∈ R3 is the nominal (unit-norm) pointing direction “up”, and θ̄ ∈ [0,π] is a fixed

maximum pointing angle. In [140, 146], a lossless convexification result is shown where the

pointing constraint is convexified (for θ̄ > π/2) to:

n̂Tu(t) ≥ σ(t) cos(θ̄), (6.30)

4The divert maneuver redirects a planetary lander located at point A and intending to land at point B,
to an alternative landing location at point C (presumably due to the determination by on-board sensors
that landing location B is hazardous).
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where σ(t) is a slack variable in the same was as in Problems 6.4 and 6.6. Fortunately, the

lossless convexification proof in [146] can be generalized to the case where

cos(θ̄(t)) =
ρ2 − ‖u(t)‖2

ρ2 − ρ1

cos(θmax) +
‖u(t)‖2 − ρ1

ρ2 − ρ1

cos(θmin), (6.31)

where θmin, θmax ∈ [0,π], θmin ≤ θmax, as the minimum and maximum gimbal angles. This

can be equivalently written as the affine relationship:

cos(θ̄(t)) = α0 + α1‖u(t)‖2, (6.32)

where

α0 ,
ρ2 cos(θmax)− ρ1 cos(θmin)

ρ2 − ρ1

, α1 ,
cos(θmin)− cos(θmax)

ρ2 − ρ1

. (6.33)

Thus, (6.30) can be generalized to the (still convex) constraint:

n̂Tu(t) ≥ α0σ(t) + α1σ
2(t), (6.34)

which is a lossless convexification of the constraint:

θ(t) ≤ arccos(α0 + α1‖u(t)‖2), (6.35)

where θ(t) is the gimbal angle as shown in Figure 6.13. An example for θmin = 20 °, θmax =

80 °, ρ1 = 2 m s−2, and ρ2 = 10 m s−2 yields a constraint illustrated in Figure 6.14. However,

an affine dependence of the gimbal angle cosine on the rocket engine thrust can be a restrictive

assumption, and certainly similar dependencies may appear in other applications requiring

more complicated descriptions.

This section shows how the general coupled thrust-gimbal angle constraint can be loss-

lessly convexified via the theory presented in this chapter, and solved much faster via Prob-
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lem 6.6 than MICP. Consider the in-plane rocket dynamics:

ẋ(t) = A(ω)x(t) +B
∑M

i=1 ui(t) + w, (6.36)

where the vehicle is treated as a point mass with x(t) =
[
r(t)T v(t)T

]T
∈ R4 the position

and velocity state and ω ∈ R the planet rotation rate, which is assumed to be constant

and perpendicular to the trajectory plane5. The input ui(t) ∈ R2 represents an acceleration

imparted on the rocket by a gimballed thruster. The LTI matrices are:

A(ω) =


 0 I

ω2I 2ωS


 , B =


0

I


 ,w =


 0

ω2l + g


 , (6.37)

where S = [0 1;−1 0] ∈ R2×2, I ∈ R2×2 is identity, l ∈ R2 is the landing pad position with

respect to the planet’s center of rotation, and g ∈ R2 is the gravity vector. Note that the

dynamics assume constant mass and gravity for concision, but both can be made variable

within the lossless convexification framework [35, 116].

The rocket is equipped with a single gimballed thruster which operates in two modes: 1)

low-thrust high-gimbal, and 2) high-thrust low-gimbal. A maximum gimbal angle range of

θi ∈ (0, π) is enforced via (6.1f) by setting:

Ci =


− cos(θi/2) − sin(θi/2)

cos(θi/2) − sin(θi/2)


 . (6.38)

We also impose a glide slope constraint as in [139] which prevents the rocket from ap-

proaching the ground too closely prior to touchdown:

X = {x = (r, v) ∈ R4 : êTyr ≥ ‖r‖2 sin(γgs)}, (6.39)

5This is done for simplicity in order to keep the motion planar. A general 3-dimensional angular velocity
vector can also be considered.
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where êy = (0, 1) ∈ R2 is the unit vector along the altitude axis. We choose the following

parameters, corresponding to a Martian divert maneuver similar to [35]:

M = 2, K = 1, ω = 2π/88775 rad s−1, ρ1
1 = 4 m s−2,

ρ2
1 = 8 m s−2, ρ1

2 = 8 m s−2, ρ2
2 = 12 m s−2, θ1 = 120 °,

θ2 = 10 °, γgs = 10 °, l = (0, 3396.2) km, ζ ∈ {0, 1},

g = (0,−3.71) m s−2, m[tf ] = (1− ζ)tfξmax/tf ,max,

`(x(t)) = 10−3ξmax(|r1(t)| tan(γgs) + |r2(t)|)/h0,

r(0) = (1500,h0) m, v(0) = (50,−70) m s−1,

r(tf ) = (0, 0) m, v(tf ) = (0, 0) m s−1,

where tf ,max = 100 s is the time of flight upper-bound and ξmax = tf ,maxρ
2
2 is the maximum

input integral cost. The optimal cost is verified to be unimodal in tf such that golden search

can be applied to find the optimal tf [139, 170]. The initial altitude above ground level

(AGL) h0 and ζ ∈ {0, 1} are independent variables that we shall vary. When ζ = 0, we solve

for a minimum-time trajectory, while for ζ = 1 we solve for a minimum-fuel trajectory.

The problem satisfies Conditions 12-15 under a few light assumptions. Because the

glide slope (6.39) maintains the rocket above zero altitude, `[t] > 0 ∀t ∈ [0, tf ) such that

Condition 15 holds irrespective of m. To check Condition 12, recognize that for our choice

of `:

∂`[t]T = D∂r`[t]
T, D ,


I

0


 . (6.40)

Following the discussion in Section 6.4.1, we confirm that the LTI system {−AT,D,BT, 0}
is strongly observable, hence Condition 12 holds. To check Conditions 13 and 14, we need

to make the following assumption because replacing ∂r`[t]
T with R2 is too conservative.

Assumption 8. The downrange and altitude are non-zero almost everywhere, i.e. r1(t) 6= 0

and r2(t) 6= 0 a.e. [0, tf ].
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Leveraging Assumption 8 yields a piecewise constant input to the adjoint system:

∂r`[t]
T =

10−3ξmax

h0






tan(γgs)

1


 ,


− tan(γgs)

1





 . (6.41)

Leveraging (6.41), consider the following LTI system where a constant input is modelled

as a static state, yielding an augmented state λ′(t) ∈ R6:

λ̇′(t) =


−A

T D

0 0


λ′(t) = A′λ′(t), (6.42a)

y(t) =
[
BT 0

]
λ′(t) = C ′λ′(t). (6.42b)

When ζ = 0, checking Conditions 13 and 14 reduces to ensuring that ẏ(t) = C ′A′λ′(t)

cannot evolve perpendicular to certain constant vectors n̂ ∈ R2. The values of n̂ that need

to be checked are illustrated in Figure 6.15a. To verify Conditions 13 and 14, we check the

observability properties of the pair {A′, n̂TC ′A′}, as in Section 6.6.1. Let Vn̂ be a matrix whose

columns span the unobservable subspace. It turns out for the rocket landing problem that

A′Vn̂ = 0 ∀n̂. Conditions 13 and 14 can thus be violated only by a constant primer vector.

If this occurs, the input is constrained to point in the directions shown in Figure 6.15b.

Notice that this constrains the downrange acceleration to always have the same sign. The

following assumption requires the rocket to experience both acceleration and deceleration.

The assumption is satisfied if, for example, the rocket is initially travelling away from the

landing site and has to reverse its velocity.

Assumption 9. The downrange acceleration
∑M

i=1 ui,1(t) changes sign at least once over

[0, tf ].

The assumption is sufficient for Theorem 17 but not Theorem 18, because a discontinuity

in ẏ(t) may occur at t ∈ Tc (6.26b) [87]. If state constraints are activated, a “sufficiently

rich” gimbal history may be assumed or Conditions 13 and 14 may be verified a posteriori,
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Table 6.1: Optimal cost and solver runtime when solving Problem 6.6 versus MICP. Dashes
show when MICP took too long to converge (> 10 min per iteration).

h0 [m] ζ J∗R J∗MICP tR [s] tMICP [s]

650 0 636.2 – 2.9 –
650 1 374.5 – 2.4 –
800 0 577.7 577.8 2.4 232.3
800 1 350.8 350.9 2.3 269.9
1000 0 548.9 – 3.9 –
1000 1 333.7 333.7 2.3 566.8
1500 0 493.4 – 2.5 –
1500 1 316.1 316.1 2.2 177.3
3000 0 558.0 558.0 2.5 73.1
3000 1 323.0 323.1 1.8 505.9

i.e. the solution is lossless if they hold.

When ζ = 1, Condition 13 requires ‖y(t)‖2 6= 1 a.e. [0, tf ]. Modal shape analysis for the

pair {A′,C ′} reveals that, given a constant input in (6.41), ‖y(t)‖2 = 1 for an interval is only

possible if y(t) is constant. This is eliminated by Assumption 9 with the same caveat about

state constraint activation. Checking Condition 14 is not possible a priori when ζ = 1. The

condition is verified a posteriori.

The dynamics (6.36) are discretized via zeroth-order hold on a uniform temporal grid

of 150 nodes. Figure 6.16 shows the resulting state, input and input gain trajectories. Let

us first discuss Figures 6.16a and 6.16b. The top row shows the overall trajectory, from

which we note that Assumptions 8 and 9 are satisfied. The second and third rows show

that the input norm is feasible almost everywhere for Problem 6.1. In particular, the thrust

magnitude is bang-bang as predicted in Lemma 6. The intermediate thrusts occuring at the

rising and falling edges in the third row are discretization artifacts. Recall that the lossless

convexification guarantee is only “almost everywhere” in nature. These artifacts have been

observed since the early days of lossless convexification theory [35]. Note the kink that

occurs in the y(t) trajectory in the second row, which coincides with the glide slope state
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constraint activation as highlighted by the red dot in the first row. Looking at the third

row, σi(t) 6= ‖ui(t)‖2 as expected when ζ = 0 and both inputs are off, since there is no

cost incentive to minimize σi(t). Note that optimality nevertheless requires ui(t) = 0, as

predicted by Lemma 6. Finally, the fourth row shows the Γi(t) trajectories. As predicted by

(6.25), when Γi(t) > Γj(t), optimality forces input γi(t) = 1 and γj(t) = 0.

Table 6.1 compares the achieved optimal cost and solver runtimes of lossless convexifica-

tion versus a direct MICP implementation of (6.1d). One can see that the optimal cost values

are quasi-identical, with some slightly lower values for lossless convexification due to the “in-

termediate thrusts” discussed above. More importantly, solving Problem 6.6 is up to two

orders of magnitude faster than using MICP. This is expected, since SOCP has polynomial

time complexity in the problem size while MICP has exponential time complexity. Further-

more, MICP was not able to find a trajectory in several cases (the computation was aborted

when runtime exceeded 10 min for a single golden search iteration). The third column of Fig-

ure 6.16 shows a sequence of 50 landing trajectories for a sweep over h0 ∈ [650, 6000] m AGL.

Computing this sequence of 50 trajectories with N = 150 takes 130 s, which is less than the

average MICP solution time for a single trajectory.

6.7 The Future of Lossless Convexification

The previous sections presented a novel lossless convexification result that applies to a new

and relatively broad class of mixed-integer problems. It is appropriate that we conclude this

chapter with an outlook for the future of lossless convexification as an trajectory optimization

method at large.

Lossless convexification is a method that solves nonconvex trajectory generation problems

with one or a small number of calls to a convex solver. This places it among the most reliable

and robust methods for nonconvex trajectory generation. The future of LCvx therefore has

an obvious motivation: to expand the class of problems that can be losslessly convexified. In

the past two years, LCvx research has been rejuvenated by several fundamental discoveries

and practical methods that expand the method to new and interesting problem types. This
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section briefly surveys these new results.

Fixed-final Time Problems

The first new LCvx result applies to a fixed-final time and fixed-final state version of Prob-

lem 5.1 with no state constraints. To begin, recognize that the classical LCvx result from

Theorem 10 does not apply when both tf and x(tf ) are fixed. In this case, BLCvx = In+1 in

(5.7b) and therefore its columns, which span all of Rn+1, cannot be linearly independent from

mLCvx. Thus, traditionally one could not fix the final time and the final state simultaneously.

Very recently, Kunhippurayil et al. [143] showed that Condition 2 is in fact not necessary

for the following version of Problem 5.1:

min
u,tf

∫ tf

0

`(g(u(t))) dt (6.43a)

s.t. ẋ(t) = Ax(t) +Bu(t), (6.43b)

ρmin ≤ g(u(t)) ≤ ρmax, (6.43c)

x(0) = x0, x(tf ) = xf , (6.43d)

where tf is fixed and xf ∈ Rn specifies the final state. The lossless relaxation is the usual

one, and is just a specialization of Problem 5.2 for Problem 6.43:

min
σ,u,tf

∫ tf

0

`(σ(t)) dt (6.44a)

s.t. ẋ(t) = Ax(t) +Bu(t)w(t), (6.44b)

ρmin ≤ σ(t) ≤ ρmax, (6.44c)

g(u(t)) ≤ σ(t), (6.44d)

x(0) = x0, x(tf ) = xf . (6.44e)

The following result is then proved in [143]. By dropping Condition 2, the result gener-

alizes Theorem 10 and significantly expands the reach of LCvx for problems without state
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constraints.

Theorem 20. The solution of Problem 6.44 is globally optimal for Problem 6.43 if Con-

dition 1 holds and tf is between the minimum feasible time and the time which minimizes

(6.43a). For longer trajectory durations, there exists a solution to Problem 6.44 that is glob-

ally optimal for Problem 6.43.

Perhaps the most important part of Theorem 20, and a significant future direction for

LCvx, is in its final sentence. Although a lossless solution “exists”, how does one find it?

