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There is a broad need in the neuroscience, neurological and biomedical engineering communities to
better classify, quantify and diagnose Focal Axonal Swellings (FAS) and their impact on cognitive
deficits and/or neural functionality. FAS is a critical biomarker in several leading neurodegenerative
diseases such as Alzheimer’s, Parkinson’s, Multiple Sclerosis, and others. They are also a hallmark
feature of concussions and Traumatic Brain Injuries — the leading cause of death among youngsters
worldwide and a lightning rod issue in contact sports. In this work, we discuss how different shapes
of FAS can affect neuronal signaling and degrade the information encoded in spike trains. We
adapted theoretical estimates, derived in idealized axonal geometry settings, to real axons with much
more challenging structures. Our methods highlight potential trouble spots of axonal morphology
and provide a starting point for novel FAS diagnosis. Finally, we discuss the collective effects of
FAS in neuronal networks, where stable response patterns are lost, jeopardizing the system’s ability
to transmit information. A better understanding of the macroscopic effects of FAS pathologies —
that occur at a cellular level- can shine new light onto the cognitive, behavioral, perceptual and

sensory-motor impairments resulting from such disorders.
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(1.1 Effects of TBI across spatial scales. a. At the microscopic scale, axonal mjury can |
interrupt axonal transport, produce axonal swellings, and trigger neuroinflammation |
that can lead to neurodegeneration. b. At the macroscopic scale, injuries are appar- |
ent 1n large white matter tracts — seen here in a postmortem specimen with black |
regions of haemorrhage. c. At the whole brain scale, damage to tracts interrupts |

|
|
|
|

long-distance communication between brain regions. Damage to white matter mi-
crostructure 1s illustrated here as reduced fractional anisotropy (red regions; green
indicates intact structure). d. White matter damage can disrupt interactions between
nodes of a brain network, represented here as reduced interactions between the de-
fault mode network (red/yellow regions). Figure from Sharp et al. [101]].| . . . . . 3

(1.2 Pathophysiology schematics of Traumatic Brain Injury. The primary injury is the di- |
[ rectresultof the external force and involves mechanical tissue deformation. Itimt- |
ates secondary injury with diffuse neuronal depolarization and release of neurotrans-
mitters and a massive mnflux of calcium — that leads to energy deficits, free radical
formation and initiation of cell death. Studies indicate that the adult brain 1s capable
of substantial structural and functional reorganization after injury, which may con-
tribute to spontaneous functional recovery. Interventions targeting secondary injury
mechanisms and modulating neuroplasticity promote functional recovery in animal
models of TBI. Solid lines represent established interactions or pathways, whereas
dashed lines represent possible interactions or pathways. Figure from Xiong et al.

| 200 - - e 4

(1.3 Diffusion Tensor Imaging (D'T]) can detect abnormalities in white matter regions,
| 1.e., regions with low fractional anisotropy (so called Potholes, in red). DTI 1s 1nad-
| equate to study how damage occurs at a cellular level, and the necessary resolution
| can only be achieved after autopsy or via in vitro experiments. Figure from Jorge et

(1.4 TBI experiments in vivo. a. The fluid percussion injury (FPI) device uses rapid |
| injection of a fluid pulse into the epidural space. b. The controlled cortical impact |
| (CCI) 1mjury model uses an air or electromagnetic driven piston to penetrate the |
| brain at a known distance and velocity. Figure from Xiong etal. [120].] . . . . . . 6
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TBI experiments in vivo. ¢. The penetrating ballistic-like brain injury (PBBI) in-

volves the transmission of projectiles with high energy (transmission of a metal rod

or expansion of the probes elastic balloon). d. In Feeneys weight-drop model ([36]),

a metal disk 1s placed over the skull to prevent bone fracture. Figure from Xiong et

[ al. [I200.] « -« o o o e

16

'TBI experiments in vivo. e. In Marmarous weight-drop model ([[78]]), a metal disk

1s placed over the skull to prevent bone fracture. f. Blast brain injury can be caused

by the primary 1njury related to the blast and other mechanisms; for example, the

thoracic effect. Figure from Xiong etal. [120]] . . ... ... ... ... ... ..

M7

'TBI experiments in vitro: neurons were grown 1n microfluidic chambers with their

axons extended through microgrooves. a. The axons were gradually compressed

with sub-nanoNewton (nN) forces applied by a bead attached to the tip of the atomic

force microscope cantilever. The axonal response to compression depended on the

time and force applied and four distinct responses were identified: b. axons recov-

ered their original state, c. stayed permanently deformed, d. entered a degenerative

process with increasing formation of FAS, e. and finally resulted in axonal rupture.

The drawing 1n the right panel show axonal responses to compression and its effect

to mitochondria (orange), tubulin (red), neurofilament (dark blue), actin (green), and

vesicles (light blue). Figure from Magdesianetal. [72].| . . . ... ... ... ..

IR

'TBI experiments in vitro: neurons were cultured on elastomer membranes that can

be quickly stretched. Magnetic tweezers and coated paramagnetic beads are bound

to neurons and transfer injurious forces to the cells. Figure from Hemphill et al.

I 7

1K

'TBI experiments in vitro: rubber impactor descends upon the tracks, inflicting injury

to the neurons. Starting height and descent velocity are controlled by the centrally

mounted turn-knob. Figure from Fayazetal. [35].| . .. ... ... .. ... ...

.10

Focal Axonal Swelling from in vitro experiment of Hemphill et al. [52]. The bio-

chemical markers indicate regions where adhesion of coated beads most likely oc-

curred. Scale bars correspondto 8 and I0mm.|. . . . . . ... ... .00,

11

Focal Axonal Swellings (FAS) from Maxwell et al. [80]. a. Light micrograph

illustrates, early after fluid percussion injury, the occurrence of FAS. (magnification

x 1200). b. Within several hours of the insult, the axon shows a lobulated swelling,

with a site of axonal narrowing. Typically, these lobulated swellings disconnect

several hours later. c. Longitudinal section of FAS 1h after stretch-injury to the adult

guinea-pig optic nerve. The section represents an early stage 1n the development

of the FAS. A relatively low number of membranous organelles occur within the

axoplasm. (magnification of x 9300). d. Some FAS form conspicuous proximal

bulbs (arrows) as well as less dramatic, detached distal axonal bulbs.| . . . . . . . .

14
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Focal Axonal Swellings (FAS) from Smith et al. [[105/] show human axons 2 hr after

dynamic stretch injury. Confocal (top) and deconvolution (bottom) microscopy on

properly stained axons reveal a central core of neurofilament in the FAS.| . . . . . .

15

13

Focal Axonal Swellings (FAS) from Tang-Schomer et al. [108]]. Immunofluorescent

1mages of axons 3h after dynamic stretch injury. FAS appear along the axonal length

like beads on a string. Swellings display accumulations of a. tubulin, b. the tau

protein, ¢. amyloid precursor protein (APP), and d. neurofilament (NF200). Scale

bar, IO um. [ . . . . . ..

T.14

Focal Axonal Swellings (FAS) from Tang-Schomer et al. [108]]. Transmission elec-

tron microscopy 1mages of axons 3h after dynamic stretch mjury. Some micro-

tubules break within FAS (arrows) while others traverse the swollen region intact.

IR

FAS 1n Multiple Sclerosis. In vivo imaging of axonal degeneration in mice. a.

Axons (white), activated macrophages/microglia (magenta) and T cells (cyan) 1in an

acute spinal encephalomyelitis (EAE) lesion. b. Pseudo-colored axons isolated from

those shown 1n a: normal appearing (0, green), swollen (1, yellow), and fragmented

(2, red). c. Frequency of axon stages in normal spinal cord (N) and axons days

after EAE lesions. d. Time-lapse 1mages of a stage 1 axon (white) in EAE and

activated macrophages/microglia (magenta). Time 1s shown as hour:min; The axon

first breaks (red arrowhead) near a small swelling (yellow arrowhead) at a putative

node of Ranvier before fragmenting (gray arrowheads). e. Fate of stage 1 axons

1maged 13 d after the peak of EAE. . Time-lapse 1images of recovering stage 1 axon

(time 1s as shown 1n d). Scale bar 1n a,b, 10 um; scale bar 1n d, 25 pm; scale bar in

f, T0 um. Figure from Nikicetal. [86].] . . . . . . . ... ... ... ... ....

.16

FAS 1n Multiple Sclerosis. Axonal changes in animal model are consistent with

human axonal degeneration following multiple sclerosis lesions. a. Representative

axons 1n different stages of degeneration in an acute human multiple sclerosis le-

ston. b. Prevalence of axonal degeneration stages in normal-appearing white matter

(NAWM) and 1n acute multiple sclerosis lesions. ¢. Axon (top) located around an

active multiple sclerosis lesion, and examples of stage 0,1 and 2 axons located in-

side the same lesion. d. Myelination status of axon in degeneration stages 0 and 1.

e. Comparison of mean mitochondrial shape factors of axons in NAWM (N), and

stage 0 and T multiple sclerosis axons. Figure from Nikic et al. [86[.]. . . . . . . .

18

17

FAS 1n Multiple Sclerosis. Images of axonal changes in Multiple-Sclerosis lesions.

Nonphosphorylated neurofilaments are green in all panels. Red indicates myelin. a.

Centers of active lesions. It shows stacked 1mages of terminal axonal ovoids with

single axonal connections (arrows), an axonal ovoid with dual axonal connections

(arrowhead), and many normal-appearing axons. b. Edges of active lesions. It

shows three large axons undergoing active demyelination (arrowheads). One axon

ends 1n a large terminal ovoid (arrow). Figure from Trapp etal. [110].]. . . . . . .
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[1.18 FAS in Alzheimer’s disease. FAS and leakage are a trigger of senile plaque for-

| mation 1n patients with Alzheimer disease. Experimental support that evolution of

| senile plaques starts with FAS and varicosities (top row, arrows) and leakage from

| dystrophic axons (bottom row, arrows) 1n the cortex. Figure from Krstic et al. [l63]. |

21

1.19 FAS 1n Alzheimer’s di Formation of abnormal axonal varicosities near fibrillar

| deposits of transgenic mice model. Individual axons (green) d. in the hippocampus

| and e. corpus callosum. Figure from Tsaretal. [L13].| . ... ... ... ... ..

[2.1 ~The segment of neuron used in the derivation of the cable equation. The longitu-

dinal, membrane, and electrode currents that determine the rate of change of the

membrane potential within this segment are denoted. The segment has length Ax

to the rate at which charge builds up on the cell membrane, generating changes in

| and radius a. The expression involving the specific membrane capacitances refers

the membrane potential. Figure from Dayan and Abbot [22].]. . . . . . .. . ...

25

[2.2  Ton concentration and Nernst equilibrium potentials 1n a typical mammalian neu-

| ron. A~ are membrane impermeant anions. Temperature 7' = 37° C. Figure from

[ Tzhikevich [57]] . . . . . . o o o

[2.3  Equivalent circuit representation of a patch of cell membrane. Figure from Izhike-

[ vich 57 . . . . o

[2.4  Cartoon of the cell membrane showing the insulating lipid bilayer and a K channel

| which allows current to flow. Figure from Ermentrout and Terman [30[.] . . . . . .

2.5  Simulating Hodgkin-Huxley differential equations. The system 1s originally at rest

| and will produce a spike if stimulated by a sufficiently strong external current.| . . .

[2.6 ~ The action potential. During the upstroke, sodium channels open and the membrane

potential approaches the sodium Nernst potential. During the downstroke, sodium

channels are closed, potassium channels are open and the membrane potential ap-

proaches the potassium Nernst potential. Figure from Ermentrout and Terman [30].

33

2.7 (A) 'Trajectories and nullclines for the Morris-Lecar model. (B) Voltage profile.

| A small perturbation 1n voltage from the resting state decays back to rest, while

| a sufficiently large perturbation in voltage continues to increase and generates an

[ action potential. Figure from Ermentrout and Terman [30].]. . . . . . . ... ...

[2.8  Snapshots of the voltage field V (x,) for different times. An external current shot

| isnor Of sufficient intensity excites a narrow spatial region creating traveling Hodgkin

| and Huxley spikes. Details of spike stimulation vary according to the specific Action

| Potential model but its formation 1s ubiquitous for all of them.| . . . . . .. .. ..
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Fig. A records a FitzHugh-Nagumo spike train as it passes through the measuring

spot. We set upper (red) and lower (green) thresholds values for voltage to mark the

spike occurring times. The approximate width of a spike (given in black) will be

used to estimate the resolution of the system. Fig. B shows a raster plot for a small

set of Poisson Spike Trains generated with firing rate A =0.005. (. . . . . ... .. 40

[2.10 Absorbing Mask (in red) placed at x = 1.5 destroying a Hodgkin and Huxley spike.
| Reducing V to V'°" breaks down the entire coherent traveling structure and all aux-

iliary variable fields are eventually reduced to their constant resting state.| . . . . . 42

[3.1 Axonal enlargement a(x) given by Eq. (3.1). Diameter 0p is increased up to diame- |

[ ter 04 through a transition region of lengthor.f. . . . . . .. ... ... ... ... 47
(3.2 Transmission of FitzZHugh-Nagumo pulses across an axonal enlargement as in Fig |

| [3.1[for parameters [0p = 1, &7 = 0.5, 04 = 2.1] (top) and [0 = 1, Oy =4, O4 = 5.4 |
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| for parameters [0p = 1, = |
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| for parameters [0g = 1, Or = 0.5, 04 = 2.3] (top) and [0 = 1, O = 4, &4 = 5.6 |
| (bottom).| . . . . . . e 49
[3.5 Map of the space of axonal tapering parameters [04, Og, Or] to their corresponding |

[ propagation regimes. In Fig. A, reflection occurs for parameters in the blue region. |
| In Fig. B the reflection region 1s approximated by a plane. Blockage occurs for |
values above the plane and transmission occurs for values below the plan. A planar |

function 11(8,, Op, Or) can be inferred summarizing how geometry relates to function.| 51

[3.6  Detailing the narrow reflection region from Fig. [3.5] We plot for fixed values of o |

| how the thickness of the sheet varies With 07 . . « « « v v v v v v i e 53
[3.7 Dynamical eftects of small perturbations in critical geometric configurations: Fig |

A schematizes an axonal enlargement a(x) for which sinusoidal perturbations are

added obtaining a¢(x) = a(x) + € - sin(wx). Figure B shows that an axonal en-

largement with parameters [0 = 5, 04 = 17, Or = 5|, which originally allow for

pulse transmission (€ = @ = 0), might reflect (red), block (black) or transmit (white) |

pulses depending of the values of € and ® 1n the perturbation term.|. . . . . . . . . 54
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(A) Membrane contours for reconstructed unmylienated axon segments of CA3 —

CAI rat Hippocampal neurons (Modified from SynapseWeb, Kristen M. Harris, PI,

and [102l]). The highlighted regimes in blue (transmission), red (reflection) and

black (blocking) are the regions of large geometry changes where propagation fail-

ure is evaluated. (B) Schematic of axonal enlargement a(x) given by Eq. (3.1)

which 1s applied to regions of large geometry changes identified in A. (C) Detailed

enlargements of propagation regimes of most interest where dynamical changes are

most likely to occur. Although previous findings (See Table [3.2) predict that all

these geometry changes result in blockage, most actually remain faithful in trans-

mission (blue boxes) with some potentially producing reflection (red) or blockage

(black). Table[3.1{gives a complete characterization of each highlighted region. | . .

56

B9

Estimates of Regime Number along four prototypical axonal segments. The shaded

red region 1s the region where reflection is likely to occur while the gray region is

where blocking of transmission occurs. Note that once the critical 1 value 1s eval-

uated for a given AP model, the axonal segment can be completely characterized

without additional simulations of the axon propagation. Such a geometrical evalua-

tion of propagation regimes gives an efficient way to identify potential trouble spots

1n axon geometry, thus allowing for targeted efforts for drug therapies, for instance.

(Modified from SynapseWeb, Kristen M. Harris, PI, and [102]).| . . . . . . .. ..

310

The boxed top figure is an axon segment modified from SynapseWeb, Kristen M.

Harris, PI, from [102]. Tt motivates studying propagation in the geometry schema-

tized below, composed by an axonal enlargement that does not affect transmission

(orange) followed by two adjacent critical regions (in red) reflecting pulses 1n op-

posite directions. The morphological structure can trap a spike indefinitely between

the critical regions and operate as a pacemaker. Simulation 1n the bottom done for

the FitzHugh-Nagumomodel.| . . . . . . . ... ... ... ... ... ......
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Panel A. Different stimulus classes elicit spike trains with a degree of separation ac-

cording to some statistical and/or metric criteria. For multiple stimulus (s;) and re-

sponse classes (r;), the separation 1s given by a classification or confusion matrix of

spike train firing rates. Stimulus classified in the correct response class (s; and r; are

correctly associated) contribute to the diagonal entries of the confusion matrix while

misclassified trains (s, 1s incorrectly associated with 7, where j # k) are responsible

for off-diagonal contributions. In the illustration here, and the examples that fol-

low, 10 stimulus/response classes of firing rate activity are considered, leading to

a 10x10 confusion matrix. Perfect classification and transmission of information

corresponds to a strictly diagonal matrix. The classification becomes less informa-

tive as misclassification of the input stimulus occurs and the off-diagonal terms are

no longer zero. The limiting case of the confusion matrix 1s a random classification

(no statistical separation) where off-diagonal terms have the same magnitude as di-

agonal terms. Panel B. We assume that an axon 1s functional when the propagated

spike trains are sufficiently separated and informative about which stimulus class

triggered them, 1.e. the confusion matrix 1s dominated by the diagonal. Panel C. We

conjecture that there are two qualitatively different types of axonal injury. A milder

injury would reshape spike trains into classes that can still be statistically separated

(with a different classifier, in red) but will potentially confuse the triggering stimulus

class. A more severe injury would reshape spike trains into classes that are poorly

separated by any statistical classifier and uninformative about the original stimulus.|

65

%)

Simulation of a pile-up collision. Panel A depicts two FitzHugh-Nagumo spikes

with a small inter-spike interval between them. In Panel B, the front spike reaches

the region of axonal enlargement. The change in geometry delays the front spike

momentarily allowing the following spike to propagate into its refractory period. In

this kind of collision, the trailing spike is deleted and as shown in Panel C while the

leading spike continues to propagate. Such an effect is responsible for the low-pass

filtering of firing rates demonstrated later 1n the manuscript. The low-pass filtering

1s strongly dependent upon the size of the FAS.| . . . . ... ... ... ... ...

66

A3

Prototypical axonal enlargement. Simulations show that transmission (T), reflec-

tion (R), or blockage (B) of spikes can occur depending on the geometric tapering

parameters |Og, O, 04|. The relation between geometry and propagation regime is

captured by the T-R-B number n (Maia and Kutz [[/4]).| . . . .. .. ... ... ..

68
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Simulation of spike train propagation through a prototypical axonal enlargement in

the reflection regime (1 = 0). The top left panel records a typical spike train S4. In

the enlargement, back propagating (reflected) spikes are created and collide with the

next spike 1n spike train, deleting both of them (see Section 4.1). The bottom right

panel records the spike train after the morphological swelling. Note that although

S4 and Sp are measurements of the same propagating train, they differ significantly

from each other due to the spatiotemporal dynamics induced by the reflection regime

(n ~ 0). The dissimilarity d(S4,Sg) is quantified via a spike metric analysis (see

Section |4.2.1). The axonal membrane contour 1s modified from SynapseWeb, and

courtesy of Kristen M. Harris, PLI1O2].f . . .. .. ... ... ... .. ......

70

i3

Schematics for a collision with a reflected pulse. Fig A depicts two FitzHugh

Nagumo spikes. In Fig B-D the front spike reaches the region of axonal enlarge-

ment and divides into two traveling pulses: one propagating forward and another

propagating backwards. The backward propagating pulse collides with the second

original traveling pulse and, as shown in Fig E-F, both spikes are deleted.| . . . . .

76

Spike metric analysis of morphological effects on Poisson spike trains for a proto-

typical axonal enlargement operating in a transmission regime. Panel A. Schematic

of simulations where some spikes are deleted by Pile Up collisions (red x) or shifted

(green arrow). Panel B. Plots of Average Metric Distance (AMD) between spike

trains before/after enlargement for different Firing Rates (FRs). Bars represent one

std. dev. above and below average. Temporal length of trains are fixed (AT =

2.5 x 10* non-dimensional units). Metric values depend strongly on the shift cost

q associated to the metric calculation. Panel C. Temporal scalings of AMD for dif-

ferent FRs and shift costs g. Panel D. Comparison of the variability within a single

stimulus class of moderate firing rate s4 (FR=0.004 non-dimensional units) and of

high firing rate 519 (FR=0.01) before/after being reshaped by the axonal swelling.

Shown are histograms of metric distances between train i and j within each class.| .

77

A7

Confusion matrix trios. We considered 10 stimulus classes s1,...,s10, where each s;

is associated to a different Poisson Firing Rate A;. Each s; generates multiple (40)

spike trains that are then classified to a response class ;. If kK = J, it 1s correctly

classified and a contribution 1s made to the diagonal of the confusion matrix. If kK #

J, then 1t 1s misclassified and contribution 1s made to an off-diagonal (O‘&L) element of

the confusion matrix. Each confusion matrix trio is comprised of (1) Classification

before the axonal 1njury with healthy classifier (top left matrix of every trio), (11)

Classification of reshaped spike trains after propagating through the axonal swelling

with healthy classifier (top right matrix of every trio), and (111) Classification of

reshaped spike trains with a new classifier that optimally separates the response

classes 1n the 1injured axon (bottom right matrix of every trio). The different panels

show confusion matrix trios when the length (size) of the spike trains in the sample

increases. In Panel A the length is 1.5 x 10* non-dimensional time units, in Panel

B, the length is AT = 2.5 x 10* and in Panel C, AT =3.5x 10*.|. . . . ... ...

X1
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Top panel: Computation of transmitted information H for confusion matrix trios as a

function of spike train length (non-dimensional units). Bottom Panel: Computation

of relative loss of H after injury as a function of spike train length (non-dimensional

units). For both panels, indexes (1), (1) and (111) have the same meaning as in Figure

|4."7l Note that learning of a new classifier 1s advantageous provided that meaningful

information 1s encoded 1n longer spike trans.| . . . . . ... ... Lo

@9

Elements of two prototypical functional recovery paradigms. A Individual mor-

phological recovery, whereby the slow reduction of swelling, potentially aided by

pharmacological agents, returns the axon to normal operation. B Collective recovery

via plasticity, whereby re-weighting of neural connections leads to new population

encoding vectors and a new optimal classification of stimulus.| . . . . .. ... ..

51

Panel A. Membrane contours for reconstructed unmylienated axon segments of CA3

— CAI rat Hippocampal neurons. Courtesy of SynapseWeb, Kristen M. Harris, PI,

from [102]]. Below, we show the corresponding swelling distribution among dif-

ferent functional propagation regimes (transmission, low-pass filter, reflection and

blockage). Panel B. Typical evolution of swellings in healthy and injured axonal

segment. [n vitro mnjury experiments performed by Dr. Matthew Hemphill at Dis-

ease Biophysics Group, Wyss Institute for Biologically Inspired Engineering, Har-
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n estimates from axonal cross-sections. Panel A 1illustrates the sliding window
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the 10%-90% rule regarding total diameter change and Panel D the same rule re-

garding total area change. Panels C-D show the axonal cross-section (top), swelling

locations (middle) and the corresponding 1 estimates (bottom).|. . . . . . . .. ..
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left) that can 1dentify blocked or impaired routes for signal flow. This framework

could lead to important improvements in FAS (cognitive deficit) diagnostics and to
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output encodings. Both X and y are affected by a third population of local interneu-
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(Top) In a healthy network the endpoints are grouped in clusters corresponding to
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was used as the classification criteria and 1n the right panel, GMM was used as the
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6.11

New classifiers can better separate the injured responses to Jo and Jg. (Top) By

retraining the LDA classifiers one can recuperate misclassified endpoints not too

close to the origin. (Bottom) By re-evaluating the 3-Gaussian best fit to the data,
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Focal Axonal Swellings (FAS) arise 1n several neurodegenerative diseases, concus-
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age of axons 3h post-stretch injury. Modified from [108]]. Panel B. Image 2h after

dynamic stretch mjury of two human neuron populations. Modified from [[105]].

