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University of Washington
Abstract
Genome Descent in Isolated Populations
by Nicola H. Chapman

Chair of Supervisory Committee

Professor Elizabeth A. Thompson
Statistics

An isolated population is one that is descended from a small group of individuals (founders),
and in which population growth is due almost exclusively to births within the population,
rather than immigration from outside. Interest in the genetics of isolated populations has
recently been revived among medical geneticists, because it is hoped that diseases for which
there are several susceptibility loci in large outbred populations may be more homogeneous
in small isolated populations. In addition, it has been suggested that small recently founded
populations may exhibit linkage disequilibrium over longer genetic distances than large
outbred populations.

In this dissertation, I study the inheritance of segments of ancestral chromosomes. This is
achieved by the study of junctions - points on the chromosome where segments from different
ancestral chromosomes meet. I consider a discrete generation random mating population,
and assume that population sizes over time are known. Two fundamental questions are
addressed. First, how large are 'pieces of intact ancestral chromosome in chromosomes
sampled from the population? The answer to this question provides information about
the extent of linkage disequilibrium in the population. Second, how long are the tracts of
chromosome which are shared identical-by-descent between randomly sampled chromosomes
from the population? I also study how the age of the population, founding population size,
growth patterns, and population subdivision affect both segment length, and the length



of IBD tracts between randomly sampled chromosomes. I show that these factors have
substantial effects in very small populations, but are less important in larger populations.
The theoretical work about junctions in random mating populations is extended to the
case where a pedigree is available. I introduce an approach to the estimation of fine-scale
genetic maps, using data consisting of chromosomes sampled from an isolated population,
and knowledge of the pedigree relating those chromosomes. The approach is demonstrated
using a pedigree relating 27,163 Hutterites. I show that this approach has potential to
produce more precise maps than currently exist, and that the Hutterite population is ideal

for this application.
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Chapter 1

INTRODUCTION

An isolated population is a modern population that is descended from a small group of
individuals (founders) who lived some time ago. Population growth is achieved mostly by
births within the population rather than immigration from outside. Interest in the genet-
ics of isolated populations has recently been revived among human geneticists, because of
suggestions that such populations may be useful for disequilibrium based mapping of suscep-
tibility loci for complex disease. In particular, it is hoped that diseases for which there are
several susceptibility loci in large outbred populations may be more homogeneous in small
isolated populations. In addition, small recently founded populations may exhibit linkage
disequilibrium over longer genetic distances than large outbred populations (see [5], [21]).

Isolated populations are fundamentally different from the large outbred populations that
are usually assumed in the theoretical study of linkage disequilibrium. Disequilibrium can be
affected by small population size, which results in genetic drift, and therefore by patterns of
population growth. There is often substantial structure within isolated populations, which
may have an effect on linkage disequilibrium. Examples include large scale population
subdivision, often further division within subpopulations (which may be random or family
based), and non-random mating within subpopulations. For a brief survey of the variety of

histories and structures seen in human populations, we refer the reader to [4].

The utility of a population for a study based on disequilibrium testing may depend
on its history. A recent paper [22] presented observed disequilibria in two regions of the
genome for a wide variety of human populations. Their results showed that in general,
levels of disequilibrium in isolated populations were only slightly higher than in outbred

populations. While this result is somewhat disappointing, the pairs of loci considered in



this study were very tightly linked (< 0.2 cM apart), and so this result may simply reflect
the large number of generations required to break down such associations. In a discussion
of this paper [20], it was noted that the results are specific to the two chromosomal regions
considered, and therefore may not be reflective of the situation in the rest of the genome.
Also, there was one isolate in which disequilibrium was significantly higher than in the
larger populations, demonstrating that the unique evolutionary history of each isolate must
be considered.

These observations suggest that there is a need for systematic empirical study of dise-
quilibrium across the entire genome, both within isolates and within larger outbred popu-
lations, to identify populations in which disequilibrium stretches over distances appropriate
for susceptibility locus detection [20]. In this dissertation, we study theoretically the effect
of several aspects of population history and structure on chromosomes from isolated popu-
lations. This work is therefore intended to complement empirical studies of disequilibrium

in human populations.

1.1 Junctions

Ideally, we would like to study how the inheritance of contiguous ancestral chromosome
segments is affected by population history and structure. Study of the ancestry of segments
is a difficult problem, as it requires that we account for the possibility of recombination.
The approach we take in this dissertation is to study the formation and transmission of the
ends of contiguous ancestral chromosome segments. These ends are called junctions, since
they are the point where chromosome segments from two distinct ancestors meet. Junctions
are easier to study than segments since each is only a single point on the chromosome.
Figure 1.1 shows examples of two chromosomes that might have been sampled from a
modern isolated population. Different shadings represent different ancestral types. The top
chromosome contains two junctions, and the chromosome is therefore made up of three seg-
ments. The bottom chromosome contains eight junctions, and is made up of nine segments.
A quantity of interest is the average length of contiguous ancestral segments remaining in

the generation under study. If the chromosomes have broken into many short pieces rela-
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Figure 1.1: Examples of chromosomes in isolated populations. Different shadings represent
different ancestral types.

tive to the founder population, disequilibrium due to founder effect will stretch over only
short distances. Conversely, if the chromosomes are composed of a small number of large
pieces, relative to the founder generation, disequilibrium will stretch over longer distances.

If there are J junctions in a chromosome, there are J+1 ancestral segments, and by Jensen’s

inequality,

1 1
= > .
E[length of a segment] = E [J ¥ 1] 2 B+ 1

Thus by obtaining the expected number of junctions in a length of chromosome, we obtain
the expected number of contiguous segments, and therefore a lower bound on their expected
length.

Junctions were initially defined in the context of plant and animal breeding by Fisher [9],
who also described their formation and transmission. Fisher [9] considered the expected
number of junctions formed and surviving in a regular sib-mating system. A junction is
formed when a recombination occurs between two chromosomes, at a point where they
are not descendants of the same ancestral chromosome. That is, the chromosomes are not
tdentical by descent (IBD) at that point. Once a junction is formed, it is transmitted as
is any other gene (according to the laws of Mendelian inheritance). Figure 1.2 illustrates
the formation and transmission of junctions, in three meioses. The ancestral origin of each
chromosome is indicated by its shading. In meiosis one, two recombinations occur, both in
regions where the chromosomes are not IBD, so both are visible as junctions in the resulting

gamete. In meiosis two, no recombinations occur, so no junctions are formed. In meiosis



Junction Formation and Transmission

1 2 meiosis 1: 2 recombinations, 2 new junctions.
meiosis 2: no recombinations, no new junctions.

3
\L meiosis 3: one recombination, no new junctions,
one transmitted junction.

Figure 1.2: Formation and transmission of junctions.

three, one recombination occurs, but it is in a region where the chromosomes are IBD, so
no junction is formed. However, one of the junctions formed in meiosis one is transmitted
in meiosis three. These examples illustrate two important features of junctions. First,
they are formed by recombination events between non-IBD chromosomes, and second, once
formed, they are transmitted like any other Mendelian gene. It is important to realize that
junctions, since they require non-IBD to be formed, are always relative to some ancestral
population. In this work, the founding generation is assumed to consist of non-inbred,

unrelated individuals, and we consider junctions relative to this population.

Fisher also made a distinction between ezternal and internal junctions. A junction is
internal if the chromosome is either IBD on both sides with its homologue, or non-IBD on
both sides with its homologue. An external junction is one where the chromosomes are
IBD on one side and non-IBD on the other. External junctions therefore mark the ends of
IBD and non-IBD tracts between pairs of chromosomes. Knowing the number of external
junctions between a pair of chromosomes therefore gives the number of sections into which
the total length IBD (or non-IBD) is divided. A series of papers by Fisher ( [10], [11]),
Bennett [1] and Gale [13] calculated the expected number of external junctions in selfing,

sib-mating, and parent-offspring mating. Bennett [2] and Fisher [10] both considered the



asymptotic distribution of the total length of genome non-IBD, using these results. Using a
similar approach, Franklin [12] calculated the variance of the total length of genome non-IBD
for any generation in selfing, sib-mating and parent-offspring systems. Stam [27] extended
Fisher’s ideas to a random mating population of constant size, and obtained the expected
number of external junctions in an individual from any given generation. He also considered
the asymptotic distribution of the total length of genome IBD in such a population.

In this dissertation, we apply these ideas to random mating populations whose gen-
eration sizes over time are known. In Chapter 2, we calculate the expected number of
Junctions per Morgan in a chromosome randomly selected from the population at a given
time, and develop an approximation to the variance of this quantity. We explore the effects
that different types of population growth can have on the expected number of junctions per
Morgan, and we also consider the expected number of junctions shared between two chro-
mosomes sampled from the same generation. In Chapter 3, we study the effects of random
subdivision on the expected number of junctions per Morgan. We then present some new
results regarding the expected number of junctions per Morgan in double-first-cousin and
first-cousin mating systems. In Chapter 4, we discuss an approach to modelling the length
of IBD tracts between randomly sampled chromosomes. By extending Stam’s results to
apply to subdivided populations, we explore the effects of population subdivision on the
mean length of IBD tracts.

1.2 Simulations on the Hutterite Ancestry

As an example of an isolated human population, we consider the North American Hutterites.
The Hutterites are a German speaking religious group who live on communally owned
farming colonies, in the prairie provinces and states of North America. In 1994, there were
approximately 35,000 Hutterites living in 382 colonies [16], all of whom were descended
from 443 individuals who immigrated to the United States from the Ukraine between 1874 ‘
and 1879 [8]. The Hutterites’ distinctive religious practices include communal living, adult
baptism and pacifism, and they believe in the separation of church and state [16]. These

beliefs have resulted in almost complete isolation from the secular world, and the extremely



rapid growth of the Hutterites since 1880 has been achieved entirely by a high birth rate.
For example, the average completed family size for Hutterite women aged 45-54 in 1950 was
10.6 children [8].

The Hutterite population is unusually rich in structure. Within the population there
exist three distinct sub-populations, which are known as leut. The split into leut occurred
around the time of the migration to North America, and since the early 1900s there has
been almost no inter-leut marriage. The population is also structured within each of the
leut. Hutterite colonies divide into two daughter colonies when they become large enough
and have saved enough money to purchase more land. Marriages in which two or more
siblings marry individuals who are themselves siblings are common, and a woman always
moves to her husbands’ colony when she marries.

Through collaboration with Dr. Ken Morgan, of the University of Montreal, we have
access to a large pedigree which traces the ancestry of the cohort of Hutterites alive in 1981
back to ancestors who were born in the 1700s. By simulating chromosome transmissions on
this ancestry, we can compare the number of junctions observed in Hutterite chromosomes
to the number expected based on the theory developed in Chapters 2 and 3. This allows us
to consider the effects on expected junction number of structure which is too complicated
to model theoretically.

In Chapter 5, we discuss some of the computational issues associated with simulating
chromosome transmissions in random mating populations and the Hutterite pedigree. We
first describe some of the data structures and algorithms used, and then present results of
some simulations on the Hutterite pedigree. These results are compared with theoretical

expectations for random mating populations with historical population sizes similar to the

Hutterites.
1.3 Application of Junction Theory to Map Estimation Using Hutterite Chro-
mosomes

Multipoint methods for linkage analysis and disequilibrium analysis require a map of poly-

morphic markers, where the order of markers and the recombination fractions between them



are assumed known. Marker maps are generated by typing three generation families. Infor-
mation on the grandparents sets phase in the parents, and recombinants are counted in the
children. The recombination fraction is then estimated by the the number of recombinants
observed, divided by the total number of meioses. The variance of this estimate is then
given by ﬂ(ln—_al, where @ is the true recombination fraction, and n is the total number of
meioses observed. Maps in use today were estimated using 8 of the CEPH reference families
with a total of about 200 meioses. This number of meioses is too few to estimate precisely
the distance between closely linked markers. For example, if the true recombination fraction
between two markers is 0.05, the standard deviation of the estimate based on 200 meioses is
0.015. More accurate maps are desirable, since it has been shown [7] that misspecification
of map distances can lead to both a reduction in power to detect linkage, and an increase in
Type I error in multipoint linkage analysis. While the effect is small in the case of a single-
gene disease, it has been suggested [7] that in the case of a complex trait, the problem
could be more serious. Although the recent completion of the Human Genome Project may
provide information on the order of markers on a chromosome, the fact that the estimated
number of centiMorgans per megabase in the sex-averaged map varies from 0 to 6 across the
genome [29] shows that good estimates of genetic distance cannot be obtained from physical
distance.

We therefore consider the estimation of map distance using chromosomes sampled from
the Hutterites, and knowledge of the pedigree relating them. Recombination events in the
history of the population are visible in chromosomes sampled from the modern population
as junctions, since junctions are recombination events that occur in a non-IBD region of
the chromosome. The junctions represented in the modern population therefore reflect
recombination events that occurred in a large number of ancestral meioses. Estimation of
genetic distance based on junctions can be thought of as considering more meioses, and
may result in more precise estimates than traditional methods. Since on average half the
meioses making up the ancestry of a particular chromosome will be from males and half
will be from females, a map obtained in this way will be a sex-averaged map.

In Chapter 6, we extend the mean, variance and covariance calculations of Chapter 2 so

that they may be applied to chromosomes in individuals whose pedigrees are known. We



then describe a quasi-likelihood model for estimating the genetic distance spanned by an
interval, assuming that the data consist of Hutterite chromosomes in which all junctions in
the interval can be counted. We explore the performance of the method by simulating data
on the Hutterite pedigree, and finally we consider how one might detect and assign junctions
to chromosomes based on continuous IBD information, which is a first step towards making

the method applicable to real data.



Chapter 2

THE EFFECTS OF POPULATION SIZE AND GROWTH
ON JUNCTION NUMBER AND SHARING

In this chapter, we consider junction formation and transmission in a random mating
monoecious population, with discrete generations. The founder generation consists of Ny
unrelated, diploid individuals, whose genetic material is carried on a single pair of homol-
ogous chromosomes. Chromosomes in this group are assumed to be of distinct ancestral
origin. The N, individuals in the ¢th generation give rise to the N;y, individuals in the
t + 1th generation according to the following algorithm. For an individual in generation
t+1, two parents are chosen randomly, with replacement, from the individuals in generation
t. A gamete is formed by each parent, and these are united to make up the genotype of the
offspring. This process is repeated for every individual in generation ¢ + 1. We assume that
during gamete formation, recombination events along the chromosome happen according to
a Poisson process, which necessarily has rate one per Morgan. This implies that the number
of recombinations in a chromosome of length L has a Poisson distribution with mean L.

We first find an expression for the expected number of junctions present in a randomly
selected chromosome. We explore the effects of population size, growth and type of growth,
and develop two variance approximations. Under three specific assumptions, the variance
is equal to the mean. Under these same assumptions, we show that the covariance is
equal to the expected number of junctions shared between two chromosomes. This variance
approximation is not good for very small populations, but demonstrates the aspects of the
process which give rise to variation. The second approximation is obtained by relaxing two
of the three assumptions, and performs well particularly in moderately large populations. In
the second section, we find the expected number of junctions shared between two randomly
selected chromosomes, and examine how this quantity is affected by population size and

growth.
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2.1 Number of Junctions per Morgan

2.1.1 Ezpectation

Suppose we randomly select a chromosome from the population at generation ¢. Let J; be
the number of junctions present on that chromosome. Let N = {Np, N1,...,Nt}, where
N; denotes the population size at time 7, and let n = {no,n1,-..1¢}, where n; denotes the
number of junctions formed in meioses from generation j. Finally, let I;(k, 7) = 1 if the kth
junction formed in meioses from generation j is present on the chromosome selected at time
t, and let I;(k,7) = 0 otherwise. Then

t—1 nj

Jt IEaQ:EZIt(kL?) - (2'1)

7=0k=1

Taking the expectation over the indicator function,

t—1 1y

([ | Non] = Y Ele(k,5)] - (2.2)

J=0k=1

Now E[I;(k, j)] =Pr(junction k from generation j is present on the selected chromosome). Let
[ denote the locus where junction k£ formed, and consider the population at generation j+ 1.
We can think of locus [ as having two alleles - one which is junction k&, and one which is not
junction k. The frequency of k in generation j+1 is exactly 53— N . Since we are considering
a random mating population, each of the 2N;,; genes at locus ! in generation j + 1 are
equally likely to be the ancestor of locus ! in the randomly selected chromosome. Therefore

E[I;(k, 7)] =Pr(junction k from generation j is present on the selected chromosome)= ﬁ,

and thus

t—1
E;[J; | N,n] = ,§=:o 5 J\Tr?ﬂ : (2.3)
If we now take the expectation over the junction formation process,
S~ Eln]
ElJ; | N]=Ep[ E[[J: | N,n] ] =Jz=%m . (2.4)

We show in Appendix B, Equation B.4 that

Efn;] = 2Nj11h;(N)L (2.5)
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where h; (V) is the probability of non-IBD at a particular locus in an individual in generation

J, and L is the length of the chromosome in Morgans. Thus we obtain

t—1
E[J: [ N] =) hj(N)-L. (2.6)
=
For the random mating population considered here,
j_l 1
hj(N) =i1;£ (1—2M_) . (2.7)

This result allows calculation of the number of junctions expected in a chromosome, as
a function of population sizes, thereby allowing the exploration of the effects of different

patterns of population growth.

Constant Population Size

We first consider a population of constant size V. In this case, h;j(&N) = (1 - 2-11V)J, and so

ELJ. | 1] tff(l—é%)j-fz

Jj=0
= 2NL- <1— (l— 2%)‘)
= 2NL-(1-h(N)) - (2.8)

Figure 2.1 shows the expected number of junctions per Morgan for small populations of
constant size N = 20, 50 and 100. Note that as ¢t — oo, h¢(N) — 0, and therefore
E[J: | N] = 2N L. This result was previously outlined by Blossey [3]. Convergence is quicker
for smaller populations, since h;(XN) (the probability of non-IBD) goes to zero more quickly.
Larger populations accumulate more junctions because regions of non-IBD, which are re-
quired for junction formation, are maintained for longer periods of time. In the limit as
t — oo, as the populations become fixed, doubling the population size doubles the num-
ber of junctions expected, and therefore approximately halves the average length of intact
ancestral segments.

It is interesting to note that E[J; | V] is linear in h:(N). Figure 2.2 shows the expected

number of junctions per Morgan as a function of the inbreeding coefficient (1 — A (N)).
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The top axis shows the generation number as a function of population size, using the
approximation ht(N) = (1 — 5%)* ~ exp 3+. This linear relationship between E[J; | N] and

the inbreeding coefficient is only true for populations of constant size.

Growing Populations

We now consider growing populations, and compare the effects of exponential vs. linear
growth on the the expected number of junctions present in a randomly selected chromosome

from generation ¢. For the exponentially growing population,
Ny=Np-g¢t, (2.9)

where g is the factor by which the population size is multiplied in each generation, and

g > 1. Then,

j—1
hj(N) = I}) (1 - 2;0571.) . (2.10)

Jacquard [17] shows that as j — oo, hj(IN) — g, where ay > 0. This implies that E[J; | N]
diverges. Junctions continue to accumulate indefinitely, in contrast to a population of
constant size. The segments of ancestral chromosome therefore get smaller and smaller as
the population continues to evolve.

In a linearly growing population,
Nt=N()+m't, (2.11)

where m is the linear growth rate, and m > 0. Now
j"l 1
i = - . 2.12

w0 =TI (1 - 53 55m1) (2.12)
Jacquard [17] shows that as j — oo, h;j(N) — 0 , although the convergence is extremely
slow. It is therefore possible that E[J; | N] converges. We investigate the behaviour of
E[J¢ | N] in the limit using Raabe’s Test (see for example [19]). Let R; = j (1 - f‘%&ﬂr))
Then Raabe’s Test states that:

(a) If liminf; , Rj > 1 then lim; o Z§'=1 h;j(IN) converges and
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(b) If there exists some j* such that RB; <1 Vj > j* then lim; .0 >5g hj(IN) diverges.

For the linearly growing population,

. 1 _ 7
Rj=s-1- (1" 2No+2mj) " 2Ny +2mj (2.13)
Ifm> %, then R; <1 Vj > 1, so E[J; | N] diverges by part (b) above. Now,
. . J 1
- = = .
st = e N 2my ~ 2m 214

and so for m < %, E[J; | N] converges by part (a) above. Thus for linear growth rates
greater than or equal to %, the expected number of junctions diverges, and in this sense,
the linearly growing population is similar to the exponentially growing population. For very
small linear growth rates (m < %), the expected number of junctions does converge, as it
does in a population of constant size.

Figure 2.3 shows some examples of the effect of small linear growth rates on E[J; | N] per
Morgan for four types of population, each with a starting population size (/Vg) of 20, and
with different growth rates. For the population of constant size (m = 0), the expected num-
ber of junctions per Morgan converges to 40. The populations with m = 0.1 and m = 0.2,
corresponding approximately to the addition of one individual to the population every 10
and 5 generations respectively, are also converging, and are not substantially different from
the constant sized population. The expected number of junctions in the population with
m = 1 continues to increase, and is dra.matica.lly different from the populations with smaller
growth rates. These examples are not meant to represent the situation in human popula-
tions, but rather to illustrate how important growth rate can be. After 500 generations, a
chromosome sampled from a population adding one extra individual per generation (m = 1)
is expected to have over four times as many junctions as a chromosome sampled from a pop-
ulation of constant size. This implies that intact ancestral segments are only one quarter

as long in the growing population, even though the growth is very slow.

Ezample populations with different types of growth

We next consider a somewhat more realistic population model, and compare the effects of

linear vs. exponential growth at finite times. We consider populations with founding size
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Figure 2.3: Expected number of junctions per Morgan, for populations in which Ny = 20,
and m =0, 0.1, 0.2 or 1.0.

Ny = 20, which have grown to a size of Nijgp = 2020 after one hundred generations. This
time-depth reflects that of the population of Finland, which was founded approximately 2000
years ago [25]. We compare the expected number of junctions per Morgan in populations
who achieved this growth (i) linearly, with rn = 20 and (ii) exponentially, with g = 1.047233.
Figure 2.4 shows the population sizes over time corresponding to the two types of growth.
Exponential growth of a population can be hard to maintain due to scarcity of resources
after a number of generations have passed. The linear growth model is also imperfect, in
that it implies decreasing fertility per-individual over time. Neither of these models are
necessarily reflective of any human population, but it is illustrative to examine the effects

of the two different growth patterns.

Figure 2.5 shows the expected number of junctions per Morgan in a randomly selected
chromosome for populations growing linearly and exponentially, for founding population
sizes (a) Ng = 20, (b) No = 100 and (c) Ny = 500. For a given founding population

size, the populations have the same size at generations 0 and 100, but their trajectories
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Figure 2.4: Population sizes for linear and exponential growth, Ny = 20 and Nygo = 2020.

between the two times are different (see Figure 2.4). Fewer junctions are expected in the
exponentially growing population because the population remains quite small for a long
period of time. During this time, the expected proportion of the chromosome which is
non-IBD is greatly reduced, and therefore the number of junctions formed in later meioses
is greatly reduced.

Table 2.1 shows the expected number of junctions per Morgan at time 100, for linear

and exponential growth and three different founding population sizes. For the smallest

Table 2.1: Expected number of junctions per Morgan in a chromosome taken from generation
100, for exponential and linear growth.

(No)
Growth Type 20 100 500
linear growth 90.0 97.9 99.6

exponential growth 64.9 91.7 98.3
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populations, one expects a.pproximai;ely 90 junctions in a chromosome sampled from the
linearly growing population, and approximately 65 junctions in a chromosome sampled
from the exponentially growing population. In this case, there are 40% ‘more junctions in
the linearly growing population, and therefore the intact ancestral segments are expected
to be much smaller on average. This effect of growth type is quite strong in the smallest

populations, but barely noticeable in the largest populations.

2.1.2 Variance

We demonstrated in the previous section that population size, growth rate, and type of
growth can have a strong effect on the expected number of junctions in a randomly chosen
chromosome. In natural populations we observe only one “replicate” of a population, and if
the process of junction formation and transmission is very variable, the number of junctions
existing in a chromosome sampled from that replicate may be quite different from the
number expected. For this reason, it is important that we also consider the variance of
Ji | N.

Figure 2.6 shows the empirical distribution, based on 10,000 simulations, of J; | N,
for populations of constant size NV = 20 and N = 50, at generation numbers 50 and 150.
When the populations are younger, there is a large amount of overlap between the two
distributions, even though the means are quite different (E[J50 | N = 20] = 28.27, E[J50 |
N = 50] = 39.50), reflecting that Var[Jsq | N] is large. For the older populations, the
variance remains large, but there is enough separation between the means that there is
very little overlap of the distributions. This example demonstrates the need for at least an
approximation to the variance of J; | IV.

We first consider an approximation based on some simplifying assumptions. The ap-

proximation does not work well, but it is informative to consider the sources of variation in

J: | N. Suppose that

1. The number of junctions (n;) formed in meioses from generation 7 has a Poisson
distribution with mean 2N;;1h;(IN)L. This would be true if all of the individuals

in generation ¢ had the same proportion h;(N) of their genome non-IBD. In reality,



19

3 5 N|g ®

2 3 /////// o

D L

P o ¢

8§ R i @ £

3 O 2

8 |

o w w m ///////A// uw m

i g 4 72, |

§ = 2000 N

o & 7)), I

S 4 \\\\\\\&\\\\\\\“\\\\“ ¥

g 8 Z|ER:

) - g :

p4 = P4 m

I T T — ° m I T T T 1 ] ° m

000¢g 0002 0001 0 M 0052 0002 O00SL 000F 00S 0 M
00001% O N0 Juno) 00001 jo jno juno)

(b) t=150

Figure 2.6: Empirical distributions of Js¢ | N and Jis0 | N, for N =20 and N = 50.



