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Abstract

Analysis of Exponential Filter Time Series Operators of Geometric
Brownian Motion in Trading Strategies

Douglas Service

Chair of the Supervisory Committee:
Matthew Lorig
Applied Mathematics

Trading strategies based on moving average indicators have been analyzed in
the academic literature numerous times using historical data to make statistical
inferences about various properties such as expected returns. In this work a de-
ductive model is assumed where asset price dynamics are driven by a stochastic
differential equation (SDE) in a continuous time setting under the assumption of a
frictionless market. A number of properties about the structure of the stochastic
processes which result from the application of an exponential time series oper-
ator to the solution of the asset price SDE and various algebraic combinations
of such processes are proven. A trading strategy is proposed and analyzed in
which the size and direction of the market position in the risky asset incorporates
the difference of two exponential time series operators applied to the asset price
process. The resulting portfolio SDE is proven to shown a positive expected return

under specific assumptions.
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Chapter 1

Infroduction

1.1 Literature Review

1.1.1 Technical Trading Strategies

One of the earliest references to technical trading strategies appears in Gartley 1935 who pro-
poses that technical strategies with moving averages were developed by market participants
as a means of understanding price movements when unpredictable lead or lag occurred be-
tween changes in prices and changes in underlying fundamental economic factors. He notes
that moving averages allow the investor confirm the existence and direction of a trend. These
technical trading techniques have been analyzed and debated in the finance literature from a
statistical perspective numerous fime without any clear resolution. In the 1960s Alexander 1961
tested percentage filter based strategies and reported significant positive returns. He explains
his results as being consistent with the random walk hypothesis since the filter rules consider the
magnitude of the movement over any time frame not just a uniform time period. Alexander
states "...a move once initiated, tends to persist". Mandelbrot 1963 examined Alexander’s re-
turn data and noted that price discontinuities and slippage are not considered. Alexander
1964 revised his calculations based on Mandelbrots comments and still reported significant re-
turns. Fama and Blume 1966 did an extensive review of Alexander’s work and noted a lack

of consideration for the impact of dividends and commissions on returns. In the end, Fama
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I.1. LITERATURE REVIEW CHAPTER 1. INTRODUCTION

and Blume’s concluded the lack of consideration of these effects would cause Alexander’s

strategy to have no significant advantage over a buy and hold strategy

1.1.2 Mathematical Finance

On March 29™, 1900, Louis Bachelier, a student of Henri Poincaré, defended his doctoral thesis
Theory of Speculation (Bachelier 1900) which is considered to be the founding paper in the field
Mathematical Finance Courtault et al. 2000. In this work Bachelier develops a mathematical
model of the forward contfracts and options traded on the Paris exchange in which he notes
the "expection of a speculator is nil", price changes follow a Gaussian law, and the "'median
spread...is proportional to the square root of the elapsed time". Bachelier thus provides the first
description the price process as a stochastic diffusion which is now called Brownian maotion.
Bachelier’s work is not only important because he was first to use this model in finance, but also
because he established a framework for rigorous investigations in the financial markets.

Though Bachelier’s thesis was published in the influential scientific scientific journal Annales
Scientifiques de IEcole Normale Supérieure and influenced a number of works on probability,
Bachelier’'s most important impact came much later on the Russion mathematician Andrey
Nikolaevich Kolmogorov Courtault et al. 2000. In in the infroduction to his 1931 paper about
analytic methods in probabilty, Uber die Grenzwertsatze der Wahrscheinlichkeitsrechnung Kol-
mogorov 1931, ' Kolmogorov cites three of Bachlier's works 2 and refers to to Bachelier as the
first mathematician known to Kolmogorov who systematically studied continuous stochastic
processes 3. However, Kolmogorov notes that Bachelier’s constructions do not meet a suffi-
cient level of mathematical rigor. Kolomogorov's paper investigated the relationship between
the conditional probabilities and transition probabilities of various points on certain stochastic
processes which lead to the independent development of what is now called the Chapman-
Kolmogorov equations Shiryaev 2011,

In 1933 Kolmogorov wrote his book on the theory of probability, Grundbegriffe der Wahrschein-

lichkeitsrechnung Kolmogorov 19334, in which he used Borel’s measure theory and Henri Lebesgues’

1 Originally published in German and later translated to Russian

2 Theorie de la speculation, Les probabilités & plusieurs variables, and Calcul des probabilités
3 Translated from Russian version,

4 Originally published in German and later translated to Russian English Kolmogorgov 1956

©Doug Service 2020 @@®S© 2



I.1. LITERATURE REVIEW CHAPTER 1. INTRODUCTION

theory of integration to axiomatize the theory of probability and place it on a solid analytical
foundation (Shafer and Vovk 2006). Kolomogorov's formulation of probability has become
the foundation of modern mathematical finance. It also shifted probability into the center of
mathematics and established probability as a major field of research.

In 1944 Kiyosi 116 published his paper on anintegral (It6 1944) in which he defines an integrall
with respect to Brownian motion which has became known as the It6 integral. I1t6 proves a
number of properties about this infegral such as the 116 isometry which is extensively used in
mathematical finance.

The modern era in mathematical finance began with the publication of Fischer Black and
Myron Scholes’s paper on The Pricing of Options and Corporate Liabilities (Black and Scholes
1973). In this work they derive a valuation formula for a European option under a specific set
of market conditions using a portfolio consisting of a long position in the stock and a short po-
sition in the option. They construct a partial differential equation which expresses the evolution
of the portfolio value which does not involve probability (Shreve 2004) and solve the equation
using standard methods. Robert Merton in his paper Theory of Rational Option Pricing (Mer-
ton 1973) references the work of Bachelier noting that "Louis Bachelier deduced an option
pricing formula based on the assumption that stock prices follow a Brownian motion with zero
drift". Merton then provides an alternative derivation of the Black-Scholes model in the spirit of
Bachelier's model using a stochastic differential equation (SDE) with constant drift and diffusion
coefficients to model the instantaneous return on a stock, and an SDE with time varying drift
and diffusion coefficients fo model the instantfaneous return on the bond.

The development of electronic exchanges like the NASDAQ in 1971 (NASDAQ 2020) linked
with the rapid development and falling prices of computational platforms has given researches
ever greater access to high-frequency data and computational power. Dacorogna et al. 2001
in their book An Infroduction to High-Frequency Finance note that not only have these devel-
opments given researchers access to higher-frequency data but also changed the problems
researchers can approach and complexity of the models they build. Researchers have moved
from macroeconomic models on the monthly scale, to infraday models, and ultimately tick
by tick microstructure models. Dacorogna et al. 2001 also note that analyzing high-frequency

data require new tools. Zumbach and Muller 2001, in their paper Operafors on Inhomogeneous
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I.1. LITERATURE REVIEW CHAPTER 1. INTRODUCTION

Time Series propose a framework for defining and analyzing linear time series convolution op-
erators defined in continuous-tfime as an integral convolution with a filter kernel. Their focus is
on developing and analyzing discrete-time versions of the these time-series operators for inho-
mogeneous and homogeneous time-series. They define the discrefe-time exponential moving
average filter kernel as their basic building block and use it to build more complex operators
to analyze differentials, derivatives and volatilities.

Grebenkov and Serror 2013 study exponential moving averages in a discrete time setting
considering how positively auto-correlated price variations are detectable by moving average
strategies. In a Gaussian framework they derive the probability distributions of the profits and
losses considering mean variance, skewness and kurtosis. Daily price variations are modeled
as a discrete Ornstein-Uhlenbeck process. They show how the asymmetry of the distributions is
exploited by an exponential moving average to produce many small short term losses and less
frequent but larger profits.

Lorig. Zhou, and Zou 2019 investigated the logarithmic utility and long-term growth maxi-
mization problems of frading strategies based on exponential moving averages. They demon-
strated closed form solutions when the drift of the asset price SDE is modeled as either an
Ornstein-Ulenbeck process or a two-state continuous time Markov chain °

In this work we adopt a similar framework to Lorig, Zhou, and Zou 2019 and demonstrate
a number of properties about various combinations of exponential moving averages applied
to the asset price model that is controlled by a stochastic differential equation (SDE) where
the drift is assumed to be constant. We then develop and analyze a trading strategy that
uses the difference of two exponential time-series operators of the asset price to determine
the instantaneous market position. Our goal is to develop some initial results and explore the

potential of this configuration for continued future research °.