Panel C. Image 1h after stretch injury to guinea pig optic nerve. Modified from

[8OT. The in-vitro stretch injury experiments from Panels A-C mimic the effects of

traumatic brain injuries and concussions. Panel D. Axonal swellings are implicated

1n patients with Alzheimer’ s disease where stress-induced amyloidal precursor pro-

tein accumulates 1n axonal compartments. Modified from [65)]. Panels E-F. Images

of FAS pathologies in Multiple Sclerosis. Modified from [110] and [37]].| . . . . . . 121
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Chapter 1
INTRODUCTION

In this chapter we contextualize Concussions and Traumatic Brain Injuries (TBI), re-
view the main in vivo and in vitro techniques, and discuss their injurious effects across
different spatial scales. We discuss in depth the hallmark pathological implications of
TBI at cellular level- Focal Axonal Swellings. This feature is actually universal in
neurodegenerative diseases of the central nervous system such as Multiple Sclerosis,

Alzheimer’s disease, Parkinson’s disease and others.
1.1 Traumatic Brain Injuries (TBI)

Traumatic Brain Injury (TBI) is recognized as the leading cause of death and permanent disability
among young people [60]. Worldwide, 10 million deaths and/or hospitalizations annually are di-
rectly attributable to TBI and an estimated 57 million currently alive people have experienced some
form of brain injury [120]. In the United States, at least 1.7 million cases are estimated per year
either as an isolated injury or along with others [34]]. TBI has also been described as the signature
wound of the wars in Iraq and Afghanistan. More than 2,000,000 U.S. military personnel have been
deployed to those countries since the beginning of the conflicts. It has been estimated that 10% -
20% of all veterans of these conflicts experienced some sort of TBI, with blast injuries being the
leading cause. ([60l [120]). A growing body of evidence suggests that even mild concussions, if
induced repeatedly, can lead to permanent brain damage. Such findings have made TBI a lightning
rod issue in almost all contact sports, but especially football [33]]. This issue is constantly in the

press and mass-media vehicles:

e Sports-related brain injuries landing more kids in ERs

e Cycling is the top sport for head injuries


http://abcnews.go.com/blogs/health/2013/09/30/sports-related-brain-injuries-landing-more-kids-in-ers/
http://well.blogs.nytimes.com/2013/06/03/really-the-claim-cycling-is-the-top-sport-for-head-injuries/?_r=0

e High school football player dies from TBI

e How to save football from TBI

Traumatic Brain Injury is defined as damage to the brain resulting from an external mechanical
force, such as that caused by rapid acceleration or deceleration, blast waves, crush, an impact or
penetration by a projectile [120]]. Concussions are a subclass of TBI and sometimes referred to as

mild TBI. The main symptoms of TBI in humans include:

headache, fatigue, dizziness,

difficulty sleeping, memory problems,

irritability, anxiety, depression,

apathy, lack of patience,

problems with concentration, balance and coordination.

As reviewed in [101]], the pathophysiology of TBI is complex and its effects occur in many dif-
ferent spatial scales. See Figure[I.1] At the cellular/microscopic scale, axons can be injured and
interrupt axonal transport. TBI can trigger neuroinflammation that can lead to axonal swellings
and neurodegeneration (Fig. [I.TJA). At larger/macroscopic scales, injuries are apparent in the white
matter tracts and hemorrhage (Fig. [I.TB). Finally, at the whole brain scale, damage to tracts inter-
rupts long-distance communication between brain regions. Damage to white matter microstructure
is illustrated in Fig. and reduced network interactions in Fig. [.TD.

One of the most challenging aspects of research in neurodegenerative diseases and TBI is un-
derstanding how neuronal pathologies developed at a cellular level [59, [84] compromise the func-

tionality of an entire network of neurons. It is customary to schematize TBI process as:

1. Primary Injury: is the direct result of the external force, involves mechanical tissue deforma-

tion (see Fig. [I.2]).


http://espn.go.com/espn/story/_/id/9966789/charles-youvella-arizona-high-school-football-player-dies-brain-injury-suffered-game
http://www.newyorker.com/online/blogs/sportingscene/2013/11/how-to-save-football.html?utm_source=tny&utm_campaign=generalsocial&utm_medium=tumblr
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Figure 1.1: Effects of TBI across spatial scales. a. At the microscopic scale, axonal injury can
interrupt axonal transport, produce axonal swellings, and trigger neuroinflammation that can lead to
neurodegeneration. b. At the macroscopic scale, injuries are apparent in large white matter tracts
— seen here in a postmortem specimen with black regions of haemorrhage. ¢. At the whole brain
scale, damage to tracts interrupts long-distance communication between brain regions. Damage to
white matter microstructure is illustrated here as reduced fractional anisotropy (red regions; green
indicates intact structure). d. White matter damage can disrupt interactions between nodes of a brain
network, represented here as reduced interactions between the default mode network (red/yellow

regions). Figure from Sharp et al. [101]].
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Figure 1.2: Pathophysiology schematics of Traumatic Brain Injury. The primary injury is the di-
rect result of the external force and involves mechanical tissue deformation. It initiates secondary
injury with diffuse neuronal depolarization and release of neurotransmitters and a massive influx of
calcium — that leads to energy deficits, free radical formation and initiation of cell death. Studies
indicate that the adult brain is capable of substantial structural and functional reorganization after
injury, which may contribute to spontaneous functional recovery. Interventions targeting secondary
injury mechanisms and modulating neuroplasticity promote functional recovery in animal models

of TBI. Solid lines represent established interactions or pathways, whereas dashed lines represent

possible interactions or pathways. Figure from Xiong et al. [120].




Unexposed Veterans Veterans With Possible TBI Veterans With Probable TBI

Figure 1.3: Diffusion Tensor Imaging (DTI) can detect abnormalities in white matter regions, i.e.,
regions with low fractional anisotropy (so called Potholes, in red). DTI is inadequate to study how
damage occurs at a cellular level, and the necessary resolution can only be achieved after autopsy

or via in vitro experiments. Figure from Jorge et al. [60].

2. Secondary Injury: complex cascade of biochemical reactions after TBI. Massive calcium
influx degrade lipids, proteins and nucleic acids. Calcium sequestration in mitochondria leads

to calcium disturbance, energy deficits, free radical formation and cell death. (see Fig. [I.2)).

The result of these complex cascades after TBI is eventually cell damage and death, which causes
functional deficits. Substantial experimental and clinical data have accumulated over the past decade
indicating that the adult brain is capable of substantial structural and functional reorganization after
injury, which may contribute to spontaneous functional recovery. The importance of the secondary

injury is well summarized in the following passage:

“As the primary injury occurs immediately after the moment of trauma, it can only be pre-
ventable (for example, through the use of a seat belt or helmet). By contrast, the elongated
nature of secondary injury development provides a window of opportunity for therapeutic in-
tervention, which may prevent and/or reduce secondary brain damage and improve long-term
patient outcome. (...) Interventions targeting secondary injury mechanisms and modulating

neuroplasticity promote functional recovery in animal models of TBI. ” (Xiong et al. [120])

TBI patients usually have their brains monitored by magnetic resonance imaging techniques to re-
veal abnormalities in white matter fiber structure. The most common of these techniques is the Dif-

fusion Tensor Imaging (DTI) that can reveal microscopic details about tissue architecture (location
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Figure 1.4: TBI experiments in vivo. a. The fluid percussion injury (FPI) device uses rapid injection
of a fluid pulse into the epidural space. b. The controlled cortical impact (CCI) injury model uses an
air or electromagnetic driven piston to penetrate the brain at a known distance and velocity. Figure

from Xiong et al. [120].

and orientation of the tracts). White matter lesions and trauma change the normal diffusion orien-
tation of water molecules (anisotropy) and are a proxy for axonal injuries. Figure [I.3]shows DTI
images of of veteran’s brains with mild injuries, revealing areas of decreased fractional anisotropy
— potholes (in red). Overall, white matter potholes constitute a sensitive biomarker of axonal injury

that can be identified in mild TBI at acute and chronic stages of its clinical course (see [60]).

1.1.1 TBI experiments in vivo

Due to the heterogeneous nature of TBI insults, numerous animal models have been developed.
Although larger animals are closer in size and physiology to humans, rodents are mostly used in
TBI research owing to their modest cost, small size and standardized outcome measurements. A

few specific models widely used in research include ([120]):

e Fluid Percussion Injury (Fig[T.4JA): The injury is inflicted by a pendulum striking the piston
of a reservoir of fluid to generate a fluid pressure pulse to the intact dura through a craniotomy.

The percussion produces brief displacement and deformation of brain tissue, and the severity
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Figure 1.5: TBI experiments in vivo. ¢. The penetrating ballistic-like brain injury (PBBI) involves
the transmission of projectiles with high energy (transmission of a metal rod or expansion of the
probes elastic balloon). d. In Feeneys weight-drop model ([36]), a metal disk is placed over the

skull to prevent bone fracture. Figure from Xiong et al. [120].

of injury depends on the strength of the pressure pulse. It is highly reproducible, allows fine
tuning of injury severity but requires craniotomy and have high mortality rate. The (lateral)

FPI model is one of the most widely used TBI animal models

e Controlled Cortical Impact (Fig[T.4B): This model uses a pneumatic or electromagnetic im-
pact device to drive a rigid impactor onto the exposed, intact dura and mimics cortical tissue
loss, acute subdural hematoma, axonal injury, concussion, blood-brain barrier dysfunction

and even coma. It has been applied to ferrets, rats, mice, swine and monkeys.

e Penetrating Ballistic-Like Brain Injury (Fig [L.5[C): This model is caused by transmission of
projectiles with high energy and a leading shockwave, which produces a temporary cavity
in the brain that is many times the size of the projectile itself. A novel non-fatal model for
low-velocity PBBI has been established in rats involving a modified air rifle that accelerates

a pellet.

e Weight drop models (Figs [[.3D and Fig[I.6E): In weight-drop models, the skull is exposed

(with or without a craniotomy) to a free falling, guided weight. Injury severity in these models



can be altered by adjusting the mass of the weight and the height from which it falls.

1. In Feeneys weight-drop model ([36]), the weight is delivered to the intact dura through

a craniotomy, which causes a cortical contusion.

2. Shohamis group ([104])) introduced a rodent model for closed head injury using a weight-
drop impact delivered to one side of an unprotected skull in rats or mice while the head

was placed on a hard surface.

3. Marmarou ([78]) developed a model of diffuse axonal injury to mimic diffuse TBI in
humans which is typically caused by falls or motor vehicle accidents. Rats are placed
on a foam bed and subjected to the impact by dropping the brass weight onto the stainless

steel disc.

e Blast TBI (Fig[I.6F): Uses a compression-driven shock tube to simulate blast effects that
mimics real blast- induced mild TBI seen in recent military conflicts. Non-impact blast injury
lead prominently to diffuse axonal injury. Exposure of the head alone to a severe explosive
blast causes significant neurological damage. Low level blast causes cognitive deficits (in

rats).

1.1.2  TBI experiments in vitro

The non-invasive imaging techniques used in human TBI patients do not have yet enough resolution
to study damage at a cellular level. It is also difficult to do physiology experiments on post-mortem
animal neurons. To overcome these difficulties, several in vitro techniques try to mimic TBI injuries

in neurons growing in cell-cultures. A few of these techniques include:

e Beads at tip of atomic force microscope: In the setup of Magdesian et al. ([[72]), a bead
attached to the tip of cantilever deliver sub-nanoNewton forces to the cell. See Figure|1.7|for

details.

o Stretch injuries: In the setup of Hemphill et al. [52], the elastic membranes in which neurons
are cultured are quickly stretched, transferring injurious forces to cells. See Figure [1.§] for

details.
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Figure 1.6: TBI experiments in vivo. e. In Marmarous weight-drop model ([78])), a metal disk is
placed over the skull to prevent bone fracture. f. Blast brain injury can be caused by the primary

injury related to the blast and other mechanisms; for example, the thoracic effect. Figure from Xiong

et al. [120].

e Impactor injuries: In the setup of Fayaz et al. [35]], a rubber impactor descends upon the neu-
rons inflicting injury. The descent velocity can be controlled allowing for injuries of different

intensities. See Figure[I.9]for details.

Such in vitro techniques allow detailed studies of Focused Axonal Swellings (FAS), which are the

dominant hallmark feature of the impact of TBI on neurons.

1.2 Focal Axonal Swellings (FAS)

In this section we discuss Focal Axonal Swellings (FAS) in details; We review the importance of
axons in neural computations and discuss FAS resulting from traumatic brain injuries and in several
neurodegenerative diseases of the central nervous system, including Multiple Sclerosis, Alzheimer’s

and Parkinson’s disease.
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Figure 1.7: TBI experiments in vitro: neurons were grown in microfluidic chambers with their axons
extended through microgrooves. a. The axons were gradually compressed with sub-nanoNewton
(nN) forces applied by a bead attached to the tip of the atomic force microscope cantilever. The
axonal response to compression depended on the time and force applied and four distinct responses
were identified: b. axons recovered their original state, ¢. stayed permanently deformed, d. entered
a degenerative process with increasing formation of FAS, e. and finally resulted in axonal rupture.
The drawing in the right panel show axonal responses to compression and its effect to mitochondria
(orange), tubulin (red), neurofilament (dark blue), actin (green), and vesicles (light blue). Figure

from Magdesian et al. [72].
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Figure 1.8: TBI experiments in vitro: neurons were cultured on elastomer membranes that can be
quickly stretched. Magnetic tweezers and coated paramagnetic beads are bound to neurons and

transfer injurious forces to the cells. Figure from Hemphill et al. [52].

Figure 1.9: TBI experiments in vitro: rubber impactor descends upon the tracks, inflicting injury to

the neurons. Starting height and descent velocity are controlled by the centrally mounted turn-knob.

Figure from Fayaz et al. [35]].
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1.2.1 Importance of axonal computations

From a signal processing point of view, recent reviews highlight the fact that axons do more than just
faithfully transmit spike train encodings from upstream to downstream neurons: they are responsi-
ble for important signal and information processing [7} [15} 24} [25]. Thus, it is not coincidental
that axonal deformation, regional compactation, swellings, and myelin abnormalities resulting from
TBI in humans [68] [87]], rodents [97], and swine [[14] are directly related to post-traumatic cogni-
tive, physical and psychosocial dysfunctions. In theory, all these geometric structure changes can
drastically alter axonal functionality and Action Potential (AP) propagation dynamics.

Axonal injuries induced by in vitro techniques were discussed in the previous section. However,
recordings of voltage spike trains before and after a FAS have not been performed to date. In this
work we want to demonstrate how spike trains can be dramatically reshaped due to changes in the
geometry of the axonal core conductor and provide a framework to quantify these changes. Ulti-
mately, our goal is to connect how the observed morphological pathologies in single neurons, which
are the fundamental computational building-blocks for all cognition and neurosensory integration,
distort the activity of an entire neural population, leading to post-traumatic cognitive and behavioral

dysfunction.

1.2.2  FAS in Traumatic Brain Injuries

The severity of TBI may range from mild, where a brief change in mental status or consciousness is
observed, to severe, where an extended period of unconsciousness or amnesia can occur in addition
to a long-term change of mental status. Despite heterogeneous neuropathological consequences,
axonal damage is perhaps the most commonly observed feature across all severities of closed head
injury (see Johnson et al. [59] for a recent review). Thus axons provide a clear biophysical marker
for evaluating cognitive and behavioral deficits induced by TBI.

Typically, TBI induces widespread axonal damage over spatial regions which include a large
number of neurons (10%-10%), thus it has been termed diffuse axonal injury (DAI). In extreme cases,
axons can be sheared, or disconnected, leading to cell death and more pronounced cognitive and
behavioral deficit. This is known as traumatic axonal injury (TAI). But even in mild TBI without

notable cell death, injured axons undergo a sequence of changes that culminate in FAS or so-called
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Figure 1.10: Focal Axonal Swelling from in vitro experiment of Hemphill et al. [52]]. The bio-

chemical markers indicate regions where adhesion of coated beads most likely occurred. Scale bars

correspond to 8 and 10 mm.
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Figure 1.11: Focal Axonal Swellings (FAS) from Maxwell et al. [80]. a. Light micrograph illus-
trates, early after fluid percussion injury, the occurrence of FAS. (magnification x 1200). b. Within
several hours of the insult, the axon shows a lobulated swelling, with a site of axonal narrowing.
Typically, these lobulated swellings disconnect several hours later. ¢. Longitudinal section of FAS
1h after stretch-injury to the adult guinea-pig optic nerve. The section represents an early stage in
the development of the FAS. A relatively low number of membranous organelles occur within the
axoplasm. (magnification of x 9300). d. Some FAS form conspicuous proximal bulbs (arrows) as

well as less dramatic, detached distal axonal bulbs.
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Figure 1.12: Focal Axonal Swellings (FAS) from Smith et al. [105]] show human axons 2 hr after
dynamic stretch injury. Confocal (top) and deconvolution (bottom) microscopy on properly stained

axons reveal a central core of neurofilament in the FAS.

Figure 1.13: Focal Axonal Swellings (FAS) from Tang-Schomer et al. [108]]. Immunofluorescent
images of axons 3h after dynamic stretch injury. FAS appear along the axonal length like beads on
a string. Swellings display accumulations of a. tubulin, b. the tau protein, ¢. amyloid precursor

protein (APP), and d. neurofilament (NF200). Scale bar, 10 um.
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Figure 1.14: Focal Axonal Swellings (FAS) from Tang-Schomer et al. [108]. Transmission electron
microscopy images of axons 3h after dynamic stretch injury. Some microtubules break within FAS

(arrows) while others traverse the swollen region intact. Scale bars: 500 nm.

varicosities 80, [119]. FAS can lead to a 30-fold increase in axon diameters, potentially
interrupting axonal transport [[108] and/or significantly impairing the underlying spike train
propagation responsible for encoding information in neural activity [74]. FAS typically develops
within a period of 2-6 hours after the initial injury in animals, and approximately 12 hours or longer
in humans [12}[19, 45| 80]. During this time, information encoded in voltage spikes are potentially
delayed, reflected and/or deleted due to the FAS, thus compromising neural computation and func-
tionality. Such time scales for producing morphological changes in the axons have given rise to a
hope that pharmacological agents may be introduced into patients to suppress and/or counteract the

deleterious effects of FAS [52].

1.2.3  FAS in Multiple Sclerosis

Multiple Sclerosis is a common inflammatory disease of the central nervous system where axon
damage is responsible for permanent neurological deficits [50, [111]]. It is also the most common

cause of neurologic disability in young adults [110].
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Axon stages 0O 2
in EAE lesions

Figure 1.15: FAS in Multiple Sclerosis. In vivo imaging of axonal degeneration in mice. a.
Axons (white), activated macrophages/microglia (magenta) and T cells (cyan) in an acute spinal
encephalomyelitis (EAE) lesion. b. Pseudo-colored axons isolated from those shown in a: normal
appearing (0, green), swollen (1, yellow), and fragmented (2, red). ¢. Frequency of axon stages in
normal spinal cord (N) and axons days after EAE lesions. d. Time-lapse images of a stage 1 axon
(white) in EAE and activated macrophages/microglia (magenta). Time is shown as hour:min; The
axon first breaks (red arrowhead) near a small swelling (yellow arrowhead) at a putative node of
Ranvier before fragmenting (gray arrowheads). e. Fate of stage 1 axons imaged 13 d after the peak
of EAE. f. Time-lapse images of recovering stage 1 axon (time is as shown in d). Scale bar in a,b,

10 um; scale bar in d, 25 pm; scale bar in f, 10 yum. Figure from Nikic et al. [86]].



18

NAWM  Lesion

Fully demyelinated
Partially demyelinated

@
=z
g
4
=

Myelinatecl | | - wHw
100 S [0 mees-wm 00 o0 1
—_ % 00 ooe-0 @ @ Myelinated @
5 2 © oee— 0 o Demyelinated®
o
g 50 3 ) o
é (I D
0 2 4
NAWM O 1 Mean shape factor

Figure 1.16: FAS in Multiple Sclerosis. Axonal changes in animal model are consistent with human
axonal degeneration following multiple sclerosis lesions. a. Representative axons in different stages
of degeneration in an acute human multiple sclerosis lesion. b. Prevalence of axonal degeneration
stages in normal-appearing white matter (NAWM) and in acute multiple sclerosis lesions. ¢. Axon
(top) located around an active multiple sclerosis lesion, and examples of stage 0,1 and 2 axons
located inside the same lesion. d. Myelination status of axon in degeneration stages O and 1.
e. Comparison of mean mitochondrial shape factors of axons in NAWM (N), and stage O and 1

multiple sclerosis axons. Figure from Nikic et al. [86].
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Figure 1.17: FAS in Multiple Sclerosis. Images of axonal changes in Multiple-Sclerosis lesions.
Nonphosphorylated neurofilaments are green in all panels. Red indicates myelin. a. Centers of
active lesions. It shows stacked images of terminal axonal ovoids with single axonal connections
(arrows), an axonal ovoid with dual axonal connections (arrowhead), and many normal-appearing
axons. b. Edges of active lesions. It shows three large axons undergoing active demyelination

(arrowheads). One axon ends in a large terminal ovoid (arrow). Figure from Trapp et al. [110].

In the recent work of Nikic et al. ([86]), the authors identified a variant of axon damage in a
mouse model of Multiple Sclerosis. The process is characterized by sequential stages, beginning
with focal swellings and progressing to axon fragmentation. See Figure [I.15]for details. Notably,

most swollen axons persist unchanged for several days, and some recover spontaneously.

The axonal changes in Fig. are consistent with focal axonal degeneration detected in acute
human multiple sclerosis lesions — depicted in Figure [I.16 Indeed, these results are in accordance
with the study of Trapp et al. ([110]), where they analyzed brain tissue obtained at autopsy from
human patients with Multiple Sclerosis. Pathological changes in axons were detected in all lesions

and confocal microscopy also identified terminal axonal ovoids. See Figure [I.17|for details.

We believe that much of the mathematical modeling of FAS developed throughout this work can

be adapted also to Multiple Sclerosis and other neurodegenerative diseases.
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1.2.4 FAS in Alzheimer’s Disease

Alzheimer disease is the most common type of age-related dementia, affecting approximately 24
million people worldwide, with the number of patients doubling every 20 years as a consequence
of the aging population [65]. The disease is characterized by progressive loss of cognitive abilities,
severe neurodegeneration, and prominent neuroinflammation.

The studies of Krstic et al. ([65]) revealed that in a healthy aging neuron, a protein extrusion
mechanism compensates for failures in protein clearance along the axon. In pathological aging,
however, stress-induced amyloid precursor protein accumulates in large swellings (see Figure[I.18]).
The eventual blockade of axonal transport leads to synaptic destabilization and membrane leakage
at FAS.