20

this proportion varies across members of generation i, and is equal to h;(/N) only in

expectation. This extra variability leads to extra-Poisson variation in the distribution

of n;.

2. The number of junctions (n;) formed in meioses from generation ¢ is independent
of the number of junctions (n;) formed in meioses from generation j, for all 7 # j.
This is not generally true. For example, knowing that n; is very small relative to the
number of meioses implies that the population is likely close to fixation, and therefore

subsequent n; (j > %) must also be small.

3. The presence of any one junction in the sampled chromosome from generation ¢ is
independent of the presence of any other junction in that chromosome. That is
Pr(junction k formed in a meiosis from generation i exists in the chromosome sam-
pled at generation t | junction | formed in a meiosis from generation j ezists in the
chromosome sampled at generation t)= Pr(junction k formed in a meiosis from gen-
eration i ezists in the chromosome sampled at generation t), for any k, [, i and j,

where k # 1 if 1 =7.

Let J¢(z) denote the number of junctions formed in generation 7 which exist in the randomly
sampled chromosome from generation £. Then assumption 1, together with the fact that the
probability that a junction formed in a meiosis from generation ¢ exists in the chromosome
sampled at generation ¢ equals Eﬁ’ implies that J;(¢) | N ~ Poisson(h;(N)L), 0<i<
t — 1. Furthermore, assumptions 2 and 3 imply that

Je(2) | N is independent of J¢(5) | N, fori # 5 . (2.15)
Therefore
t—1 t—1
Je | N=3" {J:(5) | N} ~ Poisson (Z hj(ﬂ)L) . (2.16)
7=0 7=0

For the Poisson distribution, the variance is equal to the mean, and can therefore be calcu-
lated using Equation 2.6.
Consideration of the simulations presented in Figure 2.6 immediately demonstrates the

inadequacy of this approximation to the variance of J; | IN. The following table shows the
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ratio of the estimated variance (62, based on 10,000 simulations) to the theoretical mean(y)
as a function of N and ¢:
62 /p|t=20 t=50 t=125 ¢=150

N=20 | 108 1.28 1.70 1.76
N=50 | 0.99 1.06 1.29 1.34

The Poisson variance is an underestimate of the true variance, especially for older genera-
tions, and the smaller population. Comparing the populations at times where t/N is equal
to one (V = 20, t = 20 and N = 50, ¢t = 50) we see that the mean underestimates the
variance by approximately the same amount: 8 or 9 percent. Similarly, comparing popu-
lations where t{/N = 1.5 (N =20, t = 50 and N = 50, t = 125) the mean underestimates
the variance by 28 or 29 percent. This suggests that for a constant sized population, ¢/N
approximately determines the adequacy of the Poisson approximation to the variance. For
values of t/N larger than 1, the Poisson approximation underestimates the true variance.
The importance of the quantity ¢/N is not surprising, since for a population of constant
size, h¢(N) = (1 — —) =~ exp 5%. Larger values of ¢/N correspond to increasing amounts
of IBD in the population, and in these situations, assumptions 1 through 3 may be further

from the truth.

Covariance

Before we develop an alternative variance approximation, we first find a simple expression
for the covariance under the assumptions discussed above. Let J; (1) denote the number of
Junctions in the first sampled chromosome, and let Jt( ) denote the number of junctions in

a second chromosome, sampled without replacement of the first. Then

t—1 nj t—1 1y

¢
TP N = S 10,5 - 221(2’(11)

J=0k=1 =01{=1

t—1 t—1 ny; 7y

= 33 S 1%0 1205

7=0j =0, k=1 1=1

3 #i
t—1 1y 7
+ 2221‘% 7) - 18, 5) +
F=0k=1 t=1

I#k
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t—-1 ny

2SSk 5) 1Pk, ) - (2.17)

7=0k=1
Note that the first term is a sum over junctions formed in different generations, the second
term is a sum over different junctions formed in the same generation, and the third term is
over all junctions. We will take the same approach as before, taking the expectation first
with respect to the indicator variables, and second with respect to the n. We require another
assumption, which is the analogue of assumption 3 above, namely that the presence of any
junction in chromosome one is independent of the presence or absence of any other junction
in chromosome two. This assumption gives us independence of the indicator variables in
terms one and two. In term three, the product of the indicators is simply an indicator of
whether or not the junction in question is present in both chromosomes one and two. We

will denote this indicator by IZ(k, 7). Since EI[I,EI) (k,9)] = E1[1£2)(k,,j)] = i - for all &

and all j, we have

E[[Jt Jt l-N—aﬂ] = Ld
el 2N 2Ny
J#I
t—1 ny 1

* ZZZ2N 3N

7=0 k=1 1 1

t—1 nj;

+ > Y EP(k.5)] - (2.18)

7=0k=1
Note that E;[I2(k, )] depends only on ¢ and j. We let pf(j) denote E;[IB(k, )], and then

taking expectations with respect to the n, we obtain
t—1 t—1 t—1 t—1
) __E[njny] Enj(n; —1)]
RN =30 3 o e ey SN+ LBl
J'#3

To find the covariance, we must subtract the product of the expected values:

B | B | = (S 2l iZ T + 3 s - 20
£ LT j=02NJ+1 = 2N+12N_7+1 5 (2Nj1)? ©

p2(). (2.19)

Note that under assumption 2 (independence of n; and n;r), the first term of Equation 2.20 is

equal to the first term of Equation 2.19. Under assumption 1 (n; has a Poisson distribution),
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Efn;(n; —1)] = E[n?] — E[n;] = E[n;]?, and so the second term of Equation 2.20 is equal to

the second term of Equation 2.19. Therefore, under these assumptions,
¢—1
Cov(IY, IP) = Y Elns] - P (3) - (2:21)
—rd

Note that this is just the expected number of junctions shared between the two chromosomes.
We will discuss the calculation of this quantity in Section 2.2.
We now develop a second variance approximation, which does not require assumptions

1 and 2. Consider the calculation of E[J? | N]. Now,

t—1 nj 2
JINn = (ZZIt(k,j))

1=0 k=
t— -1 t—1 (¢ n; n;
- 2> J>} + 325 {Suwa {3 uwn)
_0 k= i=0 j=0, =1
J#t
t—1 ny t—-1 njy
= I3 LkN+ID ZIt(k e, 5)
j=0k=1 J=0k=1[=1,
£k

t—1 t—1 n;

+3 2> th(k DLe(l,5) - (2.22)
i=0 j=0, k=1 I=1

JjF
The first term in J2 | N,n is a sum over all junctions. The second term is a sum over
pairs of distinct junctions formed in the same generation, and the third term is a sum over
pairs of junctions formed in different generations. We use the same approach of taking

successive expectations as we did in calculating E[J; | N]. Then
E[Jf |N] = EufE/[J? | N,n]]

t—1 njy
= En [Zj ST EL(k, 5)]

7=0k=1
t—1 n; nj
+3° 5 S ElL(k, )W, )]
J=0k=1|=1,
£k

t—1t-1 n; nj
+3_ 2 3 > EllL(k i)It(l,j)]] : (2.23)
=0 j;ﬂj k=11l=1 J
j#i
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We showed previously that EfI;:(k, )] = — . Using assumption 3, we have:
Blle(k, )l )] = sr— - so—, B[k )] = so— - sr—.  (2.24)
: 2Nj41 2Njn 2Niy1 2Nji1
Then
E[J7 |N] = En[E[J7|N,n]]
B |33 Sy
~ +E, Z
j=0k=1 2N _Ok—u— 4‘NJ+1
Ea |23 (2.25)
i=0 j=0, k=1 I=1 4N‘+1NJ+1
Jj#i
and
t—1 t—1 t—1 t—1
E[J?|N] =~ 2+ i(ng — DI, ) 2.26
[ | ] jzzgzNjH J; 4NJ?+ §JZO NN, (2%

J#i
Expressions for E[nf] and E[n;n;] are developed in Appendix B, Equations B.7 and B.9.

We can now approximate the variance of J; by

Var[J; | N] = E[J7|N]— E[Jt|M2
~ i rg] |, 5~ Bl —1)]
o Nj+1 j=0 4NJ+1
—1¢t-1 t—1 2
Efnn;] E[n;]
= . 2.27
§J§,4N+1NJ+1 (fgwjﬂ (2.27)
J#

The expectations in this exﬁression depend on the chromosome length, and the population
sizes over time, through the single locus non-IBD probabilities (h;(NV)), and the two locus
non-IBD probabilities ( ©;(N,8), ['1(N,0), AN, 8)), which are described in Appendix A.

Constant Population Size

Figure 2.7 shows the variance of the number of junctions per Morgan in populations of

constant size either N = 20 or N = 50. The variance is estimated by simulation (10,000
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—— (i) simulation
— (i) Equation (2.27)
----- iit) Poisson approximation
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(b) N =50

Figure 2.7: Variance of the number of junctions in a randomly selected chromosome from
a population of constant size N = 20 or N = 50; estimated by (i) simulation, (ii) Equa-
tion 2.27, and (iii) the Poisson approximation.
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— (i) simulation
— (it) Equation (2.27) = _ e
----- iil)- Poisson approximation L

1 T 1 T T i

Variance of the number of junctions per Morgan

Generation

Figure 2.8: Variance of the number of junctions in early generations from a population of
constant size NV = 50; estimated by (i) simulation, (ii) Equation 2.27, and (iii) the Poisson
approximation. :

iterations), Equation 2.27 and the Poisson approximation. For both populations, Equa-
tion 2.27 is much better than the Poisson based variance approximation, particularly for
later generations. It is interesting to note that in both examples, the Poisson approximation
begins to fail at approximately the Nth generation, which is where the non-IBD proportion
has been reduced to about 60% (see Figure 2.2). For generations earlier than this, the two
variance approximations are almost indistinguishable, and they are very close to the simu-
lated variance (see Figure 2.8). This suggests that for young populations, or older, larger
populations, the Poisson variance approximation may be adequate. The Poisson approxi-
mation to the variance has an advantage over Equation 2.27, because it is so much easier

to calculate.

Ezample populations with different types of growth

We now return to the example considered in Section 2.1.1 of populations growing either

exponentially or linearly to 100 times their founding population size over 100 generations.
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Figure 2.9: Distributions (estimated from 10,000 simulations) of the number of junctions
in a randomly selected chromosome from generation 100, for populations growing either
linearly or exponential with Ny = 20.

Figure 2.9 shows the distributions estimated from 10,000 simulations of the number of junc-
tions in a chromosome of length one Morgan, randomly selected from the population at
generation 100, for populations growing either linearly or exponentially, with Ny = 20.
Both distributions have a very large variance and there is considerable overlap between
them. This shows that while the expected number of junctions per Morgan may be quite
different between two populations, the number of junctions actually observed in two popu-
lations with different growth patterns could be quite similar by chance. This demonstrates
the importance of being able to quantify the variance of the number of junctions in a chro-
mosome.

Table 2.2 quantifies these observations. The table shows the variance of the number of
junctions in a chromosome of length one Morgan from generation 100, estimated by (i) sim-
ulation, (ii) the Poisson approximation, and (iii) Equation 2.27. Simulation based estimates
are available only for populations with Ny = 20, since simulation of the larger populations
is too computationally demanding. For the exponentially growing population with Ny = 20,
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Table 2.2: Variance of the number of junctions in a chromosome randomly selected from
generation 100, based on 10,000 simulations, the Poisson approximation, or Equation 2.27.

No =20 Ny =100 Ny =500
exponential linear exponential linear exponential linear

simulation 86.94 92.04 - - - -
Poisson 64.93 90.04 91.74 97.93 98.29 99.58
Equation 2.27 80.50 90.68 92.06 97.93 98.29 99.58

the Poisson approximation badly underestimates the variance. The approximation based
on Equation 2.27 is much better, but still an underestimate. Both approximations are much
better for the linearly growing population with Ny = 20. For the larger populations, the
Poisson approximation and Equation 2.27 give very similar results, and we hypothesize that

the variance is well approximated in these populations.

2.2 Number of junctions shared per Morgan

In this section we develop an expression for the expected value of the number of junctions
shared between two randomly selected chromosomes from generation ¢, as a function of the

population sizes over time. We apply this result to both populations of constant size, and

growing populations.

2.2.1 Eazpected number shared between two chromosomes

We again consider a random mating population, and study S;, the number of junctions
shared between two chromosomes randomly selected without replacement from generation

t. Taking the approach of summing over the generation of formation,

t—1 1j

Se| Nyn=13" > IP(k3) - (2.28)

=0 k=1
In this equation, I2(k,j) indicates that both of the selected chromosomes carry the kth

junction formed in meioses from generation j. Taking the expectation with respect to the
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indicator function, we require E[IZ (k, )], which is simply the probability that both of two
chromosomes selected from generation ¢ carry the kth junction formed in meioses from
generation j. If we let Z; be the number of copies of that junction existing in the selected
chromosomes (i.e. Z; = 0,1 or 2), and ¥; be the number of copies of that junction that
are present in generation 7, then the required probability is Pr(Z; = 2 | Y;41 = 1). Taking

successive expectations, as in Equation 2.4, we obtain

£—2
E[S: | N]=) E[n]-Pr(Z;=2|Y1=1). (2.29)
7=0

The summation only goes as high as t ~ 2, since Pr(Z; =2|Y; =1) =0.
Calculation of Pr(Z: =2 | Y41 =1)
For this random mating population, {Yji1,Yj42,...} is a Markov chain in which Yj4; =1,
Y;| Yie1 ~ Bin (2, o k) izj+e, (2.30)
2N1_

and conditional on Y;_;, Y; is independent of Y}, for all [ < 7 — 1. Similarly

Y.
ZtIYt_lrvBin(2, : ‘) t>j+2, (2.31)
2N;

and conditional on Y;_;, Z; is independent of Y] for all [ < ¢ — 1. Therefore

Pr(Z;=2Y;n1=1) = E[Pr(Z:=2|Y-1,Y0 =1)]| Vi1 =1]
= E[Pr(Z:=2Y1) | Y1 =1]

= F [(2)13:1)2 | Y51 = 1]

1 .
= mE [Yt2—1 | Yis1 = 1] t>7+2 (2.32)

In order to find an expression for E [Y;2; | ¥j4+1 = 1], we will need the following results. The
binomial distribution of Y; | Y;_; implies that
N;

i—1

BIY; | Vi) =~V i>5+2, (2.33)

and

i

N; \? 1 N;
E[Y2| Y,-_l] Y2, (N ’1) ( ) +Yig— i2i+2 (2.34)
. i— i—-1
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Also,
ElY; | Yjra=1 = E[E[Y;|Yi]| Y =1]
= B [%Yi—l | Yig = 1]
= B |G =1
= Nlﬁl i>i+2 (2.35)

We will now show by induction that

[ t—1 | Jj+1 ] ; (Nj-;-i) Nj+1 g 2Nj+r+1 NJ’+1 =7
(2.36)

Whent=j;+3,

2
Nji2 1 N;
E|Vi | Vim=1= 2] (1- + 22 2.37
[V | Y = 1] ( N ) R (2.37)
by Equation 2.34, so Equation 2.36 holds for ¢ = j + 3. Now suppose that Equation 2.36
holds for ¢ = n, and consider E [Y;2,|Yj41 =1] for t =n +1.

. [Yfflyjﬂ - 1] = E [E [Y"2 l Yr‘“l] | Yji1 = 1]
2
(7)) (-5 Ma )iy —
. I:(Yn—1 (Nn-l) (1 2N, + Yoot 1 I Y_7+1 =1
' N, 2 1 2 N,
- (Nn—l) (1 B 2Nn) B [Y"_l | Yj'*'l] + Nn-1E[Yn—1 | Vi1 =1]

Nyt 2N, Njyi ) Njpr = 2Njtr+1

e

=1

Nn 2 1 Nn—-l Nn Nn—l
+ ( ) (1 — ) . + . ) 2.38
Npv 2N,/ Nji1 Nnoy Njp (2.38)

using Equations 2.36 with ¢ = n (by supposition) and 2.35 in the last step. Simplifying,

n—j-2 N, 2 N‘+i n—j-1 1
EXAYGa=1 = (J—VJ—;) N 1L (1“—)

i=1 r=i 2]V:j+r+1
+ ( Nn )Z_Nn—l.(l_i)_‘__ Nn
Np_ Njq 2N, Njp1

—r— 2 —_
n‘il N") ——N"“nfll 1-—L 4+ (939
Nj+i) Njw 2Njir+1)  Njp

i=1 r=t
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Equation 2.39 is equivalent to Equation 2.36 with ¢ = n + 1, so we have shown by induction
that Equation 2.36 holds for all ¢ > 7 + 3. Therefore

Pr(Z:|Yiq1=1) =

- 2
t—j3-2 Nt—l) z+t Hr—1-2 ( Nc——l] J S t—3

1
2Ne-1)? [Ei:l Nj+i] N4t 2N1+r+1 ) Nj+1

1 } o—
2ZNe—1)? j=t—2,

since E[Y;2, | Y;—1 = 1] = 1. Substitution of these quantities and the expression for E[n;]

developed in Appendix B, into Equation 2.29 allows the calculation of E[S; | N]. Thus

(2.40)

we can calculate the expected number of junctions shared between two randomly selected

chromosomes, as a function of the population sizes over time.

Constant Population Size

For a population of constant size, the equations can be simplified. For example, for a

population of constant size N,

\ t—j—2 t—j—2 1
EVZ  Ym=1 = 3 I (1-55)+1

=1 r=t

t—j-2 1 \t—i—i—1
S (1_51-\,—) +1

=1
t—j3-—2 i
- 502
1=0
1 t—j—1 )
= 2N[ (1—2-]-\[—) J j<t—3. (2.41)

Then

ey 2N [1 -(1- —l—)t—j-l] j<t—3
Pr(Z, | Y =1)={ @V N (2.42)
i j=i-a
since E[Y2, | Y;—1 = 1] = L. Recall that E[n;] = 2Nh;(NN)L, and so by substitution of the

above equations into Equation 2.29, we obtain

t—-2
E[S: | N] = ZE[nJ] -Pr(Z;=2|Yj41=1)
Jj=0
t—3 1 L N teiet .
= -j§)2NhJ’(.J_V_)L - WZZV [ (1 — m) } +2Nhy_o(N)L - W
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oy {t__s B () - [1 - (1-53) H_l] + hea() - 5}7}
N
- ™)
ooy (-2
o)) om0

= L{2N (1 —he1(N)) — (¢ — Dhey (W)}

o W,
Il
N o

et
I

I
™

Il
&~
== N ——

S,
1
°©

= 2D {1 — by () + b () = 5ohes ()}
= 2NL{1—hea) (1 - 57 ) — g (@) }
= 2NL{1— hy(N) — t[he1(N) — he()]}, (2.43)

since hy(N) = (1 — —) = (1— 5k) -he-1(I). Note that as t — 0o, ¢ [re—1 () — he(N)]
0, and therefore E[J; | N] and E[S; | N] approach the same limit. To understand this result,
it is easiest to think of randomly selecting a chromosome, comparing it to its homologue in
the same individual, and interpreting E[S; | N] as the expected number of junctions IBD
between the two chromosomes. This interpretation is valid, since in a randomly mating
population, the two chromosomes within an individual are equivalent to two randomly
selected chromosomes. As the population goes to fixation and E[J; | N] goes to a finite
limit, all junctions in the two chromosomes must be shared, since a junction which is not
shared indicates a region of non-IBD. Therefore it follows that E[J; | N] and E[S; | N]
should approach the same limit. The difference between J; and S; can be interpreted as the
number of junctions present in the selected chromosome which are not shared IBD with its

homologue, and we denote this quantity U;. Note that
E[U; | N] = E[J; | N] — E[S; | N] = 2NL - t (b1 () — he(IV)] (2.44)

Figure 2.10 shows E[J; | N], E[S: | N] and E[U; | N], for a population of constant size

N =20 or N = 50, evolving over 500 generations. In earlier generations, the population is
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Figure 2.10: Expected number of junctions in a randomly selected chromosome from a
population of constant size N = 20 or N = 50; (i) total, (ii) shared IBD with its homologue,
and (iii) not shared IBD with its homologue.
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far from fixation - many junctions have been formed, but few have reached a high enough
frequency to be shared IBD between homologues. During this time period, most of the
junctions present in the chromosome are not shared. As the population continues to evolve,
the IBD proportion increases - fewer junctions are formed, and more are fixed or lost due
to drift. Eventually, most of the junctions present in the chromosome are shared IBD with
its homologue, and in the limit, all are. The total number of junctions becomes dominated
by the shared junctions more quickly in the smaller population. This is because junctions
formed in the early generations reach higher frequencies more quickly than they do in the
larger population, where their initial frequency is much lower. This is an example of the

more pronounced effect of genetic drift in the smaller population.

Growing Populations

We aga.in consider populations which are growing linearly or exponentially. Figure 2.11
shows E[J; | V], E[S: | N] and E[U; | N], for a population with Ny = 20 and linear growth
rates m = 0.1, m = 0.25 or m = 1.0. For the two cases where m < 0.5, we showed previously
" that E[J; | N] converges to a finite number. Since populations growing in this manner are
known to go to fixation as ¢ — oo [17], this implies that E[U;|N] — 0, and E[S; | N]
must approach the same limit as E[J; | N]. This is clearly the case in panels (a) and (b).
Panel (c) shows the case where m = 1.0. We saw previously that E[J; | V] diverges in this
situation, and since the population must go to fixation [17], this implies that E[S; | N] must

also diverge, while E[U; | N] may diverge more slowly, or converge to a finite number of

junctions.

Ezxample populations with different types of growth

Recall the example previously considered, of a population growing either linearly or expo-
nentially to 100 times its size at founding over 100 generations, as shown in Figure 2.4.
Figures 2.12, 2.13 and 2.14 show the expected total number of junctions in a randomly se-
lected chromosome, decomposed into those shared IBD with its homologous chromosome in

the same individual, and those which are not shared IBD for the populations with founding
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Figure 2.11: Expected number of junctions in a randomly selected chromosome from a
linearly growing population with Ny = 20 and m = 0.10, m = 0.25 or m = 1.00; (i) total,
(ii) shared IBD with its homologue, and (iii) not shared IBD with its homologue.
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Figure 2.12: Expected number of junctions in a randomly selected chromosome from a

population growing either linearly or exponentially from Ny = 20; (i) total, (ii) shared IBD
with its homologue, and (iii) not shared IBD with its homologue.
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Figure 2.13: Expected number of junctions in a randomly selected chromosome from a

population growing either linearly or exponentially from Ng = 100; (i) total, (ii) shared
IBD with its homologue, and (iii) not shared IBD with its homologue.
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Figure 2.14: Expected number of junctions in a randomly selected chromosome from a
population growing either linearly or exponentially from Ny = 500; (i) total, (ii) shared
IBD with its homologue, and (iii) not shared IBD with its homologue.
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sizes Ng = 20, Ny = 100 and Ng = 500 respectively. In the exponentially growing popula-
tions, a greater fraction of the expected total number of junctions are expected to be shared
IBD between the two chromosomes. This reflects the fact that the exponentially growing
populations maintain smaller sizes for a longer time. During this period, the frequencies
of junctions that were formed in the earliest generations drift such that some of them are
in relatively high frequencies, and they are therefore more likely to be shared by two ho-
mologous chromosomes. In contrast, the effects of drift are much less pronounced in the
linearly growing populations, which do not remain small for long. Junctions formed in these
populations have a much lower initial frequency, and it therefore takes much longer for their
frequencies to drift high enough for them to be shared by two homologous chromosomes.
This example demonstrates that different patterns of growth affect not only the total num-
ber of junctions in a chromosome, but also how these junctions are distributed, in terms of

how many are shared IBD with the homologous chromosome in the same individual, and

how many are not.

2.3 Discussion

In this chapter, we developed an approach to calculating the expected number of junc-
tions in a chromosome sampled from the present generation of an isolated population. We
developed some theoretical results for the limiting number of junctions in populations of
constant size, and for populations growing linearly or exponentially. We applied our ap-
proach to some example populations, and find that for very small populations, different
growth patterns can result in dramatic differences in the expected numbers of junctions in a
chromosome. However, different growth patterns have a smaller effect in larger populations.
We further demonstrated that the number of junctions in a chromosome has a high vari-
ance, and therefore considered two variance approximations. Under certain assumptions,
the variance is equal to the mean, and the covariance of the numbers of junctions in two
distinct chromosomes is equal to the expected number of junctions shared between the two.
We showed how to calculate the expected number of junctions shared, and demonstrated

that it can be affected by type of growth but only when populations are very small to begin
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with.



41

Chapter 3

THE EFFECTS OF RANDOM SUBDIVISION AND NON-RANDOM
MATING ON JUNCTION NUMBER AND SHARING

In this chapter, we study some ‘departures from the previous model of a single non-
subdivided random mating population. We study the effects of random subdivision on
junction number and junction sharing in a random mating population, assuming that sub-
populations arise as a result of random subdivision of the main population at a particular
generation, and that there is no migration between subpopulations after the division has

occurred. We also present some theoretical results on regular mating systems.

3.1 Population subdivision

In this section, we demonstrate how the results of Chapter 2 can be applied to subdivided
populations. Specifically, we consider the mean and variance of the number of junctions in
a randomly selected chromosome from a particular generation, and the expected number of
junctions shared between two chromosomes either from within the same subpopulation or
from two different subpopulations. These results are applied to some example populations

similar to the ones considered in Chapter 2.