5 Lorig, Zhou, and Zou 2019 initiated their investigation after a review of a 2015 and 2016 version of this work as noted
in their paper and documented in emails to Matthew Lorig dated February 25, 2016 and November 7th, 2016.

4 The exposition proceeds as a set of propositions and proofs as a convenience to the the reader who may chose
to skip details. We do not make any claims that the propositions rise to the level of a theorem or lemma
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1.2. ASSET PRICE MODEL CHAPTER 1. INTRODUCTION

1.2 Asset Price Model

To reduce model complexity we assume a frictionless market where the difference between
the bid and ask price is infinitesimal, tfransaction costs are zero, transaction execution is instan-
taneous, and buy (sell) fransactions fully execute at the current ask (bid) price. The market
contains a single risky asset whose price is denoted by S; which does not pay dividends, and
whose returns are normally distributed 7. We also assume the market contains a single risk free
bond whose price is denoted by B; which pays a fixed rate of return r. Let (Q,]—', {]—'t}tZO ,IP’)
be a filtered probability space where the instantaneous return ds—ff under the real world prob-

ability measure P is controlled by the sum of a deterministic linear drift component pdt plus a

stochastic volatility component odWV;.

@:udt—kath N
St

In equation 1.1 x € R and ¢ € Ry are constant, and W; is a one dimensional Brownian mo-
tion whose history up 1o time t is contained in the filtration {]—‘t}tzo. For each w € Q there exits
a function Wi(w) : Ry x @ — Ry where Wy(w) = 0, disjoint increments of W, (w) are indepen-
dent, increments Wa,(w) are normally distributed with mean zero and variance A¢, and Wy (w)
is continuous on [0,¢] & Shreve 2004, p.94.

Multiplying equation 1.1 through by S; gives the standard Geometric Brownin Motion (GBM)

stochastic differential equation (SDE).

dSt = ,LLStdt+0'Stth (].2)

1.3 Asset Price SDE Solution

The well known solution to equation 1.2 is found by applying 116’s formula (Oksendal 2000, p.44)

to calculate the differential of the natural logarithm of the asset price dIn S;.

7 This is equivalent fo trading an asset that pays a dividend at a frequency which is significantly greater than the div-
idend frequency, never holding a position overnight on the ex-dividend date, and adjusting historical calibration
data for dividends.

8Given 0 = tg < t1 < --- < tm, the increments Wi (w) — Wo(w), ..., Win(w) — Wm—1(w) are independent
E [Wi+1(w) — Wi(w)} =0andV [Wi+1(w) — Wi(w)] =tiy1 — b

©Doug Service 2020 @@®S© 5



1.3. ASSET PRICE SDE SOLUTION CHAPTER 1. INTRODUCTION

Let

f(t,s)=1ns (1.3)

The partial derivatives of f(¢, S;) are

8 f(t7 St)

ot

=0 af(t,St):i 62f(t7st)_ 1

ZSAMY 1.4
0s S, 052 S? (1.4

and (dt)? = 0, (dt)(dW;) = 0, and (dW;)? = dt ? Shreve 2004, p.138. Insert the results from

equation 1.4 into I16’s formula and expand the differential d.S;.

_Of@.S) | Of(LS) 10% f(t,S) 2
1 1 1 9
dlnSt = gtde + 5 —Sig (dSt)

1 1 1
dln St = § (M;S’tdt + O'Stth) + 5 (—SQ> (O'QSEdt)
t t

2

dln S; = (u—‘;> dt + odW, (1.5)

Integrating equation 1.5 from 0 to ¢t and applying the exponential function to both sides of the
resulting equation gives an analytical solution for the asset price S; in equation 1.9 which is

known as geometric Brownian motion.

t t 0_2 t
/dlnSu:/ <,u—>du+/ odW,, (1.6)
0 0 2 0

2
InS, —InSy = (,u—JQ)t—&-th (1.7)
0.2
lnSt:1n5’0+(u—2>t+aWt (1.8)
Sy = Sp =T o Wi (1.9)

We also assume the magnitude of the drift u is relatively small; otherwise, the best strategy
would most likely be a long buy and hold or sell short and hold position corresponding to the

sign of p.

9 The formulas for dt and dW; are implications of the non-zero quadratic variation of Brownian motion.
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Chapter 2
Filter Analysis

2.1 Exponential Filter Time Series Operator

Definition 2.1.1 (Exponential Filter Time Series Operator). An exponential filter time series oper-
ator T;[X;; 7], where 7 > 0, is the convolution of the exponential kernel function }e—%t with the
process X;.

“1

Tt[Xt;T]:/ —e W X du 2.1)
o T

Equation 2.1 implies the value of T:[X;; 7] is path dependent since for a given ¢, T;[X;; 7]
depends on every value X, on the interval u € [0,t]. T[Xy; 7] is also {]—“t}tzo measurable since
for a given t its value only depends at most on the history of X, u < ¢ up to time ¢. Thisis frue for
allt > 0: thus, Y+[Xy; 7] is {F:},5, adapted. The derivation of the discrete-time version is given in

the appendix on page 53.

2.2 Exponentially Filtered Log Asset Price T,

First we construct the exponentially filtered logarithm of the asset price process Y;[In S, 7] by

substituting the logarithm of the SDE solution S, from equation 1.8 for X, in equation 2.1.

©Doug Service 2020 @@®S© 7



2.2. EXPONENTIALLY FILTERED LOG ASSET PRICE Y¢ CHAPTER 2. FILTER ANALYSIS

¢ 2
Yiln Sy, 7] = / le*%(t*“) [ln So + (u — 02) u—+ O’Wu:| du (2.2)

o T

Proposition 2.2.1. Given an asset price process which is a solution of the SDE dS; = uS;dt +
aS:dWy, the value of the exponentially filtered logarithm of the price process Y;[In S;, 7] is equiv-
alent to the difference a scaled version of the original log price process 6, (¢;7) minus an 1t

process driven by the same Brownian motion.
t 1
Ti[ln S, 7] = 01(¢;7) — [Qg(t; T)+ or/ ef(t“)qu} (2.3)
0
where

01(t;7) =In Sy — e_%tlnSo
2
ooy (1 Lt _
Oa(t; ) = (1 e ) (,u 5 )7’

Proof: (Proposition 2.2.1). First expand equation 2.2

2
eiét t o2 ¢ 1 t
= [lnSo/ e™“du + (u— >/ ue?“du—FU/ eT“Wudu} (2.5
T 0 2 0 0

The first two integrals in equation2.5 are deterministic and have explicit solutions. The first inte-

ty 2
Ti[ln S, 7] = / ZeFtmw) [1n So + (u 7 ) u+ UWu:| du (2.4)
0o T

gral is solved using the fundamental theorem of calculus.

t 1 1 t
erYdu=rT1 {e?“}
0 0

(et -1) (2.6)

The second integral requires in addition to the fundamental theorem of calculus integration by

©Doug Service 2020 @@®S© 8



2.2. EXPONENTIALLY FILTERED LOG ASSET PRICE Y¢ CHAPTER 2. FILTER ANALYSIS

parts where [ zdy = zy — [ ydz. Let z = w which implies dz = du, and let

dy = erdu
y= /e%"du
= revt 2.7)

Using the results from equation 2.7 to complete the integration by parts solves the second in-

tegral in equation 2.5.

¢ 1, 1,]° t 1,
werdu =71 |ue~ — Ter"du
0 0 0
t
1 1
= rter! — 72 [67“}
0

=T [te%t -7 (e%t — 1)} (2.8)

Inserting the results of equations 2.6 and 2.8 into equation 2.5 gives an equation with a deter-

ministic component and a Riemann integral of scaled Brownian motion with respect to time.

1

Ti[In Sy, 7] = < TT |:TIHSO (e%t - 1) +7 (u - (722> {te%t -7 (e%t - 1)} + a/t ei“Wudu]
0
2

=1In Sy (1 - e_%t) + <u - U2> [t -7 (1 - e_%tﬂ + /Ot ge_%(t_”)Wudu (2.9)

In order to apply 116 calculus to equation 2.9, it must be converted from a Riemann integral of

Brownian motion with respect to time to an Ito integral with respect o Brownian motion. Since
the coefficient of Brownian motion inside the integral in equation 2.9 does not depend on W, (w)
Theorem 4.1.5 on integration by parts from Oksendal 2000 can be applied. We motivate the
tfransformation using the [t& product rule and the fact that the cross variation of a deterministic

process and Brownian motion are zero. Let

0
A(fuWa) = (df)Wa + fudW,, + (df V)
= frduW, + f,dW,

©Doug Service 2020 @@®S© 9



2.2. EXPONENTIALLY FILTERED LOG ASSET PRICE Y¢ CHAPTER 2. FILTER ANALYSIS

which implies

/ ' Wadu = / Ca(fuW) - / fadw,

/deu— [fuWV] /fudW (2.10)
Let

dfu :g —1(t—u) (2.11)

/dfu /fe F(t=w) gy,

fu=oe 77w (2.12)

Substituting the values for f, and % from equations 2.11 and 2.12 into equation 2.10 produces

the required transformation.