An algorithm is provided in [143] to find the lossless solution, that is, one solution among

many others which may not be lossless. This is similar to Theorem 14 and Algorithm 5: we

know that slackness in (6.44d) may occur, so we devise an algorithm that works around the

issue and is able to recover an input for which (6.44d) holds with equality. Most traditional

LCvx results place further restrictions on the original problem in order to “avoid” slackness,

but this by definition limits the applicability of LCvx. By instead providing algorithms

which recover lossless inputs from problems that do not admit LCvx naturally, we can tackle

lossless convexification “head on” and expand the class of losslessly convexifiable problems.

An approach that is similar in spirit is taken for spacecraft rendezvous in [173], where an

iterative algorithm that modifies the dynamics is devised to extract bang-bang controls from

a solution that exhibits slackness.

Hybrid System Problems

A very recently published result by Harris treats the lossless convexification of a similar

problem to the one in this chapter (i.e., Problem 6.1) from a slightly different angle. In

[142] it is recognized that a version of Problem 6.6 will be a lossless convexification of

Problem 6.1 if the dynamical system is “normal” due to the so-called bang-bang principle

[40, 174]. Normality is related to, but much stronger than, the notion of controllability from

Condition 1. Nevertheless, it is shown that the dynamical system can be perturbed by an

arbirarily small amount to induce normality. This phenomenon was previously observed in a
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practical context for rocket landing LCvx with a pointing constraint, which we discussed for

Problem 5.8 [140]. Practical examples are shown for spacecraft orbit reshaping, minimum-

energy transfer, and cubesat differential drag and thrust maneuvering. It is noted that while

mixed-integer programming fails to solve the latter problem, the convex relaxation is solved

in < 0.1 seconds.

In this chapter and the corresponding publications [51, 52], on the other hand, we bypass

normality and directly deadl with the nonsmooth maximum principle [82, 86, 87]. The

result is that we come up with a set of conditions for which LCvx holds (i.e., Conditions 12-

15). These conditions are an interesting mix of problem geometry and Conditions 1 and 2.

Notably, they are more general than normality, so they can be verified by systems which are

not normal.

Our contribution and that of [142] can thus be seen as complementary: we show that

for some systems, the perturbation proposed by [142] is not necessary. On the other hand,

[142] provides a method to recover LCvx when our conditions fail. Altogether, the fact

that an arbitrarily small perturbation of the dynamics can recover LCvx suggests a deeper

underlying theory for how and why problems can be losslessly convexified. We feel that the

search for this reason will be a running theme of future LCvx developments, and its eventual

discovery will lead to more general lossless convexification algorithms.
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(a) Optimal input norm history in mm s−2. The
bang-bang nature of the solution is clearly visi-
ble. Blue markers show σi(t).
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(b) Time history of the input gain (6.3). Bold
lines show when the corresponding input is ac-
tive.

Figure 6.11: Optimal docking trajectory RCS acceleration vector (a) and gain measure (b)
histories.
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Figure 6.12: A Xombie technology demonstrator from Masten Space Systems, Mojave, Calif.,
ascends from its pad at Mojave Air and Space Port on a test for NASA’s Jet Propulsion
Laboratory. The vehicle is a vertical-takeoff, vertical-landing experimental rocket. It is being
used in collaboration with NASA Dryden Flight Research Center to evaluate performance
of JPL’s Fuel Optimal Large Divert Guidance (G-FOLD), a new algorithm for planetary
pinpoint landing of spacecraft. Image and caption credit: NASA/Masten [172].

n̂

θ̄

u

θ

Figure 6.13: Illustration of the pointing constraint that can be handled by classical lossless
convexification results.
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‖u‖2

θ

θmin

θmax

ρmin ρmax

Feasible θ
values

Figure 6.14: Illustration of the pointing constraint that can be handled by a simple extension
to classical lossless convexification result [140, 146]. Assumes an affine dependence of the
gimbal angle cosine on the thrust.

(a) Illustration of the six vectors n̂ that ẏ(t)
must not be normal to for Conditions 13 and 14
to hold.

(b) If the normality check fails, the optimal in-
put could point in the directions highlighted in
red.

Figure 6.15: Illustrated verification of Conditions 13 and 14 when ζ = 0. If ẏ(t) can evolve
normal to any vector in (a), the input can point in the directions shown in (b) while violating
(6.1d).
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(a) Landing from h0 = 800 m AGL, ζ = 0.
Time of flight tf = 46.93 s.
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(b) Landing from h0 = 800 m AGL, ζ = 1.
Time of flight tf = 53.97 s.

Figure 6.16: Landing trajectories computed by Problem 6.6. Green shows the high-gimbal
low-thrust mode and blue shows the low-gimbal high-thrust mode. In (a) and (b), the top
row shows the position trajectory with overlaid thrusts (−ui(t)). Dotted lines show glide
slope (6.39). The second row shows the input with the (normalized) primer vector (6.7b).
Dotted lines show the equal-gain manifold Γ1(t) = Γ2(t). The third row shows the input
magnitude history. The bottom row shows each input’s gain (6.8) and their difference. The
background colour shows when the corresponding input is active..
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Figure 6.17: Trajectory sweep over initial altitudes h0 ∈ [650, 6000] m AGL. Using ζ = 0
and N = 30.
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Chapter 7

SEQUENTIAL CONVEX PROGRAMMING WITH DISCRETE
LOGIC

This chapter presents a nonconvex optimization algorithm for solving optimal control

problems that involve discrete logic constraints. Traditional models of these constraints

require binary variables and mixed-integer programming, which is prohibitively slow and

computationally expensive. We target a fast solution that is capable of real-time implemen-

tation onboard spacecraft. To do so, we introduce a novel algorithm that blends sequential

convex programming and numerical continuation into a single iterative solution process. In-

side the algorithm, discrete logic constraints are approximated as smooth functions, and a

homotopy parameter governs the accuracy of this approximation. As the algorithm con-

verges, the homotopy parameter is updated such that the smooth approximations enforce

the exact discrete logic. The effectiveness of this approach is numerically demonstrated for

a realistic rendezvous scenario inspired by the Apollo Transposition and Docking maneuver.

In under 15 seconds of cumulative solver time, the algorithm is able to reliably find difficult

fuel optimal trajectories that obey the following discrete logic constraints: thruster minimum

impulse-bit, range-triggered approach cone, and range-triggered plume impingement. The

optimized trajectory uses significantly less fuel than NASA design targets. Within the con-

text of this thesis (see Figure 7.1), this chapter falls into the iterative algorithm category for

the most difficult kind of problems: nonconvex and not convexifiable through mathematical

modeling (as in Chapter 6).
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Control task
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Figure 7.1: This chapter presents an iterative approach for real-time optimization-based
trajectory generation for the most difficult of systems: neither convex nor convexifiable.

7.1 Background

Space programs have historically been deemed mature once they establish the ability to

perform rendezvous and docking operations [175]. Some of the earliest programs of the

United States and the Soviet Union (e.g., Gemini and Soyuz) had as their explicit goal

to demonstrate the capability of performing rendezvous, proximity operations, and docking

maneuvers. The ultimate objective to land humans on the moon drove the need for these

capabilities. Beyond the lunar missions of the 1960s, rendezvous and docking continued

to be a core technology required to construct and service space stations that were built in

low Earth orbit [176]. The Shuttle program was comprised of dozens of missions for which

rendezvous (and more generally, proximity operations) was an explicit mission objective. The

core technology used to achieve rendezvous and docking has remained largely unchanged in

the decades since the earliest maneuvers were successful. While this heritage technology is

far from obsolete, it has been stated that it may be unable to meet the requirements of

future missions [175]. A driving force that will require new methods is the need for a system

that can perform fully autonomous rendezvous in several domains (e.g., low Earth orbit, low
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lunar orbit, etc.) [177]. Several vehicles capable of autonomous docking are either already

operational or in development, ranging from large vehicles such as the SpaceX Crew Dragon,

Soyuz, and Orion [175, 177, 178], to smaller robotic vehicles for clearing orbital debris [179,

180, 181].

The objective of this chapter is to present a framework for designing autonomous docking

trajectories that accurately reflect the capabilities and constraints that have been historically

prevalent for proximity operation missions. We view the problem as a trajectory generation

problem, and compute what would be implemented as a guidance solution. In particular,

we show how to model challenging discrete logic constraints within a continuous optimiza-

tion framework. The resulting open-source algorithm is numerically demonstrated to be

sufficiently fast for ground-based use, and has the potential to be real-time capable if imple-

mented in a compiled programming language.

The open-loop generation of spacecraft docking trajectories using optimization-based

methods is a relatively new field spawned by the shift towards autonomy [49]. Open-loop

trajectory generation computes a complete start-to-finish trajectory, and leaves robust track-

ing to closed-loop feedback control. This is slightly different from receding horizon or model

predictive control (MPC), which has received more attention in the rendezvous and docking

literature [50, 182, 183, 184]. In [185, 186] the authors discuss both time- and fuel-optimal so-

lutions with a focus on problem formulations that are conducive to on-board implementation.

Their study offers an insightful view on the structure of optimality at the cost of a simplified

problem statement and omission of state constraints. In [187], lossless convexification is used

to generate fuel-optimal docking trajectories which account for non-convex thrust and plume

impingement constraints, albeit the thrust is not allowed to turn off. In [173], lossless con-

vexification allows to generate bang-bang controls for minimum-time spacecraft rendezvous

using differential drag, however without state constraints or spacecraft attitude dynamics.

In [188], an optimization framework is used to impose safety-based constraints in the case of

anomalous behaviour (including thruster failure) by introducing a suboptimal convex pro-

gram to design safe trajectories which approximate a non-convex mixed-integer problem
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using a new set of “safe” inputs. Along the same lines of mixed-integer programming, [183]

solves a fuel-optimal problem subject to thrust plume and collision avoidance constraints.

The authors introduce several heuristic techniques in order to fit the problem within the

scope of mixed-integer linear programming, but still observe rather long solve times (over

40 minutes in some cases). More recently, [189] studied a multi-phase docking problem with

several state constraints. The authors use binary variables to impose different constraints

during each phase, and propose an iterative solution method with closed-form update rules.

Beyond the use of mixed-integer methods, [190] proposes a randomized optimization method

similar to the A∗ method, while [184] proposes a convex one-norm regularized MPC solution.

Notably, the aforementioned references do not consider the spacecraft attitude during

trajectory generation and do not explicitly account for what is referred to as the minimum

impulse-bit (MIB) of the reaction control thrusters that are used to realize the trajectories.

The latter constraint refers to the fact that impulsive chemical thrusters cannot fire for an

arbitrarily short duration, since there is some minimum pulse width that is inherent to the

hardware. Hartley et al. [184] acknowledge this issue, but instead of explicitly enforcing the

constraint, the authors use a one-norm penalty term to discourage violation of the constraint

(i.e., a soft constraint). Our view is that both attitude and the MIB constraint are critical

for close proximity operations such as the terminal phase of rendezvous and docking, where

two spacecraft are maneuvering close to each other. We thus target an algorithm that can

efficiently incorporate both effects.

7.1.1 Contributions

This chapter’s contribution is a numerical optimization algorithm to solve trajectory gener-

ation problems involving a general class of discrete logic constraints. The algorithm is based

on a novel arrangement of two core technologies: sequential convex programming (SCP) and

numerical continuation. SCP is a trust region method for solving general nonconvex opti-

mal control problems [49]. However, it is incapable of handling discrete constraints in their

pure (integer) form. By using a homotopy map based on the multinomial logit function, we
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embed continuous approximations of discrete constraints into the SCP framework, a process

known as continuous embedding [191]. The homotopy map is then updated via a numerical

continuation scheme, which transforms an initial coarse approximation into an artbirarily

precise representation of the discrete logic. Herein lies our key innovation: we run SCP and

numerical continuation in parallel, rather than the traditional sequenced approach where

one homotopy update is followed by a full SCP solve. The resulting algorithm is shown

to converge quickly and reliably for a representative terminal rendezvous problem inspired

by the Apollo Transposition and Docking maneuver. The problem involves the following

major constraints: full six degree of freedom (DOF) dynamics, thruster minimum impulse-

bit, range-triggered approach cone, and range-triggered plume impingement.

This chapter represents a significant upgrade in terms of both runtime performance and

convergence reliability over the same authors’ previous publication on SCP-based rendezvous

[54]. In relation to existing literature, the method of this chapter is closest to the recently

published relaxed autonomous switched hybrid system (RASHS) and composite smooth con-

trol (CSC) algorithms [192, 193, 194]. Both methods also use homotopy and numerical con-

tinuation to enforce discrete logic constraints. While they handle Boolean and logic, our

approach models Boolean or logic. In combination with RASHS and CSC, our work thus

extends homotopy to general Boolean logic using any combination of logic gates. Another dif-

ference is that RASHS and CSC are devised for the indirect family of optimization methods

that solve Pontryagin’s necessary conditions of optimality [39, 40]. Our method is devised

for SCP, which is a direct method that solves a discretized version of the original optimal

control problem [85]. A more detailed comparison of the methods is given in Section 7.3.2.

7.1.2 Outline

The chapter is structured as follows. In Section 7.2 we formulate the rendezvous problem

that is to be solved, but which is not efficiently solvable in its raw form. Section 7.3 then

describes the homotopy map which can model a generic class of discrete logic in a smooth

way. Using this smoothing, Section 7.4 describes our key contribution: an algorithm that
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can solve nonconvex optimal control problems with discrete logic. The effectiveness of the

approach is numerically demonstrated in Section 7.5 for a realistic scenario based on the

historical Apollo Transposition and Docking maneuver.

7.2 Rendezvous Problem Formulation

In this section we formulate a trajectory generation problem where the objective is to guide

a chaser spacecraft to dock with a passive target spacecraft in a predetermined orbit. We

assume that the maneuver happens in low Earth orbit (LEO) and that the target’s orbit is

circular. The chaser’s dynamics are defined in Section 7.2.1, the actuator model is described

in Section 7.2.2, and the rendezvous constraints are given in Sections 7.2.3, 7.2.4, and 7.2.5.

Section 7.2.6 gives a complete formulation of the free-final time nonconvex optimal control

problem which, if solved, generates a fuel-optimal rendezvous trajectory. Most notably,

because the constraints in Sections 7.2.2, 7.2.3, and 7.2.4 involve discrete logic, the problem

is not readily solvable by traditional continuous optimization methods.