3.1.1 FEzpected number of junctions per Morgan

To calculate E[J; | N] for a chromosome randomly sampled from a particular subpopulation,

we use Equation 2.6;

t—1
E[J. [N]=) hj(N)-L. BERY
=0

Recall that NV is the vector Ny, N1, ..., V; of population sizes. For generations prior to the

subdivision of the population, NNV; is the size of the entire population, and for generations
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after the subdivision, IV; is the size of the subpopulation from which the chromosome is

being sampled.

Constant Size Population

We now consider a population of constant total size IV, which divides into m subpopulations
of equal size at generation t;. That is, at time ¢;, the population is randomly divided
into m groups of equal size, which reproduce independently of one another in subsequent

generations. Then

i
hi(N) = (1—%) 0<i<t, and
m 3
hw(d) = kM- (1-7%) i=12,... (32)

We will use J# to denote the number of junctions in a chromosome sampled from a subpop-

ulation. Then

t—-1
B |N] = Zh-j(mL

= 2NL- [1— (1—%)1

= 2NL-[1—-h(N)], t<ts+1. (3.3)
Fort>ts+1,

t—1
BUZIN] = 3 ks

t—ts—1

—Zh(N)L+ > heri(NL

=1

=2NL( (1—2%) t’H) + he, (N) t_gl (1-%)1-[’
=2NL( (1 _ %) t’+1)+(1 _ %)t (2% [1 - (1 _ %) H’] - 1) L
_aNL (1_(1_%)&4—14_ (1_%)@(% [1—(1_%)t—t5] _%))



43

<
—
-
I

1\5& 1 m \ it
-(I—QN) a(l‘ﬁ) )

m \ t—t=
(1 - éﬁ) D : (3.4)
Note that as ¢ — oo,

E[JS|N] — 2NL - { 1 — hy (V) (1 — %)} . (3.5)

=2NL( — hey (V) {1 —
oo

Thus for a given number of subdivisions, earlier subdivision leads to fewer junctions being
formed. This is because IBD accumulates faster in the smaller populations that exist after
the subdivision. Similarly, for a given time of subdivision, more subdivision leads to smaller
subpopulations and hence fewer junctions.

Figure 3.1 shows the effects of subdivision into two subpopulations at different times, for
(a) N=20 and (b) N=50. The effects of subdivision are less pronounced in the larger of the
two populations, and the differences are large only if the population has been reproducing for
more than 50 generations. These results suggest that in order for subdivision to seriously
impact the number of junctions in chromosomes in human populations, the populations

must be initially very small, or extremely subdivided.

Ezample of growing populations with repeated subdivision

We now consider the effects of subdivision in an example which is more relevant to human
populations. We again consider a population which grows exponentially to 100 times its
initial size over a period of 100 generations, with initial population sizes (Np) of 20, 100 and

500 individuals. We calculate E[J{y,] for the following scenarios:
e an exponentially growing population without subdivision. A 100 fold increase over

100 generations corresponds to an exponential growth rate of 4.7% per generation.

e an exponentially growing population in which splits occur whenever a population size

of 8Ny is reached.
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divided into 2 subpopulations at varying times.
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e an expomnentially growing population in which splits occur whenever a population size

of 4Ny is reached.

e an exponentially growing population in which splits occur whenever a population size

of 2Vg is reached.

For a given value of Ny, all scenarios have the same total population size (summing over
subpopulations) at every generation. The difference between the scenarios is in the amount
of subdivision within the population. The most subdivided population (where splits occur
when a size of 2Ny is reached) is made up of 64 subpopulations at time 100. The populations
in which splits occur at 4Ny and 8 Ny are made up of 32 and 16 subpopulations at time 100,
respectively.

Figure 3.2 shows the expected number of junctions per Morgan for populations growing
exponentially at a rate of 4.7% per generation. The different panels correspond to founding
population sizes of (a) 20 (b) 100 and (c) 500, and different lines on the same plot correspond
to different degrees of subdivision. For a given founding population size, the expected
number of junctions in a particular generation increases as the amount of internal subdivision
decreases. The differences are quite pronounced for the smallest population, and barely
noticeable for the largest.

Table 3.1 shows the expected number of junctions per Morgan in a chromosome taken
from generation 100, for the four different subdivision scenarios, and three sizes of the
founding population. As expected, the lesser the degree of subdivision, the larger the
number of junctions in the chromosome. This is because more subdivision leads to smaller
subpopulations in which IBD builds up more quickly, reducing the number of junctions
formed. When Ng=20, the differences in the expected number of junctions are quite large.
For example, chromosomes in the non-subdivided population are expected to have 40%
more junctions than those in the population which splits whenever a population size of 2V
is reached. This implies that on average, ancestral chromosome segments are considerably
longer in the subdivided population. The differences persist in the larger populations, but
are greatly reduced. To understand the practical importance of these differences, we consider

the variance of the number of junctions per Morgan, in the following section.
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Table 3.1: Expected number of junctions per Morgan in a chromosome taken from gener-
ation 100, for four subdivision scenarios in populations growing exponentially at 4.7% per
generation.

(Vo)
Scenario 20 100 500

no subdivision 64.9 91.7 98.3
splits at 8Ny 62.8 90.9 98.1
splits at 4Ny 57.3 889 97.7
splits at 2Np 45.0 83.5 96.4

3.1.2 Variance of number of junctions per Morgan

The variance approximations which were developed in Section 2.1.2 can be applied in a
straightforward manner to subdivided populations. The relevant historical population sizes
required by the equations are simply those within the subdivision of interest. In this section,
we apply both the Poisson approximation and Equation 2.27 to approximate the variance
of the number of junctions at generation 100 in the subdivided populations discussed in
the previous section. We also obtain simulation based estimates of this variance for the

populations whose founding population size was Ny = 20.

Ezample of growing populations with repeated subdivision

Recall that all the populations considered were growing exponentially at a rate of 4.7% per
generation, to achieve a 100 fold increase over 100 generations. Founding population sizes
were No = 20, Ng = 100 and Ny = 500. We considered a non-subdivided population, and
populations in which splits occurred whenever the local population size reached 8Ny, 4Ny
or 2Np. For a given value of Ny, all 4 populations have the same total population size
(summed over subpopulations).

Figure 3.3 shows the distributions estimated from 10,000 simulations of the number of
junctions in a chromosome of length one Morgan, randomly selected from the population at

generation 100, for each of the four populations for which Ny = 20. All distributions have a
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Figure 3.3: Distributions (estimated from 10,000 simulations) of the number of junctions in
a randomly selected chromosome from generation 100, for each of 4 growth and subdivision
scenarios with Ny = 20.

very large variance. There is considerable overlap between distributions - even between the
most subdivided population (splits at 2/Ng) and the non-subdivided population. This shows
that while the expected number of junctions per Morgan may be quite different between two
populations, the number of junctions actually observed in two populations with different

growth patterns could be quite similar by chance.

Table 3.2 quantifies these observations. The table shows the variance of the number
of junctions in a chromosome of length one Morgan from generation 100, estimated by (i)
simulation, (ii) the Poisson approximation, and (iii) Equation 2.27 of Chapter 2. Simulation
based estimates are available only for populations with Ny = 20 and the more subdivided
populations with Ny = 100, since simulation of the larger populations is too compuationally
demanding. For the populations with Ny = 20, the Poisson approximation badly underesti-
mates the variance. The approximation based on Equation 2.27 is much better, but still an

underestimate. This pattern also holds for populations with Ny = 100, and both approxi-
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Table 3.2: Variance of the number of junctions in a chromosome randomly selected from
generation 100, based on 10,000 simulations, the Poisson approximation, or Equation 2.27.

no subdiv. splits at 8Ny splits at 4Ny splits at 2N

simulation 86.94 81.85 77.78 68.86
Ng =20 Poisson 64.93 62.80 57.28 45.00
Equation 2.27 80.50 76.95 70.93 60.53
simulation - 94.07 91.67 86.24
Ng =100 Poisson 91.74 90.91 88.93 83.45
Equation 2.27 92.06 91.24 89.34 §4.60
simulation - - - -
Ny =500 Poisson 98.29 98.10 97.66 96.36
Equation 2.27 98.29 98.11 97.66 96.38

mations are quite close to the simulated variance for these populations. For the populations
with Ny = 500, the variance approximations are virtually identical, and we hypothesize that

the variance is well estimated by either approximation for populations this large.

3.1.3 Ezpected number of junctions shared per Morgan

As shown in Equation 2.29, the expected number of junctions shared between two chromo-
somes chosen without replacement from generation ¢ is given by

t—-2
E[S; | N] =} E[nj]-Pr(Z: =2| Y1 =1) . (3.6)
j=0

Here n; is the number of junctions formed in meioses from generation j and Pr(Z; = 2 |
Y;+1 = 1) is the probability that a junction formed in a meiosis from generation j exists in
both sampled chromosomes. To calculate the expected number of junctions shared between
two chromosomes from the same subpopulation, we simply apply this equation using the
historical population sizes of the subpopulation of interest.

Now consider comparing chromosomes from two different subpopulations at generation
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t. If ¢5 is the time at which the subpopulations split, then

ts—2
E(S: | Nl = > E[nj]-Pr(Z:=2|Y41=1). (3.7)
=0

The summation only goes as far as ¢5 — 2, since in order for a junction to be shared, it must
have been formed in a meiosis from an ancestor common to both subpopulations. Next we
consider the calculation of Pr(Z; =2 | Y;4+1 = 1), where £ > t; and j < t; — 2. Let [ denote
the location at which the junction of interest occurred. In the first subpopulation, locus {
on the sampled chromosome is a copy of exactly one of the genes present in the founders
of that subpopulation. Similarly, locus [ in the second chromosome is a copy of exactly one
of the genes present in the founders of the second subpopulation. By the “founders of the
subpopulation” we mean the individuals in generation ¢; who randomly divide into groups
to make the subpopulations. Since the subdivision is ré.ndom, and the subpopulations
reproduce according to the rules of random mating, the two subpopulation founder genes
represented in the sampled chromosomes can be thought of as two genes chosen without
replacement from generation ;. Therefore

ts—2

E[S:|N] = Y Elnj]-Pr(Z;=2|Y4 =1)
=0
te—2

= > E[nj]-Pr(Z, =2|Yj41 = 1)
7=0

= E[S, | N]. (3.8)

That is, the expected number of junctions shared between two chromosomes chosen from
different subpopulations is equal to the expected number of junctions shared between two
chromosomes chosen randomly from the generation in which the split occurred. This result
is interesting because it implies that the subpopulation sizes since the subdivision and the

number of subdivisions are both irrelevant to the expected number of junctions shared.

FEzample of growing populations with repeated subdivision

We return again to our example of popu.laﬁions growing exponentially, with varying degrees

of subdivision and different founding population sizes. Figure 3.4 shows the expected num-
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Figure 3.4: Expected number of junctions shared per Morgan as function of generation, for
exponentially growing populations with varying degrees of subdivision. Founder population
sizes are (a) 20, (b) 100, and (c) 500.
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ber of junctions shared per Morgan between two chromosomes randomly sampled from the
same subpopulation. The three panels correspond to different starting sizes of (a) Ny = 20,
(b) Np = 100 and (¢) Ny = 500, and different lines within the same plot correspond to
different levels of subdivision. The more subdivided populations always have higher ex-
pected junction sharing than less subdivided populations. The relative effect of increasing
subdivision is approximately the same regardless of founding population size. However, the
absolute magnitude of the expected number of junctions shared is much smaller in the larger
populations, which also have a higher expected number of junctions per Morgan overall. We
will see an application for the expected number of junctions shared in Chapter 4, when we

consider the mean length of an IBD tract between chromosomes.

3.2 Regular Mating Systems

In this section we consider the expected number of junctions in a chromosome randomly
selected from a regular mating systems. The systems we consider are repeated sib-mating,
repeated double-first-cousin mating, and repeated first-cousin mating. None of these are
directly applicable to human populations, but all are interesting theoretical problems of

particular interest to plant and animal breeders.

3.2.1 Sib mating

Figure 3.5 shows a system of repeated sib-mating. The founders are two unrelated individ-
uals who have two children. Those children then become the parents of the next generation,
and so on. Lines indicate meioses, and filled circles represent individuals. Generation num-
bers appear down the left side of the figure.

Let h; be the probability of non-IBD between two genes on homologous chromosomes
within an individual in generation ¢. Similarly, let &, represent the probability of non-IBD
between two genes from different individuals in generation t. Assuming that the founder

couple are non-inbred and unrelated, Ag = 1 and k; = 1. One can show that

1 1
ht =ki—1 and k= Ekt—l + th—1 ; (3.9)

and hy — 0 as t — oo, and the rate of decay is exponential (see for example [6]).



53

Figure 3.5: Repeated sib-mating.

We now consider the expected number of junctions present in a chromosome of length

L, chosen at random from generation f{. As we argued previously for the random mating
populations,
t—1
E[J:] = ) _E[ni] - Pr(d) , (3.10)

i=0
where Pr;(z) is the probability that a junction formed in a meiosis from generation 7 exists in
the randomly sampled chromosome from time ¢, and n; is the number of junctions formed in
meioses from generation i. Consider first the calculation of the probability Pr;(z). A junction
formed in a meiosis from generation ¢ will be present in exactly one copy in generation
i + 1. Therefore its frequency in generation 7 + 1 is exactly 0.25. Since the individuals in
generation : + 1 contribute equally to subsequent generations, and since we are randomly
selecting a chromosome from generation ¢, the 4 genes present at the location of the junction
in generation ¢ + 1 are equally likely to be the ancestor of the same location in the sampled
chromosome. Therefore Pr;(i) = 0.25, for all ¢ greater than i. Consider the calculation of
E[n;]. Now, n; is the sum of the number of junctions formed in each of the four meioses from
generation i. Consider meiosis m from generation ¢, and let H;(m) denote the proportion
of the chromosome which is not IBD in the person from whom that meiosis originates. If
recombinations happen as a Poisson process along the chromosome, this process must have

rate one per Morgan, and the number of recombinations in a chromosome of length L has
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Figure 3.6: Expected number of junctions per Morgan in a chromosome sampled from
generation ¢, repeated sib mating.

a Poisson distribution with mean L. A junction is just a recombination event which occurs
in a region of non-IBD, and so conditional on H;(m), the number of junctions formed in

meiosis m has a Poisson distribution with mean H;(m)L. Then
E[nm,m] = Eg[E[ng,|Hi(m)]] = E[H;(m)L] = h;L .
Since n; = Efn___l T, E[n;] = 4h; L. Therefore, we can calculate E[J;] by
t—1 t—1 t—1
E(J) =) E[ni]-Pr.(i) =) 4h;L-025= h;L. (3.11)
=0 =0 =0
Figure 3.6 shows the expected number of junctions per Morgan in a chromosome sampled
from generation ¢ for repeated sib-mating. The plot suggests that the expected number of
junctions per Morgan converges to six as ¢ — oo. This can be confirmed algebraically. By

Equation 3.9, we have

1 1
hiy1 = §hi + Zhi—l . (3.12)
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Summing both sides from 7 = 1 to 7 = ¢, we obtain

t 1 t 1 t
Ehi+1 = §Zhi+zzhi—1

=1 =1 i=1
t-+1 1 t 1 t—1
Dhi = > i+ ki
Z 2 4 4 -
=2 =1 =0

Since kg = h; = 1, this is equivalent to
t—1 1 t—1 lt—l
i+ he +hi1 —2=<= hi+he—1)+=> h;.
S ok b 2(; -1) i3

Solving for $":Z} h;, we obtain

= 1 3
> hi=4(—gh—hen+3) . (3.13)
=0 2 2

Taking the limit of Equation 3.13 as ¢ — oo gives

t—1
Jim Z; h;i =6, (3.14)
1=

since h; — 0 as t — oo. Therefore E[J;] > 6L ast — oo .

This result is identical to that obtained by Fisher [9] using matrices of mating types.
Since E[J;] is finite, J; is finite with probability one. Since we know that each point on the
chromosome is eventually fixed, all junctions are shared when the population is fixed. Thus
we expect a total of seven segments per Morgan in a chromosome, once the population has

become fixed. The segments are therefore quite long, having mean length at least 14.3 cM.

3.2.2 Double-first-cousin mating

Figure 3.7 shows a system of repeated double-first-cousin mating The founders are four
unrelated individuals in two couples, each of which have two children. Mating pairs are
formed by pairing one individual from each sibship. These pairs have two children each,
and the process is repeated. The couple who will give rise to generation three are double-
first-cousins, since they are first-cousins through both their parents. The notation is as in
Figure 3.5.

Let h; be the probability of non-IBD between two genes on homologous chromosomes

within an individual in generation ¢. Similarly, let /; represent the probability of non-IBD
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Figure 3.7: Repeated double-first-cousin mating.

between two genes in non-siblings in generation ¢, and let k; be the probability of non-
IBD between two genes in siblings in generation . Assuming that the founder couples are

non-inbred and unrelated, hg = 1, I = 1 and kg9 = 1. One can show that

1 1 1 1
he =1, It = Ekt-—l + 5&-1 and k; = ’2‘lt—1 + th—l ) (3.15)

and h; = 0 as ¢ = oo, and the rate of decay is exponential (see for example [6]).
We now wish to calculate
t—1
E[J;] = Y E[ni] - Pr.(3) , (3.16)
i=0
where Pr;(7) is the probability that a junction formed in a meiosis from generation i exists
in the randomly sampled chromosome from time ¢, and n; is the number of junctions formed
in meioses from generation :. Using reasoning analogous to that explained in the previous
section, we obtain Pr,(:) = % (since there are eight chromosomes in each generation), and

E[n;] = 8h;L. Thus we again obtain

t—1 t—1
E[J:] =Y _E[ni]-Pr(s) =D _ hiL . (3.17)
=0 =0

Figure 3.8 shows the expected number of junctions per Morgan in a chromosome sampled

from generation t for repeated double first cousin mating. The plot suggests that the
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generation ¢, repeated double first cousin mating.
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expected number of junctions per Morgan converges to fourteen as ¢t — oo. This can be

cenfirmed algebraicly. By Equation 3.15, we have

1 1 1
hiy1 = —h;_ ~h;_ —h; . .
+1 8h1 2+4 1+2h, (3.18)

Summing both sides from 7 = 2 to ¢ = ¢ + 1, we obtain

t+1 1 1 1 tl 1 Bl
S hiy = —th-z-l- Ehz 1+2Zh
=2 t=2 1—2 =2

t+2 t+1

Shi o= = Z hi +~ Z hi 4= Z hi

=3 1.=0 1—1 1—2

Since hg = hy = hy = 1, this is equivalent to

t—1 t—1
1 1
E hi+ht+ht+1+hg+2—3——z h; +~ (E h+hg—1) 2(5 hi+ht+ht+1—2> .

i=0 i=0 1=0 1=0

Solving for Z,_o h;, we obtain

= 1 7
3 he =8 (—ghe~ her —hua+ 1) (3.19)
=0

Taking the limit of Equation 3.19 as ¢ — oo gives
t—1
lim h;i=14, (3.20)

t—oc0
=0

since h; — 0 as t — co. Therefore E[J{] > 14L ast—> 0.

Since E[Ji] is finite, J; is finite with probability one. Since we know that each point
on the chromosome is eventually fixed, all junctions are shared when the population is
fixed. Thus we expect a total of fifteen segments per Morgan in a chromosome, once the
population has become fixed. The segments are likely to be much shorter than in the
sib-mating population, having mean length of at least 6.7 cM.

3.2.3 First-cousin mating

Figure 3.9 shows a system of repeated first-cousin mating starting with ten unrelated individ-
uals and continuing for five generations. In this diagram, solid circles represent individuals,

and the intersections of lines are therefore matings. This mating system is more interesting
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Figure 3.9: Repeated first-cousin mating.

than sib-mating and double-first-cousin mating because it may be approximately represen-
tative of some human populations. The linear increase in the number of ancestors looking
backward in time may reflect that seen in some human populations, and such a system
can be maintained over many generations. In addition, in any given generation, not all
individuals contribute equally to the next generation. This is more realistic than the other
systems in which all individuals contribute equally.

Let h§°) denote the probability of non-IBD for two genes randomly sampled from siblings
in generation £. Similarly, let hgj ) denote the probability of non-IBD for two genes randomly
sampled from cousins of degree j in generation ¢. Finally, let h; denote the probability of
non-IBD for two genes sampled from the same individual in generation ¢. Since all matings
happen between individuals who are first cousins, h; = h&)l. If the founding individuals

are assumed to be non-inbred and unrelated, the following initial conditions hold:

ho=hY = 1, forallj=0,1,2,...
R? = 1, forall j>¢,
Y = 075 (3.21)
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For all j < t, the following relationships hold (see, for example [17]):

RD =0.25-h07Y +0.5-89) +0.25-RFED iri>1 (3.22)

and
A =05-rY, +0.25-RY, ift>2. (3.23)
It may help to think of the ht(j ) as the elements of a matrix, where the rows are indexed by
t (generation) and the columns are indexed by j (cousin type). All upper diagonal elements
of the matrix are 1, and the lower elements are given by the recursion relations above. It
has been shown that htu ) 30ast— oo Vj [17], [24], but the rate of decay is proportional
to % [24] — much smaller than for sib mating or double first cousin mating.
We would like to calculate the expected number of junctions per Morgan in a chromosome
chosen from an individual who is the result of ¢ generations of first-cousin mating. We use

the equation
t—1 m;

E[J] =YY" Enm] - pe(m,d) , (3.24)

=0 m=1

where m; is the number of meioses from generation %, p;(m,?) is the probability that a
junction formed in meiosis m from generation ¢ exists in the chromosome sampled from
generation ¢, and n,, is the number of junctions formed in meiosis m from generation 3.
This is similar to the approach used for sib mating, and double-first-cousin mating, only
we sum over the individual meioses in each generation. Since all individuals in generation

i have the same probability of non-IBD h;, E[n.,] = h;L for all m = 1,...,m;. Therefore

t—1 m;
1=0 m=1

Now consider the probabilities p;(m,i), m = 1,...,m;. The probability p;(m,?) can be
thought of as the probability that at a particular locus, the product of meiosis m from
generation ¢ is IBD to the gene at that locus in the chromosome sampled at time . The
sum of these probabilities over all the meioses from generation 7 must be equal to one, since
one of those products of meioses must be the ancestor of the chromosome sampled from
generation ¢, at the locus of interest. We therefore obtain the familiar equation

-1
= tz hiL . (3.26)

=0
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Figure 3.10: Expected number of junctions per Morgan in a chromosome sampled from
generation ¢, repeated first cousin mating.
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Figure 3.10 shows the expected number of junctions per Morgan in

a chromosome sam-

pled from generation ¢ for repeated first cousin mating. Even after a relatively long period

of inbreeding, the expected number of junctions does not appear to converge. In fact, the

expected number of junctions per Morgan diverges, as we now prove.

E[J;] diverges
First rewrite Equation 3.26 as
n-—2
(1+ Zh(”) (2+Zh§“> L
t=1
using the fact that ho = 1 and hy = h{Y, for all ¢ > 1. We show that
n—2
Zhgl)—)oo as t—o0 .

t=1

Let 7 index cousin type. Then for 7 =1,2,3...,

n-2 n—2 =z
Sa = 0253 A0 +0s. Zh 1 +0.25- 3~ ATYY
-1 t=1

(3.27)

(3.28)

n—-3 n—-3
= 0.25- (Zh(J 1)+1) +0.5- (Zh?’ﬂ) +0.25 - (Zh?“)ﬂ),

t=1 t=1
so that
n—-2 . n-3 1 n=3 n—3 .
S K =025 3 A9 05 40 4005 3 AP
t=1 t=1 t=1 t=1
For j =0,
n—2 n—2 n-2
S A = 075+05-5 A, +0.25- 3 &Y,
t=1 t=2 t=2
n—3 n—4
= 0.75+05-3 A" +0.25 (Z A +1
t=1 t=1
so that
n—2 n—3 n—4
S a® =1+05-3 rM +025- 5 A
t=1 t=1 t=1

Since 0 < ho) <1, Sp2 hO) is non-decreasing with n, for all j.

n — 00, either "‘2 h(J) — «; where «; is some finite positive number,
J ] p

t=1

Dyt (3.29)

)

(3.30)

This means that as

or 1?2 h(J) — 00.
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Equations 3.29 and 3.30 show that if any one of the sums indexed by j diverges, then they

all must. We now show that Z""z h(l) diverges, by contradiction. First we note that
r® <M <h®P <a® ... (3.31)

for all £. We prove Equation 3.31 by induction on ¢. Note that the initial conditions imply
the truth of Equation 3.31 for t = 0, 1,2. Now, assuming that Equation 3.31 holds for ¢ < n,

we will show that it holds for t =n+1. For 3 =1,2,3,..., we have

REFD = 025-RY +0.5- hGHD 4+0.25 - AGHD

> 0.25-hY~D +0.5- R +0.25- AGHD

2,
So for all j > 1, we have shown h,(lﬂ)_l < h,(f_;_*'ll) It remains only to show that hﬂl < h&)_l.
Consider
AU —h®, = 025-h® +05-A0 +0.25- 52 —0.5- AV —0.25- L,

= 025-2 +0.25- (h@ —h{)))
0.25- h® +0.25 - (0.25- h{Y; +0.5- D, +0.25- A, —A),)
0.25- A +0.25 - (0.25 - (A, — D) +0.75 - (b2, — A1)

= 0,

since h.( ) L2 h(z) and h(2) > h(l)l, by assumption. Thus h,(ioll < (0) . So by induction

on t, we have shown that

RO < hIFY vi=0,1,2,... (3.32)
for all ¢.
Suppose that
n—2
G - . 5 —
ngzgogh aj 7=0,1,2,... (3.33)

where «; is some positive finite number. Then Equation 3.32 implies that

n—2

o5 = Jim 3 b < Jim, Z r = g1 V4, (3:34)
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so that
aj < ajp1 for all 5. (3-35)

However, Equation 3.29 shows that
a; =025 -a;_1+05-a; +0.25 -aj 1 +1, 7>1,
SO
0.25-aj41 —025-a; = 0.25-0;—0.25-a;_; —1
Qjy1—Qf = aj —ajp—4

= (gj1—aj2—4)—4

= a3y —oyg—47 .