/deu—fu ) /fudW

t
/ Temtt- W, du = [Ue (- “)Wu} —/ oe 7 (= AW,
o T 0 0

t
:GWt—J/ e~ =g, (2.13)
0

Now the exponentially filtered logarithm of the price in equation 2.9 can be written as the

©Doug Service 2020 @@®S© 10



2.2. EXPONENTIALLY FILTERED LOG ASSET PRICE Y¢ CHAPTER 2. FILTER ANALYSIS

difference of scaled Brownian motion and an 116 process.

2

Ti[In S, 7] = In So (1 - 67%75) + <M - 02> {t -7 (1 — eiét)} +oW, — U/Ot e =g,

(2.14)

t
— [(1 —e*%t) <u— J) T+cr/ ei(t“)qu] (2.15)
2 0
t

=0,(t:;7) — [QQ(t;T) + a/ote_i(t_“)qu} (2.16)

where
01(t;7) =In S, — e 7' 1In Sy (2.17)
Oa(t;7) = (1 . e—%t) (u - ";) T (2.18)
O

From an analytical perspective for large enough ¢, we assume the exponentials in equa-

tions 2.17 and 2.18 are insignificant and write
02 ¢ 1
T,[InSy, 7] =~ Yi[InS,, 7] = InS, — K“ - 2) T+ a/ eAtu)qu] (2.19)
0

However during implementation of such a filter the transients determine an initialization period
that must be completed before the value of the operator can be used in frading (See Zumbach
and Muller 2001).

We see from equation 2.19 that the exponential filter smooths the the log price process
by subtracting an exponentially scaled sum of the of the increments of Brownian motion (It6
process) at each value of ¢ from the log price process. Subtracting Y5 from the log price gives

an exponentially scaled sum of the increments of Brownian motion plus a constant for the entire
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2.2. EXPONENTIALLY FILTERED LOG ASSET PRICE Y¢ CHAPTER 2. FILTER ANALYSIS

history of the process. Define

’1915 [ln St,T} = h’lSt — T: [ln Shﬂ
0’2 ¢ 1
= (u - 2) T+ a/ e (W AW, (2.20)
0

In the next section we demonstrate that ¢, is normally distributed and is a solution to the

the Ornstein-Ulenbeck SDE.

2

9 [0 S;, 7] ~ N {0027 (1 - eftﬂ @2.21)

2.2.1 7, as Solution to Ornstein-Ulenbeck SDE

Proposition 2.2.2. Given an asset price process which is a solution of the SDE dS; = uS;dt +
oS dWy, the logarithm of the price process x; = InS; minus the exponentially filtered logarithm

of the price process Y;[In S;, 7] is the solution of the Ornstein-Uhlenbeck SDE. In precise notation
1915 =Xt — Yt (222)
is a solution of the SDE

2
T 2 T

Proof: (Proposition 2.2.2). By definition

1
Tt:/ Ze Wy du
o T

A U
:e_7t/ —e7"x.du (2.24)
0

T

©Doug Service 2020 @@®S© 12



2.2. EXPONENTIALLY FILTERED LOG ASSET PRICE Y¢ CHAPTER 2. FILTER ANALYSIS

Taking the differential of equation 2.24 gives
y, [P
dY;=d <e¢t/ efuxudu)
0 T
1 1 ¢ 1 1 t 1 1 t
== |e ~td (/ e*"xudu> +d (e_7t> / e xudu+d (e_7t ef“xudu>
T 0 0 0

t
Hffrn) - )
T T 0
1
= —[xt — Y] dt
.
1
= =[xt — Tyldt
pu
(2.25)
Define
¥=xr— Ty
thus
d79 = dXt — th
2
— (u _ U) dt + odW, — ~d,dt
2 T
1 o?
= |\#r 5 T — U | dt + odWy (220
T
O

2.2.2 Mean, Variance, and Distribution of 71,

Proposition 2.2.3. Given an asset price process which is a solution of the SDE dS; = uS;dt +

aS:dW¢, the distribution of the exponentially filtered logarithm of the price process Y,[In S, ] is

©Doug Service 2020 @@®S© 13



2.2. EXPONENTIALLY FILTERED LOG ASSET PRICE Y¢ CHAPTER 2. FILTER ANALYSIS

normal with expected value and variance:

Tt [h’l St, T] ~

N [mso (1-e )+ (,L_ "2) =7 (1= )] 02 [t_T (g it _zeit)”

Proof: (Proposition 2.2.3). First rewrite equation 2.14 as

2

T, [InS;, 7] = oW, — { In So (1 - e*%f) _ (u ”2> [th (1 _ e*%tﬂ +a/0t e1<tU>qu]

t
= oW, — {gnt +o / ei(t“)qu} (2.28)
0

where

gri = —InSy (1 —e‘%t) - (u— U2> {t—T (1 _e—%t”

From the definition Y;[In S, 7] in equation 2.28, let

Xt = O'Wt (229)
to
Y, = (7/ e~ t=wqw, (2.30)
ty
such that
Ty InS;, 7] = Xy — (9rt +Y2) (2.31)

It immediately follows from the definition of Brownian motion that X; is normally distriouted.
X ~N [0, aQt] (2.32)

Since the integrand in the 116 integral on the right side of equation 2.30 is deterministic, the

requirements of Theorem 4.4.9 Shreve 2004 are met and the theorem implies Y; is normally dis-
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2.2. EXPONENTIALLY FILTERED LOG ASSET PRICE Y¢ CHAPTER 2. FILTER ANALYSIS

fributed with E [Y;] = 0. Now consider the square infegral of the intfegrand.

_ (1 . e—%f) <00 VE>0 (2.33)

Equation 2.33 shows the infegrand is square integrable, and it is adapted to the filtration of
the Brownian motion; thus, the requirements of Theorem 4.3.1 Shreve 2004 are met and the [t6
isometry property of the theorem gives the expected value of Y;? from which we can derive

the the variance of Y;.

=T (1-e?) (2.34)
Thus
Y, ~ N {o, % (1 - eit)} (2.35)

The distribution of T, [In S;, 7] is normal since it is the difference of two normal processes X; and

Y, minus a deterministic function g, ,; thus, the expected value of T, [In Sy, 7] is

E[Y:[In S, 7]] = E[X¢ — (grt + V3)]
=E[Xy] -E[Yi] —gr¢

= —0rt (236)
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2.2. EXPONENTIALLY FILTERED LOG ASSET PRICE Y¢ CHAPTER 2. FILTER ANALYSIS

In order to obtain the variance of T, [In S;, 7] we need the covariance of X; and Y;. Let

Cov [ X4, Y] = E[(X; — E[X{]) (Y; — E[Y}])]

=E[X:Yy]

=E {(awt) (a /0 tei@u)dvvu)] (2.37)

In equation 2.37, X; and Y; are dependent since the last value of the Brownian path of inte-
gration in Y; must be equal to W; in X;, otherwise the rest of the path is independent of X,. We
will construct a process Y;* which is equal in distribution to Y; where the dependency between
the left and right terms in the product in equation 2.37 is explicit. First assume W; is known, then
construct a Brownian bridge with a second independent Brownian motion B; which meets the

requirement that W, = fot dB,. Define the Brownian bridge I,, as
Iy = By — %Bt n %Wt (2.38)

where t is treated as a constant. The first two terms in equation 2.38 form a Brownian bridge
from zero to zero on the interval [0,¢] and the last term converts it fo a Brownian bridge from

zero to W, on the same interval. The differential of I, is
1 1
Now form Y;* by replacing W, in the right hand term of equation 2.37 with I,.