7.2.1 Chaser Spacecraft Dynamics

We begin by writing down the equations of motion for the chaser spacecraft. It is assumed

that the chaser is a 6-DOF rigid body vehicle with constant mass. The latter assumption

is accurate for our ultimate numerical application to the Apollo Transposition and Docking

maneuver, whose fuel mass allocation is 32 kg, corresponding to about 0.1% of the total

Apollo Command and Service Module (CSM) vehicle mass [195].

The general setup is illustrated in Figure 7.2. First, a Local-Vertical Local-Horizontal

(LVLH) frame is placed at the target’s center of mass (COM). Assuming that the target is

in a circular orbit, and because separation distances during the final stages of rendezvous

are relatively small, we can write the translation dynamics in this frame according to the

Clohessy-Wiltshire-Hill equations [196]. For the attitude dynamics, a body frame is affixed

to the chaser’s COM. Apart from the non-inertial forces of the relative motion dynamics in

the LVLH frame, the only forces acting on the chaser are the ones generated by its system
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Figure 7.2: Illustration of the LVLH and body frames, and several of the spacecraft RCS
thrusters. Each thruster is represented by its position ri relative to the COM and its thrust
vector fi, both quantities being expressed in the body frame. The docking port also has an
attached frame that is used for computing the terminal state.

of reaction control system (RCS) thrusters. As shown in Figure 7.2, the force produced by

each thruster is defined by its point of application ri and its vector fi, both of which are

expressed in the FB frame. Altogether, the 6-DOF equations of motion of the chaser in the

LVLH frame are written as follows:

ṗ(t) = v(t), (7.1a)

v̇(t) =
1

m

nrcs∑

i=1

q(t)⊗ fi ⊗ q(t)∗ + aLVLH

(
p(t), v(t)

)
, (7.1b)

q̇(t) =
1

2
q(t)⊗ ω(t), (7.1c)

ω̇(t) = J−1[
nrcs∑

i=1

ri × fi(t)− ω(t)×
(
Jω(t)

)
], (7.1d)
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where the acceleration due to relative motion is given by:

aLVLH

(
p, v
)

=
(
− 2noẑ

T

Lv
)
x̂L +

(
− n2

oŷ
T

Lr
)
ŷL +

(
3n2

oẑ
T

Lr + 2nox̂
T

Lv
)
ẑL, (7.2)

where no ∈ R is the orbital mean motion. The translation dynamics are encoded by p ∈ R3

and v ∈ R3, which are LVLH frame vectors denoting the position and velocity of FB with

respect to FL. The attitude dynamics are encoded by a quaternion q ∈ Q and an angular

velocity ω ∈ R3. We use the Hamilton quaternion convention and represent q as a four-

element vector [197]. The quaternion thus represents a frame transformation from FB to FL,

or (equivalently) the rotation of a vector in the FL frame. The ω vector corresponds to the

angular velocity of FB with respect to FL, expressed as a vector in the FB frame. Altogether,

the vehicle state is encoded by x =
[
p; v; q;ω

]
∈ R13.

7.2.2 Impulsive Thrust Model

As mentioned in the previous section, the chaser is controlled by a system of nrcs chemical

RCS thrusters. In accordance with our ultimate application to the Apollo CSM spacecraft,

we assume that each thruster is able to deliver a constant thrust for a variable duration of

time [198, 199, 200]. This is known as pulse-width modulation (PWM).

Let us temporarily focus the discussion on the force produced by the i-th thruster. Let

Frcs denote the constant thrust level generated when the thruster is active (i.e., “firing”),

and let ∆ti be the firing or pulse duration. If the thruster fires for a very short duration

relative to the bandwidth of the chaser’s dynamics, then we can approximate the state as

being constant over the firing interval. We can furthermore shrink the firing interval to zero,

as long as we increase the thrust level to maintain a constant net impulse that is imparted

on the chaser. This is illustrated in Figure 7.3, where an original 500 ms rectangular pulse

is reduced down to 100 ms. In the limit as ∆ti is reduced to zero, the thrust signal becomes

a scaled Dirac delta function:

fi(t) = ∆tiFrcsδ(t). (7.3)
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Figure 7.3: Illustration of reducing the rectangular thrust pulse duration from an original
value of ∆ti = 500 ms, while maintaining a constant net impulse. The result is an increasing
thrust level, while the area below the curve remains constant.

This model is an accurate enough approximation for generating long duration trajectories

with relatively few intermittent control interventions. By neglecting state variation over the

firing duration, the model furthermore has a significant computational advantage when it

comes to linearizing, discretizing, and simulating the dynamics for the solution process in

Section 7.4. We emphasize, however, that (7.3) is a model which we use for computation

alone. In the physical world, we still expect the thrusters to fire for a finite duration and at

their design (finite) thrust level.

The discussion so far has centered around a single pulse that occurs at t = 0 s. We now

generalize this model to the trajectory generation context. Begin by fixing a control interval

tc > 0 that corresponds to the “silent” time interval between thruster firings. Furthermore,

let Nc be the total number of control opportunities during the trajectory. This means that

the trajectory lasts for Nctc seconds. Note that no firing occurs at the final time instant,

since that would lead to undesirable control at the moment of docking. Thus, a thruster

can be activated only at the time instances (k − 1)tc where k = 1, 2, . . . ,Nc. To keep the

notation short, we define k′ ≡ k − 1 for any general index k. Thus, the thrust signal for the
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Figure 7.4: Control history example that is compatible with the impulsive thrust model
(7.4) and the pulse duration constraint (7.5). Most notably, no impulse occurs in the MIB
keep-out zone between 0 and ∆tminFrcs N s. This region represents impulses which the RCS
system cannot reproduce. A feasible rendezvous trajectory cannot ask for ∆tik < ∆tmin.

i-th thruster can be formally written as:

fi(t) =
Nc∑

k=1

∆tikFrcsδ
(
t− k′tc

)
f̂i, (7.4)

where ∆tik is the pulse duration for the i-th thruster at the k-th control interval, and f̂i

is the thrust direction unit vector in the FB frame. Due to delays in on-board electronics

and residual propellant flow downstream of the injector valves [200, pp. 2.5-16 to 2.5-18],

the pulse duration is lower bounded such that ∆tik ≥ ∆tmin. This is known as a minimum

impulse-bit (MIB) constraint. Other propulsion and RCS parameters, such as engine service

life and damage to engine materials, impose an upper bound ∆tik ≤ ∆tmax. As a result, the

pulse duration must satisfy the following nonconvex constraint:

∆tik ∈ {0} ∪ [∆tmin, ∆tmax]. (7.5)

Figure 7.4 illustrates a typical control history that we can expect from the model (7.4)

subject to the constraint (7.5). The salient feature of this control history is that the thruster

is either silent, or firing with a minimum impulse.
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7.2.3 Plume Impingement Constraint

A plume impingement constraint prevents the RCS thrusters from firing and potentially

damaging the target spacecraft. Naturally, this constraint is only required once the chaser

is close enough to the target. Let Ifr denote the indices of forward-facing thrusters that are

physically pointed along the +x̂B axis in Figure 7.2. Due to the physics of rendezvous and

the approach cone constraint of the next section, it is reasonable to assume that large-angle

maneuvering is finished by the time the spacecraft is close to the target. Thus, when the

plume impingement constraint is relevant, the chaser is approximately facing the target.

This yields a simple plume impingement heuristic: shut off the Ifr thrusters when the chaser

is inside a so-called plume impingement sphere of radius rplume centered at the target. This

can be formally stated as the following implication:

‖p(k′tc)‖2 ≤ rplume ⇒ ∆tik = 0 for all i ∈ Ifr. (7.6)

7.2.4 Approach Cone Constraint

The approach cone constraint bounds how much the chaser spacecraft can maneuver once it

gets close enough to the target. It has the direct effect of bounding transverse motion along

the ŷL and ẑL LVLH axes in Figure 7.2. In practice, it also bounds all other maneuvering,

including attitude rates, except for translation motion along −x̂L.

Figure 7.5 illustrates our implementation of an approach cone. Because we do not want

to restrict the chaser’s motion far away from the target, the constraint only gets applied

once the chaser enters a so-called approach sphere of radius rappch. When this condition is

satisfied, the chaser’s position is constrained to lie in a cone that emanates from the target

along +x̂L and has an opening half-angle θappch. Formally, the approach cone constraint can

be written as the following implication:

‖p(t)‖2 ≤ rappch ⇒ x̂T

Lp(t) ≥ ‖p(t)‖2 cos(θappch). (7.7)
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Figure 7.5: Illustration of an approach cone with its apex at the target spacecraft. The
approach cone half-angle is θappch. The chaser’s position is constrained to lie inside the cone
when the chaser enters an approach sphere of radius rappch centered at the target (only part
of the sphere is drawn).

7.2.5 Boundary Conditions

We consider the case of terminal rendezvous between two fixed boundary conditions: some

initial chaser state and a terminal “docked” state. In particular, let x0 =
[
p0; v0; q0;ω0

]
∈ R13

and xf =
[
pf ; vf ; qf ;ωf

]
∈ R13 correspond to the initial and terminal desired states. The

terminal position and attitude are computed according to the relative geometry of the target

and chaser docking ports and the chaser COM. For simplicity, assume that the target docking

port is centered at the origin of FL and points along +x̂L. Generalizing this assumption to

a non-collocated docking port is possible, but does not represent anything particularly novel

or challenging for our algorithm. When docked, let q` ∈ Q denote the chaser docking port’s

attitude with respect to the target docking port. As illustrated in Figure 7.2, q` is a simple

yaw around +ẑL by 180°. Furthermore, let qdp ∈ Q and pdp ∈ R3 be the rotation and position
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of the chaser docking port relative to FB. The terminal position and attitude are then given

by:

qf = q` ⊗ q∗dp, (7.8a)

pf = −qf ⊗ pdp ⊗ q∗f . (7.8b)

For a rendezvous trajectory that lasts tf seconds, the boundary conditions we impose

are:

x(0) = x0, x(tf ) + ∆xf = xf , (7.9)

where ∆xf =
[
∆pf ; ∆vf ; ∆qf ; ∆ωf

]
∈ R13 relaxes of the terminal boundary condition. This

is necessary because the MIB constraint from Figure 7.4 makes it impossible to fine-tune

the trajectory to arbitrary precision. In general, some terminal error has to occur. As long

as this error is small, it will be safely absorbed by the mechanical design of the docking

port. The required tolerances can be found in the spacecraft’s manual. For example, for the

Apollo CSM the complete list is given in [198, Section 3.8.2.3]. Because it is good practice

to leave a margin of error for feedback controllers, we will constrain ∆xf to a much smaller

value than what the docking mechanism can tolerate. The following constraints restrict the

size of ∆xf to user-specified tolerances:

‖∆pf‖∞ ≤ εpf , x̂T

L∆pf = 0, (7.10a)

‖∆vf‖∞ ≤ εvf , (7.10b)

q(tf )
Tqf ≥ cos(εqf/2), (7.10c)

‖∆ωf‖∞ ≤ εωf . (7.10d)

The terminal position along x̂L is made exact since contact along x̂L is required for

docking. Furthermore, it is always possible to satisfy by adjusting tf . The terminal attitude

is constrained by (7.10c) in terms of an error quaternion, and says that the angular deviation
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from qf about any axis must be no larger than angle εqf .

7.2.6 Basic Rendezvous Problem

Our goal is to compute a fuel-optimal rendezvous trajectory, which means that it is desir-

able to keep the pulse durations ∆tik as short and as sparse as possible. An appropriate

optimization cost function is simply the sum of pulse durations for all thrusters and control

intervals:

Jfuel = ∆t−1
max

nrcs∑

i=1

Nc∑

k=1

∆tik, (7.11)

where the normalization by ∆tmax is useful when (7.11) is mixed with other costs for the

solution process in Section 7.4. Note that (7.11) is effectively a one-norm penalty on the

pulse durations. This encourages the optimal pulse history to be sparse, which goes part of

the way towards discouraging MIB constraint violation [34, 184].

We can now summarize the above sections by writing the full rendezvous optimization

problem that has to be solved. We call this the basic rendezvous problem (BRP). Starting

now and throughout the rest of the article, the time argument will be omitted whenever it

does not introduce ambiguity.

min
x,∆t,tf

Jfuel (7.12a)

s.t. ṗ = v, (7.12b)

v̇ =
1

m

nrcs∑

i=1

q ⊗ fi ⊗ q∗ + aLVLH

(
p, v
)
, (7.12c)

q̇ =
1

2
q ⊗ ω, (7.12d)

ω̇ = J−1[
nrcs∑

i=1

ri × fi − ω ×
(
Jω
)
], (7.12e)

∆tik ∈ {0} ∪ [∆tmin, ∆tmax], (7.12f)

‖p(k′tc)‖2 ≤ rplume ⇒ ∆tik = 0 for all i ∈ Ifr, (7.12g)
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‖p‖2 ≤ rappch ⇒ x̂T

Lp ≥ ‖p‖2 cos(θappch), (7.12h)

x(0) = x0, x(tf ) + ∆xf = xf , (7.12i)

‖∆pf‖∞ ≤ εpf , x̂
T

L∆pf = 0, ‖∆vf‖∞ ≤ εvf , (7.12j)

q(tf )
Tqf ≥ cos(εqf/2), ‖∆ωf‖∞ ≤ εωf . (7.12k)

The BRP is a continuous-time, free-final time, nonconvex optimal control problem. It is

not efficiently solvable on a computer for three main reasons [49]:

1. Continuous-time problems have an infinite number of DOFs in the optimized control

signal. However, numerical optimization algorithms are restricted to a finite number

of DOFs;

2. The problem has nonlinear dynamics, which means that a nonconvex numerical solver

must be used. However, nonconvex solvers require expert initial guesses and generally

do not converge quickly and reliably enough for safety-critical applications [32, 34];

3. The constraints (7.12f)-(7.12h) contain discrete if-else logic. This is traditionally

handled by mixed-integer programming (MIP), which has poor computational com-

plexity and does not scale well to large problems [157].