Since a; and ag are positive finite numbers, this shows that for large enough j, oj41—a; <0,
which implies

i1 <oy . (3.36)

Notice that Equations 3.35 and 3.36 contradict one another. Therefore supposition 3.33

must be false, and thus at least one of the sums 2, hgj ) must diverge. However, Equa-

tions 3.29 and 3.30 showed that if one of the sums diverges, they all must. Therefore

n—2
S 500 as t—s oo, (3.37)
t=1
and so
E[Jo] 20 as n — oo (3.38)

Thus if we think of an infinitely large population reproducing by first cousin mating and
progressing towards fixation, we expect the chromosomes to be broken into infinitesimally

small pieces relative to the founder population.

3.3 Discussion

In this chapter, we showed how the results of the previous chapter can be simply applied to

subdivided populations. We considered some example populations, and examined the effects
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of different amounts of subdivision on the expected number of junctions in a chromosome
and the expected number of junctions shared between two chromosomes. We found that
subdivision can substantially reduce the expected number of junctions in a chromosome,
particularly in small populations. As we saw in Chapter 2, the variance of the number of
Junctions in a chromosome is very large. We also showed that the greater the extent of
subdivision, the more junctions are expected to be shared between chromosomes within a
subpopulation. The relative effect of subdivision on junction sharing is similar regardless
of population size, but sharing is greatly reduced in large populations.

In the second section, we presented some results for regular mating systems. We con-
firmed a known result for the limiting number of junctions in sib-mating, and presented an
original derivation of a similar result for double-first-cousin mating. We also showed that
the expected number of junctions in first-cousin mating diverges as t goes to infinity. This
is interesting because it suggests that the ancestral segments in the fixed chromosome will

be infinitesimally small.
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Chapter 4

THE EFFECTS OF POPULATION SIZE, GROWTH AND
SUBDIVISION ON THE LENGTHS OF IBD REGIONS

In addition to studying the expected number of ancestral segments in a chromosome,
it is also of interest to consider the tracts of IBD between two chromosomes sampled from
the population. In this chapter we discuss an approach to modelling the length of an IBD
tract, using the results from chapters 2 and 3, and results from the literature. We assess
the accuracy of our model, and use it to investigate the effects of population growth and
subdivision on the mean length of tracts of IBD.

Figure 4.1 depicts two chromosomes sampled from a population some time after found-
ing. Different patterns represent different ancestral chromosomes. Tracts of IBD and non-
IBD are indicated above the chromosomes by black (non-IBD) and white (IBD) bars. Note
that a single tract of IBD or non-IBD is made up of a variable number of segments, where
a segment is defined as the piece of the chromosome between two neighbouring junctions.
In order to precisely describe the tracts of IBD and non-IBD, we classify each junction
according to the IBD state between the pair of chromosomes on either side of the junction.
Thus there are four types of junction; those non-IBD on both sides, those non-IBD on the
left and IBD on the right, those IBD on the left and non-IBD on the right, and those which
are IBD on both sides. These junction types will be referred to as types U, V, T and S
in what follows. Type S junctions are the shared junctions of the previous chapter, and
Jjunction types T, U and V are unshared junctions, which we previously denoted as a group
with the letter U. Note that a tract of IBD starts with a type V junction, followed by a
variable number K (which could be zero) of type S junctions, and ends with a type T junc-
tion. Similarly, a tract of non-IBD starts with a type T junction, continues with a variable
number M (which could be zero) of type U junctions, and ends with a type V junction.

The process can be thought of in two components; the first component is the sequence of
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Figure 4.1: Two chromosomes sampled from a population, some time after founding. Dif-
ferent shades represent different ancestral chromosomes.

junction types along the pair of chromosomes, and the second component is the lengths of
the segments in between each adjacent pair of junctions. In order to model the distribution
of the length of an IBD tract, we must make an assumption first about the occurrence of
the different junction types along the chromosome, which tells us about the distribution of

K, and second about the distributions of segment lengths.

In order to assess the models we describe in the next section, we conducted some sim-
ulation studies. The details of simulation in a random mating population are described
in more detail in Chapter 5. Conditional on population sizes over time, random mating
populations were simulated. For each generation, two chromosomes were randomly selected
from the population. The two were compared, and the tracts of IBD were examined. An
IBD tract was then chosen at random, and its length and the number K of internal type
S junctions were recorded. The mean and variance of the length of an IBD tract, and the
mean number of type S junctions were obtained by repeated simulation. For a select few
generations, the entire simulation distribution of K was recorded. These simulation results

estimate the true distributions, which we try to model in the next section.



68

4.1 Modelling the length of an IBD tract

4.1.1 Model A: Independence of Junction Types and IID Ezponential Segments

We first used a very simplistic model, which we present here because it helps to motivate the

better models. To start, we consider only two classes of junctions - type S and not type S.

We denote these classes by S and S. We assume that these two classes appear independently

along the chromosome. That is, the probability of a particular junction being of class S

does not depend on the classes of neighbouring junctions, only the overall probability of

that class of junction, which we denote wg. Under this assumption K has distribution
1—mg k=0

Pr(K =k) = (4.1) -
& (l—7s) k>1

and so K + 1, which is the number of segments in a randomly chosen IBD tract, has a

L
l—wg "~

geometric distribution with mean
In order to model the lengths of the individual segments, we assumed that junctions
occur along the pair of chromosomes (regardless of class) as a Poisson process. The expected

number of junctions in a single Morgan of the pair of chromosomes is given by
E[JFIN] = 2 - E[J|N] — E[S.[N], (4.2)

Whefe Ji and S; denote the number of junctions in a chromosome randomly sampled from
generation ¢ and the number of junctions shared between two chromosomes randomly sam-
pled from generation ¢, respectively. The expectations of these quantities were developed
in chapters 2 and 3. This equation reflects that the number of junctions present in one or
both chromosomes is simply the number expected in the first one, plus the number expected
in the second one, minus those which are present in both. The Poisson process therefore
has rate E[Jf|N], and so the segment lengths have an exponential distribution with mean
1/E[Jf|N].
Let L; denote the length of a randomly selected IBD tract. Then one can write

K+1
Lr=>_ X; (4.3)
i=1
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where X; is the length of ith segment of the tract. Under the assumptions of model A, Ly is
the sum of a geometrically distributed number of independent and exponentially distributed
random variables. Let A denote the mean of the exponential distribution, and let 1/p denote
the mean of the geometric distribution. Now consider the moment generating function of

Ly:
Eletlr] = Eg[E[e!M|K +1 =k]]

k
= Eg[[] Ele]]

i=1

= E[(1-tA)7¥

= > (1-tA)~*-p(1l -p)*!
k=1

P < (1-pFft
1—tA (1 tA)k—1

_op 1=t & (1-p)\ (1L—p)Ft
- 1—tA'p—tA',§1(1_(1—tA)>'(1—t,\)k—1
_ P
T op—tA
tA\ !
= (1-%) 9

This is the same as the moment generating function for an exponential distribution with
mean A/p. Under the assumptions of model A A = 1/E[JF|N] and p = 1 — &g, so Ly
has an exponential distribution with mean ( (1 — 7s) - E[JF|N])~!. We approximate 7s by

E[S:|N]/E[Jf|N]. The performance of this approximation is discussed in Section 4.1.2.

Assessing model fit

Figure 4.2 shows the average length of an IBD tract (based on simulation) and the expected
length of an IBD tract based on Model A, for populations of size (a) N=20 and (b) N=100.
In both cases, the mean length is badly underestimated by Model A. One possible explana-
“tion for this problem is that the distribution of K is not well approximated by Equation 4.1.
Table 4.1 shows the empirical distributions of K for a population of size N = 20 at gener-
ations 5, 10 and 20, based on 100,000 simulations, compared to the predicted distribution
under Model A. Table 4.2 shows the same distributions, for a population size of N = 100,
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Figure 4.2: Mean length of an IBD tract as estimated by simulation and by models A, B
and C, for populations of size (a) N=20, and (b) N=100.
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Table 4.1: Empirical distribution of K compared to that predicted under Model A, for
N=20, t=5, 10 and 20.

K

0 1 2 3 4 5 >S5 mean

t= Empirical Dist. 0.819 0.110 0.038 0.015 0.008 0.004 0.006 0.329
Model A 0.974 0.025 0.001 0 0 0 0 0.026

t=10 Empirical Dist. 0.743 0.143 0.051 0.024 0.013 0.008 0.018 0.578
Model A 0.942 0.055 0.003 0 0 0 0 0.062

t=20 Empirical Dist. 0.676 0.161 0.066 0.032 0.019 0.011 0.034 0.908
Model A 0.875 0.109 0.014 0.002 0 0 0 0.143

based on 10,000 simulations. For both populations, model A overestimates the proportion
of IBD tracts which have no type S junctions (those that are V-T), and underestimates the
proportion which have one or more type S junctions. This results in a severe underesti-
mation of the mean of K, and is one reason why the estimate of mean tract length based

on model A performs so poorly. Figure 4.3 demonstrates that this underestimation of the

mean of K happens at all generations.

The empirical distributions of K demonstrate that junctions of different type do not
occur independently along the chromosome. Instead, junctions of type S come in clusters.
For example, consider a type S junction. The next junction in the pair of chromosomes is
more likely to be of type S than if the first junction had been some other type. To understand
this, consider the meioses in which a junction that is now type S was formed. Any existing
Jjunctions in the near neighbourhood of that new junction will likely be inherited with it,
and therefore will exist as type S junctions in the pair of chromosomes. This leads to a
clustering of junctions of type S. Junctions of type U would also be expected to cluster,
for similar reasons. Model B attempts to model the occurrence of junctions types more

appropriately.
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Figure 4.3: Mean number K of type S junctions in an IBD tract, estimated by simulation
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and by models A, B&C, for populations of size (a) N=20, and (b) N=100.



73

Table 4.2: Empirical distribution of K compared to that predicted under Model A, for
N=100, t=5, 10 and 20.

K
0 1 2 3 4 5 > 5 mean

t=5  Empirical Dist. 0.830 0.107 0.037 0.014 0.003 0.003 0.005 0.292

Model A 0.995 0.005 0 0 0 0 0 0.005
t=10 Empirical Dist. 0.795 0.130 0.042 0.017 0.006 0.004 0.003 0.366
Model A 0.982 0.017 0 0 0 0 0 0.018
t=20 Empirical Dist. 0.762 0.139 0.044 0.023 0.011 0.007 0.012 0.512
Model A 0.976¢ 0.023 0.001 0 0 0 0 0.025

4.1.2 Model B: 1st order Markov dependence of junction types and I.I.D. exponential seg-

ments

To better approximate the distribution of K, we think of the sequence of junction types
along the chromosome as a first order Markov chain on the states {U,V,T,S}. Then the

transition matrix for the chain can be written as

pr 1-p¢ O 0
0 0 1-
P, = p2 p2 ’ (4.5)
60 1-6; 0 0
| 0 0 92 1—02_}

where p; is the probability of staying in state U, p, is the probability of moving from state
V to state T, 6; is the probability of moving from T to U, and 6, is the probability of
moving from state S to state T. The zeros in the transition matrix are structural - that is,
they represent a fundamental constraint on the process of junction types. For example, if a
junction is type U, the immediately following junction cannot be type T or S, because the
IBD state to the right of the first junction must be equivalent to the IBD state to the left
of the second junction.

The Markov model completely specifies the distribution of K. In terms of the parameters



74

of the transition matrix,

Prik =k =4 72 k=0 (4.6)
(1—p2)(1 —62)k"16, k>1
Then
E[K] = i k- (1—p2)(1 —62)5"16; = (1 — p2) i k(1 —62)%16, = 1—p2 (4.7)
k=1 k=1 02

Recall that non-IBD tracts start with a type T junction followed by M type U junctions,
and end with a type V junction. The distribution of M is also fully specified by the Markov

model. The distribution is

1-— 0]_ m=0
Pr(M =m) = - (4.8)
6197 (1 ~-p1) m>1
and so
B[M] = —2 (4.9)
l-p ’

From the transition matrix, one can obtain four equations for the equilibrium probabil-
ities of the junction types, in terms of the parameters p;, ps, 61,02. Denote the equilibrium

probabilities by 7y, Ty, ©r, and wg. Then

mypr +7réh = Ty (4.10)
my(l—p1) +nr(l —61) = mv (4.11)
wyp2 + sl = 7 (4.12)
my(l —p2) +ms(1—62) = ms . (4.13)

These equations can be simplified to give

Ty = 7«7 (4.14)
T 01

o T—p [M] (4.15)
s _ 1—p2

- —92 = E[K] . (4.16)

These equations show that if we can estimate the equilibrium probabilities, we can estimate

E[M] and E[K] under our Markov model. As discussed in the previous section, we can
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estimate wg by E[S:|N]/E[Jf|N]. In 1980, Stam [27] described an approach to calculating
the expected number of type V or T junctions between two chromosomes. We denote this
quantity by E[V; + T¢|N], and estimate my = =7 by 0.5 - E[V; + T;|N]/E[JF|N]. In the
following paragraph we describe Stam’s method.

Stam’s original result was for a random mating population in which selfing was excluded.
We present his equations, simplified for the case where selfing is allowed. In order to
calculate E[V; +T;[N], we need the probability R, that three genes chosen randomly without
replacement from generation ¢ are all of different ancestral types (all pairs are nonIBD). Now

_aN,—1 2N,—2 _ _ 1 ]
R Rt—(l —) 1 Nt)Rt. (4.17)

This equation reflects the fact that in order for three genes to be of different ancestral types,
they must have had three distinct parent genes in the parent generation, and those three
genes must themselves have been of different ancestral types. In the founding generation
Ry is assumed to be 1, since founders are non-inbred and unrelated, and so R; is easily
calculated conditional on population sizes over time. Now let Q; denote the number of
V or T junctions existing on one of a pair of two chromosomes of length one Morgan
chosen randomly from generation t. Then E[V; 4+ T3|N] = 2E[Q;|N], since there are two
chromosomes in the pair, and junctions on either chromosome are counted. Stam argues
that

EQuaN] = (1 53-) EIQuN] + he() — (1 - ;) Be (4.18)
The first term in the equation corresponds to junctions that already existed in the previous
generation. In this case, a junction that is of type V or T in two chromosomes in generation
t+1 must have been of type V or T in the parent chromosomes, and the same chromosome
must not have been chosen twice, an event with probability 1/2N;. The second term adds
in the expected number of newly formed junctions, and the third term subtracts out the
expected number of those which are of type U. Newly formed junctions cannot be of type S,
since by definition they exist in only one chromosome of generation t+1. This equation can
be applied iteratively to calculate E[V; + T;]/N], and hence approximate 7y and wr. Since
the equilibrium probabilities sum to one, this result together with our approximation of g

also gives us an approximation of ny.
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Figure 4.4: Estimates of equilibrium probabilities 75 and 77 based on the theoretical ap-
proximation and 10,000 simulations, for populations of constant size (a) N=20 and (b)
N=100.

Our approximations of the equilibrium probabilities = assume that the expected value
of a ratio is equal to the ratio of the expectations. This is only true if the numerator and
denominator 6f the ratio are uncorrelated. We checked the accuracy of this approximation by
simulation. Figure 4.4 shows the theoretical estimates of wg and 7, as well as the estimates
based on 10,000 simulations, for two populations of constant size. For both populations,
wr is well approximated by the ratio of expectations, since the simulation based estimate
and the theoretical approximation are nearly indistinguishable. For mg, the theoretical
approximation is an underestimate of the true value for both populations. However, the

difference is not large, especially in the larger population.

Recall that
K+1
L= )Y X; (4.19)
i=1
where X; is the length of the ith segment of the tract. We assume as we did in Model A

that junctions occur as a Poisson process with rate E[Jf|/N] along the chromosome, and

so the X; are independent and exponentially distributed with mean 1/E[Jf|N]. Applying
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conditional expectation,

K+1

E[L]] = EK[E[Z Xi | K = K]
oot
= Ex[)_EXiK =&|]
i=1
1
= AN (E[K]+1) . (4.20)

We estimate E[K] by #rs/#r, and thus an estimate of the expected length of an IBD tract

is obtained.

Assessing model fit

Figure 4.2 shows the average length of an IBD tract (based on simulation) and the expected
length of an IBD tract based on Model B, for populations of size (a) N=20 and (b) N=100.
Model B performs better than Model A, although it still underestimates the average length
in later generations.

To check the fit of the Markov model, we first must estimate the parameters of the
transition matrix by simulation. This was done by randomly selecting a segment from the
pair of chromosomes, and classifying it according to the junction types at each end. This
was repeatéd for each iteration of the simulation resulting in counts of the number of each
segment type over all simulations. Then, for example, p; is estimated by the number of U-U
segments, divided by the number of U-U segments plus the number of U-V segments. Ta-
ble 4.3 shows the estimated transition matrices for generations 5, 10 and 20, for a population
of constant size 20. We then used these estimated transition matrices to calculate the ex-
pected distribution of K under the Markov model, using Equation 4.7. Table 4.4 shows the
empirical distributions of K based on 100,000 simulations, for a population of size N = 20
at generations 5, 10 and 20, compared to the predicted distribution under Model B. Model
B fits the observed distribution of K remarkably well at generation 10. At generation 5,
the model puts too much weight in the tail of the distribution, and therefore overestimates

the mean. At generation 20, the model puts too little weight in the tail of the distribution
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Table 4.3: Estimates of the transition matrix parameters, based on 100,000 simulations, for
N =20 and t =5, 10 or 20.

5 10 20

pp 0932 0.871 0.771
p2 0.794 0.745 0.681
61 0.793 0.798 0.708
62 0.490 0.440 0.391

Table 4.4: Empirical distribution of K compared to that predicted under Models B&C, for
N=20, t=5, 10 and 20.

K
0 1 2 3 4 5 > 5 mean

t=5  Empirical Dist. 0.819 0.110 0.038 0.015 0.008 0.004 0.006 0.329
Models B&C 0.794 ° 0.101 0.051 0.025 0.013 0.006 0.010 0.420
t=10 Empirical Dist. 0.743 0.143 0.051 0.024 0.013 0.008 0.018 0.578
Models B&C 0.745 0.112 0.063 0.035 0.020 0.011 0.014 0.580
t=20 Empirical Dist. 0.676 0.161 0.066 0.032 0.019 0.011 0.034 0.908
Models B&C 0.681 0.125 0.076 0.046 0.028 0.017 0.027 0.816
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Table 4.5: Estimates of the transition matrix parameters, based on 100,000 simulations, for
N =100 and t = 5, 10 or 20.

5 10 20

p1 0.986 0.972 0.949
p2 0.782 0.820 0.808
6 0893 0.921 0.924
62 0.600 0.477 0.419

Table 4.6: Empirical distribution of K compared to that predicted under Models B&C, for
N=100, t=5, 10 and 20.

K
0 1 2 3 4 5 >5 mean

t= Empirical Dist. 0.830 0.107 0.037 0.014 0.003 0.003 0.005 0.292
Model B&C 0.782 0.131 0.052 0.021 0.008 0.003 0.003 0.363
t=10 Empirical Dist. 0.795 0.130 0.042 0.017 0.006 0.004 0.003 0.366
Models B&C 0.820 0.086 0.045 0.023 0.012 0.006 0.008 0.377
t=20 Empirical Dist. 0.762 0.139 0.044 0.023 0.011 0.007 0.012 0.512
Models B&C 0.808 0.080 0.047 0.027 0.016 0.009 0.013 0.458

and therefore underestimates the mean. Nevertheless, model B is a dramatic improvement
over model A in terms of its accuracy at modeling the distribution of K. Figure 4.3 shows
that the estimate of E[K] based on model B is much better than that based on model A,

at all generations.

Table 4.5 shows the estimated transition matrices for generations 5, 10 and 20, for a
population of constant size 100. Table 4.6 shows the empirical distributions of K based
on 10,000 simulations, and the predicted distribution of K based on model B and the

parameters of the estimated transition matrices shown in Table 4.5. The pattern is similar
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Table 4.7: Mean and median lengths of different types of segments, based on 100,000 sim-
ulations, for a population of size N = 20.

Segment Type mean med. mean med. mean med.

U-U 0.105 0.073 0.055 0.038 0.030 0.021
T-U 0.108 0.075 0.056 0.039 0.031 0.021
U-V 0.105 0.075 0.057 0.040 0.031 0.021
T-V 0.098 0.069 0.053 0.036 0.032 0.022
V-T 0.126 0.084 0.070 0.047 0.042 0.028
V-S 0.150 0.102 0.084 0.058 0.051 0.035
S-T 0.155 0.104 0.086 0.058 0.051 0.036
S-S 0.167 0.110 0.093 0.062 0.052 0.035

to that observed for the smaller population. Model B overestimates the mean of K at
generation 5, is quite close to the empirical value at generation 10, and underestimates the
mean at generation 10. Figure 4.3 shows that model B is a great improvement over model
A for N=100, also.

Despite this improvement in the component of the model that describes the sequence of
Jjunction types, the mean length of an IBD tract is still badly underestimated by model B.
We therefore examine the other component of the model, the lengths of the segments. Under
both model A and model B, the segment lengths are assumed to be the inter-arrival times
of a Poisson process, and are therefore all identically exponentially distributed. Table 4.7
shows the mean and median lengths for the different segment types at generations 5, 10
and 20, as estimated from 100,000 simulations of a population of size N=20. The horizontal
line across the table separates IBD segments from non-IBD segments. To get an idea of
the variability in these estimates, compare segments of type U-V with segments of type
T-U, and segments of type V-S with segments of type S-T. Within each pair, the mean
and median lengths should be equivalent, since there is no inherent directionality in our

conceptualization of the process. This comparison suggests that the estimates are adequate
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Table 4.8: Mean and median lengths of different types of segments, based on 10,000 simu-
lations, for a population of size N = 100.

t=5 t=10 t=20

Segment Type mean med. mean med. mean med.

U-U 0.101 0.069 0.051 0.036 0.027 0.019
T-U 0.113 0.075 0.056 0.038 0.027 0.019
U-v 0.098 0.062 0.051 0.035 0.027 0.019
-V 0.157 0.112 0.060 0.041 0.023 0.018
V-T 0.107 0.060 0.055 0.035 0.030 0.019
V-8 0.148 0.104 0.076 0.055 0.039 0.027
S-T 0.139 0.077 0.090 0.063 0.035 0.024
S-S 0.128 0.100 0.079 0.051 0.045 0.030

to the second decimal place. The estimates show that IBD segments are substantially longer
than non-IBD segments. There also appears to be heterogeneity within IBD segments -
segments of type S-S are longer on average than types V-S or S-T, which are in turn longer
on average than segments of type V-T. To understand this, think of the process of crossovers
along the chromosome. They are distributed according to a Poisson process with rate ¢ per
Morgan, where t is the generation number. Junctions are simply crossovers that happened
in an area of non-IBD between the parent chromosomes. Junctions of type S are shared -
the chromosomes are IBD at the location of that junction. Therefore, type S junctions tend
to be in pieces of chromosome which are at higher frequency in the population. Therefore
neighbouring crossovers are more likely to have occured in regions of IBD, and will not be
visible as junctions, thus resulting in longer intervals.

Table 4.8 shows the mean and median length for each type of segment for a population
of size N = 100, at generations 5, 10 and 20. These estimates are based on fewer simu-
lations, because of the computational demands of simulating such a population, and there '
is therefore much greater variability in the estimates. The pattern of IBD segments being

longer on average is still observable in generations 10 and 20.
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Figure 4.5: Distribution of segment length as a function of segment type, estimated by
100,000 simulations, for a population of size N=20 at generations (a) 5, (b) 10, and (c) 20.
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Figure 4.5 shows boxplots of the simulation distribution of segment lengths according to
segment type, for a population of size NV = 20, at generations (a) 5 (b) 10 and (c) 20. The
box shows the interquartile range of the simulated data, and the line denotes the median.
The dotted lines extend out to 1.5 times the range, and data points outside that region are
individually marked with a horizontal line. The width of each box is proportional to the
square root of the number of data points it describes. The first four boxes correspond to
non-IBD segments, and the last four boxes correspond to IBD segments. All segment types
exhibit a form suggestive of the exponential distribution. IBD segments have slightly higher

medians and heavier tails than non-IBD segments.

4-1.3 Model C: 1st order Markov dependence of junction types, IBD and non-IBD segments

modelled separately

In model C, we incorporate some length differences into our model. We keep the first
order Markov model for the sequence of junction types along the chromosome, but allow
the IBD and non-IBD segment lengths to have different distributions. Assume that IBD
segments are independent and identically distributed, with distribution F§ whose mean is
p1. Also assume that non-IBD segments are independent and identically distributed, with
distribution F, whose mean is py. Therefore model C describes the sequence of junction
types along the chromosome as a Markov chain, with intervéning segment lengths drawn
from one of two distributions, depending on the type of the segment. This is an example
of a semi-Markov process, which is a particular example of a renewal process. We apply
some standard results of renewal theory to find equations for u; and ux which allow the
estimation of E[Ly].