Cov [Xt, }/t] = Cov [Xh Y;*]

:(aWt) (a /0 t e—i“—”)cuuﬂ

[ K 1 1
=K O'QWt/ 6_%(]&_“) (dBu — gBtdu + tWth):|
L 0

[ ¢ 2 t 21172 pt
=E O'2Wt/ 6_%(t_u)dBu _ g V[;tBt / e—%(t—u)du 4 #/ e_i(t_u)du:|
L 0 0 0
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2.2. EXPONENTIALLY FILTERED LOG ASSET PRICE Y¢ CHAPTER 2. FILTER ANALYSIS

W, and B, are independent by definition.

¢ 2 gt 2t
= ?E[W,|E |:/0 eT(tu)dBu:| — JT/O e~ TtV au E (WL E [By] + UT/O e =W R [Wﬂ

E[Wi] =E[B]=E[;e+0~dB,] =0

=TT (1) E W~ 0]

=TT (1—e ) E [0 — B[]

_ "TQT (1 - e‘*t) V(W]

= o?r (1-e7) (2.40)

Using basic probability theory we know the variance of a sum of random variables

\Y% [Tt} =V [Xt] +V [—n} + 2Cov [Xt7 —5/;5,]
=VI[X,] + VY] —2Cov Xy, Y},]

2
_ 2 0T (1 _ _—2t\ _o 2 L
=0t + ) (1 e ) 20 T(]. e )
3 1 2 1
=2 |t—7 (2 4 e 7t —9e =t 2.41
o {t T(2+28 e )] ( )

Thus from equations 2.36 and 2.40, T, [In S, 7] is normally distributed with the following param-

efers.

Tt [h’l St, T] ~

N [mso (1-e )+ (,,L_ "2) i—r (1= #)] 02 [t_T (3 it _zeit)”

(2.42)

O

The distribution of T [In S;, 7] in equation 2.42 contains a number of exponential terms with
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2.3. DIFFERENCE OF FILTERED LOG PRICE ¥ CHAPTER 2. FILTER ANALYSIS

negative exponents which quickly decay and are insignificant to the long term analysis.

o? 3T
Yy [InSy, 7] = Y} [In S, 7] ~ N [ln So + <u - 2) (t—71),0° (t - 2)] (2.43)

Comparing the variance of the log price process and the variance of the exponentially

filtered log price process from equation 2.43,

V[Y;[nSy, 7] o®(t—37) 37
xx;[ln S 0%2 (1 a ) (2.44)

we see the exponential filter converts the log price process into a process with a smaller vari-

ance by a constant value.

2.3 Difference of Filtered Log Price ¥,

Now we construct the difference indicator U,[ln Sy, 71, 2] from two versions of T, [In Sy, 7] with

different values of = applied to the log price process In S;.

Proposition 2.3.1. Given an asset price process which is a solution of the SDE dS; = uS;dt +
oSy dW;, and 0 < 1 < 7o, the difference of two exponentially filtered logarithm of the asset price
processes T;[In S¢, 1] and T, [In S, 2] produces an It6 process ¥, [In Sy, 71, 2] driven by the same

Brownian motion.

\Ilt[ln St77—177—2} = Tt[lnSt,Tl] — Tt[lnst,Tg] (245)
t 1 1
=0O(t;m,72) + O'/ (efﬁ(tfu) —e ?(tfu)) dW, (2.46)
0
where
o? _1, 1y o?
@(t;Tl,TQ): InSy — ,LL—? (e T2 —e T >+ ,u,—? (72—7-1) (247)

Proof: (Proposition 2.2.1). Substituting the results from equation 2.3 of proposition 2.2.1 intfo equa-
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tion 2.45 and simplifying proves the proposition.

\Ilt[ln St,Tl,TQ}

= Tt[hl St,Tl] - Tt[ln Sta 7-2]

¢
=01(t;1) — (02(15;71) +0/ e~ (- “ AW, > {91 (t;72) (92 (t;72) +U/ 6_:2(1"_“)qu>}
0 0

_ ) —i(f u) = (t—w)
= 01(t; 1) — O1(t; 2) — (Oa2(t; 1) — O2(t; 72)) 0/ e ™ —e )qu
0

t
:971,72’,5—&-0/ (e 7y (tmu) _ e (= "))qu (2.48)
0

where

Oy ot = [01(t;71) — O1(t;72)] — [02(t; 1) — O2(¢;72)]

- [(1 Ay 1n50) (gys“—e & 1n50)}

{ 1—6_71 ( ”;) 176—72 ) (u“;)m} (2.49)
“n s (e — e :w)+(,t>[ (1= %) = (1-c )]
- {mso - <u (’22)] (e—%f - e‘%t) + <u "22) (ro —71) (2.50)

O

The important transformation that occurs in the proof of proposition 2.3.1 in equation 2.49 is
the log price processes cancel and what is left is an exponentially scaled sum of the Brownian
motion increments with a deterministic term that converges to a constant with increasing ¢.

From this point forward let U, = U,[In S, 71, 72]. Assuming that steady state behavior has
been reached t > t,,, the difference indicator ¥; from equation 2.48 is now written with the

deterministic term in its steady state form.

2 t 1 1
U, = <,u — 02) (o — 1) + O’/ (e ) _ o F(t_“)) dW,, (2.51)
0

Looking at equation 2.51 it is clear that ¥, consists of a constant term plus the difference be-

tween two exponentially smoothed filters of diffusion component. The constant term is positive

©Doug Service 2020 @@®S© 19



2.3. DIFFERENCE OF FILTERED LOG PRICE ¥ CHAPTER 2. FILTER ANALYSIS

or negative depending on whether or not p > "72 or u < "; and its magnitude is affected by
the magnitude of the difference between r; and 7. The integral is the difference of two expo-
nential filters of the brownian motion with different filter constants. This should result in a greater

smoothing effect than the the single filter of the Brownian motion in ;.

2.3.1 Mean and Variance of v,

Let M, represent the 116 integral contained in the definition of ¥, in equation 2.51.

! — L (t—u) — L (t—u)
M, =o (e > e )qu
0

1

t 1
:/ F(u;t) dwW, where F(u;t) =0 <6_§(t_u) — e—;(t—u)) (252)
0
Consider the expected value of the integral of I'}, ., from zero to .

! t 1 1 2
E [/ r2. du} ~E {02/ (e—a“—u) e <t—u>) du}
(uit)
0 0

2 ! —L(t—u) — L (t—u) 2
=0 / (6 T2 —e 71 ) du
0
t p 1 1
= 02/ (6_722“_”) - 267(?+5)(t7“) + e‘%(t_“)) du
0

t
p t
: 2 : 6(711+T12)(tu)‘| n {%e—%(t—u)} )

0
(308 g () 3 0))

Equation 2.53 shows the expected value of the integral of I'?,.,, is square integrable, E {fot Il du] <

oco. In addition, for all u < t, ') is F; adapted; thus, the conditions of Theorem 4.3.1 Shreve

2004 are met and M, is a martingale. This implies that given 0 < s < ¢

]E[Mfure] = M; (254)

L(0;00=0 and Wy = 0 implies that My = 0 which combined with the martingale property ex-

pressed in equation 2.54 implies for all ¢ > 0 E[M;] = 0. Thus, faking the expected value of
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Wy

2

t 1 1
E[¥]=E KM - 02> (g —71) + 0/ (e_ﬁ(t_“) - 6_?“_“)) qu}
0

= <,J —~ U;) (2 — 1) (2.55)

results in the constant function of time in equation 2.55. Given 0 < 7, < 7 by assumption, the

sign of the expected value of ¥, is controlled by the relationship between p and 2.

>0 p>od?f
E [‘llt] =0 w= (72/2 (256)

<0 p<o?f

The results of equation 2.53, the fact that E [M;] = 0 and Theorem 4.3.1 Shreve 2004, whose
conditions have been met, implies the variance of ¥, is equal to the variance of M; which is

given by It&’s Isometry.