We will begin by resolving the third issue through a continuous embedding approach in

the next section. The first two issues will then be tackled in Section 7.4.

7.3 Continuous Embedding of Discrete Logic

We now consider the problem of computationally efficient modeling the discrete logic con-

straints (7.12f)-(7.12h). This model along with the associated numerical continuation so-

lution method in Section 7.4 are the main contributions of this chapter. We begin in Sec-

tion 7.3.1 with a motivation for why a new approach to handling discrete logic is necessary.
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Our continuous embedding algorithm is then described in general terms in Section 7.3.2. Fi-

nally, Sections 7.3.3, 7.3.4, and 7.3.5 specialize the approach to the discrete logic constraints

(7.12f)-(7.12h).

7.3.1 Motivation

The traditional way of handling discrete logic in an optimization problem is through the

use of binary variables [117, 158]. As a concrete example, consider the plume impingement

constraint (7.12g). Let zplume(t) : [0, tf ]→ {0, 1} denote a binary variable trajectory that is

also to be optimized. Let Mplume be a large positive value that bounds all possible values

of ‖p(t)‖2 that can occur during a rendezvous trajectory. For example, Mplume = 10‖p0‖2

is a reasonable choice. The plume impingement constraint (7.12g) can then be equivalently

written as:

zplume(k
′tc)rplume ≤ ‖p(k′tc)‖2 ≤ rplume + zplume(k

′tc)Mplume, (7.13a)

0 ≤ ∆tik ≤ zplume(k
′tc)∆tmax for all i ∈ Ifr. (7.13b)

Looking at (7.13), zplume can be interpreted as follows: the chaser is outside the plume

impingement sphere if and only if zplume = 1. When the chaser is inside this sphere, the only

feasible choice is zplume = 0, and (7.13b) shuts off the forward-facing thrusters.

A similar formulation can be used to model the MIB and approach cone constraints

(7.12f) and (7.12h), resulting in a MIP formulation. Unfortunately, this approach has an

issue when it comes to actually solving Problem 7.12: mixed-integer optimization algorithms

are generally too slow for real-time applications, are computationally expensive, and do

not scale well to large problem sizes [57, 157]. When compounded by the fact that this

formulation introduces new nonconvex constraints (e.g., the position norm lower bound in

(7.13a)), it becomes clear that the MIP approach is not a workable real-time solution method

for Problem 7.12.

Several methods have been proposed in recent years to replace MIP with a real-time
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capable approach. As we covered in Chapter 6, recent theoretical results (which include this

thesis) have demonstrated that a lossless relaxation can solve certain classes of problems

with discrete logic constraints on the control variable [52, 142]. This approach is lucrative

because it requires solving only a single convex problem. Some versions of the method

can handle restricted forms of nonlinear dynamics and convex constraints [49, 61, 116].

However, the method does not apply to the full generality of Problem 7.12, which involves

more complicated nonlinear dynamics as well as discrete logic constraints on the state.

A separate family of solution methods has been proposed to handle discrete logic con-

straints using sequential convex programming (SCP) [49]. The methods define so-called

state triggered constraints (STCs) that can embed general discrete logic into a continuous

optimization framework [50, 201, 202]. Two equivalent forms of STCs have been proposed,

based on a slack variable [67] and based on a multiplicative coefficient that is motivated by

the linear complementarity problem [70]. STCs have also been extended to handle quite

general logical combinations of and and or gates [120, 203]. In fact, the author has applied

STCs to solve a version of Problem 7.12, with the results available in [54]. In the latter work

it was observed that STCs run into an issue called locking for the MIB constraint (7.12f) [54,

Definition 1]. As described in Section 7.4, SCP works by iteratively refining an approximate

solution of Problem 7.12. In brief terms, locking means that once the algorithm chooses

∆tik = 0 at a particular iteration, it is unable to change the value to ∆tik ∈ [∆tmin, ∆tmax]

at later iterations. The effect is that the algorithm is susceptible to getting into a “corner”

where it is unable to use thrusters if they become needed at later refinements of the ren-

dezvous trajectory. The consequence is failure to generate a feasible trajectory. There is

currently no known remedy for constraints that exhibit locking in the STC formulations of

[67, 70].

For reasons that are well documented in past literature, we view SCP as one of the best

frameworks for the real-time solution of nonconvex trajectory generation problems [49, 50,

70]. Thus, our primary motivation is to devise a new general method that is free from locking

and that can embed discrete logic into an SCP-based continuous optimization framework.
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Figure 7.6: Pictorial representation of the if-else discrete logic constraint (7.14). In the
predicate space, the functions gi individually form sublevel sets where they take nonpositive
values. In the implication space, the constraint functions fL and fR also form their own
sublevel sets. Note that these sets can generally be disjoint. The net if constraint is
obtained by intersecting the sublevel set of fL with the and combination. The net else

constraint is obtained by intersecting the sublevel set of fR with the set complement of the
and combination.

7.3.2 Continuous Embedding Algorithm

We now develop a homotopy-based method to systematically handle if-else discrete logic

constraints of the following form:

“If” L(z) ,
ng∧

i=1

(gi(z) ≤ 0) ⇒ fL(z) ≤ 0, (7.14a)

“Else” R(z) ,
ng∨

i=1

(gi(z) > 0) ⇒ fR(z) ≤ 0, (7.14b)

where z ∈ Rnz is a generic placeholder for one or several optimization variables. The functions

gi : Rnz → R are called predicates, and the functions fL : Rnz → Rnf and fR : Rnz → Rnf are

implication constraints to be enforced when the corresponding expression’s left-hand side is

true. For (7.14a) this is a combination of and gates, whereas for (7.14b) it is a combination

of or gates with the predicate inequalities reversed. We may thus see (7.14) in the following

light: enforce fL ≤ 0 when all the predicates are nonpositive, or enforce fR ≤ 0 when any

predicate is positive.

One can show using De Morgan’s theorem that R(z) = ¬L(z). As a result, the impli-

cations in (7.14) indeed form an if-else pair in the sense that exactly one of fL and fR is
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enforced at any given instant. The situation is illustrated in Figure 7.6. By using 1 to de-

note trueand 0 to denote false, we have the complementarity relationship R(z) = 1−L(z).

Using this property, (7.14) can be stated in the following equivalent ways:

L(z)fL(z) +
[
1− L(z)

]
fR(z) ≤ 0, (7.15a)

[
1−R(z)

]
fL(z) +R(z)fR(z) ≤ 0. (7.15b)

Because (7.15) involves discrete elements (i.e., the and and or gates), it cannot be readily

included in a continuous optimization problem. As mentioned in the previous section, STCs

are one possible way to circumvent the issue, however they exhibit locking in the particular

case of the MIB constraint (7.12f). An alternative approach is to replace either L or R by a

smooth approximation, and to apply a numerical continuation scheme to iteratively improve

the approximation until some arbitrary precision [32]. We take this latter approach, and

begin with a brief description of two existing methods.

Existing Homotopy Methods

Homotopy is the core idea behind the recent relaxed autonomous switched hybrid system

(RASHS) and composite smooth control (CSC) algorithms [192, 193, 194]. Both algorithms

model the constraint (7.15a) whereby the and combination is approximated by a sigmoid.

In brief terms, let σκ(w) : R → R represent a sigmoid function which approaches one for

negative arguments and zero for positive arguments. The transition point occurs at w = 0

and the homotopy parameter κ > 0 (also known as a sharpness parameter) regulates how

quickly the transition happens. As κ increases, σκ approaches a “step down” function. This

allows RASHS and CSC to model L as follows:

L(z) ≈ L̃κ(z) ,
ng∏

i=1

σκ
(
gi(z)

)
. (7.16)

By replacing L with L̃κ in (7.15a), the RASHS and CSC methods can model discrete
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Figure 7.7: Illustration of the four stages comprising our smooth approximation of the or

combination R in (7.14b). The top row of plots shows a particular example of the smoothing
pipeline for homotopy parameter κ = 4 and a simple set of two predicates. The second row
of plots shows how the approximation becomes arbitrarily precise as κ increases.

logic in a smooth way that is conducive for continuous optimization. By using numerical

continuation to progressively increase κ, the methods can enforce the discrete logic constraint

(7.15a) with arbitrary accuracy.

Our Homotopy Method

Our method for imposing (7.14) is centered around a smooth approximation of the alternative

constraint (7.15b) using a multinomial logit function [204]. We thus view our approach as a

“dual” formulation to RASHS and CSC: instead of modeling the and combination of (7.14a),

we model its complement (7.14b). A noteworthy benefit of this approach is the ability to

model or combinations, whereas RASHS and CSC both appear to be compatible only with

and logic. Our method is therefore an extension of the ideas in RASHS and CSC. Although

we do not develop the full theory here, our method together with (7.16) can model arbitrary
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combinations of and and or logic. This extends smooth modeling of discrete logic to its full

generality.

We break down the smooth approximation of R into four computational “stages”. The

reader may follow along with the help of the illustration in Figure 7.7. Begin with the raw

data, which are the individual predicate values gi(z). For convenience, let g(z) : Rnz → Rng

be the concatenated vector of predicates. The first stage is to normalize g(z) by the expected

maximum value of the predicates:

gmax , max
z
‖g(z)‖∞, (7.17)

where z is understood to be taken from the set of all reasonable values for Problem 7.12. We

can then define a normalized predicate vector:

ĝ(z) , g−1
maxg(z). (7.18)

Normalization ensures that ĝ(z) takes values in a [−1, 1]ng hypercube. This helps to

standardize the parameter choices for the numerical continuation solution method, which we

will describe in Section 7.4. The second stage is to pick out the maximum predicate value.

Because we want a smooth approximation, we find an approximate maximum using the log-

sum-exp function, also known as a softmax. For a given homotopy parameter κ > 0, the

softmax function LSEκ : Rng → R is defined by:

LSEκ
(
ĝ(z)

)
, κ−1 log

( ng∑

i=1

eκĝi(z)
)

. (7.19)

Let us denote the resulting value by ĝ∗ ≡ LSEκ
(
ĝ(z)

)
. As κ grows, this value approaches

the true maxi ĝi(z). In the third stage, the value is passed to a sigmoid function which maps

it to the [0, 1] interval. This function approaches zero for negative arguments and one for
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positive arguments. We define it as follows:

σκ(ĝ∗) , 1− [1 + eκĝ
∗
]
−1

. (7.20)

Note that by subtituting (7.19) into (7.20), we obtain the familiar multinomial logit

function [204]:

σκ(ĝ∗) = 1−
[
1 +

ng∑

i=1

eκĝi
]−1

. (7.21)

For this reason, we call our approach multinomial logit smoothing. When κ is large and

the time comes to computing the derivatives of (7.21) for the solution process in Section 7.4,

we have noted that there are important numerical stability advantages to breaking the logistic

function into separate steps (7.19) into (7.20). This is why we keep the second and third

stages separate.

The fourth and last stage of approximating R is to vertically shift the sigmoid function so

that it matches its exact value at some specified predicate value gc ∈ Rng , where we require

at least one element to be positive (such that R(z) > 0). We typically choose gc = g(z∗)

where z∗ = argmaxz ‖g(z)‖∞ from (7.17). Shifting carries the benefit of not over-restricting

the solution variables early in the solution process, when κ is small and σκ ≈ ng/(ng + 1).

The latter effect is visible in the bottom row, third column of Figure 7.7. Ultimately, the

smooth approximation of R is defined as follows, and is the direct counterpart of the RASHS

and CSC model (7.16):

R(z) ≈ R̃κ(z) , σκ(ĝ∗) +
(
1− σκ(gc)

)
. (7.22)

The discrete logic constraint (7.14) can then be written as the following smooth approx-

imation, which is obtained by substituting R in (7.15b) with R̃κ from (7.22):

[
1− R̃κ(z)

]
fL(z) + R̃κ(z)fR(z) ≤ 0. (7.23)
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Figure 7.8: Comparison of smoothed discrete or logic (7.14b) obtained using three smoothing
methods. The primary difference between our method and RASHS/CSC is the shift by
1 − σκ(gc) in (7.22). Figure (c) shows in faint dashed lines the multinomial logit function
(7.21) without shifting, which is very similar to RASHS in (a).

In the following sections, we will show how to use (7.23) to model the discrete logic

constraints (7.12f)-(7.12h). For the sake of comparison, the RASHS and CSC smooth ap-

proximations (7.16) are given by [192, 193]:

L̃RASHS
κ (z) =

ng∏

i=1

(
1 + eκĝi(z)

)−1
, (7.24a)

L̃CSC
κ (z) =

ng∏

i=1

1

2
(1− tanh

(
κĝi(z)

)
). (7.24b)

Figure 7.8 compares the smooth logic (7.24) with our approach (7.22). Without the

shifting operation in (7.22), all three methods are remarkably similar. Multinomial logit

smoothing without shifting is most similar to RASHS: the two are identical for ng = 1, and

slightly different for ng > 1. Thus, shifting is the critical difference in our method. As we

shall see below, it is most critical for constraints like the MIB (7.12f), where it is important

that R̃κ(z) ≈ 1 for small κ (this effectively removes the MIB constraint from the early

solution algorithm iterations in Section 7.4).
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7.3.3 Modeling the Approach Cone

We begin by modeling the approach cone constraint (7.12h) in the framework of (7.14) and

its smooth approximation (7.23). Comparing (7.12h) with (7.14a), we have ng = 1, z = p,

and the predicate:

g1(p) = pTp− r2
appch, (7.25)

where we use the two-norm squared to conveniently make the predicate everywhere smooth.