Consider now the lengths of IBD and non-IBD tracts under model C. The length of an
IBD tract is the sum of a random number K+1 of segments, each of which has distribution
F7. The length of an IBD tract therefore has some distribution F; which by Equation 4.20
has mean (E[K]+1)-p/. Similarly, the length of a non-IBD tract has some distribution Fi,
with mean (E[M]+1)-uxy. The sequence of IBD and non-IBD tracts along the chromosome
is then an alternating renewal process. The limiting probability of IBD is then given by
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the ratio of the mean length of an IBD tract to the sum of the means of IBD and non-IBD
tracts(see for example Karlin & Taylor [18], p207), yielding the following equation:

_ (E[K]+1) -pr
D) = ERT D -+ M D) e (420

Now, consider the sequence of V junctions along the chromosome. Their positions occur as

a renewal process along the chromosome, with the intervening lengths having distribution
Fr + Fy with mean (E[K]+1)-pr+ (E[M]+1)-uny. The same is true for type T junctions.
Then for the stationary process, we have (Karlin & Taylor [18], p199)

1
BVl = GO m+ G+ D - an (4.22)
and
i
Bl = R T ar+ GO+ D an” (4.23)
and so ’
EV:+T] = 2 (4.24)

EK+D - pr + @M +1) v
Equations 4.21 and 4.24 are easily solved to give the following equation for the length of an

IBD tract:
2

)E[Vt + Ty
We described Stam’s method for calculating E[V; + Ti] in the previous section, and recall

E[L[] = (B[K] +1) - pr = (1 — he(IV) (4.25)

that for a random mating population,
j‘—l 1
h;(N) = 1——) . 4.26
s =11 (1~ 33 (4:26)
Thus the expected length of an IBD tract can be calculated, conditional on the population

sizes.

Assessing model fit

Figure 4.2 shows the average length of an IBD tract (based on simulation) and the expected
length of an IBD tract based on model C, for populations of size (a) N=20 and (b) N=100.
Model C performs much better than both model A and model B. In the smaller population,

model C still underestimates the mean somewhat after many generations. In the larger
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population, there is initially a slight overestimate, but the estimate seems to be very good
in later generations. This reflects the overestimation by the Markov model of E[K] in earlier

generations, and underestimation in the later generations (see Figure 4.3).

Relationship to work of Stam [27]

The goal of the Stam [27] paper in which he developed an expression for E[V; + T}] was to
investigate the distribution of the fraction of the genome IBD in a finite random mating
population such as the one which we model here. To this end, he assumed that the lengths
of both IBD tracts and non-IBD tracts were exponentially distributed, with two different
means. This is in contrast to our assumptions of model C, where IBD tracts have some
distribution Fr, with mean (E[K]+ 1) - s, and non-IBD tracts have some distribution Fu,
with mean (E[M]+1)-un. Stam’s model gives rise to exactly the same estimate of the mean
length of an IBD tract as our model C. However, Stam’s exponential assumption implies
that the variance of the length of an IBD tract must be the square of the mean.

Figure 4.6 shows the variance of the length of a random IBD tract, as estimated by
simulations of a population of constant size (a) N = 20 and (b) N = 100. The dashed line
shows the square of the mean, as estimated by simulation. Under Stam’s exponential model,
this should correspond to the variance. For the smaller population, Stam’s exponential
model seriously underestimates the variance. It performs better for the larger populations,
but is still an underestimate. In view of this result, we explore the variance of the length of

an IBD tract under our model C.

Modelling the variance of the length of an IBD tract

Recall that under the Markov model for the junction types that was used in models B and C,
K (the number of type S junctions in a tract of IBD) has distribution given by Equation 4.6.

We showed previously that

E[K] = - P (4.27)
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Figure 4.6: Variance of the length of an IBD tract, as estimated directly by simulation, or
as the square of the simulated mean, for populations of constant size (a) N = 20 and (b)
N = 100.

Now
E[K? =) K- (1 —p2)(1 —02)F 16, = (1 — py) D> KA1 —62)F 10, = ( ngg 2),
k=1 k=1
(4.28)
Therefore the variance of K is given by
_ _ ma)2

Z; 63

Let L; denote the length of a randomly selected tract of IBD. Then L; = ZK +1 X;, where
K has mean and variance given in Equations 4.27 and 4.29 above, and under model C the
X; are independent identically distributed random variables with mean p; and variance a2

Then by conditional expectation,

Var[L;] = E([Var[L;K =k]]+ Var [E[L;|K = k]]
= E[(k+1)-0}] + Var[(k+1) - /]
= of (E[K]+ 1)+ u2Var[K + 1]

— 1—po (1—p2)(2—62) (1—po)?
= a';’{ % +1}+p§{ 2 - } (4.30)
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If we now assume that the X; have an exponential distribution with mean ur, then 0'% = ,u%

and we have

_ #3{ %_*_1)2_*_2(15;?2) [’Z-i—l]}- wa)

The first term of the variance is equivalent to the square of the mean, which represents
the variance if the IBD tract lengths were exponentially distributed, as Stam assumed.
In fact, the tract lengths would be exponentially distributed if the segment lengths were
exponentially distributed and K + 1 had a geometric distribution. However, K + 1 has a
zero-modified geometric distribution, and this gives rise to the additional variance which we
see in the second term. The second term is positive, and therefore an increase in variance
over Stam’s exponential assumption if p, is greater than 5. Recall that ps is the probability
that the present junction is of type T, given that the previous one was of type V. Also, 65 is
the probability that the present junction is type T, given that the previous one was of type S.
One might think of ps and 65 as representing the probability of terminating a short tract of
IBD, versus the probability of terminating a longer tract of IBD. In our simulated examples,
it was always the case that po was greater than 6, and therefore it seems that our model
gives an increase in variance relative to Stam’s model, which we knew to underestimate the
true variance. Unfortunately, we do not know of a theoretical approach to estimating g%

under model C, so we cannot quantify the increase in variance predicted by our model.

4.2 Application to growing populations without subdivision

To demonstrate the potential effects of different types of population growth on the mean
length of IBD tracts, we consider an example. We consider a population which has grown
to one hundred times its initial size in one hundred generations. This time depth reflects
the approximate age of the modern Finnish and Japanese populations, for example. We
consider starting sizes of Ny = 20, Ny = 100, and Ny = 500, and both linear and exponential
growth. If the population is growing at a constant exponential rate, a 100 fold increase over

100 generations corresponds to a growth rate of 4.72% per generation. Figure 4.7 shows
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Figure 4.7: Population sizes over time for linear and exponentially growing populations.

population sizes over time for the exponentially and linearly growing populations. Neither
scenario will reflect the exact history of any human population, but it is informative to

consider these two idealized scenarios.

Figure 4.8 shows the expected length of an IBD tract based on model C, for exponentially
and linearly growing populations with starting sizes of 20, 100 and 500. The plot for Ny = 20
includes estimates of the mean length of an IBD tract in each of the two populations,
based on 1000 simulations. The theoretical éstimates agree well with the simulation based
estimates, confirming that the approximations of model C work well in large populations
such as these. We are particularly concerned with the length of an IBD tract in generation
100, since this mimics the situation where we examine a modern population whose age and
founding size are approximately known, but whose exact growth pattern is not. Table 4.9
shows the expected length of an IBD tract in generation 100, in each of the populations
considered. For the smaller population (Ng = 20), there is a pronounced difference in the
expected length of an IBD tract, depending on which type of growth the population has
experienced. The expected length of an IBD tract in the exponentially growing population
is 80% longer than in the linearly growing population. The increase is only 16% in the
population with Ny = 100, and there is virtually no difference in the largest population
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Figure 4.8: Expected length of an IBD tract, for populations expanding 100-fold over 100
generations, either linearly or exponentially, with (a) Ny = 20, (b) Ng = 100, and (c)
Np = 500.
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Table 4.9: Expected length of an IBD tract in two randomly chosen chromosomes from
generation 100.

No
Growth type 20 100 500
Exponential 0.0129 0.0073 0.0065
Linear 0.0072 0.0063 0.0062
g ] — linear growth
----- exponential growth
g-
g_
=
£ 2
o
g._
g- -

0.02 0.04 0.06 0.08 0.10
Length of IBD tract

Figure 4.9: Estimated density, based on 1000 simulations, of the length of an IBD tract
at generation 100, for exponentially and linearly growing populations with Ny = 20 and
Nigo = 2020.

(Np = 500).

In considering the importance of this increased length of IBD tracts in exponentially
growing populations with small founder groups relative to linearly growing populations
with small founder groups, it is useful to examine the full distribution of IBD tract lengths.
Figure 4.9 shows the distribution of the length of an IBD segment at generation 100 for a
population with sizes Ny = 20 and Nigp = 2020 (growing either exponentially or linearly)
based on 1000 simulations. While there is clearly a difference between the means, the two

distributions are very similar, and both have a high variance.
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4.3 Application to growing populations with subdivision

4.3.1 FEsxtension of Stam’s work to subdivided populations

In order to consider the effect of population subdivision on the mean length of an IBD tract,
we must extend Stam’s method for calculating E[V; + T;| V] so that it applies to subdivided
populations. Consider a population that splits into two subpopulations at time ¢;. Denote
the population sizes over time in the two populations by N! and N2. Now consider sampling
one chromosome from each subpopulation at some time £ > t;. We need to calculate the
expected number of type V and T junctions between these two chromosomes.

Let R}!'? denote the probability that three genes chosen randomly without replacement

from generation £, two from population 1 and one from population 2, are all of different

ancestral types. Then

2Nl —1 1
112 _ t .pliz _ . pli2
12 — ( SN ) R/ = (1 2Nt1) R, (4.32)

since we require that the two genes from population 1 have distinct parents in generation

t, and then that the three parents of the genes are themselves of different ancestral types.

Similarly,
1
122 _ 122
1= (1 ~ m) - Rp<e . (4.33)
Now let Q} denote the number of V or T junctions existing on the chromosome from
the first population, relative to the chromosome from the second population. Then

E[V; + T:|N] = E[Q}|N!] + E[Q?|N?], and analogous to Equation 4.18, we have
E[Q}+1|N] = E[Q{|N] + ki (N') — Ry, (4.34)

where h} (IN!) denotes the probability of non-IBD within subpopulation 1. The first term in
the equation corresponds to junctions that already existed in the previous generation. The
second term adds in the expected number of newly formed junctions in population 1, and

the third term subtracts out the expected number of those which are of type U. analogously,
E[Q?,1|N] = E[QFIN] + A (N?) — R;™. (4.35)

These equations can be applied iteratively to calculate E[V; + T;|NV].
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Recall Equation 4.25 for the expected length of an IBD tract:

2

E[Lf]=(1- h‘(ﬂ))E[Vt_-i-Tt]

(4.36)

When one is comparing chromosomes from each of two subpopulations, h;(/N) denotes the
probability of IBD for two genes sampled on each from the subpopulations. If we denote
this quantity by h}2(N) then hA}2(N) = he,(N). To understand this relationship, think of
the genes sampled from the two populations at time £. Since there is no migration between
the populations, these genes are copies of two distinct genes present in the population at
time £;. Using these extensions to Stam’s theory, we can calculate the expected length of

an IBD tract between two chromosomes from different subpopulations.

4.3.2 Ezample of the effects of population subdivision

To demonstrate the potential effects of differing degrees of population subdivision on the
mean length of IBD tracts, we consider an example. We consider a population which
has grown to one hundred times its initial size in one hundred generations, by constant
exponential growth. We consider starting sizes of Ny = 20, Ny = 100, and Ny = 500, and
subdivision scenarios in which populations repeatedly bifurcate when the local population
size reaches 2Np, 4Ng or 8Ny. These scenarios correspond to a total population which is
divided into 64, 32, or 16 subpopulations at generation 100, respectively. For all scenarios
with a given starting population size, the total population size is the same at all generations
- the only difference is in the degree of subdivision within the total population.

Figure 4.10 shows the expected length of an IBD tract between two chromosomes from
within the same subpopulation. Different panels correspond to the three different starting
population sizes. All populations are growing at a constant exponential rate of 4.72% per
generation. Within each panel, the lines from top to bottom correspond to the most sub-
divided population to the least subdivided population. The bottom line is the population
with the same total size, but with no subdivision. Estimated mean lengths based on 1000
simulations are also shown for the population with starting size Ny = 20. Larger populations
were not simulated because of computational demands, and the results of the previous sec-

tions suggest that approximation will be better for larger populations. Expected IBD tract
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Figure 4.10: Expected length of an IBD tract, between two chromosomes from within the
same sub-population. Different lines within a plot correspond to populations with different
amounts of subdivision. The lines from the top go from most subdivided to least subdivided,
with the bottom line being the non-subdivided population. The three plots correspond to
different starting sizes of (a) 20, (b) 100, and (c) 500. All populations are growing at a
constant exponential rate of 4.72% per generation.
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lengths within and between sub-populations at generation 100 are tabulated in Tables 4.10,
4.11 and 4.12. For the smallest population, the level of subdivision has a pronounced effect
on the expected length of an IBD tract. We consider in particular the expected length of
an IBD tract at generation 100. For the most subdivided case, where the first subdivision
occurs at ¢ = 15, the expected length of an IBD tract is 0.0729, relative to 0.0129 in the
undivided case. This is an extreme level of subdivision, but even for the least subdivided
case, where the first subdivision occurs at ¢ = 45, the expected length is 0.0184, 50% larger
than in the undivided population. The potential effects of subdivision are greatly reduced
in the two larger populations. In the population with Ny = 100, the most subdivided pop-
ulation has mean IBD length twice as large as the undivided population. When Ny = 500,
the expected length of an IBD tract in the most subdivided population is 65% higher than
that in the undivided population.

Figure 4.11 shows the expected length of an IBD tract, for the population with starting
size Ng = 20. Different panels in the figure correspond to different levels of subdivision.
The smaller the splitting size of the population, the more subdivisions there are at any time
t, and in particular at ¢ = 100. Within each plot, the top line shows the expected length
of an IBD tract within a subdivision. The other lines show the expected length of an IBD
tract between two subdivisions. For example, in panel (a), the first line to diverge from
the top line does so at ¢ = 15, and shows the expected length of an IBD tract between two
chromosomes from subpopulations that split from one another at generation ¢ = 15. The
numbers for generation ¢ = 100 over all three panels are summarized in Table 4.10. For the
most subdivided population (i.e. split size of 40), there is a substantial difference in expected
IBD tract length between chromosomes from different subpopulations, depending on when
the populations split from one another. For example, at generation 100, the expected
length of an IBD tract for a pair of chromosomes whose populations split at generation 15
is 0.0144, whereas if the populations split at generation 90, it would be 0.0570. IBD tracts
in chromosomes whose populations split at generation 90 are on average 4 times the length
of IBD tracts in chromosomes whose populations split at generation 15. Differences become
less pronounced, although they still exist, as the populations become less subdivided (split
sizes of 80 and 160).
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Figure 4.11: Expected length of an IBD tract, for an exponentially growing population with
Ny = 20 and Njgo = 2020, and different levels of subdivision. The populations bifurcate

whenever (a) NV = 40, (b) N = 80, or (c) N = 160.
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Table 4.10: Expected length of an IBD tract for chromosomes chosen within or between
sub-populations at generation 100, for an exponentially growing population with Ny = 20
and Nmo = 2020.

Between sub-pops which split at: Within

t=15 t=30 t=45 ¢t=60 =75 t=90 sub-pop

split size 40 .0144 0189 .0248 .0324 .0426 .0570 .0729
split size 80 - .0126 .0147 0174 .0208 .0251 .0294
split size 160 - - .0122 0134 .0149 .0167 .0184
no subdivision - - - - - - .0129

Table 4.11: Expected length of an IBD tract for chromosomes chosen within or between
sub-populations at generation 100, for an exponentially growing population with No = 100
and Nmo = 10, 100.

Between sub-pops which split at: Within
t=15 t=30 t=45 t=60 t=75 =90 sub-pop

split size 200 0066 .0075 .0085 .0098 .0113 .0132 .0150

split size 400 - .0067 .0073 .0081 .0091 .0103 0114
split size 800 - - .0068 .0073 .06078 .0085 .0092
no subdivision - - - - - - .0073

Figure 4.12 shows the expected length of an IBD tract, for the population with starting
size Ng = 100. Notation is the same as Figure 4.11. The numbers for generation ¢ = 100
over all three panels are summarized in Table 4.11. The same patterns that we observed
for the smallest populations (i.e. those with Ny = 20) are visible here. In particular, we see
longer tracts of IBD sharing between more recently diverged populations than we do between
populations which diverged many generations ago. These differences are successively less
pronounced in populations with less subdivision (split sizes 400 and 800). Even for the
most subdivided population, the differences are much smaller than those observed in the

populations with the smallest founding size.
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Figure 4.12: Expected length of an IBD tract, for an exponentially growing population with

Ny = 100 and Nygg = 10, 100, and different levels of subdivision. The populations bifurcate
whenever (a) N = 200, (b) N = 400, or (c) N = 800.
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Table 4.12: Expected length of an IBD tract for chromosomes chosen within or between
sub-populations at generation 100, for an exponentially growing population with Ng = 500
and Nwo = 50, 500.

Between sub-pops which split at: Within
t=15 t=30 t=45 t=60 =75 t=90 sub-pop

split size 1000 .0056 .0061 .0067 .0075 .0084 .0096 .0107

split size 2000 - .0058 .0063 .0069 .0076 .0085 .0093
split size 4000 - - .0060 .0064 .0069 .0074 .0079
no subdivision - - - - - - .0065

Figure 4.13 shows the expected length of an IBD tract, for the population with starting
size Vo = 500. Notation is the same as Figures 4.11 and 4.12. The numbers for generation
t = 100 over all three panels are summarized in Table 4.12. These largest populations
(INo = 500) confirm the trend observed in the smaller populations: the larger the population,
the less effect subdivision has on the expected lengths of within and between population

IBD sharing.

The above results show that population subdivision can have a pronounced effect on the
mean lengths of IBD tracts within and between subpopulations, particularly when overall
population sizes are small and there is a lot of subdivision. It must be kept in mind, however,
that these observations are based on theoretical means, and the distributions themselves are
quite variable. Figure 4.14 shows the estimated distribution, based on 1000 simulations, of
the length of a random IBD tract between two chromosomes chosen from within the same
subdivision, at generation 100, of populations with same total size, but varying levels of
subdivision. These populations all have a starting size of Ny = 20, since this is the example
in which the differences are the strongest (see Table 4.10). While the differences in mean can
clearly be seen, all four distributions have a large variance, and their ranges overlap. This
implies that while the means are quite different, it would be hard to distinguish between

the different types of populations without large amounts of data.
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Figure 4.13: Expected length of an IBD tract, for an exponentially growing population with
Np = 500 and N35p9 = 50,500, and different levels of subdivision. The populations bifurcate

whenever (a) N = 1000, (b) N = 2000, or (c) N = 4000.
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4.4 Discussion

In this chapter, we modelled the length of a tract IBD between two chromosomes. The best
fitting model is one that allows for 1st order Markov dependence of junction types along
the chromosomes, and allows different length distributions for IBD and non-IBD segments.
We calculated the mean length of an IBD tract based on this model, and showed that the
variance of the length of an IBD tract is greater than the square of the mean. Using these
results, we investigated the effects of different types of growth on the expected length of
an IBD tract. Similar to the results of previous chapters, we found that different types
of population growth do affect the mean length of an IBD segment, but the effect is large
only in small populations. Our extension of Stam’s calculation of the expected number
of external junctions between two chromosomes to subdivided populations allowed us to
consider the effects of population subdivision on the expected length of an IBD tract both
within and between subpopulations. We found that subdivision does affect the mean length
of an IBD tract, both within and between subpopulations, but the effect is large only in

small populations.
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Chapter 5

SIMULATING CHROMOSOME TRANSMISSIONS IN RANDOM
MATING POPULATIONS AND ON THE HUTTERITE ANCESTRY

In this chapter, we discuss some of the computational issues associated with simulating
chromosome transmissions in random mating populations or in large pedigrees. We first
outline the important data structures and algorithms used in our programs. The second part
of the chapter presents some results of simulations on the Hutterite ancestry. In particular,
we examine the number of junctions in a randomly selected chromosome from the most
recent generation of Hutterites, and the lengths of IBD tracts between two chromosomes
chosen from (i) the same colony; (ii) different colonies within the same leut; and (iii) different
leut. In each case, the simulation results are compared to theoretical predictions made using
the results of chapters 2, 3, and 4, assuming a random mating population with the same
historical sizes and history of subdivision as the Hutterites. To assess the importance of any
observed differences, we also simulate a random mating population with the same historical

sizes and history of subdivision as the Hutterites.

5.1 Data Structures

Simulation programs were written in C, in part because of the flexibility this language
offers in terms of defining data structures. In particular, we defined structures to represent

individuals, and the segments of different ancestral types which make up a chromosome.

5.1.1 Individuals

An individual is represented by a structure containing an identifying number, the identify-
ing numbers of the individual’s parents, and two pointers - one to the individual’s maternal

chromosome, and one to their paternal chromosome. The structure may also contain mis-
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Figure 5.1: Schematic of chromosome representation.

cellaneous information about the individual - examples include sex, date of birth, and leut.
If one wished to model the transmission of two unlinked chromosomes, one would simply

add two more pointers to the structure - one each to the maternal and paternal copies of

the second chromosome.

5.1.2 Segments and Chromosomes

Chromosomes are represented by a linked list of segments. A segment is a structure made
up of two real numbers, representing the beginning and end of the segment (in Morgans)
and an integer reflecting its ancestral origin in the founder population. Figure 5.1 shows
an example of how a chromosome would be represented. The chromosome shown has total
length one Morgan, and is made up of four segments from ancestral chromosome types 21,
2, 13 and 8. The junctions between these types occur at 0.2M, 0.4M and 0.9M. This is then
represented as a linked list of four segments, as shown in the figure. For a given individual,

the pointers to his or her maternal and paternal chromosomes are therefore pointers to the

first segment in such a list.

5.2 Algorithms

In this section, we discuss the algorithms used for gamete production, simulation of a random
mating population, and simulations on a pedigree structure. We also give examples of the

computational demands of our programs.
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5.2.1 Gamete Production

In order to simulate the production of a gamete from an individual, the locations of recom-
binations along the chromosome are generated, according to a Poisson process with rate
one per Morgan. One can think of copying information from the parent chromosomes into a
gamete chromosome. First, one of the two parent chromosomes is randomly selected. Infor-
madtion is copied from this chromosome until the first recombination event is encountered, at
which point we switch to copying information from the other parent chromosome. We con-
tinue, switching at recombination events, until the end of the chromosome is reached. This
representation is due to Robertson [26]. Figure 5.2 shows the production of a gamete from
two parent chromosomes. The vertical dashed lines represent the locations where recom-
binations occur, as simulated from the Poisson process. The bottom parent chromosome
was randomly selected to begin with, and the chromosome was copied up until the first
recombination event, where we switched to the top parent chromosome. This chromosome
was then copied until the next recombination event, at which position we switched back to
the bottom parent chromosome. Note that one new junction was created in this meiosis,
at the first recombination event between ancestral chromosome types 1 and 2. A junction
was not formed at the second recombination event, since the two parent chromosomes were
IBD at that point. The existing junctions between types 19 and 1 and types 2 and 13 were
passed on, while the junctions between type 21 and type 2, and type 13 and 8 were not.

5.2.2 Random Mating Populations

In our simulations of random mating populations, we assume that population sizes are

known at every generation, and that the members of the founding population are all non-
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inbred and unrelated. Founders therefore have intact chromosomes of distinct ancestral
types. For each individual in generation j + 1, two parents are randomly chosen, with
replacement, from the individuals in generation j. A gamete is generated from each of these
parents, and the gametes together make up the chromosomal complement of the offspring.
This is repeated until the desired population size has been achieved for generation 7 + 1.
The whole process is repeated for each generation, for as many generations as is required.
To minimize memory use, only one generation of individuals are stored at any one
time. As soon as generation j + 1 is complete, the individuals in generation j are deleted.
The individuals in generation j + 1 are then analysed as required, and we move on to the

simulation of generation j + 2.

5.2.3 Pedigree Based Simulation

A pedigree is represented as an array of individuals. Founding individuals are assumed to
be non-inbred and unrelated, and therefore have intact chromosomes of distinct ancestral
types. Individuals are stored in the pedigree such that parents always precede children. This
allows simulation to proceed by stepping through the individuals in the pedigree, simulating

chromosome data for each individual in turn, conditional on already simulated chromosome

data in their parents.

5.2.4 Computational Demands

Simulating random mating populations over long periods of time can be quite computa-
tionally demanding. For example, consider a chromosome in generation 100 of a large
population. Such a chromosome will on average be made up of about 101 segments per
Morgan. Therefore each chromosome is a list about 101L segments long, where L is the
length of the chromosome. All the simulations described in this chapter used chromosomes
of length one Morgan. Every individual has two chromosomes, and so in a large popula-
tion, memory demands become quite large. Table 5.1 shows some examples of run-time and
memory usage on a Pentium II 333MHz processor with 96MB of RAM. Simulations on the

Hutterite pedigree were run on a different machine, and run-times and memory usage will
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Table 5.1: Examples of computational demands of simulation of random mating populations.

Population Description = Number of = Number of Time Memory Use

Generations Realizations

N = 20, constant size 40 100,000  3h 10min 0.2 MB
N = 100, constant size 40 10,000 2h 23min 1.1 MB

Ng = 20, Nigp = 2020,
exponential growth 100 1,000 8h 6min 46 MB

Ny = 20, Nygg = 2020,
linear growth 100 1,000 25h 49min 57 MB

be reported in the following sections.