VM, =E[(M, - E[M)*| = E [M7]

. (T; (1 _ e*%t) . 1_2”2 (1 - e‘(flﬁfl?)t) + % (1 - e*z‘lt)) (2.57)

T1

(o2 .n 1 N —(FE) T2 T -2
- [(2 1+1+2>+<(Tl+7’2>6 L 2¢ " 2 ¢ (2.58)

T1 T2

The graph of the variance of ¥, for parameter values o = 0.1, ; = 5 and = = 10 is displayed in

figure 2.1.
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00}

o

S

e - V(ljJt)

S | dv(w,)

o dt

_dv(w)

S a7

S d’t

o

[qV]

o

S |

o

3

S 4 A—

o | | | | | I
0 20 40 60 80 100

Time
Figure 2.1: Variance of ¥,;: V [¥,], %, and % c=0.1,1=5and =10

When t = 0 in equation 2.57, the variance of M; is equal to zero which is expected since

Wy = 0. Consider the limit of equation 2.57 as t goes 1o infinity.
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: ; 2 [ T2 -2t 2 —(2+2 )¢t T1 —2¢
tgr&V[Mt]Ztgm la (2(1—6 z)_l—FTl(l_e 1 2>>—|—2(1—e 1))]

o T1 2
2 T2 2 T1
T1 T2
_0_2 1 + T2 2717y
2 T1 +T2
_ 2 (1 + 72)2 — 471y
2(71+T2)
o [ (T8 +2mme +75) — 4
=0
2(T1+7'2)
_ 2 (712 — 217 + 7'22>
2(T1+7'2)
o [ (1 —7'1)2
= — (| = 2.59
2 T1 + T2 ( )

Since 0 < 11 < 1 the steady state variance of ¥, is always greater than zero which is expected
as it should only be zero if the two exponentially filtered stochastic process have the same value
of . Based on the proofs in the appendix on page ??, we assume that for every Sy > 1 and
0 < 11 < 7 there exists a t,, and § such that for all ¢ > ¢,

lim V[M] - V[M]|,_, | <3 (2.60)

t—o0

and the fransient behavior of the exponential ferms in equation 2.57 is insignificant to the anal-

ysis.

2.3.2 Distribution and Density Functions of ¥,

Since M, is an It6 infegral with respect to Brownian motion with a deterministic integrand T',,.).,
by Theorem 4.4.9 Shreve 2004 for each ¢t > 0, M, is normally distributed with expected value zero

and variance fot F%u;t) du. Thus ¥; from equation 2.51 is normally distributed with the expected
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value v and variance s given by equations 2.55 and 2.59.

Uy ~ N [u, s%]

o2 o2 (7277'1)2

Equation 2.61 shows the variance can change dramatically based on the difference between
m and 7. We also note that once steady state is reached both the mean and variance of ¥,
are independent of fime.

Figure 2.2 provides an interesting view of the variance of ¥, as a function of 71 and . In
this 3D plot 1 = 0.001 0 = 0.1 and 0 < 71 < 7». Holding m constant and increasing m; decreases

the variance, whereas holding 7, constant and increasing =, increases variance.
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Plot of V(¥,) vs 1; and 1,

[ I I I I I I I
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

Figure 2.2: Variance of ¥, as a Function of ; and 7: V [¥,] = ’ (M> , 1 =0.001,0 =0.1

o_
2 T1+72
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Given that ¥, is normal with mean « and variance s? the cumulative distrioution function

(CDF) Fy and probability density function (PDF) fy for ¥, are

F\p—@(w;u> (2.62)

7dF\p71 1/J7U
fo = dv = Saﬁ( ) (2.63)

S

where @ is the standard normal CDF and ¢ is the standard normal PDF. Substitution of v and s
from equation 2.61 into equation 2.63 gives the full density function for ¥,. Once the steady

state regime is reached the density function has no dependence on t.

f\lj(w) - . exp [w B (M o %2) (7'22* Tl):|2
o |5 2[5 22l
_ 1 [¢_(M_%2) (7_2_7_1)}2
e | N (2.64)
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Chapter 3

Trading Strategy

In this chapter we define and analyze the structural elements of a trading strategy which uses
the difference of two exponentially filtered log asset price in determining the market postion.

Terminology is drawn from the framework developed in Peterson 20186.

3.1 Indicator

Indicators (as defined in Peterson 2015) are quantitative tfransformations of real-time market
and economic data streams that are designed to reveal specific market phenomena which
can be exploited by an automated trading system. In this work, indicators will be various alge-
braic combinations of exponential filter time series operators 2.1.1 applied to market log price

data streames.

Definition 3.1.1 (Difference Indicator). The difference indicator ¥, : R>o — Rx( is the difference
of two exponential filter time series operators as defined in equation 2.51 applied to a stochastic

process X; where 0 < 7 < .
U, [ Xy; 71, o) = Y[ Xos o] — Y[ Xo; 7] 3.1

We examine the case where the stochastic process is the natural logarithm of the asset

price X; = 1n S;.
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The indicator which specifies the percentage and direction (long/short) of the portfolio to

be invested in the market asset at time ¢ will be designated p;.

Definition 3.1.2 (Position Indicator). The position indicator ¢; = ¢ ¥,

In the mathematical finance literature , is oftern referred to as the investors strategy.

3.2 Porifolio SDE

The instantaneous change in the value of the portfolio is represented by the SDE in equa-
tion 3.2 . The position indicator is a function o, that represents the percentage and direction
(long or short) of the portfolio to be invested in the market asset at time ¢, 11, represents the port-
folio value at tfime ¢, and g—tf represents the number of shares which could be bought or sold
short at time ¢ if the entire value of the portfolio was invested long or used as margin against a
short postion in the single market asset. %ﬁ represents the number of risk free bonds that can

be bought if the entire portfolio was invested in the risk free bond.
I 11,
dHt = thtdSt +7r (1 Qt) Edt (3,2)

Our godl is the investigate the how the long term expected log returns

. 11
tllglooﬂi {ln (1_[0>:| 3.3)

is affected by the choice of parameters ¢, 7, and =, to the indicator (strategy) function g;.
When the position in the risky asset is short o < 0, cash comes intfo the portfolio account
due to the short position; thus, the amount of cash in the portfolio account is greater than the
value of the portfolio II; which is the initial value of the portfolio II; plus all of the incremental
changes due to changes in the risky asset price and the time value of the risk free bond. When
the full value of the portfolio is used as margin aginst a short position, that is o, = —1 which
implies that (1 — o;) = 2, the amount of cash in the portfolio account is twice the value of the

portfolio and all of the cash is available to invest in the risk free bond.

1 The portfolio SDE used in this section appears in both Bauerle and Rieder 2004 and Lorig, Zhou, and Zou 2019.
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Using all of the available cash in the portfolio account to invest in the risk free bound would
only increase the portfolio returns; however, to gain a better understaning of the trading strat-
egy returns independent of investing in the risk free bond and gain analytical tractability, we

assume that r» = 0 and simplify equation 3.2 by removing the right hand term on the right side.
St

We note that if ||| > 1 leverage would be required the achive the constraints of equation 3.4.

Assume o; = o > 0 is constant. When the change in the asset price ds; is positive, the
change in the value of the portfolio is positive, and when the change in the asset price is
negative, the change in the value of the portfolio is negative. Likewise assume g, = o < 0is
constant. When the change in the asset price dsS; is negative, the change in the value of the
portfolio is positive, and when the change in the asset price is positive, the change in the value

of the portfolio is negative. Writing equation 3.4 in discrete form makes the dynamics more

intuitive.
1L, _
IL; - 1L, = Qiqsil (Si - Sifl)
i—1
IT; 1
; =111 + Ois1g— (Si = Si-1) (3.5)

Assume g; = 0;_1 = ¢ is constant. Multiplying both sides of equation 3.5 by Si results in the value

of the portfolio to be invested in the risky asset at the next time step.

I, I S — Si1
QE—Q S <1+Q S, ) (3.6)

Lety; = gg— The ratio of new number of shares in the risky asset to the old one is calculated by

dividing equation 3.6 by v;_; = o=,

Vi Si—1+0(Si — Si—1)
Vi1 S

_ Sia +o (1 B Sil) 3.7)
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L0152 p-054(s)<0
=0.5A(S)>0
1.010 — P (8)
— p=-054A(S)<0
1.005 p=-0.5A(S)>0
1,000 —f-- T oo eees oo
0.995
0.990
0.985
I I I I I I
0.0 0.2 0.4 0.6 0.8 1.0
AS

Figure 3.1: Ratio of New to Old Position: % vs AS

Vi—1

Equation 3.7 isliner as a function of AS = S; —S;_; with intercept zero and slope ¢. Figure 3.1

is a plot of ijl Vs AS; = S; — S;_1 from equation 3.7 for a few values of p and AS.
Position (o) \ AS R= Transaction
Long: 0 < o<1 | Decreasing price: AS <0 R>1 Buy Long
Long: 0< o<1 Increasing price: AS >0 R<1 Sell Long
Short: —1 < p < 0 | Decreasing price: AS <0 R>1 Sell Short
Short: —1 < p < 0 | Increasing price: AS >0 R<1 Buy - Cover Short

Table 3.1: SDE Specified Transactions Given ¢, AS, and R =

Vi
Vi—1

The ratio -~ and the sign of o specify the required market fransaction to be completed

Vi—1

moving from time step i — 1 to i to satisfy the new value of the gg— Table 3.1 lists these market

tfransactions for specific values of ¢ and AS. When the position indicator ¢ is not constant and
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changes sign between step ¢ — 1 and step ¢, the current position must liqudated and new
position taken in the opposite direction. That is if o fransitions from positive to negative, the long
position in step ¢ — 1 must be sold and new short position taken in step i. Likewise if p fransitions
from negative to positive, the short position in step i — 1 must be covered and a new long
position taken during step i.