This predicate is then used in (7.22) to form R̃appch
κ , the smooth or approximation for the

approach cone predicate. The if implication can be written as:

fL(p) = cos(θappch)− x̂T

Lp‖p‖−1
2 . (7.26)

When the chaser is outside of the approach sphere, we wish to allow the chaser’s trajectory

to assume any approach angle. By the Cauchy-Schwarz inequality, this can be expressed as

the inequality x̂T
Lp ≥ −‖p‖2. As a result, the else implicationx can be written as:

fR(p) = −1− x̂T

Lp‖p‖−1
2 . (7.27)

We can now use (7.26) and (7.27) directly in (7.23), which yields a smooth approximation

of the approach cone constraint:

cos(θappch)−
(
1 + cos(θappch)

)
R̃appch
κ (p)− x̂T

Lp‖p‖−1
2 ≤ 0. (7.28)

7.3.4 Modeling Plume Impingement

The plume impingement constraint (7.12g) is modeled in a very similar way. Recall that

the rendezvous trajectory has Nc control opportunities and the chaser has Ifr forward-facing

thrusters. Let us focus on the k-th control opportunity for thruster i ∈ Ifr. Comparing

(7.12g) with (7.14a), we have ng = 1 and z =
[
p(k′tc); ∆tik

]
. The predicate takes after
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(7.25):

g1

(
p(k′tc)

)
= p(k′tc)

Tp(k′tc)− r2
plume, (7.29)

This predicate is then used in (7.22) to form R̃plume
κ , the smooth or approximation for

the plume impingement predicate. The if implication for plume impingement is an equality

constraint, whereas our standard formulation (7.14) requires an inequality. To reconcile

the two situations, one possible approach is to leverage (7.12f) and to realize that ∆tik ∈
[0, ∆tmax]. Thus, we can impose the constraint:

0 ≤ ∆tik ≤ ∆tmax, (7.30)

and we can write the following if implication:

fL(∆tik) = ∆tik. (7.31)

Equation (7.31) together with (7.30) enforce 0 ≤ ∆tik ≤ 0 when the predicate (7.29) is

true, which is equivalent to (7.12g). When the chaser is outside of the plume impingement

sphere, the forward-facing thrusters are free to fire. We can express this as the following

else implication:

fR(∆tik) = ∆tik −∆tmax. (7.32)

Equations (7.31) and (7.32) can now be substituted into (7.23), yielding a smooth ap-

proximation of the plume impingement constraint:

∆tik ≤ R̃plume
κ

(
p(k′tc)

)
∆tmax. (7.33)

7.3.5 Modeling the Minimum Impulse Bit

The MIB constraint (7.12f) is the most intricate one to model effectively, and has been

the core motivation behind developing a new way to handle discrete logic constraints. Our
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Figure 7.9: Smooth approximation example for the MIB constraint (7.12f). The deadband
discontinuity illustrated in (a) can be modeled as a discrete logic constraint using (7.14).
Thus, we can approximate it using multinomial logit smoothing (7.23). The result for various
values of the homotopy parameter κ is shown in (b). Figure (c) illustrates our gradient-based
approach in Section 7.3.5 for preventing the optimization from exploiting the approximated
jump discontinuity “wall”.

past work used STCs, which exhibited locking and prevented the algorithm from converging

effectively in some cases [54]. Among the several possible ways of fitting the MIB constraint

into the discrete logic framework of (7.14), we present one way that yields good convergence

performance across a wide variety of instances of Problem 7.12.

Let us focus the discussion on pulse ∆tik, in other words the i-th thruster at the k-th

control opportunity. We view the thruster as an actuator with a deadband, as illustrated

in Figure 7.9a. The “input” or “reference” pulse duration is given by a continuous variable

∆t′ik ∈ [0, ∆tmax]. When this value falls below ∆tmin, the “obtained” or “output” pulse

duration which the thruster actually executes is zero. Thus, while ∆t′ik is a continuous

variable that can take any value in [0, ∆tmax], the obtained pulse duration ∆tik exhibits a

jump discontinuity at ∆tmin. Modeling this jump discontinuity is precisely the focus of our

smooth approximation strategy.

Comparing Figure 7.9a with the standard model (7.14), we can write the following
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if-else logic:

∆t′ik ≤ ∆tmin ⇒ ∆tik = 0, (7.34a)

∆t′ik > ∆tmin ⇒ ∆tik = ∆t′ik. (7.34b)

We can thus define ng = 1, z =
[
∆tik; ∆t′ik

]
, and use the predicate:

g1(∆t′ik) = ∆t′ik −∆tmin. (7.35)

This predicate is used in (7.22) to form R̃mib
κ , the smooth or approximation for the MIB

predicate. As for the implications on the right-hand side of (7.34), we can use pairs of

inequalities to represent equality constraints as required by (7.14). This yields the following

if and else implications:

fL(∆tik) =


 ∆tik

−∆tik


 , fR(∆tik, ∆t′ik) =


∆tik −∆t′ik

∆t′ik −∆tik


 . (7.36)

Just like for the approach cone and plume impingement constraints, (7.36) can now

be substituted into (7.23) to obtain a smooth approximation of the deadband behavior in

Figure 7.9a. Simplifying the result, we obtain the following constraint:

∆tik = R̃mib
κ (∆t′ik)∆t

′
ik. (7.37)

The smooth approximation is shown in Figure 7.9b for a number of homotopy parameter

κ values. We call this approximation the smooth deadband curve (SDC). As κ increases, the

approximation converges to the exact deadband curve with one significant exception: the

“forbidden” region (i.e., the jump discontinuity) from Figure 7.9a becomes part of the SDC

as a quasi-vertical “wall” for large κ in Figure 7.9b. This raises the followig question: can

a rendezvous trajectory exploit this wall and therefore “get around” the MIB constraint?
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Alas, the answer is yes, and our numerical tests show that this happens quite regularly.

Generally, this adversarial exploitation of the model feeds into a long-standing pain point of

optimization. As Betts writes in [205, p. 701], “If there is a flaw in the problem formulation,

the optimization algorithm will find it.” To fix this side effect and forbid ∆tik from exploiting

the wall, we introduce a new constraint to the optimization problem.

The Wall Avoidance Constraint

We now develop an extra constraint to ensure that no ∆tik can exploit the wall part of the

SDC (7.37). We ask ourselves the following question: what makes the wall different from

the other parts of the SDC? One property stands out above all others: for large κ values the

wall has a very large gradient, as opposed to other parts of the curve where the gradient is

approximately zero or one. There is another favorable property of (7.37): in the limit as κ

increases, the smooth approximation converges to a function whose gradient monotonically

increases for ∆tik ∈ [0, ∆tmin), and monotonically decreases for ∆tik ∈ (∆tmin, ∆tmax]. In

other words, (7.37) has an inflection point at ∆tmin for large κ, where its gradient takes its

maximum value. We call this the “pivot” since the SDC appears to revolve around this point

as κ increases. This is visible in Figures 7.9b and 7.9c for the brighter colored curves that

correspond to larger κ values.

We develop the following intuition from the above discussion: if we constrain ∆tik such

that the SDC’s gradient is sufficiently less than its value at the pivot, then ∆tik cannot

exploit the wall. To put this into practice, define ∆tdb to be a “buffer” around ∆tmin. We

want the gradient at ∆tik to be less than its value at the buffered pulse duration ∆tmin+∆tdb.

The SDC gradient at ∆tmin + ∆tdb is computed as follows using (7.37):

Gdb,κ ,
dR̃mib

κ (∆tmin + ∆tdb)

d∆t′ik
(∆tmin + ∆tdb) + R̃mib

κ (∆tmin + ∆tdb). (7.38)

This allows us to impose the following wall avoidance constraint, which prevents ∆tik



182

from taking values along the wall of the SDC:

dR̃mib
κ (∆t′ik)

d∆t′ik
(∆t′ik) + R̃κ(∆t′ik) ≤ Gdb,κ . (7.39)

Figure 7.9c illustrates an example region of ∆t′ik and ∆tik values that is effectively re-

moved by (7.39). In the figure, ∆tmin = 0.2 s and ∆tdb = 0.06 s. The gradients of all

points inside the red region are larger than Gdb,κ , hence the corresponding choices of ∆tik

are infeasible. Because the aforementioned monotonicity property guarantees that this re-

gion contains the wall, the net effect is that the SDC wall can no longer be utilized by the

optimization.

Improving Convergence

The smoothed MIB constraint (7.37) introduced a new input variable ∆t′ik to represent

a reference pulse duration. This variable was necessary to model the deadband curve in

Figure 7.9a. If we compare the deadband curve to the original MIB constraint (7.12f), we

realize that the only “useful” parts of the curve in Figure 7.9a that we actually need are the

origin (i.e., [∆tik; ∆t′ik] = 0) and the continuous trace ∆tik = ∆t′ik where ∆tik > ∆tmin. In

both cases, we have the simple relationship ∆tik = ∆t′ik. Our numerical experience shows

that encouraging this equality significantly improves the convergence process of the algorithm

in Section 7.4. We do this by adding the following regularization term to the original cost

(7.12a):

Jeq = weq∆t−1
min

nrcs∑

i=1

Nc∑

k=1

‖∆tik −∆t′ik‖1, (7.40)

where weq > 0 is some small weight for the cost. We view (7.40) as penalizing the choice

∆tik 6= ∆t′ik. The use of the one-norm encourages sparsity in the number of ∆tik that violate

the equality. This choice traces back to theory from lasso regression, sparse signal recovery,

and basis pursuit to find sparse solutions [34].
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7.3.6 Smoothed Rendezvous Problem

We are now in a position to restate Problem 7.12 as a continuous optimization problem

by using the smoothed discrete logic constraints from the previous sections. The process is

straightforward: simply replace each discrete logic constraint with its smooth approximation.

We call the result the smooth rendezvous problem (SRP), stated below.

min
x,∆t,∆t′,tf

Jfuel + Jeq (7.41a)

s.t. Dynamics (7.12b)-(7.12e), (7.41b)

0 ≤ ∆tik ≤ ∆tmax, 0 ≤ ∆t′ik ≤ ∆tmax, (7.41c)

∆tik = R̃mib
κ (∆t′ik)∆t

′
ik, (7.41d)

dR̃mib
κ (∆t′ik)

d∆t′ik
(∆t′ik) + R̃κ(∆t′ik) ≤ Gdb,κ , (7.41e)

∆tik ≤ R̃plume
κ

(
p(k′tc)

)
∆tmax for all i ∈ Ifr, (7.41f)

cos(θappch)−
(
1 + cos(θappch)

)
R̃appch
κ (p)− x̂T

Lp‖p‖−1
2 ≤ 0, (7.41g)

Boundary conditions (7.12i)-(7.12k). (7.41h)

The key difference between Problem 7.12 and the new Problem 7.41 is that the latter no

longer contains integer variables to solve. Instead, there is a single homotopy parameter κ

that regulates how accurately the smoothed constraints (7.41d), (7.41f), and (7.41g) approx-

imate the original discrete logic. Thus, we have eliminated the third difficulty mentioned

in Section 7.2.6 (i.e., the mixed-integer programming aspect). However, we are now faced

with solving a nonconvex optimization problem, and there remains the question of how to

set the value of κ. In the next section we answer both questions using sequential convex

programming and numerical continuation.
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7.4 Sequential Convex Programming with Numerical Continuation

We now present a numerical optimization algorithm that solves Problem 7.41. This algo-

rithm combines two key technologies: sequential convex programming (SCP) and numerical

continuation. SCP is an iterative scheme traditionally designed to solve Problem 7.41 for

a given value of κ. The raison d’être for numerical continuation is to greatly expand the

region of convergence of iterative schemes [206]. Due to the vanishing gradient problem and

the very large gradients at the “step” transition points of discrete logic (see, for example,

Figures 7.7, 7.8, and 7.9), SCP is unlikely to converge if a large κ value is used right away

together with an initial guess that is not already almost optimal [49]. As a result, numerical

continuation is used to aid SCP convergence. This is done by providing an algorithm to up-

date κ starting from a small value where the smooth approximation is coarse, and increasing

it until a large value where the approximation is quasi-exact.

Our core contribution is to merge these two methods. In other words, the algorithm that

we present is not SCP with a numerical continuation “outer loop”. Rather, the methods

run simultaneously. The numerical results in Section 7.5 show that this can dramatically

decrease the total number of required iterations without sacrificing optimality.

7.4.1 The Penalized Trust Region Algorithm

We begin by describing the penalized trust region (PTR) algorithm. This is a particular SCP

method that has been widely used for fast and even real-time solution of nonconvex problems

like Problem 7.41, where the value of κ is fixed [70, 201, 202]. This section provides a brief

overview of PTR and identifies locations where the method is changed in order to embed

numerical continuation. These changes are then described in the sections that follow. For

the standard portions of the PTR algorithm, we will refer the reader to existing literature

which already provides detailed explanations.

The goal of SCP in general, and PTR in particular, is to solve continuous-time optimal
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control problems of the following form:

min
x,u,p,tf

J(x,u, p) (7.42a)

s.t. ẋ(t) = f
(
t,x(t),u(t), p

)
, (7.42b)

(
x(t), p

)
∈ X (t),

(
u(t), p

)
∈ U(t), (7.42c)

s
(
t,x(t),u(t), p

)
≤ 0, (7.42d)

gic

(
x(0), p

)
= 0, gtc

(
x(tf ), p

)
= 0, (7.42e)

where x(·) ∈ Rnx is the state trajectory, u(·) ∈ Rnu is the control trajectory, and p ∈ Rnp is

a vector of parameters. The function f : R×Rnx ×Rnu ×Rnp → Rnx encodes the nonlinear

equations of motion, which are assumed to be at least once continuously differentiable.

Initial and terminal boundary conditions are enforced by using the continuously differentiable

functions gic : Rnx×Rnp → Rnic and gtc : Rnx×Rnp → Rntc . The convex and nonconvex path

(i.e., state and control) constraints are imposed using the convex sets X (t), U(t), and the
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continuously differentiable function s : R×Rnx ×Rnu ×Rnp → Rns . Finally, a continuously

differentiable cost function J : Rnx ×Rnu ×Rnp → R encodes some trajectory property that

is to be minimized. Without giving the explicit details here, we note that Problem 7.41 can

be fit into the mold of Problem 7.42 for any fixed value of κ. The interested reader may

consult our open-source implementation for details (see Figure 7.15), and may refer to [49]

for a broad tutorial on the modeling process.

At the core of PTR is the idea of solving Problem 7.42 through iterative convex approxi-

mation. The algorithm can be represented in the block diagram form of Figure 7.10. Strictly

speaking, PTR is a nonlinear local optimization algorithm known as a trust region method

[32, 170, 207].