5.3 Simulations on the Hutterite Ancestry

5.8.1 Hutterite History, Condensed

The Hutterites are one of several anabaptist groups that arose during the Protestant Ref-
ormation of the 16th century. The first Hutterite colony was founded in 1528 in Moravia,
and by 1593 there were approximately 20,000 Hutterites, living in about 80 colonies [16]. In
1593 war broke out between Austria and Turkey, and raids by both sides destroyed many
Hutterite colonies. The Thirty Years War followed and by 1622, few Hutterites remained.
In 1770 a group of 123 Hutterite refugees settled in the area of Russia which is now the
Ukraine [16]. They were there by invitation of a Russian general, and had been promised
freedom to practise their religion as they wished. By 1842, the Hutterite population con-
sisted of 384 people (185 men and 199 women) in 69 families [15]. The population continued
to grow, and by 1868, there were five Hutterite villages. Internal strife had caused the Hut-
terites to give up communal living in 1819. In 1859 the commitment to communal living
was renewed in part of one of the villages. This group became known as the Schmiedeleut.
Another group from the same village followed suit the following year, and became known

as the Dariusleut. Shortly thereafter in 1872 the Russian government repealed laws that
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had granted religious groups including the Hutterites exemption from military training, an
act which prompted the departure of all Hutterites from Russia. The Schmiedeleut and
the Dariusleut left Russia in 1874, and founded the Bonne Homme and Silver Lake colonies
respectively, both in South Dakota. A third group left Russia in 1877 and founded the
Elmspring colony in South Dakota. This group became known as the Lehrerleut. A total of
1265 Hutterites had come to North America by 1879 [15]. Approximately two-thirds of this
group settled on single-family farms, and the rest made up the three founding colonies from
which the modern Hutterite population is descended. The Dariusleut moved to Canada. to
avoid participation in the Spanish-American war in 1899. The outbreak of World War I
increased hostility towards Germans in the USA, and prompted a mass migration of Hut-
terites to Canada in 1918. By World War II, when there was a more tolerant attitude
towards conscientious objectors, there were a total of 56 Hutterite colonies in Canada, and

6 in the United States [16].

5.3.2 The Hutterite Pedigree

Through collaboration with Dr. Ken Morgan, of the University of Montreal, we have access
to a pedigree which traces the ancestry of the cohort of Hutterites alive in 1981 back
to ancestors who were born in the 1700s. There are a total of 27,163 individuals in the
pédigree, of whom 130 are founders. Seventy one of those founders were born pﬁor to or
during 1800. Information available on each of the individuals includes year of birth, sex,
and vital status as of December 31st, 1981. We also have leut and coded colony information
for most individuals, which is defined as either leut/colony of birth, or for those not born
in a colony, leut/colony of residence in 1880.

We simulated the transmission of a chromosome of length one Morgan down this pedi-
gree, assuming that all founder individuals were non-inbred and unrelated. Three colonies
were chosen from each leut. Colonies chosen were required to have a substantial number of
members alive in the 1981 census, and an attempt was made to select colonies with ordered
relationships between them. For example, of the selected Lehrerleut colonies (L1, L2 and

L3), L2 and L3 divided in about 1940, and the ancestral colony of L2 and L3 divided from
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colony L1 in about 1900. The same general relationships are true of selected colonies S1-
S3 in the Schmiedeleut, and D1-D3 in the Dariusleut. Within each of these nine colonies,
three individuals were randomly selected. For each of the 27 individuals, the number of
Junctions in each of their two chromosomes was recorded, for each iteration. To investigate
the patterns of IBD sharing between individuals, the paternal chromosome of each of the
27 individuals was compared in turn to the paternal chromosome of all 26 other individ-
uals. If there existed one or more tracts of IBD between the two chromosomes, a tract
was randomly selected, and its length recorded for each iteration. The simulation consisted
of 100,000 iterations, which took 21 hours and 16 minutes to run, using about 22.4MB of
memory, on a dual 667 MHz processor Alpha with 2GB of memory.

5.3.3 Approzimating the Hutterite population by a random mating population

The theoretical results presented in Chapters 2, 3, and 4 are for discrete generation random
mating populations in which the population sizes over time can be specified. In order to
apply our theory to the Hutterite population, we must approximate it by such a population.
To estimate historical population sizes, we classified all individuals in the ancestry into
20 year birth cohorts, starting in 1980 and working backwards. Table 5.2 shows these
population sizes, and the number of founders and members of each of the three leut within
each. We decided to use the 1740 to 1760 birth cohort as the “founding” generation.
Since the migration to the Ukraine was complete by 1770, this cohort can be thought of as
the parents of those settlers. Furthermore, we used the 1840 to 1860 birth cohort as the
generation in which the subdivision into three leut occured. This cohort can be thought of
as the parents of those born between 1860 and 1880, who would likely have been the group

which re-established communal living prior to the move to North America.

In order to use these cohort sizes as the sizes of a subdivided, random mating, discrete
generation population, we must assign leut to those for whom it is missing and who were
born after 1840. If leut information was missing for a parent who was born after 1840,
they were assigned the leut of their children. This rule alone resolved all but 26 of the

individuals for whom leut information was missing. Of these 26, 11 were founders with no



109

Table 5.2: Number of individuals in 20 year birth cohorts, classified according to founder
status and known leut information.

Birth Cohort Total Founders Missing Leut L-leut S-leut D-leut
yob < 1700 3 3 3 0 0 0
1700 < yob < 1720 16 16 16 0 0 0
1720 < yob < 1740 27 19 27 0 0 0
1740 < yob < 1760 55 22 55 0 0 0
1760 < yob < 1780 58 8 58 0 0 0
1780 < yob < 1800 64 3 64 0 0 0
1800 < yob < 1820 98 2 78 2 9 9
1820 < yob < 1840 117 8 69 17 17 14
1840 < yob < 1860 157 3 54 18 48 37
1860 < yob < 1880 276 3 57 65 90 64
1880 < yob < 1900 609 3 51 168 203 187
1900 < yob <1920 1409 7 48 428 505 428
1920 < yob <1940 3257 9 14 1058 1249 936
1940 < yob < 1960 7477 16 16 2163 3189 2109
1960 < yob < 1980 12805 8 12 3545 5557 3691

1980 < yob < 2000 735 0 0 206 322 207
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Table 5.3: Population sizes used for a discrete generation, subdivided, randomly mating
population approximating the Hutterites, based on 20 year birth cohorts.

Gen. Birth cohort Pop. Size L-leut S-leut D-leut
0 1740 < yob < 1760 55 0 0 0
1 1760 < yob < 1780 58 0 0 0
2 1780 < yob < 1800 64 0 0 0
3 1800 < yob < 1820 98 0 0 0
4 1820 < yob < 1840 117 0 0 0
5 1840 < yob < 1860 28 77 52
6 1860 < yob < 1880 77 111 86
7 1880 < yob < 1900 182 227 200
8 1900 < yob < 1920 434 541 433
9 1920 < yob < 1940 1058 1257 940
10 1940 < yob < 1960 2164 3193 2115
11 1960 < yob < 1980 3545 5557 3691

children, and were therefore removed from the pedigree. Eleven others were members of 3
distinct nuclear families, who were apparently living with the Hutterites at the time of the
census, but were unrelated to them. This group was also removed. Finally, the remaining
4 individuals were clearly Hutterites, but were childless and had no leut information. They
were assigned the leut of the closest relative possible - in all cases this was either a niece or
a nephew. Table 5.3 shows the populations sizes used for a discrete generation, subdivided,
randomly mating population approximating the Hutterites, based on 20 year birth cohorts
and leut assignments as described above. This model will be referred to in what follows as
random-20.

To investigate the sensitivity of our theoretical calculations to different ways of approx-
imating the Hutterite’s population history; we also considered a random mating population
whose population sizes over time were based on 25 year birth cohorts. Table 5.4 shows the

resulting cohort sizes, and the number of founders and members of each of the three leut
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Table 5.4: Number of individuals in 25 year birth cohorts, classified according to founder
status and known leut information.

Birth Cohort Total Founders Missing Leut L-leut S-leut D-leut
yob < 1705 5 5 5 0 0 0
1705 < yob < 1730 29 27 29 0 0 0
1730 < yob < 1755 54 24 54 0 0 0
1755 < yob < 1780 71 12 71 0 0 0
1780 < yob < 1805 83 4 83 0 0 0
1805 < yob < 1830 140 7 102 -9 16 13
1830 < yob < 1855 167 S 66 22 42 37
1855 < yob < 1880 322 3 71 71 106 74
1880 < yob < 1905 862 4 66 245 288 263
1905 < yob <1930 2421 7 39 779 899 704
1930 < yob <1955 7001 21 21 2050 2916 2014
1955 < yob <1980 15273 11 15 4288 6600 4370

1980 < yob < 2005 735 0 0 206 322 207
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Table 5.5: Population sizes used for a discrete generation, subdivided, randomly mating
population approximating the Hutterites, based on 25 year birth cohorts.

Gen. Birth cohort Pop. Size L-leut S-leut D-leut
0 1730 < yob < 1755 54 0 0 0
1 1755 < yob < 1780 71 0 0 0
2 1780 < yob < 1805 83 0 0 0
3 1805 < yob < 1830 140 0 0 0
4 1830 < yob < 1855 35 73 59
5 1855 < yob < 1880 86 132 102
6 1880 < yob < 1905 263 320 278
7 1905 < yob < 1930 781 932 708
8 1930 < yob < 1955 2051 2922 2023
9 1955 < yob < 1980 4288 6601 4370

within each. We decided to use the 1730 to 1755 birth cohort as the “founding” generation,
and the 1830 to 1855 birth cohort as the generation in which the subdivision into three leut
occurred, again attempting to match the approximate time of settlement in the Ukraine,

and the approximate time of leut formation, respectively.

We used the same approach to assigning missing leut as previously described for the
model based on 20 year birth cohorts, and thereby obtained the population sizes shown
in Table 5.5. This model will be referred to as model random-25 in what follows. Using
a larger generation time (25 years rather than 20) results in a population which is nine
generations from founding, rather than eleven. Correspondingly, the population sizes within

each generation are larger. We will discuss the implications of these differences in the

following sections.
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Table 5.6: Expected number (standard deviation) of junctions per Morgan in a chromosome
randomly selected from the most recent generation of L-leut, S-leut and D-leut, based on
models random-20 and random-25.

L-leut S-leut D-leut

E[Jo|N], random-25  8.75 (2.96)  8.78 (2.96)  8.77 (2.96)
E[J11|N], random-20 10.59 (3.25) 10.65 (3.26) 10.63 (3.26)

5.3.4 Number of junctions in a randomly selected chromosome
Theoretical predictions based on Hutterite population sizes

Table 5.6 shows the expected number of junctions per Morgan in a randomly selected
chromosome from the most recent generation of Hutterites, based on models random-20 and
random-25. Also shown is an estimate of the standard deviation of the number of junctions,
based on the variance approximation developed in Chapter 2. The approximation should
be quite accurate, since the populations considered here are young and rapidly growing.
Two things are apparent from Table 5.6; (i) within either model, the expected numbers of
junctions in chromosomes from each of the three leut are very similar; and (ii) the two models
give quite different numbers of expected junctions (about 8.8 vs. 10.6). To understand these

observations, we consider the calculation of the expected number of junctions. For a random

mating population without subdivision,
t—1
E[J: | N] = > hj(N)L (5.1)
—

(Equation 2.6), where h;(XN) is the probability of non-IBD at a particular locus for an
individual in generation j, where N represents the population sizes over time. The same
equation holds for a subdivided population, only now h;(IV) refers to the probability of non-
IBD within the sub-population from which the chromosome is being sampled. For example,

for the D-leut:

: t—1
E[JP | NP1 =Y h;vP)-L, (5.2)
J=0

where N? denotes the leut specific population sizes over time. Consider the first observation
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- that the expected numbers of junctions in chromosomes from each of the leut are very
similar, for a particular model. When summing non-IBD probabilities over a fixed number
of generations, small differences in population size from one leut to the next have little effect,
since population size enters the calculation of the probability of non-IBD as a multiplicative
term of the form (1 — ﬁ). Specifically, consider a population with known probability of
non-IBD at time ¢ denoted by h:(N). Then

1

hepr (V) = (1 - m) - he(IV) . (5.3)

Now consider two possibilities for the population: either the population size at time ¢ is Vg,
or it is aN;. The ratio of the multipliers of 4¢(XN) in Equation 5.3 corresponding to these

two possibilities is then given by

(1-w) a2, -1 (2N _ 2N -1 1 5.0
(1_;) ~ a2N; 2N;—-1 2N, -1 « ’ )
2N

for large N; and « close to 1. That is for N; large enough, even moderate changes in
population size do not affect the probability of non-IBD. The results in Table 5.6 show that
for the S-leut and D-leut in particular, population sizes are large enough that the differences
in population sizes between the leut result in only small differences in the expected number
of junctions. For the L-leut, the very small population size at the time of subdivision results
in slightly lower probabilities of non-IBD, and therefore a slightly smaller expected number
of junctions.

The second observation based on Table 5.6 was that the expected number of junctions per
Morgan based on model random-25 was nearly two less than that based on model random-
20. This simply reflects that using a shorter generation time results in more generations
over a fixed period of time. In this example, random-20 has 11 generations after founding,
and random-25 has 9 generations after founding. Since the population sizes are quite large,
the non-IBD probabilities are close to one, and therefore the two extra generations result in
nearly two extra junctions per Morgan. In a large and young population like the Hutterites,
the number of generations assumed since founding has an important effect on the expected
number of junctions per Morgan. While there is a substantial difference in expectation

between the two models, it is important to recognize that the variance of the number of
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Junctions per Morgan is large, as the simulations of Section 5.3.4 will show. In fact, there
is considerable of overlap between the distributions of the number of junctions according to

each model.

Simuletion results

Figure 5.3 shows the mean number of junctions in both paternal and maternal chromo-
somes of length one Morgan, in the 27 selected Hutterites of Section 5.3.2. The horizontal
axis gives the mean number of junctions observed over 100,000 simulations. There are 54
horizontal lines, one each for the maternal and paternal chromosome of the 27 individuals.
The observed mean number of junctions in the chromosome is marked with a ‘+’ along
the horizontal line. The chromosomes are grouped according to leut along the vertical axis.
The solid vertical lines shows the expected number of junctions, based on models random-25
(left lines) and random-20 (right lines) as shown in Table 5.6.

Figure 5.3 shows that the mean number of junctions in a chromosome, as observed over
100,000 simulations on the Hutterite pedigree, is smaller than one would expect based on
either of the two random-mating populations with subdivision that we used to approximate
the Hutterite’s population history. To evaluate the importance of this difference, we esti-
mated the full distribution of the number of junctions in one Morgan by simulating 5,000
random mating populations according to model random-20, and another 5,000 according
to model random-25. Figure 5.4 shows the resulting simulated distributions for each of the
three leut. The mean number of junctions observed over 100,000 simulations in selected
Hutterite chromosomes (those shown in Figure 5.3) are marked as short vertical lines above
the x-axis. The distributions under model random-20 and model random-25 are very similar,
with the distribution for random-25 shifted slightly to the left. While the observed means in
selected Hutterite chromosomes are smaller than the expected value of either distribution,
they are well within the range of values for both models.

The smaller number of junctions observed in simulations on the Hutterite pedigree could
be due to the colony structure, which is not represented in our models, or due to preferential

selection of mates who are more closely related than “random” members of the population.
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Table 5.7: Expected length in Morgans of an IBD tract between two randomly chosen
chromosomes from the most recent generation of Hutterites, based on models random-20
and random-25.

random-20 random-25
2nd csome from:

L-leut S-leut D-leut I-leut S-leut D-leut

L-leut 0.071 0.057 0.057 0.085 0.067 0.067
1st csome from: S-leut 0.065 0.057 0.078 0.067
D-leut 0.068 0.081

However, the large variance of the number of junctions in one Morgan implies that these
results are not inconsistent with either of the random mating models we used. These results

do not provide evidence of non-random mating in the Hutterite population.

5.3.5 Lengths of IBD tracts in pairs of Hutterite chromosomes
Theoretical predictions based on Hutterite population sizes

Table 5.7 shows the expected length in Morgans of an IBD tract between two randomly
selected chromosomes from the most recent generation of Hutterites, based on models
random-20 and random-25. The éxpected length is based on the approximation devel-
oped in Chapter 4. Within each of the two models, the lengths of tracts shared between
chromosomes of different leut are expected to be substantially smaller than the lengths of
tracts shared between chromosomes within leut. The expected lengths of a shared tract
between chromosomes from different pairs of leut are the same to three decimal places.
Between the two models, Table 5.7 shows that model random-25 predicts longer tracts of
IBD than does model random-20.

To understand the difference between the models, recall from Chapter 4 that the estimate
of mean length of an IBD tract is just the expected fraction of the chromosome that is IBD,
divided by the expected number of IBD tracts making up the chromosome, which is the
expected number of type V junctions (Equation 4.25). In model random-25, the expected
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IBD fraction is about 77% of the expected IBD fraction under model random-20, both
within and between leut. The expected number of V junctions under model random-25 is
about 66% of the expected number of V junctions under model random-20, both within
and between leut. The increase in mean lengths under model random-25 is due to the fact
that the denominator of the estimate is decreased more than the numerator of the estimate.
Because the population sizes are large for both models, the expected IBD proportion is not
dramatically affected by the different models. However, under model random-25, there are
two fewer generations in which junctions can be formed, and so the expected number of V
junctions is reduced relative to model random-20. This results in longer IBD tracts under

model random-25.

Simulation results

Figure 5.5 shows the mean length of a random IBD tract between each pair of the 9 paternal
chromosomes of selected Hutterites within the same leut. The selection of these individuals
was described in Section 5.3.2. The horizontal axis gives the mean length of a random IBD
tract observed over 100,000 realizations. There are 36 horizontal lines in each plot, one each
for each pair of paternal chromosomes within leut. The observed mean length of an IBD
tract is marked with a ‘+’ along the horizontal line. The chromosome pairs are grouped
along the y-axis according to whether or not the individuals are in the same colony. The
solid vertical lines shows the expected length of an IBD tract, based on models random-20
(left lines) and random-25 (right lines) as shown in Table 5.7. In all three leut, the observed
values are quite close to those expected under models random-20 and random-25. Model
random-25 in particular seems to match the data quite well. In all three leut, the longest
IBD tracts were observed between members of the same colony. This is not surprising, since
members of the same colony are likely to be more closely related than members of different
colonies.

Figure 5.6 shows the mean length of a random IBD tract between the 9 paternal chromo-
somes of selected Hutterites from different leut. The horizontal axis gives the mean length

of a random IBD tract observed over 100,000 realizations. There are 81 horizontal lines in
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Figure 5.5: Mean length of a random IBD tract between the paternal chromosomes of
selected Hutterites, within the same leut. Vertical lines represent theoretical means based
on models random-20 (left lines) and random-25 (right lines).
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each plot, one for each pair of paternal chromosomes between two leut. The observed mean
length of an IBD tract is marked with a ‘+’ along the horizontal line. The solid vertical
lines shows the expected length of an IBD tract, based on models random-20 (left lines)
and random-25 (right lines) as shown in Table 5.7. Under both models, the between leut
IBD tracts are shorter than the within leut IBD tracts (0.57 and 0.67 in Figure 5.6, and
0.65-0.85 in Figure 5.5). Again, this reflects the closer relationships between individuals
within leut, compared to between leut. The expected values based on model random-25
seem to be in reasonable agreement with the observed data. There appears to be more
variability among the mean lengths of IBD tracts between Schmiedeleut and Dariusleut
chromosomes. This could be reflecting the fact that there were more interleut marriages
between the Schmiedeleut and the Dariusleut (13, as opposed to 8 between the Lehrerleut
and the Schmiedeleut, and 5 between the Lehrerleut and the Dariusleut). Interleut mar-
riages lead to closer relationships between some members of the two leut than if the two leut
had been completely segregated since the initial subdivision. Closer relationships result in
longer lengths of IBD tracts, as seen for some Schmiedeleut-Dariusleut chromosome pairs
in Figure 5.6.

Figure 5.7 shows the simulation distributions of the length of a random IBD tract be-
tween two chromosomes within the same leut, based on 5,000 realizations each under models
random-20 and random-25. Vertical lines above the x-axis mark the mean length of an IBD
tract estimated from 100,000 realizations, in the 36 paternal chromosome pairs from the 9
individuals selected within each leut of the Hutterite pedigree. In all three leut, the two
distributions are very similar. Model random-25 has a slightly higher mean, as shown by
the theoretical estimates in Table 5.7. The mean lengths observed in simulations on the
Hutterite pedigree are consistent with both models.

Figure 5.8 shows the corresponding simulation distributions for IBD tract lengths in
chromosomes selected from different leut. The distributions are again very similar, with
random-25 having a slightly higher mean. The vertical lines above the x-axis represent
the observed mean lengths of IBD tracts in chromosome pairs from selected Hutterites in
different leut, based on simulations on the Hutterite pedigree. As was the case for within-

leut chromosome pairs, the means based on the Hutterite pedigree are consistent with either
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Figure 5.6: Mean length of a random IBD tract between the paternal chromosomes of
selected Hutterites, between different leut. Vertical lines represent theoretical means based
on models random-20 (left lines) and random-25 (right lines).
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of the random mating models.

5.4 Discussion

In this chapter, we first described some of the computational issues associated with sim-
ulating chromosome transmissions in random mating populations, and on pedigrees. We
then reported the results of simulations on the Hutterite pedigree. For selected Hutterites,
we estimated by simulation the expected number of junctions in a chromosome, and the
mean length of IBD tracts shared between chromosomes from within the same colony, from
different colonies with the same leut, and from different leut. The simulation results were
compared to theoretical predictions of these expected values based on the application of the
results of chapters 2, 3 and 4 to random mating populations intended to approximate the
history and structure of the Hutterite population. We found that the average number of
junctions observed in Hutterite chromosomes is smaller than that expected under either of
the random mating models. This could reflect a decrease in junction formation due to the
colony structure of the Hutterites, which may result in marriage between close relatives.
Alternately, this could be random fluctuation about the mean, since the variance of the
expected number of junctions is very high. Simulated lengths of IBD tracts were close to
theoretically predicted values, although longer IBD tracts then expected were seen between

chromosomes taken from the same colony.
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Chapter 6

APPLICATION OF JUNCTION THEORY TO MAP ESTIMATION

In this chapter, we apply the ideas developed in Chapter 2 to the practical problem
of estimating the genetic length of a chromosomal interval using genetic data on members
of the Hutterite pedigree - an isolated population whose pedigree is known. In the first
section, we extend the mean, variance and covariance calculations of Chapter 2 to apply
to the situation where the pedigree is known. In the second section we describe a quasi-
likelihood approach to estimation, assuming that the number of junctions in the interval
of interest can be observed in every sampled chromosome. Finally, we discuss some of the

issues involved in the detection and resolution of junctions using IBD data on all pairs of

sampled chromosomes.

6.1 Moments of the number of junctions per Morgan, conditional on pedigree

structure

In this section, we develop an expression for the expected number of junctions per Morgan,
conditional on the pedigree structure. We also develop approximations to the variance and

covariance, and investigate their performance by simulation.

6.1.1 Mean

Let J. be the number of junctions present on the chromosome of interest, and let j index
the set of meioses which could have contributed to that chromosome. This set is made up
of both meioses to all ancestors of the chromosome of interest. If the number of meioses in
this set is m, let n = {n1,...nx}, where n; denotes the number of junctions formed in the

jth meiosis in the set. Finally, let I.(k, 7) =1 if the kth junction formed in the jth meiosis
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is present on the chromosome of interest, and let I.(k, ) = 0 otherwise. Then

m nj

Teln=73_ Y L(k,j) - (6.1)

j=lk=1

Taking the expectation over the indicator function,

m nj

1[Jeln]= Z Z E[lc(k, 7)] (6.2)

j=lk=1

Now E[I.(k,j)] = pc(j), where p.(j) is the probability that a particular junction formed in

meiosis j exists on chromosome c. This quantity is easily calculated in a recursive manner

using the relation

Pe(i) = 5Pmie) () + 5Ppter(4), (6.3)

where m(c) and p(c) denote the maternal and paternal chromosomes of the individual from
whom chromosome c segregated. Furthermore,

0 if z is a founder chromosome
pz(j) = 4 1 if z is the result of meiosis j (6.4)

0 if z is the homologue of the result of meiosis j.

Then one can write

Jc I n] an pe(d) (6.5)
and if we now take the expectation over the Junct1on formation process,
m
E[J] =En[EflJc|n]]= ZE[T"J] -pe(f) - (6.6)
j=1

We have outlined the calculation of p.(j) above, and so it remains to calculate E[n;]
for j = 1,---,m. Let H(j) equal the proportion of the chromosome which is not IBD in
the parent of meiosis j. If recombinations happen as a Poisson process along the chro-
mosome, this process must have rate one per Morgan, and the number of recombinations
in a chromosome of length L has a Poisson distribution with mean L. A junction is just
a recombination event which occurs in-a region of non-IBD, and so conditional on H(j),
the number of junctions formed on the chromosome has a Poisson distribution with mean
H(j)L. Thus,

Eln; | H(j)| = HG)L,
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and so
E[n;] = Eg [Eln; | HG) =EHG)] L=1~-f)-L .
Here, f(j) denotes the inbreeding coefficient of the parent of meiosis j, based on the pedigree
structure. We can therefore calculate the expected number of junctions on chromosome ¢
according to the equation
B = 300 - FG)eeli) - . 67)
i=

where L is the length of the chromosome.

6.1.2 Variance

The simulations of Section 2.1.2 show that, for a large and young randomly mating pop-
ulation, assuming a Poisson distribution may provide an adequate approximation for the
variance of the number of junctions in a chromosome. This is convenient since the variance
of a Poisson distribution is equal to its mean, and Section 6.1.1 shows that the mean is easily
calculated. This motivates our consideration of the Poisson distribution for the number of
Jjunctions existing on chromosome c .