Long and short aspects of the strategy are not symetrical under constant . When o > 0
is constant, the strategy is contrarian and sells intfo a rising market and buys in a falling market.
However, when p < 0is constant, the strategy sells short into a falling market and covers the short
(buys) in a rising market. In order to be symetrical when p < 0 is constant and be contrarian,

the strategy would sell short into a rising market and cover the short (buy) into a falling market.

3.3 Porifolio SDE Solution

To solve for the value of the portfolio as a function time, we first apply 1t6’s lemma to the SDE

in equation 3.4 with f(7) = Inm.

o f(Ily) 0 f(Il) 192 f(11,)
ot om, Mty OI12

1 1 1
= —dI + = [ —— | dar
I, t+2( H?) (I,

1[I IR A
= [os9] - o [osios)

dlnHt =

d<Ht>t

2
U P
=3, ds, 257 (dSy),

_ &
St

2
[uSidt + 08, dW,] — 2L 6252 dt
25

2 2
0o

2 2

2
=0 {dln Sy + 02dt} — Qt; dt

2
= Zoi(1— o) dt+ o dn, 3.8)

Equation 3.8 gives the instantaneous change in the log value of the portfolio as a function

the position indicator g;, the instantaneous change in the log price InS;, and the diffusion
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coefficient. Integrating equation 3.8 from 0 to ¢ results in the portfolio value process II; that

solves the SDE in equation 3.4.

t 2t t
/ dlnHu:J—/ gu(l—gu)du+/ 0, dIn S,
0 2 Jo 0

2 ot ¢
lnHt—lnﬂoz%/ gu(l—gu)du—l—/ 0, dIn S, 3.9
0 0
o2 ot t
II; = Iy exp [2/ ou (1 — 04) du +/ QudlnSu] (3.10)
0 0

Equation 3.9 gives the log return of the portfolio on the interval [0,¢]. The portfolio log refurn
process is given by equation 3.9 where r; = Inll; — InIly. Assuming the position indicator is

constant g; = gy gives

o2 ¢ ¢
rt:—go(l—go)/ du—l—go/ dln S,
2 0 0

o2

:790(1—90)t+90(ln5t—1n50) (CARD)
Let g(o0) = o0 (1 — 00) then g(eo) = e0 (1 — 20) = 0 implies g(o) has zeros at go = {0,1}. £ =
1 — 299 = 0 implies g(o) has a potential local maximum of 0.25 at gy = % which is confirmed by
32—9-‘5 = —2 which implies g(¢o) is concave downwards on [—1,1].

Now substitute go = {—1,0.5,1}, if oo = —1 then

7| =InSy—InS;, — ot 3.12)

go=-1

which is the portfolio log return on [0, ¢] for a short sell and hold position. If g = 0.5 then

2

1
Ttlgg=0.5 = 5 (In.S; —In Sp) + %t (3.13)
If oo = 1then
Tt] gy=1 = I Sy — In S (3.14)

which is the expected log return for a investing the entire portfolio in a buy and hold position on
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the interval [0, 1]. Equation 3.13 shows that tfrading according to the SDE in equation 3.4 with a
constant ¢ = 0.5 reaps a volatility benefit to the log returs of %zt; whereas, equation 3.12 shows
frading according to the SDE with a full short position incurs a volatility penalty of o2t in the log
returns. Equation 3.14 shows that trading according to the SDE with full long postion receives

neither a penalty and benefit from volatility.

0.000

—-0.002

—-0.004

—-0.006

-0.008

-0.010

-1.0 -0.5 0.0 0.5 1.0

Figure 3.2: Portfolio Log Return: r; vs o with o = 0.1 and Sy = S; = 100

Figure 3.2 summarize the results of this analysis for constant ¢ € [—1, 1] when the asset price
has changed over the interval due to volitility but is equal at the end points S; = Sy. Positive
constant values of g in the interval (0, 1) reap a volatility benefit; whereas, constant negative
values of g in the inferval [-1,0) inccur a volatility penalty.

Expanding equation 3.9 gives log return r; as a function of the drift coefficient yu, diffusion
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coefficient o, the position indicator o,, and the underlying Brownian motion W;.

t o2 o2 [t
rt:/ Ou [(u—2>du+aqu]+2/ ou (1 — 04) du
0 0
t o2 o2 t
:/ [(‘u2>gu+2gu(1gu)]du+a/ 04 AW,
0 0
t o2 t
= / (M - Qu) Ou du + U/ 0u AWy, (3]5)
0 2 0

3.4 Expected Log Returns r;

In this section we develop a closed form solution for the expected log returns of the strategy.

The full position indicator from definition 3.1.2 and equation 2.51 is

2 t 1 1
or=c |:<M — 02) (o —11) + a/ (efg(tfu) — eiﬁ(tfu)) qu] (3.16)
0

t
—c {@ Yo / rt,udwu] (3.17)
0

The expected log returns of the strategy using the indicator function g, is calculated by taking

the expected value of equation 3.15.

-t 2 t
-t o2 [t t
=K ,u/ Qudu}—E[/gidu} +W
L Jo 2 Jo 0
-t o2 [t
=E ,u/ Ou du} —E [/ 02 du} (3.18)
L 0 2 0

The expected value of the first term in equation 3.18.

t t u
E [u/ Ou du] =uE [/ c (@ + o/ Fude,,> du]
0 0 0

0

t t u 0
CHGE[/ du} +CMU/WU
0 0 0
o2
=cl <u — 2) (o —11) t 3.19)
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The expected value of the second term in equation 3.18.

2t 2
E[U/ ggdu] _ <e+a rdev> du]
2 Jo 2 ’
" 2
<92+2@a Ly odW, + (a / Fu,vdWU> ) du]
0
}—FCQGU?’]E [/ / LowdW, du}
2
/ (/ FudeU) du
0 0
2 2 2\ 2 t
-5 (%) (M)W Z
1 2003 /M
(/ rde> ] du
0

?o? o2\
-~ (M—Q) (7'2—71

The value of the last ferm in equation 3.20.

C

+ IE

2

]E

2 0

F2 Ladvdu

F2 dvdu =

e_ﬁ(u v) e_T11 (u= ”)) dv du

(3.20)

(em u=v) _ g (F+) ) efl(““)) dvdu  (3.21)
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Breaking out each integral in equation 3.21 and solving.

2 4 t u 4 t u
o 2 o 2 2
/ / e 72 dy duy, = / e 72"/ e dv du
2 JoJo 0 0
¢

2
2
2ot _2,[Te 2,1
= e T2 |—em2 du
2 Jo 2 0
et [t a2, 2y,
= e =2 (e —1) du
4 0
2 4

¢
=g / (1 —67%”) du
0

ToC™O

v o

Il
e~
I
7N
~
I
|
|3
m\
&S
e
| S
o =
~__

Do
'S

_ 72040 (t n T2 (efét . 1)) (3.22)

t u t u
(L p L) (e (4L 141
6204// (e <71+Tz>(u v)> dvdu:0204/ e (71+T2)u/ e(”JrTz)vdvdu
o Jo 0 0
t
(4L
:c204/ e 71+72)u
0
t

2ot [t —2 (u—v) ot T [ _2y
5 /0/0 e dvdu-T(t—i—E(e 1 —1)) (3.24)
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Substituting the expected value of the log returns from equations 3.19, 3.20, 3.21, 3.22, 3.23,
and 3.24 back info equation 3.18.

o? 2o’ o2\? 9
Bl = (-5 ) (m-m) = 7 (u-F ) (-m)e
2 4 )
B ToC™ O (t-l— E (67%7& . 1)) +C204 T1T2 b1 T1T2 6_(%+€)t 1
4 2 T+ T2 T+ T2
2 4
-ﬁZf (n+g>@*%¢—1)) (3.25)