Let us begin by assuming that the homotopy parameter κ is fixed to a specific value.

PTR solves Problem 7.41 using a sequence of convex approximations called subproblems.

Roughly speaking, the convex approximation is improved each time that a new solution is

obtained. Going around the loop of Figure 7.10, all algorithms start with a user-supplied

initial guess, which can be very coarse (more on this later). At 1 , the SCP algorithm

has available a so-called reference trajectory, which may be infeasible with respect to the

problem dynamics and constraints. The nonconvexities of the problem are removed by a local

linearization around the reference trajectory, while convex elements are kept unchanged. To

ensure that linearization does not cause the subproblems to become infeasible, extra terms

are added which are known as virtual controls (for the dynamics (7.42b)) and virtual buffers

(for the constraints (7.42d) and (7.42e)). The resulting convex continuous-time subproblem

is temporally discretized to yield a finite-dimensional convex optimization problem. The

optimal solution to the discretized subproblem is computed at 2 , where the SCP algorithm

makes a call to any appropriate convex optimization solver. The solution is tested at 3

against stopping criteria. If the test passes, the algorithm has converged and the most recent

solution from 2 is returned. Otherwise, the solution becomes the new reference trajectory

for the next iteration of the algorithm.

The traditional PTR method as described above is covered in great depth in existing
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Algorithm
start

Initial
trajectory

guess

Full PTR
solve

-∗(!−1) , ^!

! = #ℎ! = #ℎ

-∗(!)

false

true

Algorithm
stop (converged)

Homotopy
update

(a) The non-embedded approach. Each homo-
topy update is followed by a full PTR solve.

Algorithm
start

Initial
trajectory

guess

Single PTR
iteration

-(ℓ−1) , ^ℓ

! = #ℎ! = #ℎ
∧ Test∧ Test

-(ℓ)

false

true

Algorithm
stop (converged)

Homotopy
update

(b) Our proposed embedded approach. Homo-
topy updates are interspersed with individual
PTR iterations.

Figure 7.11: Block diagram illustration of the proposed numerical continuation scheme.
Figure (a) demonstrates the non-embedded “standard” approach. Our proposed method,
which embeds the homotopy update into PTR itself by placing it “in between” individual
PTR iterations, is shown in (b). The “Test” in (b) corresponds to the stopping criterion
from Figure 7.10.

literature. We refer the reader to a recent expansive tutorial [49], and to papers which

describe PTR in the context of rocket landing, rendezvous and docking, and quadrotor flight

[54, 67, 70, 201, 202]. In this chapter we will focus our attention on the novel “homotopy

update” block in Figure 7.10. This block implements a numerical continuation method in

order to update κ until the smooth approximations of discrete logic from Section 7.3 become

quasi-exact.

7.4.2 Non-embedded Numerical Continuation

In order to arrive at the embedded numerical continuation approach, we begin by motivating

a non-embedded scheme which we will then generalize to the embedded algorithm. As shown

in Figure 7.11a, the basic idea is to update the homotopy parameter κ after each time that

Problem 7.41 is solved for the current value of κ. Furthermore, each new call to PTR is

“warm started” by providing the most recent solution as the initial guess in Figure 7.10.

In formal terms, let L denote the iteration number of the non-embedded algorithm.
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Effectively, L corresponds to the number of full PTR solves of Problem 7.41 that have

occured up until the end of that iteration. If we place ourselves at iteration L, then let κL

denote the homotopy parameter chosen by the “homotopy update” block, and let X∗(L) be

the corresponding solution of Problem 7.41 computed by PTR. Importantly, PTR is warm

started with the initial guess X∗(L−1). When L > 1, this corresponds to the PTR solution from

the previous iteration (i.e., the solution of Problem 7.41 for the previous value of κ). For the

first iteration L = 1, X∗(0) corresponds to the user-chosen initial trajectory guess. The job of

the homotopy update is the following: compute κL given X∗(L−1) and κL−1. While we describe

the details below, the basic idea is as follows: κL grows with L and, eventually, the smooth

approximations from Section 7.3 become quasi-exact representations of the original discrete

logic (e.g., see the example in Figure 7.7). Once κL reaches some large user-defined value

that yields an accurate enough approximation of the discrete logic, the algorithm terminates.

The remaining task for the non-embedded numerical continuation approach is to define

the internals of the homotopy update block in Figure 7.11a. Our method stems from viewing

the sigmoid function (7.20) as a smooth model for a step function. As we increase the homo-

topy parameter κ, we want to explicitly control how “sharply” the sigmoid approximates the

step function’s discontinuity. This leads us to the following update rule, which is illustrated

in Figure 7.12. As shown in Figure 7.12a, we define two parameters: a precision ε ∈ (0, 1)

and a smootheness δ > 0. The sigmoid function σκ in (7.20) is then required to satisfiy the

following interpolation condition: it must equal 1− ε when its argument equals δ. An exact

step function corresponds to ε = 0 and δ = 0, so we view ε and δ as defining how much the

sigmoid deviates from the exact step function.

For the homotopy update rule, we hold ε constant and define two bounds on δ: a

“smoothest” value δ0 and a “sharpest” value δ1 < δ0. We then sweep δ as follows:

δα = ραδ0, ρ = δ1/δ0, (7.43)

where α ∈ [0, 1] is an interpolation parameter. The homotopy value that satisfies the inter-
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(a) Each sigmoid is formed by fixing the values
of ε and δ, which determine the homotopy pa-
rameter κ.

I

f^

!

^!

−1−1 00 X1X1 X0X0 11
00

0.50.5

1 − Y1 − Y

11

11 44 77 #ℎ#ℎ

3.143.14

9.429.42

15.6915.69

21.9721.97

(b) The smoothness parameter δ is decreased
from δ0 to δ1. The sigmoid is sharpened as a
result.

Figure 7.12: Our approach to updating the homotopy parameter κ is to define a precision ε
and a smoothness δ where the sigmoid attains the value 1 − ε. The smoothness parameter
is then decreased from an initial value δ0 to a final value of δ1. In the process, the sigmoid
becomes a close approximation of the step function.

polation condition is given by:

κα =
ln
(
ε−1 − 1

)

ραδ0

. (7.44)

Equation (7.44) defines a continuous range of homotopy values from the smoothest (α =

0) to the sharpest (α = 1) case. In practice, we set a fixed number of updates Nh and

let α = (L − 1)/(Nh − 1) for L = 1, 2, . . . ,Nh. Thus, Nh defines the number of iterations

in the non-embedded numerical continuation algorithm of Figure 7.11a. Using (7.44), the

homotopy value κL at iteration L is given by:

κL =
ln
(
ε−1 − 1

)

ρ(L−1)/(Nh−1)δ0

. (7.45)

7.4.3 Embedded Numerical Continuation

We are now ready to describe the embedded numerical continuation algorithm shown in Fig-

ure 7.11b. One key difference distinguishes this algorithm from the non-embedded approach:
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PTR does not have to run to completion before the homotopy parameter κ is increased. As

shown in Figure 7.11b, the full PTR solve of the non-embedded method is replaced with a

single PTR iteration (which corresponds to the top half of the PTR block diagram in Fig-

ure 7.10). We use ` to denote the PTR iteration counter. At each iteration `, a homotopy

update rule is called that potentially changes the value of κ. This new value and the most

recent PTR iterate (i.e., subproblem solution) are used for the next PTR iteration. The

process shown in Figure 7.11b works exactly like in Figure 7.10, with the blocks rearranged.

Now that we understand how the algorithm is structured, we need to describe the ho-

motopy update. This is composed of two parts: deciding whether to update κ, and then

updating it. The latter piece works just like in the previous section. Once we know that κ

should be updated, we use (7.46) to compute its new value:

κ` =
ln
(
ε−1 − 1

)

ρL/(Nh−1)δ0

, L← L+ 1, (7.46)

where L now represents the number of times that the homotopy parameter has been updated

so far. The core of the embedded homotopy update rule is the first piece: deciding whether

to update κ. For this, let J` denote the subproblem cost achieved at PTR iteration `. If the

following condition holds, then we update κ:

βworse ≤
J`−1 − J`
|J`−1|

≤ βtrig ∧ L < Nh. (7.47)

The second half of the condition is simple: don’t update κ if this is already its highest

value. The first half is a condition on relative cost decrease over the past iteration. If the

cost in the current iteration decreased by less than βtrig relative to the last iteration, then

the algorithm is “converging” for the current value of κ and it is time to update it. However,

the cost is not guaranteed to decrease monotonically with PTR iterations. Thus, the relative

cost decrease may be negative, which means that the cost increased over the past iteration.

In this case, we may specify a certain (small) tolerance βworse < 0. This means that we will
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Figure 7.13: Illustration of the Apollo CSM Transposition and Docking maneuver with the
LM housed inside the Saturn S-IVB third stage [195, Figure 2-11]. We evaluate our solution
method by computing an open-loop reference trajectory for the middle two phases.

still update κ if the cost did not increase by more than βworse allows. In the numerical results

of Section 7.5 we set βworse = −10−3 (i.e., a 0.1% tolerance).

In summary, the embedded numerical continuation scheme is given by Figure 7.11b. In

the “homotopy update” block, a decision is made using (7.47) whether to update the current

κ value. If the answer is true, then κ is updated using (7.46). Otherwise, it is maintained

at its present value.

7.5 Numerical Results

In this section we apply our solution method to a more challenging variant of the historical

docking maneuver between the Apollo Command and Service Module (CSM) and the Lunar

Module (LM). Section 7.5.1 defines the problem parameters and Section 7.5.2 discusses the

solved trajectory and various computational aspects. The key takeaways are as follows. Our

algorithm is able to consistently find rendezvous trajectories which satisfy the discrete logic

constraints from Section 7.2. The algorithm is insensitive to the βtrig tolerance parameter in

(7.47), and in fact increasing this value can dramatically reduce the total number of iterations.

The total convex solver time is approximately 13.5 s, which is fast for an implementation

that is not optimized for speed. We discuss how the algorithm can be made to run in under
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Figure 7.14: Layout of the Apollo SM RCS thrusters [200, Figure 2.5-1]. There are nrcs = 16
thrusters grouped into four “quads” labeled A/B/C/D and each having four independent
hypergolic pressure-fed thrusters.

10 s of total solution time.

7.5.1 Problem Parameters

The numerical example is inspired by the Apollo CSM “Transposition and Docking” (TD)

maneuver [200, Section 2.13.1.1]. As illustrated in Figure 7.13, this maneuver uses the RCS

thrusters of the CSM in order to dock with the LM, which is housed inside the Saturn S-IVB

third stage. The most interesting feature of this maneuver is the 180° rotation of the CSM,

which allows us to stress-test our solution method for the CSM’s coupled translation and

rotation dynamics from Section 7.2.1.

The SM RCS system is composed of four similar, independent “quads” located 90° apart

around the Service Module (SM) circumference, as illustrated in Figure 7.14. Each quad is

composed of four independent hypergolic pressure-fed pulse-modulated thrusters, yielding a

total of nrcs = 16 control inputs [200, Section 2.5.1]. We model the complete, high-fidelity

CSM geometry according to public NASA documentation [195, 200]. The CSM mass and
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inertia are specified in [195, Table 3.1-2]:

m ≈ 30323 kg, J ≈




49249 2862 −370

2862 108514 −3075

−370 −3075 110772


 kg m2. (7.48)

The RCS thrusters are capable of producing approximately ‖f̂i‖2 = 445 N of thrust in

steady-state operation [200, Figure 2.5-8, Table 4.3-1]. However, during transposition and

docking they are pulse-fired in bursts [199, 200, Section 2.5.1]. In this mode of operation, the

minimum electric on-off pulse width is 12 ms [200, Section 2.5.2.3.1], generating an irregular

burst of thrust that lasts for upwards of 65 ms and with a peak of 300 to 350 N [200,

Figure 2.5-9]. To buffer the thrust away from this irregular region, we set ∆tmin = 112 ms

(which corresponds to a 50 N s impulse) and ∆tmax = 1 s. On a system architecture level,

we assume that irregularity in the thrust profile is going be corrected by a feedback control

system that tracks our open-loop rendezvous trajectory.

Table 7.1 summarizes the major numerical values used to obtain the results of the follow-

ing section. Other parameters not mentioned (such as the CSM geometry) can be consulted

directly in our open-source implementation linked in Figure 7.15. Note that the maneuver

we are seeking to optimize is more complicated than the original Apollo TD concept of op-

erations. The Apollo initial position p0 was almost purely along the x̂L axis, whereas we

add significant ŷL and ẑL displacement in order to stress our algorithm. Furthermore, the

original TD maneuver takes place after translunar injection whereas we use a LEO circular

orbit. This allows us to use the Clohessy-Wiltshire-Hill dynamics (7.2), which adds further

complexity compared to our previous work [54].

Our algorithm from Section 7.4 is implemented using the framework introduced in [49].

The Julia programming language is used because it is simple to read like Python, yet it can

be as fast as C/C++ [208]. The timing results in the next section correspond to a Dell XPS

13 9260 laptop powered by an Intel Core i5-7200U CPU clocked at 2.5 GHz. The computer
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Parameter Value

Rendezvous parameters

∆tmin 112 ms

∆tmax 1 s

Frcs 445 N

rplume 20 m

rappch 30 m

θappch 10°
tf ∈ [100, 1000] s

no 400 km LEO

p0 100x̂L − 20ẑL + 20ŷL m

v0 0 m s−1

q0 [0; 0; 0; 1]

ω0, ωf 0 rad s−1

pf 4.48x̂L − 0.05ŷL + 0.17ẑL m

vf −0.1x̂L m s−1

qf [0; 0.26; 0.97; 0]

εrf 0.1 m

...
...