The formation of abnormal axonal varicosities in mice models for Alzheimer were also reported
in Tsai et al. [113]. See Figure for details. Thus, FAS also play a role in the pathology of

Alzheimer’s disease, but the list is not yet complete.

1.2.5 FAS in other neurodegenerative diseases

As reviewed in [20], Focal Axonal Swellings (also termed as axonal dystrophy) are almost universal
in neurodegenerative diseases of the central nervous system, as a major pathway to axonal death. In
most cases, swellings are associated with progressive accumulation of specific proteins resulting in
axonal transport deficits [82]].

Other neurological disorders where FAS are also implicated also include Creutzfeldt-Jakob’s
disease [67], HIV dementia [[1] and Parkinsons disease [40]. Parkinson’s disease is the second
most common neurodegenerative disorder after Alzheimer’s disease and affects approximately seven

million people globally and one million people in the United States.
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Figure 1.18: FAS in Alzheimer’s disease. FAS and leakage are a trigger of senile plaque formation

in patients with Alzheimer disease. Experimental support that evolution of senile plaques starts with

FAS and varicosities (top row, arrows) and leakage from dystrophic axons (bottom row, arrows) in

the cortex. Figure from Krstic et al. [63].
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Figure 1.19: FAS in Alzheimer’s disease. Formation of abnormal axonal varicosities near fibrillar
deposits of transgenic mice model. Individual axons (green) d. in the hippocampus and e. corpus

callosum. Figure from Tsai et al. [[113]].
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Chapter 2

BACKGROUND AND METHODS

In this chapter we review mathematical models of neuronal electrophysiology that gen-
erate traveling spikes along the neuron’s axon. We derive the active cable equation from
basic electrodynamics principles and discuss ionic transmembrane currents. These cur-
rents have nonlinear conductances and depend on voltage-gated ion channels, that in
turn, can be open or closed depending on the dynamics of their gating variables. We
discuss the hallmark model of Hodgkin-Huxley for the squid giant axon and some of
it’s reductions such as the Morris-Lecar model and the Fitzhugh-Nagumo equations.
The interplay of axonal geometrical inhomogeneities with conductance nonlinearities
will have a pivotal role in the modeling of FAS. Finally, we introduce a pseudo-spectral
algorithm to effectively simulate spike train propagation and review previous numerical

and analytical results.

2.1 Neuronal equations

Most of us are familiar with the neuron — an electrically excitable brain cell that processes and
transmits information through electrical and chemical signals. Neurons connect to each other via
synapses (specialized connections) forming neural networks. A typical neuron has a cell body
(soma), dendrites and an axon. At the majority of synapses, signals are sent from the axon of one
neuron to a dendrite of another. The propagation of cellular signals was always a central theme
in physiology, and the most important landmark in these studies is the work of Alan Hodgkin and
Andrew Huxley; they developed the first quantitative model of the propagation of an electrical signal
along a squid giant axon and their ideas have since been extended and applied to a wide variety of
excitable cells. Because of the central importance of cellular electrical activity in physiology, the
importance of the Hodgkin-Huxley model in the study of electrical activity, and because it forms

the basis for the study of excitability, it is no exaggeration to say “it is the most important model in
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Table 2.1: List of symbols for active cable equations

Symbol  Unit Description

X cm longitudinal spatial coordinate

t ms temporal coordinate

rL(x) Q-cm longitudinal (intracellular) resistivity

a(x) cm radius of the core conductor

V(x,t) mV membrane voltage

M uF/cm?  specific membrane capacitance

™ Q.cm?  specific membrane resistance

Tion uA/ cm?  ionic current per unit area of membrane
lext pA/cm?  external current per unit area of membrane

all of the physiological literature” [[61]]. In this chapter we derive the active cable equation for signal
propagation and discuss the Hodgkin-Huxley model and some of its reductions. We also highlight
the role of axonal geometry in the models, which will be further explored to add the effects of Focal

Axonal Swellings arising in traumatic brain injuries, concussions and neurodegenerative diseases.

2.1.1 Cable theory

All neurons are electrically excitable and maintain voltage gradients across their membranes. It
is possible to derive equations for the membrane (voltage) potential along a cable expressed as a
function of a single spatial coordinate x and time ¢. The basic problem is to solve for the potential
V(x,t). In this subsection we transcribe the derivation of the active cable equation from Dayan
and Abbot ([22]]), that follows from basic electrodynamical principles: Ohm’s Law, Kirchoff’s Law,

conservation and continuity of current.

Current flows within a neuron due to voltage gradients. The longitudinal resistance of a cable
segment of length Ax and radius a is given by multiplying the intracellular resistivity r; by Ax
and dividing by the cross-sectional area, 7a?, so that

r.A\x
R = ——".
Ta

2.1)
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Figure 2.1: The segment of neuron used in the derivation of the cable equation. The longitudi-
nal, membrane, and electrode currents that determine the rate of change of the membrane potential
within this segment are denoted. The segment has length Ax and radius a. The expression in-
volving the specific membrane capacitances refers to the rate at which charge builds up on the cell

membrane, generating changes in the membrane potential. Figure from Dayan and Abbot [22].

The voltage drop across this length of cable, AV = V(x+ Ax) — V(x), is then related to the
amount of longitudinal current flow by Ohm’s law. We define currents flowing in the direction

of increasing x as positive. By this convention, the relationship between AV and I is given by

AV = —R.-I,
Axl

Ay o= T 2.2)
Ta

Solving this for the longitudinal current, we find

ILﬂ:raL2~i‘;. (2.3)
It is useful to take the limit of this expression for infinitesimally short cable segments, that is
Ax — 0. In this limit, the ratio of AV to Ax becomes the derivative dV /dx. We use a partial
derivative here because V also depend on time. Thus, at any point along a cable of radius a and

intracellular resistivity rz, the longitudinal current flowing in the direction of increasing x is

2
IL:_ﬂ.al. 2.4)
rr, 8x

The membrane potential V(x,7) is determined by solving a partial differential equation, the

cable equation, that describes how the currents entering, leaving and flowing within a neuron
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affect the rate of change of the membrane potential. To derive the cable equation, we consider
the currents within the small segment shown in Fig. 2.1} This segment has a radius a and a
short Ax. The rate of change of the membrane potential due to currents flowing into and out of
this region is determined by its capacitance. The capacitance of a membrane in determined by
multiplying the specific membrane capacitance c,, by the area of the membrane. The cylinder

of membrane show in Fig. 2.T]has a surface area of 2wa/\xc,,. Thus

av
current needed to charge all the membrane = 2w Axc,, —. 2.5)

ot

All the currents that can change the membrane potential of the segment are shown in Fig. 2.1]
Current can flow longitudinally into the segment from neighboring segments (specified earlier).
Current can flow across the membrane segment through ion and synaptic receptor channels, or
through an electrode. The contribution from ion and synaptic channels is expressed as a current
per unit area of membrane i;,, times the surface area of the segment, 2ra/Ax. The electrode is

not normally expressed as a current per unit area, but it is convenient for now to define

total electrode current flowing

(2.6)

lext = .
surface area of that region

The cable equation is derived by setting
current needed to charge all the membrane = sum all currents

The total longitudinal current entering the cylinder is the difference between the current flowing

in (on the left) and that flowing out (on the right). Thus

v 2oV 2oV
2nal\xcy— = — <7w > + (ﬂra ) —2ma\x(ijon — iext)- 2.7
left L dx

ot rp dx right
If we now:
1. Divide both sides of this equation by 2wa/Ax.
2. Note that
1 na* vV na* vV d (ma*dv
5 () o (%) leﬂ] cnlrs) e
where the arrow refers to the limit Ax — 0.
3. Rearrange terms conveniently,
we obtain the active cable equation,
B (EA) i
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Figure 2.2: Ion concentration and Nernst equilibrium potentials in a typical mammalian neuron.

A~ are membrane impermeant anions. Temperature 7 = 37° C. Figure from Izhikevich [57]

Notice that the term a?(x) inside the differential operator can only cancel the term a(x) outside the

operator if a(x) = a = constant. When r;, is also constant, the equation can be simplified to
cmVy = lzvxx — Lion T+ Lexts (2.10)

where A = \/M is known as the electronic length. To determine the membrane potential, the
equation above must be augmented by appropriate boundary conditions and the ionic currents ij,,
must be specified. If i;,, is linear, the equation is referred as passive cable equation and analytical
solutions can be obtained in terms of Green functions (see [[114]). What makes this work math-
ematically rich is that we have to consider both the axonal inhomogeneity (to model focal axonal
swellings) and nonlinear ionic currents i;,,. It is precisely the interplay between these terms that

will produce non-trivial effects in spike propagation.

2.1.2  Ionic currents and equivalent circuit

As explained in [57], the ionic current i;,, present in neuron membranes is typically a combination

of transmembrane currents involving sodium (Na™), potassium (K*), calcium (Ca”) or chloride
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(Cl™) ions. Figure depicts differences in the concentration of these ions inside and outside the

cell. Such disparities result in electrochemical gradients with two forces driving each ion species:

e Diffusion: ionic species exit higher concentrations to lower ones.

e Coulomb’s law: ionic species charged with same/opposite signs repel/attract each other.

For example, K™ diffuse out of the cell because the concentration inside is higher than the concen-
tration outside. These ions however, are attracted to the negatively charged interior and repelled
from the positively charged exterior of the membrane. At some point the equilibrium Ex is achieved

and can be calculated by the Nernst equation (see [57]]):

RT ion
Eion = Ziploglo [ ]out

@2.11)

[ion]in
where [ion|;, and [ion],, are concentrations of the ions inside and outside the cell, respectively; R
is the universal gas constant; 7 is temperature in degrees Kelvin; F is Faradays constant , z is the
valence of the ion (z = 1 for Na™ and K*; z = —1 for CI™; and z = 2 for Ca>"). Substituting the

numbers and using body temperature 7 = 310K results in

ion
Ejon =~ 62-10g;, [[ion]]"_“’ (mV), (2.12)
m

for monovalent (z = 1) ions. The Nernst equilibrium for Ex, Ena, Eca, Ex, and E¢; for typical
mammalian neurons are summarized in Fig.
Itis also traditional to represent electrical properties of membranes in terms of equivalent circuits

similar to the one depicted in Fig[2.3] The term ij,, in equation (2.9) typically has the form

lion = INa +Ica + Ik + Ici, (2.13)
with
Ik = gk(V,other variables,?) - (V — Ex),
INa = gna(V,other variables,?) - (V — Exa),
Ica = gca(V,other variables,?) - (V — Ecy),

Iey = gci(V,other variables,t) - (V — Ecy), (2.14)
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Figure 2.3: Equivalent circuit representation of a patch of cell membrane. Figure from Izhikevich

[S71.

If the conductance terms, gk, gna, &ca, and gci, are constant, the currents are said to be Ohmic.
In general, they are not, since they depend on the membrane potential V, channel gating-variables,
pharmacological agents, and time. It is precisely the time-dependent variation in conductances that

allows a neuron to generate an action potential, or spike.

2.1.3 Conductances and voltage-gated channels

The conductance terms gk, gna, gca and gcy depend on their corresponding voltage-gated transmem-
brane channels. Figureillustrates the lipid bilayer in the cell membrane and a K™ channel which
allows current to flow. As explained in [30], a channel is basically a pore with dynamic gates that
can be either open or closed. The (global) state of the channel depend on the combined states of
these subunits.

In the hallmark framework of Hodgkin and Huxley (HH), the K channel is modeled with four
independent identical subunits, given by the symbol n, that must all be in an open state for the
channel to be in the conducting state. The Na™ channel is active if three subunits of type m and one

subunit of type & are simultaneously open, Ca™? channels are neglected and the C1~ conductance is
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Figure 2.4: Cartoon of the cell membrane showing the insulating lipid bilayer and a K™ channel

which allows current to flow. Figure from Ermentrout and Terman [30].

a simple linear term:

gk = gkon'
gNa = &Na- m3 -h
ga = ga, (2.15)

where gk, &na, and gc; are the maximal conductances. The dynamics of a subunit (in the simplest
scenario) can be described by a two-state process:
a(V)
Closed = Open (2.16)
B(V)
The rates o and 3 depend on V because the channels are voltage-dependent. We can write a kinetic

equation for the average fraction of subunits in the open state x:
x=0a-(1—x)—p-x where x=n,m,h. 2.17)
The classical HH differential equations (without spatial propagation) are given by

cnV = —gnam’h(V — Ena) = gxn* (V — Ex) — gai(V — Eci) +iex (2.18)

INa Ik Ic

x = o(l—x)—pB; where x=n,m,h. (2.19)
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Figure 2.5: Simulating Hodgkin-Huxley differential equations. The system is originally at rest and

will produce a spike if stimulated by a sufficiently strong external current.
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To match the data recorded from a squid giant axon, Hodgkin and Huxley chose the following
parameters and gating functions: gn, = 120 mS/cm?, gx = 36 mS/cm?, oy = 0.3 mS/cm?, Ex, =

50mV, Ex = —77 mV, Ec; = —54.4 mV, and

(V) = 0.01(V+55)/(1—exp(—(V +55)/10))

Bu(V) = 0.125exp(—(V +65)/80))

(V) = 0.1(V +40)/(1 —exp(—(V +40)/10))

Bu(V) = dexp(—(V+65)/18)

(V) = 0.07exp(—(V +65)/20))

Bu(V) = 1/(1+exp(—(V+35)/10). (2.20)

It is common to rewrite eq in terms of steady state functions (x..) and time scales (1), i,e:

i= “SE‘)/)_X where x.. = ﬁ and 7, = iﬁ for x = n,m,h. @21)

As explained in [57], the different variables (m, n, h) have different time scales; Since 1, is relatively
small, the variable m is relatively fast. Fast activation of Na™ conductance drives V towards Ea,
resulting in the upstroke of V. Since 7, and 7, are large, the recovery variables n and / are slow and
will eventually cause V to go below V,.y toward Ex. See Figure

An important property of the system is that the Na™ current continues to be inactivated (A is
small) and is not available for any regenerative functions. Thus, the Hodgkin-Huxley system cannot
generate another action potential during this absolute refractory period. One of the central results
of this work is that focal axonal swellings might delete spikes too close to each other increasing the

effective refractory period of the system.

A zoo of ion channels: The equations of Hodgkin and Huxley (2.18)-(2.19) provide a good de-
scription of the electrophysiological properties of the giant axon of the squid. But as explained in
[41]], cortical neurons in vertebrates exhibit a much richer repertoire of electrophysiological proper-

ties mostly due to a large variety of different ion channels. Some of these other currents are:

e Iyop — Persistent sodium current.

e /4 —Rapidly inactivating potassium current.
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Figure 2.6: The action potential. During the upstroke, sodium channels open and the membrane
potential approaches the sodium Nernst potential. During the downstroke, sodium channels are
closed, potassium channels are open and the membrane potential approaches the potassium Nernst

potential. Figure from Ermentrout and Terman [30].
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e i, — High-threshold calcium current.

e It — Low-threshold calcium current

Neuron models can be very sophisticated biophysically [53l57] and for detailed simulations one
should consider specialized softwares such as NEURON [17, 54]. But instead of adding more
details to the HH model, we head in the opposite direction; We will reduce and simplify it, leaving

only the most essential features.

2.1.4 Model reductions

The behavior of high-dimensional nonlinear differential equations is hard to analyze. Here we
outline the reduction of the Hodgkin-Huxley model to a two-dimensional system that can be studied
by means of phase plane analysis. These ideas can be applied analogously to reduce the order of
detailed neuron models with a zoo of ion channels.

The first remark is that the dynamics of the gating variable m is much faster than that of the
variables. We can do a quasi steady-state approximation and replace m(t) by me(t). The second
remark is that n(z) and h(r) are roughly mirror images of each other (see Figure , i.e., we may
approximate the two variables n and (1 — &) by a single effective variable w. Using (b —h) ~ an

with some constants a,b and setting w = b — h = an, equation (2.18) becomes

4
enV = [ (V)] (b — w)(V — Exe) — 8 m (V- Ex)—ga(V —Ec) tien  (222)
or
adv 1 .
- = ;[F(V, W) + 7 e (2.23)

with r = 1/gc1, T = r- ¢,y and some function F. Regarding the equations for the auxiliary variable,
the m equation disappeared and the others are combined in the variable w, leaving us with a single
effective equation

—G(V,w), (2.24)

where 7,, is a parameter and G a function to be specified. Details of this reduction can be found in

[41]. We will review two important reduced models of the form (2.23)-(2.24).



35

Figure 2.7: (A) Trajectories and nullclines for the Morris-Lecar model. (B) Voltage profile. A small
perturbation in voltage from the resting state decays back to rest, while a sufficiently large perturba-
tion in voltage continues to increase and generates an action potential. Figure from Ermentrout and

Terman [30].

Morris-Lecar: One of the simplest models for the production of action potentials is a model
proposed by Kathleen Morris and Harold Lecar. The model has three channels: a potassium channel,

a leak, and a calcium channel. In the simplest version of the model, the equations take the form.

cm% = —ga(V —Eqc) — gkn(V — Ex) — gcame(V)(V — Eca) +iex
dn
W V) ) fmV), (225)
where
e = %[H—tanh((V—Vl)/Vz)]
ne — %[1+tanh((V—V3)/V4)]
T, = 1/cosh((V —V3)/(2Va) (2.26)

Here, V1,V,, V3,V are parameters chosen to fit voltage clamp data. The system is excitable, and
as Figure demonstrates, a small perturbation in voltage from the resting state decays back to
rest, while a sufficiently large perturbation in voltage continues to increase and generates an action
potential. Phase plane analysis is very useful in understanding what separates the firing of an action

potential from the subthreshold return to rest in this model. See [30, |57 for complete discussions.
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FitzHugh-Nagumo: In 1961, after reducing the Hodgkin-Huxley equations, Dick Fitzhugh no-
ticed that the V-nullcline has a cubic shape, while the recovery-nullcline is a monotonic increasing
function of the voltage. He developed then a simplified model which captures the essence of these
excitable models and became of pivotal importance in the literature (particularly, the mathematical

literature). The equations have the form:

dav .
Z = V(V—Cl)(l—v>—w+lext
dw

where 0 <a < 1, & >0and y> 0. See [57] for a complete study of the model.

The Fitzhugh-Nagumo equations has been used to model many physiological systems from
nerve to heart to muscle and is a favorite model for the study of excitability (see [61]). In most
applications, € is small so that the recovery variable is much slower than the voltage. The spatial

version of this model will be a favorite model for this work as well.

2.1.5 Interplay between inhomogeneities and nonlinearities

In subsections 2.1.1H2.1.4f we explained that the membrane voltage potential V (x,7) interacts with
different species of gating variables w;. We can now better appreciate the mathematical richness of
this system of nonlinear partial differential equations that incorporates (a) the geometry of the core

conductor, (b) specific cell properties and (c) multiple active voltage-gated ion channels:

Vv 1 9 [d*(x)dV

- — v 2V i Vo, . ,
T 2a(x) 8x<rL(x) ax> fion (V, W) +iext(x,)

nonlinearities
geometrical inhomogeneity

ow;

Wi _ fi(V,w;) for j=1,---,N. (228)
ot \

varying timescales
While nonlinear conductances are responsible for the excitable properties of the membrane, the
gating variables have prescribed dynamic equations of their own. In a recent review (for neurobiol-

ogists!), Bucher and Goaillard [[15] made the following remarks:

“The findings discussed here clearly show that many axons do not faithfully propagate spikes.
Nonlinearities resulting from the gating properties of ion channels and geometric inhomo-
geneities, as well as neuromodulation, may alter activity patterns between initiation and arrival

at presynaptic sites”. Bucher et al ([15]).
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We underlined most of the above mentioned terms in Eq. (2.28)). Moreover:

*“ Curiously, reports of activity-dependent changes in conduction velocity and impulse failures
have appeared over the better part of the 20th century, and some of the potential functional

implications have been insightfully discussed more than 30 years ago. ” Bucher et al ([13])).

We will review many of these results in the next sections, since they introduced a wide array of
analytical and numerical methods for the study of signal propagation in axons. Finally, they point

that

*“ despite this long-standing knowledge, the understanding that axons act as conditional rather
than faithful conduits of information is only now entering the common consciousness of cellular
neuroscientists. This may have to do with the fact that the relevance for neural coding and
processing is far from understood. In most cases, we do not even know the magnitude of
changes in spike conduction in the context of biologically relevant patterns of activity. ” Bucher

et al ([15]).

The interplay between geometrical inhomogeneities and nonlinearities becomes of central impor-
tance in the studies of Traumatic Brain Injuries and neurogeneration since Focal Axonal Swellings
(implicated in all these pathologies) can be 30 times larger than the normal axonal cable. We will
discuss and implement numerical methods for Equation (2.28)) to gain insight about how FAS de-

grade the information contained in spike trains.

2.2 Methods

We can compute numerical solutions to neuronal equations in a wide variety of ways. Higher-
order finite difference methods are the core of the compartmental modeling performed by software
packages such as AXONTREE [73] [76], SPICE [118], GENESIS [10] and NEURON [17, 54].
Boundary value problem methods [83] and Finite Element Methods [2, [121]] can also be employed
in the study of neuronal dynamics.

Here, we use a pseudo-spectral technique [66, [112]] due to the accuracy of the spectral rep-
resentation (beyond all orders accuracy) and the speed of the underlying Fast Fourier Transform
algorithm (FFT). The techniques produces highly-accurate and rapid solutions. However, any of the

other techniques mentioned above can also be implemented to generate the results presented here.
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2.2.1 Pseudo-Spectral algorithm:

To outline the algorithm, define: the vector of variables u and the linear operator L by

I [ b 9 [ @(x) ou i
14 %a(x) Ix <rL(x) 8xl>
w
u=|"", L) = 0 ,
LWN | 0

the nonlinear operator N and the external forcing F(x,7) by

—lion (U)/Cm iext(xat)/cm
fi(u 0
v | "™ R -
fn(a) ] . 0]
With the definitions above Equation (2.28)) can be written in a concise vector form:
du
5 =LutN(w)+F (2.29)

The steps of the algorithm are:

1. Determine desired spatial discretization and biophysical parameters.

. Apply external current i.x to a small spatial region of the resting system to generate a traveling

pulse.

. Fourier Transform Eq. (2.29) to obtain the Fourier mode system of ordinary differential equa-

tions:

—

g‘t‘ —Lu+N(u).+F (2.30)

Note that the nonlinear operator couples all the Fourier modes.

. Evolve Eq. (2.30) forward in time with any standard time-stepping ODE scheme.

. Apply the inverse Fourier transform to u to recover u. Note that the inversion must occur

every time-step Ar since the nonlinearity must be re-evaluated and recomputed in Eq. (2.30).
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Figure 2.8: Snapshots of the voltage field V (x,#) for different times. An external current shot is,,
of sufficient intensity excites a narrow spatial region creating traveling Hodgkin and Huxley spikes.
Details of spike stimulation vary according to the specific Action Potential model but its formation

is ubiquitous for all of them.

A good option for time-stepping Eq. (2.30) is the Dormand-Prince Runge-Kutta 4-5 algorithm
(ode45 in MATLAB). The use of FFTs constrain the scheme to periodic boundaries, but one can set

them sufficiently far away from the region of interest so as to make their effects negligible.