As a check we note that the expected log returns is zero when t is zero E[ry,_, = 0. If we
assume a steady state where t = ¢, the exponential terms go to zero in equation 3.25.
o2 2o? o2 2 2
E[Tt]txss =Ccp (N - 2) (g —71) t — 2 (,U - 2) (2 —m1)"t

2 4 2 4
ToC™O T2 2 4 T1T2 T1T2 T1C"O T1
- t——) SRESLE - (t——) 3.26
4 ( 2 +CU7'1+7'2< 7'1—|—7'2> 4 2 ( )

L R L

TQC2O'4 o 4 T1T2 7'1620'4
——— 40

4 T1 + T2 4

2
r2c%ot 5 4< TITo ) T2c2ot

Cc o
8 1 + T2 8

e L

2 4
g 2 4 T1T2

— — 2 |t
4(ﬁ+m+caﬁ+ﬁ]

2 4 2
+080 (3 + 1) — o’ <T”2 > (3.27)

T1 + T2
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Equation 3.27 is linear in t. Rewriting equation 3.27 in ferms of r; and = and holding ¢ constant

gives the expected returns as a function of r; and 7.
6204 6202 02 2 2 0'2 6204
E[re(m1, 7))y, = [8 - <M 2) i+ [CM (# 2) T } t T2

ot 2o? o2\’ 9 o? ot
- pw——=1 t| 7 — |cu u—? + 1 t71

8 2 2
2 2 o\’ 2 4, T1T2 2 4 712722
+co'lp—— | tmet+cot———co ——5
2 7'1+T2 (7‘1+7'2)

2o? | o2 o2\ 2 9 o? Pot
= B I — — 7 t 7-2 + (&7 m— ? — 1 t7'2
N 2o? | o2 o2\? ;
2 |2 \FT

9 o2 2ot
Tl—[cu (,u—2)+ 1 :|t’7'1
2

2
+ 2o? (u — 02> tTim + Cot 1172 (t _nre ) (3.28)

1+ T2 T+ T2

Equation 3.28 reveals the expected log returns are quadratic in 7, and 7.

3.5 Analysis of Portfolio SDE Solution

In this section we examine two configurations of the solution where the indicator function gy is

either unscaled or scaled by the inverse of the standard deviation of .
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200

Figure 3.3: Plot of E [r(71, 72)] withe=1,u =0.1, 0 = 0.1, Lower: t = 50, Upper: ¢t = 200

t>tss

Figure 3.3 shows the expected log returns as a function of m, and » where ¢ = 1, u = 0.1,
and o = 0.1 2. The lower surface is t = 50 and the upper surface is t = 200. The region of
rmaximum return is parallel to the =z = y plane.

The partial derivatives of expected log returns with respect to r; and .

0’2 0‘2 2 0’2 620'4
T (-%) o (- %) -

2\ 2 2 3
vt (=G ) ene ot (LT cacet T @29)

T+ T2 1+ T2)

OE [Tt (7_17 TZ)]t>tss — 020'2
0T

2The Mathematica code used in plots and numerical calculations appears in the appendix. See appendix page 55
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o? o2\ ? o? ot
- (-%) t]“‘[““(“‘a% ok
2\ 2 2 3
+ c*o? (u - U) tTy 4 Folt (7-1) - 20204L3 (3.30)
2 1+ T2 (7'1 + TQ)

3E [T’t(’Tl,TQ)]
87’1

>t _ 2.2

The roots of the partial derivitive equations 3.29 and 3.30 can then be used to determine the

values of ; and 7 which result in the maximum return for a given p and o. For example, when

OE[r (7—17T2)]t>t55

5 = 0is about 115 which

71 =10,¢=1, u = 0.1, and o = 0.1 the positive solution of

[Tt (7—177—2)]t>t55
t

matches figure 3.3 well. The expected log returns £ ~ .49.9 which is about five times
the expected value of a buy and hold position over the same time frame, however the three
standard deviation evelope around E [g;] implies that approximately an eight to twelve fimes

leverage is required to achieve this result.

o € [Elo] = 3vV ol E o] +3vV o] | ~ [7.98,11.96) (3.31)

The drift coefficient © only appears in the first two terms of the derivative of the expected
log returns with respect to =, in equation 3.29. The rest of the terms are written as K;. The
coefficients of u are extracted from the first two terms and the remaining terms are written as

K,

2 2ot
T2 + [cp (u—(;)— Z }t—i—fﬁ

2
= (ct — CztO'QTQ) u? 4 (cta47'2 - ct(;) uw+ K1+ Ko

OE [Tt(TlaTQ)]t>t ) g’ o2\’
o AN (P I
0o 7 <M 2 >

=ct(l- 027'2) u? + cto? (027 — ;) uw+ K+ Ky (3.32)

Equation 3.32 shows the partial derivative of the expected log returns with respect to n, is
guadratic with respect to © which means a change of sign in 1 should not change the solution
significantly while holding all of the other parameters constant. Taking the partial derivative

of equation 3.32 gives the second order mixed partial derivative the expected log returns first

©Doug Service 2020 @@®S© 40



3.5. ANALYSIS OF PORTFOLIO SDE SOLUTION CHAPTER 3. TRADING STRATEGY

with respect to 7, then with respect to u.

OE [ri(11,72)]
0120 14

t>tes _ oy |9 (1— o2n) pu+ o2 (0272 _ ;)] (3.33)

This mixed partial tells us how sensitive an optimal value (zero) of =, is to changes in u. Given
that both the slope of i and the constant term grow linearly with respect to ¢, t, and ~, and
they are approximate equal in magnitude but posite in sign changes in , due changes in

should be small. Using the earlier example with 7 = 10, , = 115, ¢ =1, p = 0.1, and ¢ = 0.1

OE[r(my ""2)]f,>f,SS

izt A 9 35,

gives
Next we try scaling o; by the inverse of the scaled standard deviation of ¢ to understand

how that affects the solution. Let

1
k,o, 11, = 3.34
w(k,0,T1,T2) iary (3.34)

Figure 3.4 is a plot of the solution with ¢, scaled by ¢ = (5, u, 0,71, 72) Where u = 0.1, o = 0.1.
Clearly the scaling factor « improves the stability of the solution with respect to the choice of
71 and 7, by giving a large flat region in the area above the line 1 > 1.2 in the zy-plane at

the cost of some return where w ~ .393. Given that

Plor € [Elod —2v/V el Eled +2v/Vel || ~ Plo € [0:258,1.058]

~ 954 (3.35)

we consider further investigations of optimal solutions to this strategy to warranted considering

various functions of the form investigated in Lorig, Zhou, and Zou 2019.

©Doug Service 2020 @@®S© 41



3.5. ANALYSIS OF PORTFOLIO SDE SOLUTION CHAPTER 3. TRADING STRATEGY

0

Figure 3.4: Plot of E [ry(1, 72)]
t = 200

>, With e = k(5,.1,.1,71,72), p = 0.1, 0 = 0.1, Lower: ¢ = 50, Upper:
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Chapter 4

Conclusion and Future Work

In our analysis of the application of the exponential filter fime series operator to geometric
Brownian motion we derived a simple closed form solution for both the single filter case and
the the difference of two filters. We then calculated the mean and variance of both. The fime
decaying fransients appear in both results. When considering long term behavior, they can be
tfreated as insignificant. However, these transients need to be further analyzed to understand
the implications for implementors of automated strategies employing such filters as they can
have significant startup effects.

In our analysis of the portfolio SDE, we showed that given a constant position indicator
o+ = p along position in the range between (0, 1) gains a volatility benefit while a short position
incurs a volatility penalty. Given this asymmetry between long and short positions, it may be
worth considering a different portfolio equation that teats both long and short positions sym-
metrically. Given that short positions increase the amount of cash available in the account that
can be invested in risk free assets, and that brokers typically treat investments in money market
accounts or government bonds as counting towards the margin requirements of a short posi-
tion, the version of the portfolio SDE which includes the risk free asset should also be explored.

The SDE assumptions about p and o being constant are unrealistic. Lorig, Zhou, and Zou
2019 found optimal solutions for linear algebraic functions when i, is either an Ornstein-Uhlenbeck
process or a two state continuous time Markov chain and the diffusion coefficient is constant.

Implications of both a fime varying drift and diffusion coefficient and should be considered.
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The portfolio SDE does not model the jumps that frequently occur between market open
and close. Such a jump could cause the investor strategy (indicator function) to require a very
large leveraged position.