εvf 1 cm s−1

εqf 1°
εωf

0.01° s−1

Algorithm parameters

ε 10−2

δ0 10

δ1 0.01

Nh 10

weq 1

βworse −10−3

βtrig 0.1

∆tdb 11.2 ms

PTR convex subproblem size

Variables 2956

Equalities 339

Affine inequalities 2227

One-norm cones 52

Inf-norm cones 104

Table 7.1: Numerical parameters for the Apollo CSM/LM Transposition and Docking ma-
neuver trajectory optimization.

has 8 GiB LPDD3 RAM and 128 KiB L1, 512 KiB L2, and 3 MiB L3 cache. The ECOS

software (written in C) is used as the low-level numerical convex solver at location 2 in

Figure 7.10 [43]. Note that the convex subproblem size in Table 7.1 is considerably large.

Modern interior point methods routinely handle problems of this size, as the next section

confirms for the rendezvous problem.

7.5.2 Computed Trajectory

Figures 7.16-7.21 exhibit our algorithm’s solution as well as its associated properties for

Problem 7.41 with the parameters in Table 7.1. The initial guess provided to the algorithm

in Figure 7.10 is a straight-line interpolation in position and a spherical linear interpolation

for the atittude quaternion [197]. The initial RCS thruster pulse durations are all set to zero.
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github.com/dmalyuta/scp_traj_opt/tree/jgcd

Figure 7.15: The complete implementation source code for the Apollo Transposition and
Docking numerical example can be found in the jgcd branch of our open-source GitHub
repository.

We begin by discussing the position trajectory, whose 2D projections onto the LVLH

axes are shown in Figure 7.16. The trajectory has two salient features. First, the RCS

thrusters fire mostly at the start to initiate motion, and near the end to cancel vehicle rates

just prior to docking. This resembles the classical two-impulse rendezvous maneuver [196],

modified to account for 6-DOF dynamics, the RCS system geometry, and the discrete logic

constraints (7.41c)-(7.41g), all of which are absent in the classical setup. Secondly, recall that

negative ẑL positions correspond to lower orbits where objects move faster relative to the

target. The chaser exploits this “gift” from orbital mechanics by dipping into the negative ẑL

positions (see the top and bottom plots) where it benefits from a zero-fuel acceleration to the

target. Furthermore, note how the chaser stays within the approach cone when it is inside

the approach sphere, as required by (7.41g). The time histories of the chaser’s states for

this trajectory are shown in Figure 7.17. The quaternion attitude was converted to the more

informative Euler angles using the Tait-Bryan yaw-pitch-roll convention. The continuous-

time trajectory shown in the figure is propagated through the original nonlinear dynamics

(see Section 7.2.1) using a numerical integrator. Because it passes through the discrete-time

solution at each temporal node, we conclude that the trajectory is dynamically feasible for

the chaser.
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Figure 7.16: Projected views of the optimized trajectory in the LVLH frame centered at
the docking port of the target spacecraft. Projections are also shown of the approach and
plume impingement spheres, as well as of the approach cone. The red vectors represent
the net thrust generated by the combined action of the RCS thrusters, scaled for size (so
only relative magnitudes are correct). The circular markers show the chaser’s COM for the
discrete-time solution, while the continuous trajectory is obtained by integrating the optimal
control through the original nonlinear dynamics of Section 7.2.1. Because the two coincide,
we conclude that the converged trajectory is dynamically feasible.
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Figure 7.17: Evolution of the chaser’s 6-DOF state vector for the rendezvous trajectory in
Figure 7.16. Green vertical lines demarcate the times at which the chaser enters the approach
and plume impingement spheres. Velocity and angular rate states exhibit jumps according
to our impulsive thruster model in Section 7.2.2. Note that the chaser assumes a 30° roll
orientation at docking, as required by the CSM/LM geometry [195, Figure 2-4].
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The RCS thruster pulse history is shown in Figure 7.18. The pulses are relatively sparse

and clustered around the start and end of the trajectory. As required by the plume impinge-

ment constraint (7.41f), the forward thrusters are silent once the chaser is inside the plume

impingement sphere. Furthermore, some thrusters fire for almost exactly ≈ ∆tmin s. This

shows that the smoothed discrete logic (7.41d) actively enforces the MIB constraint (7.5).

The constraint (7.41d) is therefore indispensable for satisfying the MIB requirement.

We can estimate the total fuel consumption of the rendezvous trajectory using NASA

charts for RCS thruster performance [198, Figure 4.3-6 and 4.3-7]. These charts map pulse

duration to the corresponding amount of fuel consumed by a single thruster. By applying

these charts to the pulse history in Figure 7.18, we obtain a fuel consumption of 2.63 kg.

Unfortunately, NASA documentation on the actual fuel consumption achieved by the Apollo

missions is unclear; [195, Table 3.1-7] suggests that it was 32 kg, but this confounds the

other phases of the TD maneuver which we do not consider (see Figure 7.13). In any case,

it appears that our trajectory uses considerably less fuel, not to mention that its initial

conditions are more challenging than those of the Apollo concept of operations due to the

initial position offsets along ŷL and ẑL.

The convergence process of our algorithm and the runtime performance of its implemen-

tation are shown in Figure 7.19. As the iterations progress and the homotopy parameter

approaches its largest value, the algorithm appears to attain a superlinear convergence rate

(noticeable over iterations ` ∈ [19, 30]). A small spike in solver time appears around the

iterations where the homotopy parameter changes rapidly (see Figure 7.20 ahead). Other-

wise, the subproblem difficulty stays roughly constant over the iterations. While our Julia

implementation takes a median time of 50 s, the cumulative median time for solving the

subproblems at location 2 in Figure 7.10 is 13.5 s (which is the sum of the red “solve” bars

in Figure 7.19). This corresponds to the time taken by the ECOS convex solver, which is

written in C. We view this as a favorable runtime result for the following reasons. ECOS is

a generic solver, and a custom solver is likely to run at least twice as fast [42, 107]. Coupled

with other implementation efficiencies, we expect that the total solver time can be reduced
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Figure 7.18: RCS thruster firing history, shown in terms of the impulse Frcs∆tik. Green
vertical lines demarcate the times at which the chaser enters the approach and plume im-
pingement spheres. In the left column, the four thrusters of each quad are “spread” along the
time axis in order to not overlap. See Figure 7.14 for help associating quads and thrusters to
their physical locations on the CSM. Note that the legend for the roll thrusters corresponds
to quad A (the thrusters on other quads are simply rotated by 90° in succession).
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Figure 7.19: Convergence and runtime performance of our algorithm. The runtimes in
the right plot show statistics over 20 executions. Formulate measures the time taken to
parse the subproblem into the input format of the convex optimizer; Solve measures the
time taken by the core convex numerical optimizer; Discretize measures the time taken to
temporally discretize the linearized dynamics from Section 7.2.1; and Overhead measures
the time taken by all other supporting tasks during a single PTR iteration. Each bar shows
the median time. The blue trace across the diagonal shows the cumulative time obtained by
summing the runtimes of all preceding iterations. Its markers are placed at the median time,
and the error bars show the 10% (bottom) and 90% (top) quantiles. Because small runtime
differences accumulate over iterations, the error bars grow with iteration count.

to < 5 s. Furthermore, our code is optimized for readability. By writing other parts of the

algorithm in a compiled language and optimizing for speed, we can expect to shrink the

other 36 s of runtime down to < 5 s as well. Thus, a speed-optimized implementation of

our algorithm may solve the rendezvous problem in under 10 s, which is quite acceptable for

rendezvous applications since the actual trajectory can last for several thousand seconds.

Figure 7.20 shows the evolution of the cost function value over the PTR iterations. Every

time the cost improvement falls within the decision range of (7.47), the homotopy parameter

is updated. The update is followed by a spike in the cost, with fast subsequent improvement

to an equal or better (i.e., smaller) value. During the final stages of the optimization (itera-

tions ` ≥ 18), increases in κ no longer cause appreciable spikes in cost. This is remarkable,

given that it is at this time that the homotopy parameter experiences its largest growth
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(since it grows exponentially, as seen in Figure 7.12b and the log scale of the bottom plot in

Figure 7.20). This means that, well before convergence occurs, our algorithm already finds a

solution that is feasible with respect to the final “sharp” approximation of the discrete logic.

This analysis is corroborated by the left plot in Figure 7.19, where it can be seen that past

iteration ` ≈ 20 the amount by which the solution changes drops off quickly.

Finally, Figure 7.21 analyzes the depence of the optimal solution and of our algorithm’s

performance on the choice of homotopy update tolerance βtrig in (7.47). This reveals several

favorable properties of the algorithm. First, by increasing βtrig we can dramatically lower the

total iteration count and speed up solution time. A very low value of βtrig emulates the non-

embedded numerical continuation scheme from Figure 7.11a, since κ does not update until

PTR has quasi-converged for its current value. By increasing βtrig, we can lower the iteration

count by over 60% for this rendezvous example. We observe this behavior consistenly across

different initial conditions. At the same time as lowering the iteration count, we basically

maintain a consistent level of fuel optimality. The fuel consumption goes up and down

slightly, but on balance there is no perceptible trend. A notable downside of using a larger

βtrig is an increased danger of not converging to a feasible trajectory, since we have “rushed”

the algorithm too much. This does not happen in the present example, but we have noticed

the issue for other initial conditions. Our future work plans to investigate what is the

theoretically safe upper bound for the βtrig value.

7.6 Conclusion

This chapter presents a novel algorithm that merges sequential convex programming and

numerical continuation. By applying multinomial logit smoothing, the algorithm is able to

model a general class of discrete logic constraints in a continuous optimization framework.

This makes the approach amenable to fast and reliable solution methods for trajectory

optimization problems commonly encountered in spaceflight. In particular, the algorithm is

motivated and tested for the terminal phase of a rendezvous and docking maneuver, where

a chaser spacecraft must dock with a target while satisfying the following discrete logic
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constraints: RCS thruster minimum impulse-bit, approach cone, and plume impingement.

We demonstrate the algorithm on a realistic setup inspired by the Apollo Transposition and

Docking maneuver. The algorithm is able to consistently find fuel optimal trajectories with

favorable runtimes that indicate a potential for real-time performance. Our view is that this

method can already be used on the ground as a useful engineering and research tool, and

has the potential to be an onboard autonomous docking guidance algorithm.
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Chapter 8

OUTLOOK

This thesis develops four algorithms based on convex optimization-based techniques for

the next generation of aerospace control systems. In Chapter 3, a robust model predictive

control method is presented that is based purely on convex optimization and that is applica-

ble to satellite position control in low Earth orbit, where the Gates thruster execution error

model is used to represent actuation inaccuracy. In Chapter 4, a massively parallel explicit

model predictive control law is presented that applies to a general class of mixed-integer con-

vex optimization problems. In Chapter 6, again looking at problems with integer variables,

a lossless convexification is introduced. The maximum principle is used to show that the

convexification is indeed lossless for a class of mixed-integer optimal control problems that

includes certain satellite docking and rocket landing applications. Finally, Chapter 7 uses

sequential convex programming and numerical continuation to solve a six degree of freedom

terminal rendezvous trajectory generation problem that includes several “discrete logic” inte-

ger constraints representing “if-then” statements embedded into the trajectory specification.

In all of these applications, convex optimization is used either alone or in an iterative scheme

in order to achieve real-time execution speeds and/or levels of robustness that are otherwise

rare to come by in general nonconvex programming.

It is only appropriate to conclude this thesis by surveying some interesting and important

future directions for optimization-based space vehicle control.

8.1 Guaranteed Performance

When proposing a new control algorithm for a real system, it is sobering to remember

that the vehicle’s survival, along with that of its occupants, literally hangs in the balance
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[209]. The modern controls engineer has immense responsibility both to mission success and

to upholding the foundation of trust created by the high reliability of traditional control

methods. If we cannot guarantee an equal or greater level of reliability for optimization-

based control, then these methods will quite certainly be relegated to a ground support role

[210].

A direction of great importance for optimization-based space vehicle control, then, is

to rigorously certify that this new family of algorithms converges to solutions which yield

safe and robust operation in the real world. Active research is being done in the area,

but general results are limited and many promising optimization-based methods lack proper

guarantees. Today, researchers are looking at real-time performance [54, 55, 70], optimality

[211], and convergence [66, 212]. Perhaps the most important yet difficult guarantee is on

algorithm convergence, which is imperative for control. In the convex setting, algorithms

with guaranteed convergence are available and have been flight-tested [1, 42], so one direction

to explore is how to convexify more general types of nonlinearity [52, 213, 214]. For more

difficult nonlinearities which are not convexifiable, an emerging subject of funnel libraries is

being investigated [202, 215, 216, 217]. The idea, akin to explicit MPC, is to pre-compute a

lookup table of trajectories and invariant controllers in order to replace on-board optimization

with the more reliable task of numerical integration.

8.2 Machine Learning

Impressive advances in machine learning, and particularly in reinforcement learning (RL),

could not side-ste space vehicle control without due consideration [218]. The main advantage

of RL is that it is able to optimize over a stochastic data stream rather than assuming a

particular description of a dynamic model [219, 220]. As an optimization tool for nonlinear

stochastic systems, it is not surprising that the RL method is attractive for aerospace control.

Although RL for space vehicle control is less than a decade old, a certain amount of lit-

erature is now available which addresses many relevant spaceflight applications. The reader

is referred to [221] for a dedicated survey. In powered descent guidance, [222] use deep
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RL (DRL) for lunar landing, [223] improve ZEM/ZEV guidance via DRL, and [224] use

recursive RL for Mars landing. For spacecraft rendezvous, [225] use actor-critic RL (ACRL)

in near-rectilinear orbits, [226] consider cluttered environments, and [227, 228] use inverse

RL to learn the target’s behaviour. In re-entry guidance, [229] aim for real-time computa-

tion by training a deep neural network (DNN) to learn the functional relationship between

state-action pairs obtained from a high-fidelity optimizer. Alternatively, [230] use a DNN

to provide a numerical predictor-corrector guidance algorithm with a range prediction based

on the current vehicle state. This method improves runtime performance by replacing tra-

ditional propagation-based trajectory prediction with a neural network. A different line of

work is presented in[231], where the attitude of a re-entry vehicle with model uncertainty and

external disturbances is controlled by a robust adaptive fuzzy PID-type sliding mode con-

troller designed using a radial basis function neural network. For small-body landing, [232,

233, 234] use RL meta-learning for greater adaptability, and [235] train several DNNs to

approximate a nonlinear gravity field as well as the optimal solution obtained by an indirect

optimal control solver. Another interesting approach was proposed in [236], where DNNs

are used to supply good costate initial guesses, while an accurate trajectory is obtained by a

downstream shooting method and a homotopy process. In orbit insertion and transfer appli-

cations, [237] develop a multiscale DNN architecture to approximate the optimal solution for

a solar-sail mission, [238] use ACRL for low-thrust trajectory optimization under changing

dynamics, [239] use RL for libration point transfer in lunar applications, and [240, 241] use

proximal policy optimization.