If the radius a(x) and the resistivity r; (x) are constants no FFT is required for Lu since the only

—ak?
2rL

nonzero entry simplifies to 1. Advantages of this method include the accuracy of the spectral
representation (beyond all orders accuracy) and the speed of the underlying FFT algorithm. Our

Matlab codes were made available in the supplemental material of [[74].
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Figure 2.9: Fig. A records a FitzHugh-Nagumo spike train as it passes through the measuring spot.
We set upper (red) and lower (green) thresholds values for voltage to mark the spike occurring
times. The approximate width of a spike (given in black) will be used to estimate the resolution of
the system. Fig. B shows a raster plot for a small set of Poisson Spike Trains generated with firing

rate A = 0.005.

2.2.2 Improvements

The pseudo-spectral algorithm described earlier is fairly standard [66) [112], but we added a few

improvements to resolve larger spike trains.

Generating spikes effectively: There are several ways to generate a traveling spike pulse that is
the basis of the spike-train encoding format, although details of spike train stimulation may vary
according to the specific neuronal model used. In this work we will do so by applying a current shot
of sufficient intensity Q in a narrow spatial region [x,,xg] at time ¢ ; for a short duration 7, i.e.,

(0] if (x,t) € [XL,XR] X [lj,l‘j-i-f]

ishot(tj) = (2.31)
0 otherwise

The length of the narrow region and the values of the parameters above vary according to the selected
biophysical model. The spike generation for a Hodgkin-Huxley model is schematized in Figure[2.§]

A train of N spikes initiated at times ¢y, --- ,#y will be generated by successively applying current



41

shots.

N
Itrain t17 L Z Lshot t] (2.32)

By setting the external current iex; = firain (1, - - - ,£v) in @ narrow region of the axon we can generate a
propagating spike train. We will refer the train as a Stochastic Poisson Train with firing rate A if the
spike initiation times ¢; are generated by a Poisson process; Recall that the Inverse CDF formula for
a Poisson random variable is Fy(x) = 1 —e~**. This can be rearranged to give x = —In(1 — F,(x))/A
and 1 — F;(x) can be replaced by a Uniform random variable U(0,1). So, 2 lines in MATLAB suffice

to generate intervals and spike times for a Poisson input with a firing rate A:

isi = -log(rand(1,Nspikes))/lambda;

spikes = cumsum(isi);

Finally, we remark that each spike in the train (1) requires certain time to be generated by the
excitation dynamics of the biophysical model and (2) is followed by a refractory period in which no
spikes can occur. Thus, a spike initiated within the refractory period of the previous one will not be

formed.

Absorbing Mask: Simulations of large spike trains require large spatial domains [—L/2,L/2]. In
[2] they map an infinitely long axonal segment into a finite one by applying a judiciously chosen
transformation. Nevertheless, significant computational power is spent resolving the dynamics of
spikes far from regions of morphological interest. This could be avoided by adding regions to absorb
spikes near the endpoints of the spatial domain:

—M-|V -V ifxe -5 —Lte] Uk —e5]

Mask = 2
0 otherwise

(2.33)

The mask penalizes with intensity M the values of V differing from V", destroying spikes passing
through the absorbing regions. See Figure [2.10] It will not affect the spike dynamics elsewhere
and the measuring spots will record large spike trains if many current shots are applied. Instead of
artificially increasing the spatial domain to fit large trains the mask allows L to be roughly of the

same length of regions of morphological interest.



42

t=40ms t=45 ms

100 ; e 100F ;
V50’ E V 50 i
0 0 /\—

1 : w1 4 '

w1 },/ | .

0 t ] (1) E
W T e W wa ] Pal |

; - ; =
1 s ——— A

w R H 3
¥ 0 i | 94 15 16

i1 15 16 X
b'd
t=48 ms t=52 ms

100 v s 100F ; 1
Vso i V 50 B

0 i 9 H

1 £

1 :
wq | ] | w1y L : ‘
of i | ol i ‘

1 t 1 1
woy ‘ ‘ W2 ‘ i ‘

o 0 =
= i | w | i \
e i | [ Ws | | |
1 15 16 11 = 15 16

X

Figure 2.10: Absorbing Mask (in red) placed at x = 1.5 destroying a Hodgkin and Huxley spike.
Reducing V to V™" breaks down the entire coherent traveling structure and all auxiliary variable

fields are eventually reduced to their constant resting state.
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Table 2.2: Different propagation behaviors on branch points of passive cable according to Rall’s

Geometric Ratio (GR) parameter — see Equation [2.34]

value of GR  Description

GR=1 perfect impedance match,
propagation occurs in both branches
GR <1 propagation delay past the branch point
1 < GR <10 mother branch may not activate both branches

GR > 10 conduction block occurs in all daughter branches

2.2.3  Previous analytical and numerical results

W. Rall ([99]) established pioneering analytical results for passive neuronal cables. His 3/2 law [92,
93] relates geometry to propagation properties in fibers containing linear ionic currents via the Ge-
ometrical Ratio (GR) — a key parameter obtained from the diameters of a mother branch splitting

into two daughter branches:

)/d (2.34)

mother

1 43/2 3/2
GR = (ddaughter 1 + ddaughter 2

Rall’s description of how different GR entail different propagation properties is summarized in
Table The result was later generalized for splitting into k daughters ([99]). A simple jump
discontinuity in diameter is included as a particular case when one of the daughter branches is zero.
Even if this description for linear cables has significant discrepancies with the active case ([43l)), it
helped anticipate many experimental findings in dendrites and spines ([56).

Markin and Chizmadzhev (see [98]] and references therein) simplified i, to a piecewise linear
function of time that mimics the inward flow of sodium ions and outward flow of potassium ions.
With a suitable Green’s function they find an analytical solution for the voltage dynamics V (x,7).
Khodorov [[62] combined this result with an impedance match condition to derive a blocking condi-
tion for spikes when there is a jump in diameter from Jg to 4,

S 3/2
<5> >Kk+1.11vVKk—1.69~5.2 (2.35)
'B
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where K = max(V)/Vg and Vj is a known threshold value. Mornev extended this results (Leading

Edge model) by deriving a blocking condition for a cubic-shaped ijo, of the form V(V —V})(V —V,),

5A 32 1—2[.L
(53> > 1+m~5.9, (2.36)

where i = V| /V,. One can apply equations — to branch point switching (84 /8g)3/? for
the GR. For a review of earlier analytical blocking conditions see [98]. Despite inaccuracies due to
undeniable oversimplifications, such conditions do provide a crude global characterization of two
out of three propagation regimes based on few geometric parameters. We will show how to construct
a regime number that includes not only transmission and blockage but also reflection of pulses.
Zhou and Bell [[124] also derived blocking conditions for similar diameter discontinuities in a
model of dendritic spine with Morris-Lecar dynamics. Diameter tapering was studied numerically
and reflected pulses were reported. Ermentrout and Rinzel ([96]], [31]) approximated the inhomoge-
neous diffusion operator in Equation (2.28) by a linear coupling term in a two compartment model

where the latter is enlarged to mimic a jump in the diameter:

I 9 (d(x)IV\ _a
2a(x) dx <rL(x) ax> T4 (vj = vi), (2.37)

where v; is the voltage of compartment j with unitary diameter and v; the voltage of compartment
i with diameter d;. Both compartments have Morris-Lecar dynamics and their analysis suggest that
reflected waves are a consequence of an unstable periodic orbit in the dynamics of the coupled
system. If an incoming initial condition leads to a trajectory that comes near this orbit, then a
reflected spike (described as an echo wave) can occur. Their argument is supported by numerical
computations.

We stress that all results above simplify drastically either nonlinearities of the neural models
or the geometry of the fiber. As a result some incompatibilities and inconsistencies arise such
as (i) Khodorov [62] predicting that Hodgkin-Huxley reflected pulses die away, (ii) Altemberger
et al. [2] not finding reflections in the Morris-Lecar dynamics when Ermentrout [31] predicted
such phenomena for a large range of parameters, and (iii) Zhou and Bell [124]] claiming that echo
waves do not appear to exist in such models as the FitzHugh-Nagumo system when in fact they
do. Additionally, the discontinuous jump in diameter assumed in the analytic theories misses the

important fact that slow changes in geometry allow for very large diameter changes to occur without
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jeopardizing transmission functionality. We will show in the next chapter that these theories do not
capture the proper propagation regimes in more realistic geometrical reconstructions.

The nonlinear nature of the nerve equations constrained most of the investigations on geometry
effects to numerical studies. Cooley and Dodge [21]] derived a finite difference scheme for a ho-
mogeneous Hodgkin-Huxley axon using closed integration formulas obtained from the trapezoidal
rule. Numerical analysis of the scheme and some of its variations were discussed in [79]. Khodorov
et al. [62] included single step jump in the fiber diameter. Parnas et al. ([88], [90]) modified the
derivation in [21]] to include an axon of varying diameter. With this modification they concluded that
a taper facilitates pulse transmission compared to a jump discontinuity in diameter. Goldstein and
Rall [44] studied how step decrease or increase of diameter, branch points, and gradual taper affects
shape and velocity of APs in a specific model of the olfactory bulb ([94]]). Conduction blockage and
reflection were reported. Grossman et al ([46], [47]) demonstrated that contrary to the predictions
of Rall that propagation of APs through a branch point fails at high frequencies. Luscher et al. [[71]
analyzed Hodgkin-Huxley axons with short collaterals and synaptic boutons reporting blockage and
reflection of pulses. Boutons are shown to enhance propagation through critical branch points. In-
vestigations on more complex arborizations, influence of spike train frequency to propagation and
integrative properties of terminals were done in [/0]. Segev [100] highlights the insights gained
from such computational models.

The numerical results above and others [2} [121]] incorporated nonlinearities and axonal enlarge-
ments in much detail then the analytical results but they lack concise expressions relating geometry
to different propagation regimes. Our goal is to formulate a precise global characterization discrim-

inating transmission, reflection and blockage of action potentials.
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Chapter 3
HOW THE GEOMETRY OF FAS CAN AFFECT SPIKE PROPAGATION

In this chapter we develop a theoretical and computational framework to distinguish
FAS that minimally affect spike propagation from those that lead to critical phenomenon
such as reflection or blockage. We use a few geometrical parameters to model an ide-
alized shaft enlargement and explore the parameter space — characterizing all possible
propagation regimes and dynamics in standard Action Potential models. Contrary to
earlier notions that large diameter increases mostly lead to blocking, we demonstrate
that transmission is stable provided the geometrical changes occur in a slow manner.
Our method also identifies a narrow range of parameters leading to a reflection regime.
The distinction between these three regimes can be evaluated by a simple function of
the geometrical parameters inferred through numerical simulations. We suggest that
evaluating this function along axon segments can detect regions most susceptible to (i)
transmission failure due to perturbations, (ii) structural plasticity, (iii) critical swellings
caused by brain traumas and/or (iv) neurological disorders associated with the break-

down of spike train propagation.

This chapter follows closely the article Identifying critical regions for spike propagation in axonal
segments by Maia and Kutz (2014) [74]; we removed sections covered or reviewed in other chapters
and added details to others. A few parts were also edited to improve the clarity of the text.

We evaluate Action Potentials (spikes) under the influence of geometry in order to: (i) identify
different propagation regimes including transmission, reflection and blocking; (ii) provide concise
expressions for delimiting regime interfaces for the fully nonlinear, inhomogeneous propagation
dynamics; and (iii) characterize the stability of neuron transmission under axonal perturbations.
Specifically, the regimes can be characterized by a single parameter 7} that takes into account how
rapidly the transition occurs and the magnitude of the transition. We model an axonal enlargement

and/or varicosity by a cylindrical shaft with varying radius a(x). This is reasonable from a biological
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Figure 3.1: Axonal enlargement a(x) given by Eq. (3.1). Diameter &5 is increased up to diameter

0 through a transition region of length 7.

point of view since the majority of varicosities are essentially tubular (see again [[102] and references
therein). As illustrated in Fig. the diameter Op is constant before the inhomogeneity then is
increased or decreased in the transition region of length 87 until it reaches a diameter value of
0a. The parameter 87 is of extreme importance since it distinguishes abrupt changes in diameter
from slow/adiabatic modifications. This feature is often neglected in both analytical and numerical
investigations, but as will be shown, it is found to be critical in practice. Many analytical expressions
for a(x) can be used to specify a smooth sigmoid between the two radiuses, but we follow [2] and

prescribe the geometry as follows:

8 ifx <0,

a(x) = a if0<x<ér, 3.1

. 6A ifoO.
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Figure 3.2: Transmission of FitzHugh-Nagumo pulses across an axonal enlargement as in Fig[3.1]

for parameters [0 = 1, 0y = 0.5, 64 = 2.1] (top) and [0 = 1, &7 =4, §4 = 5.4] (bottom).

where
3 4 5

= 8+ (84— 8p) 102% - 15%+6% :

In what follows, we will explore in detail how different combinations of the parameters 0g, 7 and
04 characterize the transmission, reflection or blockage of the initial traveling spike. Three things
should be noted at this early juncture: (i) transitions in which 6z > 04 always faithfully transmit
spike train encodings, (ii) for sufficiently slow geometry changes, i.e. gradual tapering, we observe
that transmit spike train encodings are once again faithfully transmitted, even for very large overall
increase in diameter where 8 < 04, and (iii) we will show that a single parameter (1) constructed

from &g, 07 and 8, is sufficient to distinguish the various propagation regimes of transmission,

blocking and reflection.
3.1 Characterizing spike propagation regimes

In this section we demonstrate through numerical simulations the different propagation regimes
for the FitzHugh-Nagumo ([39], [85]]) inhomogeneous cable equation subject to geometric changes
characterized by the parameters &4, 0g and Or. From the variety of dynamical behaviors supported
by the model, see for instance or [98]], we pick parameters that will lead to the formation of a

single traveling pulse. With this pulse, we can characterize the stability of the spike train encoding as
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Figure 3.3: Reflection of FitzHugh-Nagumo pulses across an axonal enlargement as in Fig [3.] for

parameters [0 = 1, Oy = 0.5, 64 = 2.2] (top) and [0 = 1, 87 =4, d4 = 5.5] (bottom).

space space

Figure 3.4: Blockage of FitzHugh-Nagumo pulses across an axonal enlargement as in Fig [3.1] for

parameters [0 = 1, 07 = 0.5, 84 =2.3] (top) and [0 = 1, 67 =4, 64 = 5.6] (bottom).
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a function of axon varicosity. Although the FitzHugh-Nagumo model was chosen, the methodology

can be extended to any axonal or dendritic conductance-based model.

3.1.1 Transmission, Blockage and Reflection.

The geometrical description of the propagation is depicted in Fig. [3.1] The basic idea is to think
of this geometry change as a prototypical example of varicosity in realistic axons. When going
from larger to smaller geometries where O > J4, faithful transmission of spike train encoding is
always preserved. However, when going from smaller to larger geometries where dp < 84, much
more interesting dynamics can potentially occur depending upon the parameters 84,0 and 87. In
particular, these parameters determine whether transmission, reflection or blocking occurs. Each

case will be considered in turn.

Transmission: In Fig. we depict spike transmission for two different set of parameters: (1) a
relative small increase in diameter in a short transition length and (2) a large increase in diameter
in a longer transition length. In both cases there is increase in the width and speed of the traveling
pulse after going through the geometry with the effect greatly pronounced in the latter due to the

larger diameter change.

Reflection: A drastic change in the propagation dynamics occurs by slightly increasing 84 from
the previous parameter settings of Fig.[3.2] As illustrated in Fig.[3.3] the pulse decreases its voltage
when it reaches the transition zone and splits into two pulses. One is transmitted, with larger speed
and width, and the other propagates backwards (or reflected) with the same speed and width of the
original pulse. This is the hallmark feature of an axon that exhibits reflection. And although one
can see that the information encoded in the single spike does indeed transmit through the axon, the
backward propagating spike has the potential to interact with, and potentially destroy, the next spike
in a spike train. This has a fundamental impact on the encoding and information transmitted to

downstream neurons.

Blockage: A further increase in 84 from those used in Figs. and will block the pulse as
depicted in Fig. Without changing 67 or Op, any larger value of 84 will result in the same be-
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Figure 3.5: Map of the space of axonal tapering parameters [04, Op, Or] to their corresponding
propagation regimes. In Fig. A, reflection occurs for parameters in the blue region. In Fig. B
the reflection region is approximated by a plane. Blockage occurs for values above the plane and
transmission occurs for values below the plan. A planar function 1(84, 8, Or) can be inferred

summarizing how geometry relates to function.

havior. Thus the limit of faithful transmission, or an upper limit on varicosity, can be determined

under which the axon will perform its natural function.

These different propagation regimes are similar to the ones described in Altemberger et al. [2]]
for axons modeled by the Hodgkin-Huxley AP model. Thus, contrary to some earlier predictions
([124]), the FitzHugh-Nagumo reduction can in fact capture the qualitative interplay of the ionic
currents and the geometrical properties of the cable. We emphasize that not only must the magnitude
of the diameter increase be accounted for, but the rate at which the geometrical change takes place
as well. Indeed, one can see from the figures presented that quite large geometrical changes can
still support transmission provided the change occurs sufficiently slowly. The analytic blocking
conditions, such as those described in the previous section, should thus be used with caution since

they typically do not include parameters to describe the smoothness of the transition.

Interestingly, many physical systems are allowed to adapt their configuration if the changing

conditions occur gradually (adiabatic process) and prevented if it occurs rapidly (diabatic process).
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Adiabatic changes are common in optical waveguide theory to assure faithful transmission of data
[77]. Thus there are interesting similarities and connections between AP propagation and optical

fibers and lightwave transmission systems.

3.1.2 Exploring the parameter space

Here we map points in the parameter space [8g, O7, 04] used to specify different axonal enlargements
(see Fig. [3.1) to their corresponding propagations regimes illustrated in Figs.[3.2] [3.3]and Fig. 3.4
We perform simulations for the FitzHugh and Nagumo model, but based on the results of [2] one
should expect transmission for 64 < O, blockage for 84 > Op and a thin intermediate region where

reflection occurs. Thus we:

1. Fix g and &7 and explore relatively high values of 64 where blockage is expected to occur.

2. Perform a bisection-like search algorithm in the range interval of d4 to delimit where changes

in propagation regimes are observed.
3. Explore regions where regime changes in detail by increasing the resolution of the PDE solver.

4. Loop through other values of dg and dr and perform the algorithm once again. Generate the

interface between Transmission (T), Reflection (R) and Blockage (B).

The production of the T-B-R interface in Fig. A is the result of the algorithm. Since the re-
flection region occurs only for a narrow range of parameters it can be well approximated by a
two-dimensional plane as displayed in Fig. [3.5]B. Thus, if one selected the geometrical parameters
randomly within the displayed range it is unlikely that a reflection would occur. This might not
be true for parameters not covered by our simulations since the thickness of the reflection region

exhibits an increasing trend (see Figure [3.6)).

3.1.3 The T-B-R number 1

The best plane fit of the reflection region yields

n=-—1.8424+2.284-65+1.415-6r — (3.2)
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Figure 3.6: Detailing the narrow reflection region from Fig. We plot for fixed values of o how

the thickness of the sheet varies with 0.

where the MATLAB surface fitting tool sftool was used to construct this best fit approximation.
Within this description, the pulse will be blocked if 11 < 0 and will be transmitted if 7 > 0. For
In| = 0 the axon geometry is critically close to the reflection interface separating the transmission
and blocking regimes. Eq. combines the best of two worlds: the conciseness of an analytical
condition with accurate numerical simulations without simplifying assumptions in the nonlinearities
of the model and/or geometry of the core conductor. This parameter characterizes axonal enlarge-
ments that are critically sensitive and can trigger dramatic dynamical changes in spike propaga-
tion. It can be conjectured that extreme axonal swellings induced by brain trauma ([80, [105]) will
generate varicosities with 17 < 0, blocking propagation and ruining axonal function. Intermediate
swellings, with 1 = 0, still allow for transmission but creates reflecting spikes as a partial dysfunc-
tion. Finally minor swellings will diminish the value of 77, but maintain faithful transmission. The
classification of axonal swellings via 17 can be used to describe the hierarchy of non-disruptive ax-
onal injuries. And since varicosities are present in non-injured axons as well, those structures with
n =~ 0 are more likely to influence connectivity and structural plasticity properties of the neuron

([9L 15} 116} 23], 142} 55]).
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Figure 3.7: Dynamical effects of small perturbations in critical geometric configurations: Fig A
schematizes an axonal enlargement a(x) for which sinusoidal perturbations are added obtaining
ag(x) = a(x) + € - sin(x). Figure B shows that an axonal enlargement with parameters [6p =
5, 64 = 17, 87 = 5], which originally allow for pulse transmission (¢ = @ = 0), might reflect (red),

block (black) or transmit (white) pulses depending of the values of € and @ in the perturbation term.

3.1.4 Dynamics near critical regions

In this subsection we illustrate how small wrinkles or perturbations in diameter, can dramatically
affect spike propagations for axonal enlargements near the critical regime of || ~ 0. Studies near

this critical region are performed as follows:

1. We consider axonal enlargements a(x) as given in Fig with parameters 8g = 5,04 =

17,67 = 5 for which the pulse is transmitted.

2. Asdepicted in Fig.[3.7]A, we add a sinusoidal perturbation to the perfect axonal geometry and

obtain a modified axon geometry of the form
ag(x) = a(x) + € -sin(wx). (3.3)

where € characterizes the strength of the perturbation and @ characterizes the perturbation

frequency.



55

3. We map different values of [¢,®] from [0,0.6] x [0,4] to their corresponding propagation
regimes. We explore the parameter space with well resolved steps in the € — @ plane of 0.05
so that more then 1050 different geometrical configurations are ultimately considered. Each

configuration considered is classified as supporting transmission, reflection or blocking.

4. The output of this parameter space exploration is displayed in Fig. where regions of
transmission (white), reflection (red) and blockage (black) are delineated. As might be ex-
pected, for € — 0, the perturbation goes to zero and transmission always occurs. As @ > 1,
the perturbation frequency is sufficiently high so that the propagating spike only sees a zero

average and transmission is once again accomplished.

We selected this initial set of geometrical parameters because they lead to a small regime number of
n = 1.9925. Thus the initial transmission geometry is located close to a reflection region with large
thickness (around 0.5, see Fig[3.6). We avoided studying how perturbations affect the propagation
regimes near regions with thin reflection regions since they would likely result in a simple dichotomy

between transmission and blockage regimes.

In approximate terms, Fig. depicts the transmission region (white) and the blockage (re-
gion) as two entangled combs separated by a thin reflection (red) snake-like region. Thus an axonal
enlargement of critical regime number (|7| /= 0) can virtually switch to any other dynamical regime

if either € or @ are altered.

Our results corroborate the viewpoint of Shepherd and Harris [102]. Namely, that it is not
only the size of small bumps (characterized by €), but also the spacing between them (characterized
by ), is of crucial importance. Changes in size or displacements of small axonal microstructures
in regions of critical axonal enlargements - induced by eventual long term potentiation effects or
metabolical changes - can be of fundamental importance to understand plasticity effects and con-
nectivity. Moreover, if aging or undesirable external effects deteriorate in the creation of ill-placed
microstructures they can, in theory, affect spike propagation dynamics leading to potential axonal

dysfunction and neuronal disorders.
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Figure 3.8: (A) Membrane contours for reconstructed unmylienated axon segments of CA3 — CAl
rat Hippocampal neurons (Modified from SynapseWeb, Kristen M. Harris, PI, and [102]). The high-
lighted regimes in blue (transmission), red (reflection) and black (blocking) are the regions of large
geometry changes where propagation failure is evaluated. (B) Schematic of axonal enlargement
a(x) given by Eq. which is applied to regions of large geometry changes identified in A. (C)
Detailed enlargements of propagation regimes of most interest where dynamical changes are most
likely to occur. Although previous findings (See Table [3.2)) predict that all these geometry changes
result in blockage, most actually remain faithful in transmission (blue boxes) with some potentially

producing reflection (red) or blockage (black). Table [3.1] gives a complete characterization of each

highlighted region.
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Table 3.1: Characterizing regime numbers from segments displayed in Fig. [3.8] C with suitable

normalized geometrical parameters.