We consider the following simplifying assumptions. Suppose that

1. The number of junctions n; formed in meiosis j has a Poisson distribution with mean
(1 —f(4))L. It is true that conditional on F(j), the fraction of the chromosome which
is IBD with its homologue, n; has a Poisson distribution with mean (1 — F(j5))L.
However, F(j) is a random variable, and equal to f(j) only in expectation. This extra

variability leads to extra-Poisson variation in the distribution of n;.

2. The number of junctions n; formed in meiosis 7 is independent of the number of
Jjunctions n; formed in meiosis 7, for all ¢ # j. This is true for meioses from unrelated
individuals, and may be close to true for meioses from distantly related individuals.

For meioses from a single parent to a pair of sibs (for example) it is clearly not true.

3. The presence of any one junction in chromosome c¢ is independent of the presence of

any other junction in that chromosome. That is Pr(junction k formed in meiosis i
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ezists on chromosome c | junction | formed in meiosis j erists on chromosome ¢ )=

Pr(junction k formed in meiosis i ezists on chromosome c), for k, I, i and 7, where

k#1ifi=j.

Note that the assumptions are directly analagous to those used in Section 2.1.2 to develop
the Poisson approximation to the distribution of the number of junctions in a chromosome
chosen from a randomly mating population.

Let J.(j) denote the number of junctions formed in meiosis j which exist in chromosome
c. Then assumption 1 implies that J.(j) ~ Poisson(p.(5)(1 — fG)L), 1 < j < m.

Furthermore, assumptions 2 and 3 imply that
Jc(2) is independent of J.(j) , fori # j . (6.8)

Therefore, under these simplifying assumptions,

m m
Je =) Je(j) ~ Poisson (ch(j)(l - f(j))L) : (6.9)
j=1 j=1

In the modelling application that follows, we do not use a full Poisson likelihood, but
rather a quasi-likelihood in which the variance is assumed equal to the mean. The foregoing
development is intended to justify that assumption.

Of the three assumptions used to develop the approximation, the third seems the least
likely to be true. Particularly for the small lengths in which we are interested, the presence
of one junction in the chromosome of interest tells us a lot about the presence or absence
of others. For example junctions formed in the same meiosis are likely to be transmitted
together, and those that are formed in different meioses are unlikely to end up on the
same chromosome. To assess the effect of this assumption and the others on the variance
approximation, we simulated chromosome data in 100 randomly sampled Hutterites, for a
total of 200 chromosomes. Ten thousand simulations were performed, and the number of
junctions in each of the 200 chromosomes was recorded. Chromosomes of length 5, 2, 1 and
0.5 cM were considered. Figure 6.1 shows the simulated variance of the number of junctions
in each chromosome, plotted against the expected number of junctions in each chromosome.

The dashed line indicates the line where the simulated variance is equal to the theoretical
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Figure 6.1: Estimated variance based on 10,000 simulations vs. theoretical mean, for 200
chromosomes from 100 randomly sampled Hutterites.

mean. The agreement between the theoretical mean and the simulated variance is quite
good, for all four chromosome lengths considered. There is no evidence for a systematic
departure of the variance from the mean, and as we shall see in the modelling section, this

approximation works well in our estimation problem.

6.1.8 Covariance

We now consider the covariance of the numbers of junctions in two distinct chromosomes
from the pedigree. Label the chromosomes ¢ and d, and let C and D denote the sets of
meioses which could have contributed to ¢ and d respectively. If the two chromosomes are
related to one another, some meioses will exist in both sets C and D. We will denote this set
by CD. Meioses that contribute to ¢ but not d are in the set CD, and those that contribute

to d but not ¢ are in the set CD. We can write

(6.10)

TlnieC=Y Y Ltd=3 S Lkid+ 3 S LLj)

ieC k=1 i€CD k=1 jecD =1
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and similarly
Ty n i
Ja|lnhideD=Y > L(K,i)= > Y LE.,H+ > S L.i), (6.11)
¥eD k'=1 ¥eCD k=1 jeCpl'=1

where n; denotes the number of junctions formed in meiosis i. Then

'n.il

JdJs|nieCuD = Y > izlc(k,i)-Id(k’,i')-f-

iIE€ECD¥eCDk=1k'=1

n; My
> > DD Lki) Lt i) +
t€CD jrieCp k=11'=1

n; Ny

Z Z Z Z Ic(laj) . Id(klai’) +

jeCDVECD I=1k'=1
nj
S35 L) L) - (6.12)
jecD j'eCp i=1l'=1

Now we will calculate E[J.Jg4], by first taking the expectation of Equation 6.12 condi-
tional on n;, and then taking the expectation over n;.

Consider the last three terms of Equation 6.12. Taking the expectation with respect to
the indicator variables, we need the expected value of the product of two indicator variables.
For example, consider the second term of Equation 6.12. The indicator variables in this
term describe (i) the event that a junction formed in a meiosis 7 which is in set CD exists
in chromosome c and (ii) the event that a junction formed in a meiosis j which is in set
CD exists in chromosome d. These events are independent, since the paths from meiosis i
to chromosome c¢ do not overlap the paths from meiosis § to chromosome d. Therefore the
expectation of the product of the two indicators is equal to the product of the expectations
of the indicators. Calculation of these quantities was described in the previous section.
Similar arguments with respect to the independence of the indicators can be made for the
third and fourth terms of Equation 6.12. Thus, taking the expectation of Equation 6.12

with respect to the indicator variables, we obtain

ng n;

Ef[JcJa|ni,i € CUD) = > > >3 Ef[Le(k,d) - Ly(K',d")] +

i€CDV'eCD k=1k'=1

> 2 Z ipc(i) -pa(y") +

i€CD jregp k=11'=1
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Y S TS peld) - pald) +

jeCDVECD =1 k'=1

S 23 peld) - pali)

jeCD j'ecpl=1lI'=1

= % ZZEI [Le(k, %) - Ta(K',")] +

teCDi{'eCDk=1k'=1

> X mmppe(i) - pa(i) + Y. S minape(s) -pald) +

t€CD jreCD jechDi{€eCD
> 2. nmype(d) -pal(d’) - (6.13)
jecDj'eCD
Now consider the first term in Equation 6.13. We can write
n; Ny n;
> 2 Y Erltki) Lk, = 3 3 Erfle(ki) - Lk i) +

iIECDVeCD k=1k'=1 i€CD k=1
ng ng

> 2> Er[l(kd) -1k, )] + (6.14)

i€CD k=1 =1
k#k!

ng ny

> 303 S Er[Ie(kyd) - La(K,iN)] -
i€CD i'ecp k=1k'=1
i

The expectation in the first term of Equation 6.14 is simply the probability that a particular
Jjunction formed in meiosis 7 exists in both chromosome ¢ and chromosome d. We denote this
quantity g. 4(2), and we defer its calculation to later in this section. To obtain expressions
for the second and third terms of Equation 6.14, we assume that the indicator variables
in each are independent. That is we assume (i) that the existence of junction k formed in
meiosis 7 in chromosome c is independent of the existence of junction &’ formed in meiosis i
in chromosome d and (ii) that the existence of junction & formed in meiosis i in chromosome
c is independent of the existence of junction &’ formed in meiosis i’ in chromosome d. These
assumptions are similar in spirit to assumption 3 used in the variance section, although
they likely closer to the truth, since they involve transmissions of junctions to different
chromosomes, rather than transmissions of junctions to the same chromosome. Under these
assumptions, we now have

S X S B [Lei) Lk, i) = S 3 geali) +

iE€CDV¥eCD k=1k'=1 i€CD k=1
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ng ni

S 303 ped) - pa(s) +

i€ECD k=1 r'=1
k#K!

ni ny

333> pe(i) -pa@)

i€CD i'ecD k=1 k'=1

i#E
= Z nch,d(i) +
i€ECD
> mi(ni — pe(@) - pai) +  (6.15)
ieCD
D D minepe(@) - pali) -
i€CD¢ecp
i

Substituting this equation back into Equation 6.13 and taking the expectation over the n;,

we obtain the following:

E[Jedal = Y Elnidgeali) + Y E[ni(n: — 1)]pc(d) - pa(é) +
i€CD i€CD
>. Y Eninelpe(d) -pal@) + Y. S Elninjlpc(i) - pa(s’) +
1eCD ;'ggln i€CD j1eCD
. > Elnelpe(d) -pa(@) + DY Y. Elnjnilpe(s) - pa(s’) -(6.16)
jeCDi€CD jecD j'€CD

Note that the only assumptions required for this to hold are those regarding the indepen-
- dence of junction existence in different chromosomes.

To complete the calculation of the covariance, we require an expression for the product of

E[J.] and E[J,]. Using Equations 6.10 and 6.11, and taking expectations first with respect

to the indicator variables conditional on the n; and then with respect to the n;, we obtain

E[J] = ) E[nip.(i) + Y Elrjlpc(s) (6.17)
i€CD jECD
and
ElJsl = Y E[nelpa@)+ > Elrjlpa(i’) - (6.18)
i'eCD j’EED
Therefore

E[JJE[Jd = > D ERniEMRslp(i)pa(i) +
i€CD #€CD
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> 3 EmiERnilpc(i)pas’) +

i€CD j7eCD

3> 3 EnylEnelpc(i)pali’) +

jeCBi’GCD

> > ERlERslpc(i)pa(i’) - (6.19)

jeCD j'eCD
Now suppose that n; is independent of n; for all ¢ # j (assumption 2 of the variance

section). Then terms 2, 3 and 4 of Equation 6.19 are equal to terms 4, 5 and 6 respectively

of Equation 6.16. Therefore

Cov(Je,Jo) = E[JeJq] —E[JJE[J] =
> Elnilgea@ + Y Efni(n: — 1)]pc(s) - pa(d) +

icCD icCD
d° > EmiE[mnslp() -pali’) — > D E[nilE[na]pc(i)pa(s’)
teCD "éécl',o teCDveCD

= Y E[nidged(d) + Y Elni(ni — 1)]pc(%) - pa(i) —
ieCD iecD
> E[ni’pe(d)pals) - (6.20)
ieCD

Finally, assume that n; has a Poisson distribution (assumption 1 of the variance section).
Then E[n?] = Var[ni] + E[ni]2 = E[n;] + E[n?], and so E[n;(n; — 1)] = E[r?]. Therefore
Cov(Je, Ja) = ) Elnilgca(d) - (6.21)
i€CD
This expression is equal to the expected number of junctions shared between chromosomes

¢ and d, and we will denote it by E[S, 4].

Calculation of B[S, 4]

Recall that

E[Scal = Y Elnilgeq(i)
i€CD

where CD is the set of meioses that can contribute to both chromosomes ¢ and d. We
showed in section 6.1.1 that E[n;] = (1 — f(¢))L, and so we need only calculate g.4(Z), the

probability that a particular junction formed in meiosis ¢ exists on both chromosomes ¢ and
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d. This is done in a recursive manner similar to the calculation of p.(z), the probability that
a particular junction formed in meiosis ¢ exists on chromosome c.

First note that g; () = gz 4(7) for all chromosomes z and y, and meioses i. Also,

. 1 . 1 .
%zy(D) = 5m(x)4 (D) + 59p(2).5(9) (6.22)

where m(z) and p(z) denote the maternal and paternal chromosomes in the parent of
chromosome z, as long as z is not an ancestor of y. This equation can be applied recursively,

using the following conditions:

.
0  if either = or y is a founder chromosome

0 if z is the product of meiosis Z, and y is the homologue of z

@zy(?) =9 p(6) fz =y (6.23)
py(7) if z is the product of meiosis ¢
|1 if z = y and z is the product of meiosis 7 .
So we can calculate
E[Scal = > (1 - f(9)gea(®d)L , (6.24)

ieCD

Under the conditions which imply Var[J.] = E[J], we also have Cov(J, J4) = E[S. 4]
Using the simulations described in Section 6.1.2, .we can investigate how well this approxi-
mation to the covariance works. Figure 6.2 shows the simulated covariance of the numbers
of junctions in each pair of chromosomes, plotted against the expected number of junctions
shared between that pair. The dashed line indicates the line where the simulated covariance
is equal to the expected number shared. The clusters of points in the plots show the variety
of relationships between pairs of chromosomes in the sample. Most are distantly related
and thus have a very small covariance. Negative estimated covariances demonstrate that
even 10,000 simulations is not enough to estimate very small covariances. The clusters with
higher observed covariances represent more closely related chromosomes. The approxima-
tion of the covariance by the expected number shared seems to be adequate, although it

may be an underestimate for very closely related individuals.
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Figure 6.2: Estimated covariance based on 10,000 simulations vs. expected number of
junctions shared, for all distinct pairs of 200 chromosomes from 100 randomly sampled
Hutterites. :

6.2 Quasi-likelihood modelling of junction counts

4

In this section, we describe a quasi-likelihood approach to estimating the length d of an
interval (in Morgans), using the theoretical results of the previous section. We assume that
the data consist of counts of the number of junctions in the interval of interest on each of
a sample of chromosomes, which will come in pairs within individuals. We further assume
that we know the pedigree relating all .the chromosomes, going back to the founders of the
population. Note that this requires we be able to distinguish the maternal and paternal
chromosomes within an individual. We first discuss estimation under the assumption that
the data are independent. We find that the variance of the estimate is badly underestimated

in this case, and so we next use the covariance approximation developed in the Section 6.1.3.
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6.2.1 Independence

Let J = (J1,J2,- -+, Jn)T denote the number of junctions in the interval of interest in n Hut-
terite chromosomes. Let x = E[J] and let V' be the variance -covariance matrix of J. Then
pi = X;d, where d is the length of the interval in Morgans, and X; = 3°7,(1 — f(4))p:(5),
where j indexes the set of all meioses that could have contributed to chromosome i. Under
the Poisson approximation discussed earlier, and assuming that J; is independent of J; for

alli# 7, V =d-diag{X}. Letting D = ‘—;% = X we can form the quasi-score equation

Ud) = DTVYJ—p)
= XTdiag {l} g (J — Xd)

X
_ L7
= 31 (J — Xd)
1 n n
= - (Z Ji—d) X,—) (6.25)
i=1 ~ i=1
The quasi-score has the following properties (see, for example, [23]):
E[U@d)] = 0 (6.26)
Cov[lU(d)] = DTV D =144 (6.27)
-E [é’{d_;i)] = DTv-lD, (6.28)

which motivate estimation and inference on d as if 6.25 were actually the score function
from an ordinary likelihood. We therefore estimate d by setting U(d) = 0 and solving for
. -1

d, and estimate its variance by i;l = (DTV‘ID) . Setting Equation 6.25 equal to zero

and solving for d, we obtain

7 Z?:l Ji
= =12 6.29
d ?:1 Xi ( )

The variance of the estimate is estimated by

-,

Var(d) =iz' = (DTv~'D) -

(1. 1 -1
= (ZX dzag{X}X)
d
= —_—. 6.30
z:’lzlxi ( 3 )
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Figure 6.3: Simulation distributions of estimates of interval length based on the indepen-
dence assumption, for true values of d = 5,2, 1 and 0.5 cM. Data used were 200 chromosomes
from 100 randomly sampled Hutterites.

Under appropriate limiting conditions (see [23]), d is approximately unbiased for d, and
asymptotically Normal with limiting variance i;l.

We tested this approach by simulating data on the Hutterite pedigree. A random sample
of one hundred Hutterites who were alive at the time of the 1981 census was chosen, for a
total of 200 chromosomes (n = 200). Chromosome data in these individuals were simulated
using the entire ancestry, as discussed in Chapter 5. Once the chromosomes had been
simulated, the number of junctions in the interval of interest was counted, in each of the
200 chromosomes. Estimates of d and Var(d) were calculated as described above. Intervals
of length 5 cM, 2 cM, 1 cM and 0.5 cM were considered, and 1000 simulations were done.

Figure 6.3 shows the simulation distributions of the estimates obtained for each of the
four interval lengths. For the longer intervals the distributions are symmetric, while they
are slightly skewed for the shorter intervals. Table 6.1 summarizes the results of the simu-
lations. Rows show (i) mean of d over 1,000 simulations; (ii) standard deviation of d over

1,000 simulations; and (iii) mean over 1,000 simulations of the model based estimate of
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Table 6.1: Results of 1,000 simulations estimating d assuming independence and using 200
chromosomes from 100 randomly sampled Hutterites.

True interval length (M)
0.05 0.02 0.01  0.005

(i) mean d 0.0499 0.0199 0.0101 0.0050
(i) std. dev. d 0.0085 0.0054 0.0040 0.0028

-

(iii) mean \/Var(d) 0.0058 0.0036 0.0026 0.0018

the standard deviation of d. As the histograms showed, d is estimating d well. However,
rows (ii) and (iii) show that this quasi-likelihood model is dramatically underestimating the
variance of the estimate (since the simulation based estimate in row (ii) is so much larger
than the model based estimate in row(iii)). This underestimation of the variance could be
due to correlation between chromosomes, which we had assumed to be independent. This

motivates our use of E[S] as an approximation to the covariance.

6.2.2 Covariance approzimated by E[S]

The quasi-likelihood model described in the previous section can be applied in exactly the
same manner when the variance matrix is not diagonal, although the conditions required for
consistency and asymptotic normality of the estimate are more complicated (see [23]). When
we approximate Cov(J;, J;) by E[Sij] = Srers (1 — f(K)) ¢i,j(k)d = Y:jd, the variance-

covariance matrix V is given by

[ X, Yiz - Yia

Yio Xo - Y
V=d 1,2 2 2n

_},1,71 Y2,n T Xn ]

The quasi-score matrix is formed in exactly the same way, and letting WT =d- DTV -! for

notational convenience, we obtain

Ud) = DTvYJ—p)
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= w7 (]~ Xd)
1 n n
- E(Evvi.f,-—dzmxi) . (6.31)
i=1 =1

Notice that the weights W depend only on X and Y;;, the components of the covariance

matrix. Setting Equation 6.31 equal to zero and solving for d, we obtain

?:1 M‘Ii

d= 6.32
The variance of the estimate is estimated by
- -1
Var(d) =i7! = (DTV‘lD)
17\t
- (%)
d

= =_— 6.33
ST, WiX; (6:33)

We applied this model to the simulated data described in the previous section.

Figure 6.4 shows the simulation distributions of the estimates obtained for each of the
four interval lengths. Again, the distributions are symmetric for longer intervals, and more
skewed for shorter intervals. Table 6.2 summarizes the results of the simulations. Rows show
(i) mean of d over 1,000 simulations; (ii) standard deviation of d over 1,000 simulations;
and (iii) mean over 1,000 simulations of the model based estimate of the standard deviation
of d. Again, d is estimating d well. The close agreement between rows (ii) and (iii) shows
that incorporating an approximation to the covariance of the observations into the model

dramatically improved our variance estimate.

6.2.3 Effects of sample composition on the variance of the estimate

The results presented in the previous section are all the result of application of the model
to a data set which is made up of 200 chromosomes from 100 randomly sampled Hutterites.
The availability of the pedigree of the Hutterites makes it possible to consider different
sampling schemes - for example sampling groups of relatives. In addition to the randomly
sampled group, we considered two other data sets of close to 100 people from the Hutterite

population. One alternate data set consisted of groups of first cousins. First we selected
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Figure 6.4: Simulation distributions of estimates of interval length using Couv(Je, J4) =
E[S,,q], for true values of d = 5,2,1 and 0.5 cM. Data used were 200 chromosomes from 100

randomly sampled Hutterites.

Table 6.2: Results of 1,000 simulations estimating d using Cov(Je, Jg) = E[S; 4] and 200
chromosomes from 100 randomly sampled Hutterites.

True interval length (M)
0.05 0.02 0.01  0.005

(i) mean d 0.0500 0.0199 0.0101 0.0050
(ii) std. dev. d 0.0083 0.0053 0.0039 0.0027

-~

(iii) mean \/Var(d) 0.0085 0.0054 0.0038 0.0026
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one individuai from each leut. For each of these individuals, we chose four maternal cousins
and four paternal cousins. These were chosen so that none of the cousins were siblings - this
can be done in the Hutterites because couples have so many children that for each person,
there are many “cousinships” to chose from. For each of these eight cousins of the proband,
we selected four more cousins who were not siblings, and were not cousins of the original
proband. For example, if we call the original proband A, we included four of his maternal
cousins, one of whom was labeled B. We then included four paternal cousins of B, who are
not cousins of A unless a sib-exchange marriage took place. This was in fact the case in one
instance, and so the sample ended up consisting of 97 people.The second alternate data set
was made up of 27 sibships. The 27 probands were those used in Chapter 5 - there were three
individuals from three colonies in each of the three leut. The individuals were randomly
chosen from the colonies, and the colonies were somewhat closely related, although they
were not sister colonies. For each of these 27 probands, three siblings were included in the
sample. Some individuals did not have three siblings, and so the total number of individuals
in the data set was 96.

The properties of the quasi-likelihood estimate were assessed for each of the alternate
data sets by simulation. Simulations consisted of 1,000 iterations, and interval lengths of
5, 2, 1 and 0.5 cM were considered. Table 6.3 shows the mean of the estimate d over all
simulations for each of the data sets and each interval length. The estimate d appears to
be unbiased at all lengths considered, for each of the data sets. Table 6.3 also shows the
standard deviation of the estimate d, and this is where differences between the data sets
are apparent. The estimate has a substantially larger standard deviation in the cousinship
data as compared to the random sample, and a still larger standard deviation in the data
set consisting of sibships. This is explained by the fact that in the data sets consisting of
close relatives, the correlation between observations is much larger, and this leads to an
increase in the variance of the estimate. In effect, sampling close relatives is like sampling
substantially less than 100 people. The correlations between groups of sibs will be larger
than those between groups of cousins, which explains why the standard deviation of the
estimate based on the sibship data set is higher again than that based on cousinships.

These results might lead one to conclude that it is best to sample completely unrelated
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Table 6.3: Simulation results comparing estimation of d, using different data sets.

True interval length in Morgans (d)
Data set 0.05 0.02 0.01 0.005

100 random 0.0500 0.0199 0.0101 0.0050
mean d cousinships  0.0501 0.0198 0.0101 0.0050
27 sibships  0.0501 0.0201 0.0101 0.0052

100 random 0.0083 0.0053 0.0039 0.0027
std. dev. d cousinships 0.0093 0.0057 0.0042 0.0030
27 sibships  0.0104 0.0067 0.0048 0.0035

individuals, since observations on their chromosomes will be independent. This would be
true if we could in fact count the number of junctions in an interval on a chromosome.
However, in any application to real data, junctions are detected by a change in IBD state
between two chromosomes. Unrelated chromosomes will be non-IBD along their entire
length, and therefore none of the junctions contained in those chromosomes will be visible.

We discuss the issues of junction detection and resolution in some detail in the next section.

6.3 Detection and resolution of junctions using continuous IBD data

The results of Section 6.2 demonstrate that there is substantial information in Hutterite
chromosomes for estimating small genetic distances. In this section, we examine how well
this information can be extracted, assuming that we have the most informative data possible
- continuous IBD data on all pairs of chromosomes in the sample.

Figure 6.5 shows the four kinds of chromosomes that exist, considering the neighbour-
hood of the chromosome immediately surrounding the junction of interest. Different shad-
ings represent different ancestral types. Chromosome 1 carries the junction; chromosome 2
carries one ancestral type; chromosome 3 carries the other ancestral type, and chromosome
4 carries neither. Consider the IBD information one would obtain from comparing pairs

of these different types of junctions. Comparing a given type with another of the same
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Figure 6.5: Four kinds of chromosome with respect to junction depicted. Different shadings
represent different ancestral types.

Detection:

Resolution:

Figure 6.6: Detection and resolution of a junction using continuous IBD data. On the left,
different shadings represent different ancestral types, and on the right, white represents IBD
and black non-IBD.

type will result in continuous IBD - there is no information about junctions here. Similarly,
comparing type 4 with any of the other three types, or comparing type 2 with type 3, will
result in continuous non-IBD. Thus information about the existence of the junction comes
from comparison of chromosome types 1 and 2, or types 1 and 3. Both pairs show a change
in IBD status, which indicates the presence of a junction (the junction is detected). It is
not apparent from a single such pair which chromosome carries the junction and which
one does not. In order to determine which chromosome carries the junction (to resolve the
junction), there must be a third chromosome in the sample which has the ancestor on the
side of the junction which is not shared by the first two. Figure 6.6 shows the detection

and resolution of a junction using continuous IBD data. The IBD information between
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Table 6.4: Simulation results: average number of junctions existing, average proportion
detected, average proportion resolved in 200 chromosomes from 100 randomly sampled

Hutterites.

d Number existing Proportion detected Proportion resolved

5 cM 52.69 0.94 0.75
2cM _ 21.14 0.94 0.75
1cM 10.74 0.94 0.74
0.5 cM 5.26 0.94 0.75

chromosomes A and B indicates that a junction exists (it is detected). However, from this
data alone, it is unclear whether the junction is on chromosome A or B. When the IBD
information between chromosomes A and C is considered, a similar conclusion is reached.
Thus, either the junction exists on chromosome A alone, or the junction exists on both B
and C. Consideration of the IBD data between chromosomes B and C indicates that they
cannot both have the junction - since there is continuous non-identity in the region. Thus
the junction exists on chromosome A (it is resolved). Thus, given that a chromosome of
type 1 exists in the sample of chromosomes, the sample must include at least one of type 2
or type 3 in order to detect the junction, and at least one of each to resolve the junction.
The quasi-likelihood model which appropriately models the covariance structure requires

that all junctions be resolved, since it requires junction counts in individual chromosomes.