A promising modern direction for spacecraft trajectory RL is to learn a small number of

“behind the scenes” parameters (called solution hyperparameters) that govern the optimal

solution, instead of directly learning the high-dimensional optimal state-input map. Most

importantly, the relationship between these parameters and the control policy is much more

predictable, and hence can be learned more easily and with less training data. This thesis

makes it clear that most if not all spaceflight trajectory generation problems can be for-

mulated as a variable of the optimal control problem Problem 7.42. Hence, the solution
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hyperparameters are often the maximum principle costates, or combinations thereof, which

completely define the optimal control policy. Among these, we find aforementioned concepts

of a primer vector [242, 243, 244], and switching functions for bang-bang controls [193]. This

RL approach was shown to be effective for 3-DoF PDG in [245, 246], where the authors learn

10 hyperparameters instead of the map from a 7D state to a 3D input. Most importantly,

only ≈ 103 training trajectories were required. In comparison, the state-input map learning

approach of [247] also achieved good results, but required ≈ 107 training samples. A slightly

different approach was taken for 3-DoF small-body landing in [236], where homotopy and

coordinate transforms were used to learn a 5D costate vector instead of the map from a 7D

state to a 3D input. The DNN’s output was then used to provide accurate initial guesses

and to improve the convergence of a downstream shooting method. To summarize, the fact

that learning hyperparameters works better than learning the optimal state-input mapping is

just an observation of the fact that application domain knowledge can go a long way towards

improving learning performance [248]. In the case of spacecraft trajectory optimization, this

knowledge often comes from applying Pontryagin’s maximum principle.

As discussed the previous section, performance guarantees for an RL-based controller will

have to be provided before serious on-board consideration. This may be harder to achieve for

RL, since controllers are typically based on neural networks whose out-of-sample performance

is still very difficult to characterize. Nevertheless, RL and other machine learning approaches

are appealing for adaptive control systems. Future research will likely see the aerospace

control community search for the right opportunities where RL can be embedded to improve

traditional control systems.
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[60] Matthew W. Harris and Behçet Açıkmeşe. “Lossless convexification of non-convex

optimal control problems for state constrained linear systems”. In: Automatica 50.9

(Sept. 2014), pp. 2304–2311. doi: 10.1016/j.automatica.2014.06.008.

[61] Matthew Wade Harris. “Lossless Convexification of Optimal Control Problems”. PhD

thesis. Austin: The University of Texas at Austin, 2014.

https://doi.org/10.2514/6.2020-0616
https://doi.org/10.23919/ecc.2019.8795790
https://doi.org/10.1109/lcsys.2019.2922639
https://doi.org/10.23919/acc.2019.8815343
https://doi.org/10.23919/acc.2019.8815343
https://doi.org/10.1016/j.automatica.2010.10.037
https://doi.org/10.1016/j.automatica.2014.06.008


215

[62] C. R. Gates. A Simplified Model of Midcourse Maneuver Execution Errors. Tech. rep.

32-504. Pasadena, CA: JPL, Oct. 1963.

[63] T. D. Goodson. “Execution-Error Modeling and Analysis of the GRAIL Spacecraft

Pair”. In: AAS/AIAA Space Flight Mechanics Meeting. Aug. 2013.

[64] S. V. Wagner. “Maneuver performance assessment of the Cassini spacecraft through

execution-error modeling and analysis”. In: AAS/AIAA Space Flight Mechanics Meet-

ing. Jan. 2014.

[65] Alberto Bemporad and Manfred Morari. “Control of systems integrating logic, dy-

namics, and constraints”. In: Automatica 35.3 (Mar. 1999), pp. 407–427. doi: 10.

1016/s0005-1098(98)00178-2.
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[138] Behcet Açıkmeşe and Scott Ploen. “A Powered Descent Guidance Algorithm for Mars

Pinpoint Landing”. In: AIAA Guidance, Navigation, and Control Conference and

Exhibit. AIAA, Aug. 2005. doi: 10.2514/6.2005-6288.
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[163] Michael Szmuk, Behçet Açıkmeşe, and Andrew W. Berning. “Successive Convexifi-

cation for Fuel-Optimal Powered Landing with Aerodynamic Drag and Non-Convex

Constraints”. In: AIAA Guidance, Navigation, and Control Conference. American

Institute of Aeronautics and Astronautics, Jan. 2016. doi: 10.2514/6.2016-0378.

[164] Laurence A. Wolsey. Integer Programming. Wiley-Interscience, 1998. isbn: 0471283665.

[165] MOSEK ApS. MOSEK Modeling Cookbook. 3.1. July 2019.

[166] Alberto Bemporad and Manfred Morari. “Control of systems integrating logic, dy-

namics, and constraints”. In: Automatica 35.3 (Mar. 1999), pp. 407–427. doi: 10.

1016/s0005-1098(98)00178-2.

[167] Thomas H. Cormen et al. Introduction to Algorithms. 3rd ed. MIT Press, 2009. isbn:

9780262033848.

[168] Dale E. Varberg. “On Absolutely Continuous Functions”. In: The American Mathe-

matical Monthly 72.8 (Oct. 1965), p. 831. doi: 10.2307/2315025.

[169] Elias M. Stein and Rami Shakarchi. Real Analysis: Measure Theory, Integration, and

Hilbert Spaces. Princeton University Press, 2005. isbn: 9780691113869.

[170] Mykel J. Kochenderfer and Tim A. Wheeler. Algorithms for Optimization. Cambridge,

Massachusetts: The MIT Press, 2019. isbn: 9780262039420.

[171] Monroe Conner and NASA Jet Propulsion Laboratory. Masten’s Xombie Tests JPL’s

G-FOLD Precision Landing Software. https://www.nasa.gov/centers/dryden/

Features/gfold_tests.html. Jan. 2014.

[172] NASA. Masten Xombie for Testing of JPL Spacecraft-Landing Algorithm. https:

//www.nasa.gov/centers/jpl/multimedia/pia17986.html. 2013.

https://doi.org/10.2514/1.g003537
https://doi.org/10.2514/1.g003537
https://doi.org/10.2514/6.2016-0378
https://doi.org/10.1016/s0005-1098(98)00178-2
https://doi.org/10.1016/s0005-1098(98)00178-2
https://doi.org/10.2307/2315025
https://www.nasa.gov/centers/dryden/Features/gfold_tests.html
https://www.nasa.gov/centers/dryden/Features/gfold_tests.html
https://www.nasa.gov/centers/jpl/multimedia/pia17986.html
https://www.nasa.gov/centers/jpl/multimedia/pia17986.html


227
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[217] Behçet Açıkmeşe et al. “Enhancements on the Convex Programming Based Powered

Descent Guidance Algorithm for Mars Landing”. In: AIAA/AAS Astrodynamics Spe-

cialist Conference and Exhibit. American Institute of Aeronautics and Astronautics,

Aug. 2008. doi: 10.2514/6.2008-6426.

https://doi.org/10.2514/6.2006-6676
https://doi.org/10.2514/1.g004701
https://doi.org/10.2514/1.62110
https://doi.org/10.2514/6.2014-4362
https://doi.org/10.1177/0278364917712421
https://doi.org/10.2514/6.2008-6426


232

[218] Panagiotis Tsiotras and Mehran Mesbahi. “Toward an Algorithmic Control Theory”.

In: Journal of Guidance, Control, and Dynamics 40.2 (Feb. 2017), pp. 194–196. doi:

10.2514/1.g002754.
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Appendix A

RANDOM GENERATION OF A MULTIPLE-DOF
OSCILLATOR MPC PROBLEM

This appendix presents how one can generate a random MPC problem instance for a

2nr-dimensional (nr ∈ Z+) instance of a multiple-DoF oscillator. To begin, we discuss

random generation of the system equations of motion (in other words, the dynamics). In

continuous time (time is omitted for notational simplicity) and in its configuration basis, the

multiple-DoF oscillator dynamics are written as:

Mr̈ + Cṙ +Kr = Lu, (A.1)

where M ∈ Rnr×nr , M � 0, is the mass matrix, C ∈ Rnr×nr is the damping matrix, K ∈
Rnr×nr , K � 0, is the stiffness matrix, L ∈ Rnr×nu is an input map, r ∈ Rnr is a vector

of generalized coordinates and u ∈ Rnu is the input. The task is to generate M , C, K

and L such that the system is controllable and has poles located in a prescribed region

of the complex plane. Assuming Caughey’s condition holds such that M , C and K are

simultaneously diagonalizable [249], (A.1) can be written in its modal basis:

η̈ + Λη̇ + Ωη = Γu, (A.2)

where η = T TM1/2r ∈ Rnr are the modal coordinates, T ∈ Rnr×nr is the modal matrix,

Λ = T TM−1/2CM−1/2T , Ω = T TM−1/2KM−1/2T and Γ = T TM−1/2L. The matrices Λ and

Ω are diagonal such that each row of (A.2) is a 1-DoF oscillator which contributes two poles
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Re = σ

Im = ω

|σ| ≥ 1 s |σ| ≤ 10−1 s

ζ ≥ 0.3

Sampling region

With 20% probability,
overdamped

Figure A.1: Visualization of the s-plane with constraints on the randomly generated system
poles. The feasible sampling region is highlighted and several sampled poles are shown.

to the overall system:

η̈i + 2ζiωn,iη̇i + ω2
n,iηi = ui i = 1, . . . ,nr, (A.3)

where we chose Γ = Inr which ensures that (A.1) is controllable, ζi is the damping ratio

and ωn,i is the natural frequency of the i-th mode. Note that this implies nu = nr. To

generate (A.1), it remains to choose M , T , Λ and Ω. We choose a uniform random diagonal

M = diag({mi ∈ [0.1, 1]}nri=1), T as the orthogonal matrix from QR decomposition of a

Gaussian random matrix and Λ, Ω from uniformly randomly generating poles in the s-plane

such that 1) the damping rate is ∈ [1, 10] s, and 2) the damping ratio ζ ≥ 0.3 with a

probability of 0.2 that ζ ≥ 1. This set of requirements is illustrated in Figure A.1.

Once generated, the system (A.1) is written in state space form ẋ = Ax+Bu+ Ew:


ṙ
r̈


 =


 0 Inr

−M−1K −M−1C




 r
ṙg


+


 0

M−1L


u+


 0

Inr


w, (A.4)

where w ∈ Rnr is an exogenous disturbance force acting along each generalized coor-

dinate. This system is discretized via zero-order hold with sampling frequency ωs =

10 maxλ∈spec(A) |λ|, i.e. ten times faster than the fastest natural frequency present in the
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system [114].

A.1 MPC Problem Instance

We now present how the generate system dynamics (A.4) are used in an MPC problem

instance. The control objective is to drive the state
[
ṙT r̈T

]T
∈ R2nr to the origin.

Following Section 4.9.1, the set Θ over which the explicit MPC solution is to be computed,

is chosen to be the smallest robust controlled invariant set for (A.4) using the uncertainty

set W , {w : ‖w‖∞ ≤ 10−3} and an LQR controller with a Qlqr = 0.1I2nr state penalty and

an Rlqr = Inr input penalty [250, 251]. For the MPC law, the uncertainty model is changed

to be norm-bounded:

W ′ , {w ∈ Rnr : ‖w‖2 ≤ 0.4 · 10−3‖x‖2

maxv∈V(Θ) ‖v‖2

}, (A.5)

which is a smaller uncertainty but, importantly, introduces second-order cone constraints

into Problem 4.1 [58]. The ad hoc factor of 0.4 is used to reduce uncertainty such that

a planning horizon of N = 3 is feasible for the robust MPC law, whereas only N = 1 is

guaranteed by the computation method for Θ [251]. Finally, to make the control problem

mixed-integer, the control input is constrained to lie in a non-convex set:

u ∈ U = {0} ∪ (Uext \ Uint), (A.6)

Uext , {u ∈ Rnr : −umax ≤ u ≤ umax},

Uint , {u ∈ Rnr : −10−3umax ≤ u ≤ 10−3umax},

where umax,i = maxv∈V(Θ) |eTiKlqrv| is the largest input magnitude required by the LQR

controller along the i-th generalized coordinate. Note that since Uext and Uint are origin-

centered hyperrectangles, one can write U = ∪2nr+1
i=1 Ui where Ui are convex polytopes and

U1 = {0} (by the same partitioning method as illustrated in Figure 4.7). There are then

N(2nr + 1) degrees of freedom to choose which convex subsets of U the control inputs are
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to be in, which makes for a commutation vector of dimension m = N(2nr + 1). The robust

MPC law is then:

min
xk,uk

N−1∑

k=0

ûT

kRlqrûk + x̂T

k+1Qlqrx̂k+1 (A.7a)

s.t. x0 = θ, (A.7b)

xk+1 = Axk +Buk + Ewk, k = 0 : N − 1, (A.7c)

xk ∈ Θ ∀wj ∈ W ′, j = 0 : k − 1, k = 1 : N , (A.7d)

uk ∈ Ui for some i ∈ {1 : 2nr + 1}, k = 0 : N − 1. (A.7e)

In Problem A.7, ûk and x̂k are the scaled input and state such that they attain plus or

minus unity at the boundary of Uext and Θ respectively (the idea is the same as for (3.30)

in Chapter 3). We transform Problem A.7 into the form Problem 4.1 via Hölder’s inequality

via the method developed in Chapter 3 [58]. Note that the parameter vector dimension is

p = 2nr, therefore Problem A.7 is constrained to even parameter dimensions.
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