Enlargement  &p or [ n Prediction
1 1.40 1037 745 5.65 Transmission
2 1.00  9.08 8.97 1.78 Critical Transmission
3 1.80 7.05 9.28 0.93 Critical Transmission
4 385 21.74 1022 2134  Transmission
5 245 13.62 1148 737 Transmission
6 1.20  3.02 6.94 -2.65  Blockage
7 231 12,60 8.62 9.04 Transmission

3.2 Applications to axonal classification

As a proof of concept, we apply the results of our theoretical/computational studies to the selected
axonal enlargements shown in Fig. The biophysics of our AP model is over-simplified for real-
istically simulating CA1 — CA3 hippocampal neurons, but it can be improved by adding synapses,
non-uniform distributions of ion channels and a more complete set of ionic currents. We assumed,
for example, that the varicosities were made of the same material as the axoplasm. It is likely
that a constant resistivity r; value along the entire axon might not hold. Additionally, most axonal
varicosities contained mitochondria (that regulate presynaptic Ca+2) or other possibly electrically
active vesicles [[102] that were not taken into account by our model. Better quantification of their
electrophysiological properties and others, such as distributions of ion channels, pumps, buffers and
other molecules, will be required for ideal biophysical modeling. Regardless, our AP model pro-
vides interesting results by evaluating the regime number in challenging geometrical configurations.
To be more precise, we estimate the geometrical parameters [0g, Or, 4] using a GNU Image Ma-
nipulation Program (GIMP) from the 3D axon reconstructions of Shepherd and Harris [102]]. We
then apply a normalization compatible with our AP model and calculate the Regime Number 7 at
various points of interest.

The regime numbers for the enlargements in Fig. are summarized in Table The
majority of the varicosities (blue frame) have relatively high values of 11 and consequently should

allow pulse transmission despite significant overall increase in the diameter. This is not surprising
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Figure 3.9: Estimates of Regime Number along four prototypical axonal segments. The shaded red
region is the region where reflection is likely to occur while the gray region is where blocking of
transmission occurs. Note that once the critical 1 value is evaluated for a given AP model, the axonal
segment can be completely characterized without additional simulations of the axon propagation.
Such a geometrical evaluation of propagation regimes gives an efficient way to identify potential
trouble spots in axon geometry, thus allowing for targeted efforts for drug therapies, for instance.

(Modified from SynapseWeb, Kristen M. Harris, PI, and [102]]).
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Table 3.2: Theoretical predictions of blocking conditions [98]: GR refers to Rall’s geometric ratio
(2.34), Rall refers to Table[2.2] M-C (Markin and Chizmadzhev) refers (2.33), and Cubic (Mornev)
refers to (2.36). Note that almost all the predictions fail to correctly capture the propagation dynam-

ics through the geometry changes.

Enlargement GR Rall M-C Cubic
1 12.27  Blockage Blockage Blockage
2 26.86  Blockage Blockage Blockage
3 11.70  Blockage Blockage Blockage
4 4.32 Might not transmit ~ Transmission  Transmission
5 10.14  Blockage Blockage Blockage
6 13.9 Blockage Blockage Blockage
7 7.2 Might not transmit ~ Blockage Blockage

since the changes occurred in a slow manner. In contrast, the segment with the most abrupt increase
in diameter (black frame) is predicted to block transmission since it produces a negative value for
n. Finally, two of the segments have 1 values near zero (red frame) and lie close to the interface
between transmission, reflection and blockage. It is intriguing that although reflection is expected
only for a very narrow range of parameters, such prototypical axonal configurations demonstrated

that several variscosities were candidates for reflection behavior.

In Table [3.2] we show how our predictions differ from the earlier analytical blocking conditions
from Rall and others. Indeed, the discrepancies between our work and those previously performed
are significant, with dramatically different characterizations of the propagation regimes predicted.
Our model shows that our characterization remains much more faithful to the true propagation dy-
namics, thus it can be potentially used to classify realistic axons as shown in Fig. [3.8] Indeed,
previous findings, due to their over-simplification, cannot be used to quantitatively predict or clas-

sify propagation in real axon geometries.

The most intriguing and powerful use of the techniques developed here is demonstrated in
Fig. In this figure, we estimate how the regime number varies along entire axonal segments
(four axons are demonstrated). We argue that our method gives a practical way to evaluate axon

functionality by discriminating between transmission and critical varicosities where reflections (with
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N ~ 0 ) and/or blockage should occur (1 < 0). In particular, one should simply keep track of where
the regime number crosses the red zone (near reflection) and grey zones (for blockage) in order
to identify potential trouble regions in the axon. With the recent statistical characterization of the
distribution and size of axonal swellings induced by injury [[72, 108, 109, [119]], one can also envi-
sion an evaluation procedure for assessing damaged neurons and identifying candidate swellings for
blockage through the parameter 77. Some traumatic brain injuries, for instance, produce swellings
that are thirty-fold the original axon diameter [108} [109]. It can be conjectured that such injured
neurons will deteriorate phase coherence properties of the neural network, leading to its dysfunc-
tion, and should be prime targets for drug therapies. Alternatively, morphological changes in crit-
ical regions of non-injured axons may offer clues as to how neural structural plasticity occurs in
practice, with the critical regions mediating the strengthening or weakening of neural connectivity

(19, (15,116} 23] 142 [550)). This will be the subject of future studies.

3.2.1 Discussion of the results

Physiological studies across a myriad of neural systems seem to agree that axons are much more
than reliable cables in which information (spike train encoding) is faithfully transmitted to down-
stream neurons ([[15 24]). Recently, Debanne et al [25] presented a comprehensive review of exper-
iments reporting unusual operations and propagation dynamics associated with axons. Specifically,
propagation failures have been observed in vertebrate spinal axons ([8, 64]), lobster and crayfish
motoneurons ([46, 47, 149, 88, [106]), leech sensory neurons ([3. |6, 48, [115} [122]), thalamocortical
axons ([27]), rabbit nodose ganglion neurons ([28]]), rat dorsal root ganglion neurons ([[71,(70]), neu-
rohypophysial axons ([[11,[29]]), and hippocampal pyramidal cell axons ([26, 81} [107]). Propagation
failures also occur when the AP enters a region with an abrupt change in diameter (geometry). This
occurs not only with en passant boutons ([[13} 58] [123]]), but also when impulses propagating along
the axon enter the soma ([3,132,169]]). The review [25]] further highlights interesting axonal computa-
tions at the brach points of the leech ([5, 6]]), where reflection of spike trains can occur ([44, 89, 95])).
Such phenomena have also been noted in the axon of a snail neuron ([3]]) and demonstrated in den-

drites ([18]).

Of critical importance for the information encoded in spike trains and its propagation dynamics
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is the axon geometry itself. Indeed, detailed morphological studies highlight the abundance of shaft
enlargements and varicosities in axon segments [102]]. More recent studies have highlighted the
induced geometry changes that occur due to axonal injury [108} [109]]. Indeed, traumatic brain in-
jury and concussion studies have produced physiologically relevant statistical information about the
distribution of the frequency of the induced axonal swellings and their corresponding size [[72,[119].
Such studies reveal the clear role of geometry changes in compromising information encoding to
downstream neurons. Additionally, knowledge accumulated over decades (see Section[2.2.3) on an-
alytical and computational studies demonstrate that these enlargements are not simple adornments.
Instead they should be regarded as mechanisms that can dramatically alter or modulate the propaga-
tion of the original traveling wave: from changes in speed and profile, to even blockage or reflection
of the pulse. We revisit this critical subject because (i) most of the analytic reductions posited rely
on drastic simplifications of either the geometry and/or nonlinearities of the models and (ii) although
numerical investigations allowed for a much accurate understanding of spike train dynamics, they
lacked a precise global characterization of the various dynamical regimes observed in practice.

We show that, in a given reduced AP model, a new single number 1, that accounts for how
rapidly the shaft is enlarged and the magnitude of the enlargement, can characterize all possible
propagation regimes in varicosities where regime transitions occur (See Fig. [3.8). This regime
number cannot be derived analytically due to the combination of geometry of the shaft and the
nonlinearities of the dynamical model. We have developed a computational strategy for computing
the regime number and determining its critical value where 1 ~ 0. Moreover, the theory guarantees
blockage if 7 < 0 and transmission if ) > 0. Near the critical regime || = 0, the enlargement is
critically close to the transmission, reflection and blocking interface. Thus small perturbations to
the axon geometry can lead to significant changes in dynamical response. And although the bulk of
this work focuses on the FitzZHugh-Nagumo AP model for axons, the methodology can be extended
to any axonal or dendritic conductance-based models.

The regime number 7] provides a concise and practical way to discriminate shaft enlargements or
varicosities that are highly susceptible to small perturbations. We illustrate that in those cases, such
small perturbations — induced by eventual long-term potentiation effects or metabolical changes —
can in fact alter the propagation dynamics and be of fundamental importance to understand plas-

ticity mechanisms and/or neuronal dysfunction. Specifically, if aging effects or swellings caused
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by axonal injury result in the creation of ill-placed microstructures, they can in theory affect spike
propagation dynamics, leading to potential neuronal disorders associated with axonal dysfunction.
Similar undesirable effects might occur in dendrites, since a 5.5-month old child with severe neu-
robehavioral failure also exhibited numerous varicosities and wild variations in the dendritic diam-
eter ([38} [91]]). Our studies, for instance, can be used in conjunction with detailed morphologi-
cal reconstructions of axons and dendrites in order to identify critical heterogeneous regions and
branches that may be more effectively targeted for therapeutic drug delivery in order to combat

certain neurological disorders.

3.2.2 Insights on more complex geometries: the axonal pacemaker

The study presented in this chapter focused on changes in the propagation regime of a single pulse
within a single swelling. If we consider multiple swellings with different propagation regimes, very
complex signaling patterns may emerge.

To illustrate one of these patterns, we construct an axonal “pacemaker” in Figure[3.10] We need
two regions that reflect pulses in opposite directions. This way, a pulse can get “trapped” between
these regions indefinitely, bouncing back every time it encounter a reflecting enlargement. This is

just one example of unusual pattern but one could imagine other constructions.

Acknowledgements: We wish to thank F. Rieke, A. Fairhall, E. Shea-Brown, N. Cayco-Gajic,

and E. Shlizerman for insightful discussions related to this portion of the work.
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Figure 3.10: The boxed top figure is an axon segment modified from SynapseWeb, Kristen M.
Harris, PI, from [102]. It motivates studying propagation in the geometry schematized below, com-
posed by an axonal enlargement that does not affect transmission (orange) followed by two adjacent
critical regions (in red) reflecting pulses in opposite directions. The morphological structure can
trap a spike indefinitely between the critical regions and operate as a pacemaker. Simulation in the

bottom done for the FitzHugh-Nagumo model.
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Chapter 4
HOW FAS CAN DEGRADE INFORMATION ENCODED IN SPIKE TRAINS

In this chapter we use spike metric analysis to computationally characterize the ef-
fects of FAS on spike train propagation. We compare Poisson spike train classes before
and after propagation through an idealized axonal enlargement. Misclassification of
spike train classes and low-pass filtering of firing rate activity increases with more pro-
nounced axonal injury. We show that confusion matrices and a calculation of the loss of
transmitted information provide a very practical way to characterize how injured neu-
rons compromise the signal processing and faithful conductance of spike trains. The
method demonstrates that (i) neural codes encoded with low firing rates are more ro-
bust to injury than those encoded with high firing rates, (ii) classification depends upon
the length of the spike train used to encode information, and (iii) axonal injuries re-
duce the variance of spike trains within a given stimulus class. The work introduces a
novel framework to quantify the interplay between electrophysiological dynamics with
focused axonal swellings generated by injury or other neurodegenerative processes. It
further suggests how pharmacology and plasticity may play a role in recovery of neural

computation.

This chapter follows closely the article Compromised axonal functionality after neurodegeneration,
concussion and/or traumatic brain injury by Maia and Kutz (2014) [73]; we removed sections
covered or reviewed in other chapters and added details to others. A few parts were also edited to

improve the clarity of the text.

Confusion in signal processing: In this chapter we investigate how different (stimulus) classes of
spike trains are modified along an injured axon and how they can be potentially misclassified. Our
analysis shows that the information loss and probability of misclassification depends on the firing

rate and length of the spike train. Figure [4.T|schematizes the analysis performed with classification
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Figure 4.1: Panel A. Different stimulus classes elicit spike trains with a degree of separation ac-
cording to some statistical and/or metric criteria. For multiple stimulus (s;) and response classes
(r}), the separation is given by a classification or confusion matrix of spike train firing rates. Stim-
ulus classified in the correct response class (s; and r; are correctly associated) contribute to the
diagonal entries of the confusion matrix while misclassified trains (s; is incorrectly associated with
ri. where j # k) are responsible for off-diagonal contributions. In the illustration here, and the ex-
amples that follow, 10 stimulus/response classes of firing rate activity are considered, leading to
a 10x 10 confusion matrix. Perfect classification and transmission of information corresponds to a
strictly diagonal matrix. The classification becomes less informative as misclassification of the input
stimulus occurs and the off-diagonal terms are no longer zero. The limiting case of the confusion
matrix is a random classification (no statistical separation) where off-diagonal terms have the same
magnitude as diagonal terms. Panel B. We assume that an axon is functional when the propagated
spike trains are sufficiently separated and informative about which stimulus class triggered them,
i.e. the confusion matrix is dominated by the diagonal. Panel C. We conjecture that there are two
qualitatively different types of axonal injury. A milder injury would reshape spike trains into classes
that can still be statistically separated (with a different classifier, in red) but will potentially confuse
the triggering stimulus class. A more severe injury would reshape spike trains into classes that are

poorly separated by any statistical classifier and uninformative about the original stimulus.
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Figure 4.2: Simulation of a pile-up collision. Panel A depicts two FitzHugh-Nagumo spikes with
a small inter-spike interval between them. In Panel B, the front spike reaches the region of axonal
enlargement. The change in geometry delays the front spike momentarily allowing the following
spike to propagate into its refractory period. In this kind of collision, the trailing spike is deleted and
as shown in Panel C while the leading spike continues to propagate. Such an effect is responsible
for the low-pass filtering of firing rates demonstrated later in the manuscript. The low-pass filtering

is strongly dependent upon the size of the FAS.
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matrices that only use the pairwise metric distance between spike trains (detailed in Section {4.2)).
When presented with different stimuli, a healthy neuron generates different classes of spike trains
that can be separated by some statistical [22]] (for e.g., a linear discriminant) or metric criteria [[117]]
(for e.g., a confusion matrix) (See Panel A of Fig. d.1)). Axonal propagation generally modifies the
spike train, which may affect the resulting spike train classification: when healthy, the classification
after propagation should be quite good (Panel B of Fig.[4.T)). Mild or severe axonal injury however,
leads to degraded statistical/metric separation of spike train response classes. This can generate
pronounced effects in the confusion matrix (Panel C of Fig. [.1). Moreover, if neighboring neurons
keep the same classifier criteria (or threshold) for both the healthy and damaged spike trains, the
encoding-decoding process can have significant amount of stimulus class confusion.

Based on the discussion above, we conjecture that two qualitatively different types of injury
exist; See Panel C of Fig. B.1] A mild injury would reshape spike trains into response classes that
can still be separated if a new/different classifier (in red) is used/learned. However, it will probably
still confuse the triggering stimulus class for many spike trains until the new classifier is learned. A
more severe injury would reshape spike trains into response classes that are poorly separated by any
classifier, and thus would be completely uninformative about the original stimulus class. In what

follows, we quantify the degraded data-processing capabilities of injured neurons.

4.1 Spike collisions and deletion

The extent to which the geometry of the axonal cable can affect the propagation of a single spike was
reviewed and discussed in detail in the previous chapter. The role of geometry, however, can have
further impact on spike train propagation since spikes do not propagate independently. Instead they
can interact with each other in a non-trivial manner, especially when there are significant changes
in geometry.

The interactions induced by geometry can lead to collision of spikes and consequently to the
deletion of one or more of them. Some of these collisions occur even in axonal enlargements
known to be in the transmitting regime — where single spikes are known to propagate without many
consequences (1] > 0 [[74]). The deletion of spikes due to morphological axon changes is important

as it acts as a low-pass filter for spike train firing rates.
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Figure 4.3: Prototypical axonal enlargement. Simulations show that transmission (T), reflection (R),
or blockage (B) of spikes can occur depending on the geometric tapering parameters [9g, 67, 04
The relation between geometry and propagation regime is captured by the T-R-B number 11 (Maia

and Kutz [74]).

Pile-up collisions: The first nontrivial collision occurs in an enlargement that allows for transmis-
sion. It is a well known analytical result (see [98]]) that the speed c of a spike scales with the radius a
of the core conductor according to ¢ ~ y/a. Recent experimental observations demonstrate the vari-
ability of the velocity of a spike propagating along a single axon [7]. Nevertheless our numerical
simulations show that when the pulse reaches the axonal enlargement, it is delayed (slows-down)
for a short period to adjust its profile (increasing the amplitude and width) before it starts moving
forward with increased speed. As a consequence, if two spikes are traveling too close together,
the second spike will propagate into the refractory period of the spike ahead and will be attenuat-
ed/deleted. This filtering effect [90, |89, [100], or selective blocking effect [62, [88], is particularly
problematic for spike trains encoded with high firing rates (See Fig. 4.2] and the animation in the
supplemental material).

This pile-up effect increases the minimal distance (or time) required between spikes. It is usually
thought that the minimal distance between spikes is determined by the refractory recovery period of
the individual neurons [57]]. However, axonal geometry changes, especially those created by FAS,
can lead to pile-up collisions, and thus it increases the minimum distance between spikes in a way

that depends upon the morphological changes. It has been long known that an axonal enlargement
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can act as a low-pass filter for firing rate activity [90, 89, [100]. Thus the strength of the filter is
directly related to TBI and the induced level of axonal swelling.

In general, the larger the swelling, the stronger the high firing-rate activity is attenuated from
neuronal networks. It should also be noted that the deletion of the second spike does not take place
immediately and remnants of the soon-to-be deleted spike might affect the propagation of a third
spike. Ultimately, the pile-up effect will reshape the original spike train. Such reshaping of a spike
train is critical in a spike metric analysis. Indeed, a spike metric analysis directly quantifies such

effects and the resulting loss of information.

Collisions with reflected pulses: For specific enlargements where the T-R-B parameters 1 ~
0 [[74], reflection of spike trains can occur [44] [89,|95] as has been observed in the axon of a snail
neuron [3]] and in dendrites [18]. More recently, experimental observations in rat neo-cortical neu-
rons have shown both antidromic and orthodromic propagation, along with a rebound phenomenon,
near axonal enlargements [7]], thus suggesting that the spike reflection phenomenon may play a role
in FAS. The reflection regime will induce the original spike to divide into two pulses: one that will
be transmitted and another that will back propagate (See Fig. [4.4] for details and the supplemental
materials for an animation). As a consequence, the back propagating or reflected pulse will hit the
refractory period of the next spike in the train and vice versa, and both spikes will be deleted. The
deletion of both spikes does not take place immediately so that remnants of the deleted spikes can
affect a third spike as well. This reshaping of the original spike train is illustrated in Fig. 4.4 For
more details about spike reflection, see [31} 74,196} [124]]. The effects of spike-train pile-ups and/or
pulse reflections are important types of spike train interactions that can lead to significant modifi-
cation of a propagating pulse train. A spike train analysis helps to quantify this impact, especially
in regards to the loss of transmitted information. And although it is debatable wether or not spike
train reflections are a rare event, pile-up events (or selective blocking, studied since [62]]) would be

a standard phenomenon, especially for filtering high firing-rate activity [90, |89, [100].
4.2 Quantifying changes in spike trains

We now present a series of numerical simulations of spike trains propagating along axons with non-

uniform geometries that mimic the effects of FAS observed to results from TBI (see Figure {.3).
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Figure 4.4: Simulation of spike train propagation through a prototypical axonal enlargement in the
reflection regime (1 =~ 0). The top left panel records a typical spike train S4. In the enlargement,
back propagating (reflected) spikes are created and collide with the next spike in spike train, deleting
both of them (see Section[.T)). The bottom right panel records the spike train after the morphological
swelling. Note that although S4 and Sp are measurements of the same propagating train, they differ
significantly from each other due to the spatiotemporal dynamics induced by the reflection regime
(n ~ 0). The dissimilarity d(S4,Sg) is quantified via a spike metric analysis (see Section .
The axonal membrane contour is modified from SynapseWeb, and courtesy of Kristen M. Harris,

PL[102].
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Figure 4.5: Schematics for a collision with a reflected pulse. Fig A depicts two FitzHugh Nagumo
spikes. In Fig B-D the front spike reaches the region of axonal enlargement and divides into two
traveling pulses: one propagating forward and another propagating backwards. The backward prop-

agating pulse collides with the second original traveling pulse and, as shown in Fig E-F, both spikes

are deleted.
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The goal is to record simulated spike trains before and after an axonal swelling and quantify how
much each train changes. If there is no axonal swelling, spike trains are unchanged and perfect
transmission is achieved.

As a first approximation, we consider axonal swellings composed of the same biophysical
material as the rest of the axon but with geometrical features consistent with observed varicosi-
ties [[108][109]. As discussed in Section4.1] the interaction between spike pulses with the geometry
and/or other spikes in classic conductance-based models can be nontrivial. Additionally, handling
spike trains with large number of pulses in a fast, accurate and efficient manner can be challenging.
Our computations utilize a pseudo-spectral numerical routine described in [[74] with some improve-
ments such as (a) fast spike generation procedures and (b) boundary masks to keep the computational
domain approximately of the same length as the morphological area of interest (see Supplemental

Materials). Other computational techniques could be used as well (as in [2] or references therein).

Non-dimensional units: It is convenient to simulate non-dimensional systems instead of the orig-
inal dimensional ones. Thus, spatial units (x), temporal units (¢) and voltage fields (V) will be
normalized (unit-less) throughout the entire chapter. See [98] (chapters 5-6) or [30] (chapter 6) for

details about the normalization procedure.

4.2.1 Spike metric analysis

Victor et al. [4,[116}[117] , introduced a framework to quantify the dissimilarity between spike trains
to better characterize neural codes. Spike trains (formed of zeros and ones) are considered points
in a metric space where a spike train A can be transformed into another train B by a sequence of
elementary steps. A cost is associated with each each step with the following rules: (a) it costs 1 to
create/delete a spike and (b) it costs g/At to shift a spike by At in time, with g being a proportionality
constant. The metric distance between two trains A and B is given by the minimum cost required to
transform train A into train B.