A simulation study was carried out to assess how well junctions are detected and resolved
in the data set consisting of chromosomes from 100 randomly chosen Hutterites. The
simulations are the same ones used to assess the quasi-likelihood model in Section 6.2.
For each of the 1,000 iterations, we noted the number of junctions existing in the interval
of interest in the 200 chromosomes, the number of junctions which were detectable using
continuous IBD data, and the number of junctions which were resolvable using continuous
IBD data. Table 6.4 shows the average number of junctions existing in the sample, the
average proportion of those which were detectable, and the average proportion of detectable

junctions which were resolvable. The results show that in this sample, 94% of existing
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junctions can be detected, and about 75% of those can be resolved. Numbers this high are
due to the history of the Hutterite population, which is ideal for junction detection and
resolution. The Hutterites are a young population, and they have grown very rapidly. This
means that for a junction existing in the sample, it is likely that both ancestral types still

persist, and therefore the junction should be detectable and resolvable.

6.3.1 Characteristics of undetected or unresolved junctions

Because the detection of an existing junction requires existence in the sample of at least
one copy of one of the ancestral types, it follows that older junctions may be less likely
to be detected and in turn resolved. This is because for older junctions, there has been
more opportunity for one or both ancestral types to become extinct - at least in the set
of sampled chromosomes. To explore this possibility, some simulations were conducted in
which a surrogate for the time of formation of each junction was recorded. The surrogate
used was the year of birth of the individual who gave rise to the meiosis in which the junction
was first formed. It would be more accurate to consider the year of birth of the individual
in whose chromosome the junction first existed, but this surrogate seems adequate for our
purposes. Junctions existing in the sample of 200 Hutterite chromosomes were then divided
into bins according to ten year “formation cohorts”, and the number of junctions, proportion
detected, and proportion of observed junctions that were resolved were recorded in each bin,
for each simulation. Simulations were performed for an interval length of 50 cM, in order to
ensure a reasonable number of junctions would fall into each formation cohort. Simulation
of an interval of this length is more computationally demanding, so only 500 iterations were
used.

Table 6.5 shows the mean number of junctions existing in the sample, the mean pro-
portion detected, and the mean proportion resolved, by formation cohort, for the data set
consisting of 200 chromosomes from 100 random Hutterites. The proportion detected is
close to 100% until as far back as the early 1800s, where it drops quite quickly. The pro-
portion ;esolved follows a similar pattern, although the best resolution rate is just over

80%. These observations confirm that older junctions are less likely to be detected and



Table 6.5: Simulation results: average number of junctions existing, average proportion
of junctions detected and average proportion of detected junctions that are resolved, by
formation cohort, estimated by 500 simulations over an interval of 50 cM. (200 chromosomes
from 100 randomly sampled Hutterites).

Formation cohort Number existing Proportion detected Proportion resolved

1690-1700 0.66 0.15 0.00
1700-1710 2.61 0.52 0.00
1710-1720 5.25 0.83 0.45
1720-1730 9.63 0.76 0.31
1730-1740 5.74 0.78 0.32
1740-1750 9.16 0.68 0.40
1750-1760 14.55 0.77 0.51
1760-1770 10.97 0.78 0.50
1770-1780 19.50 0.84 0.59
1780-1790 9.85 0.89 0.61
1790-1800 24.99 0.91 0.70
1800-1810 14.83 0.93 0.71
1810-1820 28.94 0.95 0.70
1820-1830 23.43 0.94 0.69
1830-1840 24.05 0.99 0.81
1840-1850 24.84 0.97 0.78
1850-1860 31.33 0.99 0.81
1860-1870 31.01 0.98 0.82
1870-1880 32.57 0.99 0.82
1880-1890 27.85 0.97 0.80
1890-1900 34.61 0.99 0.84
1900-1910 26.17 0.99 0.82
1910-1920 38.25 0.98 0.81
1920-1930 24.60 1.00 0.86
1930-1940 20.79 0.99 0.82
1940-1950 26.83 0.99 0.82

1950-1960 8.74 0.99 0.84
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Table 6.6: Simulation results: average number of junctions existing, average proportion
detected, average proportion resolved, over 1,000 simulations of an interval of length 5 cM.

Data set Number existing Proportion detected Proportion resolved

100 random 52.69 0.94 0.75

98 distant 55.37 0.94 0.76

97 in cousinships 46.88 0.93 0.73
96 in 27 sibships 33.83 0.90 0.67

subsequently resolved.

6.3.2 Effects of sample composition on detection and resolution

Given a particular junction that exists in the sample, sampling other individuals who are the
direct descendants of the individual from whom the junction originated should improve the
probabilities of detecting and resolving that junction. For example, sampling cousins should
optimize for detection and resolution of junctions formed in meioses from their grandpar-
ents to their parents, while sampling siblings should optimize detection and resolution of
Junctions newly formed in that generation. This implies that different samples will give rise
to different detection and resolution probabilities, and that it may be possible to optimize
the sample in this respect.

Table 6.6 shows the overall detection and resolution rates as estimated by simulation, for
three alternative samples of approximately 100 individuals. The random sample is included
for reference, and the composition of the cousinship and sibship samples was described in
Section 6.2.3. The data set labelled “distant” consists of one individual sampled from each
of a set of colonies. The colonies were chosen to be as distantly related as possible - the
approximate approach was to chose colonies which initially formed prior to 1940. The intent
of this approach was to sample very distantly related Hutterites, in hopes of detecting some
of the older junctions which are not as well detected by the random sample of Hutterites.
The simulations show that detection and resolution were no better in the distant data

set. Detection and resolution were worse in the data sets containing more closely related
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individuals, and in particular in the data set consisting of 27 sibships.

To explore how these differences were related to junction age, we recorded detection
and resolution proportioné in each formation cohort, over 500 simulations of an interval
of length 50 cM in the three additional data sets. Table 6.7 shows the mean proportion
of existing junctions that were detected, and the mean proportion of detected junctions
that were resolved, by formation cohort, for the four data sets. Detection and resolution
proportions are nearly identical between the distant data set and the random data set, in
all formation cohorts. The detection proportions differ by a maximum of 0.02, and while
there is more variability in the resolution proportions, there is no consistent pattern of
difference. This result suggests that choosing individuals from long established colonies
does not necessarily result in distantly related individuals. It is also possible that the
random data set achieves the maximum detection and resolution proportions possible in a

sample of about 100 Hutterites.

Detection proportions in the data set consisting of cousinships are as good as those in the
random data set for recently formed junctions, in that they are nearly 100%. However, the
detection proportions are consistently worse for older junctions. The resolution proportions
for the cousinship data set seem to be slightly better for recently formed junctions, but again
older junctions are less well resolved by this data set. These observations are consistent with
the idea that sampling cousins should improve detection and resolution of junctions formed

in meioses to their parents.

Finally, junction detection in the sibship data set is as good as that in the random
dataset only for very recently formed junctions. The detected proportion drops off more
quickly (as junctions get older) than in the random data set. Junctions formed very recently
are much more likely to be resolved using the sibship data set, but moderately old junctions
(e.g. 1780-1890) are much less likely to be resolved in the sibships. These observations are
consistent with the idea that sampling siblings should improve detection and resolution of
junctions formed in the most recent generation. Unfortunately, this improvement comes

with a cost of reduced detection and resolution of older junctions.
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Table 6.7: Simulation results: average proportion of junctioné detected and average propor-
tion of detected junctions that are resolved, by formation cohort and data set, estimated by
500 simulations over an interval of 50 cM.

Formation Proportion detected Proportion resolved

cohort random distant cousins siblings | random distant cousins siblings
1690-1700 0.15 0.13 0.12 0.06 0.00 0.00 0.00 0.00
1700-1710 0.52 0.53 049 0.44 0.00 0.00 0.00 0.00
1710-1720 0.83 0.82 0.81 0.74 0.45 0.48 0.40 0.32
1720-1730 0.75 0.75 0.70 0.65 0.31 0.31 0.25 0.23
1730-1740 0.78 0.78 0.70 0.63 0.32 0.34 0.27 0.22
1740-1750 0.68 0.67 0.60 0.58 0.40 0.38 0.36 0.29
1750-1760 0.77 0.77 0.74 0.68 0.51 0.53 0.46 0.39
1760-1770 0.78 0.79 0.73 0.68 0.50 0.51 0.45 0.40
1770-1780 0.84 0.84 0.81 0.75 0.59 0.59 0.51 0.41
1780-1790 0.89 0.89 0.84 0.79 0.61 0.61 0.51 0.45
1790-1800 0.91 0.92 0.87 0.82 0.70 0.70 0.61 0.50
1800-1810 0.93 0.94 091 0.86 0.71 0.72 0.64 0.52
1810-1820 0.95 0.95 0.91 0.88 0.70 0.70 0.62 0.52
1820-1830 0.94 0.93 0.91 0.87 0.69 0.70 0.61 0.49
1830-1840 0.99 0.99 0.97 0.92 0.81 0.81 0.69 0.57
1840-1850 0.97 0.97 0.96 0.92 0.78 0.77 0.68 0.59
1850-1860 0.99 0.99 0.97 0.93 0.81 0.82 0.71 0.58
1860-1870 0.98 0.98 0.97 0.94 0.82 0.83 0.76 0.64
1870-1880 0.99 0.99 0.98 0.92 0.82 0.82 0.76 0.57
1880-1890 0.97 0.97 0.95 0.93 0.80 0.81 0.77 0.65
1890-1900 0.99 0.99 0.98 0.95 0.84 0.84 0.79 0.65
1900-1910 0.99 0.99 0.99 0.96 0.82 0.83 0.86 0.66
1910-1920 0.98 0.96 0.99 0.93 0.81 0.83 0.85 0.70
1920-1930 1.00 0.98 0.99 0.99 0.86 0.82 0.85 0.86
1930-1940 0.99 0.99 0.99 1.00 0.82 0.84 0.86 0.94
1940-1950 0.99 0.99 0.99 1.00 0.82 0.83 0.84 0.93
1950-1960 0.99 0.99 0.99 0.99 0.84 0.82 0.86 0.85
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6.4 Discussion

In this chapter, we developed a method for estimating small map distances, using counts
of numbers of junctions existing in Hutterite chromosomes. In order to do this, we first
extended the mean, variance and covariance calculations of Chapter 2 to be applicable to
a population for which the pedigree is known. We then described a quasi-likelihood model
for the junction counts, assuming independence of counts in different chromosomes. The
estimate of distance based on this model appeared to be unbiased, but the model based
variance of the estimate was too small. We corrected this problem using an approximation
to the covariance of the number of junctions in different chromosomes. The corrected model
gave good variance estimates, and for a sample of only 200 Hutterite chromosomes, the
standard error on an estimate of a map distance of 0.005 M was 0.0027 M. This demonstrates
that there is substantial information contained in Hutterite chromosomes for the estimation
of small map distances. We also considered issues of junction detection and resolution using
continuous IBD data on all pairs of chromosomes in the sample. In particular, we found
that older junctions are more difficult to detect and resolve, and that sample composition

can affect overall detection and resolution rates.
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Chapter 7

DISCUSSION

In this dissertation, we have developed an approach which allows us to study the effects
of some aspects of population history and structure on the number of ancestral segments
expected in a chromosome sampled from a modern population. We also modelled the lengths
of IBD segments, and considered an application of the theory to the estimation of small
map distances using the Hutterite pedigree.

In Chapter 2, we show that for very small populations, different growth patterns can
result in dramatically different numbers of ancestral segments. However, different growth
patterns have a smaller effect in larger populations. furthermore, we quantify the variance
of the number of ancestral segmerits in a chromosome, and show that it is very large.

Similarly, in Chapter 3 we demonstrate that population subdivision only affects the
expected number of ancestral segments in a substantial way if the population is very small.
We also study segments in some regular mating systems, and present some original results
for double-first-cousin and first-cousin mating systems.

Chapter 4 describes some models for the length of a tract IBD between two chromosomes,
using some of the results of chapters 2 and 3. The best fitting model is one that allows for 1st
order Markov dependence of junction types along the chromosome, and different average
lengths for IBD and non-IBD segments. Application of this model to populations with
different growth patterns and levels of subdivision again demonstrates that these factors
are only important in small populations, and that the variance of the length of an IBD
tract is large.

In Chapter 5, we describe some simulations of chromosome transmissions on the Hut-
terite pedigree and in random mating populations. The simulation programs themselves are
a significant contribution, since they allow the realization of continuous chromosome data

in reasonably large populations and pedigrees. We compare the results of simulation studies
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to theoretical expectations that account for growth and large scale subdivision of the Hut-
terite population. The results suggest that there may be aspects of within-leut population
structure that decrease the number of segments in a chromosome. However, the simulated
values are not significantly different from those expected for a random mating population
of the same historical sizes.

Finally, in Chapter 6, we develop a method of estimating small map distances using
chromosomes sampled from the Hutterite population, and the pedigree relating sampled
chromosomes. We use a quasi-likelihood model, and we find that modelling the covariance
in the number of junctions in different chromosomes is required in order to get accurate
variance estimates. We examine the performance of the method by simulation, and we find
that there is substantial information within the Hutterite pedigree for estimating small map

distances.

7.1 Implications for studies of disequilibrium in isolated populations

Our results show that the most important factor in determining the expected number of
Jjunctions in a chromosome, and therefore a lower bound for their average length, is the
time since founding of the population. In generation ¢ of an infinitely large random mating
population, we expect ¢ junctions per Morgan in a chromosome. In finite populations, the
expectation is less than £, but the difference is substantial only if the historical population
sizes have been small enough to result in the accumulation of IBD, and therefore the produc-
tion of fewer junctions. Even when this is the case, the variance of the number of junctions
in a chromosome is large, and so the existing number of junctions in a chromosome may
differ substantially from that expected based on known population history and structure.
In light of these results, the findings of Lonjou et al. [22] are not surprising. They ob-
served that for two particular small regions of the genome, samples from genetic isolates
did not generally show stronger disequilibrium than samples from larger outbred popula-
tions. They did note strong disequilibrium in one isolate, the Ainu of Japan. Since only
two regions of the genome were studied, there is a sample size of two for each population.

Because variances are so large, little can be concluded from this. Also, they measured the
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strength of disequilibrium in two small regions. Their paper therefore does not address how
the extent of disequilibrium may differ between isolates and large populations.

Our theoretical results allow us to predict that disequilibrium might persist over longer
distances in smaller, more recently founded populations. Whether or not it does depends on
the patterns of junction formation in many meioses, which we cannot observe. Pilot studies
of the extent of disequilibrium across the genome of an isolated population are therefore
desirable, before the expense of a large scale disease mapping study is incurred.

Our approach to understanding disequilibrium in isolated populations is fundamentally
different from traditional consideration of pairwise disequilibrium. We describe modern
chromosomes as being composed of continuous segments of founder chromosomes — a mosaic
of ancestral haplotypes. This viewpoint is particularly appropriate in the context of modern
sequence data. For example, Maynard Olson reports (personal communication) that in a
sample of Caucasians, all observed HLA haplotypes are the result of a small number of

rearrangements of only two ancestral haplotypes.

7.2 Implications for estimation of genetic distance in isolated populations

We demonstrated in Chapter 6 that there is ample information in Hutterite chromosomes
for the estimation of small map distances. The model presented required that for each
sampled chromosorhe, we be able to count the number of junctions existing in the interval
of interest. Since this is not possible, we considered the problem of detection and resolution
of junctions from continous IBD data on all pairs of chromosomes in the sample. We found
that for a random sample of 100 Hutterites, we could detect approximately 94% of existing
Jjunctions, and resolve about .75% of detected junctions. With further work we hope to be
able to resolve probabilistically those junctions which are detected but not resolved, and
impute the existence of those which are not detected directly. This requires a theoretical
understanding of the relationship between the number of junctions detected and the number
actually existing in the sampled chromosome, and application of an EM-type algorithm [14]
to the quasi-likelihood model. For real data, it would be necessary to extend the method
to apply to experimentally obtained haplotype data consisting of closely spaced markers
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whose order along the chromosome is known.

The Hutterite population is an exciting and unique resource for the generation of fine-
scale genetic maps. The age of the population, its isolation from other populations, and the
availability of a complete and accurate pedigree make it ideal for map estimation using the
approach we described. The typing of a large number of micro-satellite markers on a sample
of several hundred Hutterites would provide a fine-scale map with much better precision

than one obtained through traditional analysis of the CEPH pedigrees.
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Appendix A

MOMENTS OF NON-IDENTITY PROPORTIONS IN A RANDOM
MATING POPULATION

In this section, we calculate some moments of the non-IBD proportion in a random
mating population, as defined at the beginning of Chapter 2. These are required for the
development of expressions for E[n;], E[n?], and E[n;n;] in such a population, which we do
in Appendix B.

Let H:(p) denote the proportion of the chromosome which is non-IBD in individual p of
generation {. We can write

L (=)

Hp) = [ % ds (A1)

where L denotes the length of the chromosome in Morgans, and I?(z) = 1 if individual p is

non-IBD at point z on the chromosome, I?(z) = 0 otherwise. Thus

B = [ @l

L hy(NV)
/0 I dx

= ht (N.) 3 (A'2)

where h¢(N) is the probability of non-IBD at a particular locus in an individual in generation
t.

In order to calculate higher order moments, we must consider some two-locus gene non-
identity measures, described by Weir et al. [28], and illustrated in Figure A.1. Generally,
we are interested in the probability that genes a and a’ at locus z are non-IBD, and genes
b and b’ at locus y are also non-IBD. This probability is denoted ©, T' or A according
to the number of chromosomes in which the loci are being compared (see Figure A.1l).
Weir et al. [28] consider the evolution of these probabilities over time, for populations

reproducing according to various schemes of random mating with discrete generations. Let
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ISTSRTIN

() © (b) T © A

Figure A.1: Two locus gene non-identity measures.

vy = (©4, 'y, A¢)’ denote the two-locus non-IBD probabilities at generation t. Weir et al. [28]
show that v41; = Q- vy, where Q is a transition matrix which depends on the recombination
fraction 6 between the loci, and the size( [V¢) of the population at generation ¢. Therefore v,
depends on the population sizes up to and including generation ¢ —1, and the recombination
fraction 8. We denote the probabilities of interest by ©:(NV,8), I's(IV,0), and A(N, ).
We now consider E[H;(p)?], the expected value of the square of the non-IBD proportion

in an individual in generation ¢.
L P L rp
E[Ht(p)2] = E / It (27) d.’l;’/ It (y) dy
0 L 0 L
1 L rL »
= &/ [ B@- rolddy
1 L rL
= = /0 /0 O4(IV, ), _y) dz dy

L
= -1—?5/0‘ (L"’S)@t(_N., 08) ds
O(N). (4.3)

In line 4 above, 85 denotes the recombination fraction between two loci a distance s Morgans
apart. Line 4 is obtained from line 3 by a change of variables. ©,(IV) is too complicated to
evaluate exactly. Weir et al. [28] discuss its estimation by numerical integration.

We must also consider the product of the non-IBD proportions of two distinct individuals

in the tth generation.

ElH.(p) - Ho(p)] = E[/()L!fé_ﬂdm, [Ew dy}
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1 (L L ’

= =/ [ Er@- Fwldd
1 L rL

= ﬁ[) ‘/0' At(ﬂaelz—yl)dzdy

= %/OL(L — 5)A (N, 6;)ds
B(N). (A-4)

Finally, we examine the product of the non-IBD proportions of two individuals, one from

the ¢th generation, and one from the jth generation. We assume that 7 < j. Then
Lyp L
BlE) H@)) = B[ 584 [F1H
o L 0 L
1 L L o
= =/ [ ErE@- B @)y
1 L L , ,

- F/0 /0 Pr(a; # al; b; # b)) dzdy , (A.5)
where a; and a} denote the genes at locus z in person p of generation %, b; and b;- denote
the genes at locus y in person p’ of generation 7, and # indicates non-IBD. In order to have
bj # b}, bj and b; must be descended from different individuals in generation j — 1. This

implies that

1
Pr(a; # af; bj #b}) = (1 - 1) - Pr(a; # af; b1 # Kj_y), (A.6)
=

where b;_; and b;_, denote the ancestors at generation j — 1 of b; and b; respectively.

Applying A.6 iteratively, we obtain

j—i-1

1

Pr(a; # ai; b; # b;) = H (l - 2N‘+k> - Pr(a; # ai; biyr # bipy)s (A.7)
k=1 t

where b and &’ denote genes at locus y on distinct chromosomes in generation i + 1. The
probability on the right hand side of Equation A.7 depends on the relationship between the
chromosomes carrying a;, a}, and the ancestors b; and b; of b;;; and b}, ;. Table A.1 shows
the possible configurations of b; and b, the probability of each configuration, calculated using
the random mating model, and the desired probability Pr(a; # a}; bi;1 # bi,,) conditional

on that configuration.



Table A.1: Possible configurations of a, a’, b, and b'.

Configuration Probability Pr(a # a';b £ ¥)
af g 29 2 O:(N, )
1
af Lo 2 211\/,- 2N; 0
L.
o Tl T3(IV, 6)
b’
‘ Tj»b.b'
v ANV, 6)
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The probability required in Equation A.5 is then obtained by summing over the possible
configurations and substituting that quantity into Equation A.7. Therefore

I, ’ It 1 2(N; - 1)
Pr(a; # a;; b; # bj) = g (1 - 2M+k) [2N2@ (N, glx‘yl) + TF (N olr—y[)
N; —1)(2N; —
44 2)1(\,2 3 Adw, olz_y.)] - (A.8)

Substituting Equation A.8 into Equation A.5, we find

o) - 560 = gz [ [T (- g | g O

2(W: N; — 1)(2N; -3
(—N;Z_)-I‘ (N, Ojz—y)) + ( 2)1(V : ) Ai(N, elz—yl)} dz dy
j—i—1 . L g L
- kl;[l (1 B 2Ni+k> [W ﬁ/; (L —5)0i(N, 65) ds

+2(N_ 1) 2 / (L — s)T3(N, 8,) ds

(M_lz)z(éN 3) 2 / (L —5)A(N,05)d J
j—i—1 1
- ,g (1 - 2Ni+k) '

(V: — 1)(2N; —3)
2N?

o) + XDy +

1

[W Zi(m]. (A.9)
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Appendix B

MOMENTS OF THE NUMBER OF JUNCTIONS FORMED IN
MEIOSES FROM A GIVEN GENERATION OF A RANDOM
MATING POPULATION

To calculate E[n;], E[n?], and E[n;n;], we use the formula n; = 52N+t X (m), where
X;(m) denotes the number of junctions formed in meiosis m from generation i.

Since recombinations happen along the chromosome according to a Poisson process with
rate one per Morgan,

Xi(m)|H;(pm) ~ Poisson(H;(pm)L), (B.1)

where p,, denotes the parent of meiosis m, and L denotes the length of the chromosome in

Morgans. Therefore

E[Xi(m)] = Eg[E[Xi(m)|Hi(pm)]]
= Ey [Hi(pm)L]
— hiN)L, (B.2)

and

B[X(m)?] = Ba[EXd(m)Hi(pn) |
= Ex [Hi(pm)L + (Hi(pm)L)’]
= Ex [Hi(pm)IL +En[Hi(pm)?] L*
=" hi(N)L +6;(N)L? , (B.3)

since the parent is simply a randomly chosen individual from generation i. Then

2Ni+1
En;])=E [ 3 Xi(m)] =2Nin1hi(N)L . (B-4)

m=1
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In order to calculate E[n?], we also consider E[X;(m)X;(m')]:

E[Xi(m)Xi(m)] = Eg [E[Xi(m)X:(m")|H:(pm)H:(pm)]]
= Epg [Hi(pm)Hi(pm)L?] (B.5)
since conditional on the proportion non-IBD in each of the parents, the numbers of junctions

formed in each meiosis are independent. With probability -1—\1,7, both meioses are from the

same parent. Otherwise they are from distinct individuals in the ith generation. Therefore

B [Xi(m)X.fm')] = Eg [H-(pm>H-(pm:)L2]

~ 7 Ea [HPr]+ Tt N S B [Hip) Hi () L]

N; —

O:(N)L* + (B.6)

2%

Then

i 2Ni4 2
ERr? = E (Z X,—(m))

m=1

= E| ) Xi(m)? > Y Xi(m)Xi(m')

| m=1 m=1 /=1,
m’/#m

= 2N (h(M)L +O:(N)L?) +

[2N; 41 2Ni41 2N -l
+E

INip1 - (2Nl+l—1)( gy + it S RW) I (B.7)

Calculation of E[n;n;] requires that we first obtain E[X;(m)X;(m')], the expected value
of the product of the numbers of junctions formed in two meioses occurring in two different

generations.
E[Xi(m)X;(m)] = Eg [E[Xi(m)X;(m')|H:(pm)H;(Pm)]]
= Ex [Hi(pn)Hj(pm)L?]

_ rﬁ-l (1_ 2Nl,-+k> [2N2 O:(N)

k——
2(N; (N; —1)(2N; — 3)
2N?

+Tlr (N) +

(3

Zi(ﬂ)] L% (B.§)
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for 2 < 7, by Equation A.9. Then

(2N 1 2Nj41
E[ninj] = E Z Xi(m) - Z Xj(m')}
m=1

m’'=1

= E| ) Y Xi(m)X;(m')
m=1 m'=1

2Ni-.|-1 2Nj+1
= 3 Y E[Xi(m)X;(m")]

m=1 m’'=1

[2Ni41 2N541 J

j—i—-1
1 1 —
= 2N;;12N; ” (1— ) ;N
+1 Jj+1 P 2Ni+k [2N12 1(_)

+2(1\;:-]; 1)

2

(N — 1)(2N; —3)
2N?

) + mm] 2. (B9
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