The confinual trading assumption of fractional shares is highly unrealistic. The minimum size
for stocks frades is 100 shares if the order is to go directly to the market and not be held atf the
broker until a 100 share order can be assembled from multiple market participants. A very large
initial portfolio 11, would be required to enable treating 100 shares as the unit quantity. Futures
contracts can be fraded in single units but typically represent a 20z to 100z leveraged position
with a corresponding increase in risk. The strategy also does not consider trading costs which
could be significant when the strategy is frading frequently in order to replicate confinuous-time

assumptions as closely as possible.
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Asset Price Transition Density, Expectation and Variance

The conditional transition density of S; is needed to extract the model parameters o and p using
maximum likelihood methods from market data. Given the log form solution to the GBM SDE in

equation 1.8

2

lnSthlSo<u02)t+0Wt M

and by assumption that E [W;] = 0, the expected value of the log change in the price from

time 0 to t, is equal to

2
= (u—(;)t @)

Similarly the variance of log change in price from time 0 to ¢ given by definition V[, =t—0 =1t

is equal fo
o? o? 0

(=) o] oY
Let

Xt =1In St

Tro — In SO

o2
n= (,u - 2) t 4
2 =0c%t
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By assumption the fransition probability of W, is normal; thus, at time ¢ the log price X; is normal
with mean z, + m due to the determistic drift component of the price and the variance is ¢2

due to the stochastic volatility component
X, ~ N [z0+ 1,67 ®)

and the conditional density function for X; given xy can be written.

1 [z—(zg+m)]?

th\zo(x|x0) = g\/ﬁ e 262 (é)

From basic probability theory the conditional expectation of a function of a random variable,
in this case g(X;) = eX¢, can be written as the integral of the function of the random variable

and the density over the domain of the function.

E [St|S()] =E [eXf |.’E0}
:/ e” [x, |z (Z]T0)d

1 i _le=(zg+m)?
S @)
sv2m J_x

Combining the exponents of the infegrand in equation 7, completing the square and simplify-

ing gives.

2
[ — (zo + 77)]2 ¢? [r —(zo+n+ <2)]
x—2—§2:(x0+m)+5— 902

C)
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Replacing the exponents in the integrand of equation 7 with the results in equation 8 gives the

expected value of eXt,

E [St|So] =E [€Xt |£LQ}

2
_ wotn)+s

_ So+(n—% ) t+ 5t

= So 6”“5 (9)

Similarly we will need the expected value of (eX+)?

o

E [(ext)z’azo} :/ ewaXtm(x\xo)dx

—00

_le=(=om)?

1 <, [
e — T 2§2 d ]0
ol IR 10

Combining the exponents of the integrand in equation 10, completing the square and simpli-

fying gives.

[z — (xo +n)] :2[($0+77)+§2] _ [96—(130 -24‘!27-1-2(2)} an

2r — 92

Replacing the exponents in the integrand of equation 10 with the results in equation 11 gives

the expected value of (eX+)?,

1
E [(ex‘)z‘m} _ 2worm+st] L - _[%@0;2 — da
S —o00
_ e2[ln50+(u7§)t+02t]
_ g2c2(nr ) (12)

The variance is calculated using the well known expansion of the variance as the difference

of the expected value of the square and the square of the expected value and inserting the
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values from equations @ and 12.

\% [St‘So] \% |:€Xt |£L’0]
E

() |wo] = (B [X[o])*

62[(ro+n)+<2] _ 2 [($0+77)+§]

62 [111$0+(;L—U—22)t+02t} _ eQ[lnSO—&-(p—%)t—i—%t}
_ (42 g
= S3e*mt (e"2t - 1)

= (Soer!)” (e = 1) (13

Combining equations 9 and 13 gives log normal distribution parameters for geometric Brownian

motion transition density.
St ~ EN Soe“t, 5862’“5 (602t - 1):| (]4)

Using the definition of the cumulative conditional distribution function and the condition den-

sity function for the log asset price in equation 6, the condition density function is derived.

F(z) =P[S: < ulSy]
=P [ext < u|e”’°}
=P[X; < Inwu|zg]

Inu
— [ el
—oo=In0

_le—(zo+m)?

1 /lnu [ - p
— e 25 T
sv2m Jmo

1 u [‘“”‘1‘“50‘(“‘%)‘]2 1
= / e 2021 —dv
oV?2nt Jo v
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which implies

L[ ()]
f(S)St|SO = me 202¢ (]5)

Digital Exponential Time Series Operator

In this section the homogeneous discrete time version of the continuous time exponential filter
time series operator is derived from definition 2.1.1 based on Dacorogna et al. 2001. Let At =

t; — t;_1 and assume the X, is constant during the i™ time step of length At denoted as z;. At

the first fime step
t1 1
Yo :/ *67%(tliu)Xudu
to T
t 2 ]. U
= 67711‘0/ —erdu
to
_t1 1 w9ty
=e 7 xo; [T@"]to

= QX ( 1 é)
where

T (17)

l—a=e "+ (18)
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At the end of the second time step, the output from the first time-step y, scaled by (1 — a) is

added to scaled version of the current input ;.

y1 = axy + (1 —a)yo
=ar; + (1 — a)(axg)

=az; +a(l —a)zg
The third time step the process iterates as in the second time-step.

Yo = axo + (1 — o)y
=azo+ (1 — a)(az; + a(l — a)zo)
=ary +a(l —a)z; + a(l —a)?z

=a[l-a) 2+ (1 —a)'zr + (1 — )’z (19)
The n™ time step.

Yn=0o[l—a) 2, +(1—a)'zp1+ 4+ (1 —a)" o+ (1 — )]
= aZ(l — )"y
i=0
ema (;[;n) = (1 — 6_%) Ze_%(n—i)xi
i=0

(20)
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The relationship between o and 7 (Indicator Reference: Exponential Moving Average 2020).

At
T

@n

For a k period discrete exponential filter fime series operatfor o = 2.

(22)

Note that 7 has the same units as At.

Mathematica Code

In this section the follow variables are used in Mathematica code.

| Symbol | Variable | Meaning \

t t time

c C scaling constant

1 m drift coefficient

o S diffusion coefficient

sl 1 filter time coefficient one
Ty 12 filter fime coefficient two

Porifolio Expected Log Retuns

E [r]

Ert[t_, c_, m_, s_, ti1_, t2_] :=
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ckm*x(m - s72/2)*(t2 - t1)*xt - (c™2%s72/2)*(m - s72/2)72*%(t2 - t1) 2%t
- (t2*xc72xs74/4)x(t + (t2/2)*x(Exp[-2*t/t2] - 1))
+ 72487 4x((t1*t2)/(t1 + t2))*(t + ((t1*t2)/(t1 + t2))*(Exp[-(1/t1 + 1/t2)] - 1))

- (t1% c™2xs74/4)x(t + (t1/2)*(Exp[-2*t/t1] - 1))

Portfolio Expected Log Retuns (Steady State)

E e (71, 72)] 0.

Ertss[t_, c_, m_, s_, ti_, t2_1 :=
(c*m*x(m - s72/2)*x(t2 - t1) - (c”2*xs872/2)*((m - s72/2)72)*(t2 - t1)~2
- (t2*c”2xs74/4) + c”2*xs74*x((t1*xt2)/(t1 + t2)) - (ti1*c™2xs74/4))*t

+ (t272*xc"2*xs874/8) - c”2xs74*x((t1*t2)/(t1l + t2))72 + (t172*xc"2%xs74/8)

Derivative of Expected Log Retuns with Respect to r; (Steady State)

0T

DErti[t_, c_, m_, s_, ti1_, t2_]1 :=
cT2xs72%(s72/4 - (m - s72/2)72*t)*tl
- (c*m*x(m - s72/2) + c”2%s74/4)*t
+ c72xs72*%(m - s72/2)72%t*t2
+ cT2%s74*t*x(t2/(t1 + t2))°2

- 2%c72xs74x((t1*xt273)/(t1 + t2)73)

Derivative of Expected Log Retuns with Respect to -, (Steady State)

R

DErt2[t_, c_, m_, s_, t1_, t2_]1 :=
c2xs72x(s72/4 - (m - s72/2)72*t)*t2
+ (c*m*x(m - s72/2) - c™2*s74/4)*t
+ ¢c72xs72*%(m - s72/2) " 2*%t*xt1

+ c72xs74xtx(t1/(t1 + t2))°2
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- 2%c”2%s 4% ((t173%t2)/(t1 + t2)°3)
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