We argue that the spike metric framework is specially tailored to quantify how much morphology
and/or axonal pathologies reshape spike trains. In the original spike metric framework the rules of
creating, deleting and shifting spikes are just steps in the algorithm to quantify dissimilarity. But

as detailed in Section [4.1] spike collisions of different kinds and delays are part of the biophysical



Table 4.1: Relation of spike metric rules and FAS effects

Metric Rule Cost

Morphological Mechanism

Shift spike g/t

* Axonal varicosities can cause spike delays.

by At * Spikes travel faster in larger diameter regions.
* Remnants of deleted spikes can affect other spikes.
Delete 1 * Both forward and backward propagating spikes
a spike are destroyed if collided. See Figure
* Spike behind is destroyed in a pile up collision.
See Section 4.1|and Figure
* All spikes are destroyed in blockage regime.
Create 1 * In the reflection regime a second backward
a spike propagating spike is created. See Section
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phenomenology of spike propagation in irregular geometries. We summarize these relations in Table

Most importantly, the transformation of a spike train into another via axon morphology gains

biophysical meaning in understanding both (1) the signal processing performed by the healthy axon,

and (2) the pathological loss of information in the injured one.

4.2.2 Quantifying transmitted information in neuron responses.

Victor and Purpura [117] extended the spike train metric framework to investigate how much a

neuron’s distinct responses are informative about the different stimuli that trigger them. Their setup

assumes a given set of stimulus (s;) and response (r;) classes that are connected through spike trains

(k)
lj

where j is the given stimulus and k denotes the kth spike train of that stimulus class. The method
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1S summarized as:

1 2 3
B W00 "
1 2 3
o o A2 ,
Stimulus class elicit spike trains that form Response class

Neurons with less random behavior are expected to have more consistent response classes, i.e., the
metric distances between a train 7; and its peers from class r; will be (on average) smaller then the
distances between #; and trains from other classes.

The quantity that captures how much the association of the response-to-stimulus classes is in-
formative (non-random) is called the transmitted information (TI) and quantified by the parameter
H [117]. To study the TI across an injured neuron (see Panel A from Fig. we follow a slightly

more complex setup:

S1B, S2B, --- — rig, "B, ... — *
External set of The spike trains Spike trains will
stimulus classes are arranged in travel until they
generate trains. response classes. reach the injury.
1
a, A, ... «— S14, S24, - < * %
Modified trains are Injury acts as no- The injury can re-
arranged again in vel set of stimulus shape each train in
response classes. classes on trains. a different manner.

Within this context we pose the following questions: are the neuron’s response classes 14,724, - - -
after the axonal swelling less informative than the classes g, 72p, . . . before the injury? If yes, which
is expected due to the neuronal damage and FAS, what is the relative loss of TI? How many reshaped
trains from a post-injury response class can still be tracked back to its original pre-injury class? How

many will be confused for a different class? We will address these questions in the next sections.

A simple example: To review the methodology on a simple system [117], consider 2 stimulus

classes (s1,s2) and a sample of 40 trains triggered by each class: tfl) , tl(z), e ,t§40) and tél) , téz), “ee ,t2(40)
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forming two response classes (r,r2). Then the algorithm works as follows:

1. Calculate for each response train the Average Metric Distance (AMD) between itself and (1)
response trains elicited from its own stimulus class and (2) response trains elicited from the

other stimulus class.

2. Classify trains by choosing the smallest AMD:

closer to r; closer to rp
for each train elicited by s1: o1 or o2
for each train elicited by s;: (0531 or [09%)

where the ¢;; give the number of pulse trains classified into each response class.

3. The «;; are computed by adding a value of 1 to the selected class. If the AMDs are equal, add
0.5 to both classes. The results can be summarized in a classification matrix A. An example

may look like:

37 3
2 38

— A=

Here, 3 out of the 40 trains triggered by s; were, on average, closer to the trains induced by
52, and 2 out of the 40 trains triggered by s, were closer to the trains induced by s;. It is the

same schematic as presented in Figure

4. From the classification matrix, calculate the associated transmitted information (H). The

matrix above has H = 0.664 (See Eq. (4.1)) below).

The TI quantifies how much the association of the response-to-stimulus is non-random. In Table
we present some other examples: a perfect classification matrix, i.e., with maximum TI, is given by
a diagonal matrix with entries equal to 40. Since there are only 2 classes, perfect transmission gives
H =log,2 = 1. Intuitively, TI penalizes non-perfect classification matrices proportionally to the
magnitude of its off-diagonal terms. The most random scenario is given by a matrix with all entries

equal to 20, where all classes are equally probable and H = 0.
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In relation to TBI, H = 1 would be a healthy axon where faithful spike train propagation is
unimpaired. A score of H = 0 would represent complete, or random, confusion (misclassification)
of the spike trains propagated, and thus a severe loss of cognitive functionality. Our expectation is
that H scores would vary from zero to log, (# classes) as a function of the level of injury.

The above illustrative example was for only two stimulus classes and two response classes.
More generally, consider Ny spike trains elicited by stimulus classes s1,57,...,5¢c with associated
response classes r1,72,...,rc. A classification matrix, A with computed elements o;;, can then be

constructed, and the TI is given by:

1
H = NZA(Sa,Fﬁ)|:1Og2A(Sa,I"ﬁ)—10gZZA(sa,rﬁ)
tot Ot,ﬁ a

—logy Y A(sa,rs) + logszt} 4.1)
b

More sophisticated criteria than the average metric distance can be used in the classification step.
For example, we could (a) minimize the distance between the response and the furthest outlier or (b)
classify according to closest individual match instead of the average. For a detailed exposition of
the algorithm, discussion of the limitations and biases due to small sample size, and more examples
see [117] and references therein. One of the advantages of this framework is that it generalizes well
for multiple cases of response classes. The entire classification structure can be easily seen from the

matrices depicted in Fig. where 10 stimulus/response classes are assumed.
4.3 Loss of information in Poisson spike trains

Before quantifying the loss of transmitted information, we investigate the spike train deformations
due to axonal swelling and show how FAS can significantly alter the input-to-output spike train. The
propagation effects are then quantified by constructing confusion matrices and computing the loss

of TI through the function H.

4.3.1 Spike trains before and after axonal swelling

The goal of this subsection is to quantify how much a spike train changes after propagating through
an axonal swelling. Factors such as the size (Iength) of the spike train and its firing rate can drasti-

cally affect the outcome and will be described in details. Finally, we compare an ensemble of trains
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Figure 4.6: Spike metric analysis of morphological effects on Poisson spike trains for a prototypical
axonal enlargement operating in a transmission regime. Panel A. Schematic of simulations where
some spikes are deleted by Pile Up collisions (red x) or shifted (green arrow). Panel B. Plots of
Average Metric Distance (AMD) between spike trains before/after enlargement for different Firing
Rates (FRs). Bars represent one std. dev. above and below average. Temporal length of trains are
fixed (AT = 2.5 x 10* non-dimensional units). Metric values depend strongly on the shift cost g
associated to the metric calculation. Panel C. Temporal scalings of AMD for different FRs and shift
costs g. Panel D. Comparison of the variability within a single stimulus class of moderate firing
rate s4 (FR=0.004 non-dimensional units) and of high firing rate s;9 (FR=0.01) before/after being
reshaped by the axonal swelling. Shown are histograms of metric distances between train i and j

within each class.
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Table 4.2: Examples of classification matrices

Ex. 1 r1 1¥) Ex. 2 r1 1¥) Ex. 3 1 rn
S1 40 O S1 37 3 S1 22 18
52 0 40 52 2 38 52 15 25

Ex. 4 ri r

S1 20 20
52 20 20

Examples of classification matrices for 40 trains elicited by two stimulus classes. The diag-
onal matrix 1 has perfect or total TI, and since there are only two classes, H = log,2 = 1. Matrix 2
is near-perfect with H = 0.664. Matrix 3 is near-random, because the off-diagonal terms are slightly

smaller than the diagonal terms and have H = 0.022. Matrix 4 is totally random and have H = 0.000.

(with different firing rates) before and after the injury and demonstrate that they collectively become

more similar.

In Panel A of Fig. 4.6 we display the setup for these simulations: Poisson spike trains with
different Firing Rates (FRs) are used as input. Effects such as those described in Section [4.1] (spike
shifts and pile-up collisions) take place and reshape the train. After recording each spike train in our
sample before and after the swelling we follow the procedure described in Sec. [#.2.1] and calculate

the metric distance between them.

In Panel B of Fig. 4.6 we plot the average of these metric distances (AMDs) as a function of
the FRs. The bars indicate one standard deviation above/below the mean. The trains have a fixed
temporal length (T = 2.5 x 10* non-dimensional units) before/after being reshaped. For low FRs,
the inter-spike intervals are (on average) very large and most of the spikes propagate independently
from each other. Thus, their AMD between original/reshaped train is low for all shift cost values
g since nontrivial interactions between spikes are rare. As the FRs increase, spikes are more likely
to experience changes and/or deletions, leading to an increase of AMD. Finally, for higher FRs the
number of spikes in a train reaches a limit due to the refractory period of the system that constrains

how fast another spike can be formed, i.e. the low-pass filtering effects of the axon morphology
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plays a role. With no additional spikes to be shifted or deleted, the AMD reaches a plateau.

In Panel C of Fig. .6] we depict how the AMD scales with the (temporal) length of the spike
trains for different FRs and shift costs. The scalings are linear as a consequence of the memoryless
property of Poisson trains: the AMD of an entire train is the sum of the AMD of its segments. We
note that the trends for the AMD are better separated for larger values of q.

To account for the variability, not just average values, we display in Panel D of Fig. [.6| the
histograms of the metric distances between spike trains of same FRs before and after the axonal in-
jury. We compare the variability within a single stimulus class of moderate firing rate s4 (FR=0.004
non-dimensional units) and of high firing rate s;9 (FR=0.01). The histograms show that the mor-
phological injury acts by squeezing and shifting the distributions towards lower values of distances
(left), with the effect being more pronounced for the higher FR. Ultimately, variability in the stimu-

lus class is reduced in both cases due to the axonal deformations.

4.3.2  Confusion matrices for injured neurons

Here we extend the classification procedure from [[117] to injured neurons. More specifically, to
axonal swellings that affect spike train propagation without completely blocking them. The results
are displayed in Fig[4.7

In section 4.2.2] we reviewed how to use a classification matrix to assess how informative a
neuron’s response is. The classification is perfect (or most informative) when all spike trains elicited
by the same stimuli are assigned to the same response class by the metric criteria. A perfect response
is associated to a strictly diagonal matrix (see Fig and Table[4.2)). Conversely, a non-diagonal
matrix is associated with less separated, and thus less informative, response classes. Our simulations
show that an axonal swelling distorts the separation structure of the neural response.

Some key points of our method include:

1. An axonal injury is regarded as a second set of stimuli acting on top of the elicited spike

trains, and its effects are viewed relative to the original response classes.

2. There are two sets of spike trains: the original, or control, (before injury) and the modified, or

reshaped, (after injury). The same distinction is valid for response classes.
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Figure 4.7: Confusion matrix trios. We considered 10 stimulus classes s1,...,s10, where each s; is
associated to a different Poisson Firing Rate A;. Each s; generates multiple (40) spike trains that are
then classified to a response class r. If k = j, it is correctly classified and a contribution is made to
the diagonal of the confusion matrix. If k = j, then it is misclassified and contribution is made to
an off-diagonal (0 ;) element of the confusion matrix. Each confusion matrix trio is comprised of
(i) Classification before the axonal injury with healthy classifier (top left matrix of every trio), (ii)
Classification of reshaped spike trains after propagating through the axonal swelling with healthy
classifier (top right matrix of every trio), and (iii) Classification of reshaped spike trains with a new
classifier that optimally separates the response classes in the injured axon (bottom right matrix of
every trio). The different panels show confusion matrix trios when the length (size) of the spike
trains in the sample increases. In Panel A the length is 1.5 x 10* non-dimensional time units, in

Panel B, the length is AT = 2.5 x 10* and in Panel C, AT = 3.5 x 10%.
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3. Since classification matrices for injured neurons provide information about errors in the encoding-

decoding scheme, we will refer to them also as confusion matrices.

4. Confusion matrices form a trio: (i) the original (non-injured) classification matrix with the
original metric criteria, (ii) the matrix for reshaped trains with the original metric criteria, and

(iii) the matrix for reshaped trains with a new metric criteria. See Panel A of Fig.

In our simulations (see Figure .7), we consider 10 stimulus classes acting before the injury sz,
$28,--., S10p- Each class denotes a Poisson Train Generator with non-dimensional units of Firing
Rates (FRs) A; = 0.001, A, = 0.002, ..., A;p = 0.010. We sample 40 spike trains from each class
and classify them in response classes before the injury rg, 2, ..., r1op. These are depicted in
matrix (i) of each trio in Fig. Since the injury did not affect the spike trains until this point, the
procedure to obtain theses classification matrices is the same as the one discussed in Section4.2.2
The leftmost matrices are not perfect (diagonal) since some trains elicited from s; are closer (by the
metric criteria) to trains in r;_1 or r;;1 instead of r;. As a consequence, the matrix is approximately
tridiagonal. The classification improves as the length of the spike trains increase since the width of
the diagonal structure decreases. The pre-injury classification matrices for Poisson trains are com-
patible with the spike metric examples in [117]. We used a shift cost ¢ = 0.02 for all classifications
to be compatible with the typical spike shifts observed in the FitzHugh-Nagumo model.

The spike trains then propagate through the injury where the deleterious effects of the axonal
swelling described in Section [.1] take place. In Figl4.7] the resulting confusion matrices (ii) and
(iii) in each trio show how injured neurons compromise the stimulus class discrimination.

In matrix (ii) of every trio in Fig. each reshaped spike train (after injury) is now compared
with the original trains (before injury) for classification purposes. Aside from this change, the
classification criteria is the same as before. We observe that there is a dramatic distortion in the
diagonal structure of the matrix. This occurs because spike trains with higher FRs lose spikes
largely due to pile-up collisions and are confused with spike trains of lower FRs. The last row
of the top-right matrices, for example, shows that modified spike trains elicited by sj9 with A =
0.010 (non-dimensional units) are heavily confused with original spike trains from rgg with A =
0.006. Therefore, the higher the FR of a spike train, the more susceptible it is to misclassification

after axonal swellings (false positive). Conversely, lower FRs are more reliable. This observation
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is simply a manifestation of the low-pass filtering expected of FAS. We discuss the biophysical
consequences of this in Section [4.4]

In matrix (iii) of every trio in Fig. each reshaped spike train (after injury) is now compared
with the other reshaped spike trains for classification purposes. This is a change in the classification
criteria to a new optimal discrimination between classes. The confusion matrix still presents some
diagonal structure, but with larger width than the leftmost matrix. However, there is a significant
improvement compared with the top right matrix. An important consequence is that the overall error
in the encoding-decoding process can be reduced in injured neurons if the classifier learns, perhaps
through plasticity, a new metric criteria tailored for the reshaped spike trains. We discuss how this

idea can lead to different strategies for the neuron’s functional recovery in the last section.

4.3.3 Relative Loss of Transmitted Information

In the previous section, we discussed qualitative aspects of the confusion matrix trios displayed
in Fig. Regardless of the length of spike trains used in the sample, the post-injury matrix,
numbered (ii) of each trio, exhibit dramatic distortions of the diagonal structure when the healthy/o-
riginal metric classifier is used. The classification matrix can be improved however if a new metric
classifier is used (see bottom right matrix of each trio). In this section, we calculate the transmission
information (TT) associated with these matrices and provide a more quantitative description of the
signal processing impairment in an injured axon.

Recall from Section[d.2.2]that the TI of a classification matrix A is given by equation (.I). Intu-
itively, it is the quantity that captures how much the association of the response-to-stimulus classes
is informative (or non-random). The calculation penalizes non-perfect (non-diagonal) matrices pro-
portionally to the magnitude of its off-diagonal terms.

In Figure we display the TI for the confusion trios of Fig. along with a variety of
intermediate spike train lengths. Each matrix (within a trio) is colored according to its position/-
function (as in Figure[d.7): (i) Black squares for the leftmost matrices, i.e, the healthy classification
matrices for spike trains before the injury. (ii) Blue circles for the top-right matrices, that classify
reshaped spike trains (after the injury) with the original classification criteria. (iii) Red triangles for

bottom-right matrices that classify reshaped spike trains (after the injury) with the new classification



Relative Loss of H

Scaling of Transmitted Information (H)
with Spike Train Length

21 —
______ '
/‘ ﬂﬂﬂﬂﬂ
5 ///’ o
‘//’/ A
19b T e &
/l”/ U -
,” ST e it i e e > .
T18 - e ”
57 e is
17L &7 ;55/ al
fl, —-#- (i) Healthy classifier before injury
-7 i
16 //;/ --o—- (i) Healthy classifier after injury
&5
15 ¢ -4 (iii) New classifier after injury g
1 1 1 1 1
155 2 25 3 3.5
spike train length x 10°
Scaling of Relative Loss of Transmitted
Information (H) with Spike Train Length
15% T \
P
'k\ /o/
10% % g
5 & o 10
e, A z ¥ S
\\\ // // \\\
\\\\ // b 4 T
\:\\L .// P \\\‘
N R G
e ’
5%r > \~\\__‘// n
~®- (ii) Healthy classifier after injury
-4 - (iii) New classifier after injury
OO//O 1 1 1 1 |
1.5 2 2.5 3 3.5
spike train length x 10*

83

Figure 4.8: Top panel: Computation of transmitted information H for confusion matrix trios as a

function of spike train length (non-dimensional units). Bottom Panel: Computation of relative loss

of H after injury as a function of spike train length (non-dimensional units). For both panels, indexes

(i), (i1) and (iii) have the same meaning as in Figure Note that learning of a new classifier is

advantageous provided that meaningful information is encoded in longer spike trains.
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criteria.

In the top plot of Fig. we note that there is loss of transmitted information after the injury,
regardless of the size of the spike trains or classification criteria. As expected from the qualitative
discussion in the previous section, the TI of healthy matrices (leftmost matrices) improves as the
length of the spike trains increase. The difference in H between the black curve and the others is the
absolute loss of transmitted information.

The relative loss in the transmitted information is depicted in the bottom plot of Fig. Both
curves are concave-shaped starting with a loss around 10% for spike trains of length 1.5 x 10* (non-
dimensional time units) and returning near the same value for spike trains of length 3.0 x 10* (non-
dimensional time units). For spike train lengths above 3.0 x 10* however, the two curves diverge:
the curve that uses the original classifier (blue) keeps increasing while the curve that uses the new
classifier (red) decreases. There is a large discrepancy between the two curves in this region, and the
one associated to the new classifier performs much better. In fact, larger spike trains usually exhibit
more secondary features than shorter spike trains. The injury might affect these features less then
the primary features (number of spikes, etc). It is reasonable that a new classifier, that favors these
more robust properties, can lead to a better classification. Thus, in a scenario where long spike trains
are used for TI, the plot suggests that there is room for functional improvement if the networks learn
a new classifier through neuro-plasticity, for instance. We discuss this in more detail in the next
section.

The concave-shaped curves in the bottom plot of Fig. have distinct minima: spike train
lengths of 2.0 x 10*(non-dimensional time units) minimize the relative loss of TI for the blue curve
(see blue stripe) and lengths of 2.5 x 10* minimize it for the red curve (see red stripe). The minimum
for the blue curve shows the length for which the number of misclassifications in the spike train is
the smallest. The minimum of the red curve gives the lengths for which the relative loss of TI is
smallest by potentially learning a new classifier.

We expected that larger spike trains would loose relatively more information: they would be
better separated (law of large numbers) before injury and since the FAS affects spike train regardless
of their size, there is more TI to loose. It remains an open question why small trains loose (relatively)
more TI than medium sized trains, which represent the minima. Both classifiers exhibit them,

suggesting that its existence might not depend on the nature of the classifier.
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In conclusion, Figure shows for our working example how the relative loss of transmitted
information scales with the length (size) of the spike trains used in the sample. For smaller lengths,
learning a new classifier does not improve the TI significantly, but the payoff of switching to a
new classifier for longer spike trains can be significant. We believe that our example is insightful,
but much study is needed to assess if these conclusions will hold for different stimulus classes and

different classifiers.

4.4 Discussion of the results

This chapter introduces a theoretical/computational framework to quantify how FAS reshape spike
trains, confuse responses to different stimulus classes, and lose information during transmission. As
detailed in Section[4.T} many nontrivial effects can take place in the FAS, thus potentially reshaping
the propagating spike train (Fig. 4.6/A). We used a spike train metric analysis to quantify changes
that Poisson spike trains undergo when encountering FAS, but other statistical criteria could be used
as well (Section[4.2). The spike train metric analysis accounts for spike deletions and timing shifts
dueto FAS and relates them to observed biophysical mechanisms (Table 4. 1)).

The following key observations were made:

1. Poisson trains with high FRs are impacted more than trains with low FRs. Thus spike trains
with lower firing rates are more robust to axonal swellings then those with higher firing rates.
This reflects the low-pass filtering that occurs under FAS, where the filter strength is increased

with larger FAS.

2. In a healthy axon, only a few spike trains are misinterpreted as a response to another stimuli.

This notion is captured by a strong diagonal dominance in the confusion matrix.

3. FAS lessens the separation between different response classes and many misclassifications
occur. This notion is captured by a distortion in the diagonal of the confusion matrix, i.e.

off-diagonal terms in the confusion matrix are accentuated (Fig. [4.7).
4. TI always decreases after FAS (Fig.[4.8] top plot).

5. The relative loss in TI depends on the length of the spike trains (Fig.[4.8] bottom plot).
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Figure 4.9: Elements of two prototypical functional recovery paradigms. A Individual morphologi-
cal recovery, whereby the slow reduction of swelling, potentially aided by pharmacological agents,
returns the axon to normal operation. B Collective recovery via plasticity, whereby re-weighting
of neural connections leads to new population encoding vectors and a new optimal classification of

stimulus.
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6. With FAS leading to a potential 30-fold increase in axon diameter [[108}[109], the transmission

of spikes might be blocked completely with no information is transmitted.

7. Blockage can occur even in swellings of small volumes if the increase in diameter is suf-
ficiently abrupt. Thus the geometrical tapering parameters of FAS are of utmost impor-

tance [74].

Our confusion matrices quantify the impact of a single axonal swelling in Poisson spike trains and
also demonstrates low-pass filtering their firing rates. We remark however that an injured axon most
likely have multiple FAS, each with different geometrical tapering parameters; This can add signifi-
cant complexity to spike propagation dynamics. Thus, even in a very simplified scenario — where the
varicosities are assumed to be of the same material as the axoplasm — it is unclear what the combined
effect of multiple FAS will be. At this point, the available biophysical information is insufficient
to understand potential changes in the resistivity of the axon after injury. Many varicosities contain
mitochondria (that regulate presynaptic Ca+2) or other electrically active vesicles that can interact
with propagating spikes. We hope to improve the computational modeling of FAS presented here

with features from future experimental advancements .
4.5 Insights to recover the functionality of injured neurons

A better theoretical understanding of the effects of axonal injuries to spike encodings can lead to
novel strategies to recover the functionality of injured neurons, ultimately leading to biophysical
schemes for suppressing the deleterious effects of TBI and/or other neurodegenerative diseases. We

imagine at least two broad directions:

1. Individual morphological recovery through natural healing and/or pharmacological agents

(Fig. B9A)
2. Collective recovery via neuro-plasticity (Fig. 4.9B).

In the first type (Fig. {.9A), the axonal swelling would decrease naturally [80] or by responding
to some pharmacological treatment [52]. While injured, the neuron’s response classes would not

be aligned with the original/healthy classifier. Instead, the response classes would have significant
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overlap, leading to increased confusion and misclassifications. As the axonal swellings decrease
in volume, the response classes would realign and separate as the FAS returns to its healthy state.
Finally, the response classes would return to their pre-injury position and the healthy classifier would
perform well again.

The second type (Fig. B.9B) is a collective (network) strategy to circumvent the confusion
caused by a neuron with persistent axonal swellings. The injured neuron would keep sending re-
shaped spikes trains to their direct neighbors. However, due to feedback mechanisms in the net-
work, the neighboring neurons would learn (via plasticity) how to re-interpret these reshaped spikes.
Specifically, by learning a new classifier, or criteria, (in red) instead of the healthy/original classifier
they used before the injury. Figure for instance, shows how the relative loss of transmitted
information scales with the length (size) of the spike trains used in the sample. For smaller lengths,
learning a new classifier does not improve the TI significantly, but the payoff of this recovering
strategy can be tremendous for large lengths.

The different strategies are not exclusive, and perhaps the optimal treatment would combine
them. Thus, the time scales of individual recovery and collective (plasticity) recovery are of extreme
importance. We would not wish the two mechanisms to work against each other, i.e. attempt to
return a neuron to its original response classes (pharmacologically) when the rest of the network is
trying to learn a new classifier for the reshaped spire trains.

As a next step in this study, we wish to extend our computational studies to neural networks. If
we add injured neurons with different FAS in a network, how would it affect the population codes?
Can the confusion matrices developed in this work be used to update the effective firing rate of
injured neurons? We believe that such computational models can bridge the observed changes in
the single cell level to the functional deficits observed in behavioral and cognitive studies of patients
and animals exposed to concussion, traumatic brain injury, and other neurodegenerative diseases

such as Alzheimer’s and Parkinson’s disease.
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Chapter 5
BUILDING A COMPUTATIONAL TOOLBOX FOR FAS DIAGNOSIS

In this chapter we develop a computational toolbox that extracts meaningful geometri-
cal parameters from sequential images of injured axon segments. The algorithm pro-
vides a principled approach for dealing with imaging distortions caused by experimen-
tal artifacts in order to extract the cross-section of an axon by detecting local symme-
tries, turning points and turning regions. The characterization of FAS allows for an
assessment of its impact on spike propagation, leading to a color coding of the axon
that highlights problematic regions for information propagation. Our MATLAB tool-
box thus highlights potential trouble spots of axonal morphology, and similar to car

traffic maps, identify blocked or impaired routes for information flow.

Until now we characterized the propagation of spike trains in FAS by evaluating the parameter
1(0g, Or, 64) with highly idealized geometric structures. Real axons have much more challenging
geometries then the idealized case, thus requiring further innovations around how to process their
structure. In this chapter we develop algorithms to deal with the complications of more realistic
structures in a principled way. Our goal is to extract the required geometrical parameters from
axonal images and color-code FAS according to how severely they are expected to jeopardize the
transmitted information. The effects of injuries in the neuronal network are visualized much like
live traffic maps that indicate blocked and/or congested roads.

To demonstrate the method, we applied our MATLAB toolbox to small samples of (i) uninjured
hippocampal rat neurons with rich geometrical structures [102]] and (ii) some of our own in vitro in-
jured axons from magnetic-twisting cytometry experiments. Figure [5.1]shows in detail some of the
axons that are used for quantifying the effects of FAS. The figure also shows how the methodology
presented can be used as an evaluation tool for quantifying the statistical distribution of swellings,
thus providing a neuronal traffic map of signal propagation (or transmitted loss) for individual axons

as a function of time. Specifically, areas of compromised information transmission are color coded
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Figure 5.1: Panel A. Membrane contours for reconstructed unmylienated axon segments of CA3 —
CAI1 rat Hippocampal neurons. Courtesy of SynapseWeb, Kristen M. Harris, PI, from [102]. Below,
we show the corresponding swelling distribution among different functional propagation regimes
(transmission, low-pass filter, reflection and blockage). Panel B. Typical evolution of swellings
in healthy and injured axonal segment. In vitro injury experiments performed by Dr. Matthew
Hemphill at Disease Biophysics Group, Wyss Institute for Biologically Inspired Engineering, Har-

vard University.
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from yellow, to red, to black depending upon the level of injury. It also shows that information prop-
agation changes as a function of time as swellings grow. Figure[5.IB represents the key diagnostic
tool achieved in this work. A full quantification of the axon shaft is demonstrated, where traffic
congestion maps inspire a novel representation of the deleterious effects of FAS.

We expect this toolbox to be of broad interest to the neuroscience, neurological and biomedical
engineering communities due to the critical role that focal axonal swellings play in modulating the

transmission of information in traumatic brain injuries and/or neurodegenerative diseases.

5.1 Extracting geometrical features from real axon segments

To evaluate the critical parameter 1) across an axonal segment, the geometrical features of a given
axonal swelling must be extracted from a time sequence of axonal images. As a first step, we apply
techniques from statistical shape analysis to fix distortions caused by experimental contrast issues in

the image acquisition. After accounting for the distortions, we then extract the axonal cross-section.

5.1.1 Shape comparison after Procrustes superimposition

It is customary during in vitro axonal injury experiments (see Figure [5.1B) to take image snapshots
at regular time intervals to monitor the formation of Focal Axonal Swellings and keep track of how
each axonal process evolves [72,152]]. Many experimental artifacts however, can distort these images
by introducing position shifts, image rotation and/or contrast issues. Consequently, axon processes
may appear artificially larger or smaller then they should simply from image distortions (See Figure
[5.2]A). These distortions can lead to incorrect measurements of the geometrical parameters of the
axon and consequently to a misleading FAS diagnosis. To compare the shape of two or more objects
in a sequence they must be first correctly superimposed. This is achieved via a Procrustes analysis
which optimally translates, rotates and scales the compared objects. Figure shows some sim-
ple examples of how the analysis accounts for the translation, rotation and dilation of two exemplar

objects.

In statistical shape analysis, a shape S is defined as a collection of data points where their cartesian

coordinates are stored in a matrix. In the context of an axon, it refers to all the points comprising
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Figure 5.2: Shape comparison after Procrustes superimposition. Panel A. Pictures taken with a five
minute interval display contrast problems from experimental artifacts. The right zoomed segment
(green) appears larger than the left zoomed segment (blue) even if no significant biological change
occurred. Panel B. Procrustes superimposition is an algorithm in statistical shape analysis that can
be used to align shapes via scaling, shifting, rotation and/or a combination of such effects. Panel C.
By applying Procrustes superimposition to the highlighted segments, we obtain the optimal factors

to correct the contrast issues. See section for details.

the axon segment and/or its contour. To optimally superimpose shape S4 to shape Sp we minimize

what is called the Procrustes distance between these objects:
find scaling factor b > 0, arotation matrix R, and a shift vector ¢
to minimize ||Sg —b-Sa-R+cll2, (5.1

where the goodness-of-fit criterion is the sum of squared errors. This step significantly improves
images for posterior analysis. Figure[5.2]C exemplifies a contrast issue successfully resolved using

this least-square optimization procedure.
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Figure 5.3: Extracting axonal cross-section. Panel A. Axonal contours are approximated by patched
trapezoids. A non-symmetric trapezoid can be decomposed into a turning region (zoomed) and a
symmetric trapezoid (red). One of the vertices is the turning point. Panel B shows other turning

point configurations. The algorithm of section[5.1.2]handle nontrivial enlargements such as those in

Panel C.

5.1.2 Extracting axonal cross-section

The next step of our shape analysis extracts axonal cross-sections from the captured images by using

a principled algorithm outlined here and depicted in Fig.[5.3}

1. Pre-process each image to prune individual axon segments and reduce imaging noise. Convert
the image to a grayscale data matrix M;; whose entries vary between zero (black) and one
(white). Enhance contrast by applying a threshold 7, i.e., set

0 ifM,'j <7,
M,'j:

1 ifM,'j >T.
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2. Locate upper and lower axonal contour points by verifying neighboring entries in M where

there is a transition from black to white and vice-versa.

3. Approximate the axon segment with patched trapezoids, each composed of two vertices in the
upper axonal contour and two from the lower axonal contour. The problem is now reduced to

extracting the cross-section of each trapezoid.

o If the trapezoid is symmetric the discrete cross-section values are simply the segments

connecting the upper contour vertices to the lower contour vertices.

o I[f the trapezoid is non-symmetric, it can be decomposed into a turning region patched
to a symmetric trapezoid. One of the vertices is the turning point. Our cross-section
linearly interpolates the turning region until the start of the symmetric trapezoid compo-

nent. See Fig. [5.3]A for details.

In Figure [5.3B we display three prototypical configurations of turning points and turning regions.
Thus the method can extract the geometrical features associated with non-trivial axonal sections
such as those of Fig. [5.3IC. We remark that there is a simple criteria for determining which vertex is
the turning point. As illustrated in Fig. [5.4A, there are two left angles (6}, 6;] associated with a non-
symmetric trapezoid. The turning point is always opposite to the larger angle. By approximating an
axon with a set of turning regions patched to symmetric trapezoids, we can systematically extract
its cross-section. The algorithm can be iteratively applied in order to refine the grid as necessary.
Figure [5.4B applies the algorithm to a typical axon segment and the results are illustrated for this

process.
5.2 Characterizing propagation in real axons

By using the extracted cross sections of the axonal geometry, such as the one in the bottom panel of
Fig.[5.4] the FAS can be characterized along the axon segment.

The characterization of the axon segment is done by evaluating the parameter 1(Jg, 07, d4) as
a function of distance down the axon. However, the effects of i1 were associated with the highly

idealized geometric structure of Sec. Real axons have much more challenging geometries then
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Figure 5.4: Criteria to find the turning point. Panel A depicts the left angles [6,, 6;] associated
to a non-symmetric trapezoid with vertices {u),uz,l;,l,}. The turning point is always the vertex
opposed to the larger angle. Panel B show a typical result of the axonal cross-section extraction

algorithm of section[5.1.2]

the idealized case, thus requiring further innovations around how to process their structure. The

following algorithm is a principled way to deal with the complications of more realistic structures.

Sliding windows: The idea behind this method is to slide parameter-extracting windows of vari-
ous sizes along the axonal cross-section plots. This technique is reminiscent of a windowed Fourier
transform where time-frequency localization can be computed with a spectrogram. Here, the sliding
window is used instead to capture FAS events and the geometrical associated with them. See Figure
for an example. As the window slides, it follows some rules to extract [8g, 87,04 from the

portions of the axonal diameter d(x) contained in it. Specifically:

1. Set the length L of the parameter-extracting window and let dynq = d(Xmqy) be the maximal

diameter value contained in [x,x+ L|.
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Figure 5.5: n estimates from axonal cross-sections. Panel A illustrates the sliding window method
with two window sizes and their corresponding 1) estimates. Panel B illustrates the minima/max-
ima method with the axonal cross-section (top), swelling locations (middle) and the corresponding
N estimates (bottom). Panel C illustrates the 10%-90% rule regarding total diameter change and
Panel D the same rule regarding total area change. Panels C-D show the axonal cross-section (top),

swelling locations (middle) and the corresponding 7 estimates (bottom).
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2. If Xqy 1s the first point in the window, set

SB = dma)m 5T = L7 and7 6A = d(x+L)a

otherwise, set

63 = d(x), 6T = Xmax — X, and, 6A = dmax-

As we slide the parameter-extracting window, 1) is continuously calculated along the axon seg-
ment. Estimates of 1) vary considerably with the window lengths (see Figure [5.5]A); larger windows
can contain multiple FAS whereas smaller windows may not capture an entire swelling due to the
limited window size. The method may also handle swollen and non-swollen regions of the axon

indistinguishably.

Minima and Maxima: To refine the estimates above, we recalculate 17 for each FAS. They are
located by properly pairing the extrema of the diameter function, with each swelling starting at a
local minimum x,,;,, and ending at the next local maximum x,,,,. Then, we assign for each located

swelling:

53 = d(xmin)a 5T = Xmax — Xmin; and, 6A = d(xmax)

Constant values of 1 for each swelling provide clearer diagnostic interpretations (see Figure[5.5B).
This method works well for swellings with linear diameter growth but might fail for those with
sigmoid shapes. If the detected swellings include large flat sections of the axonal diameter, d7 can
grow disproportionately to d4 and dg. Since flat regions are not expected to interfere significantly

with the propagating signal [74]], it helps to trim them off from the detected swellings.

The 10% — 90% rule: To revise the swelling’s endpoints, we borrow an idea from electronic
signal processing [[77]]: we set the left and right limits where the total diameter increase — or total
area increase — reaches 10% and 90% respectively, hence the name of the rule. The 1 estimates are
now calculated from the revised endpoints (see Figures[5.5[C and[5.5]D). The two variants of the rule

agree in the majority of cases and return values of 1) typically smaller than the other methods.
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Figure 5.6: Four axon segments modified from SynapseWeb, Kristen M. Harris, PI, from [102].
Each axon segment is color-coded spatially according to the propagation regime number 7. Differ-
ent criteria lead to different 1 estimates, and there are multiple ways to integrate them: best case
scenario (BCS), average estimates (AES) and worst case scenario (WCS). These plots are analogous
to car traffic maps (bottom left) that can identify blocked or impaired routes for signal flow. This
framework could lead to important improvements in FAS (cognitive deficit) diagnostics and to our

understanding of the several pathologies in which they are implicated.

Combining estimates: These algorithms produce a set of 1] estimates which we combine in differ-
ent ways: (1) best-case scenario, (2) worst-case scenario and (3) average estimates. In the best/worse
case scenario we overwrite sliding window estimates with those taken from the extrema and/or
10% — 90% rules. In the third case, we average all estimates along the axonal axis. These various
estimates for 1 are pursued in order to provide a more robust measure of the effects associated with

FAS.
5.3 Completing the FAS diagnostics

Our combined algorithms color-code swellings along axonal segments as displayed in Figure [5.6}
we show four axonal segments from the set of SynapseWeb, Kristen M. Harris, PI, from . The

plots are analogous to traffic maps that depict congested areas of traffic by color coding. Specifically
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this traffic map can identify — for spike train encodings and signal flow — blocked or impaired routes.
One should simply keep track of where the color changes from green to yellow (filtering of spikes),
to red (spike reflection), or to black (spike blockage), in order to identify regions where transmitted
information is lost.

We used three different criteria to combine the multiple 1) estimates: best case scenario (BCS),
average estimates (AES) and worst case scenario (WCS). They can differ significantly in the as-
sessment of the propagation regimes; However, having multiple ways to combine 7 estimates allow
more flexibility to calibrate our geometrical measurements to the specific physiological settings of
the analyzed neuron. In Figure[5.6] for example, we normalized the geometrical parameters to match
the smallest cross-section value of the sample to the smallest radius of the simulations in [[74]. Thus,
even if the electrophysiological predictions are incorrect, one can still compare swellings of various
shapes relative to each other. We believe this framework is a promising starting point for diagnosing

axonal swellings implicated in several neuropathologies.
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Chapter 6
HOW FAS CAN COMPROMISE NETWORK FUNCTIONALITY

In this chapter we study how Focal Axonal Swellings (FAS) occurring at a cellular level
can compromise the activity of a neuronal network. In this setup, we treat neurons as
firing-rate units that respond collectively to known stimuli with well-defined response
patterns. As we injure neurons in the population by impairing their individual firing-
rate capabilities, we reduce the network’s overall ability to produce these patterns. We
propose a few metrics to quantify loss of network functionality and compare the effects

of different distributions of swellings in the neuronal population.

Up until this chapter, we considered neuron models sophisticated enough to include detailed ge-
ometrical axonal structure. Signal transmission was studied in the level of spikes and nontrivial
propagation phenomena induced by FAS was analyzed in depth. However, it is unclear how individ-
ual impaired neurons (micro scale) can disrupt the functionality of a neural network (macro scale).
To investigate the effects of FAS within a macro-level description, we make a few simplifications:
neurons are now considered as single compartment units and their spike train encodings are regarded
as an average firing rate. We simplify the deleterious effects of FAS to spike trains to modifications
to the overall firing rate, but keep the flavor of different FAS injuries in the model.

The biggest novelty of this framework is that now neurons are connected. The wiring of the
network is typically modeled as a connectivity matrix M;; indicating how strongly neuron i is con-
nected to neuron j, with disconnected neurons yielding M;; = 0. The connections can also have
different signs, exciting or inhibiting other neuron’s activity. Thus, a neuron’s firing rate depends

not only on its own internal dynamics, but also on the integrated input received from other neurons.
6.1 Neuronal network model

The modeling of neuronal networks is one of the most vibrant fields of computational neuroscience.

There are hundreds of network models throughout the literature, with varying levels of complexity,
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Figure 6.1: Neuronal network setup. A population of receptor neurons (X) receives input from an
external source. They excite the projection neurons (¥), which in turn, generate output encodings.
Both X and ¥ are affected by a third population of local interneurons (7). The matrices A, B and
C represent the strength of the connections between the neurons from different populations. See

Equation [6.1] for the dynamics of the model and Table[6.1]for a full list of parameters and variables.
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Table 6.1: Variables and parameters for neuronal network model

Symbol  Description

Remarks

=l

input/receptor neurons

output/projection neurons

<l

lateral inhibitory neurons

a1k

1 time scale for dynamics of X
time scale for dynamics of y

time scale for dynamics of 7

connectivity matrix between X and y
connectivity matrix between X and 7

connectivity matrix between 7 and y

Hm a »

connectivity matrix between 7 and 7

J() External input
u noise intensity

[T linear threshold function

architectural configurations and capabilities. Neuronal network models are used in decision mak-
ing studies, learning tasks, memory studies, control theory and others. The range of biophysical

details may vary, with some systems being vaguely inspired from biological settings, to others that

N firing-rate units
N firing-rate units

N firing-rate units

reference
required to achieve steady state

required to achieve steady state

assumed to be known
assumed to be known
calibrated to match input/output patterns

randomly connected

usually Ja or Jp
assumed Brownian (dW)

see Equation (6.2

incorporate cutting-edge experimental measurements.

As our first network study, we merely wish to illustrate ways to introduce FAS in a setup where
a clear loss of functionality can be observed and quantified. Thus, we choose the model discussed
in Shlizerman et al. ([[103]), originally posed to model odor discrimination in the insect antennal
lobe. In this model, there are three subpopulations of neurons corresponding to different anatomical
groups (see Figure [6.I): X represents the receptor (input) neurons that receives different stimuli

from the environment, y, the projection (output) neurons and 7, the local interneurons. Each neuron

is modeled as a firing-rate unit and the network’s dynamical equations are given by:
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di = —Xdt+J(z)dt+ udW
@y = —Bydi+[AZ—BZ] di+pudw
7 = —yZdi+[CX—EZ) dt+pdW 6.1)

The operator [ | refers to the standard linear threshold function, i.e.,

0 ifs<o,
[s]"={s ifo<s<i, (6.2)
1 ifs>1.

Table summarizes all parameters and variables of the model. The function of this network is
to produce distinguished, stable response patterns to different external stimuli. Shlizerman et al.
([103]), for example, used this model to predict neuronal responses in insects when presented to
different odors. The idea is that the population of input neurons X lock onto the driving input J(z).
In the case of constant input, the input population will converge to a fixed point Xy = J. This in turn,
will excite the other neural populations to produce their response patterns. We will first explore a
few properties of the healthy setup and in the next sections explain in details how the injuries affect

the firing rates of dynamics.

6.1.1 Low-dimensional representation of network responses

The output neuron population y can produce very different firing-rate patterns and not all of these
responses are of biological interest. In fact, we are interested only in meaningful responses, i.e.,

stable and easily distinguishable patterns y*, thought as library elements:

Yoo Vi

Nxl

Library

Each library element encodes a different stimuli (¥ encodes J1, ¥, encodes J,, and so on). Note that

usually ¥* # J. With the proper transformation and change of basis, one can rewrite these patterns
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Figure 6.2: Healthy network responses to different stimuli. In the left panel, 10 trajectories when
stimulus J4 is presented. In the right panel, 10 trajectories when stimulus Jp is presented. In both

cases, the average trajectory is plotted in bold. Size of the Network = 20 neurons per population.

as orthonormal vectors (see [103] for details):

Nxl ' " Nxi
This allow us to describe the dynamics of output neurons with the following low-rank decomposi-
tion:
¥(t) = p1(1)3} + -+ pi(t)3} + r(t)3" (6.3)
What completes the decomposition is the remainder vector 68 onto which all meaningless activity

are projected.

Simple case: Throughout this chapter we will limit our library to only two distinct patterns (A and

B). The dynamics of the output vector y can be written as
¥(t) = pa(t)d* + pg(t)d”® +r(t)d"

In Figure we initiate y(r = 0) with a random combination of 6* and 5. Then, we stimulate

the network with inputs Ja or Jg and plot several trajectories of p4(f) vs pp(t). Without noise,
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Figure 6.3: Elements of axonal pathologies following TBI and/or neurodegeneration: Axotonomy
in box (x) adapted from Hellman et al. ([51]]). Focal Axonal Swellings in box (x x) adapted from
Maxwell et al. ([80]).

all trajectories would converge to a fixed point ([103]])- corresponding to the presented stimulus.
Instead, the trajectories randomly fluctuate around them (see Fig. [6.2)). We define a healthy network
as a network capable of discriminating between these two stimuli successfully, i.e., that yields at
t = Trinal
(1,0,0) if Ja is presented,
(pa,pB,r) = 4§ (0,1,0) if Jp is presented, (6.4)

(0,0,1) if no stimulus is presented.

6.2 Compromised neuronal networks

Traumatic Brain Injuries and/or neurodegenerative diseases can produce pathologies even at a celu-
lar scale. As a result, axonal injury is a common outcome, which in turn, can lead to Focal Axonal
Swellings (FAS) and Axotomies. See the schematics of Figure[6.3] In this section we present ways

to introduce injurious effects to the neuron’s firing-rate capability based on the studies of Maia et al.
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([[74173])). In particular, we will discuss confusion of firing rates (filtering), reflection of spikes and
spike blockage. By modifying the internal dynamics of injured neurons as well as their connections
to others, we can incorporate pathological effects that will disrupt the network’s functionality. Both
the number of injured neurons and the type of FAS can alter the outcome of the network, suggesting

that different types of injury lead to different functional deficits.

6.2.1 Damaging single-neuron firing-rate capabilities

According to the studies of Maia et al. ([[74, [73]]), FAS can damage a single-neuron firing-rate

capability in different ways. We discuss each type of injury separately.

Confusion of firing rates: Recent theoretical and computational works ([[73]]) demonstrated that
spike trains of certain firing rates can be reshaped along the axonal swelling. Spikes are shifted and
deleted and the modified spike train can be confused by a spike train of a different firing rate. The
overall changes can be summarized by a confusion matrix. This matrix describes the chance that a
firing rate s; is perceived as a response r; after the injury. When i = j, the spike train is correctly
classified (and contributes to the diagonal entries of the matrix), while i # j means that the spike

train is incorrectly classified (contributing to the off-diagonal entries).

% r ) r3 ra s 6 r7 rg ro  Frpo
s1 | 100

s2 | 90 10

s3 | 25 65 325

54 10 875 25

55 215 615 5 (6.5)
6 62.5 375

57 15 85

S8 250 70 275

59 30 60 75 25

510 175 60 225



107

Within this framework, if an injured neuron has a firing rate of sg at time t,, for example, it will

effectively fire with rate r with the following probability:

%

rn o rn n T4 rs e r;p rg rg rio

(6.6)

Sg‘o 0 0 250 70 275 0 O O O
Reflection and Blockage: Maia and Kutz ([74]) showed that for certain geometries of FAS a spike
can split into two spikes, one traveling forward and the other traveling backwards. The backward
propagating pulse collides with the next spike in the original spike train and both spikes get deleted.
As a consequence, in a reflection regime, the firing rate is effectively halved. For more dramatic

shapes, the spike train can be completely blocked by setting the effective firing rate to zero.

Axotomy: In extreme cases, the axon can be severed and completely separated (see Fig. [6.3).
Cell death typically follows this event. We can add axotomies to our models by permanently setting
entries in the connectivity matrix to zero. We remark that swellings that lead to blockage can
sometimes improve and allow for partial signal transmission while only in special circumstances

can an axon regenerate after an axotomy.

6.2.2 Anomalous network responses

In the previous section we discussed how a healthy network responds to different stimuli. Regardless
of the initial conditions, the trajectories end fluctuating around the fixed points that correspond to
that pattern (see Fig. [6.2] and Eq. [6.4). The network responses can change significantly when we
introduce injured neurons. To illustrate this fact, we randomly injured 30% of the neurons in the
network (10% of confusion/filtering, 10% of reflection and 10% of blockage). The corresponding
anomalous responses (trajectories) are shown in Figure [6.4] Note that the trajectories do not form
clear clustering regions near the fixed points anymore. Instead, many trajectories end near the origin,
which means no stable response pattern (or library element) was produced.

To evaluate these anomalous responses, we simulate again several trajectories, keeping track of
their endpoints. The endpoints are clustered before and after the injury according to two different
criteria (discussed below). The % of endpoints that leave their original clusters can be used to access

the loss of the transmitted information of the system.
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Figure 6.4: Injured network responses to different stimuli. In the left panel, 10 trajectories when
stimulus J4 is presented. In the right panel, 10 trajectories when stimulus Jg is presented. In both
cases, the average trajectory is plotted in bold. Size of the Network = 20 neurons per population,
where 30% of the neurons were randomly injured with FAS (10% in confusion/filtering regime,

10% in the reflection regime and 10% in the blockage regime).
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Figure 6.5: Endpoints of several trajectories after presenting inputs Ja and Jp to the network. (Top)
In a healthy network the endpoints are grouped in clusters corresponding to different stimulus.
LDA provides the lines that give maximum separation between the clusters. (Bottom) In an in-
jured network, several endpoints cross the original separation lines being misclassified, and thus,

jeopardizing the system’s ability to transmit information.
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Linear Discriminant Analysis (LDA): LDA is a method used in statistics, pattern recognition
and machine learning to find a linear combination of features which separates two or more classes
of objects of events. In our case, we use LDA to separate the network responses in three classes:
response pattern A, response pattern B and no response. We generate a training set of responses
where the classes of the sample are known. The classification problem is then to find a good predic-
tor for the classes of any sample with the same distribution (not necessarily from the training set).
The result of this analysis are hyperplanes that yield maximum separation between the classes (lines
in the 2D case). See Figure @] (top panel) for an example of LDA classification (where the dark
blue region corresponds to Pattern A, the light blue region to Pattern B and the white region to no
response). Figure [6.3] (bottom panel) shows that after injuring the network, many of its responses
now cross the original separating lines, mostly falling in the white region. The misclassification can
be quantified in terms of confusion matrices, discussed in details in the previous chapters. For this

example we have:

% in each region | zero A B % in each region | zero A B

No Stimulus 100 0 0 Injury No Stimulus 100 0 O
—

Response to A 0 100 O Response to A 34 66 0

Response to B 0 0 100 Response to B 38 0 62

Recall from [73]] that the transmitted information (T.I), a measure of separation between classes,
can be associated to each confusion matrix. Since the confusion matrix associated to the injured
network is less diagonal than the one associated to the healthy network, there is a clear relative loss

of T.I. In this case, of 50.58%.

Gaussian Mixture Models (GMM): GMM refers to a parametric probability density function
represented as a weighted sum of Gaussian component densities and commonly used for data clus-
tering. In our case, we use GMM to cluster the network responses in three distinct gaussian compo-
nents: pattern A, pattern B and no response. The method uses an iterative algorithm that converges
to a local optimum, and yields (in an appropriate sense) the best 3-gaussian fit to our data. See

Figure [6.6] (top panel) for an example, where each ellipse represent the 95% confidence interval
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Figure 6.6: Endpoints of several trajectories after presenting inputs Jo and Jp to the network. (Top)
In a healthy network the endpoints are grouped in clusters corresponding to different stimulus.
GMM provides the best 3-Gaussian fit to the data. The ellipses correspond to 95% confidence
interval for each Gaussian component. (Bottom) In an injured network, several endpoints leave

the confidence intervals being misclassified, and thus, jeopardizing the system’s ability to transmit

information.
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for each gaussian component. Computations were performed using the gmdistribution function
from MATLAB’s Statistics Toolbox. Figure [6.6] (bottom panel) shows that after injuring the net-
work, many trajectories do not end within the original ellipses. The GMM criteria produce much
more accentuated misclassification than the LDA criteria. The corresponding confusion matrices

(before and after injury) for the same example are now given by:

% in each ellipse | none A B % in each ellipse | none A B

No Stimulus 100 0 O Injury No Stimulus 100 0 O
—

Response to A 5 95 0 Response to A 75 25 0

Response to B 4 0 96 Response to B 84 0 16

The relative loss of transmitted information after the injury in this case is equal to 83.96% (and as

expected, the loss is above the 53% given by the LDA criteria).

6.3 Results

This far, we have established that:

1. We can extract meaningful response patterns (to either stimulus J5 or Jg) from the output of

the neuronal network.

2. For a healthy network, the endpoints of trajectories typically form well-separated response

clusters. Either LDA or GMM can be used to discriminate responses from J or Jg.

3. For an injured network, the trajectories may end outside the original classification regions

(crossing separation lines in LDA and leaving the confidence-interval ellipses in GMM).

4. The % of misclassified responses of an injured network, summarized in confusion matrices,

can be used to quantify the loss of transmitted information in the system.

We also remark that since the decision ellipses in GMM are much smaller that the decision regions
in LDA, it produces much more misclassification (and bigger losses in transmitted information).
Regardless of the classification criteria, the loss in transmitted information depends on the % of

injured neurons in the population and the corresponding distribution of FAS (in the filtering regime,
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Figure 6.7: Transmitted Information (%) as a function of damaged neurons in the population. Within
each injury, all FAS have the same dysfunctional type of regime: filtering/confusion (yellow), re-
flection (red) and blockage (black). In the left panel LDA was used as the classification criteria and
in the right panel, GMM was used as the classification criteria. Size of the network = 20 neurons for

each population.

in the reflection regime or in the blockage regime). In this section we will study how different

distributions of FAS lead to different deficits in the network’s responses.

6.3.1 FAS distributions and loss of transmitted information

We first consider homogeneous distributions of FAS in the network, i.e., when all injured neurons
operate in the same dysfunctional regime. For a network of 20 neurons in each population, we
calculate how the transmitted information (TI) decays as we increase the % of injured neurons. See
Figure

Our results show that when the GMM criteria is used, FAS in the confusion/filtering dysfunc-
tional regime are significantly more harmful than those in the blockage and reflection regimes. This
result is very intriguing since the most damaged neurons typically exhibit FAS in the blockage
regime ([[74]). When the LDA criteria is used, the type of FAS regime does not seem to influence
the loss of TI except for larger (%) of injured neurons, where again, the confusion/filtering regime

is slightly worse than the others.
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Figure 6.8: Experimental results adapted from Wang et al. ([119]). After traumatically inducing
axonal injury in mice, the optical nerve was removed and analyzed for fluorescence and confocal
microscopy. Focal Axonal Swellings (FAS) were reported to have gualitatively different shapes:
spheroids (ellipses) at the distal segment and truncated shapes at the proximal segment. The total

area and number of FAS varied as the injury progressed in time (12h, 24h and 48h).

6.3.2 Experimental injury distributions from Wang et al.

The shapes of FAS after traumatic brain injuries can vary wildly and we should not expect a homo-
geneous distribution of FAS. In fact, we will try to infer heterogenous distribution of FAS from a set

of experimental results.

Wang et al. ([119]) followed the progression of traumatically-induced axonal injury in mice.
Each animal’s optical nerve —which is a relatively organized and aligned bundle of axons— was
damaged after a central fluid percussion injury. See Figure[6.§] (top-left). At different times after the
injury (12h, 24h and 48h), mice were euthanized and had their optic tract removed from the skull
for fluorescence analysis and confocal microscopy. Focal Axonal Swellings (FAS) were reported to
have qualitatively different shapes: spheroids (ellipses) at the distal segment and truncated shapes

at the proximal segment. See Figure [6.8] (bottom-left).
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Figure 6.9: We generate a family of ovoids having area within one standard deviation from the distri-
butions of FAS area per swelling. For each generated FAS, we extracted the parameters [8p, 67, 0A],
necessary to estimate the propagation regime 1 (following [73]). By equating the regime of an
axon to the worse regime of it’s FAS (intermediate row in right panel), we infer the % of FAS in

transmission, filtering, reflection and blockage regimes.
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The most innovative part of this study was the assessment of the distributions of the total-area
& number of FAS (per unit area). See the right panel at Figure [6.8] Despite the lack of standard

protocols for these type of measurements, the study demonstrates some important features:

1. FAS injury distributions differ along the spatial segments of the bundle/network in shape, size

and number.

2. FAS shape distributions are not static but change dynamically as the injury progress in time.

Detailed descriptions of the geometry of individual FAS were unavailable and only distributions of
number and sizes of FAS per unit area provided. We divided one distribution by the other to estimate
distributions for the average area per swelling (see Fig. [6.9). Since FAS in the distal segment were
described as spheroids (elliptical shapes), we can generate a family of ovoids having area within one
standard deviation of the measurement (see bottom left panel of Fig. [6.9). For each generated FAS,
we extracted the parameters [0p, 07, SA], necessary to estimate the propagation regime 1 ([74} [73])).
By equating the regime of an axon to the worst regime of it’s FAS (intermediate row in right panel
of Fig. we infer the % of FAS in transmission, filtering, reflection and blockage regimes.

In Figure |6.10| we calculated the decay of the Transmitted Information (%) as a function of
damaged neurons in the population. The three different heterogenous distributions of FAS (for
12h, 24h and 48h) yield different decay rates. For a small percentage of injured neurons, different
heterogeneities did not significantly alter the decay of TI (for both LDA and GMM criteria). For
larger fractions of injured neurons however, the results show a clear improvement as the injury
progressed in time, suggesting that recovering mechanisms might have played a role.

The results of Figure are interesting, because although the % of FAS in the transmission
regime increased from 12h to 48h, the % of FAS in the blockage regime also increased (see Fig. [6.9).
Based on the results for homogeneous FAS distributions, the reduction of FAS in the confusion/fil-
tering regime should also contribute to an improvement in the TI. As a consistency check, we note
that the heterogeneous distributions yield better results than the worse homogeneous distribution
(filtering/confusion alone).

Our heterogeneous distributions were derived from imperfect and indirect calculations (as shown

at the bottom-right panel of Figure[6.9). We hope that our results will incentivize experimentalists to
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Figure 6.10: Transmitted Information (%) as a function of damaged neurons in the population. The
(%) of FAS in different dysfunctional types follow the pie charts in Figure The three different
heterogenous distributions of FAS (for 12h, 24h and 48h) were estimated from the experiments of
Wang et al. ([119]). In the left panel LDA was used as the classification criteria and in the right
panel, GMM was used as the classification criteria. Size of the network = 20 neurons for each

population.

keep track of key geometric parameters for each swelling so that we can infer better heterogeneous
FAS distributions. Nevertheless, the distributions showed some interesting features and allowed us

to illustrate novel methodologies to quantify the loss of functionality in injured networks.

6.3.3 Insights to recover functionality of injured networks

A better theoretical understanding of the collective effects of FAS in neuronal populations can lead
to novel strategies to recover the functionality of injured neuronal networks, ultimately leading
to biophysical schemes for suppressing the harmful effects of TBI and/or other neurodegenerative

diseases. We imagine at least two broad directions:

1. The network retrains its classifiers to better separate the injured responses. We show these
new optimal classifiers for LDA and GMM criteria in Figure for the example discussed
previously. One can observe new separation lines for the LDA criteria and “stretched” new el-

lipses for the GMM criteria. In other words, the network slightly adjusts the low-dimensional
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manifold in which it used to encode meaningful patterns.

2. The network replaces broken response patterns by adding new library elements to its reper-
toire. The idea is to re-route the bulk of the encoding activity to different and uninjured
neurons instead of using the pre-existing routes by re-weighting the connectivity matrices. In
this case, the network is creating a completely different low-dimensional manifold to encode

meaningful patterns.

In either case, the time-scales involved in plasticity/recovery will be of utmost importance. We guess
that it might be faster and cheaper metabolic-wise for a network to slightly adjust its classifier to
better separate injured response clusters. However, if the responses (after changing classifiers) still
transmit little information, the only alternative might be to replace broken elements in the library by

new ones. We hope to explore these questions in future works.
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Figure 6.11: New classifiers can better separate the injured responses to Jo and Jg. (Top) By

retraining the LDA classifiers one can recuperate misclassified endpoints not too close to the origin.
(Bottom) By re-evaluating the 3-Gaussian best fit to the data, we obtain “stretched” ellipses for

each Gaussian component. It also recuperates misclassified endpoints not too close to the origin,

improving the system’s ability to transmit information.
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Chapter 7
CONCLUSIONS AND FUTURE WORKS

In this chapter we discuss our findings and directions for future works.

Importance of this research: There is a broad need in the neuroscience, neurological and biomed-
ical engineering communities to better classify, quantify, and diagnose Focal Axonal Swellings
(FAS), and their impact on cognitive deficits and/or neural functionality [82) |20]. FAS is a critical
biomarker in several leading neurodegenerative diseases such as Alzheimer’s [[113} 165], Parkin-
son’s [40], Creutzfeldt-Jakob’s [67], HIV dementia [[1] and Multiple Sclerosis [37, [110]. They are
also a hallmark feature of concussions and Traumatic Brain Injury (TBI) - the leading cause of death
among youngsters worldwide and a lightning rod issue in contact sports [33]. Further, TBI is the
signature injury of the wars in Iraq and Afghanistan, affecting a large percentage of returning vet-
erans (60, [120]]. Figure depicts a number of focal axonal swellings resulting from TBI and a
variety of different neurodegenerative diseases.

One of the most challenging aspects of research in neurodegenerative diseases and TBI is un-
derstanding how neuronal pathologies that develop at a cellular level [59,84] compromise the func-
tionality of an entire network of neurons. TBI studies demonstrate that FAS can induce up to a
30-fold increase in axon diameter [108} [109], potentially interrupting axonal transport and/or sig-
nificantly impairing the underlying spike train propagation responsible for encoding information
in neural activity [74} 73, 63]. Many studies report cognitive, behavioral, perceptual and sensory-
motor impairments resulting from such disorders, yet no framework could link these macro-scale
behavioral symptoms to the FAS pathologies observed at the cellular level, or micro-scale bio-
physics [[72} 152,105} [80].

In this work we quantify the impact of FAS on information encoding at the individual neuron
level, creating novel metrics for evaluating cognitive impairments. Recent computational studies

show how geometrical properties of FAS can alter their ability to faithfully transmit spike train
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Figure 7.1: Focal Axonal Swellings (FAS) arise in several neurodegenerative diseases, concussions
and traumatic brain injuries. Panel A. Transmission electron microscopy image of axons 3h post-
stretch injury. Modified from [108]]. Panel B. Image 2h after dynamic stretch injury of two human
neuron populations. Modified from [105]. Panel C. Image 1h after stretch injury to guinea pig
optic nerve. Modified from [80]. The in-vitro stretch injury experiments from Panels A-C mimic
the effects of traumatic brain injuries and concussions. Panel D. Axonal swellings are implicated in
patients with Alzheimer’ s disease where stress-induced amyloidal precursor protein accumulates
in axonal compartments. Modified from [63]. Panels E-F. Images of FAS pathologies in Multiple
Sclerosis. Modified from and [37].
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encodings by selectively deleting spikes, creating time-delays and/or time-shifts in spike trains,

reflecting spikes at the swelling or even completely blocking spike trains altogether [7473]].

Role of axonal geometry in spike propagation: The classical view on axons as cables that simply
transmit spike train encodings is continuously being challenged and revisited as we learn more
about their role in signal and information processing [15 25)]. Specifically, the interplay between
nonlinearities resulting from ion channel properties and geometric inhomogeneities alters the signal
before its arrival at synaptic sites. The effects of axonal geometry are even more dramatic in neuronal
dysfunctions where effects from axotonomy, regional compaction and focal axonal swellings are
implicated [63]]. By compromising spike train propagation, axons thus play a critical role in the loss

of transmitted information in neuronal networks.

The spike propagation regime number 77: Geometrical tapering parameters of an axonal en-
largement can alter spike train propagation properties [[73, [74]. Figure illustrates a series of
spike trains that are reshaped as they travel through an axonal swelling. Spikes can be delayed,

reflected or even deleted (red) depending on the three critical parameters:

6p = diameter before
Or = diameter of transition
84 = diameter after.

By exploring the geometrical parameter space associated with these parameters (Fig. [7.2B), it is
possible to assess individual swellings and their impact on the propagation of an individual spike.
Three possibilities exists [73, [74]: (i) transmission, but potentially with time-delay, (ii) reflection,
and (iii) blockage (deletion).

Individual spikes, however, are generically part of a larger cohort of spike trains. Thus from
a broader viewpoint, the effects on individual spikes can be translated to an evaluation of spike
trains. Indeed, we can map any given axonal enlargement to its functional response on spike train
encodings. The following possibilities exist in order of increasing damage: normal transmission of
the spike train with time-shifting (Fig. [7.2IC), low-pass filtering of high firing rates due to pile-up
collisions and deletions of selected spikes (Fig. [7.2D) [73], spike reflections that also lead to a low-
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Figure 7.2: Axonal geometry defines spike propagation regime. Panel A. Spike trains can be re-
shaped as they travel along an axonal enlargement. Individual spikes can be delayed or even deleted
(red). The geometrical tapering parameters g, 67, 84| play a key role. Panel B. Explores the param-
eter space and maps parameter values to their corresponding regime. Panel C. Normal transmission
regime. Panel D. Filtering regime, where the second spike is deleted and only the first one transmits.
Panel E. Reflection regime, where the pulse splits into two, one propagating forward and the other
backwards. The backwards propagating pulse will delete the next pulse in the spike train sequence.

Panel F. Blockage regime, where no spikes transmit. Modified from 73].
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pass filtering on both high and low firing rates (Fig. [7.2E), and spike train blockage (Fig. [7.2F). The
relation between the axonal enlargement parameters and the propagation regimes is well captured

by the simple function 1 [[74]:

n(5876T76A) = A+B5B+C5T — 5,4

>1 for Transmission

~ 1 for Filtering
= (7.1)

~0 for Reflection

< —1 for Blockage,

where A = —1.842, B =2.284 and C = 1.415. This equation predicts trouble regions in axon
geometries and will be used throughout the rest of the work. We remark that the 1 estimate needs
to be calibrated, as detailed in later sections, to specific physiological settings in order to be of
quantitative predictive value. It should be noted that many experimental works corroborate this
analysis by demonstrating that abrupt or gradual changes in the axonal diameter can delay [[76,(100],
block [44, [124, 2} |63] or reflect a single action potential [31, 96, 2]. Such biophysical evidence in

combination with theoretical studies form the foundations of the present work.

Contributions: This work reinforces recent findings that the shape of the FAS are essential for
assessing the post-injury capabilities of axons [73, [74} 163, 2]. TBI studies demonstrate that FAS
can induce up to a 30-fold increase in axon diameter [[108}[109]. Here we combined geometrical ta-
pering parameters with theoretical estimates to provide valuable insight on critical regions for spike
propagation; Large swellings with a smooth cross-sectional increase might not significantly alter
electrophysiological signaling whereas smaller FAS with abrupt diameter changes are especially

prone to blockage or loss of transmitted information.

Challenges posed by real axonal data: It is important to recognize the role of FAS geometry for
the broader research community especially when there are no well-established protocols to mea-
sure geometrical properties of FAS [72, 152} [105} [80]. In fact, it can be challenging to characterize

FAS geometry in a principled, general, and adaptive way. Thus, we developed novel algorithms
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and/or tailored existing ones to address the need to better classify, quantify, and diagnose FAS.
We used procrustes superimposition to fix image artifacts and extracted axonal cross-section with
patched trapezoids alternated with turning regions. From these cross-section results, we used dif-
ferent rules (sliding windows, maxima and minima, 10% - 90% rule) to estimate the tapering pa-
rameters [Op, Or, 84| (see Figure ) necessary to calculate the 1 estimates and the corresponding
spike propagation regime (see equation[7.1).

Some of the limitations of our work include the fact that the 1 estimates were derived for un-
mylienated FitzHugh-Nagumo neuron models [73} [74]]. This model might not be suited for all
physiological settings and may require specific calibrations and/or other adjustments. Regardless,
if new 1 estimates become available for different neuronal settings, they can be easily incorporated
into the MATLAB toolbox developed for this work.

Overall, one of the challenging aspects of research in neurodegenerative diseases and TBI is
understanding how neuronal pathologies developed at a cellular level [S9, [84] compromise the
functionality of an entire network of neurons. Many studies reported cognitive, behavioral, per-
ceptual and sensory-motor impairments resulting from such disorders, yet no framework could link
these macro scale symptoms to the FAS pathologies observed at the cellular level, or micro scale
[[72, 152} 105 180]. Our toolbox provides — in analogy to car traffic maps — a way to identify blocked
or impaired routes for spike train encodings and signal flow. By keeping track of where axonal
color-code changes from green to yellow (filtering of spikes), to red (spike reflection), or to black
(spike blockage), an evaluation of potential cognitive impairment can be made. We believe this
framework is a promising starting point for diagnosing axonal swellings and consequently the neu-

rodegenerative disorders in which they are implicated.

FAS in neuronal networks: We discussed ways to introduce FAS in firing-rate neuronal net-
works. In our example, a healthy network is capable of producing meaningful response patterns to
specific stimuli. Additionally, these responses appear clustered (in a proper low-dimensional rep-
resentation) and can be successfully discriminated by Linear Discriminant Analysis or Gaussian
Mixture Models. An injured network however, produce responses that leave the original clustering
regions and are thus misclassified, jeopardizing the system’s ability to transmit information (TI).

The loss of TI depend on the % of injured neuron as well as in the distribution of FAS in differ-
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ent dysfunctional regimes (confusion/filtering, reflection, blockage). Our simulations suggest that
filtering is the most harmful regime. We also inferred heterogeneous FAS distributions from the
experiments of Wang et al. ([119]]), and after simulating the network with those parameters, we
concluded that the system most likely improved from 12h to 48h after the injury. This suggests that
natural recovery mechanisms might have played a role. These different cases allowed us to illustrate

new methodologies to access the harmful effects of TBI and neurodegenerative diseases.

Future works: There are several other neuronal network settings to investigate under the presence
of traumatic brain injuries and other pathologies. In particular, learning networks, that via plasticity
mechanisms, can adapt themselves to produce desired activity patterns. By damaging these net-
works, after and during the learning process, we might be able to gain insight about cognitive losses
typically associated to these disorders. Another direction to explore is how FAS spread in disorders
such as Alzheimer’s disease in slower time-scales. Based on our results for TBI, we conjecture that
the distribution of swellings in different dysfunctional regimes may also change as the neurode-
generative disease evolves. This can have strong implications since different distributions lead to

different collective responses.
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